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Pairs of entangled photons are important for applications in quantum nanophotonics, where their theoretical 
description must accommodate their bipartite character. Such character is shared at the other end of the intensity 
range by, for example, the two degenerate instances of the pump field involved in second-harmonic generation. 
The description and numerical simulation of the interaction of nanophotonic structures with bipartite states of 
light are challenging regardless of their intensity and have important technological applications. To address such 
a challenge, we develop here a theoretical and computational framework for studying the interaction of material 
structures with bipartite states of light. The theory of the framework rests on the symmetrized tensor product 
space of two copies of an electromagnetic Hilbert space. For the computational side, the convenient T -matrix 
method is extended to the tensor product space. When the response of the object to one part of the state is 
independent of the other part, the T matrix for bipartite states is a simple function of the typical T matrix 
of the single Hilbert space. Such a separable material response is relevant, for example, in the interaction of 
entangled biphoton states with nanostructures. Nonseparable operators are identified as adequate objects to fully 
integrate nonlinear effects such as sum-frequency generation or parametric down-conversion. As an example 
of application, we derive selection rules for second-order nonlinear processes in objects with rotational and/or 
mirror symmetries and verify them numerically in two different MoS2 clusters.

I. INTRODUCTION

Within the increasing interest in quantum technologies, one
of the objectives of quantum nanophotonics is to exploit the
quantum properties of light for applications such as spec-
troscopy, communication, and sensing [1–4]. Nanophotonic
structures can be used to generate quantum states of light,
to process and modify them, and ultimately to measure them
[5–7]. These endeavors raise challenging theoretical questions
such as understanding when and why the entanglement of a
biphoton state survives the interaction with a nanostructure
[8–10]. However, it is not just at the quantum level where
photons appear in pairs. Considering electromagnetic fields
in pairs is also needed in theoretical descriptions of nonlinear
optical processes, such as sum-frequency generation (SFG) or
spontaneous parametric down-conversion (SPDC) [11,12]. In
SFG, the interaction of two incoming fields of different fre-
quencies with matter creates one field with frequency equal to
the sum of the frequencies of the incoming fields. The process
is called second-harmonic generation (SHG) when the two
input fields have the same frequency. Spontaneous parametric
down-conversion is the process inverse of SFG, where a single
field interacts with matter and produces two outgoing fields.
The sum of their two frequencies is equal to the frequency
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of the original single field. The efficiency of these nonlinear
processes can be enhanced by nanophotonic structures, such
as metasurfaces made from a periodic arrangement of suitably
structured individual unit cells [13–20].

The intensity of typical entangled photon sources is so low
that the quantum regime is reached, where the name biphoton
state is fully appropriate. Such a name is however not really
suitable to refer to the state of the pump for SHG. The two
copies of the pump field that are simultaneously involved in
the nonlinear effect inside the matter have high intensity. We
will use the term bipartite state of light, or bipartite field, to
refer to the general case including both intensity limits and
reserve the term biphoton state for the quantum regime.

When dealing with bipartite states in nanophotonics, the
theoretical models must describe their interaction with mat-
ter without recourse to typical simplifying approximations
such as paraxial light or dipolar objects, which are often
grossly violated by strongly focused fields and by the elec-
tromagnetic sizes of the objects in question. In some research,
symmetries and group-theory techniques are successfully ap-
plied to both entanglement evolution and nonlinear responses
[8–10,13,14,21].

For classical fields and single-photon states, symmetries
are very conveniently treated in an algebraic approach to light-
matter interaction, where the electromagnetic fields belong to
a Hilbert space, and a linear operator models the action of
a given object on the fields, called the scattering operator of
the object, S. In particular, symmetry-induced selection rules
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forbidding specific processes can be derived with just the
knowledge of the symmetries of the object, that is, without
having the scattering operator at hand. Another advantage
of such a setting is that the scalar product of the Hilbert
space allows one to readily compute fundamental properties
of the field, such as energy and momentum, as well as the
transfer of such properties to the object upon light-matter
interaction [22].

The Hilbert space approach matches very well with a con-
venient computational tool, the T matrix, which is a popular
and powerful approach to the computation of light-matter in-
teractions for classical fields and single-photon states [23–25].
The T matrix encodes the full electromagnetic response of
a given object upon arbitrary illuminations and can be bijec-
tively mapped to the scattering operator S = 1 + T , providing
the natural computational implementation of the algebraic
approach. Besides describing the response of macroscopic ob-
jects characterized by their geometry and material parameters,
the T -matrix approach can also be applied to molecules [26].
One of the strengths of this approach is that computing the
T matrix of a composite object from the T matrices of its
components is efficient, and extremely efficient in the case of
periodic arrangements [27], such as metamaterials or meta-
surfaces. T matrices can be obtained by Maxwell simulations
in the case of macroscopic objects and by time-dependent
density-functional theory (TDDFT) in the case of molecules.
There are many publicly available T -matrix codes [28].

The T -matrix formalism has recently been promoted from
its typical monochromatic regime to an inherently polychro-
matic framework [29], which allows one to systematically
treat light pulses interacting with material objects. The poly-
chromatic T -matrix setting features basis vectors and wave
functions with well-defined and relatively simple transforma-
tion properties under the Poincaré group. Additionally, the
invariant properties of the electromagnetic scalar product [30]
allow one to consistently define projective measurements in
the algebraic setting (see Sec. III in [31]).

In this article, motivated by the benefits of the algebraic
approach, we introduce a framework for the algebraic treat-
ment of the interaction of bipartite states of light with material
objects. As an application of the basic formalism, we derive
selection rules for nonlinear processes, which we verify nu-
merically. We also investigate the extension of the T matrix to
bipartite states.

The rest of the article is organized as follows. Section II
summarizes the most relevant aspects of the electromagnetic
Hilbert space M. In Sec. III we extend such formalism to
bipartite states, whose Hilbert space is the tensor product
space M2 = M ⊗ M restricted by the bosonic permutation
rule. It is interesting to note that the extension of theories
from a Hilbert space onto the tensor product of two copies
of such Hilbert space, which is often known as a double copy,
has been used in formulations of gravity, analogies between
light and gravitation, in particular mapping bipartite states
of light to gravitational waves, and in the study of bipartite
entanglement, for example [32–36]. We explain in Sec. III
how symmetry operators and symmetry generators act in M2,
extend the scalar product from M to M2, and derive the
condition of entanglement in the bipartite wave function. The
bipartite wave function can encode all the possible bipho-

ton quantum correlations in space, time, and polarization.
Section IV is devoted to light-matter interactions in M2. We
introduce a vacuum state that allows us to promote states in
M to states in M2. This step is crucial for treating nonlin-
ear processes such as SFG or SPDC [37,38], where single
and bipartite states are involved. The formalism developed
up to this point allows us to easily derive symmetry-induced
selection rules for the interaction of bipartite states with ma-
terial objects. As examples, we obtain selection rules for SFG
in objects that feature rotational symmetries and/or mirror
symmetries. We show that for objects with discrete rotational
symmetry upon a 2π/n rotation that are illuminated along the
symmetry axis with circular polarizations, only the trivial n =
1 case and n = 3 case allow SFG in the forward or backward
directions and that for the n = 3 case the two incoming fields
need to have the same circular polarization, since otherwise
SFG is forbidden by symmetry. We also show that when a
mirror-symmetric object is illuminated with bipartite fields
whose individual linear polarizations are eigenstates of the
mirror reflection, the output polarization on any scattering
direction contained in the symmetry plane is fixed: transverse
magnetic (TM) if the two incoming fields have the same linear
polarization (TE-TE or TM-TM) and transverse electric (TE)
if they have different polarizations (TE-TM). Generalizations
of the selection rules to higher-order nonlinear processes are
briefly discussed. Section V contains simulation results that
confirm all the tested cases of the selection rules. The sim-
ulations of the second-harmonic generation in two different
MoS2 clusters are made possible by combining TDDFT with
a solver of Maxwell equations using the hyper-T -matrix ap-
proach [39]. In Sec. VI we investigate the extension of the
T matrix to M2. We derive the T matrix for bipartite states
when the response of the object is separable, that is, when the
response to one part of the state does not depend on the other
part. In this case, T2, the T matrix in M2, can be obtained from
the T matrix in M:

T2 = 1 ⊗ T + T ⊗ 1 + T ⊗ T .

