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A B S T R A C T

This paper devises and applies a method for determining consistent, system-adapted reaction–diffusion
manifolds (REDIM) for turbulent partially-premixed combustion. The method is an extension of a previous
technique which was limited to laminar flames. It adapts a REDIM to the scalar gradients present in a given
reacting flow by an iterative procedure, in which gradients from REDIM-reduced simulations are used to create
a new and improved REDIM. An application of the method is demonstrated using large eddy simulations (LES)
of a turbulent partially-premixed methane/air flame as the ‘‘gradient estimate generating’’ flame simulation.
Compared to the previous laminar flame studies, the turbulent flame features less sharp gradient-scalar
correlations because of the strong scattering of data. Methods for capturing the scatter in scalar-gradient
correlations are applied, allowing us to assess the influence of the scatter on the resulting REDIM. Also, the fact
that turbulent flame simulations often involve spatial filtering operations which tend to reduce the magnitude
of the gradients is taken into account by comparing the REDIM output to quasi-direct numerical simulation
(qDNS) data. It is found that the gradients devised from the filtered simulations are by a factor of 2–3 below
those of the more fully resolved qDNS. Nevertheless, the REDIM devised from the LES predicts the states
of the qDNS with good accuracy. Overall, observations show that the method can produce realistic reduced
models also for systems with complex interactions of chemical reaction, molecular transport and flow, like
partially-premixed turbulent flames.
1. Introduction

Partially-premixed combustion (PPC) has drawn attention in recent
years, see the review by Masri [1]. Combustion models for ‘‘single-
mode’’ combustion (i.e., purely premixed or purely non-premixed) need
to be extended to also cover PPC.

Large eddy simulation (LES) can cover local extinction and re-
ignition, which appear in PPC, at low computational cost [2–5]. In
the last decade, different sub-grid scale (SGS) combustion models for
LES in combination with a reduced chemistry description have been
developed [1,6–8]. Perry et al. [7] used two mixture fractions to
consider the multi-stream mixing problem. Kleinheinz et al. [8] used
a multi-regime combustion model where the contribution of premixed
and non-premixed manifolds is accounted for in the progress variable
source term.

In different models developed for PPC using flamelet-based model
reduction approaches [4,8,9], it was observed that the single-mode
flamelet approaches possess limitations in PPC. It is because of the
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different governing physics of non-premixed and premixed combustion,
where diffusive time scales are rate controlling in non-premixed com-
bustion whereas transport and chemical time scales are of the same
order of magnitude in premixed combustion [3]. Therefore, different
modifications in the flamelet-based techniques have been proposed,
for example, blending of manifolds using flame regime indicators [4,
10]. These modifications improved single-mode-based models; how-
ever, in these blending of manifolds techniques, identification of the
combustion mode is still a challenging task [11].

Reaction–diffusion manifolds (REDIM), an extension of the intrinsic
low-dimensional manifold (ILDM) method [12], is another model re-
duction technique [13–15]. It is a generalized approach is based on
a pre-defined correlation between scalars and their spatial gradients
(the gradient estimates) as an input to generate a reduced model. The
reduced model will represent the actual physical combustion system
if the supplied gradient estimate reflects the actual scalar-gradient
correlation with coupled relatively slow chemical reaction modes for
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a given combustion system, e.g., for a given configuration and regime
onsidered. The basic assumption of the time scale separation [12]
uarantees that the decoupled fast modes will drive the relaxation to-
ards the REDIM where the interplay between relatively slow chemical
rocesses and diffusion can be fully described and sustained.

In previous work, a method for automatically inferring system-
dapted gradient estimates for the REDIM was described and applied
o laminar combustion systems [15,16]. Here, in a coupled approach,
he REDIM model interacts with a reduced flame simulation: A flame
imulation is provided with a REDIM made with gradient estimates
ased on the data from the flame simulation. It was found that the
lame simulations using these system-adapted REDIMs were in good
greement with fully detailed calculations [15,16].

In this work, this method is extended to obtain the gradient esti-
ates for turbulent PPC systems. It is shown that, compared to the

aminar case, the process of extracting gradient estimates from the
lame simulations is more challenging. For instance, scalar-gradient
orrelations for turbulent flames tend to be less sharp than for their
aminar counterparts. Dedicated methods for assessing the influence of
he unsharpness on the reduced model are described. Their application
hows that the method originally applied and tested for laminar flames
s successful also for turbulent flames.

