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Abstract 

The mechanical properties of BaTiO3 filled HDPE nanocomposites are studied by experimental and 
numerical approaches. First, the viscoelastic behavior of neat HDPE is highlighted experimentally in 
tensile and relaxation tests. A method is then proposed to define a constitutive viscoelastic law 
representative of this behavior at different tensile crosshead speeds at room temperature. Afterward, 
this law is implemented in a finite-element-based micromechanical model representing the BaTiO3 
filled HDPE nanocomposites with different filler amounts. The experimental and numerical results 
are further compared. Both the experiments and numerical simulations confirm the viscoelastic 
behavior of the polymer nanocomposite. For nanocomposites with filler concentrations up to 20%, 
the error between the experimental and numerical findings remains less than 8%, confirming that 
the model represents well the composite behavior for low and moderate filler amounts. The proposed 
strategy can be applied to other polymer composites in order to predict the complete mechanical 
behavior of viscoelastic composite materials. 
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 Introduction 

Industries demand more and more performant parts fulfilling simultaneously several tasks. These 
custom-made parts are often manufactured by multifunctional materials. Composites are one of the 
promising material families which can satisfy such attempt. However, their development is a scientific 
challenge since there are several parameters affecting their performance, where the role of each 
constituent has to be determined. Among these composites, the particulate filled polymer composites 
are of interest. The final properties of these nanocomposites can be adapted to each application by 
choosing the appropriate parameters, such as the nature of the parent materials (matrix and 
particles), their proportions, the shape and the distribution of fillers. 

The use of Barium titanate (BaTiO3) filled High Density Polyethylene (HDPE) nanocomposites can 
meet these requirements. HDPE is one of the largely used thermoplastic polymers by industry due 
to its simple chemistry, low cost and ease to process. BaTiO3 is frequently employed due to its 
inherent dielectric/piezoelectric properties [1], [2], [3], [4]. Nevertheless, there are a few research on 
the BaTiO3 filled HDPE nanocomposites and they have mainly focused on the permittivity, electrical 
and thermal properties [5], [6], [7], [8], [9]. Mechanical properties are fundamental characteristics of 
materials, since they must support mechanical loads during their use. However, there are few 
investigations on mechanical characterization of BaTiO3 filled HDPE nanocomposites in the literature 
[7], [8], [10]. 

Mechanical properties of composites, and particularly Young’s modulus, can be measured 
experimentally. However, it may be useful to have a predictive model able to calculate these 
properties as a function of its parent components. These predictive models can be developed using 
either an analytical or numerical approaches. Analytical approach using a Hashin-Strikman model 
[11], [12] as well as numerical approaches have been employed in several research studies [13], 
[14] [15], [16]. Concerning HDPE filled BaTiO3 nanocomposites, their mechanical properties were 
studied experimentally and numerically in our recent work [10]. In this investigation, it was attempted 
to predict the Young’s moduli of BaTiO3 filled HDPE nanocomposites with different filler fraction by 
developing a micromechanical model. The influence of different BaTiO3 particle distribution was 
underlined. However, the experimental Young’s moduli determined from tensile tests have been 
found different, to some extent, to the ones predicted by the numerical model. Several reasons were 
proposed to explain the origin of this disparity: shape of the particles considered spherical in the 
micromechanical model, influence of particle percolation, the modification of polymer properties 
surrounding filler particles. The later effect i.e. the influence of interphase formed between particles 
and polymer in polymer composites has been widely studied [17], [18], [19]. Another reason of the 
discrepancy between the experimental and numerical results could be the viscoelastic behavior of 
polymers. The behavior of HDPE in the micromechanical model developed in this previous work was 
supposed to be isotropic linear elastic, but the results of tensile tests carried out at different 
crosshead speeds have clearly shown the influence of strain rate on the measured stiffness, 
indicating a viscoelastic behavior [10]. 

The characterization of the viscoelastic behavior of polymer nanocomposites has been the subject 
of numerous experimental research [20], [21], [22]. However, concerning the numerical approach, 
relatively little work has been done, to the authors' knowledge. For instance, a viscoelastic 
constitutive law was implemented in a micromechanical model to characterize creep behavior of 
silica-polyimide nanocomposites [23] or to predict the frequency response of particulate filled 
polymer [24]. 

This brief literature review shows that research concerning the mechanical behavior of the BaTiO3-
HDPE nanocomposite has been limited to either experimental testing or to numerical modeling 
assuming linear elastic behavior for the polymer. It also reveals that the mechanical response of the 
nanocomposite is influenced by the strain rate. In this context, a constitutive model for the polymer, 
incorporating a time component, is required to better capture the overall mechanical behavior of both 
neat HDPE and BaTiO3-HDPE composites. Therefore, the aim of the present work is to implement 
a viscoelastic law in a micromechanical model representing BaTiO3 filled HDPE nanocomposites in 
order to determine their tensile stiffness for different strain rates. The following approach was used. 
First, a viscoelastic constitutive law of neat HDPE was defined from experimental tensile and 
relaxation tests at room temperature for different strain rates. The representativeness of this law was 
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validated by implementing it in a finite element model of neat HDPE and comparing numerical and 
experimental results. Then, this general constitutive law was implemented into the micromechanical 
model of BaTiO3 filled HDPE nanocomposites. Finally, numerical results were compared with the 
experimental ones obtained from tensile tests carried out on this nanocomposite. The approach 
presented in this paper can be applied to all particulate incorporated polymer nanocomposites. 

