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ABSTRACT

The main objective of Ramsey theory is to investigate the largest monochromatic sub-
structure guaranteed in any coloring of a given discrete host structure. Examples for
such substructures are subgraphs hosted in a complete graph or arithmetic progres-
sions in the natural numbers. In this thesis, we present quantitative Ramsey-type
results in the setting of finite sets that are equipped with a partial order, so-called
posets. A prominent example of a poset is the Boolean lattice (),,, which consists of
all subsets of {1,...,n}, ordered by inclusion. For posets P and @, the poset Ramsey
number R(P, Q) is the smallest NV such that no matter how the elements of )y are
colored in blue and red, there is either an induced subposet isomorphic to P in which
every element is colored blue, or an induced subposet isomorphic to  in which every

element is colored red.

The central focus of this thesis is to investigate R(P, @), where P is fixed and n
grows large. Our results contribute to an active area of discrete mathematics, which
studies the existence of large homogeneous substructures in host structures with local
constraints, introduced for graphs by Erdés and Hajnal [27]. We provide an asymp-
totically tight bound on R(P,(Q,) for P from several classes of posets, and show a
dichotomy in the asymptotic behavior of R(P, @, ), depending on whether P contains

a subposet isomorphic to one of two specific posets.

A fundamental question in the study of poset Ramsey numbers is to determine
the asymptotic behavior of R(Q,, Q) for large n. In this dissertation, we present
improvements on the known lower and upper bound on R(Q,, Q). Moreover, we
explore variations of the poset Ramsey setting, including Erd§s-Hajnal-type questions
when the small forbidden poset has a non-monochromatic color pattern, and so-called

weak poset Ramsey numbers, which are concerned with non-induced subposets.
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Chapter 0

Introduction

0.1 BRIEF INTRODUCTION TO RAMSEY THEORY FOR POSETS

The field of extremal combinatorics studies extremal properties of finite, discrete struc-
tures, for example graphs, integers or set systems, under local or global conditions.
The most common local constraint is to forbid a specific local substructure. One of
the key questions in extremal combinatorics is to find out which size of a homogeneous
substructure can be guaranteed in any given host structure. This general question is
the foundation of Ramsey theory, a major area of discrete mathematics, which provides
the general framework for this thesis. An active branch of this discipline is the so-called
Erdds-Hajnal setting, in which the emergence of homogeneous substructures is studied for

host structures in which some specific induced substructure is forbidden.

These Ramsey-type problems can be illustrated by a folklore example corresponding
to a Ramsey-type question for graphs: At a conference with 10 participants there are
always three people who are either all pairwise acquaintances or all pairwise strangers,
i.e., there is a homogeneous set of size 3. A natural extremal question is to determine
the smallest number of participants NV such that any conference with N participants
has this property. It can be shown that the answer to this is N = 6. If we add the local
constraint that at a conference with 10 attendees, there are no three participants such
that among the three pairs in this trio exactly two pairs are acquainted, then we can

guarantee the existence of a homogeneous set of size 4.

In its mathematical abstraction, Ramsey-type problems are considered in terms
of partitions of a large host structure, or equivalently in terms of colorings, in which
a substructure is homogeneous if and only if it is monochromatic. The most well-
known setting of Ramsey theory studies monochromatic subgraphs in edge-colorings

of complete graphs, i.e., in terms of the example above, each participant corresponds
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to a vertex, and we color each pair of distinct vertices with any of two colors, depending
on whether they are acquaintances or strangers. In this thesis, we are concerned with

Ramsey theory in the setting of posets.

The term poset is an abbreviation for partially ordered set. As an example of a poset,
we denote by @), the set of subsets of the first n integers {1,...,n}. The subsets in
@Q)n are partially ordered by inclusion, e.g., the subset {1, 2} is included in {1, 2, 3} but
incomparable to {1,3}. A simple Ramsey-type question is to determine the smallest
N such that no matter how we color the members of Qn with two colors, there is
always a monochromatic, 4-element substructure isomorphic to Q2. Figure 0.1 (a) il-
lustrates such a substructure in an exemplary coloring. Observe that N > 3, because
the coloring of )3 presented in Figure 0.1 (b) does not contain a monochromatic copy
of 2. However, it can be shown that NV = 4. The focus of this thesis is to explore
Ramsey-type questions for posets. Among the main theorems, we show quantitative
results in the classic Ramsey setting as well as in the Erdés-Hajnal setting for large un-
avoidable monochromatic @,,. In particular, connecting both aforementioned settings,
we study the off-diagonal Ramsey setting, in which we forbid a small poset P colored
monochromatically with one color and determine the size of a largest (),, colored with

the opposite color.

Figure 0.1: (a) A blue/red coloring of ()3 containing a blue subposet F isomorphic to
Q2. (b) A blue/red coloring of 3 with no monochromatic copy of Q».

The introductory chapter is structured as follows. In the next section, we formally
state basic definitions, and in Section 0.3, we give definitions of various posets. After-
wards, we present an overview of known results, before summarizing the results of
the dissertation in Section 0.5. For a compact overview, the reader is referred to Ta-
ble 0.1. After that, we discuss related research and variants of Ramsey-type questions
for posets. In Section 0.7, we introduce additional terminology commonly used in our
proofs and state two central lemmas, the Embedding Lemma and the Chain Lemma. We
use that terminology in the final section to formally prove the existence of the poset
Ramsey number.
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0.2 BASIC DEFINITIONS

PARTIALLY ORDERED SET AND BOOLEAN LATTICE

A partially ordered set, or poset for short, is a pair (P, <p) of a finite set P and a partial

order <p on this set, so a binary relation that is

e reflexive,ie.,, X <p X forevery X € P,
¢ antisymmetric,ie., if X <pYand X >p Y, then X =Y forevery X,Y € P,and

¢ transitive,i.e.,if X <p Y andY <p Z, thenalso X <p Z forevery X,Y,Z € P.

Usually, we refer to a poset (P, <p) just as P. The elements of P are often called vertices.
We say that X € Pissmaller thanY € Pif X <p Y. Moreover, X is strictly smaller than
Y, denoted by X <p Y,if X <p Y and X # Y. Two vertices X,Y € P are incomparable
if X £p Y and X Z2p Y, for which we write X = Y. A vertex X € P is minimal if there
isno vertex Y € P such that Y <p X. Similarly, X € P is maximal if there is no vertex
Y € PwithY >p X. A poset P is usually represented by a Hasse diagram, in which
every X € P is drawn as a point and there is an upward line from X to Y if X <p Y,

but lines that are implicit by transitivity are omitted.

A prominent example of a poset is the Boolean lattice Q),, of dimension n, that is the
set of subsets of an n-element ground set, ordered by the inclusion relation C. The
Hasse diagram of the 3-dimensional Boolean lattice ()3 is depicted in Figure 0.1. For a
general introduction to partially ordered sets, the reader is referred to the textbooks by
Trotter [71] and Schroder [66].

INDUCED COPY AND WEAK COPY

To establish a Ramsey setting for posets, we need a notation for a substructure of a

poset. In fact, there are two main variants.

e A poset (P, <p,) is an induced subposet of a poset (P1,<p,) if P» C P; and for
every two X,Y € P,, X <p, Yifandonlyif X <p Y. If sucha P, is isomorphic
to some poset P’, we say that P» is an induced copy of P’ in P;. For the majority
of this thesis, we restrict our attention to induced subposets and induced copies.
Therefore, we often omit the prefix “induced”, e.g., we use the terms induced
copy and copy interchangeably. See Figure 0.1 (a) for an example of an induced
subposet.
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e We say that (P2, <p,) is a weak subposet of (P;,<p,) if P» C P; and for every two
X,Y € P, with X <p, Y, we have that X <p, Y. If a weak subposet P of P; is
isomorphic to a poset P’, we refer to the induced subposet of P; on vertices P,
i.e., the set P, ordered as in <p,, as a weak copy of P" in P;. Note that the linearly
ordered set on k elements is a weak copy of any k-element poset P.

BASIC POSET PARAMETERS AND PARALLEL COMPOSITION

Let P be a poset. The size | P| of P is the total number of vertices in P. The height h(P)
denotes the largest number of vertices in P which are pairwise comparable, while the
width w(P) is the largest number of vertices in P which are pairwise incomparable. We
denote the 2-dimension of P by dimy(P), that is the smallest dimension n of a Boolean
lattice 2, which contains P as an induced copy. It is a basic observation that the

2-dimension exists for any poset, see Proposition 0.12. Observe that
|Qnl=2", h(Qn)=n+1, and dima(Q,)=n.
The well-known Sperner’s theorem [68] states that w(Q,,) = (LT:/L? J)‘

Given a poset P, two subposets P, P, C P are parallel if they are element-wise
incomparable. In particular, any two parallel posets are disjoint. We denote by P; @ P»
the parallel composition of two posets P, and P, i.e., the poset consisting of a copy
of P; and a copy of P which are parallel. In the literature, the parallel composition
is also referred to as independent union. Note that this operation is commutative and
associative, so the parallel composition P; @ --- @ P, for posets P;, i € {1,...,¢}, is

well-defined.

BLUE/RED COLORING OF A POSET

In this thesis, we study colorings of the vertices of posets with two colors, usually
blue and red. A blue/red coloring of a poset P is a mapping c: P — {blue,red}. This
definition extends canonically to colorings with more than two colors, which are not
studied in-depth in this work. We say that a poset is monochromatic if all its vertices
have the same color. If every vertex of a poset is blue, we say that the poset is blue.

Similarly, if every vertex is red, the poset is red.
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Poser RAMSEY NUMBER

Analogously to Ramsey-extremal functions in graphs or hypergraphs, we define an
extremal function for posets that is based on the Boolean lattice. For posets P and @),

let the poset Ramsey number of P and @) be

R(P,Q) = min{N € N: every blue/red coloring of ) contains either
a blue induced copy of P or a red induced copy of Q}.

The poset Ramsey number is the central extremal function analyzed in this thesis.
We remark that for any posets P and (), the poset Ramsey number R(P, Q) is well-
defined. A detailed proof of this fundamental observation is given in Proposition 0.13.
The proof idea is the following. For P = @ = @, the existence of R(Q,, Q) follows
from a result by Graham and Rothschild [33]. For arbitrary posets P and @, we find
an n = n(P,Q) such that @, contains a copy of P and a copy of Q. In particular,
R(P,Q) < R(Qn, Qy), which implies that R(P, Q) is well-defined.

WEAK POSET RAMSEY NUMBER AND POSET ERDGS-HAJNAL NUMBER

In Section 0.2, we introduced two different notions of a substructure in posets, induced
and weak subposets. While the poset Ramsey number is defined based on induced
subposets, there is an analogous Ramsey-extremal number using weak subposets. The

weak poset Ramsey number for posets P and @ is

RY(P,Q) = min{N € N: every blue/red coloring of ) y contains either
a blue weak copy of P or a red weak copy of Q}.

Every induced copy of a poset is also a weak copy, so itis clear that R" (P, Q) < R(P, Q).
In particular, RV (P, Q) exists for any P and Q.

A colored poset P is a poset P with a fixed blue/red coloring. Given a colored poset
P and an integer n € N, the poset Erd6s-Hajnal number R(P, Q,,) is the smallest N € N
such that every blue/red coloring of the vertices of )y contains a copy of P colored as
in P, or a monochromatic copy of Q. It is easy to see that R(P, Qn) < R(Qn, Qy) for
any colored poset P, so R(P, Q@n) is well-defined. Observe that if the fixed forbidden
pattern P is monochromatic and n is large, then R(P, Qn) = R(P,Qy).
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0.3 CATALOG OF CONSIDERED POSETS

In this section, we provide a catalog of all specific classes of posets defined in this thesis.
They are listed alphabetically in terms of their notation. Illustrations of all posets are
given in Figures 0.2 to 0.5. Following the common practice in extremal combinatorics,
we usually do not distinguish between a poset P and its isomorphism class, unless the

vertices of P are specifically defined.

* Anantichain A; of size t is the poset consisting of ¢ pairwise incomparable vertices,
i.e., the parallel composition of ¢ single vertices. We remark that the width w(P)

of a poset P is the size of a largest antichain contained as a subposet in P.

* A chain C; of length t is the poset consisting of ¢ pairwise comparable vertices, i.e.,
its vertices form a linear order Z; < --- < Z;. Note that the height i (P) of a poset
P is the length of a largest chain contained as a subposet in P.

* We say that a chain composition Cy, 1, ...+, with parameters t1,...,t,, £ > 1, is the
parallel composition of chains Cy,, ..., Cy,, e, Ct 4,1, = Cty ©Cp, ©--- O Cy,.

Note that C 1 is an antichain.

* An n-diamond D, is the poset consisting of an antichain on n vertices, a vertex
smaller than all others, and a vertex larger than all others. Note that D; is

isomorphic to Q2.

Ay
Dy
Cs Cia1

Figure 0.2: Hasse diagrams of A4, C5, Cy4 4,1, and Ds.

* A complete {-partite poset Ky, ., is a poset on t; + - -- + t; vertices obtained as
follows. Consider ¢ pairwise disjoint sets A!, ..., A?, where each A’ consists of ¢;
vertices. Then for any two indices i, j € {1,...,¢} and for any vertices X € A?,
Y € A7, we define that X < Y if and only if i < j. Such a poset can be seen as a
complete blow-up of a chain. In the literature, it is also referred to as a strict weak
order. Note that K1 ,1 = D,

* The A-shaped poset Ay consists of 3 elements and has a unique maximal vertex
and two distinct minimal vertices, i.e., As is the poset on vertices Z1, Z, and Z3
such that Z; > Z3, Z1 > Z5, and Zy ~ Z3.
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* The N-shaped poset /V consists of four distinct vertices W, X, Y, and Z such that
WY, Y>X,X<ZWxX WxZandY ~ Z.

K349 Ay N

Figure 0.3: Hasse diagrams of K342, A2, and /V.

* We use @), to denote the Boolean lattice of dimension n, i.e., the poset consisting of

all subsets of an n-element ground set, ordered by inclusion.

* Letn and ¢ be positive integers. The n-dimensional t-cube Qg ) is the set {1,...,t}",
partially ordered by domination, i.e., for any two X,Y € {1,...,¢}", we define
that X < Y if and only if X (i) < Y (i) for every ¢ € {1,...,t}. Let the 0-
dimensional ¢-cube Q(()t) be the poset consisting only of a single vertex. Note that
QY = C, and QY = Q...

¢ The hook-shaped poset @), has distinct vertices W, X, Y, and Z such that W > X,
X<Y<ZWxY,and W ~ Z.

* The standard example S,, is the 2n-element subposet of a Boolean lattice ), con-

sisting of all 1-element and (n — 1)-element subsets.

Q5 Sy

Figure 0.4: Hasse diagrams of Qg?’), (5, and Sy.

* Given integer-valued parameters » > 0, s > 1 and ¢ > 0, an (r, s, t)-spindle S, s
is defined as the complete multipartite poset Ky v i where t),...,t. = 1and
tryg =sandt, ,,...,t. 1, = 1. Inother words, this poset on r 4 s + t vertices
is constructed by combining an antichain A, and two chains C, and C} such that
every vertex of A, is larger than every vertex from C,, but smaller than every
vertex from C;. If r = 0 or ¢t = 0, the respective chain is omitted. Note that

Sl,n,l = Dn and Sr,l,t = Cr—i—t—l—l-
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e For s,t € N, let SD,; denote the (s,t)-subdivided diamond, which is the poset
obtained from two parallel chains of length s and ¢, respectively, by adding a

vertex which is smaller than all others and a vertex which is larger than all others.
Note that SDl,l = QQ.

* An n-fork V,, is the poset consisting of an antichain on n vertices with an added
vertex smaller than all other vertices. Note that V,, = K ,,. Particularly relevant
for this thesis is V5, the V-shaped, 3-element poset with a unique minimal vertex
and two maximal vertices, so on vertices 71, Z5, and Z3 such that Z; < Zj,
71 < Zs,and Zy = Z3.

N

Vi
S253 SDs 5

Figure 0.5: Hasse diagrams of S 53, SD3 2, and V;.

0.4 BACKGROUND AND KNOWN RESULTS

0.4.1 HiSTORICAL BACKGROUND

Ramsey theory originates from a groundbreaking result by Ramsey [63] from 1930,
who showed that a sufficiently large uniform hypergraph colored with a fixed number
of colors contains a monochromatic sub-hypergraph of any fixed size. Even shortly
before that, van der Waerden [73] considered a Ramsey-type question on arithmetic
progressions. Van der Waerden’s work was later generalized by the highly influential
Hales-Jewett theorem [42], which laid the foundation for Ramsey theory on various

discrete settings such as combinatorial lines or words.

This result was even further extended by Graham and Rothschild [33], who con-
sidered so-called cubes. Cubes can be interpreted as finite affine spaces, see also a book
by Graham, Rothschild, and Spencer [34]. Here, we present an interpretation of the
Graham-Rothschild theorem in terms of posets.
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Recall that for ¢t € N, the n-dimensional t-cube fo ) denotes the poset on vertices
{1,...,t}" such that a vertex X is smaller than a vertex Y if and only if X (i) < Y (i)
forevery i € {1,...,t}. The Graham-Rothschild theorem [33] shows that there exists a
sufficiently large IV such that any coloring of copies of fo) in ng,) with 7 colors contains
a monochromatic copy of fo ) In the special case ¢ = 0, 7 = 2, and ¢ = 2, this shows

the existence of the poset Ramsey number of @), and Q.

Theorem 0.1 (Graham-Rothschild [33]). For any n € N, there is a sufficiently large N
such that any blue/red coloring of the vertices of an N-dimensional Boolean lattice contains a

monochromatic copy of Qy. In particular, R(Qy,, Q) exists.

In the last decades, Ramsey theory established itself as an active and major field in
discrete mathematics, applied to various discrete settings. To name just a few, there
are noteworthy recent advances in arithmetic Ramsey theory [48,50], Ramsey theory

on vector spaces [58], and Euclidean Ramsey theory [17].

Most notable, Ramsey-type problems are considered for graphs, initiated by a paper
of Erdds and Szekeres [26]. A graphis a pair (V, E) of a vertex set V and an edge set E, such
thateachedgee € Fisasetof twoverticesz,y € V. A graph (V, E) is complete if every 2-
element subset of V' isin E. For a general introduction to graph theory, see the textbooks
of Diestel [21] and West [76]. Erd6s and Szekeres [26] studied the smallest integer R(n)
such that any blue/red coloring of the edges of a complete graph on IV vertices contains
a monochromatic, n-vertex, complete graph, and showed that R(n) < 4". An overview
of the most significant graph Ramsey questions is given by a recent survey due to
Conlon, Fox, and Sudakov [16]. It is also worth highlighting a very recent breakthrough
result by Campos, Griffiths, Morris, and Sahasrabudhe [9], who improved the upper
bound by Erd6s and Szekeres to R(n) < (4 L )n Further notable and recent results

T 128
in Ramsey theory on graphs and hypergraphs are for example [15,49, 53, 64].

An important variant of this classic graph Ramsey setting was introduced by Erdés
and Hajnal [27]. Let H be a complete graph on ¢ vertices in which each edge has an
arbitrary fixed color, say blue or red. They studied the minimal number of vertices of a
graph such that any blue/red coloring of its edges contains a ¢t-vertex subgraph whose
induced color pattern is isomorphic to H, or a monochromatic complete graph on n
vertices. The well-known and mostly unsolved Erd&s-Hajnal conjecture claims that for
any H, this minimal number of vertices is at most n°(!), where ¢(H) is some constant
depending on H. Results towards this conjecture are surveyed by Chudnovsky [14],
see also [56,60,75].
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The first to apply Ramsey-type problems explicitly to posets were Nesetfil and
Raédl [59], who determined all posets U such that for any poset P there is a host poset
F with the property that any coloring of copies of U in F' with a fixed number of
colors results in a monochromatic copy of P. See also papers by Paoli, Trotter, and
Walker [61] and Soki¢ [67] on this topic. If U is the poset consisting of a single vertex
and there are only two colors, we arrive at a natural special case, where we analyze
whether any blue /red coloring of the vertices of F' contains a monochromatic copy of P.
Kierstead and Trotter [46] considered this setting for general posets in a quantitative
approach, with the goal of minimizing p(F') for all P with a fixed p(P), where p is a

poset parameter such as size, height, or width.

If we set the poset parameter p to be the 2-dimension, this leads to the definition of

the poset Ramsey number R(P, ), which was introduced by Axenovich and Walzer [2].

0.4.2 OVERVIEW OF KNOWN RESULTS

Recall that for any posets P and @, R(P, Q) is the smallest integer N such that in any
blue/red coloring of the N-dimensional Boolean lattice @, there is a blue induced
copy of P or a red induced copy of ). In the following, we give a rough overview about
previous research on R(P, (), stating only a selection of results. Further known bounds

on poset Ramsey numbers are discussed in the respective chapters of this thesis.

A trivial lower bound on the poset Ramsey number of any posets P and () is
R(P,Q) = h(P) + n(Q) - 2,

obtained by considering a so-called layered blue/red coloring of Q) with dimension
N = h(P) + h(Q) — 3, i.e, each layer {X € Qn : |X]| = (¢}, 0 < ¢ < N, is colored
monochromatically such that there are i (P) — 1 blue layers and h((Q)) — 1 red layers.
This coloring obviously contains no blue copy of P, because no blue subposet has height

h(P). Similarly, there is no red copy of Q.

When P is an arbitrary poset and () is a Boolean lattice, this trivial lower bound
and a general upper bound due to Axenovich and Walzer [2] provide the following

framework.

Theorem 0.2 (Axenovich-Walzer [2]). Let n € N and P be a poset. Then

n+h(P) — 1< R(P,Qy) < h(P)n + dima(P).
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We present their upper bound approach in Lemma 6.6.

Naturally, one of the central questions in the study of poset Ramsey numbers is to
determine the asymptotic behavior of R(Q,,, @) for large n. In this setting, Theorem 0.2
yields that

2n < R(Qn, Qn) < n? + 2n.

After several gradual improvements, the best known lower bound is due to Bohman
and Peng [7], and the best upper bound is given by Lu and Thompson [52]. They
showed that forn > 3,

m+1< R(Qn,Qn) <n?—n+2.

For small n, the Ramsey number is determined exactly, in particular R(Q2,Q2) = 4,
see also Figure 0.1. Crucially, it is not known whether R(Q,, @) is asymptotically
linear, quadratic or neither of the two. The so-called diagonal setting R(P, P) was also
considered for other basic classes of posets P, see e.g., Walzer [74] and Chen, Chen,
Cheng, Li, and Liu [12].

The related off-diagonal setting R(Q,, @), where m < n, also received consider-
able attention over the last years. When both m and n are large, the best known upper

bound is due to Lu and Thompson [52] who showed that for a constant ¢ > 0,
R(Qm,Qn) < n(m— 2+ %) +m + 3.

The setting can be simplified by considering a fixed m. It is trivial to see that
R(Q1,Qn) = n+ 1. For m = 2, Grész, Methuku, and Tompkins [38] showed that

n+3 < R(Q2,Qn) <n+ (2+o(1))10gn-

Here and throughout this thesis, ‘log” refers to the logarithm with base 2. For fixed

m > 3, only rough estimates are known, see Lu and Thompson [52].

Furthermore, there has been some progress on the weak poset Ramsey number in
the diagonal setting (),, and @,. It was shown by Cox and Stolee [18] for the lower
bound and by Lu and Thompson [52] for the upper bound that

2n+1< RW(Qna Qn) < R(Qn; Qn) < n2 —n+2.
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We remark that in the off-diagonal setting R (P, ),,), where P is small and n is large,
the asymptotic behavior is trivial: For any poset P, the chain C)p| is a weak copy of P,
thus for fixed P,

R(Ch(P)7 Qn) < Rw(Pv Qn) < R(C\Pb Qn)

Axenovich and Walzer [2] determined R(C}, @) = n +t — 1, see Corollary 0.11, so
RY(P,Qn) =n+06(1).

Besides the Ramsey numbers R(P, ) and RY (P, (0), we are concerned in this thesis
with the poset Erds-Hajnal number R(P,Q,,). To the best knowledge of the author,

Erdés-Hajnal problems on posets have not been studied before.

0.5 SUMMARY OF RESULTS SHOWN IN THIS THESIS

We remark that formal definitions of all posets mentioned in the following are presented

in Section 0.3.

In this thesis, motivated by the Erd§s-Hajnal setting for posets as well as the objective
to improve known bounds on R(Q,,, @), we analyze R(P, (),,) for a fixed poset P and
large n. In Chapter 1, we generalize a known approach by Grész, Methuku, and
Tompkins [38], and obtain an improved upper bound on R(P, Q,,) if P is a complete
multipartite poset or subdivided diamond. This chapter serves as a gentle introduction

to the notation and methods used throughout this thesis.

We show in Chapter 2 that two different asymptotic behaviors of R(P, Q) emerge,
depending on two special 3-element posets. We say that a poset P is non-trivial if P
contains a copy of either V5 or Ay; otherwise, we say that P is trivial. For trivial posets P,
we determine that

R(P,Qn) =n+06(1).

However, for non-trivial posets P, we show a different asymptotic behavior in Theo-

rem 2.1, by proving the lower bound

R<P7Qn> >n+ 171510;11'

Although this seems to be minor progress at first glance, this sublinear improvement is

asymptotically tight in the two leading additive terms for several classes of non-trivial P.
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Together with the results of the first chapter, we find that

R(P,Q,) —n+@< r )
logn
if P is a complete multipartite poset or subdivided diamond. In Chapter 3, we show
the same bound for P being the N-shaped poset /V. At the heart of that chapter we
develop a new method to upper bound R(P,Q,), that might be applied to further
posets P in the future. It remains unknown whether there is a poset P for which
R(P, Q) = n+ Q(n), which we discuss in Conjecture 2.16.

As mentioned above, in the setting of trivial posets P, the poset Ramsey number is
R(P,Qn) = n+ ©(1). In Chapter 4, the additive term O(1) is precisely determined for

antichains and trivial posets of width at most 3.

In Chapter 5, we study the poset Erdds-Hajnal number R(P, Q,,) for posets P with
a fixed non-monochromatic color pattern. We present a general bound on R(P,Q,,)

and investigate this number if P is an antichain, chain, or small Boolean lattice.

In the final Chapter 6, we turn our attention to diagonal Ramsey problems on posets.
In particular, we strengthen the bound on R(Q,, @,): With respect to the initial, basic
estimate stated in Theorem 0.2, we give the first linear improvement of the lower bound
and the first superlinear improvement of the upper bound. More precisely, we show in
Corollaries 5.6 and 6.2 that

2.02n + o(1) < R(Qn, Qy) < n® — (1 —o(1))nlogn.

Furthermore, we determine the poset Ramsey number R(P, P) up to an additive con-
stant of 2 when P is a diamond or a fork, and give an improved upper bound on
R(Qm,Qr). In Chapter 6, we also briefly discuss the weak poset Ramsey number. We
present an improvement of the upper bound on R (Q,, Q,) by a quadratic term: For

sufficiently large n, we show that

RY(Qn, Q) < 0.96n2.

A compact overview of our results is given in Table 0.1. As a consequence of our
research, we obtain bounds on R(P,Q,) which are asymptotically tight in the two
leading additive terms for all posets P on at most 4 vertices (of which there are 19 up
to symmetry). Moreover, we precisely determine R(P, Q) for all trivial P on at most 4
vertices. The bounds are listed in Table 0.2. Some posets have alternative names used

in the literature, these are additionally mentioned in the table.
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poset Ramsey bound proof
n+ % log(n) < R(QQ’ Q") < n+ (2 + 0(1)) logn UB: [38]
n n LB: Thm. 2.1,
n+ % log(n) < R(Ktl,--.,tzv Qn) < n+t (2£ + 0(1)) logn UB: Thm. 1.1
n n LB: Thm. 2.1,
Nt g S R(SDseQn) < (24 0(1)ggn UB: Thm. 1.5
Nt B < R(DsQn) < nt(2+o()ggm UB: Cor. 1.4
n n LB: Thm. 2.1,
nt g < RV Qn) < ot (L o() gy UB: Cor. 1.4
LB: Thm. 2.1
1 n n s
n+ 15 log(n) < R(N’ Qn) s n+t (1 + 0(1)) logn UB: Thm. 3.1
R(Ch, Q) = n+t—1 2]
R(Ctl,tza Qn) = n -+ tl + 1 Thm 4.4
n+ti+1, ift; >ta+1
R(C, ,Qn) = Thm. 4.5
(Cortarts: @n) {n+t1+2, ift) <ty +1
R(A, Q) = n+3 Thm. 4.1
LB: Cor. 5.6
2 o o 7
2.02n < R(Qn,Qn) < n?—(1-o(1))nlogn UB: Cor. 6.2
R(Qm, Qn) < n(m—(1-o0(1))logm) Thm. 6.1
R(D,, Dy,) = (1+40(1))log(n) Thm. 6.3
R(Vp, Vi) = (d+o(1))log(n), Thm. 6.4
where d ~ 1.29
RY(Qn, Qn) < 0.96n? Thm. 6.5
- . 2, ifs <2
R(A,Qn) D Thm. 5.3
n+3, ifs>3,
where A is a colored antichain and s is the size of
its largest color class
- . Thm. 5.4,
2.02n < R(C,Qn) < (t—=1n+06(1), Thm. 5.5
where C is a colored chain and ¢ > 4 is the size of
a largest alternatingly colored subposet

Table 0.1: Summary of poset Ramsey bounds presented in this thesis and reference to
the proofs of lower bound (LB) and upper bound (UB).
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poset P R(P,Qy) proof
. Ci =0Qo n+0 trivial
! Cy =@ n+1 [2], see Cor. 0.11
.o Ay =20, n—+2 Thm. 4.4
I Cs n+2 [2], see Cor. 0.11
. 0271 n+3 Thm. 4.4
B c(n)yn 1 LB: Thm. 2.2,
v Voo =K n log(n)” 15 <e(n) <1+o(l) UB: Cor. 1.4
i Cy n+3 [2], see Cor. 0.11
Il Coo =20 n+3 Thm. 4.4
XY X} A4 - 401 n + 3 Thm. 4.1
I ) 03’1 n+4 Thm. 4.4
[eo Ca1,1 n+4 Thm. 4.5
R c(n)yn 1 LB: Thm. 2.1, UB:
Ve | Roa gy 15 S ) ST G0 Thn, 0.5
e Bra =Vs ity 35 <o) <10 gpcor 14
LB: Thm. 2.1
N clm)n 1 <1 1
N " fogmy 15 S ) S 1o | g 5
¢ Q= FKiza | n gy 15 <) 24 0(1) | g pag)
B c(n)n 1 LB: Thm. 2.1,
Y Kz =Y " gy 15 <) <240 gy 3
_ clmn 1 <9 1 LB: Thm. 2.1,
v @2 " gy 15 < <) 20 g o 6
_ c(m)n 1 LB: Thm. 2.1,
. Koo =M nt iy 15 <) <440 | g 4

Table 0.2: Off-diagonal poset Ramsey bounds for small P and reference to the proofs
of lower bound (LB) and upper bound (UB).
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The results of this thesis are based on papers by the author, partly in joint work

with Maria Axenovich, see listed below in chronological order. The presented material

does not correspond exactly to the published manuscripts. Major changes are outlined

in the respective chapters.

0.6

Christian Winter. Poset Ramsey Number R(P,(Q,). 1. Complete Multipartite
Posets. Order, 2023. Available from: https://doi.org/10.1007/s11083-023-0
9636-8.

Maria Axenovich and Christian Winter. Poset Ramsey numbers: large Boolean
lattice versus a fixed poset. Combinatorics, Probability and Computing, 32(4):
638-653, 2023. Available from: https://doi.org/10.1017/S0963548323000032.

Maria Axenovich and Christian Winter. Poset Ramsey Number R(P, Q). II
N-Shaped Poset. Order, 2024. Available from: https://doi.org/10.1007/s110
83-024-09663-z.

Christian Winter. Poset Ramsey Number R(P, (),,). III. Chain compositions and
antichains. Discrete Mathematics, 347(7):114031, 2024. Available from: https:
//doi.org/10.1016/j.disc.2024.114031.

Christian Winter. Erdds-Hajnal problems for posets. ArXiv preprint, 2023.
Available from: https://arxiv.org/abs/2310.02621.

Maria Axenovich and Christian Winter. Diagonal poset Ramsey numbers.
ArXiv preprint, 2024. Available from: https://arxiv.org/abs/2402.13423.

RELATED RESEARCH

OTHER RAMSEY-TYPE NUMBERS FOR POSETS

The focus of this dissertation is placed on the poset Ramsey number R(P, (). In order

to motivate this definition and emphasize connections to existing research, we give an

overview of various Ramsey-type questions in the setting of posets.

In this thesis, we restrict our attention to colorings of the host Boolean lattice with
two colors, blue and red. As a generalization of this setting, one can define a

multicolor poset Ramsey number, considering colorings using r distinct colors.


https://doi.org/10.1007/s11083-023-09636-8
https://doi.org/10.1007/s11083-023-09636-8
https://doi.org/10.1017/S0963548323000032
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https://arxiv.org/abs/2402.13423
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For any poset P and any r € N, let

R,(P) = min{N € N: every coloring of Q) y with r colors contains

a monochromatic copy of P}.

Note that Ri(P) = dimy(P) and Ry(P) = R(P,P). If we choose a large
poset P and a fixed number of colors r > 3, determining R, (P) is even harder
than determining R(P, P), which is already hardly understood.

As another direction of research, one can consider R, (P) for a fixed poset P and
a large number of colors . In this setting, Axenovich and Walzer [2] determined
that R,.(P) grows linearly in terms of r for any poset P which is not an antichain.
The best general lower bound is due to Walzer, see Lemma 36 of [74]. If P is an
antichain, it is an easy consequence of Sperner’s theorem [68] that the multicolor
poset Ramsey number R,.(A;) for fixed ¢t grows logarithmically in terms of r.
Further results in the multicolor poset Ramsey setting are given by Chen, Cheng,
Li, and Liu [13].

* Mirroring a similar notion in graphs, Ramsey problems can be also studied for
rainbow copies of posets. A poset is colored rainbow if every vertex has a distinct

color.

Chen, Cheng, Li, and Liu [13] introduced the rainbow poset Ramsey number for
posets P and ), that is

RR(P,Q) =min{N € N: every coloring of ) ; with arbitrarily many colors

contains either a monochromatic copy of P or a rainbow copy of Q}.

They gave bounds when P and (@ are chains, antichains, or Boolean lattices. In
particular, Chen, Cheng, Li, and Liu [13] showed that

m2" < RR(Qma Qn) < m724(n+m)’

so the asymptotic behavior of RR(Q, Q) is exponential. Further results on
rainbow poset Ramsey problems are given by Chang, Gerbner, Li, Methuku,
Nagy, Patkos, and Vizer [11].

¢ We mentioned in Section 0.4.1 that Kierstead and Trotter [46] considered Ramsey-

type problems on posets with respect to several poset parameters.
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We define the size poset Ramsey number of a poset P as

R7¢(P) = min{ N € N: there exists a poset F of size |F| = N such that

every blue/red coloring of F' contains a monochromatic copy of P}.

Similarly, we define Rbeight( P) and RWidth(P). Kierstead and Trotter [46] showed
that
2|P| —1 < R%¢(P) < |P)? — |P| + 1.

In the same paper, it was shown that there exists a class of posets with a quadratic

size poset Ramsey number, more precisely,
RYZ(C, @ Ay,_1) = O(n?).

For Reisht(P) and RVidth(P), only rough bounds are known, again due to Kier-
stead and Trotter [46].

The three variants have in common that in their definition the structure of the

extremal poset F' depends on P. However, if we consider

R¥4M(P) — min{N € N: there exists a poset F' with dimy(F) = N such that

every blue/red coloring of F' contains a monochromatic copy of P},

then every poset F' with dimy(F') = N is a subposet of an N-dimensional Boolean
lattice, so we can suppose without loss of generality that /' = ). In particular,

R>4im(P) is equal to the diagonal poset Ramsey number R(P, P).

Another variant of Ramsey theory for posets is to choose the host poset randomly.
Let n € N and p be a real-valued constant between 0 and 1. Similarly to the well-
known Erdés-Rényi random graph, Rényi [65] introduced P(n, p) as the induced
subposet of @, obtained by including each vertex of (), independently with
probability p.

We say that an event E(n) holds with high probability, abbreviated by w.h.p., if the
probability of E(n) tends to 1 as n — oo. Falgas-Ravry, Markstrom, Treglown,
and Zhao [28] asked for which values of p, there is a high probability that any
blue/red coloring of the random poset P(n, p) contains a blue copy of a poset P
or a red copy of a poset Q.
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RAMSEY THEORY ON RELATED STRUCTURES

In Section 0.4.1, we described a variety of discrete structures for which Ramsey theory
was studied in the literature. Here, we briefly highlight some structures which are

closely related to our poset setting.

¢ Dragani¢ and Masulovi¢ [23] discussed a non-quantitative Ramsey result for so-
called multiposets. A multiposet is a set equipped with a family of partial orders

<i,...,<¢such that each <;, i € [t], “refines” the partial orders <;, j < i.

¢ If we consider a poset as the vertex set of a graph and draw an oriented edge
for each pair of comparable vertices, we obtain an acyclic oriented graph. Ramsey
numbers for acyclic oriented graph were considered, for example, by Fox, He,
and Wigderson [29].

¢ The Hasse diagram of a poset can be interpreted as a graph. Any such graph is
called a comparability graph. Korandi and Tomon [47] studied Ramsey properties
of unions of comparability graphs.

* A Boolean algebra is a set structure which has additional restrictions in comparison
to the Boolean lattice. Ramsey-type questions for Boolean algebras were discussed
by Gunderson, Rodl, and Sidorenko [39].

e Similarly, an affine vector space over the field on 2 elements is also a restricted
version of a Boolean lattice. In recent years, Ramsey theory for affine spaces has
undergone a renaissance, see e.g., Nelson and Nomoto [58], Frederickson and

Yepremyan [30], and Hunter and Pohoata [43].

RELATED EXTREMAL QUESTIONS ON POSETS

Outside the scope of Ramsey theory, several other extremal properties of posets and
their induced subposets have been investigated in recent years and mirror similar
concepts in graphs. These include first and foremost Turin-type questions, which ask
for the densest discrete structure in which a specific substructure is forbidden. Carroll
and Katona [10] introduced La* (n, P) as the largest size of a subposet of @,, that does
not contain a copy of the poset P. In this language, the classic Sperner’s theorem [68]
shows that La* (n, Cy) = (Ln% J) . Most notableis a result by Methuku and Palvolgyi[54],
who showed that

La (1 P) < ) )
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i.e., an asymptotically tight bound on the maximum size of a subposet of a Boolean
lattice that does not have a copy of a fixed poset P, for general P. Their statement has
been refined for several special cases, see e.g., Erdés [24], Boehnlein and Jiang [6], Lu
and Milans [51], and Méroueh [57]. Further Turdn-type results are, for example, given
by Methuku and Tompkins [55], and Tomon [69].

We remark that the closely related function La(n, P), which is the weak subposet
analogue of La* (n, P), was also studied extensively. Notably, Bukh [8] determined the
asymptotic behavior of La(n,T') for posets 1" whose Hasse diagram is a tree. The best
known general upper bound is due to Grész, Methuku, and Tompkins [36]. To name
a few other results, see listed chronologically Katona and Tarjan [44], De Bonis and
Katona [19], Griggs and Lu [35], Patkos [62], Grész, Methuku, and Tompkins [37] and
Guo, Chang, Chen, and Li [40].

In addition, so-called saturation-type extremal problems have been addressed for
induced and weak subposets. In the saturation setting, one asks for the sparsest discrete
structure which does not contain a specific substructure, but any increase of its density
creates the forbidden substructure. A survey of poset saturation questions is given
by Keszegh, Lemons, Martin, Palvolgyi, and Patkés [45]. Very recent advances in this
area are for example the papers of Freschi, Piga, Sharifzadeh, and Treglown [31] and

Pankovié and Ivan [1].

0.7 PRELIMINARY TOOLS AND TWO KEY LEMMAS

In this section, we collect important tools and the essential terminology necessary
for the proofs presented in this thesis. In particular, we show two key lemmas: the

Embedding Lemma, see Lemma 0.9, and the Chain Lemma, see Lemma 0.10.

0.7.1 NOTATIONAL CONVENTIONS

For any positive integer n € N, we use [n] to denote the set {1,...,n}. We omit floors
and ceilings where appropriate. In this work, ‘log” always refers to the logarithm with
base 2. The O-notation is usually used depending on the parameter n, unless explicitly

stated otherwise.
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0.7.2 BooLEAN LATTICE Q(X) AND FACTORIAL TREE O(Y)

Let X be a non-empty set. We denote by Q(X) the Boolean lattice of dimension | X| on
ground set X, i.e., the poset consisting of all subsets of X, ordered by the inclusion
relation C, as illustrated in Figure 0.6 (a). Note that the Boolean lattice @, with an
unspecified n-element ground set is isomorphic to Q(X) for every n-element set X.
Throughout this work, we use capital letters to denote vertices in posets, in particular
vertices in a Boolean lattice, i.e., subsets of the ground set. To avoid ambiguity when
we consider a set of ground elements which is not interpreted as a vertex, we often use
bold capital letters for significant ground sets. For example, we consider the Boolean
lattice Q(X) on ground set X, and then study the vertices X € Q(X). In a slight abuse
of notation, any subset 7 C Q(X) implicitly inherits the partial order of Q(X), i.e., we

interpret such an F as a subposet of Q(X).

