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A laminar stagnation flow flame stabilized at a plane wall is theoretically ana-
lyzed, coupled with a thermo-elasticity model in the wall. Mathematical models
for both the flame and the wall will be proposed, and corresponding analytical
solutions based on their dimensionless forms will be obtained. The mathemati-
cal analysis of this flame-solid interaction primarily focuses on the effect of the
flame on combustion-induced thermo-mechanical stresses and the influence of
wall material on flame properties such as flame temperature and stability against
extinction. A sensitivity analysis is further performed to examine how thermo-
mechanical stress inside the wall is affected by changes in other combustion
conditions (e.g., mixture composition, flame stretch rate). This study offers valu-
able insights into understanding the interaction between flames and solids, a
relationship crucial in engineering applications such as the interaction between
combustion processes and blades within gas turbine machinery.

1 INTRODUCTION

Combustion processes are important to numerous engineering applications, ranging frompower generation to transporta-
tion. The interaction between combustion process and solid introduces complex phenomena that significantly impact
combustion efficiency and environmental considerations, and the selection of materials significantly affect the combus-
tion efficiency and properties. For example, the combustion chamber head made from aluminium alloy leads to a higher
unburnt hydrocarbon (HC) formation compared to cast iron [1, 2].
On the other hand, the combustion process has a noticeable influence onmaterial andmechanical properties. Optimiz-

ing the combustion process is essential to avoid thermal failure, as flame temperatures are typically high (above 1800 K
in most cases) [3]. Moreover, the elevated flame temperature may induce significant strain of solid materials, potentially
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F IGURE 1 Schematic illustration of studied flame-solid interaction.

leading to elasto-plastic strain. This can result in phenomena such as hydrogen embrittlement, shortening the materi-
als lifetime [4, 5]. Additionally, as demonstrated in material failure analysis [6–8], combustion instabilities such as noise,
vibrations, and thermo-acoustic phenomenamay cause unsteady wall displacement of combustion chamber components,
thereby increasing the risk of material failure.
While solid mechanics and combustion processes have been extensively modeled theoretically and numerically sepa-

rately, coupled models for both processes are less reported. A stagnation flow flame stabilized at a plane wall represents
one of the simplest configurations in which the combustion process interacts with solid materials. However, in many
cases, the wall temperature is commonly set to be fixed or adiabatic, with the primary focus on investigating the influence
of wall temperature on flame properties [9, 10]. Another commonly studied configuration is flame-wall interaction, which
describes the quenching process for a premixed flame propagating towards or along a cold wall [11–14]. A thermal formu-
lation based on the first law of thermodynamics is often derived, describing the relationship between quenching distance
and heat flux, while also considering the effects of pressure and mixture composition [12].
Recently, the flame-solid interaction has been further modeled to include the effect of the combustion process on strain

[15] and thermo-mechanical stress [16, 17]. In these studies, computational fluid dynamics (CFD) methods are used to
simulate the combustion process simultaneously with the structural governing equations for solid mechanics, allowing
for the prediction of strain and thermo-mechanical stress inside the material. Such coupled models are useful for the
design and prognosis of combustion engineering applications.
The present work aims to provide a general theoretical description of a stagnation flow flame stabilized at a plane wall

coupled with a thermo-elasticity model to assess: i) the effect of the combustion process on thermo-mechanical loading
inside the material, and ii) the influence of material selection with different thermal resistance on flame properties (e.g.,
flame temperature, flame position, laminar burning velocity, and extinction limit). In the next section, theoretical models
and analytical solutions are presented. Then in Section 3, the flame-solid interaction is examined. Finally, the conclusions
are given in Section 4. Based on the present mathematical analysis, a general correlation between the combustion process
and thermo-mechanical stresses inside the wall is derived for the first time. This model can be used to assess the effects
of stretch rate and Lewis number on premixed counterflow flame structure and combustion-induced thermo-mechanical
stresses.

Notation. For the thermo-elastic continuummechanical model in the plane wall, vectors and tensors are written in index
notation using the Einstein Summation convention (e.g., 𝑢𝑖 for the displacement vector and 𝜎𝑖𝑗 for stress tensor). In the
corresponding matrix notation the variables are double underlined.

2 MATHEMATICALMODEL AND ANALYTICAL SOLUTION

In this study, we examine an adiabatic premixed stagnation flow flame stabilized at a plane wall, as illustrated in Figure 1.
The fuel and oxidizer are fully homogeneous and premixed, exiting the burner nozzle. If the flow velocity remains below a
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critical threshold, ensuring flame extinction does not occur, a stable burning flame impinging normal to a plane surface is
observed. The high flame temperature (approximately 1800 K or higher [18–20]) leads to an increased contact temperature
at the wall surface, inducing thermal expansion and thermo-mechanical stresses within the wall.
Despite its straightforward configuration, this setup proves a valuable possibility in understanding the interaction

between the flame and solid surfaces, a relationship crucial in engineering applications such as the interaction between
the combustion process and blades within gas turbinemachinery. In the subsequent sections, we will introduce themodel
for the laminar stagnation flow flame, themodel for the plane wall, and their respective analytical solutions. Assumptions
and simplifications made for each model will be introduced as well. Furthermore, it is essential to note that all symbols
and variables without a tilde are non-dimensional, and vice versa.