 Fundamentals of viscoelasticity 

2.1.  Viscoelastic behavior  

The viscoelastic behavior which is well known on polymers has effects on both short-term and long-
term mechanical behavior. 

The short-term effects of this viscosity can be seen, for example, on the stress-strain curve in a 
uniaxial tensile test. Due to viscoelasticity, this curve differs from a straight line: viscoelasticity 
induces a non-linear behavior. Moreover, the stress-strain curves depend on the strain rate and the 
temperature. The increase in strain rate leads to an increase in material stiffness; this particular 
behavior has been highlighted in polyethylene [25], [26]. Concerning the effect of temperature, 
tensile tests on HDPE carried out by Amjadi and Fatemi [27] have shown the influence of 
temperature and strain rate on Young’s modulus and yield stress. 

In the long term, the viscoelasticity results in relaxation or creep phenomena. Relaxation refers to 
the fact that stress decreases in a specimen subjected to constant strain. Conversely, creep refers 
to the fact that strain increases in a specimen subjected to constant stress. Examples of creep curves 
for HDPE can be found in [28], [29] and relaxation curves in [30]. 

2.2.  Constitutive law and characterization methods 

For a linear viscoelastic behavior, using the Boltzmann superposition principle, the stress can be 
expressed from the strain history through the following integral formulation (Equation 1 and [31] and 
[32]). 

𝜎(𝑡) = ∫ 𝐸𝑟𝑒𝑙𝑎𝑥(𝑡 − 𝜏) 𝜀̇(𝜏) 𝑑𝜏
𝑡

0
     Equation 1 

where 𝐸𝑟𝑒𝑙𝑎𝑥(𝑡) is the relaxation modulus, and 𝜀̇(𝑡) = 𝑑𝜀(𝑡)/𝑑𝑡 is the strain rate. 

In order to characterize the viscoelastic behavior of materials, the relaxation modulus 𝐸𝑟𝑒𝑙𝑎𝑥(𝑡) has 
to be determined by experimental tests. One of the widely employed experimental approaches to 
characterize the viscoelastic behavior of a material is in the time domain. In this method, the 
relaxation modulus 𝐸𝑟𝑒𝑙𝑎𝑥(𝑡) can be determined directly from a relaxation test. This method was used 
for example by Elleuch and Taktak [33] and well suited to characterize the long-term behavior of a 
viscoelastic material. When we are interested in short-term behavior, as is the case in this work, 
some corrections must be made at the start of the relaxation phase [34]. This point will be developed 
and discussed in the next section. 

2.3.  Viscoelastic models 

Two rheological models are commonly proposed to represent the viscoelasticity of polymers: Kelvin 
and Maxwell models. Kelvin model is generally used to study the creep phenomenon and Maxwell 
model is applied for relaxation experience [35] [36]. In these models, springs and dashpots are used 
to represent the stiffness and viscous behavior of materials, respectively. A Kelvin element consists 
of a spring which is in parallel with a dashpot, whereas in Maxwell model, an element contains a 
spring and a dashpot in series.  

A generalized Maxwell model is used in this work to represent the viscoelastic behavior. It contains 
several Maxwell elements in parallel (Figure 1). 
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Figure 1: generalized Maxwell model 

This model is described by a Prony series representing the relaxation modulus (Equation 2). 

𝐸𝑟𝑒𝑙𝑎𝑥(𝑡) = 𝐸∞ + ∑ 𝐸𝑖

𝑛

𝑖=1

𝑒
− 

𝑡
𝜏𝑖 Equation 2 

where 𝑬𝒊 is the stiffness of the 𝑖𝑡ℎ component and 𝝉𝒊 =
𝜼𝒊

𝑬𝒊
⁄  is its relaxation time, 𝜼𝒊 being the 

viscosity. 

 Materials and methods 

The aim of this work is to define a viscoelastic constitutive law of neat HDPE through experiments, 
and then introduce this law in a micromechanical model of HDPE filled by BaTiO3 nanoparticles. 

3.1.  Materials  

The sample preparation and characterization methods have already been detailed in our previous 
work [10]. Briefly, the nanocomposite samples were prepared by mixing BaTiO3 nanoparticles (mean 
size 500 nm) and HDPE in a blender at 170°C-180°C. In addition to the neat HDPE, the 
nanocomposite blends with four different BaTiO3 amounts were prepared: 10 v%, 20 v%, 30 v% and 
40 v%. Then, the blends were shaped in an injection mold. The thermal, structural and mechanical 
characterizations of nanocomposites have been performed by Thermo Gravimetric Analysis (TGA), 
Differential Scanning Calorimetry (DSC), Fourier Transformed Infrared Spectroscopy (FTIR), X-Ray 
Diffraction (XRD), Scanning Electron Microscopy (SEM) and tensile tests. The density 
measurements were done by using a double weighing method and the difference between the 
theoretical and experimental densities was less than 2%. This observation would indicate that the 
composite samples have a homogenous composition and exclude the excessive amount of porosity 
[10]. In addition to the previously structural characterization, samples extracted from the neat HDPE 

and the BaTiO3 filled HDPE nanocomposites were scanned using the lab-based nanotomography 
(nanoCT Xradia 810 Ultra). Through the data reconstruction it is possible to observe the filler particle 
distribution on the samples as an example for neat, 10v% and 40v% BaTiO3 filled HDPE (Figure 2). 
Small samples were cut off with a blade from the tensile test sample and glued in a needle using an 
UV-curing glue. The nanoCT data was acquired with pixel size of 63.6 nm (sample 40v%) and 127.2 
nm (sample neat and 10v%) with acquisition time per projection varying from 20 to 50 s, depending 
on the sample, and 901 projections were acquired over 180° within a field of view of 65 µm. Neat 
sample was scanned using Zernike phase contrast mode, while the samples with BaTiO3 particles 
were characterized using absorption contrast. The nanoCT data was reconstructed using the 
proprietary software from Zeiss ‘Scout and Scan Reconstructor', which is based on the filtered back 
projection algorithm. 