The Boolean lattice is the natural poset consisting of all (unordered) subsets of some
ground set. We define a related poset based on ordered subsets, referred to as the factorial
tree. An ordered subset S of a set Y is a sequence S = (y1,...,ym) of distinct elements
yi € Y, i € [m]. It also could be thought of as a string with non-repeated letters over
the alphabet Y. We denote the empty ordered set by @, = (). The number of elements
in S is denoted by |S|. An ordered set T' is a prefix of an ordered set S if |T| < |S| and

each of the first |T'| members of S coincides with the respective member of T'.

If T is a prefix of S, we write ' <p S. Note that &, is a prefix of every ordered
set. Observe that the prefix relation <¢ is transitive, reflexive, and antisymmetric, i.e.,
a partial order. Let O(Y) be the poset of all ordered subsets of Y, equipped with <p,
see Figure 0.6 (b). We refer to this poset as the factorial tree on ground set Y. If we
identify any ordered subsets in O(Y) with the same underlying unordered set, then we
obtain the Boolean lattice Q(Y). Thus, one can think of a factorial tree as an “unfolded”

Boolean lattice.

(a)

Q({Ih T2, {Eg}>

Figure 0.6: Hasse diagrams of Q({x1, z2,z3}) and O([3]).
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0.7.3 STIRLING’S FORMULA, SPERNER NUMBER, AND PARALLEL COMPOSITIONS

The asymptotic behavior of factorials is approximated by the well-known Stirling’s

formula,

N!'= (1+o0(1))V2rN (J;T)N (0.1)

Using Stirling’s formula, it is straightforward to find an approximation of the binomial

coefficient (qjjvv) )

Proposition 0.3. If N is a positive integer and q is a real constant with 0 < q < 1, then
N
log gN =—(1+0(1))N(qloggq+ (1 —q)log(l —q)) = (14 o(1))H(q)N,
where H(q) = —(qlogq + (1 — ¢)log(1 — ¢)).

In the literature, the function H(q) = —(qlogq + (1 — ¢)log(1 — ¢)) is referred to as the
binary entropy function.

Let n € N. We denote by a(n) the smallest dimension N such that ) contains

an antichain of size n. We call a(n) the Sperner number of n. A classic result due
. .. . N

to Sperner [68] shows that a(n) is the minimal integer /N such that (LN /2 J) > n. By

Proposition 0.3, we see that a(n) = (1 + o(1)) logn. Habib, Nourine, Raynaud and

Thierry [41] gave an almost exact bound on «(n).

Theorem 0.4 (Habib et al. [41]). For any n € N,

| logn + @%J +1<a(n) < [logn+ logI%J +2.

Recall that the parallel composition of posets Pi,..., P, £ > 2, is denoted by P; O
--- O Py and refers to the poset obtained by taking a copy of each P;, i € [¢], such that
the copies are pairwise disjoint and element-wise incomparable. In his master thesis,
Walzer observed a general upper bound on the poset Ramsey number of parallel

compositions, see Proposition 12 of [74].

Theorem 0.5 (Walzer [74]). Let ¢ > 2, and let Py, Ps, ..., P, and Q be arbitrary posets. Let
P =P, O--- O P, be the parallel composition of Py, ..., Py. Then

R(P,Q) < r%?e)f {R(P;,Q)} +a(l) < néz[ig]( {R(P;,Q)} +log(¢) + 1 loglog(¢) + 2.
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Here, the last inequality is a consequence of Theorem 0.4.

0.7.4 CHARACTERIZATION OF /V-FREE, 5-FREE, AND \-FREE POSETS

We say that a poset () is P-free if it does not contain an induced copy of P.

Let P, and P, be two disjoint posets. The series composition P; © P, of Py below
P, is the poset consisting of a copy of P; and a copy of P» that are disjoint and such
that any vertex in the copy of P; is smaller than any vertex in the copy of P». A poset
is series-parallel if it is either a 1-element poset, or obtained by series composition or

parallel composition of two series-parallel posets.

Recall that /V is the N-shaped poset consisting of 4 vertices. Valdes [72] showed the

following characterization.

Theorem 0.6 (Valdes [72]). A non-empty poset is /N -free if and only if it is series-parallel.

A poset P is an up-tree if P has a unique minimal vertex and for every vertex
X € P, the vertices smaller or equal than X are pairwise comparable, i.e., the subposet
{Z € P: Z <p X} is achain. Similarly, P is a down-tree if there exists a unique
maximal vertex and for every X € P, the subposet {Z € P: Z >p X} is a chain.

Recall that Aj is the 3-element A-shaped poset, and V5 is the 3-element V-shaped
poset. We use up-trees and down-trees to characterize the structure of As-free and

Va-free posets.
Proposition 0.7. Let P be a poset.
(i) P contains no copy of A if and only if P is a parallel composition of up-trees.
(ii) P contains no copy of Vs if and only if P is a parallel composition of down-trees.
(iii) P is trivial, i.e., Ao-free and Vo-free, if and only if P is a parallel composition of chains.
Proof. To show part (i), observe that P is a parallel composition of up-trees if and only
if for every vertex X € P, the subposet {Z € P: Z <p X} forms a chain.

¢ If thereisacopy of As in P, say with maximal vertex X and further vertices Y; and
Y5, then the subposet {Z € P: Z <p X} contains the two incomparable vertices
Y) and Y3, thus {Z € P: Z <p X} is not a chain. This implies that P is not a
parallel composition of up-trees.
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¢ If P isnot the parallel composition of up-trees, we find a vertex X € P, for which
{Z € P: Z <p X} isnot a chain. In other words, there are incomparable Y7 and
Yoin{Z € P: Z <p X}. Note that X # Y}, i € [2], because X is comparable to
every vertexin {Z € P: Z <p X}. Thus, Y}, Y5, and X form a copy of As.

A similar argument proves part (ii). For part (iii), if P is a parallel composition of
chains, it is clear that P contains neither a copy of A3 nor a copy of V». Conversely, let P
be a poset with neither a copy of A; nor a copy of V». Part (i) implies that P is a parallel
composition of up-trees 11, . . ., Tj,. Since every T; has a unique minimal vertex, it is not
the parallel composition of smaller subposets. The poset P is Va-free, so in particular,
T; is Va-free. It follows from (ii) that 7; is a down-tree, i.e., it has a unique maximal

vertex. Thus, T; is a chain. O

0.7.5 HoMOMORPHISMS, EMBEDDINGS, AND EMBEDDING LEMMA

Let P and @ be two posets. An embedding ¢: P — (@ is a function such that for any
X, YeP,
X <pY ifandonlyif ¢(X) <g ¢(Y).

Observe that every embedding is injective. Recall that we defined a copy P’ of P in Q
as a subposet of () isomorphic to P. Equivalently, such a copy P’ can be defined as
the image of an embedding ¢: P — Q. In particular, for every copy P’, there exists an
embedding ¢: P — ) with image P’

A homomorphism of a poset P into another poset ) is a function ¢: P — @ such that
for any two X,Y € P,

if X<pY, then w(X)<q ().

We say that ¢: P — Q is a weak embedding of P into @ if ¢ is an injective homomor-
phism. Note that every embedding is in particular a weak embedding, see Figure 0.7.

Furthermore, note that every weak copy of P in (Q is the image of a weak embedding

v P = Q.

Let Z be a non-empty ground set and let X C Z. A function ¢: Q(X) — Q(Z) is
X-good if
p(X)NX =X forevery X € Q(X).

This definition extends canonically to subposets of Q(X): For any 7 C Q(X), we say
that ¢: 7 — Q(Z) is X-good if p(X) N X = X for every X € F.



0.7. PRELIMINARY TOOLS AND TWO KEY LEMMAS 25

Proposition 0.8. Let X C Z for some non-empty set Z. Let F be a subposet of Q(X). Every
X-good homomorphism ¢: F — Q(Z) is an embedding.

Proof. If X,Y € F such that ¢(X) C ¢(Y), then X = ¢(X)NX C ¢p(Y)NX =Y.
Therefore, ¢ is an embedding. O

function

X CY = ¢(X)C oY)
HX)NX =X

homomorphism
injectivity

weak embedding PX)CoY)=XCY X-good function

HX)CoY)=XCY

= embedding X CY = ¢(X)CoY)

H(X)NX =
X-good embedding

Figure 0.7: Diagram of properties of a function ¢: 7 — Q(Z), where F C Q(X) and
X C Z. Respective properties shall hold for any X,Y € F.

One of the two main structural tools used in this thesis is the following result, which
we refer to as the Embedding Lemma: When considering an embedding ¢ of a Boolean
lattice @), into a larger Boolean lattice Q(Z), we can find a subset X C Z such that ¢ is
isomorphic to an X-good embedding. This result is due to Axenovich and Walzer [2].

Here, we state an alternative proof.

Lemma 0.9 (Embedding Lemma; Axenovich-Walzer [2]).

Let n € N. Let Z be a set with |Z| > n. If there is an embedding ¢: Q,, — Q(Z), then there
exist a subset X C Z with |X| = n, and an embedding ¢’ : Q(X) — Q(Z) with the same image
as ¢ such that ¢'(X) N X = X for every X € Q(X), i.e., ¢ is X-good.

Proof. Suppose that the ground set of @), is U, i.e., @, = Q(U). For each v € U, we
consider the embedded singleton ¢({u}). Since ¢ is an embedding and {u} Z U\{u},
we find that ¢({u}) € ¢(U\{u}). For every u € U, pick an arbitrary f(u) € Z such that

f(u) € o({u}) \ o(U\{u}).

For any v/ € U\{u}, it holds that ¢({u'}) C ¢(U\{u}), using that ¢ is an embedding.
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This implies that f(u) ¢ ¢({u'}), so all representatives f(u), u € U, are distinct. Let
X ={f(u): uwe U}

Note that the map f: U — X is a bijection. We shall define an embedding ¢': Q(X) —
Q(Z). For that, we consider the inverse image under f, i.e., for X C X welet Ux C U
such that X = {f(u): u € Ux}. Let ¢(X) = ¢(Ux) for any X € Q(X). The function
¢ Q(X) — Q(Z) is an embedding because ¢ is an embedding. Moreover, since f is
a bijection, ¢ and ¢’ have the same image. We shall show that ¢'(X) N X = X for any
X € Q(X). Fix an arbitrary f(u) € X.

e If f(u) € X, then u € Uy, and in particular ¢({u}) C ¢(Ux). We selected
f(u) € o({u}), s0 f(u) € p({u}) € ¢(Ux) = ¢'(X).

o If f(u) ¢ X, thenu ¢ Ux, and thus Ux C U \ {u}. Using that ¢ is an embedding,
we see that ¢(Ux) C ¢(U \ {u}). By definition, f(u) ¢ ¢(U \ {u}), so f(u) ¢
o(Ux) = ¢/(X).

This implies that f(u) € ¢'(X) ifand only if f(u) € X, so ¢ is X-good, which concludes
the proof. O

Let Z # @ and X C Z. We say that a copy Q' of Q(X) in Q(Z) is X-good if there
is an X-good embedding of Q(X) into Q(Z) with image Q'. The Embedding Lemma
claims in particular that any copy of @), in a larger Boolean lattice Q(Z) is X-good for
some subset X C Z.

Remark. We say that a poset P has the embedding property if for any ground set Z and
for every embedding ¢ of P into a Boolean lattice Q(Z), there exist a subset X C Z of
size dimy(P), and a copy F of P in Q(X) such that we can find an X-good embedding
¢+ F — Q(Z) with the same image as ¢. In the Embedding Lemma we showed that @,
has the embedding property. Further examples of posets which have the embedding
property are chains C,,, the N-shaped poset /V and the standard example S,,. For C,,
and /V, the proof is straightforward. For S,,, we can apply the proof of Lemma 0.9. A
negative example is the antichain As. Note that dimy(As) = 4, but for the antichain in
Q([5]) on vertices {1}, {2}, {3}, {4}, and {5} there is no 4-element X C [5] such that this
antichain is X-good. Studying the class of posets with the embedding property might

be of independent interest.
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0.7.6 Y-cHAINS AND CHAIN LEMMA

Let X and Y be two disjoint sets. Each vertex Z in the Boolean lattice Q(X UY) has an
X-part ZN X and a Y-part Z N'Y. In the following, we establish a connection between
the existence of a red Boolean lattice and a blue chain in a blue/red colored Q(X UY),
depending on X and Y. More precisely, we are interested in red copies of Q(X) in
which the X-part of each vertex is predetermined, and blue copies of Cjy/|; in which

the Y-part of each vertex is predetermined.

We denote a linear ordering 7 of Y for which y; <, y2 <, --- <; y;, by a sequence
7= (y1,...,yr), implying that Y = {yi,...,yx}. In other words, 7 corresponds to an
ordered subset of Y of maximal size. Given a linear ordering 7 = (y1,...,y%) of Y, a

Y -chain corresponding to 7 is a (k + 1)-element chain in Q(X U Y) on vertices
Xouo, XiU{n}, XoU{y,p2}, ..., XpUY,

where Xy C X; C --- C X}, € X. Note that any Y-chains corresponding to distinct
linear orderings of Y are distinct. In the special case Y = @, a Y-chain consists of a

single vertex.

The following lemma is the second main structural tool of this dissertation and is
referred to as the Chain Lemma. A weaker formulation of this result was stated implicitly
by Chen, Cheng, Li and Liu, see Theorem 15 of [13], as well as by Grész, Methuku and
Tompkins, see Claim 3 of [38].

Lemma 0.10 (Chain Lemma). Let n and k be non-negative integers. Let X and Y be disjoint
sets with |X| = n and |Y| = k. Fix an arbitrary blue/red coloring of the Boolean lattice
Q(XUY), and a linear ordering T = (y1, . .., yr) of Y. Then there exists either a red, X-good
copy of Q(X) or a blue Y-chain corresponding to 7 in Q(X UY).

Proof. By relabelling Y, we can suppose without loss of generality that y; = i fori € [k],
i.e.,, Y = [k]. Throughout this proof, we use the convention [0] = @. Assume that there
does not exist a blue [k]-chain corresponding to 7, i.e., a subposet on vertices X; U [i],
i€ {0,...,k} with X;_1 C X;, i € [k]. We shall show that there is a red copy of a

Boolean lattice.

For every X € Q(X), we shall define an integer {x € {0,...,k} such that the
function
¢: QX) = QX UY), ¢(X) = X U[lx]
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is a red, X-good embedding. Recursively, we choose /x, X € Q(X), such that
(i) forany U C X, {y < lx,
(ii) the vertex X U [¢x] is colored red, and

(iii) if £x > 1, then there are blue vertices Xy U [0],..., X; ;U [fx — 1] with X C
. C X éx—l C X, ie, there is a blue [¢x — 1]-chain corresponding to the linear

ordering (1,...,¢x — 1) whose maximal vertex is smaller than X U [/x — 1].

First, we consider the vertex @ € Q(X). Let {; be the smallest integer ¢,0 < ¢ < k,
such that the vertex @U[/] is red. If there is no such ¢, then the vertices @U[0], ..., U[k]
form a blue Y-chain corresponding to 7, a contradiction. It is immediate that properties
(i) and (ii) hold for ¢g. If {5 > 1, then @ U [0],...,@ U [{z — 1] are blue vertices, so (iii)
is fulfilled.

Next, consider an arbitrary X € Q(X), X # &, and assume that for every X' C X,
we already defined /x with properties (i), (ii), and (iii). Fix any vertex U C X such that
iy is maximal among the ¢x/’s, X’ C X. Recursively, we find a blue chain: If /;; > 1,
property (iii) for U provides a blue [¢;; — 1]-chain Cy; if ¢ = 0, let Cyy be the empty
poset. If the vertices X U [(y/], ..., X U[k] are all blue, then they form, together with Cy,
a blue [k]-chain corresponding to 7, so we arrive at a contradiction. Thus, there exists a
smallest integer ¢x such that /;; < ¢x < kand X U [(x] is red. We shall verify that {x
has properties (i), (ii), and (iii).

e For every X” C X, we know that £x» < max{lx/ : X' C X} =y < lx, thus
property (i) holds.

e The vertex X U [¢x] is defined to be red, so ¢ x has property (ii).

e For property (iii), note that X U[¢y/], ..., X U[¢x — 1] are blue by the minimality of
lx. These vertices, together with Cy;, form a blue [(x — 1]-chain corresponding to

the linear ordering (1,. .., {x —1) with a maximal vertex smaller than X U[(x —1].

We define ¢ as the function mapping from the Boolean lattice Q(X) to Q(X UY)
such that
6(X) = X U [£x].

Property (ii) implies that every vertex ¢(.X ) isred. Note that ¢(X)NX = X forevery X €
Q(X), so ¢ is X-good. It remains to show that ¢ is an embedding. By Proposition 0.8,
it suffices to verify that for any two X1, Xy € O(X) with X; C X», ¢(X1) C ¢(X2).
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Indeed, let X1, Xo € Q(X) with X; C X, then Property (i) provides that {x, < /x,.
Thus,
P(X1) = X1 U [lx,] € X2 U [lx,] = ¢(X2).

Therefore, ¢ is a red, X-good embedding. Its image is a red, X-good copy of Q(X) in
QXUY). O

The following corollary is a simplified version of the Chain Lemma, which appeared

as Lemma 4 in Axenovich and Walzer [2].

Corollary 0.11 (Axenovich-Walzer [2]). Let n > 1 and k > 0 be integers. Any blue/red
colored Boolean lattice of dimension n + k contains a red copy of Q,, or a blue chain of length
k + 1. In particulat, R(Cy41,Qn) = n + k.

Here, the lower bound on R(Cj41, @) follows immediately from Theorem 0.2.

0.8 EXISTENCE OF 2-DIMENSION AND POSET RAMSEY NUMBER

Recall that the 2-dimension dimy(P) of a poset P is the smallest integer n such that @,
contains an induced copy of P. Using poset embeddings, it is easy to show that the

2-dimension is well-defined for any poset P.

Proposition 0.12 (Trotter [70]). For every poset P, there is an integer n such that Q,, contains
an induced copy of P. In particular, dimy(P) is well-defined.

Proof. Let P be a poset of size | P| = n, say on vertices X1,. .., X,. We shall show that
the n-dimensional Boolean lattice Q([n]) contains a copy of P. For that, we define the

function ¢: P — Q([n]) such that any vertex X; € P is mapped to
¢(Xi) = {j: Xj <p Xi}.
We claim that ¢ is an embedding of P into Q([n]). Let X; and X be any vertices in P.
e If X; <p Xj, then Qﬁ(Xl) = {f Xy <p Xz} - {E Xy <p Xj} = gb(X])

L If gf)(Xl) g ¢(Xj), theni S {E . Xg SP X,L} = qb(XZ) g qb(XJ) = {f . Xg SP X]}
This implies that X; <p Xj.
OJ
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Proposition 0.13 (Walzer [74]). For every two posets P and (), there is a sufficiently large n
such that any blue/red coloring of Q),, contains a blue copy of P or a red copy of Q. In particular,
R(P, Q) is well-defined.

Proof. Let n = max{dimy(P), dims(Q)}. By Theorem 0.1, R(Q, Q) is well-defined.
The Boolean lattice ), contains a copy of any smaller Boolean lattice Q,,, m < n. In
particular, ),, contains a copy of P and a copy of Q. Therefore, R(P,Q) < R(Qn,Qn),
which completes the proof. O



Chapter 1

Complete multipartite poset versus large Boolean lattice

1.1 INTRODUCTION OF CHAPTER 1

Recall that the poset Ramsey number R(P, Q) of posets P and () is the smallest integer
N such that in any blue/red coloring of the N-dimensional Boolean lattice ), there
is a blue induced copy of P or a red induced copy of (). This chapter focuses on upper
bounds for R(P, Q) in the setting that P is a fixed poset and @ = @, is a Boolean lattice.
This setting is a generalization of the off-diagonal setting R(Qy,, Qr), where m is fixed
and n is large, which is one of the focal points of research on the poset Ramsey number.

Theorem 0.2 provides a basic bound: For every m,n € N,
n+m < R(Qm,Qn) <mn+n+m.

It is easy to see that the lower bound is sharp for m = 1, i.e., R(Q1,Q,) = n+ 1. In the
case m = 2, an early estimate by Axenovich and Walzer [2] showed that R(Q2, @n) <
2n + 2. This was further improved by Lu and Thompson [52] who proved the bound
R(Q2,Qn) < %n + 2, and finally by Grész, Methuku, and Tompkins [38] showing that

n+3 < R(Q2,Qn) <n+(240(1))

logn’

where the lower bound holds for n > 18. We remark that Grész, Methuku, and

n
logn

Tompkins also gave an upper bound for small n, that is R(Q2,Q,) < n + 6.14 for
n > 2. For m > 3, an improvement of the basic upper bound is given by Lu and

Thompson [52]. They showed that R(Q3, Q) < %n + % ~ 23Ilnand for4 <m <mn,

9(m —1)
(2m —3)(m+1)

R(Qma@n)§<m_2+ >n+m+3,

31
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in particular R(Q4, Qr) < %n%— 7~ 3.08nand R(Q5,Qn) < 2—77n+8 ~ 3.86n. However,

no significant improvement of the lower bound in this setting is known.

The poset Ramsey number R(Q,, @») is known exactly for some specific values
of m and n. It was shown that R(Q2,Q2) = 4, R(Q2,Q3) = 5, and R(Q3,Q3) = 7,
see Axenovich and Walzer [2], Lu and Thompson [52], and Falgas-Ravry, Markstrom,
Treglown and Zhao [28], respectively.

In this chapter, we generalize the upper bound on R(Q2, @) by Grész, Methuku,
and Tompkins [38] to two broader classes of posets. Recall that a complete (-partite poset
Ky, .., isaposetonty + - - - +t; vertices which is the series composition of £ antichains
Al, ..., A’ where each A’ consists of t; distinct vertices. In other words, given pairwise
disjoint sets A!, ..., A’ with |A!| = t;, we define for any two indices 4, j € {1,...,¢} and
for any vertices X € A', Y € AJ,

X <Y ifandonlyif @<y,

see Figure 1.1. Note that Q2 = K 21.

Theorem 1.1. Let n € Nand £ > 2. Let t1, ..., t, be fixed integers. Then

(2+0(1))¢n
< _—
R(Ktl,...,tg)Qn) — n -+ logn
In fact, our proof also holds if the parameters of a complete multipartite poset K depend

onn.

Theorem 1.2. For large n € N, let ¢ = £(n) be an integer such that £ > 2 and { = o(logn).
Fori € {1,...,0}, lett; = t;(n) be an integer with sup;c(y ti = n°W). Then

24 o(1)\* 2+0(1))n
R(Ktl,...,tp Qn) S n 1 + A S n+ %
logn logn
Recall that a complete multipartite poset is an antichain if / = 1, and a chain if t; = 1
for every i € [¢]. In both of these special cases, Theorem 1.1 gives a weaker bound than
Theorem 0.2 and Corollary 0.11, respectively.

As an intermediate step in proving Theorem 1.2, we shall first consider a special
complete multipartite poset that we call a spindle. Letr > 0, s > 1,and ¢t > 0 be integers.
Recall thatan (r, s, t)-spindle Sy, ; is the complete multipartite poset Ky, where
th,...,tp,=1andt, ; =sandt, ,,...,t. = 1,seeFigure 1.1. If r = 0 or t = 0, the

respective layers are omitted.
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Ks49 SDs 5

Figure 1.1: Hasse diagrams of K3 42, S253, and SDs 5.

Theorem 1.3. For n € N, let r and t be non-negative integers with 1 < r +t = o(y/logn).
Let s be a positive integer with s = n°1), Then

(1+o0(1))(r+ t)n.

R(Sr,s,h Qn) <n-+
logn

Note that S; 51 describes the same poset as an s-diamond D;, while the spindle Sy 5 ¢ is

an s-fork V;. For these posets, Theorem 1.3 implies stronger bounds than Theorem 1.1.

Corollary 1.4. Let s € Nwith s = n°Y) for n € N. Then

(2 + 0(1))n

(1+o0(1))n
logn )

R(D57Qn) <n-+ logn

and  R(Vs, Qn) <n+

For s,t € N, a (s, t)-subdivided diamond S Dy, is the poset obtained from two parallel,
i.e., element-wise incomparable, chains of length s and ¢, respectively, by adding a
vertex smaller than all others as well as a vertex larger than all others, see Figure 1.1.
Note that Q2 = SD ;.

Theorem 1.5. Let n € N. Let s = s(n) and t = t(n) be positive integers such that s +t =
o(loglogn). Then
2+0(1
R(SDs,tv Qn) <n-+ w
logn
Note that, if P’ is a subposet of a poset P, then R(P’,Q,) < R(P,Q,,). In particular,
Theorem 1.5 implies a Ramsey bound for the hook-shaped poset (), , which is a subposet
of S DLQ.

Corollary 1.6. For n sufficiently large, R(Q3,Qn) < R(SD12,Qn) < n+ (2+ 0(1)) 1o

logn*

We remark that an improved lower bound on R(P,(Q,) for general posets P is

shown in Theorem 2.1. By this result, we see that Theorems 1.1 and 1.5 are tight in a
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strong sense, i.e., that R(P, Q) =n+© (L> if P is a complete multipartite poset or

logn

subdivided diamond.

The structure of this chapter is as follows. In Section 1.2, we recall key definitions
and give a summary of our approach. In Section 1.3.1, we bound the Ramsey number
of posets obtained by gluing. In Sections 1.3.2 and 1.3.3, we consider complete mul-
tipartite posets, and give proofs of Theorems 1.3 and 1.2, respectively. These results
are published in Order, 2023 [78]. Section 1.4 is concerned with subdivided diamonds,
where we present a proof of Theorem 1.5. This part of the chapter is published in
Discrete Mathematics, 2024 [79]. We remark that Theorem 1.5 is a stronger statement
than the corresponding result in [79], but this strengthening is implied by the same
proof.

1.2 OUTLINE OF THE APPROACH

Let X and Y be disjoint sets with |X| =n and [Y| = k. Let 7 = (y1,...,yx) be alinear
ordering of Y. Recall that a Y-chain corresponding to 7 is a chain on k + 1 vertices
Zy C -+ C Zj such that

ZinY ={y1,...,yi} forielk], and ZyNY =0.

In other words, the Y-part of each vertex is determined by the underlying linear

ordering.

The proofs of Theorems 1.3 and 1.5 follow the same approach as the upper bound
on R(Q2, Qy) by Grész, Methuku, and Tompkins [38]. To show that R(P,Q,) < n +k,
we consider a blue/red colored Q(X UY), i.e., a Boolean lattice on ground set X UY,
which contains no red copy of @,,. The Chain Lemma, Lemma 0.10, implies that in
this coloring there is a blue Y-chain for every linear ordering of Y, of which there
are k!. These blue chains might intersect heavily, but are pairwise distinct. We shall
use a pigeonhole principle argument to find some vertices in some of these chains
which form a blue copy of P. In the proof of Grész, Methuku, and Tompkins [38],
ie., if P = ()9, this was straightforward. If P is a spindle or a subdivided diamond,
additional arguments are required. Theorem 1.2 follows easily from Theorem 1.3 and

a lemma on a gluing operation for posets, see Lemma 1.7.
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1.3 Urper BOUND ON R(Ky, 4, Qn)

1.3.1 GLUING OPERATION FOR POSETS

By identifying vertices of two otherwise disjoint posets, they can be “glued together”
creating a new poset. Later, we construct complete multipartite posets by gluing
spindles on top of each other using the following definition. Given a poset P; with
a unique maximal vertex Z; and a poset P disjoint from P; with a unique minimal
vertex Zo, let Pi() P be the poset obtained by identifying Z; and Z», see Figure 1.2.
Formally speaking, Pi()P; is the poset (P1 \ {Z1}) U (P2 \{Z2})U{Z} foraZ ¢ P, U P,
where for any two X, Y € Pi()P, we let X < PP, Y if and only if one of the following
fivecaseshold: X, Y e Prand X <p, V; X, Y e Pand X <p, Y; X € Piand Y € P;
XePandY=Z;or X=ZandY € P,.

P

Z1 PP,

)
Py

Figure 1.2: Creating P,(P» from P, and P>.

Lemma 1.7. Let P; be a poset with a unique maximal vertex and let P, be a poset with a unique
minimal vertex. Then R(P10P, Qn) < R(P1, Qr(p,,0,))-

Proof. Let N = R(P1,QRr(p,,,))- Consider a blue/red colored Boolean lattice Q of
dimension N which contains no blue copy of P;()P». We shall show that there exists a
red copy of ), in this coloring. We say that a blue vertex Z in Q is Py-clear if there is no
blue copy of P; in Q containing Z as its maximal vertex. Similarly, a blue vertex Z is
Py-clear if there is no blue copy of P» in Q with minimal vertex Z. Observe that every

blue vertex is Pj-clear or Py-clear (or both), since there is no blue copy of P(Ps.

We introduce an auxiliary coloring of Q using colors green and yellow. Color all
blue vertices which are P;-clear in green and all other vertices in yellow. There exists no
copy of P; in which every vertex has color green, since otherwise the maximal vertex of
such a copy is green but not P;-clear, a contradiction. Recall that N = R(P;, Q R(P2,Qn) ),

thus Q contains a copy Q' of Qr(p, @,,) in which every vertex is yellow.
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Consider the original blue/red coloring of Q'. Every blue vertex of Q’ is yellow in
the auxiliary coloring, thus not P;-clear. Therefore, every blue vertex of Q' is P»-clear.
The blue/red coloring of Q' does not contain a blue copy of P», since otherwise the
minimal vertex of such a copy is not P-clear. Recall that Q' is a copy of a Boolean lattice

of dimension R(Ps, @y,), thus there exists a red copy of @, in @', hence alsoin Q. [

Corollary 1.8. Let Py be a poset with a unique maximal vertex, and let P be a poset with a
unique minimal vertex. Suppose that there are functions f1, fo: N — R with R(Py, Q) <
filn)n and R(P»,Qy) < fa(n)n for any n € N and such that fy is monotonically non-
increasing. Then for every n € N,

R(P1()Ps, Q) < fi(n) fa(n)n.

Proof. For an arbitrary n € N, let n’ = fo(n)n. Because R(P,Q,,) > n for any poset P,
we find that
n' = fa(n)n > R(P2,Qy) > n.

The function f; is non-increasing, thus fi(n’) < fi(n). Lemma 1.7 provides that
R(PI(P, Qn) < R(P1,Qn) < fi(n)n” < fi(n) fa(n)n. O

1.3.2 Proor oF THEOREM 1.3

In our proof, we need a classic result known as Dilworth’s theorem [22], and a compu-
tational lemma which follows the lines of a similar claim in [38]. Recall that we omit

floors and ceilings where appropriate.

Theorem 1.9 (Dilworth [22]). A poset P contains no antichain of size s if and only if all
vertices of P can be covered by s — 1 chains.

Lemma 1.10. For n € N, let r = r(n) and t = t(n) be non-negative integers such that
1 <r+t=o(logn), and let s = s(n) be a positive integer such that s = n°1). We define

cn
k=k t) =
(n7r787 ) logn7
where
t+9 1 2 t
:g, c= 8% and 0= (r + )(loglogn—i—r—i—t—i—loge).
1—¢ logn logn

Then k! > 20r+0(Hk) (s — 1R+ for sufficiently large n.
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Proof. We prove the lemma by verifying that I' > 0, where
I'=k(logk —loge) — k(r +t+log(s — 1)) —log(s — 1) — (r + t)n.

Indeed, I > 0 implies that k(log k —loge) > k(r+t+1log(s—1)) +log(s— 1)+ (r+1t)n,
therefore

k
k> <k> _ 2k(logk—loge) > 2(r+t)(n+k)+(k+1)log(s—l) _ 2(7"+t)(n+k) . (S _ 1)k+1'

(&

Note that s = n®, so in particular, s — 1 < n°. Moreover, note that ¢ > 1. Applying

cn

Tog s We see that

these two observations and recalling k£ =

I = k(logk—r—t—log(s— 1) —loge) —log(s —1) — (r+t)n
cn

v

1Ogn((logn—loglogn) —r—t—alogn—loge) —clogn — (r+t)n
cn

Tog ((logn —¢elogn) — (loglogn—i-r—i-t-i-loge)) —elogn — (r—l—t)n
n

(1—¢e)en — %(loglogn—l—r—l—t—i-loge) —elogn— (r+t)n

= (1—g)ec—(r+t)n— %(loglogn—i—r—&—t—&—loge) — elogn.

2(r+t)
logn

By definitionof ¢, (1 —e)c — (r+t) =0 =

(loglogn +r +t + loge). Thus,

r > 5n—ﬂ(loglogn+r+t+loge)—o r
logn logn
> (2(r+t)—c—0(1))$(loglogn+T+t+loge).

Since r + ¢t = o(y/logn), we see that 6 = 2Ar+t) (loglogn +r +t +loge) = o(1). Addi-

logn

tionally, s = 7°(") implies that ¢ = o(1). Thus,

c< % < (14o(1))(r+1).

In particular, 2(r +t) — ¢ — o(1) > 0 for large n, soI" > 0. O
Now we give a proof of Theorem 1.3.

Proof of Theorem 1.3. Recall that 7, s,t are chosen such that 1 < r 4+t = o(y/logn) and
s = n°M). We shall show that R(S,s¢,@n) < n + k for sufficiently large n and k =
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k(n,r, s,t) as defined in Lemma 1.10. By Lemma 1.10, we can suppose that

k! > 2t (ntk) (g 1)kt

If s =1, then S, is a chain, and R(S; s, Qn) < n+r+t < n+ kby Corollary 0.11,
so suppose that s > 2.

Let X and Y be disjoint sets with |X| = n and |Y| = k. Fix an arbitrary blue/red
coloring of Q(X U Y) with no red copy of Q,,. We shall show that there is a blue copy
of S, s+ in Q(X UY). For any linear ordering 7 = (y7, ..., y;) of Y, the Chain Lemma,
Lemma 0.10, provides a blue Y-chain, i.e., a chain on vertices Zj C Z] C --- C Z] such
that ZfNY =@ and Z7 NY = {y],...,y] } for every i € [k]. We refer to this chain

asC7.

For every linear ordering 7 of Y, we consider the r smallest vertices Zj,...,Z]_,;

and the ¢ largest vertices Z;_, |, ..., Z] of its corresponding chain C7, so let
I={0,....,r—1}U{k—t+1,...,k}.

Here, if r = 0, then I = {k —t+1,...,k}, and if ¢t = 0, then I = {0,...,r — 1}.
Our approach is to find many chains C™ that have their smallest and largest vertices in
common, by using a counting argument. Each Z7 is a vertex of Q(X UY), so one of the
2"tk distinct subsets of X UY. Thus, for a fixed 7, there are at most (2"+k)r+t distinct
combinations of the Z7, i € I. Recall that k! > 2(r+)(+k) . (s _1)k+1 By the pigeonhole
principle, we find a collection 74, ..., 7, of m = (s — 1)’“rl + 1 distinct linear orderings
of Y such that for any j € [m] and i € I, ZiTj = Z;, where Z; C X UY is a fixed
vertex independent of j. In other words, we find many chains with the same r smallest
vertices Z;, i € {0,...,r — 1}, and the same ¢ largest vertices Z;, i € {k —t+1,...,k}.
Let P be the subposet of Q induced by all chains C7, j € [m]. Note that every vertex in
P is blue.

If there is an antichain A of size s in P, then none of the vertices Z;, 1 € I,isin A,
because each of them is contained in every chain C™, and thus comparable to all other
vertices in P. Note that here we used the assumption s > 2. This implies that A and the
vertices Z;, i € I, form a copy of S, s in P, so we obtain a blue copy of the spindle S, ; ;
in Q. From now on, suppose that there is no antichain of size s in P. By Dilworth’s
theorem, Theorem 1.9, we obtain s — 1 chains Dy, ..., Ds_; which cover every vertex of
P, i.e., every vertex in every C77. Note that the chains D; might consist of significantly

more vertices than the (k + 1)-element chains C™.



1.3. UpPErR BOUND ON R(K%, . t,,Qn) 39

In the remainder of the proof, we shall find a contradiction to the number of linear
orderings 71, . .., . For this purpose, we restrict each vertexin P to Y, apply again the
pigeonhole principle, and then show that there are two linear orderings in the collection

T1,...,Tm Which are equal, a contradiction.

Claim: Leti € [s — 1], j € [m], and ¢ € {0,...,k} such that Z,” € D;. Then Z, N'Y

does not depend on j, i.e., there is a unique set Y;* such that Z,” N'Y = Y/ for every j.

Proof of the claim: By definition of a Y-chain, the Y-part Z,” N'Y consists of the first £
elements of Y, ordered with respect to 7;. In particular, |Z€Tj NY| = ¢. We claim that
there is a unique set Y} such that every Z € D; with |ZNY| = fhas Y-part ZNY = Y.
Indeed, pick arbitrary vertices Z, Z’ € D; such that [ZNY| = |Z'NY| = {. Since D; is
a chain, Z and Z’ are comparable, say Z C Z'. In particular, ZN'Y C Z'NY, which
implies that ZN'Y = Z' N'Y. This proves the claim.

Let j € [m] be fixed. Because the chains Dy, ..., Ds_; cover every vertex in C™, there
is an index i, € [s — 1] for each ¢ € {0,...,k} such that Z;” € D;,. Thus, the claim
implies that each of the k + 1 sets Z,” N'Y is equal to one of at most s — 1 Y;*’s. Recall
that we have chosen m = (s — 1)**1 + 1 distinct linear orderings 7; of Y. Using the
pigeonhole principle, we find two indices j1, j» such that ZZJ 'NY = sz >NY for each
¢ €{0,...,k}. Recall that Z;” N'Y = {y/’,...y,’}, so we conclude that y,"* = y,”* for
each ¢ € {0,...,k}. Therefore, 7;, and 7}, are equal, but this is a contradiction to the

fact that all orderings 7; are distinct. O

1.3.3 Proor orF THEOREM 1.1

In this subsection, we generalize Theorem 1.3 from spindles to general complete mul-

tipartite posets by gluing spindles on top of each other.

Proof of Theorem 1.1. Recall that ¢ = o(logn) and sup;ciq ti = n°M), Lett = sup;e(q ti-

Theorem 1.3 shows the existence of a function £(n) = o(1) with

250

R(K101,Qn) < n (1 i
logn

We can suppose that the function ¢ is monotonically non-increasing by replacing ¢(n)
with maxy~n,{e(N), 0} where necessary. Note that this maximum exists since e(N) — 0
for N — oo. In order to prove the theorem, we show a stronger statement using the

auxiliary (2¢ + 1)-partite poset P = K 414,..1,,1. Observe that K, 4, is an induced

2y dybyeeey by
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subposet of P, thus R(Ky, ..+,, Qn) < R(P, Q). In the following, we verify that

R(P,Qn) <n (1 +
logn

We use inductionon . If £ =1, then P = K ;1,50 R(P,Qn,) < n (1 + 2+5(")>_ If

logn

¢ > 2, we “deconstruct” the poset into two parts. Consider P; = K ;; and the complete

(2¢ — 1)-partite poset P, = Ki414..1,1. Note that P, has a unique maximal vertex

sy dylyeeey dyly

and P, has a unique minimal vertex, and moreover, P;()P> = P. Using the induction

hypothesis,
2+e(n) 2 +e(n)\
RPLOY) <n 1+ 275 and R(Py Q) < (142250
logn logn
so Corollary 1.8 provides the required bound. ]

1.4 UprPER BOUND ON R(SD;;, Q)

1.4.1 COUNTING PERMUTATIONS

In this subsection, we bound the number of permutations with a special property, in
preparation for our proof of Theorem 1.5. A permutation 7: [k] — [k] is called r-proper
if for every j € [k], |[{¢ < j:m(¢) > j — 1}| < r. For example, the permutation 7 given
by (7(1),...,7(k)) = (k,1,3,4,5,...,k — 1,2), see Figure 1.3, is not 1-proper because
atj =3, {{ <3:7(¢) > 2} ={1,3}. However, 7 is 2-proper.

123 4 5 k—1 k

Figure 1.3: The permutation 7: [k] — [k].

Lemma 1.11. Let r,k € N. There are at most 2("+1°8"F distinct r-proper permutations
m: [k] — [K].

Proof. For a permutation 7, we say that an index i € [k] is bad if w(i) > i, and good if
m(i) <i—1. Let By and G denote the set of indices that are bad and good, respectively.
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Note that B, and G, partition [k]. Again considering the example (7(1),...,7(k)) =
(k,1,3,4,5,...,k—1,2), we have that B; = {1} U{3,4,...,k — 1} and G = {2,k}.

