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1 Introduction and notation

The simultaneous production of two Higgs bosons is the most promising process from which
we can obtain information about the Higgs boson’s self coupling. At hadron colliders it is
dominated by the gluon fusion production channel, which at leading order (LO) receives
contributions from “triangle”- and “box”-type diagrams. The LO form factors and cross
section were computed more than 35 years ago [1, 2]. Next-to-leading order (NLO) corrections
with full dependence on the top quark mass are available in numerical form from refs. [3—
5]. “Semi-analytic expressions” which are essentially equivalent to the numerical results,
but more flexible in that mass values can be adjusted, have been computed in refs. [6, 7].
Furthermore there are a number of approximations which are valid in certain regions of
phase space (see, e.g., refs. [8-15]).

In refs. [16, 17] it has been pointed out that the renormalization scheme dependence of
the top quark mass induces a sizeable uncertainty on the NLO Higgs boson pair cross section.
This motivates a next-to-next-to-leading order (NNLO) calculation of the Higgs boson pair
production cross section. The most challenging part in this context is the three-loop virtual
correction to gg — HH. This can be divided into two classes: (i) diagrams where both
Higgs bosons couple to the same top quark loop (as shown in figure 1(a)), and (ii) diagrams
where the Higgs bosons couple to different top quark loops. For the latter class there are
one-particle irreducible and one-particle reducible contributions (as shown in figures 1(b)
and 1(c) respectively). The irreducible and reducible contributions are, separately, neither
finite nor gauge-parameter independent, which has already been discussed in refs. [18, 19].

The large top quark mass limit of the complete set of diagrams has been considered
in refs. [18, 20], where five expansion terms in 1/m? were computed. The light-fermion
contribution to class (i) has been computed in ref. [21] for ¢ = 0 and my = 0, which is a
promising method to obtain an approximation of the unknown exact result.



(a) (b) (c)

Figure 1. Classification of the three-loop virtual corrections to gg — HH. (a) shows “class (i)”,
where both Higgs bosons couple to the same top quark loop. (b) and (c) show “class (ii)”, where each
Higgs boson couples to a different top quark loop, in a one-particle irreducible and reducible way,
respectively.

Figure 2. Sample two- and three-loop Feynman diagrams contributing to the one-particle reducible

part of gg — HH. Solid, dashed and curly lines represent top quarks, Higgs bosons and gluons,
respectively.

We point out that the diagrams of class (ii) cannot be evaluated using the same approach
as in ref. [21], which is based on a Taylor expansion of the amplitude. Rather, an asymptotic
expansion is necessary, because of the presence of t-channel cuts through massless lines.
This is also true for the reducible contribution which we consider in this paper. It can
be composed from one- and two-loop corrections to the gluon-gluon-Higgs vertex with an
off-shell gluon and one-loop corrections to the gluon propagator. Some sample Feynman
diagrams are depicted in figure 2.

For completeness we briefly repeat the definition of the form factors for g(q1)g(q2) —
H(q3)H(q4), with all momenta ¢; defined to be incoming (thus, ¢4 = —¢1 — ¢2 — q3). The
amplitude can be decomposed into two Lorentz structures

Mab = 617“527,/./\4“”’(11) = 61”“62’,,5(1on8 (FlA/fV + FQA‘LQW) s (1.1)

where a and b are adjoint colour indices and s = (g1 + ¢2)? is the squared partonic centre-
of-mass energy. The two Lorentz structures are given by

1
AV = g™ — —qlqy,
q12

1
ALY = g + Zans (g3397dh — 24230745 — 2q130545 + 2q1205G5) (1.2)
T
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where s, t = (q1 + ¢3)? and u = (g2 + ¢3)? are Mandelstam variables which fulfill s+t + u =

2m3,. The quantity X, is given by
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with Tr = 1/2, GF is Fermi’s constant and «(u) is the strong coupling constant evaluated

(1.4)

at the renormalization scale pu.
We define the expansion in ag of the form factors as

F:F@+awnﬂh+(%wwéﬂ%+”_ (1.5)
T T
The one-particle reducible contributions which we focus on here contribute for the first
time at two loops, to F(1). We denote their contribution to F; and Fy by F(gtlf and F(gtlg,
respectively. At this order they have been computed in ref. [9], where they are given as
exact expressions in all parameters. In this paper we reproduce these results in an expansion
for my — 0 and add the terms of order € and € at two loops, which are necessary for
renormalization and infrared subtraction at three loops, and we compute the corresponding
contributions at three-loop order, Fégf and F 52 We point out that in our calculation we are
not including the reducible contribution from diagrams with an off-shell Higgs propagator,
since we assign those diagrams to class (i).