2.1 Model for laminar stagnation flow flame at a plane wall

For the model of a laminar stagnation flow flame stabilized at a plane wall, we treat it as a one-dimensional adiabatic
premixed laminar flame, where all thermo-kinetic quantities are solely dependent on the 𝑧̃-coordinate (cf. Figure 1). These
quantities encompass the temperature 𝑇̃𝑔 = 𝑇̃𝑔(𝑧̃) and fuel mass fraction 𝑌̃𝐹 = 𝑌̃𝐹(𝑧̃). To account for the influence of flow
velocity on flame properties, the flow velocity field remains two-dimensional. Following the widely-used assumption for
the asymptotic analysis of strained premixed flames [21–23], we assume a potential flowwithout considering the boundary
layer on the wall surface to define the flow velocity as:

𝑣 =

(
𝑣𝑧
𝑣𝑟

)
=

(
−𝑘̃𝑧̃

𝑘̃𝑟∕2

)
, (1)

where 𝑣 is the two-dimensional vector of velocity including one velocity component 𝑣𝑧 in 𝑧̃ direction and the other velocity
component 𝑣𝑟 in 𝑟 direction. Furthermore, 𝑘̃ is the stretch rate imposed in the flame. For the considered flame configura-
tion, where no curvature exists, flame stretch is a quantity that measures the amount of stretch of the flame surface due
to the strain from the outer velocity field.
For the chemical reaction, a global one-step reaction 𝐹 → 𝑃 is considered, where 𝐹 represents fuel and 𝑃 product.

In this chemical model, radicals are not included for simplicity, and the unburnt gas mixture is deficient in fuel so that
only fuel concentration (fuel mass fraction 𝑌̃𝐹) needs to be considered. Assuming a first-order chemical reaction, the

corresponding reaction rate 𝜔̃𝐹 together with Arrhenius law [24, 25] reads 𝜔̃𝐹 = 𝜌̃𝐴̃𝑌̃𝐹 exp

(
−

𝐸̃𝑎

𝑅̃𝑇𝑔

)
, in which 𝜌̃ is the

mixture density, 𝐴̃ the pre-exponent factor in Arrhenius law, 𝐸̃𝑎 the activation energy and 𝑅̃ the universal gas constant.
The diffusivemass flux for fuel is simply defined by Fick’s laws of diffusion [24–26] as 𝑗̃𝐹 = −𝜌̃𝐷̃𝐹

d𝑌̃𝐹
d𝑧̃
, where 𝐷̃𝐹 denotes

the molecular diffusion coefficient of fuel.
According to Han et al. [27], the diffusive-thermal model is employed to formulate the governing equations for tem-

perature 𝑇̃𝑔 and fuel mass fraction 𝑌̃𝐹 . In this model, all thermodynamic and physical properties, including density 𝜌̃,
isobaric specific heat capacity 𝑐𝑝, heat conductivity 𝜆̃𝑔 of the mixture, and the molecular diffusion coefficient of fuel 𝐷̃𝐹 ,
are assumed to be constant. Consequently, both governing equations can be expressed as

𝜌̃𝑐𝑝𝑣𝑧
d𝑇̃𝑔
d𝑧̃

−
d
d𝑧̃

(
𝜆̃𝑔
d𝑇̃𝑔
d𝑧̃

)
= 𝑞𝜔̃𝐹, (2)

𝜌̃𝑣𝑧
d𝑌̃𝐹
d𝑧̃

−
d
d𝑧̃

(
𝜌̃𝐷̃𝐹

d𝑌̃𝐹
d𝑧̃

)
= −𝜔̃𝐹, (3)

where 𝑞 is the heat release per unit fuel mass due to chemical reaction.
The corresponding boundary conditions are formulated as:

1. at 𝑧̃ = 0: this is the interface between the wall and flame. Since the one-step global reaction is assumed, the fuel is
completely consumed to produce after the flame reaction sheet, and only the product exists in the burnt regime. Thus,
the temperature and fuel mass fraction here are

𝑇̃𝑔(𝑧̃ = 0) = 𝑇̃𝑐 , 𝑌̃𝐹(𝑧̃ = 0) = 0. (4)
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Note that the contact temperature 𝑇̃𝑐 between plane wall and flame at this position needs to be determined later.
2. at 𝑧̃ → +∞: this regime describes the thermo-kinetic state of the unburnt gas mixture, and thus

𝑇̃𝑔(𝑧̃ → +∞) = 𝑇̃0 , 𝑌̃𝐹(𝑧̃ → +∞) = 𝑌̃𝐹,𝑢, (5)

where 𝑇̃0 is the temperature of fresh unburnt gas mixture, and 𝑌̃𝐹,𝑢 is the fuel mass fraction in the fresh mixture

To obtain the non-dimensional governing equations, the following non-dimensional variables are introduced:

𝑧 =
𝑧̃

𝛿̃0
𝑓

, 𝑣𝑧 =
𝑣𝑧

𝑆0𝐿
, 𝑇 =

𝑇̃𝑔 − 𝑇̃0

𝑇̃𝑎𝑑 − 𝑇̃0
, 𝑌𝐹 =

𝑌̃𝐹
𝑌̃𝐹,𝑢

, 𝜔 =
𝜔̃𝛿̃0

𝑓

𝜌̃𝑆0𝐿𝑌̃𝐹,𝑢
, 𝑘 = 𝑘̃

𝛿̃0
𝑓

𝑆0𝐿
, (6)

where the characteristic velocity 𝑆0𝐿, characteristic length 𝛿̃
0
𝑓
and characteristic temperature 𝑇̃𝑎𝑑 reflect laminar burning

velocity, flame thickness and adiabatic flame temperature of an unstretched planar flamewith 𝛿̃0
𝑓
= 𝜆̃𝑔∕(𝜌̃𝑐𝑝𝑆