𝑬∞ 𝑬𝟏 𝑬𝟐 𝑬𝒏 

𝜼
𝟏
 𝜼

𝟐
 𝜼

𝒏
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Figure 2: 2D slices of X-ray nanotomography for the samples: a) neat HDPE, b) HDPE with 10 v% of 
BaTiO3 and c) HDPE with 40 v% of BaTiO3 

The tensile and relaxation tests are performed by employing a 50kN Shimadzu AGS-X test machine 
equipped by a video extensometer, and later compared to the numerical simulations. 

A commercial software, ANSYS 2021R1 is used for the numerical approach. 

3.2.  From experimental characterization to a viscoelastic model 

In this section, the approach used to define a viscoelastic model from experimental data is presented.  

It should be noted that the results presented in this section correspond to a single test at a single 
crosshead speed carried out on a sample of neat HDPE at room temperature. These results are 
intended to illustrate the method. The overall characterization of the polymer for different crosshead 
speeds will be detailed in section 3.3. 

 Experimental characterization 

The experimental tensile tests consist of two steps: 

a) Step 1 (loading step): a uniaxial load is applied to the sample for a given crosshead speed. 
The maximum load of 120 N is employed, which corresponds to a normal axial tensile stress 
around 6 MPa. The maximum tensile stress is assumed to be below to the yield stress of the 
samples. The time at the end of this step is noted 𝑡1. 

b) Step 2 (relaxation step): subsequently the crosshead is held in its position until time 𝑡2. 𝑡2 
time has been set to 600 seconds.  

Experimental results are illustrated in Figure 3. The evolution of strain with time is represented in 
Figure 3a. During step 1, the tensile test speed imposed on the crosshead results to a nearly constant 
strain rate: 𝜀1̇. A zoom at the beginning of the tensile test is shown in Figure 3b. During step 2, strain 

looks like almost constant in time and the strain rate 𝜺̇𝟐 can be considered as zero. At step 2, a very 
slight variation of the strain in time appears probably due to sliding of the sample in the grips. The 
change of stress with time is represented in Figure 3c. A zoom at the beginning of the relaxation test 
is shown in Figure 3d. The effect of viscoelasticity appears in the nonlinear behavior during step 1 
and in the relaxation of stress during step 2 as clearly seen on Figure 3d. 
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Figure 3: Tensile and relaxation tests on neat HDPE sample 

 From experimental data to the definition of a relaxation modulus  

In a uniaxial tensile test, if the mechanical behavior of the material is perfectly linear elastic, the 
stress-strain curve is a straight line and the Young’s modulus is defined as its slope. For a 
viscoelastic material like HDPE, the mechanical behavior is nonlinear and the stress strain curve is 
not a straight line (Figure 4). Using ISO527-1 Standard, an equivalent Young Modulus is defined as 
the slope of a straight line between 0.0005 and 0.0025 strain points. It should be noted that this 
strain range could be used for neat HDPE, but not for HDPE-BaTiO3 nanocomposites which are the 
main objective of this work. The reason of this inconvenience comes from the fact that BaTiO3 
nanocomposites exhibit very small deformation compared to neat HDPE, especially at high BaTiO3 
nanocomposites concentrations, such that the resulting strains remain below the strain range used 
for neat HDPE. In order to focus on the influence of strain rate, as well as the amount of BaTiO3 
particles, on mechanical behavior, we determined an equivalent Young Modulus (noted 𝐸𝑒𝑞𝑢𝑖𝑣) 

defined as the slope of the straight line between 1 and 5 MPa stress points (Figure 4 and Equation 
3) on stress-strain curves. 𝜀𝜎=5 𝑀𝑃𝑎 and 𝜀𝜎=1 𝑀𝑃𝑎 are the strains corresponding to 1 MPa and 5 MPa 
stress points. 

𝐸𝑒𝑞𝑢𝑖𝑣 =
5 𝑀𝑃𝑎 − 1𝑀𝑃𝑎

𝜀𝜎=5 𝑀𝑃𝑎 − 𝜀𝜎=1 𝑀𝑃𝑎
 Equation 3 

This definition of 𝐸𝑒𝑞𝑢𝑖𝑣 is based on stress rather than strain, in order to avoid the aforementioned 

problem of the low strains encountered with BaTiO3 filled composites. In addition, the values of stress 
(1 and 5 MPa) are selected specifically to encompass most of the loading phase. 
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Figure 4: Experimental stress-strain curve (black line) and definition of Young’s moduli 

The viscoelastic behavior is defined by the relaxation modulus 𝐸𝑟𝑒𝑙𝑎𝑥(𝑡) (Equation 1). This relaxation 
modulus is usually determined from a relaxation test, but it can also be extracted from a uniaxial 
loading stress-strain curve as follows. 