The main ingredient for our calculation are two-loop corrections to the gg — H vertex
with an off-shell gluon, as can be seen from figure 2. We denote this as g¢g* — H. We
are not aware of public results for this amplitude, which might be an ingredient also for
other calculations. In the next section we describe our approach to compute this building
block in detail. In section 3 we then present our results for the form factors Fyi1 and Fygo
before we conclude in section 4.

2 Calculation of the gg* — H vertex at two loops

2.1 gg* — H form factors

In this section we describe the calculation of the gg* — H building block, which we have to
consider up to two-loop order. We introduce the three-point amplitude V*#(gs, ¢2) for the
interaction of an off-shell gluon, an on-shell gluon and a Higgs boson. Assuming that the
off-shell gluon has momentum ¢, the on-shell gluon ¢o and that all momenta are incoming
we have (gs + q2)% = m%l and the most general Lorentz decomposition of the amplitude is

Vo2 (g, 02) = Vo (Fu 9°7(as - a2) + Fy 4945 + Fo 4540 + Fa a8 + Fe a5a3) » (2.1)

where the form factors F, are dimensionless. For the expansion in a, we follow eq. (1.5).
The normalization factor Vj is chosen such that

4
FO(s=0,myg =0)= 3" (2.2)



Furthermore, we decompose FQE” according to the SU(N,) colour factors C4 = N, and
Cr = (N2 = 1)/(2N,)

Note that Fy, ..., F, are not all independent. Typically, imposing the Ward identities allows
one to derive relations among them. However, since one gluon is off-shell, more structures
give a non-zero contribution compared to the case in which both gluons are on-shell. The
Ward identities in our case are obtained by the simultaneous contraction of both gluon
momenta with the amplitude,

05,0028V (45, ¢2) = 0, (2.4)
which leads to the following relation between the form factors

(Fa“'FC)(m%-I_qg)‘

Fy=—
2q?

(2.5)

For the calculation of the form factors for Higgs pair production Fp and F, are not needed.
We note that at one-loop order we find F CEO) = 0, so that the above relation implies that
FC(O) = —Féo), as in the case of two on-shell gluons. At two-loop order, however, F 51) is not
zero; we have verified that our results satisfy eq. (2.5). At two-loop order F 51) only has a
contribution proportional to the colour factor C4.

The one-loop form factor Féo) is finite and gauge-parameter independent. At two-loop
order the form factors depend on the QCD gauge parameter £ and furthermore develop 1/e
poles, which have both ultraviolet and infrared origin. The ¢ dependence and 1/e poles are
also present in the three-loop one-particle reducible parts of the Higgs boson pair production
form factors Fyt1 and Fyio. Here the £ dependence cancels after the combination with the
contribution (b) from figure 1, as we have shown previously in ref. [18] in the context of
the large top quark mass expansion. The cancellation of the ultraviolet 1/e poles requires
additionally the renormalization of the top quark mass, the strong coupling constant and the
gluon wave function. The infrared poles must be subtracted using an appropriate prescription
(see, e.g., ref. [22]), or the real-radiation contributions must be added. In this paper we
present bare results, both for the gg* — H vertex and the gg — H H form factors Fg;; and
Fyio, with explicit dependence on £ and e.

2.2 Workflow

In the following we describe the workflow for the computation of the gg* — H vertex. As
described above, we give the off-shell gluon the momentum ¢;. When we use the resulting
building block to construct Fyip and Fgio for g9 — H H, we will have either q? =tor qg = u.
Thus, the relevant kinematic region for the gg* — H vertex has ¢2 < 0.

We first generate the amplitude in terms of Lorentz-scalar functions using our usual chain
of programs (qgraf [23], tapir [24], exp [25, 26] and the in-house FORM [27] code “calc”). We
then perform the integration-by-parts reduction to master integrals using Kira [28], arriving
at 4 and 46 master integrals at one and two loops, respectively. Up to this point, we retain
exact dependence on the kinematic parameters ¢2, my and my.



