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ARTICLE INFO ABSTRACT

Keywords: This work deals with optimal control problems for constrained mechanical systems whose
Differential-algebraic equations motion is governed by differential algebraic equations (DAEs). Both index-3 DAEs and stabilized
Structure-preserving discretization index-2 DAEs are considered. Two alternative formulations of the optimal control problem are

Generalized momentum maps
GGL stabilization
Quadratic invariants

compared to each other. It is shown that symmetries of the optimal control problem lead to the
conservation of generalized momentum maps. These generalized momentum maps are related
to quadratic invariants of the optimal control problem. A direct discretization approach is newly
proposed which is (i) capable to conserve the quadratic invariants, and (ii) equivalent to the
indirect approach to the optimal control problem. Numerical examples are presented to access
the properties of the newly developed schemes.

1. Introduction

The present work deals with the optimal control of constrained mechanical systems, whose motion is described by differential—
algebraic equations (DAEs). In particular, we focus on mechanical systems subject to scleronomic holonomic constraints. The
constraints give rise to redundant coordinates and facilitate the singularity-free description of arbitrarily complex discrete mechanical
systems. We concentrate on optimal control problems in which the DAEs play the role of the state equations. This treatment ensures
that the mechanical system stays on the correct configuration manifold and thus prevents the numerical drift-off phenomenon. We
refer to [1] for a recent account of alternative approaches to the optimal control of constrained mechanical systems.

It is well-known that the motion of holonomically constrained mechanical systems is governed by DAEs with differentiation
index three [2,3]. In the context of optimal control problems these DAEs play the role of the state equations. Numerical methods for
the optimal control of DAEs are much less mature than those for ODEs [4]. This is particularly true for the index-3 DAEs associated
with constrained mechanical systems. Even if the often applied GGL (Gear-Gupta-Leimkuhler [5]) type index reduction is applied,
one still has to deal with stabilized index-2 DAEs.

While the modeling of mechanical systems in general requires the imposition of constraints, in some occasions minimal (or
local) coordinates might be used. Then the state equations assume the form of ODEs and well-established numerical methods can
be applied to solve related optimal control problems, see, for example, [6,7]. Similar observations apply if projection methods are
used to eliminate the constraints from the underlying DAEs prior to optimization, see [8-10].

While the Pontryagin maximum principle for the optimal control of ODEs goes back to 1956 [11], a maximum principle for
the optimal control of DAEs with index up to three was only published in 2002 [12]. As mentioned in [12], there is common
belief that one can apply the standard maximum principle to DAEs as well. The standard procedure relies on the direct use of the
holonomic constraints in the optimal control formulation and is used quite often in the field of computational mechanics, see, for
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example, [13-15]. The same observation applies to adjoint methods for dynamic optimization problems [16-18]. In contrast to
that, the approach complying with the maximum principle [12] has been rarely applied [19,20]. This is particularly true for the
high-index DAEs associated with mechanical systems.

Interestingly, to the best of our knowledge, a comparison of the two alternative approaches (common procedure versus maximum
principle [12]) to the optimal control of constrained mechanical systems has not been undertaken so far. It is one main goal of this
work to fill this gap.

A second main goal of this work is to develop structure-preserving numerical methods for the optimal control of constrained
mechanical systems. In the optimal control of ODEs, the conservation of quadratic invariants plays a crucial role, as has been
shown by Sanz-Serna [21]. Accordingly, besides the preservation of quadratic invariants, discretization and optimization commute
if symplectic (partitioned) Runge—Kutta integration is applied (see also [7,22-24]). Put in other words, if symplectic (partitioned)
Runge-Kutta methods are used for the discretization, the direct and indirect approach to the numerical solution of optimal control
problems are equivalent. The preservation of quadratic invariants can be linked to Noether’s theorem for optimal control [25,26]. In
particular, in the optimal control of mechanical systems, generalized momentum maps are conserved if the optimal control problem
has symmetry. A corresponding structure-preserving direct method, which is capable to conserve generalized momentum maps of
the underlying optimal control problem has been proposed in [27].

In this work we aim to extend the above-mentioned results for the optimal control of ODEs to the realm of constrained mechanical
systems whose motion is governed by stabilized index-2 and index-3 DAEs. We show that there exist generalized momentum maps
which are (at most quadratic) invariants of the optimal control problem, provided that specific symmetry conditions are fulfilled
(see also [28] for a preliminary work). Based on this observation, we aim at structure-preserving numerical methods

« that are capable to preserve generalized momentum maps associated with symmetries of the underlying optimal control
problem.
» for which the direct and the indirect approach commute.

These goals shall be addressed in the light of the two alternative optimal control formulations at hand (according to either the
common approach or the maximum principle [12]).

The rest of this work is organized as follows. In Section 2, we summarize the equations of motion pertaining to constrained
mechanical systems described in terms of redundant coordinates. In addition to the index-3 DAEs we also deal with a GGL type
stabilized index-2 variant of the DAEs. The two alternative approaches to the formulation of the optimal control problem are
addressed in Section 3. The conservation properties of the optimal control problem are investigated in Section 4. Structure-preserving
approaches to the discretization of the optimal control problem are developed in Section 5. The numerical results presented in
Section 6 give rise to the reconciliation of the two alternative optimal control formulations in Section 7. Eventually, conclusions are
drawn in Section 8.

2. The state equations for constrained mechanical systems

In the present work we deal with mechanical systems subject to holonomic constraints. Let M be a smooth manifold of dimension
n and q € M the representation of the local coordinates on M. Due to the presence of constraints the coordinates are redundant.
Consequently, the configuration space of the mechanical system is defined by

Q :={qeM|gi(q) =0} @

The constraint function gi(q) : M — R™ defines m independent constraints so that the constraint Jacobian Dg?(q) has full rank.
Correspondingly, the mechanical system has ng; = n — m degrees of freedom. Differentiating the constraints with respect to time
yields the consistency condition dg’(q)/dt = Dg’(q)q = 0, where q € 7,Q denotes the velocity vector. Introducing the conjugate
momentum p = Mgq, the constraints on velocity level can be rewritten as

g’(q.p) = Dg(@M'p =0 ®)

Here, M € R™" is the symmetric, positive definite mass matrix which is assumed to be constant for simplicity. For later use we
introduce matrix

A(qg) = Dg/(9M ™' Dgi(q)” 3)

which is symmetric and non-singular due to the full-rank of the constraint Jacobian Dg’(q) and the positive definiteness of mass
matrix M. The phase space corresponding to the configuration manifold (1) can be introduced as

T*Q :={(q,p) € T*M | g(q) = 0,g°(q.p) = 0} (€]

Accordingly, the phase space 7*Q has dimension 2n,4,. Note that the constraints on velocity level (2) are also referred to as hidden
constraints.

2.1. The state equations as index-3 DAEs

To describe the motion of the mechanical system we introduce the augmented mechanical Hamiltonian

H'(a.p.y,) = T(q,p) + V(@ +y, 2@ 5)
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where T : T*M — R is the kinetic energy defined by
1 _
T(q,p)=5p'M~'p (6)

V : M — R is the potential energy and y, € R are Lagrangian multipliers associated with the constraints. The motion of the
constrained Hamiltonian system is governed by the differential-algebraic equations (DAEs)

q= VY,H}(q.p.y)=M"p (7a)
p=-Y,HY(q.p.y)=-VV(Q - Dg'@@"y, (7b)
0=V, H'(@p.y,) =g (70)

It is well-known that the DAEs (7) have differentiation index three [2]. This can be easily seen by differentiating the configuration
constraints a second time with respect to time, leading to

d . i
778 (@:-P) = 048"(4. )4 + 9p8"(q. P)p = 0

Substituting (7a) and (7b) into the last equation yields

A(qQy, = b(q,p) (8)
where

b(q, p) = 9g°(q, PYM™'p — 9,2"(q, P)VV (q) ©)
and matrix A(q) has been introduced in (3). Since matrix A(q) is non-singular, multiplier y, can be expressed as

¥,(@.p) = A~ (q)b(q. p) (10)

A third time differentiation yields a differential equation for Yg This confirms that the DAEs (7) have index three.
2.2. The state equations as stabilized index-2 DAEs

Alternatively to the index-3 DAEs (7) the equations of motion can be written as stabilized index-2 DAEs relying on the augmented
mechanical Hamiltonian

HY'(@,9.Y:¥) =T(®) + V(@ +y, 2@ +y, 2'(q. p) (11)

where y, € R" are additional Lagrangian multipliers associated with the constraints (2) on velocity level. Now, instead of (7), we
get

4= VY H)(q.p.y,y,)=M"'p+0,g°(q.p)y, (122)
p=-YHM@.p.y,.y,) = -VV(Q) - Dg'@"y, - 9,g°@. )y, (12b)
0= % HY@Ppy,y) =@ (12¢)
0=V, HY(q,p.y,y,) =£(@.p) (12

The above DAEs yield an index reduction in the spirit of the often used GGL stabilization [5]. In particular, the DAEs (12) have
differentiation index two [29,30]. This can be easily seen by differentiating the algebraic constraints in (12) with respect to time.
This yields the consistency condition

d[g@]|_|[ bgl@ 0 HQ]ZO 13
ar [g”(q,m] 0, 2@p  0,2°@.p)| b (13

Now, the differential part of the DAEs (12) can be substituted into the last equation. To this end, we write (12a) and (12b) in the

form
q] _ [ Mp ] [ 0 —0pg”(q,p)T] Bq] (14)

pl  [-VV@| |Dgi@” o,g°(q.p)T
Inserting the last equation into (13), a straightforward calculation yields
[ 0 —A@Q] [yq] _ [g”(q, p) (1s)
Al C@.p)] Ly, b(q,p)
where the skew-symmetric matrix C is given by
C(q,p) = 9,8’ qg”T — 048" pg”T 1e)

To obtain (15), 0pg” = DgM~! has been used together with matrix A and vector b, which have been introduced in (3) and (9),
respectively. Now, the first line of (15) yields y, = 0, due to (12d) and the non-singularity of matrix A. Moreover, the second line of
(15) yields result (8). To summarize, in the continuous setting the DAEs (12) imply that y, = 0, and the DAEs (12) reduce to those
in (7). However, in the discrete setting, the additional multipliers y, serve the purpose to enforce the constraints (12d) on velocity
level.
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Table 1
Index-3 state DAEs.