Given an r-proper permutation m, the proper restriction p of m is the restriction of
7 to its bad indices, ie., p: B — [k] with p(i) = =(i) for every i. For example,
the proper restriction of 7 is p: [k — 1] \ {2} — [k] with p(1) = k and p(i) = i for
3 <i < k — 1. Note that p does not depend on r. Observe that a function p can be the
proper restriction of distinct r-proper permutations. Let II be the set of all r-proper
permutations 7: [k] — [k]. If a function p is the proper restriction of some 7 € II, we
say that p is a Il-restriction. To avoid ambiguity, we denote the domain of p by B,.

Inheriting the properties of an r-proper permutation, p is injective and

{teB,:t<j p(t)>j—1} <r

In the following, we bound |II| by first estimating |{p : pis a II-restriction}|, and
then bounding [{m € II : 7 has the proper restriction p}| for every fixed p.

Claim 1: There are at most 2"* distinct II-restrictions.

Proof of Claim 1: We show that every Il-restriction has a distinct representation as a
collection of r vectors Vi,...,V, € {0,1}*, which implies that there are at most ork
II-restrictions. Let p be a Il-restriction with domain B,. For every i € B,, we define an
integer interval I; = {i,..., p(i) + 1}. Consider the interval graph H given by intervals
I;, i.e., the graph on vertex set B, where {7, j} is an edge if and only if i # j and
I; N1; # @. In the following we use terminology common in graph theory, for a formal

introduction we refer the reader to Diestel [21].

Next, we bound the maximal size of a clique in H. Suppose that vertices i1, ...,
form a clique in H, then the intervals I; , ..., I;,, pairwise intersect, thus there exists

an integer j € [k] such that j € I;, N---NI; . In terms of m, this implies that
m<|{teB,: jel}|=|{€B,: L<j, pl)+1=>j} <,

where the last inequality holds because p is a proper restriction. Thus, there is no clique
of size r + 1in H. It is common knowledge that interval graphs are perfect, see [21], so
there exists a proper vertex coloring of H using at most r colors. Fix such a coloring c of
H with set of colors [r]. For each color s € [r], we shall construct a vector V; representing
the intervals with color s. Note that for each color class, the corresponding intervals

are pairwise disjoint.
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For any fixed s € [r|, we denote the set of indices with color s by
B, ={ie B,: c(I;) = s}.
We define a vector V; € {0, 1}* as follows. Let
Vs(i) =---=Vi(p(i)) =1fori € By and V(i) =0fori € [k]\ Bs.

Since the intervals I;, i € B, are pairwise disjoint, V; is well-defined. Moreover, we
obtain that Vi(p(i) + 1) = O for every i € B,. This implies that Vs(: — 1) = 9, if
defined, for i € B,. In other words, each sequence V(i), ..., Vi(p(i)) of 1’s in V; can be
identified by a ® “in front” and “behind” of it. By this, the vector V, encodes all indices
in By and their respective functional values p(i), i € Bs: If for some j € [k], V5(j) =1
and Vs(j — 1) = 0, then j € B, and p(j) is given by the maximal index j" such that
Vs(i) = =V(j") =1

We obtain a vector representation Vi, ..., V, of p. It is easy to see that distinct II-
restrictions have distinct representations. There are at most (2¥)" distinct such vector

representations, which proves the claim.

Claim 2: Given a fixed Il-restriction p, the number of r-proper permutations 7 with

proper restriction p is at most r*.

Proof of Claim 2: Let p be a fixed Il-restriction with domain B,. Let G, = [k]\ B,. LetII,
be the collection of all r-proper permutations with proper restriction p. We shall show
that |I1,| < r*. Note that for every = € II, and ¢ € B,, 7(¢) = p(¢). The remaining
indices ¢ € [k] \ B, = G, are good for 7, i.e., m(¢) < ¢ — 1. We count the permutations
m € II,, by iterating through all good indices i € GG, in increasing order, while counting

the choices for each 7 (7).

Observe that 1 ¢ G, since (1) > 1 for any permutation 7. Fixani € G, ie., i > 2.
Suppose thatall indices ¢ € G,N[i—1] are already assigned to an integer 7(¢) < {—1 and
all ¢ € B, are assigned to 7(¢) = p(¢). There are two conditions on the choice of 7 (i):
On the one hand, i is a good index, so we require 7 (i) € [ — 1]. On the other hand, 7 is
injective, thus 7(i) # w(¢) for all ¢ < i. Therefore, (i) € [i — 1]\ {w(¢) € [i — 1] : ¢ < i}.
We evaluate the size of this set. Recall that [{¢ < i : 7(¢) > i — 1}| < r, thus the number
of indices ¢ € [i — 1] with m(¢) < ¢ — 1 is atleast (i — 1) — r. In particular,

{r(@)eli—1]:t<i}|>i-1-r,
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which implies that
=1\ {r(@) eli-1]:l<i}|<(i-1)—(i—-1-7)=r

Therefore, there are at most r choices for selecting (i) for each i € G,. Note that
|Gp| < K, thus the number of r-proper permutations with proper restriction p is at

most ¥,

Combining both claims, the number of r-proper permutations is at most

> |{m € I: pisa proper restriction of r}| < 2"7F = 2(r+leank,

pis a II-restriction
O

We remark that the bound provided here is not optimal. With a more careful ap-
proach to counting distinct II-restrictions, the number N (k, r) of r-proper permutations
m: [k] — [k] can be bounded by

b < N(k,r) < (2r)%.

Studying this extremal function might be of independent interest.

1.4.2 Proor oF THEOREM 1.5

Before presenting the proof of Theorem 1.5, we give a computational lemma similar to

Lemma 1.10.
Lemma 1.12. For n € N, let ¢ = ¢(n) be an integer with ¢ = o(loglogn). Let

= (21;;6)”, where 0=
n

1Ogn(loglogn—Hoge +c+2).

Then for sufficiently large n, k! > 2°% . 22(n+k),

Proof. Since k! > (E)k — 2k(logh=loge) vye shall show that k(log k —loge) > ck+2(n+k)

€

or equivalently
k(logk —loge —c —2) —2n > 0.
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LetI' = k(logk — loge — ¢ — 2) — 2n. Using that k = (2£)n 5nd § > 0, we see that

logn

r = k(logk—loge—c—Z) —2n

2
= ﬂ(log@ +0) 4+ logn — loglogn — loge — ¢ — 2) —2n
logn
24 6)nl 2496
> (2+9)nlogn — 2+ )n(loglogn+loge+c+2) —2n
logn logn
2
> on— ﬂ(loglogn+loge+c+ 2)
logn
2494
_ n (loglogn+loge+c+2)—w(loglogn—i—loge—i—c—i-@
logn logn
> 0,
where the last inequality holds for sufficiently large n. O

Proof of Theorem 1.5. For any s < t, note that SD;; is an induced subposet of SD;, so
it suffices to prove the Ramsey bound for s = t. We shall show that

R(SDiy,Qn) <n+ (2+ 0(1))% for 2t < o(loglogn).

ogn

Let k = (ij;%", where § = %(loglogn +loge + ¢+ 2) and ¢ = 2t + 2 + log(2t + 2).

By the choice of t, we know that ¢ = o(loglogn). Thus, Lemma 1.12 implies that for

sufficiently large n,

Let X and Y be disjoint sets with |X| = n, [Y| = k. Consider an arbitrary blue/red
coloring of Q(X U Y) with no red copy of Q,,. We shall show that there is a blue copy

of SD;, in this coloring.

There are k! linear orderings of Y. For every linear ordering 7 of Y, the Chain
Lemma provides a blue Y-chain C” in Q(X UY) corresponding to 7, say on vertices
Zy C Z{ C ... C Z[. In each chain, consider the smallest vertex Z; and the largest

vertex Z] . Both vertices are subsets of X UY, so there are at most 22(n+k) distinct pairs

k!
22(n+k)

distinct linear orderings of Y such that all the corresponding Y-chains C™ have both

Z7,Z7). By the pigeonhole principle, there is a collection 7,..., 7, of m =
0> %k y p1g p p

Z; and Z;' in common. Lemma 1.12 shows that m > 2¢*.

Fix an arbitrary linear ordering o € {7y, ..., 7y }. By relabelling Y, we can suppose
thato = (1,...,k),i.e, 1 <, --- <, k. Consider an arbitrary linear ordering 7;, j € [m],
allowing that 7; = 0. Let 7 = (y1,...,yx). We say that 7; is t-close to o for some ¢ € N if

for every i € [k — t], either [i] C {y1,...,Yi++} or {y1,...,vi} C [i + t]. For example, the
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linear ordering (4,5, ...,k,1,2,3) is 3-close to o since the first i elements of this linear
ordering are contained in [i + 3|, for any ¢ € [k — 3]. However, our example is not 2-close
to o, because neither {1} C {4,5,6} nor {4} C {1, 2, 3}.

In the remainder of the proof, we distinguish two cases: If there is a linear ordering
7; which is not ¢-close to o, we build a copy of SD;; from the Y-chains corresponding
to o and 7;. If every linear ordering 7y, ..., 7y, is t-close to o, we find m permutations
tulfilling the property of Lemma 1.11, which provides that m < ock Recalling that

m > 2% we arrive at a contradiction.

Case 1: There is a linear ordering 7 € {7y, ..., 7, } which is not ¢-close to o.

Suppose that the Y-chains corresponding to o and 7 are given by vertices Z§,. .., Z]
and Zj,...,Z], respectively. Recall that Z§ = Z] and Z] = Z]. Since 7 is not
t-close to o, there is an index i € [k — t] such that neither [{] C {yi,...,yit+} nor
{y1,...,yi} € [t +1t]. Ina Y-chain, the Y-part ZN'Y of each vertex Z is determined by
the underlying linear ordering, in particular Z7 NY = [i{jand Z[, ,NY = {y1,...,¥itt},
thus Z7 ¢ Z].,. By transitivity, Z¢ ¢ Z7, for any two j, j' € {4,... i+t — 1}. Similarly,
Z] € Z7,, and so Z7 € Z,. This implies that the poset

P={27,2]: je{0,k}U{i,....i+t—1}}

contains a copy of SD; ;. Furthermore, every vertex of P is included in a blue Y-chain

and thus colored blue. This completes the proof for Case 1.

Case 2: Every linear ordering 7 € {71,..., 7} is t-close.

Here, we use the fact that every linear ordering 7;, j € [m], is obtained by permuting
the linear ordering o: Fix an arbitrary 7 € {r,..., 7}, and let 7 = (y1,...,yx). We say
that the permutation corresponding to 7 is m: [k] — [k] with w(¢) = y,. We show that 7
has the following property.

Claim: Forevery j € [k], [{¢ <j: () > j+t}| <t.

Proof of the claim: The inequality is trivially true if j + ¢ > k. Fix an arbitrary j €
[k — t]. Using that 7 is t-close, either {w(1),...,7(j)} = {v1,...,y;} € [j +t] or
Ul Sy, oy = {n(1), . m(G+ 1))

o If {m(1),....,7(j)} € [j + t], then for every ¢ < j, n(¢) < j + t. Therefore,
{{<j:m(l)>j+t} =g, so the claim holds.
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o If [j] C{m(1),....,7(j +1t)}, thenlet I = {n(1),...,7(j +t)} \ [j], and note that
|I| = t. For every ¢ < j with w(¢) > j + t, we know in particular that 7(¢) ¢ [J],
thus 7(¢) € I. Using that 7 is bijective,

{e<j:m) >j+t}| = [{m(): £<j n()>j+t}| <|I|=t.

This proves the claim.

In particular, 7 has the property that [{¢ < j : 7(¢) > j—1}| < 2t+2foreveryj € [k],
i.e., mis (2t 4+ 2)-proper. Note that distinct linear orderings 7;, i € [m], correspond to
distinct permutations 7;: [k] — [k]. Lemma 1.11 provides that the number of (2t + 2)-

proper permutations m; is at most

m < 2(2t+2+10g(2t4+2))k _ gck.

Recall that m > 2k by Lemma 1.12, so we arrive at a contradiction. O

1.5 CONCLUDING REMARKS

In the first part of this chapter, we studied the poset Ramsey number R(K, ),,), where
K is a complete multipartite poset. Our proof was based on the Chain Lemma. Despite
the effectiveness of this approach for complete multipartite posets of any fixed size, it
remains open how to improve the upper bound on R(Q3,Qy), in particular whether
R(Q3,Qn) = n+ o(n). We have seen in Corollary 1.8 how small posets can be used as
“building blocks” for bounding R(P, Q),,) for more complex posets P. This raises hope
that an extension of Corollary 1.8 might allow for “building” the poset )3. For example,
()3 can be partitioned into a copy of K3 and a copy of K31 which interact properly.
Both of these two building blocks are complete 2-partite posets, so by Theorem 1.1,

R(K13,Qn) = R(K31,Qn) <n+0 (10271) ~

We remark that in this chapter, we have not used the full strength of the Chain
Lemma. It actually provides that the red copy of @, is X-good. Taking this additional
structural property into account brings us closer to the notion of blockers, which we

study in Chapters 2 and 3.
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In the second part of this chapter, we focused on subdivided diamonds SD;,
and presented an upper bound on R(SD;;,Q,) in Theorem 1.5. This result can be
extended to a larger class of posets. Let P be a poset of width w(P) = 2 which does
not contain a copy of the N-shaped poset /VV. Note that every subdivided diamond is
such a poset. Recall that a poset is series-parallel if it consists of a single vertex, or is
constructed from a series composition or parallel composition of smaller series-parallel
posets. Theorem 0.6 yields that P is series-parallel. In a rather technical argument,
which is omitted here, one can show that P is a subposet of some poset P/, where P’ is
obtained by gluing subdivided diamonds on top of each other. Therefore, Corollary 1.8
and Theorem 1.5 imply that

R(P,Qn):n—i—O( r )

logn



Chapter 2

V-shaped poset versus large Boolean lattice

2.1 INTRODUCTION OF CHAPTER 2

Recall that the poset Ramsey number R(P,(Q) of two posets P and () is the smallest N
such that any blue/red coloring of an /N-dimensional Boolean lattice () i contains a blue
copy of P or a red copy of Q. Most known lower bounds on the poset Ramsey number
R(P, Q) correspond to so-called layered colorings of Boolean lattices, in which any two
vertices in the same layer have the same color, see for example Theorem 0.2. The only
two previously known non-layered constructions are given by Grész, Methuku, and
Tompkins [38], improving the trivial lower bound R(Q2,Q,) > n+ 2 to n + 3, and
by Bohman and Peng [7], improving the trivial lower bound for the diagonal case
R(Qn,Qn) > 2n to 2n + 1. In this chapter, we present a first of a kind non-marginal
improvement of the trivial lower bound for the poset Ramsey number R(P, @), where

P is a fixed poset.

Recall that the poset Aj is the 3-element A-shaped poset, i.e., the poset on vertices
Z1, Zy, and Z3 such that 7, > Z3, Zy > Z, and Zy ~ Z3. Its symmetric counterpart
is V, the 3-element V-shaped poset on vertices Z;, Z,, and Z3 such that Z; < Z»,
Z1 < Zs, and Zy ~ Z3. We say that a poset is trivial if it contains neither a copy of A
nor a copy of Vs, and non-trivial otherwise. The main result of this chapter shows a
sharp jump in the behavior of R(P, Q) as a function of n, depending on whether P
contains a copy of A or V5.

Theorem 2.1. Let P be an arbitrary poset.

(i) If P is trivial, then R(P,Q,) = n + ©(1). More precisely, for any positive integer
n, n+h(P)—1< R(P,Qn) <n+ h(P)+ a(w(P)) — 1

(i) If P is non-trivial, then R(P,Qyn) > n + 15 oo for any n > 216,

logn

48
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Here, recall that ‘log’ refers to the logarithm with base 2, and a(n) denotes the smallest
dimension of a Boolean lattice containing an antichain of size n, as elaborated in
Section 0.7.3. The second part of Theorem 2.1 relies on a lower bound on R(As2, Qy)

that we provide in the next theorem.
Theorem 2.2. For any n > 216,

1 n
Ao, Q) > — . )
R 2’Q)_TH_L"') logn

We show this lower bound by giving a probabilistic construction of parallel copies of

factorial trees to find the desired blue/red coloring.

Previously, in Theorems 1.1 and 1.5, we have shown that R(P, Q) = n+O ( 1ogn)/ if
P is a complete multipartite poset or a subdivided diamond. For such P, Theorem 2.1
provides a lower bound for R(P,Q,) which is asymptotically tight not only in the
linear but also in the sublinear term. Most notably, Theorem 2.1 and the upper bound

on R(Q2, Q) by Grész, Methuku, and Tompkins [38] imply:

Corollary 2.3. R(Q2,Qn) =n+© (10:;”) :

For every trivial poset P, Theorem 2.1 determines R(P, @,,) up to an additive constant,

depending on P. This setting is considered in more detail in Chapter 4.

Recall that an ordered subset of a fixed set Y is a sequence of non-repeated elements
of Y. For two ordered subsets T"and S of Y, we write T <o Sif T'is a prefix of S, i.e., if
|T'| < |S| and each of the first |T'| members of S coincides with the respective member
of T. The relation <¢ defines a partial order. Recall that the factorial tree O(Y) with
ground set Y is the poset of all ordered subsets of a fixed set Y, ordered by the prefix
relation. The factorial tree O([3]) is depicted in Figure 2.1.

(1,2,3) (1,3,2) (2,1,3) (2,3,1) (3,1,2) (3,2,1)

Figure 2.1: Hasse diagram of the factorial tree O(][3]).
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Let X and Y be disjoint sets. We denote by Q(X) the Boolean lattice on ground
set X. Recall that an embedding ¢ of Q(X) into Q(X UY) is X-good if p(X) N X = X
for every X € Q(X). A copy Q of @, in Q(X UY) is X-good if there is an X-good
embedding of Q(X) into Q(XUY) with image Q. The Embedding Lemma, Lemma 0.9,
states that any copy of ),, in a host Boolean lattice is X-good for some X. We introduce
a similar notion of goodness for factorial trees. For an ordered subset S of Y, we refer
to its underlying unordered set as S. An embedding {: O(Y) — Q(XUY) is Y-good
if £(S)NY = Sforevery S € O(Y). We say that a subposet F of Q(XUY) is a Y-good
copy of O(Y) if there exists a Y-good embedding {: O(Y) — Q(X UY) with image F.
We also refer to a Y-good copy of O(Y) as a Y-shrub.

In our second main theorem, we present a structural duality result.

Theorem 2.4. For two disjoint sets X and Y, fix a blue/red coloring of the Boolean lattice
Q(X UY) that contains no blue copy of Aa. Then exactly one of the following statements holds
in Q(XUY):

(i) there is a red, X-good copy of Q(X), or

(ii) there is a blue, Y-good copy of O(Y), i.e., a blue Y -shrub.

Informally speaking, this duality statement claims that for any bipartition X UY of the
ground set of a Boolean lattice, there exists either a red copy of Q(X) that is restricted
to X, or a blue copy of the factorial tree O(Y) restricted to Y. This result can be seen as
a strengthening of the Chain Lemma, Lemma 0.10, in the special case when we forbid
a blue copy of As. In particular, the family of chains of maximal length in the shrub

corresponds to the family of Y-chains obtained in the Chain Lemma.

When studying the poset Ramsey number R(P, (),,), we shall understand blue/red
colorings in which blue copies of P and red copies (), are forbidden. Theorem 2.4
implies a characterization for blue/red colored Boolean lattices that contain neither a

blue copy of A nor a red copy of Q.

Corollary 2.5. Let n,k € Nand N = n + k. Let Q([N]) be a blue/red colored Boolean lattice
with no blue copy of Aa. There is no red copy of Q,, in Q([N]) if and only if for every k-element
subset Y C [N], there exists a blue Y-shrub.

In Corollary 1.4, we presented an upper bound on R(Asz, Q,,). By applying a counting

argument to Corollary 2.5, we obtain an alternative proof of that bound.

Corollary 2.6.

R(A2,Qn) < n+ (1+0(1)) ogn’
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The structure of this chapter is as follows. In Section 2.2, we introduce additional
notation for factorial trees, and discuss basic properties of shrubs. In Section 2.3, we
give a probabilistic construction that verifies Theorem 2.2, and derive Theorem 2.1 from
that. In Section 2.4, we present proofs of Theorem 2.4, Corollary 2.5, and Corollary 2.6.
The results of this chapter are published in Combinatorics, Probability and Computing,
2023 [3], in joint work with Maria Axenovich. In contrast to the published manuscript,
the content of this chapter has been reorganized into two parts, separating the proofs
of Theorems 2.1 and 2.4. Furthermore, we have expanded Theorem 2.1 (ii) to include
a threshold for n such that the statement holds, and edited the proof of Theorem 2.9

accordingly.

2.2 BASIC PROPERTIES OF A SHRUB

In this subsection, we discuss the central properties of shrubs, which are the key
ingredient in the upcoming proofs. Recall that the unordered set underlying an ordered
set S is denoted by S. We say that S is an ordering of S. Let |S| = |S| be the size of S.
We denote the empty ordered set by @, = (). Note that @, is a prefix of every ordered set.
We say that an ordered set 1" is a strict prefix of an ordered set .S, denoted by " < S, if
T is a prefixof Sand T' # S.

Recall that an up-tree P is a poset which has a unique minimal vertex and for every
vertex Z € P, the vertices Z' € P with Z' <p Z form a chain. In Proposition 0.7,
we showed that a poset P does not contain a copy of A if and only if it is a parallel

composition of up-trees.

Lemma 2.7. Let X and Y be disjoint sets. Let n = |X|and k = |Y|. Let F be a Y-shrub in
the Boolean lattice Q(X UY). Then:

(i) F is an up-tree. In particular, F does not contain a copy of As.
(ii) F contains a vertex of every X-good copy of Qn.

(iii) The 2-dimension of Q(X UY) is at least k(logk —loge), i.e., n > k(logk —loge — 1).

Proof. First, we shall verify part (i). In a factorial tree O(Y') with ground set Y, the set
of prefixes {T' € O(Y): T <p S} of any vertex S € O(Y) forms a chain. Furthermore,
the vertex @, is the unique minimal vertex of Y, thus O(Y) is an up-tree. Since F is a
copy of O(Y), it is also an up-tree. In particular, Proposition 0.7 provides that F does

not contain a copy of As.
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For part (ii), let ¢: Q(X) - Q(X UY) be an arbitrary X-good embedding of Q(X).
Let&: O(Y) — Q(XUY) be an arbitrary Y-good embedding of the factorial tree with
image F. Assume that ¢(X) # £(5) for any two X € Q(X) and S € O(Y).

We shall find a contradiction by applying an iterative argument. Let Yy = @ be
the empty (unordered) set and let Sy = @, be the empty ordered set. Let X; C X
such that £(Sp) = X1 U Sp. Note that X; = £(Sp) N X, since { is Y-good. LetY; CY
such that ¢(X;) = X; UY], ie., using that ¢ is X-good, Y1 = ¢(X;) N'Y. Because
X1UY) = ¢(X1) # &(So) = X1 U Sy, we conclude that Y7 # Sy = &, so |Y1]| > 1.

Suppose that for some i € [k], we already defined X1,...,X; CX, Y¥,,...,Y; CY,
and Sp, ..., S;—1 € O(Y) such that

* Si1=Yiq,

* {(Si-1) = X;USiy,

* O(X;)=X;UY;,

* Y, 1 CY,and |Y;| >i.

Fix any ordering S; of ¥; which has S;_; as a strict prefix. Such an \S; exists because

Si—1 = Y;—1 C Y. In other words, S; is obtained from S;_; by adding the elements in
Y; \ Y1 in arbitrary order to the “end” of S;_;.

Afterwards, let X; 1 be the subset of X with {(S;) = X;11US;, ie., Xip1 = £(S;)NX.
Since ¢ is an embedding, we know that X; U S;_1 = £(Si—1) C £(Si) = Xi41 U S, soin
particular, X; C X4 1.

Next, letY;11 € Y such that ¢(X;+1) = X;+1UYi41,50 Y11 = ¢(Xi41)NY. Because
Xi € X1 and ¢is an embedding, we see that X;UY; = ¢(X;) C ¢(Xiy1) = Xi1UYiq,
so in particular, ¥; C Y; ;. Moreover, using the assumption that the images of ¢ and ¢

have no common vertex,
Xit1 UYip1 = ¢(Xip1) # £(Si) = Xia U Y.

This implies that Y;1; # Y;, thus Yi11 D Y, and therefore |Y;11| > |Y;| +1 > ¢ + 1.
Iteratively, we obtain a subset Y, 1 C Y with |Y;| > k£ + 1, a contradiction to [Y| = k.

For part (iii), observe that O(Y) has k! distinct maximal vertices, each corresponding

to a distinct permutation of Y. In particular, 7 has at least k! vertices, thus

k
(IZ) <K <|F| <|QXUY)| = 2XU¥] = gntk,
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This implies that k(logk — loge) < n + k. O

2.3 LOWER BOUND ON R(Ay, Q)

2.3.1 CONSTRUCTION OF AN ALMOST OPTIMAL SHRUB

Outline of the proof idea for Theorem 2.2: To bound R(A2, Q,,) from below, we shall
construct a blue/red coloring of the host Boolean lattice that contains neither a blue
copy of Ay nor a red copy of Q,,. Our proposed coloring consists of a collection of blue
shrubs, while all remaining vertices are colored red. We construct a “dense” shrub,
and then use a probabilistic argument to find a collection of parallel shrubs in the host
Boolean lattice. Afterwards, we use Lemma 2.7 to confirm that the proposed coloring

indeed contains neither a blue copy of A, nor a red copy of @,.

First, we construct a Y-shrub which is almost optimal in the sense that its host

Boolean lattice has a dimension almost matching the lower bound in Lemma 2.7 (iii).

Lemma 2.8. Let Y be a k-element set for some k € N. Let A be a set disjoint from Y such that
|A| > k- max{log k + loglog k, 11}. Then there is a Y-shrub in Q(A UY).

Proof. Let Ay, ..., Aj_; be pairwise disjoint subsets of A such that |A;| = «(k), where
a(k) is the smallest N such that the N-dimensional Boolean lattice contains an antichain

of size k. It is easy to check that
a(k) <logk +loglogk for k > 256, and «a(k) <11 for k < 256,

so such subsets A;’s can be chosen. Each A;, i € {0,...,k — 1}, is the ground set of a
Boolean lattice Q(A;) which contains an antichain of size k. Let { Ag : je{0,...,k—1}}
be this antichain enumerated arbitrarily. Throughout this proof, we use addition of

indices modulo k.

LetY = {vo,...,yx—1}. We shall construct a Y-good embedding & of the factorial
tree O(Y) into the Boolean lattice Q(A UY) as follows. Let £(@,) = @. For every
i€{0,....k—1},let£((vi)) = A; U{y;}. Consider any non-empty ordered subset of
Y, say (Yiy, Yiy, - - -5 ¥i;) where 2 < j < k. Let

E(Wirs - vi;)) = Ay UAZ’H e UAZHA U Yirs - Yij }-
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For example/ if k = 4/ then g((yOa y17y2)> = AO U A% U A% U {y()a 91,y2}/ 5((y27y37y1)) -
A2 U Ag @] A(l) U {yl, Y2, yg}, and 5((y3, y1>) = A3 @] A(l) @] {yl, yg}, see Figures 2.2 and 2.3.

A AT AT AL A3 Ay AT AS AT AG AT AT AL Ay AT AY AT A} AT AL AT AY Ay A

A3 A3 AL A3 AL A3 A3 A3 AY A3 A A3 Al A A A3 A) AL Al AT A A3 AY A

Naaaaa - e

AU A A8 A Al Al AL oAb a8 Al A

1
1

Figure 2.2: Assignment of the A;’s and A‘g ’s to vertices of a {yo, y1, y2, y3 }-shrub.

A AJA A yoyornys AsAJAG ATyoyoysyr A ASARAYyoyiyoys AsASASAYyyiysyo

A A Abyoyoyn A A5 Adyoyoys Ay AL A yoy1yo Ay AL A Yoy
Ay Adyayo Ay Alyoy,
A2y2

Figure 2.3: Segment of the shrub highlighted in Figure 2.2. Here, union signs are
omitted because of spacing. For example, A2A§A8y2y1y0 corresponds to the shrub
vertex Ao U AL U A3 U {ya, 91, y0}-

Observe that { isa Y-good embedding. Indeed, for any ordered sequence of distinct

ground elements (y;,, ..., ¥;,), we have that £((i,, ..., %:;)) VY = {yi,, ..., i, }. Using
this property, it is straightforward to check that for any two vertices (y;,,...,¥;,) and
Yirs -+ ¥i,) N O(Y),

Wirs -5 Yiy) <O (Yirs -+ 05,)  ifand onlyif — £((yir, -+, wi,)) S E((Yins - - i,))-

The image of { is a Y-shrub in Q(AUY) O
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2.3.2 RANDOM COLORING WITH MANY BLUE SHRUBS

In this subsection, we find a blue/red coloring which later implies our lower bound
on R(Az, Q). Note that we do not provide an explicit construction, but only prove the

existence of such a coloring.

Theorem 2.9. Let N € Nwith N > 2', and let k = g0
coloring of the Boolean lattice Q([N]) which contains no blue copy of Ao and such that for each
k-element subset Y C [N], there is a blue Y-shrub in Q([N]).

Then there exists a blue/red

Proof of Theorem 2.9. We shall show the existence of a desired coloring for k£ = %
where v = 14.9. For this, we select parameters ¢; = 0.135, o = 0.3, and
2
i) o 2.1)
1-1% ~vlog(e)’ '
Here, ¢ = 0.00007. Observe that
2 1 1
’}/26, §<61§§—;, 0<(52<17 and e > 0. (22)

We remark that our proof holds for all parameters v, 01, 2, and ¢ satisfying (2.1) and
(2.2), at the expense of a larger lower bound on N. The minimal value for  such that
there exist 61, 2, and ¢ fulfilling these conditions is approximately 14.7235.

We consider the Boolean lattice Q([N]). Let (U,Z ]) denote the family of k-element
subsets of [IV]. The idea of the proof is to construct a Y-shrub, denoted by Fy, for every
Y € ( UZ ]), with the additional property that selected shrubs are parallel, i.e., pairwise
disjoint and element-wise incomparable. Then, since each shrub Fy does not contain a
copy of Ay, the parallel composition of all Fy’s also does not contain a copy of Ap. We
obtain these shrubs by randomly choosing a Y-framework for every Y € (UZ ]) and then
constructing a Y-shrub based on each of them. Afterwards, we shall define a coloring
in which every vertex in each constructed shrub is colored blue and the remaining

vertices red.

A Y-framework of a k-element subset Y C [N]is a 4-tuple (Y, Ay, Zvy, Xy) such that
* Y, Ay, and Zy are pairwise disjointand Y U Ay UZy = [N],
* |Ay|=k(logk +loglogk),

L4 XngY.

A Y -framework is random if
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* Ay is chosen uniformly at random among all subsets of [N]\Y of size k(logk +

loglogk),
e Zv = [N]\(Y @] Ay), and

¢ each element of Zy is included in Xy independently at random with probability
1

3-

Draw a random Y -framework for each Y € (UZ ]).

Claim 1: (1 - %) N < |Zy| < (1 - 1—%) N.

Proof of Claim 1: Using that k = —2¥

vlog N’/
Zy| = N-[Y|-]Ay]
= N —k(logk + loglogk + 1)
N
= N-— (logN—log’y—loglogN—i-loglogk:—i- 1). (2.3)
vlog N

Note that loglogk < loglog N and 1 < log~, so in (2.3) the term in parentheses is
bounded from above as follows:

log N —log~y —loglog N +loglogk + 1 < log IV,

thus

N 1
|Zy| > N — logN:<1—> N.
vlog N Y

For the upper bound on |Zy/|, note that k > /N for N > 216, s0
loglog N — loglog k < loglog N — loglog VN = 1.
This implies that in (2.3) the term in parentheses is bounded from below as follows:
log N —log~y — loglog N + loglogk + 1 > log N —log~y > (1 — d2) log N,

where we used that d; log N > log v for N > 216, 5, = 0.3, and v = 14.9. Consequently,

N

Zvy| <N —
2] < ~vlog N

(1—6y)log N = <1— 1_52>N,
Y

which proves Claim 1.
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Let E; be the event that for some distinct Y1,Ys € ([]IX }), Xy, NZy,| <§N.

Claim 2: P(E;) < 3.

Proof of Claim 2: Consider some arbitrary Y,Y, € ( UZ ]) with Yy # Y. It follows from
Claim 1 that

2 1-6
<1 - > N < |Zy, NZvy,| <|Zy,| < <1— 2) N. (2.4)
Y Y

In the random Y ;-framework, each element of Zy, N Zy, is contained in Xy, N Zy,
independently with probability 1. Consequently, |Xy, N Zy,| ~ Bin(|Zy, N Zy,|, 3)
and E(| Xy, NZy,|) = 1|Zy, N Zy,|.

A well-known Chernoff’s inequality, see Corollary 23.7 in the textbook by Frieze
and Karoniski [32], states that for a binomially distributed random variable X and a real

number a, ,
P(X < E(X) —a) < exp <—2E“(X)> . (2.5)

By Chernoff’s inequality,

Zy,NZ Zy, NZ
P(| Xy, NZy,| < 5 N) = P<|XY10ZY2§’ v 0 2ys| <‘ v, 0 2y, —61N>>

2 2
Zy, NZoy, | 2
< exp _( Y12 - 761N)
N |ZY1mZY2|
2
(G -5)
< exp (— (1_@) -N
Y

2
vloge

where we applied (2.4) in the penultimate line and (2.1) in the last line. Thus,

P(E1) < . P(Xy,NZy,|<&N)
Y1 Y2€(t)

el ()
vloge
2klog N 2
= exp o8 +e) N
log(e) ~vloge

= e 2N 2 + N
- P ~vloge ~vloge ©

= exp(—eN)

IN

1
< 3 for N > 216,
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This proves Claim 2.

Let E5 be the event that there exist two subsets Y1,Ys € (UZ]) with Y7 # Y5 such
that Xy, NZy, € Xy,.

Claim 3: P(E;) < 1.
Proof of Claim 3: Let P(E2|—E7) be the conditional probability of E, given that the event
E; does not occur. Note that, using Claim 2,

1
P(EQ) < P(El) + P(EQ‘ﬂEl) < 5 + ]P)(E2|—\E1).

We shall show that P(E»|-E;) < 3. Let Y1,Y, € ([J,g]) with Y1 # Y3, and suppose
that £ does not occur, i.e., | Xy, N Zy,| > d1N. Note that each element of Xy, N Zy,
is contained in Xy, with probability % Thus,

S 2—61N.

1 D{Y1 ﬂZY2|
)

I[D()(Y1 N ZY2 - XYQ) = <
This implies that

P(Es|-E;) < Z P(Xy, NZy, € Xy,)

¥1.¥ae()
< Nzk’ . 2761N
_ o(F-aw)
1
< )
- 2

where the last line holds for N > 216, v = 14.9, and 6; = 0.135. This proves Claim 3.

In particular, there exists a collection of Y-frameworks (Y, Ay,Zy,Xy), Y € (UZ ]) ,
such that for any two distinct Y1, Y3 € (UZ ]), Xy, NZy, € Xy,. In the remainder of

the proof, we use this collection of frameworks to define the desired coloring.

Recall that |Ay| = k(logk + loglogk) for every Y € ([],::[}). Let 7%, be a Y-shrub
in Q(Ay UY) as guaranteed by Lemma 2.8. Note that the shrubs %, Y € (UIZ]), are
not necessarily parallel posets. Let Fy be obtained from F%, by replacing each vertex
Z € Fy with Z U Xy. Then Fy is a Y-shrub in Q([N]).
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Claim 4: Let Y, Yy be two distinct k-element subsets of [V]. Then Fy, and Fy, are
parallel subposets of Q([N]).

Proof of Claim 4: Fix arbitrary vertices U; € Fy,, ¢ € [2]. Recall that Xy, N Zy,  Xy,,
which implies that there exists an a € (Xy, N Zv,)\Xy,. In particular, a € U; since
Xy, CUyand a ¢ Uy since a € Zy, \ Xy, and Us N Zy, = Xy,. Therefore, a € U;\U2
and similarly, there is an element b € U,\U;. This implies that U; ~ Us,, which proves

the claim.

We consider the blue/red coloring c¢: Q([N]) — {blue,red} such that for every
X e Q([N]),

blue, if X € Fy forsomeY € ([],X])
red, otherwise.

Forevery Y € (), Fy is ablue Y-shrub in Q([N]). By Lemma 2.7 (i), any Y-shrub is
an up-tree. Claim 4 implies that the blue subposet of Q([V]) is a parallel composition
of up-trees, so Proposition 0.7 provides that the coloring ¢ does not contain a blue copy
of A2. ]

2.3.3 Proors orF THEOREMS 2.2 AND 2.1

We have collected all necessary tools to show a lower bound on R(Asz, Q).

Proof of Theorem 2.2. Letk = % andn = N—k. Notethatk < %,thusn < N < 2n.
In particular, N > 216, By Theorem 2.9, there exists a blue/red coloring of the Boolean
lattice Q([N]) with no blue copy of A; such that for every k-element Y C [N, thereis a
blue Y-shrub. If there is a red copy Q of @), then the Embedding Lemma, Lemma 0.9,
provides that Q is X-good for some n-element subset X C [N]. However, Q([N])
contains a blue ([N] \ X)-shrub F. The subposets Q and F are monochromatic in
distinct colors, thus they are disjoint. This is a contradiction to Lemma 2.7 (ii), so there

is no red copy of @,,. Therefore, R(A2,Qy) > N =n + k.

It remains to bound & in terms of n. Indeed,

o N S n B n S i n
~ 14.9log N ~ 14.9log(2n)  14.9(log(n) +1) — 15 logn’

which shows the desired bound. O
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Proof of Theorem 2.1. The lower bound R(P,Q,) > n + h(P) — 1 is immediate from
Theorem 0.2. If P is a chain, the upper bound is given by Corollary 0.11. If P is trivial
but not a chain, then by Proposition 0.7, the poset P is a parallel composition of at least

2 chains. Applying Theorem 0.5 and afterwards Corollary 0.11, we obtain that

R(P,Qn) < R(Ch(p), Q) + (w(P)) < n+ h(P) + a(w(P)) - 1.

Every non-trivial poset P contains either Ay or V> as a subposet. Note that
R(A2, Q) = R(Va,Qy), so it follows from Theorem 2.2 that for n > 216,

R(Pv Qn) Z R(A27Qn) > ! n

15 logn’

2.4 DUALITY OF COLORINGS WITH NO BLUE COPY OF Ay

2.4.1 DEFINITION AND EXAMPLES OF EMBEDDABLE VERTICES

In Lemma 2.7 (ii), we showed that there can not be both a blue Y-shrub and a red,
X-good copy of @, in any blue/red coloring of Q(X UY). This already implies one
direction of Theorem 2.4. In this section, the main objective is to show that any blue/red
coloring of a host Boolean lattice with no blue copy of A, and no red, X-good copy of

@, contains a blue Y-shrub.

Throughout this section, we fix disjoint sets X and Y and consider the Boolean
lattice (X UY) on ground set X UY. The integers n, k, and N always denote n = |X]|,
E=1]Y],and N = n+ k = |[XUY]|. The vertices of Q(X UY) can be partitioned
with respect to X and Y in the following manner. Every Z C X UY has an X-part
Xz=ZNnXandaY-part Y; = ZNY. In this section, we refer to Z alternatively as
the pair (X7, Yz). Conversely, for any two subsets X C X and Y C Y, the pair (X,Y)
has a 1-to-1 correspondence to the vertex X UY € Q(X UY). One can think of such
pairs as elements of the Cartesian product 2% x 2Y, which has a canonical bijection to
2XUY — Q(X UY). Observe that for X; C X,Y; CY,i <€ [2], (X1,Y1) C (Xo,Y3)ifand
only if X; C Xpand Y7 C V5.

Fix an arbitrary blue/red coloring of Q(X UY) which contains no blue copy of As.
For X € X and Y C Y, we say that the vertex (X,Y) € Q(X UY) is embeddable if there
is an embedding ¢: {X' € 9(X): X' D X} — Q(X UY) such that
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* ¢isred, ie., every vertex in its image is red,
e ¢is X-good,ie., $(X')NX = X' for any X', and

* (X,Y) C ¢(X), or equivalently (X,Y) is included in every ¢(X'), X' D X.

We say that ¢ witnesses that (X,Y) is embeddable. Moreover, for every embeddable
vertex (X, Y'), we fix an arbitrary embedding ¢ with the above properties and refer to
it as the witness for the embeddability of (X, Y).

Example 2.10. Let X = {1,2} and Y = {y}. Fix the blue/red coloring of Q(X UY)
depicted in Figure 2.4. The vertex {1} is embeddable, witnessed by the embedding
»({1}) = {1} and ¢({1,2}) = {1,2,y}. The vertex {y} is not embeddable, since there
exists no red vertex ¢({y}) with ¢({y}) N X = @ and ¢({y}) 2O {y}. In fact, the only
non-embeddable vertices of this blue/red coloring are {y} and {2, y}.

{12y}

{1,2}, {1y} {2,y}

{1} {2} {v}

16}

Figure 2.4: A blue/red coloring of Q(XUY) for X = {1,2} and Y = {y}.

It is immediate from the definition of embeddable vertices that:

Proposition 2.11. There is a red, X-good embedding ¢: Q(X) — Q(X UY) if and only if
(@, @) is embeddable.