During the loading step, the relaxation modulus corresponds to the tangent modulus (Equation 4) 
which is the slope of the stress-strain curve (Figure 4) [37]. 

𝐸𝑡𝑎𝑛𝑔𝑒𝑛𝑡(𝑡) =
𝑑𝜎(𝑡)

𝑑𝜀(𝑡)
 Equation 4 

During the relaxation step, the secant modulus (Figure 4) should be used as the relaxation modulus 
𝐸𝑟𝑒𝑙𝑎𝑥(𝑡) (Equation 5) 

𝐸𝑠𝑒𝑐𝑎𝑛𝑡(𝑡) =
𝜎(𝑡)

𝜀(𝑡)
 Equation 5 

However, the secant modulus corresponds strictly to the relaxation modulus only in the ideal case 
where the load is applied suddenly [38], [37]. If the load is not applied instantaneously, which is the 
real case, the secant modulus differs from the relaxation modulus for the short time of the relaxation 
step. This point will be illustrated and discussed later. 

During the relaxation step, the numerical value of the secant modulus can be determined directly 
from the stress and strain measured for each time step. However, the numerical value of the tangent 
modulus cannot be evaluated directly from experimental data due to the noises in stress and strain 
measurements, since a small variation in stress or strain can result in a big change in derivative. In 
order to transform an experimental noisy curve, the stress-strain curve is first fitted with a high degree 
polynomial. Then the tangent modulus is computed from the high degree polynomial approximation 
of experimental curves 𝝈(𝒕) and 𝜺(𝒕). An example of relaxation modulus determined from tests on 
neat HDPE is given in Figure 5. 
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Figure 5: Relaxation modulus determined from experimental stress-strain curve on neat HDPE 

A discontinuity is observed between the two steps at instant 𝑡1, due to the way of calculation of 

𝐸𝑟𝑒𝑙𝑎𝑥. In particular, this discontinuity arises because the relaxation modulus would correspond to 
the secant modulus of step 2 only if the load were applied suddenly, which is not the case here. 

 From relaxation modulus to viscoelastic model 

The curve fitting tool included in the commercial software ANSYS is used to determine the 
parameters of Prony series from experimental relaxation modulus 𝐸𝑟𝑒𝑙𝑎𝑥(𝑡). Some points are 
extracted from the experimental curve to achieve the curve fitting calculations. In order to highlight 
the influence of the point selection for curve fitting, two models (Model1 and Model2) are computed 
from two different sets of experimental points (Figure 6). In Model1, the points are selected close to 
𝑡1 in loading step and far from 𝑡1 in the relaxation step, while in Model2, the selected points are far 

from 𝑡1 in loading step and closer to 𝑡1 in relaxation step. 
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Figure 6: Experimental relaxation modulus with the points selected for curve fitting with two different 
models 

 

In order to represent the evolution of the relaxation modulus as accurately as possible over the whole 
duration of experiments, a generalized Maxwell model with three terms in Prony series (Equation 2) is 
used. The parameters extracted by using curve fitting tool in ANSYS are listed in Table 1. 

𝒊 
Model1 Model2 

𝑬𝒊 (MPa) 𝝉𝒊 (s) 𝑬𝒊 (MPa) 𝝉𝒊 (s) 

∞ 583 / 735 / 

1 979 2.96 891 2.48 

2 290 88.8 317 53.6 

3 352 1316 270 453 

Table 1: The parameters of Prony series obtained 
by curve fitting for two models 

The relaxation modulus computed (Equation 2) with these parameters (Table 1) is also represented 
in Figure 6 for two models (dotted curves). It is clear that the relaxation modulus calculated from 
these two models corresponds well to experimental points selected for curve fitting. 
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 Validation: numerical simulation of the tensile test 

In order to validate these models and quantify the influence of point selection for curve fitting, these 
models are then implemented in a 2D plane stress finite element model corresponding to the 
experimental tests. As an example, a neat HDPE sample studied experimentally is shown in Figure 
7a. The geometry of the numerical model is a rectangular surface (Figure 7b) representing the 

central part of the sample in Figure 7a. A displacement  is applied during a first load step (Figure 

7c), then kept constant during a second one (Figure 7d). The value of the imposed displacement  
is chosen so that the experimentally measured strain at the end of the loading step is obtained. 

 

Figure 7: Numerical approach for neat HDPE. 
Experimental tensile test specimen of neat HDPE 
(a), 2D finite element model (b), deformation of the 
sample under load  (c) and applied displacement in 

two steps (tensile and relaxation) loading (d)   

Numerical stress computed with these two models are compared to the experimental results (solid 
black curve) in Figure 8a. It is remarked that Model2 gives a better correlation with experimental data 
at the start of the relaxation step. 
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Figure 8: Comparison of the experimental and numerical results for two models 
 

A tangent modulus (loading step) and a secant modulus (relaxation step) can also be computed from 
these numerical results, in the same way as they were determined from experimental data. Figure 
8b provides a comparison of the various relaxation moduli calculated from numerical results of the 
two models (solid red and purple lines), experiments (solid black line), and Prony series-based 
theoretical results for the two models (dotted curves). These outcomes confirm that the relaxation 
modulus defined by the Prony series is equal to the tangent modulus during the loading step and to 
the secant modulus during relaxation step, except for the short time at the beginning of the relaxation 
step. 