Figure 3. The three out of the 46 two-loop master integrals which have a soft and hard contribution.
Dashed lines denote massless internal and external legs, while solid thin lines are used for massive
internal legs with mass m;. Double lines and solid thick lines denote massive external legs with
virtuality ¢? and mass mp, respectively.

The next step is to compute the master integrals. Here we distinguish two kinematic
regions, which allows us to obtain compact (semi-)analytic results for the form factors. In
the first region, we expand the master integrals around my — 0, which leads to a good
approximation for larger values of |¢2|. For smaller values we instead expand for |¢2| — 0. In
the following two subsections, we describe our approach for each region.

2.3 Small my expansion

At one-loop order the expansion of the master integrals for small mpg is a Taylor expansion,
which is conveniently realized with the help of LiteRed [29]. At two-loop order one must
consider an asymptotic expansion based on two regions; in the hard region we can again
use LiteRed for a Taylor expansion in mg. The second region arises from diagrams which
have an external momentum (g + ¢2)? = qu and at the same time a cut through gluon
lines. Among the 46 two-loop master integrals there are three such integrals, which are shown
in figure 3. None of them depend on ¢2, thus the expansion for my — 0 is equivalent to
the large-m; expansion which is straightforward to perform using exp. We want to stress
again that although after expanding in the external Higgs mass the kinematics are similar
to the on-shell gg — H form factor, the topologies we have to consider are different since
the off-shell gluon can couple to massless internal lines.

After the expansion in my, in the hard region we obtain new integral families. For
the integration-by-parts reduction we use again Kira and obtain 25 master integrals. Their
internal lines are either massless or have mass m;. Two of the external lines are massless
and one has the off-shell squared momentum ¢2; the master integrals depend only on the
ratio ¢2/m?.

The one-loop master integrals can be computed analytically in terms of harmonic
polylogarithms [30]. At two-loop order the analytic structure of the master integrals is
much more involved since one of the sectors leads to elliptic integrals as has been shown in
ref. [31]. Therefore, we use for the evaluation of the master integrals at two-loop order the
“expand and match” approach [32-35] which uses the differential equations for the master
integrals to construct deep generalized expansions around properly chosen values of ¢2/m?2,
with high-precision numerical coefficients. The boundary values at ¢2/m? — 0 are obtained
analytically using the large-m; expansion, and then transported numerically to the other
expansion points with high precision.

Using this approach we obtain expansions for each master integral up to order mf,,
where the coefficients are “semi-analytic” piecewise functions of ¢2/m?. Thus a flexible



implementation in a computer code is possible, which allows for a straightforward modification
of all input parameters.

2.4 Low energy expansion

In order to cover the small |¢2| region, we instead expand the master integrals in the limit
q?> — 0. Note that this expansion is only required at the two-loop level; at one loop, the
small my expansion covers the full kinematic region because the external gluons couple
only to massive top quarks.

The expansion for g2 — 0 is also an asymptotic expansion with two regions which we
denote as “hard” and “soft” in the following. We construct the expansion from the differential
equation by separating the two branches of the asymptotic expansion and deriving power
series solutions, as is usually done in the “expand and match” approach. In the low energy
expansion it is again possible to fix the boundary values analytically.

The expansion in the hard region can be realized by a Taylor series in the off-shell
momentum ¢s;. The resulting integrals are the same as for on-shell Higgs production at
two-loop order [36—40]. We have re-derived the solutions by solving the system of differential
equations utilizing the algorithm of ref. [41] implemented with the help of the packages
HarmonicSums [42-53] and Sigma [54, 55]. The only boundary condition necessary is the
two-loop tadpole; the results can be expressed in terms of harmonic polylogarithms [30]
of argument z,,, defined by

mZ x ' '
t myg

The boundary conditions in the soft region are obtained by direct integration and
summation techniques. We first reveal the scaling of the a-parameters of the Schwinger
parameterization of the Feynman integrals with the help of asy [56] and integrate them in
terms of a one-dimensional Mellin-Barnes representation. The remaining integral is solved
by summing residues symbolically with EvaluateMultiSums [57, 58]. The final step is to
convert the infinite sums into a representation in terms of harmonic polylogarithms, using
HarmonicSums.