The flame simulation part in the coupling is done by an LES
sing the well-known dynamic thickened flame (DTF) modeling ap-
roach [17–19] with REDIM-reduced chemistry, i.e., DTF-REDIM SGS
ombustion model.

The main objectives of this paper are:

• to investigate turbulent partially-premixed flames with REDIM
because REDIM does not depend upon specific flamelet scenarios
and a more generalized methodology can be developed to reduce
mixed-mode combustion system using REDIM;

• validate the iterative methodology for REDIM generation in un-
steady situations (where a very high range of scattering in the
gradient field is observed) with experimental and quasi-direct
numerical simulation (qDNS) datasets.

. Test configuration

For the simulation validation, the FJ200-5GP-Lr75-57 flame case
rom the experimental database jointly provided by the University of
ydney and Sandia National Laboratory is considered. It is chosen
ecause its inhomogeneous CH4/air mixture inlet conditions lead to
PC [20]. A highly resolved and model-free qDNS for that flame
as been performed by Zirwes et al. [21]. Since the grid resolution
chieves direct numerical simulations (DNS) quality only in upstream
ocations, where experimental data are available, and the second-order
iscretization schemes were used, they used the term qDNS [21]. This
etup has a main jet coming from a cylindrical mixing chamber. The
ixing chamber has concentric circular nozzles, where in the inner and

he outer nozzles, fuel and air streams flow, respectively. The length of
he mixing chamber can be varied by changing the recession length
𝐿𝑟) of the inner fuel nozzle from the main jet exit. The mixing tube
s surrounded by a pilot flow of a mixture of C2H2, H2, CO2, N2 and
ir in proper proportion to match the equilibrium gas temperature and
omposition of stoichiometric CH4/air. The main jet surrounded by the
ilot enters the wind tunnel where co-flow air is supplied. A detailed
escription of the configuration can be found in [20].

. Modeling approach

.1. Overview of REDIM method

The REDIM method provides a simplified description of the dynam-
cs in reactive–diffusive systems in terms of a set of a few reduced
ariables. It has been described in previous papers [13–16], so only
2

short description is provided here. The thermo-kinetic state vector 𝜓
(consisting, for instance, of specific enthalpy, pressure and species) in
the transport equation for a reacting flow is assumed to be dependent
on a small number (typically, 1–3) of reduced variables, 𝜃. A REDIM is
uniquely determined by a detailed reaction mechanism and data for
molecular transport, boundary conditions and the gradient estimate.
The latter expresses the spatial gradients of the reduced variables grad𝜃
as a function 𝜒(𝜃) of the reduced variables. This function characterizes
ow the (gradient-driven) diffusive fluxes depend on the states, and it
an be used to adapt the REDIM to a given combustion system [13].

.2. REDIM implementation in reduced calculations

If the gradient estimate of the REDIM is taken as a free (function-
alued) parameter, rather than an a priori given function, the states on
he REDIM become dependent on both the set of reduced variables 𝜃
nd on the gradient estimate 𝜒(𝜃), i.e., 𝜓 = 𝜓(𝜃;𝜒(𝜃)). Recently, a tech-
ique for creating a REDIM with a system-adapted gradient estimate
as been demonstrated for laminar flames [15,16]. Formally, denoting
ith 𝜒𝑎 the REDIM that results for the given gradient estimate 𝜒𝑎, the
ethod starts with a simple first guess 𝜒0 for the gradient estimates to

reate a REDIM 𝜒0 . Next, 𝜒0 is used as the chemistry model in a
lame simulation, which yields information on the spatial gradients of
he reduced variables ∇𝜃(𝑥). These new gradient estimates 𝜒1(𝜃) are

inferred from ∇𝜃(𝑥); this gradient estimate extraction from empirical
ata is briefly described in the next subsection. A detailed explanation
f this method is provided in [16]. From the 𝜒1(𝜃), the corresponding

REDIM 𝜒1 is computed. These steps are repeated, producing an
improved gradient estimate 𝜒𝑛+1(𝜃) from the previous 𝜒𝑛(𝜃) in each
iteration, until the residual 𝜒𝑛+1(𝜃) − 𝜒𝑛(𝜃) (and, by continuity of the
dependence of the REDIM on the gradient estimates, also the residual
𝜒𝑛+1 −𝜒𝑛 ) converges.

