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Abstract

The Large Hadron Collider (LHC) at CERN near Geneva is the largest and most energetic
particle accelerator existing. It collides protons, which are composite objects made of
quarks and gluons, bound together by the strong force. Their interactions are governed
by quantum chromodynamics (QCD). The relation between the incoming proton as a
bound state and its single constituents is empirically described by parton distribution
functions (PDFs), which therefore appear in every calculation of theoretical predictions
for LHC processes. The extraction of these PDFs from measured data involves computing
time expensive iterative procedures. Hence, to produce results in reasonable time, a very
eicient and lexible setup is needed. The APPLfast project fulills these requirements by
using grid interpolation, thereby allowing for an a posteriori choice of a set of PDFs or value
of the strong coupling. This thesis explains the general logic of the project and uses the
code for calculations of dijet production at next-to-next-to-leading order in QCD, including
the full color structure. Based on these calculations the value of the strong coupling is
determined from experimental data taken at the LHC, yielding �� (�� ) = 0.1176 ± 0.0014.

Other than that, the LHC is the place where the Higgs boson was discovered in 2012. Since
then, the properties of this particle are studied with great eagerness, trying to test whether
it behaves like predicted by the Standard Model (SM) of particle physics. Deviations
from the SM can be described with Efective Field Theory (EFT), which is used in this
thesis to examine possible non-SM efects in Higgs plus one jet production. Calculations
at next-to-leading order in QCD including the full top mass dependence are made both
within and beyond the SM, in the framework of non-linear EFT, showing that sizable and
possibly measurable deviations from the SM can arise for high values of the Higgs boson
transverse momentum.
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Zusammenfassung

Der Large Hadron Collider (LHC) am CERN in der Nähe von Genf ist der größte und
energiereichste existierende Teilchenbeschleuniger. Er kollidiert Protonen miteinander,
welche aus Quarks und Gluonen bestehen und durch die starke Kraft gebunden werden.
Ihre Wechselwirkungen werden durch die Quantenchromodynamik (QCD) bestimmt. Die
Beziehung zwischen dem einlaufenden Proton als gebundenem Zustand und seinen einzel-
nen Bestandteilen wird empirisch durch Partonverteilungsfunktionen (PDFs) beschrieben,
die daher in jeder Berechnung theoretischer Vorhersagen für LHC-Prozesse auftauchen.
Die Extraktion dieser PDFs aus gemessenen Daten erfordert rechenzeitintensive iterative
Verfahren. Um Ergebnisse in angemessener Zeit zu erhalten, ist daher ein sehr eizienter
und lexibler Algorithmus erforderlich. Das APPLfast Projekt erfüllt diese Anforderungen,
indem es Interpolation einsetzt und damit eine a posteriori Wahl der PDFs und des Wertes
der starken Kopplung ermöglicht. In dieser Arbeit wird die allgemeine Logik des Projekts
erläutert und der Code für Berechnungen von Dijet-Produktion in übernächst-führender
Ordnung in QCD verwendet, wobei die volle Farbstruktur inkludiert ist. Basierend auf
diesen Berechnungen wird der Wert der starken Kopplung aus am LHC gemessenen
Experimentaldaten bestimmt, es ergibt sich �� (�� ) = 0.1176 ± 0.0014.

Darüber hinaus ist der LHC der Ort, an dem 2012 das Higgs-Boson entdeckt wurde. Seitdem
werden die Eigenschaften dieses Teilchens mit großem Eifer untersucht, um zu testen,
ob es sich so verhält, wie es das Standardmodell (SM) der Teilchenphysik vorhersagt.
Abweichungen vom SM können mit Hilfe von Efektiver Feldtheorie (EFT) beschrieben
werden, die in dieser Arbeit verwendet wird, um mögliche Nicht-SM-Efekte bei der
Produktion eines Higgs-Bosons in Verbindung mit einem Jet zu untersuchen. Im Rahmen
der nichtlinearen EFT werden Berechnungen in nächst-führender Ordnung in QCD und
unter Einbeziehung der kompletten Top-Massen-Abhängigkeit sowohl innerhalb des SM
als auch darüber hinaus durchgeführt, welche zeigen, dass erhebliche und möglicherweise
messbare Abweichungen vom SM für hohe Werte des Transversalimpulses des Higgs-
Bosons auftreten können.
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1. Introduction

Around 1900, Lord Kelvin famously said: "There is nothing new to be discovered in physics
now. All that remains is more and more precise measurement." The last century has proven
this statement immensely wrong, since it came with many great discoveries and allowed
us to construct and extensively test both Quantum Mechanics and Quantum Field Theory.
Both of these concepts have greatly enriched mankind’s capability to understand and
describe nature. Many scientist’s ingenuity allowed for technological advances that always
made better experiments possible, led to the formulation of more complete theories and
the development of more versatile and eicient tools. This journey, which began with the
discovery of quantum efects more than a hundred years ago, is far from over today.

A major outcome of these past decades of discoveries is a general model describing the
fundamental particles matter is made of and their interactions, called the Standard Model
(SM) of particle physics. The SM answers many questions modern physics asks and
has been intensively tested experimentally. Since the discovery of the Higgs boson in
2012, it is considered complete. However, many phenomena are not described within this
model, which makes extensions of it or a completely new theory necessary. Since the
SM is immensely successful in very precisely predicting the phenomena it can describe,
one is inclined not to overthrow it altogether. Given that we know of the existence of
observations beyond the reach of the SM, this has two consequences: First, it has to be
determined where exactly this reach of the SM ends. Second, possible efects stemming
from physics beyond the SM have to be parametrized and calculated, such that a targeted
experimental search can be conducted. This thesis tries to tackle both of these ends.

This document is structured as follows: In chapter 2 we introduce the Standard Model,
its particle content, the interactions described by it and how they arise from symmetry
requirements with respect to quantum numbers called charge, isospin and color. As
mentioned in the previous paragraph, this model is the basis of modern particle physics.
In chapter 3 we outline the techniques used to calculate and predict observables for
collider experiments and the subtleties that come with them, including perturbation
theory, factorisation, renormalisation and coninement. In chapter 4 we motivate and
explain the concept of Efective Field Theories (EFTs) and clarify the diferences between
the linear and non-linear types. Now that the introduction is done, we describe how
observations at hadron colliders depend on parton distribution functions (PDFs) and the
precise determination thereof and present a solution of how to mitigate the efect of this
bottleneck in chapter 5. Here we also discuss the structure of the strong interaction and
quantum chromodynamics (QCD) and present calculations for the production of two QCD
inal states (so-called jets) at the ATLAS and CMS experiments. Together with data from
said experiments, we determine the value of the strong coupling at next-to-next-to-leading
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1. Introduction

order in perturbation theory, taking into account all color conigurations. In chapter 6 we
go beyond the SM and study the production of a Higgs boson and jet within non-linear
EFT at next-to-leading perturbative order, taking into account the top mass with its actual
value instead of approximating it to be ininitely large (so-called heavy top limit). Finally,
chapter 7 concludes the thesis and gives a perspective for future research to be done.

All throughout this work natural units are used, i.e. ℏ = � = �0 = �0 = �B = 1.
Unless explicitly stated otherwise, an index appearing twice is summed over.
All other notations shall be explained at the moment they are used for the irst time.
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2. The Standard Model of Particle Physics

The laws of physics are - at least to our current understanding - governed by four funda-
mental forces: Electromagnetism and gravitation are present in our everyday lives, such
that a more precise introduction can be omitted at this point. The other two, the so-called
strong and weak forces, control how nuclei are built and decay. On the distance and energy
scales of particle physics, gravitation plays a very negligible role. Particle masses being
very tiny compared to those of planets, stars and other astronomical objects, the efects of
gravity are most often ignored when discussing particle interactions. For the other three
forces there exists a very general and immensely successful model, the Standard Model
(SM) of particle physics. It organizes matter constituents and interactions in the sense of a
gauge theory [1ś4].

2.1. Particle content of the Standard Model

The Standard Model is populated by matter particles (fermions, spin 1
2 ) interacting via

force carriers (gauge bosons, spin 1) and the Higgs ield (also a boson, spin 0). A pictorial
representation of this arrangement can be found in igure 2.1, explanations of its content
follow in the subsequent sections.

2.1.1. Fermions

In total there are 12 fermions, half of which are quarks and the other half are leptons. Both
of these types exist in three so-called generations, difering from each other only by their
masses. In every generation, there is a positively (+2

3 ) and negatively (-13 ) charged quark
(up/down, charm/strange, top/bottom), a negatively (-1) charged lepton (electron, muon,
tau) and a chargeless neutrino. Other than the electromagnetic charges, all left-handed
chiral versions of these particles carry weak isospin, and all quarks have yet another
quantum number called color, which can have three diferent values.

2.1.2. The gauge group of the Standard Model

With respect to the aforementioned properties (charge, isospin and color) the fermions
obey symmetries, which are described mathematically by Lie groups. Quarks form triplets
under the group �� (3)C, including all three values of the color quantum number. They
never show up alone, but always as bound states that add up to "white". Left-handed
fermions of any kind (both quarks and leptons) form doublets under �� (2)L and their
weak isospin is conserved. Finally, all fermions have a weak hypercharge that is conserved
under� (1)Y, such that the SM in total has the gauge group �� (3)C × �� (2)L × � (1)Y.

3



2. The Standard Model of Particle Physics

Figure 2.1.: Pictorial representation of the particle content of the Standard Model. Quarks
are shown in purple, leptons in green, gauge bosons in red and the Higgs boson
in yellow. [5]

The latter two symmetries are spontaneously broken to the electromagnetic � (1)Q when
the Higgs ield acquires a non-vanishing vacuum expectation value (VEV); further details
on this will be discussed later in section 2.3. The relation between their group generators
and quantum numbers is given by the Gell-MannśNishijima formula,

� = �3 +
�

2
, (2.1)

where �3 is the �-component of the weak isospin, � is the weak hypercharge and � the
electromagnetic charge. Sometimes a diferent normalisation for � is used where the factor
1
2 is absent. Throughout this thesis we will stick to the notation including this factor, such
that the Standard Model Higgs ield has � = 1.

2.1.3. Bosons

In order to keep the symmetries intact at every spacetime point (local gauge theory), one
has to introduce gauge bosons. These live in the adjoint representation of the group the
belong to, meaning that there are eight for �� (3)C, three for �� (2)L and one for � (1)Y.
The irst eight remain unchanged and appear as the eight massless gluons. The latter four
mix under the efect of electroweak symmetry breaking (see section 2.3) and result in the
� ±, � and photon � , only the last of which remains massless.

In addition to the gauge bosons, all of which have spin 1 due to group theoretical
properties, there is one more boson with spin 0. The Higgs boson, named after Peter Higgs
who was one of the theorists postulating it [6ś9], was originally introduced in order to
solve unitarity problems in longitudinal vector boson (i.e. spin 1 boson) scattering. Via
the mechanism of spontaneous symmetry breaking it is also responsible for the existence
of particle masses.
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2.2. Lagrange densities

2.2. Lagrange densities

The dynamics of particles is usually encoded in a Lagrange density (in the following
mostly called "Lagrangian"), which in the case of the Standard Model can be written and
decomposed as follows:

LSM = LBoson + LFermion + LHiggs + LYukawa + LGauge (2.2)

LBoson = −1
4
����

�� − 1

4
� �
���

�,�� − 1

4
�����

�,�� (2.3)

LFermion = � Ψ� �
���Ψ� (2.4)

LHiggs =
1

2

(
�̃�Φ

)† (
�̃�

Φ

)
− �2

2
Φ
2 − �

4
Φ
4 (2.5)

LYukawa = −�� � Ψ�,� ΦΨ�,� − �̃� � Ψ�,� Φ̃ Ψ�,� + h.c. , (2.6)

where

�� = �� − ��′��� − ����� �
� �L − �������� (2.7)

�̃� = �� − ��′�� − ����� �
� (2.8)

is the covariant derivative in its most general form. In this deinition, �L is the left-handed
projector, �� = 1

2�
� are the generators of �� (2) with �� being the Pauli matrices,�� = 1

2�
�

are the generators of �� (3) consisting of the Gell-Mann matrices �� and � is the weak
hypercharge, where we already plugged in � = 1 for the Higgs ield in (2.8).

The objects in (2.3) are the ield strength tensors which can be calculated from commu-
tators of covariant derivatives and read

��� = ���� − ���� (2.9)

� �
�� = ���

�
� − ��� �

� + � ����� �
��

�
� (2.10)

���� = ���
�
� − ����� + �� � ��� ������ . (2.11)

�� ,�
�
� and ��� are the gauge bosons of� (1)Y, �� (2)L and �� (3)C, respectively, and ����

and � ��� are the structure constants. Ψ� and Ψ� are (anti-)fermions of lavour � or � , Φ is
the Higgs doublet and Φ̃ is the charge conjugated Higgs doublet Φ̃ = ��2 Φ∗. �� � and �̃� � are
the Yukawa matrices, which will be explained in greater detail in section 2.4. The explicit
form of the gauge ixing and ghost interaction terms in LGauge is not of major importance
for the discussion in the following chapters of this thesis and will thus not be given.

2.3. Electroweak symmetry breaking

From (2.5) one can read of the Higgs potential:

� (Φ) = �2

2
Φ
2 + �

4
Φ
4. (2.12)
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2. The Standard Model of Particle Physics

If �2 < 0, the minimum of this potential is not reached for ∥Φ∥ = 0, but rather for

∥Φ∥ =
�√
2
=

︃
−�2
�
. This so-called vacuum expectation value (VEV) is � ≈ 246GeV. As

this new ground state is not invariant under �� (2)L transformations the symmetry is
spontaneously broken. This breaking is responsible for the� ± and � bosons to acquire
masses while on the other hand the electromagnetic symmetry� (1)Q is unbroken and the
corresponding gauge boson - the photon - remains massless. The boson mass generation
can be described more rigorously by the Goldstone theorem [10ś16]: For every generator
of a group that is spontaneously broken, one massless boson arises. In the case at hand,
the number of broken generators is three.

