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Abstract

This thesis studies the stability of the magnetohydrodynamic equations around
an affine shear flow and constant magnetic field. The dynamics of the equations
change drastically depending on the fluid viscosity ¥ > 0 and magnetic resis-
tivity x > 0. The main goal of this thesis is to establish results on (nonlinear)
stability and instability for selected dissipation regimes. These stability and
instability results are established in Chapters 3-5.

In the first part, we consider the inviscid v = 0 and resistive K > 0 case. We
linearize around explicit low-frequency solutions of traveling waves to infer the
main growth model. Small data in Gevrey 2 spaces are necessary and sufficient
for this main growth model to ensure stability.

In the second part, we consider the MHD equations with viscosity and hor-
izontal resistivity v = ks, > 0 and s, = 0. We show that small initial data
in Sobolev spaces ensure stability. Furthermore, we show that for the viscous
v > 0 and non-resistive k = 0 case, for the linearized MHD equations, there ex-
ists initial data such that the magnetic field grows unbounded as t — co. Thus,
global in time stability of the magnetic field in Sobolev spaces cannot hold for
the nonlinear system.

In the third part, we consider the case when resistivity is smaller than viscos-
ity 0 < k < v. We show that small initial data in Sobolev spaces yield stability.
Furthermore, the stability properties qualitatively differ for the cases k > v3
and k < 3. For the case k < 1> we obtain norm inflation of order vk~—3 due to
growth in the magnetic field.
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Chapter 1

Mixing and Stability of the
Magnetohydrodynamic
Equations

The magnetohydrodynamic (MHD) equations are a common model used in as-
trophysics, planetary magnetism and controlled nuclear fusion [Dav16]. They
model the interaction of the velocity and magnetic field of a conducting non-
magnetic fluid. The MHD equations are derived from the Navier-Stokes equa-
tions coupled with the Maxwell equations assuming vanishing charge density
(see Appendix B for a detailed derivation).

In this thesis, we consider the two-dimensional MHD equations in a finite
periodic channel,

OV +V-VV+VII=vAV + B-VB,
B+V -VB=xAB+ B VYV,
V.- V=V-B=0, (1.1)
Bl,_o=Bin, Vl|_y="Vin,
(t,z,y) ERT x T xR =: Q.

Here V : Q — R? is the velocity of an incompressible conducting fluid interacting
with the magnetic field B : Q — R2. The quantity II : @ — R denotes the
pressure. The dissipation parameters v,x > 0 represent fluid viscosity and
magnetic resistivity.

The MHD equations (1.1) are notoriously challenging. Already in the 2D
case, global-in-time wellposedness is open for general initial data. Stability
results for vanishing resistivity in the literature are often either local-in-time or
limited to small perturbations around special solutions (mostly around a large
constant magnetic field). Therefore, weak or vanishing resistivity poses great
challenges. For the resistive k > 0 and viscous v > 0 case we obtain global-in-
time wellposedness [ST83]. Furthermore, a strong magnetic field is stable for



small initial data [WZ17]. Also for the inviscid v = 0 and resistive x > 0 MHD
equations, one obtains global-in-time wellposedness [Koz89] for initial data in
Sobolev spaces. For the viscous v > 0 and non-resistive kK = 0 MHD equations,
one obtains local-in-time wellposedness [CMRR16, FMRR17], but global-in-
time wellposedness is remains open. Furthermore, one obtains stability of a
large enough constant magnetic field for small initial data [LXZ15, RWXZ14].
For the ideal MHD equations v = x = 0, only local-in-time wellposedness is
established [Koz89, Sch88, Sec93, MY06]. In [BSS88|, it is shown that the
dynamics of small initial perturbations of the ideal MHD equations around a
large constant magnetic field behave like the linearized system.

An essential challenge for the MHD equations is the solutions’ stability and
long-time behavior. Specifically, we aim to understand the stability and insta-
bility of specific global in-time solutions that combine the effects of mixing and
magnetic (de)stabilization. This dissertation focuses on the combination of an
affine shear flow, called Couette flow, and a constant magnetic field

Vit = (5).

(1.2)

Bs(t,z,y) = (g) , a € R.
This stationary solution combines the effects of mixing due to shear and cou-
pling by the magnetic field. The Couette flow mixes perturbations, which leads
to damping. The constant magnetic field induces a strong coupling of the mag-
netic and velocity perturbations. Therefore, perturbations of (1.2) highlight the
velocity and magnetic field interaction.

The main goal of this thesis is to contribute to the understanding of stability
and instability of perturbations of (1.2). Here, stability is understood in the
Lipschitz sense, which we state in the following. We consider the perturbative
unknowns

o(t,z,y) =V(t,x+yt,y) — Vi(t,x + yt,y),

1.3
b(t,z,y) = B(t,x + yt,y) — Bs(t,z + yt,y). 13)

The change of variables z +— x + yt follows the characteristics of the Couette
flow. Then the equations (1.1) become
00 + voe1 = VAW + adpb+b-Vib—v - Vv — Vym,
Oib — boer = kKAWD + adyv +b- Vv — v - Vyb,
Vi-v=V;-b=0, (1.4)
b‘t:o = bin, U’t:O = Vin,
(t,z,y) e Ry x T x R.

Here we write v = ( ! , b= by and e; = 1 . The spatial derivatives
V2 by 0

become time-dependent due to the change of variables and change to 8; =



Oy — 10y, Vi := (9,,0,)" and A, := 07 + (9!)?. For different values of v and
k, we obtain different linear behavior and as a result, the nonlinear terms yield

different interactions.

Problem 1.1. Let f be a choice of unknowns which describes a solution of
(1.4). Let X1 and X5 be two Banach spaces, then we aim to find a bound on
the initial data €9 = eo(f, Xi,v, k) and a Lipschitz constant L = L(f, X;,v, k)
such that for initial data which satisfies

[ finllx, = € < €0,

the corresponding solution is globally bounded in time by

[F®)llx, < Le.

Furthermore, the stability threshold are v1,7v2 € R, such that for g = co"* K2
with a cg > 0 we obtain

| finllx, < cov™ K72 — stability,
| finllx, > cov™ k"> — possible instability.

Stability thresholds are a typical approach and are also used for related
equations such as the Navier-Stokes, Euler or Boussinesq equations. Our defi-
nition generalizes previous definitions [BVW18, BGM19, Lis20] to allow for two
parameters y; and 7s.

In the following, we give an overview of the literature. First, we give an
overview of the closely connected cases of the Navier-Stokes (v > 0) equations
and the Euler equations (v = 0) around Couette flow. This corresponds to the
MHD equations around Couette flow without a magnetic field (b = 0 € R? and
a =0 € R) and has similar properties but behaves qualitatively differently. We
refer to [BGM19] for a more comprehensive overview.

For the Euler equations around Couette flow, Gevrey 2 spaces (see Appendix
A) are expected to be optimal for stability. In [BM15a], stability is shown for
small initial data in Gevrey o spaces for 1 < o < 2. When linearizing around
small explicit low-frequency solutions, one obtains stability and norm inflation
in Gevrey 2 spaces, depending on the radius of convergence [DZ21]. For the
nonlinear system, one obtains nonlinear instability in a space slightly weaker
than Gevrey 2 [DM23].

In the case of the Navier-Stokes equations around Couette flow, small initial
data in Sobolev spaces with respect to v are sufficient to obtain stability. In
[BVW18] it is shown that initial data in Sobolev spaces smaller than vz yield
stability. Masmoudi and Zhao improved this to vE [MZ22], which is expected to
be optimal. In [BMV16], it is shown that small initial data in Gevrey o spaces
for 1 < o < 2 are sufficient to ensure stability independent of v. Furthermore,
one can trade smallness in terms of v and Gevrey regularity to obtain stability
[LMZ22].

The MHD equations around Couette flow and constant magnetic field re-
cently received substantial attention [Lis20, KZ1, ZZ24, Dol24, K72, K, CZ24].



This includes the three publications and preprints which are the basis for this
thesis:

1. Niklas Knobel and Christian Zillinger, On FEchoes in Magnetohydrodynam-
ics with Magnetic Dissipation, Journal of Differential Equations, 367:625-688,
2023, [KZ1]. Main result: Theorem 3.3.

2. Niklas Knobel and Christian Zillinger, On the Sobolev Stability Threshold
for the 2D MHD FEquations with Horizontal Magnetic Dissipation arXiv
preprint, arXiv:2309.00496, 2023, [KZ2]. Main results: Proposition 4.2
and Theorem 4.3

3. Niklas Knobel, Sobolev Stability for the 2D MHD Equations in the Non-
Resistive Limit arXiv preprint, arXiv:2401.12548, 2024, [K]. Main result:
Theorem 5.1

For the MHD equations around Couette flow and constant magnetic field, the
linear dynamics change depending on the values of the dissipation parameters
v and k. As a consequence, the nonlinear terms exhibit different behaviors. For
an intuition on linear and nonlinear effects on the MHD equations, we refer to
Chapter 2. Here we give an overview of the various results.

In 2020, Liss proved the first stability result for the MHD equations around
Couette flow and constant magnetic field [Lis20]. He considered the fully dis-
sipative regime, k = v > 0, and established stability of the three-dimensional
MHD equations for initial data small in Sobolev spaces for a large enough con-
stant magnetic field. For the analogous two-dimensional problem, Chen and Zi
considered in [CZ24] the stability of the 2D MHD equations around a shear flow
close to Couette for small initial data in Sobolev spaces. Dolce [Dol24] proved
stability for small initial data in Sobolev spaces for the more general setting of
0<r3<v<h.

In [KZ1], which is part of this thesis in Chapter 3, Zillinger and the author
consider the regime of vanishing viscosity ¥ = 0 and resistivity « > 0. In the
linearized dynamics, the equations decouple with respect to frequency and are
stable in Sobolev spaces. However, the nonlinear terms yield an interaction
between different frequencies, possibly leading to norm inflation. In order to
capture this effect, we consider traveling waves, which are explicit low-frequency
solutions, from which we deduce the main growth model. There we showed
that resonance chains can lead to Gevrey 2 norm inflation. On the one hand,
Gevrey 2 spaces with a large enough radius of convergence ensure stability.
On the other hand, there are specific initial data in Gevrey 2 spaces with a
small radius of convergence such that the solutions grow unbounded in Sobolev
spaces. Thus, Gevrey 2 spaces are sufficient and necessary for stability. In a
corresponding nonlinear stability result, Zhao and Zi [ZZ24] proved the almost
matching nonlinear stability result for small perturbations in Gevrey o spaces
for1 <o <2.

In [KZ2], which is a part of this thesis in Chapter 4, Zillinger and the author
consider the case of horizontal resistivity and full viscosity, v = k; > 0 and k, =



0. We establish stability for small initial data in Sobolev spaces. Furthermore,
we prove that for the non-resistive MHD equations, v > 0 and « = 0, the
linearised dynamics yield growth of the Sobolev norm by vt. Therefore, stability
in Sobolev spaces cannot hold for the magnetic field. In this sense, horizontal
resistivity is indeed necessary for stability.

In [K], which is a part of this thesis in Chapter 5, the author considers
the case when resistivity is smaller than viscosity 0 < x < v. The author
proves stability for small enough initial data in Sobolev spaces. The behavior
qualitatively differs between the cases 3 < k and v® > k. The relation v® < k
corresponds to the case when resistivity and viscosity are close to each other
and thus yield stability and no norm inflation. In the case when 13 > k,
the resistivity is very small compared to the viscosity. Thus the velocity field
gets damped down on time scales »~! leading to growth in the magnetic field
until times scales of order k3. Therefore, this case yields stability with norm
inflation of order vk ™3,

To summarize the previously mentioned results for the MHD equations
around Couette flow, the stability of the cases v = k > 0 [Lis20, Dol24, CZ24, K]
and v = 0 < k [KZ1, ZZ24] are by now well understood, with key contribution
being part of this dissertation. The case kK = 0 < v is still open due to the growth
of the magnetic field and we cannot expect global-in-time stability for the mag-
netic field [KZ2]. Furthermore, [KZ2, K] contribute to the understanding of
the non-resistive limit or the case of partially horizontal, anisotropic resistivity.
For the ideal case, no results exist yet. We remark that the non-resistive and
ideal MHD equations, which remain open in our setting, are exactly the two
regimes where global-in-time wellposedness is still open for the MHD equations
in general, as mentioned at the beginning. The main results of this thesis are
summarized in the following table:

’ Paper \ Ch \ Result \ Dissipation \ Description
[KZ1] | 3 | Thm 3.3 v=0,k>0 (In)stability of traveling waves
KZ2] | 4 | Thm43 | v=k; >0, Kk, =0 Nonlinear stability
rop 4. v>0,kK= Inear growth of magnetic fie
K72 4 | Prop 4.2 0 0 Li h of ic field
K] 5 | Thm 5.1 v>K2vi >0 Nonlinear stability
K] 5 | Thm 5.1 Vi > k>0 Nonlinear stability, norm inflation

The remainder of this dissertation is structured as follows:

e In Chapter 2, we give a short overview of the main mathematical effects
of the linear and nonlinear dynamics.

e In Chapter 3, we consider the inviscid ¥ = 0 and resistive case £ > 0.
While the linearised dynamics is stable in Sobolev spaces, we cannot ex-
pect stability for the nonlinear dynamics due to resonances in the nonlin-
ear terms. We model these resonances by deriving a model from explicit
low-frequency solutions. For this model, we show that Gevrey 2 spaces
are necessary for stability. This chapter is based on a joint publication



with Christian Zillinger [KZ1], published in the Journal of Differential
Equations.

In Chapter 4, we consider the case with viscosity and horizontal resistivity
v = Ky > 0 and vanishing vertical resistivity x, = 0. Smallness of initial
data in Sobolev norms is sufficient for nonlinear stability. Furthermore, we
show that for the viscous v > 0 and non-resistive kK = 0 case, for specific
initial data, the magnetic field grows linearly in time. This is based on a
joint preprint with Christian Zillinger [KZ2].

In Chapter 5, we consider the case when resistivity is smaller than vis-
cosity 0 < k < v. We obtain nonlinear stability for initial data small in
Sobolev spaces. There are two different behaviors. If resistivity is close to
viscosity, we obtain stability without norm inflation. If the resistivity is
much smaller than viscosity, we obtain norm inflation depending on the
resistivity and viscosity. In particular, stability estimates degenerate in
the non-resistive limit. This is based on the author’s preprint [K].

In Appendix A, we give an overview of the necessary mathematical back-
ground.

In Appendix B, we derive the magnetohydrodynamic equations from the
Navier-Stokes and Maxwell equations.



Chapter 2

Mathematical Effects of the
MHD Equations

In this chapter, we give a short overview of the leading mathematical effects of
the MHD equations around Couette flow and constant magnetic field (1.4), for
the unknowns (1.3),

0iv + v9e; = VAW 4+ aldyb+b-Vib — v - Vv — V,ym,
Oib — boer = KA+ adyv+b- Vv — v - Vib,
Vt"U:Vt'b:O, (21)

b|t=0 = binv ,U|t=0 = Vin,
(t,z,y) e Ry x T x R.

Choosing the right unknowns is crucial for equation (2.1). Depending on the
parameters v, £ > 0 and a € R, switching to different unknowns adapted to the
linearized dynamics is natural. In particular, in this chapter, we will often use
the adapted unknowns p = A; (Vi - u, Vi - b), the vorticity w = Vi - v and
the current j = Vi - b. The fractional Laplacian is defined as A; := (—A;)z.
Furthermore, we perform a Fourier transform such that for the variables (z,y) €
T x R we obtain (k, &) € Z x R in Fourier space. With slight abuse of notation,
we omit writing the hat of the Fourier transform.

We briefly outline the structure of this chapter. In the first three sections,
we describe the linearized effects of the MHD equations. Section 2.1 considers
the case when the magnetic field vanishes and corresponds to the Navier Stokes
equation. Section 2.2 discusses effects in the ideal MHD (i.e. v = k = 0) equa-
tions. In Section 2.3, we consider the dissipative MHD equations and give an
overview of the different dissipation regimes. Section 2.4, provides an overview
of all the useful unknowns. In Section 2.5 we describe the leading nonlinear
effects in terms of toy models.



2.1 Linear Effects of the Navier-Stokes Equa-
tions with b =0 and a =0

This section describes the linear effects of the MHD equations without a mag-
netic field. In particular, these are the linearised Navier-Stokes equations around
Couette flow

O + voe1 = vAw — v - Vv — Vi,
Vt -v=0.
The effects described in this section are well-known (see for example [Orr07,

BM15a, BVW18, Zil17]). In vorticity w = Vi - v formulation, the linearized
Navier-Stokes equations read

Oyw = vAw,

2.2
v=ViA; w. 22)

Assuming vanishing z-average, we obtain two important stabilizing effects in
linearized dynamics: inviscid damping and enhanced dissipation. After a Fourier
transformation (as announced we omit the hat in the Fourier transform), we
obtain

Ohw = —v(k? + (€ — kt)*)w,
B : <5 - kt) (2.3)
v = 7W —I{ w.

The equation decouples in frequency space. Due to the assumption of vanishing
x-average we obtain k # 0, since k € Z that means |k| > 1.
Inviscid Damping with v =0

The Couette flow induces a mixing of vorticity. This leads to a damping of the
velocity field independent of v, often called inviscid damping. For v = 0 the
solution of (2.2) stays constant

U}(t, k7 é-) = win(k7 5)

and thus, for the velocity field, we infer

, _ &

For fixed frequencies, the absolute value of the velocity reaches its maximum
at time t = % and is damped as t increases further. For norm estimates, lower

Sobolev norms will decay in time [Orr07]

Ollorllaysr + O3 v2llmy S lwinllaves = lvinll v+e. (2.5)



Enhanced Dissipation with 0 < v < 1

Mixing by the Couette flow leads to faster dissipation rates, often called en-
hanced dissipation. In particular, at times ¢t = v~ 35 the dissipation leads to fast
decay and compares to t ~ v~! for the heat equation. For v > 0

w(t, k, &) = exp (—uk2 /Ot(l + (t — ,3)2)dr) win (k, €)

solves equation (2.3). We estimate this exponential term by

t
exp (—Vk‘Q/ (14— 2)2)d7> < eXp(—cz/%t)
0
and thus, for ¥ < 1, we obtain the enhanced dissipation estimate

1
[wllaes < e flwin || gravss.

For the velocity field, we obtain both enhanced dissipation and inviscid damping

1
(Ollvill e + 82 vzl gy S e lwinl|govee.

2.2 Linear Effects of the Ideal MHD Equations
with v =k =0

This section describes the linear effects of the ideal MHD equations, v = x = 0.
Here, there is competition between the growth of the magnetic field, the decay
of the velocity field, and their interaction. We will describe these effects and
then show stability for a large constant magnetic field o > % To show these
effects, we consider the adapted unknowns

p=A(Vi -0, Vi -b).

These unknowns are established in [KZ2] (Chapter 4) and similar unknowns are
established independently in [Dol24]. Then (2.1) changes to

Oipr = 020, A7 p1 + s,
ath = _axa;A;1p2 + aazpla (26)
p‘t,o = Pin-

We apply a Fourier transformation, only consider modes k # 0 and, by slight
abuse of notation, we replace p, by —ips to obtain the equation

13

t—x
Oip1 = —Wpl — akpa,
_£
Oip2 = ﬁpz + akpr, (2.7)
p|t:0 = Pin-



For simplicity of notation, we introduce the new variable s = ¢t — % and the
initial time s;, = —% Then equation (2.7) reads

Ospr = —175zP1 — kipa,
Osp2 = 13572 + akp, (2.8)
p‘s:sm = Pin-

In the following, we will discuss all the different effects appearing in (2.8).

Decay and Growth of the Adapted Unknowns with a =0

As the first toy model, we consider

Osp1 = —ﬁph

k (2.9)
Osp2 = 13557 D2-

This corresponds to the case a = 0, when there is no coupling between p; and
po. Equation (2.9) has an explicit solution

So in this model the py grows by (s) and p; decays by (s)~!. The decay in p;
corresponds to the inviscid damping of the Navier-Stokes equations discussed
in (2.4). However, the ps unknown grows in time, which is a major challenge
for longtime stability. It destabilizes the nonlinear equations in the settings of
small magnetic field 0 < a < % or for small values of the resistivity 0 < k < v.

Constant Magnetic Field and Circular Movement with o €
R and without Couette Flow

In this subsection, we highlight the effect of the constant magnetic field « in
(2.8). This is very similar to the effect of Alfén waves [Alf42, Dav16]. We
consider the toy model

aspl = —Oé]fpg,

2.10
Osp2 = akpy, (2.10)

which corresponds to the second part of (2.8). This is solved by

cos(ak(s — sin)) —sin(ak(s — sin))

Pls) = ( sin(ak(s — i) cos(ak(s — sin)) ) bin:

We call this circular movement, which leads to an exchange between p; and p».

10



Stability and Loss of Inviscid Damping o > %

We consider the linearized ideal MHD equations

Osp1 = — 135531 — akps
’ e ’ (2.11)
Osp2 = 7zp2 + akpr.

In particular, this is the combination of (2.9) and (2.10). For a large constant
magnetic field o > %, the circular movement averages the growth of the magnetic
field and the decay in the velocity field. We define the energy

E = p] + Z 5=pipe. (2.12)

Using an energy of this form is a common approach used similarly in [BBZD23,
Dol24, KZ2]. The energy F is strictly positive definite since o > % and satisfies

(1= 52e)Ipl? < B < (1+ 520 p? (2.13)
globally in time. Then we estimate
0.F = 2y itiy lpipe| < so mie B
and thus we infer the energy estimate
exp(— 522 ) Esin) < E(s) < exp(5=2—) Elsin)-
Using (2.13), this implies stability
pl(s) = |pin|-

That means we are stable in the p variables. However, this comes with a cost
to the inviscid damping: For the velocity field, we obtain

i S
V=TT (1)1917

(2.14)
b= (°
T V1+s2 (1> D2-
Hence, using t = s + % we infer the estimate
[(v1, o) [ v+ + @)1 (02, b2) |~ S ([ (vin, bin) [ 1. (2.15)

In particular, compared to the Euler equations (2.5) both components lose decay
of order (t)~!. This happens due to the previously mentioned growth in the
magnetic field.

11



2.3 Linear Effects of the Dissipative MHD Equa-
tions with v >0 or kK > 0

The MHD equations behave very differently depending on the relation of the
dissipation parameters. We consider the linearised MHD equations with dissi-
pation

Oyp1 = 0.0, A "1 + adapy + vy,

Op2 = —&ﬁ;A;lpz + a0zp1 + KA, (2.16)
p’tZO = piTL'
After a Fourier transform, replacing ps by —ips and the variable change s = t—%
and s;, = f% (similar as in the previous section), we obtain

dsp1 = — P — akpy — vE*(1+ %)y,
Osp2 = 152p2 + akpy — kk* (14 s%)pa, (2.17)
p|s=sm = Pin,

for k # 0. From the stability and asymptotic of (2.17) in the p unknowns the
stability of (2.16) and (2.1) follows directly, similar as in the previous section.
This section focuses on the various effects appearing in (2.17). For a rigorous
calculation, we refer to Chapters 3, 4 and 5. We saw in the inviscid case that
for a > %7 the p unknowns are stable. That is not necessarily true for the
dissipative regime since the imbalance of the dissipation counteracts the circular
movement. In particular, we distinguish between different cases, v = k, v = &,
close to resonant s = 0, v < K, K K v and (v = K, > 0 and k, = 0). If
both dissipation parameters are close to each other v ~ k, a strong constant
magnetic field o > % is sufficient to ensure stability. Both p get damped by a
rate close to each other, ensuring stability. However, if one dissipation is much
larger than the other, one component is damped to zero very fast. In contrast,
in the other component, we obtain behavior similar to Subsection 2.2 for a« = 0
with some additional terms.

The Case v = &’

This case was first considered by Liss in [Lis20]. In the case when x = v and

a > %, the MHD equations are stable as in the ideal case with additional

enhanced dissipation decay
pl(s) S exp(—cv® (s = sin))|pinl-
With the energy (2.12) we obtain

0sE + 20k*(1 4 s*)E < 2 S pipe-
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Thus we infer for

Bo) <o ([ 2k - 21+ Blsu)

< eXp(—QCl/é(S — $in))E(sin)

for some ¢ = c(a) > 0. With E ~ [p|? for o > 1 we obtain

1
Pl(s) S exp(=cv3 (s = sin))|pinl-

The Case v =~ k’

The regime v < k < v3 was first considered by Dolce in [Dol24]. When v

and  are close with 13 < k < I/%7 for a strong magnetic field o > %, the

circular movement ensures linear stability. Our enhanced dissipation changes
to exp(—cmin(v, k)zt) with the minimum of the dissipation parameters. We
obtain the estimate
. 1
pl(s) S exp(—cmin(v, k)3 (s = sin))[Pin|-

In the following, we show this for the regime k < v, the opposite regime is
analog. We derive the energy (2.12)

OsE + 20k*(1 4 %) |p1|* + 2E*(1 + 52)|p2)?
2
< ﬁ (11_;852)2]71172 - %Sk(ll + /@)ppo.

Similarly to the previous cases, the first term will lead to finite growth. The
second term appears due to the imbalance of dissipation and is relevant for
stability. We estimate and split the second term

—25k(v + R)prp2 < VE*(1 4 5%)pt + S
<vk*(1+ s*)pi + wk*(1 + s*)p3 + (2v — kk*(1 + s2))p3.
We absorb the first two terms into the dissipation. Thus we infer
OE + 2ckk*(1 + s*)E
< 2tampe + (2v — k2 (1+5%)) ypip2
S (s + (v —kk*(1+5%))4)E

for some ¢ = c(a) > 0. At this point we require the assumption v < k, to
bound

/(éy — kE*(1 4 77))4dr < 2sup(Lsv — £k°s%) < 44
Thus we deduce the estimate

E(s) S exp(—2cmin(v, k)3 (s — $in)) E(Sin)-

ol

Thus, with o > % we infer the estimate

. 1
Ip|(s) < exp(—cmin(v, k)3 (s — Sin))|Pinl-
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Frequencies Close to Resonant

Before discussing the cases where there is a large imbalance of the dissipation, we
consider the case close to resonant which ensures stability in the p variables. For
the non-resistive limit of Chapter 5 this is particularly important for stability.
For two times s,so (so is any time, possibly different from s;,) satisfying |s —
so| < min(v~!,k71), a large constant magnetic field o > % ensures that the
circular movement is stronger than the imbalance of dissipation yielding stability

[pl(s) < [p(s0)l-
The derivative of the energy (2.12) satisfies

OsE + 20k (1 + s%)|p1|* + 26k (1 + 52)|p2|?

.2
= %(117;2)2?1172 + 2|v + k|skpips

< (1552 + 2|v + wlsk)pipa.
We estimate the second term by

oz max(v, 5)|p1[* + max(v, 5)k(1 + 5%)|p2?,
o

21y + k|skpips <
%|V + K|skp1pe < & max (v, k)|pa|? + max(v, k)k*(1 + s2)|p1|?,
which yields
%\V + k|skpips < % max (v, n)\p|2 + Vk2(1 + 52)\])1\2 + nkQ(l + 52)|p2|2.
So we infer the estimate
OsE + cmin(k, v)k*(1 + s*)E
< (5 + max(v, 5))p1pa (2.18)
< (1-&-#92 + max(v,k))E

for some ¢ = ¢(a). By Growall’s lemma, we obtain

E(s) < exp(max(v, k)(s — s0))E(sin) S E(so),

~

and thus with a > % we deduce

Ipl(s) < |p(so)l-

We note that, from (2.18) one obtains an enhanced dissipation rate of
exp(—c(min(k,v))% (s — s9). However, this effect only appears if |s — so| >
min(k, )" 3. Therefore, to reach time scales where enhanced dissipation is
relevant, we need the assumption VP <K< U3 of the previous section.
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The Effect of Strong Resistivity with v < k

In this case the viscosity is much smaller than the resistivity, see Chapter 3
for more details. In the first model, we formally set po = 0. Then we obtain
the behavior of the Euler and Navier-Stokes equations of Section 2.1. The
assumption py = 0 is too strong for a more precise analysis. We consider the
vorticity and current formulation

Oyw = —akj — vk*(1 + s*)w,

0 = (125 — kK> (1+ 8%))j + akuw.

(2.19)

We define the good unknown G = j + %H_%w and so (2.19) changes to

Opw = —%2 1+152w —vk*(1 + 8w + oG,

0G = (125 — kk* (14 5°)G + 2 i w + 205 (Emw).

The resistivity is large enough for high frequencies k to ensure G =~ 0. Therefore

we obtain for 8 = =5

Ow = —%H%w —vE*(1 4 s*)w

compared to the Navier-Stokes case, the vorticity w obtains additional damping

1 1

The Effect of Strong Viscosity with « < v

In this case the resistivity is much smaller than the viscosity, see Chapter 5 for
more details. At first glance, one would expect that large values of viscosity
lead to better stability. This doesn’t hold since for v > k3 we obtain growth
in the po unknown which corresponds to growth in the magnetic field. Due to
the viscosity, for large times s > v~! ~ sy we obtain p; ~ 0 and so p; can be
neglected (In Chapter 5, Proposition 5.2 and 5.3 we prove the following with
the p; unknown). For times s > v~1 & s, we reduce (2.19) to the toy model

Op2 = (1337 — kk*(1+ 5%))pa. (2.20)
We obtain the estimate
p2l(s) S b eyl s, (2:21)
which is optimal in the sense that for k = —1 we obtain the norm inflation
pg(lfé,k =-1)=~ Vm*%pz(so,k: =-1). (2.22)

In particular, the ps unknown exhibit growth of the size VETS.
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The first term in (2.20) leads to linear growth until the resistivity is strong
enough for the second term to take over. This is seen in the explicit solution of
(2.20)

pa(s) = <<;0>> exp (—nk‘Q/ 1+ 72 dT) p2(s0)-
50

Then (2.22) and (2.21) follow directly. The reader may expect that the enhanced
dissipation timescale v~ would be the relevant timescale, but the combination

of circular movement and the viscosity gives enough decay for ps such that the

linear growth is suppressed until the time v—1.

The Effect of Horizontal Resistivity with x, = v > 0 and
Ky =0

We consider the effect of anisotropic resistivity when p := k, = v > 0 and
ky = 0 for a strong constant magnetic field o > %, see Chapter 4 for more
details. Then we obtain the linearized equations

Oip1 = — 1 — akpy — pk? (1 + )p1, (2.23)
Orp2 = 7522 + akpy — pk’ps. '

The horizontal resistivity is sufficient to ensure stability
Ipl(s) S e ) |pyy|.
This is shown with the energy F in (2.12)

OsE + 2pk” (1 + 8%)|pa|* + 20k |pa |

2
= G areyrbipz + 2pks(1+ iz )pips.

The last term is estimated by
2 pkspips < 2pk?s?pt + 5 pukp3,
2 pks iz pipe < pkpt + 203

This yields

aSE + 20#’£2E S %Plp%
for some ¢ = ¢(a) > 0 and so with Gronwall’s Lemma, we infer

E(s) < e 2enls=sin) B(s;,).
Finally, we deduce

[pl(s) S e HCEs ) p|.
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2.4 Tailored Unknowns

As seen in the previous section, we use several notions of unknowns. In this sec-
tion, we summarize the most important unknowns and their relations. Usually,
the different unknowns are used if we consider the part of the equation without
z-average. For the z-average, we use the original equations. Then, the different
unknowns are equivalent formulations of the MHD equations. In the following,
we only consider the part without z-average and omit writing the projection.
The unknowns satisfy the following relation
ATV
P10,
—ACTVE
ATIVE
p2 :

—AVE

and

Furthermore, if one dissipation parameter is much stronger, the symmetry of
the p unknowns breaks. The dissipation and the linear forcing by the other
unknown lead to a balance. Good unknowns are a typical approach to use this
balance to obtain better estimates [Zil23, MSHZ22]. For the MHD equations,
the relevant good unknowns are

Gy = 0,w+ %85(;5,
Gy = 0,00 + %8§A[1w.
All these different unknowns lead to different equations. In the following, we
summarize the most relevant equations:
Velocity and magnetic field formulation: The standard form of the
MHD equations is written in terms of the velocity and magnetic field
0 + vge; = VAW + adyb+b-Vib—v - Vv — Vym,
Oib — boer = kKA + adyv+b- Vv —v - Vyb, (2.24)
Vt~v:Vt~b:0.
The p unknowns formulation: The p unknowns reduce from the vecto-

rial unknowns (v,b) to two scalar unknowns (p1,p2). The equations for the p
unknown read

Oip1 — 0204 A p1 — adapa = vAp1 + ATV (b Vib— v - Vi), (2.25)
Opa + @ﬁ;A;lpg — a0zp1 = KAps + At_IVtL(b -V — v - Vib). '
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This formulation is more useful for calculations and energy estimates. In partic-
ular, as seen in the previous sections, the p unknowns allow us to quantify the
relation between circular movement, inviscid damping and different dissipation
regimes. In Sobolev spaces, they are equivalent to the velocity and magnetic
field.

Vorticity and magnetic potential formulation: If there is a strong
imbalance between resistivity and viscosity, linear stability will shift from the p
unknowns to the vorticity w and magnetic potential ¢

dw +v - Vw = vAw + ady A + Vo - VA,

L (2.26)
0t +v- Vo = KA+ a0, A7 w.

Vorticity and magnetic good-unknown formulation: For the resistive
k > 0 and inviscid v = 0 case, the resistivity damps the magnetic potential to a
balance with linear forcing by the vorticity. The good unknown G4 corresponds
to this balance

Ohw = —%26§At_1w +aGy+b-Vij—v-Viw,

. (2.27)
8,5G¢ = KAtG¢ + ﬁxAt(v . Vt¢) + %8:C(At_ w)

Fluid good-unknown and magnetic potential formulation: In the
viscous ¥ > 0 and non-resistive case k = 0, the viscosity damps the magnetic
potential to a balance with the linear forcing by the magnetic potential. The
good unknown G,, corresponds to this balance

Gy = VG + 20,02¢ + 0,(V'¢ - VA — v - Vuw),

, (2.28)
o =—2C2N; "o+ aA['Gy —v- V.