Let us demonstrate the steps explicitly for a simple example. One of the master integrals
which we have to calculate in the limit g2 — 0 is given by

1o — / ddkl / ddkg 1
) emt ) ot mE = KlmE = (ke — g5 — @)?][= (ki — k2 + ¢ [ (ki = k)7
(2.7)
asy finds the soft region I = {0,0,—1,—1} and the hard region I}, = {0,0,0,0}. In the soft
region we obtain the one-dimensional Mellin-Barnes representation

+i00
I 1
13y =5N / do(—p)

—100

ST =T (I (=o)T%(1 +0)T(1 — e+ 0)(e+ )
['(2—2e+0)['(2+20) ’

(2.8)



with p = m?%/m? and N' = (—s/m?) €exp(—2eyg). By closing the integration contour to
the right and using Cauchy’s residue theorem we can turn the integration into an infinite sum

1+kI(1—e+k)(e+k)
T(2— 2¢ + k)D(2 + 2K)

Ig) =N f: PPT(1— e)F(e)F(

k=0

_(—5)6 1+1
\m? e €

with

(2.9)

/
(p(4=p))""

1
— (32+44p— 120>+ p3) — - —G?
o6 (32 44p 120 1) G- ,6h

+ O(e%} :

P
G = /dt\/i\/4 —t. (2.10)
0

The symbolic summation has been performed with EvaluateMultiSums and HarmonicSums
and for brevity we do not show higher terms in the e-expansion here, though they are needed
for the full calculation. Finally we can transform to the variable defined in eq. (2.6) to obtain

D =N {612 + % [5 + ii:ZHo(me) - %H&(xm},)] + 0(60)} . (2.11)

The final results for the master integrals are obtained by summing the contributions
of both asymptotic regions. Finally, after inserting the master integrals into the expanded
amplitude, we obtain a consistent power-log expansion (we compute 19 terms) in the limit
q? — 0 of the form factors where the coefficients are given by analytic expressions depending
on the variable z,,, and only harmonic polylogarithms are necessary. Therefore, evaluating
the amplitude for small values of ¢? is fast.

We stress here that although we have fully analytic results for the low energy expansion,
the small my expansion of section 2.3 is “semi-analytic”.

2.5 One-loop results for the gg* — H vertex

Let us start with the discussion of the one-loop result for the gg* — H vertex with an off-shell
gluon, which we need up to order e. Here the expansion in myg works very well, even for
small values of |¢2|. For convenience we present explicit results for! Féo) including terms
up to O(m?%) and O(e). We set u = m; for brevity. Expansions up to order m%; and €
and with full dependence on the renormalization scale can be found in the supplementary
material of this paper.? Our result reads

o) _ 24w N 8x(1+z)Hy 4z (1 — 62+ 2%) Hop |56 N 24z(1 4 z)Hy
© -2 (1-w) (1 —x)* (1 —az)? (1—ax)?
8z (1—2x —a®)Hop 16x(1+2)H 19 4z (1 —6x+2%) Hopp
(1—z)t (1—=) (1—a)*
8z (1—6z+a*)Ho1o 126(1-6zx+2%)C¢B) <4x(1 + )

(1—x2)4 (1—x)* 3(1—x)3

!Note that the other form factors are either zero, or are not needed for Fit1 and Faso.
2Terms beyond m?; are very small for all ¢2 values.
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Figure 4. F{? as a function of q2. Both the ¥ (left) and €' terms (right) are shown.
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with ¢2/m? = —(1 — 2)?/x and Hz = Hg(x).

In figure 4 we show Féo) as a function of ¢2, at several expansion depths in my. Fur-
thermore we show results obtained from the un-expanded amplitude, with the four master
integrals evaluated numerically using AMFlow [59]. For the values for the top quark and
Higgs boson masses we use

my = 175 GeV and mpy = 125GeV . (2.13)

We observe a rapid convergence of the my expansion, and very good agreement with the
numerical results. For example, for ¢ = —3 GeV? the deviation of the m}"{ expansion from
the numerical results is about 0.01%, 0.7% and 0.02% for the €°, €' and €? terms, respectively.
For all practical purposes it is sufficient to work with the small mg approximation, including
terms up to order m‘}q; these expressions are much more convenient to work with, since only
simple harmonic polylogarithms are present.