Before symmetry breaking, the Higgs ield has four degrees of freedom as it is a complex
doublet. It can be written as

Φ =

(
1√
2
(�1 + ��2)

1√
2
(� + ℎ + �� )

)
. (2.13)

By a suitable gauge transformation (unitary gauge) three of the components of this doublet
can be set to zero:

ΦUnitaryGauge =

(
0

1√
2
(� + ℎ)

)
. (2.14)

As the �� (2)L symmetry is local, we can ind such a suitable transformation at every
spacetime point. After symmetry breaking this is not the case anymore and the three
degrees of freedom that corresponded to the transformation of gauging away the Goldstone
modes �1, �2 and � are absorbed into the gauge ields, which means they get massive.
The exact value of these masses can easily be calculated by inserting (2.14) into (2.5):

�� =
� �

2
and �� =

�
︁
�2 + �′2
2

. (2.15)

The formula for the � mass already shows that the � boson is a linear combination of a
�� (2)L and a� (1)Y gauge boson. The relation between electroweak bosons before and
after symmetry breaking is as follows:

� ±
=

1√
2
(�1 ∓ ��2) and

(
�

�

)
=

(
cos�� sin��
− sin�� cos��

) (
�

�3

)
. (2.16)

The photon � , denoted by the electromagnetic four-potential �, is a superposition of the
same �� (2)L and � (1)Y gauge ields the � consists of, but its coeicients are such that it
remains massless after symmetry breaking,�� = 0.

2.4. Yukawa Lagrangian and quarkmixing

The Yukawa Lagrangian was already introduced in (2.6), nowwe rewrite it using a diferent
notation: � labels the doublet of left-handed leptons,� is the doublet of left-handed quarks,

� :=

(
��
��

)
and � :=

(
��
��

)
. (2.17)
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2.4. Yukawa Lagrangian and quark mixing

The symbols �� , �� ,�� and �� stand for left-handed neutrinos, charged leptons, up-type
and down-type quarks, respectively. Analogously, right-handed up-type quarks will be
called�� , right-handed down type quarks are written as�� . Right-handed charged leptons
are labeled as �� , whereas right-handed neutrinos are not present in the SM. With this
labeling the Yukawa Lagrangian reads

LYukawa = −� (�)
� � �� Φ��,� − �

(�)
� � �� Φ��,� − �

(�)
� � �� Φ̃��,� + h.c. . (2.18)

In the Higgs vacuum,

⟨Φ⟩ =
(
0
�√
2

)
and ⟨Φ̃⟩ = ��2 ⟨Φ∗⟩ =

( �√
2

0

)
, (2.19)

(2.18) simpliies to

LYukawa = − �√
2

(
�
(�)
� � ��,� ��,� + �

(�)
� � ��,� ��,� + � (�)

� � � �,� ��,�

)
+ h.c. . (2.20)

When the Yukawa coupling matrices �� � are diagonalised we ind that (2.20) generates
fermion mass terms. Let �̂� � denote the diagonal Yukawa matrices being related to the
non-diagonal ones via

� (�)
= Ω

(�) † �̂ (�) � (�), (2.21)

wherein Ω
(�) and � (�) are unitary matrices and � ∈ {�, �,�}. Absorbing these matrices

into redeinitions of the fermionic ields,

�� → �′� = Ω
(�) �� , �� → �′

� = Ω
(�) �� , �� → � ′

� = Ω
(�)�� , (2.22)

�� → �′� = � (�) �� , �� → �′
� = � (�) �� , �� → � ′

� = � (�)�� , (2.23)

yields the mass Lagrangian for charged leptons and quarks:

LYukawa = − �√
2

(
�̂
(�)
� � �

′
�,� �

′
�,� + �̂

(�)
� � �′

�,� �
′
�,� + �̂

(�)
� � � ′

�,� �
′
�,�

)
+ h.c. . (2.24)

This redeinition of ields has consequences for interaction terms with� ± bosons. The
corresponding Lagrangian can be extracted from (2.4) by applying the rules of spontaneous
symmetry breaking (2.16):

L� = − �√
2
� +
� � �,� �

� ��,� −
�√
2
� −
� ��,� �

���,� . (2.25)

When the same redeinition of fermions (2.22) and (2.23) is inserted into this interaction
Lagrangian it yields

L′
� = − �√

2
� +
� �

′
�,� �

� �′
�,�

(
Ω

(�)
Ω

(�) †
)
� �
− �√

2
� −
� �

′
�,� �

�� ′
�,�

(
Ω

(�)
Ω

(�) †
)
� �

= − �√
2
� +
� �

′
�,� �

� �′
�,� (�CKM)� � −

�√
2
� −
� �

′
�,� �

�� ′
�,�

(
� †
CKM

)
� �

(2.26)

with the Cabibbo-Kobayashi-Maskawa matrix �CKM := Ω
(�)

Ω
(�) †.

An important property of this matrix is that the of-diagonal elements, which induce
mixing among quarks of diferent generations, are very tiny and such interactions therefore
strongly suppressed. Moreover, the fact that it has a non-vanishing complex phase is
responsible for the existence of CP-violation in the weak sector of the SM.
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3. Perturbation Theory and Higher Orders

The Standard Model described in the previous chapter is of course not only a theoretical
concept, but has been validated extensively by all sorts of experiments. Among those,
colliders are most frequently used. In order to investigate the properties of fundamental
particles and interactions and compare them to the predictions of the SM, observables have
to be deined, calculated theoretically and measured experimentally. The tool most often
used for such calculations is perturbation theory, i.e. expanding the amplitude of a process
in powers of the coupling constant or, equivalently, the number of interaction vertices.
This approach, however, is not applicable to the whole chain of reactions happening at
a hadron collider like the LHC, because perturbativity breaks down in scenarios with a
large coupling, as is the case for the binding energy of the proton.

3.1. Factorisation theorem

In order to calculate any observable quantity - like total or diferential scattering cross
sections or decay widths - for the LHC, one has to circumvent the fact that the binding
of the proton cannot be understood analytically. The interactions of its constituents, i.e.
quarks and gluons, on the other hand can be treated in such a way by the means of a
perturbative expansion. Therefore, one separates the perturbative so-called hard scattering
of those fundamental particles inside the proton from the binding itself, using

���→� =

︁
�,�

∫ 1

0
d��

∫ 1

0
d�� �� (��, �� ) �� (��, �� ) · ���→� (��, ��, ��, �� ) . (3.1)

This formula is known as the factorisation theorem and connects the cross section of two
protons producing an arbitrary inal state � , ���→� , with the cross section of two partons
� and � resulting in the same inal state, ���→� . In order to get the full result, i.e. the left
side of (3.1), one has to sum over all possible types of partons, i.e. gluons and all six types
of quarks, and integrate over their momentum with reasonable weighting functions. ��
and �� refer to the momentum fraction carried by the relevant parton, meaning that its
momentum is �� = �� � with � being the momentum of the proton it comes from, and
equivalently �� = �� � . The factorisation scale �� can be understood as the energy at
which the proton breaks apart into its constituent partons, whereas the renormalisation
scale �� is an artifact coming from higher order efects to be discussed in section 3.3.

�� (��, �� ) and �� (��, �� ) are the parton distribution functions (PDFs) which give the
probabilities that at an energy scale �� a parton of type � (or �) is found with a momentum
fraction �� (or ��) of the proton. Unlike the hard scattering cross section ���→� , the
PDFs cannot be calculated from irst principles, but must be itted from comparison to

9



3. Perturbation Theory and Higher Orders

experimental data. They are universal, i.e. independent of the process, and their evolution
with respect to the scale �� can be computed perturbatively following the Dokshitzer-
Gribov-Lipatov-Altarelli-Parisi (DGLAP) equations [17ś19].

3.2. Perturbative expansion

Observables like cross sections and decay widths are calculated from (squared) transition
amplitudes, the latter of which can be depicted in a diagrammatic way. In this section we
will use this intuitive pictorial approach to explain the mathematical foundations beneath
it. For the sake of simplicity we discuss a (non-realistic) toy model with the following
Lagrangian:

L = L0 + Lint with L0 =
1

2
(���) (���) −

�2

2
�2 and Lint = −� ��

3!
�3 . (3.2)

The two terms in L0 give the ield � a propagator and mass, whereas Lint introduces
interactions of 3 particles of the same type, i.e. a vertex. In order to calculate the probability
amplitude for a certain scattering process to happen, we have to calculate the matrix
element of a time-ordered exponential of this interaction Lagrangian between the initial
and inal state:

�� � = ⟨� |� exp

(
�

∫
d4� Lint(�)

)
|�⟩ . (3.3)

Since the exponential can be expanded in a Taylor series as exp(�) = 1 + � + �2

2 + O
(
�3

)
this can be rewritten into

�� � = ⟨� |�⟩ +M� � with

M� � = ⟨� |�
(
�

∫
d4� Lint(�)

)
|�⟩ (3.4)

−1
2
⟨� |�

(∫
d4�

∫
d4� Lint(�) Lint(�)

)
|�⟩ + O

(
�3

)
. (3.5)

In order for a two-by-two scattering process to happen we need at least two vertices,
i.e. two insertions of Lint. For such a process (3.4) does not give a contribution, the
resulting matrix element is simply zero, whereas (3.5) leads to diagrams like the one in
igure 3.1. This is, however, not the only contribution: Any even power of Lint will lead to
non-vanishing results, some of which for order 4 are shown in igure 3.2.

Figure 3.1.: Example diagram for a two-by-two particle scattering process at tree level.
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3.3. Renormalisation

Figure 3.2.: Example diagrams for two-by-two particle scattering processes at one-loop
level. The loop can either show up as a correction to a vertex (1 and 3) or to
the internal propagator (2). Self energy corrections (i.e. loops in the external
legs) are omitted for simplicity and not relevant for the argument at hand.

It is obvious that this expansion does, in general, never end, but has to be truncated in
order to calculate a inite result. Taylor’s theorem guarantees that the remainder neglected
with such a truncation after the �-th term is only of the order ��+1, which is suiciently
small for any for � ≪ 1. For the process at hand we can write

M2→2 = �
2M (LO) + �4M (NLO) + O

(
�6

)
, (3.6)

where M (LO) includes all diagrams without loops, also called tree level, and M (NLO)

includes all one-loop graphs. The abbreviations stand for leading order (LO) and next-to-
leading order (NLO) and can analogously be expanded to any higher order, e.g. NNLO as
next-to-next-to-leading order, N3LO as next-to-next-to-next-to-leading order and so forth.
Since observables like the cross section � depend on the absolute square of this probability
amplitude,

� ∼
∫

dΦ |M|2 , dΦ being the inal state phase space, (3.7)

it is convenient to deine �� :=
�2

4� and write

� = ��

(
� (LO) + ��� (NLO) + �2��

(NNLO) + O
(
�3�

) )
. (3.8)

(3.8) is a very general formula, not only applicable to this toy model used for illustration,
but also to actual SM processes. For the strong interaction, also known as quantum
chromodynamics (QCD), only the naming is diferent: the coupling is not called � but ��

and the expansion of observables is done with respect to �� :=
�2�
4� .

3.3. Renormalisation

Only in very few cases the LO theoretical prediction is precise enough to keep up with
experimental accuracy; for many processes of QCD, NLO and NNLO calculations are
needed. As shown in igure 3.2, the Feynman diagrams associated with such calculations
contain loops, the internal momenta of which are ixed by neither boundary conditions nor
momentum conservation constraints. To account for all possibilities one has to integrate
over the whole phase space. A simple bubble as shown in igure 3.3 leads to an integral of
the following sort:

�0 =

∫
d4�

(2�)4
1

[�2 −�2 + ��] [(� + �)2 −�2 + ��] . (3.9)
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3. Perturbation Theory and Higher Orders

p

k + p

k

p

Figure 3.3.: The bubble integral diagram with external momentum � and loop momentum
� . For simplicity all propagators are scalar and of the same mass�.

The problem with this integral is that it does not converge at the upper limit |� | → ∞. This
phenomenon is known as ultraviolet (UV) divergence, since large momenta correspond to
short wavelengths. Counting the powers of |� | yields

�0 ∼
∫ ∞ d|� | |� |3

|� |4 =

∫ ∞ d|� |
|� | ∼ log (∞) , (3.10)

a so-called logarithmic divergence. The standard approach to circumvent this problem
is dimensional regularisation (DR) [20], which means to perform the integral not in 4
spacetime dimensions, but in � = 4 − 2� ones, then take the limit � → 0 later. There exist
multiple other possible schemes, but only DR leaves both the Lorentz and gauge invariance
of the integrals intact, thus allowing to still make use of Ward identities. Before taking the
limit, the structure of the integral is

�0 =

∫
d��

(2�)�
1

[�2 −�2 + ��] [(� + �)2 −�2 + ��] =
1

�
�divergent + �inite + O (�) . (3.11)

It is important to keep in mind that the two epsilons appearing in (3.11) are strictly diferent
objects: � assures the causality of the propagators, whereas � is the dimensional regulator.
The result of the above integral has been calculated in [21], but is not important for the
discussion at this point. Even without knowing the precise form it is obvious that in order
to get a inite result one has to get rid of the irst term, which is divergent in the limit
� → 0. This can be achieved by the introduction of counter terms, as outlined in the
following subsection 3.3.1.

Shifting the dimensionality of the integral or, in general, the physical phase space
brings some subtleties into the calculation. In natural units the action is per deinition
dimensionless. From this follows that in � spacetime dimensions any Lagrangian has
to have mass dimension � . Normally, bosonic ields (both scalar and vectorial ones) as
well as derivatives have dimension one, [�,��, ��] = 1, fermionic ields have dimension 3

2 ,
[Ψ] = 3

2 , and couplings of any sort (Yukawa, gauge, scalar potential) are dimensionless,
[�,�, �] = 0. Needless to say, masses have mass dimension one, [�] = 1, thus the name. If
now � = 4 − 2� ≠ 4, all of this shifts according to table 3.1. Most importantly, couplings
are not dimensionless any more. One can, however, still deine a dimensionless quantity �̃
using � = � �

�
�̃, where �� is the renormalisation scale.

