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Abstract

Regular black hole metrics involve a universal, mass-independent regulator
that can be up to O(700km) while remaining consistent with terrestrial tests
of Newtonian gravity and astrophysical tests of general relativistic orbits.
However, for such large values of the regulator scale, the metric describes a
compact, astrophysical-mass object with no horizon rather than a black hole.
We note that allowing the regulator to have a nontrivial mass dependence pre-
serves the horizon, while allowing large, percent-level effects in black hole
observables. By considering the deflection angle of light and the black hole
shadow, we demonstrate this possibility explicitly.

Keywords: regular black holes, gravitational singularities,
black hole phenomenology

1. Introduction

Astrophysical
tional physics

black holes are emerging as increasingly relevant testing grounds of gravita-
[1-6]. Under some assumptions on the energy and pressure of matter, general

relativity predicts that black holes formed during the late stages of a collapsing massive star

necessarily co

ntain singularities [7-9]. These singularities show up as divergent gravitational

tidal forces in the black hole interior, and prevent a complete description of physics in this
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regime [10]. This is the black hole singularity problem, a major unresolved problem in gravit-
ational physics. Within general relativity, these singularities are evident in the Schwarzschild
metric: an exact, spherically symmetric vacuum solution of the Einstein equations, taking the
form [11, 12]

ds? = —F(r) d2 + e +77d6? + P sin” 0 dy?
F(r) (1)
F(r)=1- ZGrM.

Here, M is the black hole mass, G is the gravitational constant, and we set the speed of light to
unity (¢ = 1). The event horizon is located at r, = 2GM, and the singularity is situated at r =0,
as can be seen from the Kretschmann invariant R ,,,, R**?° = 48(GM)? /r°. It is believed that
quantum-gravitational effects change the form of the metric in the black hole interior at r < ry,
eventually leading to an avoidance of the singularity. In the recent years, a variety of regular
black hole models have been proposed [13—18]; see also the review [19]. Typically, they fea-
ture a modification of an otherwise singular metric, parametrized by a length scale ¢ > 0, that
removes the singularity at » = 0. These metrics are not solutions of a fundamental gravitational
theory, but can help constrain the leading order observational consequences of regular black
holes. A characteristic and popular model is the Hayward metric [16],

2GM
Fi=1-"-—  [}=2GM/". 2
() r 413’ oMt )

For non-zero values of the parameter L, the metric in equation (2) describes a smooth and
finite gravitational field around » = 0, while for L = 0 one recovers the Schwarzschild solution.
The parameter L is the product of a universal length scale ¢ and a factor of GM that removes
the mass dependence of the function (2) at small distances r. This universal behavior at small
distances is known as the limiting curvature condition and is motivated by various high-energy
properties of gravity [20-23]. Hence we shall refer to ¢ (rather than L) as the fundamental,
short-distance or ‘ultraviolet’ (UV) regulator.

Let us now constrain both L and £. E6tvos-type experiments confirm the Newtonian inverse-
square law of gravitation to distances of ~50 um for test masses of O(1kg). A measurement
uncertainty of around 0.5 um [24] bounds L and ¢ by

L<O(10pm), £ < O(700km). 3)

The large separation between those two quantities stems from 2GM/c* ~ 10~2" m for tabletop
masses. Astrophysical orbits imply much weaker constraints. For a central, solar mass, at dis-
tances of 1 AU, the leading order deviation from the Schwarzschild metric is (r;/r)?(¢/r)* ~
1072, where r, = 2GM/c* and we set M = M, and ¢ = 700km. For a supermassive black
hole, such as Sagittarius A*, with M ~ 4.3 x 10°M,, a stellar object at its closest point of
approach at r = 120 AU [25] would experience corrections of (r,/r)*(¢/r)? ~ 1072, whereas
rg/r~ 1073,

In the absence of a model for the origin of equation (2), it is well motivated to treat £ as a free
parameter and study the phenomenological consequences. The surprisingly weak bound in (3)
implies that ¢ can be comparable to the horizon size of astrophysical black holes. When this is
the case, regular black hole metrics can differ significantly in the near-horizon region from their
Schwarzschild counterparts. The possibility of striking observational consequences, however,
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Table 1. Mass gaps for several regular black hole models.

Regular black hole model Mass gap Reference
Bardeen GM > 1.30¢ [13]
Dymnikova GM > 0.88¢ [14]
Bonanno-Reuter (y =9/2) GM > 3.50¢ [15]
Hayward GM > 1.30¢ [16]
Simpson—Visser GM > 0.50¢ [17]
Frolov (n=1) GM > 0.98¢ [18]

cannot be realized: the metric (2) ceases to describe a black hole if GM < (3v/3/4)¢, prevent-
ing black holes with masses below ~//G.? Importantly, this is not a fluke of the Hayward
metric, but a common feature of all known regular black hole metrics, usually referred to as
a ‘mass gap.” See table 1 for a summary of mass gaps for several well-known regular black
hole models. To the best of our knowledge, no known regular black hole model can simultan-
eously accommodate a large regulator ¢ and allow the existence of a black hole horizon across
a realistic, astrophysical mass range.