2.5 Nonlinear Behavior

For the MHD equations, the linearized dynamics decouple in frequency space
and we obtain stability for a suitable choice of adapted unknowns. The non-
linear terms differ depending on the choice of unknowns and yield an interac-
tion between different frequencies. Understanding and estimating the nonlinear
interaction is the major challenge for establishing nonlinear stability. In the
following, we give a simplified model to get an intuition for the main growth
mechanism in nonlinear terms. We consider the toy model of an active scalar
equation

of=(a-Vi)f,

2.29
a=V{FA " f. (2:29)

For f we assume vanishing z-average. The m corresponds to different choices
of unknowns, for m = 2 this is the nonlinearity of (2.27) and m = 1 is a
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simplification of the nonlinearities in (2.25) (i.e. A; 'V (bV;b) replaced by
bV (A;'Vib) = bV,p). After a Fourier transform of (2.29) we obtain

)= > [y e - LE - L), (230)

k—1,1£0

Nonlinear Toy Model: Reaction Term

We apply a paraproduct decomposition to the quadratic nonlinearity to isolate
the main resonance mechanism in (2.30). This is a common approach, see for
example [BM14, Zil23]. We split the solution into high and low frequencies
f = fio + frni- This can be made precise with the help of a Littlewood-Paley
decomposition [Grald]. We thus obtain the system

Ot fri = (@10Ve) fri + (ani V) fio + (ari Vi) fri,
atflo = (alovt)flo~

For this splitting, the a;,V; term acts as a transport and the (ap;Vy)pp; term
is small in high Sobolev spaces. Our main contribution is then the term

atfhz (ahzvt)flo (231)

We model this effect by replacing
fio = —2ccos(x).

These are called a traveling wave solution. The traveling in the name comes
from the fact that our coordinates follow the characteristic of the Couette flow,
which means we ’travel’ in the original coordinates by x — yt. The cos is a
solution of frequency k = 1 and yields a nearest-neighbor interaction between
the £ and k + 1 modes. This is a very good model for the largest possible
growth in the full nonlinear system. More generally, we could use any periodic
and smooth function in z. With this low frequent solution, we obtain

Ouf = =VHEA;™f - V2ccos(x)
= 2csin(z)0,A; ™ f,

which is our main growth model. After a Fourier transform, we obtain

8tf(k7§) = C(k+61)m £ L m f(k + 175)

(I+(z37-D2) 2

_ g 1 —
C(k71)7n (1+( El t)z)% f(k 175)

We simplify this further by looking at the & mode acting on & — 1 mode
Onf(k = 1,€) = g iz /(09

Em (1+(

We distinguish between the two main cases for m.

19



e Let m = 2, this corresponds to the main model for the resistive MHD
equations in Chapter 3

O f(k—1,¢) = Ck2mf(ka§)

The main effect of f(k) acting on f(k — 1) will appear close to the time

ty = %, which we call resonant time. Close to this time, the f(k) stays

approximately constant and thus after integrating in time
Ftho1,k = 1,6) = em s f(tr, . €)

for times ¢; = %(t} + {lJrl) between the resonant times. If we iterate this
growth k - k —1 — --- — 1 for initial data f(tx,[,&) = Ok we obtain

t1,1€ HC %: .2.

This is maximized by Sterling’s approximation at k ~ \/c£ to
F(t1,1,6) = VEexp(CVE) f (tr, |, €)

which is a loss if Gevrey 2 regularity of C = C (¢) > 0 in the radius of
convergence. Which corresponds to our result in Chapter 3.

e The case m = 1 correspnds to the main model of the p unknowns in
Chapter 5

Ohf(k—1,8) = [k, ).

[N

(1 (s t)?)
With the previous approach, we would need regularity stronger than
Gevrey 1, which would impose problems in the nonlinear estimates. Here
we perform a different approach, we show under which circumstances
we can suppress the nonlinear effect with dissipation. At times t >
. 1 . . .

min(v, k)3, the enhanced dissipation appears and damps the equation
down quickly. Thus we consider times ¢t < ,u_% with g = min(v, k). We
write

— L 14 _t

(L+(§-1)2)7 (1+(§-)2)?

7
—

and after integrating in time

t
S 1 dr <tIn(2v/1+12) <y 5 In(4p~5).
| $mtpar S )< i ()

If we assume that f(k) is constant for ¢ ~ %7 we obtain then

Flti1k —1,6) < 2ep™ 5 (4~ 3) f(tr, k, €).
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-1
Thus for ¢ < %/ﬁ ln(4,u_%)) these resonances get supresed. The idea
here corresponds to what is done in the nonlinear estimates if v ~ k > 0.
However, the nonlinear estimates are more challenging since the supremum
norm in time and the L? norm in space do not commute. Therefore, the
nonlinear estimates are worse than conjectured here for the toy model.
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Chapter 3

On Echoes in
Magnetohydrodynamics
with Magnetic Dissipation

This chapter consists of the paper [KZ1], published in the Journal of Differential
Equations and is a joint work with Christian Zillinger. In this Chapter, we often
refer to Gevrey spaces in the sense of (A.1) since the important effects are visible
there. We note here that the space (3.19) with (3.9) also includes the Gevrey
spaces in the sense of (A.2).
NIKLAS KNOBEL AND CHRISTTAN ZILLINGER

Abstract. We study the long time asymptotic behavior of the invis-

cid magnetohydrodynamic equations with magnetic dissipation near

a combination of Couette flow and a constant magnetic field. Here

we show that there exist nearby explicit global in time low frequency

solutions, which we call waves. Moreover, the linearized problem

around these waves exhibits resonances under high frequency per-

turbations, called echoes, which result in norm inflation Gevrey reg-

ularity and infinite time blow-up in Sobolev regularity.

3.1 Introduction and Main Results

In this article we consider the two-dimensional magnetohydrodynamic (MHD)
equations with magnetic resistivity « > 0 but without viscosity

WV +V-VV+Vp=DB-VB,
OB+V - -VB=krkAB+B-VV,
div(B) = div(V) =0,
(t,z,y) e Ry x T xR,
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near the stationary solution

V(t,z,y) = (y,0), (3.2)

B(t, z,y) = (o, 0). '
The MHD equations are a common model of the evolution of conducting fluids
interacting with (electro-)magnetic fields in regimes where the magnetization of
the fluid can be neglected. They describe the evolution of the fluid in terms
of the fluid velocity V', pressure p and magnetic field B. The constant mass
and charge densities are normalized to 1. Here particular examples of appli-
cations range from the modeling of solar dynamics to geomagnetism and the
earths molten core to using liquid metals in industrial applications or in fusion
applications [Dav16].

A main aim of this article is to analyze the long-time asymptotic behavior of
solutions to this coupled system and, in particular, the interaction of instabili-
ties, partial dissipation and the system structure of the equations. Here we note
that due to the affine structure of the stationary solution (3.2), the correspond-
ing linearized problem around this solution decouples in Fourier space and can
be shown to be stable in arbitrary Sobolev (or even analytic) regularity, as we
prove in Section 3.2.

Lemma 3.1. Let a € R be given and consider the linear problem

OV + y0,V + (V2,0) = ad, B,
OB + y0. B — (B2,0) = kAB + 0.V,
div(B) = div(V) =0,
(t,z) e Ry x T x R.

Then these equations are stable in H® for any s € R in the sense that there
exists a constant C' > 0 such that for any choice of initial data and all times
t > 0 it holds that

(V- V)t =ty )l + (V5 Bt — ty, )|
< (L4 R7PP(IVE - Vizolfe + IV - Blizolie)-

Here V+ -V =: W is the vorticity of the fluid and V+ - B =: J is the
(magnetically induced) current.

In contrast to this to this very strong linear stability result, the stability
results for the inviscid nonlinear equations are expected to crucially rely on
very high, Gevrey regularity (see Section 3.2.2 for a definition). More pre-
cisely, similarly to the nonlinear Euler equations [DM23, DZ21, Zil23] or Vlasov-
Poisson equations [Bed20, Zil21a, MV11] the nonlinear equations are not a pri-
ori expected to not remain close to the linear dynamics due to “resonances” or
“echoes” MWGO68, YODO05], which may lead to unbounded norm inflation of
any Sobolev norm. It is the main aim of this article to identify and capture this
resonance mechanism for the resistive MHD equations. In particular, we ask to
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which extent magnetic dissipation can stabilize the dynamics. As we discuss in
Section 3.2.2 the main nonlinear resonance mechanism is expected to be given
by the repeated interaction of a high frequency perturbation with an underlying
low frequency perturbation of (3.2). In this article we thus explicitly construct
such low frequency nonlinear solutions, called traveling waves (a combination of
an Alfvén waves and shear dynamics; see Section 3.2 and Lemma 3.5 for further
discussion).

Lemma 3.2. Letk > 0 and o € R and let (fo, go) € R2. Then there exist smooth
global in time solutions of the nonlinear, resistive MHD equations (3.1), which
are of the form

V(t,z,y) = (y,0) — 1f_i(_tz2 V- cos(z — ty),
B(t,z,y) = (a,0) + 1g_|(_t32 V- sin(z — ty),

with (f(0),9(0)) = (fo,g90). Furthermore, for a suitable choice of fo,go it holds
that

ft) = 2¢,
g(t) =0,

ast — oo.

In view of the underlying shear dynamics it is natural to change to coordi-
nates

(x —ty,y).

In these coordinates the corresponding vorticity W = V+ -V and current J =
V+ - Bread

W = —1+ f(¢) cos(x),
J =0—g(t)sin(z).

Unlike the stationary solution (3.2) these waves have a non-trivial z-dependence.
As we discuss in Section 3.2.2 this z-dependence allows resonances to propagate
in frequency and underlies the nonlinear instability of the stationary solution
(3.2). More precisely, we show that the (simplified) linearized equations around
these waves exhibit the above mentioned nonlinear resonance mechanism (in
terms of both upper and lower bounds on solutions). In particular, we aim to
obtain a precise understanding of the dependence of the resonance mechanism
on the resistivity x > 0 and the frequency-localization of the initial perturba-
tion. The research on well-posedness and asymptotic behavior of the magneto-
hydrodynamic equations is a very active field of research and we in particular
mention the recent work [Lis20], which considers a related, fully dissipative set-
ting in 3D, as well as the articles [JW22, ZZ23, WZ21, BLW20, FL19, DYZ19,
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HXY18, LCZL18, WZ17]. More precisely, in [Lis20] Liss studied the nonlinear,
fully dissipative, three-dimensional MHD equations around the same stationary
solution (3.2) in a doubly-periodic three-dimensional channel T x R x T and
established bounds on the Sobolev stability threshold as v = k | 0. In contrast,
this article considers the 2D setting with partial dissipation » = 0, x > 0 in
Gevrey regularity. Similar questions on the stability of systems with partial
dissipation in critical spaces are also a subject of active research in other (fluid)
systems, such as the Boussinesq equations [CW13, EW15, DWZZ18].

For simplicity of presentation and to simplify the analysis in this article we
modify the linearized equations for the vorticity and current perturbations w, j

dw = adyj — (2csin(z)d,A; 'w),
Ohj = KA + 20w — 20,04 A1, (3.3)
Ay =92+ (0, —t0,)?,
and fix the x-averages of w and j, which also fixes the underlying shear flow.
Here, for simplicity we have also replaced f(¢),g(t) by 2¢ and 0, respectively.

In analogy to other fluid systems [BBZD23, BM15b], a similar structure of the
equations can be achieved by considering the coordinates

t t
(x—/ /Vld:z:dt,%/ /Vldxdt) = (X,Y),
0 0

which however makes estimates of A; ! technically more involved and less trans-
parent [Zil17]. In the interest of a clear presentation of the resonance mechanism
we hence instead fix Y = y by a small forcing.

Theorem 3.3. Let 0 < a < 10 and 0 < k < 1 with 8 := 5 and ¢ <
min(lO_Sﬁ%,lO_‘l) be given. Consider the (simplified) linearized equations
(3.3) around the wave of Lemma 3.2.

Then there exists a constant C' such that for any initial data wy,jo whose
Fourier transform satisfies

S [ explCVID(Fun(k,OF + Fialk ) < o0
k

the corresponding solution stays regular for all times up to a loss of constant in
the sense that for all t > 0 it holds that

Z/exp(%v [EN(Fw(t, k, 7 + |Fi(t, k, €)*)dé < oo.
k
Moreover, there exists initial data wy, jo and 0 < C* < C such that

S [ explc VD Funlk &) + [ Fin(k, ) < .
k

but so that the corresponding solution w,j grows unbounded in Sobolev regularity
ast — oo.
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Let us comment on these results:

e As we discuss in Section 3.2.2 the linearized equations around a traveling
wave closely resemble the interaction of high and low-frequency pertur-
bations in the nonlinear equations. These equations thus are intended to
serve as slightly simplified model of the nonlinear resonance mechanism.
We remark that in the full nonlinear problem the z-averages and hence
the underlying shear dynamics change with time and the corresponding
change of coordinates has to be controlled. For simplicity and clarity the
present model instead fixes this change of coordinates.

e The Fourier integrability with a weight exp(C'y/|¢]) corresponds to Gevrey
2 regularity with respect to y. For simplicity of presentation the above
results are stated with L?(T) regularity in x. All results also extend to
more general Fourier-weighted spaces, such as HV for any N € N or
suitable Gevrey or analytic spaces (see Definitions 3.8 and 3.9).

e The stability and norm inflation in Gevrey 2 regularity matches the reg-
ularity classes of the (nonlinear) Euler equations. In particular, the mag-
netic field and magnetic dissipation are shown to not be strong enough to
suppress this growth. We remark that our choice of coupling between the
size of the magnetic field and magnetic dissipation is made so that both
effects are “of the same magnitude” and hence their interaction plays a
more crucial role (see Section 3.2.3 for a discussion).

e These results complement the work of Liss [Lis20] on the Sobolev stability
threshold in 3D with full dissipation. Indeed, the above derived upper
and lower bounds establish Gevrey 2 as the optimal regularity class of the
linearized problem in 2D with partial dissipation. We expect that as for
the Euler [BM15a] or Vlasov-Poisson equations [BMM16] nonlinear sta-
bility results match the regularity classes of the linearized problem around
appropriate traveling waves.

We further point out that the instability result of Theorem 3.3 also implies a
norm inflation result for the nonlinear problem around each wave in slightly
different spaces (see Corollary 3.26). In particular in any arbitrarily small ana-
lytic neighborhood around the stationary solution (3.2) there exist nonlinearly
unstable solutions (with respect to lower than Gevrey 2 regularity) .

The remainder of the article is structured as follows:

e In Section 3.2 we discuss the linearized problem around the stationary
state (3.2) and introduce waves as low-frequency solutions of the nonlinear
problem.

e In Section 3.2.2 we discuss the resonance mechanism for a toy model. In
particular, we discuss optimal spaces for norm inflation and (in)stability
results as well as the time- and frequency-dependence of resonances.
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e The main results of this article are contained in Section 3.4, where we
establish upper bounds and lower bounds on the norm inflation.

e The 3.5 contains some auxiliary estimates of a growth factor in Section 3.4.
In the second 3.6 we prove a nonlinear instability result for the traveling
waves.

3.2 Linear Stability, Traveling Waves and Echo
Chains

In this section we establish the linear stability of the resistive MHD equations
(3.1)

oV +(V-V)V+Vp=(B-V)B,
B+ (V-V)B=krkAB+ (B-V)V, (3.4)
V-B=V.-V=0,

around the stationary solution (3.2) as stated in Lemma 3.1. Furthermore,
we sketch the nonlinear resonance mechanism underlying the norm inflation
result of Theorem 3.3, which is given by the repeated interaction of high and
low frequency perturbations. This mechanism motivates the construction of
the traveling wave solutions of Lemma 3.5 and the corresponding (simplified)
linearized equations around these waves, which are studied in the remainder of
the article.

In order to simplify notation we may restate the MHD equations with respect
to other unknowns. That is, since we consider vector fields in two dimensions
and V and B are divergence-free, we may introduce the magnetic potential @,
magnetic current J and fluid vorticity W by

J=vVt.B,
AD = J,
W=vt.V.

Under suitable decay assumptions (or asymptotics) in infinity the equations can
then equivalently be expressed as

OW + (V-V)W = (B-V)A®,

3.5
0@+ (V- V) = kAD, (3:5)

or in terms of J:

W + (V-V)W = (B-V)J,

3.6
OJ + (V-V)J =rAJ + (B-V)W —2(8;V - V)0;®. (30

With these formulations we are now ready to establish the linear stability of the
stationary solution (3.2).
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Proof of Lemma 3.1. Consider the formulation of the MHD equations as (3.5),
then the linearization around V = (y,0),W = =1, B = (a,0),® = ay is given
by

oW + 40, W = a0, AP,

0P + y0, P + Vo = KAD.

We note that all operators other than y0, are constant coefficient Fourier mul-
tipliers. Hence we apply a change of variables

(z,y) = (z — ty,y)

to remove this transport term and obtain

615’[1) = OéawAt¢7
O = —ad, AT w + KA,

where w, ¢ denote the unknowns with respect to these variables and A; =
02 + (8, — t0;)?. We note that this system decouples in Fourier space and
for simplicity of notation express it in terms of the (Fourier transform of the)
current j = Az¢:

Oyw = ikay,
k(K-8 o e gy
0yj = - kt)Zj k(k* + (& — kt)*)j + ikaw,

where k € Z and £ € R denote the Fourier variables with respect to € T and
y € R, respectively. Here and in the following, with slight abuse of notation,
we reuse w and j to refer to the Fourier transforms of the vorticity and current
perturbation. For k = 0 these equations are trivial and we hence in the following
we may assume without loss of generality that k& # 0. Furthermore, we note
that the right-hand-side depends on £ only in terms of % —t. Hence, by shifting
time we may further assume that £ = 0.

With this reduction we first note that by anti-symmetry for all « € R it
holds that

Or(|wl® + 1j*)/2 = (135 — sk* (1 + )15

We make a few observations:

o If kk? > 1 the horizontal dissipation is sufficiently strong to absorb growth
for all times.

e If kk? < 1 is small, then for sufficiently large times [t| > (k?k)~/3 the
right-hand-side is non-positive.

e It thus only remains to estimate the growth on the time interval |¢t| <
(k?k)~1/3, where

e

(t)+
+ 1

(|lwl® + |5%) < (lw]? + 15]%).

—_
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The latter case can be bounded by an application of Gronwall’s lemma and after
shifting back in time it yields

[w(®)] + ()] < (14 (k) 7>%)2 (Jw(0)* + |5(0)*)

for all ¢t > 0.
O

While the ground state is thus linearly stable in arbitrary Sobolev or even
analytic regularity, nonlinear stability poses to be a much more subtle question
with stronger regularity requirements.

3.2.1 Wave-type Perturbations

In order to investigate the stability of the MHD equations, it is a common
approach to consider wave-type perturbation. Here a classical result considers
perturbations around a constant magnetic field and a vanishing velocity field.

Lemma 3.4 ((c.f. [Alf42, Dav16])). Consider the ideal MHD equations (i.e.
k = 0) in three dimensions linearized around a constant magnetic field B = Bye.,
and vanishing velocity field V .= 0. Then a particular solution is of the form

B = (Bl(ta Z)7 07 O)a V= (Vl(t7 Z)a 07 O)
where By and Vi are solutions of the wave equation
2B, — B39?B, =0,
O}Vi — B3o2vy =0,

The linearized problem thus admits wave-type solutions propagating in the
direction e, of the constant magnetic field and pointing into an orthogonal
direction. These solutions are known as Alfvén waves [Alf42].

Proof of Lemma 3.4. We make the ansatz that B and v only depend on ¢t and
z and express the linearized equations in terms of the current J = V x B and
vorticity W =V x V. Then the equations reduce to

Oy = Byd, W,
&gW = BO&ZJ.

These equations are satisfied if both J and W solve a wave equation and are
chosen compatibly. More precisely, two linearly independent solutions are given
by

W = f(z+ Bot) = J
and

w :g(Z - Bot) = _‘]7
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where f and g are arbitrary smooth function.

We remark that since B = B(t,z) and V = V(t,2) point into a direction
orthogonal to the z-axis, they are divergence-free for all times. Finally, since
both functions are independent of x it follows that all nonlinearities V - VV, B -
VV,V .-VB, B-VB identically vanish, so these are also nonlinear solutions. [

In the following we consider the two-dimensional setting and extend this
construction to also include an underlying affine shear flow. We call the re-
sulting solutions traveling waves in analogy to dispersive equations and related
constructions for fluids and plasmas [DZ21, Bed20, Zil21a, Zil23, DM23]. As we
sketch in Section 3.2.2 the non-trivial z-dependence of these waves will allow
us to capture the main nonlinear norm inflation mechanism in the linearized
equations around these waves (as opposed to linearizing around the stationary
solutions (3.2)).

Lemma 3.5. Let a € R and k > 0 be given. Then for any choice of parameters
(£(0),g(0)) € R? there exists a solution of (3.6) of the form

W = —1+ f(t) cos(x — yt)

J = —g(t) sin(z — yt). (3.7)

We call such a solution a traveling wave.

We remark that this construction also allows for general profiles h(t, z — ty)
in place of cos(x —ty). This particular choice is made so that for f(0) and g(0)
small, such a wave is an initially small, analytic perturbation of the stationary
solution (3.2) and localized at low frequency.

Proof of Lemma 3.5. For easier reference we note that for this ansatz, we obtain

V = (y,0) + L% sin(z — yt)(t,1)

W = —1+ f(t) cos(z — yt)
B = (a,0) + £ cos(a — yt)(t, 1)
J = —g(t) sin(z — yt)

®=ay+ ng(r'?z, sin(x — yt).

Inserting this into the equation (3.6) the nonlinearities vanish due to the one-
dimensional structure of the waves. Therefore, this ansatz yields a solution if
and only if f and g solve the ODE system

f/(t) = —Olg(t),

J(t) = —r(1+ )g(t) + 0 f(1) + 1Z2g(t). (35)

Thus by classical ODE theory for any choice of initial data there indeed exists
a unique traveling wave solution. O

30



Given such a traveling wave we are interested in its behavior, in particular
for large times, and how it depends on the choices of x and a.

Lemma 3.6. Let « > 0 and k > 0 then for any choice of initial data the
solutions f(t),g(t) of the ODE system (3.8)

f/(t) = —Olg(t),

9(8) = —r(1+ )9(8) + af (1) + 2g(). )
satisfy the following estimates:
FOP +1g®F < A+ 2)2(F ) +9(0)>) o<t <n'/® (3.10)
FOP+1g@OF <IfETVBP+ g™ )P ift> w713 '

Furthermore, for a specific choice of initial data it holds

70—l < 5

for allt > 437 and
()] =0

ast — oo.

Proof of Lemma 3.6. We first observe that by anti-symmetry of the coefficients
it holds that

F1 +1912) =219l (—r(1+ ) + 25 ).
In particular, for ¢ > x~'/3 the last factor is negative and hence |f|? + |¢?| is
non-increasing. For times smaller than this, we may derive a first rough bound
from the estimate

O f? +19P) < (IFP +191) 135,

which yields an algebraic lower and upper bound growth bound. We next turn
to the case of special data, due to lower and upper norm bounds (3.9) is time
reversible. Therefore, we can obtain

flto)=1,  g(to) =0

for tg = 45~1. Then we deduce

g(t) = a/t dr exp(—k(t — 7+ %(t?’ — 73))) 11_—:5_22]0(7')
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and thus

f(t) =1 —Ol/ d’Tlg(’Tl)

to

t T1
=1- %/ dr (1 + 7'12)/ dry exp(—r(m1 — T2 + (77 — rS)))ﬁf(fg)

to t()
t
— 1y [ dra 1 = explon(t - 7 40— )
to

This gives the estimate
0<1- (1)< 2. (3.11)

which implies that after time ¢y the value of f satisfies the same bound. Simi-
larly, for g we recall that

959 = (135 — k(L +1%))g(t) + af(t)
and hence for t; = 2k~35 it holds that
g(t1) < ai—;.
0]
Furthermore, this implies that for times ¢ > ¢; it holds that

t
2
g(t) < a% exp(fgtz(t —t1)) + a/ exp(—5(1+ tz)(t )
ty
t2 I (e}

Finally, for times ¢ > K73 we may estimate

g < i (3.12)

— gt2°

3.2.2 Paraproducts and an Echo Model

As mentioned in Section 3.1 the main mechanism for nonlinear instability is
expected to be given by the repeated interaction of high- and low-frequency
perturbations of the stationary solution (3.2). In the following we introduce a
model highlighting the role of the traveling waves and discuss what stability and
norm inflation estimates can be expected.

For this purpose we note that the nonlinear MHD equations (3.5) for the
perturbations w, ¢ of the groundstate (3.2) in coordinates (z — ty,y) can be
expressed as

ow 4+ VA w - Vw = ad, Ad + Vg - VA,
Orp + VAT w - Vo = a0, A7 w + kA, (3.13)
Ay =05+ (9, —t0,)?,
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where we used cancellation properties of V+ - V. The stability result of Lemma
3.1 considered the linearized problem around the trivial solution (0,0), which
removes all effects of the nonlinearities. In order to incorporate these effects
into our model we thus consider the nonlinear equations as a coupled system for
the low frequency part of the solution (wipw, Prow) (defined as the Littlewood-
Payley projection to frequencies < N/2 for some dyadic scale N) and the high
frequency part (wp;, ¢n;). If we for the moment consider the low frequency part
as given then the action of the nonlinearities on the high frequency perturbation
of the vorticity can be decomposed as

VJ_At_lwlow : vwhi + VJ‘A;lwhi . leow + VlAt_lwhi . thi. (314)

Here the first term is of transport type and hence unitary in L? and we expect
V4iA; Y100 to decay sufficiently quickly in time that this term should not
yield a large contribution to possible norm inflation. Similarly for the last
term we note that both factors are at comparable frequencies and that we by
assumption consider a small high frequency perturbation and thus this term
is also not expected to have a large impact on the evolution. The main norm
inflation mechanism thus is expected to be given by the high frequency velocity
perturbation interacting with a non-trivial low frequency vorticity perturbation.

In order to build our toy model we thus focus on this part and formally
replace Wiow, Prow by the traveling waves, which are solutions of the nonlinear
problem. Furthermore, as a simplification by a similar reasoning as above we
also fix the underlying shear flow for our model. Then the equations for the (high
frequency part of the) current perturbation j = A¢ and vorticity perturbation
w read

dw = adyj — (2csin(z)0,A; 'w) .

) ) a1 (3.15)
Orj = KAz + adyw — 20,0, Ay j,

where we also simplified to f(t) = 2¢, g(t) = 0.

We note that compared to the linearization around the stationary solution
these equations break the decoupling in Fourier space. Indeed taking a Fourier
transform and relabeling j — —ij we arrive at

at’lU(k) = 70{]{3](](5) — CﬁmW(k =+ 1) + C(kfl)z 1+(ki7117t)2w(k — 1),
. -£ .
i (k) = ets — wk (L + (5 = £)5(k) + akw(k).

(3.16)

Furthermore, if ¢ ~ % then the additional term is of size cﬁ and hence can
possibly lead to a very large change of the dynamics. In reference to the ex-
perimental results mentioned in Section 3.1 we can interpret this as the low
frequency and high frequency perturbation resulting in an “echo” around the
time ¢ ~ % For the following toy model we neglect all modes except those at
frequency k and k — 1 and only include the action of the resonant mode k on
the non-resonant mode k — 1.
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Lemma 3.7 (Toy model). Let c, s, o be as in Theorem 3.8 such that § = 55 > 7
and consider the Fourier variables k > 2 and £ > 10 max(/f_l, k—;) Then for

L ¢ § § £ .
s TR T ) T e

we consider the toy model
ow(k) = —akj(k),
. —£ .
Oej(k) = (ZHE%%”Q — rEA (14 (§ = ))j (k) + akw(k),
dw(k —1)=—alk—1)jk—1) + ck%pr(%%t)zw(k;),
2
Dyj(k — 1) = ;Jw — D) +alk - Dw(k—1).

Then for initial data w(k,ty) =1 and w(k — 1,t5) = j(k,tx) = j(k —1,t,) =0
we estimate

1
tk: 5(

(3.17)

(k)| + ok — D] + aklj ()| + ak = DLk — Dl)l=es_, < 275

Furthermore, this bound is attained up to a loss of constant in the sense that

R

| (k’*l th_ 1)|> 5 k2
Proof of Lemma 3.7. We perform a shift in time such that ¢ = % + s and thus
S = §k2+k <s< §k21 7 =: s1. Integrating the equations in time, for our

choice of initial data we obtain that

t
J(s, k) = ak/ H:Q exp(— likZ(S — T+ %(83 — Tg’)))w(k, To)dTo
and thus
w(k,s) =1-— ak/j(ﬁ,k) dm

2k2/ / 11”12 exp(—rk?* (11 — 72 + 3(77 — 73)))w(k, 72)dodry.

For the second term we insert o? = % and deduce that

ng/ / 11712 exp(—rk? (11 — 7o + %(7’13 — ) w(k, 72)dradr
S0 S

1 S
— B / 7143722 / /<;k;2(1 + 7'12) eXp(—HkQ(Tl — Ty + %(7‘13 — 7-23)))11)(]§77-2)0{71617.2
S0 T

2

1[5 wihn ri=s
=5 [ fexp(-rkn - oot b0 = DTS
S0

1 s w T2
= 5 [ B0 — ek — 7+ 3(6° ~ )i
S0

34



This further yields that

1 s w T
w(k,s) =1~ B/ dry fﬁ;? (1 —exp(—kk*(s — 12 + 1(s* = 73))).  (3.18)

0

Therefore, if 1 > w(k, s) > 0 we obtain
1 ° 1 1 s
lw(k,s) — 1] < 3 @dTg < g(arctan(s) + 7).
so

and by bootstrap this assumption holds for all times if 3 > w. For the current
j(k) we similarly estimate

S1
/ L2 exp(—rk? (s — 72 + §(s° = 73)))w(k, m2)dr
S0

< (/ ’ —|—/ )exp(—kk?(s — 15 + %(s3 —73)))d7s
so 522
< e (exp(=rE(5 +37150)) + %) < e,

which yields

akj(s, k) < (ak)’=% =

™o

Concerning the k£ — 1 mode we argue similarly and write

j(k—1) = alk - 1) /exp(/ii—z(s —)w(k — 1)dr

and
wik—1) = ¢ / —Low(k)dr — a(k—1) /j(k ~ 1) dn
= cpr | Hwlkyr
—a?(k — 1) // exp(kés (11 — 72))w (72, k — 1)dradmy
= Ck% /Sl ﬁw(k)dT - %ﬁ;l)z /dTQ’w(TQ, k—1).
0
Since

212 (L—1)2
|%/de| < 5=

we deduce by bootstrap that



and thus

+ ck%% 155z (arctan(r) — 5 )dr + 5%2#0%
50
(2K noy 2
Sﬂ'ckz(ﬂg +25+Bk%)
< Fofs

and

O

Based on this model we may thus expect that a repeated interaction or chain
of resonances starting at kg

ko—ko—1—---—1

results in a possible growth

ko
lw(1,t1)] > |w(ko, tr,)] H C'(1+ Cé)’
k=1

where C’ = C’(f). Choosing ko ~ +/C"c€ to maximize this product and using
Stirling’s approximation formula we may estimate this growth by an exponential
factor:

)*o

k
T & (Ot ;
1 e = Gl = VO

This suggests that stability can only be expected if the initial decays in Fourier
space with such a rate, which is naturally expressed in terms of Gevrey spaces.

Definition 3.8. Let s > 1, then a function u € L?(T xR) belongs to the Gevrey
class G if its Fourier transform satisfies

Z/eXP(Clﬁl”S)If(u)(k,5)\2dg < o0
k

for some constant C > 0.
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In view of the more prominent role of the frequency with respect to y and
for simplicity of notation this definition only includes |¢|'/* as opposed to (|k| -+
|€))Y/* in the exponent. All results in this article also extend to more general
Fourier weighted spaces X (see Definition 3.9) with respect to « with norms

S [ explClel Al () b €) P (3.19)
k

We remark that any Gevrey function is also an element of HV for any N €
N and that Gevrey classes are nested with the strongest constraint, s = 1,
corresponding to analytic regularity with respect to y.

As the main result of this article and as summarized in Theorem 3.3 we
show that the above heuristic model’s prediction is indeed accurate and that the
optimal regularity class for the (simplified) linearized MHD equations around a
traveling wave are given by Gevrey 2.

3.2.3 Magnetic Dissipation, Coupling and the Influence of
B

In the preceding proof we have seen that the interaction of interaction of w(k)
and j(k) is determined by the combination of the action of the underlying mag-
netic field of size o and magnetic resistivity x > 0 through the parameter

B= £
a?’

More precisely, we recall that ignoring the influence of neighboring modes w(k)
and j(k) are solutions of a coupled system:

dw(k) = —akj(k),

0uj(k) = (Cerhs — )k®(L+ (5 — O2)(h) + akw (k).

Hence starting with data w(k, sg) = 1,j(k, so) = 0 three different mechanisms
interact to determine the size of w(k, s):

e The vorticity w(k, s) by means of the constant magnetic field generates a
current perturbation j(k, s).

e The current perturbation j(k, s) is damped by the magnetic resistivity.

e The current j(k,s) in turn by means of the constant magnetic field acts
on the vorticity and damps it.

In this system several interesting regimes may arise, which are distinguished by
the parameter .

In the limit of infinite dissipation, 8 — oo, the current is rapidly damped
and the system hence formally reduces to the Euler equations

3tw(k) = O,
J(k) =0,
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where w(k, s) remains constant in time.
As the opposite extremal case, if 8 | 0 we obtain the inviscid MHD equations
and the system

dsw(k) = —akj(k),
Bsj(k) = 21557 (k) + akw(k).

Hence at least for |s| large this suggests that
w(k) = c1(1+ s) cos(aks), j(k) =~ ci1(1+ s)sin(aks).

In particular, in stark contrast to the Euler equations (i.e. a = 0) for the
inviscid MHD equations with a magnetic field the vorticity w(k) and current
perturbations j(k) cannot be expected to remain close to 1 and 0, respectively.

This article considers the regime 0 < § < oo, where the interaction of both
extremal phenomena results in behavior which is qualitatively different from
both limiting cases. Indeed, recall that by a repeated application of Duhamel’s
formula w(k, s) satisfies the integral equation (3.18):

wik,s) =1~ 5/ R (1= exp(—rk?(s — 2 + 5(5° = 7))

Hence, as a first case which we also discussed in the toy model of Lemma 3.7,
if we restrict to 8 > 7 then the integral term is bounded and small

1 s
1
B/ dTQ@ S 1.
S0

Hence, for large 8 the integral term can be treated as a perturbation and w(k, s)
remains comparable to 1 uniformly in s and thus close to the Euler case. How-
ever, unlike for the Euler equations the evolution of the current remains non-
trivial.