Outline of the proof of Theorem 2.4: We shall show that, if there is no red, X-good
embedding, then there is a blue Y-shrub. Proposition 2.11 implies that if there is no
red, X-good embedding, then (&, &) is not embeddable. In the next subsection, we
characterize embeddable and non-embeddable vertices, see Lemma 2.12. We shall use
this characterization in Lemma 2.14 to show that if (@, @) is not embeddable, then it
contains a blue weak Y-shrub. Finally, we show that in our setting every weak Y-shrub

is a Y-shrub, see Lemma 2.15.
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2.4.2 CHARACTERIZATION OF EMBEDDABLE VERTICES

Lemma 2.12. Let X C XandY C Y. Let Q(X UY) be a blue/red colored Boolean lattice
with no blue copy of Ao. Then (X,Y") is embeddable if and only if either

(i) (X,Y)is blue and thereisa Y’ CY withY' DY such that (X,Y") is embeddable, or

(ii) (X,Y)is red and for all X' C X with X' D X, (X',Y) is embeddable.

Note that if (X, Y) is blue for some X C X, then (X,Y) is not embeddable.

Proof. First, suppose that (X,Y") is embeddable, so let ¢: {X' € Q(X) : X' D X} —
Q(X UY) be the witness that (X,Y") is embeddable.

e If (X,Y) is blue, then (X,Y) C ¢(X), using that ¢ has a red image. Since ¢ is
X-good and so ¢(X)NX = X, weknow thatY C ¢(X)NY. LetY' = ¢(X)NY.
Note that ¢ witnesses that (X, Y”) is embeddable, so condition (i) is fulfilled.

e If (X,Y) is red, then pick some arbitrary subset X’ C X such that X’ D X. Let
¢ {U € Q(X): U D X'} —» Q(XUY) be the restriction of ¢, i.e., ¢'(U) = ¢(U)
forevery U containing X'. Inheriting the properties of ¢, the function ¢’ isared, X-
good embedding. Moreover, since ¢(X') N X = X’ and (X,Y) C ¢(X) C ¢(X'),
we know that (X'|Y) C ¢(X') = ¢/(X’). Thus, ¢ witnesses that (X',Y) is

embeddable. Since X’ was chosen arbitrarily, condition (ii) is fulfilled.

We shall show that conditions (i) and (ii) each imply that (X,Y") is embeddable. If
(i) holds, then there is some Y’ D Y such that (X,Y”) is embeddable. The embedding
witnessing this also verifies that (X, Y") is embeddable.

For the remainder of the proof, we assume that (ii) holds, i.e., that (X, Y") is red and
for any X’ C X with X’ D X, the vertex (X’,Y) is embeddable. We shall verify that
(X,Y) is embeddable by constructing a red, X-good embedding

p: {X' €QX): X' DX} > QXUY)

with (X,Y) C ¢(X). Our idea for this is to choose each ¢(X’) depending on the blue
vertices of the form (X*,Y"), where X C X* C X', more precisely, depending on the

number of inclusion-minimal subsets X*’s, X C X* C X’, such that (X*,Y) is blue.

Let X' be arbitrary with X C X’ C X. We distinguish three cases, see Figure 2.5.

(1) If for every X* with X C X* C X/, the vertex (X*,Y) isred, let p(X') = (X', Y).
Note that this case includes X' = X.
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(2) If there is a unique minimal set X* such that X C X* C X’ and (X*,Y) is blue,
then (X*,Y’) is embeddable by condition (ii). Let ¢ x+ be the witness that (X*,Y")
is embeddable. Define ¢(X’) = ¢px«(X').

(3) Otherwise, let ¢(X') = (X',Y).

Cases (1), (2), and (3) determine a partition of the poset {X' € Q(X) : X' D X} into
three pairwise disjoint parts Py, P, and P3, where P; is the set of vertices X’ to which

¢ was assigned in Case (j).
“(X,Y)
°(X,Y)
°(X3,Y)

ol X3, Y)
(X1,Y)°

(X3,Y) (X3,Y)

°(X,)Y)
°J

Figure 2.5: Construction for subsets X|, X/, X} € X belonging to cases (1), (2), and
(3), respectively. Here, all vertices are supposed to be red unless drawn in blue. The
subsets X35 and X3 are minimal with the desired property.

We shall show that the function ¢ witnesses that (X, Y’) is embeddable.
e Clearly, (X’') N X = X' for every X' C X with X’ D X, so ¢ is X-good.

¢ Byassumption, (X,Y")isared vertex,so X € P;. Thisimpliesthat$(X) = (X,Y),
and in particular ¢(X) 2 (X,Y).

e Forevery X' € Q(X), we shall verify that ¢(X’) is red. The proof depends on the
index i for which X’ € P;. If X' € Py, then it is immediate that ¢(X’) is red. If
X' € Py, then ¢(X') = ¢px+(X'), which is red because ¢ x+ has a red image.

Next, we consider the case that X’ € Ps, i.e., there are two subsets X1, X5 C X
with X7 # Xy and X C X; C X/, i € [2], such that (X;,Y) are blue and X; are
both minimal with this property. The latter condition implies that X; and X»
are incomparable, i.e., neither X; C X, nor X; O X». In particular, (X;,Y) and
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(X2,Y) are incomparable. Moreover, because X' is by definition comparable to
both X; and X5, we know that X; # X', i € [2]. Thus, X; C X’ and therefore
(X;,Y) C (X',Y), which implies that (X1,Y), (X2,Y), and (X', Y) form a copy
of Ag. Recall that (X7,Y) and (X3,Y) are blue. If ¢(X') = (X',Y) is blue, there
is a blue copy of Ay, which is a contradiction. Therefore, ¢(X’) is red.

We claim that ¢ is an embedding. Indeed, let X; and X3 be arbitrary subsets of
X with
XCX;CX,CX. (2.6)

By Proposition 0.8, it suffices to verify that ¢(X1) C ¢(X3). Let Y7,Y2 C Y such
that ¢(X7) = (X1,Y7) and ¢(X2) = (X2,Y2). Note that Y C Y}, i € [2]. We shall
show that Y7 C Y5.

Assume that at least one of X; or X isin P; UPs. If X1 € Py, thenY; =Y, and
we are done as Y C Y,. Furthermore, if X5 € P3, then Y5 = Y, and we are done

since Y] C Y. If X; € P3, then X; C X, implies that X5 is also in P3. Conversely,
if Xo € Py, the fact that X, O X yields that X; € P, and the proof is complete.

As a final step, suppose that X; and X are both in P,. This implies that for each
i € [2], there is a unique minimal set X such that (X, Y") is blue and

X CXFCX;. 2.7)

It follows from (2.6) and (2.7) that X} C X; C X5. By minimality of X3, we obtain
that X5 C X7, thus in particular, X5 C X7 C X;. The minimality of X7 implies
that X] C X3, so X{ = X;. From now on, we denote the set X = X3 by X*.

By condition (ii), the vertex (X*,Y’) is embeddable, so let the embedding ¢ x~ be
the witness of that. Since X* C X; C X» and since ¢x+ is an embedding, we
observe that ¢ x«(X1) C ¢x+(X2). This implies that

P(X1) = dpx+(X1) C dx+(X2) = ¢(X2).

This concludes the proof of the lemma. O

Corollary 2.13. Let X C XandY CY such that (X,Y) is not embeddable. Then there exists
some X' with X C X' C X such that (X',Y) is blue and not embeddable.

Proof. If (X,Y) is blue, we are done. Otherwise, Lemma 2.12 yields a set X; with
X C X; C Xsuch that (X1,Y) isnot embeddable. By repeating this argument, we find
an X’ C X with X’ O X such that (X’,Y) is blue and not embeddable. O
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2.4.3 FINDING A BLUE WEAK SHRUB

We define a weak Y-shrub as the image of a Y-good homomorphism of the factorial
tree, i.e., a function {: O(Y) — Q(X U Y) such that for every S,T € O(Y) with
T <o S, &£&85)NY =Sand {(T) C £(S). Note that £ is not necessarily injective.

Lemma 2.14. If (&, @) is not embeddable, then there is a blue weak Y -shrub.

Proof. We construct a function {: O(Y) — Q(X UY) iteratively and increasingly with
respect to the order of O(Y). Suppose that (&, @) is not embeddable. By Corollary
2.13, there is some Xz C X such that (Xg, o) is blue and not embeddable. Let
£(@) = (Xz,2). From here, we continue iteratively. Suppose that for an ordered set
T € O(Y) with T # Y, we already defined X7 C X such that

(i) &(T) = (X7, T) is blue and not embeddable, and

(i) X7 C Xy forevery T" <p T.

Extend the ordered set T by adding a new final element, i.e., let S € O(Y) such
that T is a prefix of S and |S| = |T'| + 1. Because (X7, T) is blue and not embeddable,
we see by Lemma 2.12 that (X7, S) is not embeddable. Corollary 2.13 provides an Xg
with X7 C Xg C X such that (Xg, S) is blue and not embeddable. Let £(5) = (X, ).
By definition, property (i) holds for Xs. We claim that Xg also has property (ii). This
is clear if 77 = S. For any 7" <o S, we see that T’ <¢ T, in which case property (ii)
applied to Xr implies that X7 C Xp C Xg.

By this procedure, we define ¢ for every S € O(Y). We shall show that { isa Y-good

homomorphism with a blue image.

¢ It follows immediately from (i) that £(.5) is blue and £(S) N'Y = S, for every
Se0(Y).

e Let S,T € O(Y) with T' <o S. We shall verify that £(T") C £(S), so let Xg and
X7 be subsets of X such that £(T") = (X7,T) and £(5) = (Xg,S). Since T"is a
prefix of S, we see that I’ C S. Moreover, condition (ii) implies that X7 C Xg.

Consequently, £(T") C &£(5).
O

Trivially, every Y-shrub is a weak Y-shrub. The converse statement holds for

subposets of a Boolean lattice that do not contain a copy of As.
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Lemma 2.15. Let X and Y be disjoint sets. Let F be a weak Y-shrub in Q(X UY) such that
F contains no copy of Ao. Then F is a Y -shrub.

Proof. Let £: O(Y) — Q(X UY) be a Y-good homomorphism with image F. For
each S € O(Y), let Xg = £(5) N X, ie., £(S) = (Xg,S). We shall show that ¢ is an
embedding, which proves that F is a Y-shrub. Let S; and S be ordered subsets of Y.
We need to verify that,

if 5(31) - 5(52), then 51 <p Ss.

Suppose that £(S1) C £(52), ie., (Xg,,51) C (Xs,,52). In particular, S; € S; and so
|S1| < |S2]. Let T be the largest common prefix of S and S;. Such a prefix exists since

3, is a prefix of every ordered set.

o If|S;| = |T|, then S; =T < Sz and the proof is complete, so we can assume that
T+ 1 <151

o If |T| +1 = [S1]| = |S2], then the first |T'| elements of S; and S5 are equal, because
they coincide with the respective elements of 7. We claim that the final element of
S1 and the final element of S5 are also equal. Using that S; C S; and |S1| = |S2],
it is clear that S; = Sy, so there is a ground element a with {a} = S1\T = S;\T.
In other words, both S; and Sy have T' as prefix of size |S1| — 1 = |S2] — 1 and a

as final vertex. Therefore, S; = 53, and the proof is complete as well.

e From now on, assume that |T'| + 1 < |S1]| < |S2| and |T'| + 1 < |S2|. We shall find
a contradiction. Consider prefixes 5] < S; and 5% <p S5 of size |T'| + 1. Note
that T is a prefix of both S} and S). Let a; such that S{\T = {a1}, and let as with
SINT = {az2}. If a1 = ag, then S} = S}, which impfes that 7" is not the largest

common prefix of S; and Sy, a contradiction.

If a1 # ag, the sets S| and S) are incomparable. This implies that the vertices
(Xs;,51) and (Xgj, @ are irEomparable. We shall prove that (Xg, S1), (Xgy,53)
and (Xg,, S2) form a copy of As. Since S| < S; and since £ is a homomorphism,
we know that

(Xs7,81) € (Xs,,81) = £(S1) € €(S2) = (Xs,, 52),

and similarly (Xg;, 55) C (Xg,,52). Moreover, (Xg, 57) and (Xg;, S3) are proper
subsets of (Xg,, 52), because |S]| = |S5| = |T| + 1 < |Sz|. Therefore, the three
vertices (X, 51), (Xg;,53) and (X, , S2) form a copy of Ay, so we reach a con-

tradiction.
O
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2.4.4 Proor oF THEOREM 2.4 AND COROLLARY 2.5

Combining the previously presented lemmas, we can now prove Theorem 2.4.

Proof of Theorem 2.4. Let X and Y be disjoint sets. Let Q(X U Y) be a blue/red colored
Boolean lattice that contains no blue copy of As.

* First, suppose that there is no red, X-good copy of Q(X). By Proposition 2.11,
(9, @) is not embeddable. Lemma 2.14 provides that there exists a blue weak
Y-shrub. According to Lemma 2.15, this subposet is a blue Y-shrub.

¢ If there is a red, X-good copy of Q(X) and a blue Y-shrub, then this contradicts

Lemma 2.7 (ii).
O

Proof of Corollary 2.5. If there is a red copy Q of @, in a blue/red coloring of Q([N]),
then by the Embedding Lemma, there exist disjoint subsets X and Y partitioning
[N] = X UY such that |X| = n, |[Y| = k, and such that Q is an X-good copy of Q(X).
Thus, by Theorem 2.4 there is no blue Y-shrub.

If there is no red copy of @, in Q([N]), fix an arbitrary n-element subset X of [N]. In
particular, there is no red, X-good copy of Q(X). Let Y = [N]\ X. Theorem 2.4 shows
the existence of a blue Y-shrub. As X was chosen arbitrarily, there is a blue Y-shrub

for any k-element subset Y of [V]. O

2.4.5 ALTERNATIVE PROOF OF COROLLARY 2.6

We remark that Corollary 2.6 is a weaker version of Corollary 1.4, which has been shown

in Chapter 1. In this subsection, we present an alternative proof of Corollary 2.6.

Proof of Corollary 2.6. For any € > 0, let

n
k=(1 +€)logn'

We shall show that R(A2, @) < n + k. Assume that there exists a blue/red coloring
of the Boolean lattice on ground set [n + k] which contains neither a blue copy of A,
nor a red copy of @,,. Select an arbitrary k-element subset Y C [n + k]. Theorem 2.4
guarantees the existence of a blue Y-shrub F, therefore Lemma 2.7 (iii) implies that
n > k(logk —loge — 1).
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We shall find a contradiction by bounding k(log k — loge — 1) from below. Using
that k = (1 + &) 2

logn’

kE(logk —loge —1) > k(logk —3)
> q;_gi)ln ( logn — loglogn — 3)
= fogn logn+ 5y (logn +elogn — (1 +¢)(loglogn + 3))
> n,

where the last inequality holds for sufficiently large n depending on . This is a
contradiction, so each blue/red colored Boolean lattice of dimension n + k£ contains
either a blue copy of A or a red copy of Q. O

2.5 CONCLUDING REMARKS

In this chapter, we showed a sharp jump in the asymptotic behavior of the poset
Ramsey number R(P,Q,,) for large n. Recall that we characterized trivial posets as
parallel composition of chains, see Proposition 0.7. For trivial posets P, the poset
Ramsey number of P and @), deviates from the trivial lower bound R(P,Q,) > n by
at most an additive constant. However, we observe a different behavior for non-trivial

posets. In this case, R(P, Q),,) is always notably larger than the trivial lower bound n by

at least an additive term Q( Togn ).

At the core of our proof, we analyzed the properties of shrubs. Theorem 2.4 verifies
that in any blue/red coloring with no blue copy of Ag, shrubs are the crucial structure
to determine the existence of a red copy of @,,. In the next chapter, we discuss how a
similar approach can be applied for other small forbidden blue posets, in particular for
the N-shaped poset /V.

As shown in the proof of Corollary 2.6, Theorem 2.4 can be applied to derive an
upper bound on R(Az, @,,). A first proof of that upper bound was given in Theorem 1.3,
using the Chain Lemma. Here, our approach was to bound the dimension of a Boolean
lattice containing a single shrub, and we achieved this bound by considering the maxi-
mal vertices of the shrub. There are several obvious ideas of improving this approach:
The maximal vertices of the shrub actually form an antichain; the shrub contains many
further vertices which are not maximal; and every Y-shrub is Y-good. Each of these
additional conditions only provides an asymptotically insignificant improvement on

the Ramsey bound.
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Another intuitive idea to strengthen the upper bound is to take into account more
than one shrub. We know that any blue/red coloring with neither a blue copy of A
nor a red copy of ), contains a Y-shrub for every Y. However, Y-shrubs for distinct
Y might intersect heavily, which is hard to control. In summary, additional ideas are

necessary to further improve the bound on R(As, Q).

As elaborated in Chapter 1, the poset Ramsey number R(Q.,, @) for fixed m > 3
is only bounded up to a constant linear factor, see Lu and Thompson [52]. Their result

implies that for a fixed poset P and large n,
R(P7 Q’n) S CP -,

where Cp is a constant close to the 2-dimension of P. However, Axenovich and the
author believe that the true value of R(P, (),,) is significantly closer to our lower bound,

more precisely, that the difference R(P, Q),,) — n is sublinear in terms of n.

Conjecture 2.16. Let n € Nand P be a fixed poset independent of n. Then

R(P,Qu) = n+ o(n).

Since any poset P is contained in a Boolean lattice of dimension dimy (P), Conjecture 2.16

is equivalent to the following.

Conjecture 2.17. For every fixed m € N, R(Qm, Qn) = n+ o(n).



Chapter 3

N-shaped poset versus large Boolean lattice

3.1 INTRODUCTION OF CHAPTER 3

The poset Ramsey number of posets P and @ is

R(P,Q) = min{N € N: every blue/red coloring of ) contains either
a blue copy of P or a red copy of Q}.

In this chapter, we discuss a novel proof method for determining an upper bound on
R(P,Qy), where P is fixed and n is large. It is unknown whether there exists a poset P
such that R(P,@Q,) > (1 + ¢)n for some ¢ > 0. Therefore, it is natural to consider the
value of R(P, @,) — n and determine its asymptotic behavior. We say that a tight bound
on R(P, Q) is a function f(n) such that R(P, Q) = n+ O(f(n)).

Atightbound on R(P, Q,,) is only known for a handful of posets. For trivial posets P,
i.e., posets which contain neither a copy of V5 nor a copy of Ay, Theorem 2.1 gives the
bound R(P,Q,) = n+ ©(1). If P is a complete multipartite poset or a subdivided

diamond, we know that

n

where the upper bound is shown in Theorems 1.1 and 1.5, respectively, and the lower
bound is given by Theorem 2.1, which states that

R(Pa Qn) Z R(A2>Qn) >n+

15logn’

for any fixed non-trivial P and for sufficiently large n. In particular, if P is a Boolean

lattice, a tight bound is known for Q1 and )2, but not for Boolean lattices @;,,, m > 3.

70
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For non-trivial posets P, we have presented in Chapters 1 and 2 two different
approaches to bound R(P,(Q,) from above. The first one is showcased by Grosz,
Methuku, and Tompkins [38] for an upper bound on R(Q2, @) and uses the Chain
Lemma, Lemma 0.10: In any blue/red coloring of the host Boolean lattice, there is
either a red copy of @,, or there are many blue chains. In the latter case, we can apply
a counting argument to the chains, and find a blue copy of the poset P. Examples for

this method are the proofs of Theorems 1.3 and 1.5.

An alternative approach is given in Corollary 2.6, proving an upper bound on
R(A2,Qp): With a careful analysis of the blue vertices in a blue/red colored host
Boolean lattice with forbidden red @,,, we obtain much more information than the
existence of many blue chains. More specifically, we can show that there is either a blue

A5 or many blue shrubs, see Theorem 2.4.

In this chapter, we elaborate on the second approach and formulate the central,
intermediate step as a theorem for general P. This approach involves so-called blockers,
posets that contain a vertex from each copy of (),, in a special, easier-to-analyze subclass.
We show in Theorem 3.4 that the extremal properties of blockers which do not contain
a copy of P immediately give an upper bound on R(P, ;). In particular, we present
a bound on R(/V,Q,), where /V is the 4-element N-shaped poset, i.e., the poset on
vertices W, X,Y,and Zsuchthat W <Y,Y > X, X <Z W x X, W » Z,andY ~ Z.

Theorem 3.1. For n > 216,

n (14 o(l))n'

logn

< <
+ 15logn — RN, @n) <n+t

Here, the lower bound is a consequence of Theorem 2.1, so our focus is placed on the
upper bound.

This chapter is structured as follows. In Section 3.2, we introduce and recall impor-
tant definitions. Section 3.3 deals with the main tool used in this chapter - blockers. In
Section 3.4, we give a proof of Theorem 3.1. The content of these sections is published in
Order, 2024 [5], in joint work with Maria Axenovich, although the proof of Theorem 3.5
has been completely rewritten. In Section 3.5, we study the relation between the poset
Ramsey number R(P, Q),,) and an extremal function for P-free blockers. The material

of this section has not been published before.
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3.2 PRELIMINARIES

Let P, and P, be two disjoint posets. Recall that the parallel composition Py @ P, is the
poset on vertices P; U P, such that pairs of vertices in P; as well as pairs of vertices in
P, are comparable if and only if they are likewise comparable in P; or P, respectively,
and any two Z; € P; and Z; € P, are incomparable. If for a poset P there exists no
partition P = P; U P, into non-empty subposets P; and P, such that P is the parallel
composition of P; and P, we say that P is connected. Note that a poset is connected if

its Hasse diagram, considered as a graph, is connected.

Moreover, recall the following definitions introduced in Chapter 0: The series com-
position Py © P of a poset Py below a poset P» is the poset on vertices P; U P, where
pairs of vertices in P, as well as pairs of vertices in P, are comparable if and only if
they are likewise comparable in P, or P, respectively, and Z; < Z, for any Z; € P,
and Z; € P,. A poset is series-parallel if it is either a 1-element poset, or obtained by
series composition or parallel composition of two series-parallel posets. Given a fixed
poset P, a poset @) is P-free if it contains no copy of P. Valdes [72] showed that a

non-empty poset is /V-free if and only if it is series-parallel, see Theorem 0.6.

Recall that a homomorphism of a poset P to another poset () is a function ¢: P — @
such that forany two X, Y € Pwith X <p Y, ¥(X) <g ¥(Y). Anembedding ¢: P — Q
is a function such that for any X,Y € P, X <p Y if and only if ¢(X) <g ¢(Y). The

image of ¢ is referred to as a copy of P in Q.

Throughout this chapter, we consider a set Z as the ground set of our host Boolean
lattice Q(Z), where |Z| = N for some integer N. We then partition Z into two disjoint
sets X and Y, |Y| # &, such that |X| = n and |Y| = k for some integers n and %, i.e.,
N =n+k.

Recall that a function ¢: Q(X) — Q(Z) is X-good if $(X) N X = X for every
X € 9(X). A copy of Q,, in Q(Z) is X-good if it is the image of an X-good embedding
of 9(X). The Embedding Lemma, Lemma 0.9, states that any copy of @Q,, in Q(Z) is
X-good for some n-element subset X C Z.
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3.3 Y-BLOCKERS

3.3.1 DEFINITION AND EXAMPLES OF Y -BLOCKERS

Outline of the proof idea for Theorem 3.1: The definition of R(P, Q),,) implies that for
every set Z with |Z| < R(P,Q,) — 1, there is a coloring of Q(Z) in blue and red such
that the subposet of blue vertices is P-free and “covers” all copies of @, i.e., there is a
blue vertex in each copy of @),,. We shall classify all copies of @),, according to the set X
for which they are X-good, and consider the set of only those blue vertices that “cover”
copies of (), with a specific X. We refer to the poset induced by those blue vertices as
a Y-blocker, where Y = Z \ X. We shall derive several properties of general blockers
and those that are /V-free. Afterwards, we bound R(/V, @, ) in terms of blockers.

Let Y and Z be two non-empty sets such that Y C Z. A Y-blocker in Q(Z) is a
subposet F in Q(Z) which contains a vertex from every X-good copy of Q(X), where
X =Z\Y. We say that a Y-blocker F in Q(Z) is critical if for any vertex F' € F, the
subposet F \ {F'} is not a Y-blocker in Q(Z). Note that for any Y C Z, a Y-blocker in
Q(Z) exists, take for example 7 = Q(Z). Later on, we consider “thinner” Y-blockers
satisfying special properties, in particular P-free blockers. We remark that the Y-shrubs
considered in Chapter 2 are Y-blockers. This observation follows immediately from

Lemma 2.7 (ii).

Example 3.2. LetZ = {1,2,x1,22}, Y ={1,2},and X = {z1,z2}. Let
F={{z1}uY: Y eQY)}

see Figure 3.1 (a). To show that F is a Y-blocker, consider an arbitrary X-good copy
of Q(X) with a corresponding X-good embedding ¢: Q(X) — Q(Z). Then ¢({z1}) =
{1} UY for some Y C Y, and hence ¢({z1}) € F. Thus, F is a Y-blocker in Q(Z).
Figure 3.1 (b) also depicts a Y-blocker, which we shall verify by Theorem 3.5.

(a) {1,2,21} (b) {1,2, 21} {1,2, 29}

{1,%1} {2,.@1} {17551} {27332}

{21} )

Figure 3.1: Two {1, 2}-blockers in Q({1,2, z1,z2}).
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3.3.2 GENERAL PROPERTIES OF Y -BLOCKERS

Lemma 3.3.

(i) Let Z be a set with |Z| > n. A blue/red colored Boolean lattice Q(Z) contains no red copy
of Qy, if and only if for every X C Z of size |X| = n, there is a blue (Z \ X)-blocker.

(ii) Let'Y be a non-empty subset of a set Z. Let F be a Y-blocker and letY C Y. Then there
isavertex Z € F with ZNY =Y. In particular, if F has a unique minimal vertex Z,
then ZN'Y = @; and if F has a unique maximal vertex Z, then ZN'Y =Y.

(iii) If F is a Y-blocker, then | F| > 2/¥I.

Proof. Part (i) follows immediately from the Embedding Lemma and the definition of
a Y-blocker. For (ii), let 7 be a Y-blocker in Q(Z) and let X = Z \ Y. Observe that
contains a vertex U with U N'Y =Y for every Y C Y, because otherwise the subposet
{XUY: X € 9(X)} is an X-good copy of Q(X) that does not contain a vertex from
F. Considering Y = &, we see that there is a vertex U € F suchthatUNY = o. If Z
is the unique minimal vertex of 7, thenit has Y-part ZNY C UNY = @. Similarly, if
there is a unique maximal vertex Z of 7, it has Y-part ZN'Y =Y. For (iii), since there

are 2/Y| subsets of Y, part (ii) immediately implies that | F| > 2/¥I. O

Theorem 3.4. Let P be a poset and let n € N be an integer. Then

R(P, Q) < min{N: there is no P-free Y-blocker in Q([N]) for some Y C[N], |Y|=N —n}.

Proof. Let Ny be the smallest integer such that for some subset Y C [Ny] of size
Y| = Ny —n, there is no P-free Y-blocker in Q([/Ny]). Consider an arbitrarily blue/red
colored Boolean lattice Q([Ny]), and let F be the subposet of Q([Ny]) induced by all
blue vertices. We shall show that there is either a blue copy of P or a red copy of Q,,.
Let X = [Np]\ Y. If there is a red, X-good copy of Q,, in Q([Ny]), the proof is complete.
Otherwise, each X-good copy of @, contains a blue vertex, i.e., the blue subposet F is a
Y-blocker. By definition of Ny, F is not P-free, thus there is a blue copy of P in Q([Ny)).

It remains to show that this minimum is well-defined, i.e., we shall find an integer
N such that there is no P-free Y-blocker in Q([N]), where Y C [N] with |[Y| = N — n.
For this, we bound the size | F| of a P-free Y-blocker F in Q([NV]) from above and from
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below. On the one hand, by a result of Methuku and Palvolgyi [54] and by Stirling’s
formula, see (0.1), the size of the P-free subposet 7 C Q([NV]) is bounded by

J . oN

where ¢ and ¢’ are constants depending only on P. On the other hand, Lemma 3.3
provides that
|F| > 2l¥l = oN=n,

For sufficiently large N, we have that % > 2", which implies that there is no P-free
Y-blocker |F|in Q([N]). O

3.3.3 Y-HITTING AND Y -AVOIDING HOMOMORPHISMS

For a subposet F of Q(Z) and Y C Z, we say that a homomorphism ¢: F — Q(Y) is
Y -hitting if there exists some F' € F with ¢(F) = FFN'Y. Conversely, ¢ is Y-avoiding if
Y(F) # FNY forevery F' € F. Note that each 1) is either Y-hitting or Y-avoiding.

We prove that the existence of a Y-blocker is equivalent to the non-existence of a
Y -avoiding homomorphism, by showing an interconnection of (Z \ Y)-good copies of
@, with homomorphisms ¢: F — Q(Y).

Theorem 3.5. Let Y be a non-empty subset of a set Z. A subposet F of a Boolean lattice Q(Z)
is a 'Y-blocker if and only if every homomorphism vp: F — Q(Y) is Y-hitting.

Example 3.6. Let Z = {1,2,z1,22} and Y = {1,2}. In the Boolean lattice Q(Z),
consider the subposet F on vertices &, {1,z1}, {1,2,21}, {2,22}, and {1,2, 22}, see
Figure 3.1 (b). We claim that F is a {1, 2}-blocker. To show this, we apply Theorem 3.5.
Let ¢: 7 — Q(Y) be an arbitrary homomorphism. We shall show that 1 is Y-hitting,
so assume that ¢ is Y-avoiding, i.e., for every F € F, ¥(F) # FNY. Thus in
particular, ¥/(@) N'Y # @. Say without loss of generality, 1 € (@) NY. Since ¢ is a
homomorphism, we see that (&) C ¢¥({1,z1}),s01 € ¥({1,21}) N'Y. Recall that ¢
is Y-avoiding, so ¢({1,z1}) N'Y # {1}, and thus ¢({1,21}) N'Y = {1,2}. Using that
Y({1,21}) C¢¥({1,2,21}), this implies that )({1,2,21}) N'Y = {1, 2}, a contradiction.

Proof of Theorem 3.5. Let Y be a non-empty subset of a set Z and let X = Z \ Y. For
the first part of the proof, let 7 be a subposet in Q(Z) such that every homomorphism
: F — Q(Y) is Y-hitting. We shall show that F is a Y-blocker. Let Q be an
arbitrary X-good copy of Q(X) in Q(Z) with a corresponding X-good embedding
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¢: Q(X) — Q(Z). Consider the function ¢: F — Q(Y) given by
Y(F)=¢(FNX)NY, foreachF € F.

Let F, F’ € F such that F C F’, so in particular, F N X C F' N X. Since ¢ is an
embedding, Y(F) = ¢(FNX)NY C ¢(F' NX)NY = ¢(F’), so ¢ is a homomorphism.
By our assumption, v is Y-hitting, thus we find some Z € F with¢(Z) = ZNY. The
Y-part of p(Z N X) is

pZNX)NY =y9(Z)=2ZNY.

The fact that ¢ is X-good implies that ¢(Z NX)NX = ZNX. Therefore, p(ZNX) = Z.
Recall that the image of ¢ is Q, which implies that Z = ¢(Z N X) € Q. In particular,
F and Q have the vertex Z in common. Since Q was chosen arbitrarily, 7 contains a

vertex from every X-good copy of Q(X), so F is a Y-blocker.

From now on, let F be a subposet in Q(Z) for which there exists a Y-avoiding
homomorphism ¢: F — Q(Y). We shall show that F is not a Y-blocker. For that, we
shall construct an X-good embedding ¢: Q(X) — Q(Z) such that the image of ¢ does
not contain a vertex from F. We obtain this embedding iteratively from a family of
X-good embeddings ¢;: Q(X) — Q(Z), i > 0, constructed as follows.

Let ¢g: Q(X) — Q(Z) be the identity function, i.e., ¢g(X) = X forevery X € Q(X).
Note that ¢ is an X-good embedding. Assume that we already defined an X-good
embedding ¢; for some non-negative integer i. If the image of ¢; does not contain a
vertex from F, we are done. So, suppose that there is a vertex X; € Q(X) which is
minimal with the property that ¢;(X;) € F. Let ¢;11: Q(X) — Q(Z) be defined as

i U)u i Xi s if XZ‘ - U
Gir1(U) = {(M JUp(@ilX), i _
»i(U), otherwise.

It is easy to see that ¢, is an embedding, because ¢; is an embedding. Since ¢; is
X-good and v (¢;(X;)) N X = &, the function ¢; 1 is X-good as well.

It remains to verify that this process stops after finitely many steps. Note that
i(U) C ¢i41(U) for every U € Q(X). We shall show that ¢;(X;) is a proper subset of
®i+1(X;). Since Q(X) and Z are finite, this implies that there are only finitely many steps.
Assume towards a contradiction that ¢;(X;) = ¢i41(X;), thus ¢ (¢i(X;)) C ¢i(X;).
Recall that ) maps to Y, so in particular,

¥(9i(Xs)) C (X)) NY.
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Since ¢ is Y-avoiding, ¥ (¢;(X;)) # ¢i(X;) N'Y, thus ¢¥(¢;(X;)) is a proper subset
of ¢i(X;) N'Y. Therefore, there exists a ground element a € ¢;(X;) N'Y such that
a & ¥(¢i(Xi)).

A simple inductive argument shows that for any X € Q(X) and any non-negative
integer ¢/,
¢ (X) = XU U »(85(X;)). (3.1)
0<j<i with X;CX
In particular, since a € ¢;(X;) \ X, there exists an index j < i such that X; C X; and
a € ¢¥(¢;(X;)). Using (3.1) and X; C X;, we find that

¢;(X;) = X;U U W (de(Xr))

0<t<j with X,CX;

C XU U ¥ (Pe(Xp))

0<¢<i with X,CX;

= ¢i(Xi).

Since ¢ is a homomorphism, ¥ (¢;(X;)) C v (¢i(X;)), so a € ¢ (¢i(X;)). This contra-
dicts the choice of a. O

Remark. In this proof, we showed that there is a Y-hitting homomorphism : 7 —
Q(Y) if and only if there is an X-good embedding ¢ of @, which has no vertex in
common with 7. However, there is no 1-to-1 correspondence between homomorphisms
and X-good embeddings of @),,, and our constructions building ¢ from v as well as

from ¢ are not inverse of each other.

3.3.4 PROPERTIES OF CRITICAL BLOCKERS

In the following, we use the characterization from Theorem 3.5 to analyze properties
of critical blockers. Recall that for Y C Z, a Y-blocker F in Q(Z) is critical if for any
vertex F' € F the subposet F \ {F'} is not a Y-blocker in Q(Z).

Lemma 3.7. Let F be a critical Y-blocker for a non-empty set Y. Then F is a connected poset,

i.e., it can not be decomposed into two non-empty parallel posets.

Proof. Assume that F is the parallel composition of two non-empty posets F; and F,
i.e., 1 and F; are element-wise incomparable in F. Each of F; and /3 is not a Y-

blocker, because F is critical. By Theorem 3.5, there are Y-avoiding homomorphisms
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1 F1 — Q(Y) and o2 Fo — Q(Y). This implies that the function v F = oY),

v

- {¢1(F), %fF € F
wQ(F), lfFE.FQ

is a Y-avoiding homomorphism of F. Recall that F is a Y-blocker, so this is a contra-
diction to Theorem 3.5. O

Lemma 3.8. Let F be a critical Y-blocker for a non-empty set Y. Let Uy,Us € F with
U # U Ifeither UyNY =@ =Ua2NY or UyNY =Y = U NY, then Uy and Uy are not
comparable.

Proof. Assume that U1 N Y = @ = U, NY and U; C Us. As F is a critical Y-blocker,
the subposet F \ {Us} is not a Y-blocker, so by Theorem 3.5, we find a Y-avoiding
homomorphism ¢: F\ {Uz} — Q(Y). LetUd = {U € F\ {Uz} : U C U}, note that
U # &, see Figure 3.2 (a). We extend 1 to a function zZ : F = Q(Y) by defining

O(F) = {W% F AU,
Uveu v (U), if F=U0s.

To reach a contradiction, we need to show that ¢ is a Y-avoiding homomorphism. We
shall prove that ¢ isa homomorphism by considering any two Fi, F» € F such that
F, C F, and verifying that ¢/(F}) C ¢ (F,). We distinguish three cases, depending
on whether either of Fy or F; is equal to Us. We repeatedly use the fact that v is a

homomorphism.
o If F| # Uy and Fy # Us, then §(F)) = (F)) C (F) = {(F).

o If Fy = Uy, then &(Fl) = @(UQ) = Ureu ¥(U) € Upey ¥(F2) C ¢(F2) = TZ(FQ)
Here, we used the property that forany U € U, U C U, C F».

o If Fy = Us, then ¢(F) = %(F1) € Upey ¥(U) = $(Us) = ¢(F»). Here, we used
that Fy is an element of ¢/, and thus ¢(F1) € Uy, ¥(U).

Therefore, @Z is a homomorphism. To show that @E is Y-avoiding, we shall verify for any
F € Fthaty(F) # FNY.

¢ Consider an arbitrary vertex F' € F with F' # U,. Recalling that 1) is Y-avoiding,
B(F) = 9(F) # FNY.

e For F' = Uy, since ¢ is Y-avoiding, ¢)(U;) # U1NY = &. Note that¢(U;) C J(Ug),
SO 1Z(U2) +@=UNnY.
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We conclude that 1) is Y-avoiding. This contradicts Theorem 3.5 and the fact that F is
a Y-blocker.

Under the assumption U1 NY =Y = U>NY and U; C Us, a symmetric proof holds
for the subposet F\ {U1}, U = {U € F\{U1}: U D U1}, and ¢: F — Q(Y) with

B(F) = U(F), if FF £ U,
mUeuw(U), if F=U.

(a) @

Figure 3.2: (a) Setting in Lemma 3.8. (b) Setting in Lemma 3.9.

Lemma 3.9. Let F be a critical Y-blocker, where Y # @.

(i) Let F C{U € F: UNY = &} such that F = F, © (F\ F1), i.e., F is a series
composition of Fy below F \ Fi, then | Fi| < 1.

(ii) Let Fo C{U € F: UNY = Y} such that F = (F \ F2) € Fy, i.e., F is a series
composition of F \ Fp below F, then | Fz| < 1.

Proof. For the first part, assume towards a contradiction that there are two distinct ver-
tices Uy, Uy € Fi. Since F is a critical Y-blocker, there is a Y-avoiding homomorphism
P: F\{Us} — Q(Y). Let): F — Q(Y) such that

- {wF), P 4T
w(Ul), if F' = UQ.

We shall prove that @E is a Y-avoiding homomorphism of 7. By Lemma 3.8, F; is an
antichain. In order to show that ¢ is a homomorphism, we consider two arbitrary
Fy, F, € Fwith Fy C F, and verify that zZ (F1) is a subset of @Z (Fy).
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o If Iy = Uy, then in particular F, € F;. This implies that F; € F;, because F; C F»
and F is a series composition of F; below F \ F;. Since F; is an antichain, we
have that Fy = Uy = F», thus trivially ¢(F}) = $(Usy) = ¢(F).

e If F} = Uy and F» # Uy, we know that F; is in F \ Fi, because F; is an antichain.
Thus, Uy C F». Because 7 is a homomorphism and by definition of J, we see that

~ ~ ~

Y(F1) = Y(Uz) = (Ur) C (Fe) = (F2).
o If F{ # Uy and Fy # Uy, then (Fy) = ¢(Fy) C (F) = ¢(F).

Therefore, 1) is a homomorphism of F. For every F € F\ {Us}, ¥(F) = ¢(F) # FNY.
Furthermore, QZ(UQ) =yU) 2U0NY =@ =U;NY, thus 1; is Y-avoiding, a

contradiction.

For part (ii), if we assume that there are distinct Uy, Us € F3, then a symmetric

argument, considering the same function O F = oY),

5 W(F), ifF#Us
w(Uy), if F=Uy,

yields a contradiction. O

Lemma 3.10. Let X and Y be two disjoint sets with |Y | = 1. Let F be a critical Y -blocker in
Q(XUY). Then F is a chain consisting of two vertices X1 and XoUY, where X1 C X5 C X.

Proof. Since |Y| =1, every Z € F has as its Y-parteither ZNY =@orZNY =Y.
Consider subposets 71 ={Z € F: ZNY =@}tand o, ={Z € F: ZNY =Y}
partitioning . Lemma 3.3 provides that neither | nor F; are empty. By Lemma 3.7,
F is connected. In particular, there are two vertices from F; and from F» which are
comparable. Let these vertices be X; € F; and X, UY € Fy, where X;, Xs C X, and
note that X1 C Xo UY.

To show that 7 = { X1, X2 UY}, consider the subposet
F ={X1,XoUY} CF.

