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We present the differential predictions for the rapidity distribution of pseudoscalar Higgs boson through
gluon fusion at the LHC. These results are obtained taking into account the soft-virtual (SV) as well as the
next-to-soft virtual (NSV) resummation effects to next-to-next-to-leading-logarithmic (NNLL) accuracy
and matching them to the approximate fixed order next-to-next-to-leading-order (NNLOA) computation.
We perform the resummation in two-dimensional Mellin space by limiting ourselves to the contributions
only from gluon-gluon (gg) initiated channels. The NNLOA rapidity distribution of pseudoscalar Higgs is
obtained by applying a ratio method on the NNLO rapidity distribution of the scalar Higgs boson. We also
present the first analytical results of N3LO rapidity distribution of pseudoscalar Higgs at SVþ NSV
accuracy. The phenomenological impacts of NNLOA þ NNLL predictions for 13 TeV LHC are studied.
We observe that for mA ¼ 125ð700Þ GeV the SVþ NSV resummation at the NNLL level brings about
14.76% (11.48%) corrections to the NNLOA results at the central scale value of μR ¼ μF ¼ mA. Further,
we find that the sensitivity to the renormalization scale gets improved substantially by the inclusion of NSV
resummed predictions at NNLL accuracy.
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I. INTRODUCTION

Measurement of a variety of observables to very high
precision is one of the thrust areas in the physics program of
the Large Hadron Collider (LHC). Precision studies based
on these measurements provide crucial tests of the con-
sistency of the Standard Model (SM), and any significant
deviation can also hint toward new physics beyond SM.
The discovery of the Higgs boson [1,2], one of the major
milestones in particle physics, led to a better understanding
of the dynamics behind the electroweak symmetry breaking
[3–7] and, in larger picture, opened up a plenty of
opportunities to unravel hidden physics behind various
phenomena. Despite this success, the SM lacks in fronts in
not providing satisfactory explanations for phenomena
such as baryon asymmetry in the Universe, the existence

of dark matter, the neutrino mass, etc., and hence falls short
of being a complete theory of fundamental interactions.
Unravelling these phenomena demands one to go beyond
the borderline of the SM. One of the possible extensions of
the SM is the supersymmetric theories which provide an
elegant solution to the above mentioned problems.
Supersymmetric theories generally predict a richer Higgs
sector than the Standard Model (SM). In the minimal
supersymmetric Standard Model (MSSM), for instance,
one introduces two complex Higgs doublets, which origi-
nate five physical Higgs bosons: two CP-even Higgs
bosons (h, H), two charged Higgs bosons (H�), and finally,
a CP-odd (pseudoscalar) Higgs boson (A) [8–15].
Ever since the Higgs boson was discovered at the LHC

[1,16], there exists curiosity among the high energy physics
community to understand whether it is the Higgs boson of
the SM or not. This leads to a physics program aiming at
probing its interaction with other SM particles with extreme
precision that will determine its properties. This can shed
light on whether the discovered Higgs boson is the scalar or
pseudoscalar Higgs bosons of extended models. Such a
study requires precise predictions for their production cross
sections and the decay rates. In particular, the production of
CP-odd Higgs boson/pseudoscalar at the LHC has been
studied in detail, taking into account the higher order QCD
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radiative corrections, owing to similarities with its CP-even
counter part. Among other channels, it is desirable to look
for pseudoscalar Higgs boson in the gluon fusion through
heavy fermions due to its appreciable coupling in the small
and moderate tan β in the minimal version of SUSY model,
where tan β is the ratio of vacuum expectation values
vi; i ¼ 1, 2. Furthermore, the large gluon flux leads to
an enhancement in the cross section.
Perturbative QCD (pQCD) provides the most successful

framework to compute the observables that can be mea-
sured at the LHC. The production of a pseudoscalar Higgs
boson through gluon fusion at leading order suffers from
large theoretical uncertainties, particularly due to the
presence of renormalization scale μR arising from the
strong coupling constant. It also contains mild theoretical
uncertainties which result from the factorization scale μF in
the parton distribution functions. In order to deal with these
scale uncertainties as well as to uplift the accuracy of
theoretical predictions, one has to go beyond the wall of
leading-order (LO) computations.
The QCD higher order corrections to the production of

CP-even scalar as well as CP-odd pseudoscalar bosons
through gluon fusion are known for a long time in the
literature. For the case of a scalar Higgs boson, results for
the inclusive production cross section are available up to
next-to-next-to-next-to-leading orderðN3LOÞ QCD [17–
20], within the framework of an effective theory that results
from the integration of top quark degrees of freedom. This
leads to variety of new interactions of the Higgs boson
directly with the gluons [21–23]. On the other hand, for
the pseudoscalar case, only next-to-next-to-leading-order
(NNLO) QCD results [19,24–27] in the effective theory
[28] are known. The exact quark mass dependence for
scalar and pseudoscalar production is known to next-to-
leading-order (NLO) QCD [29,30]. For N3LO predictions
of a pseudoscalar cross section, both three-loop form
factors and real emission contributions are required. The
computation of form factors is technically cumbersome
[31] as pseudoscalar Higgs boson couples to SM fields
through two composite operators that mix under renorm-
alization due to the axial anomaly, and additionally, a finite
renormalization constant needs to be introduced in order to
restore the chiral Ward identities. Moreover, these operators
involve a Levi-Civita tensor and γ5 which are not very
straightforward to define in dimensional regularization. The
three-loop form factor obtained in [31] was later combined
with a suitable soft distribution function [32–34] and mass
factorization kernels for the computation of the soft plus
virtual (SV) contribution at N3LO in [35]. Later, in [36], a
new determination of an approximate N3LO pseudoscalar
boson cross section has been introduced, based on the N3LO
results of scalar Higgs boson [37].
In addition to the inclusive production cross section, the

differential rapidity distribution is among the most impor-
tant observables, which is expected to be measured in

upcoming days. This demands very precise theoretical
predictions of this observable. The computation of the
transverse momentum and rapidity distributions for the
scalar Higgs boson up to NLO has been done in [38,39] and
for the pseudoscalar Higgs boson in [40]. Both inclusive
cross section and differential rapidity distribution get large
contributions from logarithms arising from certain kin-
ematic regions, thus spoiling the reliability of the fixed
order predictions. This usually occurs at the threshold
region, namely, when the mass of pseudoscalar Higgs
boson becomes equal to the partonic center of mass energy,
due to the presence of soft gluons. Hence, the large
logarithms resulting from soft gluons in the perturbative
series need to be resummed to provide sensible predictions.
In the pioneering works of Sterman [41] and of Catani and
Trentadue [42], resummation of leading large logarithms
for the inclusive rates in the Mellin space and also to
differential xF distribution [42] using double Mellin
moments were achieved. Soft gluon resummation of the
gluon fusion cross section has been performed to next-to-
next-to-next-to-leading-logarithmic (N3LL) accuracy for the
scalar Higgs case [32,33,43–49] and to next-to-next-to-
leading-logarithmic (NNLL) accuracy for the pseudoscalar
case [50]. In [51], the resummed transverse momentum
distribution has been calculated up to NNLOA þ NNLL for
the pseudoscalar Higgs boson.
A generic threshold resummation formula valid to

N3LL accuracy for color-neutral final states was derived
in [49], requiring only the virtual three-loop amplitudes as
process-dependent input. Exploiting the factorization
properties of differential cross sections as well as the
renormalization group (RG) invariance, an all order
z-space formalism was also developed in [52], to study
the threshold-enhanced contribution to rapidity distribu-
tion of any colorless particle. In [53], the same formalism
[52] was used to study the threshold resummation of
rapidity distribution of Higgs boson and later to the Drell-
Yan (DY) process [54]. For different approaches and their
applications, see Refs. [55–63].
The resummed predictions played a crucial role to

understand the experimental data in the threshold regions.
Besides the threshold enhanced logarithms which are also
called as the soft virtual (SV) logarithms, the subleading
logarithms, called the next-to-soft-virtual (NSV) loga-
rithms, are also present in the partonic channels beyond
leading order in perturbation theory. There have been a surge
of interests in the community of theoretical physicists to
understand the nature of these subleading logarithms by
using various methods [64–76]. Recently, the well-
established ideas of collinear factorization and renormaliza-
tion group invariance have been implemented to understand
the perturbative structure of NSV logarithms for inclusive
processes in [77,78]. Following the same formalism of
[77,78], in a series of articles [79–81], we studied variety
of inclusive reactions to understand the impact of NSV
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logarithms and found a systematic way to sum them up to all
orders in z as well as in the Mellin N spaces. We have also
studied the perturbative structure of the NSV logarithms in
the context of rapidity distributions of DY and Higgs
productions in [82]. In addition, for the first time, a procedure
to resum them in a systematic manner in the double Mellin
space beyond the SV accuracy has also been developed in
[82]. Further, we have studied the phenomenological rel-
evance of the NSV resummation in the context of both DY
and Higgs rapidity distributions in [83] and [84], respec-
tively. For the pseudoscalarHiggs, the resummed predictions
including both SV and NSV are recently available to
NNLOþ NNLL accuracy in [85] for the inclusive cross
section case. However, similar predictions for the differential
case is not available in the literature.
In this article, we explore the role of SV and NSV

resummed contributions for the differential rapidity dis-
tribution of pseudoscalar Higgs boson in gluon fusion
channel by employing the formalism developed in [82]. In
particular, we compute the SVand NSV resummed terms to
NNLL accuracy in the double Mellin N-space. Further, we
study the phenomenological impact of adding these
resummed predictions to the fixed order results through
a matching procedure.
The paper is structured as follows: The first section deals

with the theoretical description for the interaction of a
pseudoscalar Higgs with the QCD particles. In the next
section, we discuss the computation of the rapidity distri-
bution at the fixed order level. We explicitly show the
computational steps at NLO and discuss a procedure to
obtain an approximate NNLO which is denoted as NNLOA.
In Sec. IV, we review the framework given in [82] for
computing the SVþ NSV contributions to the rapidity
distribution of a pseudoscalar Higgs in gluon fusion. The
following subsections are devoted to the discussions on the
ingredients that are required to compute the rapidity dis-
tribution at SVþ NSV approximation to N3LO accuracy. In
Sec.V, a relation between inclusive cross section and rapidity
distribution has been exploited to determine the unknown
coefficients of certain logarithms which contribute to the
SVþ NSV rapidity distribution. The results of SVþ NSV
rapidity distribution for pseudoscalar Higgs in gluon fusion
at the partonic level are presented up to N3LO in Sec. VI. In
Sec. VII, we focus on the characteristic structure of the NSV
soft-collinear function along with some of its peculiar
features. In Sec. VIII, we review the formalism to resum
the NSV logarithms to NNLL accuracy followed by the
phenomenological studies of the resummed predictions in
Sec. IX. Finally, we conclude our findings in Sec. X.

II. PSEUDOSCALAR HIGGS EFFECTIVE
FIELD THEORY

We begin with setting up the theoretical framework for
our analysis. The coupling of a pseudoscalar Higgs boson

with gluons occurs only indirectly through a virtual heavy
quark loop which can be integrated out in the infinite quark
mass limit. The interaction between pseudoscalar Higgs
boson χA and the QCD particles in the infinitely large top
quark mass limit can be described by an effective
Lagrangian [28] and it is given by

LA
eff ¼ χAðxÞ

�
−
1

8
CGOGðxÞ −

1

2
CJOJðxÞ

�
; ð1Þ

where the two operators are defined as

OGðxÞ ¼Gμν
a G̃ρσ

a ≡ ϵμνρσG
μν
a Gρσ

a ; OJðxÞ ¼ ∂μðψ̄γμγ5ψÞ:

Here,Ga
μν ¼ ∂μGa

ν − ∂νGa
μ þ gsfabcGb

μGc
ν is the color-field-

strength tensor, and G̃aμν ¼ ϵμνρσGa
ρσ is its dual with ϵμνρσ

being the Levi-Civita tensor; Ga
μ are the gluon fields, gs ¼ffiffiffiffiffiffiffiffiffiffi

4παs
p

is the QCD gauge coupling, and fabc are the
structure constants of the SUðNÞ algebra. The symbols
ψ and ψ̄ represent fields related to quarks and antiquarks,
respectively. The Wilson coefficients CG and CJ of the two
operators originate from integrating out the heavy quark
loop in effective theory. The coefficient CG does not receive
any QCD corrections beyond one loop due to Adler-
Bardeen theorem [86], whereas CJ starts only at second
order in the strong coupling constant. These Wilson
coefficients are given by [28]

CG ¼ −as2
5
4G

1
2

F cot β;

CJ ¼ −
�
asCF

�
3

2
− 3 ln

μ2R
m2

t

�
þ a2sC

ð2Þ
J þ � � �

�
CG; ð2Þ

where as ¼ g2s=16π2. Here, GF denotes the Fermi constant,
cot β is the mixing angle in the Two-Higgs-Doublet model
and CF is the quadratic Casimir in the fundamental
representation of QCD. The symbols mA and mt stand
for the masses of the pseudoscalar Higgs boson and top
quark (heavy quark), respectively. The bare strong coupling
constant in the regularized theory is denoted by bas which is
related to its renormalized counterpart by

âsSϵ ¼
�
μ2

μ2R

�
ϵ=2

Zasas; ð3Þ

where Sϵ ¼ expðϵ
2
½γE − lnð4πÞ�Þ with γE being the Euler-

Mascheroni constant. In the above expression, μR is the
mass scale at which the strong coupling constant is
renormalized. The scale μ is introduced to keep the
unrenormalized strong coupling constant dimensionless
in d ¼ 4þ ϵ space-time dimensions. The renormalization
constant Zas up to Oða3sÞ is given by
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Zas ¼ 1þ as

�
2

ϵ
β0

�
þ a2s

�
4

ϵ2
β20 þ

1

ϵ
β1

�

þ a3s

�
8

ϵ3
β30 þ

14

3ϵ2
β0β1 þ

2

3ϵ
β2

�
: ð4Þ

The coefficients of the QCD β function βi [87] are given in
Appendix A.

III. FIXED ORDER FORMALISM

The rapidity distribution for the production of a pseu-
doscalar Higgs boson at the hadron colliders can be
computed using

d
dY

σAðτ; m2
A; YÞ ¼ σA;ð0Þðτ; m2

AÞWðτ; m2
A; YÞ;

with

W¼
X

a;b¼q;q;g

Z
1

0

dx1

Z
1

0

dx2f̂aðx1Þf̂bðx2Þ
Z

1

0

dzδðτ−zx1x2Þ

×
Z

½dPS1þm�jM̄abj2×δ

�
Y−

1

2
ln

�
P2 ·q
P1 ·q

��
: ð5Þ

Here, σA;ð0Þðτ; m2
AÞ is the born cross section correspond-

ing to the leading order (LO) process: gðp1Þ þ gðp2Þ →
AðqÞ at the parton level. The hadronic scaling variable τ is
defined by τ≡m2

A=S where S is the square of hadronic
center of mass energy, and the dimensionless variable z is
defined as z≡m2

A=ŝ, where ŝ is the square of the partonic
center of mass energy. f̂aðbÞ are the bare parton distribution
functions (PDF) with x1ð2Þ being the fraction of the initial
state hadronic momentum carried by the partons (a, b) that
take part in the scattering at the partonic level. M̄ab denotes
the scattering amplitude at the partonic level, and the
overline signifies the sum and average over all the quantum
numbers for the final and initial state particles, respectively.
½dPS1þm� is the phase space element for the Aþm system
where the integer m depends on the number of radiated
partons. The symbol Y in Eq. (5) stands for the rapidity of
the pseudoscalar Higgs boson, and it is defined as

Y ≡ 1

2
ln

�
P2 · q
P1 · q

�
; ð6Þ

where Pl (l ¼ 1, 2) is the momenta of incoming hadrons,
and q denotes the momentum of pseudoscalar Higgs boson.
In order to define the threshold limit at the partonic level
and to express the hadronic rapidity distribution in terms of
the partonic one through convolution integrals, we choose
to work with the symmetric scaling variables x01 and x02,

Y ≡ 1

2
ln

�
x01
x02

�
and τ≡ x01x

0
2: ð7Þ

In terms of these variables, the partonic contributions
arising from the subprocesses are found to depend on
the ratios

zi ≡ x0i
xi
; i ¼ 1; 2; ð8Þ

which play the role of scaling variables at the partonic level.
The partonic rapidity distribution can be computed, within

the framework of perturbative QCD, order by order in strong
coupling constant. The contributions arising from beyond
leading order contain theUV, soft, and collinear divergences.
Upon performing dimensional regularization, the true nature
of the UV divergences arises as poles in ε, and such
divergences go awaywhen the renormalizations of coupling,
masses, and fields are performed in modified minimal
subtraction (MS) scheme. The UV renormalized partonic
rapidity distribution denoted by Δ̂A

d;ab is identified as

1

x1x2
Δ̂A

d;abðz1; z2; bas; μ2; m2
A; μ

2
RÞ

¼
Z

½dPS1þm�
Z

1

0

dzjMabj2

× δðτ − zx1x2Þδ
�
Y −

1

2
ln

�
P2 · q
P1 · q

��
: ð9Þ

The soft and collinear divergences are collectively called
as infrared (IR) divergences. The soft divergences come
from zero momentum gluons in the loops of virtual
contributions and real gluons in the gluon emission
processes. The massless or light partons are responsible
for collinear divergences. Due to the KLN theorem [88,89],
soft and collinear divergences resulting from final state
partons cancel independently after summing up contribu-
tions from all possible degenerate states. However, the
collinear singularities arising from the collinear configu-
rations involving initial state particles remain. Those are
removed at the hadronic level through the technique,
known as mass factorization. The infrared safe partonic
rapidity distribution which is also termed as the partonic
coefficient function (CF) can be obtained by using the
factorization formula given below,

ΔA
d;acðz1; z2; asðμ2RÞ; m2

A; μ
2
F; μ

2
RÞ

¼
Z

1

z1

dy1
y1

Z
1

z2

dy2
y2

Γ−1
aa0 ð bas; μ2; μ2F; y1; ϵÞ

× Δ̂A
d;a0c0

�
z1
y1

;
z2
y2

; âs; μ2; m2
A; μ

2
R; ϵ

�

× Γ−1
cc0 ð bas; μ2; μ2F; y2; ϵÞ; ð10Þ

where Γab are the Altarelli-Parisi (AP) [90] kernels which
essentially absorb the initial state collinear singularities.
The factored out initial state collinear divergences get
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absorbed into the bare PDFs to give a finite renormalized
value at the scale μF. Using Eq. (10) and substituting it in
Eq. (5), we obtain the expression for the rapidity distribu-
tion in terms of renormalized PDFs and finite CF as given
below,

dσA

dY
¼ σA;ð0Þðτ;m2

AÞ
X

a;b¼q;q;g

Z
1

x0
1

dz1
z1

Z
1

x0
2

dz2
z2

fa

×

�
x01
z1
;μ2F

�
fb

�
x02
z2
;μ2F

�
×ΔA

d;abðz1; z2;m2
A;μ

2
F;μ

2
RÞ:

ð11Þ

The perturbative expansion of the infrared safe CF in
powers of strong coupling constant read as

ΔA
d;cðz1;z2;m2

A;μ
2
F;μ

2
RÞ

¼
X∞
i¼0

aisðμ2RÞΔA;ðiÞ
d;c ðz1;z2;m2

A;μ
2
F;μ

2
RÞ; c¼q;q̄;g: ð12Þ

In this article, we have computed dσA
dY in Eq. (11)

explicitly up to next-to-leading order (NLO) for the
production of a pseudoscalar Higgs boson in a gluon
fusion channel, which is discussed in the following

subsection. We also discuss how an approximate NNLO
which is denoted as NNLOA can be obtained by using the
NNLO results of a scalar Higgs boson.

