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1 | INTRODUCTION
This paper is devoted to the study of equations modelling waves in a periodic waveguide. We consider
—Au—-kKPnu=f in Q:=RxS. (1.1)

The domain is an unbounded cylinder with a cross-section S; we assume that S C R% ! is a bounded Lipschitz domain,
and d > 2 is the dimension of the waveguide. The wave-number k € C is prescribed and satisfies Im k > 0; the coefficient
function n : Q — Ris assumed to be 2z-periodic in x;; the right-hand side f € L?(Q) is assumed to have compact support
or, more general, decay properties; see (1.3). We treat the homogeneous Dirichlet boundary condition u = 0 on R X 4S.
We are interested in solutions u to (1.1) that satisfy, additionally, a radiation condition.

In this article, we show existence and uniqueness results for (1.1); we investigate different limiting absorption principles
(LAPs), and we characterize function spaces that are related to (1.1). Regarding the LAPs, we show that a vanishing
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absorption can yield, indeed, a (radiating) solution to the original problem; we additionally show that different damping
mechanisms in the LAP can lead to different radiation conditions and, hence, select different solutions to (1.1).

In this work, we treat only the case of a strictly periodic coefficient n = n(x). Nonetheless, we mention that our work
has implications for the case that the medium is only periodic outside a compact set; we comment on this connection at
the end of this introduction.

We always use a weak solution concept. Solutions to (1.1) are functions u € H]. _ (Q) :={u: Q- Clulgrxs €
H'((-R,R) x S) forevery R > 0}, and (1.1)is interpreted in the weak sense: We demand that

/{—kznu¢+Vu-V¢} =/f¢ (1.2)

Q Q

holds for all ¢ € Hé(Q), and u = 0 on R x 0S in the sense of traces. We assume that the right-hand side is in the space
Ly Q) :={flxr 0+ [x|)fx) € LX(Q)} (1.3)

with the corresponding norm.

In the first step, we construct solutions u € H'(Q). For wave numbers k € C with Im k > 0, the existence of such
solutions follows for all f from the Lax-Milgram theorem. We show that, for real values of k, the existence of H'(Q2)
solutions can be obtained with the Floquet-Bloch transform for right-hand sides f that satisfy an orthogonality condition
(we will write g instead of f for sources with this property). This construction of solutions u € H*(€2) can be used to show
existence and uniqueness of a radiating solution u € HllOc (Q) for a general right-hand side f.

In Section 4, we turn to LAPs. In a first result, we consider a real number k > 0 and use the wave-number k + ix in the
equation. We find that as # > 0 tends to zero, solutions u” tend to solutions of the limit problem with = 0. It is interesting
to compare this result with other mechanisms of a small absorption: We show that different absorption terms lead, in
general, to different limit solutions. We can characterize the radiation condition for different absorption mechanisms.

The starting point for all these results is the Floquet-Bloch transform. It allows to transform the original Equation (1.1)
to a family of problems on the bounded domain W := (0, 2x) X S. The family of problems is parametrized by a parameter
a € I :=[-1/2,1/2]. Equation (1.1) has then to be solved on W for all « € I, demanding the a-quasi-periodicity of
solutions on the lateral boundaries {0} xS and {2z} XS. To obtain an equivalent formulation of the problem, it is important
to impose, additionally, certain boundedness properties of solutions with respect to the parameter a.

When a fixed parameter k € R is considered, we obtain a one-parameter family of problems (« is the only parameter).
For a wave number of the form k + ix, we will deal with a two-parameter family of problems, where # > 0 is a second
parameter.

1.1 | Known results and literature

The Helmholtz equation is an old and intensively treated research subject. Classical contributions concern homogeneous
media and treat the appropriate radiation conditions in different (unbounded) geometries, the development of appropriate
numerical schemes, and the field of inverse scattering. Here, we refrain from citing any of the corresponding results.

The two simplest cases for heterogeneous media are (a) periodic media and (b) compact perturbations of periodic media.
The methods for the two cases are closely related. In particular, in both cases, one can exploit the tool of the Floquet-Bloch
transform [1, 2]. Within this setting, the simplest geometry is that of a closed waveguide. An important contribution is
[3], where the appropriate radiation condition was specified and an existence and uniqueness proof was presented. A
related work is [4], where a LAP for the periodic waveguide was shown. In [5], the focus is on equivalent descriptions with
Dirichlet-to-Neumann maps, which are useful also in numerical approaches. Such an approach was also used to study,
for example, waveguides with different periodic geometries in the two directions. We refer to [6] for a typical result and
further references.

All of the above articles are based on complex integrals to invert operators or operator families. Another route to exis-
tence and uniqueness results was developed with [7, 8] based on an idea taken from [9]. Essentially, after a Floquet-Bloch
transform of the equations, one has to deal with a family of operators that are, except for a discrete set of exceptional
points, invertible. With an application of the implicit function theorem, one can construct bounded families of solutions.
These provide solutions in periodic waveguides without advanced operator theory. In the paper at hand, we will use this
method. We note that the method can be used also for an analysis of Maxwell's equation; see [10].
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While all of the above approaches are based, in one way of the other, on the Floquet-Bloch transform, [11] is not using it;
an existence result is shown, and in a more general geometry, a Fredholm alternative, the proofs use only energy methods.
The only assumption that is made in [11] is that of a non-degeneracy of @ (which is essentially k in the article at hand).
With Section 6, we show that our quite classical Assumption 3.5 implies the non-degeneracy that was assumed in [11]. We
note that similar ideas allow to introduce a different radiation condition; see [12], and for a numerical scheme, see [13].

Let us close this overview by mentioning some results beyond closed waveguides. Perturbed periodic geometries in
two dimensions are considered in [14-19]. For open waveguides, by which we mean here a domain that is unbounded in
more than one direction, one has to introduce radiation conditions also in the additional direction; we refer to [20, 21] for
formulations of such conditions.

1.2 | Outline of this article and further implications

The present work provides a simplified, direct approach to the Helmholtz equation in periodic media. This comes with a
simplification of the non-degeneracy assumption on frequencies; see Assumption 3.5.

We collect and prove basic facts about the Floquet-Bloch transform in Section 2. Using these tools and a functional
analysis theorem, we show a result on existence and uniqueness for the radiation problem in Section 3. Section 4 is devoted
to limiting absorption principles and the radiation conditions that are obtained from the LAPs. The simple examples of
Section 5 demonstrate how different damping approaches lead to different limit solutions. Section 6 is devoted to the
analysis of two important spaces of homogeneous solutions.

Let us make a comment on the result of Section 6. Let Y be the span of all quasiperiodic homogeneous solutions and
let B be the space of all bounded homogeneous solutions; for precise definitions, see (6.1) and (6.2). We show Y = B in
Theorem 6.2. This means that every bounded homogeneous solution is a linear combination of quasiperiodic solutions.

The result Y = B has an important implication: Under our simple non-degeneracy assumption in 3.5, also, the more
complex non-degeneracy assumption of [11] is satisfied. This means, in particular, that under Assumption 3.5, the exis-
tence result of [11] is valid; it yields an existence result in the case that two different periodic media are given in the left
and in the right half-waveguide.

2 | FLOQUET-BLOCH TRANSFORM OF THE EQUATION

This section is devoted to the application of the Floquet-Bloch transform to (1.1). We emphasize that, here, we only study
coefficients that are x; -periodic in all of Q. Only homogeneous Dirichlet conditions are treated here, but we note that, for
example, homogeneous Neumann conditions can be treated with only notational changes in the proofs. Also, operators of
the form u — —V - (@Vu) — k?u with strictly positive and 2z-periodic a € L*(Q, R™") can be treated with only notational
changes.

2.1 | The Floquet-Bloch transform
We perform the Floquet-Bloch transformation only in the x;-variable. We recall that the interval for the parameter « is
I =[-1/2,1/2] and that the periodicity cell is W = (0, 2x) x S. The transformation is a bounded linear map

Feg : L2 (Q) = L2(W X1I), U . (2.1)

For smooth functions u with compact support, writing x = (x;, X) for the argument, the transformation is defined by

0((x, %), @) 1= 2 w((q + 278, %)) e e (2.2)
el

for every x; € (0,27),% € S, a € R. The map Fgp of (2.1) is defined as the continuous extension of this map. Proofs
regarding properties of the map Frg are given in Appendix A.

We say that a function u € H'(W) is a-quasiperiodic when u(2x, -) = e>*u(0, -) holds in the sense of traces. We define
the space HL(W) as the subspace of H'(W) that consists a-quasiperiodic functions. From the definition of Fgg in (2.2), it
is clear that, for almost every «, the function (-, a) is a-quasiperiodic.
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A direct consequence of definition (2.2) is that the transformation respects derivatives in the sense that Frg(oxu) =
oc(Frgu) for u € H*(Q) and k < n. This fact implies that we can interpret Fgg also as a map from H'(Q) onto

L? (LH)W)) 1= {u e 12 (1, (w)) | 1 @) 18 « “auastperiodic } .

for almost all «

Two remarks should be made at this point. One regards a notational difficulty: The target space H:(W) depends
on the parameter a; hence, L2 ((—1 /2,1 /2),H,},(W)) is not a Bochner-space. Nevertheless, it is a closed subspace of
L?*((-1/2,1/2), H'(W)) and carries the topology of that ambient space. Our second remark is that I} (W) does not include
a boundary condition on R X S but a boundary condition can and will be included later on.

With the above space, the transformation map Fgg has a bounded inverse

Frp : L? (I Hy(W)) - HY(Q). (2.3)

The construction of 7-’F‘B1 with its easy formula (A4) is provided in Appendix A for convenience of the reader. The method
is quite standard; for generalized approaches, we refer to [1, 2].

2.2 | A family of operators

We exploit the Floquet-Bloch transform to analyze equation (1.1). In this subsection, the wave-number can also be com-
plex; we treat an arbitrary k € C. The right-hand side is denoted by g € L?(Q2) and not by f; the reason is that, in this
first step, we construct H(Q)-solutions u for right-hand sides g with a particular structure. Later on, we treat general
right-hand sides f € L(Q). We consider, as in (1.1),

—Au—-knu=g in Q=RxS, (2.4)

with the weak form as in (1.2),
/ {-kKnup+vVu-Vi} = /g(b (2.5)
Q Q

forall ¢ € Hé(Q). We always impose Dirichlet boundary conditions without further mentioning: u(-) = 0 on R X 9S
for (2.4) and later on, @i(-, @) = 0 on (0, 2x) X 0S for almost every a € I.