We shall verify that 7’ is a Y-blocker in Q(X UY). By Theorem 3.5, it suffices to show
that there exists no Y-avoiding homomorphism from F' to Q(Y). Let¢: /' — 9O(Y)
be a homomorphism, so in particular, ¢)(X;) C (X2 UY). If ¢ is Y-avoiding, then
P(X1) =Y and ¢(X2 UY) = &, contradicting ¢(X;) C ¥(X2 UY). This implies
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that there is no Y-avoiding homomorphism, so 7’ is a Y-blocker. The Y-blocker F is
critical, thus F = 7/ = {X1, X, UY}. O

Lemma 3.11. Let Y be a set of size at least 2, and let a € Y. Let F be a Y-blocker. Then the
subposets {F € F: a€ Fyand {F € F: a ¢ F}are (Y \ {a})-blockers.

Proof. Let F' = {F € F : a € F}. Assume that ' isnota (Y \ {a})-blocker, i.e., by
Theorem 3.5, there is a (Y \ {a})-avoiding homomorphism ¢: 7/ — Q(Y \ {a}). We
shall find a Y-avoiding homomorphism of F to reach a contradiction. Lete): F — oY)
such that
aF {{a}, ifFe F\F,ie,a¢ F
Y(F)U{a}, ifFeF, ie,ackF.

Observe that ¢ is a homomorphism, because {a} C ¢(F) U {a} forall F € F" and ¢ is

a homomorphism. We claim that @Z is Y-avoiding.
e Forevery F € F\ F/, note thata € O(F)buta ¢ FNY, thus¢(F) £ FNY.

e Recall that ¢ is (Y \ {a})-avoiding, thus for every F € F/, ¢/(F) # FN (Y \ {a}).
Note thata ¢ ¢(F)and a ¢ FN (Y \ {a}), so

U(F) = $(F)U{a} # (FN (Y \{a})) U{a} = FNY.

~

Therefore, 1 is a Y-avoiding homomorphism of F, which is a contradiction.

The second part of the lemma follows from a symmetric argument for the subposet
F"={F € F: a ¢ F}, using the function ¥ F— 9(Y),

P(F) = {Y\{a}7 %fFe]:\}-//
Y(F), if FeF"

3.3.5 PROPERTIES OF /\V/-FREE Y -BLOCKERS

Theorem 3.12. Let X and Y be disjoint sets with Y # &. Let F be an /N -free, critical
Y-blocker in Q(X UY). Then F has at least one of a unique minimal vertex or a unique

maximal vertex.
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Proof. Since Y # @, Lemma 3.3 implies that |F| > 2!. By Theorem 0.6, F is series-
parallel, so it can be partitioned into two disjoint, non-empty posets i and F» such
that F is either the parallel composition of 7; and F» or the series composition of F;
below F3. The former could not happen, as shown in Lemma 3.7. Therefore, F can be
partitioned into two disjoint, non-empty posets F; and 75 such that for every F; € F;
and Fy € Fy, F; C Fy.

Let Y1 = (Upe 7 F)N'Y be the Y-part of the union of all vertices in F;, and let
Y2 = (Nper, F) N'Y be the Y-part of the intersection of all vertices in 5. Clearly,

First, assume that Y] is neither @ nor Y, thus there are « € Y3 and b € Y \ Y;.
Lemma 3.3 provides that the Y-blocker F contains a vertex U with U N'Y = {b}.
Note that U ¢ F, since b € U while b ¢ Y;. Similarly, U ¢ F3, because a ¢ U while
a € Y7 CY;. This is a contradiction, hence Y; € {@, Y}. Symmetrically, Y5> € {&, Y }.

Take an arbitrary subset Y C Y such that Y ¢ {@,Y}. By Lemma 3.3, there is a
vertex Z € F with ZN'Y =Y. For this vertex, either Z € Fror Z € F». f 7 € F,
then Y7 # @, thus Y] = Y. Recalling that Y] C Y5 C Y, we obtainthatY; =Y, =Y. If
Z € Fo,thenYs #Y,s0 Y] = Yy = &. Therefore, either Y1 =Y, =@ orY; =Y, =Y.

e First, suppose that ¥; = Y5 = @. Because Y| = (UFe}‘l F)NY = g, we see that
FNY = & for every F' € F;. By Lemma 3.9, there is at most one vertex in Fj.
Recall that F; is non-empty, so we find a unique vertex Z € F;. In particular, Z

is the unique minimal vertex of F.

e If Y] =Y5 =Y, we can argue symmetrically and obtain a unique maximal vertex

of F.
OJ

3.3.6 CONSTRUCTION OF THE FAMILY {(Fg, Zg, Ag, Bs) : S € S}

In this subsection, we define posets and vertices indexed by ordered sets. For this, we
reiterate definitions on ordered sets and prefixes, which were used in Chapter 2 in
the context of factorial trees: An ordered set S is a sequence S = (y1,. .., ym) of distinct
elements y;, i € [m]. Given a set Y, we say that S is an ordered subset of Y if y; € Y for
all i € [m]. We denote the empty ordered set by &, = (). The underlying unordered set of
S is denoted by S, and |S| = | S| is the size of S. Recall that an ordered set S’ is a prefix
of S if |S’| < |S| and each of the first |S’| members of S coincides with the respective
member of S’. Note that &, is a prefix of every ordered set. A prefix S’ of S is strict if
S'#S.
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For a set Y and an ordered subset S of Y, we denote the set of all elements of Y
thatarenotin Sby Y — S =Y \ S. For an ordered set S = (y1, . .., ym) and an element
Ym+1 ¢ S, we write (S, Y1) for the ordered set (y1, ..., Ym, Ym+1)-

In the following, we analyze the structure of an /V-free critical Y-blocker by selecting
smaller and smaller subposets which are critical Y'-blockers for some Y’ C Y. Recall
that by Theorem 3.12, any critical Y’'-blocker has either a unique minimal vertex or a
unique maximal vertex. We call such a vertex a root of the blocker. Note that the blocker
could have both a unique minimal vertex and a unique maximal vertex. In this case,

we select one of them to be the assigned root of the blocker and ignore the second root.

Construction 3.13. Let Y be a k-element subset of Z. Let F be an /V-free, critical
Y-blocker in Q(Z). Let S be the set of all ordered subsets of Y of size at most k£ — 1. In
the following, we recursively construct a family {(Fs, Zs, As, Bs) : S € S}, where Fg
is a critical (Y — S)-blocker, Fs C F, and Zg is the root of Fg. In addition, AsUBg = S,
where each element of Ag is included in each vertex of Fg and each element of Bg is
excluded from each vertex of Fg. The sets Ag and Bg are used as tools to encode crucial

information on the blocker Fg and its root Zg, as well as Fg» and Zg for prefixes S’ of

S.

If the root Zg is the unique minimal vertex in Fg, we say that S is min-type, otherwise

we say that S is max-type.

Initial step: Let S = &,. In this case, let F5 = F. Let Zg be an arbitrarily chosen
root of F, i.e., a unique minimal or unique maximal vertex of F, which exists due to
Theorem 3.12. Let Ag = Bg = @.

General iterative step: Consider an arbitrary non-empty ordered subset S of Y with
|S| < k—1. Let S’ be the prefix of S such that (S’,a) = S for some a € Y, ie.,
|S’| = |S| — 1. Given (Fss, Zg, Asr, Bs/) such that Fg is a critical (Y — S’)-blocker,
Zg is a root of Fg, and Ag/, By are disjoint sets partitioning Agr U Bsr = S’, we shall
construct Fgs, Zs, Ag, and Bg. By Lemma 3.11 and since (Y — 5) \ {a} =Y — S, the
subposets {F € Fg :a € F}and {F € Fg :a ¢ F} are (Y — S)-blockers.

e If S’ is min-type, we define Fg to be an arbitrary critical (Y — S)-blocker that
is a subposet of {F' € Fs/ : a € F'}. Note that a € F for every F' € Fg. Let
AS = AS’ U {(1} and BS = BS"

e If §’ is max-type, we define Fg to be an arbitrary critical (Y — S)-blocker that is
a subposet of {F' € Fg : a ¢ F'}. In this case, note that a ¢ F for every F' € Fg.
Let AS = AS’ and BS = BS’ U {(I}
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It remains to select Zg. Theorem 3.12 guarantees the existence of a root in Fg. If
|S| < k —2,let Zg be an arbitrary root of Fg. If |S| = k — 1, we need to be more careful
in choosing Zg. We selected Fg as a critical (Y — S)-blocker, for [Y — S| = 1. By
Lemma 3.10, Fg has exactly two vertices, one of which is the unique minimal and one
is the unique maximal vertex. If the prefix S’ is min-type, let Zg be the unique minimal
vertex of Fg, i.e., S is min-type. If S’ is max-type, let Zg be the unique maximal vertex

of Fg, here S is max-type.

Fu3)
g{ZEf(1)13¢Z}

3

.F(UQ{ZE]'-@OZlGZ}

Figure 3.3: An example of the construction of F(; 3y and F; o) for Y = {1, 2, 3}.

The construction terminates after all ordered subsets of Y of size at most k — 1 have
been considered. The family {(Fs, Zg, As, Bs) : S € S} gives a recursive structural
decomposition of F into “up” and “down” components, i.e., max-type and min-type

blockers, as illustrated in Figure 3.3. Note that blockers Fg may heavily overlap.

Remark. An example for an /V-free critical Y-blocker is the Y-shrub introduced in
Chapter 2. Indeed, it follows from Lemma 2.7 that a Y-shrub is an /V-free Y-blocker.
Theorem 2.4 implies that F is critical. Applying the above structural decomposition
to F, we see that every Fg is min-type, and that for same-sized ordered subsets S,
and 5S> of Y, the blockers Fg, and Fs, does not overlap. Moreover, it can be seen
that every As-free critical blocker is a Y-shrub, which gives rise to an alternative proof
of Theorem 2.4. A direct generalization of Theorem 2.4 to /V-free subposets is not
possible: By allowing min-type and max-type blockers Fgs, we obtain non-isomorphic
/N -free critical Y-blockers.
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Several properties follow immediately from the construction.

Lemma 3.14. Let S be an ordered subset of Y of size at most k — 1, and let S’ be a prefix of S.
Then:

(Z) FSQFS/,AS/:Asﬂil,ﬂndBS/:Bsﬁi,.

(ii) The size of the set Ag is equal to the number of min-type strict prefixes S’ of S. The size
of Bg is equal to the number of max-type strict prefixes S’ of S.

(iii) If S is min-type, then Y N Zg = Ag. If S is max-type, then Y \ Zg = Bg.

Proof. Statements (i) and (ii) are easy to see. For statement (iii), recall that Fg is a
(Y — S)-blocker. If S is min-type, then Zg is the unique minimal vertex of Fg, so
Lemma 3.3 implies that Zg N (Y — S) = @. Therefore,

ZsNY =ZsNS = Ag.

Similarly, if Fgs is max-type, then Lemma 3.3 provides that Zs N (Y — 5) = (Y — 5),
thus
ZsgNY = (Zsﬂﬁ)U(Y—S) :AsU(Y—S):Y\Bs,

or equivalently Y \ Zs = Bg. O

Let S’ be a strict prefix of an ordered set S. In Construction 3.13, we defined Fg as
a subposet of Fg, so in particular, Zg € Fg . If Fg has both a unique minimal and a
unique maximal vertex, then one of these two vertices is Zg/, while the other might be
equal to Zs. However, it is crucial for the upper bound on R(/V, @Q),,) that this does not
happen if S has size k£ — 1, i.e., for the “innermost” root Zs. We ensure this property

by the following lemma.

Recall that for an ordered set S = (y1,...,Ym), we denote by (S, ym+1) the ordered
set (y17 <o s Ym, ym—l-l)-

Lemma 3.15. Let S be an ordered subset of Y of size k — 1, and let S’ be a strict prefix of S.
Then ZsN (Y —5') ¢ {2, Y — 5"}

Proof. Note that |[Y — S| = 1,solet’Y — S = {b}. First, we consider the case |S'| = k-2,
ie, S = (5, a) for some a € Y. Note that Y — 5" = {a,b}, so we shall show that
|Zs N {a,b}| =1, 1i.e., one of the two elements a and b is in Zg while the other is not. We

repeatedly use that a and b are elements of Y.
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¢ If S is min-type, then our construction implies that a € Ag. By Lemma 3.14 (iii),
As = ZsN'Y, so in particular, a € Zg. Moreover, since b ¢ S and Ag C S, we
know thatb ¢ Ag = Zs¢NY,thusb ¢ Zg.

e If S is max-type, then we can argue similarly. Note that « € BsN'Y . By
Lemma 3.14 (iii), Bs = Y \ Zs, thus a ¢ Zs. Using thatb ¢ S and Bs C S, we
obtain thatb ¢ Bs =Y \ Zg,s0b € Zg.

It remains to consider the case |S’| < k — 2. Let S” be the prefix of S of size k — 2,
so §" is a prefix of S”. Observe that Y — §” C Y — S’. We already showed that
ZsnN(Y —95") ¢ {2,Y — 5"}, soin particular, Zs N (Y — 5') ¢ {2, Y — 5'}. O

3.4 Upper BOUND ON R(/V,Q,)

Proof of Theorem 3.1. To bound R(/V, Q) from above, let k and N be arbitrary integers
with N > k, let n such that N = n+ k. Let Y be a set on | Y| = k elements, say without
loss of generality, Y = {1,...,k}. Fixaset Zwith’Y C Z and |Z| = N. Suppose
that there is an /V-free, critical Y-blocker F in Q(Z). In other words, suppose that the
integer N is sufficiently large with respect to k such that there exists a subposet F with

these properties.

In the following, we shall show that F contains at least E12=k=1 vertices. Since
|F| <|9Q(Z)| = 2%, this implies that

(1—o0(1))klogk <log (k127"1) <log|F| < |Z| =N =n+k.

It follows that & < (1 + o(1))1->,i.e, N=n+k <n+ (1+0(1)) =, so Theorem 3.4

logn logn
provides the required bound.

Next, we argue that there exists a subposet in F with many vertices. Let S
be the set of all ordered subsets of Y of size at most K — 1. Consider the family
{(Fs,Zs,As,Bs) : S € S} given by Construction 3.13. Let S; be the family of all or-
dered subsets of Y of size exactly k — 1, note that |S;| = k!. We introduce two notions of
equivalence between elements in S, type-equivalence and intersection-equivalence. First,
we shall show the existence of a large subfamily S3 C S; such that its elements are pair-
wise type-equivalent but not pairwise intersection-equivalent. Afterwards, we prove
that {Zg : S € S3} is a large subposet of F.
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Let Si, 52 € S1 be two ordered subsets of Y of size k — 1. We say that S; and S5 are
type-equivalent if for any prefixes S| of S; and S} of S of the same size, S} is min-type
if and only if S} is min-type. Equivalently, S] is max-type if and only if S}, is max-type.
The ordered sets S; and Sy are intersection-equivalent if for any same-sized prefixes S}
of Sy and S of S, Zgy N'Y = Zg, N'Y. It is obvious that both notions define equiv-
alence relations on S;. Note that intersection-equivalence of two ordered sets in S; is
a very strong property. It provides a good intuition to think of intersection-equivalent
ordered sets as equal. Several technical parts of the proof, in particular in Claim 1, arise

from the fact that there might be intersection-equivalent ordered sets which are distinct.

Claim 1: There exists a subfamily S3 C S; of size at least 2-k=1k! such that any two

distinct ordered sets S, S2 € S3, are type-equivalent but not intersection-equivalent.

Proof of Claim 1. Recall that |S;| = k!. We denote the prefix of an ordered set S with
size i by S[i]. Forevery i € {0,...,k — 1} and for every S € S, the prefix S| is either
min-type or max-type. By the pigeonhole principle for fixed i, there are at least |S;|/2
ordered subsets S € S; such that all prefixes S|i] are of the same type. Inductively, we
find a subfamily Sy C S; of size at least 27¥|S; | such that for any fixed i € {0,...,k—1},
all prefixes S[i], S € Sy, have the same type. Equivalently, the elements of S, are

pairwise type—equivalent.

In the following, we shall show that each intersection-equivalence class in Sy has
size at most 2. Thus, by selecting a representative of each equivalence class, we obtain

a subfamily S3 as required.

Consider two ordered sets Si, 52 € Sz which are intersection-equivalent, i.e., for
every two same-sized prefixes Sj of S and S5 of Sy, we have that Zg: N Y = Zg, NY.
Without loss of generality, suppose that S = (1,2,....k —1)and Y — 5] = {k}.
Let S = (y1,..-,yk—1) and Y — S = {yx}. We shall show that y; = i for all but
at most two indices ¢ € [k], which implies that Sy is either equal to Sj, or obtained
from S by interchanging the two differing members. This implies that the intersection-

equivalence class of S} consists of at most 2 members.

Since S and Sy are both in Sy, i.e., type-equivalent, we know that for every index
i € {0,...,k — 1}, either both S;[i] and S[i] are min-type, or both S;[i] and S5]i] are

max-type. We enumerate the index set {0,...,k — 1} as follows. Let iy,...,i, be the
indices i € {0,...,k — 1} such that S;[i] and S3[i] are min-type in increasing order.
Similarly, let ji, ..., j, enumerate in increasing order the indices j € {0,...,k — 1} for

which S;[j] and S>[j] are max-type. Note that {i1,...,i,}U{j1,...,jq} ={0,..., k—1}.
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Next, consider any two consecutive indices i = i, and ¢/ = i,y for some fixed
¢ € [p—1]. Note that ¢ < ¢/, so in particular, i +1 < ¢’ and i < k— 1. By Lemma 3.14 (iii),
we know that Zg,[; 'Y = Ag, [ and Zg, ;1 N'Y = Ag, . Our next step is to show that

the index i + 1 is the unique element in the set difference of those two sets.

Recall that the prefix S} [i] is min-type, so in Construction 3.13 in the iterative step
for Si[i + 1] = (S1[é],i + 1), we defined that

Agifip1) = Ag i Ui + 1}
By Lemma 3.14 (i) and recalling that i + 1 < ¢/,
Agyfit1) € Asyfi)-
Lemma 3.14 (ii) provides that [Ag, ;)| = £ and |Ag, ;| = £ + 1. In particular,
Agy g U{i+ 1} = Ag iy = Asy s
which implies that
(Zsyin NY)\ (Zs,yg NY) = Agyin \ Asypi) = {i + 1}
Similarly for Sy, we see that

(Zsyjin NY)\ (Zsy(y NY) = Agyin \ Asyfy) = {Yi1}-
Since S; and S5 are intersection-equivalent, the indices y;41 and 7 + 1 are equal.

We obtain that y;,+1 = i¢ + 1 for every ¢ € [p — 1]. For ji,...,j, a symmetric
argument for j = jy and j' = jy4; considering the set difference

(Zsy) N Y)\ (Zs, i1 NY) = (Y \ Bsy5) \ (Y \ Bg,[j1) = Bsyj \ Bs,j1 = {7 + 1}

yields that y;,., = jer1 for every £ € [¢ — 1]. Thus, y;41 = i + 1 for all indices
i €{0,....,k—1}\ {ip, jq}, s0 S1 and S5 coincide in all but at most two members. As
a consequence, S is either equal to S, or obtained from S; by interchanging the two
differing members, i.e., the intersection-equivalence class of S; consists of at most 2
ordered sets. Since S| was chosen arbitrarily, every intersection-equivalence class of S»
has size at most 2. Select S3 C Sy by choosing an arbitrary representative from each

intersection-equivalence class, i.e., let S3 be the largest subfamily of S, such that every
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two distinct Sz, S5 € S3 are not intersection-equivalent. The size of Ss is
S3] > [Sal/2 > 275y | = 27Kk,

which concludes the proof of Claim 1.

Claim 2: The set {Zs : S € S3} has size |S3| = kl127F1.

We remark that (although not necessary for verifying Theorem 3.1) Claim 2 holds
in greater generality. Analogously to the following proof, one can show that for every
family S’ of ordered sets such that any two distinct members of S’ are type-equivalent

and not intersection-equivalent, the set { Zg : S € S’} is an antichain in Q(Z) of size |S’|.

Proof of Claim 2. Recall that any two distinct, ordered sets in S3 are type-equivalent but
not intersection-equivalent. We shall prove that for every two distinct Sy, S2 € S, the
vertices Zg, and Zg, are distinct. We show an even stronger property: Any two vertices
Zg, and Zg, are incomparable. Assume towards a contradiction that Zs, C Zg,. Since
S1 and Sp are not intersection-equivalent, there are same-sized prefixes 57 of S; and S,
of S such that Z 51 N Y £ 7 55 N Y. Since S; and S, are type-equivalent, both S} and
S5 have the same type. Suppose that S and S5 are min-type.

First, we argue that Zgs N'Y and Zg N'Y are incomparable. Lemma 3.14 (iii)
shows that Zg; N'Y = Ag and Zg; N'Y = Ag;. Type-equivalence implies that pairs of
same-sized prefixes of S| and S} always have the same type, thus by Lemma 3.14 (ii),
|Ag;| = |Ag,|. We obtain that the two sets Zgs N'Y = Ag and Zg, N'Y = Ag, are

distinct but of the same size, consequently Zg: N'Y and Zg, N'Y are not comparable.

If S = S; and S5 = Sy, then Zg, N'Y and Zg, N'Y are incomparable, and so
Zg, ~ Zg,, a contradiction to the assumption Zg, C Zg,. For the remainder of the
proof, suppose that the size |S]| = |S}]| is strictly less than k£ — 1. We shall show that
there is a copy of the N-shaped poset /V in F, contradicting the definition of F to be

an /V-free poset.

Let Y’ =Y — Sj, and note that F; is a Y'-blocker. Since Zg; N'Y and Zg, N'Y are
not comparable, there exists an element a € Zg; N'Y with a ¢ Zg;. By Lemma 3.3 (ii),
the Y-blocker Fg, contains a vertex U € Fg with UNY' = Y"\ {a}. Next, we shall
verify that Zg,, Zs,, Zs;, and U form a copy of /V in F, see Figure 3.4.

* Zg, C Zg,, because Zg; is the unique minimal vertex of F, s, and Zg, € Fg, C Fgy
by Lemma 3.14 (i).
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Figure 3.4: Copy of /V constructed in the proof of Claim 2.

Zg; C Zg, C Zs,,as Zg is the unique minimal vertex of F; and Zg, € Fg, C Fg
by Lemma 3.14 (i).

Zg; ~ Zgy, because Zgr N'Y and Zg, N'Y are not comparable.

Zgy C U, because U is in Fg; by definition and Zg; is the unique minimal vertex
of F S’
2

Note that a € Zg; and a ¢ U, so Zg; £ U. Since Zg; ¢ Zg but Zg, C U,
transitivity yields that U € Zg;. Therefore, U and Zg; are incomparable.

We know that a € Zg, but a ¢ U, thus Zs, € U. To show that U € Zg,, we
consider Zg, N'Y’'. Lemma 3.15 provides that Zg, N Y’ # Y’. Furthermore,
Zs, NY' #Y'\ {a}, since a € Zg,, thus Zg, N Y’ is not a superset of Y’ \ {a} =
UNnY',soU ¢ Zg,, and hence U » Zg,.

The four vertices are distinct, because otherwise we find an immediate contradic-

tion to one of the above relations.

Therefore, there is a copy of /V in F, which is a contradiction to the fact that F is
/N -free.

If S} and S are max-type, a similar argument can be applied, so we only give a

rough sketch. As a first step, we observe that Zg; N'Y and Zg, N'Y are incomparable.
Afterwards, for Y/ =Y — 5] and for a vertex U € Fgr with UNY' = {a}, we find a
copy of /V on vertices Z, 1, Zs,, Z 54 and U, which is a contradiction. This concludes

the proof of Claim 2.

Claim 2 guarantees the existence of a subposet of F of size at least k12=k=1 Gince

F C Q(Z), we know that k!127%~1 < | F| < 2/%l, so

k! %
Z| > log |F| > log <2k+1> > log <2k’+16’f) > k(log(k) - 0)7
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for a fixed constant ¢ > 0. Recall that |Z| = n + k, thus n > klogk — (1 + ¢)k, which
implies that k£ < (1 + o(1)) 2. Finally, Theorem 3.4 provides that

logn*

RN,Qn) < N=n+k<n+ (1+0(1))

logn

The lower bound on R(/V, @,,) follows from Theorem 2.1. O

3.5 TIGHT BOUND ON R(P, ;) USING P-FREE BLOCKERS

The content of this section is not contained in a previous publication.

Recall that n < R(P, @) < ¢(P)n for any fixed poset P, see Theorem 0.2. A bound
on R(P,Qy) is referred to as tight if it has the form R(P,Q,) = n + ©(g(n)) for some
function g(n). In Corollary 2.6 and Theorem 3.1, we have presented a tight bound on
R(P,Qy) for P = Ay and P = /V, respectively. For both results, the proof idea for the
upper bound was to bound the dimension of a Boolean lattice hosting a single blocker.
Here, we generalize that proof technique to every non-trivial poset P which has an

additional property.

Recall that a poset is connected if it can not be decomposed into two non-empty
parallel posets, and non-trivial if it contains a copy of A, or Va. Furthermore, recall that
in Theorem 3.4 we established the bound

R(P,Qy) <min {N : there is no P-free Y-blocker in Q([N])
forsomeY C [N],[Y| =N —n}.

In this section, we consider a related extremal function for blockers, which is easier to

work with. For k£ € N and a non-trivial poset P, let
mp(k) = min {N : there is a P-free [k]-blocker F in Q([N])}.

Note that mp(k) is well-defined: Every non-trivial poset P contains a copy of A or V5,
and Lemma 2.8 implies that m, (k) = my, (k) < kmax{(log k+loglogk+1),12}. Thus,

k <mp(k) <mp,(k) < (1+0(1))klogk, (3.2)

where the lower bound is trivial. Note that mp(k) is a non-decreasing function.
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In our first result, we give a lower bound on R(P, Q,,) in terms of mp(n), for every
poset P such that the asymptotic behavior of mp is “nice” in the following sense. We
say that a function f: N — R is asymptotically smooth if

We remark that this definition is not related to the notion of a smooth function commonly
used in the field of mathematical analysis. An example of an asymptotically smooth

function is f(n) = nlogn. Indeed,

F <J:Zi)> _ <1ogn> _ n(lognlggl?(;glogn) (1= o(1))n = B(n).

In fact, every function f(n) = ©(n), f(n) = O(nlogn), or f(n) = O(nloglogn), etc.

is asymptotically smooth. Recall that n < mp(n) < (1 + o(1))nlogn. It is not clear
whether there exists a non-trivial poset P such that mp is not asymptotically smooth.

Theorem 3.16. Let P be a fixed non-trivial, connected poset. If mp is asymptotically smooth,
then

n2
RPQ) z 0 (0.
(P.Qn) e
The proof of Theorem 3.16 follows the same steps as the proof of Theorem 2.2. In the
second result of this section, we show that Theorem 3.16 is asymptotically tight if mp

has one of the following properties.

Theorem 3.17. Let P be a non-trivial, connected poset.

(i) Ifmp(€) = (c+o(1))¢ forsomec > 1,then R(P, Q) = n—i—@( n’ ) = (1+6(1))n.

mp(n)

(ii) If mp is superlinear and asymptotically smooth, then R(P,Q,) =n + © <”72) .

mp(n)

(iii) In particular, if mp(¢) = ©({(log . . .log ¢)*®) for some parameters t € N and s > 0, then
—_——

t times

R(P,Qn)=n+0 (%) .

It remains open whether the bound R(P,Q,) = n+ © ( #@) holds for every non-
trivial P. We remark that our proofs of Theorems 3.16 and 3.17 provide an improved
bound on R(P, Q),,), evenif mp(n) is only bounded roughly. That is, if m p is superlinear

and f(n) < mp(n) < g(n) for asymptotically smooth functions f,g: N — R, then

n+9<g?;> SR(P,Qn)SnJrO(f?Z;).
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However, for any non-trivial poset P for which the asymptotic behavior of R(P, Q) —n

is unknown, it remains open to improve the basic bound on m p stated in equation (3.2).

3.5.1 Proor orF THEOREM 3.16

Outline of the proof idea: We prove Theorem 3.16 similarly to Theorem 2.2. Using a
collection of random frameworks, we shall show that there exists a collection of frame-
works with specific properties. Depending on this collection, we construct a collection
of parallel blockers, and use it to define a blue/red coloring which contains neither a

blue copy of P nor a red copy of @Q,.

The following lemma is a variant of Theorem 2.9.
Lemma 3.18. Let P be a non-trivial poset. Forn € N, let k = k(n) € Nand N =n + k. If
(i) mp(k) <0.1N and
(ii) (5)22*0'“\7 —0asn — oo,

then R(P,Q,) > N = n + k for sufficiently large n.

Proof. We shall show that R(P,Q,) > N by finding a blue/red coloring of Q([N])

which contains neither a blue copy of P nor a red copy of Q.. Let (UZ }) denote the

family of k-element subsets of [N]. For a subset Y € (Ul ]), a Y-framework is a 4-tuple

(Y,A,Z,X) such that
e thesets Y, A, and Z are pairwise disjoint and partition [N],
* |A| =0.1N — k, or equivalently |Z| = 0.9N, and
e XCZ

It follows from (3.2) and property (i) that ¥ < mp(k) < 0.1N,so |A| =0.1N —k > 0.

Claim: There is a collection of Y-frameworks (Y,Ay,Zvy,Xy), Y € ([]Z ]), such that
for every two distinct Y1, Y3 € ([ZZ }), it holds that Xy, N Zy, Z Xvy,.

Proof of the claim. Given Y, we say that a Y-framework (Y, A, Z, X) is random if
* A is chosen uniformly at random among all subsets of [N] on 0.1N — k elements,
e Z=[N]\(YUA), and

e each element of Z is included in X independently at random with probability 3.
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Draw arandom Y-framework (Y, Ay, Zy, Xy ) forevery Y € ([1]::7 }) . Since |Zy| = 0.9N,
we know that for any two Y1, Y5 € (UIZ]),

0.8N < |Zy, N Zy,| < 0.9N.

Recall that an event E(n) holds with high probability if P(E(n)) — 1 asn — oco. Next,
we shall show that with high probability, every two distinct Y, Y, € ([],X ]) have the
property that

Xy, N Zy,| > 0.1N.

Note that each element of Zv, N Zy, is contained in Xy, N Zvy, independently with
probability 3. Therefore,

Xy, NZy,| ~Bin(|Zy, NZv,|,3) and E(Xy, NZvy,|) = 3|Zy, N Zy,|.

Chernoff’s inequality, see (2.5), provides that

Zy, NZ Zy, NZ
P(| Xy, NZy,| <0.1N) = P(XYIQZY2\§| Y, 0 Y?'-(‘ ¥, 0 2y, —0.1N>>

2 2
) (B2l N
[$2:€ —
N P ‘ZY1 N ZY?‘
(0.4 —0.1)?
< N
= exP( 0.9
= exp (—0.1N).

Let E1 be the event that for the collection of random Y -frameworks, there exist two
distinct Y1,Y2 € () with | Xy, N Zy,| < 0.1N. The probability of E is

P(E;)) < > P(Xy, NZy,| <0.1N)
Y17Y2€(U,\!])

< @)2 exp (—0.1N)

N 2
<k> 2_0'1N—>0, asn — oo,

IN

where we used property (ii) in the last line. We conclude that with high proba-
bility, the event E; does not occur. From now on, assume that for any distinct
Y1, Y2 e (W), Xy, NZy,| > 0.1N.
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Let Y1,Ys € () be distinct. Recall that each element of Xy, N Zy, is included
in Xy, independently with probability . This implies that

< 270.1N

1 ‘XylﬁZY2|
)

P(XYl N ZY2 - XYQ) = (

Let F5 be the event that there are distinct Y1,Y5 € (UIX ]) for which Xy, N Zy, C Xvy,.
Using property (ii), we see that

P(E;) < ), P(Xy,NZy, CXy,)
Y1vae())

N 2
( )Q_O‘IN—NJ, asn — oo.

IN

k

Thus, with high probability, the event E5 does not occur. Consequently, there exists a
collection of Y-frameworks, Y € (UZ ]) ,such that Xy, NZy, ¢ Xy, for any two distinct
Y., Y€ ([]]X ]), which proves the claim.

Fix a collection of Y-frameworks, Y € (UZ ]), as obtained from the claim. For every
Y € ([]IX}), select an arbitrary P-free Y-blocker 75, in Q(Y U Ay ). Note that 75, exists,
because |[Y U Ay| = 0.1N > mp(k) by property (i). We “shift” the vertices of F5, by
Xvy,i.e., let
Fy={ZUXy: ZeFy).

Note that Fy is isomorphic to F%,, thus Fy is a P-free.

Recall that [N] = YUAyUZy. We claim that Fv isa Y-blocker in Q([N]). Consider
an arbitrary (Ay U Zy)-good copy Q of Q(Ay U Zy) in Q([N]). We shall show that Q
has a vertex in common with Fy, by using that 7%, is a Y-blocker. It is straightforward
to check that the induced subposet {U € Q : U N Zy = Xy} is an Ay-good copy of
Q(Ay). Next, we apply a “reverse shift” to this subposet. That is, let Q" be the poset
obtained from {U € Q : UNZy = Xy} by element-wise deleting Xy. Note that Q' is
isomorphic to {U € Q: UNZy = Xy}, inparticular Q' is a copy of Q(Ay). Moreover,
Q' is Ay-good and a subposet of Q(Y U Ay). Since F, is a Y-blocker in Q(Y U Ay),
F{ has a vertex F' in common with Q'. Consider the shifted vertex U Xy in Q([N]).
On the one hand, the definition of Fy implies that F'U Xy € Fy. On the other hand,
using that F € Q’, we see that F' U Xy is a vertex in Q. Thus, FUXy € Fy N Q, as
desired. This implies that Fy is a Y-blocker in Q([N]).

We shall show that distinct blockers Fy are parallel, i.e., element-wise incomparable.
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For two arbitrary distinct Y1, Yo € (UZ ]),pick arbitrary vertices Uy € Fy, and Us € Fy,.
Since Xy, N Zy, Z Xy,, we find a ground element a € (Xy, N Zy,) \ Xy,, so in
particular, a € U; \ Us. Similarly, we find an element b € Uy \ Uy, thus Uy ~ Us.
Therefore, the blockers Fy, and Fy, are parallel.

Let c: Q([N]) — {blue,red} be the blue/red coloring mapping Z € Q([N]) to

blue, if Z € Fyf Y e (W
c(Z){ ue, i y for some ()

red, otherwise.

* Assume that there is a blue copy of P. Each blue vertex is contained in a
blocker Fy. Since P is connected and the blockers Fy are pairwise parallel,
the copy of P is contained in one of the blockers Fy. This is a contradiction,

because Fy is P-free.

¢ Finally, assume that there is a red copy Q of @),. The Embedding Lemma,
Lemma 0.9, implies that this copy is X-good for some n-element subset X C [N].
There is a blue ([N] \ X)-blocker in Q([N]), which by definition, contains a vertex

of Q. This contradicts the assumption that Q is red.
O

Proof of Theorem 3.16. We shall show that R(P,Q,) > n + k, where k = (2 ("72>

mp(n)
Since mp is asymptotically smooth, there exists a constant ¢ = ¢(P) > 1 such that for
large ¢,
52
— ) <l 3.3
e (mP(5)> = G

By choosing ¢ sufficiently large, we can suppose that log(200c%e) + 1 < 4c?. Let
k= Wn;(n) and N = n + k. Next, we shall show that n, k&, and N meet conditions (i)
and (ii) of Lemma 3.18.

It follows from the definition of mp, that this function is non-decreasing. Thus,
by (3.3),

mp(k) = mp

IA

3

5
VN
3
S
— |5
=~
SN—
N——

IN
o

IN
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_n__

100c2”
,and mp(n) > n,

This proves condition (i) of Lemma 3.18. Recall that trivially mp(n) > n, thus k <
and in particular N = n + k < 2n. Using that N < 2n, k =

we see that
N eN
I < 1 —
oo (1) < moe(F)
2en
k

_n <log(200026) +log <mP (”)>>

o
100c2mp(n)

IN

klog

100¢2mp(n) n
n n mp(n)
< —— (log(200¢? 1 :
— 100¢? (og( 00c’e) + mp(n) og( n >)

Note that % < 1 for any = > 1, so in particular, m}f(n) log =& () < 1. Recall that
log(200c%e) + 1 < 4¢?, thus

N n 9
< <0. .
log ( k> < To02 (log(200c%e) + 1) < 0.04n

2
Therefore, (];/) 201N < 90.08n=0.1N _ () for n — 0o, where we used that n < N.

Consequently, conditions (i) and (ii) in Lemma 3.18 hold for » and &, and this lemma
provides the desired Ramsey bound R(P, Q,,) > N. O

3.5.2 Proor oF THEOREM 3.17

Before presenting a proof of Theorem 3.17, we show a preliminary observation.

Lemma 3.19. Let n and k be fixed integers. Let P be a poset. If R(P,Qy) > n + k, then
mp(k) <n+Ek.

Proof. Let N = n + k. If R(P,@Q,) > N, then there exists a blue/red coloring of Q([N])
which contains neither a blue copy of P nor a red copy of @,. In particular, there is no
red ([IV]\ [£])-good copy of @, so the subposet consisting of all blue vertices in Q([V])
is a P-free [k]-blocker. This implies that mp(k) < N =n + k. O

Proof of Theorem 3.17. The lower bound in each part follows from Theorem 3.16.

Part (i): Suppose that mp(¢) = (c + o(1))¢ for some constant ¢ > 1. Let

2
d:C+1 and k= dn .
c—1 mp(n)
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We shall show the bound R(P,@,) < n + k. By Lemma 3.19, it suffices to show that
mp(k) > n+ k. Note that <t < ¢ for ¢ > 1. Recalling the definition of d and k as well
as the bound mp(¢) = (c + 0(1))6 > ¢, we see that

ma(k) — mP<niiw>

> (@ o(V)n
_ <1+cfl— (1)>n
= (1—&—(:5? 0(1)>n
=n
dn
> <1+(c—0(1))n>n
dn
> ()
= n+k

Part (ii): Since mp is asymptotically smooth, there is a real-valued constant d > 1 such

mp <mfj(@) >%-€.

Letk = m‘?(il). The function mp is superlinear, so k < n for large n. We shall show that

that for large /,

mp(k) > n+ k. Using that mp is non-decreasing, the definition of d, and the inequality
k < n, we find that

() = mp< dn? >

mp(n)
> m 7dn2
= mp(dn)
2
> n+k,

where the last two lines hold for sufficiently large n. Lemma 3.19 implies the desired

Ramsey bound.

Part (iii): It is straightforward to check that mp(¢) = ©({(log...log/)*) is asymptoti-

cally smooth, so part (iii) follows from (ii). O
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3.6 CONCLUDING REMARKS

In this chapter, we showed the Ramsey bound R(N, Q) < n+ O(%-). A matching

logn

lower bound is given by Theorem 2.1, which states that for any non-trivial poset P,

R(P,Q,) :n+Q( ” > .
logn
If this lower bound is asymptotically tight in the two leading additive terms for some
non-trivial poset P, i.e., R(P,Q,) =n + @(%), we say that P is modest. Note that by
Theorem 3.1, /V is modest. Further modest posets are the complete multipartite posets,
see Theorem 1.1, and subdivided diamonds, see Theorem 1.5. Notably, it remains open

whether there exists a non-trivial poset which is not modest.

Conjecture 3.20. There is a fixed poset P with R(P,Qn) = n + w( 55 )-

This conjecture is related to Conjecture 2.16, in which we propose the general bound
R(P, Q) = n+o(n) for any fixed poset P. Known modest posets differ in various poset
parameters, for example SD;; has large height, and K ; has large width. However,
every known modest poset has order dimension 2. The order dimension of P, also known
as Dushnik-Miller dimension, is the minimal number of linear orderings of the vertices
in P such that P is the poset in which X <Y for X,Y € P if and only if in every linear
ordering, X is smaller than Y. Natural candidates for proving Conjecture 3.20 are the
Boolean lattice ()3 and the standard example S3, the 6-element poset induced by the 1-
and 2-element subsets in (J3. Both posets have order dimension 3.

A key ingredient in our approach to bound R(/V, Q) is Theorem 3.4, in which
we showed a connection between the poset Ramsey number of R(P, Q,) for a poset P
and an extremal function for blockers. In Section 3.5, we introduced a closely related

extremal function, that is
mp(k) = min{N : there is a P-free [k]-blocker F in Q([N])}.

A blocker in a Boolean lattice can be seen as a transversal of a set of specific smaller
Boolean lattices, and is related to other notions of transversals, e.g., clique-transversals in
graphs as introduced by Erdés, Gallai, and Tuza [25]. Seen in this context, research on

extremal functions on blockers might be of independent interest.

We have shown that if mp(k) behaves “nicely”, then the asymptotic behavior of
R(P,Q,) — n can be determined from a tight bound on mp(k). This results can be
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interpreted as a reduction of the Ramsey setting R(P, (),,), in which we forbid all red
copies of ), to a setting in which we avoid only X-good copies of @Q,, for a single
n-element set X. It remains open whether mp(k) behaves nicely for every non-trivial

posets P, and subsequently, whether for every such P,

R(P,Qn):n+®< n’ )

mp(n)

In Conjecture 2.16, we have suggested that for any fixed poset P, R(P,Q,) =

n+ o(n). If one does not believe this conjecture, Theorem 3.17 (i) provides an approach

to disprove it: If there is a non-trivial, connected poset P such that limj_,, mlz(k) exists

and is not equal to 1, then R(P, Q) > (1 + ¢)n for some constant ¢ > 0.