The choice of points used for the curve fitting of Model1 results from this property: during the first 
step, the tangent modulus is strictly equal to the relaxation modulus and curve fitting points are 
selected along the entire curve up to time 𝑡1; the first point of the relaxation step is then chosen so 
that a decreasing modulus over time is obtained. The stress calculated with this model corresponds 
perfectly to that measured during the loading step but shows a slight difference at the start of the 
relaxation step (just after 𝑡1). 

  

E
re

la
x
 (

M
P

a
) 

Time (s) 

Experimental results 

Numerical results Model1 

Numerical results Model2 

Prony series Model1 

Prony series Model2 

(b) Evolution of relaxation modulus over time for experimental and two numerical models plotted by 
using the parameters of two Prony series 

S
tr

e
s
s

 (
M

P
a

) 

Time (s) 

Experimental results 

Numerical results Model1 

Numerical results Model2 

(a) Evolution of experimental and numerical stresses with time for two models  

𝒕𝟏 

Jo
urn

al 
Pre-

pro
of



12/27 

To obtain a better correlation at the start of the relaxation step, a second model was calculated using 
a new set of curve fitting points. For the relaxation step, the points closer to time 𝑡1 were added, 

which led to remove the last points close to 𝑡1 in step 1 in order to maintain a decreasing modulus 
(Figure 6b). Concerning the correlation between numerical and experimental stresses, this second 
model results in an improvement during step 2 without an important influence during step 1. The 
stress is less dependent on the relaxation modulus during the loading step than during the relaxation 
step, since during the loading step, the relaxation modulus is determined from the derivative of stress 
i.e. 𝑑𝜎(𝑡)/𝑑𝜀(𝑡) (Equation 4), whereas during the relaxation step, it is directly proportional to the 

stress i.e. 𝜎(𝑡)/𝜀(𝑡) (Equation 5). It is therefore more difficult to determine the tangent modulus 
accurately: a small change in the measurements can result in a large change in its derivative. 

To conclude, the approach described in this section was successfully validated: the relaxation 
modulus determined from the experimental data (tangent modulus for the loading step, secant 
modulus for the relaxation step) can then be used to describe an effective representative model for 
viscoelastic behavior of HDPE. Since Model2 led to a better overall correlation, the points at the 
transition zone between two steps around time 𝑡1 were excluded for curve fitting. 

3.3.  Overall approach 

The method used to define a viscoelastic model from an experimental characterization was 
described in the previous section, at a fixed crosshead speed. The aim of the work presented in this 
paper is to introduce a viscoelastic behavior of HDPE into a micromechanical model of BaTiO3 filled 
HDPE nanocomposites representative of the behavior of HDPE at all strain rates. The overall 
approach used to meet this objective is illustrated in Figure 9. 
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Figure 9: Approach used to define and validate a viscoelastic model (a) , (c) and (d) on neat HDPE (b) and 
(e) on BaTiO3 filled HDPE nanocomposites 

The first step (Figure 9a and Figure 9b) concerns the experimental mechanical characterization of 
neat HDPE and BaTiO3 incorporated HDPE nanocomposites (0 v%, 10 v%, 20 v%, 30 v% and 40 
v% in BaTiO3). All tests were performed at room temperature. For each material i.e., 0 v%, 10 v%, 
20 v%, 30 v% and 40 v% BaTiO3 filled HDPE, three different samples were characterized at different 
tensile crosshead speeds, and for each speed, the test was repeated thrice. Finally, an average 
curve was computed from these nine experimental curves for each speed. An example is given in 
Figure 10 for a tensile crosshead speed of 1 mm/min on neat HDPE. The equivalent Young Modulus 
𝑬𝒆𝒒𝒖𝒊𝒗 defined in Equation 3 is then extracted from the average stress strain curve 𝝈(𝜺). For neat 

HDPE, an average relaxation modulus 𝑬𝒓𝒆𝒍𝒂𝒙(𝒕) is also computed for each speed. 
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Figure 10: Example of an average curve obtained from nine stress-time curves with a 1 mm/min 
crosshead speed on neat HDPE (each color (blue, green and red) corresponds to a sample and three 

tests are performed on each sample) 

The second step (Figure 9c) consists of defining a viscoelastic model representative of neat HDPE 
which takes into account all crosshead speeds. To do so, an average relaxation modulus is 
calculated from the various relaxation moduli obtained for each speed. A viscoelastic model is then 
defined from this global average relaxation modulus, as explained in the previous section. 

In order to estimate the correctness of this generalized viscoelastic model to effectively represent 
the behavior of neat HDPE, numerical stress strain curves 𝝈(𝜺) and equivalent Young’s modulus 

(𝑬𝒆𝒒𝒖𝒊𝒗) are computed with this model (Figure 9c) and compared to the experimental results (Figure 

9d). 

Finally, the generalized viscoelastic model obtained on neat HDPE is applied to the micromechanical 
model on BaTiO3 filled HDPE nanocomposites (Figure 9e), and numerical results are compared with 
experimental results for different crosshead speeds. This strategy can be justified, since the viscosity 
is mainly induced by polymer rather than the ceramic fillers. 

 Results and discussion 

4.1.  Neat HDPE: Characterization and definition of a general viscoelastic model 

 Characterization of the relaxation modulus 

Using the approach described in the previous section, experimental relaxation modulus 𝑬𝒓𝒆𝒍𝒂𝒙(𝒕) is 
evaluated for the following crosshead speeds: 0.5, 1, 2, 5, 10, 50 and 100 mm/min. The results are 
presented in Figure 11. 