0
𝐿) and 𝑇̃𝑎𝑑 =

𝑇̃0 + 𝑌̃𝐹,𝑢𝑞∕𝑐𝑝 respectively. Based on these non-dimensional variables, the corresponding non-dimensional governing
equations [27] are

d2𝑇
d𝑧2

+ 𝑘𝑧
d𝑇
d𝑧

+ 𝜔 = 0, (7)

1

𝐿𝑒

d2𝑌𝐹
d𝑧2

+ 𝑘𝑧
d𝑌𝑓
d𝑧

− 𝜔 = 0, (8)

inwhich 𝐿𝑒 is the Lewis number: 𝐿𝑒 = 𝜆̃𝑔∕(𝜌̃𝑐𝑝𝐷̃𝐹) [28, 29]. And the corresponding non-dimensional boundary conditions
are:

𝑧=0: 𝑇 = 𝑇𝑐 , 𝑌𝐹 = 0, (9)

𝑧=+∞: 𝑇 = 0 , 𝑌𝐹 = 1. (10)

The analytical solution can be obtained in the large activation energy asymptotic limit. For this limit, the flame thickness
tends to zero and the chemical reaction zone is infinitely narrow so that the reaction rate can be replaced by the Delta
function [30–33]:

𝜔 =
[
𝛼𝑓 + (1 − 𝛼𝑓)𝑇𝑓

]2
exp

[
𝑍𝑒

2

𝑇𝑓 − 1

𝛼𝑓 + (1 − 𝛼𝑓)𝑇𝑓

]
𝛿(𝑧 − 𝑧𝑓), (11)

where 𝛼𝑓 = 𝑇̃0∕𝑇̃𝑎𝑑 is the thermal expansion ratio for flame and 𝑍𝑒 = 𝐸̃𝑎(1 − 𝛼𝑓)∕(𝑅̃𝑇̃𝑎𝑑) the Zel’dovich number [28–30].
Typically, 𝑍𝑒 ∼ (10) is reasonable for the combustion chemical reaction in the large activation energy asymptotic limit
[28, 30].
Integrating the governing equations in the unburnt zone (𝑧 ≥ 𝑧𝑓) and burnt zone (0 ≤ 𝑧 ≤ 𝑧𝑓), and neglecting the

nonlinear reaction term in 𝜔 due to the limit of large activation energy, the analytical asymptotic solution for the non-
dimensional temperature distribution is

𝑇(𝑧) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑇𝑐 + (𝑇𝑓 − 𝑇𝑐)
∫
𝑧

0
𝑒−𝑘𝜉

2∕2d𝜉

∫
𝑧𝑓

0
𝑒−𝑘𝜉2∕2d𝜉

(
0 ≤ 𝑧 ≤ 𝑧𝑓

)

𝑇𝑓

∫
+∞

𝑧𝑓
𝑒−𝑘𝜉

2∕2d𝜉

∫
+∞

𝑧
𝑒−𝑘𝜉2∕2d𝜉

(
𝑧 ≥ 𝑧𝑓

) . (12)
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TABLE 1 General 3D equations of motion and for heat conduction (left column) and
corresponding simplified 1D equations under steady state with constant material properties and
without body force.

General 3D equations Simplified stationary 1D equations(
𝐾̃0 +

1

3
𝐺̃0

) d2𝑢̃𝑗
d𝑥̃𝑗d𝑥̃𝑖

+ 𝐺̃0

d2𝑢̃𝑖
d𝑥̃𝑗d𝑥̃𝑖

− 𝛽0
d𝑇̃𝑠
d𝑥̃𝑖

= 𝜌̃0
𝜕2𝑢̃𝑖
𝜕𝑡2

(
𝐾̃0 +

4

3
𝐺̃0

)
d2𝑢̃1
d𝑥̃21

− 𝛽0
d𝑇̃𝑠
d𝑥̃1

= 0

𝜆̃𝑠
d2𝑇̃𝑠
d𝑥̃𝑖d𝑥̃𝑖

− 𝑇̃0𝛽0
𝜕

𝜕𝑥̃𝑖

(
𝜕𝑢̃𝑖
𝜕𝑡

)
= 𝜌̃0𝑐0

𝜕𝑇̃𝑠
𝜕𝑡

𝜆̃𝑠
d2𝑇̃𝑠
d𝑥̃21

= 0

In these equations, 𝑧𝑓 is the flame position and𝑇𝑓 themaximum flame temperature. Taking into account the jump relation
at the flame front 𝑧𝑓 [27], the following algebraic system of equations is obtained for 𝑧𝑓 and 𝑇𝑓:

(𝑇𝑓 − 𝑇𝑐)
𝑒
−𝑘𝑧2

𝑓
∕2

∫
𝑧𝑓

0
𝑒−𝑘𝜉2∕2d𝜉

+ 𝑇𝑓
𝑒
−𝑘𝑧2

𝑓
∕2

∫
+∞

𝑧𝑓
𝑒−𝑘𝜉2∕2d𝜉

=
1

Le
𝑒
−kLe𝑧2

𝑓
∕2

∫
+∞

𝑧𝑓
𝑒−kLe𝜉2∕2d𝜉

=
[
𝛼𝑓 + (1 − 𝛼𝑓)𝑇𝑓

]2
exp

[
Ze
2

𝑇𝑓 − 1

𝛼𝑓 + (1 − 𝛼𝑓)𝑇𝑓

]
.