As suggested in [16], this method can be used for inferring system-
adapted gradient estimates 𝜒(𝜃). However, implementing the method
is not straightforward, especially in the case of turbulent combustion.
Several challenges need to be addressed, namely:

• scatter: in turbulent flames, the correlation between gradients and
scalars is not as sharp as in laminar flames;

• filtering: turbulent flame simulations often involve some spa-
tial filtering or averaging operations; the gradients obtained by
these simulations therefore do not necessarily represent the actual
gradients in the reacting flow.

Now we describe step by step the proposed implementation, including
the modifications required to address the turbulent case. The spatial
gradients ∇𝜃 are available from the simulation of a turbulent react-
ing flow as a part of the solution 𝜃 = 𝜃(𝑥, 𝑡). The transformation
from empirical data 𝜃(𝑥, 𝑡) and their gradients ∇𝜃 to 𝜒(𝜃) plays a key
role in transforming the iterative procedure applied to laminar steady
flames [16] to the turbulent case.

Fig. 1 is a block diagram of the iterative methodology used here
to provide gradient estimates for the REDIM table generation. At first,
an initial manifold, boundary conditions and an initial guess for the
gradient estimate are used to generate the REDIM table. This REDIM
table is then used in reduced CFD calculations. Note that reduced CFD
calculations here refer to the reacting flow simulations solving the
transport equations for 𝜃, instead of solving the transport equations
for 𝜓 , as explained in detail in Section 4. From these reduced CFD
calculations, gradient data is extracted at some time steps of every two
flow-through times. From these scattered data, gradient estimates for
the REDIM method are calculated, as briefly explained in the next sub-
section. Also, at this step, the initial manifold for the next iteration step
is calculated using the REDIM of the previous iteration step. Finally,
if the convergence of the gradient estimates is achieved, the iterative
loop stops, and the mean quantities are calculated in the reduced CFD
calculations after a few flow-through times. The main advantage of
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Fig. 1. Block diagram of an iterative procedure for REDIM table generation.

this approach is that it can provide a system-adapted REDIM without
requiring any detailed calculations: The gradient information needed
to construct the REDIM comes entirely from reduced calculations in
the form of scattered data, which makes it independent of detailed
calculations.

3.3. Gradient estimates method for REDIM

To create a REDIM gradient estimate from scattered gradient data, a
variational (minimization) approach is used [16]. In this method, first,
a function is created for an extensive scattering present in the gradient
field using a weighted-interpolation approach. Afterwards, a smoothing
operation is performed using a variational (minimization) approach
that provides compensation between the smoothness and closeness of
gradient estimates to scattered gradient data. The method can deliver
smooth representations of the scattered gradient data, even if the data
do not fully cover the whole state space. It also allows specifying
boundary conditions on the edges of the state space domain. A detailed
explanation of this method is given in [16].

From LES, 𝜒(𝜃) is approximated from the magnitude of the Favre-
filtered spatial gradient field |∇𝜃| = |∇̃𝜃| ≈ |∇𝜃|. In case of smaller SGS
variance of 𝜃, lim

𝜃′′2→0
, a linear variation of 𝜃 can be assumed over the

smaller grid size [22]. For the current flame simulation calculation of
𝜃′′2 by an algebraic model suggested in [22], shows the comparatively
low value of 𝜃′′2 relative to 𝜃. Therefore, this assumption should still
be valid in the current flame simulation. To assess the influence of
the spatial filtering involved in the LES simulations onto the gradient
estimates, gradient estimates obtained from the LES were compared
to the gradients of a (spatially better resolved) qDNS of the same
flame [21].

Additionally, to address the issue of scatter in the data used for the
gradient estimates, we perform conditional statistics on the gradients.
The mean and standard deviation of |∇𝜃| are determined, conditioned
on the values of 𝜃. Small conditioned standard deviations signify that
a good representation of the actual gradients by a function 𝜒(𝜃), which
is the basic assumption of REDIM, is possible.

4. Turbulence/chemistry interaction

4.1. Thermo-kinetic coordinates based formulation

In order to simplify the reduced model formulation, the treatment
of scatter and filtering issues as well as to avoid having to cope with
gradients and divergences of generalized coordinates, a fixed parame-
terization is used here for the reduced variables in the REDIM model.
For example, if 𝜓 = (ℎ, 𝑝, 𝑌CO2

, 𝑌N2
, 𝑌H,…)T, where ℎ is the enthalpy,

𝑝 the pressure and 𝑌𝑟 the mass fraction of species 𝑟, then a fixed
parameterization can be chosen as 𝜃 ≡ 𝜉 = (𝑌CO2