7

Compact form

% =f3(x,y3,0)

0=2g;(x)

Present quantities

X = [g] vs=y, &=g%

Compact r.h.s of the ODE

fq M—I p
f; = i’ =
f} -VV(q) - Dg'(@"y, + B(qu

2.3. The controlled hamiltonian state equations

The two alternative versions of the state equations outlined above can be written in a unified way by introducing the augmented
mechanical Hamiltonian

HM(q,p.y)=T® + V(@ +y gq.p) 17

Here, index i labels the respective Hamiltonians (5) and (11) and consequently hints at the index of the resulting DAEs. Accordingly,
one may choose either i = 3 or i = 2. For the case i = 3 the Lagrange multipliers and constraint functions are

Y3 =Y, g(q,p) = g'(@) (18)
whereas for the case i = 2,
[ ] @p) = [ g'(q) ] 19)
Y2 [ Yo BIEPE ] gp)

As outlined above, the corresponding DAEs have either index i = 3 or i = 2. Taking into account the additional influence of actuating
forces on the system, the controlled Hamiltonian state equations are given by

a= V,HM(@.p.y) (20a)
p=-YH"(@.p.y)+B(@u (20b)
0= % H(@.p.y) (200)

where u € U" C R" are the control inputs and B is the control distribution matrix. The controlled state Egs. (20) can be written in
the more compact from

q=1fq.p.y) (21a)
p=1£(q.p.y; 0 (21b)
0=2gi(q.p) (21¢)

for i € {2,3}. Eventually, introducing the phase space vector x = (q, p), the state Egs. (21) can be rewritten as
x =fi(x,y;,0) (22a)
0=g(x) (22b)

for i € {2,3}. Since x € T*M = P represents the state of the mechanical system in phase space P, x € P is also called state
vector in the sequel. For later reference, Tables 1 and 2 provide a summary of the present DAEs governing the motion of controlled
mechanical systems subject to holonomic constraints. These DAEs play the role of state equations in the optimal control problem
dealt with in the sequel.

For later use, we eventually provide the formulas for the Lagrange multipliers in terms of the states and the controls, i.e. y; =
yi(x,u) (i € {2,3}). In particular, for i = 3, repeating the calculation that led to (8), we obtain

A(qQ)y; = b(q, p) + Dg?(@M~'B(q)u (23)
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Table 2
Stabilized index-2 state DAEs.

7

Compact form
x = f5(x, y,,0)
0=g,(x)

Present quantities

q Yy g’(q)
X = 2= =1,
p Yo g°(q, p)

Compact r.h.s of the ODE

0, = £ _ M~'p+d,2°(q.p)y,
[y —-VV(q) - Dg(q)"y, — 0,2°(a,p)"y, + B(q)u

Consequently, multiplier y; can be expressed as y; = y;(x,u). Similarly, including the presence of controls in (15) yields

0 —A(q) £"(q.p) 0
= 24
[A(q> C(q, p)] ¥2 [b(q, p) * [ng(q)M"B(q)u] 29

Thus, multiplier y, can be expressed as y, = y,(x, u).
3. The optimal control problem
Next we address the optimal control problem for constrained mechanical systems. In particular, we seek to minimize the cost

functional S[x,y;,u] subject to the state DAEs (22) during the fixed time interval [z, ¢ 7] We assume that the states at the boundaries
are prescribed. That is, x(t)) = X, and x( ) =Xg, where X, X ¢ € T*Q are given. The optimal control problem can be stated as follows.

Minimize
S[x,y;, ul = /t/ C(x,y;,u)dt (25a)
fo
subject to
x =f;(x,y;,u) (25b)
0 =g (250)
X(19) = X, (25d)
x(tp) =X (25e)

In (25a), C is the prescribed cost density function. In the present work we put the focus on unbounded controls u € U" C R". As
before, index i € {2,3} serves the purpose to distinguish the two alternative state equations introduced in the last section.

3.1. Optimality conditions according to the maximum principle

A maximum principle for optimal control problems, in which the state equations are given by nonlinear index-3 and index-2
DAEs has been devised in [12], see also [4]. Accordingly, the necessary optimality conditions can be formulated in terms of an
optimal control Hamiltonian given by

Hx,y;w A n) = ATHx,y, 0 + 7 g(x,y,w) - C(X, y,,0) (26)

Here, A and n; (i € {2,3}) are adjoint variables of appropriate dimensions. If the underlying state DAEs have index i = 3, function
g; in Hamiltonian (26) is given by

2;(X,¥3,u) = D' ()f3(X,y3,u) (27a)
= 0,2°(q, P)f}(q, p) + 9,2°(q, P} (. p, 3, W) (27b)

Correspondingly, in Hamiltonian (26), the algebraic adjoint variables n; € R™.
If the underlying state DAEs have index i = 2, function g, in Hamiltonian (26) is given by

(X, ¥5,u) = Dg,(0Of; (X, ¥, u) (28a)
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Correspondingly, in Hamiltonian (26), the algebraic adjoint variables 5, € R>". The necessary conditions of optimality consist of
the state equations in (25), along with the optimality condition
0=V, Hxy.uin) (29a)
and the adjoint DAEs
A= -V H(x,y;,u,A,1;) (29b)
0= Vy, H(x,y;,w, A, 1;) (29¢)

3.2. Optimality conditions according to the common approach

As observed in [12], it is common belief that the standard maximum principle for ODEs can be applied to optimal control
problems subject to state DAEs. As outlined in Section 1, this observation still persists in the literature on computational mechanics.
The common approach is based on the introduction of a Hamiltonian of the form

Hix,y,u, A, m) = ATE(x,y;,0) + 1) g,(x) - C(x,y;,0) (30)

In contrast to Hamiltonian (26), the constraint functions g; are directly used in (30) instead of g; in (26). Of course, this difference
affects the form of the optimality conditions which still result from (29) by replacing H, with H,. Apart from that, there is another
crucial difference: Similar to the standard maximum principle for ODEs, the state equations in (25) can be derived from the
Hamiltonian (30) according to

% = V,H,(x,y;,u, 4,1) (31a)
0=V, H,x.y,u,An) (31b)

Correspondingly, the optimality conditions now have an underlying variational structure in the sense that they can be derived from
an augmented cost functional given by

S, = ,fC(x AT (x—f - 2
i = ¥, w) + (X i(x,y,wll)) n; g;(x)dr (32)

fp

Employing Hamiltonian (30), the augmented cost functional S; can be recast in the form

— 1 —

S, = / ATx — H;(x,y;,u, A,n;)dt (33)
To

It can be easily verified that imposing stationary of the augmented cost functional S, yields as Euler-Lagrange equations the

necessary conditions of optimality (29) along with the state DAEs (31).

Remark 1. While the optimal control formulation according to the common approach has an underlying variational structure that
hinges on the existence of the augmented cost functional S;, this is not the case for the formulation based on the maximum principle
dealt with in Section 3.1. In particular, employing Hamiltonian (26) instead of (30) yields the functional

'
S; = / ATx — H(x,y;,u, A, ;) dt (34
To

whose Euler-Lagrange equation
0= V,,i Hi(x,y;, 0, 4, 1;) # g;(X) (35)

does not yield the constraints (25c) of the underlying state DAEs. This structural discrepancy of the formulation based on the
maximum principle impairs the design of numerical methods based on the direct approach [20]. In essence, the direct approach
‘first discretize then optimize’ relies on the discretization of variational functionals such as (33) and (34). We shall dwell further on
this point in Section 5.

3.3. The adjoint DAEs and the index of the adjoint variables

In this section we focus on the adjoint DAEs and the index of the adjoint variables, depending on whether the adjoint DAEs
emanate from the maximum principle or the common approach. For simplicity of exposition, we assume that the density cost
function is given by C = C(u) = %uTEu, where matrix E is assumed to be positive definite.