With the interval I = [-1/2,1/2], the Floquet-Bloch transform can be applied to g € L*(Q); it provides § := Frp(g) €
L%(I, L*(W)). A solution u is transformed to &t := Frp(u). At least formally, the transformed equation reads

—AQ(, a) — kK*ni(-, a) = §(, a) (2.6)

for almost every a € I. At this point, we exploit the periodicity of the coefficient n, which implies that Frg(nu) = nFrg(u).
We additionally demand oi(-, «) € HL(W) for almost every a € I (and vanishing boundary conditions). A weak solution 2
is characterized by the equality

/ {—kzn(x)ﬁ(x, @) $X) + VX, ) - v%} dx = / B(x, @) p(0) dx 2.7)
w w

for every ¢ € HL(W) that vanishes on (0, 2z) x 0S and for almost every a € I.
Indeed, the original problem (2.4) is equivalent to the Floquet-Bloch transformed system (2.6) in the following sense.

Lemma 2.1 (Equivalent equation with Floquet-Bloch transform).

(1) Letu € Hé(Q) be a weak solution of (2.4). Then the Floquet—Bloch transform it := Frg(u) is an element of
L*(I, HL(W)); in particular, i(-, ) € HL(W) for almost every a € I. The functions ii(-, &) are weak solutions of (2.6).
(2) If o € L*(I, HX(W)) and 0(-, @) is a weak solution of (2.6) with homogeneous Dirichlet conditions for almost all
a € I, then the inverse Floquet-Bloch transform u := FF‘I;(Q) = flﬁ(~, a)da isin Hé(Q), and it is a weak solution

of (2.4).

Proof.
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(1) Letu e Hé(Q) be a weak solution of (2.4). Our aim is to derive (2.7) for &l := Fgp(u). To this end, let ¢ € HL(W)
be a test-function; we write ¢ in the form ¢(x) = w(x)e!™ with a function w € HY(W) that is periodic with
respect to x;. Additionally, we choose a number m € Z.

‘We can now construct a test-function for u: We define ¢ € Hé(Q) as the inverse Floquet-Bloch transform of the
function @(a,x) 1= G(x)el??™™ = y(x)el*?*™+x) By the unitarity of the Floquet-Bloch transform, see (A2), in
the integral equation (2.5), the Q-integrals transform into I x W-integrals, and we obtain

/ / {—kzn(x)ﬁ(x, @) P, @) + Vil @) - Volx, a)} dxda = / / 8(x, @) o(x, a)dxda. (2.8)
IJwW IJwW
Substituting @(x, @) = y(x)el?*m+x) yields

/ [ / [—k2na(x, a) (el + Vi(x, (x)-V(q/(x)ei"Xl)] dx] e~irma gy = / [ / 8(x, @)y (x)elen dx| e 2" dg .
I w I w

Since m was arbitrary, all Fourier coefficients of the two terms in squared brackets coincide. This implies that
the squared brackets coincide for almost every a € I. Because of ¢(x) = y(x)e, this is (2.7).

(2) Let & € L?>(I,HL(W)) be a solution of (2.7) for almost every @ € I. We consider an arbitrary test-function
@ E Hé(Q). Using ¢ = @(-, a) in (2.7) and integrating with respect to « yields (2.8). Again, by the unitarity of
the Floquet-Bloch transform, this relation is equivalent to (2.5) for u. The unitarity also provides u € H(Q);

see (2.3). O

For the further development of the theory, it is useful to have a target space that is independent of parameters. We
introduce
X :=Hpee(W) :={u € H'(W)lu=0 on RX9S and uly—o = tlx2r} . (2.9)

We denote the canonical inner productin X = Hrl)er(W) by (-, -)x. Note that we included the Dirichlet boundary condition
into the space le,er(W). We exploit the following equivalence for U € HY(W):

[x = U(x)] a-periodicin x; < [x+ U(x)e”"®1] periodicin X;. (2.10)

It allows to map H(W)-functions to Héer(W)-functions and vice versa. Replacing 2i(x, @) by v(x, ®)e’™ and ¢(x) by
@(x)el™, we can rewrite the problem described in (2.7) as a family of problems in the space X = H;er(W): We seek for
v € L*(I,X) such that

/ [—kzn(x)v(x, Q) pXx) + V (vx, @)™ ) - V((p(x)ei‘”‘l)] dx = / 8(x, @) p(x)eien dx for every ¢ € X, (2.11)
w w

for almost every a € I.

For fixed a € I, we can consider the right-hand side of (2.11) as a function of ¢, defining a functional on X. We can
also, for fixed v, consider the left-hand side of (2.11) as a functional on X. By the Riesz representation theorem, there exist
Ve € X and L,v € X with

(Lev, @)x = / [—kzn(x)v(x)@+ V(x)e ™) - vV (qo(x)ei“xl >] dx, (2.12)
w

(Ve @)x = / 8(x, @) p(x)eiv dx (2.13)
w

for every ¢ € X. With these representations, using Lemma 2.1 (b), the original problem (2.4) is solved when we find, for
almost every a € I, a solution v(,a) € X = Héer(W) of
Lov(-, @) = y,, (2.14)

and if this family of solution satisfies v € L(I, X).
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It is not obvious how to solve (2.14). Indeed, structural assumptions on g will be necessary in order to solve the equation.
The reason for this restriction is that we are looking for solutions u of the original problem in the space H'(Q), that is, for
solutions with decay properties.

On the other hand, some structural properties of L, follow immediately from the definition. For fixed «, the operator
L, is a linear bounded operator from X = Héer(W) into itself. The form of L, shows that L, is self-adjoint and that we
can write L, = id + K,, where K, is a compact linear operator. Accordingly, every operator L, is a Fredholm operator
with index 0. Additionally, the definition of L, extends, for € > 0, to the increased interval I, :=(-1/2—¢,1/2 + ¢€). The
operators depend continuously differentiable and even analytically on .

On the structure of critical values, the definition of L, and the fact that n and k are real implies the following: v € ker L,
if and only if v € ker L_,. For the particular value, « = 1/2 holds: ker L,,, C Héer(W) and kerL_;/, C Hrl,er(W) represent
the same set (in the sense that v € ngr(W) represents w(x) = v(x)e!™ in HL(W)), namely, the space of homogeneous
solutions w with w|y =2, = —W|y,=o. We therefore do not want to consider the two values a = 1/2 and @ = —1/2 separately.

A remark on notation. When k is replaced by k + iz with k > 0 and > 0, then we write L! to indicate the dependence
on the second parameter 7.

3 | EXISTENCE AND UNIQUENESS

In this section, we consider the case of a real wave number k > 0 and Equation (1.1) for arbitrary f € L2(Q); see (1.3) for
the function space. Our approach will be the following. In the first step, we search for solutions u € H'(Q); we can find
such solutions only when the right-hand side f = g has certain orthogonality properties. Roughly speaking, g must be
orthogonal to the space of quasiperiodic solutions of the homogeneous equation. For such g, we will show the existence
of a solution u by a functional analytic singular perturbation theorem which we learned from [9]. In the second step, we
allow general f € L2(Q), but we search for a solution in a larger class of functions u satisfying a radiation condition.

3.1 | Functional analysis for one-parameter families

Definition 3.1 (C!-families of operators and regular C!-families). Let X be a Banach space and let I C R be the
unit interval I := [-1/2,1/2]. We say that (L,), is a C!-family of operators when there exists ¢ > 0 and a C'-map
I :=(-1/2-¢,1/24+¢€) 3 a— L, € L(X,X) such that, for every a € I, the operator L, is a Fredholm operator with
index 0.

We say that (L, ), is a regular C*-family of operators when additionally the following two conditions are satisfied for
every a € I for which L, is not invertible: (i) The operator L, has Riesz number 1, i.e., N' := ker(L,) = ker(L2). (ii)
With the range R := L,(X) C X and the projection P onto N corresponding to X = N @ R, the operator

M :=0,PLy|yy : N > N (3.1)
is invertible.

Remark 3.1.

1. We demand that every operator L, is a Fredholm operator with index 0. This implies that, for every « and
L = L,, the subspace N := ker(L) has finite dimension and the subspace R := L(X) is closed and has finite
co-dimension; the latter agrees with the dimension of A since the index is 0. Together with the requirement
ker(L) = ker(L?), we conclude that the space possesses the decomposition X = AN @ R and corresponding
continuous projections P : X — X onto N and Q = (id — P) onto R. We recall the easy argument why the
intersection is trivial: u € NN R implies u = Lx and Lu = 0; hence, L?x = 0, and thus, Lx = 0, we findx € N
andu =Lx = 0.

2. When X is a Hilbert space with inner product (-, -)x and L is self-adjoint, it has Riesz number 1. Indeed, L?>x = 0
implies (Lx, Lx)x = (L?x,x)x = 0, and thus, x € V..

Theorem 3.2 (Functional analysis I). Let (L, ), be a regular C*-family of operators. There holds the following:

(1) The set A of critical numbers
A = {a el|ker(L,) # {0}} (3.2)
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is finite.
(2) Letl, > a— y, be a C'-family of right-hand sides such that y, € L,(X) holds for every a € A. Then the family of
solutions

INAD ar Uy = (Lo) (Vo)

can be continued to a C°-family on I.. With C independent of the family (y,)q, there holds
sup [[ugllx < Csup [llyallx + IVellx] - (3:3)
a€l a€l

According to assertion (1) of the theorem, the set A is a finite collection of values a € I. As indicated above, in our
application, we do not want to enumerate the values —1/2 and 1/2 independently of each other. We therefore enumerate
a (possibly) reduced set as follows:

A, = AN(-1/2,1/2] 1= {a;]0 < j <J}. (3.4)

The indices j are natural numbers, J is the number of critical values, and J = 0 is allowed. In the case J = 0, the set A,
is empty.

Proof.

Step 1: An equivalent form of the system.

We start the proof by investigating a point ay € I with ker(L,,) # {0}. It is no loss of generality to assume ap = 0.
The critical (non-invertible) operator is L := Ly. We use X = N X R with projections P and Q. We emphasize that
these subspaces and projections are chosen for L and independent of « in the following. For « close to ag, we write
the operator L, as

_ PLal,/\/ PLalR . N
L, = [QLa|N QLaIR] TNXR->NXR. (3.5)

For a # ay = 0, the equation L,u, = y, for u, = Y, ul) € N'x R is equivalent to the following set of equations:

Loty := iPL“N iPL"R <“%Z>=(§Pyﬂ> (3.6)
QLy|xy  QLglr Uq QYa-

Relation (3.6) defines linear operators L, : X — X for a # 0.
We want to extend this family of operators to the point & = 0. With L’ := (9,L¢)|a=0 and M = PL’| 5r of (3.1) we set

for arbitrary u = W, uf) e N xR =X,
= . |MPLg|[uN
L()M = [ 0 QL|R] <uR . (37)

We claim that the new operator family (—¢,¢) 3 a — L, € £(X,X) is continuous. This is clear by definition in all
points a € (—¢,€)\{0}. Regarding @ = 0, we note that the operators of (3.6) can be written as difference quotients:
Because of L|,» = 0, there holds iPLa N iP(L,, - L)|N' Since we extended with PL'|, = M for @ = 0, the
resulting family is continuous in . The same argument can be performed for the second entry of the matrix: Because

of PL|z = 0, we can write iPLa

- iP(La - L)'R. The limit operator is given by the derivative that is used in (3.7).
Finally, regarding the third entry, we note that QL|, = 0 by the definition of A'. We obtain that the family L, is
continuous in a.