Then T2 can be used to simulate the change in the entangle-
ment of biphoton states upon interaction with nanostructures,
for example. We also discuss how the treatment of nonlinear
processes requires further research because the separability
assumption no longer holds. For example, in SFG, one part
of the bipartite state influences the response of the material
object to the other part, which indicates the need for nonsepa-
rable operators. Section VII summarizes the article and offers
prospects for future work.

Finally, we would like to highlight the generality of the
framework that we introduce in this article. With it, one is
able to treat general polychromatic fields, such as short laser
pulses. Additionally, the way in which the fields transform
under the Poincaré group is known and implemented in pub-
licly accessible code [40]. These two features can be used,
for example, to simulate the pulses of entangled photons used
for quantum key distribution in satellite quantum communica-
tions [41,42]. Additionally, the equation above allows one to
simulate the interaction of such general pulses with nanostruc-
tures. Importantly, such simulation only needs the knowledge
of the typical T matrix of the object in M.



II. SINGLE-PHOTON STATES

We start by briefly reviewing the theoretical framework for
single-photon states and classical fields (see [29,43,44] for
more details). Let M denote the Hilbert space of the free-field
solutions to Maxwell’s equations. Then every state |φ〉 ∈ M
satisfying the normalization condition 〈φ|φ〉 = 1 can be iden-
tified as a single-photon state [30,45,46]. When 〈φ|φ〉 = 1,
the electromagnetic fields describe a single photon, and when
〈φ|φ〉 � 1, they describe a classical field. Similarly, the exten-
sion to bipartite states will be suitable for describing bipartite
beams of very different intensities, such as the very-low-
fluence sources of entangled photons or the two copies of the
laser field involved in SHG.

It is convenient to express arbitrary states in M as the
superposition of a chosen set of basis states, such as plane
waves or spherical waves. The latter are also known as vector
spherical harmonics, or multipolar fields. Within this article,
we use the plane-wave expansion

|φ〉 =
∑
λ=±1

∫
R3\{0}

d3k
|k| φλ(k) |k λ〉 , (1)

where |k λ〉 is a plane-wave state with wave vector k and
helicity λ = ±1 (polarization handedness) defined as

|k λ〉 =
√

ch̄

ε0

1√
2

1√
(2π )3

|k|êλ(k̂) exp(−iωt ) exp(ik · r), (2)

where c is the speed of light in vacuum, h̄ is the reduced
Planck constant, ε0 is the vacuum permittivity, ω = c|k|, and
êλ(k̂) is the unit polarization handedness vector with k̂ =
k/|k|. The factor |k| in the definition ensures that the plane
wave transforms unitarily under the whole Poincaré group,
including Lorentz boosts [29]. Note that Eq. (1) yields an
integral expression for the space- and time-dependent elec-
tric field of the single-photon state |φ〉, if one substitutes
the plane wave from Eq. (2). Then Eq. (1) is the standard
Fourier decomposition of electric fields. From now on, we will
drop the summation and integration bounds in the plane-wave
expansion and it is understood that we always sum over both
helicities ±1 and integrate over k ∈ R3 excluding the origin.
The scalar product in M can then be written as

〈φ|ψ〉 =
∑

λ

∫
d3k
|k| φ∗

λ (k)ψλ(k). (3)

The complex expansion coefficient function, or the wave func-
tion, will be given by the scalar product 〈k λ|φ〉 = φλ(k),
which fixes the orthogonality relation between plane waves

〈k λ|k̄ λ̄〉 = δλλ̄δ(k − k̄)|k|. (4)

In this algebraic setting, transformations such as space-
time translations or rotations are unitary linear operators that
map states in M back to M. The scattering of light off an
object is described by a linear scattering operator S, which
acts on an incoming state to produce a corresponding outgoing
state

|φout〉 = S |φin〉 . (5)

Incoming and outgoing states feature incoming and outgoing
radiation conditions at infinity, respectively.

FIG. 1. Depiction of a typical scattering scenario. Before the
light-matter interaction (left), an arbitrary incoming field |φin〉 ∈ M
propagates towards an object described by its scattering operator S.
Here M is the Hilbert space of free solutions of Maxwell equations.
After a finite interaction time (gray area), the outgoing field is again
a member of M because we assume that all interactions with the
object have subsided. The outgoing field (right) is therefore given by
|φout〉 = S |φin〉. The currents induced in the object by the incoming
field exist only during the interaction time.

A sketch of a scattering scenario is depicted in Fig. 1.
On the left, before the scattering process starts, the incoming
field |φin〉 ∈ M propagates towards the object. During the
light-matter interaction (gray area in Fig. 1) the fields are
not free, and hence they are not members of M anymore.
However, after all interactions with the object have subsided,
the outgoing field |φout〉 propagates in free space and is again a
member of M. This is the justification of Eq. (5): The operator
S maps incoming free fields to outgoing free fields. We note
that S describes not only the scattering of light off an object,
but also the absorption of light by the object, in which case S
is not unitary.

One can represent Eq. (5) in the plane-wave basis by ex-
panding the input and output states according to Eq. (1),

∑
λ

∫
d3k
|k| φout,λ(k) |k λ〉 = S

∑
λ̄

∫
d3k̄

|k̄| φin,λ̄(k̄)|k̄ λ̄〉. (6)

After projecting onto the |k λ〉 plane wave and making use
of the orthogonality of plane waves, we arrive at the intuitive
relation

φout,λ(k) =
∑

λ̄

∫
d3k̄

|k̄| φin,λ̄(k̄)Sλλ̄(k, k̄), (7)

where Sλλ̄(k, k̄) = 〈k λ| S|k̄ λ̄〉 is the plane-wave representa-
tion of the scattering operator.

Let now the operator X describe a symmetry of the scat-
terer, for example, a rotation by some angle or a spatial
translation by some distance. Then the scattering operator
commutes with the symmetry operator

[S, X ] = 0 ⇐⇒ SX = XS ⇐⇒ S = XSX −1, (8)

where the inverse exists because X represents a symmetry
transformation and must hence be unitary. This simple relation
can be used to derive general selection rules (see [47] for a
specific application).

In some cases, bases other than plane waves are more con-
venient, such as the basis of multipolar fields. Then a change



of basis allows one to readily obtain the multipolar basis
vectors, the multipolar wave function, and the corresponding
expression of the scalar product [29], with which the extension
to bipartite states can be carried out following steps parallel to
those that we will now take using the plane-wave basis.

We finally note that this formalism applies to general poly-
chromatic solutions of Maxwell’s equations, such as short
laser pulses.

III. BIPARTITE STATES AND THEIR PROPERTIES

The formalism introduced in Sec. II is unsuitable to de-
scribe light-matter interaction processes where the quantum
properties of multiple photons are involved, for example, the
interaction of entangled biphoton states with nanostructures.
Moreover, the formalism does not cover nonlinear processes
that change the number of photons and frequency, such as
SHG or SPDC.

Describing such processes becomes possible using bipar-
tite states of light, which are naturally built in the tensor
product space M2 = M ⊗ M restricted by the bosonic per-
mutation symmetry. In the remainder of this section, we will
establish the basic properties of bipartite states.

A. Bipartite state definition and inner product

A bipartite plane-wave state can be defined as

|k λ, k̄ λ̄〉2 = 1√
2

(|k λ〉 ⊗ |k̄ λ̄〉 + |k̄ λ̄〉 ⊗ |k λ〉) (9)

if |k λ〉 �= |k̄ λ̄〉 and otherwise as

|k λ, k λ〉2 = |k λ〉 ⊗ |k λ〉 . (10)

Here the subscript 2 indicates that the ket is a member of
M2, and the bosonic permutation symmetry is satisfied due
to the plus sign in Eq. (9). A minus sign would satisfy the
fermionic case. Therefore, not all possible tensor products of
states in M are valid bipartite states of light. The definition
follows the usual convention of symmetrized many-particle
states (see Sec. 2.1 in [48]). For the sake of readability, the
tensor product sign ⊗ will often be dropped from now on,
as in |k λ〉 ⊗ |k̄ λ̄〉 ≡ |k λ〉 |k̄ λ̄〉. It is worth emphasizing that
|k λ, k̄ λ̄〉2 is not the same as |k λ〉 |k̄ λ̄〉 in general, but only if
both single-photon plane waves are identical.