3.3.1. Adjoint DAEs according to the maximum principle

As mentioned in Section 3.1, the entire system of DAEs to be considered is comprised of the state equations in (25), optimality

condition (29a) and adjoint Egs. (29b) and (29¢).
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We provide the adjoint DAEs emanating from (29b) and (29c¢) in more detail by employing Hamiltonian (26). Moreover, we show
that the adjoint equations form DAEs of index 1 for the adjoint variables, independent from index i € {2,3} of the underlying state
DAEs. If we partition the differential adjoint variables 1 = (/lq, /lp) in analogy to the state variables x = (q, p), for i = 3, Hamiltonian
(26) can be written as

Hy = AqTf;‘ + zgf;’ +mg—C (36)
Now, the differential part (29b) of the adjoint DAEs yields

dy = =0gt" 4y — 08 ms (37a)

A= =04 Ay - 9,E" ms (37b)

while the algebraic part (29c¢) leads to

0= 0,17 2, +0, 8 n;
or

0= Dg’(q)i, — A(@)m;
where matrix A(q) has been introduced in (3). Accordingly,

n; =A™ Dgl(q)4, (38)
such that algebraic adjoint variable 75 can be expressed as 73 = 15(q. 4,), which implies that the adjoint equations form DAEs of
index 1 for the adjoint variables. For completeness, optimality condition (29a) gives rise to the relationship

0= 0, Hy = AJ 0,f} + 13 0,85 — 9,C
leading to

Eu=B (1, +M'Dg" n;) (39)
Similarly, for i = 2, adjoint Eq. (29c¢) gives rise to

0=0y,H,=A"0yf, +710,8,

Now, a straightforward calculation yields

0 A] [ 0 ng]
m=- ) | 4 (40)
[—A cr —0,8" 0y

where matrices A and C have been introduced in (3) and (16), respectively. Accordingly, since matrix A is non-singular, algebraic
adjoint variable 7, can be expressed as 1, = n,(x, 1), which implies that the adjoint equations form DAEs of index 1 for the adjoint
variables. For completeness, optimality condition (29a) gives rise to the relationship

0=0,H, = ATo,f, + 75 9,8, — 9,C
leading to
Eu=B" (/1p + M*Ingrng) (41)

where the algebraic adjoint variables have been partitioned according to 7, = (ﬂ; 11‘2‘)

3.3.2. Adjoint DAEs according to the common approach

According to Section 3.2, the entire system of DAEs to be considered is comprised of the state equations in (25), optimality
condition (29a) and adjoint Egs. (29b) and (29c¢), where now Hamiltonian (30) has to be applied.

We consider the adjoint DAEs emanating from (29b) and (29¢) by using Hamiltonian ﬁi defined in (30). In particular, we show
that the adjoint equations form DAEs of index i € {2,3} for the adjoint variables.

Starting with i = 3, Hamiltonian (30) reads

Hy =28 + A0t +mgs - C (42)
Now, the differential part (29b) of the adjoint DAEs yields

dy = =0, 4, - Dg"" s (43a)

Ap = —0pf3 ' Aq (43b)

Optimality condition (29a) gives rise to the relationship
0=0,H; = 4} 9t} - 9,C
leading to

Eu=B"1, (44)
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Accordingly, since E is invertible, the control vector u can be expressed in terms of the adjoint variables 4. Algebraic part (29¢)
of the adjoint DAEs leads to
T
- oy _
0=0, " 1, =-Dg'1,
Differentiating the last equation with respect to time yields
d ;
0= (Dg) 4, + Dg'l,
Inserting (43b) into the last equation gives
d -
0= (Dg") 4, - Dg'M "2
A second time differentiation of the last equation yields, after a straightforward calculation which takes into account (43),

An; =h(x,y;,u, ) (45)

where matrix A has been introduced in (3) and function h collects the remaining terms. Taking into account (23) and (44), the last
equation implies that algebraic adjoint variables 7; can be expressed as 7; = n3(x, A). Accordingly, the adjoint equations form DAEs
of index 3 for the adjoint variables, which equals the index of the underlying state DAEs.

For i = 2, the differential part (29b) of the adjoint DAEs yields

i=-ofTA-od.g m (46)
while the optimality condition (29a) gives rise to the relationship
0=0,H, = AL 9,8} - 9,C

which again yields

Eu=B"1, (47)
Algebraic part (29¢) of the adjoint DAEs gives rise to
_ 0 _ guT
0=0, H,=2"0, f, =T P
Y2 ' t2 ¥22 |:ng7- aquT :|
Differentiating the last equation with respect to time, and inserting (46), a straightforward calculation yields
0 A s
[—A CT] n, =h(x,y,,u, 1) (48)

where remaining terms have been collected in function h. Moreover, matrices A and C have been introduced in (3) and (16),
respectively. The last equation together with (24) and (47) imply that the algebraic adjoint variables 7, can be expressed as
1, = m,(x, ). Thus one may conclude that the adjoint equations form DAEs of index 2 for the adjoint variables, which equals
the index of the underlying state DAEs.

4. Conservation properties of the optimal control problem
4.1. Conservation of generalized momentum maps

If the state equations of an optimal control problem assume the form of ODEs, it has been shown in [27] that symmetries of
the underlying uncontrolled mechanical system are inherited by the optimal control problem, provided that the cost function also
respects the symmetries. Symmetries of the optimal control problem give rise to the conservation of generalized momentum maps,
which is in line with Noether’s theorem [25,26]. Analogous observations hold for the optimal control of constrained mechanical
systems whose motion is governed by DAEs. This will be shown in the sequel. Our presentation covers the two alternative optimal
control formulations dealt with in the last section comprised of state DAEs with index i € {2,3}, and thus generalizes our previous
work [28] that has been confined to the maximum principle and i = 2.

Consider the action of a Lie group G on phase space P given by the smooth mapping @ : GXP — P such that @,(x) = &(g, x), for
g € G. Accordingly, @, : P — P for every g € G. In particular, we consider the one-parameter subgroup {g* = exp(s§) : s € R} C G,
where & is a vector in the Lie algebra g of G. Note that ®@(g°, x) = x. We further define the infinitesimal generator associated to & € g
atx € P by

&= o P 49)

N

Proposition 1. Provided that the following symmetry conditions
£ (D5 (x), 57, u) = DO (O (X, y;, ) (50a)
gi(Dys (%) = g;(%) (50Db)
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C(Dys (x),y{,u*) = C(x,y;,u) (50¢)
are satisfied for some u® and y* satisfying u® = u and y? =y,, generalized momentum maps of the form

Je(x, 1) = ATEp(x) (51)
are conserved along solutions of the optimal control problem. This holds for i € {2,3} and the two alternative optimal control formulations

treated above.
The proof of Proposition 1 is contained in the next two sections.

4.1.1. Optimal control formulation based on the maximum principle
We start with the formulation of the optimal control problem according to the maximum principle dealt with in Section 3.1. We
first show that symmetry conditions (50a) and (50b) imply that

(@ (x),y;,0°) = g(x,y;,0) (52)
for i € {2,3}. To see this, consider the derivative of (50b) with respect to time leading to

%g[@gs(x)) = Dg[@gs(x))%d’gs (%) = Dg;(P@,s (X)) DP,ys (X)X = Dg;(x)X
Note that the right-hand side of the last equation corresponds to the time derivative of the right-hand side of (50b). Inserting the
state Eq. (22a) in the above equation yields

Dg;(Ds (X)) DD s (X (x,y;,w) = Dg;(Of;(x,y;, )
Making use of symmetry condition (50a) on the left-hand side of the last equation gives

Dg;(@ s (D@5 (%), y7,u) = Dg;(Of;(x, y;, )

For i = 2, the last equation directly proofs (52), since g, is defined by g,(x,y,,u) = Dg,(x)f,(X,y,,u), see (28). For i = 3,
the last equation implies g'(@,s(x)) = g"(x), since the velocity-level constraint function introduced in (2) can be written as
g'(x) = Dgz(x)f5(x,y3,u). Now, since g;(x,y;,u) = Dg’(x)f3(x,y;,u), c.f. (27), the above procedure can be repeated by replacing
g, with g, which proofs (52) for i = 3.

Strictly speaking, the proof of Proposition 1 only requires the infinitesimal versions of the symmetry conditions (50a), (52) and
(50c). Starting with (50a), we get

d d
— f.(D,s(x),y},u’) = —
ds [s=0 (P (0.3, 00) ds

Now, a straightforward calculation based on the last equation yields
ofixy, wip(x)  + 0y fi(x.y;,w) %

. Dtbg.Y xf;(x,y;,u)

5=

y?
X (53)
+ 0L YW S| u = DEOR (.Y, u)

Here, use has been made of (49) and, on the right-hand side, the equality of mixed partials. Similarly, (52) and (50c¢) yield

u' =0 (54a)

d
0 C(x.y;, WEp(X) + 9y CX, ¥, w) =
s s=0

d
- y] +0,C(x,y;,w) T

s=I

u' =0 (54b)

~ ~ d
0x8;(X. ¥, WEp(X) + 9y, g;(X.y;. w) —=
S s=0

- d
. Y] + 0,8 (x.y;, 0) -

s=I

Making use of the Hamiltonian (26), the optimality conditions (29) can be written in the form

0= 2"0,f;,(x,y;, w) + 17 9,8 (X, y;, w) — 9, C(X,y;, w) (55a)
AT = A0 f,x, v, w) — 0T O E (X, ¥, w) + 0, C(X,y,, u) (55b)
0= 270, £;(x,y;,w) + 1 9y &i(X,y;,w) — 9y, C(x, y;, 0) (55¢)

Multiplying (53) from the left by 47 leads to
Ao gy, WEp(x)  +  AToy fi(x,y,u) =

s

Yi
v = AT DEL (O (X, y;, 1)

s=0

T d
+ Ao fixy,w E‘::o

Substituting from (55a), (55b) and (55c¢) into the last equation yields
ATDE(Of (X, y, W) = — (niTafo(x, Vi, w) — 0, C(X,y;, u) + ir) Ep(x)

- (1o, Bxy W -0, Cxyw) £ ¥

s=0
~ d
— (17 0,8, (x. y;s ) — 0,C(x, y;,u)) Els:o u
Taking into account (54a) and (54b), the last equation can be recast in the form

0=1"E,(x) + AT DEHXE, (X, y;. 1)



S. Schneider and P. Betsch Computer Methods in Applied Mechanics and Engineering 432 (2024) 117443
Inserting the state Eq. (22a) in the above equation yields
;T . d
0=1 &p(x)+ AT DEL(X)X = o (ATEp(x)) (56)

which confirms that quantity (51) is indeed conserved along optimal trajectories.