, 𝑌N2
)𝑇 . One only needs

to make sure the parameterization is one-to-one with the given REDIM.
3

Note that a reduced equation formulation can also be implemented
in generalized coordinates 𝜃 [13], where a projection based on the
pseudo-inverse of 𝜓𝜃 , 𝜓+

𝜃 is used. This 𝜓+
𝜃 orthogonally projects diffu-

sion, reaction and convection processes onto the tangential sub-space
of the manifold, and it can be determined through different ways [23].
In the current formulation, a constant matrix-based parameterization
projection, 𝜉 = 𝐶𝜓 , is used. A detailed explanation and the difference
between these two formulations is discussed in Refs. [14,16]. In par-
ticular, in [14], it was demonstrated that, once the REDIM is close to
an invariant manifold, which is actually the case for the investigated
problem, both formulations lead to equivalent solutions. The reduced
transport equation for the thermo-kinetic coordinates 𝑘 (𝜉𝑘) can be
determined from the original transport equation of 𝜓
𝜕(𝜌𝜉𝑘)
𝜕𝑡

+ ∇ ⋅ (𝜌𝑢𝜉𝑘) = ∇ ⋅ (𝜉𝑘∇𝜉𝑘) + �̇�𝜉𝑘 , (1)

where 𝑘 = 1, 2,… , 𝑚𝑠, and in case of 2D-REDIM 𝑚𝑠 = 2. �̇�𝜉𝑘 is the
source term of 𝜉𝑘. For unity Lewis number and equal mass diffusivity
of species 𝑘, the diffusion coefficient is 𝜉𝑘 =  = 𝜆∕𝑐𝑝, where 𝜆 is the
thermal conductivity and 𝑐𝑝 is the specific heat capacity.

4.2. The DTF-REDIM model

The theoretical basis of the DTF model lies in premixed combus-
tion [18,24]. However, it has been successfully used for simulating tur-
bulent lifted [5], lean partially-premixed [25], and partially-premixed
flames [6] before. A detailed description of the DTF model can be found
in [17,19]. In the DTF-REDIM model, Eq. (1) is recast as:

𝜕(𝜌𝜉𝑘)
𝜕𝑡

+ ∇ ⋅
(

𝜌�̃�𝜉𝑘
)

= ∇⋅
({

(𝐸(𝑍)dyn,𝜉 (𝑍)

 + (1 −𝛺𝜉 )𝑡

}

∇𝜉𝑘

)

+
𝐸(𝑍)

dyn,𝜉 (𝑍)
�̇�(𝜉𝑘),

(2)

where symbol ⋅ represents the spatially filtered term. Unclosed terms
for the reduced coordinates fluxes (𝜌𝑢𝜉𝑘 − 𝜌�̃�𝜉𝑘), which appear due to
the filtering operation, are treated using a gradient-transport assump-
tion [26], 𝜌𝑢𝜉𝑘 − 𝜌�̃�𝜉𝑘 = −𝑡∇𝜉𝑘. The eddy diffusivity 𝑡 is the ratio
of dynamic eddy viscosity (𝜇𝑡) to the turbulent Schmidt number (𝑆𝑐𝑡),
and in the current study 𝑆𝑐𝑡 is set to 0.7.

A dynamic thickening factor as a function of mixture fraction (𝑍)
is, dyn,𝜉 (𝑍) = 1 + 𝛺𝜉 ( (𝑍) − 1), as in [19]. Where thickening factor
 (𝑍) = max

(

𝑛𝑔𝑝𝛥𝑚∕𝛿𝐿(𝑍), 1
)

, flame sensor 𝛺𝜉 = tanh
(

5 ∗ |�̇�𝜉 |
)

and
�̇�𝜉 is the source term of 𝜉. The number of grid points required to
resolve the flame front (𝑛𝑔𝑝) is set to 5 [24], the mesh size (𝛥𝑚) is
approximated by the cubic root volume of the grid and 𝛿𝐿 is the laminar
flame thickness, calculated as thermal flame thickness [18] within the
flammability limit 0.035 ≤ 𝑍 ≤ 0.095. The efficiency function (𝐸(𝑍))
by [24] is used, with a constant model parameter 𝛽 = 0.5. In the 𝐸(𝑍),
the laminar flame speed (𝑠𝐿), calculated as in [18], is also a function
of 𝑍.