If instead 0 < 8 < w we obtain different behaviour depending on the dissi-
pation k2, the size of the magnetic field and the frequencies considered, whose
interaction determines the behavior of the solution. More precisely, considering
the integrand

1
1_‘_772(1 — exp(—kk?(s — 72 + %(53 —73))),
2

we observe that for kk? > 1 large the magnetic dissipation is very strong and

hence the integrand is well-approximated by ﬁ In particular, this suggests
2

that for these s it holds that

w( lef/ dTQ 1_’::_71,2),

& Jsw(k,s) =~ — %Hlszw(k,s)7

< wk,s) = exp(—%(arctan(s) + 5))w(k, s0),
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and hence w(k, s) might decay by a factor comparable to exp(—%).

If instead k2 < 1 is small, different effects interact and involve the following
natural time scales:

e Mixing enhanced magnetic dissipation becomes relevant on time scales
(kk?)~1/3 > 1.

e The resonant interval I* is of size about k%

e Within this resonant interval most of the L' norm of H% is achieved on
2
a much smaller sub-interval of size about 1.

Hence, for times |s| < s* < (kk?)~1/3 which are small compared to the disspa-
tion time scale the integrand is small and we may therefore expect that

w(k,s) ~1

remains constant. If we instead consider very large times |s| > (kk?)~1/3 > s*
in view of the exponential factor and the decay of ﬁ the size of w(k, s) should

largely be determined by the action of the time interval (—s*, s*), that is

1
w(k,s)xl—g/ ﬁdm

~]1_1T
~1 5

provided such such s exist, that is if the size k% of I*¥ is much bigger than the
dissipative time scale. In particular, the size of w(k, s) transitions from being
close to 1 for |s| < s* to being very far from 1 for |s| > (kk?)~/3 and further
needs to be controlled on intermediate time scales. These different regimes all
have to be considered in the upper and lower bounds of Section 3.4 and we in
particular need to control the size of w(k, s) in order to estimate the resulting
norm inflation due to resonances. For this purpose we estimate w(k, s) in terms
of a growth factor L such that

lw(k,s)| < Lw(k, so),

as we discuss in 3.5. For our upper bounds we will require that ¢cL < 1 is
sufficiently small to control back-coupling estimates.

3.3 Stability for Small and Large Times

In this section we establish some general estimates on the (simplified) linearized
MHD equations (3.16). We note that these equations decouple with respect
to £. In the following we hence treat £ as an arbitrary but fixed parameter of
the equations and consider (3.16) as an evolution equation for the sequences
w(-, &, t) and j(-,&,t). As mentioned following the statement of Theorem 3.3
in addition to £2(Z) all proofs in the remainder of the article hold for a rather
general family of weighted spaces:
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Definition 3.9. Consider a weight function A\; > 0 such that

51l1p Alﬁl =) < 10.

Then we define the Hilbert space X associated to this weight function as the set
of all sequences u : 7 — C such that (w\;); € £2.

This definition for instance includes ¢? (\; = 1), (Fourier transforms of)
Sobolev spaces H® (A, = 1+ C|I|?* with C' > 0 sufficiently small) or Gevrey
regular or analytic functions with a suitable radius of convergence.

As sketched in Section 3.2.2 for a given frequency £ € R we expect the norm
inflation for evolution by (3.16) to be concentrated around times t; = % for
suitable k € Z. In particular, if the time is too large, ¢t > 2¢, there exists no
such k£ and we expect the evolution to be stable. Similarly, if ¢ is small also the
size of the resonance predicted by the toy model is small and we again expect
the evolution to be stable. The results of this section show that this heuristic is
indeed valid and establish stability for “small” and “large” times. The essential
difficulty in proving Theorem 3.3 thus lies in control the effects of resonances in
the remaining time intervals, which are studied in Section 3.4. In the following
we will often write L° as the supremum norm till time ¢.

Lemma 3.10 (Large time). Consider the equation (3.16) on the time interval
(2€,00). Then the possible norm inflation is controlled uniformly in time

o, dllx (1) < 12 =i oo, 11 (26),

AL
At

where A = max; s as in Definition 3.9.

Proof. Let w(k) = |(w(k),j(k))|. Then we infer
10,0% (k) < (a(k — Dw(k — 1) — a(k + Dw(k + 1))w(k) + b(k);(k)?,

where we introduced the short-hand notation a,b for the coefficient functions.
Since b(t, k) < 0 for t > 2¢, we further deduce that

3000° (k) < eqp=gy ((k + 1) + d(k — 1) + 2@(k))b(k)
v B3 (1) < 0P (k, 28) + 2c(|0? (k)| e + 3107 (k + 1)|pee + 3|07 (k — 1)| 150 ).
Hence by a bootstrap argument we control

2 (k,t) < 2 > (20) a3 (1, 2€).

l

Summing this estimate with the weight Ay then concludes the proof:

o gl (1) < 5 \/Z A S 2o, 26)
k l
1146\/2 N2 (1,2€) S (2e ) -1
l

k

IN

< 1_14c ﬁ ||w,j||x(2§)
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Thus it suffices to study the evolution for times ¢ < 2£. In view of the
estimates of Section 3.2.2 it here is convenient to partition (0, 2§) into intervals
where t ~ % for some k € Z.

Definition 3.11. Let £ > 0 be given, then for any k € N we define

te=5(m7 + %) if k>0,
to = 2¢.

We further define the time intervals I* = (tg,tr_1), for &€ < 0 we define ty
analogously for —k € N.

Note that

tr < % < tp_1

1
_ 3 9 — ¢
te—1 — k= 9 (k+1 - k—l) - -1

Hence I} is an interval containing the time of resonance % and is of size about
£

The next lemma provides a very rough energy-based estimate, which will
allow us to control the evolution for small times and frequencies. That is, we
show that it is easy to obtain a energy estimate with &t in the exponent. If the
time t or the frequency £ are small this rough estimate is sufficient. However,
for Gevrey 2 norm estimates it will be necessary to improve this control to a
C+/€ term in the exponent in subsequent estimates. Furthermore, we remark
that also the magnetic part needs to be handled adequately, since it may give
an additional growth by exp(§r~ 2).

Lemma 3.12 (Rough estimate). Consider a solution of (3.16), then for fized
& and for all times t > 0 it holds that

lw, jllx (8) < exp(§57%) exp((1 + A)egt)||w, jl|x (0).
Proof. We define w(k) = |w, j|(k), then
10,0% (k) = (a(k + Dw(k + 1) — a(k — Dw(k — 1))w(k) + b(k)j(k)?

-

growth factor

— Kkk?(1+ ( —1)?)). We further define the define the

1 ift—7<0 or kk?>1,
1 1
M(k,t) = TrE—oe 1f0<t—%§(k2)s and rk? < 1,
if (:25)5 <t—§and sk <1.

ol

1
2
1+(552)
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We note that this weight satisfies b(k,t) + %(l@t) < 0. Hence, defining the
energy

E=(]M@.1)*> Ma(k,t)?
l k

we deduce that

18tE<<HMlt> D X (alk + 1)ib(k +1,t) + alk — 1)ib(k — 1,8)) (k)
k

HM L) (ak) + A=ttt D e 02 )
k

= (1+ \)c€E.
Applying Gronwall’s inequality thus yields
E(t) < exp(2(1 + A)c€t) E(0).
This in turn leads to the estimate

lw, jllx < exp((L+ Net) [TIME )] wo, jollx
l

=

K 2

< exp((1+Aegt) [T 1+ (:Z2)*)llwo, joll x-
=0

Finally, we can use Stirling’s approximation of the factorial, which results in the
desired estimate:

lw, 1 x () < exp(§572) exp((1 + A)e&t) o, jol x-
O

In the following we establish upper and lower bounds for small times. Here
we use that for modes k£ such that k% is small nay possible resonance will not
produce large enough norm inflation and the evolution can hence be treated
perturbatively. More precisely, we consider the evolution on the time interval

I=1o, g(kg t s 1)]

for fixed kg to be determined later. For this purpose we introduce the parameter
No = k% which later will be chosen as 79 ~
0

1

10c”

Lemma 3.13. Let w, j be a solution of (3.16), define d := ¢! and let &, kg be
such that ng < d?. Then for all times 0 < t < ti, it holds that

lw(®), 5 @)% < exp(2(1 + A) max(eno, 1)v/Emo) wo, ol
< exp(CV/E)[[wo, jol -
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then for the initial

Furthermore, suppose that ko > k=% and 10d < If—g < ﬁ,

data w(k,0) = Ok, x and j(k,0) = 0 we obtain that

maX(]., w(kv tko)? J(k7 tkﬂ))

Proof. Computing the time derivative, we obtain

30w, jl1% =D _(all + Dw(l +1) + a(l = Dw(l = D) w(l) +bDAi(1)?,
l

where the coefficient functions satisfy
>k
aly <M T=
4(2% l S kO
< max(cng, 4¢),
b(l) < 1.
Therefore, we conclude that
Oellw, 1% < 2(1 + A) max(eno, 1)|w, jl|%,
lw, j1I% () < exp(2(1 + A) max(eno, 1)t)|[wo. joll %
w0, 5113 (tro) < exp(2(1 + X) max(eno, 1)v/Eno)l|wo, jol%-

To prove lower bounds on the norm inflation we further need to show that
for w(k,0) = dky.x and j(k,0) = 0, the mode w(ko,tr,) will stay the largest
mode. Therefore, we introduce the short-hand notation

w(k’t) = lwa.7|(k7t)

and have to estimate the growth of (-, t). Since on the interval [0, ¢,] it holds
that b(k) <0 as ko > /{’%, we obtain the system

Opib(k) < a(k + D)ib(k + 1) + a(k — Dai(k — 1)
w(k, 0) = G-

Let /&ém =1y > 1 > kg to be fixed later. We want to prove by induction that

2¢)l=Fol (3.20)

for all m > 1 > n.
Induction start:
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We integrate a in time to estimate

tig—1 ¢ tig—1 L
a(k) =c» —
/o (k) = e (5 —1)2

0
< 71'(:,5—2 k>l
- c k<l
<ec.

Thus we obtain that
W(k,ti—1) < Okg e + c(|0(k+1)|Lge + [@(k —1)|L5e),
which by a bootstrap argument yields that

(k. tiy1) < 1252 (20) 00

for all k£ which satisfy (3.20).

Induction step: We fix [ and we assume that (3.20) holds for all [ with
lo>1>14+12>ky+ 1 and then prove that it holds also for [. We here argue
by bootstrap. That is, we show that the estimate (3.20) at least holds up until
a time t* with ¢; < t* < ¢;_; and that the maximal time with this property is
given by t* = t;_1. For n < we estimate

ti—1
W(n,t—1) < On kg +/ alnt1l,7)w(nt1,71)
0
< Onk + c(4(2c)\n+1—ko\ + 2(2C)|n—1—k0\)
< 2(20)'”*k0|,

To estimate the [ mode we estimate the integral between t; and t;_1 to
deduce

ti—1
w(l, 1) gui(htl)—k/ al £1,7)w(l +1,7)

ty
2(2¢)! k0 4 6meng(2¢) TR0 4 2¢(2¢) L Hol
4(2¢)tHo,

ININA

For m > [ we split the integrals as

t
(. t_1) gw(m,tm_1)+/ a(m +1,8)i(m +1,7)

tm—1

m—2 t
/ —1,t)1f1(m—1,7)+/ a(m—1,t)w(m—1,71)
-1 tm—2
4(2
< 67,

IN

2¢)™ R0 4 127¢2n0(2¢) ™Rl 1 dgrng (2¢)™ R0 + 6meng (2¢)™Fo
(2C)m kg
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So we finally deduce that

N _ 4 k<ky+1

Thus we established an upper bound for all modes, the next step is to show that
for w indeed the ky mode is one of the largest modes. Therefore, we estimate

J(ko) by

J(ko,t) = ako/ dr 11;*((;70” exp (—mk%(t -7+ %((f0 — 1) — (% - 7)3)) w(ko, T)

and hence obtain that

J(t) < akg /exp(—nk3n2(t —7)

1 1

V/Bréng koo

t T1
Kk2 1+(% —71)?
To/o dT1/ dry 7”(;“_72)2

X exp ( kki(Ty —To + % ((ko )2 — (%O — 7'2)3))

1 1
B /dﬁ (& —m)?

4
< Bno *

With this we conclude that

IN

and

Oék‘o /j(k?o,TQ)dTl

IN

[w(ko, ty,) — 1] < /a(ko + Dw(ko + 1) + a(ko — Dw(ko — 1) + akoj(t)
2 2
< 16mnoc? + 8¢ + 54% <1
which in turn yields

lw(ko, tr,)| > 5 > km;éko( W(k, tg,), |7 (Ko, tr,)|)-

3.4 Resonances and Norm Inflation

Having discussed the evolution for small times and large times in Section 3.3 it
remains to discuss the evolution on the interval

(tre,26) = |J I*

1<k<kq
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with I* as in Definition 3.11.

Based on the heuristics of the toy model of Section 3.2.2 our aim here is
to establish both upper lower and upper bounds on the norm inflation on each
resonant interval I*, where the resonant mode w(k) can possibly lead to a large
growth of its neighboring modes w(k 4+ 1). In order to simplify notation we
introduce the growth factor

L = L(a,k, k),

which estimates the maximal growth of w(k) due to its interaction with the
current j(k), see 3.5. In particular, we show that L=1if > 7 and if 8 <7
we obtain an estimate L = L(«, K, k) < \/c. We define M and M,, as

M=) 107" (w + and) (ki 50)

M, = Z 10*\m7n\+X(w + tj)(lﬂm, 50)

where x = —|sgn(m) — sgn(n)|. We note that
>k < 2t
1£0

With these notations the main results of this section are summarized in the
following theorem:

Theorem 3.14. Let ¢ < min(10738%,107%) , ¢ > 10 1(1 4+ 8~1) and n =
% > 10d and ty = %(% + k%_l), then it holds that

o, jllx (b 1) < 187LAen)™ |, i1 x (t).
Furthermore, let ky min(3,1) > % and 3 >
w(k, ty) > & max(w(l, tg), j (L, tr)). (3.21)
Then w(k — 1,t,_1) satisfies (3.21) with k replaced by k —1 and
|w(k — 1,tk—1)| > min(B, 7)(en) w(k, tx).

To prove the estimates of Theorem 3.14 it is convenient to rescale j(k) =
aj(k) in (3.16) to obtain
drw(k) = —j(k)
- cﬁ mw(k +1)
+ ety et — 1)

k—1

~ _£ 2.\~ k2
Auj(k) = (2 — AR (L (0= §))I(k) + S w(k),
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where we used that x = Ba?. With respect to these unknowns the norm on our
space X changes slightly

lw, j11% = D Ae(w? (k) + 52 (k)
=t |lw, jl%-

In the following sections, with slight abuse of notation we omit writing the tilde
symbols both for j and X.

Given a choice of time interval Iy, considering kg as arbitrary but fixed (and
unrelated to kg of Section 3.3) we further introduce the relative frequencies

ky :=ko+n,
where n € Z- _, and also shift our time variable
— £
t= kf(} + 8.

Introducing the coefficient functions

(k) = en i — g
ath) = Ci )z TR T I
(s—ntolho=k) ) (ko—k)k (3.22)
bk)=2—"T1 k7 g (14 (nlke=hlbe _ 52y
(k) 1+(nk0(ko—k)_s)2 k(1 + (=7 )%)

the system (3.16) then reads

(3.23)

For later reference, we note that the coefficient function a satisfies the following
estimates:
a,(ko) = Cnﬁv
a(ki1) <47, (3.24)

a(kn) S %7

for all |n| > 2.
Finally, in view of cancellations of —a(k — 1) and +a(k + 1) on any given
time interval I* it is convenient to work with the unknowns

up = w(ko),us = w(ky) —w(k_1),us = w(ky) + w(k_1).
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We then consider (3.23) as a forced system for these three modes (and a separate
equation for all other modes):

U1 0 —ap a2 -1 U
o U _ 20372z 0 O 0 U
s us 0 0 0 0 us
(ko) g 0 0 25 —rp(l+s?) j(ko)
0
" —a(kt2)w(kio) F j(k+1)
Fa(kr2)w(kio) — j(ks1)

(3.25)

where a1 = 1(a(k1) + a(k_1)) and as = % (a(k:) — a(k_1)).
The analysis of this system is split into multiple subsections, where we also
split the time interval I* as
I* = [sg, —d| U [—d,d] U [d,s1] =: [ U, U I3,
where sg = _g% and s = gk%—jl Similarly to the setting of the Euler
equations [DZ21] here the interaction between growth and decay of various
modes interacts to determine the over all norm inflation.

3.4.1 Proof of Theorem 3.3

Before proceeding to the proof of Theorem 3.14, in this subsection we discuss
how it can be used to establish Theorem 3.3. We split the proof into two
auxiliary theorems.

Theorem 3.15 (technical statement). Let ¢ < min(10734%,1074), £ > 10~ (1+
B~Y) and k% > 10d. Then there exists exists a constant C = C(k, a, ¢) such that
for a fixed & we obtain

lw, jllx (t:€) < exp(CV/E)||w, ] x (0, ).

Furthermore, let & > 10%

exists a constant C* = C*
j(k,0) =0 we obtain

. B> %, ko = {5V¢€ and ki = ﬁ, then there

d2

B

(K, a, ¢) such that for initial data w(k,0) = 0y, 1, and
w(ki, 1) = exp(C/E).

forte [tkl — 1, + 1].

Proof of Theorem 3.15. For fixed &, ¢ and ko =: 10d+/€ we consider w(-, &, t) as
an element in X. On X we define the operator S;, -, : X — X as the solution
operator of (3.16) on |1, T2], i.e.

STl,Tz [w(',fa'rl)] = w('vfaTQ)

Sty ©Sry s = Sryiry-
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By Lemma 3.13, Theorem 3.14 and Lemma 3.10 this S then satisfies the follow-
ing norm estimates:

||S07tk0+1 HX—>X = exp(C’l \/E)a

||Stk-,tk,1 HX—>X - 37-“3(%)77

S =21 .
|| t1,t]| X—X 176\/§

Combining these estimates with Stirling’s approximation formula we thus obtain
the desired upper bound:

ko
150,41 x = x < 2exp(C1V/€) H 37TC(%)7
k=1

< exp(C/%).

Concerning the lower bound, we use first use Lemma 3.13 and then Theorem
3.14 to deduce that

w(k07tk:0) > %
wk —1,t—1) > (cé)” min (3, m)w(k, ty)

for \/{5E = ko >k > k1 ~ \/‘;7. Thus, by again using Stirling’s approximation,

K

we conclude that

O

Theorem 3.16 (Stability and blow-up). Let ¢ < min(10733%,1074) and w, j
be a solution to (3.16) , then there exists a constant C = C(k,a,c) such that
for all C1 > C and initial data which satisfy

/ exp(Cr /8w doll% (€) d < oo,

the solution remains Gevrey 2 regular in the sense that
SEP/GXP(Cz\/E)Hw,j\\%((f,t) d¢§ < C‘/exp(Cl\/E)Hwo,joH%((f) dg,

where Cy = Cy — C and C > 0 is a universal constant.
Furthermore, additionally suppose that 5 > %, then there exist a constant
0 < C* < C and initial data wo, jo which satisfy

[ exp(C" Vllwo. ol ) d < oo,

49



such that for a subsequence ky 1 the solution diverges in L?:

[w(: th, 1)l L2ez = 00

Proof of Theorem 3.16. The first part follows directly from Theorem 3.15. For
the second part we fix £ = 1045—1 and define the sequence &, = n&; with the

associated kg" ~ 15VE&n and ky ~ ﬁ.

Note that the starting mode kg" is &,

dependent, but the final mode k; is independent of &,,. Furthermore, let z, (&)

be a function in C*° N L2, such that

supp Zn() C [gn - 1,6+ 1]

/zn(f)Q d¢ = 1.

We then define the initial data
w(k,€,0) Z 220(&) exp(=3C" )bk, o -

We observe that it satisfies the estimates

oo

lw(-&0)1E =Y Eza () exp(—C* V),

n=1

/ exp(C* VO [w(- &, 0) % de =23 4 = =

Furthermore, by the norm inflation results for each mode at each time #,, ,

obtain that

[w0(kn1s €t )iz = 7z 2(€n) exp((C = CF)VE),

and integrating in £ we conclude that

lw (s th, )z > 57z exp((C — C*)V/€q) = oo

3.4.2 Asymptotic Behavior on the Intervals I; and I3

we

In this section we consider the equation (3.25) on the outer intervals I1 = [sg, —d]
and I3 = [d, s1]. Since a lot of calculations are similar on both intervals we in
general write the interval as [30, §1], where we only need to distinguish the two
cases on a few occasions and in the statement of the conclusions. For the interval

I, we prove the following proposition:
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Proposition 3.17 (Interval I1). Letc < max(1074,10713) and £ > 10max (k! (1+
B~1),kkd). Then for a solution of (3.25) on the interval Iy the following esti-
mates hold at the time d:

u1(d)] < 2M (en)™7,
|uz(d)] < 2M (cn)™,
|ug|(—d) < 2Mj,
|w(kn, —d)| < 2Mp,
171(ko, —d) < §(en)™ "> M inf(c, ki),
|j|(k:|:177d) < 5?72 M7
il —d) < 55 M,.
If we additionally assume that
w(kOatko) > %Slllp(w(lvtl)7j(lvtl))v (326)

we obtain that

[ur(—d) — (en) ™ "ui(s0)| = 50cu1(So)(cn) ="
[ua(—d)| < 50cu1(30)(cn)™,
lug|(—d), [w|(kp, —d) < 2[u|(s0) for |m| > 2, (3.27)

1] (km, —d) < Zlul(so) — for [m| > 1,

151(ko, —d) < 25-[ul(s0)(cn) ™.

The proof of this proposition is split into several lemmas and concludes at
the end of this subsection. For the interval I3 in a first step we only establish
asymptotic estimates. The final conclusion for interval I3 will be postponed to
the proof of Theorem 3.14. On both intervals I; and I the interaction of uy
and ws is the main effect to be analyzed. Therefore, we consider the equations
for w1 and us as an inhomogeneous linear system

ur 0 —< Uy
o )= Coma @) () m 62

where F'is a force term. Equation (3.28) with F' = 0 has a explicit homogeneous
solution and we aim to show that (3.25) can be treated as a perturbation. In
the following we denote @ as the homogeneous solution of (3.28). Furthermore,
we split the forcing as

3|

F =: Foi = F3mode + Fj + Fluy + Fj(koil) + Fy
where we define

. 1
Famode = (5 — a1)e1us — 2¢N gy eatia,

o1



as the 3 mode forcing
F; = —e1j(ko)
as the ko-th current forcing and
Fuy + Fjgox1) + Fo = eragus F ezj(ki1) — eza(kz)w(k+o)

as the forcings due to ug, j(ko = 1) and w, respectively. The corresponding
R[F,] are the called r changes. We also define v = v/1 —8c? and v, = 1(1++)
and 72 = £(1 — ) and note the following equalities:

Y2 = 267,
Mty =1,
v=1+0(),
71 =1+0(c?),

Yo = %202 =2c2 + O(ch).

Lemma 3.18. Consider (3.28) with F' = 0, then the solution is given by

with

‘£|’Y1 ‘§|’Yz
S(s) = < _£§n|§|“/1—2 _Lz§n|§|w—2 ),

cnln cnln
and r = S™(30)a(so).
Furthermore, we define the operator S* as
|§|"/1 |§"Yz
*
5*(s) = < u|g‘m—1 ﬁ|g|72—1 )7
cln cln
which gives the estimate
[S(s)r] < S™r Vr e (Ry)?

The inverse of S can be computed as
L | _'L2§‘§|’Y2—2 _|£|’Y2
S (8) = Sgn(s)c’y ( ’YI1C ns7|]'y172 ‘§7|7'yl )

n
_ﬁ|§|"/2—1 _£§|§|72—1
— < v I ynln >

nys|m-t
v 'n

92



Lemma 3.19. Let uy,us be a solution to (3.28) with given F = (Fy, Fy), then
for

Ryi[F] = (14 10c*)2¢°n' 2 / TR (T) dT o / T2 Fy(7) dr,
50 §0

Ry[F]=(1+ 1002)771_'“/ T R (7) dr + cr]_'“/ TN Fy (1) dr,

S0 50

we estimate
|lu — @] < S*(s)R[F].
Proof. Since S has an inverse, we write
u=S(s)r(s)
and our aim is to control the evolution of r(s). Therefore, we calculate
|0s7| = STIF
05| < 222271 F + | 22 B
|0s7a| < \%|7171F1 + el Fy

and so
[r1(s) —ri(d)] < 2¢%(1 + 1002)771_'Y2 /772_1F1(T) +cnp /T’YQFQ(T)

|T2(3) - TQ(d)‘ < (1 + 1002)7]1771 /7”“71}?’1 (7-) + Cn*’Yl /T’YlFQ(T)
O

In the following we always assume that there exists ¢y, co,¢1,¢2 > 0 such
that

ul < 5%(s)C(s)
Ci(s)=car+al(s)” (3.29)
Ca(s) = ca+E2(2)7
on a maximal interval [3p,s*]. We will establish some estimates on the R;
depending on ¢; and ¢; and then we will determine specific ¢; and ¢ such that

we prove that the maximal s* will be greater than §;. Later it will be sufficient
to choose ¢; = 0 on I; and ¢é; = 0 on Is. We thus deduce

Sl In

lur(s)] < (e1 + G2)[ 7| + (61 + c2) [ [
ua(s)] < (Ler + 2E) [T 4 (Lé + Ley) |22
<clEm Tt elE

where ¢f = ¢y + 26 and ¢ = 21é; + 2cp. For sake of simplicity we will
often omit absolute values for the estimates.
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Lemma 3.20 (3 mode forcing estimate ). Let u(s) = S(s)r(s) be a solution of
(3.25) on [So, s*], such that |u(s)| < S*(s)C(s), then we estimate

R1[F3mode] < 20c%c; + (20 4 ¢ (SASO) M)é + (206 + ¢ (S/;SO) M)eg + 20c*Es
Ro[Fsmode] < QO(SV%) (c1 4+ 2c%E) +20(&, + o).

Proof. The forcing term is given by
Famode = (7 — a1)eruz — 2077%@%-

Therefore, we estimate

Ralea2ensagiiramy / i ch)(%)w+<51+62><g>w>

Ralea2en aptrgmyua] = 2¢%n e e +e)(5) + (@ + ) (1))

'3
o

< 203777“’(01 +é2) + 04(&1 + ¢2).

By Taylor formula we obtain |c% —a1| < 180‘ and so

Rul(e} — ar)uze] < (14 10¢%)c%n! / P8 S (2)0 e + ()2 7¢3)

0c3c} + 20cc

<2

< 20c%cq + 2081 + 202 ¢y + 20t Ca,

Raf(ch = anJuzer] = (14101 [+ 11805 (2)7 7] 457 1eh)
< 20c|%|7c’{ + 20cc

< 20[ 557 (e1 + 2¢2E2) 4 2061 + 20¢cy.
O

Lemma 3.21 (ko-th current estimate ). Let u(s) = S(s)r(s) be a solution of
(3.25) on [So, s*] such that |u(s)| < S*(s)C(s), then we estimate

4c2+tM (l{i ~
. . 5 d(ko, 50) on Iy
Ry [Fj] < %(Cl + &) + %(m) T(€1+c2) + { ;kﬂ"iﬂf

K (Ko, 80) on I3

Ro[Fj] <min(g5amn"", §(252)7)(e1 + ) + e(ea + 1)

4—2—j(ko,50) on Iy
+Le(ea + &) + ko’
B8 ( 2 1) { >t 2](1€0750) on 13

77"/2 c

Kkg
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Furthermore, on Iy we estimate
(Ko, 51)] < 2% exp(— 2% (ko, 50)
+ 5 (e + @)+ (2 +a)(D))
and on I3

13 (Ko, 1) < &*n” exp(—kik,n°)j (Ko, 50)
27*(61 + co + Cl + 62)

Proof. The equation
0sj (ko) = (1255 — ko (1 + 8%))j (ko) + w1

leads to

3(ko) = Y25 exp(—ri, (s — s0 + §(s* = 53)))j (ko. 50)

2
+ % dro iii‘? exp(—Kp, (s — T2 + 3 (5 —73)))u1(72)

S0

= J1 + jo-

Therefore, we estimate

s 1
Ri[Fj,] = =5~cn'™ 72/ dn dry 7*" 111712 exp(—hir, (11 — 72 + 3(77 — 73)))ua (72)

7-1
_ "‘ko 2 1—72 v2—1 1‘*‘7'1
= / dT1 / dT T 1+‘r2

~exp(—iy (11 = T2+ 3 (17 = 73)))((e1 + ) () + (e2 + &1) (F2)?)

[ ((er+&) (F2) M +(cater) () 2)my
< %02771 72/ drs n e n
S0
) 2 _ _ 1,3 .3
. drikig, (14 77) exp(—kin (11 — 72 + 3(11 — 73)))
T2
— 12,1 s dr ((c 1 )(Lz)’h_'_(c +é )(3)72)£
=3gcn 2 (e T C2)(5 2+ ) 1472
[~ exp(—rp(rs — T2 + 3(77 — ’7'23)))]22:_2
S
< e / dry (c1+ &) "7 + (ca + &) om0
50
< (o1 + )5 T =S+ (e + @) 5P [T
3 3 _ ~
< %(Cl +é92) + %(SA%) (¢ + ¢2)
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and

Ry[F;,| = H’“O ni—mn / dﬁ/ dry '~ ! 11@, exp(—Kp, (11 — T2 + %(Tf — Tg)))ul(Tg)
50
= [ [ i i
So S0
sexp(—rky (11 — 72+ (77 = 79)))((e1 + &) (3)7 + (2 + 1) (2)72)
s ((e1+E2)(F2) 1 4(ca+E1) (F2)2) 7, 2
< ln'm / dro n = n 2

/ dr k(1 +712)6Xp(—f€k(71 — T2+ %(Ti3 —TS)))

=

/ dTQ 01 + 52)7‘;727]77 + (CQ + 51)7'2_27}772)
fexp(—kry (11 — T2+ 3(7 — 7)1 ZS,

1 / dTQ C1 + 52)7_5/7277—7 + (02 + 51)7'27277_72).
We note that for the first term we obtain

S
1 / dry 79727 < min(§(250)7, L (en) ),

S0

since we can either integrate it directly or first pull out s” and then integrate.
Finally, we obtain the following estimate

Ri[Fy,) < min(gggtmn7, §(552) ) (1 + &) + Fe(ea + @)

On I; we estimate the j(ko) influence by
RalFy) = ' j(s0) [ 7 BT expl-ngy (7 = s+ (0 = s)

< 42 (so) /(1 +7%) exp(—iny (T — 50+ 3(7° = 57)))

2471 .
< ,{,1167771;72]( 0)

and

RolFp] = 1 j(s0) / U o (g (7 — 50+ 37— 59))

— 4y MR (s0) / (14 72) exp(—fin (7 — 50+ 1(7° — 3))

= 4,%007771171j(50)~
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We estimate j(ko) by

j(ko,s) = }iiz eXP( Kk (s — B0 + 5(s* — 50)))4 (ko.50)

+% : dT H; exp(—kg, (s — 7+ 3 (s® = 7%)))ua (7)

30

< 4 exp(—35€n7)j ko, 50) + 5 (1 + &) (2" + (c2 + 1) (£)7).
On I35 we estimate the j(ko) influence by

Ry[F;,] = et / P L p(— i (7 — 50+ (7 — 58))i(s0)

< g, / (1 -+ 72) exp(—fin (7 — 50+ 1(7% — 53)))i (50)
C4+’Y1 .
SUMW](SO)
and

Rz[sz]:UPV/ - 1}172 exp(—Fi (T — 0 + 5(7° = 53)))i (50)

= e / (1 -+ 72) exp( =y (7 — 50+ 1(7° — 53)));i(s0)

2+ .
/’772 (/nk;{z J (SO)'

Next we want to estimate the evolution of j(ko)

Jj(ko,51) = 1125 exp(—ki, (31 — d+ 3(37 — d*)))j(ko, 30)

K 5 2 ‘ ~ T ~
+ / dry B exp(— (s — 72+ 15— 7)) (e1 + @)1 + (2 +60)(2)7).

Therefore, we deduce

S
2 .
e [ dn 5 ew(om (s =+ 560 - )

1~ ~
581 S1
sﬁ< i )}iiz exp(—ripg (s — 72 + 5 (5% — 75))) ()"
2

31

S T -
T (L %) exp(— 52 n’) + 5 ~k20772

IN
o)
=

B
20
<%
which leads to

i (Ko, 31)| < Prrgn® exp(—riyn*)i (o, 50)
+ F%(Cl + o+ ¢+ E).

[\')
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Lemma 3.22 (Forcing estimate ). Let u(s) = S(s)r(s) be a solution of (3.25)
n [So, s*| such that |u(s)| < S*(s)C(s). We define for |n| > 2

d(n) =2 Y 2" w + ) (ks F0)
|m|>2

+ (20)Im1=2le(2¢; + Le3)
+ (2C)|m|71(U3(80) + :‘ifﬂ( (k:i:la So))

where x = x(m,n) = —|sgn(m) — sgn(n)|. Then we estimate

and

Ry[Fjeiy)] = ,an J(ka1,50) + Feg (@W(1) +¢f +¢c3)
Ro[Fjksn)] = Hgn k1, 30) (550)" + 5oz (w(1) +cf + 02)(5\2,30)A/

and

Furthermore, we estimate
(w(kn, s)| < w(n) In| > 2
us| < w(1) = w(-1)
. lK&n(@ 30) ; z 1.~
|7 (kn)| < 2e72 J(kn, 80) + 45,z 0(n).

Proof. To estimate w(k,,, s) we without loss of generality assume that n > 2.
We begin with the case n > 3, where we deduce that

Osw(kn) = alkni1)w(kni1) — alkn1)w(kn—1) = j(kn)
< s(@n—1)+d(n+1)) + 2eFEM(s=50) j (kg +n, o) + 467172111(71).