One can expand any bipartite state as a superposition of
plane waves

|φ〉2 =
∑
λλ̄

∫
d3k
|k|

d3k̄

|k̄| φλλ̄(k, k̄) |k λ, k̄ λ̄〉2 , (11)

where φλλ̄(k, k̄) is any normalizable (wave) function with
respect to the scalar product in Eq. (15). There is a redundancy
in the expansion in Eq. (11) in the case of |k λ〉 �= |k̄ λ̄〉.
Due to the permutation symmetry of the bipartite plane-wave
states |k λ, k̄ λ̄〉2 = |k̄ λ̄, k λ〉2, both φλλ̄(k, k̄) and φλ̄λ(k̄, k)
contribute to the same state. We may therefore define the
symmetrized wave function

	λλ̄(k, k̄) = 	λ̄λ(k̄, k) = 1√
2

[φλλ̄(k, k̄) + φλ̄λ(k̄, k)], (12)

with which Eq. (11) reads

|φ〉2 =
∑
λλ̄

∫
d3k
|k|

d3k̄

|k̄| 	λλ̄(k, k̄) |k λ〉 |k̄ λ̄〉 . (13)

From Eq. (13), the wave function is given by 	λλ̄(k, k̄) =
(〈k λ| 〈k̄ λ̄|) |φ〉2. If both parts in the bipartite state are iden-
tical, the wave function φλλ(k, k) is already symmetrized, and
in analogy to Eq. (12) it follows that 	λλ(k, k) = φλλ(k, k).
This relation becomes also clear when comparing the plane-
wave expansion in Eqs. (11) to (13) in the case of two identical
plane waves in M.

The form of Eq. (13) is reminiscent of other expansions
of bipartite states, such as Eq. (15) in [37] for SPDC states.
However, Eq. (13) can encode the most general quantum
correlations in space, time, and polarization.

The scalar product between two states in the product space
M2 can be naturally defined using the scalar product in the
original space M as

(〈φ1| 〈φ2|)(|ψ1〉 |ψ2〉) = 〈φ1|ψ1〉 〈φ2|ψ2〉 , (14)

where |φ1,2〉 , |ψ1,2〉 ∈ M. For two generic bipartite states |φ〉2
and |ψ〉2, the scalar product can be straightforwardly written
in the plane-wave basis using Eqs. (13) and (4):

2〈ψ |φ〉2 =
∑
λλ̄

∫
d3k
|k|

d3k̄

|k̄| 
∗
λλ̄

(k, k̄)	λλ̄(k, k̄). (15)

We anticipate that the scalar product in M2 can be used
to define projective measurements in M2 consistently, as
done for M in Sec. III in [31]. One of the most important
properties of the scalar product in M is its invariance un-
der the transformations of the conformal group [30], which
includes the Poincaré group. This implies that, for any pair
|ψ〉, |φ〉 in M, and X in the conformal group, it holds that
〈ψ |φ〉 = 〈ψ |X †X |φ〉, that is, the scalar product is invariant
when the states are transformed with a conformal transfor-
mation |ψ〉 → X |ψ〉 and |φ〉 → X |φ〉. Since the conformal
group in Minkowski space is the largest group of invariance
of Maxwell equations [49], the invariance property allows one
to define projective measurements by a generic detector mode
|d〉, as |〈d|φ〉|2, and be ensured that their value is the same
in all the allowed changes of reference frame (see Sec. III in
[31]). The structure of Eq. (15) strongly indicates that a very
similar definition should be possible in M2.

B. Separable and entangled bipartite states

A general bipartite state is said to be separable, and hence
not entangled, if it can be factorized into two independent
states in M,

|φ〉2 = 1√
2

(|ψ〉 |ϕ〉 + |ϕ〉 |ψ〉), |ψ〉 , |ϕ〉 ∈ M. (16)

Since |ψ〉 and |ϕ〉 are members of M, we can expand them
into plane waves according to Eq. (1),

|ψ〉 =
∑

λ

∫
d3k
|k| ψλ(k) |k λ〉 , (17)

|ϕ〉 =
∑

λ̄

∫
d3k̄

|k̄| ϕλ̄(k̄) |k̄ λ̄〉 . (18)



Substituting Eqs. (17) and (18) into Eq. (16) yields

|φ〉2 = 1√
2

∑
λ

∫
d3k
|k| ψλ(k) |k λ〉 ⊗

∑
λ̄

∫
d3k̄

|k̄| ϕλ̄(k̄) |k̄ λ̄〉

+ 1√
2

∑
λ̄

∫
d3k̄

|k̄| ϕλ̄(k̄) |k̄ λ̄〉 ⊗
∑

λ

∫
d3k
|k| ψλ(k) |k λ〉 ,

(19)

which is easily brought into the form

|φ〉2 = 1√
2

∑
λλ̄

∫
d3k
|k|

d3k̄

|k̄| ψλ(k)ϕλ̄(k̄)

× (|k λ〉 ⊗ |k̄ λ̄〉 + |k̄ λ̄〉 ⊗ |k λ〉), (20)

and then using Eq. (9) we arrive at

|φ〉2 =
∑
λλ̄

∫
d3k
|k|

d3k̄

|k̄| ψλ(k)ϕλ̄(k̄) |k λ, k̄ λ̄〉2 . (21)

Comparing Eq. (21) with Eq. (11), we find the foreseeable
separability condition for the bipartite wave function

φλλ̄(k, k̄) = ψλ(k)ϕλ̄(k̄). (22)

The φλλ̄(k, k̄) in Eq. (11) does not necessarily meet Eq. (22),
in which case the bipartite state is entangled. Unless specifi-
cally mentioned, all the results in the following sections apply
to general bipartite states.

C. Symmetry transformations

Symmetry transformations play an essential role in the
algebraic description of electromagnetics because they are
intimately linked to conservation laws. The action of com-
mon symmetry transformations on bipartite states, such as
space-time translations, rotations, duality, parity, and mirror
symmetries, can be inferred from their well-known action on
states in M.

Let X be an arbitrary symmetry transformation in M. The
action of the same transformation in M2 is then given by
(see Sec. 3.8 in [50])

X2 = X ⊗ X. (23)

As an example, if X describes the spatial translation in M by
the displacement vector s, as X = T (s), we know that

T (s) |k λ〉 = exp(−ik · s) |k λ〉 . (24)

Translating a bipartite plane-wave state by s is thus achieved
by

T 2(s) |k λ, k̄ λ̄〉2

= 1√
2

[T (s)|k λ〉 ⊗ T (s) |k̄ λ̄〉 + T (s)|k̄ λ̄〉 ⊗ T (s)|k λ〉]

= exp[−i(k + k̄) · s] |k λ, k̄ λ̄〉2 , (25)

showing that |k λ, k̄ λ̄〉2 is an eigenstate of translations. If the
symmetry transformation X is continuous, as in the case of
spatial translations, it can be expressed by the exponential of
a generator �, namely, as X (θ ) = exp(−iθ�). The generator

constitutes the first-order change of the symmetry operator
with respect to the continuous parameter θ :

X (θ ) = 1 − i�θ + O(θ2). (26)

Using the above example, the generator of spatial translations
is the momentum P, resulting in T (s) = exp(−iP · s/h̄).

To obtain the generator of a symmetry transformation in
M2, we expand the symmetry operator X2(θ ) to first order in
θ . Using Eq. (23) and X (θ ) = exp(−iθ�), we obtain

X2(θ ) = 1 ⊗ 1 − i(� ⊗ 1 + 1 ⊗ �)θ + O(θ2), (27)

and the generator can be read off from the linear term [see also
Eq. (7.7-4) in [50]]

�2 = � ⊗ 1 + 1 ⊗ �. (28)

As is the case in M, if an operator U2 in M2 commutes
with a continuous symmetry X2(θ ) = exp(−iθ�2), then it also
commutes with its generator, and the converse statement is
also true:

U2X2(θ ) = X2(θ )U2 ⇐⇒ U2�2 = �2U2. (29)

It is important to highlight that, in analogy to the case in M
[51], the amount of a fundamental quantity such as energy or
momentum contained in a state |φ〉2 can be computed with the
scalar product sandwiching the corresponding operator:

2〈φ|�2|φ〉2. (30)

D. Generalization to MN

In this section we briefly discuss how to generalize the for-
malism to MN = ⊗N

n=1 M, restricted to bosonic permutation
symmetry. Formulas for the full states of N bosons are well
known (see, e.g., Sec. 2.1 in [48]). For example, a triphoton
plane-wave state (N = 3) can be written as

|k1 λ1, k2 λ2, k3 λ3〉3 = 1√
6

(|k1 λ1〉 |k2 λ2〉 |k3 λ3〉

+ |k1 λ1〉 |k3 λ3〉 |k2 λ2〉
+ |k2 λ2〉 |k1 λ1〉 |k3 λ3〉
+ |k2 λ2〉 |k3 λ3〉 |k1 λ1〉
+ |k3 λ3〉 |k1 λ1〉 |k2 λ2〉
+ |k3 λ3〉 |k2 λ2〉 |k1 λ1〉) (31)

if all single-photon states are distinct. All ideas from the
previous sections translate to tripartite states.