2.6 Two-loop results for the gg* — H vertex

We first want to discuss the quality of our approximations. In the case of the low energy
expansion we use the master integrals from section 2.4, insert them into the amplitude and
expand the whole amplitude consistently in ¢g2. This leads to compact expressions.
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Figure 5. F(El) and Fél) as a function of q?.

If \q?! is sufficiently large we can construct a consistent expansion in mys, i.e., after
inserting the mg-expanded master integrals into the amplitude we expand the whole expression
in mpg, up to order m%. In the plots the corresponding curves have the label “m%XP — 0"
However, as we will see below, in the intermediate ¢? region, 100 GeV < /]|¢2] < 170 GeV,
it is crucial to mot expand the coefficients of the master integrals in my, in order to obtain

)

stable numerical results for Fél “4 Tn the plots the corresponding curves are denoted by
“myg — 0”. The form factor Fél)’cF does not have this problem, since there are no contributing
Feynman diagrams with a massless cut. As a consequence, Fél)’CF can be treated in the
same way as the one-loop form factor, i.e., the consistent my expansion covers the whole
phase space. This we also observe for F él) although it obtains contributions from diagrams
with massless cuts; see discussion below.

Note that in the latter case where we use mpy-expanded master integrals but do not
expand their coefficients, there is no analytic cancellation of the spurious higher-order e
poles, which in this case are 1/€2 and 1/e3. However, their coefficients are small, typically
four to five orders of magnitude smaller than the coefficient at order ¢’; we take this to
be a measure of our numerical accuracy.

In figure 5 we show the finite parts of the two-loop form factors Fél) and F 51) as a
function of ¢2. For the renormalization scale we have chosen p? = m?. For convenience we
choose a logarithmic scale for the g2 axis which enhances the region for small values of |¢2|.
The squares in figure 5 correspond to exact results where numerical values for the 46 master



integrals have been obtained with AMFlow [59]. The excellent agreement with our results
justifies our approximations in the various ¢2 regions.

For Fél)’oA we show the approximation for small |¢2| and the two versions of the small-m g
expansion (as described above). We observe that there is a small gap, close to —¢2 =~ 10* GeV?,

between the “¢> — 07 and “mEXF

— 07 expansions (see inset plot). It is here that the
“mp — 0” expansion must be used. The latter works well for fairly small values of ¢2. Note,
however, that for |¢2| < 10 GeV? the deviation between the “¢2 — 0” and “mpy — 0” result
is of the order 1% or higher, thus the use of the “¢g> — 0” expansion is preferable. For
Fél)’CF and Fél)’CA we only show the “¢2 — 0” and “my — 07 curves and observe that the
mpy-expanded approximation covers the whole qf range. For F,gl)’CF the two approximations
agree far below the per cent level for |¢2| < 90000 GeV?2. Also for F (El)’CA one observes very
good agreement of the consistent my expansion with the results from the gs-expansion and
the numerical results (black squares). It is interesting to note that the gs-expansion also
works well up to quite high values of |¢2|. In the case of the imaginary part it shows good
agreement with the mpy expansion even for |¢2| ~ 10° GeV2. The agreement is below 0.01%
for |¢?| < 100000 GeV? both for the real and imaginary part.

Thus, our scheme for the numerical evaluation of F."“ is as follows: for 12| <
5000 GeV?2 we use the g2-expansion, for 5000 GeV? < |¢2| < 80000 GeV? we use the “my — 07

expansion, and for |¢2| > 80000 GeV? we use the “m%XP — 0” expansion.

At this point a comment is in order on the relevant values for |¢2|, once the gg* — H
vertex is used to compute the gg — HH form factors Fy¢; and Fyo. In the case of double
Higgs production, if we consider e.g. ¢> = t, the “mE,XP — 0”7 expansion is sufficient in
order to cover the phase-space region where pr 2 280 GeV, for every value of /s. Instead,
the “mpyg — 0” and the “mEIXP — 0”7 expansions are required for pp 2 70 GeV. Thus, the
small-my expansion covers the major part of the phase space. Let us finally mention that
for Fél)’c“ it would be possible to use the “my — 0” even for ¢> = —100 GeV?2. In that case

the g5 expansion is only necessary for pr = 10 GeV or smaller and /s above 10000 GeV.