We estimate
2/6 FhEN(T— 50) (ko 4+ n, 59) < 4 gnﬂ(kna§0)-

Thus integrating ds;w (ko + n) over time yields

w(lkn) < W(hn, 50) + (i — 1) + B(n + 1)) + 4= (ko + 1, 50) + 5Led(n)
< w(n).
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For the case n = 2 we deduce

Osw(ka) = a(ks)w(ks) — a(k1)5(us + uz) — j(k2)

((3) + 20(1) + 26§ (2) 71 4 25 (2)7271) 4 2672510 j(ky, 5) + Ao (2)
(K2, 30) + g (ka, 50) + c(0(3) + 2w(1) + 2¢] + 25¢5) + 45:0(2)
(

We estimate ug by
dsuz = a(k + 2)w(kz) — a(k — 2)w(k—2) — j(k1) + j(k-1)
< 2 (w(2) + w(-2)) + 267250 (g, Bo) + 5 (B(1) + € + ¢3)
] < fua(50)| + (i(2) +0(=2)) + 7= (j(ksr, 5o) + S(1) + S + Le3)
< (1).

n&n

Non-resonant j will often be estimated similarly. Therefore we will use the

following notation frequently. We estimate j(k,) for n > 2 by writing § =

ko(ko k) ko(ko—k)
k+

s — nand 7 =7 — =5

0sj(kn) = =k, (1 +8)j(kn) + 255 (kn) + Fron, w(kn)
which gives

G () < B e (G305 =50) 5 (), 50)
0

+ K:k / dr 1+s e Fkn ((3—7+3 (5577"5))~( )

For 59 <7 < s < 51 we obtain

R, (8 =74+ 3(5° = 7)) = i, (s = ) (B + 57+ 72 4 1)
> grmax(ky, kg)n? (s — 7)
2.

So we infer
G(kn) < 27 2RE0=50) (ks 50)
+ 2/@@%/ dr e 2 1 =T) ()
1 -
< 20720750 (e, 50) + HArD(n).

We next turn to the estimate of j(k+1), where we without loss of generality
consider j(k1). With the equation

05j(k1) = 21 — #on, (L4 82))j (k) + gk, (uz + uz)
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we estimate
J(ky) < 2e7 20Dy, Fo)
+ 2%/ dr e‘éﬂf”(s_ﬂ(u?(l) + c’{(%)“’l_1 + 03(5)72_1)
< 277 ETR0) (ke 50) + S22 (W(1) + € + ¢).
Given these estimates, we next consider the effects on R]-] by forcing:
Fy = er(a(ke)w(ks) + alk_2)w(k_2)
< e17w(2) +erpw(—2).
For constant e; functions we estimate

Rifes] <

For Fj4,,) we use

Fjryy) = —e2j(ks1)
< ea(2e7 20 (ki 5o) + 52 (W(1) + of + c3)),

to estimate

Ri[Fjry)] = 25 (kx1,50) + Fe (0(1) + ¢f +¢3)

KEN
Ro[Fj(rsr)) = 22k, 50) (2807 + g2 (@(1) + ¢f + c)(20) 7,

Furthermore, for F,, we estimate

Fu3 — €1a2Us3

<erpw(l)
and
Rifer] <1
Roler] < p(=2e)m
to deduce



Proof of Proposition 3.17. For the interval I; we have §y = sg, §1 = —d. The
initial data of r can be calculated by r(30) = S~!(so)u(so) and so

r1(30) = — 2 (gprry) ™~ ua(30) + £ (gpprry) " u2(30)
~ —462U1(§0) + CU2(§0),
r2(30) = 2 (gptry) ™ (50) — £ (apetry) " uz2(30)

~ u1(§0) — %’U,Q(go).

For other initial data we define
N= 37 ) (w+ 225) (i, 50)
m|>2
+ 2c(ug(30) + g (K1, 50))
+ 527,2.7(]{07 50)7
to bound the impact of the less important terms in the following bootstrap. Let
C(s) be defined by the terms
c1 = 45c%uy (s0) + 2cua(sg) + 2N,
51 = 2[.}075102,
co = 2uq(8sg) + 45cua(sg) + 2N,
ca =0.
AS ¢1 > r1(50) and ¢3 > 12(50) and we have a smooth solution, the estimate
|u| < S*(s)C(s) holds at least for a small time. Let s* be the maximal time
such that |u| < 5*(s)C(s). We then aim to show that necessarily s* > —d, since
otherwise the estimate improves, which contradicts the maximality. By Lemma
3.20, Lemma 3.21 and Lemma 3.22 we estimate
Ri[Fun) = Ri[Famode] + Ba[Fj] + Ra[Fy| + Ri[Fj(ry1)] + Ra[Fus]
=20c%c1 + (20 + ¢*(2) )& + (20¢” + 1 (2) e
P B rsv—y/= At
+Ge+ G(5) 770+ ) + i (ko so)
+2¢%(w(2) + W(—2))
+ e d(ka1, 50) + g (W(1) +¢f +¢3)
+2¢i(1)
<2a+a@R1+5(2) )+l +S(2) )+ N
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and
RQ[Fall] = RQ[F?)mode} + RQ[F]] + R2[F1I)] + RQ[Fj(k:gil)} + RQ[FUS]

= 20¢; + 20¢; 4 20c2¢y
+ g1+ Glea+é1) + 4,%0;%ﬂj(k07 50)
+ A (w(2) + @(-2))
+ 25 (ke 30) + geg (W(1) + ¢ +¢3)
+ 2c(1)
< 21cy +21¢; + ﬁCZ + N.

We split Ry as
Rylall] = Ralall][1] + Ra[all][(3)],
into the part with and without a (%)7 term, respectively. We then estimate
r1(80) + Rilall][1] < r1(80) + 21c%e; + 218 + 21c%ca + N,
Ryfall][(£)7] < 15581 + 15502,
r2(50) + Ra[all][1] < r2(50) + 21er + 2161 + 275502 + N,

and thus we conclude the bootstrap that
r1(30) + Ri[all][l] < &1
Rifall][(2)"] < &
ro(80) + Ra[all][1] < co.

We can therefore extend the estimates past the time s*, which contradicts the
maximally. Therefore, we obtain that for all times s < —d it holds that

lu(s)| < §*(s)C(s),
which yields the upper bound

(en)™ ey + (61 + c2)(en) ™72
fu(=d)| < ( e e + (18 + cez)(en) ' )

C

(en) 72
< .
<2 (o
We next aim to establish an estimate on w(n). For this purpose we note that
c(2¢f + b)) = 2¢1 + Fé1 + 2c,
~ 2c1 + 2¢9
< 4uy(sp) + 100cuz(so) + 3N
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and

w(n) <23 (20" X (w + ) (km, 50)

[m|>2
+ (2¢)!IM1=2l¢e(2¢t + Leb)
+ (20)"1 7 (ug (30) + 55 (k15 50))-
We hence deduce that

@(n) <2 Y 20" (w ) (ki Bo)

|m|>2
+ (20)”"'72|(4u1(80) + 100cuz(sg) + 3N)
+(20)" 7 (us (30) + 257 (30, k1))
< 2M,,

when x = —|sgn(m) — sgn(n)|. To prove (3.27) under the condition (3.26) we
estimate

[u(—=d) — a(=d)| < S(—d)R[all]
B (C )—’72
<uteo) (P00 )
Furthermore, we use

i(—d) = ( (en)—m (en)™2 > ( Ac2uy (30) — 2cua(30) >

T\ Bt =B (gt u1(30) + cua(30)

~ i) (o )
and thus

lu1(—d) — (en) ™" u1(S0)| = 10cu1(So)(cn) ™"
[ug(—d)| < 10cuy (30)(cn)™.

The remaining terms can be estimated by

M < #Ul(go)v
M, < ﬁul(go)-

3.4.3 The Resonance and Upper Bounds in I,

The bounds on the evolution of (3.25) on the interval Iy = [—d,d] are summa-
rized in the following proposition:
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Proposition 3.23. Let ¢ < min((87) " 38%,1074). Consider a solution of
(3.25) on the interval I = [so,d)], then it holds that

s (d)] < 3(en) LM,

Jus(d)] < Tm(en)™ LM,

g (d)] < Tm(2)2(en) LM + 2M,,
(ke d)| < Tr(2)" = en) ™ LM + 2M,,
(ks d)] < 5 (T(2) "= ()7 LM + 20,,)
ko, )] < & min (g, 72, 1)(cn) LM

For interval I5 we are mostly concerned with the interaction between j(ko)
and w1 and in particular the growth this induces for us. Therefore, consider the
ODE system

asul - _](kO) + F

or . , 3.30
D.j(ko) = “un + (225 — gy (1 + 5))j(ho), (3.30)

our aim is to bound the growth of j(ko) and u; by a factor. Let U(r, s) be the
solution of (3.30) with initial data u;(7) = 1 and j(7) = 0 and L as the constant
which satisfies

|U(r,8)| < L=L(B,k, k). (3.31)
With the restriction
c < (8m)TEpE,

L is estimated by the following two cases, if 3 > m we obtain L =1 and if § <«
we obtain a L = L(a,k,k) < y/c. A proof and more specific bounds can be
found in 3.5 and for simplicity of presentation we here only consider two cases.

Lemma 3.24. Let uy be a solution of (3.30) on [—d, d]such that (3.31) holds,
then we estimate

%|u1| < uy(—d) Jr/ |F(7)| dT + |§(— |/ }IEQ exp(—kg(T +d + %(53 +d?%))).
—d

Proof. We may without loss of generality restrict to the case j(—d) = 0, since
we can choose F' = F + _tdQ exp(—rr(T +d+ 5(s* + d*)))j(—d). By Duhamel’
principle the equation (3.30) is solved by

ui(s) = U(—d, s)uy(—d) —|—/U(T,S)F(7’)

which yields the desired bound. O
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Proof of Proposition 3.23. With Proposition 3.17 we estimate until time —d

fu|(—d) < 2M (en)
Jus(~d) < 2M(en) ™,
Jus|(—d) < 243,
|w(kp, —d)| < 2M,,
ko, ~d) < §M(en) ™™ min(, e, 1),
l(ksr, —d) < 520,
51k, —d) < 55 M,

We next aim to prove by a bootstrap that

lur| < 3L(en) M,

|ug| < 7w L(en)" M,

lug| < 157rL(§)2(cv7)71M + 2M;,
|w(kn)| < TrL(2)M = (en)" M+ 2M,,

/] kil < 77TL Sd (C?’])’HM
/] %% 77TL%(C77)71M+2M”).

To estimate u; we use Lemma 3.24 to deduce

lui| < L (ul(—d) + /a1U2 + azuz + ﬂ_if; exp(—fi, (s — 7 +

< 2L(c77)_72M + Ly (L4 n72)(7wL(en)™ M + 2M,)

+ 1+d2 mln( dS) j(ko, —d)

Mil-a)

< 2L(cn)~ WM + Ly (L4 n72) (7w L(en)™ M + 2My) + L (en) ™M

< 3L(cn) "M,

where we used that %Ml < 15 M (cn) ™72 since n > - and that 7TrLe < 5. We

estimate uy by

‘UQ‘ < Q(CU)WIM + /267]1_"_%11,1 + a(kig)w(kig) +](ki1)

2(en)" M + 2men|us|p~ + %|w(l€i2)|L§o + /j(kj:g)

< TrL(en)™ M.
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In order to control ugz, we integrate dsus in time, which yields

sl < fusl(—d) + [ alksayulhen) + jksn)
< 2M; + %(77TL%(C17)71M +2Ms) + 77TLB3—$(077)"“M
< 8mL(2)*(en)™ M + 2M,.

For w(ky) we first consider |n| > 3. By integrating dsw(ky,) we deduce

)] < ok, =) + 2l + [(kn)lz) + [ 50n)
< TrL(2)" T en) " M+ 2M,,.
For the cases n = +2 we similarly conclude that

w(ki2)] < [wkiz, )| + 2(Juz|pee + |us|pe + [w(kss)|re)
< 77rL%(cn)71M + 2Myo.

For the estimates on the current j we argue similarly as on the interval I; and
introduce § as the shifted time coordinates. To estimate j(ki1) we integrate
0sj(k+1) in time:

j(ks1) = 2exp(—zr€n(s + d))j(ks1, —d)

a2 ~ N ~ NG
+ Kk%/ iiiz exp(—Kpy, (8§ — 7+ %(53 — Td)))(u2 + ug).

The impact of j(k+1) is bounded by

[ithe) < it =) + B (fuales + fusloe)
< 77TLB3—$(C77)”’1M
and hence yields the estimate

j(k+1) < 2exp(—5drén)j(ker, —d) + %772(|U3\L§° + [uz|re)
< gz (TwL(en) ™ M + 2M).

By integrating we thus obtain the following estimate for j(k,,):
J(kn) = 2exp(—r&n(s + d))j(kn, —d)

+ S [ L exp(—hn, (5 — 7+ (5% — #°)w(kn),

which leads to
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and

k) S 205p(R b, ) + S w(k,) o
< S (TrL(2) = ) M+ 2My).

We estimate j(kg) by integrating

j(ko) = 1+d2 eXp( Ko (s +d+ %(83 +d*))j(ko, —d)

+ 50 [ A exp(—ripy (s — 7 + 5(5° = 7)ua (7).
The second term can be estimated by

Mo [ Hz exp(—riny (s = 7+ 5(5° = 7)))ua (7)

<3 L min(ry,md?, 1)|ug |
and thus
j(ko, d) = exp(—ri, (2d + 3d°)j(ko, —d)
+ %min(nkowdQ, 1)|u1|pe
< exp(—kp, (2d + gd‘?)éM(cn)_” min(kg,, 1)
+ 3LM min kg, 7d?, 1)(cn) =72

<

4LBM min (s, md?, 1)(cn) 2.

3.4.4 The Echo and Lower Bounds in the Interval I,

In this section we establish the echo mechanism on the interval I5, i.e. our aim
is to show that the mode w; induces growth of the us mode. For this echo

mechanism we need the additional assumption

kkg min(3,1) > L.

As shown in Subsection 3.2.3, this is not only a technical assumption. When kg
is too small, the u; term can become negative due to the action of j and hence
negate the growth of us and we could even obtain ug(d) =~ 0. We will use initial

data of the form

ui(—d) =1,

us(—d) < 50,

71(ko, —d) < 2,

|w|(k, =d), lug|(—d) < 5(cn)™
3| (k, —d) < 22

o (077)’Y2
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Which corresponds to the echoes on I; normalized in terms of u(—d). We will

prove that u closely matches the following asymptotics:

U = exp(—%(tan_l(s) + tan"1(d))),
s = us(—d) + 2enB(1 — exp(~ 4 (tan"1(5) + tan~1(d)))).

Proposition 3.25. Consider a solution of (3.25) with initial data (3.33), then

the following estimates hold:

|ui (d) — 41 (d)| = 127c,
lug(d) — g(d)| < 24mc?n,
w(kn, d), us(d) < 6(cn)™,
J(ky, d) < [327(077)
j(ko,d) < 3.

In the following it is convenient to introduce the good unknown:

g(s) = (1452 — 4,
In terms of g our equations then read

1 1 1
6SU1 = —BmU1 — a1Uz +a2U3 — mg

and
859 = 23j(k0) + (1 —+ 82)8s](k0) - %asul
- 13_22 (g + %ul)
— ko (14 5%)g + 255 (9 + Fur)

1 1 1 1 1_1
T el T gtz — gaUs ¥ 51

1

_ (4s+3
1+s2

1 SJFﬁ
+ B 1+s2

— fike (1 +5%))g

uy + (ll’LLQ éagu:;.

Therefore, (3.25) can be equivalently expressed as

11
w\ (ke e e we
8 Uo . 207’]@ 0 0 0
S 0 0 0 0
4s++ 454+ L
g % 1+s§ %al %a —HSQ — k(14 s?)
0
| etk 2wk £2) k£ 1)
ta(k £ 2)w(k +£2) F j(k + 1)
0
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The homogeneous system with respect to (3.35) is given by

o (M= (imm V) (@ (3.36)
N2 )\ 202 0 iy '
with the explicit solution
Uy = exp(—%(tan_l(s) + tan™*(d)))uy (—d) (3.37)
g = ug(—d) + 2enp(1 — exp(f%(tanfl(s) +tan"1(d))))u1 (—d). .

In the following, we prove that the solution of (3.35) can be treated as a per-
turbation of (3.37). Note that we can approximate

B(1 — exp(— (tan~!(s) + tan~}(d)))) ~ min(B, (tan~(s) + tan""(d))),
where “~” in this case corresponds to the explicit bounds
2min(B, ) < B(1 — exp(—%-)) < min(B, -).
Proof of Proposition 3.25. We want to show by a bootstrap that

lur — 1] < 1 = 127c
lug — | < co = (27 + 1)eney
|us], [w(kn)| < 6(cn)

(3.38)
[tk < s eny

Let s* be the maximal time such that (3.38) holds. We assume that s* < d and
show that this leads to a contradiction by improving (3.38). The estimates of
j(ky) for n # 0 are done similarly as in Proposition 3.23 and we hence omit
them here. First, we estimate g:

90(s) = (i exp(} (tan ™" (s) + tan ™" (d)) — iy (s + d + 3(s” + d*)))g(—d),
as) ~ gn(s) = § [ % exp (B(tan™(5) = tan 7)) = a5 = 7 4 3(5° = 7))

4T+[% 1 1
( Tz ui(T) + gagua(t) — Ba3U3(T)> dr.
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Next we estimate the size of the perturbations by

/ i exp(—%(tan71 (s)—tan~1(72)))

- (9 - 90)(72)
= %/dT2 /dﬁ exp (—%(tanfl(s) —tan"(71)) — Ky (T2 — 71 + %(7’23
dri+4
‘ ulj% ( 1172 ui(m1) + 502U2(T1) - 503U3(71)>

< 53k0 /dﬁ exp(f%(tanfl(s) —tan"'(ry)))

1 Aty 1 1
el ( g Fui (1) + gagua(ri) — Ba3u3(71)>

< 25 2l + 5 (Jual Lz + uslre))
and
1 —1 -1
exp(—Z (tan™ " (s)—tan™ " (12)))
/ A 2 go(72) drs
— ¢ exp(— L (tan~!(s) + tan~1(d)))g(—d)
[ el ( + d+ 3o+ d)gnl—d)
4 _ _ 4
= ’:Toexp(—%(tan L(s) + tan 1(d)))%g( d) < % e
where we used (3.33) to obtain g(—d) < % To estimate u; we look at the
difference to the homogeneous system,
33(u1 — 111) = _%H%(ul — ’&1) — ajug + asusg — H%g
which leads after integrating to
4
ur — 1| < 3 (Juz|pe 2) + s (Glualoe + 35 (Jualoge + Jusloe)) + 55

B "rg

< 8cmin(f, ) + 42w + 1) - Oﬁ(1 + 01) + 56(677)“/2 <c
since Ii/fg > é We estimate ugs — 3 by

0s(ug — Gg) = QCUH%(’LQ — 1) + a(kya)w(kya) — j(kir)
which implies by integrating in s, that

2 = ] < 2mcnes + 2fulhsa)lez + [ (ke
< 2mene; + (12 + 1077%)0’727]_71
< (27 4+ 1D)eney.
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Next we estimate w(k,,) for |n| > 3. We remark that the estimates for uz and
Wk,, are similar and hence we omit them. By integrating over the derivative
we deduce

Wl =) < wlkny )+ 2(wlhnsn) i + wln)liz) + [ 306)
< 6(en)2.
So the bootstrap is concluded. It is left to estimate j(ko). We write

0sj (ko) = “g*ur + (7337 — #i (1 + 5%))5i (ko)

< %m — Sk (ko)
where in the second line we used (3.32). By integrating, we obtain
3 (ko 8) < exp(—§ i, (s + d))j (ko, —d)
+ H% /Sd dr exp(—%/iko(s —7))ur(7)
which leads to

j(ko, d)

IN
o

xp(—2d§ ki) (ko, —d)

‘Ul‘LgO

IN +
=

i ®l©

3.4.5 Proof of Theorem 3.14

In Subsections 3.4.2, 3.4.3 and 3.4.4 we proved lower and upper bounds until the
time s = d. Furthermore, in Subsection 3.4.2 we already showed the asymptotic
behavior on the interval I3. In this subsection we need to combine the results of
these subsections to obtain the final lower and upper bounds for the complete
interval I*. This will be achieved in two steps: first we conclude the bootstrap
on I3, afterwards we show that all terms result in the desired estimates.

Proof of Theorem 3.14. Following we proceed similarly as in the proof of Propo-
sition 3.17, just for I3. In particular we use the tools from Subsection 3.4.2. We
thus need to prove the missing estimate on [d, s1]. Let 7;(d) be the initial data
of r(s). We define the ¢; terms by

c1 = 2(r1(d) + (216 + 25 (en)")ra(so) + N + N;)
51 - 0

3.39
&2 = 1 (ra(d) + N + ;) (3:39)

52 = 2261 + %52
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and

N =2c—=-j(ko £ 1,d) + 2cuz(d)

Hﬁn”

+2 3 (20)" (w0 + 225) (i, d)

|m|>2

Nj = 4len)? - (ko d).

We prove by bootstrap that
lul(s) < 5*(s)C(s). (3.40)

Since ¢; > r;(d) this estimate holds locally, and we again let s* be the maximal
time such that (3.40) holds. We assume that s* < s; and improve the estimate,
which gives a contradiction and thus proves that (3.40) holds on [d, s1]. For the
R; we obtain with the Lemmas 3.20, 3.21, 3.22 that
Ri[Fun] = Ri[Famode] + Ri[Fj] + Ri[Fg| + Ri[Fj(ry1)] + R1[Fus]
< 20c%c; + 20c* 02+(200 +c(en))ez
+ G (er + &) + G (en) ez + (en) ™ 2 i(ko, d)
+ 2% (w(2) + w(—2))
+ (ks d) + g (W0(1) + ¢f +¢3)
+ 2cw(1)
< 21c%c; + 2%62 + (21 + %(cn)”’)@ + N+ *(en)" Ny,
and
Ro[Fan] = Ra[F3mode] + Ra[Fj] + Ra[Fg] + Ra[Fjro+1)] + Ro[Fu,]
<20(5)" (e + 2c%¢5) + 20c? ¢y
+5(2) (1 + &) + §ea + (en)* 1= (o, d))
+c(@(2) +w(=2)) ()™
22, d) (2) 7+ 55 (B(1) + ¢ + ) (2)"
+ 2e(1)(2)
§21( )Cl+2 co+ = ( )CQ+N(§) Nj.

Therefore, we deduce that

r1(s0) + Rafall][1] < r1(d) + 21c*(c1 + &) + (21e* + S (en))ea
+ N +c*(en)'Nj < ey,
r2(s0) + Ro[all][l] < ra(d) +25c2 + N + Nj < ca,
Ro[all][(2)7] < 20¢1 + 2¢%¢; < &.
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This concludes the bootstrap and we estimated |u|(s) < S*(s)C(s) for s <
s1. To finish the proof of the theorem we need to establish the norm estimate
at the final time. With Proposition 3.23 we obtain the folloiwng bounds:

Jur|(d) < 3(en) LM,
luz|(d) < 7m(en)™ LM,
|ug|(d) < 7m(2)*(en)™ LM + 2M,
Iw( md)l < 7n (%)'”‘ o) LM +2M,,
,d)
d) <

This in turn yields
N = 20;@{7]“’2 Jlko £1,d) + 2cus(d)

+2 Z 26 ‘mikol(’w—F ﬁ])(km,d)

m|>2
< ¢(en)"LM,
N; < 4(cn)™? :: 4LﬁM min kg, md?, 1)(cn)
0

16 2
< <5 min(m, Q)LM.

Using these bounds, we consider Afterwards, we estimate
r(d) = S™Hd)u(d)

B _ﬁ|cn‘*vz+1 _‘077|*’72 >
= —2cy7 ! 2¢ T L u(d
Y ( Wiep|=n+1 Jep|n (d)

|71 157e(en)”
( 72| (d) < LM 4
and hence deduce that

= (en)” 30me + 30< + ¢)LM
B
< 3lme(en)"LM
( 16W)LM.

This implies the estimate
u(s1) < S*(s1)C(s1)
L 317?0(077)“’
(] L) (e

c 167'r —y
< LM(cn)’( 16e+(5 7;67T J(en) )
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where we used that (en)™ 7+ = (L)L, = L — <« Be

Kkq kk? (cg)“/nkgw
obtain

@(n) =2 Y (20" "X (w + ) (kn, d)
|m|>2

+ (20)"1=2le(er + Le3)

+ (20)I " ug(d)

< L(2¢)™ M + M,
us(n) < L(2¢)™H2M + M.

Furthermore, by integrating over 9sj(k,) we obtain

G(kny51) < Lz ((20)"M + M),
Gk, 51) < Lo ((20)"F2M + My).
In order to estimate j(ko) we use Lemma 3.21:
[(ko. 51)| < Le?n? exp(—ryn”)j (o, d)
+218 Lo byt +@
g gzt c2 1+ C2)
< 32 exp(—ry ) (£) 2 M
+ L4@L2M(CU)*V2
< 211 oM (en) ™.

We further estimate

M2 = Z 107" (w + ainj)(k‘n)(w

m,n>1

# Z 107n(w2 +

n>1

Y .
N 10 1>\,€ 2(10 ko )Akn(wz"‘ a% ]2)(kn)

n>1 "

) (k)

IN

= 5%) (kn)

kn

IN

dﬁﬁ”wijX(SO)z

> )\an3:Z)\kn210 [t =li=nl=xi=xm (

In|>1 m,l

[ /\

IN

1710*1 E :Akm

W |w J||X

) 32 1071771

IN
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Combining these bounds we infer the norm estimate

ku.j”%((sl) < 167TL2M2(C77)2’Y()‘7€¢1 + )‘ko(16ﬂ— + 5(077)_27)2)
+ ) LA, (1071 + M)

n|>1

= M?(en) ™ (N2 (207 + A%, +2 Y AZ 1072+ 12 N A, My

ni>1 ni>1
< L2(A(167)% + 35%) (en)™ [[w, 1[5 (50)-

This finally allows us to complete the proof of the upper bound and obtain that
[w, ]l x (s1) < 187 LA(en)”||w, ]| x (so)-

To prove the lower bound we use Proposition 3.17 and Proposition 3.25 and
obtain that at time s = d it holds that

|ur(d) — exp(=5)(en) ™| = O(c)
ug(d) = 26(1 — exp(=F))(en) ™| < O(C)
w(knvd)v 3(d) <

We calculate us by
ii(s1) = (0 1)S(s1)S ™! (d)u(d)
< _10(077)71 - Cfi)_” )u(d)

sc(en)™  (en)™™
—c(en)™ + 2¢(en) ™ Jur (d) + (= (en) ™72 + 4¢% (en) " Jua(d)
(en)" s (d) + (en)uz(d)
(en)™ B(1 — exp(—5))u1(—d)
(en)?B(1 — exp(—5))ua(s0)-

The difference uy — o is estimated by

Q

Q
SIS

Q

Q

Uy — 1ig| < (0 1)S*(s1)R[F]
< 3 Ri[F] + 2cRy[F]
< (en)uz(d) + O(c)
= 2(en)"B(1 — exp(—F))u1(s0) + O(c).

Furthermore, we obtain

M < #ul(%)
M, < ﬁul(go)-

()



. . 1
So we finally obtain since 3 >

w(k_1,t;_,) ~

which gives
w(k_1,tk_,) > (en)” min(8, m)w(k_1,tk_,)-
O

In this article we have studied the asymptotic (in)stability of the magneto-
hydrodynamic equations with a shear, a constant magnetic field and magnetic
dissipation. Here multiple effects compete to determine the long time behavior
of solutions:

e Echoes in the inviscid fluid equations may lead to large norm inflation.

e The underlying magnetic field leads to an exchange between kinetic and
magnetic energy. In particular, for large magnetic fields oscillation my
diminish norm inflation.

e Magnetic dissipation may stabilize the flow. Hence, a priori, it is not clear
whether stability requires Gevrey regularity (as for the Euler equations)
or Sobolev regularity (as for the fully dissipative problem) and how the
evolution depends on the size of the magnetic field @ and on the resistivity
K.

As the main result of this article we show that the balance between these effects
is parametrized by the parameter § = 5 > 0 and that the behavior for finite,
positive 8 strongly differs from both the fully non-dissipative case and the large
dissipation limit (which reduces to the Euler equations). In particular, we show
that in this regime the magnetic dissipation is not strong enough to stabilize
the evolution in Sobolev regularity and establish Gevrey regularity as optimal
both in terms of upper and lower bounds. It remains an interesting problem
for future research to determine the optimal stability classes for other partial
dissipation regimes and to study the inviscid limit & | 0.

3.5 Estimating the Growth Factor

In Section 3.4.3 we observe the evolution of (3.25) on the interval Ir = [—d, d].
Here we observe the interaction between j and wuq
Osuy = —J

3.41
0, = Ky + (125 — K(1+ ), (34D

with xj replaced by K for simplicity In particular we bound the growth of wu,
by a factor. Let U(7, s) be the solution of (3.41) with initial data uq(7) = 1 and
j(r) = 0. We show that
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o [U(r,s)[ < 1for >3
o |U(r,s)]| < L=L(B,K) for B < 3.

With the restriction

we obtain
1 1<K
L8 ) — vd et <K <1
(B, K) = 21+ %) % <K< i
1 Kg%’rc‘?

(3.42)

(3.43)

We note that (3.42) is not optimal, in the sense that Section 3.4.3 we need

1

Le << 1 and we could optimize the 3

¢ term to obtain a larger L but better

(3.42). However, this would yield a lot dependencies which would make the final
theorem more technical to state. The most important part of this estimates is
to verify that 5 can be very small if ¢ is chosen small enough. First we do an

energy estimate, let
E=ui+ i
which leads to

30.E < (127 - K(1+ %), E.

Therefore, we obtain for K > 1 that 0,F < 0, which proves our first estimate.

Furthermore, we infer for K <1

1 s <0
E(s) < E(r)q (1+s%)? 0<s<(5)73
AK)"F (B)<s,

We conclude

s <
ui(s) << 1482 ogs§(§)%
3

which proves (3.43) for %c% < K < 1. For small K we need to make a different

ansatz. We write j as,

j(s) = % /_; %Li exp(—K (s — 7+ 3(s> = 7)))u(r) dr

(s



u(s) -1 =K // A1, m) F2 exp(—K (r — 71 + (73 = 79)))u(r)
d<11<72<s

— -1 / dry ulry) iz lexp(— K (ra — 7 + (7 — )2,
d<t1<s

=3 [ dn ) - (K (s =+ 36 - )
T1SS

Now we exploit that u is decreasing till the smallest time such that u( ) =
This holds, since if u is positive, then j is positive and so dsu = —j <
Therefore, we bound

0.
0.

%/CK 3 dm u(Tl)ﬁ(l —exp(—K(s— 11+ 3(s> = 17))))

by 1 to deduce 0 < u(s) < 1. Let s be positive, then we estimate

%[ dﬁﬁ(l exp(fK(S*ﬁJr%(SS*Tf)))))

e (1 exp(—K (s — 7+ 3(5° = 8)))

dﬁﬁ(l —exp(—K(s—m + %(53 — Tf))))

i/
s d<t1<—s

—s<71<s
< BL + 5(1 —exp(—K(2s + 25%)))
< 5+ 5K(25+ 357
< BL + Ks

This term is less than zero if 2 <s< (ZEK)%' We choose s = min((%%)%,d)

maximal. When s = d, then (2 K)S > d which is satisfied if K < %ﬂc?’ and
so we obtain the last estimate of (3.43). Now we need to prove the case if
%”03 < K< %c%, with the previous calculation we obtain for s; = (%LK)%,
that 0 < u(s1) < 1. Then for s > s; we have

u(s) —1= é/d<n<sd’r u(T) = (1 —exp(—K(s — 7 + 3(s° = 7%))))

u(s) —1 Sl/ dr#—l—l/ dr u(1) =
| <5 d<r<s 0P fcn<s )3

<

5+ 7oy lulee

Due to K < %c% and (3.42) we obtain 316 ( ﬁK)% > 2 and so
u(s) < 14
<2(1+3).
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3.6 Nonlinear Instability of Waves

In this appendix we consider the nonlinear instability of the traveling waves.

dvw + (VVw)z = adyj + (bVj)x — (2¢ sin(m)ayA;lw)?g
0j + (0V)) 2 = £ + adyw + (BVw) 2 — 20,0071 — (2(0;0V) A7 ) 2,
(3.44)

For brevity of notation let us denote the Gevrey 2 norm with constant C' by
w3, = [ 3 exp(CVIEDIFw. ) Pe.
k

Then the norm inflation result of Theorem 3.3 further implies the nonlinear
instability of any non-trivial traveling wave for C' sufficiently small.

Corollary 3.26. Let 0 < ¢ < min(107%,1073%) be given and consider a trav-
eling wave as in Lemma 3.2 and let 0 < Cy < C, where C, = Ci(c) is as in
Theorem 3.3. Then the nonlinear evolution equations around the traveling wave
are unstable for small initial data in Go, in the sense that for any 0 < C; < Ca,
€ >0 and N > 1 there exists initial data with

[(wo, jo)llge, < €

but such that for some time T > 0 it holds that

l(w; Dlt=rllge, = Nll(wo, jo)llge, -

We stress that this results considers the instability of the traveling waves and
that the space with respect to which instability is established depends on the
size ¢ of the wave. A nonlinear instability result for the underlying stationary
state (3.2) in the spirit of [DM23, Bed20, DZ21] further requires that the size ¢
of the traveling is comparable to e.

Proof of Corollary 3.26. We argue by contradiction. Thus suppose that the
nonlinear solution is uniformly controlled in G, for all times:

sup[|(w, j)llge, < De.
t>0

for some constant D > 0. Given this a priori control of regularity we may
consider the nonlinear equations as a forced linear problem

O(w, j) + L(w, j) = F

where L is the linear operator considered throughout this article and F' is the
quadratic nonlinearity. If we denote by S(¢,7) the solution operator associated
to L it then follows that for any T' > 0

T
(w,3)e—r = S(T,0)(wo, jo) + / S(T,7)F(r)dr.
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By the norm inflation results of Theorem 3.3 for any Cs < C, there exists initial
data and a time T > 0 such that

1S(T', 0)(wo, jo)llz> = Nl|(wo, jo)llge, - (3.45)

Since this estimate is linear after multiplication with a factor we may assume
that this initial data also has size smaller than e. On the other hand, by the
results of Section 3.3 and of Theorem 3.3 for any fixed time T', S(T, 7) is uni-
formly bounded as a map from L? to L2. More precisely, we recall that S(T', 7)
decouples with respect to the frequency & in y.

e For ¢ with |£] > T? by the results of Section 3.3 the time interval (0,T)
is considered “small time” and hence S(7T',7) is bounded uniformly.

o If instead |¢] < T? then Theorem 3.3 provides an upper bound of the
operator norm by exp(C+v€) < exp(CT).

Thus there exists an extremely large constant E (depending on T') such that

||/ S(T 7)dT|| 12 <E/ | E(T)|| L2dT.