IV. LIGHT-MATTER INTERACTION IN M2

A. General setting and emergence of nonlinearity

In a scattering scenario in M2, we are interested in the
fields |φout〉2 after the interaction of some incoming field |φin〉2
with a scattering object, analogous to Fig. 1 in M. Again, we
assume that both incoming and outgoing fields are members
of M2, which is valid as long as the incoming field is con-
sidered before it comes into contact with the object, and the
outgoing field is considered after all the interactions with the
scatterer have subsided. In that case, the scattering scenario



is essentially a linear transformation in M2, which maps the
incoming field to the outgoing field S2 : M2 → M2,

|φout〉2 = S2 |φin〉2 , (32)

for bipartite states.
Even though the operator S2 in Eq. (32) is linear in M2, it

can properly model processes that are nonlinear in the single
field amplitudes. To see how the nonlinearity comes about,
let us expand incoming and outgoing fields and the scattering
operator in the plane-wave basis. After some simple algebra,
we arrive at the equation relating the wave function of the
incoming field to the wave function of the outgoing field

	out
λλ̄

(k, k̄) =
∑
σ σ̄

∫
d3q
|q|

d3q̄
|q̄| S2,λλ̄σ σ̄ (k, k̄, q, q̄)	in

σ σ̄ (q, q̄),

(33)
with

S2,λλ̄σ σ̄ (k, k̄, q, q̄) = (〈k λ| 〈k̄ λ̄|)S2(|q σ 〉 |q̄ σ̄ 〉). (34)

Here q and q̄ are the wave vectors of the plane waves that
expand the incoming bipartite state, and σ and σ̄ are their
corresponding helicities. Similarly, k and k̄, and λ and λ̄ are
the wave vectors and helicities of the plane waves that expand
the outgoing bipartite state, respectively.

For illustration purposes, let us now assume that in SHG
the incoming field is a separable bipartite state with two equal
fields described by the wave function aλ(k). Using Eq. (12),
we find that 	in

σ σ̄ (q, q̄) = √
2aσ (q)aσ̄ (q̄) and 	in

σσ (q, q) =
a2

σ (q). Equation (33) shows that the outgoing wave function
depends on the product of two incoming fields, weighted by
the appropriate scattering coefficient. Thus, the nonlinearity
emerges with respect to the single photons or classical fields,
whereas the scattering in M2 is nonetheless described by the
linear operator S2.

B. Vacuum state

In nonlinear optical processes such as SFG or SPDC, the
number of photons changes, which in the algebraic setting
can be seen as going from M2 to M or vice versa. However,
the scattering operator S2 maps bipartite states onto bipartite
states. For the bipartite formalism to accommodate single
states in M, we need to introduce the vacuum state |0〉. The
vacuum state has zero photons and is defined by the properties

〈k λ|0〉 = 0, 〈0|0〉 = 1,

X (θ ) |0〉 = |0〉 , � |0〉 = 0, X (θ ) = exp(−i�θ ),
(35)

namely, it is a normalized state that is orthogonal to every
plane-wave state. It is additionally invariant under any sym-
metry transformation X (θ ). This implies that any generator �

generating a symmetry transformation acting on the vacuum
yields zero [52]. The condition 〈k λ|0〉 = 0 implies by linear-
ity that the vacuum state is orthogonal to any state in M, which
intuitively makes sense since the probability of finding a state
in M with zero photons is zero.

The scalar products in the first line of Eq. (35), involving
the vacuum state, are different than the scalar product between
two members of M in Eq. (3). In particular, 〈0|0〉 = 1 does
not imply that the vacuum contains one photon. The vacuum

state can be more rigorously built in as the only member of
a one-dimensional Hilbert space (see Sec. 2.1 in [48]), and
the following construction in Eq. (36) can be understood as
a tensor product of a plane wave in M and the lone state
in such one-dimensional Hilbert space. For convenience, we
nevertheless use the same notation.

We now define the state

|k λ, 0〉2 = |k λ〉 |0〉 , (36)

which we can rigorously identify with the state |k λ〉 by check-
ing that when the symmetry transformations of the Poincaré
group act on Eq. (36), they produce exactly the same effect as
on |k λ〉. Thus, the vacuum state allows us to write any state
in M as a bipartite state which includes the vacuum |0〉.

C. Comparison with second quantization

The framework described in the previous sections is ul-
timately equivalent to the formalism of second quantization.
There are however some conceptual and practical differences.
For example, here the fields are not promoted to operators,
and the Hilbert space is not the Fock space. The creation and
annihilation operators of second quantization, which provide
a very compact formulation of many-body states (see Chap. 2
in [48]), are absent in our formulation. However, since we
are mostly dealing with bipartite states, the notational disad-
vantage is not very significant. As can be appreciated in the
next section, the algebraic formalism affords a very direct
treatment of symmetries and their consequences, which is
arguably more convenient than in second quantization, even
though the latter formalism can also be used for the analysis
of symmetries [8–10]. The framework that we present here
has a more direct connection to computational strategies than
second quantization. This can be readily seen in Sec. VI
and also because important physical quantities can be readily
computed with the scalar product in M2. One example is
the total amount of a given fundamental quantity such as
energy or momentum contained in a given bipartite state,
which can be computed through scalar products with Eq. (30).
Another example is the consistent definition of measurements
and computation of their outcomes, as discussed right before
Sec. III B.

D. Selection rules for second-order nonlinear processes

In this section we outline several examples of selection
rules upon scattering in M2, reproducing known outcomes
and obtaining generalizations thereof. Even though the main
focus will be on second-order nonlinear processes, we will
also comment on generalizations to third- and N th-order
nonlinear processes.

We assume that the incoming bipartite state is a separa-
ble state of two plane waves in M and we will explicitly
derive the selection rules for SFG. However, the structure
of the derivations makes it clear that the selection rules also
apply to the inverse SPDC process. Moreover, the procedure
for unveiling the selection rules is essentially the same for
nonseparable states and works for any scattering operator S2

featuring a symmetry.



The SFG process can be exemplified by Eq. (32) with
incoming and outgoing fields given by

|φin〉2 = |k1 λ1, k2 λ2〉2 , |φout〉2 = |k3 λ3, 0〉2 ,

ωi = c|ki|, i = 1, 2, 3. (37)

In the following, we will use several symmetries of the scatter-
ing object to infer conservation laws and selection rules. When
an object has the symmetry represented by the unitary oper-
ator X in M, then the symmetry condition in Eq. (8) holds.
According to Eq. (23), in M2 the symmetry is represented by
the unitary operator X2 = X ⊗ X . Then the condition

[S2, X2] = 0 ⇐⇒ S2X2 = X2S2 ⇐⇒ S2 = X2S2X −1
2 (38)

follows.

1. Time translation symmetry

Let us first consider the time translation symmetry of the
SFG process, which should lead to the preservation of the
eigenvalue of the energy operator, that is, the frequency. Time
translation symmetry implies that the scattering operator com-
mutes with the generator of time translations, that is, the
energy operator H2,

S2H2 = H2S2. (39)

Let us apply the energy operator to both incoming and outgo-
ing states in Eq. (37),

H2 |φin〉2

= (H ⊗ 1 + 1 ⊗ H )
1√
2

(|k1 λ1〉 |k2 λ2〉 + |k2 λ2〉 |k1 λ1〉)

= h̄(ω1 + ω2) |k1 λ1, k2 λ2〉2 (40)

and

H2 |φout〉2 = (H ⊗ 1 + 1 ⊗ H ) |k3 λ3〉 |0〉
= h̄ω3 |k3 λ3, 0〉2 , (41)

where the well-known relation for states in M, H |k λ〉 =
h̄ω |k λ〉, is used. With the symmetry relation (39), we find
another expression for the energy of the outgoing state,

H2 |φout〉2 = H2S2 |φin〉2

= S2H2 |φin〉2

= S2 h̄(ω1 + ω2) |φin〉2

= h̄(ω1 + ω2) |φout〉2 . (42)

Comparing Eq. (41) with Eq. (42), we find the expected rela-
tion

ω3 = ω1 + ω2. (43)

Equation (43) expresses the preservation of the eigenvalue of
H2, independently of whether there is absorption by matter, in
which case the total energy would not be conserved.