The Favre filtered equations for mass, momentum and reduced
coordinates, Eq. (2), as well as an equation of state, are solved in
the DTF-REDIM SGS model. The source terms for reduced coordinates
(�̇�(𝜉𝑘)), species mass fractions and temperature are taken from the
REDIM chemistry table based on the 𝜉 values. An additional table is
provided which stores the 𝛿𝐿 and 𝑠𝐿 values as a function of 𝑍.

5. Numerical details

5.1. REDIM: Initial solution and gradient estimates

Fig. 2 shows the initial manifold in 𝜙N2
− 𝜙CO2

− 𝜙CO state space
projection, where 𝜙 is the specific mole number (ratio of mass fraction
and molar mass) of the species. The solid red and blue lines represent
the upper and lower boundaries, where the upper boundary consists of
the Burke-Schumann solution [26], generated by 1-step chemistry, and
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Fig. 2. The initial manifold used for generating the REDIM tables, viewed in 𝜙N2
−

𝜙CO2
− 𝜙CO space. Only part of the manifold is shown for better representation. The

value of 𝜙CO is zero because the upper boundary is generated by 1-step chemistry
which does not include any radicals or minor species.

the lower boundary is made of a pure mixing line between the pure fuel
to the pure air. This is a theoretical limit for accessible system states in
the projected plane chosen for the constant parameterization. The in-
between states of lower and upper boundaries are linearly interpolated.
The initial grid points are 30 × 30, but in later REDIM integration
time, these are increased to 90 × 90, as proposed in [27], such that
the solution does not change with further improvement in the grid
resolution. The GRI 3.0 detailed reaction mechanism provided the
chemistry in the generation of REDIM [28].

In order to check the sensitivity of the REDIM with respect to
the gradient estimates, three different types of reduced calculations
are performed using three different types of REDIM: (1) In R_ITER,
iterative gradient estimates are used, where initial gradient estimates
are constant values, same as in R_CONS1 case, which is shown in the
following; (2) In R_CONS1, constant gradient estimates 𝜒(𝜙N2

) = 100
mol/(kg m) and 𝜒(𝜙CO2

) = 100 mol/(kg m), are used; (3) In R_CONS2,
constant gradient estimates 𝜒(𝜙N2

) = 100 mol/(kg m) and 𝜒(𝜙CO2
) =

5000 mol/(kg m), are used. For constant 𝜒(𝜙CO2
), the values 100 and

5000 are chosen because they are close to the minimum and maximum
values, respectively, observed in the gradient data of 𝜙CO2

. Note that
𝜒(𝜙CO2

) = 5000 mol/(kg m) has been taken as an extreme value,
which represents gradients obtained in a stoichiometric, premixed,
freely propagating CH4/air flame. This will clearly overestimate the
gradients observed in the strained turbulent flame considered.

5.2. Computational domain and numerical settings

The present reduced LES computations are performed using the
dtfredimFOAM solver implemented in the finite-volume open source
code OpenFOAM [29]. The term 𝜇𝑡 is modeled by the WALE SGS tur-
bulence model, based on previous work [21]. Temporal discretization
is done by a second-order implicit Euler backward scheme. In case of
spatial discretization, a second-order central difference scheme (CDS)
for the diffusion term and a second-order CDS with a van Leer limiter
for the convective term are used in the reduced coordinates transport
equations. A second-order CDS with filtering high-frequency modes for
the convective term in the momentum equation is used by a filtered
linear scheme implemented in OpenFOAM, which is a low-dissipation
scheme and provides a blending of upwind scheme up to 20%, depend-
ing on the ratio of the background (in-cell) gradient and face gradient.
The magnitudes of gradients, used in the generation of REDIMs, are
calculated explicitly using a second-order CDS, where the scattered data
are extracted at the streamwise midplane of the computational domain.
The time step size is limited to keep the maximum Courant number
below 0.3.

The cylindrical computational domain length in the axial and radial
directions is 50𝐷 and 7.5𝐷 respectively. A hexahedral mesh with non-
uniform grid spacing is used, which has approximately 3.39 million
4

Fig. 3. Gradients obtained from the reduced calculation (scattered data), which are
|∇𝜙CO2

| and |∇𝜙N2
|, and corresponding gradient estimates 𝜒(𝜙CO2

) and 𝜒(𝜙N2
) in R_ITER

(black mesh). Constant gradient estimates R_CONS1 (blue mesh) and R_CONS2 (red
mesh) are also displayed. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

cells. The smallest grid resolution in the radial direction is 0.127 mm,
sufficiently resolving the shear layer between the jet and pilot, and the
smallest axial grid resolution in the vicinity of the jet exit is 0.197 mm.
Grid cells are stretched non-uniformly in radial and axial directions.
The maximum and minimum ratios of 𝛥𝑚 in the present LES to the
qDNS within the axial locations 1 ≤ 𝑥∕𝐷 ≤ 15 and radial locations 0 ≤
𝑟∕𝐷 ≤ 3 are approximately 6.62 and 3.03 respectively. The current grid
resolution satisfies Pope’s criterion for turbulent kinetic energy [30].