(13)

In these algebraic equations, the stretch rate 𝑘 is an a-priori given quantity, and 𝑧𝑓 and 𝑇𝑓 are funtion of 𝑘: 𝑧𝑓 = 𝑧𝑓(𝑘)

and 𝑇𝑓 = 𝑇𝑓(𝑘). With the information of 𝑧𝑓 , the flame speed can be easily determined as 𝑆𝐿 = 𝑘 𝑧𝑓 .

2.2 Model for thermo-elasticity in the plane wall

In our analysis, the plane wall is modeled as an isotropic thermo-elastic solid with isotropic heat conduction. The
combustion-induced strain inside the wall is assumed to be small, allowing the application of a geometrically linear
thermo-elasticity theory. The wall is assumed to be infinite in the 𝑥̃2 and 𝑥̃3 directions, with displacement occurring
only in the 𝑥̃1 direction. Additionally, the temperature and displacement fields in the plane wall are assumed to be depen-
dent solely on the 𝑥̃1-coordinate (𝑇̃𝑠(𝑥̃1), 𝑢̃1(𝑥̃1)). No body force and external energy source are applied in the plane wall,
and for simplicity, all material properties are assumed to be constant, including the bulk modulus 𝐾̃0, shear modulus 𝐺̃0,
the heat conductivity 𝜆̃𝑠, and 𝛽0 = 3𝐾̃0𝛼̃𝑠 representing the thermal stress induced by the temperature change with 𝛼̃𝑠 the
coefficient of thermal expansion.
In Table 1(left column), the general 3D equations for heat conductionwithout external energy source and the equation of

motionwithout body force are listed. In these equations, allmaterial properties are considered constant. In both equations,
𝜕𝑢̃𝑖

𝜕𝑡
and 𝜕𝑇̃𝑠

𝜕𝑡
represent the first time derivative of displacement and temperature, respectively, and 𝜕2𝑢̃𝑖

𝜕𝑡2
represents the second

time derivative of displacement. Based on the aforementioned assumptions and simplifications, and considering the entire
process under equilibrium (steady state), the 3D equations can be simplified, as listed in Table 1 (right column).
Note that although the displacement in our study is simplified to 1D situation, the corresponding stress is 3D. If the

temperature difference and displacement are known, the stress tensor is given by

𝜎̃
=
= −𝛽0(𝑇̃𝑠 − 𝑇̃0)

⎛⎜⎜⎝
1 0 0

0 1 0

0 0 1

⎞⎟⎟⎠ +
d𝑢̃1
d𝑥̃1

⎛⎜⎜⎜⎝
𝐾̃0 +

4

3
𝐺̃0 0 0

0 𝐾̃0 −
2

3
𝐺̃0 0

0 0 𝐾̃0 −
2

3
𝐺̃0

⎞⎟⎟⎟⎠
. (14)

For the considered model for the plane wall, the following boundary conditions are applied:

1. At 𝑥̃1 = 0: At the contact surface, the contact temperature 𝑇̃𝑐 will be determined together with the flame temperature
(see below). The traction at the surface is equal to the negative pressure induced by the flame:

𝑇̃𝑠(𝑥̃1 = 0) = 𝑇̃𝑐, 𝜎̃11(𝑥̃1 = 0) = −𝑝̃𝑔. (15)
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6 of 14 YU et al.

2. At 𝑥̃1 = 𝐻̃: a fixed temperature 𝑇̃0 is assumed and the displacement is set equal to zero:

𝑇̃𝑠(𝑥̃1 = 𝐻̃) = 𝑇̃0, 𝑢̃1(𝑥̃1 = 𝐻̃) = 0. (16)

In the following, non-dimensional variables are introduced:

𝑢1 =
𝑢̃1
𝑢̃𝑐

, 𝑥1 =
𝑥̃1
𝐻̃

, 𝜃 =
𝑇̃𝑠 − 𝑇̃0
𝑇̃𝑎𝑑 − 𝑇̃0

, 𝑢̃𝑐 =
𝛽0(𝑇̃𝑎𝑑 − 𝑇̃0)𝐻̃

𝐺̃0
. (17)

Then the non-dimensional governing equations for the temperature and the displacement in the solid read

2(1 − 𝜈)

1 − 2𝜈

d2𝑢1
d𝑥21

−
d𝜃
d𝑥1

= 0, (18)

d2𝜃
d𝑥21

= 0, (19)

in which 𝜈 refers to Poisson’s ratio describing the ratio of lateral contraction to longitudinal extension of the material
under longitudinal tensile stress [34]. Note that here the Poisson’s ratio can be used to describe the ratio between 𝐾̃0 and
𝐺̃0, namely 𝐾̃0∕𝐺̃0 =

2

3
(1 + 𝜈)∕(1 − 2𝜈), due to the assumption of linear elastic behavior and isotropic solid [34, 35]. And

the corresponding non-dimensional boundary conditions are:

𝑥1=0: 𝜃 = 𝑇𝑐 , 𝜎11 = −𝑝𝑔, (20)