2. Rotational symmetric scatterers

Let us now consider a discrete rotational symmetry of the
scattering object in the propagation direction of the incoming

illumination, which can be chosen to be the z direction. The
symmetry condition reads

S2 = Rz,2(θn)S2R−1
z,2 (θn), (44)

with

θn = 2π/n, n ∈ N,

Rz,2(θn) = Rz(θn) ⊗ Rz(θn). (45)

Such discrete rotational symmetry is often written as Cn sym-
metry, as in C1 (trivial), C2, C3, and so on.

We focus on the SFG signal radiated along the z axis, in
both the forward and backward directions. Then the incoming
and outgoing states read

|φin〉2 = |k1ẑ λ1, k2ẑ λ2〉2 , |φout〉2 = |±k3ẑ λ3, 0〉2 , (46)

where ẑ is the unit vector in the z direction. The probability
for the SFG process to happen is given by the absolute square
of the scattering amplitude, which in turn is defined as the
matrix element of the scattering operator connecting the input
and output states:

A = 2〈φout|S2|φin〉2. (47)

To study the implications of discrete rotational symmetry
on the SFG process, we need to know how the rotation opera-
tor Rz(θn) acts on a state in M propagating in the ±z direction.
It can be shown that (see Sec. 9.7 in [50])

Rz(θn) |±kẑ λ〉 = exp(∓iλθn) |±kẑ λ〉 . (48)

To simplify the notation, from now on we will drop the
unit vector ẑ in the plane-wave states |±kẑ λ〉 ≡ |±k λ〉. It is
understood that a positive (negative) sign in front of the wave
number corresponds to propagation in the positive (negative)
z direction. By making use of the symmetry (44) and the
relation (48), we can express the scattering (47) as

A = 2〈φout|Rz,2(θn)S2R−1
z,2 (θn)|φin〉2

= 2〈±k3 λ3, 0|Rz,2(θn)S2R−1
z,2 (θn)|k1 λ1, k2 λ2〉2

= 2〈±k3 λ3, 0|S2 exp[iθn(λ1 + λ2 ∓ λ3)]|k1 λ1, k2 λ2〉2

= exp[iθn(λ1 + λ2 ∓ λ3)]A, (49)

which tells us that unless the equality exp[iθn(λ1 + λ2 ∓
λ3)] = 1 holds, only the A = 0 solution of Eq. (49) exists. For
A = 0, the SFG process is forbidden. This is a selection rule.
For a discrete n-fold rotational symmetry, we can substitute
θn = 2π/n, yielding the condition

exp

(
i
2π

n
(λ1 + λ2 ∓ λ3)

)
= 1. (50)

Let us first consider forward SFG, implying a minus sign in
Eq. (50). There are three distinct cases. First, the two incom-
ing fields can have the same helicity, which is opposite to the
helicity of the outgoing state

λ1 = λ2 = −λ3 ⇒ exp

(
± i

6π

n

)
= 1. (51)

This is only satisfied for the trivial n = 1 case and for the n =
3 case. For all other cases, SFG in the forward direction is



FIG. 2. Summary of the selection rules for n-fold discrete rotational symmetric scatters. Blue and red arrows indicate left and right
polarization handedness, + and − helicity, respectively. Shown on the left are selection rules in M. See Ref. [47] for details. Shown on
the right are selection rules for SFG in M2. The cases with n > 4 behave as the n = 4 cases in both M and M2.

forbidden. Second, the two parts of the incoming state and the
outgoing state have the same helicity

λ1 = λ2 = λ3 ⇒ exp

(
± i

2π

n

)
= 1, (52)

resulting in zero forward SFG for all n > 1. Third, the two
incoming fields can have different helicities, resulting in the
condition

λ1 = −λ2 ⇒ exp

(
iλ3

2π

n

)
= 1, (53)

which is again only satisfied for n = 1.
For backward SFG, the plus sign in Eq. (50), we distin-

guish two cases. The first case is that all fields have the same
helicity

λ1 = λ2 = λ3 ⇒ exp

(
± i

6π

n

)
= 1, (54)

which is again satisfied only for n = 1 and n = 3. In the
second case, one of the fields has a different helicity than the
other two, implying that

exp

(
± i

2π

n

)
= 1, (55)

which is again only satisfied for n = 1.
To summarize, except for the trivial nonsymmetric case

n = 1, the SFG process in a discrete rotationally symmet-
ric object is only possible for n = 3 and only if both
incoming fields have the same helicity. In the forward di-
rection, the outgoing state has the opposite helicity, and

in the backward direction, it has the same helicity as
the incoming fields.

The selection rules are illustrated in Fig. 2 and com-
pared to the selection rules for linear scattering in M [47].
Note that the selection rules rely only on the rotational
symmetry of the scatterer and not on the apparent mirror
symmetries suggested in this figure. So even for a chiral
material, for which all mirror symmetries are broken, the
selection rules hold.

In [53,54], selection rules for SHG were developed when
both incoming fields have the same helicity, and they agree
with the corresponding selection rules derived here. Further,
the experimental results in [55] are consistent with the selec-
tion rules for n = 3. Note, though, that in the supplementary
material of the previously mentioned paper, Table S1 is partly
incorrect: It indicates the possibility of SFG or SHG for
objects with a sixfold rotational symmetry, which we have
shown is not possible.

3. Generalization to Nth-harmonic generation

Generalizing the selection rules due to an N th-order non-
linear process is straightforward under an n-fold discrete
rotational symmetry. We focus here on the simplest case
of N th-harmonic generation, where N fields with frequency
ω = c|k| and helicity λ interact to produce a single field of
frequency ω̄ = Nω = Nc|k| and helicity λ̄. Assuming propa-
gation in the z direction and again omitting the ẑ for the wave
vector in the plane-wave kets, the input and output states can



be written as

|φin〉N = |k λ〉 |k λ〉 · · · |k λ〉︸ ︷︷ ︸
N times

, (56)

|φout〉N = |±Nk λ̄〉 |0〉 |0〉 · · · |0〉︸ ︷︷ ︸
N−1 times

. (57)

The N-part states in Eqs. (56) and (57) exist in the tensor prod-
uct space MN = ⊗N

i=1 M in analogy to the bipartite product
space for second-order nonlinear processes. Note that in the
case of N th-harmonic generation, all input photons are equal,
meaning we do not need to take specific care of the bosonic
permutation symmetry in Eq. (56).

Following a similar derivation as in the previous section,
we arrive at the selection rules for an n-fold rotational sym-
metric medium

exp

(
i
2π

n
(Nλ ∓ λ̄)

)
= 1. (58)

In the case of forward scattering, the condition reads

N − 1 = mn, m ∈ Z for λ = λ̄,

N + 1 = mn, m ∈ Z for λ = −λ̄, (59)

which is equivalent to Eq. (10) in [53]. It is possible to gener-
alize the above selection rules by allowing, e.g., the incoming
fields to have different helicities. Then we would make the
substitution Nλ → ∑N

j=1 λ j , where λ j is the helicity of the
jth incoming photon.

4. Mirror-symmetric scatterers

Let us now derive selection rules for SHG for a medium
with mirror symmetry across the xz plane, which is defined by
inversion across the y axis My : y → −y. Due to the symmetry
of the system, it is convenient to switch to the TE or TM
basis, defined by linear combinations of circular polarizations
as |k τ 〉 = (|k+〉 + τ |k−〉)/

√
2, where τ = 1 corresponds to

TM polarization and τ = −1 to TE polarization. For the re-
mainder of this section, the wave vector is assumed to be on
the z axis and is omitted as an argument of the plane-wave
kets. The plane-wave states |τ 〉 correspond to linearly polar-
ized states where

|τ = 1〉 ≡ |↔〉 , |τ = −1〉 ≡ |�〉 . (60)

It is therefore easy to see that for states in M, the mirror
transformation acts as

My |τ 〉 = τ |τ 〉 , (61)

that is, the horizontal (TM, x̂) polarization is an eigenstate of
the symmetry transformation with eigenvalue +1, whereas the
vertical (TE, ŷ) polarization is an eigenstate with eigenvalue
−1. Horizontal and vertical polarizations are defined with
respect to the mirror plane, which is in our case the xz plane.
(See Fig. 3 below, which represents the exemplary systems
that we consider later.)

