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1. Introduction

For graphs G and H, we say that G contains a copy (an induced copy) of H if G has a subgraph (induced subgraph)
isomorphic to H. We also say that G contains H as a subgraph (as an induced subgraph) in respective cases, and write
H C G (H Cjnq G). If G does not contain a copy of H, we say that G is H-free. The classical extremal function ex(G, H) for
a fixed graph H and a ground graph ¢G is defined as the largest number of edges in a subgraph of G that contains no copy
of H. This function is a subject of extensive studies over the last several decades, in particular for G = K, a complete
graph on n vertices or G = K, », a complete bipartite graph with n vertices in each part. Note that defining ex(K,, H-ind)
by forbidding H as an induced subgraph is not very meaningful since for non-complete H, one can avoid it as an induced
subgraph by considering a clique. However, when one forbids a graph H as an induced subgraph and another graph just
as a subgraph, the analogous question becomes non-trivial.

Here, for a graph F on at least two vertices and a non-empty graph H, let ex(G, {F, H-ind}) be the largest number of
edges in a subgraph of G that contains no subgraph isomorphic to F and no induced subgraph isomorphic to H. Note that
for an empty H, ex(K,, {F, H-ind}) is not well-defined for large n as a consequence of Ramsey’s theorem.

Here, we are concerned with the case when F is complete bipartite and H is from a large class of bipartite graphs.
We shall formulate our result in terms of a specific graph W(k, d, r) that contains, as an induced subgraph, any bipartite
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Fig. 1. A graph W(k,d,r) with r =2 and d = 6.

Kq q¢-free graph with each vertex in one part of degree at most d or a full degree, for some sufficiently large k and some
r (see Lemma 6 for a formal proof).

First we define a hedgehog graph. If k, d, and j are positive integers, where k > d, we say that a bipartite graph is a
(k, d, j)-hedgehog and denote it H(k, d, j) if it has a part V of size k, called the body of the hedgehog, and a part U that is a
pairwise disjoint union of sets Ug, each of size j, such that for each E € (‘;) each vertex of Ug is adjacent to each vertex
of E, and there are no edges between Ur and any vertex not in E. For integers r, k,d, where 0 <r <d—2 <k —2, we
define a bipartite graph W = W(k, d, r) as a union of a hedgehog H(k, d,d — r — 1) and a complete bipartite graph with
parts V and Y, where V the body of the hedgehog and Y is disjoint from the vertex set of the hedgehog and has size r.
We call the part V a body of W. See Fig. 1.

Theorem 1. Let k, r, d, t be fixed non-negative integers, r +2 < d < k, and € be an arbitrary positive number. Then there is ng
such that for any n > ny, if G = (A, B; E) is a bipartite graph, |A| = |B| = n and ||G|| > €n2—§’ then G contains either a copy
of K+ or an induced copy of W(k, d, r) with body in A. In particular, ex(Ky n, {K¢.r, W(k, d, r)-ind}) = o(nz‘% ). Moreover, for
any § > 0, t > 2d — 1 and sufficiently large k, ex(Kyn, {Kc.c, W(k, d, r)-ind}) = £2(n>~17%).

If r = 0, we have that W(k, 2,0) = H(k, 2, 1), that is isomorphic to a 1-subdivision of Kj, denoted K. Note that in
this case, for any k > 3, ex(K; », K;) = 0(n*?~1/4=6)) 35 shown by Janzer [23], see also an earlier result by Conlon and
Lee [7], as well as Conlon, Janzer, and Lee [6]. So, in this case Theorem 1 gives a weaker statement.

Our proof of Theorem 1 in Section 3 merges the ideas of Sudakov and Tomon as well as Janzer and Pohoata who proved
the following two theorems. We shall show that these theorems follow from Theorem 1.

Theorem 2 (Sudakov and Tomon [34]). Let d > 2 be an integer and H be a K 4-free bipartite graph H such that every vertex
1
in one part of H has degree at most d. Then ex(K,, H) = o(n>~4).

A related result by Fiiredi [15] and Alon, Krivelevich, and Sudakov [1] shows that ex(n, H) = O(nzﬁ ), for a bipartite
graph H such that every vertex in each part has degree at most d, that is tight since ex(n, K; 4) = £2(n*~ /%), for sufficiently
large s. The following result is a strengthening of a result by Fox et al. [13]. We formally define the VC-dimension in
Section 2.