Finally, we note that by assumption
|F(T)||2 < D%,

Hence, choosing € <« ﬁ the Duhamel integral can be treated as a pertur-
bation of (3.45), which concludes the proof. O
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Chapter 4

On the Sobolev Stability
Threshold for the 2D MHD

Equations with Horizontal
Magnetic Dissipation

This chapter is the preprint [KZ2] and is a joint work with Christian Zillinger.
NIKLAS KNOBEL AND CHRISTIAN ZILLINGER

Abstract. In this chapter we consider the stability threshold of the
2D magnetohydrodynamics (MHD) equations near a combination of
Couette flow and large constant magnetic field. We study the par-
tial dissipation regime with full viscous and only horizontal magnetic
dissipation. In particular, we show that this regime behaves qualita-
tively differently than both the fully dissipative and the non-resistive
setting.

4.1 Introduction
The equations of magnetohydrodynamics (MHD)
OV +V - VV + VI = (1,02 + 1,0>)V + B - VB,
HB+V -VB = (k.05 + ry02)B+ B-VV,
V-o=V-b=0,
(t,z,y) € RT x T x R,

(4.1)

model the evolution of the velocity V' of conducting, non-magnetic fluids in-
teracting with a magnetic field B. The MHD equations are commonly used in
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applications ranging from astrophysics and the description of plasmas to control
problems for liquid metals in industrial applications [Dav16]. Similarly to the
Navier-Stokes and Euler equations, questions of hydrodynamic stability and the
behavior for high Reynolds numbers (that is, for v, k tending to zero) are a very
active area of research both inner-mathematically and in view of applications.

Motivated by stability results for the isotropic full-dissipation case (v, =
vy = Ky = Ky > 0) and instability results for the non-resistive case (k; = Ky =
0), we are interested in the behavior of the two-dimensional magnetohydrody-
namic (MHD) equations with partial dissipation, where some of the dissipation
coefficients

K:yvﬁxal/a;ayy Z O?

are allowed to vanish. More specifically, we study the behavior near the station-
ary solution given by the combination of Couette flow and a (large) constant
magnetic field

Vs =ye1, Bs=ae, (4.2)

for the case of vanishing vertical resistivity, x, = 0. By the symmetry B — —B,
we consider the case a > 0. For the related case of the Navier-Stokes equations
(that is, without any magnetic field) the (in)stability of Couette flow at high
Reynolds number is known as the Sommerfeld paradox [MBO01] and is related
to nonlinear instability of the Euler equations [BM15a, DM23, DZ21].

However, for the case of sufficiently small data it was proven in [BVW18§]
that (mixing enhanced) dissipation can counteract this instability in the Navier-
Stokes equations and that (long time asymptotic) stability holds in Sobolev
spaces for initial data with

Jwll g < € < b7

with v > % Later in [MZ22] this has been improved to v = % This is an

example of a stability threshold result, which establishes stability for small data
and determines suitable (optimal) exponents « for given norms.

Since the addition of the magnetic field is known to possibly destabilize the
dynamics (see the following discussion), our main questions concern the MHD
equations (4.1) in terms of perturbations moving with the underlying shear flow:

U(xvy7t) = V(.’b - ytvyvt) - V;»

The corresponding perturbed equations in these new variables read

Opv + Vo€ — 26:1;A;1Vtv2 =v-Aw+ adyb+ bVib — vV — Vi,
Oib — boeq =K Ab+ al,v + bViv — vVyb, (4.3)
Vi-v=V;-b=0.
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Here, we introduce the time-dependent derivatives 9} = 9, —t0,, Vi = (0,, 0}
and Ay = 02 + (8;)2. Furthermore, we use the following short notation for the

dissipation operator:
v Ay = 1,0° + Vy(é‘;)z,
K- Ay = K07 + Ky ().

In this article we aim to establish a Sobolev stability threshold for (4.3) for
the specific anisotropic, partial dissipation case

Ky =0, Ky = vy =1y > 0.

In particular, we show that this setting exhibits qualitatively different behavior
than the fully dissipative and the non-resistive case.
Following a similar notation as [Lis20] we make the following definition.

Definition 4.1 (Stability threshold). Consider the MHD equations (4.1) with
anisotropic dissipation 0 < v, = vy = ky =1 p < 1 and k, = 0 and let X be a
Banach space with norm ||(v,b)|x. We then say that the exponent v = v(X) is
a stability threshold for the space X if for initial data with

| (Vin, bin)||x <e<<p?,

the corresponding solution of (4.3) remains uniformly bounded for all future
times with a quantitative control

sup [|(v, b)[|x S €.
>0

We remark that this definition does not require optimality (that is, instabil-
ity for smaller choices of ). Optimal stability thresholds quantify the appear-
ance of instability in the large Reynolds number limit and are an active area
of research for many fluid systems. In view of the large literature, the inter-
ested reader is referred to the following articles for the Navier-Stokes equations
[BVW18, BGM17] and the Boussinesq equations [Z2Z23, LWX 121, TWZZ20] for
a discussion and further references.

For the (isotropic) MHD equations (v := v, = v, and k 1= Kk, = Ky), there
exists several results for non-vanishing magnetic dissipation.

e When considering full isotropic dissipation v = k > 0, Liss [Lis20] estab-
lished a Sobolev threshold in the 3D case. Under a Diophantine condition
on the magnetic field, he establishes stability for ||(v,b)|| g~ with v = 1.
For the 2D case an improvement to v = % is expected due to the lack of

lift-up instability. Indeed, in a very recent paper, [Dol24], Dolce estab-

lishes such a threshold for the regime 0 < Cx? < v < k.

e In the 2D inviscid case with isotropic magnetic dissipation, v = 0 and
k > 0, in [KZ1] the authors established linear instability of nearby (in
analytic regularity) so-called traveling wave type solutions in Gevrey 2
regularity. As an (almost) matching nonlinear result, [2Z24] established a
stability threshold v > 1 for Gevrey 2 — § regularity for any 0 < § < 1.
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e The setting with only an underlying magnetic field but without shear flow
exhibits qualitatively different behavior and was studied for the case of
the whole space in [BSS88, RWXZ14] in the full dissipation case and in
[CRW13, JLWY19] for the partially dissipative case.

To the authors’ knowledge there are no such results in the literature for the non-
resistive case k = 0 with Couette flow, both for the viscous or inviscid regime
v =0 or v > 0, and neither for partial dissipation regimes. In view of linear
instability results [HHKLI18] (see also Proposition 4.2), for these equations any
stability threshold results would need to consider unknowns different from (v, b).

As a step towards understanding this non-resistive regime, in this article
we consider the 2D MHD equations with isotropic viscosity but only horizontal
resistivity (while [Lis20, Dol24] consider full dissipation). In particular, we
ask to which extent, as quantified by Sobolev stability thresholds, this partial
dissipation regime behaves or does not behave like these extremal cases.

In the (ideal) MHD equations (v = x = 0) the interaction of shear flows and
the magnetic field has been shown to possibly cause instabilities, with arguments
both on physical [CM91, HTY05] and mathematical grounds [HT01, ZZZ21].

As our first result, we show that this instability also persists in the viscous
but non-resistive MHD. These equations exhibit norm inflation in HY for all
choices of v > 0.

Proposition 4.2 (Instability for the non-resistive MHD equations). Consider
the isotropic equation with 1 > v > 0, Kk = 0, a > % and N > 3, then the
stationary solution (4.2) is linearly unstable in HY. More precisely, there ex-
ists initial data (v,b);, € HY such that the solution to the linearized problem

satisfies
[(w, D)l v = W) (v, 0)in || v

as t — oo. This is optimal in the sense that for all initial data (v,b)s, € HY
the solution to the linearized problem satisfies

10, D)l S W[ (0, b)in| v -

The tmplicit constants here may depend on . As a consequence, the nonlinear
equations also exhibit arbitrarily large norm inflation in HN. That is, for any
C = C(v) > 0 there exists an g9 > 0 such that for all € < ¢ there exists initial
data (v,b)in and a time T such that

10, 0)inlla~ =&,
(0, O)ls=r [z~ = Cll(v; b)in| -

In particular, there cannot exist a Sobolev threshold for ||(v,b)| g~ .

We remark that following the same argument also instability in suitable
Gevrey spaces can be established.
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As mentioned above, the isotropic fully dissipative case is known to be sta-
ble in Sobolev regularity [Lis20, Dol24]. For the associated partial dissipation
regimes, in view of the underlying shear dynamics the associated vertical dis-
sipation case is expected to behave similarly as the full dissipation case. The
effects of partial dissipation are a very actively studied field of research in other
fluid systems, such as the Boussinesq equations [DWZ21, CW13, ABSPW22]),
but, to the authors’ knowledge, is largely open in the MHD equations near
Couette flow.

In the present case of horizontal resistivity, &, = 0 and v, = vy = K, the lack
of vertical dissipation leads to stronger instabilities, requiring finer control and
use of the coupling by a strong magnetic field. Our main results are summarized
in the following theorem.

Theorem 4.3. Consider the MHD equations with horizontal resistivity, p :
Vpg = Vy = Kg > 0 and Ky = 0, near the stationary solution (4.2) with o >
and let N > 6 be given.

Then there exist constants co = c¢(a) > 0, such that for all initial data (v, b);n,
which satisfy

wl= ||

3
2

(v, 0)inllay =€ < cop

the corresponding solution (v,b) of (4.4) satisfies the estimates

1
vl|poe g + p2||Vevl| 2y Se,

1
10l oo v + 12 (|02l L2n S €
Let us comment on these results:

e Proposition 4.2 shows instability in terms of (v,b) for the non-resistive
case. Hence, the (horizontal) magnetic dissipation is shown to be necessary
for long-time stability results for (v, b).

However, similarly as in the Boussinesq equations [BBZD23, Zil23], in
principle stability results in terms of other unknowns such as the magnetic
potential ¢ = (—A;)"!Vib could hold for longer or even infinite times,
which remains an exciting question for future research.

e Theorem 4.3 establishes a stability threshold v = % In particular, we
stress that the lack of vertical magnetic dissipation not only poses a key
challenge of our analysis but results in a different threshold value than the
fully dissipative setting [Lis20, Dol24].

Indeed, the main constraint on our stability threshold is given by the
control of the nonlinearity v - V4b and the reduced decay rates already at
the linearized level (see Section 4.2). As we show in Section 4.3.3, our
estimates of the so-called reaction terms (4.23) and (4.27) require a lower
bound on the threshold by % and are expected to be optimal for this
partial dissipation case.
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e Theorem 4.3 considers the case p = v, = vy = K,. As we discuss in
Sections 4.2 and 4.3, we expect that instead of equality it suffices to require
1

that il’y < Ky < Ov, similarly as in the full dissipation case studied
in [Dol24]. These constraints naturally arise in the linearized problem
studied in Proposition 4.4. Furthermore, we expect that results can be
extended to the case of purely vertical viscous dissipation with additional
technical effort.

e Due to missing vertical dissipation, we obtain no decay of the x-averaged
magnetic field b— which is forced by the nonlinearity.

To prove our results, it is convenient to work with the unknowns
p1 =AMV w, po = ATTVE b A=A

Similarly to the vorticity and current, the curl operator Vi eliminates the pres-
sure and yields a scalar quantity, while the operator A, 1VtL~ is of order 0.
Moreover, since v and b are divergence-free, similarly to viscosity formulations
of the 2D Navier-Stokes equations, it can be shown by integration by parts that

[Av][L2 = [[Apa |2,
[ Ab][ 2 = [|Apal| L2,

for all Fourier multiplier A which commute with V; and A;. This, in particular,
includes (V)¥ which corresponds to the Sobolev norm || - || g .
In terms of these unknowns our equations read

Op1 — 0, 0L A ' p1 — adypa = pAypr + Ay 'VE(DVD — vV0),

tA—1 2 1ol (4.4)
Op2 + 050, AL "pa — alypr = u0ipe + Ay Vi (bViv — vVib),

The remainder of the article is structured as follows:

e In Section 4.2, as a first step we establish linear stability of the equations
(4.4). In view of the lack of vertical resistivity we here crucially rely on the
interaction of p; and ps due the the underlying constant magnetic field.
Moreover, we discuss the effects of partial dissipation and the resulting
limited (optimal) decay rates in time.

e In Section 4.3, we introduce a bootstrap method for the proof of The-
orem 4.3. Decomposing into low and high frequency contributions here
yields several error terms, which are handled in different subsections. In
particular, we need to distinguish between the evolution of the z-average
(which does not experience enhanced dissipation due to the shear) and
its L2-orthogonal complement, as well as different frequency decomposi-
tions of the nonlinear terms (called reaction and transport terms in the
literature).
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e More precisely, in Subsection 4.3.2 we collect all nonlinear terms which
can be estimated in a straightforward way. In view of partial magnetic
dissipation a main challenge is given by the effect of vV;b on ps at high
frequencies. Here, we distinguish between terms without z-average in
Subsection 4.3.3 and with average in Subsection 4.3.4 and perform a de-
composition into a transport and a reaction term. The low frequency
regime is discussed in Subsection 4.3.5 and does not require a very precise
analysis.

e As a complementary result, in Section 4.4 we establish instability of the
non-resistive, viscous MHD equations and prove Proposition 4.2. Here we
first prove linear algebraic instability and then deduce a nonlinear norm
inflation result as a corollary.

4.1.1 Notations and conventions

For two real numbers a,b € R we denote the minimum and maximum as

min(a,b) =a Ab,
max(a,b) = a Vb.

We use the notation f < g if there exists a constant C' independent of all relevant
parameters such that |f| < C|g|. Furthermore, we write f = g if f < g and

935t
Moreover, for any vector or scalar v we define

() = (14 [v]*)2.

For a function f(z,y) € L?(T xR) we denote the z-average and its L2-orthogonal
complement as

foly) = /T f(y)d,
fe=f— fo.

Throughout this text, unless noted otherwise, the spatial variables (x,y) €
T xR are periodic in the horizontal direction and the respective Fourier variables
are denoted as

(k,§) € (Z,R)
or (I,m). The norms || - ||r and || - ||g~ refer to the standard Lebesgue and
Sobolev norms for functions on T x R. For time-dependent functions we denote

LPH*® = LYH* as the space with the norm

|l = 1 e cexall o o -
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We define the weight AV and Aﬁ[ ' by the Fourier multipliers

AN = M(WV)N,
N/ N/ C lk
Ay =M{V) e #tlizto

for 3<N'<N—-2and0<c<$(1- \/g) With slight abuse of notation we
identify the multiplier operators with their Fourier symbols. The operator M
is a time dependent Fourier multiplier, introduced in [BVW18], and is defined
to satisfy the following equation:

_M _ K|
M — R2H|E—Kt2)
M(0, k, &) = 1.

That is, M is given as

t
M(t,k,§) = exp <_/ dr k2+(|§kkr)2> .
0

In particular, the operator M is comparable to the identity in the sense that
1> M(t k&) =c

for some constant ¢ and all k£ # 0 (and M (¢,0,¢) := 1 for k = 0).
The operators A thus define energies comparable to Sobolev (semi)norms:
1AY 2z 2 (1 [l
1Y llze = fles 2z v

In particular, since N is sufficiently large, the norm defined by A" satisfies an
algebra property.

4.2 Linear Stability

In this section we study the stability of the linearized version of the equations
(4.4):
01 — 0u0, Ay 'p1 — adepa = v - Agpr,
Oip2 + 0,0,y 'p2 — adopr = k- Aypa, (4.5)
v=(p), k= (10).
The ode tools to establish stability of such systems are well-known in related
systems such as the Boussinesq equations [LWX 21, BBZD23, BZD20, MZZ23,

Zil21b].
Our main results are summarized in the following proposition.
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Proposition 4.4 (Linear stability). Let p > 0, o > %{ and N > 6 be as in
Theorem 4.3. Then the equations (4.5) are stable in H" in the sense that for
any choice of initial data pi, € HY the corresponding solution satisfies

|l oo v+ M1/2Hvtp1”L2HN + M1/2||‘9zp2||L2HN < e_C“t||pm||HN~

1
20

rate for large times is given by u = min(v/3 k). In particular, the coupling
induced by the underlying magnetic field cannot yield enhanced dissipation rates
for both components once the viscous dissipation becomes too large.

As we discuss after the proof, in the case s=v < k < v1/3 the optimal decay

Proof of Proposition 4.4. We note that in this linear evolution equation (4.5) all
coefficient functions are independent of both x and y. Therefore the equations
decouple after a Fourier transform and we may equivalently consider the ode
system

Qb1 — e bt — ikpy = —v(k? + (& — kt)*)pr, (w6
Qe + ey o — cikpy = —kkpo,

for an arbitrary but fixed frequency (k,7n) € Z x R. Since the equations are
trivial for £k = 0, in the following we further without loss of generality may
assume that k£ # 0. Furthermore, after shifting ¢ by %, we may assume that
¢ = 0 and thus obtain a system of the form

8t P1 _ _H% _.I/k2(1 + t2) . ZOék , P1 7 (47)
D2 iak e — Kk D2

where we dropped the hats for simplicity of notation.
In a first naive estimate, we can test this equations with (p1, p2) and obtain
that

2|

TrE 1k?)(|p1* + Ip2l?),

Oe(p1]* + Ip2l*) < (

which already yields the desired decay for times [t| > (uk?)~!. However, a
Gronwall-type estimate on the remaining interval would only yield a very rough
upper bound on the possible growth by

I o
" dt | S (1+ (uk .
’ </t|s<m<2)1 1+¢2 (14 (uk™)™")

In order to improve this estimate, a common trick is to make use of the fact
that |«| is relatively large and to consider

t 1
E= |271|2 + |}72|2 1 +t2§R <mk]91pz> .
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Since || > % this energy is positive definite and comparable to |p1|? + [p2|?,
with a constant which degenerates as |af | 3.

Computing the time derivative of the last term, we note that

t 1
— R (—ppz
1+ <iakp1p2>
l 2
R

o1 :
—vk(l1+t
RGN

b 1
—  _— kk
1+t2 |Oé|l€ |p1||p2|
+ O |p1[p2-

- |p2|2)

+

+

The first term exactly cancels out the possibly large contribution in d;(|p1 |2+
|p2|?). For the second and third term we use the fact that é < 2 and that these
terms can hence be absorbed into the dissipation terms at the cost of a slight
loss of constants, provided that

1
—UV <K
2c
We estimate
1
|t|ka|P1|\p2\ < 3k (L+82)pa + & vk 2|
< SUEP(1+ 1%)|pa|? + K |pel
and
t| 1 8 1 2 1,720, |2
Mk <2 ik
1+t2 |Ol|,€ ‘p1‘|p2|— 1+t2 |a|2‘p1‘ —i_g"€ |p2|
Noting that 0y 1E|t2 = O(t7?) is integrable in time, we thus arrive at

WE SO 2)E —vk*(1+2)|p1* — wk?|p2|?.

Further defining
~ t
P Eexp(/ O(r=2)dr),

it follows that E ~ E decays exponentially in time and that the damping terms
are integrable in time, which yields the desired result. O

We further remark that for ¢ (corresponding to times t + %) such that |t| <
|| (k) =1/ the system (4.7) exhibits fast damping in both components (due to
the coupling by «). However, for times much larger than this (that is, far away
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from %) the decay is limited. Indeed, after relabeling p; — ip; and introducing
the energy E to control contributions by H%’ this follows from the fact that
the eigenvalues of the matrix

are given by

k(2 +t2
A= AT

1
40 S (uk262)2 — a2
7 5 4(,uk‘t) @

In the first case, the square root is purely imaginary and hence R(A;) = R(A2)
is comparable to the stronger dissipation term

—uk?(1 +12).
For large times, instead the same eigenvalue computation yields
Mo k()2 Ay = —pk?

and hence the decay estimates of Proposition 4.4 are not improved to p'/3.
This linear result thus highlights the effects of the coupling induced by the
underlying constant magnetic field and shows which optimal decay estimates can
be expected. In particular, it clearly illustrates that the loss of vertical magnetic
dissipation incurs a change of decay rate compared to the fully dissipative case.

4.3 Bootstrap Hypotheses and Outline of Proof

We next turn to the full nonlinear problem (4.4), where we intend to treat the
nonlinear contributions as errors and make use of the smallness of our initial
data.

Our approach here follows a bootstrap argument, which is by now standard
in the field (see, for instance, [BVW18]). In the notation of Section 4.1.1 we
assume that at the initial time

IAYpl72 + A plIZ2 < coe? (4.8)

for 3 < N’ < N — 2. The constant ¢y = cp(a) > 0 will later be chosen small
enough and tends to 0 as a — % Given this estimate at the initial time, our
aim in the remainder of this section is to establish the following estimates for
the corresponding solution:

e High frequency estimates

AN pul T 2 + ul ANV epilIZa 2 + 1 =57 AV pallF2 2 < €2, (4.9)

AN P2l 12 + ul AN BupaZape + 1/ = 37 AN p2llF2 o < €.

91



e Low frequency estimates

AT pillie 2 + wll AL VepilZepe + I =37 AL pillZop <%

: (4.10)

1AL p2llfoe L2 + 1l AR Dup2lliege + 1\ =37 AR P2lZope <<
By local well-posedness and our assumptions on the initial data, these estimates
are satisfied at least on some (small) time interval (0,7"). In our bootstrap
approach we assume for the sake of contradiction that the maximal time T
with this property is finite. We then show that on that same time interval all
estimates hold with improved bounds instead, which however would imply that
the estimates could be extended for a small additional time, contradicting the
maximality of T'.

With this understanding, we suppress T' in our notation (see Section 4.1.1)
and all L? norms in time are understood to be norms on L?(0,T).

The splitting into high and low frequencies is essential to close the estimates
in Subsection 4.3.3 and Subsection 4.3.4. In particular, we need the e=“#! decay
to bound the so-called reaction error. Moreover, we require strong control of
commutators involving A in order to control the so-called transport error. Both
error terms impose strong restrictions on the energies and do not allow to close
estimates in an easy way. We overcome this difficulty by linking separate energy
estimates in the high frequency part and the low frequency part. On the one
hand, we can use the additional e~** in the low frequency part to our benefit
in the analysis of the high frequency part. On the other hand, the difference in
regularity allows us to control derivatives in the low frequency estimate by the
using high frequency estimate.

Given a solution (py,p2) of (4.4) and letting A = AV, Afy,, computing time
derivatives we need to control

il Apr||22 +2(1 — Ol AVp1 |22 + 2]/ — 2L Apy |2,

< 2(A%py, 0,0 A py + ATV (DY b — vVw)) =: L[p1] + NL[p1],
il A3 + 2(1 — )ul|Adupa|2 + 2l — 2 Apy||2.

< 2(A%pg, —0,0L A py + A IVE(BV 0 — vV4b)) =: Lipa] + NL[pa).

Here we have split contributions into linear (that is, quadratic integrals) and
nonlinear terms (that is, trilinear integrals). Note that the choice of 0 < ¢ <

%(1 — \/%) is made such that 1 — ¢ is not too small to absorb linear effects for

« close to % For later reference, we note that the bootstrap assumptions (4.9)
and (4.10) yield the following estimates:

102A A pllay S $lpll e (4.11)
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and forA:AN,Aﬁ’/

A < _%57
Ap1 £llr2re S 1 (4.12)

1
[Ap2,£llLare S 1 2e.
Furthermore, for the nonlinear terms we will often use the equality

[Av][L2 = [[Apa ||z,
[4b]|z> = [[Apal|L2-

Throughout the following sections, we aim to establish smallness of the con-
tributions by the linear terms L[] and nonlinear terms NL[-]. More precisely,
we establish the following proposition.

Proposition 4.5 (Control of errors). Under the assumptions of Theorem 4.3
suppose that the initial data satisfies the smallness condition (4.8) and let T > 0
be such the high and low frequency estimates (4.9), (4.10) are satisfied. Then
on the same time interval it holds that

/TL[pﬂ + LlpoJdt < 55 (co +1)e* + O™ 'e?),
0

m\u

/NL[p1 + NLpsJdt <

As a consequence, supposing that o > % and e < p%/2, this implies that

both the high frequency and low frequency estimates (4.9), (4.10) improve and

thus T' can only have been maximal if T = co, which proves Theorem 4.3. Thus

proving Proposition 4.5 is our main concern in this section and our proof is split

over the following subsections. The most important estimates, highlighting the

effects of partial dissipation, are established in Subsections 4.3.1, 4.3.3 and 4.3.4.
We note that the nonlinear terms

(Ap1, A7 'VEABV b — vViw)) = —(Av, A(bVib — vV40)),
(Apo, A;7'VEA(BV v — 0V4b)) = —(Ab, A(bV v — vV;b)),

for A= AV, Afy " are all trilinear products involving
Ya2a® € {vvv, vbb, bbv, bub}

and we will use this notation to refer to the specific terms. Since the z-averages
do not experience fast (mixing enhanced) decay under the dissipation, we split
these products as

(Aa', A(a®V,a®)) = <Aa;,A(ainai)¢>
+ <Aa¢, AlaZ Vta¢)>
(Aa;ﬁ, (a;évta )
+ (Aal, A (a¢Vta¢)
where the full splitting is only used for the bvb term.
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4.3.1 Estimate of the linear error

In this subsection we establish the estimate of the linear terms in Proposition
4.5. Here, we use some of the same techniques as in the proof of linear stability
in Section 4.2, but instead focus on establishing quantitative bounds on the time
integral.

Taking a Fourier transform of (4.4) yields

01 — g1 — ikpz = —p(k” + (€ = kt))p1 + FINL[pi]],

i (4.13)
i + frcemihyha — aikpy = —pk’pa + FIN L[ps]].

Recalling the various contributions, we aim to estimate
(A%p2, —0, AT 'pa) + (A2p1,8m8;At_1p1)
k(¢—kt) .
- [ e S (i = 1)

In the following, with slight abuse of notation, we omit the hat denoting the
Fourier transform and only consider k # 0, since for £ = 0 this term vanishes.
Similarly as in the linear stability results of Section 4.2, we note that the
Fourier multiplier a priori is not integrable in time and cannot easily be esti-
mated by the partial dissipation. Hence, we rely on the coupling induced by the
underlying magnetic field to eliminate some of this contribution and to provide
better decay. More precisely, multiplying the equations (4.13) with po, p; and
omitting the hats for simplicity of notation, we obtain the following identity:

1K) = |p2 (k)]

—iar (Priakpy + iakpaps)

—ar 1 (0D + kzi@%mz P2 + pk*Py — FINLps])))

— LB (01 — S py + (UK + (€ — kt)?)py — FINL[p1))
= 727 0e(p1Dy) + p(k? + (& = kt)*)p1Dy + 1k’ p1D,)

— - (p1,p2) - FIA;'VE (Vb — vV40,bV 0 — vV,b)].

Thus we split L into two linear terms and one nonlinear term:

=2 Z / dgA® kzk(fs két)? k0t (p172)

+2 Z / d¢A? kf(ff ’32)2 =1 (2uk? + (€ — kt)*)p1py (4.14)

- 7<Aat Yp1,pa) s AN IV E(DVb — vV 40, 0V 0 — vV4b) )
=Ly + L, +ONL.
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We estimate L, by

k24 (6—k k
L# = 7MZ/d£A2 (2 kZi Et)ki)f (= t)p1p2
k0

- uZ/dgAw’“ HERDER ) 12 | (¢ _ ppy2)bp

K24 (E—k1)2) 3

k0
52 S
< Zusup (222 ) [A0,pal2 | AV 1
< /2L 40, D22 + AV [132),

where we used that

(K24 (E—kt)?) (€=kt) | _ | @+(F=D)(E—1)

3
2

(k2+(—kt)2) 2 (14(£-1)2)
(2+s%)s
<
< Sl;p <(1+52)§)
2
<4/2.

To estimate L1, we integrate by parts in time to deduce that
k(e—k _ _
/dTZ/d§A2 kQ-SE 12)2 a0 (p1P2)
t
-1 2 (E—kt) _
sz / deA k2+(§—kt)2p1p2‘|
kt)
dT*Z/d§p1p28t Qk%(f(g tkt) )

t

Z/dEAQkQ(Efki{;t)Qppo]
0

k

+/d772/d§p1p2]\4"42k2f5 tk)t

el gy /dT*Z/dgplpzA2 sz@kgtv

2
K RCERE =
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So we infer by Holder’s inequality that

/dTZ/dgAQk;i(a klg zakat(p1p2)
< 2 ([Ap1(0)[| 2 [ Ap2(0)l| 22 + | A1 (1) 22 | Ap2(t) | £2)
+ [ Auprll 22 | Ay = poll 22

+ LA = Epi |22 [|A\ — 2| 1212

/LdT—/ONLdT

< 55 (1 4p1 (012 + [14p2(0) 1 Z2)
+ 35 (14p1[ 7 12 + 1 Ap2()[[ 1< 12)

and thus

+ 2 (= 10 AplZ> + u(1 = )10, ApllZ> + I/ =37 AplZ2)-

Using the dissipation estimates (4.12), we therefore obtain
/ Ldr < 5= (co+ 1)e* + / ON Ldr, (4.15)

where the ON L part will be estimated at the beginning of the next subsection.

4.3.2 Immediate nonlinear estimates for AV

In this subsection, we collect some estimates which can be obtained in a straight
forward approach using standard techniques (e.g. see [BVW18]). In particular,
for these terms we are not constrained by the lack of vertical resistivity. For most
estimates we do not aim to establish optimal (mixing enhanced) bounds, since
these bounds are in any case better than the ones involving horizontal resistivity
and hence do not affect the over all stability threshold. In the following we write
A= AN,

ONL estimate: Using integration by parts in space and Holder’s inequality,
the nonlinear contribution in (4.14) can be estimated by

ONL = 2(A0LA; vz, A(bVib — vV40) 2)
+ 2(A0L A by, A(BV v — vV D) )
= <Aat YV @), AbRb—v@v)L)
Z(ADEATN (Vi @bs), Ab@ v — v ®b)2)
S %IIA(v,b)#IILzHA(v,b)IILz-

Recalling the bounds (4.12) and integrating in time we thus obtain that

/ONLdT <uted (4.16)
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Estimates with an z-average in the second component: Let a'a?a® €

{vvv, vbb, bbu, bub}, then we need to estimate the trilinear products

<Aa;,A(a2:Vta§’é)> = <Aa;,A(a2:’18mai)>
S 1 Aag | r2 (| AaZ 1 || £z (| ADza% | 2.

Integrating in time and again using the bound (4.12) yields a control by
/dT(Aal,A(ainag’)) <pted (4.17)

The influence of the underlying x-averaged velocity and magnetic field on the
average-less parts can thus be easily controlled by the dissipation, provided
€ < p. In the following we focus on terms involving ai.

vvv estimate: We first discuss the velocity non-linearity and use the alge-
bra property of HY and the bounds on A to estimate

(Av, Av V) < [|Av|| 2] Avs| L2 || AViv]| 2.
Here, the contribution by |[|[AV,v| 12 is square integrable in time due to the

dissipation (4.12), while ||Avx|[2 is square integrable in time by the inviscid
damping estimates (4.11). Integrating in time thus yields a bound by

/dT<A’U,A(’U¢Vt’U)> <pted (4.18)
vbb estimate: For the contributions by the vbb nonlinearity we intend to
argue similarly, but have to account for the lack of vertical magnetic dissipation

(which we compensate for by using the full fluid dissipation). We may split the
integral as

(Av, A(bx Vb)) = /Ale(blﬁﬁaz + b2’7$aé)b1
+ /AUQA(bL?gaz + b2’¢a;)b2.
For the second term we integrate by parts to obtain
/Ale(bZ#a;bl) = —/A@;mA(bg,#bl) —/Ale(Bébgﬁébl).
Furthermore, since b is divergence-free, it holds that O;bg = —0,b; and hence

(Av, A(bx Vb)) < [[Av| L2 || Abs | L2 [ A0pbl| L2 + [0, v]| 2 | Abxl| 2 ]| Az 2

We may therefore estimate this term using the full fluid and horizontal magnetic
dissipation (4.12) and integrating in time yields a bound by

/dT(Av,A(b¢th)) <puted (4.19)
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bbv estimate: Finally, for the bbv contribution, we may again use the full fluid
dissipation and the algebra property of A (and H) to obtain a bound

(Ab, A(bxVv)) S [|Ab L2 || Aby | 2| AV]| L2
Integrating in time and using (4.12) we thus obtain a bound by

/ dr (Ab, A(b,Vi0)) < p'eb, (4.20)

4.3.3 High frequency bvb term without r-average

Having established several straightforward estimates using the full fluid dissi-
pation, in this and the following subsections we establish bounds for the high
frequency (that is, A terms as in (4.9)) terms involving bvb. For simplicity, we
write A = AN and aim to establish the estimate

(Ab, A(v2 Vb)) < 26,
We split the bvb term according to (non)vanishing x-averages:

(Ab, A(v2 Vb)) = (Aby, A(v2 Vb))
+ (Aby, A(v2 Vb))
+ (Ab—, A(v£Viby)=).

Let us first consider the term without any xz-averages, which can be written as

(Abs, A(v2V b)) = / Aby 2 A((01, 205 + v2200)b1 2)

+ /Ab27¢A((vl,¢8x +'U2’7ga;)b2)¢).

We estimate the second contribution using the algebra property of HYY and that
8;172 = —0,by, since b is divergence-free:

/dT /Ab21¢A(v17¢8z + vz,;ea;)bz,;é

< / ]| Aby 2 22 (| Avy |12 | ABy by

|22 + [|Av 2|12 || AD} ba

|2)

< /dTHAbz,aélle(||Av1,¢||L2||3zb2,¢ |2 + [|Avg, 2 [ L2 (| AD2b1 2| L2)-

Employing Holder’s inequality this contribution can thus be estimated as
/d’T /Ab27¢A((vl,¢8m + ’l)g’#a;;)bz’?g)

< / ]| Aby 2 2| Av | 2| Ayt | 2 (4.21)

< || Aba £ p2r2 || Avel oo 2| ADz b || L2 12

Suolel
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It remains to control the contribution by by », which in view to the lack of
vertical resistivity is the hardest term to control. Since the velocity field v is
divergence-free, we observe that

/Ab1,¢(v¢VtAb1,¢) =0.

Therefore, we obtain the following cancellations and introduce a splitting in
Fourier space:

/Abl,;éA(v#thL#) = /Abl’?g(A(thblﬁg) - (v¢VtAb17¢))

= (k, &)by (K, (A(k,©)—A(L,m))(El—nk)
klkzl;éo// (& mAk, &) éh)\/(k )2 +(E—n—(k—1)t)?
pr(k = 1,& = n)bi(l,n)
=T+ R+R.