We readily see that bipartite states with two equal polariza-
tion states are always eigenstates of the mirror symmetry with
eigenvalue +1,

My,2 |τ 〉 |τ 〉 = My |τ 〉 ⊗ My |τ 〉 = τ 2 |τ 〉 |τ 〉 = |τ 〉 |τ 〉 . (62)

FIG. 3. Finite-size molecular models of the MoS2 clusters with
(a) C3 symmetry and (b) rhomboidal shape and only the trivial C1

symmetry. Both structures have the mirror symmetry My : y → −y.
In each case, the center of coordinates was placed at the red dot,
which corresponds to the center of mass of the structure. Also shown
is the side view of the (c) hexagon and (d) rhombus.

To arrive at the selection rule for the SHG process, where two
fields with polarization τ are incoming to produce one field of
polarization τ̄ , we compute the scattering amplitude

A = 2〈τ̄ , 0|S2(|τ 〉 |τ 〉)

= 2〈τ̄ , 0|My,2S2My,2(|τ 〉 |τ 〉)

= τ̄A. (63)

Therefore, the SHG process is only possible for τ̄ = 1, that is,
for TM outgoing polarization, independently of the polariza-
tion of the incoming fields. Note that if the incoming fields
have different linear polarization, the incoming state is an
eigenstate of My,2 with eigenvalue −1. Proceeding similarly
to (63), we find the expression A = −τ̄A for the scattering
amplitude, where τ̄ is the polarization of the outgoing pho-
ton. The SHG process is then only allowed for TE outgoing
polarization. The same derivation and results apply to any
scattering direction on the xz plane, for example, backward
reflection.

This formalism can be generalized to higher-order pro-
cesses. For third-harmonic generation, for example, we find
that the product of the three incoming polarizations and the
outgoing polarization must be equal to one. Hence, if, for
example, the three incoming polarizations are equal, then the
outgoing polarizations must be the same.

5. Tables with the selection rules

Table I, left, shows which output helicities are allowed
for a second-order process upon a given incoming helicity
when the object has a discrete rotation symmetry about the
axis of incidence. Table I, right, shows the allowed outgoing
linear polarizations of second- and third-order processes for
an object with My mirror symmetry upon linearly polarized
illumination.



TABLE I. Summary of allowed second- and third-order processes in transmission and reflection for an n-fold rotational symmetric object
(left) and for a mirror symmetric object (right) at normal incidence. Here × means that the process is forbidden. The allowed and forbidden
processes for −− and −+ incoming helicities can be obtained by flipping all the helicities in the table.

SFG with Cn symmetry SFG or THG with mirror symmetry

n Incident Transmission Reflection Incident Transmission or reflection

1 ++ +, − +, − SFG TE-TE TM
2 ++ × × SFG TM-TM TM
3 ++ − + SFG TE-TM TE
�4 ++ × × THG TE-TE-TE TE
1 +− +, − +, − THG TM-TM-TM TM
2 +− × × THG TE-TE-TM TM
�3 +− × × THG TM-TM-TE TE

V. SIMULATION RESULTS

In this section we present simulation results confirming the
selection rules derived above, specifically for the most inter-
esting case of a threefold rotation symmetry, that is, n = 3. We
start our simulations from the molecular level by employing
quantum chemical calculations based on density-functional
theory (DFT). Two finite-size molecular models of MoS2 are
chosen. The first one [Fig. 3(a)] has an approximately hexago-
nal shape, but only Rz(2π/3) rotational symmetry, and has My

mirror symmetry. The second molecular model [Fig. 3(b)] has
a rhomboidal shape, also with My mirror symmetry, but does
not feature any rotational symmetry along the z axis. We ap-
plied time-dependent density-functional theory calculations to
calculate both the linear response, in the form of damped com-
plex dynamic polarizability tensors including electric-electric,
electric-magnetic, and magnetic-magnetic components, and
the nonlinear response, in the form of complex electric-
electric hyperpolarizability tensors of these two models at
800 and 1064 nm. The Appendix contains more details of
the simulations. We note that we performed the calculations
in a rotated coordinate system due to common point group
conventions in the DFT computations. Afterward, we trans-
ferred the results to the coordinate system depicted in Fig. 3.
Combining the multiple-scattering software treams [27] with
the hyper-T -matrix formalism from [39], we could calculate
the second-order nonlinear response of both systems for dif-
ferent incoming polarizations. Specifically, for both structures
shown in Fig. 3, we simulated the SHG response for normally
incoming fields at the fundamental wavelength.

TABLE II. Simulated SHG signal for the rhomboid structure.
The fundamental wavelength is 800 nm. The incoming and outgo-
ing polarizations are in the TE or TM basis and the numbers are
normalized to 6.1×10−34.

Transmission (arb. units) Reflection (arb. units)

Incident TE TM TE TM

TE-TE 9.11×10−10 0.498 9.11×10−10 0.498
TM-TM 1.42×10−9 1 1.42×10−9 1
TE-TM 0.383 2.44×10−9 0.383 2.44×10−9

In the following, we discuss the simulation results for the
fundamental wavelength of 800 nm. We note that the qualita-
tive result is the same for 1064 nm. For the rhomboid structure
in Fig. 3(b), the intensity of the SHG wave in transmission and
reflection for TE- and TM-polarized incoming and outgoing
fields is shown in Table II. We note that we only evaluate
outgoing plane waves with wave vectors on the z axis. We
further note that all of our simulation results are normalized
to the largest intensity, which occurred for two TM-polarized
incoming fields in TM transmission and reflection. Then nor-
malized signals on the order of 10−5 and lower are considered
numerical noise. The value 1 corresponds to an SHG conver-
sion efficiency equal to 6.1×10−34, which is very low because
of the very small sizes of the clusters. As seen from the results
in Table II, if the two incoming fields have the same linear po-
larization, then the SHG signal in transmission and reflection
will only be in the TM polarization. On the contrary, if the
incoming fields have different linear polarizations, only TE
polarization appears in the SHG signal. This is fully consistent
with the selection rules derived in Sec. IV D 4. The different
outcomes for different linear polarizations of the incoming
fields are consistent with the fact that the rhomboid structure
is anisotropic, that is, the x and y axes are not equivalent in the
rhomboid.

Table III shows the simulated SHG intensity for circularly
polarized fields incident on the rhomboid structure. The first
row shows the response where two fields at the fundamental
wavelength of the same helicity, namely, plus helicity, com-
bine to give rise to a field at the second-harmonic wavelength.
The results for two incoming fields with different helicities
are shown in the second row. Due to the trivial C1 symmetry,
we expect SHG signals in both reflection and transmission to

TABLE III. Simulated SHG signal for the rhomboid structure.
The fundamental wavelength is 800 nm. The incoming and outgoing
polarizations are in the helicity basis and the numbers are normalized
to 6.1×10−34.

Transmission (arb. units) Reflection (arb. units)

Incident + − + −
++ 0.160 0.254 0.254 0.160
+− 0.359 0.359 0.359 0.359



TABLE IV. Simulated SHG signal for the C3-symmetric struc-
ture. The fundamental wavelength is 800 nm. The incoming and
outgoing polarizations are in the helicity basis and the numbers are
normalized to 6.1×10−34.

Transmission (arb. units) Reflection (arb. units)

Incident + − + −
++ 4.29×10−6 0.139 0.139 4.29×10−6

+− 3.67×10−5 3.64×10−5 3.64×10−5 3.67×10−5

be present, irrespective of the polarization of the incoming
helicities, as predicted in Fig. 2 for the n = 1 case. This is
precisely what the results in Table III show, as all SHG values
have the same order of magnitude.