Theorem 3 (Janzer and Pohoata [24]). Let k and d be integers such that t > d > 3. Let G be a bipartite graph on pl)artite sets
of sizes n/2 each and with VC-dimension at most d with respect to one of its sides. If K; ; ¢ G then |E(G)| = o(n®>~1).

Note that Theorem 3 does not hold for d = 2 as can be seen by considering a balanced K; ,-free bipartite graph on 2n
vertices and £2(n%?2) edges, see for example [16].

Note also that Theorem 1 is strictly stronger than Theorem 2 because it is about forbidden graphs with some vertices
of high degree. In addition Theorem 1 is strictly stronger than Theorem 3 because having the VC-dimension greater than
d implies the existence of a graph that is a proper induced subgraph of W(k, d, r).

The question about extremal properties of graphs with forbidden induced subgraphs is not new and was studied a
lot in the framework of Erd6s-Hajnal conjecture [9], asserting that any graph G without a given induced subgraph has a
large (of size |G|?, for some positive constant 8) clique or a co-clique. While in general the conjecture is open, for bipartite
graphs it is shown to be true by Erdés, Hajnal, and Pach [10], see also [2] for a more quantitative version. For graphs with
bounded VC-dimension, it was shown that the conjecture holds by Nguyen, Scott, and Seymour [31], see also a paper by
Fox, Pach, and Suk [14]. In addition, the so-called Ramsey-Turdn number RT(n, m, F), introduced by Sés, is also connected
to the above question, see [3,33]. Here, RT(n, m, F) is the largest number of edges in an n-vertex graph that does not
contain F as a subgraph and does not contain an empty graph on m vertices as an induced subgraph. However, here, m
is typically considered to be a function of n.

Finding ex(K,, {F, H-ind}) reduces to determining ex(K,, H) or ex(K,, F) asymptotically, unless both F and H are
bipartite, or H is complete bipartite and F is not bipartite, see Lemma 1. The case when H is complete bipartite was
addressed by Loh et al. [28], Illingworth [21], as well as Ergemlidze, Gy6ri, and Methuku [12]. When F = K; and H is a
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forest, a result by Scott, Seymour, and Spirkl [32], within a x-boundedness project, implies that ex(K,, {F, H-ind}) < t°n,
for some constant ¢ = c(H). See also an earlier result by Bonamy et al. [4] when H is a path. For bipartite H, Lemma
7.1. in Du, Girdo, Hunter, McCarty, and Scott [18] and Theorem 1.4. in Bourneuf, Buci¢, Cook, and Davies [5], obtained
independently and using different approaches, claim that ex(K,, {K; ;, H-ind}) < 0(n?>~<")), where the best value for
€(H) is 1/(100A(H)) given in [18]. Note that Hunter, Milojevi¢, Sudakov, and Tomon [20] showed the following bound:
ex(Ky, (K., H-ind}) < (4|A||B|t)XAIFIB)+102-1/d for 3 bipartite graph H with parts A and B such that each vertex in B has
degree at most d.

The rest of the paper is structured as follows. We list some standard tools and definitions, as well as Lemma 6 on
properties of the graph W(k, d, r) and Lemma 1 on properties of ex(n, {F, H-ind}) in Section 2. We prove Theorem 1 and
derive Theorems 2 and 3 from it in Section 3.

2. Notations, definitions, and preliminary lemmas

For a hypergraph F = (V, &) with vertex set V and edge set £ C 2", we often identify 7 with the set of edges €.
We denote the number of vertices in F by |F| and the number of edges in F by ||F|. A hypergraph is d-uniform if each
hyperedge has size d.

We shall denote a bipartite graph G with partite sets (parts) A and B and edge set E by G = (A, B; E). For bipartite
graphs G = (A, B; E) and G’ = (A, B'; E’), we say that G’ is a subgraph of G respecting sides if G’ is a subgraph of G,A' C A
and B C B.

For a hypergraph 7 = (V, &), or respective set system &, the VC-dimension of F is the largest integer d such that there
is a subset S of V that is shattered by edges of 7, i.e., such that for any subset S’ of S there is E € £ so that SNE = S’. This
notion was introduced by Vapnik and Chervonenkis [35]. The VC-dimension of a bipartite graph G = (A U B, E) with parts
A and B, with respect to A, denoted is the VC-dimension of the hypergraph with vertex set A and edge set corresponding
to the neighbourhoods of vertices from B. The incidence graph of the hypergraph F is a bipartite graph with parts V and
& and set of edges {{v,E} : v € V,v € E,E € &}. Note that a bipartite graph G with parts A and B has VC-dimension
at most d with respect to A if and only if G does not contain an induced copy of the incidence graph of the hypergraph
with vertex set [d + 1] and edge set 2[4+, such that the copy of [d + 1] is in A. Note that H(k, d, 1) corresponds to the
incidence graph of the complete d-uniform hypergraph on k vertices.