Here, the Fourier regions

QT = {|k_l7£ _77| < %”77]'}1

QR = {|lan| < %Ik - lvg - 77|}7
correspond to the the transport (T') or low-high term, reaction (R) or high-low
term and the remainder (R) or high-high term. In the following we omit the #
subscripts.

Transport term: Since |k —1,& — 7| < £|I,n| we obtain that |I,7| ~ |k,¢|.

Without loss of generality we assume that & < 7, since we can use either of the
following splittings

§l—kn=(E—nl—(k=0Dn
=@E—mk—-¢&k-1).
Thus using the second equality we estimate

T < [|0yA; ' pill ]| Aby || 2]|02 Aby || 2
+ Z // (&M Lar Loy eviy>e + Loy eviy<e)
k170

(A(k,§)—AUn))E(—k) _ _
(kag)bl(kag) \/(k—l)2+(f—n—(k—l)t)2p1(k lag n)bl(l,n)a

where we distinguished between 2(t)(k V1) > ¢ and 2(t)(k V1) < &.
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The first case is estimated by using the dissipation and (4.11):

> / (& m)Lar Le<akviy b Ak, §)b1 (K, €)
k,1£0

A(k,§)—A(n)E(1—kK)
e (= bE = mbi )

S (0| Abs || 2| A;  Oupr || poc |0 Aby || 2
S | Aby || 22 [|ADup1 || oo || O Aby || 2
S 1Aby | L2 (| Apa || 22 1|0 Aby || L2

For the second case, 2(t)(k V1) < &, we need to estimate
= M(k, &) (|k, élN —|t,n™)
ML) (AL )1,V
By the mean value theorem, we obtain
|k7§|N - ‘l777|N S N|k - 017£ - 077|N71|k - lv£ - 7I|
SIk=LE=nl(Ln" "+ 1k —1,¢ ="
S.; |k - lvg - 77Hl777|N_1'

For the differences in M we use that for a,b > 0 it holds that |70 —1| < eat0—1

and hence
t
M, (k) _ 7] k|
|M1ln) —1|—|8Xp(/0 B2 REi(e- ;C)'zd)_l'

t
l
S |eXp (/0 l2+(l]Lls)2 + 2 (E‘k: )st) — 1|

Thus for n > & > 2t(k V1) by integrating we obtain that

t t
M, (k,€) 1 1 1 1 _
brac) ‘1<eXp(Z|/O F—ards + u«\/o 1+(f,—s)2ds) 1

+¢) -1

Therefore, we deduce that

S [ adtemas e Atk Ok ¢) ALGALEY
T V (k=12 +(E=n—(k=1)t)?

pi(k =1, =n)bi(l,n)
S 1Ab1 | L2 A Dapr || oo || Aby | 2
S (7 Aby || 2 ([ Aupr || o< (| Aby || 2
S (O A 2| Apr || 2 (| Aba | 2,
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where we used the estimate (4.11). Combining all estimates, we have derived
the following estimate of the transport term:

t/inzsHAmumeHAmewm”A“””Lz (4.22)

Sured,
Reaction term: Since |I,n| < £k —1,£ —n| we obtain |k —1,& —n| ~ |k, &|.
With the identity
§l—kn=1U¢&—n—(k—=0t) = (k=Dn—1t)
and A(k,&) — A(l,n) S A(k — 1, € —n) we infer

R= d 1o Alk. )by (k. £)AED =AU UE—n—(k=Dt) —(k=1) (n=11))
klkX—:l;éO// (& mlan Atk b (k&) (k=2 +(E—n—(k—1)t)2

p1(k = 1,€=n)bi(l,n)
< ||Ab1||L2||Aa;A;1p1||L2HambIHLOO
+ ||Abl||L2||AA;1P1||L2Haf,aibl”mc
+ ||81Ab1||L2”AA;1p1”L2HazazrbluLoc-

We split 8; = 0y — t0, and use the definition of the low-frequency multiplier
AN' to estimate

1002) 20 b [| oo < 110)2Bybr [l oo + [(e) 24001 [| Lo
< AN by 2
< te | AN by || 2

S u AL bl ze.

Therefore, integrating in time yields the estimate

/ Rdr < || Aby |2 (JAGLAT pa e | Ab |1 1)

+ T | A b || 22 || AN pul| o2 AN by | o 12 (4.23)

_3
2-

Selu

R term: We consider the Fourier region where
Thus, we have the bounds |k,&| < |I,n] and A(k, €
Furthermore, we note that

~—00|=

&l —nk < |1,n]?,
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and thus estimate the remainder terms as
R= Y [ denacamonke
k.1, k—1£0

(A(k.&)— A(Ln)) (E1-nk)
Vo7t (kb= b

S 1Ab [l 2| AN pall 2 | A%D1 ]| o
< by 22 [ AAT  pa| 2| Aby | 2.

Hence after integrating in time, we deduce that
/Rg 1Ayl 222 /=2 Apy |l o2 | Aby [l o 22 < i 3e5. (4.24)
Combining the estimates (4.21), (4.22), (4.23) and (4.24), we finally conclude
that
(Aby, A(vpVibs)z) S pm 2. (4.25)

4.3.4 High frequency estimates for bvb terms with z-averages

In this subsection we aim to estimate the remaining terms in the bvb integrals,
which involve z-averages. We consider the two terms

(Abs, A(vxVib=)2) + (Ab=, A(v£V:ibxz)=)
= <Ab1,¢,A(v¢th17:)¢> + <Ab1,:,A(v¢th1’¢):>7

where we used that by — = 0, since b is divergence-free. Using integration by
parts and the fact that v is divergence-free, we obtain that

(Aby 2,02V Aby =) + (Aby =, vV Aby 2)
= (vz, Vi(Aby —Aby +)) = 0,
and thus
(Ab1, £, A(v£ Vb1 =)) + (Aby =, A(v£ Vb1, 2))
= <Ab1 #9 A(U;évtbl _) - U;,gvtAbl _> + (Abl = A(v;ﬁvtbl 73) — ’U;évtAbl’;£>

=3 [ atem A (b AEEACDD 1y 0,1)

k 2
pors +(§—n—kt)

=S // (€, ) A(0, )b (0,€) AGIAGICKE (1 ¢y (— ),

VE2H(E—n—kt)?

Again we split this integrals into the transport 7', reaction R and remainder
terms R with the same definition of sets in Fourier space:

Qr = {|€ —n| < |},
Qr = {|n < 1€ —nl},
Qr = {&[n] < € —n| < 8n|}.
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Transport term: Since [ — 7| < £|n| we obtain that || ~ [¢].
In our estimates, we distinguish the cases £ Vn < 2k(t) and &V n > 2k(t).
In the first case, £ Vi < 2k(t) we obtain a bound by

S [ atemar tevncrin Ak b (k&) MELACDIL, (¢ — gyt (0,1)

k0
+3 [ [ e miartemenn A, b (0.6 SELALDUE,, (1 ¢ — gty (~1, 1)
k0
< U Ab_ || 2 1207 Pl by 4] 2o

In the case £ V i > 2k(t), we instead estimate

A(k,€) — A(0,n) < M(k, ) (2 + k)% — N
= (M(k,€) —1)(E + k)T + (€2 +4?)

Since £ > 2k(t), in the first summand we may bound

t
0

<l<l
~E&~n’

N
2 — ).

By the mean value theorem we further infer
(E+1)F = < (€= + 17 k&= nl S |k & —nl(& +#)"T
Thus, using that k£ < & <, we deduce that

Ak, €) = A0,7) < |k, € = nln™ 1,
A(k,n) — A0,8) < |k, & —nln™ 1,
where the proof for A(k,n) — A(0,£) is analogous. Finally, we obtain

(Abes, Lo Ly> ke A(vz Vieb=)) + (Ab=, 1o, 1n>ke A(v£ Vibe))
S [ e mAGh. €001 () AT €~ i (0.1)

k#0
[k,&—nln™ ! B
+kzﬂ// (£,1m)A0,£)b1(0,€) \/#pl(k,g )b (k, )

SN Ab—|| Lo AN 1 2| 2 ]| Aby £l 2
S N Ab—|| Lo [|AA, "1 2 12 ]| Aby £ 12,

and integrating in time yields the desired bound:
/(Ab;,é, 1o, A(vxVib=)) + (Ab=, Lo, A(v£Viby))dr

Suoled

(4.26)
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Reaction term: Since || < £|¢ — | we obtain | — | ~ || and thus
= (Abs, 10, A((v£Vib=) — vV Ab_)) + (Ab—, 1q, (A(v£Viby) — vV Aby)—)
< Z//df Mo Ak, E)b (k. €) (W”’ 1 (k. € — n)bu(0.1)

k0
+§O//d£n 1o, A(0,8)b1 (0, §)<A\(/0k§ LA kt p1(k, & —n)bi(—k,n)

S [1Aby 2] 22 | A0e Ay p1, 2 22 19y br | e
+ [ Aby |22 (| 40,07 Ay pr izl L2 19761 2 o

Expressing 0, = 8;—&-1581, in terms of the time-dependent derivatives, at this point
we require the splitting into high and low frequency estimates. More precisely,
using the additional time decay of the low-frequency part, we estimate

140,07 Ay 1 2l < 140,07 AT prellce + I AAT pr ]l e
S 1Ap1 £l + ] AN 12l 22

and using the definition of Af)’ " we can absorb the growth of the factor ¢ at the
cost of a power of u:

10261 2| e < AN by 2|2
S e AN by 4 1o
S T AN by ).
Thus we obtain
RS ANpy 2] o AN by |2 | AN by 4| 2
+ T AN Dy |2 | AN e 2 AN by 2 .

Integrating in time then yields the estimate
/RdT < e, (4.27)

R term: The remainder term R can be estimated by the same argument as
in the case without z-averages in Subsection 4.3.3.

Combining the estimates (4.26), (4.27) and (4.25), we conclude that the bvb
term can be controlled as

Nlw
w

(Ab, A(v£ Vb)) S p™2e”. (4.28)

4.3.5 Low frequency estimates

In this subsection we establish the estimates on the low frequency errors. For
simplicity of presentation we present the proof of these estimates for the bvb
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nonlinearity. The estimates with an z-average in the second component are
analogous to the ones in Subsection 4.3.2. The arguments for the vvv, vbb, bbv
or ONL trilinear terms are also analogous.

We aim to establish the bound

(AN'D, AN (v, Vb)) S pm2eP,

and, as in the previous section, separately discuss the transport, reaction and
remainder term.
For the transport term, we note that

vV = ViAT ;v
= VlAt_lplv.
Hence, we may rewrite
(A b, AT (02 Vb)) = (A b, ATV (VA py Vb)),
In a first step, we estimate the b term by using the algebra property of AN K
(AN'D, AN (VAT py Vb))
< AN bl ot (AN VAT gl 2 [ Vbl e +
VA 1zl | A Vb 2)
< AN Bl 1AV A  przll 2 AN bslle + AN AL pr £l 2| AV b4 2).
Integrating in time then yields the estimate
/dT<A2ﬂb, Af:[/ (v£Viby)) < poed, (4.29)
Furthermore, we estimate the b— term by partial integration and the algebra
property of AN
(AN'D, AN (VAT py Vb))
= —(AN'by 2, AN (0, A7 pr 201 2))
= (0. AN bz, AL (A pr20,b1.2)
<1102 AL b1 22 (| AN A p1 2] 219y~
+ (A7 gl o= 19y b < 2)
S10:AY bzl o2 (1A A7 prgl pl|AY b= 2
AN AT Pl l| AN byl 22).

Integrating in time then yields that

/dT(Ag/b¢,ALV/(U¢th:)) < puEEd (4.30)
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This concludes our proof of Proposition 4.5 and hence of Theorem 4.3. More
precisely, the claimed estimates for both AN and Af:/ " are obtained by combining
the respective linear estimate (4.15), the high frequency nonlinear estimates
(4.16), (4.17), (4.18), (4.19), (4.20), (4.28), and the low frequency estimates
given in (4.29) and (4.30).

We emphasize that the stability threshold of % is determined by the estimates
for the action of the v- Vb nonlinearity in the estimate (4.28) and, in particular,
by the estimates of the reaction terms (4.23) and (4.27). These estimates are
expected to be optimal and together with the linear estimates of Section 4.2
highlight the effects of the lack of vertical resistivity.

The partial dissipation case considered in this article

Ky =0, vy =vy =K, >0,

shows the large impact of (partial) magnetic resistivity on the behavior of the
MHD equations and the (de)stabilizing role of the magnetic field. As mentioned
following Theorem 4.3, more generally our methods of proof extend to the case
where x, is bounded below in terms of v:

1
1/3
v,'" 2 Ky > 20

The complementary regime, where , tends to zero quicker than v, remains an
interesting topic for future work. The limiting case, x, = 0, and the associated
instability is discussed in the following section.

4.4 Instability of the Non-Resistive MHD Sys-
tem

As a complementary result, in this section we consider the non-resistive MHD
equations and establish the instability estimates of Proposition 4.2.

4.4.1 Linear instability

We begin by studying the linearized MHD equations with isotropic viscosity
and vanishing resistivity:

Oep1 — 89;8;At_1p1 — a0ypa = vApy,

e (4.31)
Osp2 + 050, A, "p2 — aOzp1 = 0.

Lemma 4.6 (Quantitative linear instability of the non-resistive MHD equa-
tions). Under the assumptions of Proposition 4.2, for the linearized equations
(4.31) there exists initial data p;, such that

POl ey = tgtzlpinll v,
s (4.32)

2
()| -1 > tgiz |Pinll -
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Furthermore, for all solutions such that at time T it holds p(t) € HY , then we
obtain

P~ S (w(t = 7)Ip(r)[| (4.33)
forallt > 7.
Proof of Lemma 4.6. After a Fourier transform (4.31) yields

Tras 5P (k) + akpa(k) — v(k® + (€ = kt)*)p1 (k)
: (4.34)

I

atpl(k) =

3tp2(k) =

Here, in order to simplify notation we have relabeled py — ips so that we obtain
only real-valued coefficient functions.

For the lower bound we fix k = —1 and £ > 30‘72 and choose p1(0,%,&) = 0,
p2(0, k,&) = 1. In this case, the Duhamel integral formula yields that

t 2
p1 = —a/o dry 4/ % exp(—v(t — 7+ 2((t+£)° — (11 + ©)*)))p2(1),

and that

14(t+€)2
b2 — 1(+52€)

2
= —ak/ dry 11++((72fg) zp1(72)

1 1+(7
=t [(an [ VI )
-exp(—

v(r =11+ (12 +€)° = (11 +6)%)))

Denoting [pz2|eo(t) = supg<,<; [p2(7)], the double integral term can be bounded
by

02 [palse / . / dryexp(~v(my — 11 + L((m2 + €7 — (m + £)%))).

Furthermore, we may estimate
t t
/ . / drs exp(—v(rs — 71 + ((r2 + ) — (11 +€)%)))
0
/ dr, / dry I cxep(—v(ry — 71+ L((72 + € — (m + )

< / dny / dry S ep(—v(my — 11 + L((72 4+ €)° — (11 + ©))

IA

L / dri e ep(—v(7 — 1+ 3 + € — (n + )R,

IN
A
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Hence, we obtain that

2 2
Ip2 — 4/ %m,m\ < Jelp2loe =1 clp2e,

For later reference we note that ¢ = 3—2 satisfies 0 < ¢ < % and hence 0 <
1

5
Then it follows that

c
l—c —

2
Ip2| < ¢|p2|oo + %MDQ,M,

2
and, since £ > 0, the function 4/ % is monotonly increasing in time. This
implies that

14(t4£)*

[p2]oe < T—e “Trer|p2in

Hence we infer

e ¢ (62
|p2 1+¢2 p2,zn‘ S 1_c 1+¢2 ‘p2,zn|

<1 [irere)?

=3 1é2 p2,in -
2
Since 0 < 1% < %, p2 is comparable to %pgym.
We next keep kK = —1 fixed but combine this construction for different £.

More precisely, let a(§) be such that suppg(a(€)) C [30‘72, 40‘72] and [ (24 €2)% a?(€) =
1. Then for the initial data

Pin(k,§) = 1x=—1a(§)

it holds that

”pzn”HN =1,
PO~ = tgaz,
S8a

2
Ip@ N v-1 = t3557,

which proves (4.32).
We prove the upper bound in three steps

L Lett>7>v 1+ %, then we estimate |p|(t) < (v(t — 7)) |p|(T).
2. Let v~ 1+ % >t>7>-v i+ %, then we estimate |p|(t) < |p|(7).
3. Let —v~1 + % >t > 7, then we estimate |p|(t) < |p|(7).

From (1-3) estimate (4.33) follows directly. In the following, we prove (1-3).
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1. Lett>7>v 1+ % Then we obtain

t— &
Ailpl* < m|p2|2

€

+( 21-|—(t £y2

= 20k*(1+ (t = £)%))|paf®

t77

<2W|P2| :

Thus we obtain by Gronwall’s Lemma

_£
mﬁu>s1;éf%rm|<>

< BB e D )
< (1 SR ()
< 2(u(t = 7)2Ipl(7).

2. Let v=1 4+ % >t>7> vl 4 % We define the energy
= ‘p|2 + % 1f52P1P2~
As a > %, F is positive definite with
(1-5)plP <E<(1+35)pf
Then we derive in time and infer
2
O F +vk*(1+ s%))p? = %(11;752)2]91292
+ 2vksp1ps

< ZEenpe
+ 2up3 + vk(1 + s°)p}

This further implies that
(9,5 (1+52 =+ I/)E

By Gronwall’s lemma we infer

E(t) < exp(C / Tz +vdn)E(r)

exp(C(m + 2vv~ 1) E(1)
E(7).

AN

Therefore, we obtain that

pl(®) < [pl(7)-
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3. Let —v— 14+ % >t > 7. Then we obtain that

3
t—%
1+(t—%)2

t—&
+ (2t — 2R+ (= )
<0.

Olp|* < 2 pa|?

Thus we arrive at the desired estimate

Ipl(t) < Ipl(T).

4.4.2 Nonlinear norm inflation

We next consider the nonlinear non-resistive MHD equations in their perturba-
tive form around the stationary solution (4.2):

D1 — 0,07 1 — adups = VA1 + VAT (BVid — vV 0), (435)
Opa + 0,05, ' pa — adypr = VA, (BV0 — vV4h). '
The following lemma establishes the norm inflation result of Proposition 4.2.

Lemma 4.7 (Nonlinear norm inflation for the non-resistive MHD equations).
Under the same assumptions of Proposition 4.2, we consider the mon-resistive
nonlinear MHD equations (4.35). Then for all C = C(v) > 1 there exists g > 0
such that for all 0 < € < g9 there exists initial data p;, such that

[pinllay =¢
and
||p||LooHN > eC.

Proof. For the sake of contradiction we assume that there exists €9 > 0 such
that for all 0 < € < g¢ and for any choice of initial data with ||p;n|| g~y = € it
holds that

||p||LooHN S 50.

Our plan is to choose initial data such that for a choice of € and ¢ we obtain
a contradiction to this bound. In particular, we choose p;, as the data of the
linear instability result, Lemma 4.6, such that the associated linear solution py;,
satisfies

Ipinlla~ = e,

2
prin ()| pv—1 > tp—.
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Let S(7,t) be the solution operator for the linearized system. Then in view
of (4.33) we have the estimate

1S(m Ol ay sy S (Wt —7)) < (vt). (4.36)
Thus, since
at(p - plln) S L(p - plln) + NL[P];

we deduce that
t
1P = Prinl|Fv - S/ 1S(T, )|~ v |12 = pranll gy -1 [Pl gy -1 | Vepl| v -1
0

t
S o= punll s ol ol [ (o)
S 2 (wt)eC?|lp — puinll Lo v -1
This yields the estimate
Ip = prinl| e v < C(ut)e*C,
for some C. Finally, we obtain

||p||HN_1 > ||plin||HN—1 — ||p —plmHLooHN_l
> ||puinl| v — 2 (vt)e2CC?

2

> te(5r — t2(vt)eC?).

This completes our proof by contradiction provided this term is large enough
for a given small ¢ and suitable time. Indeed for the choice ¢ <
the time ¢t = 203234 it holds that

v

v

1 v
8 323C4C 10 at

2

[pllgy-1 > $tzoze > Ce.

This concludes our proof of the nonlinear norm inflation and hence completes
our proof of Proposition 4.2. O

The behavior of the MHD equations and, in particular, the interaction of
shear flows, the magnetic field and dissipation are an area of current active
research [Lis20, Dol24, ZZ24, KZ1]. However, prior works have focused on cases
where the resistivity is at least as strong as the fluid viscosity and where thus the
behavior is closely related to that of the Navier-Stokes equations. In contrast,
the non-resistive MHD equations exhibit additional instability, as for instance
shown in Proposition 4.2.

Motivated by this dichotomy, in this article we have studied the anisotropic,
partial dissipation regime

Ky =0, kg = Uy =1y
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and the associated stability threshold in the inviscid limit. As shown in The-
orem 4.3 and highlighted in the estimates of Sections 4.2, 4.3.4 and 4.3.3, this
partial dissipation regime behaves qualitatively differently than both the fully
dissipative case and the non-resistive case. Moreover, our analysis crucially used
the coupling of the velocity field and magnetic field induced by the underlying
magnetic field, which allowed us to obtain improved estimates for the magnetic
field despite the lack of the symmetry of the dissipation.

Partial, anisotropic dissipation in the MHD equations is thus shown to give
rise to distinct regimes with different (in)stability properties and demonstrates
an intricate interplay of shear dynamics, magnetic interaction and anisotropic
dissipation. A more complete understanding of all these regimes, the case of re-
sistivity vanishing faster than viscosity and a characterization of the (in)stability
properties of the ideal MHD equations remain exciting questions for future re-
search.
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Chapter 5

Sobolev Stability for the 2D
MHD Equations in the
Non-Resistive Limit

This chapter is the preprint [K].
NIKLAS KNOBEL

Abstract. This chapter considers the stability of the 2D magneto-
hydrodynamics (MHD) equations close to a combination of Couette
flow and a constant magnetic field. We consider the ideal conduc-
tor limit for the case when viscosity v is larger than resistivity k,
v > k > 0. For this regime, we establish a bound on the Sobolev
stability threshold. Furthermore, for x < v3 this system exhibits
instability, which leads to norm inflation of size VK3,

5.1 Introduction
The equations of magnetohydrodynamics (MHD)

oV +V . -VV +VII=vAV + B-VB,
0B+ V-VB=rAB+B-VV,
V- V=V-B=0,
(t,z,y) ERT x T xR =: Q,

(5.1)

model the evolution of a magnetic field B :  — R? interacting with the velocity
V : Q — R? of a conducting fluid. The MHD equations are a common model
used in astrophysics, planetary magnetism and controlled nuclear fusion [Dav16].
The quantities v,k > 0 correspond to fluid viscosity and magnetic resistivity.
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The pressure II :  — R ensures that the velocity remains divergence-free. A
fundamental problem of fluid dynamics and plasma physics is the stability and
long-time behavior of solutions to equation (5.1) and in particular stability of
specific solutions. We consider the combination of an affine shear flow, called
Couette flow, and a constant magnetic field:

Vs = yer,

B, = ae;.

In particular, the solution combines the effects of mixing due to shear and
coupling by the magnetic field. The Couette flow mixes any perturbation, which
leads to increased dissipation rates, called enhanced dissipation, and stabilizes
the equation. The coupling with a constant magnetic field propagates this
mixing to magnetic perturbations. However, the magnetic field weakens the
mixing, especially if viscosity is larger than resistivity, inviscid damping gets
counteracted by algebraic growth for specific time regimes.

In the related case of the Navier-Stokes equation, that is when no magnetic
field is present, one observes turbulent solutions as viscosity reaches small values.
In contrast, the linearized problem around Couette flow is stable for all values of
the viscosity. These phenomena are known as the Sommerfeld paradox [LL11]
and highlight instability due to nonlinear effects. In [BM1ba, DM23, DZ21,
BM14, 1J13] various authors show sharp stability in Gevrey 2 spaces (spaces
between C'*° and analytic) for the inviscid case v = 0. The nonlinear instability
can be suppressed by the viscosity for initial data sufficiently small in Sobolev
spaces, ensuring stability [BVW18, MZ22, BGM17].

When considering the MHD equations without Couette flow, the constant
magnetic field stabilizes the equation. The dynamics of small initial perturba-
tions of the ideal MHD equation around a strong enough magnetic field is close
to the linearized system [BSS88]. For stability in several dissipation regimes we
refer to [WZ17, RWXZ14, HXY18, RWXZ14, Sch88, CF23, Koz89] and refer-
ences therein. However, global in time wellposedness for the non-resistive case
is still open (see the discussion in [CF23]). Furthermore, a shear flow leads to
qualitatively different behavior and instabilities [HT01, HHKL18].

Recently, the MHD equation around Couette flow has gathered significant
interest [Lis20, KZ1, ZZ24, Dol24, KZ2|. Already on a linear level, the behavior
of the MHD changes for different values of v and . In [Lis20] Liss proved the
first stability threshold for the MHD equations. He considered the full dissipa-
tive regime of kK = v > 0 and proved the stability of the three-dimensional MHD
equation for initial data which is sufficiently small in Sobolev spaces. For the
analogous two-dimensional problem, Dolce [Dol24] proved stability in the more
general setting of 0 < k3 < v < k. In [KZ2] Zillinger and the author considered
the case of only horizontal resistivity and full viscosity and established stability
for small data in Sobolev spaces. For the regime of vanishing viscosity v = 0
and non-vanishing resistivity £ > 0, in [KZ1] we constructed a linear stability
and instability mechanism around nearby traveling waves in Gevrey 2 spaces.
In a corresponding nonlinear stability result, Zhao and Zi [ZZ24] proved the
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almost matching nonlinear result of Gevrey o stability for 1 < ¢ < 2 and for
sufficiently small perturbations.

The results mentioned above on stability around Couette flow focus on the
setting when resistivity is larger than viscosity ¥ < k. Indeed in the setting
v > 0 and k = 0, the magnetic effects dominate leading to a linear instability
mechanism and thus a growth of the magnetic field by vt for specific initial data
[KZ2].

In this paper, we consider the setting 0 < x < v. In particular, this also
includes the non-resistive limit x | 0 independent of v. To the author’s knowl-
edge the stability of the regime x < v has not previously been studied for the
MHD equation around Couette flow. To state the main result, we define the
perturbative unknowns

v(z,y,t) = V(z+yt,y,
b(x7y7t) = B(l‘ +yt,y,

)
)

where the change of variables z — x + yt follows the characteristics of the
Couette flow. For these unknowns, equation (5.1) becomes

t_VS7
t)—-B

S

O + voe] — 2337A;1Vtv2 =vAw + alyb+ bVib — vVv — Vi,
Oib — boeq = kAb + adv + bViv — vV4b, (5.2)
vt"U:vt'b:O.

Due to the change of variables the spatial derivatives become time-dependent,
ie. 8; =0y —t0z, Vi = (81.,6;)T and Ay = 02 + (8;)2.

For equation (5.2) we establish Lipschitz stability for initial data which is
sufficiently small in Sobolev spaces, in the sense that there exists a bound on
the initial data g9 = £o(v, k) and a Lipschitz constant L = L(v, ) such that for
initial data which satisfies

[(v, B)inllmx = € < &0,
the corresponding solution is globally bounded in time by
10, b))~ < Le.

For the non-resistive case, k = 0, global wellposedness is an open problem and
so Lipschitz stability in Sobolev spaces is unclear. Thus, naturally the question
arises, which eg and L are optimal and how they behave in the limit v, s | 0.
We denote a Sobolev stability threshold as 71,7 € R, such that for ¢g =
coV " k72 with small ¢y > 0 we obtain

This extends the common convention in the field (eg. see [BVW18]) to allow for
two independent parameters v and k. In particular, it agrees with the common

(0,0)in|| g~y < o' K7 = stability,

(0, 0)in || gy > cov™ k72 — possible instability.
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convention when restricting to the case v ~ k. It allows us to discuss cases
where k tends to zero much quicker than v. Establishing a possible instability
is highly nontrivial since for the nonlinear setting it is difficult to construct
solutions that exhibit norm inflation. To the author’s knowledge, there does
not exist any nonlinear instability result for the MHD equation around Couette
flow in Sobolev spaces.

For accessibility and simplicity of notation, we state our main result as the
following theorem (see Theorem 1 for a detailed description).

Theorem 5.1. Consider o > %, N > 5 and a small enough constant cy =

co(a) >0. Let 0 < k < v < 55(1 — i)%, then we obtain Sobolev stability for
initial data which is sufficiently small in Sobolev spaces, where the estimates
qualitatively differ for the regimes k > v> and k < v3. More precisely:

o In the regime of v® < k, for all initial data which satisfy
(v, B)in|l g~ =€ < cor2K?,
the global in time solution (v,b) of (5.2) satisfies the Lipschitz bound

sup [[(v,0)(t)[[ g~ < &
t>0

e In the regime of v3 > k, for all initial data which satisfy
%

||(Uab)in||HN =& S COV_%I'Q ,

the global in time solution (v,b) of (5.2) satisfies the Lipschitz bound

sup [|(v, b)(t)|| v S viFe.
t>0

=

In particular, we obtain Lipschitz stability for the Lipschitz constant L ~ max(1, vk
for the smallness parameter eg =~ min(yﬁ K2 , y*%/{g).

)

In the proof, we employ an energy method similar to [BBZD23, MZZ23,
Zil21b, Dol24, KZ2]. In the following, we outline the main challenges and nov-
elties of the proof:

e The imbalance of resistivity x and viscosity v yields two cases v < k and
v3 2 k (or equivalently 1 < v~ orl > VKJ_%). These cases give different
values for L, namely 1 and VETE. By Proposition 5.3, the norm inflation
of vk~ 3 appears in the linear dynamics and thus is sharp.

e We consider the case v® > k. On certain time scales the viscosity is so
strong that fluid effects get suppressed while the effects of the magnetic
field dominate. Thus, the term 0;b = e1by in (5.1) generates algebraic
growth in specific regimes (see Subsection 5.2). Estimating this linear ef-
fect yields the norm inflation by L = vi~5. The algebraic growth appears
on different time scales depending on the frequency, a precise estimate of
the nonlinear terms is necessary.
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e For the case v® < k the algebraic growth is bounded by a finite constant.
In the subcase v = k the sum of the threshold parameters is 71 + 72 =
% which is a slight improvement over % in [Dol24]. This improvement

is attained by the choice of our adapted unknowns which changes the

structure of the nonlinearity.

e In the proof of Theorem 5.1 we perform a low and high frequency decom-
position @ = ap; + G- For high frequencies, the nonlinear term consist
of ajow Viani, called transport term and ap;V:a, called reaction term (in-
cluding hi — hi interactions). Compared to the Navier-Stokes equation,
in the case of the MHD equation, it is vital to bound the transport term
precisely. In particular, for x < ©3 the previously mentioned algebraic
growth affects the estimate of the transport term strongly.

e The threshold is determined by the nonlinear term vVib = Ay IVLp, Vb
acting on b in (5.2), for the natural unknown p; = A; 'V4v (which we
discuss later in more detail). In our estimates we rely on two stabilizing
effects, the strong viscosity of v and the A, Y in front of p;. For the non-
linear term vV.b both effects fall onto v. Due to the weaker integrability
of the b this term determines the threshold after integrating in time.

With the main challenges in mind, let us comment on the results:

e The size of the constant magnetic field a > % results in a strong interaction
between v and b. Due to this interaction, the decay in v and growth in b are
in balance (see Lemma 5.2). Constants may depend on « and degenerate
as o | % For example we obtain hmai% co(a) = 0.

e Figure 5.1 shows which areas stability has been proven. The graphic
shows only qualitative behavior and after rescaling we obtain the same
graphic. The resistivity « is on the vertical axis and the viscosity v is on
the horizontal axis. We prove stability for the regime 0 < x < v, which we
divide into two segments: v® < k in orange and v® > & in red. In [Dol24]
Dolce considered the regime of 0 < (%/{)3 < v < Kk, which is in blue. The
authors of [ZZ24] considered the line v = 0 which is in purple. The black
line corresponds to v = k > 0 of [Lis20].

Stability for the regimes 0 < v < (1;6/{)3, k=0 <vand k = v =0 remain
open. For the set 0 < v < k3, we expect that an adjusted application of
the methods used in this article yield stability. We expect stability for the
case Kk = 0 and 0 < v to be very difficult since we obtain linear growth for
the py variable. For A, 112 we obtain linear stability but then there is no
time decay in the magnetic field and so we lack an important stabilizing
effect. In the inviscid case, kK = v = 0 the linearized system is stable in the
p variables. However, due to the lack of dissipation, it is very challenging
to bound the nonlinear terms.

e Our threshold consists of parameters y; and 7. An alternative notation
is to impose the relation v ~ k% for some 0 < § < 1. With that convention
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v

Figure 5.1: Sketch of areas with results for stability.

we obtain stability if ¢ < cor?®) for

1, 36 1

1, o > 1

v=0 2tk 025
3 — 120 otherwise.

The remainder of this article is structured as follows:

e In Section 5.2 we discuss the linearized system. We identify two different
time regions where “circular movement” or “strong viscosity” determine
the linearized behavior. We estimate both effects separately and then
establish the estimates for the linearized system.

e In Section 5.3 we prove the main theorem. We employ a bootstrap ap-
proach, where we control errors in Proposition 5.4. The main difficulty is
to bound the linear growth and the nonlinear effect of vV;b acting on b.

Notations and Conventions

For a,b € R we denote their minimum and maximum as

min(a,b) = a Ab,
max(a,b) =a Vb.

We write f < gif f < Cg for a constant C' independent of v and . Furthermore,
we write f ~ g if f < gand g < f. We denote the Lebesgue spaces LP =
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LP(T x R) and the Sobolev spaces HY = HYN(T x R) for some N € N. For
time-dependent functions, we denote LP H® = LY H® as the space with the norm

Hf”LpHS = H”fHHS(TXR)HLP(O,T) ) (53)
where omit writing the T. We write the time-dependent spatial derivatives

d% = 0, — t,,
vt = (836’6;)T7
A= 02+ (L)%,

and the half Laplacians as

The function f € HY is decomposed into its = average and the orthogonal
complement

foly) = / f(,y)da,
f==Ff—Ff=

The adapted unknowns

For the following, it is useful to change to the unknowns p; » = A, 1V#-fu¢ and
P24 = A;lv,f-b#. However, since A; 'V} is not a bounded operator on the
average, we define

pr+ = A Vivy,

P1,=="1,=,
Pz =N Viby,
p2==b1—.