A. Fixed order results at NLO and NNLOA

Here, we begin with the computation of the rapidity
distribution dσA

dY given in Eq. (11) at NLO accuracy. Note
that the NLO contribution arises from the one-loop virtual
corrections to born process gþ g → A and from the real
emission processes, namely, gþg→Aþg, qþ g → Aþ q,
and qþ q̄ → Aþ g. In order to obtain dσA

dY at NLO, the first

step is to calculate Δ̂A;ðiÞ
d;ab given in Eq. (9) for i ¼ 1 for the

aforementioned processes. One of the ingredients to find

Δ̂A;ð1Þ
d;ab is the phase space element dPS1þm which is relevant

for the processes at NLO. For the virtual contributions to the
born process, dPS1þm ¼ dPS1, which is given as

dPS1 ¼
2π

m2
A
δð1 − z1Þδð1 − z2Þ; ð13Þ

and for the real emission processes, we have two body phase
space element dPS1þm ¼ dPS2, which takes the following
form:

dPS2 ¼
1

8πx1x2

1

Γð1þ ϵ
2
Þ
�
m2

A

4π

�
ϵ=2 2z1z2ð1þ z1z2Þ

ðz1 þ z2Þ2−ϵ
ðð1 − z21Þð1 − z22ÞÞϵ=2: ð14Þ

Next, we need to determine the square of the matrix element jM̄abj2 which is averaged over spin, polarization, and color
for the NLO processes mentioned above. For the one-loop correction to the LO process, we obtain

jM̄j2gþg→A−one loop ¼ as
CAG2

FQ
4

ðN2 − 1Þ
�
1

ϵ2
f−2g þ 1

ϵ
f−1 − LQFg þ

�
3

2
þ 7

4
ζ2 −

1

2
LQF −

1

4
L2
QF

�
þ ϵ

�
−
5

4
−

7

12
ζ3

þ 7

8
ζ2 þ

3

4
LQF þ 7

8
LQFζ2 −

1

8
L2
QF −

1

24
L3
QF

�
þ ϵ2

�
7

8
−

7

24
ζ3 −

21

16
ζ2 −

73

320
ζ22 −

5

8
LQF

−
7

24
LQFζ3 þ

7

16
LQFζ2 þ

3

16
L2
QF þ 7

32
L2
QFζ2 −

1

48
L3
QF

�
þ ϵ3

�
−

9

16
þ 7

16
ζ3 þ

35

32
ζ2 þ

1

6
ζ2ζ3

−
73

640
ζ22 þ

7

16
LQF −

7

48
LQFζ3 −

21

32
LQFζ2 −

73

640
LQFζ

2
2 −

5

32
L2
QF −

7

96
L2
QFζ3 þ

7

64
L2
QFζ2

þ 1

32
L3
QF þ 7

192
L3
QFζ2

�
þ ϵ4

�
5

16
−
35

96
ζ3 þ

37

144
ζ23 −

49

64
ζ2 þ

1

12
ζ2ζ3 þ

219

1280
ζ22 −

39

640
ζ32

−
9

32
LQF þ 7

32
LQFζ3 þ

35

64
LQFζ2 þ

1

12
LQFζ2ζ3 −

73

1280
LQFζ

2
2 þ

7

64
L2
QF −

7

192
L2
QFζ3

−
21

128
L2
QFζ2 −

73

2560
L2
QFζ

2
2 −

5

192
L3
QF −

7

576
L3
QFζ3 þ

7

384
L3
QFζ2

��
; ð15Þ

where LQF ¼ logðQ2

μ2F
Þ and ζi are the Riemann zeta functions. Here,Q2 ¼ m2

A. For the real emission process gþ g → Aþ g,

we find
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jM̄j2gþg→Aþg ¼
as

ðμRÞϵ=2
π2CAG2

F

ðN2 − 1Þ
�

1

D1D2

ð8s3Þ þQ2ð32Þ þQ2

D2

ð16sÞ þQ2

D1

ð16sÞ þQ4

�
−
16

s

�
þQ4

D2

ð−8Þ

þQ4

D1

ð−8Þ þQ6

D2

�
8

s

�
þQ6

D1

�
8

s

�
þD1ð−8Þ þD1Q2

�
8

s

�
þD2

1

�
−
8

s

�
− 16sþ ϵ

�
1

D1D2

ð4s3Þ

þQ2ð8Þ þQ2

D2

ð8sÞ þQ2

D1

ð8sÞ þQ4

�
−
8

s

�
þQ4

D2

ð−4Þ þQ4

D1

ð−4Þ þQ6

D2

�
4

s

�
þQ6

D1

�
4

s

�

þD1ð−4Þ þD1Q2

�
4

s

�
þD2

1

�
−
4

s

�
− 8s

�
þ ϵ2

�
1

D1D2

ð−2s3Þ þQ2ð−4Þ þQ2

D2

ð−4sÞ þQ2

D1

ð−4sÞ

þQ4

�
4

s

�
þQ4

D2

ð2Þ þQ4

D1

ð2Þ þQ6

D2

�
−
2

s

�
þQ6

D1

�
−
2

s

�
þD1ð2Þ þD1Q2

�
−
2

s

�
þD2

1

�
2

s

�
þ 4s

�

þ ϵ3
�

1

D1D2

ðs3Þ þQ2ð6Þ þQ2

D2

ð2sÞ þQ2

D1

ð2sÞ þQ4

�
−
2

s

�
−
Q4

D2

−
Q4

D1

þQ6

D2

�
1

s

�
þQ6

D1

�
1

s

�

−D1 þD1Q2

�
1

s

�
þD2

1

�
−
1

s

�
− 2s

�
þ ϵ4

�
1

D1D2

�
−
1

2
s3
�
þQ2ð−5Þ þQ2

D2

ð−sÞ þQ2

D1

ð−sÞ

þQ4

�
1

s

�
þQ4

D2

�
1

2

�
þQ4

D1

�
1

2

�
þQ6

D2

�
−

1

2s

�
þQ6

D1

�
−

1

2s

�
þD1

�
1

2

�

þD1Q2

�
−

1

2s

�
þD2

1

�
1

2s

�
þ s

��
; ð16Þ

with D1 ¼ −Q2

z ð1 − zÞð1 − yÞ and D2 ¼ −Q2

z ð1 − zÞy, where

z ¼ x01x
0
2

x1x2
; y ¼ x2x02ðx1 þ x01Þðx1 − x01Þ

ðx1x02 þ x2x01Þðx1x2 − x01x
0
2Þ
: ð17Þ

For the real emission process qþ g → Aþ q, we obtain

jM̄j2qþg→Aþq ¼
as

ðμRÞϵ=2
π2CFG2

F

ðN2 − 1Þ
�
ð−4sÞ þ 1

D1

ð−8s2Þ þQ2ð4Þ þQ2
1

D1

ð8sÞ þQ4
1

D1

ð−4Þ þD2ð4Þ þ ϵ

�
1

D1

ð−4s2Þ

þQ2ð4Þ þQ2
1

D1

ð4sÞ þQ4
1

D1

ð−4Þ þD2ð4Þ
�
þ ϵ2

�
ð2sÞ þ 1

D1

ð2s2Þ þQ2
1

D1

ð−2sÞ
�

þ ϵ3
�
ð−sÞ þ 1

D1

ð−s2Þ þQ2
1

D1

ðsÞ
�
þ ϵ4

��
1

2
s

�
þ 1

D1

�
1

2
s2
�
þQ2

1

D1

�
−
1

2
s

���
; ð18Þ

and for gþ q → Aþ q, we have

jM̄j2gþq→Aþq ¼ jM̄j2qþg→AþqjD1↔D2
: ð19Þ

Finally, for the real emission process qþ q̄ → Aþ g, we find

jM̄j2qþq̄→Aþg ¼
as

ðμRÞϵ=2
π2CFG2

F

N

�
ð4sÞ þQ2ð−8Þ þQ4

�
4

s

�
þD1ð8Þ þD1Q2

�
−
8

s

�
þD2

1

�
8

s

�
þ ϵ

�
ð6sÞ þQ2ð−12Þ

þQ4

�
6

s

�
þD1ð8Þ þD1Q2

�
−
8

s

�
þD2

1

�
8

s

��
þ ϵ2

�
ð2sÞ þQ2ð−4Þ þQ4

�
2

s

���
: ð20Þ

Now, we can compute the NLO hadronic rapidity distribution dσA
dY in Eq. (11) by performing the convolution of ΔA

d;ab for
all the contributing processes at NLO discussed above with the corresponding PDFs. Note that ΔA

d;ab can be obtained by

substituting for Δ̂A
d;a0b0 in the factorization formula (10) which requires the phase space element as well as the matrix element

square computed above according to Eq. (9). We express the NLO rapidity distribution at the hadronic level as
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dσA;NLO

dY
¼ σA;ð0Þðτ; m2

AÞ
�
dσA;ð0Þgg

dY
þ as

dσA;ð1Þgg

dY

þ as
dσA;ð1Þqg

dY
þ as

dσA;ð1Þgq

dY
þ as

dσA;ð1Þqq̄

dY

�
; ð21Þ

where

dσA;ð0Þgg

dY
¼ Hggðx01; x02; μ2FÞ ¼ fgðx01; μ2FÞfgðx02; μ2FÞ: ð22Þ

The full result of dσA;NLO
dY is provided in Appendix B. Here,

we mention one interesting observation of the NLO result
of pseudoscalar Higgs rapidity distribution. As already
noted in [91], the NLO result of the rapidity distribution of
the pseudoscalar is related to that of scalar Higgs at a
partonic level as follows:

ΔA;ð1Þ
d;gg ¼ ΔH;ð1Þ

d;gg þ as8CAδð1 − z1Þδð1 − z2Þ;
ΔA;ð1Þ

d;qg ¼ ΔH;ð1Þ
d;qg ; ΔA;ð1Þ

d;qq̄ ¼ ΔH;ð1Þ
d;qq̄ ; ð23Þ

whereH stands for the scalar Higgs boson. From a detailed
analysis of the above results, it has been found that the

difference in the rapidity distribution of scalar and pseu-
doscalar Higgs at NLO for a gg channel arises only from the
one-loop virtual contribution to the respective born proc-
esses which is also termed as one-loop form factor (FF).
Note that the FFs of both scalar and pseudoscalar Higgs
bosons are different due to the presence of different Wilson
coefficients corresponding to ggA (pseudoscalar) and ggH
(scalar) vertices in the Higgs effective field theory [28].
However, we note that the full hadronic NLO rapidity
distribution of pseudoscalar Higgs can be correctly
obtained from that of scalar Higgs by using the formula
given below,

dσA;NLO

dY
¼ RAH ×

�
σA;ð0Þ

σH;ð0Þ

�
×

1

C2
H

dσH;NLO

dY
; ð24Þ

with σH;ð0Þ being the born cross section for scalar Higgs and
CH is the Wilson coefficient for ggH effective vertex [92].
In the above formula, RAH is the ratio of the modulus
square of the finite form factors (FF) corresponding to
pseudoscalar and scalar Higgs [31,93], that means

RAH ¼ jFFAj2
jFFH j2. We provide the expression of the ratio factor

RAH up to a3s below,

RAH ¼
�
1þ asf8CAg þ a2s

�
nfCFð−31þ 12Lrmt − 4LqrÞ þ CAnf

�
−
2

3
−
4

3
Lqr

�
þ C2

A

�
215

3
−
20

3
Lqr

��

þ a3s

�
nfð−4Cð2Þ

J Þ þ nfC2
F

�
763

9
þ 4Lqr þ

32

3
ζ3

�
þ n2fCF

�
4520

81
−
328

9
Lqr þ 16LqrLrmt −

8

3
L2
qr þ 16ζ2

�

þ CAnfCF

�
−
67094

81
þ 96Lrmt þ

1492

9
Lqr − 88LqrLrmt þ

44

3
L2
qr þ

224

3
ζ3 − 88ζ2

�

þ CAn2f

�
−
631

81
þ 134

27
Lqr −

8

9
L2
qr þ

16

3
ζ2

�
þ C2

Anf

�
1973

81
−
838

27
Lqr þ

4

9
L2
qr − 16ζ3 −

8

3
ζ2

�

þ C3
A

�
68309

81
−
6028

27
Lqr þ

220

9
L2
qr −

208

3
ζ3 −

440

3
ζ2

���
; ð25Þ

where Lqr ¼ lnðq2
μ2R
Þ and Lrmt ¼ lnðμ2Rm2

t
Þ.

Now we ask the following question: can this ratio factor
RAH be used for computing the rapidity distribution of
pseudoscalar from that of scalar Higgs beyond NLO
accuracy? In [36], one of the authors had studied the
applicability of this ratio method in obtaining the inclusive
cross section of pseudoscalar from that of scalar Higgs
beyond NLO. In [36], it has been established that an
approximate NNLO result can be obtained for the inclu-
sive cross section of pseudoscalar from that of scalar
Higgs by using this ratio method. In that case, the
difference between the exact and approximate results
are found to be in terms of next-to-next-to-soft

contributions which are suppressed by ð1 − zÞ2 with respect
to the leading soft terms that means they vanish in the
threshold limit z → 1. In addition, there are no logð1 − zÞ
terms present in the difference of exact and approximate
NNLO results. This suggests that one can compute the
inclusive cross section of pseudoscalar Higgs from that of
scalar Higgs by employing the ratio method up to next-to-
soft terms or NSV terms correctly. In addition, in [36], it has
been shown that the approximate NNLO results provide an
excellent approximation to the exact one where the dis-
crepancy is at most 2% for high mass region, whereas it is
around 1% for the low mass case.
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Drawing inspiration from the above observation for the
inclusive case at NNLO, in this article, we attempt to go
beyond NLO for uplifting the theoretical accuracy of the
predictions for pseudoscalar Higgs rapidity distribution.
We begin with computing the approximate NNLO rapidity
distribution of the pseudoscalar from the exact NNLO
result of scalar Higgs available in [94] by using a formula
which is equivalent to Eq. (24) for the NNLO case. We
denote this approximate NNLO result by NNLOA. The
analytic expression of this result is too big to be presented
in this article; nevertheless, we reserve a section for the
detailed numerical analysis of the results we computed.
Further, in principle, one can extend the same ratio method
discussed here to obtain the approximate results at N3LO
for the rapidity distribution of the pseudoscalar Higgs.
However, since the complete N3LO results for the Higgs
rapidity distribution [95] are not yet available publicly, it is
not possible to compute approximate N3LO results for the
rapidity distribution of the pseudoscalar Higgs using the
ratio method mentioned above. Needless to say, computing
the corrections beyond NNLO is not easy, and the

complexity level of the computation increases significantly
which often prevents us from achieving it. Hence, we resort
to an alternate method based on soft-virtual and next-to-
soft-virtual approximations [82] which essentially capture
the dominant contribution at the threshold to go beyond the
NNLO accuracy, which is the topic of the next section.

IV. SV +NSV FORMALISM

The goal of this section is to study the rapidity distri-
bution of pseudoscalar Higgs in gluon fusion at the soft-
virtual ðSVÞ þ next-to-soft-virtual (NSV) approximations.
To be more precise, we consider the contributions to the
partonic CF corresponding to the rapidity distribution
of a pseudoscalar Higgs boson in gluon fusion in the limit
zl → 1 by keeping only SV and NSV terms; hence, we
denote them by ΔA;SVþNSV

d;g . Since we restrict ourselves to
SV terms, namely, distributions of the kind δð1 − ziÞ and
DkðziÞ and NSV terms logkð1 − ziÞ for the CF with gluon-
gluon initiated channel, the expansion coefficients in
Eq. (12) can be expressed as follows:

ΔA;ðiÞ
d;g ¼ ΔA;ðiÞ

d;g;δδδðz̄1Þδðz̄2Þ þ
X

ΔA;ðiÞ
d;g;δDj

δðz̄1ÞDjðz2Þ þ
X

ΔA;ðiÞ
d;g;δLj

δðz̄1ÞLjðz2Þ þ
X

ΔA;ðiÞ
d;g;DjDk

Djðz1ÞDkðz2Þ
þ
X

ΔA;ðiÞ
d;g;DjLk

Djðz1ÞLkðz2Þ þ ðz1 ↔ z2Þ;

with DjðzlÞ ¼
�
lnjð1 − zlÞ
ð1 − zlÞ

�
þ
; δðz̄lÞ ¼ δð1 − zlÞ and LjðzlÞ ¼ logjð1 − zlÞ for l ¼ 1; 2: ð26Þ

In [82], it has been already shown that the SVþ NSV contributions to the differential distributions arising from diagonal
partonic channels, which is the gluon-gluon channel in our case, can be factorized in terms of the overall operator UV
renormalization constant ZA

g , the bare form factor F̂A
g (FF), a function SA

d;g that is sensitive to real emission contributions,

and the collinear singular AP kernels Γgg. This is always possible as ðZA
g Þ2 and jF̂A

g j2 are simply proportional to δðz̄1Þδðz̄2Þ
and can be factored out from these partonic channels. Hence, near threshold, we obtain, for ΔA;SVþNSV

d;g ,

ΔA;SVþNSV
d;g ðz1; z2; m2

A; μ
2
F; μ

2
R; ϵÞ ¼ σA;ð0Þðμ2RÞðZA

g ðâs; μ2R; μ2; ϵÞÞ2jF̂A
g ðâs; μ2; m2

A; ϵÞj2
× δðz̄2Þδðz̄1Þ ⊗ SA

d;gðâs; μ2; m2
A; z1; z2; ϵÞ

⊗ Γ−1
gg ð bas; μ2; μ2F; z1; ϵÞδðz2Þ ⊗ Γ−1

gg ð bas; μ2; μ2F; z2; ϵÞδðz1Þ: ð27Þ

The symbol ⊗ refers to convolution, which is defined for functions, fiðxiÞ; i ¼ 1; 2; · · ·; n, as

ðf1 ⊗ f2 ⊗ · · · ⊗ fnÞðzÞ ¼
Yn
i¼1

�Z
dxifiðxiÞ

�
δðz − x1x2 · · · xnÞ: ð28Þ

As long as we are interested in computing the SVþ
NSV parts of the rapidity distribution, that is those resulting
from the phase space region where z1ð2Þ → 1, we keep only
those terms that are proportional to distributions δðz̄lÞ,
DiðzlÞ, and NSV terms logið1 − zlÞ with l ¼ 1, 2 and i ¼
0; 1;… and drop the rest of the terms resulting from the
convolutions. Hence, we have kept only diagonal part of

AP kernel Γab in Eq. (27) and dropped the nondiagonal AP
kernels. In addition, the diagonal kernels get contributions
only from the diagonal splitting functions. The reason for
the above simplification is due to the fact that the
distributions and NSV logarithms can come only from
convolutions of two or more distributions or a distribution
with NSV logarithms. In summary, since our main focus
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here is on SVand NSV terms resulting from gluon initiated
pseudoscalar Higgs production, we have dropped contri-
butions from nondiagonal partonic channels in the mass
factorized result of ΔA

d;g. All the ingredients in Eq. (27) that

are required to get a finite CF, namely, ZA
g , F̂

A
g , SA

d;g, and Γgg

are known to satisfy certain differential equations with
respect to some mass scales [32,78,79,82]. The form of
solutions to the respective differential equations which are
discussed in the subsequent sections along with the well-

established ideas of collinear factorization lead to an all
order formula for computing ΔA;SVþNSV

d;g in z space,

ΔA;SVþNSV
d;g ðq2; μ2R; μ2F; z1; z2Þ
¼ C expðΨA

d;gðq2; μ2R; μ2F; z1; z2; ϵÞÞjϵ¼0; ð29Þ

where the function ΨA
d;g is given by

ΨA
d;gðq2; μ2R; μ2F; z1; z2; ϵÞ ¼ ðlnðZA

g ðâs; μ2; μ2R; ϵÞÞ2 þ ln jF̂A
g ðâs; μ2; Q2; ϵÞj2Þδðz̄1Þδðz̄2Þ

þ C lnSA
d;gðâs; μ2; q2; z1; z2; ϵÞ − C lnΓggðâs; μ2; μ2F; z1; ϵÞδðz̄2Þ

− C lnΓggðâs; μ2; μ2F; z2; ϵÞδðz̄1Þ: ð30Þ

The symbol “C” stands for the convolution whose actions
on a distribution gðz1; z2Þ is defined as

Cegðz1;z2Þ ¼ δð1 − z1Þδð1 − z2Þ þ
1

1!
gðz1; z2Þ

þ 1

2!
ðg ⊗ gÞðz1; z2Þ þ � � � ; ð31Þ

where ⊗ denotes the Mellin convolution. Though the
constituents of ΨA

d;g contain UV and IR divergent terms,
the sumof all these terms is finite and is regular in thevariable
ϵ. It contains the distributions such as δð1 − zlÞ, DiðzlÞ
and the logarithms of the form logið1 − zlÞ; l ¼ 1; 2;
i ¼ 0; 1;….