For a graph G and disjoint vertex sets A and B, we write A ~ B if each vertex in A is adjacent to each vertex in B. We
further write G[A, B] to denote a bipartite subgraph of G with parts A and B and containing all edges with one endpoint in
A and another in B; by ||A, B|| we denote the number of edges in G[A, B], when G is clear from context. By N(A) = Ng(A),
the neighbourhood of A, we denote the maximal set B of vertices such that A ~ B. Note that this definition differs from the
often used notion of a set neighbourhood defined as the union of it vertex neighbourhoods. Here, N(A) is the intersection
of neighbourhoods of vertices from A.

For a graph G, we denote by A(G) and §(G) the maximum and minimum degree of G, respectively. For K > 0, a graph
G is K-almost regular if A(G)/8(G) < K. For an ¢-uniform hypergraph #, a g-clique in # is a set S of q vertices such that
the edge set of # contains all £-element subsets of S.

Most items of the following Lemma are given by Illingworth [22]. We include the proof of a slightly more precise
statement for completeness.

Lemma 1. Let F be a graph, H be a non-empty graph, and r = min{x (H), x(F)}.

1. Let r > 3. If H is a complete multipartite graph, then ex(n, {F, H-ind}) = (1 — 1/(r — 1))(;)(1 + o(1)). Otherwise
ex(n,{F,H-ind}) = (1—-1/(x(F)— 1))(;)(1 +0(1)). In either case ex(n, {F, H-ind}) € {ex(n, H)(140(1)), ex(n, F)(1+
o(1))}

2. Letr =2 and x(H) > 2. Then ex(n, F)/2 < ex(n, {F, H-ind}) < ex(n, F).

3. Letr =2, x(F) > 2, and H be not complete bipartite. Then ex(n, {F, H-ind}) = ex(n, F)(1 + o(1)).

Proof.

1. We have that F, H Z T,_q(n), where T,_q(n) is the Turan graph with r—1 parts. Thus ex(n, {F, H-ind}) > || T,_{(n)| =
(1—=1/(r — 1))(;)(1 + o(1)). If H is not a complete multipartite graph, then H is not an induced subgraph of any
complete multipartite graph. In particular, H is not an induced subgraph of T,)_1(n). Since F & T,r)—1(n), we
have ex(n, {F, H-ind}) > [|T,)-1(n)l = (1 — 1/(x(F) — 1))(5)(1 + o(1)). Since ex(n, {F, H-ind}) < ex(n, F), using
Erdés-Stone Theorem we have that ex(n, {F, H-ind}) < (1 — 1/(x(F) — 1))(3)(1 + o(1)). If r = x(H) < x(F) and H
is complete r-partite, we see that ex(n, {F, H-ind}) < ex(n, T.(t)), for sufficiently large t. Indeed, if T = T.(t) C G,
then either some part of T induces a subgraph of G that contains F as a subgraph or each part of T induces a large
independent set by Ramsey Theorem. In the latter case G contains an induced copy of H. So, ex(n, {F, H-ind}) <
(1=1/(r = 1))(5)(1 + (1))

2. Let F be bipartite and H not bipartite. Then any F-free bipartite graph does not contain H as a subgraph, so by
taking a densest bipartite subgraph of an F-free n-vertex graph, we have ex(n, {F, H-ind}) > ex(n, F)/2. In addition,
ex(n, {F, H-ind}) < ex(n, F).
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3. If H is bipartite, but not complete bipartite, and x(F) > 3, we have that T,_;(n) contains neither H as an induced
subgraph, nor F as a subgraph, so ex(n, {F, H-ind}) > ||T,_1(n)|| = ex(n, F)(1 4 o(1)). Since ex(n, {F, H-ind}) <
ex(n, F), the result follows. O

The only remaining cases are when H is a biclique or when both H and F are bipartite. Regarding the former case
Loh et al. [28] proved that ex(n, {K;, K; (-ind}) = O(nZ*%) asymptotically matching the upper bound on ex(n, K ;) by
K6vari-Sés-Turan in Lemma 3.