𝑥1=1: 𝜃 = 0 , 𝑢1 = 0. (21)

By further introducing the characteristic stress 𝜎̃𝑐 = 𝛽0(𝑇̃𝑎𝑑 − 𝑇̃0), the non-dimensional stress tensor 𝜎𝑖𝑗 = 𝜎̃𝑖𝑗∕𝜎̃𝑐 reads

𝜎
=
= −𝜃

⎛⎜⎜⎝
1 0 0

0 1 0

0 0 1

⎞⎟⎟⎠ +
d𝑢1
d𝑥1

⎛⎜⎜⎜⎝
2(1−𝜈)

1−2𝜈
0 0

0
2𝜈

1−2𝜈
0

0 0
2𝜈

1−2𝜈

⎞⎟⎟⎟⎠
. (22)

Considering the boundary conditions for the solid, one obtains the analytical solution for temperature field and the non-
dimensional stress tensor as

𝜃 = 𝑇𝑐(1 − 𝑥1), 𝜎
=
= −𝑇𝑐(1 − 𝑥1)

⎛⎜⎜⎜⎝
0 0 0

0
1−2𝜈

1−𝜈
0

0 0
1−2𝜈

1−𝜈

⎞⎟⎟⎟⎠
− 𝑝𝑔

⎛⎜⎜⎜⎝
1 0 0

0
𝜈

1−𝜈
0

0 0
𝜈

1−𝜈

⎞⎟⎟⎟⎠
. (23)

After the stress tensor is obtained, the vonMises equivalent stress𝜎vM is determined by the Frobenius normof the traceless
part of the stress tensor as [36]:

𝜎2vM =
3

2
𝜎dev
𝑖𝑗

𝜎dev
𝑖𝑗

, with 𝜎dev
𝑖𝑗

= 𝜎𝑖𝑗 −
1

3
𝜎𝑘𝑘𝛿𝑖𝑗, (24)

where 𝜎dev
𝑖𝑗

is the stress deviator.

2.3 Coupling at contact surface

Both models are coupled through the contact temperature between the flame and the plane wall. At the contact surface,
the contact temperature must be equal from both sides: 𝑇𝑐(𝑧 = 0) = 𝑇𝑐(𝑥1 = 0). Furthermore, the heat flux from both
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YU et al. 7 of 14

TABLE 2 Non-dimensional parameters and variables.

Gas phase: Flame
𝑇𝑓 Flame temperature (to be determined)
𝑧𝑓 Flame position (to be determined)
𝑍𝑒 Zel’dovich number 𝑍𝑒 = 10

𝛼𝑓 Thermal expansion ratio 𝛼𝑓 = 0.22

𝐿𝑒 Lewis number 0.4 ≤ 𝐿𝑒 ≤ 3.0

𝑘 Stretch rate 𝑘 ≤ 𝑘ext
Solid phase: Plane wall
𝜎maxvM Max. von Mises equivalent stress (to be determined)
𝜈 Poisson’s ratio 𝜈 = 0.3

Contact surface
𝑇𝑐 Contact temperature (to be determined)
𝑅𝑠𝑔 ratio of thermal resistance (0) - (100)

sides must also be identical, which can be written in form with dimension:

−𝜆̃𝑔
d𝑇̃𝑔
d𝑧̃

|||||𝑧̃=0 = +𝜆̃𝑠
d𝑇̃𝑠
d𝑥̃1

|||||𝑥̃1=0. (25)

Note that different signs have been used from both sides, because 𝑧− and x1-coordinate point in opposite directions (cf.
Figure 1). Together with the introduced non-dimensional variables mentioned above, the non-dimensional form for the
boundary condition in terms of equal heat flux is

−𝑅𝑠𝑔
d𝑇
d𝑧

|||||𝑧=0 =
d𝑇
d𝑥1

|||||𝑥1=0, (26)

in which 𝑅𝑠𝑔 = 𝑅̃𝑠∕𝑅̃𝑔 compares the ratio of thermal resistance of solid (𝑅̃𝑠 = 𝐻̃∕𝜆̃𝑠) and of flame (𝑅̃𝑔 = 𝛿̃0
𝑓
∕𝜆̃𝑔).

Combining the analytical solution of temperature for both flame (Equation 12) and solid (Equation 23), the
non-dimensional contact temperature can be determined by an algebraic equation

𝑇𝑐 =
𝑅𝑠𝑔 𝑇𝑓

𝑅𝑠𝑔 + ∫
𝑧𝑓

0
𝑒−𝑘𝜉2∕2d𝜉

. (27)

3 RESULTS AND DISCUSSION

In this study, our emphasis is on exploring how the gas mixture (expressed in terms of Lewis number) and flow condi-
tions (indicated by stretch rate) influence the induced thermo-mechanical stress. Table 2 provides a comprehensive list
of non-dimensional parameters and variables, along with their corresponding selected values or ranges, or they are to
be determined as output values. Before delving into the results, it is pertinent to note a few considerations regarding the
varied parameters and variables:

1. The Zeldovich number𝑍𝑒 = 10 and thermal expansion ratio for the flame 𝛼𝑓 = 0.22 aremaintained as constant values.
These are reference values, and the composition of the gas mixture (such as varying hydrogen content) has a negligible
impact on these two parameters, as indicated in other literature [37, 38]. The chosen values are consistent with those
applied in other analyses [27, 28, 30].