12



3.3. Renormalisation

Object 4 dimensions � dimensions

scalar ield � 1 1 − �
vector ield �� 1 1 − �
derivative �� 1 1
spinor ield Ψ

3
2

3
2 − �

coupling �,�, � 0 �

mass� 1 1

Table 3.1.: Mass dimensions of diferent objects compared in 4 and in � = 4− 2� spacetime
dimensions. The � here is the trilinear coupling in the interaction term of (3.2),
not the quartic coupling in (2.5). The latter one is also dimensionless in � = 4,
but has dimension 2� in � = 4 − 2�.

3.3.1. Counterterms

For the sake of clarity and simplicity we go back to a toy model similar to the one deined
in (3.2):

L =
1

2
(���) (���) −

�2

2
�2 − �

4!
�4 . (3.12)

This time, however, we include a quartic coupling instead of a trilinear one in the interaction
term, similar to (2.5), since it is the more realistic scenario. In this case, as written below
table 3.1, the coupling has mass dimension 2� in � = 4 − 2�.

The following calculation relies on the simple basic assumption that divergent quantities
can be expressed as a product of a divergent prefactor and a inite renormalised version of
said quantity. Following the discussion in [1] we deine

�2
0 = ���

2
= (1 + ��)�2 , �0 = �� �

2�
� � = (1 + ��) �2�� � and �0 =

︃
�� � . (3.13)

Everything with index 0 is called a bare quantity; the bare Lagrangian then looks like

L0 =
1

2
(���0) (���0) −

�2
0

2
�2
0 −

�0

4!
�4
0 (3.14)

=
1

2
�� (���) (���) − �� (1 + ��)

�2

2
�2 − � 2

� (1 + ��) �
2�
�

�

4!
�4 . (3.15)

Ultraviolet divergent terms, e.g. the 1
�
pole of integrals like (3.11), can be absorbed into the

constants �� with � =�, � or �� , such that the masses, couplings and ields themselves
remain inite. There are multiple ways of deining this absorbtion, i.e. diferent renor-
malisation schemes, the most common of which are minimal subtraction (MS), modiied
minimal subtraction (MS) and the on-shell scheme (OS). The exact form of �� and �� at
one-loop level in the irst two of these schemes can be found in [1].

3.3.2. Infrared divergences

Non-convergent integrals for large loop momenta are not the only source of divergences.
Not only the upper edge, |� | → ∞, can lead to problems, but also the lower edge, |� | → 0,

13



3. Perturbation Theory and Higher Orders

Figure 3.4.: Example diagrams for two-by-two particle scattering processes with additional
radiation from either initial (1 and 2) or inal state legs (3 and 4).

can do so. Other than these purely mathematical subtleties, also experimental aspects
inluence the result. It might happen that an additional particle is radiated of one of the
external legs of the process observed, but is not resolved because it is either collinear to
the other particle it came from (collinear divergence) or has very close to zero energy
(soft divergence). In a two-by-two scattering process, there are four legs from which such
radiation can arise, as shown in igure 3.4. The origin of the divergence can be easily
explained. If a particle with momentum � radiates of another particle with momentum � ,
the Feynman diagram contains one more internal propagator:

propagator ∼ 1

�2 −�2
=

1

(�′ + �)2 −�2

massless
=

1

2�′ · � =
1

2��′�� (1 − cos� ) , (3.16)

which is clearly divergent in the limit � → 0 (collinear) or �� → 0 (soft). Fortunately,
the KLN theorem [22, 23] helps to clean up most of these divergent parts. It states that
soft and collinear poles from unresolved additional radiation (so-called real contribution)
cancel with infrared poles from loop integrals (so-called virtual component). However, a
few singularities from radiation collinear to one of the initial state partons of the process
(so-called initial state radiation, ISR) remain even after summing up the real and virtual
parts; these can be removed by absorbing them into the deinition of the PDFs.

3.4. Running couplings

As mentioned in section 3.3, coupling constants are not dimensionless any more when
using dimensional renormalisation. A redeinition like in (3.13) allows to still end up with
a dimensionless quantity, but comes with the price of a dependence on the renormalisation
scale �� [24, 25]. The evolution of the coupling with respect to this scale is described by
the renormalisation group equation

��
d��
d��

= � (��) (3.17)

with the �-function on the right hand side. At one-loop level the QCD �-function reads

� (��) = −�0
�2�
2�

+ O (higher orders) with �0 = 11 − 2

3
� � (3.18)

and � � being the number of active colored quark lavors. Plugging (3.18) into (3.17) yields
the solution

�� (��) =
�� (�)

1 + �� (�)
2� �0 log

(
��
�

) . (3.19)
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3.4. Running couplings

Knowing the value of �� at one scale, e.g. �� (�� ), thus allows to calculate its value at any
other energy via a simple formula. At high energies this relation can be approximated as

�� (��) =
4�

�0 log

(
�2
�

Λ
2
QCD

) (3.20)

with ΛQCD ≈ 210MeV for � � = 5 (valid at energies above the bottom mass, but below

the top mass) in the MS renormalisation scheme [26, 27]. The dependence on �� is not
physical, but merely a remnant of the perturbative series being truncated. The more higher
order corrections are included in the calculation, the less it gets. Since one can, however,
never include all orders and has to truncate somewhere, a suitable scale has to be chosen
for every process. For decay processes, for example, a natural choice is to set the scale
equal to the mass of the decaying particle.

3.4.1. Confinement and bound states

The running of the coupling constant has severe consequences for the physical processes
mediated by the strong force. Since (3.20) shows �� to be rapidly decreasing for large �,
the interactions between quarks and gluons become very weak at high energies. This
feature is called asymptotic freedom and allows for highly precise perturbative calculations
at high energies, i.e. short distances. On the other end of the spectrum, at low energies, i.e.
long distances, the force becomes very strong, thus enabling bound states to form. Here,
quarks and gluons can never be observed as free particles, but always group up such that
the resulting bound state is color neutral. This efect is known as color coninement and is
a common feature of non-abelian gauge theories.
When mesons (bound states of a quark and an antiquark) or baryons (bound states of

three quarks) are tore apart, it is energetically disfavored for the quarks to stay unbound.
Instead, particle-antiparticle pairs are created from the vacuumuntil there are only colorless
bound states again. Experimentally this can be observed when quarks or gluons are
produced: The inal state will not consist of them individually, but results in a stream of
color neutral hadronic particles, a so-called jet.
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4. Efective Field Theory

Efective Field Theory (EFT) is a tool to describe phenomena at low energies in a way
agnostic of the details of their origin. It allows for the mathematical description of inter-
actions which might stem from heavier particles. A classical example for an EFT within
the SM is Fermi Theory, which can be used in the calculation of the muon’s decay width.
There is only one channel this decay can happen through, �− → �−���� , the Feynman
graph of which is depicted in the left half of igure 4.1. Given that the energy scale of
the process - basically the muon mass - is far below the mass of the� boson mediating
the decay one can integrate out the latter, resulting in an efective four-fermion-vertex as
can be seen in the right half of the same igure 4.1. In terms of the amplitude this means
neglecting the momentum � lowing through the� propagator,

Ψ��

(
��√
2
��

1−�5
2

)
Ψ�

(
−����
�2−�2

�

)
Ψ�

(
��√
2
��

1−�5
2

)
Ψ�� (4.1)

�2≪�2
�

=⇒ −� �F√
2
Ψ�� �

� (1 − �5) Ψ� Ψ� �� (1 − �5) Ψ�� , (4.2)

with the Fermi constant �F√
2
=

�2

8�2
�

. Counting the mass dimensions (in four spacetime

dimensions) in (4.2) shows a typical feature of an EFT: The operator itself (i.e. the inter-
acting ields, spinor and Lorentz structure) has dimension six, the prefactor dimension
minus two. It is usual that EFT operators have mass dimension larger than four, which is
why the coeicient needs negative mass dimension to end up with a total of four in the
end, leading to the desired dimensionless action. From this structure it follows that the
efects of the operator are suppressed by the scale in the denominator of the prefactor,
in the case at hand the� mass. Far below that scale it is save to do calculations within
the EFT. However, once the energy of a process approaches or even surpasses this scale,
the approximations made by the efective theory - i.e. integrating out internal particles -
become inaccurate and the underlying full theory has to be used.

In cases where physics beyond the Standard Model is studied, the full theory is not
known. The impact of efective operators being added to the SM Lagrangian is then often
interpreted as remnants of heavy particles yet to be discovered. According to the structure
and rules such operators must comply with, a distinction can be made between two
diferent types of EFTs: The linear one, which orders operators with respect to canonical
mass dimension, will be described in section 4.1; the non-linear one, using the more
abstract concept of chiral dimensions for accounting, is introduced in section 4.2. The work
presented in chapter 6 of this thesis happens in the realm of non-linear EFT and heavily
relies on the logic thereof.
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4. Efective Field Theory

4.1. Standard Model Efective Field Theory

The Standard Model has two types of symmetries: On the one hand it is invariant under
Lorentz (or rather Poincaré) transformations of the spacetime coordinates; on the other
hand, it contains the gauge group �� (3)C × �� (2)L × � (1)Y. It is precisely the union of
all operators with mass dimension four that respect these symmetries and are constructed
only from SM ields as described in section 2.1. If one relaxes the requirement to reach
dimension four in the sense previously described, i.e. allowing dimensions larger than
four combined with prefactors of negative dimension, many more possible operators can
be constructed. Standard Model Efective Field Theory (SMEFT) [28, 29] takes these new
operators and orders them with respect to their mass dimension, hence there are operators
of dimension ive, six, seven, eight and so on with coeicients of dimension minus one,
minus two, minus three, minus four and so forth. In a very generic way one can write

L = LSM +
︁
�

�
(5)
�

Λ
�

(5)
� +

︁
�

�
(6)
�

Λ2
�

(6)
� +

︁
�

�
(7)
�

Λ3
�

(7)
� +

︁
�

�
(8)
�

Λ4
�

(8)
� + O

(
1

Λ5

)
. (4.3)

The scale Λ does not need to be the same for all of these operators but can difer from case

to case. This dependence is here absorbed into the Wilson coeicients �
(�)
� , the operators

themselves are labeled �
(�)
� . At dimension ive there exist only a few operators, all of

which violate lepton number conservation. Among them is the Weinberg operator [30],
giving rise to neutrino Majorana masses. In general all odd-dimensional operators violate
B-L [31], which according to current experimental knowledge seems to be an accidental
symmetry of the SM, so they must be strongly suppressed. Therefore, most studies focus
on contributions from even-dimensional operators. At dimension six there exist 59 allowed
structures, leading to a total of nearly 2500 possible operators [32].

4.2. Electroweak Chiral Lagrangian

When interested speciically in efects from beyond the Standard Model (BSM) in the
Higgs sector, SMEFT only ofers a limited spectrum of possible models and operators. A
more general approach is to incorporate the Higgs not as a �� (2)L doublet, as it is done
in the SM, but the ℎ ield itself as a singlet and the corresponding Goldstone bosons in

µ−

νµ

e−

νe

W−

=⇒ µ−

νµ

e−

νe

Figure 4.1.: Muon decay in the full SM and after integrating out the W boson, i.e. in Fermi
Theory.
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4.2. Electroweak Chiral Lagrangian

a non-linear way by means of an exponential function. The description in this section
follows [33]. The leading order Lagrangian of such a theory, often called Electroweak
Chiral Lagrangian (EWChL) [34ś37], reads

L2 = − 1

4
����

�� − 1

4
� �
���

�,�� − 1

4
�����

�,�� +
︁

Ψ=�L,�L,�R,�R,�R

Ψ � /� Ψ (4.4)

+ �2

4
Tr

[ (
��Ω

)†
��

Ω

]
(1 + �Ω (ℎ)) +

1

2
(��ℎ) (��ℎ) −� (ℎ) (4.5)

− �

[
�L

(
�� +

∞︁

�=1

�
(�)
�

(
ℎ

�

)�)
Ω �+�R +�L

(
�� +

∞︁

�=1

�
(�)
�

(
ℎ

�

)�)
Ω �−�R

+�L

(
�� +

∞︁

�=1

�
(�)
�

(
ℎ

�

)�)
Ω �− �R + ℎ.�.

]
. (4.6)

In this Lagrangian, �L, �L are the usual left-handed quark and lepton doublets, �R, �R, �R

the corresponding right-handed singlets and Ω = exp
(
2�

����
�

)
is an exponential represen-

tation of the Goldstone modes �� , on which the covariant derivative acts like

��Ω = ��Ω + ��� �
� �� Ω − ��′���3 Ω .