We shall use the following result by Nagl, Rodl, and Schacht, [30], also proved by Gowers [19].

Lemma 2 (Hypergraph Removal Lemma). For any € > 0, any integers q and d, q > d > 2, there is § = §(¢, d, q) > 0 such
that if H is a d-uniform hypergraph and one needs to delete at least e(m‘) hyperedges to destroy all g-cliques, then number of

q-cliques in M is at least (S('H‘)

Lemma 3 (K6vari-Sos-Turdn Theorem, [26]). If G = (Y1, Yo; E) is a bipartite graph, such that G does not contain a complete
bipartite subgraph with y, vertices in Y1 and y, vertices in Ys, then ||G|| < (y2 — 1)"1(|Y1] —y1 + 1)|Y2| 7™ + (31 — 1)|Y2).

The following lemma appears as a Proposition 2.7 in Jiang and Seiver paper [25], see a similar earlier result by Erdds and
Simonovits [11]. The authors do not state that the resulting subgraph is induced. However, the proof of their proposition
implies that the subgraph is induced since it is obtained by an iterative vertex deletion procedure.

Lemma 4 (Reduction Lemma). For every € € (0, 1) there is K > 0 such that for every ¢ > 1 there is an integer N € N SL]lCh

that for every integer n > N and every n-vertex graph G with ||G|| > cn'™ there is an induced subgraph G' € Gon'm > n2 1+
vertices such that ||G'|| > %m'"* and G’ is K-almost regular, for K = K(e).

The following lemma is a classical application of the probabilistic deletion method that is mentioned in particular in
Theorem 2.26 of a survey by Fiiredi and Simonovits [17].

Lemma 5 (Deletion-method Lemma). Let H be a family of non-empty graphs, then there are positive constants ¢ and ng such
that for any n > ng there is a bipartite graph G with n vertices in each part, not containing any member of H as a subgraph

and such that ||G|| > cn®", where y(#H) = max{y(H) : H € #} and y(H) = "Z'”’z

Lemma 6. Let d, r, and n be non-negative integers, d > r + 2. Then there is an integer k such that the following holds.

1. If G = (V',U’; E) is a bipartite graph such that each vertex from U’ has degree at most d and there is no copy of a
complete bipartite graph with d —r vertices in U’ and d vertices in V', then for sufficiently large k, H = H(k,d,d—r —1)
and thus W = W(k, d, r) contain an induced copy of G’ with set of vertices corresponding to V' contained in the body
of H and in the body of W, respectively.

2. Ifd > 3 and G is an incidence graph of the hypergraph with vertex set [d+1] and edge set 2191 then W = W(k, d, d—2)
contains an induced copy of G with the copy of [d + 1] contained in the body of W.

3. Lets,k,d € Nand G = (V, U; E) be a bipartite graph with |V| = k, such that for each d-element subset X of V and
eachy e VA X : [N(y)NN(X)| < (IN(X)| —s)/(k — d). Then H(k, d, s) is an induced subgraph of G with body V.

Proof.

1. Assume that G’ is a union of complete bipartite graphs with parts A, Uy, for all A that are subsets of V' of size

at most d and Uy’s are pairwise disjoint, [Uy| = d — r — 1 if |A] = d and |Us| = q for some large, but fixed g,
say ¢ = (d — r — 1)s, for some s. We shall find an injective map of the vertex set of G’ into the vertex set of
H =H(k,d,d —r— 1). Let V be the body of H(k,d, d — r — 1), assume that V' C V.
For each A € (‘;) we embed U, into the neighbourhood of A in H. Consider the family A of sets A C V’, |A| < d. Let
us choose for each A € A a set B, of s pairwise disjoint sets from V \ V’, each of size d. This is possible if we choose
k large enough. For each A € A4, let B, = {B' : B € B, B € By, |B'| = d — |A]}. For each member of B' € B, there is
a set Up of size d —r — 1 in H such that Uy ~ (B’ U A) in H. Moreover, the Up’s are pairwise disjoint. Thus their
union is a set of s(d —r — 1)(‘;) > q vertices, each adjacent to every vertex of A. We embed the neighbourhood of
Ain G into Up e, Us'-

2. Note that G has parts [d + 1] and X = 2l9*1, Let G’ be obtained by deleting the vertex x of degree d + 1 from X.
Then G satisfies the conditions of the first part of the lemma with r =d — 2 and r > 1 (here we use the fact that
d > 3). So, G’ is an induced subgraph of H = H(k, d, 1). We have that W = W(k, d, d — 2) is a supergraph of H with
a vertex, say v, not in V(H) and adjacent to all vertices of the body of H. Then we embed x in v to obtain the copy
of Gin W.