Chapter 4

Chain composition and antichain versus large Boolean lattice

4,1 INTRODUCTION OF CHAPTER 4

The poset Ramsey number of posets P and () is defined as

R(P,Q) = min{N € N: every blue/red coloring of ) contains either
a blue copy of P or a red copy of Q}.

The focus of this chapter is to determine R(P, Q,,) for trivial posets P, i.e., posets that
contain neither a copy of A, nor a copy of V5. Previously, in Chapters 1, 2, and 3, we
have presented asymptotic bounds on R(P, @Q),) for non-trivial posets P, i.e., posets that
have a subposet isomorphic to Ay or V5. In that setting, it appears to be out of reach
to precisely determine R(P, Q) for large n. However, for trivial posets P, we already
bounded R(P, Q) up to an additive constant in Theorem 2.1, showing that

n+h(P) = 1 < R(P,Q,) < n+ h(P) + a(w(P)) - L.

Here, h(P) denotes the height of P, i.e., the length of a largest chain in P, and w(P)
denotes the width of P, i.e., the size of a largest antichain in P. Recall that «(?) is the
Sperner number, i.e., the smallest integer NV such that the Boolean lattice of dimension N
contains an antichain of size ¢. This chapter focuses on improving this bound by

precisely determining R(P, @,,) for some classes of trivial posets P.

Recall that a chain C; of length t is a poset on ¢ vertices forming a linear order. A
parallel composition Py @ P, of posets P; and P, is the poset consisting of a copy of P,
and a copy of P, which are disjoint and element-wise incomparable. We know from
Proposition 0.7 that a poset is trivial if and only if it is a parallel composition of chains
Ct,...,Ct,. We refer to this as a chain composition with parameters ¢1,...,%,, denoted

101



102 4. CHAIN COMPOSITION AND ANTICHAIN VERSUS LARGE BOOLEAN LATTICE

by
Ciito,ty =Ct OC, O©--- OC4,.

Throughout this chapter, we use the convention that ¢; > t, > --- > t;, thus every

trivial poset has a unique representation as a chain composition.

An antichain A, is a chain composition with parameters ¢1,...,t, = 1, i.e., the poset

consisting of ¢ pairwise incomparable vertices. Theorems 2.1 and 0.4 imply that
n < R(Ay, Qn) <n+a(t) < n+logt+long°gt 4+ 2.

The same bound can be obtained from Theorem 0.2 or Theorem 0.5. In the first result
of this chapter, we exactly determine R(A;, @), not only for fixed ¢ > 3, but also if ¢
grows at most double-logarithmic in terms of n. We remark that the cases t € {1,2} are
covered by Corollary 0.11 and Theorem 4.4, respectively.

Theorem 4.1. For every two integers n and t with 3 <t < loglogn,

In fact, our result holds for n > 2277 _ 2, which is a slightly weaker precondition than
t < loglogn. Furthermore, we prove that if ¢ is large in terms of n, the poset Ramsey
number R(A, Q) exceeds n + 3.

Theorem 4.2. Let n,r,t € Nsuch that t > ("*2"*1). Then

T

R(A, Q) > n+2r + 2.

In particular, if t > n + 4, then R(A¢, Qn) > n + 4.

Stated explicitly in terms of n and ¢, Theorems 2.1 and 4.2 provide the following.
Corollary 4.3. Forn,t € Nwithn > 3andt > 2,

2logt
3+ logn

loglogt

< R(At, Qn) <n+a(t) <n+logt+ +2.

In the second part of this chapter, we provide an exact bound on R(P, Q;,) for chain
compositions P of width w(P) < 3, 1i.e., those consisting of at most 3 chains. Recall that

by Corollary 0.11, for any natural numbers n and ¢,

R(CtuQn) =n+t — 1.
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Theorem 4.4. Let n,tq,to € N such that t1 > to. Then
R(Ctl,tza Qn) =n++ tl + 1.
Theorem 4.5. Let n,t1,t9,t3 € Nwithty > ty > t3. Then

n+t +1, lft1>t2+1
n+t+2, ift1§t2+1.

R(Ct17t2,t3) Qn) =

These results imply an improved general lower bound for trivial posets. In particular,
if P is trivial and has width w(P) > 2, then R(P,Q,) > n + h(P) + 1. For non-trivial
posets P, it follows from Theorem 2.1 that R(P, Q),,) > n+h(P)+1 for large n. However,
for small nn, the general lower bound does not extend to non-trivial posets. For example,
it can be easily checked that R(V3,Q1) =3 < 4.

Let Z be an N-element set. Recall that Q(Z) denotes the Boolean lattice with ground
setZ. For? € {0, ..., N}, recall thatlayer £ of Q(Z)is thesubposet{Z € Q(Z) : |Z| = (}.
Note that Q(Z) consists of N + 1 pairwise disjoint layers, and that each layer forms
an antichain in Q(Z). A blue/red coloring of a Boolean lattice is layered if within each

layer every vertex receives the same color.

This chapter is structured as follows. Section 4.2 focuses on antichains, and contains
proofs of Theorems 4.1 and 4.2 as well as Corollary 4.3. In Section 4.3, we show
Theorems 4.4 and 4.5. The content of this chapter is published in Discrete Mathematics,
2024 [79].

4.2 ExAcT BOUND ON R(A;, Q)

4.2.1 ERDGS-SZEKERES VARIANT

A sequence T'is a subsequence of another sequence S = (ay, . .., ap,) if there exist indices
1 <ip <--- < iy < msuch that (a;,,...,a;,) = T. In preparation for the proof of

Theorem 4.1, we reshape the following well-known result of Erdés and Szekeres [26].

Theorem 4.6 (ErdGs-Szekeres [26]). Let m € N. Let S = (a1, ag, ..., a2, 1) be a sequence
consisting of m? + 1 distinct elements. Let T be a linear ordering of {a1, ..., a,241}. Then

there exists a subsequence (a;, , . . ., a;,,,,) of S on m + 1 elements such that

iy <7 <g iy OV Gy <700 <g Q-



104 4. CHAIN COMPOSITION AND ANTICHAIN VERSUS LARGE BOOLEAN LATTICE

In this subsection, we refer to a finite sequence (ay,...,a) of distinct elements
as a Z-sequence, where Z = {ay,...,an}. Note that there is a 1-to-1 correspondence
between Z-sequences and linear orderings of Z. We say that a sequence (by, b2, . .., by)
is an undirected subsequence of a sequence S if either (b1, ba, ..., b¢) or (bs, be—1,...,b1)is
a subsequence of S. Let {S!,...,5%}, d € N, be a collection of Z-sequences for some
set Z. If (b1, ba, . . ., by) is an undirected subsequence of every S%, i € [d], it is referred to

as a common undirected subsequence of S', ..., S%.

Corollary 4.7. Let Z be an (m? + 1)-element set. Let S and T be two Z-sequences. Then there
exists a common undirected subsequence of S and T with length m + 1.

Proof. Let S = (a1,a2,...,ay241), i.€., Z = {a1,...,a,,241}. Let jy, £ € [m?* + 1], be

indices such that T’ = (aj,,...,q; , ). Consider the linear ordering 7 of Z given by
aj, <7 -+ <7 aj_, . Theorem 4.6 provides a subsequence (a;,, ..., ai,,) of S which
is also an undirected subsequence of T'. In particular, (a;,,...,a;, ,) is a common
undirected subsequence of S and 7. O

By iteratively applying Corollary 4.7, we obtain the following lemma.

Lemma 4.8. Let d € Nand N > 22°"" + 1. Let Z be an N-element set. Let T,...,Tq be
arbitrary linear orderings of Z. Then there exist pairwise distinct x,y, z € Z such that for every
i€ ld,

T<pY<g % or <Y <gT

a’y. Let S(7;) be
the sequence (at,d, ..., dYy), i.e., S(r;) is a Z-sequence. We shall show that there is a

Proof. For each i € [d], say that 7; is given by a} <., a} <, -+ <,
common undirected subsequence of S(71), ..., S(74) of length 3. Afterwards, we verify
that for such a subsequence (z,y, z), either z <,, y <, z or z <;, y <;, « for each

i € [d]. We proceed with an iterative argument.

Let T! = S(r1) and note that [T!| > 22" + 1. For i € [d — 1], assume that T" is a
common undirected subsequence of all S(7;), j € [i], and has length at least 2247 4 1,
Let Z' be the underlying set of T*, and let S? be the restriction of S(7;41) to Z'. We see
that both 7% and S* are Z‘-sequences. By Corollary 4.7, there is a common undirected
subsequence T+ of T and S' of length at least (22* ')z + 1 = 22" “"" 4 1. Since T+
is an undirected subsequence of 7%, T*™! is also an undirected subsequence of every
S(7;), j € [i]. Furthermore, because T"*! is an undirected subsequence of S, it is also

an undirected subsequence of S(7;41).
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After d — 1 steps, we obtain a sequence T? of length at least 922 4 1 = 3 which
is a common undirected sequence of S(1),...,S5(7qg). Choose an arbitrary 3-element

subsequence (r,y, z) of T%. Then z, y, and z have the desired property. ]

We remark that the bound N > 924t + 1 in Lemma 4.8 is tight. Indeed, it is
widely known that there is a sequence of m? distinct elements which does not meet the
property in Theorem 4.6. Given such a sequence, it is straightforward to construct a
collection of d linear orderings of a 22! _element set such that no triple z, y, and z has

the property of Lemma 4.8.

4.2.2 Proor oF THEOREM 4.1

Recall that an embedding ¢: Q' — O? of a Boolean lattice Q! into a Boolean lattice Q2 is
a function such that for any two X,Y € Q!, X C Y if and only if ¢(X) C ¢(Y).

Proof of Theorem 4.1. Observe that R(As, Q) < R(A:, Qn) < R(Aloglogn, @n) for any
natural number ¢ with 3 < ¢ < loglogn, so it suffices to show that R(A3,Q,) > n + 3
and R(Aioglogn: @n) <n+ 3. Let N =n + 3.

For the lower bound, we consider the following blue/red coloring of the Boolean
lattice Q([/NV — 1]). Color all vertices in the two chain

{li]: ie [N—1]} and {[N—-1\[]: i€ [N—-1]}

in blue, and color all remaining vertices in red. Among any three distinct blue vertices,
we find two vertices contained in the same chain, so there exists no blue copy of A3 in

our coloring.

We shall show that there is no red copy of @, in Q([NV — 1]), so assume that there
does exist such a copy. By the Embedding Lemma, Lemma 0.9, there is an n-element
set X C [N — 1] and an embedding ¢: Q(X) — Q([N — 1]) such that the image of ¢ is
red and ¢(X) N X = X for every X € Q(X). We shall find a contradiction by finding a

blue vertex in the image of ¢.

The vertex @ is blue, but ¢(@) is red, so there exists a ground element a € ¢(). We
know that a € [N — 1] \ X because ¢(@) N X = @. Recalling that ¢ is an embedding of
Q(X), we see that for every X € Q(X), ¢(&) C ¢(X), and thus a € ¢(X). Using that
[N — 1] is blue and ¢(X) is red, we similarly find an element b € [N — 1] \ X such that
b ¢ ¢(X) for every X € Q(X). In particular, the ground elements a and b are distinct.
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Since |X|=n = (N—-1)—2anda,b ¢ X, the ground set [N — 1] is partitioned into X
and {a, b}. For every X € Q(X), we know that ¢(X)NX = X and ¢(X) N {a,b} = {a}.
Therefore, every X € Q(X) is mapped to ¢(X) = X U {a}.

e Ifa =1, then ¢(@) = {a} = {1}. The vertex {1} is colored blue, contradicting the
fact that ¢ has a red image.

e If b > a > 2, then neither a nor b are in [a — 1], so [a — 1] C X. The image

¢(la—1]) = [a—1]U{a} = [a]

is colored blue. This is a contradiction, because ¢ has a red image.

e If b < a, then [N — 1]\[a] € X. Note that the image

P(IN = 1]\[a]) = ([N — 1]\[a]) U{a} = [N = T]\[a — 1]

is a blue vertex, so we reach a contradiction again.

For the upper bound on R(Ajogi0gn, @n), recall that N = n + 3, and let Z be a fixed
N-element set. Consider an arbitrary blue/red coloring of the Boolean lattice Q(Z)
which contains no blue copy of A;, where ¢t = loglogn. We shall show that there is a

red copy of @, in Q(Z).

By Dilworth’s theorem, Theorem 1.9, there exists a family of ¢ — 1 chains Cy,...,Ci—1

that cover all blue vertices. Without loss of generality, we assume that every C; is a

chain on N + 1 vertices, so a poset on vertices @, {a%}, {a%, ab}, ..., {al,..., al}, where
Z = {dai,...,a%}. We say that each C;, i € [t — 1], corresponds to the unique linear
ordering 7; of Z given by a! <., a} <,, --- <, a%. By applying Lemma 4.8 to the

collection of linear orderings 7;, i € [t — 1], we obtain three distinct elements z,y, z € Z

such that for every i € [t — 1],

< Y<q 2 OF 2<gy<s; .

Assume towards a contradiction that there is no red copy of @, in Q(Z). Let
Y = {z,y,2} and X = Z\Y. Let 7 be the linear ordering of Y defined by z <; z <; y.
The Chain Lemma, Lemma 0.10, provides a chain in Q(Z) which contains a blue vertex Z
such that ZN'Y = {x, z}. Since Z has color blue, it is covered by a chain C; for some
J € [t — 1]. In the linear ordering 7; corresponding to C;, we know that either y <, z
or y <, z. This implies that every vertex in C; containing z and z also contains y. This
contradicts Z € C;. O
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4.2.3 Proors orF THEOREM 4.2 AND COROLLARY 4.3

If t is large in terms of n, we give an improved lower bound on R(A;, @,,) using a layered
construction, i.e., a blue/red coloring of the host Boolean lattice in which each layer is

monochromatic.

For our proof, we need a classic result of extremal set theory. A chain in an N-

dimensional Boolean lattice is said to be symmetric if it consists of vertices
X¢C--CXny

for some ¢ > 0, such that |X;| =i for every i € {¢,..., N — (}. De Bruijn, Tengbergen,

and Kruyswijk [20] showed the following decomposition result.

Theorem 4.9 (De Bruijn-Tengbergen-Kruyswijk [20]). The vertices of an N-dimensional

Boolean lattice can be decomposed into pairwise disjoint, symmetric chains.

Proof of Theorem 4.2. Letn,r,t € N with t > (""2"*1). We shall show that R(A;, Q) >
n+2r+ 1. Let Q(Z) be the Boolean lattice on an arbitrary ground set Z with n + 2r +1
elements. Consider the following layered blue/red coloring of Q(Z). Color every
vertex Z € Q(Z) with |Z| < ror|Z| > n+r+1inblue, and all other vertices in red. We
see that Q(Z) consists of n + 2r 4+ 2 monochromatic layers, of which 2r + 2 are colored
blue, and the remaining n layers are colored red. Since h(Q,,) = n + 1, there is no red

copy of @, in this coloring.

It remains to show that there is no blue copy of A; in Q(Z). We fix a symmetric
chain decomposition of Q(Z) as provided by Theorem 4.9. Let I' be the collection
of only those symmetric chains in Q(Z) which contain an r-element subset of Z as a
vertex. For any vertex Z of size at most r or at least n + r + 1, there is some chain Cz
in the decomposition which covers Z. Using the properties of a symmetric chain, we

conclude that C; € T, thus the chains in I" cover all vertices of size at most r or at least

n+2r+1) <t

n+ 1+ 1. Thus, all blue vertices are covered by chains in I', whereas |I'| = ( .

Therefore, Dilworth’s theorem implies that there is no blue copy of A; in Q(Z). O

Proof of Corollary 4.3. The upper bound on R(A;, @) follows from Theorem 2.1. In
Theorem 4.2, we showed the lower bound R(A;, @) > n+2r+2, where r is the largest
non-negative integer with ¢ > (”Hfﬂ). Note that r is well-defined for ¢ > 2. We shall
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bound r in terms of n and ¢. Using the maximality of r,

r+1 r+1
ts<n+2r+3>§<e(n+2r+3)) S( en —|—3e> < (2en)™1,

r+1 r+1 r+1

thusr +1 > o (21:)g+tlogn > 3Jlr‘i§gtn, which implies the desired bound. O

4.3 Bounps oN R(Cy, . 1, Qn)

4.3.1 Proor oF THEOREM 4.4

Proof of Theorem 4.4. Let N = n + t; 4+ 1. To prove that R(CY, +,, @n) < N, we consider
an arbitrarily blue/red colored Boolean lattice Q' = Q([N]) which contains no red
copy of ,,. We shall show that there is a blue copy of C4, +,. Corollary 0.11 guarantees
the existence of a blue chain C of length ¢, + 2, say on vertices Zyp C Z1 C -+ C Zg; 41-
Let C’ be the subposet of C on vertices Zi, ..., Z,, i.e., the chain of length ¢; obtained
by discarding the minimal and maximal vertex of C. Note that there exists an element
a € Zy, since Z; has a proper subset Z. Similarly, we find an element b € [N]\ Z;,. We
obtain that {a} C Z; C --- C Z;, C[N]\ {b}.

Lt 41
7 o[N]\ {a}
c'cc
QQ
% {0}
Q' = Q(IN)) -~ .

Figure 4.1: The parallel subposets C’ and 92 in Q*.

We consider the subposet Q? = {Z € Q' : b€ Z, a ¢ Z}, see Figure 4.1. Note
that Q2 is a copy of a Boolean lattice of dimension N —2 = n +t; — 1. Since Q'
contains no red copy of @, in particular there is no red copy of @, in Q> Since
R(Cty, Qn) =n+ta—1 <n+t, — 1, there is a blue copy D of Cy, in Q2. Forany U € C’
and Z € D, we know thata € U\ Zand b € Z\ U, thus U » Z. Therefore, C' UD is a
blue copy of C4, +,, 50 R(CY, +,, Qn) < N.
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It remains to show that R(C}, +,, Qn) > N = n+ t; + 1. We shall verify this lower
bound by introducing a layered coloring of the Boolean lattice 92 = Q([N — 1]) which
contains neither a blue copy of Cy, ¢, nor a red copy of @,,. Consider a layered blue/red
coloring of Q3 in which layer 0 and layer N — 1, i.e., both one-element layers, are blue,
t1 — 1 arbitrarily chosen additional layers are blue, and all remaining N — (¢; +1) =n

layers are red.

Since Q,, has height n+1, but only n layers of Q3 are colored red, there is no red copy
of Q. Assume that there is a blue copy P of Cj, 1,. Note that h(P) = h(Cy, 1,) = t1.
Because Q3 has only ¢; — 1 layers containing blue vertices, including layer 0 and layer
N — 1, we know that at least one of the vertices @ and [N — 1] is in P. Each of these
two vertices is comparable to all other vertices of Q3. This is a contradiction, because P

consists of two parallel chains. Thus, there exists no blue copy P of Cy, 4,. O

4.3.2 Proor oF THEOREM 4.5

Proof of Theorem 4.5. Let N = n + t; + 1. It is a consequence of Theorem 4.4 that
R(Cthtz,ts? Qn) > R(Ctlytz’ Qn) =n+ti1+1=N.
By Theorem 2.1, we see that

R(C 015, Qn) Sn+ti+a(3) —1=n+t; +2.

First, suppose that¢; > ¢+ 2. We shall show that R(Cy, ¢, +,, @rn) < N. Our proof is
similar to the lower bound proof of Theorem 4.4. Let Q' = Q([N]), and fix an arbitrary
blue/red coloring of Q' which contains no red copy of @,,. We shall find a blue copy of
Cty 1215 in Q1. By Corollary 0.11, there is a blue chain C of length ¢; + 2. Let C consist of
vertices Zy C - -+ C Z,+1. Consider the subposet C’ of C on vertices Z1,. .., Z;,, which
is a chain of length ¢;. Note that Z; # @ and Z;, # [N], thus there are ground elements
a,b € [N]suchthat {a} C Z; C--- C Z;; C[N]\ {b}.

Let 92 ={Z € Q': be Z, a ¢ Z}. This subposet of Q! is isomorphic to a Boolean
lattice of dimension N — 2 = n +t; — 1 > n + ty + 1. There is no red copy of Q,, in 92,
so Theorem 4.4 yields a blue copy P of Cy, 4, in Q. For every two vertices Z € P and
U e, weknowthata € U\ Zand b e Z\U,so Z » U. Consequently, PU(’ is a blue
copy of C, ¢, ¢, in QL.
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From now on, suppose that t; < t5 + 1. Recall that V = n + ¢; + 1. We shall show
that R(Cy, 155, @n) > N. If t; = 1, then C, 4, 1, is an antichain and the desired bound
follows immediately from Theorem 4.1, so say that ¢t; > 2. We construct a layered
blue/red coloring of the Boolean lattice @3 = Q([N]) which neither contains a red copy
of @, nor a blue copy of C, 4, 1,, as follows. Color all vertices in the four layers 0, 1,
N — 1, and N in blue. Color t; — 2 arbitrarily chosen additional layers in blue and all
remaining (N + 1) — 4 — (t; — 2) = n layers in red. Clearly, this coloring contains no

red copy of @y, since h(Q,) = n + 1.

Assume for a contradiction that there is a blue copy P of Cy, 4, 1, in Q3. In P, we
denote a blue chain of length ¢, by C, say on vertices Z; C --- C Z;,. Furthermore, there
is a chain D of length ¢, in P which is parallel to C, see Figure 4.2. Let F' be a vertex

of P which is neither in C nor in D, i.e., F’ is incomparable to every vertex in C and D.

Zs

C
A

Figure 4.2: Chains C and D, and vertex F'in a copy of C5 4 4.

Neither @ nor [N] are in P, because both of these vertices are comparable to every
other vertex in Q3 and there is no such vertex in P. Excluding these two vertices @ and
[N], there are precisely ¢; layers containing blue vertices, including layer 1 and layer
N — 1. Recall that C is a blue chain of length ¢;, thus the smallest vertex Z; of C is
in layer 1, while the largest vertex Z;, of C is in layer N — 1. Therefore, we find two
ground elements a,b € [N] such that Z; = {a} and Z;, = [N]\{b}. Note that a and b

are distinct.

Let 9* ={Z € Q%: be Z, a ¢ Z}. Since F is incomparable to Z; and Z;,, we see
thata ¢ F and b € F'. This implies that F' € 0% soin particular,

{0} € F € [N]\{a}.

Similarly, D C Q*. The blue/red coloring of Q* inherited from Q3 is layered and has
precisely t; blue layers. Two of these blue layers in Q* are the one-element layers given
by {b} and [N] \ {a}. Since the chain D has height h(D) > t; — 1, either {b} € D or
[N]\{a} € D. This is a contradiction, because F' is incomparable to every vertex in D,
but both {b} and [N]\{a} are comparable to F'. O
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4.4 CONCLUDING REMARKS

In this chapter, we studied the poset Ramsey number R(P,Q,,) for trivial posets P.
We determined exact bounds if P has small width or is an antichain. In particular,
Theorems 4.1 and 4.2 state that R(Ajogiogn, @n) = 1+ 3 and R(A,44,Qn) > n+ 4. This
raises the question of what the largest ¢ is such that R( A, @) = n+3. Here, we showed
thatloglogn <t < n+4, but the asymptotic behavior of ¢ in terms of n remains unclear.
More generally, one can ask for the maximal ¢(c) such that R(A;), @n) = n + c for any
fixed ¢, i.e., the largest ¢ such that any blue/red coloring of an (n + c¢)-dimensional

Boolean lattice contains either a red copy of @),, or a blue A;.



Chapter 5

Erdés-Hajnal problems for posets

5.1 INTRODUCTION OF CHAPTER 5

The classic question in Ramsey theory is to quantify the size of a host structure such that
in any coloring of its elements, a large monochromatic substructure exists. In the setting
of graphs, Erdés and Hajnal [27] introduced a related problem: Given a fixed graph
H edge-colored with colors blue and red, determine the minimal order of a complete
graph such that any blue/red coloring of its edges contains a subgraph isomorphic to
H with a matching color pattern, or a monochromatic complete graph on n vertices.
The well-known Erd&s-Hajnal conjecture states that the answer to the above problem is
at most n“"') where ¢(H) is a constant, depending on H. This conjecture is wide-open
for most graphs H. For more details, we refer to a survey by Chudnovsky [14] and
other recent results, e.g., [56,60,75]. In this chapter, we propose a similar concept for

posets.

A colored poset is a pair (P,cp), where P is a poset and c¢p: P — {blue, red} is
a blue/red coloring of the vertices of P. If a poset P has a fixed coloring cp, we
usually write P instead of (P,cp). The size of a colored poset P is the size of the
underlying poset P. Occasionally, we specify the assigned coloring using an additional
superscript. In particular, the poset P which is colored monochromatically blue is
denoted by P(®). In this case, we say that P is blue. Similarly, we refer to a poset P
colored monochromatically red as P(") and say that P is red.

Recall that a copy of a poset P in () is an induced subposet P’ of () that is isomorphic
to P. Equivalently, a copy is the image of an embedding ¢: P — (@), i.e., a function such
that for every X,Y € P, X <p Y if and only if ¢(X) <g ¢(Y"). Given a fixed blue/red
coloring of Q, a colored copy, or copy for short, of a colored poset P in Q is a copy P’ of P

in @ such that each vertex Z € P’ has the same color in @) as its corresponding vertex

112
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in P. For any fixed colored poset P, a blue/red coloring of Q is P-free if it contains no

colored copy of P.

Forn € N, the poset Erdds-Hajnal number R(P, Q,,) of a colored poset P is the smallest
N e N such that every blue/red coloring of () ; contains a copy of P, Q%b) , or Q;’“). In
other words, }~2(P , Qr) is the minimal N such that any P-free blue/red coloring of Qn
contains a monochromatic copy of @,,. In this chapter, we study the poset Erd§s-Hajnal

number R(P,Q,,) for a fixed colored poset P, while 7 is usually large.

If P is monochromatic, then R(P,Q,) = R(P,Q,) for large n. This poset Ramsey
setting has been addressed in Chapters 1 to 4. Here, we focus on colored posets P in

which both colors occur.

We say that P is diverse if it contains two comparable vertices of distinct color.
Otherwise, P is said to be non-diverse. Our first results provide general bounds for the
poset Erdés-Hajnal number of diverse and non-diverse P, respectively. Recall that the
height h(P) of a poset P is the size of a largest chain in P, and the 2-dimension dimg(P)
of P is the smallest IV such that () y contains a copy of P.

Theorem 5.1. Let P be a diverse colored poset. Let n € N. Then

2n < R(P,Q,) < h(P)n + dimy(P).

This bound corresponds to the general bound on R(P, Q) stated in Theorem 0.2, and
can be shown by a straightforward proof, similar to the proof of Theorem 0.2: The
lower bound is obtained from a layered coloring of ()2,,—1, in which vertices Z with
|Z] < n — 1 are colored in one color, and vertices Z such that |Z| > n in the other color.
The upper bound follows from Lemma 3 in Axenovich and Walzer [2]. We omit the
details.

Extending the concept of parallel compositions of (uncolored) posets, we define the
parallel composition P, ©P; of two colored posets P, and P, as the colored poset consisting
of a copy of P; and a copy of P, that are parallel, i.e., element-wise incomparable.
Observe that a colored poset P is non-diverse if and only if P has subposets P, and P,
such that P = Pb(b) opm,

Theorem 5.2. Let P be a non-diverse poset. Let P, and Py such that P = Pb(b) ) PT(T). Let
n € Nwith n > max{dima(F,), dima(F,)}. Then

max{R(Py, Qn), R(Pr,Qn)} < R(P,Q,) < max{R(Py, Qn), R(Pr,Qn)} + 2.
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The simplest non-diverse colored poset is an antichain A, i.e., a poset consisting of ¢
pairwise incomparable vertices. We precisely determine the Erdés-Hajnal number for

antichains.

Theorem 5.3. Let A be a non-monochromatic antichain on at least 2 vertices. Let n be
sufficiently large. If there are no three vertices of the same color in A, then R(A,Qn) =n+2
Otherwise, E(A, Qn) =n+3.

In particular, E(Agb) ) Ag), Qn) =n+2 = R(As,Qy),and R(Agb) ) AgT), Qn) =n+2=
R(A1, Qn) + 2, which attain the lower and upper bound in Theorem 5.2, respectively.
We do not attempt to determine the smallest n for which this bound holds. In our

proof, we require loglog logn = Q(|A|).

Recall that a chain C} is a poset on t pairwise comparable vertices. For colored chains,

¢ is the chain C; whose

we introduce two specific colorings. The red-alternating chain
vertices are colored alternatingly in red and blue, such that the minimal vertex is red,
see Figure 5.1 for an illustration. Similarly, the blue-alternating chain C’t(brb) is the chain C;

colored alternatingly, but the minimal vertex is blue.

Given a colored chain C, let A(C) be the largest integer ¢ such that C' contains a
copy of C’érbr) or Cébrb). Theorem 5.1 implies that R(C, Q,,) is linear in terms of n. In
our next result, we show that the poset Erd6s-Hajnal number of any colored chain C is
determined by the poset Erd§s-Hajnal number of an alternating chain, up to an additive

term independent of n.

Theorem 5.4. Let n € N. Let C; be a colored chain of length t, and let A = X\(Cy). Then

R(CU™ Q) < R(Ch, Qn) < RCU™ Q) +1 — A

For alternating chains, we give the following bounds.

Theorem 5.5. For every n, R(C{™,Q,) = E(C’gbr)7 Qn) = 2n. For t > 4 and sufficiently
large n,
2.02n < R(C™,Q,) < (t — 1)n.

The lower bound on ]A%(Cfrbr), @Qn) shows the existence of a blue/red coloring of @202,

with no monochromatic Q,,.

Corollary 5.6. For sufficiently large n, R(Qpn,Qy) > 2.02n.
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~(rbr) (br b )7 bb) brrb be rb bb)
c! o : : : :

Figure 5.1: Alternating chains and non-monochromatic colorings of Q.

In the final part of this chapter, we analyze the poset Erdés-Hajnal number of small
colored Boolean lattices. Up to permutation of colors, the only non-monochromatic
blue/red coloring of Q) is C’érbr). Theorem 5.5 shows that E(Cérbr), Qn) = 2n. More-
over, we give bounds on R(Q2,Q,) for every non-monochromatic blue/red coloring

of Q2. Up to symmetry and permutation of colors, the four non-monochromatic Q2

brbb brrb) T‘Tbb
are Q2 , Q2

in Figure 5.1.

and ngbb), each with the respective coloring as illustrated

Theorem 5.7. For every n € N, R(QV"™™ . Q,,) = R(OY"™.Q,) = R(QV™,Q,) = 2n,

and 2n < R(QT™. Q) < 2n+ O(

logn)

The chapter is structured as follows. In Section 5.2, we introduce supplementary
notation. In Section 5.3, we study non-diverse posets and prove Theorems 5.2 and 5.3.
Afterwards, in Section 5.4, we focus on chains and present proofs for Theorems 5.4
and 5.5. In the final Section 5.5, we verify Theorem 5.7. The material presented in this

chapter is based on a manuscript available as a preprint on arXiv [77].

5.2 NOTATION ON SUBPOSETS OF THE BOOLEAN LATTICE

Recall that Q(Z) denotes the Boolean lattice with ground set Z. For ¢ € {0,...,|Z|},
layer £ of Q(Z) refers to the subposet {Z € Q(Z) : |Z| = ¢}. Note that every layer of the

Boolean lattice is an antichain.

Given a Boolean lattice Q and vertices A, B € Q with A C B, the sub-Boolean lattice,
or sublattice for short, between A and B is

Q!i:{XEQ:AngB}.

This subposet is isomorphic to a Boolean lattice of dimension |B| — |A|. Note that a

copy of a Boolean lattice in Q is not necessarily a sublattice.
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5.3 FORBIDDEN NON-DIVERSE COLORED POSETS

Proof of Theorem 5.2. For the lower bound, note that P, C @,, by the choice of n. Thus,
R(Py,Qn) < E(Péb),Qn) < R(P,Q,). A similar argument shows that R(P,,Q,) <
R(P, Q).

To establish the upper bound, let m = max{R(P,, Qy), R(Pr,Qn)} and N = m + 2.
Consider an arbitrary blue/red coloring of the Boolean lattice Q@ = Q([N]) which
contains no monochromatic copy of @,,. We shall show that this coloring contains a
copy of P. Note that the sublattices Q’[{jﬁ\{z} and Q}[{];q\{l} are parallel. The sublattice
Q ] [{]Y;\{Q} is isomorphic to a Boolean lattice of dimension N —2 = m > R(P,, Q,,), thusit
contains a blue copy of P,. Similarly, Q| g;\{l} contains a red copy of P,. By combining

these two subposets, we obtain a copy of P. O

Theorem 5.3 is a consequence of the following three lemmas.

Lemma 5.8. Forevery 1 < s <t <mn, E(Ct(b) ) C’S(T), Qn)=n+t+1

Proof. The upper bound E(C’t(b) o Cc, Qn) < R(C,Qrn) +2 = n+t+1is implied
by Theorem 5.2 and Corollary 0.11. We shall prove the lower bound by constructing a
layered coloring of Q([n+t]) that contains neither a copy of C"t(b) © ¢ nor a monochro-
matic copy of Q. Assign the color blue to the two vertices @ and [n + t] as well as to
all vertices in ¢t — 1 arbitrarily chosen additional layers. Color all remaining vertices in
red. There are ¢t + 1 < n blue layers and n red layers in our coloring. Since @, has
height n + 1, i.e., contains a chain on n + 1 vertices, there is no monochromatic copy
of Q. Next, assume towards a contradiction that there exists a copy P of Ct(b) () Cﬁ”.
The subposet P contains ¢ pairwise comparable blue vertices. Since there are ¢ + 1 blue
layers in our coloring, either @ or [n + t] are contained in 7. Both of these vertices are
comparable to every other vertex of the copy of P. However, every blue vertex of P is

incomparable to every red vertex of P, a contradiction. O

Lemma 5.9. Forn > 3, E(Agb) () Ag), Qn) =n+2.

Proof. The lower bound E(Agb) ) Ag), n) > R(A2,Qn) = n+ 2 follows from Theo-
rems 5.2 and 4.4. For the upper bound, let N = n + 2 and fix an arbitrary blue/red
coloring of the Boolean lattice Q@ = Q([N]). We shall show that there is either a colored
copy of Agb) ) Ag") or a monochromatic copy of Q.
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We say thata layer {Z € Q : |Z| =i}, i € {1,...,n+ 1}, is almost red if it contains
at most one blue vertex, and almost blue if it contains at most one red vertex. We can
suppose that every layer i, where i € {1,...,n + 1}, is almost red or almost blue;
otherwise, such a layer contains a copy of Agb) ) Ag). If there are consecutive layers 7
and i+ 1,4 € {1,...,n}, such that one of them is almost red and one is almost blue,
then it is straightforward to find a copy of Aéb) ) Ag’“), so suppose otherwise. Without
loss of generality, every layer is almost red.

First, assume that any two blue vertices in Q are comparable, i.e., the blue vertices
form a chain. Let b € [N] be a ground element contained in every blue vertex, except

for possibly @. Let a € [N] be a ground element contained in none of the blue vertices,

[N]\{b}

except for possibly [N]. Note that the sublattice Q| {a} contains no blue vertex. Since

its dimension is N — 2 = n, the sublattice is a red copy of ),,, as desired.

From now on, suppose there are two blue incomparable vertices. Pick two blue
vertices X,Y € Q such that

e X »Y,ie, X and Y are incomparable,
e |X|<Y], and
* |Y|— |X]is minimal among such pairs, i.e., there are no two X', Y’ € Q such that

X'V, | X' <Y, and |Y'| — | X'| < |[Y] — | X].

Because layers | X| and |Y'| are almost red, we see that 1 < |X| < [Y| < N —1. We
distinguish three cases, depending on whether | X| =1and [Y| =N — 1.

Case 1: | X| > 2.

Since X ¢ Y, there exists a ground elementa € X \ Y. Let
F={Ze€Q:|Z|=|X|, a€ Z},

so X € F. Note that F is a layer of the (/N — 1)-dimensional sublattice Q!E{ﬁ, therefore

the size of F is N1 N1
— B > ) =N-1
A= ()2 (1)

In particular, there exist two distinct vertices Uy, Uy € F \ {X}. We claim that X, Y,
Ui, and U, form a copy of Agb) @ Ag). Indeed, X and Y are blue and, since layer | X|
is almost red, U; and U, are red. Recall that F is a layer of a sublattice and thus an

antichain, so Uy, Uz, and X are pairwise incomparable. Furthermore, Y is incomparable
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to each of Uy, Uy, and X, because on the one hand |U;| = |Uz| = | X| < |Y|, and on the
other hand a is contained in each of Uy, Uy, and X, buta ¢ Y.

Case2: Y| < N —2.

We proceed similarly to Case 1, so we only sketch the proof. Leta € X \ Y, and let
F={ZeQ: |Zl =|Y]|, a ¢ Z}. Observe that |F| > N — 1, so we find vertices
Ui, Uy € F such that X, Y, Uy, and U, form a copy of Agb) () Ag).

Case3: |X|=1land |Y|=N — 1.

Since X and Y are incomparable, there is a ground element a € [N] such that X = {a}
and Y = [N]\ {a}. Fix some distinct ground elements b,c € [N] \ {a}. Assume that
there is a blue vertex U in the sublattice Q}[{jg}]\{c}. We shall find a contradiction to the
minimality of X and Y. Since layer 1 of the Boolean lattice Q is almost red and X is
blue, the vertex {b} is red, so |U| > 2. Similarly, [N] \ {c} is red, which implies that

U] <N —2.

e Ifa e U,thenU and Y = [N]\ {a} are incomparable, and |Y| — [U| < N — 2 =
|Y| — | X, contradicting the minimality of |Y| — | X]|.

e However, if a ¢ U, then U and X = {a} are incomparable, and |U| — | X| <
|Y'| — | X, which also contradicts the minimality of Y| — | X|.

Therefore, the sublattice Q| [{JZ}]\{C} is a red copy of Q. O

Lemma 5.10. Let A be a colored antichain such that there are three vertices of the same color.
Then for sufficiently large n, R(A,Q,) =n + 3.

Proof. The bound R(A,Q,) > R(A3,Q,) =n+3isa consequence of Theorems 5.2
and 4.1. In the remainder of the proof, we bound R(A,Q,) from above. Let s be the
number of vertices of A colored in the majority color, so s > 3. Lett = s + 22°. Let
N = n+ 3, and fix an arbitrary blue/red coloring of the Boolean lattice Q = Q([V])
which contains no monochromatic copy of @),,. We show that thereis a copy of A&’“’ @Agb)
in this coloring, so in particular, there is a copy of A. It was shown in Theorem 4.1 that

for sufficiently large n,
R(A4,Qn) =n+3=N.
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Since there is neither a blue nor a red copy of @, there exists a red copy A’ of A; as
well as a blue copy B’ of A; in our coloring. Note that neither @ nor [N] are contained

in the antichains A" or B/, since each of @ and [N] is comparable to every vertex of Q.

Our proof idea is to find s red vertices in A’ and s blue vertices in 3/, denoted by Z;,
i € [2s], which are “easily separable”, i.e., such that there exist ground elements a; € Z;
and z; ¢ Z; with a; # x; for any indices ¢,j € [2s]. While we cannot guarantee that
the vertices Z;, i € [2s], form a colored copy of the desired antichain, we shall show
that there is a large sublattice Q' parallel to the vertices Z;, i € [2s]. Any antichain of
size 2s — 1 in Q' contains s monochromatic vertices. These monochromatic vertices,
together with all Z;’s of the complementary color, shall form a copy of Ag” ) AS’), as

desired.

Fix a vertex Z; € A’, and let a; € Z; and x; € [N]\ Z; be chosen arbitrarily.
We proceed iteratively. For i € {2,...,s}, assume that we selected distinct vertices
Zi,...,Z;i—1 € A" and ground elements ay,...,a;—1,21,...,2z,—1 such that a; € Z;,
x; € [N]\ Zj, and a; # xj for any j,j' € [i — 1]. In the next iterative step, pick a vertex
Z; € A’ such that

e 7;is distinct from Z1,...,7Z;_1,
e thereisana; € Z; with a; ¢ {z1,...,2;_1}, and

e thereisan z; € [N] \ Z; with z; ¢ {al, ... ,ai,l}.

To show that Z; is well-defined, let F; be the set of vertices that fail at least one of
these criteria. We need to verify that |F;| < |A'|. The vertices in F; are Z,...,Z;_1
as well as all subsets of {z1,...,z;—1} and all vertices of the form [N]\ X, where
X C{ai,...,a;—1}. Thus, the size of F; is

IFil <@i—-1) 4271 +27 < (s — 1) +2° <t = | A,

so a triple (Z;, a;, z;) with the desired properties exists in every step i. After iteration

stepi=s,let A={Z,...,Zs}. This subposet of A’ is a red antichain.