2. We are considering a range of 𝐿𝑒 numbers that cover a wide spectrum of possible combustible mixtures applicable in
real combustion scenarios:
A. Pure hydrogen/air mixture typically has a Lewis number around 𝐿𝑒 ≈ 0.4 [39]. For pure CH4/air or NH3/air mix-

tures, the corresponding 𝐿𝑒 ≈ 1 [40, 41]. The regime 𝐿𝑒 ≤ 1 is consistent with gas mixtures containing methane,
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8 of 14 YU et al.

F IGURE 2 Typical spatial profiles for temperature (left) and von Mises stress (right) with parameter values 𝐿𝑒 = 0.5 and 𝑅𝑠𝑔 = 0.5.

syngas, or ammonia enriched with hydrogen [42–44]. As more hydrogen is added to the gas mixture, the Lewis
number decreases.

B. Most HC fuels have a Lewis number greater than 1 (𝐿𝑒 > 1) [45–47]. In the case of a lean mixture containing the
primary reference automobile fuel (PRF), which is a blend of iso-octane and n-heptane with air, the corresponding
Lewis number tends to be around 3 (𝐿𝑒 ≈ 3.0) [46].

3. The stretch rate is bounded by the extinction stretch rate 𝑘ext, beyond which no stable burning flame can be sustained.
4. A typical range for Poisson’s ratio 𝜈 in engineering alloys is around 0.2–0.35 [35, 48]. Since this parameter is only

important for determining thermo-mechanical stress inside the plane wall and has no influence on the flame behavior,
we set it as 𝜈 = 0.3 throughout the entire study. This value is also reasonable for alloys such as Inconel 718 [49] and
Ti-6Al-4V [50].

5. The ratio of thermal resistance 𝑅𝑠𝑔 is in order of magnitude(0) − (100). This is based on the estimation that typical
flame thickness for various hydrogen or HC flames is in order of magnitude(10−1)mm [51, 52] and a typical thickness
of a rotor blade in the gas turbine combustor is in order of magnitude (101) − (102)mm [53, 54].

Typical spatial profiles for temperature over the entire domain (left) and vonMises stress inside the planewall (right) are
presented in Figure 2. The contact temperature 𝑇𝑐 corresponds to the temperature at 𝑥1 = 𝑧 = 0. Since the heat conduc-
tivity of the wall is assumed to be a constant value, the temperature distribution inside the plane wall is a linear function
over the spatial coordinate, increasing from 0 to 𝑇𝑐. The flame has the maximum temperature 𝑇𝑓 (flame temperature) at
the flame position 𝑧𝑓 . Consistent with the temperature profile, the von Mises equivalent stress 𝜎vM reaches its maximum
at the contact surface.

3.1 Variation of Lewis number 𝑳𝒆

In this section, we will discuss the effect of the Lewis number (𝐿𝑒) on the flame and thermo-mechanical stress in the
plane wall. It should be reiterated that a smaller 𝐿𝑒 number corresponds to a higher hydrogen content in the combustible
gas mixture.
Figure 3 illustrates the flame position 𝑧𝑓 , flame temperature 𝑇𝑓 , and flame speed 𝑆𝐿 in relation to the stretch rate 𝑘

under different Lewis numbers (𝐿𝑒). All curves terminate at the extinction stretch rate, beyond which no stable burning
flame can be sustained. It is worth noting that the impact of the stretch rate on these flame parameters has been extensively
studied in ref. [9]. The primary difference lies in the fixed temperature condition at the wall in their work, specified as
𝑇(𝑧 = 0) = 𝜃(𝑥1 = 0) = 0. Nevertheless, our observations indicate that the general trends persist even when considering
the contact temperature. Therefore, we will briefly summarize the effect of the stretch rate on the flame parameters, with
more detailed discussions available in ref. [9].
In general, irrespective of the Lewis number, an increase in the stretch rate causes the flame to move closer to the plane

wall, resulting in a decrease in the flame position. Flame extinction happens when the flame approaches the wall, leading
to increased heat loss to the wall. If the flame loses enough heat such that the heat release from the chemical reaction can
no longer sustain the reaction, the reaction rate decreases, ultimately resulting in flame extinction.
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YU et al. 9 of 14

F IGURE 3 Dependence of flame position 𝑧𝑓 , flame temperature 𝑇𝑓 and flame speed 𝑆𝐿 on stretch rate 𝑘 with 𝑅𝑠𝑔 = 0.5.

F IGURE 4 Dependence of contact temperature 𝑇𝑐 on stretch rate 𝑘 (left) and on the Lewis number 𝐿𝑒. Conditions are same as in
Figure 3.

The behavior of flame temperature 𝑇𝑓 with varying Lewis number from Figure 3(middle) is more complicated:

1. for 𝐿𝑒 < 1: the chemical reaction rate 𝜔 increases with an increasing stretch rate 𝑘 [9, 55], causing an increase in flame
temperature. As the flame approaches the plane wall, the heat loss from the flame to the wall intensifies, resulting in
a decrease in flame temperature until extinction. Furthermore, for the positively stretched premixed flames, 𝐿𝑒 ≤ 1,
flame temperature is higher than the adiabatic flame temperature, which is also reported in refs. [29, 56].