3. We greedily find sets Uy C U, foreach X € (‘é) such that they are pairwise disjoint, of size s each, such that Ux ~ X

and Uy + x for any x € V \ X. For a fixed X € (‘d’) we can ignore all neighbourhoods N(y), y € V \ X, from N(X).
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Then we have at least |[N(X)| — (k — d)(IN(X)| — s)/(k — d) > s vertices such that each of them is adjacent to all
of X and to none of vertices from V \ X. Choose a subset of size exactly s from this set arbitrarily and call it Uy.
We see that if X # X', X, X' € (‘;) then Uy N Uy = @, otherwise if z € Ux N Uy, by construction of Uy and Uy,
z#x,z#X, forxeX\X andx' € X'\ X, but z~ X and z ~ X’, a contradiction. In addition, by construction, for
any X' € X'\ X, ¥’ is not adjacent to any vertex from Ux. Thus, V and the sets Uy, X € (‘;) form a vertex set of an
induced copy of H(k, d, s) in G, with body V. O

3. Proofs of the main results

The following result is a main tool in proving Theorem 1.

Proposition 1. Let k, d, t, s be positive integers, d < k. For every n > 0 there are &, k,nyp > 0 such that for any K; -free
s d+s—1

bipartite graph G = (A, B; E), where |B| > ng, |A| < &|B|d, |G|l > &n|B| 3 , and any vertex in B has degree at most x |A|,

there is an induced copy of the hedgehog H(k, d, s) with body in A.

Proof. We shall set the constants as follows. Let q be a sufficiently large constant, g >> k. We shall use the hypergraph
Ramsey number R = R4(q), that is the smallest integer N so that any colouring of d-element subsets of [N] in two colours
results in a monochromatic g-clique.

Consider the graph G given in the statement of the proposition, let |B| = n. Let # = (A, £) be a hypergraph, where
E={A CA: |A| =d,|Ng(A)| > s}. Colour the edges of # red and blue according to the following rule: if [N(A")| > g,
colour A’ red, otherwise colour it blue. We say that a g-clique in # is blue if all edges of % contained in it are blue.
Similarly, a g-clique is red if all edges of # contained in it are red. We shall show that we can assume every g-clique to
be blue. After that we count blue g-cliques in two different ways and arrive at a contradiction.

Claim 1. If there is a red q-clique in H then H(k, d, s) is an induced subgraph of G with body in A.

Let Q be a red g-clique. Let X be a d-element subset of Q. We say that y € Q \ X bad for X if |[N(y) "N(X)| >
(IN(X)| — s)/(k — d). Otherwise, y is good for X.

Consider a k-element subset V of Q. If for each d-element subset X of V and each y € V \ X, y is good for X, then by
Lemma 6 (3) we have that H(k, d, s) is an induced subgraph of G with body V, and we are done.

So, we can assume that for each k-element subset V of Q there is a d-element subset X of V and some y € V \ X that
is bad for X.

Let X be a d-element subset of V. Let X’ be the set of all bad vertices for X from Q. Consider G[X', N(X)]. Since G is K; ;-
free, the Kévari-S6s-Taran bound gives that || X/, N(X)|| < (t—1)V{(INGO)|—t+ DX |7V +t=1)X'| < c(©)INCOIIX'| VY,
for a constant c(t). Thus,

IXNCOL_ cINGOL- X
(NGO = $)/(k = d) = (IN(X)| = 5)/(k —d)’

Solving the inequality for |X’|, we have that

x| < ((CONCOK =D\ _
“LNx-s ) T

for a constant c(t, k, d), when s < |[N(X)|/2. Since |[N(X)| > g, the above inequality holds in particular when s < q/2.

Finally, we shall consider x, the total number of k-element subsets of Q. On the one hand, x = (‘%‘) = (Z) Since each
k-element subset V of Q contains a subset X of size d and a vertex y that is bad for X, x < ({) -c(t, k, d)- (Z:g:}) = 0(g* "),
where the first term is the number of ways to choose X from Q, the second one is the number of ways to choose y, and
the third term is the number of ways to choose the remaining k — d — 1 elements of V. So, we have that x = o((z)), that
contradicts the fact that x = ({). This proves Claim 5.