The fuel/air mixing chamber is not a part of the simulation; the
main-jet inlet conditions coming from the mixing tube are taken from
simulations of Zirwes et al. [21]. For the pilot and co-flow air, top-
hat velocity profiles with 𝑈𝑝 = 26.6 m/s and 𝑈𝑐 = 15 m/s are used,
respectively. The 𝜉 components, 𝑌CO2

and 𝑌N2
, for the pilot are set to

fixed value 0.1369 and 0.7238, resulting in a temperature 𝑇𝑝 = 2220
K of the pilot. For co-flow air, they are also set to the fixed value
𝑌CO2

= 0 and 𝑌N2
= 0.767. The outlet and walls of the cylindrical

domain are far from the region of interest. At the outlet, non-reflective
boundary conditions for 𝑝 and zero-gradient boundary conditions are
used for other scalars. At the walls, no-slip boundary conditions for
velocity and zero-gradient boundary conditions are used for other
scalars. Furthermore, temporal statistics (time-averaged mean and RMS
quantities, denoted by subscripts 𝑀𝑒𝑎𝑛 and 𝑅𝑀𝑆, respectively) are
calculated for 10 flow-through times based on the main-jet velocity
(50𝐷∕𝑈𝑗).

6. Results and discussion

6.1. Gradient estimates

Fig. 3 shows gradient fields (the magnitude of the gradients is
shown) obtained from the final iteration of the reduced calculation
(scattered data), and the devised gradient estimates (𝜒(𝜙CO2

), 𝜒(𝜙N2
)) in

R_ITER (black mesh) for the REDIM at final iteration. Constant gradient
estimates R_CONS1 (blue mesh) and R_CONS2 (red mesh) are also
shown for comparison. The 𝜒(𝜙CO2

) obtained in R_ITER lie between
the 𝜒(𝜙CO2

) for R_CONS1 and R_CONS2. Fig. 3 shows the smoothed
weighted-interpolated gradient estimates on the REDIM mesh. Addi-
tionally, the red mesh illustrates the level of overestimation of the
gradients used in R_CONS2 case. The LES involves spatial filtering,
which tends to reduce the gradient magnitudes compared to their real
values. This will affect the gradient estimate derived from the LES
simulations. To quantify this deviation, the gradients derived from LES
were compared to spatially better-resolved data from qDNS [21]. It
was found that the LES-based gradients were by a factor of 2-3 below
those of the qDNS. This factor can be considered small, given the low
sensitivity of REDIMs with dimension two or higher with respect to the
gradient estimate. The residuals of 𝜒(𝜙CO2

) and 𝜒(𝜙N2
) are also plotted

at different steps of this iterative methodology in the supplementary
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∇

m

Fig. 4. Comparison of conditionally averaged (⟨ ⟩) gradients obtained from qDNS (sym-
bols) [21] and the final iteration step of reduced calculations of R_ITER (solid lines).
Conditioning is on 𝜙N2

. Gradient magnitudes of 𝜙CO2
and 𝜙N2

are shown in rows 1 and

2, respectively. The bottom row shows the quantity 𝛼 =
√

|∇𝜙CO2
⋅ ∇𝜙N2

| sign(∇𝜙CO2
⋅

𝜙N2
). All gradient-related quantities are shown in mol/(kg m).

aterial (see Sec. S2), where residuals of 𝜒(𝜙CO2
) and 𝜒(𝜙N2

) show
exponential convergence, and after the 3rd iteration, residuals do not
change significantly.