We proceed similarly for B/, i.e., for i € [s], we select Zs1;, as4i, and xs4;. Pick
a vertex Z,y1 € B’ such that there are a5y € Zs11 with agy1 ¢ {x1,..., 25} and
Zst1 € [N]\ Zs41 with z541 ¢ {ai1,...,as}. This is possible because the number of
“bad” vertices is 2° + 2° < |B'|. Iteratively, let i € {2,...,s}. Assume that we defined
distinct vertices Zs11,...,Zsyi—1 € B and asy1,...,a54i-1,Ts11,--.,Tsri—1 such that
aj € Zj,x; € [N]\Zjforj € {s+1,...,s+i—1},and aj, # xj, forany ji, jo € [s+i—1].
We choose Z,; € B’ such that
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® Z.y;isdistinct from Zs 1, ..., Zsti—1,
e thereis an asy; € Zs1; such that as4; ¢ {z1,...,2s+i—1}, and
e thereisan zsy; € [N]\ Zsy; with sy & {a1,...,as4i—1}.

The number of vertices for which one of these properties fails is at most
(-1 +2F 2t < (s —1) 4227 22 <t = 1B,

SO Zs+i, asti, and xsy; can be chosen in every step. Let B = {Zs11 ..., Z25}, and note
that this is a blue antichain. We remark that .A and B are disjoint, because A is red and

B is blue. However, A U B might contain comparable vertices.

Consider the sublattice @' = {X € Q: {z;: i € [2s]} C X C [N]\ {a;: i € [25]}}.
This subposet is well-defined, because a; # z; for any i, j € [2s]. We claim that Q' is
parallel to AUB. Let X € Q" and i € [2s]. Since z; € X \ Z; and a; € Z; \ X, we see
that X and Z; are incomparable, so Q' is parallel to .A and B. The dimension of Q' is at
least n — 4s. For sufficiently large n, there exists an antichain P’ on 2s — 1 vertices in Q'
In particular, P’ contains a monochromatic antichain P on s vertices. If P is blue, then
AUPisacopy of A @ AP 1f P is red, then P U Bis a copy of A" @ AP, O

Proof of Theorem 5.3. Lemma 5.8 implies that fi(/l(lb) ) AY), Qn) =n+2. By Lemmab5.9,
E(Aéb) ) Ag), Qrn) = n + 2, thus also

n+2=RAY 04" Q,) < RAY © A1, Q,) < RGAY 0 A, Q) =n +2,

and similarly E(Agb) ) Ag) , Qn) = n+2. For any other non-monochromatically colored
antichain, the poset Erdés-Hajnal number is determined by Lemma 5.10. O

5.4 FORBIDDEN CHAINS

5.4.1 Proor oF THEOREM 5.4

Throughout this subsection, let C be a fixed colored chain on t vertices Z; < Zy <
.-+ < Zy. For i e [t], we denote by C

?1 the subposet of C' consisting of its 7 smallest
vertices Z; < --- < Z;, colored as in C. Additionally, let C }Z) be the empty colored

poset. In this subsection, Q is a Boolean lattice with a fixed C-free blue/red coloring.
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We partition the vertices of Q into so-called phases. The i-th phase of Q with respect to
C is defined as the family of vertices

]—“ZC = {X €Q: Q}‘; contains a copy of C

Zi_ -
7., butno copy of C

Z;
AL
Here, Q!‘;( inherits the coloring from Q. See Figure 5.2 for an example of phases of Q4.

We remark that ]-"ZC might be empty.

Figure 5.2: A colored chain C and a C-free blue/red coloring of Q4 with sets .EC, i € [4].

Denote the color of Z;, the i-th vertex of C, by ¢; € {blue,red}, and let ¢; be its

complementary color. Let I(C') be the set of indices for which there is no color switch in
C, ie.,
I(C) = {Z € {2,...,t} L= Cz’—l}-

In our example, I(C') = {2}. For i € [t], we define A; as the set of minimal vertices

of ]-"ZC. For example, in Figure 5.2, the set A, consists of the three red vertices in ]-"20 .

The following properties are immediate, so we omit the proof.
Lemma 5.11.
(i) The families }'lc, e ’}-tc'* partition Q.

(ii) Let X, Y € Quwith X € ]-'Z-C and Y Efjcforsomei,j €t]. f X CY, theni<j.

The next lemma shows that the color of each vertex in Q is determined by its phase.
Lemma 5.12.
(i) Every vertex in .7-"10 has color ¢;.
(ii) Let 2 < i < twith ¢; # c;—1. Then every vertex in EC has color ¢;.

(iii) Let 2 < ¢ < t with ¢; = ¢;—1. Then every vertex of A; has color c¢;, and every vertex in
FE\ A; has the complementary color ¢;.
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Proof. Part (i) is immediate from the definition of ]:10 .

For part (ii), consider an index 7 > 2 with ¢; # ¢;—1. Let X be an arbitrary vertex
in F7C. By definition of FC, there is a copy D of ?;1 in Q}g. If X has color ¢; = ¢;_1,
then X has a different color than the maximal vertex of D and is larger than any vertex
of D thus X ¢ TD In particular by adding the vertex X to the colored chain D, we

| in Q‘ .- This is a contradiction to the assumption X € F;". ¢ Thus,

the color of X is ¢;.
For part (iii), let i > 2 with ¢; = ¢;—1,1e., 7 € I(C), and fix a vertex X € ]:ZC.

e If X € A;, then X is minimal with the property that Q‘;( contains a copy of

> Z»L', Z’L*l . X .
C Z 7, n Q| o The vertex X is

the maximal vertex of Q“;, thus X is also the maximal vertex of D. In particular,

', In particular, X is contained in a copy D of C

X has color ¢;_1 = ¢;.

o If X ¢ A;, then there is a vertex A € ]—"ZC such that A ¢ X. Let D be a copy
of C ?;1 in Q‘g. If X has color ¢;, then D and X form a copy of C
contradicting that X is a vertex of F*. Therefore, X has color ¢;.

Z;

7, In Q‘;('

O]

Proof of Theorem 5.4. Let C be a colored chain on vertices Z; < --- < Z;. Recall that
A = A\(C) is the maximal integer ¢ such that C contains a copy of Cérbr) or C’ébrb). By
switching the colors, we can suppose without loss of generality that the minimal vertex
7y of C is red. In particular, this implies that the largest alternating chain in C is
red-alternating, i.e., C contains a copy of C’ (rbr),

For the lower bound on R(C, Qn) note that any C' ybr)-free colored Boolean lattice
is also C-free, so R(C, Q,) > R( (rér) ,Qn)

To show the upper bound on R(C,Qn), we present a non-constructive lower bound
on R( (rbr) ,Qn) in terms of R(C,Q,). Let N = R(C,Q,,) — 1 and Q = Q([N]). Select
an arbitrary blue/red coloring of Q which is C-free and contains no monochromatic
copy of Q.. This coloring exists because N < R(C,Q,). In Q, we shall find a copy Q'
of a Boolean lattice of dimension N — ¢ 4+ X which is colored C(Tbr) -free. This proves
that R(CU",Q,) > N —t + ), implying the desired bound R(C,Q,) = N + 1 <

R(CT™ Qu) +t— A,

Next, we construct Q" C Q. For i € [t], we denote by F; = }'Z-C the i-th phase of
Q with respect to C.LetI =1 (C’), i.e., the set of indices for which there is no color

switch in C'. Observe that |I| = ¢t — . Recall that .4; denotes the set of minimal vertices
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in F;. Note that each A; is an antichain. Given any m antichains in Q([N]) for some
m € N, Corollary 0.11 implies that Q([/V]) contains a copy of an (N — m)-dimensional
Boolean lattice not containing a single vertex of any of the antichains. Thus, there exists
a copy Q' of a Boolean lattice of dimension N — |I| = N — ¢ + A such that Q' is disjoint

from every A;, i € I.

For every i € [t], let 7/ = F; N Q', see Figure 5.3. By Lemma 5.12, each F}, i € [t], is
monochromatically colored with color ¢;. Furthermore, by Lemma 5.11 (i), we see that

1,...,F{ partition Q'.

Hs

F N

C QCo

Figure 5.3: A colored chain C, families F; in Q, F/ in @', and H; partitioning Q’, where
t=9,s=5and A = 5.

Next, we define vertex families H1,. .., H, partitioning Q’, by merging families F;,
i € [t]. Thatis, let each H; be the union of consecutive phases F,’s of the same color,
such that for j > 2, H; and #H;_; have different colors, and such that consecutive
Hj’s contain consecutive phases. An illustration of this merging is given in Figure 5.3.
Observe that the number of color switches of #;s, i.e., indices j > 2 for which #; and
;1 have distinct colors, is equal to the number of color switches of .7-"{ ’s. Recalling

that each 7 has color ¢, this quantity is equal to the number of color switches in C,

which is A — 1. Therefore, s < .

Since the families #;, j € [s], consist of consecutive phases and by Lemma 5.11 (ii),

we have that forany X € H;, and Y € H;,,

if X - K then jl < j2. (51)

To show that Q' is C‘/(\rbr)-free, we assume that there is a red-alternating chain ¢/ of

length X in @', say on vertices Uy C --- C U,.
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e Ifthereis an 7{; which contains two vertices of i/, say Uy and Uy for some ¢, £’ € [)]
with ¢ < ¢, then (5.1) implies that Uy, € H;. Note that U, and Uy ; have distinct

colors. We arrive at a contradiction, because H; is monochromatic.

* If every H;, j € [s], contains at most one vertex of U, then every #; contains
exactly one vertex of U, since U has length A > s. In particular, #; N U is not
empty. By (5.1), Uy € Hi. The chain U is red-alternating, so U; is red. However,
1 has the color of 77, i.e., ¢;. Recalling that Z;, the minimal vertex of C,isred,

we conclude that #; is blue. This is a contradiction.
d

5.4.2 Proor oF THEOREM 5.5

We break down the proof of Theorem 5.5 into three parts: Theorem 5.5 is immediate
from Lemmas 5.13, 5.14, and 5.15.

Lemma 5.13. For every n € N, R( (rér) ,Qn) = ( (rir) 7Qn) =2n.

Proof. The lower bound is a consequence of Theorem 5.1. Since R( (rér) ,Qn) <
ﬁ(C’?Erbr), Qn), it remains to show that E(C’érbr), Qn) < 2n. Let @ = Q([2n)), and pick

an arbitrary blue/red coloring of Q. We shall find a copy of C’érbr)

or a monochromatic
copy of @, in this coloring. If the longest red chain in Q has length at most n, Corol-
lary 0.11 guarantees the existence of a blue copy of a Boolean lattice with dimension at
least n. So, suppose that there exists a red chain of length n + 1. We denote its minimal
element by A and its maximal element by B, i.e., A C B and |B| — |A| > n. If there is a

i, then the vertices 4, Z, and B form a copy of Cz,()rbr).

Otherwise, Q‘i is a red copy of a Boolean lattice of dimension |B| — |A| > n. O

Lemma 5.14. Let n € Nand t > 3. Then R(C\"™,Qn) < (t — 1)n.

Proof. We prove this statement using induction. The base case ¢ = 3 is shown in
Lemma 5.13. Suppose that R(C\"" Q,,) < (t — 1)n for some t > 3. We shall show that
R( t:bf ,Qn) < tn.Let N = tn and choose an arbitrary blue/red coloring of the host
Boolean lattice @ = Q([NV]). Fix any vertex Z € Q([N]) with |Z]| = N —n = (t — 1)n,
and consider the sublattices Q‘g and Q‘[ZN}. By induction, we find in Q@ either a
monochromatic copy of @,,, which completes the proof, or a copy D of C’frbr). In the
latter case, let X € Q|[ZN} be a vertex colored differently than the maximal vertex in D.

)

Then D and X form a copy of C"fibf . If there exists no such vertex X, then the sublattice

Q’[ZN} is a monochromatic copy of Q. -
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Lemma 5.15. For sufficiently large n, R(C\™™,Q,) > 2.02n.

Outline of the proof idea for Lemma 5.15: Let ¢ = 0.02. Let n be a natural number,
and let N = (2 + ¢)n. First, in Lemma 5.16, we use a probabilistic argument to find
two families S and 7 of vertices in the Boolean lattice Q([V]) in layers (1 — ¢)n and

(14 2¢)n, respectively, which have two properties:
(1) every vertex in S is incomparable to every vertex in 7, and
(2) both S and T are “dense” in their respective layer.

Afterwards, we formally define a blue/red coloring in Construction 5.17, as illustrated
in Figure 5.4. We need (1) to ensure that this construction is well-defined. As a final
step, we shall show that there is no monochromatic copy of @, and no copy of C’irbr)
in our construction, for which we use (2). Recall that we omit floors and ceilings where

appropriate.

N=(2+¢)n

N —n/2
(14 2¢c)n

Figure 5.4: Blue/red coloring of Q([N]) based on S and 7 in Construction 5.17.

Lemma 5.16. Let ¢ = 0.02. Let N = (2 + c)n for sufficiently large n. Then there exist families
S and T of vertices in Q([N]) with the following properties:

(i) Forevery S €S, |S|= (1 —c¢)n. ForeveryT € T, |T| = (1 + 2¢)n.
(ii) Every two vertices S € S and T' € T are incomparable.

(iii) For every pair of disjoint sets A, B C [N] with |A| = § and |B| = n, there exists an
SeSwithS CAUBand |[BNS| < 3.

(iv) For every pair of disjoint sets A, B C [N] with |A| = § and |B| = n, there exists a
T eTwithT DO [N]\ (AUB)and [B\T| < 3.
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Proof. First, we introduce several families of vertices in Q([N]). Let s = (1 — ¢)n and

t = (1 + 2¢)n, and denote the corresponding layers of Q([N]) by
and L;={Z e Q([N]): |Z|=t}.

Lo={ZcQN): |2]=s)

Let
Cone; = {Ks(A,B): A, BC[N], ANB=g, |A|=1%, |B|=n}

be a collection of cones K(A, B), which are defined as

Ks(A,B)={S€L;: SCAUB, |BNS| <1},

as illustrated in Figure 5.5. Similarly, let
Cone; = {Ki(A,B): A, BC[N], ANB=g, |A|=1%, |B|=n},

where a cone (A, B) is a family of vertices given by

Ki(A,B)={T € Ly: T2 [N]\(AUB), |IB\T| < %}.

Furthermore, we define the neighborhood of a vertex S € L; as

Ni(S)={T eLy: TDS}.

‘, Ki(A,B) Ni(S)

.
N 1
.7 1 h
< \
1
I

AUB, " )

S vaue

layer L :‘,l R EERE o§o .
" KA, B) f

Figure 5.5: Examples for families KCs(A, B), Ki(A, B), and N.(S)

We shall find families S and 7 such that

(i) SCLsand T C Ly,
(ii’) forevery S €S, M(S)NT =9,
(iii") for every K € Coneg, there exists an S € X NS, and

(iv’) for every K € Coney, thereisaT e KN T.
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Each property (i) to (iv’) implies the respective property (i) to (iv). Summarizing these
properties, the subposet S U 7 can be described as an antichain that is a “transversal”

of Cone, U Cone;.

To find the desired S and 7, we consider the following two random families. Let
p = 0.77". Randomly draw a family S’ by independently including each S € £, with
probability p. Similarly, draw a family 7 by including each 7" € £; independently with
probability p.

We say that an event E(n) holds with high probability, abbreviated by w.h.p., if
P(E(n)) — 1 for n — oo. In the following, we shall show that with high probability,
S8’ U T has a large intersection with every K € Cone, U Coney, i.e., ' UT is a “strong
transversal” of Cone; U Cone;. Afterwards, we deterministically refine &', by deleting
vertices which are “bad” with respect to property (ii’), resulting in a family S C §'.

Lastly, we shall verify that S has a non-empty intersection with every cone K € Cone;.

Recall that Stirling’s formula, see (0.1), implies that N! = ©(v/N) (%) N, Throughout
this proof, we repeatedly apply the following consequence of Stirling’s formula, which

is a reformulation of Proposition 0.3. For positive constants C' > d,

<0n> _ 8()VCn  (Cn)on edn e(C—dn
dn) — Van/(C—dm € (dn)® ((C — d)n)C=dn
1 cc "
= o(5) (wea=) - 52)

Claim 1: With high probability, every cone K € Cone; has an intersection with the
(unrefined) family S’ of size K N S’| > 1.66™.

Proof of Claim 1. For arbitrary fixed, disjoint A, B C [N] with |A| = § and |B| = n,
let £ = Ks(A, B) € Cone;. Each element in K is included in &’ independently with
probability p. Thus,

KNS'| ~Bin(|K|,p), and E(KNS|) =I|K|-p=I|K|-0.77".

We shall bound |K| from below. If S € KCs(A, B), then S consists of s elements, so
IBNS|=1[S|—|ANS|>s—|A| > (3 — ¢)n. Thus, (3 — c)n < |[BN S| < Z. Using (5.2)
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and ¢ = 0.02, we see that the size of K is

Kl =

>

cn

>,

=0

(
(

2.

Al

n/2

wr2-0) (o2

o) o)

ien) (afe)

° (o) (Fam=amremmm)

17,

where the last bound holds for sufficiently large n. In particular, for large n,

E(KNS|)=|K|-p>217"-0.77" > 2-1.66".

The multiplicative form of Chernoff’s inequality, see Corollary 23.7 in Frieze and

Karoniski [32], provides that for a random variable X with binomial distribution and

forO0<a<1,

POX < (1-0)8(0) < op (- EH)

2

Using this inequality for X = K NS’|and a = ,

P(IKNS'|<1.66") <

IN

<

P (y/c ns'| < (1 - ;) E(IK 08’)>

oxp (- EUEDSD)

exp (—4 - 1.66")

Let Xxns' be the random variable counting cones K € Cone; such that [KNS’| < 1.66".

The expected value of Xys is

E(X/COS’)

IN

<

2.

P(KNS'| < 1.66")

KeConey

2

BCIN],

|Bj=n

D exp(—4-1.66")
ACIN\B,
|Al=n/2

22N exp (—4 - 1.66™)

24.04n

exp (—4-1.66") — 0 for n — oo,

thus w.h.p., Xixns = 0, i.e., every cone K € Cone; has a large intersection with §’. This

proves Claim 1.
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Claim 2: With high probability, | N 7| > 1.66™ for every K € Cone;. In particular,
w.h.p., T has property (iv’).

Proof of Claim 2. This claim can be shown similarly to Claim 1, so we only provide a
sketch of the proof. Fixa K = K;(A, B) € Cone;. Note that

IKNT|~Bin(|K[,p), and E(KNTI|) =|K|-p=I|K|-0.77".

The size of K is bounded from below as follows:

cn

Kl = Z<t_HN]\(AL‘JABJ)‘—(n/2+i)><”/’2B“”>

1=0

<"C{1 2) (n’;2> > 2.17"

Thus, E(JKNT]) = |K|-p > 2-1.66". Analogously to Claim 1, this implies that w.h.p.,
IILNT| > 1.66" for every cone K € Coney.

We say that a family of vertices K C L, is bad if for every S € KNS, the intersection
N(S)NT is non-empty. We shall show that w.h.p., there exists no bad cone K € Cone;.

Claim 3: Let K € Cone, such that [ N S’| > 1.66". Then P(K is bad) < 0.98™(104",

Proof of Claim 3. First, we evaluate P(K’ is bad) for a subfamily £’ C K N S'. We
construct K’ such that the neighborhoods N;(S), S € K', are pairwise disjoint, by using
a greedy process. Let K = K N &'. Pick a vertex S; € K° to be added to K'. Let K!
be the set of remaining vertices in S € K°\ {1} for which the neighborhood A () is
disjoint from N (S;). Iteratively for i > 2, as long as K'~! £ &, pick a vertex S; € K1
to be added to K’. Let K! C K~! be the set of vertices S € K1\ {S;} for which
N:(S) NN(S;) = @.

If K7 = &, we stop the process, and let X' = {S1,...,S;_1}. By construction,
the families NV;(S), S € K', are pairwise disjoint. We shall bound |K’| from below
by overcounting the vertices excluded from K’ in every step i of this process, i.e.,
those vertices S € K'~! such that the neighborhoods of S and S; have a non-empty
intersection. Recall that N = (24 ¢)n, s = (1 — ¢)n, and ¢t = (1 + 2¢)n for ¢ = 0.02.
By (5.2),

N—s (14 2¢)n 1.041:04 "
i) = = < < 1.26". .
NS0l < t—s > < 3cn > - (().060-06 -0.98098 ) — 0 (:3)
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Similarly, there are at most 1.26" vertices S € L, suchthat S C T foreach T € N;(S;).
Thus, there are at most 1.262" vertices S in L4 such that N;(S) N AN;(S1) # @, see
also Figure 5.6. In particular, |[K®\ K~1| < 1.26>", independently of i. Using that
K NS’'| > 1.66", we can bound the number of steps in the greedy process from by

/ n
K> KNS 166" <1.66

n
> 1.04".
1.262n — 1.262n — 1.262> -

Ni(S) ~ Ni(Si)

layer L,

Figure 5.6: Vertex S € L, for which the neighborhood N;(.S) intersects N;(.S;).

Our goal is to bound the probability that the cone K is bad. If K is bad, then in

particular K’ is bad, so
P(K isbad) < P(K'isbad) = P(forany S € K', Ni(S)NT # @),

where we used that K’ C §’. We defined K’ such that the neighborhoods NV(S), S € K,
are pairwise disjoint. In particular, the probability that a vertex 7' € N;(S) is included
in T is independent of every 7" € N;(5"), S’ € K'. Thus,

P(K'isbad) = ] PW(S)NT # @).
SeKx’!

Next, we bound P(N;(S) N T # @) for any fixed S € K'. By (5.3),

PIN(S)NT #2) < Y P(TeT)=N(S)|-p < (1.26-0.77)" < 0.98".
TeN(S)

Therefore,

P(K is bad) < P(K’ isbad) < [ 0.98" = 0.98""'I < 0.98"(104)",
SeK’
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Claim 4: With high probability, there is no bad cone K € Cone;.

Proof of Claim 4. By Claim 1, we have that with high probability, | N 8’| > 1.66™ for
every K € Cone;. From now on, suppose that &’ has this property. Let Xp,,4 be the
random variable counting the number of bad £ € Cone,. By Claim 3, the expected

value of X},q i

E(Xpaa) = », P(Kisbad)
KeCones
< Z Z P(K is bad)
BC[N], AC[N
|Bl=n |A| n/2

IN

< 94.04n() gen(1.04)" _ () for n — 00,

thus, by Markov’s inequality, P(Xp,q > 1) — 0, and so, w.h.p., X},,q = 0. In particular,
w.h.p., both conditions | NS’| > 1.66" for every K € Cone; and Xp,g =0 are
fulfilled, which proves Claim 4.

By Claims 2 and 4, we know that w.h.p., for the randomly selected families S’ C £,
and 7 C L, there exists no bad cone in Cone;, and for every K € Cone;, KNT # @.

This implies in particular the existence of two families S’ and 7 with these properties.

For such fixed &’ and T, we refine the family S’ as follows. Let S be obtained from
S’ by deleting all vertices S € S’ for which V;(S) N T # &, i.e., for which there is a
T € T such that S C T. By construction, S and 7 possess properties (i') and (ii’).
Since there is no bad K € Cone,, there exists an S € K N&’, for which the intersection
N(S) N'T is non-empty. Using the definition of S, we know that S € S, thus S has
property (iii’). Furthermore, 7 has property (iv’). Therefore, the families S and 7 are

as desired. O

Construction 5.17. Let n and N be integers such that N > 2n. Let S and 7 be two
families of vertices in Q([V]) such that forevery S € Sand T € T, itholds that |S| < |T|
and S Z T. We define a blue/red coloring of the Boolean lattice Q([N]).

Let V7 be the set of all vertices Z € Q([N]) with |Z] > § such that there exists a
T € T with Z C T. Similarly, let Vs be the set of all Vertlces Z € Q([N]) for which
|Z| < N — % and thereisan S € S with Z O S. Observe that V7 and Vs are disjoint,
since the Vert1ces of S and T are pairwise incomparable. Let W5 be the set of vertices
Z € Q([N]) with § < |Z] < g and Z ¢ Vs. Similarly, let WWr be the set of vertices
Z € Q([N]) forwhlch J<|Z|<N-Zand Z ¢ V7.
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As illustrated in Figure 5.7, we color Z € Q([N]) in
* blueif [Z] < 3,

e redif Z € Vr UWg,

e blueif Z € Vs UWr,

e redif [Z| > N — 3.

Note that this construction is well-defined if and only if S and 7 are element-wise

incomparable.

Figure 5.7: Vertices in the sets V7, Vs, Wy and Ws for exemplary S € Sand T € 7.

Proof of Lemma 5.15. Let ¢ = 0.02, and let N = (2 + ¢)n for sufficiently large n. Let S
and 7 be two families with properties as described in Lemma 5.16. Color the Boolean
lattice Q([V]) as defined in Construction 5.17, and let Vs and V7 as in Construction 5.17.
It is easy to see that this coloring is C’irbr)-free, by using the observation that for every
two vertices A, B € V7 U Ws with A C B, the subposet {Z € Q([N]): AC Z C B}
is red. We shall show that there is no monochromatic copy of @,,, which implies that

R(CT™ Qn) > N = 2.02n.

Assume towards a contradiction that there exists a red copy Q' of @,, in Q([N]). By
the Embedding Lemma, Lemma 0.9, there is an n-element X C [N] such that Q' is the
image of an X-good embedding ¢, i.e., an embedding ¢: Q(X) — Q([N]) such that
#(X)NX = X for every X € X. Note that |¢(@)| > n/2, because ¢(2) is red. Let A
be an arbitrary subset of ¢(@) of size |A| = n/2, see Figure 5.8. Since ¢(@) N X = &,
the subsets A and X are disjoint. By property (iii) in Lemma 5.16, we know that there
existsan S € Swith S C AuXand |SNX| <n/2.
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Figure 5.8: Embedding ¢ of Q(X) into Q[N].

Let S’ = SN X. We analyze ¢(5) to find a contradiction. First, we claim that S C
#(S"). Indeed, using that ¢ is an embedding, we know that SN A C A C ¢(@) C ¢(5").
Moreover, since ¢ is X-good, S” C ¢(S"). Therefore, S = (SN A)US" C ¢(5’). Because
SeSand S C ¢(9"), either ¢(S’) € Vs or [¢(S")] > N — 5. Recall that ¢(S’) is a vertex
in the red poset Q', but every vertex in Vs is blue. This implies that ¢(S’) ¢ Vs, so
|p(S")] > N — §. However, because ¢ is X-good, $(S5") N (X '\ ') = @, so

|p(S")| < N —[X\S'|=N—-[X|+[SNX|<N -3,

a contradiction. By a symmetric argument, there exists no blue copy of @,,. Therefore,
R(C™ Qn) > N, 0

In particular, we find that R(Qy, Qn) > R(C", Q) > 2.02n. We remark that with

the here presented approach it is not possible to push the lower bound on R(Q,,, Q»)
higher than R(C{"", Q,,), i.e., higher than 3n.

5.5 FoORBIDDEN BOOLEAN LATTICES

Proof of Theorem 5.7. Recall that Q¥™™, Q¢", Q™ and Q{™™ are defined as de-
picted in Figure 5.9. All four lower bounds follow directly from Theorem 5.1.

Q'(Zbrbb) : ngrrb) : Q(erbb) : Q(Zrbbb) :

Figure 5.9: Non-monochromatic blue/red colorings of the Boolean lattice Q.
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@: R(QY™,Qn) < 2n.

For n = 1, the statement is trivial, so suppose n > 2. Fix an arbitrary blue/red coloring
of @ = 9Q([2n]). We shall show that there exists a copy of ngrbb) or a monochromatic
copy of @,,. Let ¢ be the length of a longest blue chain in Q. If ¢/ < n, then we apply
Corollary 0.11, i.e., the bound R(Cy41,@n) = n + £ < 2n, to find a red copy of Q.

So, suppose that ¢ > n. In Q, fix a blue chain C of length ¢ with minimal vertex A
and maximal vertex B. The sublattice Q‘i has dimension [B| — |A| > ¢ —1 > n. If
there exists no red vertex in this sublattice, there is a blue copy of @,,. Otherwise, let
R ¢ Q‘ , be a red vertex. We claim that there is a copy of Q(brbb Note that A and B
are blue and Risred, so |A| < |R| < |B].

e If there is a blue vertex Z € Q!f with |Z| = |R|, then A, R, Z, and B form a copy
of Ot

e Suppose that every vertex Z € Q‘i with |Z| = |R| is red. Since ¢ > n > 2,
there is a blue vertex Z; € C such that A ¢ Z; C B. We shall find a red vertex
incomparable to Z;. Leta € Z; \ Aand b € B\ Z;. Since |A| < |R| < |B|, there
exists a vertex R; with AU {b} C Ry C B\ {a} and |R;| = |R|. Note that R; is
red and incomparable to Z;, so the four vertices A, Ri, Z;, and B form a copy

of Q(brbb .

(ii): R(Q (brrb) ,Qn) < 2n.
Let N = 2n and Q = Q([V]). Fix an arbitrary blue/red coloring of Q. We distinguish

two cases.

Case 1: There exist two blue vertices A, B € Qwith A C Band |B| — |A| > n+ 1.

f, this sublattice contains a blue copy of @), so let R; be

a minimal red vertex in Q‘i. Let a € Ry \ A. If there is no red vertex in the sublattice

Q’B\{a}

A again there is a blue copy of @,,. So, suppose that there exists a red vertex

B\{ b We claim that A, Ry, Ry, and B form a copy of Q(bwb Indeed, it is clear
that A C Ry € Band A C Ry C B. Furthermore, we know that R; Z R,, because

a € Ry \ Re,and Ry ¢ Ry, because R; is chosen to be minimal.

Case 2: For any two blue vertices A, B € Q with A C B, it holds that |B| — |A| < n.

Pick an arbitrary X C [N] with |[X| = n. Let Y = [N]\ X, so |Y| = n. Let F be the
family of all X C X such that the vertices X and X UY are both blue. Note that possibly
F = @. Assume that for some X € F, there is a vertex X’ ¢ X which is blue. Then X'
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and X UY are comparable blue vertices with | X UY|—|X'| > | X UY|—|X| = n, which

is a contradiction. Therefore, every proper subset X’ of X € F is red. In particular,
XUY .
v s

monochromatic, the proof is complete. Thus, we can suppose that for every X € F,

F is an antichain (or empty). If there is an X € F such that the sublattice Q|

there exists a red vertex X U Yx forsome Yy C Y.

We shall construct an embedding of @,, with a red image. Define the function
¢: Q(X) — Qsuch that for X € 9(X),

X, if Q‘;{ is monochromatic red,
#(X) =4 X UVYy, if Q‘g is not monochromatic red and X € F,
XUY, if Q‘g is not monochromatic red and X ¢ F.

Using that F is an antichain, it is easy to see that ¢ is an embedding of Q(X). To show
that ¢ has a red image, let X € Q(X).

o If Q‘;( is red, then ¢(X) = X is red.
o If Q‘g is not monochromatic red and X € F, then ¢(X) = X U Yy is red.

e IfO ‘;( isnot monochromaticred and X ¢ F, then assume towards a contradiction
that ¢(X) = X UY is blue. If the vertex X is blue as well, then X € F,
which is a contradiction. So, we conclude that X is red. However, Q‘;( is not
monochromatic red, so there is a blue vertex X’ C X. In particular, X' C X UY
and [X UY]| —|X'| > | X UY]| — | X| = n, a contradiction.

Therefore, the image of ¢ is a red copy of Q.

Gii): R(QV™ . Qn) < 2n.

Let N = 2n, and fix an arbitrary blue/red coloring of @ = Q([N]). There are two cases.

Case 1: There exist two red vertices Ry, Ry with R; C Ry and |Ra| < n.

Fix an arbitrary U with Ry C U C Ry and |U| = |Rz| — 1, see Figure 5.10. Note that
possibly U = R;. Let a € [N] with Ry \ U = {a}. The sublattice Q‘g\/ ' has dimension
atleast N — |U| = 2n — |R2| + 1 > n + 1. We consider the auxiliary coloring of Q|5V )
obtained from the original coloring of Q by recoloring U in red. We apply the Chain
Lemma, Lemma 0.10, for Y = {a} to the auxiliary coloring of Q|5V ], This lemma
implies that in the auxiliary coloring, there is either a red copy of @),, or a chain on two
blue vertices By C By witha ¢ By and a € Bs.
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In the first case, recall that Ry C U is a red vertex. By replacing U with R; in the
copy of ), we obtain a red copy of ), in the original coloring of Q. In the second case,
observe that B; and B, are also blue in our original coloring. We shall prove that the
vertices Ry, Rz, B1, and B; form a copy of Qg”"b*’) in the original coloring of Q. Indeed,
wesee that Ry CU C B; C Byand Ry C Ry = U U {a} C Bsy. The vertices Ry, Ry, By,
and B, are pairwise distinct. Note that Ry Z By, because a € Ry \ B;. Furthermore,
By ¢ R, because otherwise By = U, which contradicts that By and U have distinct

colors in the auxiliary coloring.

)\ fap N

/32

By
[szz = UU{(L}
Ry

(%]

Q

Figure 5.10: Construction in Case 1 of (iii).

Case 2: The red vertices in layers 0,...,n of Q, i.e., in the “lower half”, form an

antichain A.

First, suppose that there exists a blue vertex B € Q with |B| > n + 1, i.e., in the “upper
half”. In the sublattice Q g
n+1,n+2,...,|B| — 1. Therefore, the length of the largest red chain in Q’g is at most

, every red vertex is either in A or contained in some layer

| B| — n. By Corollary 0.11, there exists a blue copy of a Boolean lattice with dimension
atleast |B| — (|B| —n) =nin Q‘g. From now on, suppose that the “upper half” is red,

i.e., every vertex Z € Q with |Z| > n + 1 is red.

¢ If every vertex Z € Q with |Z| < n is blue, then for any U € Q with |U| = n, the
sublattice Q‘g is a blue copy of Q,,.

e If there exists a red vertex R € Q with |R| < n, then the sublattice Q‘[g] contains
n + 1 entirely red layers, so the largest blue chain in Q‘g} has length at most
(N —|R|4+1)—(n+1) = n—|R|. Thus, Corollary 0.11 guarantees the existence of
a red copy of a Boolean lattice with dimension at least (N — |R|) — (n — |R|) = n.
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(iv): R(QV™ Q) < 2n+ O

logn)

Recall that A, is the 3-element A-shaped poset. In Corollary 1.4 we showed that
R(A2,Qn) <n+O0($%:). Let N = n+ 1+ R(A2,Qy), and let Q = Q([N]). We choose

an arbitrary blue/red coloring of Q. Fix an inclusion-minimal red vertex R € Q. If

logn

g, so suppose that |R| < n.

|R| > n, there is a blue copy of @, in the sublattice Q
Let A € Q such that A is “directly above” R in the Hasse diagram, i.e., A O R with
|A] = |R| + 1. Note that Q“L]‘V} has dimension N — |[A| > N —n —1 > R(A2,Qn),
thus qu contains either a red copy of @), as desired, or a blue copy of Ay. In the
latter case, the red vertex R and the blue copy of A, form a copy of Q;bbb Therefore,

RQY™ . Q,) < N < 2n+0(2). O

logn

While we have precisely determined the poset Erdds-Hajnal number for three of
the four color patterns of s, the upper bound R(G gbbb ,Qn) < 2n+ O(%-) differs

from the provided lower bound 2n by a sublinear margin. Recall that in Theorem 2.2

logn
we proved the lower bound

R(A2,@Qn) 2 n+Q(

logn)

which matches the upper bound for R(Az, Q),,) applied in our proof. It remains open
whether R(QV"™. Q) > 2n + Q(

struction would be the following: In the host Boolean lattice, assign the color blue to

G gn) An intuitive approach for a lower bound con-
. . - (b

every vertex in layers 0, ...,n — 2, and for all other layers mimic the Ag( )-free construc-

tion given in Theorem 2.9. However, the probabilistic argument used in Theorem 2.9

fails in this setting, because the 2-dimension of the host Boolean lattice is too large.



Chapter 6

Diagonal poset Ramsey numbers

6.1 INTRODUCTION OF CHAPTER 6

Recall that an induced copy of P is the image of an embedding of P into @, i.e., a function
¢: P — @ such that X <p Y if and only if ¢(X) <g ¢(Y) for any two X,Y € P. The
poset Ramsey number R(P, Q) of posets P and () is the smallest NV such that any blue/red
coloring of )y contains either a blue induced copy of P or a red induced copy of Q. In

this chapter, we refer to R(P, () also as the induced poset Ramsey number .

In Chapters 1 to 4, we have studied R(P, Q) for a fixed poset P and large n, mo-
tivated by an Erdés-Hajnal-type question. However, from the perspective of classic
Ramsey theory, the most fundamental question in the study of the poset Ramsey num-
ber is to estimate R(Q,,, @, ) for large n. The focus of this chapter is to provide improved
bounds on R(Q, Q) and related diagonal poset Ramsey results. The diagonal set-
ting R(Q», @») has been actively studied in recent years. First bounds were given by
Axenovich and Walzer [2] who showed that 2n < R(Q,,Q,) < n? + 2n. The upper
bound was improved by Walzer [74] to n? + 1, and then by Lu and Thompson [52]
to the best previously known value n?* — n + 2. Cox and Stolee [18] improved the
lower bound to 2n + 1 for n > 13, which was extended to all n > 3 by Bohman and
Peng [7]. The best known estimate from below is given in Corollary 5.6, where we
showed that R(Qy, Q) > 2.02n for large n. In particular, the best known lower bound
is linear, while the best known upper bound is quadratic. It remains an open question
to determine the asymptotic behavior of R(Q,, @), which we address in Conjecture
6.10.

Related to R(Qy, @r) is the off-diagonal setting R(Qy,, Qr), where both m and n are

138
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large. Lu and Thompson [52] showed that for n > m > 4,
R(Qum,Qn) <n(m=2+0(%)) +m+3.

Here, the O-notation is used in terms of m. Our main result of this chapter is a
strengthened upper bound on the poset Ramsey number of @), and @,,, when m and

n are both large. Recall that ‘log’ refers to the logarithm with base 2.

Theorem 6.1. Let n,m € N with 22° < m < n. Then

R(Qu,Qn) <1 (m— (1 - 2=) logm) .

More generally, if n,m € Nwithn > mande € R, 0 < & < 1, such that 2™ . (1—5)110gm +
m~—¢ < g, then

R(Qwu Qn) < n(m - (1 - 6)2 log m)

Theorem 6.1 is the first improvement of the initial basic upper bound by Axenovich and
Walzer [2], see Theorem 0.2, by a superlinear additive term. Our result immediately

provides an improved upper bound on R(Qy,, Qr).

Corollary 6.2. For every ¢ > 0 and for sufficiently large n € N, depending on e,

R(Qn,Qn) <n®— (1 —e)nlogn.

Although the asymptotic behavior of R(Q,,Q,) is unknown, the diagonal poset
Ramsey number R(P, P) is known exactly for some basic posets P. Walzer [74] de-
termined the diagonal poset Ramsey number for chains and antichains, and bounded
this number for the standard example S,, i.e., the poset consisting of all singletons
and co-singletons of @),,, up to an additive constant 2. Chen, Chen, Cheng, Li, and
Liu [12] showed an exact bound on R(P, P) when P is the poset which consists of two
elementwise incomparable chains on a given number of vertices, with an added vertex

smaller than all other vertices.

Here, we study the diagonal poset Ramsey number R(P, P) for further posets P.
The n-fork V,, is the poset consisting of an antichain on n vertices with an added vertex
smaller than all other vertices. The n-diamond D,, is the poset consisting of an antichain
on n vertices and a vertex smaller than all others as well as a vertex larger than all

others.

Let n € N. Recall that the Sperner number o(n) is the minimal dimension N such

that @ contains an antichain of size n. Sperner [68] showed that a(n) is the minimal
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integer N such that (LN]\//2J) > n. It is a basic observation that a(n) < a(2n — 1) <
a(n) + 2, which we use repeatedly. Stirling’s formula, as stated in (0.1), yields that
a(n) = (1+o0(1)) logn, see also Theorem 0.4, where we state an almost exact bound on
a(n) due to Habib, Nourine, Raynaud, and Thierry [41].

Theorem 6.3. For every n € N, 2a(n) < R(D, Dy) < a(n) + «(2n — 1). In particular,
2a(n) < R(Dy, Dy) < 2a(n) + 2, and thus R(Dy,, Dy,) = (2 + o(1)) log n.

Note that for infinitely many values of n, o(2n—1) < a(n)+ 1, in which case the above
upper and lower bounds on R(Q,,, @) differ by 1. In the so-called weak Ramsey setting,
almost tight bounds for the diamond poset were determined by Cox and Stolee [18].

For the next result, we need two further extremal parameters. Given n, N € N with
N > a(n), let 5(N,n) and N*(n) be integers with

B(N,n) =min {3 : (g) >n} and N*(n) =max {N >a(n): N —3(N,n) < a(n)},
asillustrated in Figure 6.3. Note that () < n

<
a(n)/2. Thus, a(n) < N*(n) < B(N*(n),n) +
and N*(n) are well-defined.