In this Note, we show how one may obtain a different outcome by allowing the regulator
¢ to have a nontrivial mass dependence. Put in another way, the quantity L? in equation (2) is
conventionally assumed to be mass dependent, but the present work explores the phenomen-
ological implications of relaxing the assumption that this dependence is linear. In doing so,
we obtain regular black hole metrics without the problems related to mass gaps, featuring
O(50%) corrections at the horizon scale in mass ranges associated with astrophysical black
holes. Given our assumptions about the mass dependence of the regulator, the motivation for
considering kilometer-scale values of ¢ is similar to the motivation for considering large com-
pactification radii in extra-dimensional scenarios. When the large extra dimensions idea was
first proposed [27, 28], there was no theoretical derivation that indicated a priori that one or
more compactification radii should be at the millimeter or the inverse-TeV scale. The proposal
was made to challenge a theoretical prejudice, namely that all compactification scales should
be set by the Planck scale. Dispensing with this preconception led to significant phenomeno-
logical benefits, most notably the elimination of the hierarchy problem. In the present context,
there is no theoretical derivation that indicates a priori that the gravitational regulator ¢ should
be kilometer-scale in size. Our scenario challenges a theoretical prejudice that the regulator
¢ should be set by the Planck scale. Dispensing with this preconception also leads to signi-
ficant phenomenological benefits, most notably the amelioration of the black hole mass gap
problem and the possibility of observable horizon-scale effects. The location of the innermost
circular orbit for light (the ‘photon sphere’), gravitational lensing, and the black hole shadow,
are all susceptible to horizon-scale deviations in our scenario. The purpose of this Note is to
illustrate these points, which have not been made previously in the literature. Nevertheless,
fully realistic black holes must also address other issues, such as geodesic completeness and
stability, and take into account black hole angular momentum. We discuss these briefly in the
final section, as motivation for future work.

3 This remains true in dynamical black hole formation [26].
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2. Modified metric

We take the Hayward metric (2) as a starting point, and aim to explore its dependence on the
regulator scale ¢ as well as its mass parameter M via the dimensionless combination

- 14
= ——. 4
2GM @
While ¢ < 1 is typically assumed in the study of regular black holes, our focus will be on the
regime ¢ 2 1 where one has strong deviations from the Schwarzschild form away from the
origin. We parametrize

2GM P 3 X
Fin=1-"2_"__  [3_ocmP (é) 5
@ e 1 )
where the asymptotic ADM mass of this metric is still given by M, but f(é) > 0 introduces a
new regulator L with an unconventional mass dependence. The black hole horizon, in terms
of # =r/(2GM), lies at 7} — i2 = —¢*f(£). This equation has positive solutions if

2e(7) — 73 4

which one may think of as the ‘black hole condition.” As in equation (4), and henceforth, a hat
indicates that the given quantity has been made dimensionless by dividing by an appropriate
power of 2GM. The mass-dependence of this condition leads to strikingly different results
compared to the Hayward metric. Namely, non-monotonic functions ézf(f) that increase and
decrease at intermediate values for / generate entirely new, astrophysically viable branches for
regular black hole metrics that feature both a horizon and a large value of ¢. To illustrate this,

the reader may verify that the following function,

1

e 7
14 ¢4 @

f example —
provides such an example. The black hole condition L3<4 /27 is guaranteed for GM > 1.28/,
qualitatively similar to the Hayward case. However, black holes also exist for GM < 0.20/—
an entirely new branch. It is significant that this branch constitutes an upper bound on black
hole mass, one that allows black holes with masses that are less than the regulator scale (in
units where ¢ = G = 1). This solves the problem of a disappearing horizon for large regulator
scales, so that large effects on black hole observables can be consistently obtained. The choice
of function f(f) defines a new family of regular black holes, as we discuss in some more detail
below.
The impact of this new, mass-dependent regulator can best be captured by estimating
horizon-scale effects. Subject to the condition (6), the horizon is located at

?h:%{1+2cos {%arccos (1—%123”}. ®)

At the horizon, the deviation of this class of metrics from the Schwarzschild metric is governed

by the ratio
P 3
= <A> €10,0.5]. )
Th
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Figure 1. A stark difference: The metric function F(r) over the dimensionless distance
r/¢ for £ =30km for two cases of M, assuming equation (7). Left: M = 30M, the
new metric is indistinguishable from the Hayward metric. Right: M = 3M . The new
metric features a horizon and deviates macroscopically from the Schwarzschild metric

at the horizon by roughly 8%;

the Hayward metric does not describe a black hole, but a

solar-mass scale horizonless object, so far unobserved in Nature.