The modulus determined in the relaxation step is almost independent of the crosshead speed used 
in the loading step. The dispersion of the different curves is greater for 𝑬𝒓𝒆𝒍𝒂𝒙(𝒕) determined from 
the tangent modulus of the loading step. For relatively fast crosshead speeds i.e. 50 and 100 
mm/min, only the relaxation step is considered. In fact, during the loading step, load is applied very 
fast which makes it difficult to determine accurately the slope. 

 Viscoelastic model for neat HDPE 

In order to select a set of points for curve fitting, an average relaxation modulus curve is calculated 
from the curves obtained for different crosshead speeds. It should be noted that for each speed, 
values just before and just after time 𝑡1are excluded from the calculation of the average value, in the 
same way as the points used to define Model2 (Figure 6). The set of points selected on the average 
curve for curve fitting are represented in Figure 11: the whole experimental span (Figure 11a) and 
at the beginning of the experiments (Figure 11b).  
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Figure 11: Relaxation modulus for different crosshead speeds (continuous lines) and set of points () used 
for curve fitting (a) the whole experimental span, (b) zoom at the beginning of experiments. The thick black 

curve is the relaxation modulus plotted by using the Prony parameters in Table 2   

The parameters of the Prony series resulting from the curve fitting process in ANSYS are given on 
Table 2. The relaxation modulus curve plotted by using these Prony parameters are also represented 
in Figure 11 (thick black curve). 

 𝑬𝒊 (MPa) 𝝉𝒊 (s) 

∞ 827 / 

1 626 0.887 

2 538 9.59 

3 363 156 

Table 2: Prony series parameters final model 
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 Validation of the model on neat HDPE 

In order to check the viscoelastic final model previously defined (Table 2) representing the behavior 
of the neat HDPE, the numerical approach defined in Figure 7 is used for the four lowest crosshead 
speeds (0.1, 1, 2 and 5 mm/min). 

The change of stress with time for experimental results and numerical calculations is illustrated for 
different crosshead speeds in Figure 12. The curves over entire experimental time span are 
presented in Figure 12a, and the initial parts of these curves are shown in Figure 12b. The continuous 
lines are the experimental curves with different crosshead speeds and the dotted lines are the 
numerical ones obtained from the general viscoelastic model by using the Prony parameters in Table 
2. A very good agreement is observed between numerical results and experimental data for these 
crosshead speed on neat HDPE. 
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Figure 12: Experimental (continous lines) and numerical (dotted lines) results for different crosshead 
speeds on neat HDPE: stress-time curves over the entire time span (a), zoom at the beginning (b) and 

stress - strain curves (c) 
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The experimental and numerical stress-strain curves are then plotted (Figure 12c). The average 
strain rate corresponding to each crosshead speed and the equivalent Young’s moduli are 
summarized in the table in the inset of Figure 12c. 

These curves clearly confirm the viscoelastic behavior of HDPE: stress-strain curves are not straight 
lines, and the stiffness depends on the loading speed. In fact, when the crosshead speed increases, 
the equivalent Young’s modulus increases. We also remark that the strain rate is almost directly 
proportional to the crosshead speed. 

A good agreement is observed between experimental and numerical results. The difference between 
numerical and experimental Young’s moduli seems to increase with increasing crosshead speed but 
still remains negligible. To conclude, the model proposed previously represents well the viscoelastic 
behavior of neat HDPE. 

4.2.  BaTiO3 filled HDPE nanocomposites: characterization and micromechanical 
modeling 

The viscoelastic constitutive law of neat HDPE is then implemented into a micromechanical model 
for determining the behavior of BaTiO3 filled HDPE nanocomposites. Numerical results obtained 
using this law are compared with experimental results. 

The experimental approach described in the previous section is applied to the nanocomposite 
samples, but only the first step, i.e., loading step, was performed. Samples with different amount of 
BaTiO3 filler are tested: 10 v%, 20 v%, 30 v% and 40 v%. The tests were performed using the 
following crosshead speeds: 0.5, 1, 2 and 5 mm/min. As for neat HDPE, three different samples are 
tested for each crosshead speed and the test is repeated at least thrice on each sample for a given 
speed. Finally, an average curve is computed and plotted. 

 Micromechanical model 

 The Material Designer application of ANSYS is used to generate a 3D geometry of the 
Representative Volume Element (RVE) of nanocomposites. The distribution of BaTiO3 particles 
(considered spherical) is chosen as random with a mean particle diameter of 0.5 µm and a standard 
deviation of 0.15 µm, as determined by using SEM in our previous work [10]. The random particle 
distribution for the amounts of 10 v% and 40 v% are shown as examples in Figure 13a and Figure 
13b, respectively. For random particle distribution, the size of this RVE must be large enough that 
the macroscopic results should be independent of particle distribution. For each amount of BaTiO3 
filler, the RVE size was adjusted in a way that the standard deviation of macroscopic Young’s 
modulus with 10 different random distributions remains less than 1%. A more detailed description of 
the creation of the RVE can be found in [10]. 