(La?é?;2j) < (La(i:;/Qj)1301 < B(N,n) <
a 2

Theorem 6.4. For every n € N, N*(n) +1 < R(V,,,V,,) < N*(n) + 3. Moreover, let
d = 1=, where c is the unique real solution of log (¢™*(1 — ¢)*™!) =1 — ¢, ie., d ~ 1.29.

Then R(V,,,Vy,) = (d+ o(1)) logn.

Similarly to Theorem 6.3, by using more careful estimates, the proof of Theorem 6.4
provides that R(V,,, V,,) < N*(n) + 2, whenever a(2n — 1) < a(n) + 1.

A variant of the induced poset Ramsey number R(P, (0), which is based on induced
copies of P and Q), is the weak poset Ramsey number, which deals with weak copies. Recall
the following definitions. Let P and @ be two posets. A homomorphism ¢: P — @
is a function such that for any two vertices X and Y in P, X <p Y implies that
(X)) <@ ¥(Y). In this setting, we allow that ¢(X) <g ¥(Y) evenif X £p Y. We say
that « is a weak embedding if it is an injective homomorphism. The image of 1 is a weak

copy of P in Q). The weak poset Ramsey number of posets P and () is

RY(P,Q) =min{N € N: every blue/red coloring of Q y contains either
a blue weak copy of P or a red weak copy of Q}.

It is a basic observation that R" (P, Q) < R(P, Q) for any posets P and Q. The best
known bounds in the diagonal setting P = @ = @, are a lower bound by Cox and
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Stolee [18] and an upper bound by Lu and Thompson [52], stating that

2n+1< Rw(Qna Qn) < R(Qna Qn) < ’I’L2 —n+2.

Moreover, in the off-diagonal setting Grész, Methuku, and Tompkins [38] showed that
RY(Qm,Qn) >m+n+1form >2andn > 68, and RV (Qm, Qrn) < n+ 2™ — 1, where
the second bound is derived from a result by Cox and Stolee [18].

Our final result is an improvement of the upper bound on RV (Qy,, Q»).

Theorem 6.5. For sufficiently large n, R™(Qn, Qn) < 0.96n>.

The structure of this chapter is as follows. In Section 6.2, we introduce some nota-
tion and definitions, and discuss the Blob Lemmas. In Section 6.3, we present a proof
of Theorem 6.1. In Section 6.4, we prove Theorems 6.3 and 6.4. A proof of Theo-
rem 6.5 is given in Section 6.5. The results of this chapter are joint work with Maria

Axenovich and included in the arXiv preprint [4], which is currently under peer-review.

6.2 NOTATION AND PRELIMINARY RESULTS

Recall that Q(Z) is the Boolean lattice on ground set Z with dimension |Z|. Given a set Z
with disjoint subsets S,T' C Z, we define a blob in a Boolean lattice Q(Z) as

B(S;T)={ZCZ: SCZCSUT}.

We call T' the variable set of this blob. Note that 5(.S;7") is a copy of a Boolean lattice
of dimension |T'|. We say that |T'| is the dimension of the blob. We remark that every
Z € B(S;T) has the form S U Ty where Tz C T.

A t-truncated blob, denoted B(S;T;t), is the poset {Z € B(S;T) : |Z\ S| < t}.
We also say that B(S; T';t) has dimension |T'|. Given a Boolean lattice Q(X) on ground
set X and a non-negative integer t with ¢ < |X|, let 9(X)! denote the t-truncated Boolean
lattice, that is the subposet {Z € Q(X) : |Z| <t} = B(@;X;t). Given two non-negative
integers s and t with 0 < s < t < |X], let Q(X)! denote the (s, t)-truncated Boolean lattice,
that is the subposet {Z € Q(X) : s < |Z| < t}. In particular, Q(X)! = Q(X)},.

For ¢ € {0,...,|Z|}, recall that layer ¢ of Q(Z) is the set {X € Q(Z) : |X| = ¢}.
Similarly, the layer ¢ of Q(Z)"is {X € Q(Z)": |X|=(}for0 < (¢ <t.
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Let X and Y be disjoint, non-empty sets. Let ¢: Q(X)! — Q(X UY) be an em-
bedding. Recall that ¢ is X-good if ¢(X) N X = X for every X € Q(X)!. Note that
any t-truncated blob B(S; X;t) in Q(X UY), where S C Y, is the image of the X-good
embedding ¢: 9(X)! — Q(X UY) defined by ¢(X) = S U X.

We say that ¢ is red if its image is a red poset, i.e., ¢ maps only to red vertices, and
blue if its image is a blue poset. If ¢ is an embedding of a poset P into a Boolean lattice,
we use the notation ¢(P) for the set {¢(X) : X € P}. For a subposet F of a Boolean
lattice, we say that the volume of F, denoted Vol(F), is the total number of ground
elements in all vertices of F, i.e., Vol(F) = |Jxcz X|.- We shall use the notion of the
volume to keep track of the number of ground elements in the image of an embedding,

constructed iteratively.

In order to show an upper bound on R(Q,,, @), we have to find a blue copy of Q,,
or a red copy of @, in every blue/red coloring of a host Boolean lattice. Kierstead and
Trotter [46] introduced the following proof technique in a related setting: In the host
Boolean lattice, we define many pairwise disjoint blobs, arranged in a product structure.
If any blob is monochromatically blue, we obtain a blue copy of @,,. Otherwise, we find
a red copy of @, by choosing one red vertex in each blob. This proof idea was utilized
for previous improvements of the upper bound on R(Q,,, @), see Lemma 3 in [2] and

Lemma 1 in [52]. Using our notation, let us briefly reiterate this basic approach.

Lemma 6.6 (Blob Lemma; Axenovich-Walzer [2]). Let n,m € Nand N = nm + n + m.
Any blue/red coloring of Q([N]) contains a blue copy of Qu, or a red copy of Q.

Proof. Partition [N] arbitrarily into sets X, Y(© Y1) .. Y such that |X| = n and
YO = m, i € {0,...,n}. We construct a red embedding ¢: Q(X) — Q([N]). Let
By = B(2,Y©). For each X € Q(X), X # @, consider the blob

|X]-1
By =B (x Y Y<i>;Y<X>) |

i=0
If one of the blobs is monochromatically blue, it is a blue copy of @,,, as desired.

Suppose that there is a red vertex Zx € By for every X € Q(X). Then the function
¢: Q(X) — Q([N]) with ¢(X) = Zx has a red image. Observe that ¢(X)NX = X
for every X C X, i.e., ¢ is X-good. Moreover, for any two X,Y € Q(X) with X C Y,
we see that ¢(X) = Zx C Zy = ¢(Y). Thus, ¢ is an X-good homomorphism. By
Proposition 0.8, ¢ is an embedding. Therefore, there is a red copy of Q. O
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The general proof idea for our bound on R(Q,,Qy) is to refine Lemma 6.6 by
considering truncated blobs instead of blobs, moreover those chosen based on already
embedded layers. In addition, we control the volume of truncated blobs while con-
structing the embedding. For this, we need parts (i), (ii), and (iii) of the following
variant of Lemma 6.6. Part (iv) is applied in the final part of this chapter to achieve an
upper bound on RY(Qy,, Qn).

Lemma 6.7 (Truncated Blob Lemma). Let n,m,t, N € N. Fix a blue/red coloring of the
Boolean lattice Q([N]). Let X C [N].

(i) If|X]| = n, t < n, and there is a red, X-good embedding ¢: Q(X)* — Q([N]) such that
Vol(¢(Q(X)!)) < N — (n —t)m, then Q([N]) contains a blue copy of Q,, or a red copy
of Qn.

(ii) If |X| = m, t < m, and there is a blue, X-good embedding ¢: Q(X)! — Q([N]) such
that Vol(¢(Q(X)!)) < N — (m — t)n, then Q([N]) contains a blue copy of Qy, or a red
copy of Q.

(iii) If|X| = n, t < n,and there is a set S disjoint from X and a red truncated blob B(S; X; t)
such that |S UX| < N — (n — t)m, then there is a blue copy of Q, or a red copy of Q.

(iv) If 0 < s <t <n,and N = (t — s + 2)n, then Q([N]) contains a blue copy of @y, or a
red copy of Q([n))L, i.e., a red copy of the middle layers of Q.

Proof. Part (i): We shall extend ¢ to a red embedding ¢': Q(X) — Q([N]). As in the
proof of Lemma 6.6, we select pairwise disjoint sets of ground elements, and use them
to define a blob for each not yet embedded X € Q(X). Let U = Uy gx): ¢(X) and
note that |U| = Vol(¢(Q(X)")). Since ¢ is X-good, X C U. Thus,

INJ\ (UUX)| = |[N]\U| = N = Vol($(Q(X)")) > (n— t)m

Fix n — ¢ pairwise disjoint m-element subsets Y1) ... Y of [N]\ U. For every
X € 9(X) with | X| > t, consider the blob

i=t+1

|X]-1
BXB<XU U\x)u |J Y® X>),

where we use the convention that Ui_:lo YO =g IfB x is blue, it is a blue copy of Q,,
so suppose that there is a red vertex Zx € Bx. Let ¢': Q(X) — Q([N]) with

X) if|X| <t
W){a ) 1 <
Zx 1f|X|>t.
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The image of ¢’ is red. We shall verify that ¢’ is an embedding. Note that ¢’ (X)NX = X
for every X € Q(X). Let X1, Xy € Q(X) with X; C Xo.

o If [Xi] < |Xo| < ¢, then ¢/(X1) = ¢(X1) C #(X2) = ¢'(X2), because ¢ is an
embedding.

o If|X1| <t <[Xo| thend¢/(X1) = X1U(¢(X1)\X) € XoU(U\X) C Zx, = ¢/(X2).

o Ift < |X;| < | Xz, then ¢/(X1) € Bx,, 50 ¢/(X1) € X, U(U\X)uYEHDy...U
Y (X1l ¢ Zx, = ¢'(X2).

Therefore, ¢ is an X-good homomorphism, so by Proposition 0.8, ¢’ is an embedding.
Part (ii): This part is proven analogously to part (i).

Part (iii): Observe that B(S; X;t) is the image of an X-good embedding ¢: Q(X)" —
Q(SUX), ¢p(X) = SUX, with Vol(¢(Q(X)!) = |SUX|, so the claim follows from part (i).

Part (iv): Let X = [n]. Choose pairwise disjoint, n-element subsets Y(*),... Y of
[N]\ X. For each X € Q(X) with s < |X| < ¢, we define a blob

|X|1
By =B (XU U Ym;Y(X)) ,

1=s

where U‘X| 'Y = g for | X| = s. If Bx is blue, it corresponds to a blue copy of Q. 1
there is a red vertex ¢(X ) in every Bx, then {¢(X) : X € X}isared copy of Q(X).. [

6.3 UPPER BOUND ON RAMSEY NUMBER R(Q),,, Q)

First, we need the following computational lemma.

Lemma 6.8. Let 22° < m < n. Lete = \/lolgm' Then "t . e )logm +m ¢ <e.
Proof. The bound m > 2% implies that ¢ = \/hiﬁ < %, s0 in particular, 4¢ < 1 — ¢,

-2

Since m < n and logm = ¢~ *, we obtain that

n+m 1 <2n g2 e 4e €
—n l—e 2 1l—g 2

n (1 —¢)logm
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For ¢ < %,

logm =e72,

it is straightforward to check that % > 1 — loge. Thus, using again that

m € = 27slogm _ 27% < 271+10g£ — f
— 2'
Therefore,
nEm ! +m <S4 —¢
n  (1—¢)logm -2 2

Next, we show our main result.

Proof of Theorem 6.1. Fix n and m such that n > m. Fixan ¢ € R with 0 < ¢ < 1 which

satisfies )
ntm. +m °f <e. (6.1)
n (1 —¢)logm

Let
N =n(m—(1-¢)*logm).

We present a proof of the second statement of the theorem, i.e., we shall show that

R(Qm,Qn) < N. The first statement is a corollary of this. Indeed, if m > 225, then
. . _ 1

Lemma 6.8 shows that inequality (6.1) holds for e = T thus

R(Qm, Qn)

IN

n(m— (1 - £)? logm)

IN

n(m — (1 — 2¢)logm)

n(m— (1— \/liﬁ)logm).

Now, we proceed with the proof of the bound R(Q,,, Q) < N. Lett, = (1—¢)logm
and ¢, = %tu- Note that 0 < ¢, < m and 0 < ¢, < n. In this proof, we consider t,-
truncated blobs of dimension m and ¢,-truncated blobs of dimension n. It follows from
the definition of N, ¢,,, and ¢, that

N =n(m —t,) +ent, = (n —t,)m +emt,.

Fix an arbitrary blue/red coloring of Q([N]). We shall find a blue copy of @, or a
red copy of @y, in this coloring. More precisely, we show that there is a blue embedding
¢ of Q([m])"» whose image has volume at most N — n(m — t,,), or a red embedding ¢’
of 9([n])' whose image has volume at most N — (n — t,,)m. In either case, Lemma 6.7

gives the desired monochromatic copy of a Boolean lattice.
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First, we suppose that there exist disjoint sets S,7" C [N] with |S| < emt, — n and
|T’| = n, such that the truncated blob B(S;T';t,) is monochromatically red, i.e., there is
a red embedding of Q([n])"". Note that |S U T| < emt, = N — (n — t,)m. So, part (iii)
of Lemma 6.7 implies the existence of a blue copy of @), or a red copy of @, which

completes the proof. So from now on, we can assume the following;:

Property (x): In every truncated blob B(S;T';t,) with dimension |7'| = n and volume

|SUT| < emt,, there is a blue vertex.

Let X be a fixed subset of [N] of size m, and let Y = [N] \ X. In the remainder of
the proof, we construct a blue, X-good embedding ¢: Q(X)™ — Q([N]) such that its

image has a small volume.

6.3.1 CONSTRUCTION OF A BLUE EMBEDDING ¢ OF Q(X)"

We shall find a blue ¢(X) for each X € Q(X)! layer-by-layer such that ¢(X) N X = X.
After stating the complete construction, we justify that the defined objects indeed ex-
ist. Fix pairwise disjoint subsets Y(© Y1) ... Y of Y, where |[Y®| = n and
[Y®| = 2i=1¢,, for i € [t,]. In our construction, we shall make sure that ¢(X) NY C
YO u-..uYUXD, which ensures that the volume of the embedded poset Vol(¢(Q (X))
is at most [X| + [Y(©] 4. 4 |Y®)|. For each selected ¢(X), we denote the Y-part
»(X)NY by Yx. Our function ¢ is chosen to be X-good, so ¢(X) = X UYx for every X.

o [N]

XUYOU.. . uY®

X USxUTYy
°
XUYOQu...uytn
~~—‘~—‘~—“—s. —’B,,(XUSX;TX:tn)
° o B(X)
. e X USy
° °
e o0
°

'QUY®:¢<®>
* g

Figure 6.1: The vertex ¢(X) in B(X U Sx;Tx;t,) fori =3 and |X| = 4.
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Let ¢(2) be a blue vertex in the blob By = B(@; Y(©;t,), which exists by (*). To
embed X € Q(X)™ with |X| =4, 1 < i < t,, we shall define a truncated blob Bx of
dimension n and embed X to a blue vertex in this blob, as provided by property (x).
Recall that the variable set of a blob is the set difference between its minimal and its
maximal vertex. The variable set of Bx shall be the union of the set Y® of “new"
ground elements and a set of ground elements of Y that were already used by the

embedding of previous layers.

Let i > 1. Assume that we constructed ¢(X) for every X € Q(X), |X| <i—1,
such that p(X)NY C YO U...u YD, Foreach X € Q(X)%, |X| =i, let

Sx = |J ¢x)nY= [J Yx, and
X'cX X'cX

N

Let ¢(X) be a blue vertex in the blob Bx = B(X U Sx;Tx;t,), that exists by property
(). LetYx = ¢(X)NY.

We run this procedure for all i < ¢,.. Itis immediate that ¢ isblueand ¢p(X)NX = X
for every X € Q(X)'. We shall verify that ¢ is an embedding. For any two X1, X, €
Q(X)t with X; C Xy, it follows from the construction that Yy, C Ykx,. Thus,

qb(Xl) =X1UYx, CXoUYx, = gb(Xz),
i.e., ¢is an X-good homomorphism of Q(X)*. Proposition 0.8 implies that ¢ is indeed

an embedding.

6.3.2 VERIFICATION THAT ¢ IS WELL-DEFINED AND HAS SMALL IMAGE VOLUME

We need to make sure that the sets Y(® and Ty exist, i.e., that the sets from which these
are selected as subsets are large enough. To see that Y") exists for i < t,,, it is sufficient
to verify |[Y(@ U ... U Y®)| < |Y|. Note that for any i > 1,

YO U YO =n4 ) 277 =n+ (20— 1), (6.2)
j=1
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Recalling that t, = (1 — ¢)logm and t,, = >, we see that

YO uU...uY®)| = p4 (2% — 1)t,

n
< n+ ml_e—tu
m

1 —&
—+m nty,.
by
We picked ¢ such that £ . m +m™¢ < ¢, which implies that i + % +m—*° <e.
Thus,

’Y(O) U--- UY(t“)‘ < (8 — m) nt,,

- nt,

= enty,—m

= N—-n(m—t,) —m (6.3)
< N-—-m

= |Y]|. (6.4)

It follows from (6.4) that the sets Y, i < ¢,,, exist.

Next, we shall show that T’x exists for every X € Q(X)', | X| = i, withi € [t,]. For
that, we need to verify that (Y U---UY®)\ Uy, x Yx/| > n. Observe that in our
construction ¢(X) is chosen in a ¢,-truncated blob, in which every vertex is larger than
Sx = Uxcx Yxr. Therefore, |Yx \ Ux/x Yx/| < ty, i.e., we are introducing at most ¢,
“new” elements from Y for ¢(X), compared to the images of proper subsets of X. If
|X| = i, then X has 2" — 1 proper subsets X/, and each ¢(X’) uses as most ¢, “new”

elements of Y compared to its own subsets, so we have that

U (YX/\ U YXN>'S(2Z‘—1)7:,7. (6.5)

|le=‘ U Yy :‘
X'cX X'"cXx/

X'cX

Using (6.2) and (6.5), we find that

(YO0 YO Y| 2 (04 @ = 1) = 2= 1)ty =

X'cX

so we can select an n-element set T from (YO U--- U YD)\ Uy Y.
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6.3.3 COMPLETION OF THE PROOF

Finally, we consider the volume of ¢(Q(X)"), and obtain the following bound us-
ing (6.3):

Vol(¢(Q(X)™)) < X[+ [YOU- - UY ™| < m+(N—n(m—t,) —m) = N —n(m—t,).

We conclude that ¢ is a blue, X-good embedding of Q(X)/, such that its image has
volume Vol(¢(Q(X)')) < N — (m — t,)n. Thus, by part (ii) of Lemma 6.7 with ¢ = ¢,,
there is a blue copy of @, or a red copy of @,,. O

6.4 Bounps on R(D,,D,) anp R(V,,,V,)

6.4.1 Proor oF THEOREM 6.3

Recall that the Sperner number o(n) is the smallest N such that Qi contains an antichain
of size n, and Sperner [68] showed that (La?gk J) > n.

Proof of Theorem 6.3. We shall show that 2a(n) —1 < R(D,,, D,,) < a(n)+«(2n—1). For
the lower bound, color the Boolean lattice Q' = Q([2a(n) — 1]) such that Z € Q" is red
if |Z| < a(n) and blue if |Z| > a(n). Assume that in this coloring there is a red copy D
of D,, with maximal vertex Y, thus D is contained in the subposet {Z € ol:. zcC Y},
which is a copy of a Boolean lattice of dimension |Y'| < a(n). We know that D contains
an antichain on n vertices, but by definition of «(n) there is no antichain on n vertices
in{Z € Q' : Z C Y}, a contradiction. Similarly, we see that there is no blue copy of
D,,. This implies that R(D,,, D,,) > 2a(n) — 1.

In order to bound R(D,,, D,,) from above, let N = «(n) + a(2n — 1), and consider
an arbitrary blue/red coloring of the Boolean lattice 9% = Q([N]). Let

S:{Z€Q2: \Z|:La(n)/2j} and Tz{ZEQQ: |Z|:N—La(n)/2j}.

We distinguish two cases.



150 6. DiAGONAL POSET RAMSEY NUMBERS

Case1: Atleast one of SU{@} or 7 U {[N]} is not monochromatic.

Suppose that 7 U {[/V]} is not monochromatic. Let Y € 7 such that Y has a different
color than the vertex [N], see Figure 6.2. Let S’ ={Z € S: ZCY}.

e If &’ U {@} is monochromatic, then one of Y or [N] has the same color as §'.
Note that |S’'| = (La(‘}:)‘ /2 J) > (LaO(CT(LT)Z)Z J> > n, where the last inequality follows from
Sperner’s theorem [68]. This implies that the vertices &' U {&, Y, [N]} contain a

monochromatic copy of D,,.

e If S'U{@} is not monochromatic, then consider X € S’ such that X has a different
color than the vertex @. Note that X C Y. The subposet {Z € Q*: X C Z C Y}
is a copy of a Boolean lattice of dimension |Y| —|X| > N —a(n) > «(2n—1). This
implies that there is an antichain A on 2n — 1 vertices such that for every vertex
Zc A, X CZCY. Note that neither X nor Y are in A, because each of X and
Y is comparable to every vertex in A. In A, we find n vertices with the same color,
say without loss of generality, red. These n vertices, together with the red vertex

among @ and X and the red vertex among Y and [NV], form a red copy of D,,.

o [V]
T e
0e®x0e0 A
Q2
S
g
%]

Figure 6.2: Setting in Case 1 if S’ U {@} is not monochromatic.

Case2: Both SU{@}and 7 U {[N]} are monochromatic.

If SU{@} and T U{[NV]} have the same color, then SU{@, [N]} contains a monochromatic

copy of D,,, because |S| = (La(TJL\S/QJ) > (La?r(g)%) > n. So, suppose that S U {&} and
T U {[N]} have distinct colors. Fix the vertex X = [a(n)] € Q2. If X has the same color
as SU{o}, say red, thenlet S” = {Z € S : Z C X}. Note that |S"| > (La(lf)f)‘/QJ) >n,
thus 8” U {&, X'} contains a red copy of D,,. If X has the same color as 7 U {[N]}, we

find a monochromatic copy of D,, by a similar argument. O
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6.4.2 Proor oF THEOREM 6.4
Letn, N € Nsuch that N > a(n). Recall that
B(N,n) = min{B € N: (g) >n} and N*(n) = max{N >a(n): N — B(N,n) <a(n)},

as illustrated in Figure 6.3. Both 3(N,n) and N*(n) are well-defined.

[N7]
Q([N*])
layer LL“'*2+/3 | -n
layer 3 >n
layer B — 17777777 <n
o

Figure 6.3: Setting for N* = N*(n) and § = B(N*,n).

Proof of Theorem 6.4. Let N* = N*(n). First, we show the lower bound R(V,,, V},) > N*.
We construct a blue/red coloring of the Boolean lattice Q' = Q([N*]) which contains
no monochromatic copy of V,,. Color the vertices Z with |Z| < S(/N*,n) in red and all
remaining vertices in blue. There is no red antichain of size n, so in particular, there is
no red copy of V;,. Assume towards a contradiction that there is a blue copy of V,, with
minimal vertex X. Note that | X| > B(N*,n), so the subposet {Z € Q' : X C Z C [N*]}
is a copy of a Boolean lattice of dimension at most N* — 3(N*,n) < a(n). Thus, there

is no blue antichain of size n, and in particular no blue copy of V;,, a contradiction.

For the upper bound, we define NV, to be the smallest integer such that
Ny — B(N4,n) > a(2n—1).

To show that R(V,,, V,,) < N, we consider an arbitrary blue/red coloring of the Boolean
lattice Q> = Q([N4]). We shall find a monochromatic copy of V,,. Without loss of
generality, the vertex @ is red. Let 54 = B(N4+,n). We know that layer 5, contains at
least n vertices. If every vertex in this layer is red, then we find a red copy of V;,, so
suppose that there exists a blue vertex X with |X| = 8;. The subposet Q3 = {Z €
Q?: X C Z C[N4]} is a copy of a Boolean lattice of dimension N} — 34 > a(2n — 1).
Thus, we find an antichain A of size 2n — 1 in Q3. Note that X ¢ A. Each vertex in A
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is either red or blue, so there are n vertices of the same color in this antichain. These
n vertices, together with one of X or &, form a monochromatic copy of V;,, as desired.
Therefore, R(V,,, V,,) < N..

We shall show that N, < N* 4 3. Indeed, note that

< N*+3 >>< N*+1 >>
n
B(N*+1,n)) — \B(N*+1,n)) —
thus S(N* + 1,n) > B(N* + 3,n). The definition of N*(n) provides that (N* + 1) —
B(N*+1,n) = a(n), so

(N*+3)=B(N*+3,n) > (N"+1)+2—-5(N“+1,n) > a(n)+2>al2n—1).

Recall that NV is minimal such that Ny — (N4, n) > a(2n — 1), so N < N* + 3. This
concludes the proof of the upper bound. We remark that if a(n) +1 > o(2n — 1), a
similar argument provides that N, < N* + 2.

It remains to show that N*(n) = (d + o(1)) log n, where d = - and c is the unique
real solution of log (¢7¢(1 — ¢)™') =1 — ¢, i.e,, d & 1.29. This follows from a technical

computation given in the next subsection.

6.4.3 TECHNICAL COMPUTATION FOR THE PROOF OF THEOREM 6.4

We shall find d such that N* = (d + o(1)) log n, where
N* =max{N > a(n): N—B(N,n) <a(n)} and B(N,n)=min{s € N: (]g) >n}.

Recall Proposition 0.3, which claims that for arbitrary NV € Nand ¢ with 0 < ¢ < 1,

log <q]jv) = (1+0(1))H(q)N, (6.6)

where H(q) = —(qlogq + (1 — q)log(1 — q)) is the binary entropy function. Let c be the

unique solution of 1 — ¢ = H(c), i.e., ¢ = 0.2271.

We shall show that N* = (ﬁ + o(1)) logn. Let ¢ € R such that gN* = 3(N*,n),
and let ¢’ € R such that ¢/(N* + 1) = B(N* + 1,n). The definition of 3 implies that

N* N* N*+1 N*+1
< < . .
(qN* - 1) =S (qN*) and <q’<N* +1) - 1> =S <q'<N* + 1>> ©7)
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By the definition of N*(n), we know that

(1— q)N* < a(n) < (1 - ¢)(N* +1). 6.9)

In the following, o(1) always refers to the asymptotic behavior for large n, so equiv-
alently for large N*, since a(n) < N* < 2a(n). Recall that

a(n) = (14 o(1)) logn. (6.9)

Each step of the upcoming computation is labelled by an inequality from (6.6)
to (6.9) indicating which argument is being applied. For example, 99 means that the
equality holds because of (6.6). To highlight the idea of our computation, we give a
two-line proof, where some steps are not yet justified:

6.8 5. ¢ 6.7 N* 5.6
(1N am) L (14 0(1)) logn X (1+0(1)) log <qN*> WO (1 4 o(1)) H(g)N",
which implies that ¢ = (1 + o(1))c, where c is the unique solution of 1 — ¢ = H(c).
Thus,
. (6:8) (6.9)
N* =~ ﬁa(n) = <1—iq + 0(1)) log(n) = (ﬁ + 0(1)) log(n),
as desired. However, some steps in the above computation require significant ad-

ditional argumentation. In the following, we present a detailed proof that N* =
(££ + o(1)) log n.

Observe that
6.8 X (6.7) N*
(1—q)N* (<) a(n) (6.2) (14+0(1))logn < (1+o(1))log (qN*) (¢9) (1+0(1))H(g)N*.

Thus, 1 — ¢ < (1+0(1))H(q), s0 ¢ < (1 + o(1))c. Next, we bound ¢’ from below. We
see that

(6.8) (6.9)

(1—¢)N*+1) > an) = (1+0(1))logn(6§) (1+0(1))log< N1 >

¢d(N*+1)—1

We shall show that log (q,ui,v::f)_l) > (1+0(1))H(¢')(N* +1). For that, we first require

a rough lower bound on ¢'.

We know from (6.8) that N* — ¢N* < a(n) — 1. Note that gN* = (N*,n) < a(n),
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so N* 4+ 1 < gN* + a(n) < 2a(n). Therefore,

X (1+o(1))a(n)
N*+1 0\ _ 2a(n)\ (6:) 2z < 1g+o)logn _
&(N*+1)) = \ia(n) (%)1/8 (2)15/8 - ’

8

thus ¢ 2 . This bound implies that

N*+1 B ¢ (N*+1) N*+1
¢(N*+1)—-1) (1—q’)N*+1)+1 ¢(N*+1)
> N+1)
q’ ¢(N*+1)

Y

3i (Q’g\f ))'

Thus,

o8 < (N]\*f*jl)1 - 1) ~log(31) + log (Q/é\;*ill)) O (14 o) H(g)(N* +1).

Therefore, 1 — ¢’ > (1 + o(1)) H(¢'), which implies that ¢’ > (1 + o(1))c.

We see that
(6.8)
a(n) < (1-¢)N"+1)
< (14 (1))(1—6)(N*+1)
< (1+o0(1))(1—¢q)N
bgg (1 + of )a

(L+o(1)) () (©2) (to(1)

In particular, N* = —

log n, as desired. O

6.5 UPPER BOUND ON RAMSEY NUMBER RV (Q),,, Q)

Proof of Theorem 6.5. Consider an arbitrary blue/red coloring of the Boolean lattice
Q([N]), where N = 0.96n?. Our goal is to find a monochromatic weak copy of Q..
While an induced copy of @, has a rigid structure, there are many non-isomorphic
weak copies of @),. In Q([N]), we shall find a member of a class P(n, s, t) of special

weak copies of @y,
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6.5.1 DEFINITION OF P(n, s,t)

Throughout this proof, we write P’ < P” for posets P’ and P” if any element of a poset
P’ is strictly smaller than any element of a poset P”. We define the class P(n, s, t) of

posets, see Figure 6.4 (a), such that each member of this class is of the form
PyU--UP_1UQLUP/ U --UP,,

where
* P, is an arbitrary poset with |P;| = (7}),i € {0,...,s — 1},
* Pjis an arbitrary poset with |Pj| = (nﬁj) = (?),j e{t+1,...,n},

e Q! is an induced copy of an (s, t)-truncated @, i.e., Q' consists of layers s, ...t

of an n-dimension Boolean lattice (),
* <P < <P 1 <Qi<P,<---<P).
Here, if s = 0 or t = n, we use the convention that Py U---U P,y = @ or P/ ; U

-+ U P! = @, respectively. Observe that every member of P(n, s,t) is indeed a weak

copy of @, where layer i of @), corresponds to F;, for i € {0,...,s — 1}, layer j of @,

corresponds to P, for j € {t + 1,...,n} and the remaining layers are contained in the
middle part Q'.
N
(a) r @ (b) S(I)Z(,j
Y Sie5%
C_ D a4
FaC 7,
------- Y ------layer ¢ 6Z,an]
Q! 5
——————— V. layer s
——
v P(n,s,t) Q([NV])
PC__
RC_ D

Figure 6.4: (a) A P(n, s,t) for s = 4 and t = n — 3. (b) Sausage chain in Q([N]).
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6.5.2 CONSTRUCTION OF A SAUSAGE CHAIN IN Q([N])

Let N = 0.96n?. For our proof, we need to define a constant ¢ that satisfies certain

properties. Recall that for 0 < p < 1, the binary entropy function is defined as

H(p) = —(plogp+ (1 — p)log(1 — p)).

Let ¢ be the real number, 0 < ¢ < 1/2, which minimizes (1 — ¢) + 2 [ H(s)ds. It
can be verified by analyzing the first derivative that such a ¢ satisfies H(q) = 1/2, i.e.,
0.11 < ¢ <0.111, and [ H(s)ds < 0.033. In particular,

q
(1—q)n?+ 2n2/ H(s)ds < 0.956n? < N — en?, (6.10)
0

for some constant € > 0.

Next, we define a sausage chain in Q([N]), see Figure 6.4 (b). Let
Zo CZ1C CZgn) C 2|y CZ[gpy—1 € C %y

be vertices in Q([N]) such that for 0 < i < |gn],

()] ) e men5 ()] )

j=0 7=0

We argue later that |Z lqn] | <|Z ’an | |, which implies that these vertices are well-defined.
We define subposets S; and S/, which we refer to as sausages. Let

SZ:{X€Q<[N]) Zi_q QXCZZ‘}, forl1 <i< {an,

and Sp = {X € Q([N]): X C Zp}. We remark that in the literature such subposets are

usually referred to as half-open intervals. Similarly, let sausages
SI={XeQIN):Z cXxCZ_,}, forl<i<|gn],
and S} = {X € Q([N]): Z) C X}. Moreover, we define
B={X € Q(N]): Zign) € X C Z|, }-

The subposet B is isomorphic to a Boolean lattice of dimension |Z ’an | | = |Z|4n)|- Note



6.5. UPPER BOUND ON RamseY NUMBER RY (Q,, Qr) 157

that
SO<81<"'<SanJ <B<S/anj <~--<56.

We refer to the subposet So U -+ - U S|4y UBU S|, | U+ US as the sausage chain. The
sausage chain is well-defined if all vertices Z; and Z/, i € {0,..., [gn|}, exist. Note that
‘S()‘ << |Sanj| and ‘S(qnj‘ > > |S()|

6.5.3 FINDING A MEMBER OF P(n, s,t) IN THE SAUSAGE CHAIN

In the sausage chain, we shall find a monochromatic member of P(n, s, t) for some
parameters s and ¢ depending on the coloring, such that the middle part Q% of P(n, s, t)
is embedded into B, each P, is embedded into its own S, and each P/ is embedded in

its own S, for some ¢ and /'.

Assume without loss of generality that among all sausages

Sov- -+ Sign) St S|

qn}»

most sausages have majority color red. Then at least [¢gn]| sausages have this majority
color. Assume further, that there are s sausages among Sy, ..., S|4, With majority
color red, which we denote by S;,...,S;,_,, %0 < --- < is_1. Note that possibly s = 0.
Since i > 0, we see that i; > 1, and iteratively i; > j forany j € {0,...,s — 1}.

Foranyi € {0,...,[¢gn]},

|Si| = olZil=1Zia| _ 1 = 2]—10g(?)'|+1 1> 2<n> _,
1

so in particular, |S;;| > 2(5) —-1> 2(?) — 1, i.e., there are at least (’;) vertices in the
majority color red in S;;. For each j € {0,...,s — 1}, choose P; arbitrarily such that
P; C i, |Pj| = (’;), and P; is red.

Similarly, we find [gn| — s sausages among S, ..., S|, with majority color red,
denoted by 81{6’ . ,S;,[qn]ikl, io < -+ <if,,_s_ - Here, itis possible that [qn] —s = 0.
For j € {0,...,[gn] — s — 1}, choose P,,_; arbitrarily, such that P,,_; C Szf;, 1Pl =
(nfj), and P/Z_ j is red. With a similar argument as before, we see that there are indeed

at least (nﬁj) distinct red vertices in S, .
J

Lett = n — [gn] + s. So far, we have selected P; for j € {0,...,s — 1} and P for

j € {t+1,...,n}. Itremains to verify that Q! is contained in B. For that, we shall show
that the dimension of B is large enough to apply Lemma 6.7 (iv).
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Recall that forany N € Nand 0 < p < 1, Proposition 0.3 provides that

log <p]X[> = (1+0(1))H(p)N,
where H(p) = —(p logp + (1 —p)log(1 — p)) Thus,

(]

Lqn]
N—4n—2210g <n>
2

=1

v

AV

Lan] )
N —4n— (2+o(1 ZH( ) (6.11)

Since H is an increasing and continuous function on the interval (0,1/2) and is
bounded by 1, we have that

Lqn] qn+1 t q+1/n q
ZH( ) / H() dt:/ H(s)nds<n/ H(s) ds+1,
n 1/n 0

Thus, using (6.11) and recalling the bound on N from (6.10),

N —4n — 2+0 ( /H ds+n>

>N2n/H )ds — o(n?)

dim(B)

v

Y

((1 _ g)n? + 2m2 /0 H(s) ds—l—5n2> P /OqH(s) ds — o(n?)

> (1—q)n®+2n=(n—qn+2)n.

In particular, |Z{qn J‘ —|Z|gn)l = 0, which implies that the vertices Z; and Z;, i €
{0,...,|gn]}, are well-defined. Recall thatt = n — [gn] + s, so

dim(B) > (n—gn+2)n > (t — s + 2)n.

By Lemma 6.7 (iv), B contains either a blue induced copy of @),, and we are done, or
ared QL. If there is a red Q' in B, we conclude that the sausage chain contains a red

member of P(n, s,t), and thus a red weak copy of Q. O
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6.6 CONCLUDING REMARKS

In this chapter, we provided an improved upper bound on the induced poset Ramsey
number for large Boolean lattices, by showing that for n > m and 0 < ¢ < 1 with

nt+m | 1 —€
n (1—¢)logm tmTt <S¢

R(va Qn) <n (m - (1 - 6)2 log m) .

When applying this result to specific ¢, there is a trade-off between the best Ramsey
bound and the smallest value of m for which the bound holds. Our main result
claims that R(Q,, Qn) < n (m - (1 - \/hiﬁ) log m) for 225 < m < n. In addition, if
1024 < m < norif 32 < m < g5, one could obtain the upper bound R(Q,Qn) <

n (m — tlogm), using e = 3.

Theorem 6.1 is an improvement of the basic upper bound on R(Q,,Q»), see
Lemma 6.6, by a superlinear additive term and a step towards the following conjecture

raised by Lu and Thompson [52].

Conjecture 6.9 (Lu-Thompson [52]). Forn > m, R(Qm, Q) = o(n?).

Recall that for fixed m, Theorem 0.2 implies that R(Q,,, @») = ©(n), so the interesting
case here is that both m and n are large. Axenovich and the author propose a stronger

conjecture:

Conjecture 6.10. For any € > 0, there is a large enough mq such that for any two m,n € N
withn > m > my,
R(Qma Qn) <n-mc.

Our suggested bound matches up nicely with Conjecture 2.17, in which we conjectured
that for fixed m € N and largen € N,

R(Qma Qn) =n-+ O(n)

In the last part of this chapter, we discussed weak poset Ramsey numbers and
improved the previously known upper bound R¥(Q,, Q) < R(Qn, Qn) < n? — o(n?)
to RV (Qn, Qn) < 0.96n2. It is still open whether the weak poset Ramsey number is
significantly smaller than the induced poset Ramsey number. The author suggests the

following conjecture.

Conjecture 6.11. Foranyn € N, R(Qn,Qrn) — O(n) < RV (Qn, Qn) < R(Qn, Qn).
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In this chapter, we focused on the upper bound on RY (@), @»). The only known
lower bound in this setting is RV (Q,Qn) > 2n + 1 due to Cox and Stolee [18] and
improves the trivial bound 2n. It is a natural question whether Construction 5.17, used
to obtain the best known lower bound R(Q, Q) > 2.02n, actually gives a blue/red
coloring with no monochromatic weak copy of @),,, and thus gives a non-trivial lower
bound on RV (Q, Qr).



Chapter 7

Conclusion

The focus of this thesis was the study of the poset Ramsey number R(P, Q) and its
variations. In the Erd@s-Hajnal-type setting R(P, (),,) for a fixed poset P and large n,
we provided bounds which are asymptotically tight in the linear and sublinear additive
term, if P belongs to one of several classes of posets. To obtain these results, we extended
a known proof method utilizing the Chain Lemma, see Chapter 1, and introduced a new
approach based on blockers, see Chapter 3. In Chapter 2, we showed a sharp jump in
the asymptotic behavior of R(P, Q;,), depending on whether P contains a copy of one
of the small posets V5 or Ay, i.e., for large n,

RP.O)) <n+c(P), if P contains neither a copy of V; nor a copy of A
Y n
>n+ %, otherwise.

For the lower bound, we introduced a novel probabilistic construction involving parallel

factorial trees. We conjecture that there is no linear improvement of this bound, i.e.,

R(P,Qn) =n+o(n), forany fixed poset P and large n.

It remains open whether there exists a poset P such that R(P,Q,) = n +w (10;‘”) .
However, we were able to find a linear improvement on the trivial lower bound for the
related poset Erdés-Hajnal number R(P,Q,,), where P is a specific colored chain, see

Chapter 5.

In the final chapters of this thesis, we contributed to a central question in the area of
Ramsey theory for posets, that is, to determine the asymptotic behavior of the diagonal
poset Ramsey number R(Q,,, Q). We presented the first linear improvement on the

trivial lower bound and the first superlinear improvement on the basic upper bound

161
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on R(Qy, Qn). More precisely, Corollaries 5.6 and 6.2 provide that
2.02n + 0(1) < R(Qn, Q) < n? — (1 —o(1))nlogn.

We proved the lower bound by introducing a probabilistic construction built on two
parallel, “dense” collections of vertices. The upper bound proof refines the previously
known Blob Lemma. The exact asymptotic behavior of R(Q;,Q,) remains unknown,

though we conjecture that

R(Qn,Qn) = O (n1+0(1)> .
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