The deviation is monotonically increasing and assumes its maximum value of 50% at L =
4/27. There, usual regular black hole metrics cease to describe black holes and instead become
horizonless. The function f(@) in the mass-dependent regulator L changes the allowed mass
ranges for black holes, so that O(50%) horizon-scale effects for astrophysical black holes are
allowed; figure 1 illustrates the effect of the function f(é) Let us now constrain its properties

a bit more:

e For a vanishing regulator at fixed mass M (E — 0) we should recover the Schwarzschild
metric. Assuming that f(£) is regular at the origin, this constrains f ~ ¢ with p > —2 at

{=0.
e Close to the origin the metric and its Kretschmann scalar behave as
172
Fr—0=1--=+4+0("),
e
124 (10)
K(r—0)==—"+0("),

— 5

where K = R,,,,,-R"?? and we suppressed the argument of f = f(é ) for brevity. The limiting
curvature condition demands f to be a universal constant to avoid any mass dependence in
the maximum curvature. However, if we are willing to allow for a mild mass dependence
that still prevents trans-Planckian curvatures, we can relax this condition and merely demand
that f approaches a constant as M is taken large with ¢ fixed, or equivalently f(@) — constant

as/ — 0.

e Tabletop experiments for small masses probe the region M — 0, corresponding to {— ooat
fixed ¢. To avoid a more stringent bound than given in equation (3), we assume that f < 1 in

this limit.

We propose the following, rather general parametrization that captures this essence (see

figure 2 for a few cases):

A 1 b
)= (1+1)

. (11)
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a=3.5,

05k a=4, b=0.07, p=4, q=1
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Figure 2. Possible parametrizations of the mass-dependent regulator = ng(@) The
black hole condition (6) is satisfied whenever the curves are below the dashed line. Given
a regulator /, this implies a band structure for black hole existence.

In the black hole domain, as described by equation (6), the modification is strongest
wherever 13 reaches its maximum value of 4 /27. For example, in the case where a=1,p=4
and b =0, i.e. equation (7), maximal effects are obtained for black hole masses near the bound-
aries of the allowed regions, ~0.20¢/G and ~1.28¢/G, while allowing black holes to exist in
both intervals. For £ ~ 30km, these boundaries correspond to ~4M¢ and ~26M,, respect-
ively. The forbidden mass interval in between can be modified by a different choice of the
function f(f) Note that regular supermassive black holes are not affected by the modification
to the metric. Should our qualitative results persist when angular momentum is introduced, the
additional stellar black hole ‘branches’ with substantial horizon-scale effects suggest new and
potentially interesting targets for direct astrophysical observation.

3. Consequences
To demonstrate the qualitatively new features of the metrics described in this Letter, let us set
¢ ~30km 12)

and explore observational consequences for solar-mass black holes. For simplicity, we will
assume a mass-dependent regulator given by {a = 1,p =4,b = 0}.
Light propagation in the metric (5) is described by
2 72
P =E — Ve (r) Veff(r):er(’”), (13)

where E = —g,f and J = g, are constants of motion related to the impact parameter b via
b = J/E, and the dots denote differentiation with respect to the affine parameter of the geodesic
X ().

The effective potential Veg(r) has a maximum outside the black hole horizon at r = Ty
indicating an unstable circular photon orbit, called the ‘photon sphere.” The regulator f(é)
pushes it inwards, away from 3GM:

23 3GM_ ry \3
P ((P21) () >0
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Schwarzschild

BH band
structure [~

Hayward

new metric

- F | N S, e Schwarzschild
S 0.85fF o Hayward
new metric

3M,

[=]
®
=]

T
M=

5 10 15 20 25 30 35
M/Mq

Figure 3. Mass-dependent deflection angle ¢ (normalized to the Schwarzschild value)
for the impact parameter b = 6GM, as a function of mass M, assuming equation (7). The
bands show the allowed black hole mass ranges.

The effect is largest for L3 =4 /27, resulting in r, /= 2.65 GM. This is a 12% deviation from
the Schwarzschild location 3GM. A similar statement holds for light deflection around such
black holes. Following (14), the deflection angle is

T dr 1
so(b)zzb/ S ——-r (15)

ry (b)

where ry denotes the point of closest approach, related to the impact parameter b via F(ry) b*> =
r3. We can now compare the light deflection around objects of the same mass M, described by
different metrics. For definiteness, we fix the impact parameter to be twice the location of the
Schwarzschild photon sphere. The maximum resulting effect is of O(5%), and is displayed in
figure 3.