For the other structure, which shows C3 symmetry, the
intensity of the SHG wave in transmission and reflection
for both plus and minus helicities is shown in Table IV. In
the case of equal incoming helicities, the intensity of the
second-harmonic signal in transmission (reflection) practi-
cally vanishes if the outgoing helicity is the same (opposite)
as the incoming helicity. Furthermore, the second row shows
that the second-harmonic signal is practically zero in reflec-
tion and transmission if the incoming fields have different
helicities. These results agree entirely with the selection rules
shown in Fig. 2 for n = 3.

VI. THE T MATRIX IN M2

In this section we investigate when and how it is possible
to compute S2 by means of the T matrix. We start with a short
introduction to the T matrix in M, which is a popular and
powerful approach to the computation of light-matter interac-
tions for classical fields and single-photon states [23–25]. In
M, the connection between the T matrix and the scattering
operator is

S = 1 + T . (64)

The difference from the typical connection S = 1 + 2T
[25,56] is due to the conventions in [29], which are more
appropriate for the polychromatic case.

While it is obvious from (64) that S and T are equivalent re-
garding their information content, they connect different kinds
of fields. While S connects the incoming and outgoing fields,
T connects incident fields to outgoing fields. The outgoing
field due to T is typically called the scattered field. The inci-
dent field is defined as the field that would be present if there
were no scattering object and has both incoming and outgoing
components. The total outgoing field is the scattered field plus
the outgoing part of the incident field, and the incoming field
is the incoming part of the incident field. While T is the central
object in computational techniques, the total outgoing field
produced by S is much more relevant in experiments, because
the scattered field produced by T is extremely hard to measure
independently [57].

New possibilities appear when moving from M to M2.
In the interaction of bipartite states of light with matter, we
need to distinguish between two different kinds of processes,
depending on whether the response of the matter to one part

of the state depends on the other part of the state. When it
is independent, the process can be modeled by a separable
operator in M2, namely, by the tensor product of two identical
operators, each acting separately in one of the two copies
of M. When the presence of one part of the state modifies
the response of the matter to the other part, the operator for
such processes must be nonseparable and cannot be written
as the tensor product of two operators. Accordingly, we write
the total S2 as the sum of a separable operator S ⊗ S and a
nonseparable operator N2,

S2 = S ⊗ S + N2, (65)

where S is the scattering operator in M. Mathematically, the
nonseparability of N2 can be expressed, for example, in the
plane-wave basis as

N2,λλ̄σ σ̄ (k, k̄, q, q̄) = (〈k λ| 〈k̄ λ̄|)N2(|q σ 〉 |q̄ σ̄ 〉)

�= Aλλ̄(k, k̄)Bσ σ̄ (q, q̄). (66)

In most situations, S is assumed to preserve the frequency of
the fields, which means that an incoming field with a given
frequency ωin can only produce an outgoing field of the same
frequency. The same holds then for the separable part S ⊗ S.
In contrast, the nonseparable part N2 allows effects that are
absent in S ⊗ S. For example, one part of the incoming state
with frequency ω1 may induce current densities with the same
frequency inside the object, which can then combine with the
other part of the incoming state, of frequency ω2, to produce
an outgoing field at the sum frequency ω1 + ω2.

Before continuing, it is worth mentioning that the deriva-
tion of the selection rules in Sec. IV D does not require explicit
knowledge of the scattering operator S2. As long as the sym-
metry condition in Eq. (38) is valid, the selection rules follow
simply by acting with the symmetry operators on the incoming
and outgoing states. Therefore, the selection rules hold for
both the separable and nonseparable cases. Moreover, while
in Sec. IV D we have focused on nonlinear processes, the
selection rules can be obtained with the same procedure for
the case of bipartite scattering processes that do not change
the frequency.

A. Separable S2

It is well known that incoming fields of large amplitude are
needed for measuring the nonlinear effects expressed through
N2. For example, such effects are negligible in the interaction
of entangled biphoton states with nanoparticles, because the
incoming fields have particularly weak intensities. In such
cases, and many others, one may neglect N2 and write the
approximation

S2 ≈ S ⊗ S. (67)

Let us now study how to computationally approach this case.
Expanding Eq. (67) using Eq. (64) readily leads to the defini-
tion of the T matrix in M2 for the separable case:

S2 = 1 ⊗ 1 + 1 ⊗ T + T ⊗ 1 + T ⊗ T

⇒ T2 = 1 ⊗ T + T ⊗ 1 + T ⊗ T . (68)

Therefore, in the separable case, the T matrix in M is suffi-
cient for computing the interaction of general bipartite states



of light with material objects. For example, Eq. (68) can
be used to quantitatively predict how the entanglement of
biphoton states changes upon interaction with a nanostructure.
Qualitatively, it is readily shown that if the incoming bipartite
state is separable and S2 is also separable, then the outgoing
bipartite state must be separable as well. The case of separable
S2 and entangled illumination was considered in [8,9]. Each of
the terms in T2 in Eq. (68) has an intuitive physical meaning:
The first two terms describe the interaction of only one of the
two parts of the incident bipartite states and the third term
describes the interaction of both parts.

The definition of T2 in Eq. (68) disagrees with existing
literature (for example, [58]), where only the last term T ⊗ T
is used as T2. However, the following argument is rather
definitively in favor of the definition in Eq. (68). Let us assume
that the scattering is lossless in M. This implies that S must
be unitary and hence

S†S = 1 ⇔ T + T † + T †T = 0, (69)

which is the condition in Eq. (9) in [56] or in [59], except
that S = 1 + T is used here and S = 1 + 2T is used in these
references.

If the scattering is lossless in M, then the bipartite scat-
tering should also be lossless. Only the definition in Eq. (68)
ensures that, given that S is unitary, S2 is in turn unitary, that
is, S†

2S2 = (S† ⊗ S†)(S ⊗ S) = 1 ⊗ 1.

B. Nonseparable S2

The presence of N2 in the general definition of S2 in
Eq. (65), together with the vacuum state, and the emergent
nonlinearity explained in Sec. IV A provide the appropriate
framework for computations of nonlinear effects. Devising
computational strategies for obtaining N2 for general objects
is a subject left for future research. Here we discuss some
relevant points for guiding such research.

While both SFG and SPDC can be fitted in N2, let us, for
the sake of discussion, consider a scattering amplitude for the
SFG process

(〈k3 λ3| 〈0|)S2(|k1 λ1〉 |k2 λ2〉)= (〈k3 λ3| 〈0|)N2(|k1 λ1〉 |k2 λ2〉),

(70)

where |k3| = |k1| + |k2| and the equality follows because
S ⊗ S cannot change the frequency. We recall that the physical
meaning of the nonseparability is that the response of the ob-
ject to one part of the state depends on the other part. We may
then interpret the SFG process as follows. As a first step, one
of the two incident fields perturbs the object and excites cur-
rent sources with frequency c|k1| or c|k2|, respectively. The
interaction of the second field is described by the T matrix of
the object after perturbation by a first field, which is different
from T . This interpretation is consistent with computational
strategies for nonlinear optical processes in microscopic sys-
tems such as molecules (see Chap. 3 in [12]). Such strategies
use second-order perturbation theory, where the second-order
term is obtained as a perturbation of an already perturbed
system and the first and second perturbations are due to the
first and second parts of a bipartite state, respectively. The
resulting response functions are called nonlinear molecular
hyperpolarizabilities. They can be mapped into corresponding

hyper-T -matrices [39]. Then the nonlinear response of some
macroscopic objects built out of large ensembles of micro-
scopic systems, such as molecular crystals, can be obtained.
However, the hyper-T -matrix cannot be equal to N2 in general.
While N2 has four sets of indices, as can be seen in Eq. (66),
the hyper-T -matrix and the hyperpolarizabilities have only
three sets of indices. Nevertheless, the appearance of the vac-
uum state in Eq. (70) strongly suggests that N2,λ0σ σ̄ (k, 0, q, q̄)
and the hyper-T -matrix are equivalent in some way.

More generally, one may ask whether it is possible to ob-
tain N2 for a general macroscopic object. The time-dependent
perturbation induced by the first field suggests that this ques-
tion could be addressed with the tools that are being developed
to treat light-matter interaction in time-varying systems [60].
Note that, if successful, such an approach would include the
SH signal generated on the interfaces between different mate-
rials. This latter effect happens in addition to the SH signal
produced in the bulk of a given material, which, to a first
approximation, is only possible if the unit cell of the material
is not centrosymmetric. While the surface SHG of molecular
films has been recently simulated ab initio [61], the theoretical
approach to surface SHG for macroscopic objects, such as
a silicon disk, is to add a phenomenological tensor on the
surface [62].