4.1.2. Optimal control formulation according to the common approach

We next consider the optimal control formulation dealt with in Section 3.2. To this end, we directly start from the infinitesimal
versions of the symmetry conditions (50), which are again given by (53) and (54a), together with the infinitesimal version of (50b)
given by

Dg,(x)ép(x) =0 (57)

Employing the Hamiltonian (30) in the optimality conditions (29) yields

0= AT9,f,(x,y;,u) — 9,C(X,y;,u) (58a)
AT = —ATof(x,y; u) — 17 Dg;(x) + 0,C(X, y;, u) (58b)
0=4"0, f,(x,y;,u) — 9y C(X,y;,0) (58¢)

Multiplying (53) from the left by A7 leads to
Aoy, Wep(x)  +  AToy fi(x,y,u) =

s

Yi
u = ATD.’;’T,(X)f,-(x, y;i.u)

5=0

+ ATt (x,y; u) i ‘s:O

Substituting from (58a), (58b) and (58c) into the last equation yields
A DERLX. YW = (0,Cxy, 0~ Dg 0 = 2T ) Ep(0

4
ds

s

+0y, C(x,y;, ) Y;

s=0

s

+0,C(x,y;,0) <

u

s=0

Substituting (57) and (54a) into the last equation yields
0=21"£,(x) + AT DEHXE (X, y;, 1)

from which again follows result (56).

4.2. Conservation of optimal control Hamiltonians

Next, we verify that both optimal control formulations considered in this work conserve the optimal control Hamiltonian.

4.2.1. Optimal control formulation based on the maximum principle
The optimal control Hamiltonian (26) is a conserved quantity of the optimal control formulation based on the maximum principle
(Section 3.1). To see this, differentiate (26) with respect to time to obtain

LHX Y w4 m) = 0HX+ 0y Hy, + 0 H i+ 0, H, A + 0, Hy,
=0H;V;H; + 0, H; (_VxHi) +§Tni
= g{ﬁi
where the optimality conditions (29) have been used. Now, for i = 2, expression (28) leads to
~ . d
g = Dg,(®)f, = Dg, (X)X = Egz(X) =0
which follows from the fulfillment of the constraints g,(x) = 0. Similarly, for i = 3, relation (27) yields
~ S d d?
= D’ (x)f; = Dg’(X)X = —g'(x) = —g9(q) = 0
g = Dg'(0f; = Dgr (0% = 2 () = 5 2%(Q)
which follows from the fulfillment of the constraints g?(q) = 0. Thus, we obtain the result
d

43 =0
dtH’

so that H; is conserved along optimal trajectories for i € {2,3}.

10
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4.2.2. Optimal control formulation according to the common approach
We now turn to the Hamiltonian (30) associated with the common approach (Section 3.2). Differentiating (30) with respect to
time yields
LH Y0, Am) = 0 H X + 0y H,Y, + 0, H i+ 0, H A+ 0, H,
=0xH;V,;H; +9;H,; (_vai)

Here, use has been made of the optimality conditions (29) and (31) (in terms of ﬁ,.). Accordingly, ﬁ,- is a conserved quantity of the
optimal control problem for i € {2,3}.

5. Structure-preserving discretization

In this section we devise a direct discretization approach that yields structure-preserving discrete conditions of optimality. In
particular, the resulting schemes inherit the conservation of generalized momentum maps from the underlying continuous optimal
control problem with symmetry. Our approach can be viewed as generalization of the direct method [27], that is confined to state
equations in ODE form.

We start with generic functions f,(x,y,u), g,(x,y,u), and C,(x,y,u), which in the sequel shall be adopted to specific forms of,
respectively, the state equations, the constraint functions and the density cost function. Let the time interval of interest, I € [z, 1l
be split in N non-overlapping subintervals I, = [t,,1,,,1 = [nh,(n+ 1h] (n=0,1,..., N —1) of length h = % The discrete value of
a function f : T — RY at time ¢, is denoted by f,. To approximate augmented cost functionals such as (32), we introduce a discrete
augmented cost function of the form

N-1
Sd = Z [/‘I':Jrl (Xn+l - X, - fd((l - a)xn taa,,¥,41, U4 ))
n=0
+al (a, —x, — £, ((1 - )X, +aa,,¥,.1, U,y ))
T (59)
—M,4184 ((1 — )X, +aa,, Ynt1> Ungt )
+Cd((1 - )X, + aa,,,y,,ﬂ,un“)]
+13(X0 —%) + 7178, (xy)
where a € [0, 1]. Note that S; depends on the discrete state variables x,, (n =0, ..., N), auxiliary state variablesa, (n=0,..., N —1),

discrete mechanical multipliers y, (n = 1,..., N), discrete controls u, (n = 1,..., N), and discrete Lagrange multipliers 1, (n =
0,....N), ¢, n=0,....N-1, 3, (n=1,...,N),and y € R>"of , The multipliers y are used to enforce the final state constraints

gf(XN) =0 (60)

Imposing the stationary conditions on .S; yields the discrete Euler-Lagrange equations. In particular, stationary with respect to
the Lagrange multipliers 4, and «,, yields

a, =X,p1
together with the discretized differential part of the state DAEs

Xp41 —Xp = fd(XnJra’ Yn+1> un+l) (61)
where

Xpta = a- a)Xn +ax,, (62)

Variation with respect to x, and a, yields

a,=—a(t, -1, (63)
together with
App1 = A, =— axfd(xnﬂl’yn+l’un+1)T'1n+(l—a)
= 08Xy g Vi1 un+1)T77n+1 64
+ 0xCaKppas Yar1 Wpp )"
where
Api(i—a) = @Ay + (1 = @)y (65)

Note that (64) represents the discrete version of the differential part of the adjoint DAEs. The discrete counterpart of the algebraic
part of the adjoint DAEs results from the stationary condition of .S, with respect to y, leading to

0 =ayfd (Xn+a’ Yo+1oWnt1 )T/ln+(l—a)
aygd(xn+m Ynt1> un+l)T”n+l (66)

T
- aycd(xnﬂv Yon+1>Wpy 1 )

11
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Similarly, stationary with respect to u, yields the discrete optimality conditions
0 =0ufy K> Y15 W) Apt(1-a)
Ou8y Xy qr Vg 15 Uny | )" Mns1 (67)
= 04Cy(Xpyas Y1 Unpt )"
Eventually, stationary with respect to the multipliers 7, gives

84 Xppqr Vs 1> Wy ) = 0 (68)

The above discrete conditions of optimality can be written in compact form by introducing the discrete optimal control Hamiltonian

H,x,y,u,i,n) = led(x, y.u) + nrgd(x, y,u) — Cy(x,y,u) (69)

to obtain
Xprl =Xy = VoM Kypgo Vi1 Wnr 15 A (1-a)s M 1) (70a)
0=V, HiXpyor Yot 1> Uni 1> Anp(1-ays Tnt1) (70b)
A1 = Ay = =V HyKias Ynr 1> Wns 15 Ant(1-a)s s 1) (700)
0= VyH;Xppo Yor1> Unit Anp(1-ay Tnt1) (70d)
0= VyH;Knrar Yns1s Wt 1> Ang(1—ay s 1) (70e)

fora € (0,11 and n =0, ..., N — 1. Furthermore, we get the boundary and transversality conditions

0=x,—%, (71a)
0= gr(xy) (71b)
0=Ay+Dg,(xx)r (71¢)

Note that the specific form (60) of the final state constraints accounts for the fact that the constraints are enforced in each time step
through (70b) including the final one at n = N — 1.

5.1. Direct method based on the common approach

The direct discretization approach developed above can be directly applied to the optimal control formulation based on the
common approach (Section 3.2). To this end, we choose

f,(x,y,w) = hfy(x,y;,w) (72a)
g.(X,y,u) = hg;(x) (72b)
Cy(x,y,u) = hC(x,y;, u) (72¢)

This choice implies that the discrete Hamiltonian (69), H; = hﬁi (i € {2,3}), where Hamiltonian ﬁ,- has been introduced in (30).
Correspondingly, the discrete conditions of optimality in (70) can now be recast in the form

Xpt1 — Xp = hvlﬁi(xn+a’yn+l’yin+l’ln+(l—a)vﬂin+]) (73a)
0=V, ﬁi(xnm’ Vi1 st At (1-ays iy ) (73b)
Appt = Ay = —hvxﬁi(xwwy,'m W15 Ay (1= My ) (739
0= Vyﬁi(xrﬁw Yi, o Unt1s Ant(1-ay '1i"+1) (73d)
0= VuH;(Kppas Yy, Unts Anri=ays Ty (73e)

Note that (73b) yields g;(x,,,) = 0. Obviously, the above scheme can also be obtained by directly discretizing the continuous
optimality conditions dealt with in Section 3.2. Accordingly, the direct and the indirect approach commute.