We can now define the ‘black hole shadow’ as the impact parameter for which the bending
of light angle grows to infinity—the shadow is the boundary between trapped and deflected
light, and hence corresponds to the visible size of a black hole in the sky. It is given by

\/F(”v) \/1_ [aGM
3ry

and the maximum possible deviation from Schwarzschild is again of O(5%). In the future, it
would be interesting to extend these studies similar to reference [29].

b, (16)

4. Conclusions

We have described a new class of regular black hole metrics that do not imply a lower bound
on the black hole mass below which one would obtain a compact horizonless object. This is
made possible by replacing the regulator ¢ by a mass-dependent function, entering the metric
equation (2) via

L= 2GM€2f< (17)

2GM) ’
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where the function f is the new ingredient. Previously excluded mass ranges are now access-
ible and permit black hole geometries featuring horizons, while other limited ranges remain
inaccessible, without necessarily implying conflict with observation. The mass dependence
allows the regulator ¢ and the horizon scale to be comparable, so that horizon-scale deviations
from the black holes described by general relativity at the percent level can now be obtained.
These include, but are probably not limited to, a reduction in the black hole’s apparent size, a
smaller photon sphere, and weaker lensing.

Effects on supermassive black holes are negligible given an appropriate choice of f. Since
their mass scale exceeds that of astrophysical black holes up to a power of 10° [30], the effects
described in this Letter are suppressed by roughly this factor. This is desirable, since the shad-
ows of supermassive black holes are directly observable [4], and large deviations from general
relativity are likely ruled out at that scale. In fact, the observations presently cannot distinguish
between black holes from Einstein gravity and modified, regular black hole metrics [31, 32].

The purpose of this Note has been to illustrate the potential usefulness of mass-dependent
black hole regulators in the simplest setting, through modification of the form of well-known
Hayward metric. However, a fully realistic application will have to address a number of issues
that we reserve for future work:

e Geodesic completeness and stability. In the recent years, it has been pointed out that several
regular black hole models are geodesically incomplete [33—35] or may suffer from instability
issues [36] related to mass inflation [37] at their inner horizons. While our modification does
not remedy this behavior, we emphasize that our proposed mass-dependent regulator can be
applied to any regular black hole model, including models that have improved behavior [38].

o Angular momentum. Realistic astrophysical black holes have angular momentum. The static
metric presented in this Note can be endowed with angular momentum following the well-
established procedure presented in reference [39]; alternatively, one may replace the reg-
ulator in known rotating regular black hole metrics [40] directly with the mass-dependent
regulator proposed in this Note.

e Energy conditions. The absence of singularities in regular black hole models is typically
accompanied with the violation of energy conditions, which has been studied in great detail
elsewhere [41, 42]. In the context of the proposed model—where the radial dependence of
the metric coincides with that of the Hayward metric—the only difference emerges through
the re-scaled regulator:

L=(2GM)'P 213473, (18)

Recall that for the astrophysical mass range, kilometer-scale fundamental regulators £ would
give an L that is also of the order of kilometers—were it not for the modification function f
that can be chosen to reduce the total regulator L. Since the scale L sets the violation length
scale for the energy conditions, in the proposed model the violation will be constrained
to that modified range, which, for astrophysically relevant black holes, is smaller than in
the pure Hayward case. In this case, this model therefore shrinks the effective regions of
energy condition violations. However, we also note that energy conditions, in their standard
form, only apply to general relativity, wherein the energy-momentum tensor is algebraically
related to the Ricci curvature. In modified gravity theories (or, for example, an effective
theory of quantum gravity that may dynamically generate regular black hole metrics like
the one discussed in this Note) this algebraic relation may no longer be true. In the absence
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of an action principle and equations of motion, such questions cannot be unambiguously
answered”.

e Gravitational waves. Since the discussion in this Letter is limited to time-independent met-
rics, one may wonder about the dynamical aspects of these black holes and their non-trivial
band structures (i.e. allowed mass intervals). For example, is it possible to have two black
holes from the low-mass part of the spectrum, make them collide, and end up in the regime
where no black holes are allowed? And, in that case, what is the nature of the horizonless
end product after a collision of these black holes? It is well known that such compact, hori-
zonless object can feature instabilities [43]. This may then lead to emission of gravitational
waves that only terminates once the object is again inside the lower mass range and a hori-
zon has formed. In the presence of more involved regulators f(@) one could have multiple,
disconnected bands for these types of black holes, giving rise to a multitude of transitions
between bands, accompanied by a characteristic amount of gravitational wave emission.
While certainly interesting, we will leave dynamical aspects to future work.

Lastly, we point out that both the unmodified Hayward metric and the metrics proposed in this
Note satisfy the limiting curvature condition [20-22], which is rooted in quantum-gravitational
considerations. Thus, one might hope that regulators with an unconventional mass dependence
may one day be traced back to an underlying theory of quantum gravity>.
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