This geometry of the RVE is then transferred in the Mechanical application tool (finite element 
software) of ANSYS. The Boundary Conditions (BC) representing a macroscopic uniaxial test are 

applied. A displacement x is imposed in x direction and displacements in y (y) and z (z) directions 
are let free but imposed constant (Figure 13c). 
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Figure 13: RVE of randomly distributed BaTiO3 particles in HDPE matrix with different filler amount (a) 10 

v%, (b) 40 v%, (c) boundary conditions and results for 40 v% filler when a uniaxial displacement (x) is 
applied in x direction 

 The macroscopic normal strain is defined from the imposed displacement (Equation 6), and 
macroscopic normal stress is computed from reaction force (Equation 7). 

𝜀𝑚𝑎𝑐𝑟𝑜(𝑡) =
𝛿𝑥(𝑡)

𝑎
 Equation 6 

𝜎𝑚𝑎𝑐𝑟𝑜(𝑡) =
𝐹𝑥(𝑡)

𝑎2
 Equation 7 

where 𝜀𝑚𝑎𝑐𝑟𝑜(𝑡), 𝛿𝑥(𝑡), 𝑎, 𝜎𝑚𝑎𝑐𝑟𝑜(𝑡), 𝐹𝑥(𝑡) are the macroscopic strain, the imposed displacement in 

𝑥 direction, the length of cube edge of RVE, macroscopic normal stress and applied force in 𝑥 
direction, respectively. 

For each amount of BaTiO3 filler and each crosshead speed, the imposed displacement x(t) is 
calculated so that the macroscopic strain corresponds to the experimentally measured strain. 

The material properties used for the calculations are shown in Table 3. The mechanical behavior of 
HDPE is simulated by the viscoelastic model found in the previous sections. BaTiO3 particles are 
supposed to have a linear elastic isotropic behavior. 

Material  

BaTiO3 particles 
Isotropic elasticity  

Young’s modulus: 200000 MPa Poisson’s ratio (ν): 0.3 

HDPE polymer matrix Viscoelastic model defined in Table 2 

Table 3: material properties of HDPE matrix and BaTiO3 filler used in the micromechanical model 
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 Results 

The experimental and numerical stress-strain curves are obtained for each composition of 
nanocomposites with different crosshead speed. As an example, the experimental stress-strain 
curves (continuous lines) and numerical (dotted lines) ones are illustrated for 20 v% BaTiO3-filled 
HDPE composite (Figure 14a) for different crosshead speeds. 

As for neat HDPE, the viscoelastic behavior clearly appears for nanocomposites: an increase in the 
tensile crosshead speed leads to an increase in the stiffness of the nanocomposites. The equivalent 
Young’s Modulus strongly depends on the strain rate as summarized on the table of the inset on 
Figure 14a. 

 

 

Figure 14: Experimental (continuous lines) and numerical (dotted lines) results for BaTiO3 filled HDPE 
stress-strain curves for HDPE filled by 20 v% BaTiO3 with different tensile crosshead speeds (a) 

equivalent Young’s moduli against strain rate for all the HDPE-BaTiO3 nanocomposite samples (b) 

The experimental and numerical results for all filler amounts and all crosshead speeds are 
summarized on Table 4 and represented in Figure 14b. Figure 14b shows the evolution of the 
experimental (continuous lines) and numerical (dotted lines) equivalent Young’s moduli as a function 
of the strain rates. 
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Amount of 
BaTiO3 filler 

 (v%) 

Crosshead 
speed 

(mm/min) 

Strain rate 
(10-6 s-1) 

Equivalent Young’s modulus (Eequiv) 

Experimental 
(MPa) 

Finite 
Element 

(MPa) 

Difference 
(%) 

0 

0.5 124 12846.5% 1267 -1.4 

1 261 13986.4% 1440 3.0 

2 505 15605.5% 1597 2.4 

5 1220 17357.8% 1834 5.7 

10 

0.5 125 18462.2% 1729 -6.4 

1 248 19422.3% 1949 0.3 

2 505 21813.9% 2173 -0.4 

5 1260 23703.0% 2499 5.5 

20 

0.5 125 25563.5% 2372 -7.2 

1 256 27813.7% 2657 -4.5 

2 516 29164.4% 2953 1.3 

5 1320 31795.6% 3388 6.6 

30 

0.5 123 40453.0% 3317 -18.0 

1 245 42203.0% 3682 -12.8 

2 494 45053.0% 4088 -9.3 

5 1240 48233.5% 4637 3.8 

40 

0.5 120 64584.7% 4836 -25.1 

1 235 65534.7% 5249 -19.9 

2 500 68845.2% 5889 -14.5 

5 1200 72896.5% 6412 -12.0 

Table 4: The experimental and numerical equivalent Young’s moduli for all the samples and all 
crosshead speeds 

The deviation in experimental results remains below 8%, indicating the reliability of results. As seen 
on Table 4 and on Figure 14b, the results confirm the influence of the amount of filler particles on 
the stiffness of nanocomposites. In fact, the experimental and numerical equivalent Young’s moduli 
(Eequiv) increase with increasing BaTiO3 filler amount. The stiffness is increased up to 320-400% 
(depending on the strain rate) when polymer is filled by 40 v% BaTiO3 compared to neat HDPE. 
These results also confirm the viscoelastic behavior of the nanocomposite: stiffness increases with 
increasing strain rate for all samples. 