Assume from now on that there are no red g-cliques in #.

IX'| <

Claim 2. If Q is a g-clique in H and for any distinct subsets X, X’ C Q of size d each one has N(X)NN(X') = @, then H(k, d, s)
is an induced subgraph of G.

From the definition of # it follows that for each X C Q, |X| = d, we have [N(X)| > s. Let B = UXG(Q)N(X). Since
d
q > k, this immediately implies that H(k, d, s) is a subgraph of G[Q U B']. To show that H(k, d, s) is an induced subgraph
of G[Q U B’], assume otherwise, i.e., that there is a vertex b € B’ such that b € N(X) and b ~ a, for some a € Q \ X. Then
we see that b € N(X) N N(X — {x} U {a}), for any x € X. This contradicts the assumption of the Claim and proves it.

1Al
q
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By Claim 6, we can assume that for each blue g-clique Q there is a vertex b = b(Q) € B such that b € N(X’), where
X' € Q, |X'| =d+ 1. Let us denote some vertex from X’ as a(Q). To count blue g-cliques, we shall first upper bound the
number of subsets of A of size ¢ — 1 corresponding to Q — {a(Q)} and then, for each such a fixed subset, we upper bound
the number of ways to extend it to a g-set with a vertex corresponding to a(Q ). Specifically, we have that the number of
g-cliques in A is at most

|A] q—1
(A7 v

where the second term (qgl)(q— 1) corresponds to the largest number of vertices in By, = UXG(Q')N(X)‘ forany Q' € (qf]);

and the last term is the largest number of ways to find a neighbour a of a vertex b € By’ (here we use the condition on
the maximum degree of vertices in B stated in the Proposition). For c(q, d) = (q;])(q — 1), Claim 7 follows.

Claim 4. The number of blue q-cliques in # is at least C(‘Z'), where C = C(q, d, s, ).

Recall that R is the Ramsey number R4(q) and it is implicit that R > 2q. Consider a set S C B such that |S| = s
and consider N(S). Then we see that # restricted to N(S), denoted H[N(S)], is a clique. We have that H[N(S)] contains
at least (|N(S)| — 2R)/q pairwise disjoint monochromatic g-cliques. Indeed, iteratively find such a clique as long as the
number of vertices is greater than R, delete its vertices and proceed. Since there are no red g-cliques, we have that the
selected g-cliques are blue. Let C(S) be a maximal set of pairwise disjoint blue g-cliques in H[N(S)]. Let C = USE(E) C(S).
We shall argue that the number of blue g-cliques is large using the Hypergraph Removal Lemma applied to the d-uniform
hypergraph ;e whose edges are blue edges of #.

Since the members of C are blue, for any blue g-clique Q, [N(Q)| < g — 1 and in particular there are at most (qzl)
ways to choose a set S of size s from N(Q). Thus

MzE]Z<Mﬂ—§) (1)
(qs ) SG(B) q q

Since ZSE(B) IN(S)| counts all stars in G with exactly s leaves in B, we have that

NG ESS (des,;(a))

<)

. |A|<|IGIIS/IAI)

_ 1k
- SS |A|S*‘l

dts—1\3
1(577" d )
> -~ @7

= (En%)s—l

|
o

|

“n

. o . ds—1 .
We used Jensen’s inequality in the second line and the bounds |G| > Snn%, Al < en¥? = &n Em given in the

statement of the Proposition. Coming back to (1) and recalling that |B| = n, we have

S

Mz@%;elw—mﬂ.
N

This implies that |C| > z;n® > z("), where z; = zy(q. d. s, 1, ) and z = z(z1, &), z = £ 21 > 0, for £ > 2Rs*/1".

Next we estimate the largest number of members of C that contain a fixed d-element subset A’ of A, A" € £. In case
some member of C contains A’, we see that A’ is blue. That implies that [N(A’)] < q— 1, so there are at most (qgl) ways to
choose an s-element subset S in N(A"). Each such subset S contributes to at most one members of C from C(S) that contains
A'. Deleting an edge from & destroys at most (') members of C. Thus one needs to delete at least |c|/(?,") > (") edges
from #Hpye to destroy all members of C. Here, € = €(q, d, s, n, &) > z/(q;]). Thus by the Hypergraph Removal Lemma with
C =C(q,d,s, 1, &) = 8(e, d, q), we have that the number of g-cliques in Hpye is at least C('). This proves Claim 4.