A. Operator renormalization constant

Besides coupling constant renormalization, the form
factor also requires the renormalization of the effective
operators in the effective Lagrangian, Eq. (1). This addi-
tional renormalization is called the overall operator renorm-
alization which is performed through the constant ZA

g . In
Eq. (27), the overall operator renormalization ZA

g is
determined by solving the underlying renormalization
group (RG) equation:,

μ2R
d

dμ2R
lnZA

g ðâs; μ2R; μ2; ϵÞ ¼
X∞
i¼1

aisγAg;i: ð32Þ

Using the results of γAg;i given in Appendix A and solving
the above RG equation, we obtain the overall renormaliza-
tion constant up to three-loop level as

ZA
g ¼ 1þ as

�
22

3ϵ
CA −

4

3ϵ
nf

�
þ a2s

�
1

ϵ2

�
484

9
C2
A −

176

9
CAnf þ

16

9
n2f

�
þ 1

ϵ

�
34

3
C2
A −

10

3
CAnf − 2CFnf

��

þ a3s

�
1

ϵ3

�
10648

27
C3
A −

1936

9
C2
Anf þ

352

9
CAn2f −

64

27
n3f

�

þ 1

ϵ2

�
5236

27
C3
A −

2492

27
C2
Anf −

308

9
CACFnf þ

280

27
CAn2f þ

56

9
CFn2f

�

þ 1

ϵ

�
2857

81
C3
A −

1415

81
C2
Anf −

205

27
CACFnf þ

2

3
C2
Fnf þ

79

81
CAn2f þ

22

27
CFn2f

��
; ð33Þ

with the SUðNÞ QCD color factors,

CA ¼ N; CF ¼ N2 − 1

2N
: ð34Þ

Here, nf is the number of active light quark flavors. It is to be noted that ZA
g ¼ ZGG which is given in Eq. (3.49) of [31] has

been discussed extensively in [31].
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B. Form factor

The unrenormalized form factor FA
g ðâs; Q2; μ2; ϵÞ sat-

isfies the so-called Kþ G differential equation [96–99]
which is dictated by the factorization property, gauge, and
renormalization group (RG) invariances,

Q2
d

dQ2
lnF̂A

g ðâs;Q2;μ2;ϵÞ¼1

2

�
KA

g

�
âs;

μ2R
μ2

;ϵ

�

þGA
g

�
âs;

Q2

μ2R
;
μ2R
μ2

;ϵ

��
; ð35Þ

where all poles in the dimensional regulator ϵ are contained
in the Q2 independent function KA

g , and the finite terms in
ϵ → 0 are encapsulated in GA

g . RG invariance of the form
factor implies

μ2R
d

dμ2R
KA

g

�
âs;

μ2R
μ2

; ϵ
�

¼ −μ2R
d

dμ2R
GA

g

�
âs;

Q2

μ2R
;
μ2R
μ2

; ϵ
�

¼ −
X∞
i¼1

aisðμ2RÞAA
g;i: ð36Þ

The cusp anomalous dimensions AA
g;i [42,100–103] are

given in Appendix A. Solving the above renormalization
group equation (RGE) satisfied by KA

g , we get

KA
g ðâs; μ2; μ2R; ϵÞ ¼

X∞
i¼1

âis

�
μ2R
μ2

�
iϵ
2

SiϵK
A;ðiÞ
g ðϵÞ; ð37Þ

with

KA;ð1Þ
g ðϵÞ ¼ 1

ϵ
f−2AA

g;1g;

KA;ð2Þ
g ðϵÞ ¼ 1

ϵ2
f2β0AA

g;1g þ
1

ϵ
f−AA

g;2g;

KA;ð3Þ
g ðϵÞ ¼ 1

ϵ3

�
−
8

3
β20A

A
g;1

�
þ 1

ϵ2

�
2

3
β1AA

g;1 þ
8

3
β0AA

g;2

�

þ 1

ϵ

�
−
2

3
AA
g;3

�
: ð38Þ

Similarly, upon solving the RGE in (36) for GA
g , we obtain

GA
g

�
âs;

Q2

μ2R
;
μ2R
μ2

; ϵ

�
¼ GA

g

�
asðμ2RÞ;

Q2

μ2R
; ϵ

�
¼ GA

g ðasðQ2Þ; 1; ϵÞ þ
Z

1

Q2=μ2R

dλ2

λ2
AA
g ðasðλ2μ2RÞÞ ¼ GA

g ðasðQ2Þ; 1; ϵÞ

þ
X∞
i¼1

Siϵâis

�
μ2R
μ2

�
iϵ
2

��
Q2

μ2R

�
iϵ
2

− 1

�
KA;ðiÞ

g ðϵÞ: ð39Þ

We expand the finite function GA
g ðasðQ2Þ; 1; ϵÞ in powers of asðQ2Þ as

GA
g ðasðQ2Þ; 1; ϵÞ ¼

X∞
i¼1

aisðQ2ÞGA
g;iðϵÞ: ð40Þ

After substituting these solutions in (35) and performing the final integration, we obtain the following solution for the form
factor:

ln F̂A
g ðâs; Q2; μ2; ϵÞ ¼

X∞
i¼1

âis

�
Q2

μ2

�
iϵ
2

SiϵL̂
A;ðiÞ
g;F ðϵÞ; ð41Þ

where

L̂A;ð1Þ
g;F ¼ 1

ϵ2
ð−2AA

g;1Þ þ
1

ϵ
ðGA

g;1ðϵÞÞ

L̂A;ð2Þ
g;F ¼ 1

ϵ3
ðβ0AA

g;1Þ þ
1

ϵ2

�
−
1

2
AA
g;2 − β0GA

g;1ðϵÞ
�
þ 1

2ϵ
GA

g;2ðϵÞ

L̂A;ð3Þ
g;F ¼ 1

ϵ4

�
−
8

9
β20A

A
g;1

�
þ 1

ϵ3

�
2

9
β1AA

g;1 þ
8

9
β0AA

g;2 þ
4

3
β20G

A
g;1ðϵÞ

�
þ 1

ϵ2

�
−
2

9
AA
g;3 −

1

3
β1GA

g;1ðϵÞ

−
4

3
β0GA

g;2ðϵÞ
�
þ 1

ϵ

�
1

3
GA

g;3ðϵÞ
�
: ð42Þ
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One finds that GA
g;i can be expressed in terms of collinear B

q
i

and soft fqi anomalous dimensions through the relation
[38,104,105],

GA
g;iðϵÞ ¼ 2ðBA

g;i − γAg;iÞ þ fAg;i þ
X∞
k¼0

ϵkgA;kg;i : ð43Þ

Note that the single pole term of the form factor depends on
three different anomalous dimensions, namely, the collinear
anomalous dimension BA

g;i, anomalous dimension of the
coupling constant γAg;i, and the soft anomalous dimension
fAg;i. B

A
g;i can be obtained from the δð1 − zÞ parts of the

diagonal splitting function known up to the three-loop level
[100,101]which are given inAppendixA.ThefAg;i for i¼ 1, 2
can be found in [38] and in [100] for i ¼ 3. We list them in
Appendix A. The constants gA;0g;i are controlled by the beta
function of the strong coupling constant through renormal-
ization group invariance of the bare form factor as

gA;0g;1 ¼ 0; gA;0g;2 ¼ −2β0gA;1g;1 ;

gA;0g;3 ¼ −2β1gA;1g;1 − 2β0ðgA;1g;2 þ 2β0g
A;2
g;1 Þ: ð44Þ

Below, we give the expressions of gA;ig;j which are required to
calculate the form factor up to a3s ,

gA;1g;1 ¼ CAf4þ ζ2g;

gA;2g;1 ¼ CA

�
−6 −

7

3
ζ3

�
;

gA;3g;1 ¼ CA

�
7 −

1

2
ζ2 þ

47

80
ζ22

�
;

gA;1g;2 ¼ C2
A

�
11882

81
þ 67

3
ζ2 −

44

3
ζ3

�
þ CAnf

�
−
2534

81
−
10

3
ζ2 −

40

3
ζ3

�
þ CFnf

�
−
160

3
þ 12 ln

�
μ2R
m2

t

�
þ 16ζ3

�
;

gA;2g;2 ¼ CFnf

�
2827

18
− 18 ln

�
μ2R
m2

t

�
−
19

3
ζ2 −

16

3
ζ22 −

128

3
ζ3

�
þ CAnf

�
21839

243
−
17

9
ζ2 þ

259

60
ζ22 þ

766

27
ζ3

�

þ C2
A

�
−
223861

486
þ 80

9
ζ2 þ

671

120
ζ22 þ

2111

27
ζ3 þ

5

3
ζ2ζ3 − 39ζ5

�
;

gA;1g;3 ¼ nfC
ð2Þ
J f−6g þ CFn2f

�
12395

27
−
136

9
ζ2 −

368

45
ζ22 −

1520

9
ζ3 − 24 ln

�
μ2R
m2

t

��
þ C2

Fnf

�
457

2
þ 312ζ3 − 480ζ5

�

þ C2
Anf

�
−
12480497

4374
−
2075

243
ζ2 −

128

45
ζ22 −

12992

81
ζ3 −

88

9
ζ2ζ3 þ

272

3
ζ5

�

þ C3
A

�
62867783

8748
þ 146677

486
ζ2 −

5744

45
ζ22 −

12352

315
ζ32 −

67766

27
ζ3 −

1496

9
ζ2ζ3 −

104

3
ζ23 þ

3080

3
ζ5

�

þ CAn2f

�
514997

2187
−

8

27
ζ2 þ

232

45
ζ22 þ

7640

81
ζ3

�

þ CACFnf

�
−
1004195

324
þ 1031

18
ζ2 þ

1568

45
ζ22 þ

25784

27
ζ3 þ 40ζ2ζ3 þ

608

3
ζ5 þ 132 ln

�
μ2R
m2

t

��
: ð45Þ

After substituting the above expressions in (35) and performing the final integration, we obtain the UV renormalized
form factor up to Oða3sÞ as

ln jF̂A
g j2ð−q2; ϵÞ ¼ asðq2Þ

�
−

1

ϵ2
16CA þ CAð8þ 14ζ2Þ

�
þ asðq2Þ2

�
1

ϵ3
½16CAnf − 88C2

A� þ
1

ϵ2

�
CAnf

�
40

9

�

þ C2
A

�
−
268

9
þ 8ζ2

��
þ 1

ϵ

�
CAnf

�
−
76

27
þ 4

3
ζ2

�
þ C2

A

�
772

27
− 4ζ3 −

22

3
ζ2

��
þ CFnf

�
−
160

3

þ 12 ln

�
μ2R
m2

t

�
þ 16ζ3

�
þ CAnf

�
−
1886

81
−
92

9
ζ3 −

50

3
ζ2

�
þ C2

A

�
8318

81
−
286

9
ζ3 þ

335

3
ζ2 − 24ζ22

��

þ asðq2Þ3
�
1

ϵ4

�
CAn2f

�
−
1408

81

�
þ C2

Anf

�
15488

81

�
þ C3

A

�
−
42592

81

��
þ 1

ϵ3

�
CAn2f

�
−
1600

243

�
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þ CACFnf

�
256

9

�
þ C2

Anf

�
31040

243
−
320

27
ζ2

�
þ C3

A

�
−
98128

243
þ 1760

27
ζ2

��
þ 1

ϵ2

�
CAn2f

�
224

81
−
32

27
ζ2

�

þ CACFnf

�
440

27
−
128

9
ζ3

�
− C2

Anf

�
6176

243
−
544

27
ζ3 −

416

81
ζ2

�
þ C3

A

�
16328

243
−
880

27
ζ3 þ

1384

81
ζ2

−
704

45
ζ22

��
þ 1

ϵ

�
CAn2f

�
−
3728

2187
þ 224

81
ζ3 −

80

81
ζ2

�
− CACFnf

�
3638

81
−
608

27
ζ3 −

8

3
ζ2 −

64

15
ζ22

�

þ C2
Anf

�
14980

2187
−
1424

81
ζ3 þ

4792

243
ζ2 −

656

45
ζ22

�
þ C3

A

�
234466

2187
þ 64

3
ζ5 −

488

9
ζ3 −

24436

243
ζ2 þ

160

9
ζ2ζ3

þ 2552

45
ζ22

��
− nfC

ð2Þ
J þ CFn2f

�
1498

9
−
224

3
ζ3 −

40

9
ζ2 −

32

45
ζ22

�
þ C2

Fnf

�
457

3
− 320ζ5 þ 208ζ3

�

þ CAn2f

�
560290

6561
þ 9152

243
ζ3 −

296

27
ζ2 −

424

27
ζ22

�
þ CACFnf

�
−
623255

486
þ 1216

9
ζ5 þ

35176

81
ζ3 −

925

9
ζ2

þ 368

3
ζ2ζ3 −

128

45
ζ22

�
þ C2

Anf

�
−
7335209

6561
þ 856

9
ζ5 −

2216

81
ζ3 −

37054

729
ζ2 − 104ζ2ζ3 þ

10616

45
ζ22

�

þ C3
A

�
35421539

13122
þ 4444

9
ζ5 −

322280

243
ζ3 −

208

9
ζ23 þ

510619

729
ζ2 −

308

3
ζ2ζ3 −

118534

135
ζ22 þ

75088

945
ζ32

��
: ð46Þ

C. Mass factorization kernel

The mass factorization kernels are the solutions to the
AP evolution equation which is controlled by the AP
splitting functions Paa0 ðzl; μ2FÞ as given below,

μ2F
d

dμ2F
Γabðzl;μ2F;ϵÞ¼

1

2

X
a0¼q;q̄;g

Paa0 ðzl;μ2FÞ⊗Γa0bðzl;μ2F;ϵÞ;

a;b¼ q;q̄;g; ð47Þ

where the perturbative expansion of the AP splitting
functions reads as

Pðzl; μ2FÞ ¼
X∞
i¼1

aisðμ2FÞPði−1ÞðzlÞ: ð48Þ

As discussed in the previous section, only the diagonal
parts of splitting functions Pabðz; μ2FÞ in Γabðz; μ2F; εÞ need
to be kept since the convolutions of two or more non-
diagonal splitting functions give rise to terms which are of
beyond NSV type. The diagonal Pggðzl; μ2FÞ are expanded
around zl ¼ 1, and all those terms which do not contribute
to SVþ NSV are eliminated. The diagonal AP splitting
functions near zl ¼ 1 take the following form:

Pggðzl; asðμ2FÞÞ ¼ 2½BA
g ðasðμ2FÞÞδð1 − zlÞ

þ AA
g ðasðμ2FÞÞD0ðzlÞ

þ CA
g ðasðμ2FÞÞ logð1 − zlÞ

þDA
g ðasðμ2FÞÞ� þOðð1 − zlÞÞ; ð49Þ

where

CA
g ðasðμ2FÞÞ ¼

X∞
i¼1

aisðμ2FÞCA
g;i;

DA
g ðasðμ2FÞÞ ¼

X∞
i¼1

aisðμ2FÞDA
g;i: ð50Þ

The constants CA
g;i and DA

g;i can be obtained from the
splitting functions Pgg which are known to three loops in
QCD [100,101] (see Refs. [71,100,101,106–112] for the
lower order ones). We list CA

g;i and DA
g;i below,

CA
g;1 ¼ 0;

CA
g;2 ¼ 16C2

A;

CA
g;3 ¼ C2

Anf

�
−
320

9

�
þ C3

A

�
2144

9
− 64ζ2

�
;

DA
g;1 ¼ −4CA;

DA
g;2 ¼ CAnf

�
40

9

�
þ C2

A

�
−
268

9
þ 8ζ2

�
;

DA
g;3 ¼ CAn2f

�
16

27

�
þ CACFnf

�
110

3
− 32ζ3

�

þ C2
Anf

�
908

27
þ 112

3
ζ3 −

160

9
ζ2

�

þ C3
A

�
−166þ 56

3
ζ3 þ

1072

9
ζ2 −

176

5
ζ22

�
: ð51Þ
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The RG equation in (47) can be solved by employing the perturbative expansion of the AP kernels,

Γggðzl; μ2F; ϵÞ ¼ δð1 − zlÞ þ
X∞
i¼1

âis

�
μ2F
μ2

�
iϵ
2

SiϵΓ
ðiÞ
gg ðzl; ϵÞ: ð52Þ

The solutions of ΓðiÞ
gg in the MS scheme are given by

Γð1Þ
gg ðzl; ϵÞ ¼

1

ϵ
Pð0Þ
gg ðzlÞ;

Γð2Þ
gg ðzl; ϵÞ ¼

1

ϵ2

�
1

2
Pð0Þ
gg ðzlÞ ⊗ Pð0Þ

gg ðzlÞ − β0P
ð0Þ
gg ðzlÞ

�
þ 1

ϵ

�
1

2
Pð1Þ
gg ðzlÞ

�
;

Γð3Þ
gg ðzl; ϵÞ ¼

1

ϵ3

�
4

3
β20P

ð0Þ
gg ðzlÞ − β0P

ð0Þ
gg ðzlÞ ⊗ Pð0Þ

gg ðzlÞ þ
1

6
Pð0Þ
gg ðzlÞ ⊗ Pð0Þ

gg ðzlÞ ⊗ Pð0Þ
gg ðzlÞ

�

þ 1

ϵ2

�
1

2
Pð0Þ
gg ðzlÞ ⊗ Pð1Þ

gg ðzlÞ −
1

3
β1P

ð0Þ
gg ðzlÞ −

4

3
β0P

ð1Þ
gg ðzlÞ

�
þ 1

ϵ

�
1

3
Pð2Þ
gg ðzlÞ

�
: ð53Þ

The most remarkable fact is that these quantities are
universal, independent of the insertion of operators.
Hence, for the process under consideration, we make use
of the existing process independent results of the AP
kernels and splitting functions.

D. Soft-collinear function

Exploiting the fact that the CF ΔA;SVþNSV
d;g is finite, the

infrared structure of SA
d;g can be studied using the AP

evolution equations of Γgg and the Kþ G differential
equation of F̂P

g provided with the renormalization group
equation of ZA

g . This is possible as we find that SA
d;g also

satisfies a Kþ G type differential equation,

q2
d
dq2

SA
d;g ¼

1

2

�
K̄A

d;g

�
âs;

μ2R
μ2

; ϵ; z1; z2

�

þ ḠA
d;g

�
âs;

q2

μ2R
;
μ2R
μ2

; ϵ; z1; z2

��
⊗ SA

d;g; ð54Þ

where the infrared singular part is contained in K̄A
d;g in terms

of universal anomalous dimensions while the finite ḠA
d;g is

controlled by certain process independent but initial state
dependent functions and also certain process dependent
pieces. Since the Kþ G equation (54) corresponding to
SA
d;g admits a solution of convoluted exponential form, we

write

SA
d;g ¼ C exp ð2ΦA

d;gðâs; μ2; q2; z1; z2; ϵÞÞ; ð55Þ
where the real emission contributions are encapsulated in the
function ΦA

d;g which is termed as the soft-collinear function.
Furthermore, ΦA

d;g being independent of μ
2
R satisfies the RG

equation, μ2R
d

dμ2R
ΦA

d;g ¼ 0 and consequently

μ2R
d

dμ2R
K̄A

d;g ¼ −μ2R
d

dμ2R
ḠA

d;g

¼ −δð1 − z1Þδð1 − z2ÞĀA
g ðasðμ2RÞÞ: ð56Þ

The right-hand side of the above equation is proportion to
δð1 − z1Þδð1 − z2Þ as the most singular terms resulting from
K̄A

d;g should cancel with those from the form factor con-
tribution which is proportional to only pure delta functions.
Tomake the CFΔA;SVþNSV

d;g finite, the poles fromΦA
d;g have to

cancel with those coming from F̂A
g and Γgg. Hence, the

constants ĀA
g should satisfy ĀA

g ¼ −AA
g . The RGE (56) for

ḠA
d;g can be solved using the above mentioned relation to get

ḠA
d;g

�
âs;

q2

μ2R
;
μ2R
μ2

; z1; z2; ϵ

�

¼ ḠA
d;g

�
asðμ2RÞ;

q2

μ2R
; z1; z2; ϵ

�

¼ ḠA
d;gðasðq2Þ; 1; z1; z2; ϵÞ

− δð1 − z1Þδð1 − z2Þ
Z

1

q2

μ2
R

dλ2

λ2
AA
g ðasðλ2μ2RÞÞ: ð57Þ

With these solutions, it is now straightforward to solve the
differential equation (54) for obtaining the form ofΦA

d;g. For
convenience, we decompose the soft-collinear function as
ΦA

d;g ¼ ΦA
d;g;SV þΦA

d;g;NSV in such a way that ΦA
d;g;SV con-

tains only the SV terms, i.e., all the distributions DkðzlÞ and
δð1 − zlÞ, and ΦA

d;g;NSV contains the NSV terms, namely,
logkð1 − zlÞ; l ¼ 1; 2; k ¼ 0;… in the limit z1ð2Þ → 1. An all
order solution for ΦA

d;g;SV in powers of âs in dimensional
regularization is given in [52], and we reproduce it here for
completeness,
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ΦA
d;g;SV ¼

X∞
i¼1

âis

�
q2z̄1z̄2
μ2

�
iϵ
2

Siϵ

� ðiϵÞ2
4z̄1z̄2

ϕ̂A;ðiÞ
d;g ðϵÞ

�
; ð58Þ

with

ϕ̂A;ðiÞ
d;g ðϵÞ ¼ 1

iϵ
½K̄AðiÞ

d;g ðϵÞ þ ḠAðiÞ
d;g;SVðϵÞ�: ð59Þ

The constants K̄A;ðiÞ
d;g ðϵÞ are determined by expanding K̄A

d;g in powers of âs as follows:

K̄A
d;g

�
âs;

μ2R
μ2

; z1; z2; ϵ

�
¼ δð1 − z1Þδð1 − z2Þ

X∞
i¼1

âis

�
μ2R
μ2

�
iϵ
2

SiϵK̄
A;ðiÞ
d;g ðϵÞ; ð60Þ

and solving the RGE (56) for K̄A
d;g. The constants K̄

A;ðiÞ
d;g ðϵÞ are related to the constantsKA;ðiÞ

d;g ðϵÞwhich appear in the form factor

by K̄A;ðiÞ
d;g ðϵÞ ¼ KA;ðiÞ

d;g ðϵÞjAA
g−>−AA

g
, due to the IR pole cancellation. ḠA;ðiÞ

d;g;SVðϵÞ are related to the finite functions

ḠA
d;g;SVðasðq2Þ; 1; z1; z2; ϵÞ. In terms of renormalized coupling constant, we find

X∞
i¼1

âis

�
q2ð1 − z1Þð1 − z2Þ

μ2

�
iϵ
2

SiϵḠ
A;ðiÞ
d;g;SVðϵÞ ¼

X∞
i¼1

aisðq2ð1 − z1Þð1 − z2ÞÞḠA
d;g;iðϵÞ: ð61Þ

Using K̄A;ðiÞ
d;g fromEq. (60) after putting the explicit values ofAA

g and Ḡ
A;ðiÞ
d;g;SV fromEq. (61), we find that ϕ̂A;ðiÞ

d;g ðϵÞ inΦA
d;g;SV up to

third order in âs takes the following form:

ϕ̂A;ð1Þ
d;g ðϵÞ ¼ 1

ϵ2
8CA þ 1

ϵ
ḠA
d;g;1ðϵÞ;

ϕ̂A;ð2Þ
d;g ðϵÞ ¼ 1

ϵ3

�
CAnf

�
8

3

�
þ C2

A

�
−
44

3

��
þ 1

ϵ2

�
nf

�
2

3
ḠA
d;g;1ðϵÞ

�
þ CA

�
−
11

3
ḠA
d;g;1ðϵÞ

�

þ CAnf

�
−
20

9

�
þ C2

A

�
134

9
− 4ζ2

��
þ 1

2ϵ
ḠA
d;g;2ðϵÞ;

ϕ̂A;ð3Þ
d;g ðϵÞ ¼ 1

ϵ4

�
CAn2f

�
128

81

�
þ C2

Anf

�
−
1408

81

�
þ C3

A

�
3872

81

��
þ 1

ϵ3

�
n2f

�
16

27
ḠA
d;g;1ðϵÞ

�

þ CAnf

�
−
176

27
ḠA
d;g;1ðϵÞ

�
þ CAn2f

�
−
640

243

�
þ CACFnf

�
16

9

�
þ C2

A

�
484

27
ḠA
d;g;1ðϵÞ

�

þ C2
Anf

�
8528

243
−
128

27
ζ2

�
þ C3

A

�
−
26032

243
þ 704

27
ζ2

��
þ 1

ϵ2

�
nf

�
8

9
ḠA
d;g;2ðϵÞ

�

þ CFnf

�
2

3
ḠA
d;g;1ðϵÞ

�
þ CA

�
−
44

9
ḠA
d;g;2ðϵÞ

�
þ CAnf

�
10

9
ḠA
d;g;1ðϵÞ

�
þ CAn2f

�
−

32

243

�

þ CACFnf

�
−
220

27
þ 64

9
ζ3

�
þ C2

A

�
−
34

9
ḠA
d;g;1ðϵÞ

�
þ C2

Anf

�
−
1672

243
−
224

27
ζ3

þ 320

81
ζ2

�
þ C3

A

�
980

27
þ 176

27
ζ3 −

2144

81
ζ2 þ

352

45
ζ22

��
þ 1

3ϵ
ḠA
d;g;3ðϵÞ: ð62Þ

In the above equations, ḠA
d;g;iðϵÞ are parametrized as follows:

ḠA
d;g;iðϵÞ ¼ −fAg;i þ

X∞
k¼0

ϵkḠA;ðkÞ
d;g;i ; ð63Þ

where
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ḠA;ð0Þ
d;g;1 ¼ 0; ḠA;ð0Þ

d;g;2 ¼ −2β0Ḡ
A;ð1Þ
d;g;1 ;

ḠA;ð0Þ
d;g;3 ¼ −2β1Ḡ

A;ð1Þ
d;g;1 − 2β0ðḠA;ð1Þ

d;g;2 þ 2β0Ḡ
A;ð2Þ
d;g;1 Þ: ð64Þ

The unknown constants ḠA;ðkÞ
d;g;i are determined in the next section.