For the sake of a more compact notation, we introduce

�R =

(
�R

�R

)
, �R =

(
0
�R

)
with �+ =

(
1 0
0 0

)
, �− =

(
0 0
0 1

)

as an alternative way of writing of the right-handed fermionic degrees of freedom. The
Higgs potential functions are

�Ω (ℎ) =
∞︁

�=1

�Ω,�

(
ℎ

�

)�
and � (ℎ) = �4

∞︁

�=2

�� ,�

(
ℎ

�

)�
. (4.7)

The Lagrangian L2 consists of three main parts: The irst line (4.4) corresponds to the
SM gauge boson and fermion kinetic terms as introduced in (2.3) and (2.4) without any
modiications. The second and third lines, (4.5) and (4.6), describe the Higgs potential and
Yukawa interactions. Choosing

�Ω,1 = 2 , �Ω,2 = 1 , �� ,2 = �� ,3 =
�2
ℎ

2 �2
, �� ,4 =

�2
ℎ

8 �2
, �

(1)
�

= ��

and all other coeicients in the sums in (4.6) and (4.7) to be zero leads back to the Standard
Model and reproduces (2.5) and (2.6). From this form of L2 it becomes apparent that the
main purpose of the EWChL is to study the Higgs sector [38ś40].
Since (4.5) and (4.6) contain arbitrary powers of the Goldstone and Higgs ields, the

counting and ordering via conanical mass dimension as practised in SMEFT cannot be
applied. Instead, in analogy to chiral perturbation theory used for the description of pions,
kaons and other mesons, one deines chiral dimensions as follows [41]:

�� (��, �, ℎ, �, �Ω,�) = 0 , �� (��,ΨΨ, �, � ) = 1 and �� (�� ,�) = 2 . (4.8)
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4. Efective Field Theory

This logic results in a simple relation between the chiral dimension �� and loop order � of
an interaction, �� = 2�+2. With this counting,L2 in (4.4) f. is the most general Lagrangian
of chiral dimension two that can be constructed from SM ield content. Next-to-leading
order (NLO) efects at �� = 4 then come from a mixture of one-loop diagrams with vertices
from L2 and tree level diagrams from the next higher order Lagrangian L4. The latter
is too long to be given here, but all parts of it relevant for this thesis will be listed and
explained later in chapter 6. More detailed discussions can be found in [35, 36, 40].

20



5. Interpolation Grids for Dijet Production

at NNLO QCD

The discovery and increasingly precise description of the SM as outlined in chapter 2 was
made possible by a plethora of diferent experiments, many of which were operated at
colliders. The concept of accelerating particles with magnets, colliding them with each
other and observing the outcome has proven to be very insightful for the study of the
fundamental building blocks and concepts of nature. Various technical concepts have
been developed and implemented, allowing for collisions of diferent types of particles.
Today, in the year 2024, three large collider facilities are operative: The Relativistic Heavy
Ion Collider (RHIC) [42], part of the Brookhaven National Laboratory, hosts the PHENIX
[43] and STAR [44] experiments, trying to better understand the quark-gluon-plasma
and related phenomena [45]. Another one, SuperKEKB at the KEK research center in
Japan, hosts the Belle II experiment [46, 47], investigating the physics of B mesons at
the high precision and high intensity frontier, using an electron-positron-collider. The
third and by far largest one, at CERN along the border between France and Switzerland
near Geneva, is the Large Hadron Collider (LHC) [48]. As the title already suggests, this
thesis focuses on the latter one, which probes particle physics at the high energy frontier.
Being situated in the 27 km long circular tunnel previously used by LEP [49], the LHC is
currently the highest energetic accelerator worldwide, reaching center of mass energies
of up to 14 TeV. It has been operative since 2009 when it started with proton-proton
collisions at

√
� = 7 TeV, which was later increased irst to 8 TeV, then 13 TeV and lately

13.6 TeV. The tunnel has four interaction points which host the experiments ALICE [50],
ATLAS [51], CMS [52] and LHCb [53]. The largest two of them are ATLAS and CMS, both
serving as multi-purpose-detectors. This setup allows for two independent observations
of the same physics via diferent measurement methodologies, thus not only delivering
experimental results but also ofering a cross-check thereof. A very prominent inding
of the LHC was the discovery of the Higgs boson in 2012 [54, 55]. In future stages, both
the center of mass energy and luminosity are expected to grow further, leading to the
so-called High-Luminosity LHC (HL-LHC). This phase will allow for an even more precise
examination of the SM or any deviations from it, possibly leading to the next big discovery.

5.1. The need for fast and precise QCD calculations

The LHC is - in clear distinction to the previously mentioned SuperKEKB - colliding two
beams of protons. On the positive side, this allows to reach higher energies, since protons
only produce a very tiny fraction of the synchrotron radiation electrons emit. On the
negative side, however, hadronic initial states induce a far more complicated background
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5. Interpolation Grids for Dijet Production at NNLO QCD

(a) Relative uncertainty budget of Higgs production calcu-
lations for hadron colliders. The top mass uncertainties
shown by the brown band have already been solved
and removed [56]. All other contributions still remain,
the PDF and �� part being the largest one independent
of the collider energy. The igure is taken from [57].

(b) Uncertainty estimations for ATLAS and
CMS at the upcoming HL-LHC. The
predicted theory uncertainty for ttH is
twice as large as the statistical and ex-
perimental ones, it needs to get smaller.
The igure is taken from [58].

Figure 5.1.: Charts underlining the necessity of more precise PDF and �� estimations.

and many non-perturbative efects. Since protons are bound states, the factorisation
theorem - as outlined in section 3.1 - has to be applied for any calculation of observables.
Therefore, every theoretical result can only be as precise as the empirical knowledge about
the parton distribution functions (PDFs). Figure 5.1 (a) illustrates why this is a problem:
For Higgs production, PDF and �� uncertainties are the most signiicant contribution to
the overall error budget. Throughout the high luminosity phase of the LHC (HL-LHC),
experimental and statistical uncertainties are expected to shrink further. In order to avoid
problematic situations like shown in igure 5.1 (b), the theory side has to keep up with
both more exact perturbative calculations as well as more reliable its and uncertainty
estimations for said PDFs. These its rely on computing time expensive iterative procedures,
requiring a lot of CPU power to achieve even marginal gains in precision. Advances at the
high precision frontier thus heavily rely on tricks to circumvent this bottleneck.

5.2. The APPLfast project

One way to make PDF and �� its more eicient is to process and sort the theoretical
results in a diferent way than usual. The idea of writing them in the form of grids was
simultaneously developed by the APPLgrid [59] and fastNLO [60, 61] collaborations, which
combined eforts to create the APPLfast interface. After the irst application of the program
on deep inelastic scattering data from HERA led to promising results [62], it was also used
for its to ATLAS and CMS measurements [63]. The results outlined in section 5.4 are a
continuation of the work presented in this last-mentioned paper, however they use a newer
version of APPLfast and more precise input on both the theoretical and experimental sides.
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5.2. The APPLfast project

5.2.1. Monte Carlo event generation

Since perturbation theory is the best analytical tool available for collider calculations, it
is applied nearly whenever it is mathematically possible. For QCD, the expansion of the

perturbative series is done with respect to �� :=
�2�
4� . Analogous to what was written in

(3.8) for the scalar toy model, an observable then takes the form

���→� (�, ��, �) =
︁
�

(
�� (��)
2�

)�+�
�
(�)
��→�

(�, �) , (5.1)

where � is the power of �� of the leading order. � denotes the momentum fraction of
partons and � indicates any scale dependence. On the right hand side of the equation
the latter shows up multiple times: As introduced in section 3.4, the coupling itself is
dependent on the renormalisation scale �� ; moreover, the observable can contain factors
of both �� and �� , either from factorisation or logarithms in the virtual component.

Since the calculation of an observable at higher orders often involves very complicated
functions and integrals, the evaluation of which is either impossible or at least very hard
and time-expensive to perform analytically with standard computing tools, numerical
approaches are an advantageous option to use. Monte Carlo (MC) event generators provide
the input for such an endeavor: They generate kinematic points and conigurations, i.e.
energy-momentum four-vectors of particles in the initial and inal states of scattering
processes. The distribution of these points across the whole accessible phase space happens
with respect to physically motivated probability density and weighting functions. In case
the initial state is hadronic, the event generator also chooses numerical values for the
correspondingmomentum fractions � and includes a discretised version of the factorization
theorem (3.1). For proton-proton collisions this yields

���→� (�, ��, �) =
︁
�,�

︁
�

�MC︁

�=1

(
�� (��,�)

2�

)�+�
× �

(�)
��→�,�

�
(�)
��→�,�

× �� (��,�, ��,�) �� (��,�, ��,�) , (5.2)

where �MC is the number of points generated, �
(�)
��→�,�

is the cross section (or general
observable) result for point � with incoming partons �, � at perturbative order � and

�
(�)
��→�,�

is the weight associated with it. Since the scales are often chosen dynamically,
i.e. proportional to a kinematic quantity of the process, like the momentum transfer, they
depend on the selected phase space point and also carry the index�. The higher �MC, the
better the whole phase space is sampled and the more precise is the result.

What is missing in (5.2) are corrections stemming from non-perturbative contributions
to the process. Some event generators like PYTHIA [64] or Herwig [65, 66] allow for the
inclusion of such efects like e.g. multi-parton interactions, hadronization or parton
showers. Within the APPLfast worklow, however, we do the calculation only at the
parton level, using the partonic event generator NNLOJET [67, 68]. Therefore, the inal
states of APPLfast QCD calculations are jets rather than mesons or baryons.

23



5. Interpolation Grids for Dijet Production at NNLO QCD

5.2.2. Interpolation workflow

APPLfast is based on the idea of interpolating results and saving them in the format of
grids. This logic can be easily explained on a simple function deined over a real interval.
Let � = [�, �] with �, � ∈ R , � < � and � : � → R continuous. We can split the interval into
� + 1 nodes, with the irst and last nodes being deined as the edges, � = � [0] , � = � [� ] .
Now we can further deine a set of functions �� : � → R , � ∈ {0, . . . , � } , obeying the

conditions 1 =
∑�
�=0 �� (�) ∀� ∈ � and ��

(
� [�]

)
= 1 ∀� ∈ {0, . . . , � }. This simple deinition

allows to approximate � as

� (�) ≃
�︁

�=0

� [�]�� (�) with � [�] = � (� [�]) . (5.3)

Figure 5.2 shows such interpolations for the case � = −2 , � = 2 , equidistant spacing of
the nodes and �� (�) ∼ 1

2

(
cos2(�) + 1

)
. As expected intuitively, the approximation gets

better the larger � is. Other dimensions to tune are the distribution of nodes along the
interval and the precise functional form of the basis elements �� . The latter does, however,
become less important the larger � is, since the peaks get more narrow and resemble a
hat function or - in extreme cases - a smeared delta peak. If there is a second continuous
function � : � → R such that the product � ·� is integrable over � , we can also approximate
their convolution integral as

∫ �

�

� (�)�(�) d� ≃
�︁

�=0

� [�]�[�] with �[�] :=

∫ �

�

�� (�)�(�) d� . (5.4)

This relation is very useful when it comes to computing the right hand side of (3.1). Since
such evaluations have to be performed repeatedly for every PDF it, the interpolation and
approximation can save sizable amounts of computing time.
For hadronic collisions there exist four variables to be interpolated, namely ��, ��, �� ,

and �� . Therefore, we also need four sets of functions �� (��), � � (��), �� (��), �� (�� ). With
these, (5.2) can be rewritten as

���→� (�, ��, �) =
�︁

�, �,�,�=0

︁
�,�

︁
�

(
�
[�]
�

2�

)�+�
�
[�,�]
� �

[ �,�]
�

× �
(�)
��→� [�, �,�,�] , (5.5)

where the last object is deined as

�
(�)
��→� [�, �,�,�] :=

�MC︁

�=1

�� (��,�) � � (��,�) �� (��,�) �� (��,�) × �
(�)
��→�,�

�
(�)
��→�,�

. (5.6)

These formulae very nicely showcase the heart of the APPLfast logic: The time consuming
part in the calculation of observables is the evaluation of phase space points, i.e. the

computation of �
(�)
��→�,�

�
(�)
��→�,�

. Once this part is done and the sum over MC points
and interpolation functions is executed, the results of (5.6) are saved in grids. Finally, the
rest of (5.5) is fast and easy to evaluate. Most importantly, this allows for an a posteriori
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(b) Comparison of a polynomial (blue) and
the approximation to it (orange).
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(c) Plot of interpolation functions for � = 9.
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the approximation to it (orange).

Figure 5.2.: Diferent interpolations and their efect on the accuracy of the approximation.
The higher number of nodes leads to a more accurate description of � .

change of the input value of the strong coupling constant �
[�]
� or of the PDFs �

[�,�]
� and

�
[ �,�]
�

. Conversely, this also means that these values, �� and PDFs, can be varied, itted
and extracted without the necessity to rerun the event generator, i.e. without the repeated
investment of large computing resources.

On the fastNLO side, the actual grid entries usually are not the values �
(�)
��→� [�, �,�,�] , but

the factors of a further decomposition with respect to the logarithmic scale factors they
contain:

�
(�)
��→�,�

=

︁
�+�≤�

�
(� |�,�)
��→�,�

log�

(
�2
�,�

�20

)
log�

(
�2
�,�

�20

)
. (5.7)

�0 is a constant reference scale to render the entry of the logarithm dimensionless. Often
the mass of a particle present in the process of interest or the momentum transfer is chosen
as its value. Deining

��/� := log

( (
��/�

)2
�20

)
and �

[�]
�

:= log
©«

(
�
[�]
�

)2
�20

ª®®¬
and �

[�]
�

:= log
©«

(
�
[�]
�

)2
�20

ª®®¬
(5.8)
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allows to rewrite (5.5) and (5.6) in a diferent form:

���→� (�, ��, �) =
�︁

�, �,�,�=0

︁
�,�

︁
�

︁
�+�≤�

(
�
[�]
�

2�

)�+�
× �

[�,�]
� �

[ �,�]
�

×
(
�
[�]
�

)� (
�
[�]
�

)�

× �
(� |�,�)
��→� [�, �,�,�] (5.9)

with the actual grid entries

�
(� |�,�)
��→� [�, �,�,�] :=

�MC︁

�=1

�� (��,�) � � (��,�) �� (��,�) �� (��,�) × �
(� |�,�)
��→�,�

�
(�)
��→�,�

. (5.10)

For simplicity, all four interpolations are written with the same � as the upper end of the
sum, which in general does not have to be the case. There could be four diferent ��, � � , ��
and �� . The calculations described in these equations are not separated between the
event generator on one side and the grid interface and libraries on the other, but all of it
is intertwined and executed at runtime. This way, the phase space sampling done in the
warmup phase of NNLOJET and the interpolation grid spacing and node choice of APPLgrid
or fastNLO can be adapted to each other most eiciently.