Now, Claims 4 and 7 give a contradiction by choosing « sufficiently small, specifically by choosing ¥ <«
C(q, d, s, n)/c(q, d). This concludes the proof of the proposition. O
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Proof of Theorem 1. Let G' be a K .-free bipartite graph with parts of size n, for n sufficiently large, such that
IG'|l = en®~'4, for some positive . We shall show that G’ contains W(k, d, r) as an induced subgraph with body in
a spec1f1ed part of G.

Let G = (A, B’; E') be an induced subgraph of G’ guaranteed by the Reduction Lemma 4. Specifically, |G| is sufficiently
large, G is K-almost regular for some constant K = K(¢) > 0, and

IGI = 2e/5)IGP" > (2¢/5)B" . @)

Since G is K-almost regular, |A'|8(G) < ||G|| < |B'|A(G), we have that |A’'| < |B'|A(G)/8(G) < K|B'|. In addition, since
IGIl < |B'|A(G) < |B'|8(G)K, we have that

5(G) = €187, 3)

for ¢’ = 2¢/(5K). Let n = ¢'/4 and s = d — r — 1. Consider the constants « and & given by Proposition 1.

The idea of the proof is as follows. We shall find a subset X of B’ of size r and a subset A of A’ such that X ~ A (when
r # 0) and a subset B of B — X such that G[A, B] satisfies conditions for Proposition 1. As a result, there is an induced
copy of H(k, d, d —r — 1) in G[A, B] with body in A. Together with X, it forms an induced copy of W(k, d, r) with its body
in A.

Claim 5. For r > 0, there are sets X € B and A C A’ such that

§|B/|1—r/d—1/d

X| =71, |Al = and X ~ A.

To prove the claim, apply Lemma 3 with y; =71, y, = ElB/|l r/d-1/d , Y1l = |B'| and |Y5| < K|B'|, to get that

IGI < (2 — V)T (V1] = y1 + DY + (1 — DY
1 1
<2 “mnml”
At | / / _1
< 2¢1B|7T4) B |(1<|B|>1 "

sEtk-tppih < % |B/|2"

a contradiction to the lower bound on ||G||, see (2). Note that the last inequality holds since |B'| is sufficiently large. This
proves Claim 5.

Let 0 < y < 1/t, in particular y < 1 — 1/d. Let Viog = {b € B : IN(b) N A| > |A|'7"}.
Claim 6. |Vyqq| < c(t)|A]"”.

From the definition of Viad, ||A, Vbadll = [VbadllA|'™7. Since G is K; -free, Lemma 3 gives that ||A, Vbl < (C/2)
(|A|% [Vbad| + |A] ), for C = C(t) > 0. Comparing the lower and upper bound on ||A, Vpaq|| gives |Vpaa| < m <
c|A|”, for ¢ = 2C. This proves Claim 6.

Claim 7. Let B = B’ — Vqq. Then G[A, B] satisfies the conditions of Proposition 1 withs =d —r — 1.
Note that |A| = (&/2)|B'|'""/*""" = (&/2)B'1"".
e We have that |B| > |B'|/2, so |A| = (§/2)|B'"* < (£/2)(2|B|}/* < £|B.

e Since |B| is large enough, the definition of Vy,,q implies that max,ep deg.(b) < |A|'™ < «|A|.
e Using (3), we have 8(G) > ¢'|B'|'"""/% > ¢/|B|'~"/4. Since |A] = (£/2)|B'|'* = (£/2)|B]*/* and X C Vjaq, we have

A, BIl = |AI(8(G) — [Vbaal)

= S (<1Bd — 20

> 183 < B4
= 4

This proves Claim 7.
Thus, by Proposition 1, G[A, B] contains a copy of a hedgehog H = H(k, d, s) with body in A. Recall that X C Vj,q, S0
X NB = (. Thus, the vertices of H together with X induce W(k, d, r) with body in A in G and thus in the original gra?h G.
For the second part of the theorem, we use the Deletion-method Lemma 5. Let § > 0 be given. Recall that y(H) =

We have that y(K; ;) = (2t —2)/(t> = 1) =2/(t +1) < 1/d+ 8 fort > 2d — 1 and
k+r+d—-r—1() -2 1