Let us now study in detail the structure ofΦA
d;g;NSV using the Eq. (54). Subtracting out the Kþ G equation for the SV part

ΦA
d;g;SV from Eq. (54), we find that ΦA

d;g;NSV satisfies

q2
d
dq2

ΦA
d;g;NSVðq2; z1; z2; εÞ ¼

1

2

�
ḠA

d;g;NSV

�
âs;

q2

μ2R
;
μ2R
μ2

; ε; z1; z2

��
; ð65Þ

where ḠA
d;g;NSV ¼ ḠA

d;g − ḠA
d;g;SV . Now, solving the above differential equation, we obtain the following all order structure

for ΦA
d;g;NSV

ΦA
d;g;NSV ¼

X∞
i¼1

âis

�
q2z̄1z̄2
μ2

�
iε
2

Siε

�
iε
4z̄1

φA;ðiÞ
d;g ðz̄2; εÞ þ

iε
4z̄2

φA;ðiÞ
d;g ðz̄1; εÞ

�
; ð66Þ

with

φA;ðiÞ
d;g ðz̄j; εÞ ¼

1

iε
½ḠA;ðiÞ

d;g;NSVðz̄j; εÞ�: ð67Þ

ḠA;ðiÞ
d;g;NSVðz̄j; εÞ are related to the finite function ḠA

d;g;NSVðasðq2Þ; 1; z1; z2; εÞ through the NSV logarithms logkð1 − zjÞ.
Defining ḠA;g

d;L;iðz̄j; εÞ through

X∞
i¼1

âis

�
q2z̄j
μ2

�iε
2

SiεḠ
A;ðiÞ
d;g;NSVðz̄j; εÞ ¼

X∞
i¼1

aisðq2z̄jÞḠA;g
d;L;iðz̄j; εÞ: ð68Þ

we find

ḠA;ð1Þ
d;g;NSVðz̄j; εÞ ¼ ḠA;g

d;L;1ðz̄j; εÞ;

ḠA;ð2Þ
d;g;NSVðz̄j; εÞ ¼

1

ε
ð−2β0ḠA;g

d;L;1ðz̄j; εÞÞ þ ḠA;g
d;L;2ðz̄j; εÞ;

ḠA;ð3Þ
d;g;NSVðz̄j; εÞ ¼

1

ε2
ð4β20ḠA;g

d;L;1ðz̄j; εÞÞ þ
1

ε
ð−β1ḠA;g

d;L;1ðz̄j; εÞ − 4β0Ḡ
A;g
d;L;2ðz̄j; εÞÞ

þ ḠA;g
d;L;3ðz̄j; εÞ: ð69Þ

Using (67) and (69), we obtain

φA;ð1Þ
d;g ðz̄j; εÞ ¼

1

ε
ḠA;g
d;L;1ðz̄j; εÞ

φA;ð2Þ
d;g ðz̄j; εÞ ¼

1

ε2

�
nf

�
2

3
ḠA;g
d;L;1ðz̄j; εÞ

�
þ CA

�
−
11

3
ḠA;g
d;L;1ðz̄j; εÞ

��
þ 1

2ε
ḠA;g
d;L;2ðz̄j; εÞ

φA;ð3Þ
d;g ðz̄j; εÞ ¼

1

ε3

�
n2f

�
16

27
ḠA;g
d;L;1ðz̄j; εÞ

�
þ CAnf

�
−
176

27
ḠA;g
d;L;1ðz̄j; εÞ

�
þ C2

A

�
484

27
ḠA;g
d;L;1ðz̄j; εÞ

��

þ 1

ε2

�
nf

�
8

9
ḠA;g
d;L;2ðz̄j; εÞ

�
þ CFnf

�
2

3
ḠA;g
d;L;1ðz̄j; εÞ

�
þ CA

�
−
44

9
ḠA;g
d;L;2ðz̄j; εÞ

�

þ CAnf

�
10

9
ḠA;g
d;L;1ðz̄j; εÞ

�
þ C2

A

�
−
34

9
ḠA;g
d;L;1ðz̄j; εÞ

��
þ 1

3ε
ḠA;g
d;L;3ðz̄j; εÞ: ð70Þ
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Here, ḠA;g
d;L;iðz̄; εÞ are expanded in powers of ε as

ḠA;g
d;L;iðz̄j; εÞ ¼ 2LA

g;iðas; z̄lÞ þ
X∞
k¼0

εkḠA;g;ðkÞ
d;L;i ðz̄jÞ; ð71Þ

with

ḠA;g;ð0Þ
d;L;1 ðz̄jÞ ¼ 0; ḠA;g;ð0Þ

d;L;2 ðz̄jÞ ¼ −2β0Ḡ
A;g;ð1Þ
d;L;1 ðz̄jÞ;

ḠA;g;ð0Þ
d;L;3 ðz̄jÞ ¼ −2β1Ḡ

A;g;ð1Þ
d;L;1 ðz̄jÞ − 2β0ðḠA;g;ð1Þ

d;L;2 ðz̄jÞ þ 2β0Ḡ
A;g;ð2Þ
d;L;1 ðz̄jÞÞ: ð72Þ

The anomalous dimensions LA
g;i can be determined by demanding finiteness of ΔA

d;g, and it turns out that it is half of NSV
part of the AP splitting functions (see Ref. [82]), that is,

LA
g;iðas; z̄lÞ ¼ CA

g;iðasÞ logð1 − zlÞ þDA
g;iðasÞ: ð73Þ

The coefficients ḠA;g;ðjÞ
d;L;i ðz̄jÞ in the above equations are parametrised in terms of logkð1 − zjÞ; k ¼ 0; 1; � � � and all the terms

that vanish as zj → 1 are dropped.

ḠA;g;ðjÞ
d;L;i ðz̄jÞ ¼

Xiþj−1

k¼0

ḠA;g;ðj;kÞ
d;L;i logkð1 − zjÞ: ð74Þ

The highest power of the logð1 − zjÞ at every order depends on the order of the perturbation, namely, the power of as and
also the power of ϵ at each order in as. Hence, the summation runs from 0 to iþ j − 1.
Next, we obtain an integral representation of ΦA

d;g;SV which is given by

ΦA
d;g;SV ¼ 1

2
δðz̄2Þ

�
1

z̄1

�Z
q2 z̄1

μ2F

dλ2

λ2
AA
g ðasðλ2ÞÞ þ ḠA

d;g;SVðasðq21Þ; ϵÞ
��

þ

þ q2
d
dq2

��
1

4z̄1z̄2

�Z
q2 z̄1 z̄2

μ2R

dλ2

λ2
AA
g ðasðλ2ÞÞ þ ḠA

d;g;SVðasðq212Þ; ϵÞ
��

þ

�

þ 1

2
δðz̄1Þδðz̄2Þ

X∞
i¼1

âis

�
q2

μ2

�
iϵ
2

Siϵϕ̂
A;ðiÞ
d;g ðϵÞ þ 1

2
δðz̄2Þ

�
1

z̄1

�
þ

X∞
i¼1

âis

�
μ2F
μ2

�
iϵ
2

SiϵK
A;ðiÞ
g ðϵÞ þ ðz1 ↔ z2Þ; ð75Þ

where q2l ¼ q2ð1 − zlÞ and q212 ¼ q2z̄1z̄2. The subscript þ indicates the standard plus distribution. Similarly, we find an
integral representation of the NSV part, ΦA

d;g;NSV which reads as

ΦA
d;g;NSV ¼ 1

2
δðz̄2Þ

��Z
q2 z̄1

μ2F

dλ2

λ2
LA
g ðasðλ2Þ; z̄1Þ þ φA

d;f;gðasðq22Þ; z̄1; εÞ
��

þ q2
d
dq2

��
1

2ðz̄2Þ
�Z

q2 z̄1 z̄2

μ2F

dλ2

λ2
LA
g ðasðλ2Þ; z̄1Þ þ φA

d;f;gðasðq212Þ; z̄1; εÞ
��

þ

�

þ 1

2
δðz̄2ÞφA

d;s;gðz̄1; εÞ þ ðz1 ↔ z2Þ; ð76Þ

where

φA
d;a;gðasðλ2Þ; z̄lÞ ¼

X∞
i¼1

âis

�
λ2

μ2

�
iε
2

Siεφ
A;ðiÞ
d;a;gðzl; εÞ a ¼ f; s: ð77Þ
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φA
d;s;g is the singular part of the NSV solution. The finite

part φA
d;f;g is parametrized in the following way:

φA
d;f;gðasðλ2Þ; z̄lÞ ¼

X∞
i¼1

X∞
k¼0

âis

�
λ2

μ2

�
iϵ
2

Siϵφ
A;ði;kÞ
d;g ðϵÞ lnk z̄l;

¼
X∞
i¼1

Xi

k¼0

aisðλ2ÞφA;ðkÞ
d;g;i ln

k z̄l: ð78Þ

The upper limit on the sum over k is controlled by the
dimensionally regularized Feynman integrals that contrib-
ute to order ais.

V. MATCHING WITH THE INCLUSIVE

The unknown coefficients of both SVand NSV solutions
of ΦA

d;g, namely, ḠA;ðkÞ
d;g;i and φA;ðkÞ

d;g;i can be determined using
the fixed order predictions of ΔA

d;g, at every order in
perturbation theory. However, it can also be determined
alternatively from the corresponding inclusive cross section
using the relation

Z
1

0

dx01

Z
1

0

dx02ðx01x02ÞN−1 dσ
A

dy
¼

Z
1

0

dτ τN−1 σA; ð79Þ

where σA is the inclusive cross section. This relation in the
large N limit gives

X∞
i¼1

âis

�
q2

μ2

�iϵ
2

Siϵ

�
ti1ðϵÞϕ̂A;ðiÞ

d;g ðϵÞ− ti2ðϵÞϕ̂A;ðiÞ
g ðϵÞ

þ
X∞
k¼0

ðtði;kÞ3 ðϵÞφA;ði;kÞ
d;g ðϵÞ− tði;kÞ4 ðϵÞφA;ði;kÞ

g ðϵÞÞ
�
¼ 0; ð80Þ

where

ti1 ¼
iϵð2 − iϵÞ

4Niϵ Γ2

�
1þ i

ϵ

2

�
;

ti2 ¼
iϵð1 − iϵÞ

2Niϵ Γð1þ iϵÞ;

tði;kÞ3 ¼ Γ
�
1þ i

ϵ

2

�
∂
k

∂αk

�
Γð1þ αÞ
Nαþiϵ=2

�
α¼iϵ

2

;

tði;kÞ4 ¼ ∂
k

∂α̂k

�
Γð1þ α̂Þ

Nα̂

�
α̂¼iϵ

: ð81Þ

Here, we keep lnk N as well as Oð1=NÞ terms for the
determination of the SV and NSV coefficients. The con-

stants ϕ̂A;ðiÞ
g and φA;ði;kÞ

g are the inclusive counterparts to the

SV and NSV coefficients ϕ̂A;ðiÞ
d;g and φA;ði;kÞ

d;g , respectively,
which are known to third order in QCD for Drell-Yan, for
Higgs production in gluon fusion and in bottom quark
annihilation (for NSV see Ref. [78]).

Using the above relations in Eq. (80), the SV coefficients

ḠA;ðkÞ
d;g;i up to second order are found to be

ḠA;ð1Þ
d;g;1 ¼ CAð−ζ2Þ;

ḠA;ð2Þ
d;g;1 ¼ CA

�
1

3
ζ3

�
;

ḠA;ð3Þ
d;g;1 ¼ CA

�
1

80
ζ22

�
;

ḠA;ð1Þ
d;g;2 ¼ C2

A

�
2428

81
−
67

3
ζ2 − 4ζ22 −

44

3
ζ3

�

þ CAnf

�
−
328

81
þ 10

3
ζ2 þ

8

3
ζ3

�
: ð82Þ

Note that the above SV coefficients are identical to the
corresponding SV coefficients of scalar Higgs given in
Eq. (35) of [52]. This universality nature of SV coefficients

ḠA;ðkÞ
d;g;i is expected to hold to all orders in perturbation theory

because of the fact that it originates entirely from the soft part
of the differential cross section. Further, this property has
been explicitly verified to third order in QCD perturbation
theory [33] for thecaseof inclusivecross section.Theexplicit

expressions for NSV coefficients φAðkÞ
d;g;i for the pseudoscalar

production in gluon fusion can be obtained from the corre-

sponding results for inclusivecoefficientsφAðkÞ
g;i given in [85].

The results up to second order are provided below,

φA;ð0Þ
d;g;1 ¼ 2CA;

φA;ð1Þ
d;g;1 ¼ 0;

φA;ð0Þ
d;g;2 ¼ CAnf

�
−
136

27
þ 8

3
ζ2

�

þ C2
A

�
904

27
− 28ζ3 −

104

3
ζ2

�
;

φA;ð1Þ
d;g;2 ¼ CAnf

�
−
2

3

�
þ C2

A

�
2

3

�
;

φA;ð2Þ
d;g;2 ¼ −4C2

A: ð83Þ

Wenotice that theNSV coefficientsφAðkÞ
d;g;i of the pseudoscalar

Higgs are also identical to the corresponding NSV coeffi-
cients of scalar Higgs up to second order in as [82,84].

VI. RESULTS OF THE SV AND NSV RAPIDITY
DISTRIBUTIONS

In this section, we present the analytic results of the SV
and NSV rapidity distributions, ΔA;SV

d;g and ΔA;NSV
d;g , respec-

tively, at the partonic level to N3LO in QCD. By expanding
the formula in Eq. (29) in powers of as and substituting the
explicit expressions for all the anomalous dimensions, also
the SV and NSV coefficients, we find, at as order,
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ΔA;NSV
d;g;1 ¼ Lz1fCAð−4δ̄Þg þ D̄0fCAð−4Þg þ CAf2δ̄g þ ðz1 ↔ z2Þ; ð84Þ

and at a2s order,

ΔA;NSV
d;g;2 ¼ L3

z1fC2
Að−8δ̄Þg þ L2

z1

�
C2
Að−24D̄0Þ þ δ̄

�
CAnf

�
−
4

3

�
þ C2

A

�
94

3

���
þ Lz1

�
D̄0

�
CAnf

�
−
8

3

�

þ C2
A

�
164

3

��
þ C2

Að−48D̄1Þ þ δ̄

�
CAnf

�
46

9

�
þ C2

A

�
−
616

9
− 8ζ2

���
þ D̄0

�
CAnf

�
52

9

�

þ C2
A

�
−
622

9
− 8ζ2

��
þ D̄1

�
CAnf

�
−
8

3

�
þ C2

A

�
116

3

��
þ D̄2f−24C2

Ag

þ δ̄

�
CAnf

�
−
136

27
þ 8

3
ζ2

�
þ C2

A

�
1336

27
− 60ζ3 −

80

3
ζ2

��
þ ðz1 ↔ z2Þ: ð85Þ

In the above expressions, Lz1 ¼ lnðz̄1Þ, δ̄ ¼ δðz̄2Þ, D̄j ¼ ðlnjðz̄2Þðz̄2Þ Þþ, and ζ2 ¼ 1.6449 � � � and ζ3 ¼ 1.20205 � � �.
Next at a3s , the CF requires the third order NSV coefficients φA;ðkÞ

d;g;3 with k ¼ 0, 1, 2, 3. Since the full N3LO results for both
inclusive and rapidity distribution of pseudoscalar Higgs are not available, we could not extract these NSV coefficients
either directly from the rapidity results or by matching with the inclusive results. However, we apply the same ratio method
discussed in Sec. III A on the SVþ NSV results of scalar Higgs rapidity distribution computed in [82] to obtain the third
order CF of pseudoscalar Higgs at SVþ NSV accuracy. At a3s , we find

ΔA;NSV
d;g;3 ¼ L5

z1fC3
Að−8δ̄Þg þ L4

z1

�
C3
Að−40D̄0Þ þ δ̄

�
C3
A

�
616

9

�
þ nfC2

A

�
−
40

9

���
þ L3

z1

�
D̄0

�
C3
A

�
2320

9

�

þ nfC2
A

�
−
160

9

��
− C3

Að160D̄1Þ þ δ̄

�
C3
A

�
−
2560

9
þ 64ζ2

�
þ nfC2

A

�
1036

27

�
þ n2fCA

�
−
16

27

���

þ L2
z1

�
D̄0

�
C3
A

�
−
7516

9
þ 192ζ2

�
þ nfC2

A

�
1016

9

�
þ n2fCA

�
−
16

9

��
þ D̄1

�
C3
A

�
2128

3

�
þ nfC2

A

�
−
160

3

��

− C3
Að240D̄2Þ þ δ̄

�
C3
A

�
24982

27
− 488ζ3 − 400ζ2

�
þ nfC2

A

�
−
3668

27
þ 38ζ2

�
− 4CACFnf þ n2fCA

�
88

27

���

þ Lz1

�
D̄0

�
C3
A

�
44800

27
− 976ζ3 −

2288

3
ζ2

�
þ nfC2

A

�
−
6860

27
þ 224

3
ζ2

�
− 8CACFnf þ n2fCA

�
184

27

��

þ D̄1

�
C3
A

�
−
14528

9
þ 384ζ2

�
þ nfC2

A

�
1960

9

�
þ n2fCA

�
−
32

9

��
þ D̄2

�
C3
A

�
1888

3

�
þ nfC2

A

�
−
160

3

��

þ C3
Að−160D̄3Þ þ δ̄

�
C3
A

�
−
145670

81
þ 4936

3
ζ3 þ 336ζ2 þ

64

5
ζ22

�
þ nfC2

A

�
8528

27
− 40ζ3 −

920

9
ζ2

�

þ CACFnf

�
258 − 48 ln

�
μ2R
m2

t

�
− 96ζ3 −

8

3
ζ2

�
þ n2fCA

�
−
328

81
þ 32

9
ζ2

���
þ D̄0½C3

A

�
−
127114

81
þ 1400ζ3

þ 2200

9
ζ2 þ

64

5
ζ22

�
þ nfC2

A

�
24488

81
− 32ζ3 −

232

3
ζ2

�
þ CACFnf

�
254 − 48 ln

�
μ2R
m2

t

�
− 96ζ3

�

þ n2fCA

�
−
496

81
þ 32

9
ζ2

��
þ D̄1

�
C3
A

�
35044

27
− 976ζ3 −

2384

3
ζ2

�
þ nfC2

A

�
−
6056

27
þ 224

3
ζ2

�
− 8CACFnf
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þ n2fCA

�
208

27

��
þ D̄2

�
C3
A

�
−
6748

9
þ 192ζ2

�
þ nfC2

A

�
896

9

�
þ n2fCA

�
−
16

9

��
þ D̄3

�
C3
A

�
1600

9

�

þ nfC2
A

�
−
160

9

�
þ C3

Að−40D̄4Þ
�
þ δ̄

�
C3
A

�
859052

729
− 192ζ5 −

51068

27
ζ3 −

64400

81
ζ2 þ

608

3
ζ2ζ3 − 128ζ22

�

þ nfC2
A

�
−
150088

729
þ 488

3
ζ3 þ

12200

81
ζ2 þ

88

15
ζ22

�
þ CACFnf

�
−
5038

27
þ 24 ln

�
μ2R
m2

t

�
þ 760

9
ζ3 þ

16

3
ζ2 þ

32

5
ζ22

�

þ n2fCA

�
−
232

729
þ 32

27
ζ3 −

176

27
ζ2

��
þ ðz1 ↔ z2Þ: ð86Þ

Now, using the above result of ΔA;NSV
d;g;3 at a3s , we extract the NSV coefficients φA;ðkÞ

d;g;3 with k ¼ 0, 1, 2, 3, and they are
given by

φA;ð0Þ
d;g;3 ¼ CAn2f

�
−
232

729
þ 32

27
ζ3 −

176

27
ζ2

�
þ C2

Anf

�
−
80860

729
þ 704

9
ζ3 þ

11960

81
ζ2 −

24

5
ζ22

�
þ C3

A

�
423704

729
þ 192ζ5

−
18188

27
ζ3 −

55448

81
ζ2 þ

176

3
ζ2ζ3 þ

1384

15
ζ22 þ CFCAnf

�
−
2158

27
þ 472

9
ζ3 þ

16

3
ζ2 þ

32

5
ζ22

�
;

φA;ð1Þ
d;g;3 ¼ CAn2f

�
56

27

�
þ C2

Anf

�
1528

81
− 8ζ3 −

152

9
ζ2

�
þ C3

A

�
−
18988

81
þ 448

3
ζ3 þ

752

9
ζ2

�
þ CFCAnf

�
4 −

8

3
ζ2

�
;

φA;ð2Þ
d;g;3 ¼ CAn2f

�
8

27

�
þ C2

Anf

�
164

27
þ 2

3
ζ2

�
þ C3

A

�
−
1432

27
þ 40

3
ζ2

�
;

φA;ð3Þ
d;g;3 ¼ C2

Anf

�
32

27

�
þ C3

A

�
−
176

27

�
: ð87Þ

Here, we notice that the above NSV coefficients are same
for both pseudoscalar and scalar Higgs production via

gluon fusion [82]. However, the universality of φA;ðkÞ
d;g;3 at

third order can be checked only when the explicit N3LO
results are available for the pseudoscalar Higgs boson
production in gluon fusion. The results of SV rapidity
distributions to N3LO can be found in Appendix D.