5.2. Numerical methods based on the maximum principle

As has been outlined in Remark 1, the structural discrepancy of the optimal control formulation based on the maximum principle
impairs the design of direct methods. In what follows, we first propose an indirect method which relies on a slight modification of
the above-developed direct method. We then show that, under certain conditions, the direct approach can be maintained by making
slight adjustments to the above-developed direct method.

12
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5.2.1. Indirect method
To take into account the structural discrepancy of the optimal control formulation based on the maximum principle, we propose
an indirect method which can be obtained by modifying the above-developed direct method. Accordingly, we choose

fy(x.y,w) = hf;(x, y;, w) (74a)
g,(X.y, ) = hg;(x,y;, w) (74b)
C,;(x,y,u) = hC(x,y;,u) (74c)
and define
X1 =X, = A0y, 0 M,) (75a)
0= g(X,.) (75b)
App1 = Ay = =AYV Hi K00 ¥i > Wt ts Ay (1-a)s iy, ) (75¢)
0= VyHXpyor¥i, > Wntts Anii-ay My, (75d)
0= VyGuiarYnr1sYipyyr Antri-ay M,y y) (75e)

Note that the choice (74) renders the discrete Hamiltonian (69) to be equal to H, = h'H;, where Hamiltonian H; has been introduced
in (26). Furthermore, concerning the algebraic constraints in (75b),

gi(xn+l) # Vr’, Hi(xn+a’ Yi,H_] sUpys An+(l—a)’ '1i,,+1 )

which is in line with the structural discrepancy outlined in Remark 1. Moreover, (75b) ensures that the mechanical constraints are
satisfied at the discrete time nodes, independent of the choice for « € [0, 1].

Scheme (75) can be obtained by directly discretizing the continuous state equations in (25), along with the conditions of
optimality (29), and thus follows from the indirect approach characterized by “first optimize then discretize”.

5.2.2. Direct method due to Martens & Gerdts [20]

Despite the structural discrepancy outlined in Remark 1, it is possible to apply the direct approach developed above in a consistent
way to the optimal control formulation based on the maximum principle. For i =2 and a = 1 this was shown recently in [20]. The
main idea is to write g,(x, y,, u), introduced in (28), as g, = dg,(x)/dt and apply the difference quotient to obtain the discrete version

~ 1

&=y (82(%,11) — 82(x,)) (76)
Now, choosing again f,(x,y, u) = Af;(x,y;, u), together with i =2 and « = 1, the discrete state Eq. (61) can be written in the form

Xy = Xp1 — hfZ(Xn+1’y2n+] W)

Inserting the last equation into (76) yields

~1 1
g;)(xn+1’Y2,,+l’“n+|) =7 (gz(xn+1) +8 (X1 — hf2(xn+l’y2n+l’un+l))> 77)

Formula (77) represents a viable discretization of g,(x,y,,u). To summarize, we choose

f,(x,y,u) = hf)(x,y,,u) (78a)
g(x.y.w = hg(x,y,.0) (78b)
Cy(x,y,u) = hC(X,y,,u) (78¢)

in the discrete Hamiltonian (69). The resulting discrete conditions of optimality assume the form (70) with a« = 1. In particular,
(70b) yields g4(X,41,¥,,,> Upr1) = 0, which implies g,(x,,,) = 0, provided that g,(x,) = 0 is satisfied.

5.2.3. Direct method based on the discrete derivative

While the direct method in Section 5.2.2 is based on @ = 1, and thus confined to first-order accuracy, we next propose an
alternative procedure which again fits into the framework of the direct approach developed above and allows for second-order
accuracy. As in Section 5.2.2, we confine our attention to i = 2. Our approach is based on the notion of discrete derivative [31]. In
particular, the directionality property of the discrete derivative implies

gZ(Xn+1) - gZ(Xn) = DgZ(Xn’Xn+l)(Xn+l - xn) (79)

where Dg,(x,.X,,) stands for the discrete derivative of g,(x). If the constraints g,(x) are at most quadratic functions, the discrete
derivative coincides with the derivative evaluated in the mid-point, i.e. Dg,(x,,X,,1) = Dgy(x, , 1 ). This suggests to focus on « = 1/2.
2

Inserting (79) into (76) and choosing f,(x,y,u) = hf,(x,y,, u), we obtain

~Q2) 1
g, (XH% Y200 u,,. )= n Dgz(XH% )fz(XH% Y200 ) (80)
To summarize, we choose

13
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f,(x,y,u) = hf,)(x,y,,0) (81a)
g,(x.y.0) = AZ} (x,y,.u) (81b)
C,(x,y,u) = hC(x,y,,u) (81c)

in the discrete Hamiltonian (69). The resulting discrete conditions of optimality assume the form (70) with a« = 1/2. In particular,
(70b) yields g4(X,41.¥2,, > Ups1) = 0, which again implies g,(x,,,) = 0, provided that g,(x,) = 0 is satisfied.

5.3. Discrete preservation of generalized momentum maps

We show that all of the schemes presented above are capable to conserve generalized momentum maps of the form (51). To this
end, we assume that symmetry conditions (53), (54a) and (54a) hold and lead to the discrete counterparts

d
axfd(xnﬂl’ Ynt+1> Unt1 )§P(Xn+a) + 0yfd(xn+tx’ Yu+1» un+l) a ‘ y:,+1 (82)

s=0

d
+ aufd(xn+a7 Yu+1s un+l) a | o u:1+1 = DéP(XnJra)fd(anra’ Yu+1- un+l)
5=

d
axcd(xnﬂl’ Ynt+1> Unt1 )§P(Xn+a) + 0ycd(xn+a’ Yu+1» un+l) a o y;+1
=
d
+ 04Ca(Xpyqr Y1 Upgt) ds uf,+1 =0 (83)
S |s=0
d
0ng(xn+a’ Yn+1- un+1)§7)(xn+a) + aygd (Xn+a’ Yn+1- un+1) a o yf,+1
5=
d
+ 048 (Xypar Vi1 Uy 1) ds u:H_] =0 (84)
S [s=0

It can be shown by a straightforward calculation that the following identity holds:
e = e, = Ay Ep(ui1) = 4, Ep(X,)
= (Apyy = A40) EpGua) + Ao Ep (s = X,)
Here, it has been taken into account that £, (x) is at most linear in x. Substituting (64) into the last equation yields
Terr = ey == A1 Oxbd K Vs 1> W DEp Kirig)
- 77:_,.1 x84 (X Yns 15 W 1)EP (Kppa)
+ 0xCyKptar Yot 1 Wy 1DEp Ky

T
+ ln+(1_n)‘§7)(xn+1 - Xn)

n

n

Making use of (84), (82) together with (61), the last equation can be recast in the form

S

d
Jé,,_H - Jg,, = (lz,-+(]_a)ayfd(xn+m yn+l’un+l) + nz,-+1aygd(xn+m Yn+l7un+l)) e

ds $=0 yrl+1
T T d s
+ ('1,,+(1_a)aufd (Xn+a’ Yn+1s un+1) + 71,,+] augd(xn+nn Yn+1- un+l)> E o u,,+1
=
+ aX Cd (Xn+a’ Ynt+1>Wnt1 )}:P(Xnﬂx)
Substituting from (66) and (67) into the last equation yields
d p d
Ter = Je, =0y Cania Yne1: ) oo 0 Yaer T 0uCa g Yur1: Un)) 5=0 U
+ aX Cd (Xn+a’ Ynt+1>Wnt1 )§P(Xn+a)
Inserting (83) into the last equation yields the result
J§n+1 - Jin =0 (85)

Accordingly, generalized momentum maps of the form (51) are conserved in the discrete setting.
6. Numerical investigations

The main purpose of this section is to compare the numerical performance of the alternative numerical schemes developed in
this work in the context of representative optimal control problems. The first numerical example deals with a three-dimensional
mathematical pendulum formulated in terms of redundant coordinates. This prototypical example of a constrained mechanical
system is well-suited to highlight important details distinguishing the alternative schemes under consideration. The second example
deals with a closed-loop multibody system which can be modeled as mechanical system subject to holonomic constraints in a
straightforward manner.

Our investigations cover the following five alternative schemes: The direct method applied in the framework of the common
approach for i = 2 and i = 3 (Section 5.1), the indirect method applied in the framework of the maximum principle for i = 3

14
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Table 3
Labeling of the 5 alternative schemes used in the numerical investigations.

Label Color i a Section Method in accord with

ﬁ3 . 3 1 5.1 direct common approach
H, 2 1 5.1 direct common approach
H, . 3 1 5.2.1 indirect maximum principle
H, . 2 1 5.2.2 direct maximum principle
HIZDD . 2 % 5.2.3 direct maximum principle

€3

€9

Fig. 1. The mathematical pendulum.