3 NNLO one-particle reducible results for gg - HH

In this section we discuss results for the form factors Fétli, Fég, Fd(f% and Fd(f%, as introduced

after eq. (1.5). Sample Feynman diagrams are shown in figure 2. They can easily be
constructed from the general structure of the gg* — H vertex from eq. (2.1), using the
off-shell gluon momentum to connect the two vertices via a gluon propagator. There are
diagrams with either ¢? =t or ¢? = u. We additionally must include the one-loop correction
to the gluon propagator, multiplied by a pair of one-loop gg* — H vertices. This leads to
the following compact formulae for the NNLO form factors,

2 ~(2 ~(2 2 ~(2 ~(2
Pl = Fl(t) + Ffl(w),  F) = Fa(t) + Fin(u), (3.1)
where
~ 1 s (e (m2% — 2p% 4+ t) + 2p?
F0) = OO | D0+ 5 O Ty(e) - LD S |
(3.2)

,10,



and

FiB® = FO0 [pT (FO® + 5 B0 Tyy(0))

S (€ 2 —m2 - m2
X <2151T_2€)?m%t>_+8);1+t> Fén(tﬂ | (3.3)

Here we have used eq. (2.5) and the fact that F| CEO) is zero. Il,4(q?) is the transverse part
of the one-loop gluon two-point function. Since the one-loop gg* — H vertex is finite we
need I1,4(g?) only up to its finite part in e. From egs. (3.2) and (3.3) it is straightforward to
obtain the corresponding formulae for the NLO (two-loop) corrections: in the square brackets

one has to set Il;, and Fél)

to zero and replace Fa(l) by Fa(o).
Our result depends on the QCD gauge parameter which is introduced in the gluon
propagator according to
19"+ ek
Dy(q) = 7 _—ng : (3.4)

There are several available cross-checks for our calculation. First we find agreement
with the exact two-loop result obtained in ref. [9]. Furthermore, we perform analytic and
numerical comparisons in the large-m; limit and cross check the results for the form factors
Fyi1 and Fyp obtained in ref. [18], where an expansion up to order 1/m was performed. In
this paper we have obtained expansions of the master integrals up to order 1/m/% in the
expansion for my — 0, using their differential equations.

In figure 6 we show the O(e?) terms of the form factors F éa and F| (% as a function of
the partonic centre-of-mass energy /s, for several fixed values of the transverse momentum
pr between 50 GeV and 700 GeV. We note that in order to obtain physical quantities one has
to combine the results presented in this paper with the one-particle irreducible contributions
(which are a work-in-progress), perform the renormalization and add the contribution from
additional real radiation. We have implemented our results in a flexible Mathematica code
which can be used for such a combination, where the evaluation of the one-particle reducible
form factors takes about one second per phase-space point. In the future we will also provide
a high-performance C++ implementation of both the one-particle reducible and irreducible
NNLO form factors.

In the supplementary material of this paper we provide all results which are available

)

including m% terms,
3

analytically. This includes the mg-expanded one-loop form factor Féo
and the small-¢2 expansion of the two-loop form factors FY and F él) including (¢2)° terms.
The computer-readable code can be downloaded from ref. [60].

4 Conclusions

In this paper we provide an important ingredient which contributes to the NNLO virtual
corrections for the process gg — H H, namely the contribution from one-particle reducible

3We have computed the expansions up to order (¢2)'?; they can be obtained from the authors upon request.
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Figure 6. The finite parts of Féfl) and Fgg as a function of /s, for various values of pr. For the
renormalization scale u? = m? has been chosen, and the gauge parameter & = 0.

diagrams. We describe in detail the calculation of the two-loop g¢* — H vertex with an
off-shell gluon, which is used as building block. We obtain analytic results for the expansion
around small gluon virtuality and “semi-analytic” results for the expansion for small mz. The
combination of both expansions provides a precise approximation of the off-shell gg* — H
vertex. Furthermore, we compute the one-loop corrections including terms of O(e?). We
present results for the bare form factors Fy; and Fgo which can easily be combined with
other NNLO ingredients, once they are available.
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