5.3. Jet production at colliders

As outlined in section 3.4.1, quarks and gluons do never show up individually but always
prefer to be bound into color neutral objects. They hadronize, i.e. form baryons and
mesons, clustered together in a collimated stream, and are inally measured as energy
deposition in calorimeters. The reaction chain and outcome starting from one inal state
particle of the actual hard scattering process is called a jet.

5.3.1. Jet algorithms

For a rigorous deinition of jet inal states we need a prescription of how to recognize
what part of often rather difuse detector signatures belongs to a jet. Figure 5.3 shows a
simple case in which the deposited energy of two neighboring jets is well-separated, such
that a clear deinition can be made even by the naked eye. In a realistic scenario, millions
of such interactions occur simultaneously, producing large amounts of data every second,
so an easy and fast algorithm for jet clustering is indispensable.

Another very important aspect is infrared safety: Not only on the theory side soft and
collinear radiation leads to subtleties (see section 3.3.2), but also when it comes to jets it
can make a diference. Since per deinition, real radiation is of such a form that it cannot
be resolved experimentally, i.e. does not inluence the measurement, it should also not
change the jet deinition. Expressed mathematically, this means that any jet observable
�� that depends on the� four-momenta of inal state partons must obey

�� (�1, . . . , ���, . . . , � � = (1 − �)��, . . . , ��) = �� (�1, . . . , ��, . . . , � �−1, � �+1, . . . , ��) (5.11)
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Figure 5.3.: Example picture of a multi-jet event, showing how detector results are grouped
together. The igure is taken from [69].

and

lim
�→0

�� (�1, . . . , ���, . . . , ��) = �� (�1, . . . , ��−1, ��+1, . . . , ��) . (5.12)

In other words: the collinear splitting of momentum �� into �� and � � as in (5.11) or the
addition of a soft particle with very small momentum ��� as in (5.12) must not change the
outcome. Examples of situations in which this is not the case are shown in igure 5.4.

The most-used type of infrared safe jet algorithms nowadays are so-called sequential
recombination algorithms, prominent examples for which are the Durham �� algorithm
[71], the Cambridge/Aachen algorithm [72, 73] and the anti-�� algorithm [74]. All of them
apply the same basic logic: Initially there exist � four-momenta which were measured
and should be grouped into � ≤ � jets. Now all distances �� � between pairs of momenta
and ��� between momenta and the beam axis are calculated according to

�� � = min
(
�2��,� , �

2�
�,�

) Δ�2� �
�2

(5.13)

��� = �2��,� (5.14)

with

Δ�2� � = (�� − � � )2 + (�� − � � )2 . (5.15)

� is the azimuthal angle of the momentum vector and � is the rapidity, deined as

� =
1

2
ln

(
� + ��
� − ��

)
. (5.16)
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Figure 5.4.: Examples of collinear and soft unsafe behavior: In the upper row, the collinear
emission of an additional gluon reduces the momentum of the quark below
some threshold, such that no jet is recognized. In the lower row, the additional
soft gluon leads to a state which was previously characterized as two jets to
suddenly be interpreted as only one jet. Both of these scenarios conlict with
the deining property of real radiation to produce a inal state degenerate to
the leading order one. The igure is taken from [70].

The jet size � is a constant number to be freely chosen between 0 and 1. It determines how
large the resulting jets are in phase-space. Smaller � means more narrow jets, resulting in a
larger number of them. After all the diferences are calculated, the minimum is determined.
If the minimal distance is one of those to the beam axis, the object the momentum belongs
to is declared to be a jet. If, on the other hand, the minimum is a pair of momenta, the
two are added and their sum is put back into the original set instead. In both cases, the
number of momenta to still be clustered is reduced by one. This logic is now applied
repeatedly, � times in total, until all momenta are grouped or deined as a jet. A lowchart
of this procedure is shown in igure 5.5. The diference between �� , Cambridge/Aachen
and anti-�� is only the value chosen for the exponent � of the transverse momenta when
calculating the distances. For �� it is � = 1, anti-�� uses � = −1 and Cambridge/Aachen
chooses � = 0. Both the CMS and ATLAS experiments use the anti-�� algorithm, which is
why the phenomenological calculations and its presented in section 5.4 also do that.
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Figure 5.5.: Flowchart explaining the structure of a sequential recombination algorithm:
� input momenta �� are iteratively clustered, i.e. they are either declared a jet
or two of them are combined until none of them is left. The output is again a
list of momenta describing � jets, � ≤ � . The igure is taken from [70].

5.3.2. Dijet kinematics

If at least two jets are found after the application of a jet algorithm, an event is considered
a dijet event. The jets are ordered with respect to their transverse momentum �� , the one
with the highest being called "leading jet", the second highest second-leading jet and so
on. The typical observables used for the description of dijet events are

⟨�� ⟩ =
1

2

(
��,1 + ��,2

)
(5.17)

�∗ =
1

2
|�1 − �2 | (5.18)

�� =
1

2
|�1 + �2 | and (5.19)

�12 =

︃
(�1 + �2)2 , (5.20)

where �1 is the momentum of the leading and �2 that of the second-leading jet, and
equivalently for the rapidities �1 and �2. �

∗ can be understood as a measure for how much
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Figure 5.6.: Graphic illustration of the shapes of dijet events with diferent values for
rapidity observables �∗ and �� . Low �� means the two jets are nearly back-
to-back, whereas high �� indicates that both of them are headed in similar
directions in the same hemisphere of the detector. �∗ on the other hand
describes how tilted the symmetry axis between the two jet cones is. The
igure is from [75].

the jets are tilted towards the beam direction. �� on the other hand quantiies the angle
between the two jets, i.e. how much both are directed towards the same region of the
detector. The meaning of these theoretical deinitions is illustrated pictorially in igure 5.6.

5.4. Dijet production at full color at the LHC

As mentioned at the beginning of section 5.2, the APPLfast algorithm was already used
with CMS and ATLAS data in the past [63]. Back then, calculations for both inclusive
jet and dijet processes were made, but only the latter was used for �� and PDF its. Four
diferent data sets, two from each experiment, were taken into account:

• CMS at
√
� = 7 TeV, anti-�� with R=0.7, double diferential in�12 ∈ [197, 5058] GeV

and |�max | ∈ [0.0, 2.5], dynamical scale ⟨�� ⟩ [76]

• CMS at
√
� = 8 TeV, anti-�� with R=0.7, triple diferential in ⟨�� ⟩ ∈ [133, 1784] GeV,

�∗ ∈ [0.0, 3.0] and �� ∈ [0.0, 3.0] [77]

• ATLAS at
√
� = 7 TeV, anti-��with R=0.6, double diferential in�12 ∈ [260, 5040] GeV

and �∗ ∈ [0.0, 3.0] [78]

• ATLAS at
√
� = 13 TeV, anti-�� with R=0.4, double diferential in�12 ∈ [260, 9066] GeV

and �∗ ∈ [0.0, 3.0] [79]

All of these sets except for the irst one use the leading jet’s transverse momentum rescaled
by an exponential of the absolute rapidity diference, ��,1 · exp(0.3�∗), as dynamical scale
for both �� and �� . This at irst glance odd choice is based on the studies in [80].
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Figure 5.7.: Rapidity slicing in the CMS publication [81] describing 13 TeV dijet data. Both
a triple diferential option diferentiating between �∗ and �� and a double
diferential variant only using |� |max are given.

Since the publication of [63] in 2022, CMS performed new dijet measurements at a center-of-
mass energy of

√
� = 13 TeV, both double and triple diferential [81]. The exact histogram

deinitions are as follows:

• CMS at
√
� = 13 TeV, anti-�� with R=0.8, double diferential in�12 ∈ [249, 10050] GeV

and |� |max ∈ [0.0, 2.5]

• CMS at
√
� = 13 TeV, anti-�� with R=0.8, triple diferential in�12 ∈ [306, 6094] GeV,

�∗ ∈ [0.0, 2.5] and �� ∈ [0.0, 2.5]

In these data sets the scale is chosen to be the dijet mass,�12, for both �� and �� . Other
than the 8 TeV triple diferential data, which has rapidity bins of length 1.0 as shown in
igure 5.6, the 13 TeV set uses a iner binning of only 0.5. This makes the comparison with
double diferential results, which always use the 0.5 rapidity binning, easier, as can be
seen in igure 5.7.

This new experimental input is only one of the diferences in the content of this thesis
compared to [63]. The other, maybe even more important one is the development of a new
version of NNLOJET, followed by advancements also on the APPLfast side and the interface
connecting them. In addition to performance boosts and worklow optimizations, also the
code necessary for the calculation of the full color structure for dijet production at NNLO
has been implemented. Previously, only the leading color amplitude was available.
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5.4.1. Expansion in color factors

To explain this diference between ’full’ (FC) and ’leading’ (LC) color, a recap of the
structure of QCD is necessary. In Lagrange densities and efective operators, Gluons
always show up in either a covariant derivative (2.7) or a ield strength tensor (2.11).
They are associated with either a �� (3) generator � � or structure constant � ��� . When
calculating observables, the amplitudes containing these objects are squared and summed
over polarisations, spins and color indices. At this point, general �� (� ) relations can be
applied to simplify the result:

Tr(� ���) = �� ��� and
︁
�,�

� �� ��
�
�� = �� ��� and

︁
�,�

� ��� � ��� = �� �
�� (5.21)

with �� and �� being the eigenvalues of the lowest-dimensional Casimir operators in the
fundamental and adjoint representations, respectively:

�� = ��
� 2
� − 1

��
and �� = 2�� �� . (5.22)

All color indices have to be contracted until every generator and structure constant is
removed: ︁

�

� �� ��
�
�� = ��

(
����� � −

1

��
�� ����

)
, (5.23)

such that in the end only two objects remain, namely�� =
1
2 and �� = 3 for �� (3). Since��

is common to all of these equations, it can be factored out. The rest of the amplitude then
appears as a series in �� . (5.23) introduces a hierarchy between two ways of contracting
indices, the second one being suppressed by a factor of 1

��
with respect to the irst one.

For complicated processes, this happens more often, and in the end there are multiple
fermionic strings with diferent color prefactors. For the sake of simplicity, sometimes the
most suppressed ones are left out. The resulting so-called ’leading color’ amplitude is then
only correct in good approximation, whereas ’full color’ indicates that all terms are being
included, thus the result is exact (with respect to the color structure).
Multiple studies for jet production [82ś85] were performed with NNLOJET within the

leading color approximation and it was proven [86] that the sub-leading contributions
are indeed negligible for single jet inclusive cross sections. However, based on recent
developments for colorful antenna subtraction at NNLO QCD for jet observables [87, 88], it
has been shown that for dijet production it can make a sizable diference whether FC or LC
amplitudes are used [89]. The efects are non-uniformly distributed across the kinematic
range, i.e. they do not only lead to a constant enhancement factor but change the slope
of the histograms. The size of sub-leading color corrections can reach up to the order of
5% for triple diferential dijet cross sections. Therefore, in the present day era of highly
accurate experimental measurements, full color results are strictly necessary.

32



5.4. Dijet production at full color at the LHC

5.4.2. Code Validation

Since the introduction of full color dijet calculations was part of new versions of all
involved programs, proper validation was necessary. A very good way of testing the
reliability of the APPLfast algorithms is to look at the so-called closure plots: As the
interpolation logic described in section 5.2.2 is only an approximation, one must test how
well it reproduces the pure event generator results. Figures 5.8 and 5.9 show the ratio
APPLfast

NNLOJET
and the asymmetry APPLfast−NNLOJET

APPLfast+NNLOJET values diferential in �12 for the innermost
rapidity bins (�∗ ∈ [0.0, 0.5]) of the ATLAS 7TeV and 13 TeV data sets, respectively. In
order to plot both nicely in the same diagram, the asymmetry is shifted upwards by a
constant of one. In both cases, results are shown for each channel - leading order (LO),
virtual (V), real (R), double virtual (VV), real virtual (RV), double real a (RRa) and double
real b (RRb) - separately and for the total NNLO combined. The distinction between RRa
and RRb regions is a technical detail of the implementation in NNLOJET that has no further
bearing on the results presented. Overall a very nice agreement at the sub-per-mille level
can be seen, proving that the interpolation works as intended.

Other than that, the general viability of the outcome has to be investigated. The closure
plots only tell how good the APPLfast and NNLOJET results match, but make no statement
about whether the latter actually delivers sensible numbers. To this end, its to experimental
data have to be performed. Since one goal of the project is to provide a precise value of the
strong coupling �� , each data set is checked for the compatibility of such a it result with
the PDG world average of �� (�� ) = 0.1180 ± 0.0009 [90, 91]. The its are performed using
a standard �2 minimization logic, their outcome for both ATLAS and CMS 7TeV data can
be found in igures 5.10 and 5.11. Seven diferent PDF sets are used for comparison, all
leading to agreeable results with �2 per degree of freedom (�2/ndf) only little larger than
one and �� close to the given world average value. The error bars include it, data and PDF
uncertainties, but no scale variations to asses the efect of missing higher orders.
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5. Interpolation Grids for Dijet Production at NNLO QCD

(a) Closure plot for leading order. (b) Closure plot for the virtual channel.

(c) Closure plot for the real channel. (d) Closure plot for the double virtual
channel.

(e) Closure plot for the real virtual chan-
nel.

(f) Closure plot for the double real a
channel.

(g) Closure plot for the double real b
channel.

(h) Closure plot for all channels at NNLO
combined.

Figure 5.8.: Closure plots for ATLAS 7 TeV data, showing the ratio and asymmetry between
APPLfast and NNLOJET results. Despite a few outliers located far ofside in the
double real channels, the overall agreement is very good. The plots were
made by Fazila Ahmadova and Daniel Britzger (MPI Munich) for the APPLfast
collaboration.
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5.4. Dijet production at full color at the LHC

(a) Closure plot for leading order. (b) Closure plot for the virtual channel.

(c) Closure plot for the real channel. (d) Closure plot for the double virtual
channel.