We next observe that the operator Ly is invertible: The operator M : N — N is invertible by the definition of
a regular family. The operator QL|z : R — R is invertible by definition of R and Q. As a triagonal matrix, L is
invertible.

Continuity of the family L, together with invertibility of L, yields the invertibility of L, € £(X, X) for « € (¢, €),
upon possibly choosing a smaller € > 0.

Step 2: Assertion (1).

Since I = [-1/2,1/2] C R is compact, it is sufficient to show the following claim: For every a € I, there exists
&£ > 0such that A N (a — ¢, @ + €) contains at most one point.

85UB017 SUOWILIOD 3AIER.D 3ol dde 3y} Aq paueA0b 88 s3I YO BSN J0 S3INJ 10} AleIq )T 3UIIUO AB]IA UO (SUOIPUOD-PpUR-SLLBHLIOD" A | 1M ARe.d) 1 )BU UO//STRY) SUORIPUOD Pue swis | 3y} &3S *[7202/60/60] U0 A%eiqi8uliuo /8|1 " INisu| Bunisies Aq SEr0T ewW/Z00T OT/I0p/uoo 3| Im Azeiq iUl |uo//:sdny woiy papeojumod ‘0 ‘9LFT660T



8 KIRSCH and SCHWEIZER
WILEY

For @ ¢ A, the claim holds, since small perturbations of invertible operators are invertible.

We consider now ay € A and investigate a in a neighborhood of ay. To simplify notation and without loss of
generality, we assume a = 0. In Step 1, we obtained that the equation L,u, = y, has the equivalent form (3.6) and
that L, is invertible for every a € (—¢, €). This yields that L, is invertible for every a € (—¢, )\ {0}.

Step 3: Assertion (2).

We have to consider again the situation of Step 2, with u, solving L,u, = y, (or, equivalently, (3.6)) for a €
(—¢,e)\{0}. Regarding the right-hand side y,, we have imposed the property Yo, € Lqo(X) for all j. In the local
situation and with our assumption that the critical point is ¢y = 0, we have y, € L(X) = R. This implies Py, = 0, and
we can write the first entry of the right-hand side of (3.6) as iPy,, = iP(ya — o), which can be extended continuously
with Py'|, for a = 0.

The fact that the family L, is a continuous family of invertible operators on @ € (—¢, €) together with the fact
that the right-hand sides of (3.6) can be extended continuously to (—¢, €) shows that the family u, can be extended
continuously. The proof also provides (3.3).

Remark 3.3 (Functional analysis with two parameters). Definition 3.1 can be adapted to define C'-families of ope@
ators L depending on two parameters, « € [—1/2,1/2] and > 0. Regarding the definition of a regular C'-family,
requirement (ii) of Definition 3.1 has to be replaced by the requirement that for every « for which L2 is not invertible
and any direction vector 0 # £ € R? with &, > 0, the operator

0:PLY|y : N > N (3.8)

is invertible; here 0;PL% = &,0,PLY, + &0,PLY denotes the directional derivative.
With these adaptations, the assertion of Theorem 3.2 holds in a slightly weaker form: For some € > 0, the family of
solutions
(I X [0,€)) \(A X {0}) 3 (@, 1) = ug 1= L)~ (¥)
is bounded.
To show this result, one considers, for fixed direction &, parameters along a semiray: (a,#) = t& with ¢ > 0. The
arguments of Theorem 3.2 can be repeated upon replacing the parameter @ with the new parameter z.

3.2 | Regularity of the C'-family of operators L,

We now consider the one-parameter family L, of (2.12). This family is a C*-family because of the smooth dependence of
L, on a. Using the equivalence (2.10), the kernel N, := ker(L,) C X is given by N, = {e”™u|u € Y*} with

Y* :={ue HHW)|(A+k*n)u=0in W and u =0 on R x dS}. (3.9

Since each L, is a Fredholm operator, the kernel N, is finite dimensional, and hence, also, Y* is finite dimensional.
We are interested in the set of critical points, defined in (3.2), A = {a € I| ker(L,) # {0}} with I = [-1/2,1/2]. Without
further assumptions, the set .4 can be finite or infinite. Theorem 3.2 yields that .4 is finite when we can show that L, is a
regular C!-family. This is what we will obtain under a certain assumption.

We define a sesqui-linear form E by setting, for u,v € H' (W),

E(u,v) := i/u()l\')—l')()lu. (3.10)
w

We emphasize that, typically, the arguments of E are a-periodic functions but not necessarily elements of X = Héer(W).
We observe that E is hermitian; thus, E(u, u) € R for all u.

The form E is related to energy fluxes through sections of the form I'; := {t} x S C Qfor ¢t € R. Indeed, when u and v
are two solutions, (A + k?n)u = 0 = (A + k®n)v, then an application of Green's theorem in W, := (s, t) X S for arbitrary
s < tyields

/{ualf)—\_)alu}—/{u@ﬂ“)—f)&ﬂt}:/
T, T oW

5,1

{uo,p—vo,u} =/ {uA +K*n)p - v(A + k*nyu} = 0,
Wi,
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where we denoted with 9, the normal derivatives into the exterior of W;,. The calculation shows that the flux quantity
Fu,v,t = l/ {uov—voju} (311)
Ft

is independent of t € R. In particular, there holds E(u,v) = /02” F,,:dt = 2zF,,sforany s € R.
We obtain easily that, for different values of « € (—1/2,1/2], the spaces Y* are orthogonal with respect to the above
sesquilinear form.

Lemma 3.4 (Orthogonality for different quasimoments). Let a, § € (—1/2,1/2] with a # f be two quasimoments and
letu € Y* and v € Y? be two solutions of the homogeneous equation. Then E(u,v) = 0.

Proof. For quasiperiodic u and v as in the lemma, the expression of (3.11) satisfies, by its definition, F,y 42, =
e?riae=2mfF .. On the other hand, as noted above, F,,, is independent of . Because of |« — | < 1, we conclude
Fyy: =0, and thus, E(u,v) = 0. -

We can show that L, is a regular C'-family under the following assumption.

Assumption 3.5 (Non-degeneracy assumption). For every a € A, the sesquilinear form E is non-degenerate on Y*
in the following sense: For every 0 # ¢ € Y*, the map E(¢,-) : Y* — C is a nontrivial form.

Lemma 3.6 (Regularity of the Floquet-Bloch transformed equation). Let L, be the C*-family of operators constructed
in (2.12) and let Assumption 3.5 hold. Then L, is a regular C'-family of operators in the sense of Definition 3.1.

Proof. We fix a € A and consider the operator L := L, with kernel N := ker(L) and derivative L’ := d,L,. We have
to verify that M := PL/| - : N' — N is invertible, where P is the projection onto N In the subsequent calculation,
the definition of L, in (2.12) yields the first equality; we use here that e**1e~**1 = 1 is independent of . In the second
equality, we use that when the derivatives are applied to u(x)e® and to ¢(x)e®, but not on x;, the terms from the
first and second terms cancel.

(L'u, @)x = i/ \Y (u(x)x1 ei”xl) -V ((p(x)ei“x1> -V (u(x) ei"xl) -V <(p(x)x1 ei”‘xl) dx
w

=i / () €% 9y ((p(x)e"‘”ﬁ) — 0y (u(x)e™) p(x)e™ dx
w

—E (ueiaxl’(peiaxl) .

From this calculation, we can conclude that PL’| 5 is invertible. Indeed, let u € N satisfy PL'u = 0. Since L = L, is
self-adjoint, N" and R are orthogonal. In this situation, PL'u = 0 implies that ¢ — (L'u, @) is the trivial form on N
The above calculation, together with the fact that E is non-degenerate, implies that this is possible only for ue® =0
and thus for u = 0. We obtain that the kernel of PL’|  is trivial and hence that M of (3.1) is invertible. O

Corollary 3.7 (The spaces Y; and basis functions). We consider a Helmholtz equation for which Assumption 3.5 holds.
In this situation, the family L, constructed in (2.12) is a regular C*-family of operators. There is a finite (possibly empty)
set of values A.. = {a;|0 < j <J} € (=1/2,1/2] such that

Y, 1= {ueH;j(W)|(A+k2n)u=o in W and u=0 on RxaS} (3.12)

is nontrivial. Every space Y; has a finite dimension m; € N, and the spaces Y; are orthogonal with respect to E. We
introduce the direct sum

J
Y :=@v; c H'(W). (3.13)

Jj=1
We choose, for every space Y}, an inner product (-, -)y,, and solve the self-adjoint eigenvalue problem

E(p,y) = l(d),u/)yj forall y €Y; (3.14)
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for 2 € Rand ¢ € Y;. This provides an orthogonal basis of Y; consisting of eigenfunctions ¢, j, ¢ =1, ... ,m;. Thevalue
A = 0is not an eigenvalue.

Proof. Lemma 3.6 provides that L, is a regular family. The functional analysis Theorem 3.2 provides that the set of
critical a-values is finite. Because of Lemma 3.4, the spaces Y; are also orthogonal to each other (with respect to E).
Assumption 3.5 guarantees that A = 0 is not an eigenvalue. The other assertions repeat the definitions and follow
from the Fredholm assumption on the family of operators. The solutions ¢ of (3.14) are orthogonal to each other in
Y; by construction. O

3.3 | H'(Q)-solutions

We turn to our first existence result for the Helmholtz equation. We characterize the right-hand sides g such that
equation (2.4) has a solution in H*(Q).

Theorem 3.8 (Existence of H!(Q) solutions with Floquet-Bloch theory). We consider the Helmholtz equation (2.4)
with fixed S (geometry), fixed k and n (coefficients), and fixed g € L2(Q) C L*(Q). We demand that Assumption 3.5 is
satisfied.

Existence: Let the Floquet-Bloch transform g(-, &) have the cell-wise orthogonality property

<g(',aj),¢>L2(W) = Ofol’all ] S {1, ,J}, ¢ S Yj (315)

Then (2.4) has a solution u € H'(Q) with ||u||mq) < Cligllz2( for some constant C = C(S, k, n).
Uniqueness: When u € HY(Q) is a solution of (2.4), then the orthogonality (3.15) holds. Furthermore, the solution u is
uniquely defined.