(Section 5.2.1), and the direct method [20] which overcomes the structural discrepancy as outlined in Section 5.2.2 for i = 2. We
focus on first-order methods (a = 1) to provide equal conditions for the comparison of these schemes. In addition to that, we apply
the direct method based on the discrete derivative (Section 5.2.3,i =2, a = %), which also overcomes the structural discrepancy
and yields second-order accuracy. The five alternative schemes under investigation are summarized in Table 3. The labeling of the
schemes refers to the underlying Hamiltonian. That is, ﬁ,- in (30), for the common approach, and H; in (26), for the maximum
principle. Specifically, we consider

Hy =Tt + 7, 12 +7 gy = C (862)
H, = I;qf;‘ + Izrpf;’ +ig - C (86b)
H; = ,13qu§ + ,13Tpf3*’ +m8—C (86¢)
H, = Aquf; + Agpf;’ +ng, - C (864d)

For the purposes of this section we have enriched the notation of the adjoint variables to distinguish between the results of the
alternative formulations under investigation.

Note that all of the schemes under consideration satisfy the constraints either on position level (for i = 3) or on both position
and velocity level (for i = 2) at discrete time points 7, (n = 1, ..., N). In the numerical examples we focus on density cost functions
of the form

C(u) = %uTu 87)

All of the discrete conditions of optimality (n =1, ..., N) are solved as a monolithic algebraic system by applying Newton’s method.
Alternatively, a staggered solution scheme could be applied. We refer to [18] for a comparison of these two alternative solution
procedures.
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6.1. The mathematical pendulum

The first example deals with the three dimensional mathematical pendulum of length /, depicted in Fig. 1. Here, q € R is the
position vector of the mass point m and p € R? is the conjugate momentum vector. There is one holonomic constraint which enforces
the constant length of the pendulum:

1
g'@=7(a"a-1) (88)
The corresponding constraint on velocity level (2) is given by
v 1
g'@p=—q'p (89)
m

where m is the mass of the pendulum.
The motion of the pendulum takes place in the gravitational field, where g is the gravitational acceleration. Correspondingly,
the potential energy is given by

V(q) =mgq e; (90)

We next address the state DAEs summarized in Tables 1 and 2, respectively. Accordingly, the index-3 state DAEs (i = 3) hinge on
the function

£ 1
e
f3 —mge; —y,q+u
while the stabilized index-2 DAEs (i = 2) are based on
£l LIy 2ug
BL=|2|= mem (92)
£ —mge; —y,q— p+u

6.1.1. Continuous conditions of optimality resulting from the common approach
For i = 3, the common approach is based on the Hamiltonian

Hy= 7 1947 477589 — C 93
3= 3q3+ 3p3+”3g 93)

where f;‘ and f;’ are given by (91). Now, the adjoint DAEs read (cf. Section 3.3.2)

A3, = vehs, — 734 (94a)

- 1 p—

Ay, ==, (94b)
0= q%p (94¢)

together with the optimality condition
u= 13 (95)

P
Note that (95) together with (94c) imply that q"u = 0, so that the optimal control force is confined to the tangent plane 7,9, where
configuration space Q has been introduced in (1). Furthermore, formula (45) for the adjoint variable 75 yields

— 1 /2=T =T =T
g (27, p+mely o5 =7, u) (96)
For i = 2, the underlying Hamiltonian reads
— —T _ _
H, = Azqf; + Azpf,f +g +7,8" = C 97)
where f; and f;’ are given by (92), and the constraint functions g¢ and g¥ assume the form in (88) and (89), respectively. The adjoint
DAEs now follow as (cf. Section 3.3.2)

=U

= — _ 112
/lzq = qu’ZP - ’1;(1 -, P (98a)
-
= 1= m
| (98b)
0= qTLp (98¢)
0= qTIZq - pTIZP (98d)

along with the optimality condition

u=1, (99)

P
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It can again be observed that the optimal control force is restricted to the tangent plane 7,Q. Following the procedure that led to
(48), one obtains explicit formulas for the algebraic adjoint variables

— 1 (25T =T =T

e (2%, p+mely es— 7, u) (100a)
0

=0 (100b)

6.1.2. Continuous conditions of optimality resulting from the maximum principle
For i = 3, the maximum principle is based on the Hamiltonian

Hy = ,13qu3“ + A3Tpf§’ +138; - C (101)

where f;l and f;’ are given by (91), and g; follows from definition (27) and thus assumes the form

C 1 s 17
GL=—pP+oq (-mge; — y,q+u)

The adjoint DAEs can now be calculated in a straightforward way and yield (cf. Section 3.3.1)

; 3
/13q = yql3p +— (mges +2y,q4—u) (102a)
oo 1 213
l3p = —E/l3q - Wp (102b)
2
0
0=q" 43, + 13 (102c)
together with the optimality condition
u=1, +2q (103)
P m
From (102c¢) follows
__m T
3 = —Eq 43, (104)

which is the pendulum-specific version of (38). Inserting the last equation into (103) leads to the relationship

n= <1— quT> 13 (105)
2 3p
0
Accordingly, the optimal control vector u equals the orthogonal projection of the adjoint variable '13;. onto the tangent plane 7,9,
which again implies q"u = 0.

For i = 2, the underlying Hamiltonian is given by

H, = Aquf; + Aszf;’ +ny8 + 38— C (106)

where f;' and f;’ are given by (92). Moreover, g; and g; are the component expressions of (28), leading to

o 1y

g=q" (—p+ —”q) (107a)
m m

o 1o 1

B=—p'P+-d (—mges — y,q+u) (107b)

The adjoint DAEs can now be obtained as (cf. Section 3.3.1)

v a

. n,
Aoy = Voo, = —p+— (mge; +2y,q—u) (108a)
.1 n, o 2n
R e (1085)
2
— ol 0. a
0=q" 4y, + -1 (108c)
A T 2
0=q lzq -p lzp + [0’75 (108d)

together with the optimality condition
a

m

u=12p+;q (109)
From (108c) and (108d) one obtains
_1 /T T
'15 = E (P lzp —q lzq) (110a)
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Table 4
Pendulum: data used in the numerical example.
m 1 Mass of the particle
g 9.81 Gravitational acceleration
ly 5 Length of the pendulum
9 (5,0,0) Initial position
Po (0,10,0) Initial momentum
an 0,0,-5) Final position
Pn 0,0,0) Final momentum
T 1 Final time
N 100 Number of time steps
a__m T
n, = l2q A, (110Db)
0

which corresponds to the pendulum-specific version of (40). Inserting the last equation into (109) yields

u=<1—quT> L a1
i »

Accordingly, the optimal control vector u equals the orthogonal projection of the adjoint variable 4, onto the tangent plane 7,9,
P
which again implies q"u = 0.

6.1.3. Symmetry and generalized momentum maps

It can be observed from (90) that the potential energy is invariant with respect to rotations of the pendulum about the e;-
axis. That is, ¥(q) = V(R*q), where R* € .SO(3) represents rotations about the e;-axis. Correspondingly, G = SO(3) is the special
orthogonal group in R3, and rotation matrix R® € SO(3) can be expressed as R = exp(s€;), where €; € g = so(3) is a skew-symmetric
matrix with associated axial vector e satisfying €;a = e; x a for any vector a € R3. The group action considered in Proposition 1
corresponds to the cotangent lifted action of .SO(3) on phase space P given by

[ : ]
Rsp
The last equatioll iIllplieS

Ddgs(x) = [RS 0 ]

Riq

¢R: (X) = |:RSTI)

0 R

It can now be easily verified that all of the symmetry conditions (50) in Proposition 1 are satisfied by choosing u* = R®u and
y; =Y;. Accordingly, the symmetry of the underlying uncontrolled mechanical system is inherited by the optimal control problem.
Calculating the infinitesimal generator (49) yields

_4d _ |esX4q
st = ds od)gl(X)_ [e3><p]

so that the generalized momentum map (51) assumes the form
Jo, (. D) = €3+ (qX Aq +PX 4p)
We call the quadratic function
Jx ) =qx g +PX A, (112)

the generalized angular momentum. According to Proposition 1, the 3-component of J is a conserved quantity of the optimal control
problem.

6.1.4. Numerical results

The goal of the optimal control problem under investigation is to determine the maneuver from the prescribed initial state (g, py)
to the prescribed final state (qy, py) within the prescribed time interval I € [0,T]. As defined in (87), the maneuver is to be carried
out with a minimal control effort. The data used in the numerical example is summarized in Table 4. Consistent initial values for
the Lagrange multiplier y, can be obtained from (8), leading to the formula

_ 1 /1 7 T
Vg = 2 (EP p —mgq 93)
0
All of the numerical schemes under investigation essentially yield the same results for the mechanical quantities. This can be
seen from Figs. 2 and 3, where the results for the coordinates, the momenta, the controls and the Lagrange multiplier y, are shown.

The fulfillment of the mechanical constraints on position level, velocity level and acceleration level is depicted in Fig. 4. As
expected, all schemes satisfy the constraints on position level up to numerical round-off, while the constraints on velocity level are
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Fig. 2. Evolution of the coordinates q and the momenta p over time. The assignment of the various solutions for q = (q‘,qz,zf)T and p = (p', p%, p3)T can be
obtained from the boundary conditions in Table 4.
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Fig. 4. Fulfillment of the constraints on position level g?, on velocity level g’ and on acceleration level g“.

only met by the schemes based on the stabilized index-2 state DAEs (the schemes labeled with H,, H,, and HIZDD). The motion of
the pendulum is visualized in Fig. 5 by means of some snapshots in time.

The time-evolution of the differential adjoint variables 4, and 1, is shown in Fig. 6, while the evolution of A; and 7, is depicted
in Fig. 7. The time-evolution of the algebraic adjoint variables n,, 7,, 73, and 75 is shown in Fig. 8.