—+3,
rk+(d—r—1d() -1 S d

IHI—

y(W(k.d, ) =
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for large enough k. Thus by Lemma 5, there is a bipartite graph G with n parts in each side, such that K; ;, W(k,d,r) £ G
1
and |G| > n*" a7, O

Proof of Theorem 2. Let d > 2 be an integer and H = (V’, U’; E) be a K, 4-free bipartite graph H such that every vertex in
part U’ of H has degree at most d. By Lemma 6 (1) we have that H € W(k, d, 0). Let G be a graph on n vertices and en®~1/¢
edges, for some positive €. By considering the max cut of G we may assume G to be bipartite. Let t = max{|V'|, |[U’|}. If G
contains a copy of K; ., it contains a copy of H as a subgraph. Otherwise, by Theorem 1, G contains a copy of W(k, d, 0),
that in turn contains a copy of H. O

Proof of Theorem 3. Let k and d be integers such that t > d > 3. Let G be a bipartite graph on partite sets A, B of size
n/2 each and having VC-dimension at most d with respect to A. Assume that K; ; ¢ G and ||G|| > en®~1 for some positive
constant €. Then Theorem 1 yields that G contains an induced copy of W(d+ 1, d, d — 2) with body in A, that, by Lemma 6
(2), contains an induced copy of the incidence graph of a hypergraph with vertex set [d+ 1] and edge set 2[4+11. However,
by the definition of VC-dimension, this implies that the VC-dimension of G is at least d + 1, a contradiction. O

4. Concluding remarks

In this paper, we provide an upper bound on the largest number of edges in a bipartite graph with n vertices in each
part, not containing a given bipartite graph H as induced subgraph and not containing a large but fixed biclique, for any
H that is Ky 4-free and such that any vertex in one part has degree either at most d or a full degree, d > 2. It remains
interesting to determine the induced Turan function of an arbitrary bipartite graph and a bi-clique. In addition, it would be
very nice to resolve a conjecture of Conlon and Lee, [7] that states that for any K 4-free bipartite graph H with maximum
degree at most d in one part, there are positive constants C and § such that ex(n, H) < Cn?~/4-3,

Lemma 1 shows that in most cases ex(n, {F, H-ind}) is equal to either ex(n, F)(1 4 o(1)) or ex(n, H)(1 4 o(1)). There
are pairs of graphs F and H for which it does not hold. For example, consider F = K;; and H = P;, the path on ¢ edges,
£ > 1. Then (t — 1)n + o(n) < ex(n, {K;;, P,-ind}) < t°n, where the lower bound can be seen by considering pairwise
vertex-disjoint union of cliques on 2t — 1 vertices each and the upper bound follows from a result by Scott, Seymour,
and Spirkl [32] mentioned in the introduction. On the other hand, ex(n, K. ;) > cn?>~%+1 and ex(n, P;) < £n. So, when ¢
is much larger than ¢, we see that

ex(n, {K:r, P,-ind}) & {ex(n, P¢)(1 4 o(1)), ex(n, K; ¢)(1 4+ o(1))}.
However, it is not clear whether
ex(n, {F, H-ind}) € {®(ex(n, F)), ®(ex(n, H))}

for all graphs F and H. In the manuscript by Hunter, Milojevi¢, Sudakov, and Tomon [20] the authors independently state
a conjecture similar to our question:

ex(n, {K .+, H-ind}) < C(H, t)ex(n, H),

for a constant C(H, t) depending only on H and t.

Note that instead of ex(Ky, {K:, H-ind}), one can consider ex(Ky, {K:, #-ind}) for a class of graphs #. When # is
the set of all subdivisions of H, this problem attracted a lot of attention, starting with a work of Kithn and Osthus [27].
Recently, the problem has been considered by Girdo and Hunter [ 18], McCarty [29], Bourneuf, Bucié¢, Cook, and Davies [5],
as well as by Du, Girdo, Hunter, McCarty, and Scott [8].

It is also not clear in general whether ex(K,, {F, H-ind}) = O(ex(K.n, {F, H-ind})). In the non-induced setting it holds
by considering a maximal balanced cut. We would like to conclude with a question whether our main result holds for K,
insteald of Ky, »: Is it true that for any non-negative integers k, r, d, t with d > r+2, we have ex(K,, {K:, W(k, d, r)-ind}) =
o(n*=a)?
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