Proof. Existence. Using the Floquet-Bloch transform, we have shown that Equation (2.4) is equivalent to the family of
equations L,v(-, @) = y, of (2.14), a € I = [-1/2,1/2]. In particular, it is sufficient to find a family v(-, @) of solutions
to (2.14) and to verify thatv € L? (I , Hg,er(W)). By definition of the critical values .4 in (3.2), a unique solution v(-, a)
exists for every a € I\.A. We claim that this family of solutions extends continuously to all of I.

We consider one of the critical values, « = a; € A, and a small interval I = [a; — €, a; + €] that contain no other
critical value. We want to use the functional analysis result of Theorem 3.2. We use the space X of (2.9), the family of
operators L, of (2.12), and the family of right-hand sides y, of (2.13).

We have to check the assumptions of Theorem 3.2. The operators L, depend smoothly on «, and they are invertible
for all « € T\.A. We turn to the condition Yo, E R = Ly, (X). For an arbitrary element ¢ € N := ker(Laj) C X, we
note that there holds ¢(x) : = @(x)el%™ € Y;, and by definition of y,,

o = [ e 5ids = [ geapd =0 (3.16)
w w

by the orthogonality assumption (3.15). This shows that y,, is orthogonal to N . Since L,, is self-adjoint, the subspaces
N and R are orthogonal. Since L, is also Fredholm with index 0, the space X is the orthogonal direct sum N @ R.
Since we have shown that y, is orthogonal to N, we have found Yo, € R.

Lemma 3.6 provides that L, is a regular family of operators in the sense of Definition 3.1; hence, Theorem 3.2 can
be applied. We find that I > a — v(-, @) is continuous; hence, in particular, v € L3(l, H;er(W)). This provides a
H,(€)-solution of (2.4).

We note that the orthogonality (3.15) is not explicitly demanded in « = —1/2 when this is a point in .4. On the other
hand, (-, —1/2 + f) = §(,1/2 + p) for all # € R and Y~'/2 = Y'/2, 50 that the orthogonality holds also in & = —1/2.

We turn to the estimate for the solution. The right-hand side is an element g € L?(Q). With the func-

tions g : W — C, g/(x,%) := g + 2z¢,%), we can estimate the corresponding norm as ||g||i2(9) =

Zfeszlgf(x)lz[l + (0 +276)*Pdx > ¢Y ., + f2)2||g,f||i2(w). This allows to calculate, for arbitrary m < M, the
norm of a finite sum, which is related to the derivative 9,8(-, ) of the Floquet-Bloch transform of g with respect to «;
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compare (2.2):

1
< D 1lgellizan £ Y, —=1+)ligellew)

oy MM ms<lzlsM V14 £2

1
[ 2)2 2
<y 2 1+f2\/ Y A+22lgely, < Cmnligllize)
m<|¢|<M m<|£|<M

where Cy, r is independent of g and tends to zero as m — oo. The Cauchy argument shows that 0,8(-, «) is well-defined
in L>(W) and is bounded by C||g|| 120 for some C > 0. We conclude that, for some C > 0, there holds [|3(-, @) ||z2w) +
10.8C, )llz2wy < Cligllzz(o) for all a. Theorem 3.2 provides estimate (3.3) for solutions, which is a bound for &t €
C°(I, H'(W)); hence, in particular, for & € L*(I, H(W)). This yields the bound for u € H'(Q), namely, ||u||m@q) <
Cliglzz -

Uniqueness. In order to show unique solvability of (2.4), it is sufficient to show the unique solvability of (2.6) for
almost every a. For every a ¢ A, Equation (2.6) can be solved uniquely by definition of the critical a-values. This
already shows the uniqueness of the solution.

Let u € H(Q) be a solution of (2.4). We have to show that the orthogonality (3.15) holds. We use equation (2.7),
which is a consequence of (2.4):

Z £g(x, + 2nt,X) e
m<|€|<M

(8C. @) d)rzaw) = / {~enCoae 096 + Vit ) - VOG0 | dr =~ ). (A +Eng)uan = 0.
w

where we exploited that, for every a, integration by parts holds without boundary terms for two functions in the space
HL(W). This concludes the proof of the theorem. O

Lemma 3.9 (Orthogonality criterion). The orthogonality condition (3.15) is formulated in terms of the Floquet-Bloch
transform of g. With the original function g and the space Y of (3.13), an equivalent condition is

/g(x)de =0forall €Y. (3.17)
Q

Proof. We fix j € {1, ... ,J}, set @ := a;, and choose a function ¢ in Y;. We identify ¢ with its a-quasiperiodic
extension, which satisfies ¢(x+272e;) = ¢p(x)e! >** with the unit vector e, in x;-direction. We calculate for § = Frp(g)

(@, 00, B, = <2 g+ zﬂfel)e—ifZM,¢> = <Zg<- +2nter), (- + 2mfe1)> = / £00) px) dx.
L2(W) L2(W) Q

CEL €L

We note that the series in the definition of the Floquet-Bloch transform is well-defined because of g € L2(Q). [

3.4 | The radiation problem

In the previous subsection, we have obtained a solution u to (2.4) where g satisfies the orthogonality condition (3.17).
This is not the kind of solution that is typically observed. In the physical problem, we have to consider the equation with
a general right-hand side f and obtain solutions that are, approximately, far away from the origin, linear combinations of
outgoing waves. Such solutions are not in the space H'(€2). We recall that we impose f € L2(Q).

In order to define the radiation condition, we use two cut-off functions.

Definition 3.10 (Cut-off functions p.). We say that p,, p_ € C*(R,R) are admissible cut-off functions when they
satisfy p.(x;) € [0, 1] for every x; € R and when the limiting behavior is given by p.(x;) — % + % for x; = oo and
() — % F % for x; » —oo. We additionally demand, for some C > 0, the decay properties 1 — p.(x;) < C/|x;| and
p-(a) £ C/xp| forx; > 1,and py () < C/|x|and 1 — p_(x) < C/|x | forx; < —1.
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3.4.1 | Remark on cut-off functions

Formally, the radiation condition formulated below depends on the choice of p.. But we will show later on that the
solution u of the radiation problem does not depend on the choice of p..

The requirement p, € C*(R,R) can be replaced by p, € C*(R,R), that is, Lipschitz continuity of the cut-off func-
tions (we keep the property of the rate of decay). One can argue as follows: The existence result below is performed for
cut-off functions of class C2. Remark 2 after Theorem 3.12 can provide that the constructed solutions are also solutions
for arbitrary cut-off functions of class C%!. Formally, our proof does not cover this case since we demand g € L?(Q) in the
uniqueness statement below and therefore need w € H2(Q2). In order to resolve this obstacle, one has to use weak solution
concepts in all equations to conclude that p, € C*(R, R) is sufficient.

From now on, we use the spaces Y; and the basis functions ¢, ; as chosen in Corollary 3.7. We slightly change notation
at this point: We now collect all basis functions ¢, ; as a new family with only one index and write (¢,),, where now
1<?¢<L:= ijl m;. We recall that we have orthogonality with respect to the hermitian sesqui-linear form E, that is,
E(¢ps. dpe) = 67,0 E(de, o) forall £,¢".

Definition 3.11 (Propagating part and radiation condition). We fix admissible cut-off functions p. as in Definition
3.10. For every # < L, the mode ¢, is called right-going when E(¢,, ¢p») > 0; it is called left-going when E(¢,, ¢,) < 0.
Note that when E is non-degenerate, these are the only possible cases. For every ¢ such that ¢, is right-going, we set
pr = py; for every ¢ for which ¢, is left-going, we set p, 1= p_.

(i) Propagating part. For complex coefficients (as);1</<r, We say that
L
w = Z ar pe Pr (3.18)
£=1

is the propagating wave function corresponding to a € C*.
(ii) Radiation condition. We say that a solution u € Hlloc(Q) of (1.1) satisfies the radiation condition, when there
exists a € C" such that, with the corresponding propagating wave function w, there holds

vi=u—weHY(Q). (3.19)

Definition 3.11 allows to show an existence result with our previously developed methods: We solve the radiation
problem (1.1) by constructing v = u —w € H}(Q) with Theorem 3.8. We can write the equation for v as

—Av-Knw =g := f + (Aw+ k*nw). (3.20)

We note that the expression Aw + k?nw has bounded support. This implies g € L2(Q). The function g depends on the
vector of coefficients a € CL. We will construct a € C such that (3.20) has a solution v € Hé(Q).

We note that, by definition of the radiation condition in Definition 3.11, there is an equivalence of the solution concepts.
Existence: When we find a € C" such that (3.20) has a solution v € H}(Q), thenu =w+v € H} (L) isasolution of (1.1)
with radiation condition. Uniqueness: When u € HllOC (Q) is a nontrivial solution of (1.1) with radiation condition, then
there exists a € CF and a solution v € Hé(Q) of (3.20) such that a or v are nontrivial.

Theorem 3.12 (Existence of radiating solutions). Let S, k, n, and f be as above and let p.. be fixed. We demand that
Assumption 3.5 is satisfied. Then (1.1) has a unique solution u € Hlloc (Q) satisfying the radiation condition. With w, v,
and a from the radiation condition, there holds

Vil + Wy < Cllfllze (3.21)

with C = C(S, k, n, p.). The coefficients a, for ¢ € {1, ... ,L} are given by

27l

= Er o0l (f. b)) - (3.22)

Qag
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Proof. Existence. We want to determine a € C” in the definition of w such that g of (3.20) satisfies the orthogonality
condition (3.17). Using a basis function ¢ € Y, for some j and extending this basis function to an a;-quasiperiodic
function on Q, we can calculate, using (3.17) in the first equality,

L
—(f, pedrr@) = (A + KPn)w, ¢ppr )2 = 2 as (A + K2n)(ps de). e )12 - (3.23)
=1

‘We evaluate

(A+K*n)(pepe) = pe(A+ KP*n)ps + Vpr - Ve + V- (hr Vr)
=), 01¢ + 01(de p)).

The scalar product can therefore be evaluated with an integration by parts,
(A +K2n)(pr be).ber) 1oy = (P Orbe + 01(bep) e ) 2 = /Q berpy v — Over py e = i /}R P, (O Fp, 4,0t

with the flux quantity Fg, g4, of (3.11). The flux is independent of ¢ and coincides with iE(:j)f,gb,f,) =

iE(d){, ¢r)6s... We evaluate the right-hand side for a right-going wave ¢,, that is, for p, with ps(—o0) = 0 and
pe(+oo0) =1:

. i
l/ﬂ}(t)Fd){),d)ﬂ,zdt = 2_E(¢£,¢f)5ff’-
R T

For a left-going wave ¢, ps(+o0) — ps(—o0) = —1 introduces a negative prefactor. We find that the orthogonality
condition (3.23) is

(b = a ZL B o).
y/3

This condition is identical to (3.22).