Thus (5.2) can be equivalently expressed as

Oip1 — 33;8;At_1p1 — al,pe = vApy + At_lv,f‘(bvtb —vVv),
&gpg + 315';At_1p2 — a@mpl = HAtPQ + At_lv#(bvtv — thb), (54)
p|t:0 = Pin-

These unknowns are particularly useful since

[Ap1]|z2 = [|Av]| 2,
[ Apz||z> = [|Ab][ 2,
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for all Fourier multipliers A such that one side is finite. We note that we can
recover vx and b from p by

Uz = 7At_1v#_pl,7é
by =—A;'Vipzz

The operator A, 1Vf‘ can be seen as the perpendicular Riesz transform shifted

in time on frequency space applied to either a vector or a scalar. It satisfies
(A7'VH) o (A;'VE) = —1d in HV.

5.2 Linear Stability and Norm Inflation

In this section, we consider the behavior of the linearized version of (5.4):

Op1 — 6956;At_1p1 — a0yp2 = VA1, (5.5)
Owp2 + 6956;At_1p2 — a0yp1 = KAps. .

For this equation, we establish the following proposition:

Proposition 5.2 (Linear energy estimate). Consider o > %, N >0and0 <
k < v. Let py, € HY with pin— = [pindz = 0, then the solution p of (5.5)
satisfies the bound

—end _1
@)~ < e (1 + ve™3)||pinl| a- (5.6)

Furthermore, we obtain for specific initial data norm inflation of vk~ 3. The
proof uses Lemma 3 from [KZ2].

Proposition 5.3 (Linear norm inflation). Consider o > 3, N > 1 and v >
max(2k, /*i%), then there exist initial data p;, and such that at the time T = K3

the solution p of (5.5) satisfies

—1
(D) [ 2 ve™ 3 [pinl g - (5.7)

For the proof of the propositions, we perform a Fourier transform (z,y) —
(k, &) and replace p; by ip;. Hence the system (5.5) can be equivalently (for
k # 0) written as

i &

Op1 = —ﬁm — akpy — vE* (1 + (t — %)2)1717
: (5.8)

Osp2

__t—% 2 €42
= 1+(t—§)2p2+akp1 —KES(L+(t — )7 )p2.

Here, with slight abuse of notation, we omit writing the Fourier transformation.
This equation has several effects that appear in different regimes of t — %, which

we discuss in the following. The effect of circular movement appears for |t — %| <

v~! and the effect of strong viscosity for v=! < |t — %| < k3. Then before
proceeding to the proof of the propositions, we briefly sketch these effects.
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Circular movement

To highlight the effect of the constant magnetic field « in (5.5) we consider the
toy model

Oipr = —akpy, (5.9)
Oip2 = akp. '

This is solved by
_( cos(akt) —sin(akt) .
p(t) = ( sin(akt)  cos(akt) Pin-

We call this effect of the constant magnetic field (5.9) circular movement, which
leads to a transfer between p; and py. This circular movement is counteracted
by viscosity for times away from %

Effect of strong viscosity

Let us consider the case when 0 < k < v and for simplicity of notation let k = 1
and & = 0. Due to the viscosity, we obtain p; ~ 0 for large times ¢t > tg > 1.
Then from (5.8) we deduce the toy model

02 = (i — (1 +1))p2. (5.10)

The first term in (5.10) leads to linear growth until the resistivity is strong
enough for the second term to take over. This is seen in the explicit solution of
(5.10)

t
pa(t) = 7((;)) exp (—Ii/ 1472 dT) pa2(to)-
to

This is estimated by

1
pa(t) Sty kT o tpy (t),

~

which corresponds to the maximal growth which we obtain. In the following,
we will see that ¢y ~ v~! is the time after which viscosity dominates. The
reader may expect that the enhanced dissipation timescale v=3 would be the
relevant timescale, but the combination of circular movement and the viscosity

gives enough decay for ps such that the linear growth gets suppressed until the

time v~ 1.

Proof of Proposition 5.2

Proof. For simplicity of notation, we introduce the new variable s =t — % and
initial time s;, = —%. Then equation (5.8) reads

dsp1 = — 12 — akps — vE*(1+ s%)p1,
Ospz = 1557p2 + akipy — kK> (1 4 5%)pa.
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Further we change the unknown to p = exp(5k?(s — sip + 5(s* — s3,)))p. For

k=4 and v = v — g, this yield the equation

Ospr = — 52 P1 — akpa — UK (1 + s%)p,

P2 = TimP2 + akpry — RE* (1 + s°)pr.
Let us denote so := v~ ! and in the following, we distinguish between times
|s| < sg and |s| > sg. We first consider the case s;, < —sg. For |s| < sq, the
circular movement is not suppressed by the viscosity.

We define the energy F = |p|2 ak 1+32p1p2, then F is a positive quadratic
form due to our assumption o > 3 L and satisfies

(11— 2B < E < (1+ 55)181
We calculate the time derivative

OsE + k(1 + s*)p3 + kk*(1 + s%)pa

= 250 (1% )iz — 25 TGy

< L0.(22)p1p2 + sz( s*)pT + 2553

22 _ [ we infer
a—1

and so with [p|?> < 5

(1+s2 +2 ’)E.

Gronwall’s lemma implies

B(s0) < exp (525 (7 + 2 51s0])7) B(=s0).

Since vsg = 1, we deduce
E(S()) < E(—So)

~

and thus
1p(s0)| S [P(=s0)l- (5.11)
Consider the case |s| > so, we calculate

30uIB” < (152 — PR (1+ 5%))pY
+ (152 — R (1 + 5%))p3,

and since (— (1+ s2)) <0 for all |s| > so we conclude

s
1+s2

Os|pl® < (1222 — RE*(1 4 5%))4.P3.
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Thus we obtain the estimate

|ﬁ2(szn)|2 S S —50,
~ s2 1~ _1
5(s)* < E[B(s0)I” so < s < 2(wk%) 73,
(144267 3k73)[p(so)> soV 2(kk?)"5 <s.

Combining this with (5.11) we infer

- _1._2
()| S (L +ve3k™3)|p(sin)].

The case s;, > —sp is established similarly since we only bound the growth.

With

1
exp(— 5k (s — sin + 3(s° = 53,))) S e~

we deduce

1
Ip(s)] < €= 1pl(s)

1
S (L +ve 5k™5)e™ " p|(sin).

~

Equation (5.8) decouples in £ and k, so we infer the proposition with this esti-

mate.
O

Proof of Proposition 5.3

Proof. We introduce the notations p(t, k, £) = exp(rkk? fg(1+(T—%)2)dT)p(t, k., &)
and 7 := v — k. Then the equations (5.8) read

o

b1 = — e — akPy — PR (1 + (¢ = 1)),
_& B
Op2 = Hzti_‘"g)zpz + akpy, (5-12)
k

We point out that this exactly agrees with the linearized equation with the
non-resistive case. Specifically in Lemma 3 of [KZ2] it was shown that there
exists frequency localized initial data such that for all ¢ > 0 and frequencies
€ € 22,49 it holds that

ﬁ2<t7 _176) Z 2%?2,1‘71(_1’5) Z ﬂth,in(_laf)' (513)

From this lower bound, we deduce the norm inflation for the non-resistive limit.
2 2
For times 7 € [0, 53] and frequencies £ € [2%-,4%] we obtain

_1
3-

[T +eEl Syt
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Then for T = k™3 there exist a C' = C(a), such that
T 1 1
1> exp(—/i/ (1+ (t+&?)dt) 2 exp(—Cr(v™ + k73)%k73) > exp(—2C) > 1.
0

Where we used in the last estimate, that x < 13 yields k(v~! + £~ 7)2573 < 2.
From (5.13) and v =v — k > %m since v > 2k, we deduce, that

T
pQ(Tv -1, 5) = exp(—/f/ (1 + (t + 5)2)dt)]52(T7 -1, 5) ,Z Vﬁ_§p2,in(_1’ 5)7
0
From this, we infer the norm inflation

_1
Ip(T)|| v 2 vE™ 3 [|pinll g

O

5.3 Sobolev Stability for the Nonlinear System

The following theorem is a more general statement of Theorem 5.1. We dedicate
the remainder of the section to the proof.

Theorem 1. Let o > % and N > 5, then there exist cy,c > 0, such that for all
0<k<v<g(1- i)g there exist L = max(1,vk~3), such that for all initial
data, which satisfy

(v, b)in 2l v =& < coL ™ w2 k2, (5.14)
0, b)in—|gn < & withe <& < v e '
[ (v, 0)in, =l ;
the corresponding solution of (5.2) satisfies the bound
'l
10, 0) (O o v + 1Va (00, kb) | 2 S Le™* e, (5.15)

10, B)=(®) | oo v + 10, (w0, kb)=l| 2 S &
Furthermore, we obtain the following enhanced dissipation estimates
1
lvtllem~ S Ly~ se rtte,
= 7511%15

bl 2mn S Le~Se €.

This theorem implies Theorem 5.1. With slight abuse of notation, we write L
as the v and k dependent part of the Lipschitz constant. We prove this theorem
by using a bootstrap method. Let A be the Fourier weight

A= MGV et tis,
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where M = My MM, M,M,s are defined as

ST S 1 k40
My ™ 14 (3 —t)2 T {r=1<t—F<(c1rk?) "5} ’
. 1
—M; _ |k|+v T2 k|
i = Coaieroe k #0,
. 1
— M, _ v3 k 0
M, 1405 (t— §)2 70
. 1
— M, — K3 :ZC O
M, 1+n%(t7%)2 7é )
—Mus _ Cov
M, 1+u2(t—%)2 k 7& 07

M.(t=0)=M.(k=0)=1.

The weight My, is an adaption of the weight m? in [Lis20] to our setting. The
method of using time-dependent Fourier weights is common when working with
solutions around Couette flow and the other weights are modifications of pre-
viously used weights (cf. [BVW18, MZ22, Lis20, ZZ24]). For simplicity, here
we only state their main properties and refer to Appendix 5.4 for a detailed de-
scription. The constants C,, = m, c=55(1—5=)%and ¢; = 55(1— &)
are determined through the linear estimates. For the weights we obtain

L=< min(l,u‘ln%k%) < Mp <1,

(5.16)
My~ M,~M,~ M, ~1.

We note that the weight M7y, is distinct from the others due to its lower bound
L~', which depends on v and k. The weight M is necessary to bound the

linear growth in the region v=! < ¢ — % < (Iik2)_%. Controlling the effects

of My, is one of the main challenges in the proof of Theorem 1. We recall the
unknowns p and equation (5.4)

Op1 — 8,8;At_1p1 — adypy = VA1 + A IVE (Db — vV ),
Oypa + 0204 A D2 — adyp1 = kA2 + AV (B0 — vV4b), (5.17)
Plt=0 = Pin.
Let x € C*° (R4 x Z x R) be a Fourier multiplier defined by

1 t—§< vt
X X( 75) { 0 ‘t* %| Z 21/71

Orx < 2v. (5.19)

(5.18)

We define the main energy
E: = | Apgll7: + 2R(0,A; 'XAp1 2, Apa 2).

Here R denotes the real part, in the following, we omit writing the symbol R
since we derive an upper bound. As o > %, this energy is positive definite and
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satisfies
(1= )1 4pllL2 < B < (14 55)[Apl|>- (5.20)

In the following, we assume initial data as in Theorem 1, i.e. (5.14). We use a
bootstrap approach to prove the following two estimates globally in time:
The energy estimate without z-average

1Bl L~ + [ AVe @ (vp1,2, fip2.2) || 2

—_ M.
+ Y It Ap£liese < (Co)?

i=lv,k,v3

(5.21)

The energy estimate with z-average
lp=1Z e g + 10y (vp1,=, sp2, =) [F2pgn < (CE)*. (5.22)

We then prove that the equality in the estimates is not attained at time T
By local wellposedness, the estimates thus remain valid at least for a short
additional time. This contradicts the maximality and thus 7" has to be infinite.
We note that we suppress in our notation the 7 in the estimates (see (5.3)).

With 1 < £75 (e + kk?(1+ (t— £)?) and 1 < v73 (2 + vk (1+ (t - £)?))

we infer from (5.20) and (5.21) the enhanced dissipation estimates

14p1 £l roze < 201 = 55) w78 Ce, (5.23)
| Apa,£llore < 2(1 — 55) "tk 5Ce. (5.24)
By the construction of M; we obtain
1007 Apl| 2 S v e,

We obtain the energy estimate by deriving the energy E

OUE + 2 AV, ® (vp1 4, w2 23 + 211 L A2
=2cr5 | Apy| 72
— 2(A(1 = X)p1,#, 000, Apy )
+ 2(A(1 = X)p2,2, 0z 0L A, P Apo 4)
+ 2 (XA A 2, Apo 2)
+ 2 (X0 (0, A7) Apr 2, Apa,2)
+ 2(0 ()P, Ap %, Apa 2) (5.25)
+ WW%APL;A, Apo 2)
+ 2(Avy, A(bVib — vV,0))
+ 2(Abx, A(bViv — vV4b))
+ 2(xAOLA; by, A(BV b — vV0))
+ 2(x AL A v, A(DVw — vV4b))
=L+ Lyp+ Lr+NL,+ONL.
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Where we denoted by ONL all the terms which include the operator 8;A; 1
and N L the one which does not. Furthermore, for the energy of z-averages, we
obtain

Ollp=Ila~ + 10y (vp1,=, kp2.=)|| v
< ((9y) N 1,2, (9,)N (bV4b — vV0) =)
+ (@) Vb1 =, (0,)N (bV v — bV ) =)
=NL_.

(5.26)

In the following subsections, we establish the following proposition:

Proposition 5.4 (Control of errors). Under the assumptions of Theorem 1,
there exists a constant C' = C(a)) > 0 such that if (5.21) and (5.22) are satisfied
for T >0, then the following estimate holds

T . .
/ Li+Lr+Lygdt< 17;)504 (Ce)* +2| ;IVIYLL Apol|Farz,
0

T
/ NL,+ONL dt < L k3% + (L5 4+ 1~ 7)ée2, (5.27)
0
T 1 1
/ NL_ dt < Ly~ r~ 2862
0

With this proposition we deduce Theorem 1:

Proof of Theorem 1. By a standard application of the Banach fixed-point theo-
rem we obtain local well-posedness, see Appendix 5.5. Thus for all initial data,
there exists a time interval [0, 7] such that (5.21) and (5.22) hold. Let T™* be
the maximal time such that (5.21) and (5.22) hold. Let ¢y be a given, small
constant and suppose for the sake of contradiction that T* < oco. With the
estimates (5.25), (5.26) and (5.27) and since ¢g is small we obtain that the es-
timates (5.21) and (5.22) do not attain equality. Thus by local existence, T* is
not the maximal time and thus we obtain a contradiction. Therefore, for small
enough ¢, (5.21) and (5.22) hold global in time and so we infer Theorem 1. O

The remainder of the section is dedicated to the proof of Proposition 5.4.
We rearrange and use partial integration to infer that

<A’U7g, thAb¢ — thAU7g> + <Ab7g, thAv7g — thAb¢>
= (b, Vi(Avp Aby)) — 10, V,(AvgAvy) + Vo(Aby Aby)) (5.28)
=0.

The NL term consists of trilinear products with the unknowns

ata®a® € {vvv, vbb, bbu, bub}. (5.29)
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Thus, we denote the nonlinear terms

NLyla'a?a®] :<Aa;,A(aivtai)¢ - ainAai>,
+ (Aa;, A(aivtai) — aivtagﬁ,
+ <Aa;,A(ainai)>,

NL_[a'a®a®] =((8,)" al, (9,)" (a%Vial)=).

If we do not use specific choices for a'a?a® we write just NL. Similarly, we use
ata?a® € {bvv, bbb, vbv,vvb} for ONL. Furthermore, we always use i such that
p; = A, 'Via? in the sense that i = 1 if ®> = v and i = 2 if a® = b. We perform
the energy estimates in the next subsections:

e In Subsection 5.3.1 we estimate the linear error terms. In this subsection,
the split with y into resonant and non-resonant regions depending on v is
vital.

e In Subsection 5.3.2 we conclude the energy estimate for the nonlinear
term without = average. Here it is necessary to perform a low and high
frequency decomposition. This gives us a reaction and a transport term.
In particular, for x | 0 bounding the transport term is very challenging
due to the linear growth.

e In Subsections 5.3.3, 5.3.4 and 5.3.5 we estimate nonlinear terms with an
z-average component.

e In Subsection 5.3.6 we estimate nonlinear term which arise due y in the
resonant regions. For these terms, we obtain an additional A, ! which has
a stabilizing effect. This stabilizing effect is necessary due to a nonlinear
term consisting of only magnetic components.

5.3.1 Linear estimates
In this section, we establish estimates of the linear errors Ly, Lr and Lyg of
(5.25). In order to estimate Ly, we use (5.23) and (5.24) to deduce

/ler = 2cn%||Ap7g||2Lsz <8(1—5)'e(Ce)?

For the Lyp terms in (5.25), we infer

_£
(AL = 0p1 A0 12 = Y [ el = i A%
k£0 ’

< VAV 272,
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. N _
since (1—X)W <(1—x)(v)? (1+(t_%)2) due to x = 1 for |t — %| <yl
Furthermore, using (5.34) we estimate

_£&
(AL = 0p2.p AN o) = 3 [ et =) i %93
k0
< Z/dg (1— MLL + rer (14 (t— £)%)A%p3
k-0

< |\ T Aps, 21|72 + rer||VieApe £ 7.
Thus with (5.21) we deduce

/LNR dr < (207 +261)(Ce)? + 2|1\ Lk Apy 4|2 .

For Li, we estimate in frequency space

- —k
(L ATN = (it ol < 31

—M t ) —1-M,;
DL (o, AN < ’(W)k;&o’ <Cy Tt

So it follows that

A(XOLAT Apr s, Aps )

= §<XAP1,75 (C"f3 + M1 + ML + MN + MU + 37 M. )8f 1AP2775>
1 _ _
< 255 || Apyl7e + (1+ CLY Y #Apvé”zm

_ —M
L/ L Ap 22 + L1/ e Ap |22 + 2 ar s Ap 2l

We use the estimate in frequency space

—1—MN,

(97 - (3;)2)A;2)¢)/\| _ ‘( 1-(t— &

k2(1+(t—%)2)2)k7§0 -

to infer that

L(xAp1 2, A0, (02 = (9))) A7 *paz) < O 2l S Aprslle | S Apz.x 12

< Gy 5 Ap g3

With (5.19) we deduce

(050 0:(X) Ap1 2, Apa ) < V|| Apr 2] 2]| AN, ' 2| 2
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By the Fourier support of x (see (5.18)) and the definition of M,s we obtain

x <20;v ! ]\]/\[4 v3 v which yields

M
el (N AOLpr 2, Apa ) < 205 HA P2 1|y 775 Ap2. L2

Thus for the linear error L we infer
/LRdT < (2 4 uh)(Ce)?

ety /on = [,
+ =] A%lp#HQL?L? + 1 J\% p£lope + 2l 1\% P2

1+C H

-M
i Ap2llree + CF gV A0ypr 2l o
Combining the estimates for all linear terms, we obtain

/L+LR+LNRdT

< (B4 2)(1 = )T+ 202 + 21 +1v8)(Ce)?

+ 2y Aps 222

(14 2070 T pse 22 + Ll T pelZa e + Ll e pse 22 s
o+ B T Aps 2 + O v AL 213

< (1201 = 52) e+ 202 4 2 + 08 4 2 14207 ()2

+ 20|/ T Ao 32 e

1+20;"
(03

Since a > % we deduce <1+ i Choosing the constants such that

€= 200(1 - 3)2’

1 = %(1 - %)7
and recalling that

6
VS i(l_i)sv

1+2c— 17453
<~

we conclude that (12(1 — 5=)"te+ 202 +2¢; + Ve + . Thus we

obtain the estimate
5 -
/L1 + Lg + Lygrdr < 17;02“ (Ce)? +2|\/ 5= Ap2. 1|72 -

This yields the first estimate of Proposition 5.4.
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5.3.2 Nonlinear terms without an z-average

We apply the notation of (5.29) and aim to estimate terms of the form
(Aak, A(a%Vd3) — a2V Ad)

= Z // &n) A(]\C(kli_) A(z(ql)) €l—kn 1
kel k10 WAL (k—1)2+(e—n—(k—1)t)?) 2

(Aa")(k, €)(Ap) (k — 1.€ = n)(Aa®) (1, m)
=T+ R.

Here, we split the integral into the reaction R and the transport T terms which
correspond to the sets

= {lk_ l7£ —77‘ > %llﬂﬂ}a

in Fourier space. We split the weights

Ak, €) = AL m) = e (M (k. €) — My (1) My (k, €)Mk, €)M, (k, ) Mya (k, ) I, €|V

e ([k, €N (1, n™) My (1, ) My (K, €) My (k, €) M, (k, €) My (k, €)
et (M3 (I, €) = My (1)) My (1, m) M, €)M, (k, €)My (k, €)1l

4 e85 (Mo, €) — Myo(l,m) My (L) M (1, 7)Mo (k, €) Mys (k, €)[1, 5|
+et%< M (0, €) = My (1)) My (1) Mo () Mol ) My (k)
e (M (k. €) — Mya (1) Ma (1 )M (1) Mic (1, ) My (L )| 1] ¥

and thus by (5.16) we estimate

N

A(k,&)=A(Ln) <e—cm% | My (k&)= My (Ln)] 1€.m]
A(k—L,E—n)A(ln) ~ My (k=L,E—n)ML () [Ln]N|k—1,6—n|N
+ 7ctn3 |“€’5|N*\lﬂ7| | 1
(LN k—1,6—n|N Mp(k—1,£—n)

1
—ctk3 1 1
+e° > 1Mk &) = M)l g o e
j=1,k,v,v3

(5.30)

Reaction term: On the set Qg it holds that |k — 1,§& — n| > S|l 7|, thus

N [k, €1N =1,
|k, €1, || S [k—1, =] From (5.16), (5.30) and i, uln|§||k z‘s"'ml <

W we infer
;

Ak —A(ln) < 1
A(k—=1,E—n)A(l,n) ~ My (k—1,6~ n)ML( ) 1LV
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With &l —kn = (£ —n— (k= Dt)l — (k —1)(n — It) and Holder’s inequality we
deduce

R= —ctr / )1 A(k,£)—A(l,m) €l—kn
) klkth & o ATLE=M AT (k=12 +(E—n—(k=1)7)2)2

(Aa")(k, €)(Ap) (k — 1.€ — n)(Aa®) (1, n)

< ctrd / 1 (€= (k=)0 (k=) (n-11)

- " lkzl;éo (& o T ST (s 6oy}
(Aa")(k, &)(Ap:)(k —1,€ — n)(Ad®)(1,m)

S MAak 2l 55 Api 2l 2 || 57 Aa | 12

+ || AaL | 12100 7 Ay Api | 2 || 5 ADL 6 | e

We use (5.36) and (5.37) to infer

R < ALl 2 (| Apigellne + vII(Ae A &73) Ap; 2] 22) ([ Aa2 || 2 + v]|A(Ay A &7 5)a]|12)
+ L) AaL || 2 (| A0u Ay pi 2]l 12 + v]| Api 2 12) |08 Ad | 2.

Integrating in time yields
/RdT < Ly T2k 33,

Transport term: On the set Qp it holds that [k —1,& — | < %|l,17| and thus
it follows that |k,&| =~ |I,n|. By the mean value theorem, there exists 6 € [0, 1]
such that

||k, &N — LN < Nk —1,6 = nl[k — 01,& — on|¥
5 |k - lué- - 77||l777|N_1'

Thus with (5.30) and Lemma 5.7 we conclude, that

Alk€)— Al) L, .
Tttt At S wrE (V) e (5.31)
+ 2 1M 6 = ML) sty ey (5:32)
j=k,v,v3
My (k&) My, (L) !
+ W (L= My () TE=T=mT™ - (5.33)
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Based on this estimate, in the following we distinguish between different regimes
in frequency,

T_ d(e. 1 A(L) €Lk
klkz:l;éo/ (€ lor 2ttt (kD)2 +(§—n—(k=1)7)2)2

(Aa")(k, &)(Ap:)(k —1,€ — n)(Ad®)(1,m)

< =R El—kn
S 2 / (& ML a0y (y + ) gt L (D2 (E—n—(k-1)r)) 2

ke, k—15£0
(Aa®)(k, €)(Api) (k = 1,& —n)(Aa®)(l,n)
2 jmr,wd | M (k,6)—M;(1,n)] 1 &l—kn
+ 2 / (& mLarliy s ismg -0 == 2000 F—Le—n™ ]
k,l,k—15£0 L k=LE=n1™ (h—1)24-(6—n—(k—1)r)2)
(Aa®)(k, €)(Api)(k = 1,& = n)(Aa®)(l,n)
2 w8 |1 M (k€)= M; (L) 1 El—kn
Jrklkzl;é / (& lartg—asiszg— M () R=LEnIY (k-2 (€—n—(k=))2)
0

(Aa)(k, &) (Ap:) (k — 1, = n)(Aa®) (L, )

+ d(¢,n)1 My (k&) =My (1) El—kn

klkz:l;ﬁo/ 577 Qr My (k—L,E=n) ML (In) Tk— l§ n|N ((k*l)2+(§fn7(k7l)'r)2)%
(Aa")(k, €)(Apy) (k —1.& — n)(Aa®) (1, n)

=Ti1+Ti+T 3+ 15

Here, the T} ; term is due to estimate (5.31). For (5.32) we distinguish between
the frequencies |2 —t| > |52 —t| in Th 5 and |2 —t| < |52 —t| in T1 3. The
M, commutator (5.33) is T5, which requires further splitting. For T; 1 we use
A—kn=E-n—(k=0Dt)—(k—=10)(n—1t), (5.16) and (5.37) to estimate

14,0 1 El—kn
s K sz1¢ //d€ el e s e
0

(Aa")(k, &) (Api)(k — 1,€ — n)(Aa®) (1, 1)
S llAay el Api2ll ez | 5 Aall e + [[Aak | r2 [ AAT ' pi 2l o2 Nl 51 Adpa | e

1
+v32 || Aagllrs || Api 2l 2l 57 ADza | 2
< Ll|Aay| 2| Api ] Ll Aa ]| L2 + Ll Aag||z2 | AN i 22 | A0y a% | 2
1
+ 12 || Aagl|L2 || Api 2 el Ava ] 2

After integrating in time we deduce that

/T1 vdr S(L+v 1)k 268,
For T} » we use | —t| > |5——t\ to infer that |¢l—kn| = |(E—n—(k=Dt)l— (k—
Din=1t)] < 2|(k—l)(77 It)|. Furthermore, with 3, s [M;(k,&)—M;(l,n)| ~
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1 and (5.35) we conclude that

< 1 1 [(k=D)(n=1t)]
s klkz:l;é / (&M hr b iz 2 -0 3O T (24 ey ]
0

(Aa')(k, &) (Api)(k = 1,€ —n)(Aa®)(1,n)
S |Aakl| L2 | AA; izl o2 || 51 Ady a2
< LHAa;ﬁ||L2||AAt pz¢||Lz||A6ta¢||Lz

So after integrating in time, we obtain
/T172d7' S LI{_%EB.

For Ty 3, we use |2 —t| < 522 — ¢| to infer &l — kn < 2(¢ —n — (k — D)L,
Furthermore, with (5.43) we deduce

Do Mk, &) — ML) S v

j=kK,vv3

Combining these two estimates by Holder’s inequality and (5.35) it follows, that

v (el—kn)?
Tiz S Z / (& m)1lap1 13—tI<I5=% t\ML(l n) 1k— lf MY B(h=1)2 4 (6 —m—(k—1)r)2) 2

kL k—1£0
(Aa')(k, €)(Api)(k —1,& — n)(Aa®)(l,7)
V3 (E—n—(k=)t)*I
Sklkz:l;ﬁ /dg D2 L1 T ) T bty )
0

(Aa’)(k, &) (Api)(k —1,€ = n)(Aa®)(1,n)

1 1 [E=n—(k=D)t]|
svb 3 [demanty g RS
k,l,k—1#£0

(Aa®)(k, &) (Api)(k —1,& —n)(Aa®)(1,n)
< v || Aak| 2| A 2| 2| 55 Add | 2
< Lvs || AaL | 2| AAepi

L2 ||A(l§£ ||L2 .

Thus integrating in time yields
/Tl)ng < Ll/%l{_%&‘g.

To estimate the T term, we split the integral into the sets

= {min(t - 7 t—i—)>u },
QQZ{t—gzu—lw— 11,
Qg—{t 7zu—12t—§},



For frequencies such that v~! > max(t—7,¢— %), then My, (k,&)—Mp(l,n) =0

and hence the commutator vanishes. Thus the sets €2; covers all regions of the

support. The sets 21, 25 and {23 are chosen to distinguish between ﬁ =1and

ﬁ > 1 for different frequencies and on set {24 we use strong dissipation in the
first component. We split the set T5 into

_ My (k,&)—Mp(1,m) El—kn
Iy = Z / 5 n ]-QT ML(k 1,6—n)Mr (1,n) ((k=0)2+(6—n—(k— 1)7)2)2 [k— lf n|V
kel k—1£0

( al)(k,f)(Apl)(k - l,f - 77)(14‘13)(1777)(191 + 192 + 193 + 194)
=T 1 +Top+To3+ T 4.

For T5 1 we use (5.35) to deduce

_ 1 _ _1
D D B B L
k1 k—1£0

(E=n=(k=DD=(k=D)(1=11) ( 4, 1\(F Ak — 1.6 — ) (Aa®) (1
((k=0)2+(&—n—(k— 1)7)2)2( )(k, &) (Api) (k — 1,6 — n)(Aa”)(1,n)

S VP AaL 2 1(Ae A K™5) Api e[| A | 2
—1 — — f
+ L||Aak]| 2 ||(Ae A 7 3)AT AT Apy 4| 12| ADL a2

and so
5 _1 3
Tg,ldT,SLVGH 2e”.

Now we consider T5 2. By (5.35) we infer

1
T 1 1 (= (k=)= (k=) (=)
v klkzl;éo// (€ n)la;v D FETETT (e (g (b
(Aa")(k, &) (Api)(k — 1,€ — n)(Aa®) (L)
S vllAag | r2 | Api 2l 2l AN el | 2

+ L Aag||z2 | AN, pi 2]l 2 | ADya% | 2.

Integrating in time yields
/T272d7' 5 LI{_%€3.

To estimate 15 3, we need to distinguish between different choices of a. Using
(5.35) we estimate

To3 = // )1 €=n A po—3 1 (E—n—=(k=Dt)l—(k=1)(n—1t)
+ klkzl?fo (Eita,vt = T PV PSR

(Aa")(k, €)(Api)(k — 1,€ — n)(Aa®)(L,7)
S vl Aak e (A A K75) Api £ 2| Adpa | 2
+ V]| Aak 2 [ AN A £75)ATIA il 12| ADY 0 | 12
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and thus after integrating in time

/T273[va]d7 <vTigd,

In the case of vbb, we use (5.35) to estimate

— (€=n=(k=D)0)k—(b=D)(E 1)
Tasloth = D // (€t = D BT G e eon v

k,l,k—1#£0
(Av)(k, €)(Ap2)(k — 1€ — n)(Ab)(I, 1)
< Vl|0n Avg | 2| (Ay A K7 5) Apa 2| e || Abs]| 2
+ ]| 0 Ave g2 | (As A £ 3)AL
< v||Aby| L2 [| AV v | L2 [| ANip2 2] 2

Thus after integrating in time, we obtain

For T, 4 we obtain that M(l,n) = M(k—1,6 —n) = 1. We use t — % >v
max(t — 7,t — 5 %—7) to deduce that

With &l —kn = (£ —n— (k—Dt)l — (k—1)(n — It) we infer that

Ty, = d( Sk
o klkz#o/ D T e o]

(Aa")(k, &) (Api)(k — 1,€ — n)(Aa®)(1, )
(€=n=(k=D)!
ap3 //d5 M = P e Gy e

k1, k—1£0

(Aa")(k, &) (Api)(k —1,& — n)(Ad®)(1,n)
(k=1)(n—1t)
> // S===Ts (k- l)2+(§—nn—(k—z>7>2>%

kol h—1£0
(Aa")(k, ©)(Ap:i)(k = 1,&€ —n)(Ad®)(I,n)

< v||Ad a2 | Api £l 2 | Aa | 2
+ | Aak| 2| A7 Ap;

ya,:; ||L2 .

136

>



Thus integrating in time yields
/T2,4d7' < KT2e3,

5.3.3 Nonlinear terms with an z-average in the second
component

We apply the notation of (5.29)
<Aa;, A(ai:&;ai) — ai:aan;)

= [ dtemAa 00, (AR, — Al m)EaE (0,6 ~ n)a k)
k#0
=R+T.

Here we split into reaction and transport terms according to the sets
Qr = {l¢ —nl = glk,nl},
Qr = {|§ —nl < glk,nl}-

Reaction term On the set Q it holds that |[{ — | > |k, 7|, then we obtain
|A(k, &) — A(k,n)| < 1€ —n|™ and thus with (5.35), it follows that

S [ ate.maaty e A0 — Atk k(0. € = (i)

k+£0
S Akl laZ || g |0za || Lo
S ||Aa;e||L2||02:||HN||ﬁLAai||L2

S Ll Aa| 2 lla2 | v | Aa| 2
Integrating in time yields a bound
/R dr < Lk~ 362,
Transport term On the set ©, it holds that |k,n| > $|¢ — n|. By the mean
value theorem there exists a 6 € [0, 1]
[k, nl™ = 1k, 1] S 1€ — nllk,n — 061 < I& —nllk, Y
Thus, we can estimate the difference in A by
Ak, &) = Alk,m)| < (My(k,€) — M (k,n)) [k, €™
+ Mp (k€Y Y (M (R, €) — M;(k, )

Jj=1,k,v,03

+ My (k,n)(Jk, 0™ — |k, €IN)
< 11—k, &Y
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where we used (5.40),(5.42) and (5.43) to estimate the differences in M;. So we
infer, that

72 [ atenta 140t 00 110, € - ) g b 4al] ).

k#0
and thus integrating in time yields

1

/TdT < LHACL;,&”LQLQ”CI? ||LooHN||Aa¢||L2L2 < Lk 3¢ 5

5.3.4 Nonlinear terms with an z-average in the third com-
ponent

We aim to estimate
(Aa% %9 (a% ;éa a‘;’ =)
=Y [/ dtenAah (0,40, )i — it 0.1)

k0
=R+T

where we split into the reaction and transport terms according to the sets

Qr = {|k,& —n| < £Inl}.