VII. MORE ON THE ⃗z SPACE SOLUTION ΦA
d;g

In the following, we discuss in detail the characteristic
structure of SV and NSV solutions given in (58) and (68),
respectively. Both the SVand NSV parts of ΦA

d;g satisfy the
Kþ G equation, and they contain singular as well as finite
parts at every order. The pole part in the SV solution,
namely, the soft and collinear divergences which are
proportional to the distributions δð1 − zlÞ and D0ðzlÞ, get
canceled against those resulting from the FFs entirely and
the AP kernels partially. The z dependent finite part
correctly reproduces all the distributions in the SV part
of CFs ΔA

d;g. The NSV part, ΦA
d;g;NSV, which comprises

terms like DiðzlÞ lnkð1 − zjÞ and δð1 − zlÞ lnkð1 − zjÞ with
(l; j ¼ 1; 2), (i; k ¼ 0; 1;…), removes the remaining col-
linear divergences of the AP kernels. The finite part of it
along with SV counterpart give rises to next to SV terms to

CFs ΔA
d;g. Note that the SV part ΦA

d;g plays a vital role in
producing the next to SV terms for the CFs ΔA

d;g at every
order, when the exponential is expanded in powers of as.
This is due to the fact that the convolutions of two or more
distributions contribute to certain next-to-SV logarithms in
addition to the distributions.
Let us now focus on a peculiar feature that the NSV

solution exhibits. Unlike in the case of SV solution, the NSV
solution has the explicit z dependency due to two pieces. One
of them is from the ansatz ð1 − zlÞiϵ=2ð1 − zjÞiϵ=2=ð1 − zlÞ,
and the other one is from the coefficient φA;ðiÞ

d;g ðzj; ϵÞ. This
enables us to construct a class of solutions, aminimal class, to
theKþ Gequation, satisfying the correct divergent structure
as well as the dependence on lnkð1 − zjÞ with (l; j ¼ 1; 2),
(i; k ¼ 0; 1;…) [78] as given below,

ΦA;j
d;g;NSV ¼

X∞
i¼1

âis
ðq2z̄α11 z̄α22

μ2Þ
iϵ
2

Siϵ

�
iϵ
4z̄1

φA;ðiÞ
d;g;α2

ðz̄2; ϵÞ
�

þ ðz̄1 ↔ z̄2Þjðα1→β1;α2→β2Þ; ð88Þ

with j ¼ ðα1; α2; β1; β2Þ and z̄l ¼ ð1 − zlÞ for l ¼ 1, 2. It is
to be noted that α1 ¼ β1 ¼ 1 for obtaining a finite ΔA

d;g,
whereas α2 and β2 can be arbitrary. The predictions from the
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solutionsΦA;j
d;g;NSV are found to be independent of the choice

of α2 and β2 owing to the explicit z dependence of the

coefficientsφA;ðiÞ
d;g;jðzl; ϵÞwith j ¼ α2 for l ¼ 2 and j ¼ β2 for

l ¼ 1 at every order in âs and in ϵ. It is straightforward to
show that any variation of α2 and β2 in the factors
ð1 − z2Þiα2ϵ=2 and ð1 − z1Þiβ2ϵ=2 can always be compensated
by suitably adjusting the z independent coefficients of

ln ð1 − z1Þ and ln ð1 − z2Þ terms in φA;ðiÞ
d;g;β2

ðz1; ϵÞ and

φA;ðiÞ
d;g;α2

ðz2; ϵÞ, respectively, at every order in âs. Here, the

logarithmic structure of φA;j
d;f;g plays a crucial role. Under this

scale transformation, the expression given in (78) takes the
following form:

φA;j
d;f;gðasðq2z̄ljÞ; z̄lÞ ¼

X∞
i¼1

Xi

k¼0

aisðq2z̄ljÞφA;ðkÞ
d;g;j;i ln

k z̄l: ð89Þ

The fact that the predictions are insensitive to j relate the

coefficients φA;ðkÞ
d;g;j;i and φ

A;ðkÞ
d;g;i , the solution corresponding to

j ¼ 1, as given below,

φA;ð0Þ
d;g;j;1 ¼ φA;ð0Þ

d;g;1 ; φA;ð1Þ
d;g;j;1 ¼ −DA

1 j̄þ φA;ð1Þ
d;g;1 ; φA;ð0Þ

d;g;j;2 ¼ φA;ð0Þ
d;g;2 ;

φA;ð1Þ
d;g;j;2 ¼ −j̄ðDA

2 − β0φ
A;ð0Þ
d;g;1 Þ þ φA;ð1Þ

d;g;2 ;

φA;ð2Þ
d;g;j;2 ¼ −

1

2
j̄2β0DA

1 − j̄ðCA
2 − β0φ

A;ð1Þ
d;g;1 Þ þ φA;ð2Þ

d;g;2 ;

φA;ð0Þ
d;g;j;3 ¼ φA;ð0Þ

d;g;3 ; φA;ð1Þ
d;g;j;3 ¼ −j̄ðDA

3 − β1φ
A;ð0Þ
d;g;1 − 2β0φ

A;ð0Þ
d;g;2 Þ þ φA;ð1Þ

d;g;3 ;

φA;ð2Þ
d;g;j;3 ¼ −j̄2

�
1

2
β1DA

1 þ β0DA
2 − β0

2φA;ð0Þ
d;g;1

�
− j̄ðCA

3 j̄ − β1φ
A;ð1Þ
d;g;1 − 2β0φ

A;ð1Þ
d;g;2 Þ þ φA;ð2Þ

d;g;3 ;

φA;ð3Þ
d;g;j;3 ¼ β0

2

�
−
1

3
DA

1 j̄
3 þ j̄2φA;ð1Þ

d;g;1

�
þ β0j̄ð−CA

2 j̄þ 2φA;ð2Þ
d;g;2 Þ þ φA;ð3Þ

d;g;3 ;

φA;ð0Þ
d;g;j;4 ¼ φA;ð0Þ

d;g;4 ; φA;ð1Þ
d;g;j;4 ¼ −DA

4 j̄þ β2j̄φ
A;ð0Þ
d;g;1 þ 2β1j̄φ

A;ð0Þ
d;g;2 þ 3β0j̄φ

A;ð0Þ
d;g;3 þ φA;ð1Þ

d;g;4 ;

φA;ð2Þ
d;g;j;4 ¼ −CA

4 j̄ −
1

2
β2DA

1 j̄
2 − β1DA

2 j̄
2 −

3

2
β0DA

3 j̄
2 þ 5

2
β0β1j̄2φ

A;ð0Þ
d;g;1 þ β2j̄φ

A;ð1Þ
d;g;1 þ 3β0

2j̄2φA;ð0Þ
d;g;2

þ 2β1j̄φ
A;ð1Þ
d;g;2 þ 3β0j̄φ

A;ð1Þ
d;g;3 þ φA;ð2Þ

d;g;4 ;

φA;ð3Þ
d;g;j;4 ¼ β0

3j̄3φA;ð0Þ
d;g;1 þ β0

2j̄2ð−DA
2 j̄þ 3φA;ð1Þ

d;g;2 Þ −
1

6
β1j̄ð6CA

2 j̄þ 5β0j̄ðDA
1 j̄ − 3φA;ð1Þ

d;g;1 Þ

− 12φA;ð2Þ
d;g;2 Þ −

3

2
β0j̄ðCA

3 j̄ − 2φA;ð2Þ
d;g;3 Þ þ φA;ð3Þ

d;g;4 ;

φA;ð4Þ
d;g;j;4 ¼ β0

3

�
−
1

4
DA

1 j̄
4 þ j̄3φA;ð1Þ

d;g;1

�
þ β0

2j̄2ð−CA
2 j̄þ 3φA;ð2Þ

d;g;2 Þ þ 3β0j̄φ
A;ð3Þ
d;g;3 þ φA;ð4Þ

d;g;4 ; ð90Þ

with j being α2 and β2 for the coefficients of ln ð1 − z2Þ and
ln ð1 − z1Þ, respectively. In the above equations,
j̄ ¼ ðα2 − 1) and (β2 − 1) for j ¼ α2 and β2, respectively.

The above relations are the transformations for φA;ðkÞ
d;g;j;i that

are required to compensate the contributions resulting from
the change in the exponents of ð1 − z1Þ and ð1 − z2Þ from
ðiϵÞ=2 to ðijϵÞ=2. The function ΦA;j

d;g;NSV being insensitive
to the choice of the scales α2 and β2 indicates its invariance
under certain gauge like transformations on both ð1 −
zlÞiϵ=2 and φA;j

d;f;gðzl; ϵÞ. Due to this invariance, these trans-
formations neither alter the divergent structure nor the finite
parts of ΦA

d;g;NSV. However, we choose to work with α2 ¼
β2 ¼ 1 in the NSV solution to have more resemblance with
its SV counterpart. In summary, we find a minimal class of

solutions to the Kþ G equation without affecting neither
the all order structure nor the predictions for ΔA

d;g. We show
later that this choice will allow us to study resummation in
two-dimensional Mellin space for SV as well as NSV parts
with single Oð1Þ term denoted by ω ¼ asβ0 ln ðN1N2Þ.

VIII. RESUMMATION IN THE MELLIN N⃗ SPACE

This section is devoted to the study of all order perturbative
structure of ΔA

d;g in the Mellin space. To find the structure of
ΔA

d;g in the Mellin space, we use the integral representations
of both ΦA

d;g;SV and ΦA
d;g;NSV given in (75) and (76),

respectively. As a result, ΨA
d;g in (29) takes the following

form:
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ΨA
d;gðq2; μ2F; z1; z2Þ ¼

δðz̄1Þ
2

�Z
q2 z̄2

μ2F

dλ2

λ2
Pggðasðλ2Þ; z̄2Þ þQA

d;gðasðq22Þ; z̄2Þ
�

þ

þ 1

4

�
1

z̄1

�
Pggðasðq212Þ; z̄2Þ þ 2LA

g ðasðq212Þ; z̄2Þ

þ q2
d
dq2

ðQA
d;gðasðq22Þ; z̄2Þ þ 2φA

d;f;gðasðq22Þ; z̄2ÞÞ
��

þ

þ 1

2
δðz̄1Þδðz̄2Þ lnðgAd;g;0ðasðμ2FÞÞÞ þ z̄1 ↔ z̄2; ð91Þ

wherePggðas; z̄lÞ ¼ Pggðas; z̄lÞ − 2BA
g ðasÞδðz̄lÞ, q2l ¼ q2ð1 − zlÞ, and q212 ¼ q2z̄1z̄2. The subscriptþ indicates standard plus

distribution. The function QP
d;g in (91) is given as

QA
d;gðas; z̄lÞ ¼

2

z̄l
DA

d;gðasÞ þ 2φA
d;f;gðas; z̄lÞ: ð92Þ

The SV coefficientsDA
d;g are given inAppendixC. The constant g

A
d;g;0 in (91) results from finite part of the virtual contributions

and pure δðz̄lÞ terms of ΦA
d;g.

Now, we take the double Mellin transform of ΔA
d;g in N⃗ space as

ΔA
d;g;N⃗

ðq2; μ2R; μ2FÞ ¼
Z

1

0

dz1z
N1−1
1

Z
1

0

dz2z
N2−1
2 ΔA

d;gðz1; z2Þðq2; μ2R; μ2FÞ

¼ g̃Ad;g;0ðq2; μ2R; μ2FÞ exp ðΨA
d;g;N⃗

ðq2; μ2FÞÞ: ð93Þ

The N-independent constant g̃Ad;g;0 is given in Appendix E. The resummed result for ΨA
d;g;N⃗

takes the following form:

ΨA
d;g;N⃗

¼
�
gAd;g;1ðωÞ þ

1

N1

ḡAd;g;1ðωÞ
�
lnN1 þ

X∞
i¼0

ais

�
1

2
gAd;g;iþ2ðωÞ þ

1

N1

ḡAd;g;iþ2ðωÞ
�

þ 1

N1

�
hAd;g;0ðω; N1Þ þ

X∞
i¼1

aishAd;g;iðω;ω1; N1Þ
�
þ ðN1 ↔ N2;ω1 ↔ ω2Þ; ð94Þ

with

hAd;g;0ðω; NlÞ ¼ hAd;g;00ðωÞ þ hAd;g;01ðωÞ lnNl;

hAd;g;iðω;ωl; NlÞ ¼
Xi−1
k¼0

hAd;g;ikðωÞ lnk Nl þ h̃Ad;g;iiðω;ωlÞ lnk Nl: ð95Þ

In the above expressions, ω ¼ asβ0 lnN1N2 and ωl ¼
asβ0 lnNl for l ¼ 1, 2. Here, gAd;g;i are the resummation
constants resulting from the SV contributions, and ḡAd;g;i
result entirely from AA

g ; BA
g coefficients of Pgg and from the

function DA
d;g in (92). The function ḡAd;g;1 is found to be

identically zero, and we find that none of the coefficients
ḡAd;g;i contains explicit lnNl. The functions hAd;g;i comprise
of CA

g and DA
g which are present in Pgg as well as the pure

NSV coefficients present in φA
d;f;g. We find that coefficient

of hAd;g;01 is proportional to CA
g;1 which is identically zero.

Hence, at order a0s, there is no lnNl
Nl

term. The SV
resummation constant gAd;g;i has been discussed in great

detail in Refs. [53,113,114], and the NSV resummation
coefficients ḡAd;g;i, hAd;g;ij and h̃Ad;g;ii are provided in
Appendixes F and G. Our next aim is to include these
resummed contributions consistently in the fixed order
predictions to understand the phenomenological relevance
of resumming the NSV contributions for the case of
psuedoscalar Higgs production in gluon fusion channel.

IX. NUMERICAL ANALYSIS

In this section, we study the impact of resummed soft-
virtual and next-to-soft-virtual (SVþ NSV) contributions
for the rapidity distribution of the pseudoscalar Higgs
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production in gluon fusion channel at the LHC to
NNLOA þ NNLL accuracy. We use the MMHT2014
(68cl) PDF set [115] and the corresponding strong coupling
as through the Les Houches Accord PDF (LHAPDF)
interface [116] at each order in perturbation theory with
nf ¼ 5 active massless quark flavors throughout. Our
predictions are based on Higgs effective field theory where
the top quarks are integrated out at higher orders.
Nevertheless, we retain the top quark mass dependence

at LO. The term Cð2Þ
J in the Wilson coefficient CJ in (2) is

taken to be zero in our analysis because it is not available in
the literature yet. For simplicity, we have set cot β ¼ 1 in
our numerical analysis. Results for other values of cot β can
be easily obtained by rescaling the cross sections with
cot2 β. For the fixed order rapidity distribution of the
pseudoscalar Higgs, we use the publicly available code
FEHiP [94] of the scalar Higgs by taking into account the
ratio factor discussed in Sec. III A. The resummed con-
tribution is obtained from ΔA

d;g;N⃗
in (93) after performing

Mellin inversion which is done using an in-house
FORTRAN based code. The resummed results are matched
to the fixed order result in order to avoid any double
counting of threshold logarithms as

dσA; match

dY
¼
�
dσA; ðSVþNSVÞ

dY

				
resum

−
dσA; ðSVþNSVÞ

dY

				
FO

þ dσA; FO

dY

�
: ð96Þ

We do the analysis for center of mass energy
ffiffiffi
S

p ¼ 13 TeV
with the pseudoscalar Higgs mass mA ¼ 125 GeV and
mA ¼ 700 GeV, top quark pole mass mt ¼ 173.3 GeV,
and the Fermi constant GF ¼ 4541.63 pb. The numerical
values for the aforementioned parameters are taken from
the Particle Data Group 2020 [117]. To distinguish between
the SV and SVþ NSV resummed results, the NSV
included resummed results have been denoted by NnLL
for the nth level logarithmic accuracy.

A. K-factor analysis

We begin our analysis by studying the higher order
effects which are quantified through the K-factors as

K ¼
dσ
dY ðμR ¼ μF ¼ mAÞ
dσLO
dY ðμR ¼ μF ¼ mAÞ

: ð97Þ

We fix the central scale at μR ¼ μF ¼ mA throughout our
analysis. In Table I, we present the K-factor values of fixed
order and resummed predictions at mA ¼ 125 GeV for
benchmark rapidity values. We observe that the NLO result
at the central scale is enhanced by 83.9% with respect to the
LO one around the central rapidity region. However, the
enhancement of the approximate NNLO (NNLOA) result at

the central scale is 27.9% in comparison to the NLO result.
For the SVþ NSV resummed results, we notice an
enhancement of 60% and 36.2% when LL and NLL are
added to LO and NLO, respectively, at the central rapidity
region. The rapidity distribution increases by 14.76% when
we include NNLL to NNLOA. Further, at the central scale,
the resummed rapidity distribution at NLOþ NLL
(25.6 pb) mimics that at NNLOA (24 pb) around the
central rapidity region. We also study the K-factor values
for the high mass region, i.e., mA ¼ 700 GeV as given in
Table II. For the fixed order results, there is a large
increment of 120% when we go from LO to NLO.
Interestingly, the higher order effects at NNLOA give rise
to only 12.6% correction to NLO around the central
rapidity region. We find that there is an enhancement of
53.3% and 24.97% by the inclusion of LL and NLL
resummed results at LO and NLO, respectively, around
the central rapidity region. At NNLOA, the rapidity dis-
tribution increases by 11.48% when we include NNLL.
From Tables I and II, it can be observed that resummed
predictions not only bring in considerable enhancement in
the fixed order results, but also improve the perturbative
convergence to NNLOA þ NNLL accuracy.

B. 7-point scale variation

Next, we study the theoretical uncertainties due to the
unphysical renormalization (μR) and factorization (μF)
scales in our results using the standard canonical 7-point
variation approach. Here, μ ¼ fμF; μRg is varied in the
range 1

2
≤ μ

mA
≤ 2, keeping the ratio μR=μF not larger than 2

and smaller than 1=2. In Fig. 1, we depict the bin-integrated

TABLE I. K-factor values of fixed order and resummed results
at the central scale μR ¼ μF ¼ mA for mA ¼ 125 GeV.

y KLOþLL KNLO KNLOþNLL KNNLOA
KNNLOAþNNLL

0–0.4 1.602 1.839 2.505 2.352 2.699
0.4–0.8 1.681 1.806 2.469 2.297 2.644
0.8–1.2 1.703 1.792 2.472 2.285 2.643
1.2–1.6 1.713 1.746 2.433 2.248 2.613
1.6–2.0 1.748 1.688 2.397 2.151 2.533

TABLE II. K-factor values of fixed order and resummed results
at the central scale μR ¼ μF ¼ mA for mA ¼ 700 GeV.

y KLOþLL KNLO KNLOþNLL KNNLOA
KNNLOAþNNLL

0–0.4 1.533 2.200 2.749 2.478 2.763
0.4–0.8 1.547 2.199 2.755 2.414 2.703
0.8–1.2 1.579 2.200 2.769 2.315 2.613
1.2–1.6 1.653 2.212 2.819 2.266 2.592
1.6–2.0 1.797 2.238 2.947 2.370 2.781
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rapidity distribution of the pseudoscalar Higgs boson for
the fixed order results in the left panel and the resummed
results in the right panel around the central scale μR ¼
μF ¼ mA for mA ¼ 125 GeV (top) and mA ¼ 700 GeV
(bottom). We have provided the fixed order as well as

SVþ NSV resummed results for benchmark rapidity
values at the central scale μR ¼ μF ¼ mA for mA ¼
125 GeV and mA ¼ 700 GeV in Tables III and IV, respec-
tively, at various perturbative orders. These tables also
contain the maximum increments and decrements from the

FIG. 1. Comparison of 7-point scale variation between fixed order and SVþ NSV resummed results for mA ¼ 125 (top) and
mA ¼ 700 (bottom) GeV. The dashed lines refer to the corresponding central scale values at each order.

TABLE III. Values of resummed rapidity distribution at various orders in comparison to the fixed order results in
pb at the central scale μR ¼ μF ¼ mA ¼ 125 GeV for 13 TeV LHC.

y LO LOþ LL NLO NLOþ NLL NNLOA NNLOA þ NNLL

0–0.4 10.225þ2.645
−1.902 16.379þ6.580

−3.064 18.805þ3.862
−2.953 25.623þ9.360

−6.130 24.054þ2.599
−2.490 27.605þ5.873

−4.340
0.4–0.8 9.938þ2.490

−1.860 16.704þ5.7120
−3.833 17.951þ3.682

−2.815 24.543þ8.994
−5.883 22.836þ2.798

−2.428 26.281þ5.675
−3.959

0.8–1.2 9.128þ2.363
−1.707 15.54þ5.424

−3.581 16.362þ3.350
−2.563 22.572þ8.396

−5.474 20.856þ2.251
−2.327 24.126þ5.273

−3.873
1.2–1.6 8.033þ2.080

−1.495 13.763þ4.820
−3.171 14.034þ2.863

−2.193 19.546þ7.315
−4.765 18.067þ1.825

−2.037 20.992þ4.491
−3.508

1.6–2.0 6.698þ1.714
−1.252 11.711þ4.123

−2.723 11.311þ2.299
−1.762 16.061þ6.203

−4.008 14.412þ1.607
−1.566 16.968þ3.926

−2.906
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corresponding central scale values obtained by varying
fμR; μFg in the range f1=2; 2gmA.
Let us first look at the plot withmA ¼ 125 GeV in Fig. 1.