The above calculation also shows that, choosing (a,), according to (3.22), the orthogonality condition (3.15) is
satisfied for g. We can therefore solve for v with Theorem 3.8. With C depending on p.., we have the estimate ||v|| 1) <
Cliglz@ < CUIf 2@ + 1A + 2wl 2@) < C(Ifll2@ + laler) < CIIf llz2@- This implies (3.21).

Uniqueness. Let u be a solution of the radiation problem with f = 0. Our goal is to show that u vanishes. Theorem 3.8
implies that the right-hand side g = —(A + k?n)w of the equation for v satisfies the orthogonality condition (3.17). The
existence part of the proof implies that the coefficients a € C* for which the orthogonality condition is satisfied are
uniquely determined; hence, by f = 0, we conclude a = 0. Together with the uniqueness statement of Theorem 3.8,
we find @ = 0 and v = 0. This shows that u vanishes. O

Remark 3.4.

1. We note that the decomposition of the propagating modes ¢, into left-going and right-going modes is not
needed from the mathematical point of view. Indeed, the proof works also for the case that we decompose
{1, ... ,L}into {1, ... ,L} = £* u £~ for disjoint sets £* and set p, = p, for £ € L* and p, = p_forZ € L.

A particular choice would be to use £* := {1, ... ,L} and £~ := @. With this choice, we impose that no
propagating modes (neither left-going nor right-going) can be used on the right, but all propagating modes
(not only outgoing / left-going) can be used on the left.

2. Above, we have constructed, for given p.., solutions u = v + w. In order to investigate well-posedness of the
radiation condition, let us consider the consequences of choosing another set of admissible cut-off functions;
we denote them as j.,.

We denote the corresponding solutions as u = v+ w and @t = ¥ + W. We write

u—i=v=9+ ) a4 (pr = pe)be + ) (ar — ) prpe-
4 3

We observe that v — ¥ + Y ,d,(pr — pr) s is in H 1(Q). We emphasize that, at this point, we exploited the
decay rate of the cut-off functions that was demanded in Definition 3.10. Therefore, u — it satisfies not only the
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homogeneous Helmholtz equation but also the radiation condition with coefficients (a, — a,),. The unique-
ness result of Theorem 3.12 implies that u = & and a, = a, for all Z. In this sense, the choice of the cut-off
functions has no influence on the solution.

3. The radiation condition depends on the choice of the inner product chosen in Y*. Regarding this point, it is
very illustrative to study a simple example.

Example 3.13 (The standard example). In the two-dimensional case, d = 2, we use the cross-section S = (0, z), and
the coefficient n = 1, considered as a 2z-periodic function with respect to x;. Since we are interested in eigenspaces
with dimension larger than 1, we choose a specific wave number k in the following.

For @ € I = [-1/2,1/2] chosen below, we consider

d1(x) = €1 sin(2x,) and ¢, (x) 1= PN sinx,.

The two functions satisfy A¢, + (a? + 4)¢p; = 0 and Ag, + ((a@ — 2)> + 1)¢p, = 0. It is possible to choose a such that
the two factors coincide, a®> + 4 = (a —2)? + 1, namely, @ = 1/4. Accordingly, we define the wave number to be
k=+va?+4 = \/@ /4. With these choices, we have found two linearly independent, a-quasiperiodic solutions of
A + k?¢ = 0. Indeed, for & = 1/4, there holds Y* = span(¢,, ¢,).

The fluxes of ¢; and ¢, are

E(¢r,¢1) = i/ 1011 — P1 011 = i(—ia)Z/ sin?(2x,)dx = 2an? > 0,
w w

H@4@=u4m—mn/mﬁugw:zm—mﬁ<o
w

We have therefore found a right-going wave ¢; and a left-going wave ¢,.

Let us check the orthogonality and normalization. We have E(¢1, ¢2) = 0 with ||¢; || 2wy = = and (1, ¢2) 12wy = 0.
Therefore, ¢/ \/; and ¢,/ \/; are the normalized eigenfunctions of the two-dimensional eigenvalue problem (3.14)
with A4; = 2az? and 4, = 2(a« — 2)z? when (-, )2y is chosen as the inner product in Y*. However, if one chooses
a different inner product in Y* (for which ¢, and ¢, are not orthogonal), then one gets a different basis ¢, ¢,. This
changes the radiation condition.

We will continue the above analysis in Example 5.1 where we show that, indeed, different absorption mechanisms can
lead to different inner products, hence to different basis functions, and hence to different radiation conditions.

4 | LAPS

4.1 | The operator family in the case with absorption

In the classical LAP, one replaces the real wave-number k > 0 by the complex number k, := k+ iy with # > 0 and studies
the equation

—Au" — (k+in)*nu" = f in Q. 4.1

The boundary condition u” = 0 on 0Q remains unchanged. It is well-known that this equation is uniquely solvable in
H'(Q) for every > 0. This can be shown with an application of the Lax-Milgram theorem; the positivity of # implies
that the bilinear form corresponding to (4.1) is coercive.

The rewriting of the equation with the Floquet-Bloch transform can be performed with only minimal notational
changes: Because of f € L% Q) and u” € HY(Q), the Floquet-Bloch transformed functions &7 = Frp(u’) €
L2((-1/2,1/2), HY(W)) and f = Fgs( f) € L2((-1/2,1/2), L3(W)) are well-defined and satisfy, for 5 > 0,

—AN(-, ) — (k + in)*nd"(-,a) = f(,a) in W, 4.2)

with boundary condition @"(-, @) = 0 on (0, 27) X 9S.
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We use again the space X = H;er(W) of (2.9) and the equivalence (2.10); the operator L! € £(X,X) and the element
Yo € X are defined by

(Lau, @) w) i= —(k + iﬂ)z/

w

nup + / V (u(oe®) - v (go(x)ei“x1> dx 4.3)
w

(Yar @)1 (W) 3=/f(X, a) p(x)eiv dx (4.4)
w

for u, ¢ € X. Then (4.2) is equivalent to L] u!! = y, for ull(x) = &"(x, ®)e":1. We note that the operators L are invertible
from X = le)er(W) onto itself for all (a, ) € I X [0,eD\{(a;,0)|j =1, ... ,J}.

Since the operators L depend on two parameters, we need the partial derivatives with respect to both parameters. The
a-derivative is calculated as in the case n = 0:

0u(LU, @Yy = i / V (uGox ™) - v ((p(x)ei"’ﬁ) ~V (u()e™) - v ((p(x)xlei‘”‘l) dx
w

=n/ﬁ@w%a(¢www)—m@@wm)amWM
w

=FE (ueiaxl,(peiaxl) .

Taking the derivative of (4.3) with respect to # provides
O (Liu, @)rnw) = —2i(k + in)/ nupdx.
w

We introduce two operators, essentially given by the two derivatives of L. For a given a; € A, we consider the kernel N' =
ker (L‘,]’,j) = {¢pe %" |¢p € Y}, the operator M, := iPa,,ng |v : N = N, and the operator M, := Paang v i N = N

We note that, by the above formulas, M, is self-adjoint and positive definite (it can be identified with a multiplication
with 2kn), and M, := Paang | v is self-adjoint and one-to-one provided E is non-degenerate on Y;.

4.2 | Functional analysis for two-parameter families
Our aim is now to extend the one-parameter theory of the last section to a theory for two-parameter families.

Definition 4.1 (Two-parameter family of operators). We consider a Banach space X and the unit interval I =
[-1/2,1/2] c R. We say that (L}) is a two-parameter family of Fredholm operators when there exists ¢ > 0 and a
C2-map

(-1/2-¢€,1/2+ €)% [0,€) 3 (a,n) =~ L} € LIX,X), (4.5)
such that every operator L is a Fredholm operator with index 0, and for every a € I for which LY is not invertible, the
operator L := L has Riesz number 1, ker(L) = ker(L?).

Remark 4.1.

1. Weactually need less than the C? property of the operator family. The proof works when in £(X, X) the following
approximation property holds:

Here, the norm is the operator norm in £(X, X).
2. Anillustrative example is X = C and L = a — in (this will actually be, for «; = 0, the essential action of L, on
the kernel of Lg). For the family of right-hand sides y! = 1, we find the solutions

LY — [L2 + (@ — a0) 0oLy + (n = m0) 0, L2 ||| < ¢ [(a = @0)* + (7 — mo)?] -

W= (L) = —— (4.6)
a—in
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We observe that 1 has a singularity in («,#) = (0,0). This singular behavior was somehow to be expected,
since y! is not vanishing in (a, #) = (0, 0). Let us therefore look at a right-hand side that vanishes in the singular
point; we investigate y! = a with yg = 0. The solution for this right-hand side is

(4.7)

= (L)) = :
—in
We observe that the solution is bounded. On the other hand, the solution family is not continuous at (0, 0).
Indeed, along the two coordinate axes, we find the following: u = 1 for all « and u; = 0 for all .
The following theorem considers the local situation with only one critical value a«. Once more, without loss
of generality, we choose the critical point to be « = 0.

Theorem 4.2 (Functional analysis IT). Let X be a Hilbert space and L], be a two-parameter family of Fredholm operators
in the sense of Definition 4.1. LetI o a — y, € X be a family of right-hand sides that depend on Lipschitz continuously
on a € I. Let the following properties be satisfied:

(@) LT : X — X is invertible for all (a, ) € ((—¢, €) X [0, £))\(0, 0).

(b) With N := ker(L)) and R := L)(X) and P € L(N', N) the projection onto N correspondingto X = N + R,
the operator M, := iP0,L)| v € LN, N) is self-adjoint and positive definite and M, := Pd,L)| ;v € LN, N)
is self-adjoint and invertible.

Let u! € X be the unique solution of Lu!! = y, forall (a,n) € ((—¢,€) X [0, £))\(0, 0). Then there exists €, € (0, €) such
that u! has the form

Py ,d)
=l + Z B ”X ¢ for (a.n) € (=e1.€1) X [0, £1))\(0,0). (4.8)
In this representation, ||V} ||x is uniformly bounded with respect to (a, n). The family {¢,|£ =1, ... ,m}, m = dim N,
is an orthonormal eigensystem with eigenvalues {A,|¢ = 1, ... ,m} of the following generalized eigenvalue problem in

the finite dimensional space N :
My¢ps = Ae My, in N with normalization (Myds, pe)x = bz (4.9

fort, ' =1,...,m

Remark 4.2. The difference to Theorem 3.2 is—except of the appearance of the second parameter y—that we do not
assume y, € R. This gives the singular behavior of the solution u/! when (a, 1) tends to (0, 0).