(e) Closure plot for the real virtual chan-
nel.

(f) Closure plot for the double real a
channel.

(g) Closure plot for the double real b
channel.

(h) Closure plot for all channels at NNLO
combined.

Figure 5.9.: Closure plots for ATLAS 13 TeV data, showing the ratio and asymmetry be-
tween APPLfast and NNLOJET results. The double real channels again contain
a few tiny outliers, but overall the interpolation reaches the desired precision.
The plots were made by Fazila Ahmadova and Daniel Britzger (MPI Munich)
for the APPLfast collaboration.
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Figure 5.10.: Results of the �� it to ATLAS 7 TeV data with seven diferent PDF sets, both
including (illed dots) and omitting (empty dots) the PDF error. It can clearly
be seen that the outermost rapidity bin yields nonsensical results way of the
world average. The ifth bin (2.0 ≤ �∗ < 2.5) shows very good agreement only
by chance, while the innermost ones are promising. The plots were made by
Daniel Britzger (MPI Munich) for the APPLfast collaboration.
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Figure 5.11.: Results of the �� it to CMS 7TeV data with seven diferent PDF sets, both
including (illed dots) and omitting (empty dots) the PDF error. Overall we
ind very good agreement with the expected value. The plots were made by
Daniel Britzger (MPI Munich) for the APPLfast collaboration.
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5.4. Dijet production at full color at the LHC

5.4.3. Cross section results

Since our calculations were parameterized such that they best describe the measured data,
i.e. center-of-mass energies, jet algorithms, cone sizes, observables, binning, scales and
any other settings were chosen such that they are equal to what the experimentalists used
in their analysis, it was to be expected that our results match well with said data. The fact
that this match is indeed very strong can on the one hand be interpreted as a validation for
our program and on the other hand as another conirmation of the Standard Model, since
no new physics efects seem to contribute. Given that the results are qualitatively very
similar for all examined data sets, only one of them, namely ATLAS 7TeV, is discussed
here in detail. However, the whole bunch of sets will be used later in section 5.4.4 for the
determination of the strong coupling constant at �� =�� .

Figure 5.12 shows the total cross section separately for every rapidity bin and channel
as well as for the combined NNLO. The shape proportional to 1

�12
is identical to what can

be found in igure ive in [78], the only diference being that the latter has a logarithmic
scale for�12, whereas in igure 5.12 it is linear. The cross sections spans a total of eight
orders of magnitude, starting at ∼ 106 pb for low�12 and ending at ∼ 10−2 pb for high�12.
This behavior relects the running of the strong coupling, which is larger at lower scales
and thus prefers jets with low momentum over high energetic ones.

In order to disentangle the contributions of every channel, igure 5.13 gives a diferent
picture of the same result. Two interesting features can be seen: First, there seems to be
some cancellation between the real and real virtual components on the one side and the
virtual and double virtual ones on the other. Second, the higher the rapidity, the larger the
size of this cancellation gets, for �∗ ≥ 2.0 the (double) virtual contribution even surpasses
the leading order one. The double real part(s) on the other hand only make up around 5%
or less of the total result, regardless of the rapidity.
This latter fact is beneicial when looking at igure 5.14: For every rapidity bin and

nearly every value of the dijet mass, the total uncertainty of the result is dominated by
the contribution from the ’double real a’ region. This is a usual and well-known feature,
which can be tackled only by investing more CPU time or, equivalently, more MC points.
For a double diferential result like this with an overall uncertainty of around one percent,
computing time of the order of half a million hours is necessary. For the triple diferential
CMS 8TeV and 13 TeV sets nearly double this computational efort was required.
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5. Interpolation Grids for Dijet Production at NNLO QCD

(a) Cross section diferential in dijet mass�12

for 0.0 ≤ �∗ < 0.5.
(b) Cross section diferential in dijet mass�12

for 0.5 ≤ �∗ < 1.0.

(c) Cross section diferential in dijet mass�12

for 1.0 ≤ �∗ < 1.5.
(d) Cross section diferential in dijet mass�12

for 1.5 ≤ �∗ < 2.0.

(e) Cross section diferential in dijet mass�12

for 2.0 ≤ �∗ < 2.5.
(f) Cross section diferential in dijet mass�12

for 2.5 ≤ �∗ < 3.0.

Figure 5.12.: Cross section (in pb) results for dijet production at the ATLAS experiment
with

√
� = 7 TeV at full color NNLO QCD, double diferential in dijet mass

and rapidity. The plots were made by Fazila Ahmadova and Daniel Britzger
(MPI Munich) for the APPLfast collaboration.
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5.4. Dijet production at full color at the LHC

(a) Relative contribution to the cross section
per channel, diferential in dijet mass�12

for 0.0 ≤ �∗ < 0.5.

(b) Relative contribution to the cross section
per channel, diferential in dijet mass�12

for 0.5 ≤ �∗ < 1.0.

(c) Relative contribution to the cross section
per channel, diferential in dijet mass�12

for 1.0 ≤ �∗ < 1.5.

(d) Relative contribution to the cross section
per channel, diferential in dijet mass�12

for 1.5 ≤ �∗ < 2.0.

(e) Relative contribution to the cross section
per channel, diferential in dijet mass�12

for 2.0 ≤ �∗ < 2.5.

(f) Relative contribution to the cross section
per channel, diferential in dijet mass�12

for 2.5 ≤ �∗ < 3.0.

Figure 5.13.: Relative contribution to the cross section per channel for dijet production at
the ATLAS experiment with

√
� = 7 TeV at full color NNLO QCD. The plots

were made by Fazila Ahmadova and Daniel Britzger (MPI Munich) for the
APPLfast collaboration.
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5. Interpolation Grids for Dijet Production at NNLO QCD

(a) Relative uncertainty per channel, diferen-
tial in dijet mass�12 for 0.0 ≤ �∗ < 0.5.

(b) Relative uncertainty per channel, difer-
ential in dijet mass�12 for 0.5 ≤ �∗ < 1.0.

(c) Relative uncertainty per channel, diferen-
tial in dijet mass�12 for 1.0 ≤ �∗ < 1.5.

(d) Relative uncertainty per channel, difer-
ential in dijet mass�12 for 1.5 ≤ �∗ < 2.0.

(e) Relative uncertainty per channel, diferen-
tial in dijet mass�12 for 2.0 ≤ �∗ < 2.5.

(f) Relative uncertainty per channel, diferen-
tial in dijet mass�12 for 2.5 ≤ �∗ < 3.0.

Figure 5.14.: Relative uncertainty contribution per channel for dijet production at the
ATLAS experiment with

√
� = 7 TeV at full color NNLO QCD. The plots were

made by Fazila Ahmadova and Daniel Britzger (MPI Munich) for the APPLfast
collaboration.
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5.4. Dijet production at full color at the LHC

5.4.4. Fits of the strong coupling constant

As is nicely visible in igure 5.10, the outermost rapidity bins often lead to less precise
and more luctuating it results than the inner ones. This observation has three main
reasons: First, these regions have less and only sparsely distributed MC points, which
leads to a larger statistical error. Second, the acceptance of the tracking detector gets
worse with high rapidities, meaning that there exists less data in this region to it. Third
and last, highly boosted kinematics (large ��) correspond to extreme regions of the parton
momentum fractions ��,� , where one of them is close to zero while the other one is close
to one. For such values, the PDFs have the largest uncertainties. In the pursuit of more
precise PDF sets, investigations of this boosted sector are worthwhile. However, in a
scenario where only the strong coupling shall be determined and no combined it of the
coupling and the PDFs is aimed for, it makes sense to not include such points.

Various choices of rapidity cuts and scenarios were studied, inding that a restriction to
only the lowest boosts (�� < 1.0) yields the best outcome. Motivated by the aforementioned
reasons, only the results for this variant are shown and further explained here, while
others can be found in the appendix, see section A.1. Figure 5.15 shows the �2 per degree
of freedom (�2/ndf) and itted values of �� for three diferent combined data sets and six
ways of selecting rapidity bins. In the following, the term ’old data sets’ refers to the four
irst ones listed in the beginning of this section, i.e. CMS 7TeV and 8 TeV and ATLAS
7TeV and 13 TeV, which were already part of the discussion in [63], yet back then only
at leading color. On the other hand ’new data set’ means the CMS 13 TeV data in either
its 2D or 3D form. The its were performed once only for the old sets, once including the
new 2D set and once with the new 3D set. Because of this distinction, the rows in table
5.1 are separated the way they are. Said table explains the meaning of the diferent bins
shown in the plots in igure 5.15. The general logic is simple: The upper cut on �∗ or |� |max,
depending on which of the two is present in each set, is varied between 1.0 and 3.0 (or 2.5
if that is the highest available bin boundary), while �� is always ixed to be smaller than
1.0. With this choice, the problematic boosted regions with large PDF uncertainties are
left out. The results of the its for each of these bins are summed up in table 5.2.
Among these selection options, the best result is found from the variant with �∗ or

|� |max < 2.0 and �� < 1.0, including the ATLAS 7 TeV and 13 TeV as well as the CMS 7TeV,
8 TeV and 13 TeV double diferential data sets. This bin is marked orange in table 5.2 and
leads to both a small error on the coupling and a low �2 of the it, yielding

�� (�� ) = 0.1176 ± 0.0014 (5.24)

with �2/ndf = 1.03. As a side efect, all results in table 5.2 including this one are in very
good agreement with the world average of �� (�� ) = 0.1180 ± 0.0009 [90, 91].
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Data set bin 0 bin 1 bin 2 bin 3 bin 4 bin 5

ATLAS 7 TeV (�∗) < 1.0 < 1.5 < 1.5 < 2.0 < 2.5 < 3.0

CMS 7TeV (|� |max) < 1.0 < 1.5 < 1.5 < 2.0 < 2.5 < 2.5

ATLAS 13 TeV (�∗) < 1.0 < 1.5 < 1.5 < 2.0 < 2.5 < 3.0

CMS 8TeV (�∗, ��) �∗ < 1.0 �∗ < 1.0 �∗ < 2.0 �∗ < 2.0 �∗ < 2.0 �∗ < 3.0
�� < 1.0 �� < 1.0 �� < 1.0 �� < 1.0 �� < 1.0 �� < 1.0

CMS 13 TeV 2D (|� |max) < 1.0 < 1.5 < 1.5 < 2.0 < 2.5 < 3.0

CMS 13 TeV 3D (�∗, ��) �∗ < 1.0 �∗ < 1.5 �∗ < 1.5 �∗ < 2.0 �∗ < 2.5 �∗ < 2.5
�� < 1.0 �� < 1.0 �� < 1.0 �� < 1.0 �� < 1.0 �� < 1.0

Table 5.1.: Table describing the meaning of bins used for the �� it. Every next bin relaxes
the �∗ or |� |max cut by 0.5, while the �� cut stays at 1.0. Since the 8 TeV set does
not have such ine binning, the steps here are always of size one. The CMS
7TeV and 13 TeV 3D sets do not contain data for |� |max > 2.5 and �∗ > 2.5,
respectively, so nothing new can be added there in the last bin.

5.5. Conclusion

The need for precise PDF and �� determinations was explained and a way to provide them
based on grid interpolation programs was introduced. The logic and worklow of such
programs was described, using APPLfast and its interplay with the Monte Carlo event
generator NNLOJET as an example. The QCD color structure in jet inal states was discussed,
emphasizing the importance of full color calculations for dijet production.
A new version of APPLfast was presented and parts of the validation procedure for it

were outlined. Based on ATLAS and CMS measurements of dijet production, full color
NNLO QCD calculations have been made and fastNLO grids were written; the resulting
cross sections were shown for one of the data sets. Finally, these calculations were used
for its of the value of the strong coupling at �� =�� , giving a nominal it value of

�� (�� ) = 0.1176 ± 0.0014 . (5.25)

This is the irst such it to dijet production data using full color NNLO QCD theory input.
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5.5. Conclusion

Data set Bin # �� (�� ) Δ�� (�� ) �2/ndf

only old sets

0 0.1170 ± 0.0019 0.88
1 0.1181 ± 0.0018 0.89
2 0.1175 ± 0.0018 0.88
3 0.1170 ± 0.0016 0.91
4 0.1170 ± 0.0016 0.90
5 0.1169 ± 0.0016 0.92

with 13 TeV 2D

0 0.1172 ± 0.0016 0.95
1 0.1181 ± 0.0015 0.96
2 0.1178 ± 0.0015 0.95
3 0.1176 ± 0.0014 1.03
4 0.1181 ± 0.0013 1.18
5 0.1180 ± 0.0013 1.18

with 13 TeV 3D

0 0.1177 ± 0.0015 0.93
1 0.1178 ± 0.0014 0.96
2 0.1175 ± 0.0014 0.95
3 0.1173 ± 0.0013 1.07
4 0.1179 ± 0.0013 1.08
5 0.1178 ± 0.0013 1.09

Table 5.2.: Summary of it results for the strong coupling constant �� based on dijet pro-
duction data from the ATLAS and CMS experiments, combined with full color
NNLO QCD calculations performed with APPLfast, using the PDF4LHC21 set.
The error margin given includes it, PDF, data and theory uncertainties. As
described in the text, diferent sets of data and cuts on rapidities �∗ or |� |max

are shown, whereas highly boosted regions are always excluded, i.e. �� < 1.0 in
all bins. For a more detailed explanation of the cuts and content of every bin
see table 5.1. The bin chosen as nominal value is highlighted in orange.

43



5. Interpolation Grids for Dijet Production at NNLO QCD

2− 1− 0 1 2 3 4 5
y-bin

0

1

2

3

4
/n

d
f

2
χ

MSHT No PDF errors

NNPDF31 No PDF errors

CT18 No PDF errors

ABMP No PDF errors

NN4r No PDF errors

NN4h No PDF errors

HERAPDF No PDF errors

PDF4LHC22 No PDF errors

No Fit No PDF errors

(a) �2 per degree of freedom for just the old
four data sets.