2. For 𝐿𝑒 > 1: the chemical reaction rate decreases with an increasing stretch rate [9, 55]. Even when the flame front is
still far from the plane wall, where heat loss still has little effect on the flame, the chemical reaction rate decreases to a
certain value below which no further chemical reaction can be sustained. This also explains why mixtures with 𝐿𝑒 > 1

exhibit a smaller extinction limit than mixtures with 𝐿𝑒 < 1. Moreover, for the negatively stretched premixed flames,
𝐿𝑒 > 1, flame temperature is lower than the adiabatic flame temperature, consistent with the analysis in ref. [29].

The influence of the Lewis number on flame properties, such as flame temperature and extinction limit, suggests that
incorporating lightermolecules (e.g., hydrogen) in the gasmixture enhances combustion efficiency by increasing the flame
temperature and improving the extinction limit. This aligns with nowadays approaches to the application of hydrogen-
enriched combustion systems [57–59].
Focusing on the solid plane wall, Figure 4 illustrates the dependence of the contact temperature 𝑇𝑐 on the stretch rate

𝑘 (left subfigure) and on the Lewis number 𝐿𝑒 for specific stretch rates (right subfigure), under the same conditions as
in Figure 3. As the flame approaches closer to the plane wall with an increasing stretch rate, the contact temperature
shows a significant rise due to the higher impact of the flame temperature. While the stretch rate shows a noticeable
influence on the contact temperature, the role of the Lewis number is comparativelyminor. To bemore precise, the contact
temperature exhibits a slight decrease with increasing Lewis number (in the present work, only around 10% decrease).
This occurs because for flames with a larger 𝐿𝑒 number, on one side, the flame moves closer to the wall (resulting in
a smaller flame position, cf. Figure 3), while on the other side, the flame has a lower flame temperature (cf. Figure 3).
These two phenomena compensate for each other, resulting in the effect of the 𝐿𝑒 number on the contact temperature
becoming smaller.
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10 of 14 YU et al.

F IGURE 5 Dependence of maximum von Misess stress 𝜎𝑚𝑎𝑥𝑤𝑀 on stretch rate 𝑘 with 𝑅𝑠𝑔 = 0.5.

Figure 5 compares the maximum von Mises stress 𝜎𝑚𝑎𝑥𝑤𝑀 against stretch rate 𝑘 for various Lewis numbers. The trend
agrees with the observation from the contact temperature, indicating that 𝜎𝑚𝑎𝑥𝑤𝑀 is significantly impacted by the stretch
rate and minimally influenced by the Lewis number of the fuel mixture. This provides us with several practical insights
for the construction of combustion applications:

1. For most HC fuels involving heavy molecules (𝐿𝑒 > 1.0), an increase in flow velocity (indicated by the stretch rate)
leads to elevated thermo-mechanical stress and reduced flame temperature.

2. For fuels involving small or light molecules (𝐿𝑒 < 1.0), even though an increase in flow velocity (indicated by the
stretch rate) leads to elevated thermo-mechanical stress, the flame temperature can become higher, thus improving
combustion efficiency simultaneously.

3. More interestingly, if the flow velocity remains unchanged, the thermo-mechanical stress inside the solid will not be
affected by the fuel type. However, using a fuel with a smaller Lewis number would achieve a higher flame temper-
ature and enhanced combustion efficiency. In practical applications, conventional fuels under hydrogen enrichment
conditions are widely recognized for their improved combustion efficiency and, based on the results here, would only
slightly increase thermo-mechanical stress as well.

3.2 Variation of ratio of thermal resistance 𝑹𝒔𝒈

In this section, we will discuss the effect of the thermal resistance ratio (𝑅𝑠𝑔) on the flame properties and thermo-
mechanical stress in the plane wall. It should be mentioned here at first that, according to Equation (27), the contact
temperature 𝑇𝑐 tends to zero (𝑇𝑐 = 0) if 𝑅𝑠𝑔 → 0, corresponding to a small thermal resistance of the solid. On the other
hand, the contact temperature tends to the flame temperature (𝑇𝑐 = 𝑇𝑓) if 𝑅𝑠𝑔 → +∞, corresponding to a high thermal
resistance of the solid. Note that, in general, the higher the thermal resistance, the lower the heat loss.
Figures 6 and 7 illustrate the flame position 𝑧𝑓 , flame temperature 𝑇𝑓 , and flame speed 𝑆𝐿 in relation to the stretch rate

𝑘 under different 𝑅𝑠𝑔 numbers for fuels with small 𝐿𝑒 number and large 𝐿𝑒 number. In general, it is observed that the
extinction stretch rate increases with increasing 𝑅𝑠𝑔. In other words, with the increase of 𝑅𝑠𝑔, the flame becomes more
stable against extinction. This is straightforward, as the increase of 𝑅𝑠𝑔 corresponds to a higher thermal resistance of the
solid. A higher thermal resistance means a greater resistance to heat transfer, leading to lower heat loss of flame through
the plane wall. Therefore, the flame loses less heat and becomes more stable.
However, it is observed that the influence of 𝑅𝑠𝑔 on flame properties is larger for fuels with small 𝐿𝑒 numbers, while

it is relatively small for fuels with large 𝐿𝑒 numbers. This can be explained as follows: if the rate of thermal diffusion is
larger than the rate of mass diffusion (𝐿𝑒 > 1), heat is transferred faster outwards to heat up the unburnt gas, and the
consumption of fuel is mainly controlled by the convection process ( 1

𝐿𝑒

d2𝑌𝐹
d𝑧2

→ 0 in Equation (8)). Since the heat transport
through the plane wall is not affected by the convective process, most flame properties at larger 𝐿𝑒 numbers are not
significantly dependent on 𝑅𝑠𝑔.
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YU et al. 11 of 14

F IGURE 6 Dependence of flame position 𝑧𝑓 , flame temperature 𝑇𝑓 and flame speed 𝑆𝐿 on stretch rate 𝑘 with 𝐿𝑒 = 0.4.