Proof. We obtain the singular part of the solution as the highest order approximation. Considering only the kernel
N and the Taylor expansion PL}| »» ~ aM, — inM,,, we solve

(aMy — inM)w(a,n) = Py, (4.10)

in N The right-hand side can be expanded with the orthonormal basis; we write Py, = Z?zl (Pyo, ps)x ¢pe. The
unique solution w(a, ) is given by

Py,
wia,n) = 2%:‘;?‘37" .. (4.11)

as can be checked by inserting into (4.10).
Similar to the proof of Theorem 3.2, we write u! in the form u! = w(a, ) + uM(a, ) + uf(a, n), where uN(a, n) € N'
and uR(a, ) € R for every n and a. The equation L!u! = y, is then equivalent to

PLy| v PLylr | { W(a, n)+uN(a n) Py, \ -
[QLZIN QLZ|R] < uR(a, ) ) (an> in N'xR. (4.12)
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The second line can be written as
QLIuR(a,n) = —QLIw(a, ) — QLIuN (a, 1) + Qy,. (4.13)

The operator QL8|R is an isomorphism from R onto itself. This implies that, for sufficiently small # and ||, the
inverse operators [QL! | ]! exist and are bounded from R onto itself. Furthermore, they depend twice continuously
differentiable on n and « for sufficiently small # and |«|. We claim that the first term on the right-hand side of (4.13)
is bounded. Indeed, using w(a, ) € N, we have

QLzw(a, n) = Q[Ly — Lolw(a, n) = O(|(a, m)) lIw(a, mIl = O1)

by the differentiability of L] and the fact that |[w(a,)|| = O(|(a, #)|™!). This implies that (4.13) can be solved with
uR(a, n) of the form
uf(a, n) = —[QLy =] QLGN (@, n) + uf (@, n), (4.14)
with a bounded family u’f(a, n) € R, which depends only on y, and y,.
Substituting u® into the first equation of (4.12) yields

(PL! — PLI[QL =1 QLY) u™(a, ) = Py, — PLIw(a, n) — PLIu%(a, 1)

(4.15)
= Py, = Pyo = O(|(a. )|*) [lw(a, mI| = OCl(er, m)]) = O(l(a. m)]).

In the second equality, we used PL! — (PLg +aM,—inM,) = O(|(a, n)|?) and the construction of w(a, ). Furthermore,
for the last term, we exploited PLg = 0 from the definition of P and the differentiability of the family L.

Equation (4.15) has the form LjuN(a, n) = § with an operator L from N into itself, with L} = 0 and 3 = 0. We
claim that the partial derivative ()gig is invertible for every 0 # & € R? with & > 0. Indeed, differentiating the second
part of L] with the chain rule gives three terms. Differentiating the first or second factor leaves the third factor QL]
unchanged, and this third factor is the trivial map on WN'. Differentiating the third factor leaves the first two factors
PLg [QLglR] ! unchanged, but this operator vanishes because of PLg = 0. Therefore, there remains only the derivative
of the first term: 0@8 = 0§PL8 = &M, — ié&:M,,, which is invertible (as seen already in (4.11)).

A theorem like Theorem 3.2 with two parameters (see Remark 3.3) implies that the solution family u™(a, #) is
bounded. We note that it cannot be expected that the solution family is continuous; see the example in (4.7). O

4.3 | Application of the functional analysis result

We want to apply Theorem 4.2 to Equation (4.2), which we write again in the form Llu! = y, for ul.(x) = 2" (x, a)e™*.
We consider a fixed parameter a; € I for some j € {1, ... ,J} and recall that ker(L?,/) = {¢pe " | ¢ € Y;} where Y; has
been defined in (3.12). Shifting the critical value « = 0 in Theorem 4.2 to @ = «; yields the following decomposition.

Proposition 4.3 (Representation of solutions in Floquet-Bloch space). Let Assumption 3.5 hold, let j € {1, ... ,J} be
fixed and let f € L2(Q) be given. Then there exists €1 € (0, €) such that forn € (0,e1) and |a — a;| < &1, the unique
solution @'(-, &) € HLX(W) of (4.2) has a decomposition in the form

m;

(fA(', aj)»¢f,j>L2(W)

W'x, @) = Vi, a) + — pp (X)€@ (4.16)
J ; Agj(@ —a;) —in /
foralmost everyx € W. Here, ||v;.’(-, @) || rnowy is uniformly bounded with respect to (a, n7), and {d)f’j |2 =1, ...,m; } m; =
dimY;, is an orthonormal eigensystem with eigenvalues {ﬂf, =1, ..,m j} of the following generalized eigenvalue
problem in the finite dimensional space Y;:
E((i)f’j,l[/) = ﬂf’j Zk/ n(i)f,jli/for all /S Yj (417)
w

with normalization 2k [,ny j psr j = 6¢.07.
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Proof. In the end of subsection 4.1, we have obtained characterizations for M, and M,; they show that the abstract
eigenvalue problem (4.9) reduces to the problem to determine A, and ¢, € ker(Lgl) with E ((b{ ei"xl,(pei“xl) =
Ae2k f,ns @ forall g € ker(ng) which coincides with (4.17) when replacing ¢, €' and @™ by ¢,; € Y; and
€ Y;, respectively.
Formula (4.8) of Theorem 4.2 (for singularity at «; instead of 0) yields the representation

i

(Yo, e je" " Ynw)

Aej(@ —a;) —in

brj(x)e N

21(x, @)e™ ™ = ul(x) = v(x) + Z

for x € W. The identity (yaj,q&f, e ey = ( f G, ;). ¢z j)12ow) follows from the definition of y, for ¢(x) =
Brj(x)e ', O

The inverse Floquet-Bloch transform

With (4.16), we have found an expression for the Floquet-Bloch transform i of the solution u". Using the inverse
transform yields an expression for u".
For the subsequent theorem, let p.. be two admissible cut-off functions as described in Definition 3.10

Theorem 4.4 (LAP). We consider solutions u" € Hy(Q) of (4.1) for the right-hand side f € LZ(Q). Let Assumption 3.5 be
satisfied. We use the eigenvalues and eigenfunctions Az ; and ¢ ; of Proposition 4.3. Then, as n tends to zero, u" € H}(Q)

converge to a solution u € Hlloc (ﬁ) of (4.1) with n = 0. Denoting cut-off functions as p¢,j = psign(s, ), the limit u can be

written as s
m
(fsbe )z
u(x) = v(x) + Z Z ag,j pe.j(1) e j(x) with as; = 2x T (4.18)
j=1¢=1 ]
and v € HY(Q). The convergence u" — u is a local convergence: For every R > 0 and Qr := {x € Q||x1| < R}, the

restricted functions converge strongly in H'(Qg).
Remark 4.3. We will derive the result for a specific pair of cut-off functions, namely, for some suitably chosen £ > 0,

pe(X) 1= 111/ SNt g (4.19)
2 7w t

We note that the integral term behaves like fox‘ S‘T“‘ dt = i% +0O(1/|x1|) as £x; — oo. This implies that the two functions
p- have the required properties of cut-off functions of Definition 3.10.

By Remark 2 after Theorem 3.12, the solution u is independent of the choice of the cut-off functions. This implies the
following: When we verify that the limit solution u satisfies (4.18) with the cut-off functions of (4.19), then u satisfies (4.18)
for every choice of admissible cut-off functions.

Proof. The solution u" is the inverse Floquet-Bloch transform of #i; hence, it is given by an integral over the interval
I=[-1/2,1/2]; see (A4).

We decompose the interval I in the form I = U;zl(aj —&,a;+e)UUwhere U :=1\ U;zl(aj —¢&,a;+¢) and where
€ > 0is chosen such that the intervals (a; — €, a; + £) do not intersect each other and allow the representation (4.16).
We have for x € Q

1/2
u'(x) =/ 21(x, a)da = /a"(x,a)da+ Z/ 1 (x, o) da
U ; a;

-1/2

J @ a;+e i(a—a;)x;
S V! s e .
- /Uu'l(x,a)da+j;/./_é (x, a)da + Z Z(f( @), de )L (W)/ L@ —o i da gy ;(x).

j=1¢=1 a;—¢€

We now consider # — 0 in the different terms.

On U we have convergence in the space C° (U, Hl(W)) of &i" to some function w € C° (U, HY(W)). Therefore,
fUﬁ” (¢, @)da converges tow(x) := wa(x, a)da in HY(Q) by the boundedness of the inverse Floquet-Bloch transform.
In particular, w € HY(Q).
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For fixed j € {1,...,J}, we next treat the integral f Jf ”(x a)da. The integrand v” tends to v in

L* ((a; — €, a; + e),Hl(W)) by Lebesgue's theorem of dommated convergence because v’] G, a) tends to v?( ,a) in
HY(W) for every @ # a; and is uniformly bounded with respect to @ and #. Again, the boundedness of the inverse
Floquet-Bloch transform yields convergence of / GrE Vi(x, @)da to f e W(x, a)da in HY(Q).

Finally, we consider the integral in the last term for flxed Jj and ‘. Wlth a parameter transformation, we write the

integral as
a;+e ella—a;)x; 2 elox;
/ ——da = / ——da. (4.20)
wee Arj(@—a)—in e Aeja=in

In the appendix, see (B1); we show that, for p. from (4.19), this integral converges to Mz%ll Psign(i, ) (X1), uniformly
]
with respect to |x;| < R for every R > 0. Altogether, we have shown the local convergence of u" to

Jom
U(x) = v(x) + 27 Z Z £4¢ a’l)/ljm P o 01) e ()
j=1¢=1 J

for some v € H'(Q). It remains to note that ( (., a;), de 2wy = (f.Pr.j)12@), which was stated and shown in the
proof of Lemma 3.9, exploiting the quasi-periodicity of ¢, ;. O

5 | ALTERNATIVE DAMPING APPROACHES

With Equation (4.1), we have analyzed the LAP for a specific absorption term: k was replaced by k + ixn. Other damp-
ing mechanisms are also physically relevant, for example, nonhomogeneous damping in the k-part or damping in the
elliptic-part. We investigate here the LAP for these alternative damping mechanisms.