2− 1− 0 1 2 3 4 5
y-bin

0.1

0.11

0.12

0.13

0.14

)
Z

(m
s

α

MSHT No PDF errors

NNPDF31 No PDF errors

CT18 No PDF errors

ABMP No PDF errors

NN4r No PDF errors

NN4h No PDF errors

HERAPDF No PDF errors

PDF4LHC22 No PDF errors

18.8± 18.1± 17.6± 16.3± 16.2± 16.1±14.1±

(b) �� central values and error margins from
its to only the old four data sets.

2− 1− 0 1 2 3 4 5
y-bin

0

1

2

3

4

/n
d

f
2

χ

All LHC Dijet Cross Sections (CMS13-2D)

NNPDF31 ABMP CT18

NNPDF40 MSHT HERAPDF

PDF4LHC22 (PDF)
δExcl. Pre-fit

(c) �2 per degree of freedom including the
CMS 13 TeV 2D data.

2− 1− 0 1 2 3 4 5
y-bin

0.1

0.11

0.12

0.13

0.14

)
Z

(m
s

α

MSHT No PDF errors

NNPDF31 No PDF errors

CT18 No PDF errors

ABMP No PDF errors

NN4r No PDF errors

NN4h No PDF errors

HERAPDF No PDF errors

PDF4LHC22 No PDF errors

16.1± 15.3± 15.1± 13.9± 13.4± 13.4±12.1±

(d) �� central values and error margins in-
cluding the CMS 13 TeV 2D data.

2− 1− 0 1 2 3 4 5
y-bin

0

1

2

3

4

/n
d

f
2

χ

All LHC Dijet Cross Sections (CMS13-3D)

NNPDF31 ABMP CT18

NNPDF40 MSHT HERAPDF

PDF4LHC22 (PDF)
δExcl. Pre-fit
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Figure 5.15.: Fits of the strong coupling using only �� < 1.0 data. The result on the very
left in each plot corresponds to the case without any cuts applied, including
all �� values. The deinition of the bins is given in table 5.1. The plots were
made by Daniel Britzger (MPI Munich) for the APPLfast collaboration.
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6. Higgs plus Jet Production at NLO QCD in

Non-Linear EFT

Since its discovery in 2012 [54, 55], the Higgs boson has been focused on by a plethora of
diferent studies. While many of its properties, like mass [92] and spin [93], are precisely
known, other aspects are still unclear or only vaguely estimated. Among those open
questions is whether or not the Higgs potential (2.5) is fully SM-like, i.e. whether the
mass, VEV, trilinear and quartic couplings have the relation predicted by electroweak
symmetry breaking, as described in section 2.3. Other than that remains the question
about the precise values of fermion masses and their (Yukawa) couplings to the Higgs
boson, the SM approach of which was outlined in section 2.4. Assuming that there
might be deviations from said SM description, in this chapter we use non-linear EFT to
calculate (diferential) cross sections for Higgs plus jet production at next-to-leading order
in quantum chromodynamics (QCD). We choose this process for two reasons: First, it is
an excellent probe of the top quark Yukawa coupling. From the purely theoretical point of
view, �� production in association with a Higgs would be a more convenient channel, but
is experimentally very challenging due to the high energy threshold of two top and one
Higgs masses, 2�� +�ℎ ≈ 470GeV, and the large number of inal states the tops can decay
into. Second, an efective coupling between the Higgs and gluons - a vertex non-existent
within the SM - would show sizable efects in this channel. Especially the high transverse
momentum region is known to be very interesting in this regard [94ś105].

The following study is performed in the framework of non-linear EFT (or EWChL) [34ś
36, 106ś108] as outlined in section 4.2. Given the large mass hierarchy, all quarks except
for the top quark are assumed to be massless, such that none of them couple directly to the
Higgs. The calculations are mainly done using POWHEG-BOX-V2 [109ś111] in combination
with GoSam [112, 113], ninja [114ś116] and OneLOop [117], except for the virtual two-loop
contributions, which are determined with Reduze [118] and pySecDec [119ś121].

6.1. Chiral Lagrangian for Higgs plus jet production

At the lowest two chiral dimensions, two and four, there is one operator each which
contributes to �� → ℎ� . The relevant part of the efective Lagrangian reads

L ⊃ −����
ℎ

�
�� + ��

8�
��
ℎ

�
�����

�,�� . (6.1)

The irst term comes from L2, more precisely it is (4.6) with �
(1)
� =

����
�
, and can be

understood as a rescaling of the top Yukawa coupling. The second term is part of L4

and results from a loop being integrated out, as depicted in igure 6.1. The case �� = 1
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∨ =⇒

Figure 6.1.: Integrating out a loop particle (in this case a fermion, e.g. the top quark)
results in an efective coupling between gluons and a Higgs, indicated by a
black square. The case depicted here is the simplest one with only two gluons.
Vertices including three or four gluons and a Higgs are also possible, those
come from integrated out box or pentagon diagrams. In general the particle in
the loop does not have to be from the SM nor must it be fermionic, but could
be an arbitrary heavy new resonance.

and �� = 0 corresponds to the SM. In the limit�� → ∞ the loop process �� → ℎ can be
reduced to a simple tree level diagram with a gluon-gluon-Higgs vertex, exactly as shown
in said igure. It can be shown [122] that matching the two coeicients in (6.1) to such
a reduction yields �� = 0 and �� =

2
3 . These are the two opposite extreme cases, all other

possible choices lie on or in close vicinity to the straight line between them in parameter
space, all approximately fulilling the condition �� + 3

2�� = 1.
Precise measurements of the inclusive Higgs production cross section [123, 124] suggest

that there is no or only a very tiny deviation from the expected SM value. The relation
between the EFT and SM values of this observable can be approximated as [97, 125]

�EFTincl =

(
�� +

3

2
��

)
�SMincl + O

(
1

�2
�

)
, (6.2)

the experimental constraint thus restricts the bracket on the right hand side to be close
to one. Fortunately, even despite this limitation on the EFT parameter space, beyond the
SM efects in the high �� tails of diferential distributions can be sizable enough to be
experimentally visible [97, 98]. Since LHC experiments have already started to access the
high transverse momentum region [126ś129] and during the upcoming high luminosity
phase of the LHC there will be more data available, precise theory predictions are needed
to correctly interpret observations. Previous studies on the matter were either only at
leading order [97, 98] or within the heavy top limit [130ś132]. This work goes beyond
that, aiming for a calculation at NLO QCD accuracy, the outcome of which is discussed in
section 6.4. The content of this chapter is a continuation of work presented in [33], the
description and results shown here are based on the conventions and logic thereof.

6.2. Higgs production - state of the art

Results for inclusive Higgs boson production are known up to N3LO QCD accuracy within
the heavy top limit [133] and at NNLO QCD with the full top mass dependence [56].
Leading order full theory calculations for Higgs plus one jet [134, 135], Higgs plus two
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jets [136, 137] and Higgs plus three jets [138, 139] have also been published already. Higgs
plus one jet fully diferential results in the heavy top limit are known at NNLO QCD
order [140ś143] and are completed by 1

��
expansions for the virtual part [144, 145]. The

Higgs plus one jet total cross section and Higgs transverse momentum distribution has
been calculated numerically at NLO QCD with full top mass dependence [146]. After all
master integrals featuring in the full virtual NLO QCD parts were known [147ś150], also
an analytic study became available [151]. Electroweak (EW) corrections to Higgs plus
one jet are discussed in [148, 152] and studies of mixed QCD-EW efects can be found in
[153ś155]. SMEFT studies of the Higgs transverse momentum distribution in Higgs plus
one jet production including dimension six operators are discussed in [94, 95, 99, 101, 130,
132]. Finally, an investigation of Higgs plus one jet production at NLO QCD in the context
of non-linear EFT was started in [33] and is continued in this thesis.

6.3. Next-to-leading order quantum chromodynamics

In order to achieve the precision needed for an experimental search, leading order is
not enough, but next-to-leading QCD efects have to be taken into account. We neglect
electroweak higher orders because the corresponding coupling is much smaller than �� and
the relevant diagrams are further suppressed by the masses of� and � bosons appearing
in them. The NLO part consists, as introduced in section 3.3, of a virtual component,
containing more loops, and a real contribution, describing unresolved additional radiation.
POWHEG allows to combine these parts and put them together with suitable subtraction and
renormalisation terms following the Fixione-Kunszt-Signer (FKS) method [156].

6.3.1. Leading order calculation

At leading order in the EWChL, the process comprises tree level diagrams with an efective
gluon-Higgs vertex and one-loop diagrams with a modiied top Yukawa coupling. The
second of these categories is just the SM amplitude [135] rescaled by �� , the irst can be
easily calculated even by hand. As a cross check for these analytical results the same
processes have also been generated by GoSam using the UFO model described in [157],
yielding excellent agreement. Up to interchanging of external legs, crossings and inversion
of the fermion low direction in loops there exist six topologies of diagrams, all of which
are depicted in igure 6.2. They are arranged such that the rescaled SM diagram and the
corresponding pure EFT one are always right above each other.

6.3.2. Real contribution

Just as the leading order part, the real contribution consists of both tree level and one-loop
topologies, examples of both of which are shown in igure 6.3. The amplitude squared can
thus be expressed as

|Mreal |2 =
��Mone−loop

��2 + |Mtree |2 + 2ℜ
(
M∗

one−loopMtree

)
. (6.3)
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t t t
q

q

Figure 6.2.: All six topologies of leading order diagrams for Higgs plus one jet production
in non-linear EFT at chiral dimension four, which corresponds to one-loop level
in the SM. Vertices coming from the irst operator in (6.1) are denoted with a
black dot, those from the second operator with a black square. In fermion loops
only the top quark contributes, since all other quarks are assumed massless.
External fermionic states on the other hand are always quarks from the other
ive generations.

For technical reasons the three components in (6.3) have been generated via two diferent

GoSam iles, one only containing the modiied SM, i.e.
��Mone−loop

��2, and the other one
adding the rest. Both results are then combined in POWHEG, where also the subtraction of
soft and collinear divergences is taken care of. Since for such a 2 → 3 process there exist
many problematic phase space regions we had to implement a rescue system to recalculate
numerically unstable points at higher (quadruple) precision or discard them if necessary.
The numerical quality of a result is checked with respect to its invariance under rotation
around the beam axis; if this irst check fails, quadruple precision is calculated. For the
quadruple result we check whether the 1

�
pole term is zero to good accuracy. Without

numerical luctuations and rounding errors it would be exactly zero since the process is
loop-induced in the SM. If this second check also fails the point is discarded.

t t t
q q

q q

Figure 6.3.: Example diagrams for radiation of an initial state leg (left), of the loop (middle)
or of a inal state leg (right). Many more topologies are possible: A gluon can
be radiated of any - both internal and external - fermion or gluon line and any
external gluon can split into a quark-antiquark pair.
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t t

Figure 6.4.: Examples of diagrams contributing to the virtual component, which appear
either at one- or two-loop level.

6.3.3. Virtual component

The virtual amplitude consists of the interference of leading order and higher loop diagrams
and can be written as

Mvirtual = 2ℜ
(
M∗

LOMhigher loops

)
. (6.4)

Examples for such higher loop contributions are shown in igure 6.4. There exist two
general types: one-loop diagrams with an efective gluon-Higgs coupling and two-loop
diagrams with a rescaled top Yukawa. The calculation of the latter part was previously
done within the SM [146], using Reduze [118] for the reduction to and pySecDec [119ś121]
for the calculation of master integrals. That result can be also used for our EFT, since ��
only appears as a global prefactor and no additional diagrams at two-loop order arise.
The two-loop amplitudes for both the gluonic and fermionic parts can be reduced to

scalar form factors. For �(�1)�(�2) → �(�3)ℎ(�4) this decompisition reads [158]

����
= ���

���
� + ��� ����

+ ��� ���� + ��� ����
(6.5)

with the tensor structures
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] 1
2
, (6.6)

where �� � :=
(
�1 + � �

)2
. The irst three of these structures are related to each other

by permutations of the gluon momenta. For the quark induced process �(�1)�(�2) →
�(�3)ℎ(�4) the decomposition is easier, yielding [159]

���� = �1�1 + �2�2 (6.7)
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with two tensor structures

�1 = � (�1) /�3 � (�2) (�2 · �3) − � (�1) /�3 � (�2) (�2 · �3)
�2 = � (�1) /�3 � (�2) (�1 · �3) − � (�1) /�3 � (�2) (�1 · �3) . (6.8)

The form factors can be calculated applying suitable projectors. For the gluon case these
are
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,

fulilling ��, ��� �
��� = �� . For the quark case we use

�1 =
� − 2

2(� − 3)�12�213
� †
1 − � − 4

2(� − 3)�12�13�23
� †
2

�2 = − � − 4

2(� − 3)�12�13�23
� †
1 + � − 2

2(� − 3)�12�223
� †
2 ,

obeying
∑

spins �� �
��� = �� . The integrals appearing in the two-loop amplitude are

calculated numerically, ixing the Higgs mass as �ℎ = 125GeV and the top mass as

�� = 173.055GeV, such that
�2

ℎ

�2
�
=

12
23 , a nice rational number, to very good approximation.

The one-loop diagrams and their interference with leading order can be evaluated with
GoSam [112, 113], ninja [114ś116] and OneLOop [117], similar to the real radiation.