The numerical results for the time-evolution of the optimal control Hamiltonians are depicted in Fig. 9. Although none of the
schemes under investigation is capable to exactly conserve the Hamiltonian of the optimal control problem, the newly proposed
scheme labeled with H?D already achieves almost conserving results. If the time steps are refined, all of the schemes at hand
converge to the same constant value of the optimal control Hamiltonian.
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Fig. 5. Snapshots of the optimal motion at ¢ € {0, 0.2, 0.4, 0.6, 0.8, 1}. The trajectory of the mass point is shown with red lines, while the control vector u is
indicated with blue arrows.
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Fig. 6. Evolution of the adjoint variables 4, = (izq, Azp) and 1, = (Ezq,jzp). To identify the corresponding solutions of 1,, the points (Izq (tf) ,/lzq (tf)) are about

(=31,-73,0) and the points (7, (t,). 4y, (t;) ) are about (35,31,0).

Fig. 7. Evolution of the adjoint variables 1, = (A3, 43) and 1, = (23‘.,23?).
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Fig. 8. Evolution of the adjoint variables n, = (1}, 13), T, = (13, 75), 13, and 7.
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Fig. 9. Evolution of the optimal control Hamiltonian (left), and incremental change of the optimal control Hamiltonian (right).
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Fig. 10. Evolution of the components of the generalized angular momentum J = q x 4, +p x 4, over time (left). To J = (4,45, J3) corresponding solutions can
by identified by the initial point J (t,), which is about J (t,) = (—333,290,0). The 3-component J; = el J is a conserved quantity of the present optimal control
problem. This is corroborated by the incremental changes of J; (right).

The results for the generalized angular momentum J = q X 44 + p X 4, are depicted in Fig. 10. As shown in Section 6.1.3,
the 3-component of J is a conserved quantity. As expected (cf. Section 5.3), all of the schemes under investigation are capable to
conserve J; = el J.

Eventually, the convergence behavior of the different schemes at hand is compared in Fig. 11. To this end, the relative error in
the state variables and the controls is calculated via

I = 0.5) = X (1 = 0.5, @ =0.5) —u(t = 05l
T kgt =050, T = 05)]1,,

€ (113)

where the reference solution was calculated with scheme H?D and N = 100.000 time intervals. As expected, the schemes based on
a = 1 yield first-order accuracy in the state variables, while H?D yields second-order accuracy. Analogous convergence results are
obtained for the differential adjoint variables. The observed equal order of convergence of the state and adjoint variables complies
with theoretical results for the application of symplectic integrators to the optimal control of ODEs, see [7] and the references

21



S. Schneider and P. Betsch Computer Methods in Applied Mechanics and Engineering 432 (2024) 117443

10°

10-2 [

Ex

1074+

10°%¢°
103

Fig. 12. Sketch of the four linked masses.

therein. All schemes are first-order accurate in the controls. Similar results hold for other variables whose discretization relies on
constant values per time step, such as the mechanical Lagrange multipliers and the algebraic adjoint variables.

6.2. Four linked masses

This example deals with 4 mass points m, (k = 1,...,4), which are linked to each other by massless rigid bars as depicted in
Fig. 12. A preliminary version of this example has been dealt with in [32]. Redundant coordinates offer a versatile and general
approach to model this type of closed kinematic chain. In particular, the configuration vector of the closed-loop system at hand is

given by
q;
qQ2
= (114)
4 q3
qq

where q, € R? is the position vector of particle m, with respect to a Cartesian inertial frame.
The mass point system is subject to four holonomic constraints of the form

1
& (@ = 3 (4q; 4q; - B)=0 (115)

(k=1,...,4), where Aq, = q, —q,, 4q, = q3 —q;, 493 = q4 —q3, and Aq, = q; —q4. Note that gZ(q) =0 can be viewed as loop-closure
condition. The conjugate linear momentum is given by p = Mq, where the 12 x 12 mass matrix M is diagonal such that p, = m,q;.
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The four constraints on velocity level assume the form (2), where the components are given by g = DgZ(q)M*Ip =0(k=1,...,4).
Gravity is acting on the system leading to the potential energy
4
_ _ T
V(@)=Y Vi(qy) where Vi(qy)=mgq]e; (116)
k=1

In addition to that, four control forces u, € R? (k = 1,...,4) are acting on the corresponding mass points m,.

6.2.1. Symmetry and generalized momentum maps

Rotational symmetry. Similarly to the last example, the uncontrolled mass point system has rotational symmetry about the e; axis.
The rotational symmetry is characterized by V| (R°q,) = V,(q,), where rotation matrix R* € SO(3) can again be written in the form
R® = exp(s€;). The group action considered in Proposition 1 can be characterized by

RS 0
Dys (%)) = [0 Rs] Xy

where x, = (q,.py) (k = 1,...,4). It is now straightforward to verify that all of the symmetry conditions (50) in Proposition 1 are
satisfied by choosing u] = R’u, and yl?'k =Yy;,, where y; denotes the Lagrange multiplier associated with constraint function g;_for
k=1,...,4 and i € {2,3}. The infinitesimal generator (49) can be characterized by

_d _[& o
Ep(xy) = ds‘szod’ks(xk)—[o @3] X

so that the generalized momentum map (51) can be written in the form

4
L) =Y 2 Epx)

k=1

4
T A T A

Z (11;, €3q + )vﬁ eal’k)

k=1

— ol
_e3

Mas

k k
p (quiq+pk><,1p>

where the adjoint variables associated with mass point m, have been partitioned according to A* = ('1(’;’}’1,;)' Accordingly, the
3-component of the generalized angular momentum

4
J=Z(qk></1’(;+pkxalk,) a17)
k=1

is a conserved quantity of the optimal control problem.

Translational symmetry. The optimal control problem of the mass point system at hand has also translational symmetry that can be
characterized by q; = q; + 5§, for any & € R3. The corresponding cotangent lifted action of the additive group R® on phase space P
can now be characterized by

q; +s¢
Dps (X)) = [ ]
e P«
so that infinitesimal generator (49) gives rise to
d ¢
oo | ovon= ]

It can be easily verified that all of the symmetry conditions (50) in Proposition 1 are satisfied by choosing u} = u, and yfk =Y,
The generalized momentum map (51) yields
4 4 4
T T
Lex )= ) A ep(x) = D Ak e=¢" Y A¢
k=1 k=1 k=1
Accordingly, all of the three components of the generalized linear momentum

4
_ k
L=Y i (118)
k=1
are conserved along solutions of the optimal control problem.

6.2.2. Numerical results
The boundary conditions (q, py) and (qy.py), the time interval I € [0, T], and the number of time steps N that have been used
in the numerical example can be found in Table 5. Accordingly, while the initial configuration of the 4-mass system lies in the x-y
plane, a rotational and translational motion is required to reach the final configuration of the system, which lies in the y—z plane.
As in the last example, all of the numerical schemes under investigation essentially yield the same results concerning the
mechanical quantities. For example, the results for the position vectors q; and linear momentum vectors p, are depicted in Figs. 13
and 14, respectively.
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Table 5
Four linked masses: data used in the numerical example.

m [11151]

g 9.81

Iy 1

[95: @5: @5: 4o (-1-205 ¢-Lo5 ¢ Lo 4 o]
[Py Py By - By [0.0.0) 5 (0,0,0) ; (0.0.0) ; (0,0,0)]

[a): @i an:an] [G:=3D5 G505 G525 (G,-3.2]

[ Py s Py [0.0.0) ; (0,0,0) ; (0.0.0) ; (0,0,0)]

T 1

N 100

Masses
Grav. acceleration

Length of the bars
Initial positions
Initial momenta
Final positions
Final momenta
Final time

Number of time steps

1
0.5
]
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0
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0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
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Fig. 13. Evolution of the coordinates of the four mass points over time.
2 —
JE—
1.5
- My
2 1T
0.5
0
0 0.2 0.4 0.6 0.8 1
t
4 —
—
—,
L= =H2
5:2 T
0
. . 3 .2 . ! ! .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t

Fig. 14. Evolution of the linear momenta of the four mass points over time.

Moreover, the results for the four control vectors u, are shown in Fig. 15.

Interestingly, the numerical results for the time-evolution of the Lagrange multipliers y"; coincide for k = 1,...,4 (Fig. 16). This

means that the constraint forces in the four bars are equal to each other over the course of the simulation. The motion is illustrated

with a number of snapshots of the system over time in Fig. 18.
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Fig. 15. Evolution of the controls over time. In order to identify the solutions of wu, (¢), the initial values of the various results are about u,(f)) = (3, -5, 147,
u, (1) = (3,5, 14)7, us(ty) = (3,5,23)" and w,(1y) = (3,-5,23)".
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Fig. 16. Results for the Lagrange multipliers y’; (left) and algebraic adjoint variables (n3,7;) (right).
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Fig. 17. Results for the algebraic adjoint variables (n?,ﬁ;) and (Tf;,ﬁ}).

The time-evolution of the differential adjoint variables i’; and /l’c‘l is depicted in Figs. 19 and 20, respectively. The time-evolution
of the algebraic adjoint variables #,, 7,, 13, and 75 is shown in Figs. 16 and 17.

The numerical results for the optimal control Hamiltonians are shown in Fig. 21. As in the last example, the scheme labeled
with H?D yields already much better results than the other ones. If the time steps are refined, all of the schemes at hand converge
to the same constant value of the optimal control Hamiltonian.