Nonhomogeneous damping in the k-part

We choose a nonnegative real valued function p € L*(£2) that is 2z-periodic with respect to x; and with a positive lower
bound, p > py > 0 on Q. We consider
—Au" —kK*(n+igp)u" = f in Q (5.1)

with the usual boundary condition u” = 0 on 0. This is a modification of the homogeneous damping of (4.1). Once more,
an application of the Lax-Milgram theorem yields that the equation is uniquely solvable in H'(Q) for every # > 0. The
variational form of the Floquet-Bloch transformed equation is equivalent to L} u! = y, for ull(x) = 0"(x, a)e~*1, where
Y« is given by (4.4) and L by (4.3), with k + in replaced by k and with the refractive index n replaced by n + inp.

The operator M, is given by a partial derivative of L], with respect to . We calculate it to be

(Mnu, (p> = i6n<LZu, ¢>H1(W) = kz/ pu(b
w
Therefore, the eigenvalue problem (4.17) has to be replaced by
E(drj,w) = e jk /qu,f,u/ forall y € Y;. (5.2)

Nonhomogeneous damping in the elliptic part

As a second form of damping, we consider, for p € L*() as above,
-V - (1 —-igp)Vu") —k*nu" = f in Q, (5.3)

with the usual boundary condition u” = 0 on 0Q. The variational form is to find u” € Hé(Q) with

/(1 —inp)Vu" - Vo — K*nu'"p = / fo forall g € Hy(Q).
Q w
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The theorem by Lax-Milgram yields existence and uniqueness. The periodic form ul(x) = 2"(x,a)e™®" of the

Floquet-Bloch transform satisfies L} u! = y,, where y, is again given by (4.4) and L] by
<LZu, (P>H1(W) = —k2/ nuo + / (1 —inp)V (u(x)ei‘m) .V ((p(x)ei"‘xl) dx
w w

for u, ¢ € Hy,(W). The operator M, is now

(M, @) = i0,(Llu. @)inw) = / PV (u(e™) -V (peoe ) dx. (5.4)
w
Therefore, the eigenvalue problem (4.17) has to be replaced by

E(d’f,j’ll/) = /lgyj/de)f,j . VW for all /S Yj (55)
w

Example 5.1 (The standard example continued). We continue Example 3.13, where we have found two linearly
independent eigenfunctions ¢; and ¢, spanning Y* for « = 1/4. The wave ¢, is right-going, and the wave ¢, is
left-going.

We now investigate different eigenvalue problems that are generated by different LAPs. The abstract eigenvalue
problem is stated in (4.9); it uses the positive definite operator M, := iPc),,Lgl ~ - N = N and the self-adjoint
operator M, :=Po,L)|y : N' > N.

For the standard absorption mechanism of (4.1), M,, and M,, are given, loosely speaking, by a multiplication operator
(factor 2kn) and by the form E, respectively. The eigenvalue problem was calculated to be (4.17). For our concrete
example, ¢»; and ¢, are indeed eigenfunctions for this problem. The eigenvalues are

_ _E@,.9)
2Kl 11

LX(W)

a—2
k

, hence A, = % >0 and 4, = <0. (5.6)

J

For a solution u = v + w of the radiation problem, the propagating function w has the form w = a;p;¢1 + azp-¢».
In particular, when p/, has support in (=L, L), the function w coincides with a multiple of ¢; for x; > L and with a
multiple of ¢, for x; < —L.

Let us now choose a different absorption principle. Referring to (5.2), we consider (u, v), = k* /Wp uvdx with some
positive function p € L*(W). The eigenvalue problem (3.14) takes the form E(¢, ¢;) = A(¢, ¢;), for j = 1, 2. Making
the ansatz ¢ = a;¢; + a,¢; leads to the generalized eigenvalue problem

E(¢1, 1) 0 ar\ _ ;5| {1 P1)p (D1.d2)p | [
0 E(da,d2) |\ a2 )] = 7 [{d2.h1)p (P2, P2)p | \ @2 )~

Two normalized orthogonal solutions to this problem are given by two complex vectors (a;, a,) and (b;, bz). Accord-
ingly, we find new eigenfunctions 1 = a1¢1 + a»¢, and ¢, = b1 + by,. This means that the wave that is outgoing
to the right is, for example, ¢, = a;¢1 + a»¢,. This function is, for a generic coefficient p, neither a multiple of ¢, nor
a multiple of ¢,. The limiting absorption process then provides a radiating solution of the limit problem that uses on
the right the function p; (a;¢1 + a2¢,). It is hence different from the previously obtained limit solution.

We obtain that the radiation condition indeed depends on the choice of the inner product or, in other words, on the
damping mechanism.
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6 | TWO SPACES OF HOMOGENEOUS SOLUTIONS

Let us recall the spaces that were used in the above constructions: The space Y; of (3.12) consists of a;-quasiperiodic
homogeneous solutions,

Y, = Y% = {ueH},j(Q)|(A+k2n)u=0 in Q,u=0 on Ran}.

We recall that {a;|j = 1, ... ,J} C [-1/2,1/2] are the quasi-moments that correspond to nontrivial spaces Y*. In the
above formula, we identified H(},,_ (W) with H;j (€2); the canonical identification is given by the a;-quasiperiodic extension
of a function in H;J(W) (and, vice versa, the restriction to a function on W). We furthermore introduced in (3.13) the
space

J
Y = @Y, c H'(W), identified with Y ¢ H},_ (2) . (6.1)
j=1

It has a basis {¢/|Z =1, ... ,L} with orthogonality E(¢¢, ¢o) =0 for £ # ¢’.

Let us consider another space, the space B of bounded solutions. That space was extensively used in [11] (where it
was named X). In order to impose a boundedness property, we introduce the norm ||Ullsz := sup,czl|Ulw, llz2w,) for
functions U € L2 (Q), where W, := (2z¢,2x¢ + 2x) X S. The space of bounded homogeneous solutions is defined as

loc
B:={U€H, (Q)[(A+KnU=0inQ,U=0 on Rx9S, |U|lq <o} . (6.2)

It is clear that every quasiperiodic homogeneous solutions is a bounded homogeneous solution; hence, Y C B. Our aim
is to show that the spaces Y and B actually coincide.

Before we formulate the corresponding result, we note that an equivalent norm is obtained when we measure the
H'-norm in every cell.

Lemma 6.1 (Equivalent norms). There exists a constant C > 0 such that

sup IUlw, lmw,) < CllUlls. = Csup [[Ulw, llr2qw,) forall U € B. (6.3)
CEL CEL
Proof. The lemma follows from Caccioppoli's inequality for solutions of elliptic problems. O

We can now give the characterization of B.

Theorem 6.2 (Every bounded homogeneous solution is a linear combination of quasiperiodic homogeneous solu-
tions). When Assumption 3.5 holds, then the spaces Y of (6.1) and B of (6.2) coincide,

Y = B. (6.4)

The proofis given in the next subsection. We provide the proofin a more abstract setting such that it covers, e.g., compact
perturbations of periodic media. If the reader wants to see the proof of Theorem 6.2 immediately: It is possible to jump to
the proof of Theorem 6.5 and to read it as a proof of Theorem 6.2.

6.1 | A generalized setting

We write A for the underlying self-adjoint differential operator of second order, defined on some domain Q c R? =
R x R4, In the main part of this text, we treat A = —A — k?n. By contrast, the next result holds also for compact
perturbations of this operator, for example A = —A — k?(n + q) where g has bounded support, or A = =V - (I + Q)V) — k?
where [ is the identity and Q has bounded support. We always assume that the operator is everywhere uniformly elliptic.
The domain Q is assumed to be cylindrical outside a compact set: For some bounded set S ¢ R%"" and some M > 0,
there holds Q N {x||x;| > M} = (R x S) N {x]|x1| > M}. We always assume that the coefficients are 2z-periodic in x; in
the cylindrical parts, more precisely: We assume that there exists a self-adjoint operator A of second order in R x S with

85UB017 SUOWILIOD 3AIER.D 3ol dde 3y} Aq paueA0b 88 s3I YO BSN J0 S3INJ 10} AleIq )T 3UIIUO AB]IA UO (SUOIPUOD-PpUR-SLLBHLIOD" A | 1M ARe.d) 1 )BU UO//STRY) SUORIPUOD Pue swis | 3y} &3S *[7202/60/60] U0 A%eiqi8uliuo /8|1 " INisu| Bunisies Aq SEr0T ewW/Z00T OT/I0p/uoo 3| Im Azeiq iUl |uo//:sdny woiy papeojumod ‘0 ‘9LFT660T



2 KIRSCH and SCHWEIZER
WILEY

2x-periodic coefficients (in x;) which coincides with A in Q N {x||x;| > M}. The space in which we look for solutions is
Hlloc (Q)

We consider the space B corresponding to the elliptic operator A, here defined with the norm ||Ul||sg :=
sup,ez U llmow,):

B:={ueH, (Q)|Au=0in Q,u=0 on 9Q, [lulls < o} .

We emphasize that, due to the equivalence of norms of Lemma 6.1, in the setting of the last subsection, the definition of
B was not changed with respect to (6.2).

In the following, we assume that cut-off functions p,. € C*(R) with p,(x;) = 1 for +x; > 1 and p.(x;) = 0 for +x; < -1
are chosen. Let {¢,|# =1, ... , L} be quasiperiodic homogeneous solutions to the unperturbed operator A in R x S with
homogeneous Dirichlet conditions on R x 9S. For two disjoint sets £* and £~ with LT UL~ = {1, ... ,L}, weset p, = p;
for/e Ltandp, =p_ford e L.

Assumption 6.3 (An abstract existence and uniqueness result). We assume the following on the operator A. For
every right-hand side f € L%(Q), there exist uniquely determined functions v € Hé(Q) andw = Zﬁ’:l prays Py such
thatu =v+w € H, _(Q) satisfies Au = f. The map LZ(Q) 3 f ~ (a»)%_, € Ct is linear and continuous.

We note that Assumption 6.3 is verified in the standard setting of this contribution: For A = —A — k?n on the domain
Q = RxSwith S ¢ R abounded Lipschitz domain, Assumption 3.5 implies Assumption 6.3. This is shown in Theorem
3.12.

For cylindrical domains and periodic coefficients, the space Y is defined in (3.13). When we treat compact perturbations
of this setting (as described above), we have to define the space Y in a different way. We construct as follows: Let § € C?(R)
be any function with 6(x;) = 1 for |x;] > M + 1 and 6(x;) = 0 for |x;| < M. For fixed £ € {1, ... ,L}, we define the
incident field u™(x) := 0(x;)¢,(x) and seek for a solution ¢!, (total field) of A¢’, = 0 in the form ¢!, = u'™® + ¢°; here

@7, is the scattered field, which has to satisfy the radiation condition. Assumption 6.3 allows to solve for u = ¢, since
A}, = [ 1= —A(8¢,) has compact support. Performing the construction of qbf/, for every #, we can define
Y :=span{¢,|¢ =1, .. ,L}. (6.5)

The following lemma provides that the dimension of Y is L.