Fig. 4 compares conditionally averaged (⟨ ⟩) gradients obtained
from the qDNS data (symbols) and from the final iteration of reduced
calculations of R_ITER (solid lines) at three different axial locations.
Conditioning is on 𝜙N2

, with an interval of 0.28. The magnitudes of
gradients of 𝜙CO2

(|∇𝜙CO2
|) and 𝜙N2

(|∇𝜙N2
|) obtained from R_ITER

show good qualitative agreement with qDNS, especially within the
flammability limit used for this fuel/air mixture in [20]. The under-
prediction of the gradients by R_ITER stems from the fact that in LES,
spatial filtering reduces the magnitudes of gradients. For ⟨|∇𝜙CO2

||𝜙N2
⟩,

gradients agree well with qDNS, however, ⟨|∇𝜙N2
||𝜙N2

⟩ profiles show
higher discrepancies outside the flammability limits. Additionally, the
quantity 𝛼 (see caption of Fig. 4) representing the relation between
gradients of CO2 and N2 is shown on the bottom row. The profiles of
⟨𝛼|𝜙N2

⟩ show good agreement with qDNS within the flammability limit.

6.2. Comparison of manifolds

Fig. 5 compares three different REDIMs, R_ITER, R_CONS1 and
R_CONS2, together with conditionally averaged experimental data in
𝑌N2

-𝑌CO2
space, color-coded with 𝑌H2O. Black contour lines show the

range of high 𝑇 values. Conditional averaging of experimental data
is performed with respect to 𝑌N2

and 𝑌CO2
after combining scattered

data at different axial locations available in the experimental dataset.
A significant difference between R_CONS2 and the other two REDIMs,
as well as with a surface going through experimental data can be seen.
Higher values of 𝜒(𝜙CO2

) in R_CONS2 lead to stronger diffusion in the
𝑌CO2

direction, causing higher values of 𝑌H2O at states with compar-
atively low 𝑌CO2

. Note that significant differences are also observed
near the right boundary of the manifold (large values of 𝑌N2

) for states
corresponding to lean mixtures and describing processes of reaction and
mixing with pure air. The R_ITER has 𝜒(𝜙CO2

) in between the R_CONS1
and R_CONS2 and the same can be seen in Fig. 5 for 𝑌H2O values in the
𝑌CO2

directions. Similarly, in R_ITER, 𝜒(𝜙N2
) values are higher than in

R_CONS1 and R_CONS2, also leading to more intense diffusion in the
5

𝑌N2
direction at the high 𝑇 locations.
6.3. Comparison of radial profiles

A comparison of calculated and measured radial profiles for dif-
ferent scalars at different axial locations provides a better qualitative
assessment of the simulation results than the comparison of different
scalar fields. Fig. 6 compares measured and calculated mean and RMS
radial statistics of 𝑍, 𝑇 , and 𝑌CO2

at four different axial locations.
It can be seen that 𝑍Mean, 𝑇Mean and 𝑌CO2 ,Mean quantities are well
predicted by reduced calculations using REDIM at all the different
axial locations. Although RMS quantities are slightly under-predicted
at almost all the axial locations, the qualitative agreement is still good.
It is also observed that both the mean and RMS profiles of R_ITER lie
between R_CONS1 and R_CONS2, where, at the fuel-lean side, R_CONS2
and, at the fuel-rich side, R_CONS1 show good agreement with the
measurement profiles.

The comparison demonstrates that even a rough gradient estimate
is sufficient to create REDIMs of acceptable quality which reproduce
the major species’ ‘‘filtered’’ profiles and capture mixing i.e. diffu-
sion processes. However, an accurate prediction of minor species like
CO is a challenging task in the model reduction methods. Therefore,
further comparison of the performance of current as well as flamelet-
based approaches in terms of the prediction of CO is needed. To com-
pare with flamelet-based methods, Favre mean radial profiles for 𝑌CO
shown in [9,31] are used. In [9], premixed and non-premixed flamelet
generated manifolds (FGM) are used in conjunction with Reynolds-
averaged Navier–Stokes (RANS) based multi-environment probability
density function (MEPDF) approach, and in [31], LES based non-
premixed flamelet/progress-variable (FPV) and the premixed filtered
tabulated chemistry LES (F-TACLES) models are used. However, the
comparison shown here is only for qualitative purposes, since the grid
quality, turbulent SGS closures, etc. vary in these simulations.