Reaction term On the set Qg it holds that |k,& —n| > £|n|. With (5.35) we
infer

R=3" [ [ €. m10,(Aah) 0. A0 ) B € — it 0.3)
k#0
< dal 21| A 5t 0087 i 29,03 — o~
< 4ad 121 4pi.s

L2||“1,:||HN-

Integrating in time then yields
/ Rdr < k™3e%.

Transport term On the set Q7 it holds that |k, & —n| < £[n|, then with (5.35)
we estimate

7= Y [[ atemta, (Aad) (e A0 i €~ m)ad0.1)

k#0
S N Aall 2 10247 i tll < |0yal || v
S N Aall e ll 55 AN piell 2 10y al ||
S Nl Aag |2 (1A Apill e + v Api 2] 2) 19y a2 || .
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Integrating in time yields

/TdT < K22,

5.3.5 Nonlinear terms with an z-average in first compo-
nent

Now we turn to

((0y)Val 1, (9y)™ (a%Viad 1))
= _Z//d € 77 2Na%(0,§)\/ﬁpi(—k,§ - U)a?(kﬂﬂ

k0

Applying Holder’s inequality, the Sobolev embedding and the definition of A
yields

(0y)Yai =, (9y) N (aZVad 1))
< 110y (0y) ™ al |z (107 piell e 140y) Y a2l L2 + 140y) Y AT pi 2l 2 10sak | v
< 10yalllgn A5 AL izl 2 | Aol e
With (5.35) we infer
<<8y>Na% = <3y>N(aina;1):>
S 110yal [ an (AN pigll2 + vl Api#ll2) (| A 12 + vI[A(A A K75 )a|2)
S 110yal [ | AN P2 ([ Aa ]| 2 + V]| (A A k75)a | 12)
+ w0y aL ||l Aps 2l 2 (I Aa |2 + vII(Ar A 575)a | 12)-

Integrating in time yields

N
™
(O}

/ (0,)Val, (By)N (a2 V0% 1)) dr < Li~

5.3.6 Other nonlinear terms
In this subsection, we aim to estimate
(XAG AT al, A(a?Via)) = (xAd, A7 aly, A(a%Via))
<XA8t 7 a;é,A(ainai))
+ (XAGy A ak, A2V ak)).

with the choices a'a?a® € {bvv, bbb, vbv, vvb}. We start with the case of no
xr-averages and use

§l—kn=(§=kt)(l = k) + k(& —n—(k=1))
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and (5.35) to infer

<XA5't a;é, A(aivta:;))

Z // 67 k2+(§ kt)2 \/(k 1)2_5(15 k:: (k—1)t)2 2(k‘,§)a1(k,§)pl(k - laf - Ti)a

k,l,k—1#0
S NAa | 2l 55007 Api 2l 2 || 51 A || 2
+ 107 Aak |z || 5 Api 2 2 | 55 Ad | 2
< Ll Ak 2 (102 A7 Api 2] L2 + v|| Api 2] 12) | Aa | e
+ L1+ vk 3)[0A; " Aak 2| Api 2 2| AaZ | 2.

Thus integrating in time yields

=
)

[ A0 AT o 5

For the case, when the average is in the second component, we use partial
integration to estimate

(XAO,A;  aly, Alaf _0,ay))
—(xA(?ma;Afla;,A(ai:ai»
S 110y a2 a2 v || 51 Aa | 2
S L||0Ay 1a¢||Lz||a2 ||HN||AG;AHL2

and thus integrating in time and using L = max(1, Vn*%) yields
/(XA(‘);/At_la;, A(af _0pa2))dr < KTIE%.
For the case when the average is in the third component, we obtain

<XA5't a;éa (ag ;ﬁa ag )

=3 [ ate e s S (A0t (. ) (Apo) k. ~ e (0. ).

k£0
Thus by n = £ — kt — (§ —n — kt) we estimate
(AL AT 0L, A(ad ,0,0%))
< 1052 A7 Aall 2 1047 577 Api 2l 2 a2 || v
+110:0, A7 Aa || 12 || 5 Api2ll 2l | v
< Ll Aag | 210247 Api 2| 2 a2 || sy
+ L) 0o A7 Ayl 2 || Api 2 2 a2 || v
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Integrating in time and using L = max(1, vk~ %) yields
/(XAQLAfla;,A(a;#@yai»dT < K2l
Which concludes the estimate
/ ONLdr < Lk~ 2222,

Combining the estimates of Subsection 5.3.2 to 5.3.6 completes the proof of
Proposition 5.4and thus Theorem 1. O

In this article, we have shown that the MHD equations around Couette flow
with magnetic resistivity smaller than fluid viscosity v > x > 0 are stable for
initial data which is small enough in Sobolev spaces. If the resistivity is much
smaller than the viscosity, VETE > 0, large viscosity destabilizes the equation,
leading to norm inflation of size VKT, Controlling this norm inflation is a major
new challenge compared to other dissipation regimes.

5.4 Construction of the Weights

Let A be the Fourier weight

A= M(V)er? iz,

with M = MMy M,.M,M,s defined as

SV k0
= —7f— 1
My I+(£ )2 {r-1<t—$<(c1nk?) "3} ’
. 1
—M, _ |k|+v 12 k|
i = Coai—ro? k # 0,
. 1
—M, __ v3 k #0
- 2 9
M, 1+v5 (t—£)2
. 1
=M. — ik k#0
M, 2 )
" 1+k3 (t—£)2
—Nfus _ Cov
M, 1+u2(t—%)2 k 7& 07

M.(t=0)=M.(k=0)=1.

The weight My, is an adaption of the weight m? in [Lis20] to the present setting
and M,s we use to differentiate between resonant and non-resonant regions.
The method of using time-dependent Fourier weights is common when working
at solutions around Couette flow and the other weights are modifications of
previously used weights (cf. [BVW18, MZ22, Lis20, ZZ24] for shear related

systems such as Navier-Stokes). The constants C,, = m, c=55(1-5)2
’ 2
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and c; = % (1—%) are determined through the linear estimates. For the weights
we obtain that for all times ¢ > 0, it holds that
My~ M,~M,~ M,s =1,

L=< min(l,ufln%k%) < Mp <1.

Lemma 5.5 (M, properties ). The weight My, satisfies the following bounds

t
v—1 1+(t7 2

)

1
g =LtV

ol
IA

Mo 4 k2o (14 (t— £)2), (5.34)

L

~
|
>
[\
T

Nl

(t— &) ARTS, (5.35)

Furthermore, it follows for a € H', that

I azllce <llagllcz + [(A71 A K73 )ag| 2, (5.36)
37 Ozatll e < [[Avaz| ra. (5.37)
Proof. This follows immediately, from the definition of M. O

Lemma 5.6 (Enhanced dissipation estimates ). The weights M, and M, satisfy
the following bounds

1% < M 4y (R? + (€~ kt)?), (5.38)
1k% < Mo k(K2 + (€ — kt)?). (5.39)
Proof. This follows immediately, from the definition of M, and M,. O

Lemma 5.7 (Difference estimates). Let k,l € Z \ {0} and &, € R, then there
hold the following bounds on differences

I o R (5.40)
L Ty S B+ v (5.41)
My, (k) — My (k,€) < 25572, (5.42)
1- ?\44],((];5)) < 2]% \51‘—;777\7 j e {k,v, 13} (5.43)

Proof. We start with the M; estimate (5.40) and consider M (k,&) < M;(k,n)

t 1 1
M,y (k.€) _ |k|+|k2vi2 |k|+|k2v a2
1- ]wi(k’n) =1—exp <_ ‘/0 K2 (E—kT)Z K2 (n—ki)? dT‘) s
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The case M;(k,&) > Mi(k,n) follows by the same argument and M (k,&) ~
M;i(k,n) ~ 1. For (5.41) we consider the case Mj(k,£&) < Mi(l,n) and infer

that

1 1 - 1
=1—exp(-2m(z +v2)) S +v 2 S ‘k‘l—lll—&—yw.

~

t
/ k| +[k[20 T2 [U+[Y2r s

M (k&) _
1 M =1-—exp (— o K2+ (E—kt)? 124+ (n—1t)?

M (1,m)

The case My(k,&) > Mi(l,n) follows by the same argument and M (k,§) =
M;i(l,n) =~ 1. For (5.42) we consider the case My (k,&) < M (k,n) and thus

My (k) = My (k, €) = Mg (k,m)(1 — 37He3) S 1 - $7E0.

We infer

t t
My (k&) _ =& _—
1= 2ritey =1 —exp (—V ﬁdT—/ oot

The case My, (k,&) > My (k,n) follows by the same argument.
For (5.43) we estimate the M, difference, since the M, and M,s differences
are done similar. Let M (k,&) > M, (l,n), then it follows

Mk _ 4 1 1 B 1
L= %am =1 eXp( i 0 1H+r3(—£)2 1+n§(t7l’)2|)’

]Ut[i,y](ﬂdﬂ) )

A
=
|
@
o]

e}
/I\
BN

ol
O\H
[y

|
:-\:

The case My (k,&) < My(l,n) follows from the same steps and M, (k,&) =~

M (l,m).
O

5.5 Local Wellposedness

We expect the local wellposedness result to be well-known, but were not able to
find it stated in the literature. In the following, we prove the local wellposedness
by a standard application of the Banach fixed-point theorem.

Proposition 5.8. Consider equation (5.17) with initial data p;, € HY for
N > 5. Then there exists a time T such that there exists a unique solution
p(t) € HY to (5.17) for allt € [0,T] .
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Proof. We prove existence with the Banach fixed-point theorem. Let T'=1 4+
2|[pin|lg~ (14 2) and let X be the space

X={pe L¥HY NCH"?: p(t =0) = pin, [P~y + 5IVeDlFwprn < 2llpinliFiv}
with the norm
Ipl% = Pl Z o prv + 51IVepll7oc g
We define F': X — X as a mapping g — p = F(q) such that p solves
Op1 — 8z8;A;1p1 — adypy = VAP + AT VE(VEAT o Vb — VEAT 1 Vi),
Oep2 + 02050 " p2 — adopr = KAy + AT VI (VA 2V — VAT 1 Vib),
Plt=0 = Pin-
Then the mapping F' satisfies:
1. The mapping F': X — X is well defined on X.
2. The mapping F is a contraction, i.e. ||F(p)—F(D)| pepgn < %Hp—ﬁHLme.

Since X is a complete metric space, if we prove (1) and (2), then it follows that
F' has a unique fixpoint by the Banach fixed-point theorem.

1. Let ¢ € X, then we obtain for p = F(q)

Oullpln + kI VeplFn < lpllzy + (Ao, AN (VAT 1o Vib — VAT 1 Viv))
+ (ANb, AN (VEAT o Vv — VEA 11 Vb))
< pliz~ + ol llallay Ve~
< I~ + 2lplEw lallEn + 51VeplFn -

Thus we obtain

IPl% < Ipinllzy + T+ gl zo ) lIPIZoe v
< lpinllzrn + T+ 2lpinll ) 1Pl v

Since
T(1+ lpinlf) < 3
we infer the bound
% < 2llpinll7~-

As 0,p € HV =2, it follows that p € CHN =2 and thus p € X.
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2. We show that F'is a contraction. Let ¢,§ € X we denote p = F(q) and
p = F(G). We need to show that
Ip—pllx < 3llg —dlx,
by time estimate we obtain
Oullp — BllE~ + KlIVelp = D)7y < Ip — Bl En
+ (AN (v = 0), AN (VA g2 Vieb — VEAT g1 Vi)
+ (AN (b= b), AN(VFA; ' 2V — VA 1 Vb))
— (AN (v —0), AN(VFA; 12 Vib — VA @1 Vi)
— (AN (b= b), AN (VAT Vet — VAT V4D))
< o= Ali3s + o — Bllar~ (la = dlliw IVl + e IV — 5)llaw)
< llp = Bllg~ (1 + Zllallz~)
+ o= bllavla = dlax Vbl ax + 51V = 5) |7
Integrating in time yields
lp =Bl 7 v + 5IVep = DTz
<P =Bl 7 v T+ 2lgll 7o )
+VTIp = pll ey g = @ll oo v | Vebl p2
< lp = Bl 7w gn T+ 2l F e + 4V Bl T2 )
+ 5 lg =l v

Choosing T such that

T(1+ 2(qll3n + IVebllFegn) < T+ 2T |pinllgy (1 + 2) < 3,
it follows, that
lp=pl% < 5l —dllay + Tlla = dll7epn-

We hence conclude, that

Ilp—Bl% < illg — dll%-
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Appendix A

Mathematical Background
and Notation

Fourier transformation

We consider the Fourier transformation on the space T x R. Due to linearity,

all the properties can be deduced by the Fourier transformation on R and the

Fourier series on T. In the following, we list the main properties (see [Gral4]).
Let f € L?(T x R), we define for (k,£) € Z x R it’s Fourier transform as

Fi0O = 160 = [ [y 0 iy
For a function g € L?(Z x R) we define the inverse Fourier transform
Flglen) =)= & Y [ de Oty i),
k
Then, it holds that
FoF 1 =1d;- FloF=1d;-.

The Fourier transformation acts as an isometry on L2, i.e. for all f € L?

£l = [1Fll 2
For functions f such that 9, f € L? and 8, f € L? it holds that

(0o f)" = ikf,
(ayf)/\ = lff
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Sobolev and Gevrey spaces

For 1 < p < oo and s > 0 the spaces L? and H® corresponds to the classical
Lebesgue and Sobolev spaces for functions on the set T x R. Sobolev spaces
satisfy the Sobolev embedding

[z S 11 1lare

for s > 1.
For time dependent functions we define L? H® = LP(0,T; H®) as the space
with the norm

| Neoms =l - |2 e 0,7)-

There are different definitions of Gevrey classes and spaces. The main con-
cept is that functions in Gevrey spaces decay exponentially in the Fourier vari-
ables on the L? norm. In the following, we will provide two definitions, the one
we use in Chapter 3 and a more general version.

Let 1 < o, then a function f € L*(T x R) belongs to the Gevrey-o spaces
(in sense of Chapter 3) if

S [ expOe ik o de
k

for some constant A > 0.
For the more general version, let 1 < o, we define the Gevrey-o class as the
Gevrey spaces GXN for A > 0 and N > 0 with

N = {(feL? : |flgan <o} (A1)
with

191255 =3 [ de (6" expOlk €3 7200 (A2)
k

The A is called the radius of convergence.

Notations
For two real numbers a,b € R, we denote the minimum and maximum as

min(a,b) =a Ab,
max(a,b) =a Vb.

We write f < g if there exists a constant C independent of all relevant pa-
rameters such that |f| < C|g|. Furthermore, we write f =~ g if f < g and

gs f
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Moreover, for any vector or scalar v we define
(0) = (1+ Jo])2.

For a function f € L?(T x R) we denote the x-average and its L2-orthogonal
complement as

foly) = /T f(a ),
fr=f-J=
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Appendix B

Derivation of the MHD
Equations from the
Navier-Stokes and Maxwell
Equations

In this appendix, we derive the MHD equations from the Navier-Stokes and
Maxwell Equations. We follow the book of Davidson [Dav16]. The MHD equa-
tions model an electrical conduction and non-magnetic fluid and are derived
from the Navier-Stokes and Maxwell equations under the vanishing charge den-
sity assumption. The MHD equations are derived in three steps. First, we write
down the governing equations, then we explain the simplifications and finally
we derive the MHD equations.

Governing Equations

A (conduction) fluid satisfies the Navier-Stokes equation

oV +V . -VV +VII, =vAV + F,

div(V) = 0, (B-1)

Here V is the fluid velocity, II, is the fluid pressure, v is the fluid viscosity and
F is the applied forces.
The conduction fluid generates an electric and magnetic field which satisfies
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Maxwell’s equations

v.E=¢
V.B=0,
(B.2)
VXE:—atB,

V x B=puJ + peoE.

Here FE is the electric field, B is the magnetic field, J is the current density, p is
the charge density, ¢ is the permittivity of free space and p is the magnetic con-
stant. In a conducting fluid, the current density is proportional to the Lorentz
force

f=q(E+V x B) (B.3)

on free charges, with ¢ as the charge.

In a stationary conductor, the current density J is proportional to the force
applied to free charges, and thus, the Ohmic law J = oE applies there. For a
conducting fluid, we consider the electric field measured in a moving frame with
the velocity of the conducting fluid

J=0o(E+V x B). (B.4)

With the electrical conductivity o.

The Lorentz force (B.3) affects the moving particles, but we are more inter-
ested in the volumetric version. Thus we sum over the charge g of a unit volume
of the conductor. Then the sum over charges is the density Y ¢ = p and the
sum over moving charges is the current Y ¢V = J and so we obtain the force

F=pE+J x B. (B.5)

Simplification for the MHD Equations

The charge density p in a conducting fluid is small and negligible compared to
other effects. Thus for the MHD equations, we assume that

p=0. (B.6)
Due to the charge conservation, we obtain that the current is divergent free

The second simplification is, for the last term of (B.2) the ued,E only is relevant
on relativistic scales. Therefore it can be neglected in the model and we obtain

V x B = pl. (B.7)
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Derivation of the MHD equations

Then with (B.6) and (B.7) Maxwell’s equations (B.2) change to the pre Maxwell
equations

V-E=0, (B.8)
V-B=0, (B.9)
V x E=—-0,B, (B.10)
V x B = pl. (B.11)

In the following, we establish a closed formula for the magnetic and velocity
field. We apply (B.10), (B.4) and (B.11) to infer

0tB:—V><E
=-Vx(3J-V xB)
=5, VX VxB+Vx(VxB).

Then we define the resistivity s := L}ﬂ and use V-V =V - B =0 to infer

—2V xV x B=rAB,
Vx(VxB)=B-VV -V .VB.
Therefore, for B we obtain the equation

oB+V -VB=xAB+ B -VV

div(B) = 0. (B.12)
From (B.5), (B.6) and (B.11) we infer
F=JxB=cul(B)x B=B-VB-1V|B.
We define the pressure II = II, + 2V|B|? and thus we obtain for (B.1)
OV +V . -VV+VII=vAV + B-VB, (B.13)

div(V) =0.
Combining the equations (B.12) and (B.13) we infer the MHD equations

oV +V - VV+VII=vAV + B-VB,
OB+V -VB=rAB+B-VV,
div(B) = div(V) = 0.

151



References

[ABSPW22] D. Adhikari, O. Ben Said, U. R. Pandey, and J. Wu. Stability and

[AIf42]

[BBZD23]

[Bed20]

[BGM17]

[BGM19]

[BLW20]

[BM14]

[BM15a]

large-time behavior for the 2d Boussineq system with horizontal
dissipation and vertical thermal diffusion. Nonlinear Differential
Equations and Applications NoDEA, 29(4):1-43, 2022.

H. Alfvén. Existence of electromagnetic-hydrodynamic waves. Na-
ture, 150(3805):405-406, 1942.

J. Bedrossian, R. Bianchini, M. C. Zelati, and M. Dolce. Nonlin-
ear inviscid damping and shear-buoyancy instability in the two-
dimensional Boussinesq equations. Communications on Pure and
Applied Mathematics, 76(12):3685-3768, 2023.

J. Bedrossian. Nonlinear echoes and Landau damping with in-
sufficient regularity. Tunisian Journal of Mathematics, 3:121-205,
2020.

J. Bedrossian, P. Germain, and N. Masmoudi. On the stability
threshold for the 3D Couette flow in Sobolev regularity. Annals of
Mathematics, pages 541-608, 2017.

J. Bedrossian, P. Germain, and N. Masmoudi. Stability of the
Couette flow at high Reynolds numbers in two dimensions and

three dimensions. Bulletin of the American Mathematical Society,
56(3):373-414, 2019.

N. Boardman, H. Lin, and J. Wu. Stabilization of a background
magnetic field on a 2 dimensional magnetohydrodynamic flow.
SIAM Journal on Mathematical Analysis, 52(5):5001-5035, 2020.

J. Bedrossian and N. Masmoudi. Asymptotic stability for the Cou-
ette flow in the 2D Euler equations. Applied Mathematics Research
eXpress, 2014(1):157-175, 2014.

J. Bedrossian and N. Masmoudi. Inviscid damping and the asymp-
totic stability of planar shear flows in the 2D Euler equations. Publ.
Math. Inst. Hautes Etudes Sci., 122:195-300, 2015.

152



[BM15b)

[BMM16]

[BMV16]

[BSS8S)

[BVW1g]

[BZD20]

[CF23]

[CMY1]

[CMRR16]

[CRW13]

[CW13]

[CZ24]

J. Bedrossian and N. Masmoudi. Inviscid damping and the asymp-
totic stability of planar shear ﬂow/s in the 2d Euler equations. Pub-
lications mathématiques de 'THES, 122(1):195-300, 2015.

J. Bedrossian, N. Masmoudi, and C. Mouhot. Landau damping:
paraproducts and Gevrey regularity. Annals of PDE, 2(1):4, 2016.

J. Bedrossian, N. Masmoudi, and V. Vicol. Enhanced dissipation
and inviscid damping in the inviscid limit of the Navier-Stokes
equations near the 2D Couette flow. Archive for Rational Me-
chanics and Analysis, 219:1087-1159, 2016.

C. Bardos, C. Sulem, and P.-L. Sulem. Longtime dynamics of a
conductive fluid in the presence of a strong magnetic field. Trans-
actions of the American Mathematical Society, 305(1):175-191,
1988.

J. Bedrossian, V. Vicol, and F. Wang. The Sobolev stability thresh-
old for 2D shear flows near Couette. Journal of Nonlinear Science,
28(6):2051-2075, 2018.

R. Bianchini, M. C. Zelati, and M. Dolce. Linear inviscid damping
for shear flows near Couette in the 2D stably stratified regime.
arXiv preprint arXiv:2005.09058, 2020.

D. Cobb and F. Fanelli. Elsasser formulation of the ideal MHD
and improved lifespan in two space dimensions. Journal de
Mathématiques Pures et Appliquées, 169:189-236, 2023.

X. L. Chen and P. J. Morrison. A sufficient condition for the ideal
instability of shear flow with parallel magnetic field. Physics of
Fluids B: Plasma Physics, 3(4):863-865, 1991.

J.-Y. Chemin, D. S. McCormick, J. C. Robinson, and J. L.
Rodrigo. Local existence for the non-resistive MHD equations
in Besov spaces. Advances in Mathematics, 286:1-31, 2016.
URL https://www.sciencedirect.com/science/article/pii/
S0001870815003424.

C. Cao, D. Regmi, and J. Wu. The 2D MHD equations with
horizontal dissipation and horizontal magnetic diffusion. Journal
of Differential Equations, 254(7):2661-2681, 2013.

C. Cao and J. Wu. Global regularity for the two-dimensional
anisotropic Boussinesq equations with vertical dissipation. Archive
for Rational Mechanics and Analysis, 208(3):985-1004, 2013.

T. Chen and R. Zi. On the Sobolev stability threshold for shear
flows near Couette in 2D MHD equations. Proceedings of the Royal
Society of Edinburgh Section A: Mathematics, pages 1-51, 2024.

153


https://www.sciencedirect.com/science/article/pii/S0001870815003424
https://www.sciencedirect.com/science/article/pii/S0001870815003424

[Dav16]

[DM23]

[Dol24]

[DWZ21]

[DWZZ18]

[DYZ19]

[Dz21]

[EW15]

[FL19]

[FMRR17]

[Grald)

[HHKL18]

P. A. Davidson. Introduction to Magnetohydrodynamics. Cam-
bridge Texts in Applied Mathematics. Cambridge University Press,
2 edition, 2016.

Y. Deng and N. Masmoudi. Long-time instability of the Couette
flow in low Gevrey spaces. Communications on Pure and Applied
Mathematics, 2023.

M. Dolce. Stability threshold of the 2D Couette flow in a homoge-
neous magnetic field using symmetric variables. Communications
in Mathematical Physics, 405(4):94, 2024.

W. Deng, J. Wu, and P. Zhang. Stability of Couette flow for 2d
Boussinesq system with vertical dissipation. Journal of Functional
Analysis, 281(12):109255, 2021.

C. R. Doering, J. Wu, K. Zhao, and X. Zheng. Long time behav-
ior of the two-dimensional Boussinesq equations without buoyancy
diffusion. Physica D: Nonlinear Phenomena, 376:144-159, 2018.

Y. Du, W. Yang, and Y. Zhou. On the exponential stability of a
stratified flow to the 2d ideal MHD equations with damping. STAM
Journal on Mathematical Analysis, 51(6):5077-5102, 2019.

Y. Deng and C. Zillinger. FEcho chains as a linear mechanism:
Norm inflation, modified exponents and asymptotics. Archive for
rational mechanics and analysis, 242(1):643-700, 2021.

T. M. Elgindi and K. Widmayer. Sharp decay estimates for an
anisotropic linear semigroup and applications to the surface quasi-
geostrophic and inviscid Boussinesq systems. SIAM Journal on
Mathematical Analysis, 47(6):4672-4684, 2015.

E. Feireisl and Y. Li. On global-in-time weak solutions to the mag-
netohydrodynamic system of compressible inviscid fluids. Nonlin-
earity, 33(1):139, 2019.

C. L. Fefferman, D. S. McCormick, J. C. Robinson, and J. L.
Rodrigo. Local existence for the non-resistive MHD equations in
nearly optimal Sobolev spaces. Archive for Rational Mechanics
and Analysis, 223:677-691, 2017.

L. Grafakos. Classical Fourier Analysis. Springer-Verlag, New
York, 2014.

Z. Hussain, S. Hussain, T. Kong, and Z. Liu. Instability of MHD
Couette flow of an electrically conducting fluid. AIP Advances,
8(10), 2018.

154



[HTO1]

[HTYO05]

[HXY18]

[1J13]

[JLWY19]

[TW22]

[Koz89)

[KZ1]

[KZ2]

[LCZL18]

[Lis20]

[LL11]

D. Hughes and S. Tobias. On the instability of magnetohydro-
dynamic shear flows. Proceedings of the Royal Society of Lon-
don. Series A: Mathematical, Physical and Engineering Sciences,
457(2010):1365-1384, 2001.

M. Hirota, T. Tatsuno, and Z. Yoshida. Resonance between con-
tinuous spectra: Secular behavior of Alfvén waves in a flowing
plasma. Physics of plasmas, 12(1), 2005.

L.-B. He, L. Xu, and P. Yu. On global dynamics of three dimen-
sional magnetohydrodynamics: nonlinear stability of Alfvén waves.
Annals of PDE, 4(1):1-105, 2018.

A. D. Tonescu and H. Jia. Nonlinear inviscid damping near mono-
tonic shear flows. Acta Mathematica, 230(2):321 —- 399, 2013.

R. Ji, H. Lin, J. Wu, and L. Yan. Stability for a system of the 2D
magnetohydrodynamic equations with partial dissipation. Applied
Mathematics Letters, 94:244-249, 2019.

F. Jiang and Y. Wang. Nonlinear stability of the inviscid mag-
netic bénard problem. Journal of Mathematical Fluid Mechanics,
24(4):1-18, 2022.

N. Knobel. Sobolev stability for the 2D MHD equations in the
non-resistive limit. arXiv preprint arXiv:2401.12548, 2024.

H. Kozono. Weak and classical solutions of the two-dimensional
magnetohydrodynamic equations. Tohoku Mathematical Journal,
Second Series, 41(3):471-488, 1989.

N. Knobel and C. Zillinger. On echoes in magnetohydrodynam-
ics with magnetic dissipation. Journal of Differential Equations,
367:625—688, 2023.

N. Knobel and C. Zillinger. On the Sobolev stability threshold
for the 2D MHD equations with horizontal magnetic dissipation.
arXiv preprint arXiv:2309.00496, 2023.

Y. Liu, Z. Chen, H. Zhang, and Z. Lin. Physical effects of mag-
netic fields on the kelvin-helmholtz instability in a free shear layer.
Physics of Fluids, 30(4):044102, 2018.

K. Liss. On the Sobolev stability threshold of 3D Couette flow in a
uniform magnetic field. Communications in Mathematical Physics,
pages 1-50, 2020.

Y. C. Li and Z. Lin. A resolution of the Sommerfeld paradox.
SIAM Journal on Mathematical Analysis, 43(4):1923-1954, 2011.

155



[LMZ22]

[LWX*21]

[LXZ15]

[MBO1]

[MSHZ22]

[MV11]

[MWGO68]

[MY06]

[MZ22]

[MZZ723]

[Orr07]

[RWXZ14]

[Sch88]

H. Li, N. Masmoudi, and W. Zhao. Asymptotic stability of
two-dimensional Couette flow in a viscous fluid. arXiv preprint
arXiv:2208.14898, 2022.

S. Lai, J. Wu, X. Xu, J. Zhang, and Y. Zhong. Optimal decay esti-
mates for 2D Boussinesq equations with partial dissipation. Jour-
nal of Nonlinear Science, 31(1):1-33, 2021.

F. Lin, L. Xu, and P. Zhang. Global small solutions of 2-D
incompressible MHD system. Journal of Differential Equations,
259(10):5440-5485, 2015.

A. J. Majda and A. L. Bertozzi. Vorticity and incompressible flow,
volume 27. Cambridge Univ Pr, 2001.

N. Masmoudi, B. Said-Houari, and W. Zhao. Stability of Couette
flow for 2D Boussinesq system without thermal diffusivity. Archive
for Rational Mechanics and Analysis, 245(2):645-752, 2022.

C. Mouhot and C. Villani. On Landau damping. Acta mathemat-
ica, 207(1):29-201, 2011.

J. H. Malmberg, C. B. Wharton, R. W. Gould, and T. M. O’Neil.
Plasma wave echo experiment. Physical Review Letters, 20(3):95-
97, 1968.

C. Miao and B. Yuan. Well-posedness of the ideal MHD system
in critical Besov spaces. Methods and Applications of Analysis,
13(1):89-106, 2006.

N. Masmoudi and W. Zhao. Stability threshold of two-dimensional
Couette flow in Sobolev spaces. Ann. Inst. H. Poincaré C Anal.
Non Linéaire, 39(2):245-325, 2022.

N. Masmoudi, C. Zhai, and W. Zhao. Asymptotic stability for
two-dimensional Boussinesq systems around the Couette flow in
a finite channel. Journal of Functional Analysis, 284(1):109736,
2023.

W. M. Orr. The stability or instability of the steady motions of a
perfect liquid and of a viscous liquid. In Proceedings of the Royal
Irish Academy. Section A: Mathematical and Physical Sciences,
pages 69-138. JSTOR, 1907.

X. Ren, J. Wu, Z. Xiang, and Z. Zhang. Global existence and decay
of smooth solution for the 2-D MHD equations without magnetic
diffusion. Journal of Functional Analysis, 267(2):503-541, 2014.

P. G. Schmidt. On a magnetohydrodynamic problem of Euler type.
Journal of differential equations, 74(2):318-335, 1988.

156



[Sec93]

[ST83]

[TWZZ20]

[WZ17]

[WZz21]

[YODO5]

[Zil17]

[Zil21a)

[Zil21D)

[Zi123]

[22.23]

[2724]

[27.721]

P. Secchi. On the equations of ideal incompressible magneto-
hydrodynamics. Rendiconti del Seminario Matematico della Uni-
versita di Padova, 90:103-119, 1993.

M. Sermange and R. Temam. Some mathematical questions related
to the MHD equations. HAL open science, RR-0185, 1983.

L. Tao, J. Wu, K. Zhao, and X. Zheng. Stability near hydrostatic
equilibrium to the 2D Boussinesq equations without thermal dif-
fusion. Archive for Rational Mechanics and Analysis, 237(2):585—
630, 2020.

D. Wei and Z. Zhang. Global well-posedness of the MHD equations
in a homogeneous magnetic field. Analysis & PDE, 10(6):1361—
1406, 2017.

J. Wu and Y. Zhu. Global solutions of 3D incompressible MHD
system with mixed partial dissipation and magnetic diffusion near
an equilibrium. Advances in Mathematics, 377:107466, 2021.

J. H. Yu, T. M. O’Neil, and C. F. Driscoll. Fluid echoes in a pure
electron plasma. Physical review letters, 94(2):025005, 2005.

C. Zillinger. Linear inviscid damping for monotone shear flows.
Trans. Amer. Math. Soc., 369(12):8799-8855, 2017.

C. Zillinger. On echo chains in Landau damping: Traveling wave-
like solutions and Gevrey 3 as a linear stability threshold. Annals
of PDE, 7(1):1-29, 2021.

C. Zillinger. On the Boussinesq equations with non-monotone tem-
perature profiles. Journal of Nonlinear Science, 31(4):64, 2021.

C. Zillinger. On echo chains in the linearized Boussinesq equations
around traveling waves. SIAM Journal on Mathematical Analysis,
55(5):5127-5188, 2023.

C. Zhai and W. Zhao. Stability threshold of the Couette flow for
Navier-Stokes Boussinesq system with large Richardson number
~v > 1/4. SIAM Journal on Mathematical Analysis, 55(2):1284~
1318, 2023.

W. Zhao and R. Zi. Asymptotic stability of Couette flow in a
strong uniform magnetic field for the Euler-MHD system. Archive
for Rational Mechanics and Analysis, 248(3):47, 2024.

C. Zhai, Z. Zhang, and W. Zhao. Long-time behavior of Alfvén
waves in a flowing plasma: Generation of the magnetic island.
Archive for Rational Mechanics and Analysis, 242:1317-1394,
2021.

157



	Mixing and Stability of the Magnetohydrodynamic Equations
	Mathematical Effects of the MHD Equations
	Linear Effects of the Navier-Stokes Equations with b=0 and =0
	Linear Effects of the Ideal MHD Equations with ==0
	Linear Effects of the Dissipative MHD Equations with >0 or >0
	Tailored Unknowns
	Nonlinear Behavior

	On Echoes in Magnetohydrodynamics with Magnetic Dissipation
	Introduction and Main Results
	Linear Stability, Traveling Waves and Echo Chains
	Stability for Small and Large Times
	Resonances and Norm Inflation
	Estimating the Growth Factor
	Nonlinear Instability of Waves

	On the Sobolev Stability Threshold for the 2D MHD Equations with Horizontal Magnetic Dissipation
	Introduction 
	Linear Stability 
	Bootstrap Hypotheses and Outline of Proof
	Instability of the Non-Resistive MHD System

	Sobolev Stability for the 2D MHD Equations in the Non-Resistive Limit
	Introduction 
	Linear Stability and Norm Inflation
	Sobolev Stability for the Nonlinear System
	Construction of the Weights 
	Local Wellposedness 

	Mathematical Background and Notation
	Derivation of the MHD Equations from the Navier-Stokes and Maxwell Equations 
	References