25



S. Schneider and P. Betsch Computer Methods in Applied Mechanics and Engineering 432 (2024) 117443

zaxis
zaxis

zaxis
zaxis
z-axis

Fig. 18. Four linked masses: snapshots of the optimal motion at r € {0, 0.2, 0.4, 0.6, 0.8, 1}. The trajectory of the mass points is shown with red lines, while
the control vectors u, are indicated with blue arrows.
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Fig. 19. Evolution of the adjoint variables /l’; over time. In order to identify the solutions of /l’; (1), the final values of the various results are about
AN =(=8,-5, 1", @) =2,-5 D", 2, =51" and ¢, = (8,5 1.

As expected (cf. Section 6.2.1), all of the schemes at hand conserve the 3-component of the generalized angular momentum J
up to numerical round-off (Figs. 21 and 22). The numerical results reveal that also J; = elTJ is a conserved quantity. Note that this
is not a general result but due to the specific data chosen for this example. Similarly, as has been shown in Section 6.2.1, the three
components of the generalized linear momentum (118) are conserved (Figs. 23 and 24).

Eventually, the convergence behavior of the schemes at hand is shown in Fig. 25. Similarly to the last example, the reference
solution was calculated with scheme H?D and N = 20000 time intervals. The results shown in Fig. 25 confirm those obtained for
the last example (cf. Fig. 11).
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Fig. 20. Evolution of the adjoint variables l’; over time. In order to identify the solutions of l’; (1), the final values of the various results are about

lfl(rf)= (15,9,18)", Lﬁ(r,): (=3,-9,18)", Afl(tf) =(-3,9,18)" and /13(1,) =(15,-9,18)".
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Fig. 22. Incremental change of the conserved generalized angular momenta J; and J,.

7. Reconciliation of the two alternative optimal control formulations

Our numerical results provide strong evidence that the two alternative approaches to the formulation of the optimal control
problem are essentially equivalent. In particular, the numerical results for the control inputs and the state variables turn out to be
practically indistinguishable. On the other hand, while the results for the mechanical quantities coincide, the adjoint variables often
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Fig. 25. Convergence behavior of the alternative schemes.

differ quite markedly. In this section we further elaborate on the link between the two alternative formulations. Due to numerical
evidence we assume that the mechanical quantities (x,y;, u) coincide in the sequel.

7.1. Stabilized index-2 state DAEs

Taking into account definition (28) of the constraints g, implies that g, = %gz(x). Thus, we get the relation

- d .
mE = o (1, 8:00) - 12,0

Making use of the last equation, we may write

1 - - -
Sy[X, ¥, u, 4,1, ] + ['lzng(X)],g =Sy, ¥p,u, 4,751

(119)
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where 77, = —i,, and the augmented cost functionals S, and §2 have been introduced in (33) arld (34), respectively. Note that, since
the constraints are satisfied at the end-points, i.e. g,(xy) = g,(x;) = 0, (119) implies that S, = S,. Relation (119) complies with the
equality

ATx = Hy(%,y,,w, 4, 1) + % (ﬂggz(x)) =7x —Hy(X, ¥, 0, A, )
or
T (,1 -7+ Dgz(x)Tnz) + il gy () — (Hz - ﬁz) =0
Since the last equation is required to hold for all choices of x and #,, we obtain
A=4+Dg,x) n, (120)

together with g,(x) = 0 and H, = H,. Accordingly, the transformation of the adjoint system is governed by (120) and 7, = —#,. The
transformation formulas for the adjoint variables can be written in the more detailed form

Ty = Aq+ Dg? 1 + 0,8 1 (121a)
Tp=Ap+0,8" 15 (121b)
together with
it (122a)
7 it (122b)

7.1.1. Mathematical pendulum
The transformation formulas (121) and (122) can be easily applied to the example of the pendulum dealt with in Section 6.1.
Accordingly, substitution from (110) into (121) yields

- 1 1
Ay, = (I - l—zqu> hoy + 5 (@p" —pa") &y, (123a)
0 0

- _ l T
/lzp = <I - %qq > A2p (123b)

These formulas can be used to transform the results for (lzq,lzp) to those for (Izq,Izp) (cf. Fig. 6). Because of the numerical
result #; = 0 (see Fig. 8), formula (110b) implies that qT/lzp = 0. Accordingly, lzp lies already in the tangent plane 7,Q, so that

transformation formula (123b) yields 12 = A, , which is in line with the results shown in Fig. 6. Moreover, the validity of (122)
can be easily checked by employing (100) and (110). In particular, the numerical result ng = 0 (see Fig. 8) implies that i,;’ =0, so
that (122b) yields %, = 0, which coincides the numerical result depicted in Fig. 8.

7.2. Index-3 state DAEs

Definition (27) of g; implies that g; = %g”(x) = %g‘l (q). Therefore, the relationship

ng = 4 (n}8"®) - % (7} g%(@) +#} g%(q)

dt
holds. Making use of the last equation, we may write
Sylxysu dmsl + [mhg° 0 - g (@)],) = Sslx.y3.u. 275 (124)

where 7, = ij;, and the augmented cost functionals S; and S, have been introduced in (33) and (34), respectively. Note that, since
the constraints are satisfied at the end-points, i.e. g7(q) = g(q =0, and g'(x,) = g’(x ) =0,(124) implies that S; = S;. Relation
(124) complies with the equality

A% =y, 50w Ao+ - (1] 00 = ] @@) = 7 % = Fy(x, 33,0, 4. 75)
or
KT (4-7+ Dg'ems ) + ik g - (H3 —ﬁs) =0
Since the last equation is required to hold for all choices of x and ij;, we obtain
A=21+Dg"®) "y, (125)

together with g7 = 0 and H; = H;. Accordingly, the transformation of the adjoint system is governed by (125) and %; = #;. The
transformation formula (125) can be written in more detail as

- T
Ag = Aq+ 048" ms (126a)
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- T
Ap=Ap+0pg” M3 (126b)

together with 7; = ;5.

7.2.1. Mathematical pendulum
The transformation of the adjoint system can again be illustrated with the example of the pendulum dealt with in Section 6.1.
Accordingly, inserting (104) into (126) yields
= 1
Az, =23 — I—zqulap (127a)

q -q
0

— _ 1 T
A3, = <I Ll >/13[, (127b)

P
0

These formulas can be used to transform the results for (/l3q, A3p) to those for (13.,’13;.) (cf. Fig. 7).
8. Conclusion

We have made a comparison of two alternative avenues to the formulation of the optimal control of constrained mechanical
systems, whose motion is governed by either index-3 or stabilized index-2 DAEs. In addition to that, we have developed structure-
preserving numerical methods which are capable to preserve generalized momentum maps associated with symmetries of the
underlying optimal control problem. Of paramount importance for mechanical systems are rotational symmetries which lead to
the conservation of generalized angular momentum maps. These generalized angular momentum maps are quadratic invariants
of the optimal control problem. Our newly devised direct discretization approach (i) yields conservation of the aforementioned
quadratic invariants, and (ii) is equivalent to the indirect discretization approach.

The main difference between the two alternative formulations of the optimal control problem lies in the way, in which the
holonomic constraints enter the optimal control Hamiltonian. While the common approach makes direct use of the constraints, the
maximum principle relies on the acceleration level constraints if the state DAEs have index 3, and both acceleration and velocity
level constraints if the state DAEs have index 2. This difference essentially affects the form of the adjoint system and the optimality
condition. In particular, we have seen that the adjoint equations associated with the maximum principle form DAEs of index 1
for the adjoint variables, independent of the index of the underlying state DAEs (i = 3 or i = 2). In contrast to that, the common
approach yields adjoint equations which form DAEs whose index for the adjoint variables is equal to that of the underlying state
DAEs.

Our numerical investigations have shown that the two alternative optimal control formulations at hand yield optimal trajectories
which are practically equivalent to each other. We further uncovered transformation formulas for the adjoint variables of the two
alternative formulations (Section 7).

The newly devised direct discretization approach can be applied in a straightforward way when using the common approach.
In essence, the proposed method is limited to first order accuracy since the fulfillment of the constraints requires « = 1. Despite
the structural discrepancy of the maximum principle (Remark 1) it is possible to apply the direct discretization approach in accord
with the maximum principle (Section 5.2.2). This method, however, is confined to stabilized index-2 state DAEs (i = 2) and first-
order accuracy (« = 1). In addition to that, we newly proposed (Section 5.2.3) an alternative procedure to overcome the structural
discrepancy, and which also conforms with the maximum principle. This method is based on the use of the notion of “discrete
derivative” and is again confined to stabilized index-2 state DAEs (i = 2) but facilitates second-order accuracy (a = %). The improved
accuracy of this scheme (labeled H?D) also results in a significantly improved approximation of the optimal control Hamiltonian,
which is another conserved quantity of the optimal control problem'.

The development of higher-order schemes would be a worthwhile goal for future work. While the focus of the present work lies
on minimal control effort problems, the inclusion of alternative cost functions would also be of interest. In particular, the explicit
presence of the constraint forces in the state DAEs facilitates their inclusion in the cost function. Although the use of redundant
coordinates often yields constant mass matrices, the extension of our work to non-constant mass matrices should be a straightforward
exercise. Similarly, the inclusion of dissipative phenomena and rheonomic constraints would be worth further investigation. In
particular, it should be clarified how these additional features affect the symmetry of the optimal control problem.
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