Fig. 7 shows the comparison of mean radial profiles of 𝑌CO obtained
from different considered REDIMs, non-premixed FGM (F_NPFGM) [9],
premixed FGM (F_PFGM) [9], non-premixed FPV (F_NPFPV) [31] and
premixed F-TACLES (F_PF-TACLES) [31] with the measured values.
The CO prediction using REDIM shows comparatively better agreement
with measured values than it is shown in [9,31]. Also, note that
in flamelet-based methods blending of the manifolds is needed for
mixed-mode-based combustion [8] since premixed and non-premixed
manifolds show a significant difference in the results. On the contrary,
it is observed that the REDIM does not need the prior information
for specific types of flamelets. Furthermore, a similar agreement for
R_ITER is obtained for 𝑌CO,Mean profiles as seen for other scalars in
Fig. 6, where R_ITER profiles show in-between agreement compared
with R_CONS1 and R_CONS2. Once one has an appropriate gradient
estimation, e.g., in the case R_CONS1, one might obtain reliable results.
But if rough constant gradient estimation is used, e.g., in the case
R_CONS2, the quality of the reduced model might suffer either locally
at some physical locations like in Fig. 7 shown by red lines or one might
obtain under/overestimation of minor species. A similar observation
is also noted for an OH radical (see supplementary material, Sec.
S1). Nevertheless, R_ITER predicts the states of the qDNS with good
accuracy. For instance, the conditionally averaged major species mass
fractions of the qDNS in the 𝑌N2

-𝑌CO2
space, were within 5% of the

values predicted by the REDIM.
Hence, it is much better and safer to use the suggested iteration

procedure, which adapts the estimate to the configuration and bound-
ary conditions, and it requires a minimum prior knowledge about
the combustion system. Moreover, in the implementation, it does not
require (any) even one-dimensional (1D) integration of the detailed

model.
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Fig. 5. Comparison of three REDIMs with conditionally averaged experimental data in 𝑌N2
-𝑌CO2

space. Black contour lines show 1400 ≤ 𝑇 ≤ 2200 K. Only part of the manifold is
shown.
Fig. 6. Comparison of measured and calculated mean and RMS radial profiles of 𝑍, 𝑇 , and 𝑌CO2
at different axial locations.
Fig. 7. Comparison of calculated mean radial profiles of 𝑌CO obtained from different considered REDIMs, non-premixed FGM (F_NPFGM) [9], premixed FGM (F_PFGM) [9],
non-premixed FPV (F_NPFPV) [31] and premixed F-TACLES (F_PF-TACLES) [31] with measurement profiles at four different axial locations.
7. Conclusions

In the present work, LES of the Sydney turbulent partially-premixed
flame with inhomogeneous inlets is performed using the DTF-REDIM
SGS combustion model, where an iterative methodology is used to
provide the gradient estimates to generate the REDIM table.

Three different reduced-chemistry LES calculations are performed
using three different REDIMs, denoted here by R_ITER, R_CONS1 and
R_CONS2. In R_ITER, an iterative approach is used to provide the gra-
dient estimates to generate REDIM, while in R_CONS1 and R_CONS2,
simplified constant gradient estimates are used to generate REDIMs.
Comparison of radial statistics of mean and RMS scalar quantities pre-
dicted by reduced calculations using REDIMs show a good agreement
with experimental and quasi-DNS (qDNS) datasets.

The iterative methodology for REDIM generation provides an im-
provement in model reduction methods when an a priori identifica-
tion of the combustion system in terms of scalar-gradient correlations
is difficult. Such cases can, for example, include partially-premixed
combustion, which is studied in this work. In this methodology, the
6

results of reduced calculations and the generation process of the REDIM
are coupled to automatically adapt the REDIM to the gradient-scalar
information from the simulation. The method, which has been applied
to laminar flames in previous work [16], proved viable and efficient
in the turbulent partially-premixed case of the present study. Notably,
the REDIM proved to be rather robust against the spatial filtering
operations of the LES, which tend to reduce the magnitude of the
gradients in the simulations by a factor of 2–3 compared to their real
values.

This observation corroborates that REDIMs of dimension two and
higher depend only weakly on the gradient estimate, so that accuracy
requirements on the gradient estimates for REDIM are very modest, and
providing gradients with the correct order of magnitude may suffice in
many practical cases. These observations, together with the inherent
property of the REDIM model to allow freely adjustable dimension of
the reduced model, make the automatic creation of reduced chemistry
models for systems of arbitrary complex reaction–diffusion interaction
realistic.
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)

Novelty and significance statement

‘‘On the fly"-method for creating reaction–diffusion manifolds (REDIM
for turbulent partially-premixed combustion with adaptation to the
gradient-scalar correlations of the system. This approach, previously
used in laminar steady flames, is now extended to turbulent combus-
tion. It is significant because it makes the automatic creation of reduced
chemistry models for systems with arbitrary complex reaction–diffusion
interaction realistic.
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