F IGURE 7 Dependence of flame position 𝑧𝑓 , flame temperature 𝑇𝑓 and flame speed 𝑆𝐿 on stretch rate 𝑘 with 𝐿𝑒 = 2.0.

F IGURE 8 Dependence of maximum of von Misess stress 𝜎maxvM on stretch rate 𝑘 with different 𝑅𝑠𝑔 for 𝐿𝑒 = 0.4 (left) and 𝐿𝑒 = 2.0 (right).

Moreover, we observe that at low stretch rates, which are far away from the extinction limit, the flame properties are not
affected by 𝑅𝑠𝑔. Only when the stretch rate approaches the extinction limit does the influence of 𝑅𝑠𝑔 become noticeable.
This is because if the stretch rate is small, the flame is located far from the plane wall, so the plane wall has a minor effect
on the flame. The effect of heat loss through the plane wall on the flame becomesmore important as the flame approaches
the plane wall with increasing stretch rate.
Although thermal resistance is only significant for flame under certain conditions, the results presented in Figure 8

demonstrate that variations in 𝑅𝑠𝑔 play a significant role in the maximum von Misess stress. According to Equation (27),
𝑇𝑐 → 0 as 𝑅𝑠𝑔 → 0, indicating a zero temperature gradient inside the wall. Consequently, there is no thermal expansion,
and the corresponding thermo-mechanical stress vanishes (blue lines in Figure 8). Conversely, in the limit as 𝑅𝑠𝑔 → ∞,
𝑇𝑐 → 𝑇𝑓 according to Equation (27), resulting in a noticeable temperature gradient inside the plane wall (increase
from ambient temperature to flame temperature). Thus, as 𝑅𝑠𝑔 increases, the thermo-mechanical stress inside the wall
becomes larger.
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12 of 14 YU et al.

F IGURE 9 Contour plot of the sensitivity of maximum of von Misess stress 𝜎maxvM with respect to the Lewis number 𝐿𝑒 (left) and to ratio
of thermal resistance 𝑅𝑠𝑔 (right).

3.3 Sensitivity analysis of max. vonMises stress

Previous two sections discussed the effect of Lewis number 𝐿𝑒 and ratio of thermal resistance 𝑅𝑠𝑔 on the maximum of von
Misess stress 𝜎maxvM . In this part, we briefly summarize it by further performing the sensitivity analysis. Contour plots of the
sensitivity of maximum of vonMisess stress 𝜎maxvM with respect to Lewis number 𝐿𝑒 (left) and to ratio of thermal resistance
𝑅𝑠𝑔 (right) are illustrated in Figure 9. The sensitivity value is determined by using the bruto force method. For example,
the sensitivity of 𝜎maxvM with respect to 𝐿𝑒 number is calculated as

𝑆rel𝐿𝑒 =
𝐿𝑒

𝜎maxvM
⋅
𝜕𝜎maxvM
𝜕𝐿𝑒

(evaluated by finite difference)

≈
𝐿𝑒

𝜎maxvM
⋅
Δ𝜎maxvM
Δ𝐿𝑒

=
𝐿𝑒

𝜎maxvM
⋅
𝜎maxvM (1.1𝑘𝑟) − 𝜎maxvM (𝐿𝑒)

1.1𝐿𝑒 − 𝐿𝑒
= 10 ×

𝜎maxvM (1.1𝐿𝑒) − 𝜎maxvM (𝐿𝑒)

𝜎maxvM (𝐿𝑒)
. (28)

Consistent with the results in Figure 5, the negative sensitivity of 𝜎maxvM with respect to the Lewis number 𝐿𝑒 shows
that an increase in 𝐿𝑒 number decreases the thermo-mechanical stress. However, such sensitivity is relatively low, and
the maximum sensitivity value is only around -0.14%, indicating that under the same flow condition (here represented
by stretch rate), using fuels with lighter molecules results in a minor increase in the thermo-mechanical stress. However,
𝜎maxvM is more sensitive to 𝑅𝑠𝑔, as the thermal resistance has a significant influence on the temperature distribution inside
the plane wall. Therefore, it is concluded from this simple sensitivity analysis that for the construction and design of
combustor components, the variation of fuels may not require reconsideration of the thermo-mechanical stress issue.

4 CONCLUSIONS

The flame-solid interaction is theoretically modeled and analyzed based on a steady laminar stagnation flow flame stabi-
lized at a plane wall. The heat conduction through the plane wall is considered, and a thermo-elasticity model is used to
investigate the thermo-mechanical stress inside the wall. Analytical solutions for the flame and plane wall are proposed
in the present work by considering the dimensionless forms of the corresponding simplified governing equations. The
results show that the Lewis number has a minor effect on the thermo-mechanical stress, while the thermal resistance has
a significant effect. As ongoing research, the theoretical analysis will be extended to consider the elasto-plastic strain of
the material.
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