Lemma 6.4 (Dimension of Y in compactly perturbed setting). The total fields (qb’f)lgSL are linearly independent; there
holds dimY = L.

Proof. Let ¥,,c,¢’, = 0 be a linear combination of the trivial function. We can consider the incident field u™ :=
> ,cs0 ¢, and solve for the corresponding total field u': By linearity of the equation, we find u’ := ) ¢, gb; = 0 with
the scattered field u* := Y ¢, ¢ satisfying 0 = u' = u™ + u°.

On this basis, the principle argument is simple: Up to a H;(€)-function v, each function ¢}, is alinear combination
of the outgoing fields, ¢}, = vs + Y ,,as. s po por; hence, also, u® is essentially a linear combination of the outgoing
fields. On the other hand, ui™® = Y. ,cs0 ¢, contains each field with a factor c,. Let us study # € £~ and a large
(positive) position x; : In the left-hand side of —uin® = y5, the prefactor of ¢, is c; in the right-hand side, it is vanishing.
This shows that ¢, = 0. Similarly, one argues for # € £* by considering positions x; < 0.

We formalize this argument as follows: With v := )’ c,v,, we calculate

—Zcf9¢f =-—u" =u = Zcﬂﬁsf = V+22Cfaff'pf’¢f’
7 7 Az

=v+2 lZCfaf,{/] pe Por = V+de.0f¢f,
1z ¢ 4

where d; 1= Y, ,ax sco. For z = (z1,2) € Q and sufficiently large m € N, we have z; + 2zm > M + 1. Therefore,
using the quasi-periodicity of ¢, and the evaluation point z = (z; + 2zm, Z), we have

- Z cp €M . (7) = v(zy + 27m, Z) + 2 dy e mas (7).
7 fet+
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For a subsequence m — oo, the factors g2nimay converge to some el’e and v(z; + 27m, %) converges to zero. Therefore,

- Z cre” gy — Z cre’ dp = Z dee” ¢y

et reL- ceLt

Since the ¢, are linearly independent, we obtain Zfe ,-Cr e’ ¢, = 0, and hence, ¢, = 0 for £ € L. Analogously, for
m — —oo, we conclude thatc, =0forZ € L*. O

The subsequent theorem provides, in particular, Theorem 6.2.

Theorem 6.5 (Y = B in the abstract setting). When the existence and uniqueness property of Assumption 6.3 hold, then
Y =B

Proof. The inclusion Y C Bis clear. We know that Y has dimension dim Y = L. In order to show B C Y, it suffices to
show dimB < L.

In this proof we use, for arbitrary R > M, the piecewise affine cut-off function 9z : R — [0, 1] with 9z(s) = 1 for
every s € [—-R,R], dgr(s) = O for |s| > R+ 1, affine on [-R — 1, —R] and on [R, R + 1]. We interpret Jg also as a function
on Q by setting Jg(x) := Ir(x1).

Step 1: A representation for the coefficients a,.
Since every coefficient map L2(Q) o f — a, € C is linear and continuous, we can represent this map by an element
&, € LA(Q). We find a family (&7)1<¢<, such that, for every f € L3(Q),

ar = (f. & e = (fX), &0+ x11)) )2 - (6.6)
Step 2: A scalar product with U € B.
We consider an arbitrary element U € B. We want to calculate, for arbitrary f € L2(Q), the inner product { f, U);2().

With this aim, we use the solutionu = v+w € Hlloc (Q) of Au = f in Q; see Assumption 6.3 (or in the concrete
setting of Theorems 6.2 and 3.12). We write, for R - oo,

<f, U)LZ(Q) «— <f, U'9R>LZ(Q) = (Au, U19R>L2(Q) = <AU, U19R>L2(Q) + <AW, U19R>L2(Q)9
and evaluate the terms separately. By the self-adjointness of A,
(Av, UdR)120) = (v, A(UIR))12@) = O (6.7)

as R - oo. The convergence follows from AU = 0, the boundedness of VU in the cells W,, and the decay property
of v. The function w = Z;zl ay pe ¢y satisfies, for U € B and R sufficiently large:

L
(Aw, UdR)r2@) = ) arce with ¢, = (Alpede), Uy - (6.8)
£=1
We therefore obtain 5
(f> Uz = Z Crap. (6.9)
£=1

Step 3: Conclusion.
It remains to insert the representation (6.6) of a, into (6.9). We find

L
(f U = Y, ce{f+ &1+ bl .- (6.10)
=1
Since f was arbitrary, we find
L
UR) = Y cr &)1+ a2 (6.11)
=1
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for all x € Q. We have therefore represented an arbitrary element U € B with the L functions &,(x)(1 + |x;|?). This
implies dim B < L and hence the theorem.

O

6.2 | Finite dimension of B in other settings

We return here to the geometry of the main part of this paper, Q = R x S with S bounded. We note that the space B can be
defined for any (positive) refractive index n € L*(Q) without the assumption of periodicity. We ask: Does B have a finite
dimension? We do not know the answer in the general case.

One particular case can be treated with the above methods. When n € L*(2) coincides with a periodic function n* for
X1 > M and with another periodic function n~ for x; < —M (for some M > 0), then B can be characterization much as
in the previous subsection: B is spanned by the solutions of scattering problems with incident fields (;b;-f (the right-going
modes for index n~) and qb;t (the left-going modes for index n*). In particular, in this case, B is finite dimensional.

Another case that allows to show finite dimensionality of B is the following: Let n € L®(Q) be of the form n(x;,X) =
ni(x;) +ny(%) forx; € Rand X € S. In this case, we can use separation of variables techniques. Let 4; € R and ¢; € H%(S)
be the eigenvalues and eigenfunctions, respectively, of the self-adjoint operator —A — k?n,, that is,

—Ag;(®) — KPny(®) ;%) = 4;¢;(%) in S, ¢;(X) =0 on aS.

Let U € B be an arbitrary element. For every x; € R, the function U(x, -) can be expanded as
UG, %) = ) u;00) ;%)
=1

with some coefficients u;(x;). Inserting this expansion in the differential equation AU + k?n, U + k?n,U = 0 yields
M;,(x1) + (K*n10e) — 4;) u;(x1) = 0 for x; € R.

We know that 4; - oo as j — oo. Therefore, there exists jo € N such that k*n;(x;) — A; < —1 for all j > jo. Since the
equation u” (x;)—a(x;)u(x;) = 0 does not allow any bounded solutions if a > 0, we conclude that only a finite sum appears
in the expansion of U; there holds U € span {u D@ Nji=1, ..., jo}. Since the ansatz functions are independent of
U, we conclude that B has finite dimension.
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APPENDIX A: FORMULAS FOR THE FLOQUET-BLOCH TRANSFORM

We treat here only the one-dimensional Floquet-Bloch transform and write x € R for the variable. With W = (0, 2z) and
I =[-1/2,1/2], the transformation Frp : L>(R) — L*(W xI), u — {i, was defined in (2.2) as the continuous extension of

a0, a) 1= Z u(x + 2zf)eit2m (A1)
el
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forx € W and « € I. An elementary calculation shows that Frg is an unitary transformation to its image:

/ @, a), 9, a)) 2 da = / / D ule+278)v(x + 2zk) e dx da
1 1IW ¢ ke

= [ DD beeutx+276)v(x + 27k) dx (A2)

W rezkez

= / U+ 2z8)v(x + 2x¢)dx = /uf} = (W V)2R)-
W ez R

This also shows that Fgp is well-defined on L*(R).
Vice-versa, for i € L2(W x I), we define, forx € W and k € Z,

u(x + 2rk) = / acx, pe*r dg. (A3)
I

We claim that this operation defines an inverse FF‘T;} : 01 — u. We start by showing FF‘BI oFrp = id. Let u € L*(R) be
arbitrary and let & be defined by (A1). Then, for every k € Z,

/ 0(x, B) e dp = / Z UG + 28) e 1P k2 g g
I Ieer,
= Z Ok U(X + 278) = u(x + 27k);

2=

hence the transformation of (A3) indeed recovers the original function.

It remains to show that FF‘Bl of (A3) also defines a right inverse, FFBOFF‘Bl = id. To this end, we consider an arbitrary
function & € L2(W x I). We fix a point x € W and denote the #-th Fourier coefficient of 4i(x, -) by ¢, € C such that, for
almost every x, there holds @i(x, «) = Zfeche‘“ Zra We consider such a point x € W and evaluate Frp(u) for u given
by (A3),

Z U + 2z¢) e = Z (x, B)el’2mP g g it 2

(el ter 1

= Z coe 7 = fi(x, ).
fez

This shows, in particular, that Frg : L>(R) — L2(W x I) is surjective. We conclude that Frg is an isometry and that the
inverse is given by (A3).

We close this section with a simplified formula for FF‘Bl. When (-, §) is interpreted as a f-quasiperiodic function on R,
there holds &u(x + 27k, f) = Qi(x, §)e***? for every k € Z. With this extension of @i(-, §), formula (A3) for the inverse yields,
for arbitrary y = x + 27k € R,

u(y) 1= / 2y, fdp. (A4)
I

APPENDIX B: EVALUATION OF A COMPLEX INTEGRAL

This appendix deals with an integral that appears in an inverse Floquet-Bloch transformation; see (4.20). For the following
calculations, € > 0 is an arbitrary number. We calculate

£ plox € [cos(axy) + isinax))][Aa + in]
—da = 202 1 2 da
. Aa—in e Aat+n
€ cos(ax € asin(ax
=2in/ ﬁda+2iﬂ/ asin@a) ;.
o A2 +n? o A2a?+n?
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where we used that the integral over odd integrands vanishes. Let us start with an analysis of the first term, using the

substitution a = tn/| 4/,

Y /E cos(ax;) - 2in? [N cos(tnxi /| Al) [ 2i elal/n cos(tnxy /1Al
o A2a?+n? Al Jo 252 + n? Al Jo 1412

In the limit # — 0, we therefore find, for this term,

2in /E cos(ax)) g, , 2 [T 1 4 _xl
o A2a?+n? Al Jo 1+1¢2 (Al

The convergence is uniform in x; on compact subsets of R. The second integral satisfies, as # — 0,

21'/1/6 asin@x) 2/‘ sin(exy) ;o 2/ sint -
o A2a?+n? A Jo a i Jo P

€ elen 27 sint
d A)— —dt
/_E Py a — |ﬂ| [ + sign(4) /0 ]

The convergence is uniform with respect to |x;| < R for every R > 0.

We obtain, as# — 0,

dt.

(B1)
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