6.4. Phenomenology

In this section, results for Higgs plus one jet production are shown. The calculation of
these were performed within the non-linear EFT framework, using the setup previously
described. Based on measurements of the top Yukawa coupling by both the ATLAS and
CMS experiments yielding �� ≈ 0.96 ± 0.08 [160] and �� ≈ 1.01 ± 0.11 [161], respectively,
and a bound of �� ∈ [−0.301, 0.116] from marginalized SMEFT its [162], a benchmark
point (�� = 0.9, �� =

2
30 ) for the EFT scenario was chosen. This point also fulills the

previously mentioned requirement that �� + 3
2�� = 1; the results obtained for it are compared

to the Standard Model (�� = 1, �� = 0). As mentioned earlier, the masses are set to
�� = 173.055GeV and�ℎ = 125GeV, while the widths of both particles are assumed to
be zero. The PDF set PDF4LHC15_nlo_30_pdfas [163ś166] is linked via LHAPDF [167, 168],
the jets are clustered with the anti-�� algorithm [74], choosing a cone size of � = 0.4.
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��,ℎ cut [GeV]
�EFTcut [fb] �SMcut [fb]

LO NLO LO NLO

50 (4.6+0.2−0.1) · 103 (9.3+0.2−1.7) · 103 (4.6+0.2−0.1) · 103 (9.3+0.0−1.7) · 103
100 (1.4+0.6−0.4) · 103 (2.84+0.04−0.5 ) · 103 (1.4+0.6−0.3) · 103 (2.88 +0

−0.5) · 103
200 (2.2+1.0−0.6) · 102 (4.6+0.2−0.9) · 102 (2.2+0.9−0.6) · 102 (4.6+0.1−0.9) · 102
400 13+6−4 28+2−6 12+5−3 25+1.5−5
600 1.6 0.7

−0.5 3.3+0.4−0.7 1.3+0.6−0.4 2.7+0.2−0.5
800 0.28+0.13−0.08 0.57+0.07−0.11 0.20+0.10−0.06 0.41+0.04−0.08

Table 6.1.: LO and NLO cross sections of the SM (�� = 1, �� = 0) and EFT benchmark point
(�� = 0.9, �� =

2
30 ) for various lower cuts on ��,ℎ . The uncertainties are obtained

from a three-point scale variation. The numbers given in this table can also be
found in [169], to which the author of this thesis is one of the contributors.

The central scales are set dynamically to

�� = �� =
��

2
=
1

2

(︃
�2
ℎ
+ �2

�,ℎ
+

︁
�

��,�

)
, (6.9)

where the sum runs over inal state partons, which is just one in the leading order and
virtual cases and two for the real radiation. Results for the total cross sections for various
lower cuts on the Higgs transverse momentum ��,ℎ are displayed in table 6.1.

The analysis shows that, as expected, there are only very tiny diferences between the
SM and EFT scenarios at low ��,ℎ. However, if the lower cut on this variable is pushed
further up and only the tails of the distributions are compared, sizeable diferences appear.
This efect is even better observed in the ratio of the two results, �EFTcut / �SMcut , which is
shown in table 6.2. For ��,ℎ > 400GeV the ratio of cross sections deviates more than 10%
from one, which could render it experimentally visible at the HL-LHC or future colliders,
even though the absolute values of �cut in both the SM and EFT are small.

A similar efect can be seen in the diferential distribution with respect to ��,ℎ , as plotted
in igure 6.5. For ��,ℎ ≥ 200GeV the two curves diverge from each other, reaching relative
diferences of 1.2 around 600GeV and over 1.4 in the outermost bins near 1 TeV. This
sizable efect again highlights the importance of studying the high ��,ℎ regime.
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��,ℎ cut [GeV]
�EFTcut / �SMcut

LO NLO

50 0.9966 ± 0.0006 0.99 ± 0.03

100 1.0001 ± 0.0010 0.99 ± 0.04

200 1.021 ± 0.002 1.02 ± 0.02

400 1.118 ± 0.007 1.11 ± 0.01

600 1.251 ± 0.012 1.23 ± 0.01

800 1.407 ± 0.016 1.37 ± 0.02

Table 6.2.: Ratio �EFTcut / �SMcut of the cross sections for the SM (�� = 1, �� = 0) and an
EFT benchmark point (�� = 0.9, �� =

2
30 ) for various lower cuts on the Higgs

transverse momentum ��,ℎ . The scale uncertainties are correlated between the
EFT and SM scenarios and mostly cancel, thus only the numerical uncertainties
are shown. The numbers given in this table can also be found in [169], to which
the author of this thesis is one of the contributors.

6.5. Conclusion

A calculation of Higgs plus one jet production at chiral dimension four (�� = 4) of non-
linear EFT with full top mass dependence was presented. The amplitude for this process
depends on two efective couplings �� and ��, which were chosen such that they fulill
the condition �� + 3

2�� = 1. This choice assures that the cross section for inclusive Higgs
production stays within the region allowed by experimental data [123, 124].
The Higgs plus one jet production cross section for both the SM (�� = 1, �� = 0) and a

beyond SM benchmark point (�� = 0.9, �� =
2
30 ) was calculated at NLO QCD for various

lower cuts on the Higgs transverse momentum. It was shown that, as expected, the results
of the two scenarios are very similar at low ��,ℎ , but the high ��,ℎ regime allows to spot
diferences. The EFT cross sections for ��,ℎ > 400GeV show sizable deviations of more
than 10% from the Standard Model result not only at LO, but also at NLO. The absolute
values of the cross sections in this kinematic region are of the order of a few femtobarn.

Also diferential distributions yield interesting results for large values of ��,ℎ . In the
Higgs transverse momentum spectrum the diferences between the EFT benchmark point
and the SM reach up to 40% at the upper edge of the studied kinematic range, i.e. at
1 TeV. The divergence between the two graphs is visible already from ��,ℎ ∼ 200GeV
on. However, there are two caveats: First, the comparably large scale uncertainty bands
overlap in most of the calculated histogram bins. Second, these efects will be hard to
detect experimentally, since the cross section in each of these bins is less than a femtobarn.
The chances to pinpoint new physics in such a diferential measurement are therefore
comparably small, but nevertheless existent and thus worth the efort.
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Figure 6.5.: Next-to-leading order cross section diferential in Higgs transverse momentum
for both the SM (�� = 1, �� = 0) and an EFT benchmark point (�� = 0.9, �� =

2
30 ),

including uncertainty bands based on a 3-point scale variation. In the high
��,ℎ regime the diference between the two values becomes large, in the most
extreme cases yielding EFT/SM ratios of over 1.4.
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Within the scope of this thesis, two on the irst glance disjoint projects have been combined.
On the one hand, a new interface between Monte Carlo event generators and grid libraries
was developed with the goal to produce more precise and reliable its of the strong coupling
constant. The NNLO QCD dijet production calculations at full color necessary for that
were presented in chapter 5 and performed purely within the Standard Model. On the
other hand, predictions for Higgs plus one jet production at NLO QCD with full top
mass dependence in the context of non-linear Efective Field Theory were calculated in
chapter 6, describing efects strictly beyond the Standard Model (BSM). Despite being
disconnected, both sides are relevant contributions in the quest for a more complete and
profound understanding of nature.

Over the last decades, the Standard Model has been tested to utmost precision by all sorts
of experiments. The vast majority of them greatly supports its validity, rendering it widely
accepted among particle physicists around the globe. For a plethora of collider observables
it gives the most reliable, precise and correct results. For this reason it is important to
continue the exploration of its interactions and parameters. Since any process happening
at hadron colliders relies on factorisation if it is calculated perturbatively, optimising the
ingredients of the factorisation theorem (3.1) is an optimal point to start. To this end,
we used the grid interpolation technique to restructure the calculational logic such that
it allows for an a posteriori choice of PDF sets and input value of the strong coupling
�� . To be more precise, a new version of the APPLfast interface was developed, allowing
to use the latest version of NNLOJET and thus calculate dijet production at NNLO QCD
including the full color structure. Theory predictions matching six distinct LHC (ATLAS
and CMS) measurements of the process at diferent center of mass energies, scale and
rapidity choices were produced in the fastNLO grid format. As part of this thesis, the grids
were used for a determination of the strong coupling at the � mass, �� (�� ), to 1% accuracy.
For future work it is planned to make them publicly available, such that they can be used
for PDF its not only by the APPLfast collaboration itself, but by any interested PDF itter
working group. Other than that, the newly developed APPLfast version will allow for grid
production for a large variety of processes with unprecedented eiciency.

Despite being highly accurate and well-tested for some phenomena, there also exist exper-
imental observations lacking explanations within the Standard Model. Very prominent
examples for such indings are neutrino masses, the existence of dark matter and dark
energy or the abundance of matter over anti-matter. For many of those and other anomalies
there exist alternative models which try to analyze and quantify their efects. Often these
models introduce new heavy particles beyond the reach of current and previous experi-
ments and search for signs pointing at their existence. Since among all Standard Model
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particles the Higgs boson was discovered the latest and is the least explored, it is often
part of or the portal to new physics models. Another reason the Higgs sector is so popular
among model builders is because it is easy to expand and very versatile, due to the scalar
nature of the ields involved. A more model independent way to parameterize BSM efects
is by the means of efective ield theory, which allows to study low energy signatures of
high energy new physics without knowing the precise form of the full theory. However,
the possibilities of SMEFT are limited by the standard symmetry breaking mechanism of
the �� (2)� gauge group of the SM. On the contrary, the Electroweak Chiral Lagrangian
provides exhaustive freedom in the description of the Higgs sector and thus is optimally
suited for BSM studies thereof. In this thesis, we performed calculations of Higgs plus
one jet production in the EWChL framework at NLO QCD, including the full top mass
dependence. For a benchmark point satisfying experimental constraints, cross section
values for various cuts on the Higgs transverse momentum were determined and compared
to the SM. At leading order it was already known that in the high ��,ℎ region diferences
between EFT and SM points become comparably large. For our benchmark point with
�� = 0.9 and �� =

2
30 the same is true at next-to-leading order, which highlights the necessity

of more detailed experimental studies of this sector. More precise measurements of the
tail of the Higgs transverse momentum distribution could open a window to explore the
signatures of possible yet undiscovered heavy color-charged particles. In this regard the
high luminosity phase of the LHC will be both enlightening and exiting.

To conclude this work let us recall the statement it started with: "There is nothing new to
be discovered in physics now. All that remains is more and more precise measurement."
Now that after the Higgs discovery the Standard Model is complete, some might say a
similar thing. But as much as the striving for more precise measurements and calculations
is necessary and important, it is once again not the only research direction remaining. In
the era of not only the HL-LHC and future colliders like the FCC or CLIC, but also new
neutrino and dark matter experiments, many interesting and puzzling observations are to
be expected. We hope that the work done, the results achieved and the code developed
within the scope of this thesis will help to better interpret and understand them.
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A. Appendix

A.1. Fits with diferent rapidity cuts

As described in section 5.4.4, multiple ways of cutting the rapidity (|� |max, �
∗, ��) were

studied and only one of them (version six) was used for the nominal it. The results of two
other variants, versions ive and seven, are shown here.
As this numbering scheme implies, four more variants exist. These, however, produce

less beautiful results and are therefore not included in this thesis.

Data set bin 0 bin 1 bin 2 bin 3 bin 4 bin 5

ATLAS 7 TeV (�∗) < 1.0 < 1.5 < 1.5 < 2.0 < 2.0 < 2.5

CMS 7TeV (|� |max) < 1.0 < 1.5 < 1.5 < 2.0 < 2.0 < 2.5

ATLAS 13 TeV (�∗) < 1.0 < 1.5 < 1.5 < 2.0 < 2.0 < 2.5

CMS 8TeV (�∗, ��) �∗ < 1.0 �∗ < 1.0 �∗ < 2.0 �∗ < 2.0 �∗ < 2.0 �∗ < 2.0
�� < 1.0 �� < 1.0 �� < 1.0 �� < 1.0 �� < 1.0 �� < 1.0

CMS 13 TeV 2D (|� |max) < 1.0 < 1.5 < 1.5 < 2.0 < 2.0 < 2.5

CMS 13 TeV 3D (�∗, ��) �∗ < 1.0 �∗ < 1.5 �∗ < 1.5 �∗ < 2.0 �∗ < 2.0 �∗ < 2.5
�� < 1.0 �� < 1.0 �� < 1.0 �� < 1.0 �� < 1.5 �� < 1.5

Table A.1.: Table describing the meaning of bins for rapidity cut version ive. Diferences
to version six used in section 5.4.4 are marked in orange.

Data set bin 0 bin 1 bin 2 bin 3 bin 4 bin 5

ATLAS 7 TeV (�∗) < 1.0 < 1.5 < 1.5 < 2.0 < 2.5 < 3.0

CMS 7TeV (|� |max) < 1.0 < 1.5 < 1.5 < 2.0 < 2.5 < 2.5

ATLAS 13 TeV (�∗) < 1.0 < 1.5 < 1.5 < 2.0 < 2.5 < 3.0

CMS 8TeV (�∗, ��) �∗ < 1.0 �∗ < 1.0 �∗ < 2.0 �∗ < 2.0 �∗ < 2.0 �∗ < 3.0
�� < 1.0 �� < 1.0 �� < 1.0 �� < 2.0 �� < 2.0 �� < 2.0

CMS 13 TeV 2D (|� |max) < 1.0 < 1.5 < 1.5 < 2.0 < 2.5 < 3.0

CMS 13 TeV 3D (�∗, ��) �∗ < 1.0 �∗ < 1.5 �∗ < 1.5 �∗ < 2.0 �∗ < 2.5 �∗ < 2.5
�� < 1.0 �� < 1.0 �� < 1.0 �� < 2.0 �� < 2.0 �� < 2.0

Table A.2.: Table describing the meaning of bins for rapidity cut version seven. Diferences
to version six used in section 5.4.4 are marked in orange.
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Figure A.1.: Fits for rapidity cut version ive. The result on the very left in each plot
corresponds to the case without any cuts applied, including all rapidity values.
The deinition of the bins is given in table A.1. The plots were made by Daniel
Britzger (MPI Munich) for the APPLfast collaboration.
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(d) �� central values and error margins in-
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Figure A.2.: Fits for rapidity cut version seven. The result on the very left in each plot
corresponds to the case without any cuts applied, including all rapidity values.
The deinition of the bins is given in table A.2. The plots were made by Daniel
Britzger (MPI Munich) for the APPLfast collaboration.
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