This plot shows that the addition of SVþ NSV resummed
results to the fixed order ones increases the rapidity
distribution at each order up to NNLOA in perturbation
theory. However, the percentage enhancement in the
rapidity distribution decreases from 60% at LO to
14.76% at NNLOA by the inclusion of LL and NNLL,
respectively, at the central rapidity region. This indicates
better perturbative convergence of the truncated series at
higher orders due to the addition of the resummed pre-
dictions. We now compare the 7-point uncertainties of fixed
order and SVþ NSV resummed results due to μR and μF
scales. We find that the combined uncertainty due to μR and
μF scales lies in the range (þ25.87%, −18.60%) at LO,
while at NNLOA it gets substantially reduced to (þ10.80%,
−10.35%) around the central rapidity region. We see that
the bands of resummed predictions to NNLOA þ NNLL
are wider than that of the corresponding fixed order results
throughout the rapidity spectrum for mA ¼ 125 GeV.
Numerically, the combined uncertainty due to these
unphysical scales lies between (þ40.17%, −18.71%) at
LOþ LL, (þ36.53%, −23.92%) at NLOþ NLL, and
(þ21.27%, −15.72%) at NNLOA þ NNLL order around
y ¼ 0. This shows that there is a systematic decrease in the
uncertainty when we go to higher logarithmic accuracy for
SVþ NSV resummed results. The plot for mA ¼ 700 GeV
in Fig. 1 shows a similar trend of enhancement in the
rapidity distribution by the addition of SVþ NSV
resummed results as was depicted above. The 7-point
uncertainty values show that at lower orders the resummed
results show significantly more μR and μF variation as
compared to the fixed order ones similar to the case of
mA ¼ 125 GeV. However, at NNLOA þ NNLL accuracy,
the combined uncertainty of the resummed result lies in the
range (þ9.11%, −7.74%) which is comparable to the
uncertainty of (þ8.47%, −9.73%) for the fixed order
prediction at NNLOA around the central rapidity region.
Thus, the SVþ NSV resummed results become more
relevant for higher values of pseudoscalar Higgs boson
mass. The above analysis suggests the need to understand

the behavior of the resummed results with respect to μR and
μF scale variations in a better way. Hence, we study the
impact of each scale individually by keeping the other
fixed.

C. Uncertainties due to μR and μF scales individually

We now discuss the effect of the factorization scale μF
individually by keeping the renormalization scale μR fixed.
Figure 2 shows the bin-integrated rapidity distributions for
the fixed order (left panel) as well as the SVþ NSV
resummed results (right panel) at various perturbative
orders for mA ¼ 125 GeV (top) and mA ¼ 700 GeV (bot-
tom) keeping the renormalization scale fixed at μR ¼ mA.
The factorization scale is varied in the range f1=2; 1gmA
around the central scale μF ¼ μR ¼ mA to get the uncer-
tainty bands. The fixed order results show negligible
dependence on the μF scale both at mA ¼ 125 GeV and
mA ¼ 700 GeV. On the other hand, the resummed pre-
dictions show substantial dependence with respect to the μF
scale especially at mA ¼ 125 GeV. The uncertainty lies in
the range (þ36.53%, −23.92%) at NLOþ NLL accuracy
which comes down to (þ21.27%, −15.72%) at NNLOA þ
NNLL accuracy around central rapidity region for
mA ¼ 125 GeV. When we compare these μF scale uncer-
tainty values with those at mA ¼ 700 GeV, we find that it
vary in the range (þ14.66%, −9.88%) and (þ9.11%,
−7.75%) at NLOþ NLL and NNLOA þ NNLL order,
respectively, around y ¼ 0. Hence, as suggested by the
7-point scale variation analysis, the uncertainty decreases
considerably at the higher value of the pseudoscalar Higgs
Boson mass. The uncertainty due to the factorization scale
decreases at higher orders for both the cases of mA. Also,
the higher order uncertainty bands lie within the lower
order ones. These two observations hint toward improved
reliability of the perturbative results and better perturbative
convergence at higher orders.
Next, we study the variation in the fixed order and SVþ

NSV resummed results wth respect to the renormalization
scale by keeping the factorization scale fixed at μF ¼ mA.
The uncertainty bands are obtained by varying μR in the
range f1=2; 1gmA around the central scale μF ¼ μR ¼ mA.
In Fig. 3, we observe that from the NLO level, the μR scale

TABLE IV. Values of resummed rapidity distribution at various orders in comparison to the fixed order results in
pb at the central scale μR ¼ μF ¼ mA ¼ 700 GeV for 13 TeV LHC.

y LO LOþ LL NLO NLOþ NLL NNLOA NNLOA þ NNLL

0–0.4 0.292þ0.088
−0.065 0.123þ0.158

−0.1098 0.643þ0.0132
−0.1078 0.803þ0.1178

−0.0943 0.724þ0.0613
−0.07045 0.807þ0.0735

−0.0625
0.4–0.8 0.257þ0.0804

−0.0574 0.399þ0.14379
−0.09845 0.567þ0.1179

−0.0959 0.710þ0.1040
−0.0834 0.622þ0.0543

−0.0596 0.697þ0.06733
−0.0566

0.8–1.2 0.197þ0.0633
−0.0450 0.311þ0.1158

−0.0788 0.434þ0.0922
−0.0749 0.546þ0.07919

−0.0641 0.456þ0.0428
−0.0424 0.515þ0.0543

−0.0379
1.2–1.6 0.122þ0.0417

−0.0291 0.201þ0.0803
−0.0535 0.434þ0.06

−0.0486 0.343þ0.0497
−0.0405 0.276þ0.02322

−0.02688 0.316þ0.03399
−0.0291

1.6–2.0 0.052þ0.0195
−0.0132 0.093þ0.0416

−0.0267 0.116þ0.0279
−0.0224 0.153þ0.0232

−0.0181 0.123þ0.01131
−0.0125 0.144þ0.0177

−0.01365
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uncertainty of the fixed order results decreases by the
addition of resummed predictions for mA ¼ 125 GeV
as well as mA ¼ 700 GeV. The numerical values of
the μR uncertainties lie between (þ18.45%, −15.24%)
and (þ4.16%, −6.69%) at NLOþ NLL and NNLOA þ
NNLL order, respectively, which is a considerable reduction
from (þ20.54%, −15.70%) and (þ10.80%, −10.35%) at
NLO and NNLOA accuracy, respectively, around y ¼ 0 for
mA ¼ 125 GeV. Similarly, for the case of mA ¼ 700 GeV,
they lie in the range (þ13.33%, −11.74%) and (þ2.62%,
−5.19%) at NLOþ NLL and NNLOA þ NNLL, respec-
tively, whereas they vary between (þ15.48%,−12.69%) and
(þ6.76%, −8.04%) for NLO and NNLOA order, respec-
tively, around central rapidity region. From the above
percentages, we also find that the uncertainty decreases as
we go to higher orders for both cases of pseudoscalar Higgs
boson masses. In addition, the uncertainty bands of

resummed results at higher orders are well within the lower
orders from NLO level onwards.
Here, we performed a comparative study between the

fixed order results and the SVþ NSV resummed predic-
tions for the rapidity distribution of pseudoscalar Higgs
boson in gluon fusion process. This has been done through
the K-factor analysis, 7-point variation approach, and
finally by studying the variation of μF and μR scales
individually. We did the analysis for two different cases
of pseudoscalar Higgs boson masses mA ¼ 125, 700 GeV.
The K-factor analysis showed that the inclusion of SVþ
NSV resummed predictions resulted in the enhancement of
the fixed order results at every order in perturbation theory
up to NNLOA accuracy for both the cases of mA. Also, we
observed that the percentage enhancement by adding the
resummed results decreases as we go from LO to NNLOA
accuracy. This shows that the resummed results are more

FIG. 2. Comparison of μF scale variation between fixed order and SVþ NSV resummed results for mA ¼ 125 (top) and mA ¼ 700
(bottom) GeV. The dashed lines refer to the corresponding central scale values at each order.
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reliable and have a better perturbative convergence. The
study of factorization scale variation showed that the
addition of the resummed results especially at mA ¼
125 GeV significantly increased the uncertainty of the
fixed order results, which otherwise was almost indepen-
dent of the μF scale variation. However, the dependence of
the resummed results on the μF scale decreases consid-
erably for the case of mA ¼ 700 GeV. The renormalization
scale dependence, on the other hand, gets improved by the
inclusion of resummed predictions. In order to understand
this behavior of SVþ NSV resummed results in a better
way, we compare them with the well established SV
resummed results at various orders in the next section.

D. SV +NSV vs SV resummed predictions

In previous sections, we presented the observations on
the behavior of SVþ NSV resummed corrections by

comparing them with the fixed-order results at various
perturbative orders. Here, we try to understand the reasons
behind those observations by comparing the full SVþ
NSV resummed predictions with the well-established SV
resummed results which would help us to infer the behavior
of resummed NSV logarithms in particular.
We begin our analysis with the K-factor values of SVand

SVþ NSV resummed results. We provide the K-factor
values of SV and SVþ NSV resummed results at various
perturbative orders for benchmark rapidity values for
mA ¼ 125, 700 GeV in Tables V and VI. Looking at the
values in Tables V and VI, we find that the addition of
resummed NSV logarithms enhances the SV resummed
predictions for the rapidity distribution at each order in
perturbation theory for both the values of mA. For instance,
there is an enhancement of 16.03% and 7.87% by the
inclusion of resummed NSV logarithms at NLOþ NLL

FIG. 3. Comparison of μR scale variation between fixed order and SVþ NSV resummed results for mA ¼ 125 (top) and mA ¼ 700
(bottom) GeV. The dashed lines refer to the corresponding central scale values at each order.
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and NNLOA þ NNLL, respectively, for mA ¼ 125 GeV.
Similarly, for mA ¼ 700 GeV, the rapidity distribution
increases by 8.66% and 5.06% when we go from NLOþ
NLL and NNLOA þ NNLL to NLOþ NLL and
NNLOA þ NNLL, respectively. We also observe that the
percentage enhancement in the rapidity distribution due to
the resummed NSV logarithms decreases as we go from
NLOþ NLL to NNLOA þ NNLL. This suggests better
perturbative convergence of the SVþ NSV resummed
result which was already noticed while comparing it with
the fixed order results.
Next, we study the uncertainties of the resummed NSV

logarithms with respect to the μR and μF scale variations.We
first present the plots for canonical 7-point scale variation of
the bin-integrated rapidity distribution in Fig. 4 for the
pseudoscalar Higgs boson mass, mA ¼ 125, 700 GeV in
the top and bottom panels, respectively. The scales μ ¼
fμF; μRg are varied in the range 1

2
≤ μ

mA
≤ 2, keeping the ratio

μR=μF not larger than 2 and smaller than 1=2 around the
central scale μR ¼ μF ¼ mA.
We also provide Tables VII and VIII with the numerical

values of the SV and SVþ NSV resummed rapidity dis-
tributions at the central scale for benchmark rapidity values
for mA ¼ 125, 700 GeV, respectively. These tables also
contain the corresponding maximum increments and decre-
ments in the rapidity distribution from the central scale
values. From Fig. 4, we observe that the inclusion of
resummed NSV logarithms to the SV resummed predictions
increases the 7-point scale uncertainty tremendously atmA ¼
125 GeV for each perturbative order till NNLOA.
Quantitatively, the uncertainty lies between (þ24.66%,
−18.15%) and (þ10.54%, −10.2%) for NLOþ NLL and

NNLOA þ NNLL, respectively around y ¼ 0. When we
include the resummed NSV logarithms to these predictions,
the uncertainty increases to (þ36.53%, −23.92%) and
(þ21.28%, −15.72%) at NLOþ NLL and NNLOAþ
NNLL, respectively. However, for mA ¼ 700 GeV, the
increase in the 7-point uncertainty due to the addition of
resummed NSV logarithms is not very large. For instance,
the uncertainty varies between (þ14.67%, −11.74%) and
(þ9.11%,−7.74%) forNLOþ NLL andNNLOA þ NNLL,
respectively, which is not significantly higher than
(þ13.40%, −11.68%) and (þ4.42%, −6.06%) at NLOþ
NLL and NNLOþ NNLL, respectively, around central
rapidity region. We also observe that the bands of SVþ
NSV resummed results at NNLOA þ NNLL are completely
within thebands ofNLOþ NLL results for both thevaluesof
mA. On the other hand, this is not the casewith SV resummed
results atmA ¼ 125 GeV. This suggests that the inclusion of
resummed NSV logarithms improves the convergence of the
perturbative result especially for mA ¼ 125 GeV.
Before moving forward to the comparison of SV and

SVþ NSV resummed predictions under the variation of μR
and μF scales individually, we make few comments which
would help in the better understanding of our results. The
resummed predictions that we compute numerically for the
phenomenological analysis, when truncated to a particular
logarithmic accuracy, contain not only the distributions and
logarithms that we are resumming using the all-order
structure but also certain spurious terms. These spurious
terms arise from the “inexact” Mellin inversion of the
N-space resummed result and are beyond the precision of
the resummed quantity. For instance, the spurious terms
developed in the SV resummation are at the NSV and

TABLE V. K-factor values of SV and SVþ NSV resummed results at the central scale μR ¼ μF ¼
mA ¼ 125 GeV.

y KLOþLL KLOþLL KNLOþNLL KNLOþNLL KNNLOAþNNLL KNNLOAþNNLL

0–0.4 1.411 1.602 2.159 2.505 2.502 2.699
0.4–0.8 1.410 1.681 2.126 2.469 2.447 2.644
0.8–1.2 1.428 1.703 2.125 2.472 2.441 2.643
1.2–1.6 1.437 1.713 2.086 2.433 2.409 2.613
1.6–2.0 1.466 1.748 2.047 2.397 2.324 2.533

TABLE VI. K-factor values of SV and SVþ NSV resummed results at the central scale
μR ¼ μF ¼ mA ¼ 700 GeV.

y KLOþLL KLOþL̄L KNLOþNLL KNLOþNLL KNNLOAþNNLL KNNLOAþNNLL

0–0.4 1.375 1.533 2.530 2.749 2.630 2.763
0.4–0.8 1.388 1.547 2.536 2.755 2.571 2.703
0.8–1.2 1.416 1.579 2.550 2.769 2.479 2.613
1.2–1.6 1.480 1.653 2.596 2.819 2.451 2.593
1.6–2.0 1.6035 1.797 2.703 2.947 2.612 2.781
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beyond NSV accuracy, and those developed through NSV
resummation are beyond NSV accuracy in perturbative
QCD. We have discussed the effect of these spurious terms
in our numerical results in great detail for the case of
inclusive cross-section and the rapidity distribution of the

Higgs Boson production through gluon fusion in
Refs. [81,84]. The same behavior is expected to be
followed by the SV and SVþ NSV resummed results of
rapidity distribution of the pseudoscalar Higgs Boson
as well.

FIG. 4. Comparison of 7-point scale variation between SV and SVþ NSV resummed results for mA ¼ 125 (top) and 700 (bottom)
GeV. The dashed lines refer to the corresponding central scale values at each order.

TABLE VII. Values of SVþ NSV resummed rapidity distribution at various orders in comparison to the SV
resummed results in pb at the central scale μR ¼ μF ¼ mA ¼ 125 GeV for 13 TeV LHC.

y LOþ LL LOþ LL NLOþ NLL NLOþ NLL NNLOA þ NNLL NNLOA þ NNLL

0–0.4 14.430þ4.547
−3.090 16.379þ6.580

−3.064 22.086þ5.446
−4.008 25.623þ9.360

−6.130 25.583þ2.696
−2.609 27.605þ5.873

−4.340
0.4–0.8 14.022þ4.339

−3.015 16.704þ5.712
−3.833 21.137þ5.237

−3.846 24.543þ8.994
−5.883 24.326þ2.621

−2.292 26.281þ5.675
−3.959

0.8–1.2 13.035þ4.135
−2.814 15.54þ5.424

−3.581 19.402þ4.919
−3.587 22.572þ8.396

−5.474 22.287þ2.434
−2.322 24.126þ5.273

−3.873
1.2–1.6 11.546þ3.677

−2.491 13.763þ4.820
−3.171 16.759þ4.291

−3.120 19.546þ7.315
−4.765 19.3604þ2.012

−2.148 20.992þ4.491
−3.508

1.6–2.0 9.823þ3.140
−2.140 11.711þ4.123

−2.723 13.715þ3.681
−2.636 16.061þ6.203

−4.008 15.571þ1.843
−1.764 16.968þ3.926

−2.906
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Now, let us do the comparison of SV and SVþ NSV
resummed predictions by varying the factorization scale μF
keeping μR fixed. In Fig. 5, we provide plots for bin-
integrated rapidity distributions for the resummed SV (left

panel) and resummed SVþ NSV (right panel) corrections
for mA ¼ 125, 700 GeV keeping μR ¼ mA in the top and
bottom panels, respectively. The uncertainty bands are
obtained by varying the factorization scale in the range

TABLE VIII. Values of SVþ NSV resummed rapidity distribution at various orders in comparison to the SV
resummed results in pb at the central scale μR ¼ μF ¼ mA ¼ 700 GeV for 13 TeV LHC.

y LOþ LL LOþ LL NLOþ NLL NLOþ NLL NNLOA þ NNLL NNLOA þ NNLL

0–0.4 0.4018þ0.135
−0.094 0.123þ0.158

−0.1098 0.7391þ0.0990
−0.0863 0.803þ0.1178

−0.0943 0.7685þ0.0340
−0.0466 0.807þ0.0735

−0.0625
0.4–0.8 0.3577þ0.123

−0.0855 0.399þ0.14379
−0.09845 0.6538þ0.0875

−0.0763 0.710þ0.1040
−0.0834 0.6628þ0.0325

−0.0368 0.697þ0.06733
−0.0566

0.8–1.2 0.2791þ0.099
−0.0685 0.311þ0.1158

−0.0788 0.5026þ0.0672
−0.0586 0.546þ0.07919

−0.0641 0.4886þ0.0276
−0.0233 0.515þ0.0543

−0.0379
1.2–1.6 0.1803þ0.0686

−0.0465 0.201þ0.0803
−0.0535 0.3162þ0.0423

−0.0369 0.343þ0.0497
−0.0405 0.2985þ0.0167

−0.0178 0.316þ0.03399
−0.0291

1.6–2.0 0.0831þ0.0355
−0.0231 0.093þ0.0416

−0.0267 0.1403þ0.0186
−0.0164 0.153þ0.0232

−0.0181 0.1355þ0.009
−0.008 0.144þ0.0177

−0.01365

FIG. 5. Comparison of μF scale variation between SV and SVþ NSV resummed results with the scale μR ¼ mA. The dashed lines
refer to the corresponding central scale values at each order.
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f1=2; 1gmA around the central scale μF ¼ μR ¼ mA. The
plots given in Fig. 5 show that the inclusion of resummed
NSV corrections to the SV resummed results worsens the
variation of the result with respect to the μF scale for both
mA ¼ 125, 700 GeV. This can be seen directly from the
numerical value of the uncertainty which lies between
(þ36.53%, −23.92%) and (þ21.27%, −15.72%) at NLOþ
NLL and NNLOA þ NNLL, respectively, around central
rapidity region for mA ¼ 125 GeV. These values are
significantly larger than the corresponding SV resummed
uncertainties of (þ24.66%, −18.15%) and (þ10.54%,
−10.19%) at NLOþ NLL and NNLOA þ NNLL, respec-
tively. Likewise, for mA ¼ 700 GeV, the uncertainty lies
between (þ14.66%, −9.88%) and (þ9.11%, −7.75%)
for SVþ NSV resummed results at NLOþ NLL and
NNLOA þ NNLL, respectively, whereas it varies between
(þ9.58%, −6.63%) and (þ4.43%, −4.71%) for SV
resummed results at NLOþ NLL and NNLOA þ NNLL,
respectively, around y ¼ 0. These values also suggest that
the variation with respect to the factorization scale
decreases when we go from mA ¼ 125 GeV to mA ¼
700 GeV for both SV and SVþ NSV resummed predci-
tions. We need to understand the reason behind this
considerable μF scale variation of the resummed predic-
tions. We stated in the paragraph above that our resummed
results contain the spurious terms existing due to the
“inexact” Mellin inversion. The detailed analysis done in
the Refs. [81] and [84] showed us that these spurious terms
play an important role in the μF scale variation in our
results. The study demonstrated that the μF scale uncer-
tainty arising due to the NSV logarithms gets compensated
by the variation coming from the beyond NSV logarithms,
and this compensation increases with the increase in the
order of perturbation theory.
First, we try to understand the behavior of SV resummed