A very good agreement between experimental and numerical results is observed for neat HDPE, 10 
v% and 20 v% BaTiO3 filled HDPE indicating that the proposed micromechanical model is 
representative. For example, for nanoparticle concentration of 20%, a difference of 4.5% is found 
between experimental and numerical results for a crosshead speed of 1mm/min. For comparison, 
when a linear elastic model was employed for the polymer [10], this difference reached to 25% for 
the same crosshead speed. These observations confirm the effectiveness of the viscoelastic model 
to better reproduce the behavior of the polymer in the nanocomposite compared to simple linear 
elastic one. 

The discrepancy between experimental and numerical results for higher filler amounts can be 
attributed to the following potential reasons: 

- The filler shape and filler particle distribution play an important role in the mechanical behavior of 
the  composite [39]. In the numerical model, spherical particles are distributed randomly in the 
polymer matrix without any agglomeration. In our previous work [10], we have demonstrated that the 
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filler distribution modifies the stiffness especially for high filler amount (30 v%, 40 v%). 
Experimentally, the formation of filler agglomerates cannot be excluded, since no specific surface 
modification process was performed on filler particles. Indeed, the X-ray nanotomography in Figure 
2 shows that the filler particles agglomerate in the samples, mainly for high particle concentrations. 
For 10v% filled HDPE, the individual particles are unambiguously distinguished with a very small 
number of agglomerates formed by a few filler particles. But the For 40v% filled HDPE sample, there 
are less visible individual particles and more agglomerates compared to the 10v%. Numerical 
simulation has shown that for a given amount of spherical filler, the agglomeration of filler results in 
a higher stiffness as found by numerical simulation compared to the random distribution [10]. In a 
similar way, the filler percolation at high filler amount can result in a different experimental stress 
pathway.  

- The interaction between filler particles and polymer matrix is of great consequence on the 
mechanical properties of nanocomposites. In fact, when a stress is applied to the nanocomposites, 
the stress should be transmitted from polymer to the stiffer filler particles. In the numerical model, 
the interaction between particles and polymer matrix is considered as “perfect contact” without any 
interphase region. In the literature, the role of an interphase between filler and polymer matrix, with 
modified polymer properties, has been extensively pointed out [17], [18], [19]. In fact, the polymer 
properties are modified in the interphase. But in our numerical model, it is very difficult to take into 
account the interphase since its properties (thickness, viscoelastic properties…) are unknown and 
should be considered separately from the polymer matrix. An additional difficulty In addition, it is 
difficult to design manually the interphase around each particle for each random particle distribution. 
As indicated previously, the aim of this work was to develop a micromechanical model including a 
viscoelastic behavior. so that Thus, an interphase region was not considered to simplify the analysis 
and keep it focused on the viscoelasticity effects. 

- From a chemical point of view, the mechanical properties of polymers are in relation with the 
mobility of chains. In filled polymers, the presence of rigid filler particles can decrease the polymer 
chain mobility especially for high filler amount where the interparticular distance decreases. 

 Conclusion 

The aim of this work was to develop a numerical model able to predict the mechanical behavior of 
nanocomposites from that of its constituents. Previous research on the subject has shown the limits 
of model based solely on the elastic behavior of polymers. This work therefore focused on the 
implementation of a viscoelastic constitutive law in a micromechanical model developed previously. 
The study was divided into two steps: The first step consisted in defining a viscoelastic model of the 
neat HDPE based on experimental data. In the second step, this model was implemented into a 
numerical micromechanical model of the nanocomposite. Particular attention was paid to the 
correlation between numerical and experimental results. 

Tensile tests confirmed viscoelastic behavior of neat HDPE and HDPE filled BaTiO3 
nanocomposites: stiffness characterized by the equivalent Young Modulus depends strongly on 
strain rate. These tests ascertained that a pure elastic model does not permit to accurately simulate 
the mechanical behavior of this type of material as it does not take into account the time dependence 
of the mechanical response. 

Regarding the determination of the relaxation modulus, the work carried out here has confirmed the 
impossibility to use only the modulus obtained from a relaxation test: if the load is not applied 
instantaneously, the measured modulus does not correspond exactly to the relaxation modulus. An 
approach based on a two-step test has been proposed combining the results of tensile and relaxation 
tests. Several experiments with different crosshead speeds were performed to determine a master 
curve of this relaxation modulus. The curve fitting process allowed to define the parameters of a 
viscoelastic constitutive law based on the generalized Maxwell model. Simulations performed with 
this model show that it is representative of the mechanical behavior of neat HDPE for different tensile 
crosshead speeds. 

Finally, the implementation of this viscoelastic model in a numerical micromechanical approach 
showed that it is possible to predict the mechanical behavior of a nanocomposite with a good 
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accuracy for small and intermediate amounts of filler. In particular, it was found that the discrepancy 
between the numerical and experimental equivalent Young’s modulus remains less than 7% for 
nanoparticle concentration up to 20%. For higher amount of filler, further considerations must be 
taken into account to understand the origin of the differences between experimental and numerical 
results and improve the model and make it more representative. 

In conclusion, this work has highlighted the viscoelastic behavior of neat HDPE and BaTiO3 filled 
HDPE nanocomposites. The introduction of this viscoelastic behavior into the developed model has 
greatly improved its representativeness even if some points still need to be further investigated. The 
strategy developed in this work can be extended to other filled polymers.  
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Highlights: 

• The viscoelasticity of polymer nanocomposites is highlighted. 

• The master curve of HDPE relaxation modulus is experimentally obtained. 

• A constitutive law based on the generalized Maxwell model is established for HDPE. 

• Mechanical properties of nanocomposites are predicted using a micromechanical model. 
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