results under μF variation. The μF scale variation seen in the
SV resummed results comes mainly from the spurious
beyond SV terms arising from the inexact Mellin inversion
of the N-space SV resummed results. The plots in Fig. 5
also show us that the uncertainty decreases when we go
from NLOþ NLL to NNLOA þ NNLL. This confirms our
analysis mentioned above that the compensation between
μF uncertainty coming from spurious NSV and beyond
NSV terms increases at higher orders thereby decreasing
the overall scale dependency for the SV resummed result.
Now, let us explore the reason for the huge dependency of
SVþ NSV resummed results on the factorization scale. For
the case of SV resummed results, the spurious terms were
the main source of μF uncertainty; however, for the SVþ
NSV resummed results, the NSV logarithms contribute
significantly toward μF variation as well. This uncertainty
due to the resummed NSV terms can be compensated by
adding the resummed beyond NSV terms which is missing

in our calculation. In this case, as well, we have the
spurious beyond NSV terms, although now it acts as a
compensating factor and cancels the uncertainty due to the
resummed NSV logarithms. As a result, we observe that the
μF variation decreases when we go from NLOþ NLL to
NNLOA þ NNLL accuracy. However, it can not compen-
sate much, and we need to resumm the beyond NSV
logarithms in order to completely cancel the uncertainty
arising from the resummed NSV logarithms.
We next move on to compare the μR scale uncertainties

of SV and SVþ NSV resummed predictions. The plots
given in Fig. 6 illustrate the variation of μR scale in the
range f1=2; 1gmA around the central scale μF ¼ μR ¼ mA
for the bin-integrated rapidity distributions of the
resummed SV (left panel) and resummed SVþ NSV (right
panel) predictions keeping μF ¼ mA for mA ¼ 125,
700 GeV. The plots show that the inclusion of resummed
NSV logarithms reduces the uncertainty due to the μR scale.
The uncertainty varies between (þ18.22%, −14.87%) and
(þ7.22%, −8.21%) for the SV resummed predictions at
NLOþ NLL and NNLOA þ NNLL around the central
rapidity region for mA ¼ 125 GeV. The corresponding
uncertainty bands for the SVþ NSV resummed results
lie in the range (þ18.45%, −15.24%) and (þ4.16%,
−6.69%) for NLOþ NLL and NNLOA þ NNLL, respec-
tively. Similar trends are observed for the case of mA ¼
700 GeV where the μR scale variation lies in the range
(þ13.40%, −11.67%) and (þ4.01%, −6.06%) for the SV
resummed results at NLOþ NLL and NNLOA þ NNLL,
respectively, whereas for the SVþ NSV resummed results,
it lies between (þ13.33%, −11.74%) and (þ2.62%,
−5.19%) at NLOþ NLL and NNLOA þ NNLL level,
respectively around the central rapidity region. We see
from these numerical values that the uncertainty remains
almost the same at the next-to-leading level for both SVand
SVþ NSV resummed results, but at the next-to-next-to-
leading order, the μR scale uncertainty decreases by the
addition of the resummed NSV logarithms to the SV
resummed results. We know that the inclusion of higher
order logarithmic corrections within a particular channel
leads to a decrease in the sensitivity of the rapidity
distribution with respect to the renormalization scale.
This suggests that the percentage contribution of the
resummed NSV logarithms is higher at the NNLOA þ
NNLL as compared to the NLOþ NLLwhich results in the
significant reduction in the μR uncertainty at this order.
To summarize the findings of this section, we observed

that the resummed SVþ NSV results are significantly
dependent on the factorization scale and have large
uncertainties related to this scale. In order to understand
this, we compared our results with the fixed order as well as
the SV resummed predictions. We found that the fixed
order corrections have negligible dependence on μF scale,
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whereas for the case of SV resummed results, the main
source of μF variation is the spurious beyond SV terms
arising from the “inexact” Mellin inversion of the N-space
resummed results. When we add the resummed NSV
logarithms, the μF uncertainty increases further. Our
analysis showed that the reason for this large dependency
of the SVþ NSV resummed results is the absence of
resummed beyond NSV terms which are supposed to
cancel the μF variation of the NSV logarithms. This
suggests that it is important to include resummed beyond
NSV terms to get a more accurate and reliable prediction
for the rapidity distribution of pseudo-scalar Higgs boson in
gluon fusion process. We would also like to mention that
we have used the same PDF set for both fixed order and
resummed predictions. In order to understand the μF
variation in a better way, resummed PDFs should be used
if they are available. For the renormalization scale, we

found that the SVþ NSV resummed predictions are the
least sensitive when we vary μR around the central scale
value keeping μF fixed. Also, the μR scale uncertainty
decreases when we go to higher orders in perturbation
theory. Thus, as expected the μR scale variation decreases
by the addition of higher order logarithmic contributions.

X. DISCUSSIONS AND CONCLUSIONS

We present the resummed rapidity distribution of pseu-
doscalar Higgs Boson production via gluon fusion at LHC
up to next-to-next-to-leading-logarithmic (NNLL) accu-
racy containing both resummed threshold SV contributions
as well as next-to-SVones. It has been matched to the fixed
order predictions up to next-to-next-to-leading-order
(NNLOA) accuracy. Beyond NLO, the fixed order rapidity
distribution of the pseudoscalar Higgs boson has been
computed using the corresponding result for the scalar

FIG. 6. Comparison of μR scale variation between SV and SVþ NSV resummed results with the scale μF ¼ mA. The dashed lines
refer to the corresponding central scale values at each order.
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Higgs case by appropriately multiplying it with the ratio
factor RAH. This ratio method was first established in
Ref. [36] by one of the authors for obtaining the inclusive
cross section of pseudoscalar Higgs from that of the scalar
Higgs boson. In [36], it was shown that the approximate
result for the inclusive cross section obtained in this way
has an excellent agreement with the exact result, and the
difference is found only in terms of next-to-next-to soft
distributions which are eventually suppressed in the thresh-
old limit z → 1. The same trend is expected to follow for
the rapidity distribution as well. The resummed corrections
have been obtained by using our formalism described in
[82] where we restrict ourselves to the diagonal channel for
the production of the pseudoscalar Higgs.

We have performed a detailed numerical analysis of our
computed results around the central scale values μR ¼
μF ¼ mA for benchmark rapidity values for two different
cases of pseudoscalar mass mA ¼ 125, 700 GeV. The K-
factor values showed that there is a significant enhancement
in the rapidity distribution by the addition of resummed
SVþ NSV corrections up to next-to-leading order. At
NNLOA, the inclusion of NNLL resummed results
increases the rapidity distribution; however, the percentage
enhancement drops substantially compared to that of lower
order results. For instance, there is an enhancement of
53.3% and 24.97% by the inclusion of LL and NLL
resummed results to LO and NLO, respectively, around
the central rapidity region which comes down to an 11.48%
increase when we include NNLL to NNLOA accuracy at
mA ¼ 700 GeV. This shows that the addition of resummed
corrections improves the perturbative convergence of the
result thereby making it more reliable. We further used
canonical 7-point variation approach to show that the
combined uncertainty due to μF and μR scales increases

by the inclusion of SVþ NSV resummed corrections to the
fixed order results throughout the rapidity spectrum and for
both the cases of pseudo-scalar Higgs masses. Although,
the increase in the sensitivity to the unphysical scales
decreases when we go to higher values of pseudoscalar
Higgs mass. For example, for mA ¼ 700 GeV, the 7-point
scale uncertainty of the resummed result at NNLOA þ
NNLL becomes comparable to that of the fixed order
rapidity distribution at NNLOA.

We studied the impact of the renormalization and the
factorization scales individually on our result for the better
understanding of their behavior. We found that at higher
orders, the uncertainty of our result is mainly driven by the
factorization scale. The inclusion of the resummed NSV
logarithms to the well-established threshold SV resummed
rapidity distribution increases the sensitivity of our result
with respect to the μF scale. The main reason behind this is
the absence of resummed beyond NSV terms which is
responsible for the cancellation of the uncertainty arising
due to the resummed NSV logarithms. On the other hand,
the uncertainty due to the μR scale decreases by the addition
of the resummed NSV logarithms. This is expected because
the addition of more corrections within the same partonic
channel improves the μR scale uncertainties.
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APPENDIX A: QCD β FUNCTIONS

β0 ¼
11

3
CA −

2

3
nf;

β1 ¼
34

3
C2
A − 2nfCF −

10

3
nfCA;

β2 ¼
2857

54
C3
A −

1415

54
C2
Anf þ

79

54
CAn2f þ

11

9
CFn2f −

205

18
CFCAnf þ C2

Fnf: ðA1Þ

APPENDIX B: NLO RESULTS

In this section, we present the analytical results of the NLO hadronic rapidity distribution for the production of the
pseudo-scalar Higgs boson via gluon fusion as follows:
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dσA;ð1Þgg

dY
¼ CA

�
Hggðx01; x02; μ2FÞfð4þ 6ζ2Þ þ ð2LQFÞKðx01; x02Þ þK2ðx01; x02Þg þ

Z
dx1

Hgg;1ðx1; x02; μ2FÞ
ðx1 − x01Þ

ð4K1
bÞ

þ
Z

dx1Hggðx1; x02; μ2FÞ
��

−4
ðx01Þ2
x31

þ 4
x01
x21

−
8

x1
þ 4

x01

�
K1

a þ
4K1

c

ðx1 − x01Þ
�

þ
Z

dx1

Z
dx2

Hgg;1ðx1; x2; μ2FÞ
ðx1 − x01Þ

�
−4

ðx01Þ2
x31

þ 4
x01
x21

−
8

x1
þ 4

x01

�
þ
Z

dx1

Z
dx2

2Hgg;12ðx1; x2; μ2FÞ
ðx1 − x01Þðx2 − x02Þ

þ
Z

dx1

Z
dx2

Hggðx1; x2; μ2FÞ
ðx1 þ x01Þðx2 þ x02Þðx1x02 þ x2x01Þ4

�
1

x31
ð4ðx01Þ7ðx2Þ4 þ 8ðx01Þ7ðx2Þ3x02 þ 8ðx01Þ7ðx2Þ2ðx02Þ2

þ 8ðx01Þ7x2ðx02Þ3Þ þ
1

x21
ð16ðx01Þ6ðx2Þ3x02 þ 32ðx01Þ6ðx2Þ2ðx02Þ2 þ 24ðx01Þ6x2ðx02Þ3 þ 16ðx01Þ6ðx02Þ4Þ

þ 1

x1
ð4ðx01Þ5ðx2Þ4 þ 8ðx01Þ5ðx2Þ3x02 þ 32ðx01Þ5ðx2Þ2ðx02Þ2 þ 48ðx01Þ5x2ðx02Þ3 þ 40ðx01Þ5ðx02Þ4Þ

þ 1

x1x2
ð12ðx01x02Þ5Þ þ

1

x01
ð8x51x2ðx02Þ3 þ 4x51ðx02Þ4Þ þ x41ðð16x2x02Þ2 þ 4x2ðx02Þ3 þ 4ðx02Þ4Þ

þ x31ð12x32x01x02 þ 8x01x2ðx02Þ3 þ 28x01ðx02Þ4Þ þ x21ð20ðx2x01x02Þ2 þ 88ðx01Þ2ðx02Þ3x2 þ 48ðx01Þ2ðx02Þ4Þ

þ x1ð68ðx01x02Þ3x02Þ þ x1x2ð64ðx01x02Þ3Þ þ 40ðx01x02Þ4
��

þ ð1 ↔ 2Þ: ðB1Þ

For the qg and gq channels, we obtain

dσA;ð1Þqg

dY
¼ CF

�Z
dx1Hqgðx1; x02; μ2FÞ

��
2x01
x21

�
þ
�
−

4

x1
þ 4

x01
þ 2x01

x21

�
K1

a

�
þ
Z

dx1

Z
dx2

Hqg;2ðx1; x2; μ2FÞ
ðx2 − x02Þ

�
2x01
x21

−
4

x1
þ 4

x01

�
þ
Z

dx1

Z
dx2

Hqgðx1; x2; μ2FÞ
ðx1 þ x01Þðx2 þ x02Þðx1x02 þ x2x01Þ4

�
1

x21
ð−2ðx01Þ5x32 − 4ðx01Þ5x22x02

− 4ðx01Þ5x2ðx02Þ2Þ þ
1

x1
ð2ðx01Þ4x32 − 2ðx01Þ4x22x02 − 4ðx01Þ4x2ðx02Þ2Þ þ

1

x01
ð8x41x2ðx02Þ2 þ 4x41ðx02Þ3Þ

þ ð4x31x22x02 þ 2x31x2ðx02Þ2 þ 2x21x
0
1x

3
2 − 6x21x

0
1x2ðx02Þ2 − x21x

0
1ðx02Þ3 þ 3x1ðx01Þ2x2ðx02Þ2 þ x1ðx01Þ2ðx02Þ3

þ 5ðx01Þ3x22x02 þ 7ðx01Þ3x2ðx02Þ2Þ
��

; ðB2Þ

dσA;ð1Þqg

dY
¼ dσA;ð1Þgq

dY

				
1↔2

: ðB3Þ

For the qq̄-channel, we find

dσA;ð1Þqq̄

dY
¼ ðN2 − 1ÞCF

N

�Z
dx1dx2Hqq̄ðx1; x2; μ2FÞ

�
1

x21
ð4ðx01Þ3ðx01x02Þ3x2 þ 4ðx01x02Þ4ðx01Þ2Þ þ

1

x1
ð4ðx01Þ5ðx2x02Þ2

þ 8ðx01Þ5x2ðx02Þ3 þ 4ðx01Þ5ðx02Þ4Þ þ x41ð4ðx2x02Þ4 þ 4x2ðx02Þ3Þ þ x31ð4x01ðx2x02Þ2 þ 8x01x2ðx02Þ3 þ x01ðx02Þ4Þ
þ x21ð−8ðx01x02x2Þ2 þ x2ðx01Þ2ðx02Þ3 þ ðx01x02Þ2ðx02Þ2Þ þ x1x2ð−16ðx01x02Þ3Þ

þ x1ð−12ðx01x02Þ3x02Þ − 8ðx01x02Þ4
��

þ ð1 ↔ 2Þ: ðB4Þ
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In the above equations, we have introduced the following abbreviations:

Hab;12ðx1; x2; μ2FÞ ¼ Habðx1; x2; μ2FÞ −Habðx01; x2; μ2FÞ −Habðx1; x02; μ2FÞ þHabðx01; x02; μ2FÞ;
Hab;1ðx1; z; μ2FÞ ¼ Habðx1; z; μ2FÞ −Habðx01; z; μ2FÞ;
Hab;2ðz; x2; μ2FÞ ¼ Habðz; x2; μ2FÞ −Habðz; x02; μ2FÞ; ðB5Þ

where

Hqq̄ðx1; x2; μ2FÞ ¼ fqðx1; μ2FÞfq̄ðx2; μ2FÞ þ fq̄ðx1; μ2FÞfqðx2; μ2FÞ;
Hgqðx1; x2; μ2FÞ ¼ fðx1; μ2FÞðfqðx2; μ2FÞ þ fq̄ðx2; μ2FÞÞ;
Hqgðx1; x2; μ2FÞ ¼ Hgqðx2; x1; μ2FÞ;
Hggðx1; x2; μ2FÞ ¼ fgðx1; μ2FÞfgðx2; μ2FÞ: ðB6Þ

Ka1 ¼ ln

�
2Q2ð1 − x02Þðx1 − x01Þ

μ2Fðx1 þ x01Þx02

�
; Kb1 ¼ ln

�
Q2ð1 − x02Þðx1 − x01Þ

μ2Fx
0
1x

0
2

�
;

Kc1 ¼ ln

�
2x01

x1 þ x01

�
; Kðx01; x02Þ ¼ ln

�ð1 − x01Þð1 − x02Þ
x01x

0
2

�
: ðB7Þ

The Ka2 , Kb2 , and Kc2 can be obtained from Ka1 , Kb1 , and Kc1 by using 1 ↔ 2 symmetry.

APPENDIX C: ANOMALOUS DIMENSIONS

γAg;1 ¼
11

3
CA −

2

3
nf;

γAg;2 ¼
34

3
C2
A − 2nfCF −

10

3
nfCA;

γAg;3 ¼
2857

54
C3
A −

1415

54
C2
Anf þ

79

54
CAn2f þ

11

9
CFn2f −

205

18
CFCAnf þ C2

Fnf: ðC1Þ

AA
g;1 ¼ 4CA;

AA
g;2 ¼ 8C2

A

�
67

18
− ζ2

�
þ 8CAnf

�
−
5

9

�
;

AA
g;3 ¼ 16C3

A

�
245

24
−
67

9
ζ2 þ

11

6
ζ3 þ

11

5
ζ22

�
þ 16CACFnf

�
−
55

24
þ 2ζ3

�

þ 16C2
Anf

�
−
209

108
þ 10

9
ζ2 −

7

3
ζ3

�
þ 16CAn2f

�
−

1

27

�
: ðC2Þ

BA
g;1 ¼ nf

�
−
2

3

�
þ CA

�
11

3

�
;

BA
g;2 ¼ CFnff−2g þ CAnf

�
−
8

3

�
þ C2

A

�
32

3
þ 12ζ3

�
;

BA
g;3 ¼ CFn2f

�
11

9

�
þ C2

Fnf þ CAn2f

�
29

18

�
þ CACFnf

�
−
241

18

�
þ C2

Anf

�
−
233

18

−
80

3
ζ3 −

8

3
ζ2 −

4

3
ζ22

�
þ C3

A

�
79

2
− 80ζ5 þ

536

3
ζ3 þ

8

3
ζ2 − 16ζ2ζ3 þ

22

3
ζ22

�
: ðC3Þ
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fAg;1 ¼ 0;

fAg;2 ¼ C2
A

�
−
22

3
ζ2 − 28ζ3 þ

808

27

�
þ CAnf

�
4

3
ζ2 −

112

27

�
;

fAg;3 ¼ C3
A

�
352

5
ζ2

2 þ 176

3
ζ2ζ3 −

12650

81
ζ2 −

1316

3
ζ3 þ 192ζ5 þ

136781

729

�

þ C2
Anf

�
−
96

5
ζ2

2 þ 2828

81
ζ2 þ

728

27
ζ3 −

11842

729

�

þ CACFnf

�
32

5
ζ2

2 þ 4ζ2 þ
304

9
ζ3 −

1711

27

�
þ CAnf2

�
−
40

27
ζ2 þ

112

27
ζ3 −

2080

729

�
: ðC4Þ

DA
d;g;1 ¼ 0;

DA
d;g;2 ¼ CAnf

�
112

27
−
8

3
ζ2

�
þ C2

A

�
−
808

27
þ 28ζ3 þ

44

3
ζ2

�
;

DA
d;g;3 ¼ CAn2f

�
−
1856

729
−
32

27
ζ3 þ

160

27
ζ2

�
þ CACFnf

�
1711

27
−
304

9
ζ3 − 8ζ2 −

32

5
ζ22

�

þ C2
Anf

�
62626

729
−
536

9
ζ3 −

7760

81
ζ2 þ

208

15
ζ22

�
þ C3

A

�
−
297029

729
− 192ζ5 þ

14264

27
ζ3

þ 27752

81
ζ2 −

176

3
ζ2ζ3 −

616

15
ζ22

�
: ðC5Þ

APPENDIX D: RESULTS OF SV RAPIDITY DISTRIBUTION TO THIRD ORDER

ΔA;SV
d;g;1 ¼ δδ̄fCAð4þ 6ζ2Þg þ D̄0D0fCAð2Þg þ δD̄1fCAð4Þg þ ðz1 ↔ z2Þ; ðD1Þ

ΔA;SV
d;g;2 ¼ δδ̄

��
CFnf

�
−
80

3
þ 6 ln

�
μ2R
m2

t

�
þ 8ζ3

��
þ
�
CAnf

�
−
41

3
− 4ζ3 −

20

3
ζ2

��

þ
�
C2
A

�
247

3
− 22ζ3 þ

278

3
ζ2 þ

126

5
ζ22

���
þ D̄0D0

��
CAnf

�
−
20

9

��

þ
�
C2
A

�
278

9
þ 4ζ2

���
þ D̄1D0

��
CAnf

�
8

3

��
þ
�
C2
A

�
−
44

3

���

þD0D̄2fC2
Að24Þg þ D̄1D1fC2

Að24Þg þ δD̄0

��
CAnf

�
þ 112

27
−
8

3
ζ2

��

þ
�
C2
A

�
−
808

27
þ 60ζ3 þ

44

3
ζ2

���
þ δD̄1

��
CAnf

�
−
40

9

��
þ
�
C2
A

�
556

9
þ 8ζ2

���

þ δD̄2

��
CAnf

�
4

3

��
þ
�
C2
A

�
−
22

3

���
þ δD̄3fC2

Að8Þg þ ðz1 ↔ z2Þ; ðD2Þ
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ΔA;SV
d;g;3 ¼ δδ̄

�
fnfð−2Cð2Þ

J Þg þ
�
CFn2f

�
749

9
−
8

9
ζ4 −

112

3
ζ3 −

20

9
ζ2

��

þ
�
C2
Fnf

�
457

6
− 160ζ5 þ 104ζ3

��
þ
�
CAn2f

�
3457

81
−
152

9
ζ4 þ

56

3
ζ3 − 8ζ2

−
8

45
ζ22

��
þ
�
CACFnf

�
−
1797

2
þ 48 ln

�
μ2R
m2

t

�
þ 80ζ5 þ

44

9
ζ4 þ

904

3
ζ3 −

3205

9
ζ2

þ 72ζ2 ln

�
μ2R
m2

t

�
þ 144ζ2ζ3

��
þ
�
C2
Anf

�
−
56683

81
þ 596

9
ζ5 þ

5258

27
ζ4 þ

188

27
ζ3

−
5138

27
ζ2 − 136ζ2ζ3 −

824

15
ζ22

��
þ
�
C3
A

�
57284

27
−
4006

3
ζ6 þ

682

9
ζ5 −

15257

27
ζ4

−
33098

27
ζ3 þ

800

3
ζ23 þ

40235

27
ζ2 − 44ζ2ζ3 þ

25982

45
ζ22 þ

12688

35
ζ32

���

þ δD̄0

�
CAn2f

�
−
1856

729
−
32

27
ζ3 þ

160

27
ζ2

��
þ δD̄0

�
CACFnf

�
1711

27
−
304

9
ζ3 − 8ζ2

−
32

5
ζ22

��
þ δD̄0

�
C2
Anf

�
86818

729
−
392

3
ζ3 −

8144

81
ζ2 þ

16

5
ζ22

��
þ δD̄0

�
C3
A

�
−
471557

729

þ 192ζ5 þ
40088

27
ζ3 þ

27560

81
ζ2 −

608

3
ζ2ζ3 þ

88

5
ζ22

��
þ δD̄1

�
CAn2f

�
400

81
−
32

9
ζ2

��

þ δD̄1

�
CACFnf

�
−250þ 48 ln

�
μ2R
m2

t

�
þ 96ζ3

��
þ δD̄1

�
C2
Anf

�
−
19940

81
þ 32ζ3

þ 64

3
ζ2

��
þ δD̄1

�
C3
A

�
103654

81
− 704ζ3 þ

680

9
ζ2 −

64

5
ζ22

��
þ δD̄2

�
CAn2f

�
−
80

27

�

þ δD̄2fCACFnf4Þg þ δD̄2

�
C2
Anf

�
2116

27
−
112

3
ζ2

��
þ δD̄2

�
C3
A

�
−
9992

27
þ 488ζ3

þ 616

3
ζ2

��
þ δD̄3

�
CAn2f

�
16

27

��
þ δD̄3

�
C2
Anf

�
−
656

27

��
þ δD̄3

�
C3
A

�
5428

27
− 64ζ2

��

þ δD̄4

�
C2
Anf

�
40

9

��
þ δD̄4

�
C3
A

�
−
220

9

��
þ δD̄5fC3

Að8Þg þ D̄0D0

�
CAn2f

�
200

81
−
16

9
ζ2

��

þ D̄0D0

�
CACFnf

�
−125þ 24 ln

�
μ2R
m2

t

�
þ 48ζ3

��
þ D̄0D0

�
C2
Anf

�
−
9970

81
þ 16ζ3

þ 32

3
ζ2

��
þ D̄0D0

�
C3
A

�
51827

81
− 352ζ3 þ

340

9
ζ2 −

32

5
ζ22

��
þ D̄1D0

�
CAn2f

�
−
160

27

��

þ D̄1D0fCACFnfð8Þg þ D̄1D0

�
C2
Anf

�
4232

27
−
224

3
ζ2

��
þ D̄1D0

�
C3
A

�
−
19984

27
þ 976ζ3

þ 1232

3
ζ2

��
þD0D̄2

�
CAn2f

�
16

9

��
þD0D̄2

�
C2
Anf

�
−
656

9

��
þD0D̄2

�
C3
A

�
5428

9
− 192ζ2

��

þD0D̄3

�
C2
Anf

�
160

9

��
þD0D̄3

�
C3
A

�
−
880

9

��
þD0D̄4fC3

Að40Þg þ D̄1D1

�
CAn2f

�
16

9

��

þ D̄1D1

�
C2
Anf

�
−
656

9

��
þ D̄1D1

�
C3
A

�
5428

9
− 192ζ2

��
þD1D̄2

�
C2
Anf

�
160

3

��

þD1D̄2

�
C3
A

�
−
880

3

��
þD1D̄3fC3

Að160Þg þ D̄2D2fC3
Að120Þg þ ðz1 ↔ z2Þ: ðD3Þ

Here, Dj ¼ ½lnjð1−z1Þð1−z1Þ �þ, D̄j ¼ ½lnjð1−z2Þð1−z2Þ �þ, δ ¼ δð1 − z1Þ and δ̄ ¼ δð1 − z2Þ.
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APPENDIX E: THE RESUMMATION CONSTANT g̃Ad;g;0

g̃Ad;g;0ðasðμ2RÞÞ ¼
X∞
i¼0

aisðμ2RÞg̃Ad;g;0;i: ðE1Þ

g̃Ad;g;0;0 ¼ 1; ðE2Þ

g̃Ad;g;0;1 ¼ nf

�
4

3
Lfr

�
þ CA

�
8þ 16ζ2 −

22

3
Lfr

�
þ γECAf−8Lqr þ 8Lfrg þ γ2ECAf8g; ðE3Þ

g̃Ad;g;0;2 ¼ nfCF

�
−
160

3
þ 12Lrmt þ 16ζ3 þ 4Lfr

�
þ n2f

�
4

3
L2
fr

�
þ CAnf

�
−
82

3
−
88

9
ζ3 −

160

9
ζ2 þ

20

3
Lqr

þ 32

3
Lqrζ2 þ 16Lfr þ

64

3
Lfrζ2 −

44

3
L2
fr

�
þ C2

A

�
494

3
−
308

9
ζ3 þ

2224

9
ζ2 þ 92ζ22 −

92

3
Lqr þ 24Lqrζ3

−
176

3
Lqrζ2 − 80Lfr − 24Lfrζ3 −

352

3
Lfrζ2 þ

121

3
L2
fr

�
þ γECAnf

�
−
224

27
þ 80

9
Lqr −

8

3
L2
qr −

80

9
Lfr

−
32

3
LfrLqr þ

40

3
L2
fr

�
þ γEC2

A

�
1616

27
− 56ζ3 −

1112

9
Lqr − 112Lqrζ2 þ

44

3
L2
qr þ

1112

9
Lfr þ 112Lfrζ2

þ 176

3
LfrLqr −

220

3
L2
fr

�
þ γ2ECAnf

�
−
80

9
þ 16

3
Lqr þ

32

3
Lfr

�
þ γ2EC

2
A

�
1112

9
þ 112ζ2 −

88

3
Lqr þ 32L2

qr

−
176

3
Lfr − 64LfrLqr þ 32L2

fr

�
þ γ3ECAnf

�
−
32

9

�
þ γ3EC

2
A

�
176

9
− 64Lqr þ 64Lfr

�
þ γ4EC

2
Af32g; ðE4Þ

g̃Ad;g;0;3 ¼ nff−4Cð2Þ
J g þ nfC2

F

�
457

3
− 320ζ5 þ 208ζ3 − 2Lfr

�
þ n2fCF

�
1498

9
−
16

9
ζ4 −

224

3
ζ3 −

40

9
ζ2 −

640

9
Lqr

þ 16LqrLrmt þ
64

3
Lqrζ3 −

662

9
Lfr þ 16LfrLrmt þ

64

3
Lfrζ3 þ

28

3
L2
fr

�
þ n3f

�
32

27
L3
fr

�
þ CAnfCF

�
−1797

þ 96Lrmt þ
88

9
ζ4 þ 160ζ5 þ

1792

3
ζ3 −

8660

9
ζ2 þ 192ζ2Lrmt þ 384ζ2ζ3 þ

3628

9
Lqr − 88LqrLrmt −

352

3
Lqrζ3

þ 32Lqrζ2 þ
4049

9
Lfr − 88LfrLrmt −

352

3
Lfrζ3 þ 64Lfrζ2 −

154

3
L2
fr

�
þ CAn2f

�
6914

81
−
304

9
ζ4 þ

3344

81
ζ3

−
896

81
ζ2 −

64

45
ζ22 −

976

27
Lqr −

352

27
Lqrζ3 −

640

27
Lqrζ2 þ

40

9
L2
qr þ

64

9
L2
qrζ2 −

119

3
Lfr −

352

27
Lfrζ3 −

640

27
Lfrζ2

þ 80

9
LfrLqr þ

128

9
LfrLqrζ2 þ

212

9
L2
fr þ

64

3
L2
frζ2 −

176

9
L3
fr

�
þ C2

Anf

�
−
113366

81
þ 10516

27
ζ4 þ

808

9
ζ5

−
7336

81
ζ3 −

50768

81
ζ2 −

784

3
ζ2ζ3 −

8576

45
ζ22 þ

13064

27
Lqr −

736

27
Lqrζ3 þ

14288

27
Lqrζ2 þ 120Lqrζ

2
2 −

404

9
L2
qr

þ 16L2
qrζ3 −

704

9
L2
qrζ2 þ

4397

9
Lfr þ

2144

27
Lfrζ3 þ

14864

27
Lfrζ2 þ

376

3
Lfrζ

2
2 −

808

9
LfrLqr þ 32LfrLqrζ3

−
1408

9
LfrLqrζ2 −

2146

9
L2
fr − 48L2

frζ3 −
704

3
L2
frζ2 þ

968

9
L3
fr

�
þ C3

A

�
114568

27
−
8012

3
ζ6 −

30514

27
ζ4

RAPIDITY DISTRIBUTION OF PSEUDOSCALAR HIGGS BOSON … PHYS. REV. D 110, 016019 (2024)

016019-37



þ 3476

9
ζ5 −

158620

81
ζ3 þ 96ζ23 þ

345064

81
ζ2 −

2024

3
ζ2ζ3 þ

6224

3
ζ22 þ

6080

7
ζ32 −

36064

27
Lqr − 160Lqrζ5

þ 21608

27
Lqrζ3 −

54256

27
Lqrζ2 þ 352Lqrζ2ζ3 − 660Lqrζ

2
2 þ

1012

9
L2
qr − 88L2

qrζ3 þ
1936

9
L2
qrζ2 −

13115

9
Lfr

þ 160Lfrζ5 −
8056

27
Lfrζ3 −

58288

27
Lfrζ2 − 352Lfrζ2ζ3 −

2068

3
Lfrζ

2
2 þ

2024

9
LfrLqr − 176LfrLqrζ3

þ 3872

9
LfrLqrζ2 þ

5390

9
L2
fr þ 264L2

frζ3 þ
1936

3
L2
frζ2 −

5324

27
L3
fr

�
þ γECAnfCF

�
−
3422

27
þ 608

9
ζ3

þ 64

5
ζ22 þ 500Lqr − 96LqrLrmt − 192Lqrζ3 − 8L2

qr − 500Lfr þ 96LfrLrmt þ 192Lfrζ3 − 32LfrLqr þ 40L2
fr

�

þ γECAn2f

�
3712

729
þ 64

9
ζ3 −

800

81
Lqr þ

160

27
L2
qr −

32

27
L3
qr −

992

81
Lfr þ

320

27
LfrLqr −

32

9
LfrL2

qr −
160

9
L2
fr

−
32

3
L2
frLqr þ

416

27
L3
fr

�
þ γEC2

Anf

�
−
173636

729
þ 1808

27
ζ3 −

9104

81
ζ2 −

32

5
ζ22 þ

39880

81
Lqr þ

704

9
Lqrζ3

þ 2240

9
Lqrζ2 −

4328

27
L2
qr −

352

3
L2
qrζ2 þ

352

27
L3
qr −

17096

81
Lfr −

2048

9
Lfrζ3 −

2240

9
Lfrζ2 −

5920

27
LfrLqr

− 64LfrLqrζ2 þ
352

9
LfrL2

qr þ
3416

9
L2
fr þ

544

3
L2
frζ2 þ

352

3
L2
frLqr −

4576

27
L3
fr

�
þ γEC3

A

�
943114

729
þ 384ζ5

−
36752

27
ζ3 þ

64784

81
ζ2 −

2336

3
ζ2ζ3 −

176

5
ζ22 −

207308

81
Lqr þ

5632

9
Lqrζ3 −

23072

9
Lqrζ2 −

2752

5
Lqrζ

2
2

þ 16912

27
L2
qr − 192L2

qrζ3 þ
1936

3
L2
qrζ2 −

968

27
L3
qr þ

136204

81
Lfr þ

1760

9
Lfrζ3 þ

23072

9
Lfrζ2 þ

2752

5
Lfrζ

2
2

þ 22448

27
LfrLqr þ 384LfrLqrζ3 þ 352LfrLqrζ2 −

968

9
LfrL2

qr −
13120

9
L2
fr − 192L2

frζ3 −
2992

3
L2
frζ2

−
968

3
L2
frLqr þ

12584

27
L3
fr

�
þ γ2ECAnfCFf−500þ 96Lrmt þ 192ζ3 þ 16Lqr þ 32Lfrg þ γ2ECAn2f

�
800

81

−
320

27
Lqr þ

32

9
L2
qr −

320

27
Lfr þ

64

9
LfrLqr þ

32

3
L2
fr

�
þ γ2EC

2
Anf

�
−
39880

81
−
704

9
ζ3 −

2240

9
ζ2 þ

9008

27
Lqr

þ 448

3
Lqrζ2 −

992

9
L2
qr þ

64

3
L3
qr þ

1856

9
Lfr þ

448

3
Lfrζ2 þ 64LfrLqr þ

64

3
LfrL2

qr −
1696

9
L2
fr −

320

3
L2
frLqr

þ 64L3
fr

�
þ γ2EC

3
A

�
207308

81
−
5632

9
ζ3 þ

23072

9
ζ2 þ

2752

5
ζ22 −

13376

9
Lqr þ 640Lqrζ3 −

2464

3
Lqrζ2 þ 840L2

qr

þ 384L2
qrζ2 −

352

3
L3
qr −

16144

27
Lfr − 640Lfrζ3 −

2464

3
Lfrζ2 −

11248

9
LfrLqr − 768LfrLqrζ2 −

352

3
LfrL2

qr

þ 9496

9
L2
fr þ 384L2

frζ2 þ
1760

3
L2
frLqr − 352L3

fr

�
þ γ3ECAnfCF

�
−
32

3

�
þ γ3ECAn2f

�
640

81
−
128

27
Lqr

−
128

27
Lfr

�
þ γ3EC

2
Anf

�
−
16928

81
−
128

3
ζ2 þ

5248

27
Lqr − 64L2

qr −
2432

27
Lfr −

128

3
LfrLqr þ

320

3
L2
fr

�

þ γ3EC
3
A

�
79936

81
− 448ζ3 þ

704

3
ζ2 −

43424

27
Lqr − 768Lqrζ2 þ 352L2

qr −
256

3
L3
qr þ

35680

27
Lfr þ 768Lfrζ2

þ 704

3
LfrLqr þ 256LfrL2

qr −
1760

3
L2
fr − 256L2

frLqr þ
256

3
L3
fr

�
þ γ4ECAn2f

�
64

27

�
þ γ4EC

2
Anf

�
−
2624

27
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þ 640

9
Lqr þ

128

9
Lfr

�
þ γ4EC

3
A

�
21712

27
þ 384ζ2 −

3520

9
Lqr þ 256L2

qr −
704

9
Lfr − 512LfrLqr þ 256L2

fr

�

þ γ5EC
2
Anf

�
−
256

9
g þ γ5EC

3
A

�
1408

9
− 256Lqr þ 256Lfr

�
þ γ6EC

3
A

�
þ 256

3

�
: ðE5Þ

APPENDIX F: NSV RESUMMATION EXPONENTS ḡAd;g;iðωÞ

ḡAd;g;1ðωÞ ¼ 0; ḡAd;g;2ðωÞ ¼
1

β0
CAf2Lωg; ðF1Þ

ḡAd;g;3ðωÞ ¼
β1
β20

CAf2ωþ 2Lωg þ
1

β0
CAnf

�
20

9
ω

�
þ 1

β0
C2
A

�
−
134

9
ωþ 4ωζ2

�
þCAf−2þ 2Lqr − 2Lfr þ 2Lfrω− 4γEg;

ðF2Þ

ḡAd;g;4ðωÞ ¼
β21
β30

CAfω2 − L2
ωg þ

β2
β20

CAf−ω2g þ β1
β20

CAnf

�
−
20

9
ωþ 10

9
ω2 −

20

9
Lω

�
þ β1
β20

C2
A

�
134

9
ω − 4ωζ2

−
67

9
ω2 þ 2ω2ζ2 þ

134

9
Lω − 4Lωζ2

�
þ 1

β0
CAn2f

�
8

27
ω −

4

27
ω2

�
þ 1

β0
CACFnf

�
55

3
ω − 16ωζ3 −

55

6
ω2

þ 8ω2ζ3

�
þ 1

β0
C2
Anf

�
418

27
ωþ 56

3
ωζ3 −

80

9
ωζ2 −

209

27
ω2 −

28

3
ω2ζ3 þ

40

9
ω2ζ2

�
þ 1

β0
C3
A

�
−
245

3
ω

−
44

3
ωζ3 þ

536

9
ωζ2 −

88

5
ωζ22 þ

245

6
ω2 þ 22

3
ω2ζ3 −

268

9
ω2ζ2 þ

44

5
ω2ζ22

�
þ β1
β0

CAf2Lω − 2LωLqr

þ 4LωγEg þ CAnf

�
116

27
−
2

3
ζ2 −

20

9
Lqr þ

20

9
Lfr −

40

9
Lfrωþ 20

9
Lfrω

2 þ 40

9
γE

�
þ C2

A

�
−
806

27

þ 14ζ3 þ
23

3
ζ2 þ

134

9
Lqr − 4Lqrζ2 −

134

9
Lfr þ 4Lfrζ2 þ

268

9
Lfrω − 8Lfrωζ2 −

134

9
Lfrω

2 þ 4Lfrω
2ζ2

−
268

9
γE þ 8γEζ2

�
þ β0CAf−ζ2 þ 2Lqr − L2

qr þ L2
fr − 2L2

frωþ L2
frω

2 − 4γE þ 4γELqr − 4γ2Eg; ðF3Þ

APPENDIX G: NSV RESUMMATION EXPONENTS hAd;g;ijðωÞ AND h̃Ad;g;ijðω;ωlÞ

hAd;g;00ðωÞ ¼
1

β0
CAf−4Lωg hAd;g;01ðωÞ ¼ 0; ðG1Þ

hAd;g;10ðωÞ ¼
1

2β20ðω − 1Þ
�
β1CAf8ωþ 8Lωg þ β0CAnf

�
80

9
ω

�
þ β0C2

A

�
−
536

9
ωþ 16ωζ2 − 32γEω

�

þ β20CAf−4 − 8Lfr þ 8Lfrωþ 8Lqr − 16γEg
�
; ðG2Þ

h̃Ad;g;11ðω;ωlÞ ¼
C2
A

β0

�
−

4ωl

ðω − 1Þ2 −
16ω

ðω − 1Þ
�
; ðG3Þ
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hAd;g;20ðωÞ ¼
1

2β30ðω − 1Þ2
�
β21CAf−4ω2 þ 4L2

ωg þ β0β2CAf4ω2g þ β0β1CAnf

�
80

9
ω −

40

9
ω2 þ 80

9
Lω

�

þ β0β1C2
A

�
−
536

9
ωþ 16ωζ2 þ

268

9
ω2 − 8ω2ζ2 − 32γEωþ 16γEω

2 −
536

9
Lω þ 16Lωζ2 − 32LωγE

�

þ β20CAn2f

�
−
32

27
ωþ 16

27
ω2

�
þ β20CACFnf

�
−
172

3
ωþ 64ωζ3 þ

86

3
ω2 − 32ω2ζ3

�

þ β20C
2
Anf

�
−
1096

27
ω −

224

3
ωζ3 þ

320

9
ωζ2 þ

548

27
ω2 þ 112

3
ω2ζ3 −

160

9
ω2ζ2 −

640

9
γEωþ 320

9
γEω

2

�

þ β20C
3
A

�
724

3
ω −

112

3
ωζ3 −

2144

9
ωζ2 þ

352

5
ωζ22 −

362

3
ω2 þ 56

3
ω2ζ3 þ

1072

9
ω2ζ2 −

176

5
ω2ζ22 þ

4288

9
γEω

− 128γEωζ2 −
2144

9
γEω

2 þ 64γEω
2ζ2

�
þ β20β1CAf8ω − 4ω2 − 4Lω þ 8LωLqr − 16LωγEg

þ β30CAnf

�
−
272

27
þ 32

3
ζ2 −

80

9
Lfr þ

160

9
Lfrω −

80

9
Lfrω

2 þ 80

9
Lqr −

148

9
γE

�
þ β30C

2
A

�
1808

27

− 56ζ3 −
224

3
ζ2 þ

536

9
Lfr − 16Lfrζ2 −

1072

9
Lfrωþ 32Lfrωζ2 þ

536

9
Lfrω

2 − 16Lfrω
2ζ2 −

536

9
Lqr

þ 16Lqrζ2 þ
1060

9
γE − 32γEζ2 þ 32γELfr − 64γELfrωþ 32γELfrω

2 − 32γELqr þ 56γ2E

�

þ β40CAf16ζ2 − 4L2
fr þ 8L2

frω − 4L2
frω

2 − 4Lqr þ 4L2
qr þ 8γE − 16γELqr þ 16γ2Eg

�
; ðG4Þ

hAd;g;21ðωÞ ¼
1

2β20ðω − 1Þ2
�
β1C2

Af−32ωþ 16ω2 − 32Lωg þ β0C2
Anf

�
−
640

9
ωþ 320

9
ω2

�
þ β0C3

A

�
4288

9
ω

− 128ωζ2 −
2144

9
ω2 þ 64ω2ζ2

�
þ β20CAnf

�
4

3

�
þ β20C

2
A

�
−
4

3
þ 32Lfr − 64Lfrωþ 32Lfrω

2

− 32Lqr þ 48γE

��
; ðG5Þ

h̃gd;22ðω;ωlÞ ¼
ωl

β0ðω − 1Þ3
�
C2
Anf

�
32

27

�
þ C3

A

�
−
176

27

��
; ðG6Þ

where γE is the Euler-Mascheroni constant. Here, Lω ¼ lnð1 − ωÞ with ω ¼ β0asðμ2RÞ lnN1N2, ωl ¼ β0asðμ2RÞ lnNl with

l ¼ 1, 2, Lqr ¼ lnðq2
μ2R
Þ and Lfr ¼ lnðμ2F

μ2R
Þ.
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