VII. CONCLUSION AND OUTLOOK

In this article we introduced a theoretical and compu-
tational framework for studying the interaction of material
structures with bipartite states of light. The framework allows
one to readily derive symmetry-induced selection rules for
the general case, that is, for states that can be entangled or
nonentangled, and material responses that can be separable or
nonseparable. In nonseparable responses, one of the parts of
the bipartite state changes the response of the matter to the
other part of the state, giving rise to nonlinear effects. When
the nonlinear effects can be neglected, we obtain T2, the T
matrix for bipartite states, as a simple function of the typical
T matrix for single photons. Then the change in the entangle-
ment of biphoton states interacting with nanostructures can be
readily computed. We highlighted that the framework allows
one to treat general polychromatic fields, such as pulses of
entangled photons.

The results in this article should motivate further research,
in particular, to achieve the full integration of nonlinear pro-
cesses in the formalism by means of a nonseparable operator,
as discussed in Sec. VI. Additionally, the invariant properties
of the scalar product can be used to formalize projective
measurements for bipartite states, by following steps similar
to those taken in Sec. III in [31] for the single-photon case.
For some computations, it will be beneficial to obtain the ex-
pressions of the bipartite wave function and the scalar product
in the multipolar basis, because T matrices are often obtained
in such a basis.

We foresee that the algebraic formalism will become
a useful tool for the study and engineering of the inter-
action of bipartite states of light with nanostructures and
arrangements thereof.
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APPENDIX: DETAILS OF THE DFT CALCULATIONS

A single layer of MoS2 crystal was extracted from the
crystallography file given below. The two distinctive finite-
size models were cut out in the shape of an approximate
hexagon and rhomboid. Single-point energy calculations of
those models were performed using the development ver-
sion of TURBOMOLE 7.8 [63], followed by calculation of
linear polarizability tensors at fundamental and second-
harmonic frequency and first hyperpolarizability tensors. A
Perdew-Burke-Ernzerhof hybrid exchange-correlation density
functional PBE0 [64,65] has been used in combination with
the def2-TZVP basis set [66,67] for all atoms. Molybdenum
atoms had a Stuttgart relativistic effective core potential to
reduce the number of explicitly treated electrons by replac-
ing the core electrons by a potential. A numerical grid size
was set to 3. The damping was 0.05 eV for the Lorentzian
line-shape profile at half-width at half maximum. To speed
up the calculations, the multipole-accelerated resolution-of-
the-identity [68–70] and seminumerical approaches for the
exchange (senex and esenex) [71] were employed.

The following is the MoS2 cif file used to extract finite-size
molecular models.

# generated using pymatgen
data_MoS2
_symmetry_space_group_name_H-M ‘P 1’
_cell_length_a 3.19031570
_cell_length_b 3.19031570
_cell_length_c 14.87900400
_cell_angle_alpha 90.00000000
_cell_angle_beta 90.00000000
_cell_angle_gamma 120.00000000
_symmetry_Int_Tables_number 1
_chemical_formula_structural MoS2
_chemical_formula_sum ‘Mo2 S4’
_cell_volume 131.15106251

_cell_formula_units_Z 2
loop_

_symmetry_equiv_pos_site_id
_symmetry_equiv_pos_as_xyz
1 ‘x, y, z’

loop_
_atom_type_symbol
_atom_type_oxidation_number
Mo4+ 4.0
S2- -2.0

loop_
_atom_site_type_symbol
_atom_site_label
_atom_site_symmetry_multiplicity
_atom_site_fract_x
_atom_site_fract_y
_atom_site_fract_z
_atom_site_occupancy
Mo4+ Mo0 1 0.33333333 0.66666667 0.25000000 1
Mo4+ Mo1 1 0.66666667 0.33333333 0.75000000 1
S2- S2 1 0.66666667 0.33333333 0.35517400 1
S2- S3 1 0.33333333 0.66666667 0.85517400 1
S2- S4 1 0.66666667 0.33333333 0.14482600 1
S2- S5 1 0.33333333 0.66666667 0.64482600 1

The following are the Cartesian coordinates of both molec-
ular models. For the approximate hexagon we have the
following.

55

Mo −0.00000 6.38063 −0.00000
Mo −0.00000 4.78547 2.76291
Mo −0.00000 3.19032 5.52579
Mo −0.00000 4.78547 −2.76289
Mo −0.00000 3.19032 −0.00000
Mo −0.00000 1.59516 2.76291
Mo −0.00000 −0.00000 5.52579
Mo −0.00000 3.19032 −5.52579
Mo −0.00000 1.59516 −2.76289
Mo −0.00000 −0.00000 −0.00000
Mo −0.00000 −1.59516 2.76291
Mo −0.00000 −3.19032 5.52579
Mo −0.00000 −0.00000 −5.52579
Mo −0.00000 −1.59516 −2.76289
Mo −0.00000 −3.19032 −0.00000
Mo −0.00000 −4.78547 2.76291
Mo −0.00000 −3.19032 −5.52579
Mo −0.00000 −4.78547 −2.76289
Mo −0.00000 −6.38063 −0.00000
S −1.56488 6.38063 1.84193
S −1.56488 4.78547 4.60483
S −1.56488 4.78547 −0.92096
S −1.56488 3.19032 1.84193
S −1.56488 1.59516 4.60483
S −1.56488 3.19032 −3.68386
S −1.56488 1.59516 −0.92096
S −1.56488 −0.00000 1.84193
S −1.56488 −1.59516 4.60483
S −1.56488 1.59516 −6.44675
S −1.56488 −0.00000 −3.68386
S −1.56488 −1.59516 −0.92096



S −1.56488 −3.19032 1.84193
S −1.56488 −4.78547 4.60483
S −1.56488 −1.59516 −6.44675
S −1.56488 −3.19032 −3.68386
S −1.56488 −4.78547 −0.92096
S −1.56488 −6.38063 1.84193
S 1.56488 6.38063 1.84193
S 1.56488 4.78547 4.60483
S 1.56488 4.78547 −0.92096
S 1.56488 3.19032 1.84193
S 1.56488 1.59516 4.60483
S 1.56488 3.19032 −3.68386
S 1.56488 1.59516 −0.92096
S 1.56488 −0.00000 1.84193
S 1.56488 −1.59516 4.60483
S 1.56488 1.59516 −6.44675
S 1.56488 −0.00000 −3.68386
S 1.56488 −1.59516 −0.92096
S 1.56488 −3.19032 1.84193
S 1.56488 −4.78547 4.60483
S 1.56488 −1.59516 −6.44675
S 1.56488 −3.19032 −3.68386
S 1.56488 −4.78547 −0.92096
S 1.56488 −6.38063 1.84193

For the rhomboid we have the following.
27

Mo −0.00000 3.19031 −0.73794
Mo −0.00000 1.59515 2.02495
Mo −0.00000 0.00000 4.78785
Mo −0.00000 1.59515 −3.50084
Mo −0.00000 0.00000 −0.73794
Mo −0.00000 −1.59516 2.02495
Mo −0.00000 0.00000 −6.26373
Mo −0.00000 −1.59516 −3.50084
Mo −0.00000 −3.19032 −0.73794
S −1.56488 3.19031 1.10399
S −1.56488 1.59515 3.86688
S −1.56488 0.00000 6.62978
S −1.56488 1.59515 −1.65891
S −1.56488 0.00000 1.10399
S −1.56488 −1.59516 3.86688
S −1.56488 0.00000 −4.42180
S −1.56488 −1.59516 −1.65891
S −1.56488 −3.19032 1.10399
S 1.56488 3.19031 1.10399
S 1.56488 1.59515 3.86688
S 1.56488 0.00000 6.62978
S 1.56488 1.59515 −1.65891
S 1.56488 0.00000 1.10399
S 1.56488 −1.59516 3.86688
S 1.56488 0.00000 −4.42180
S 1.56488 −1.59516 −1.65891
S 1.56488 −3.19032 1.10399

The following is an example of the control file for the
calculation of the polarizabilities at 800 and 400 nm.

$title
$symmetry c1
$coord file=coord

$optimize
internal off
redundant off
cartesian on

$atoms
basis=def2-TZVP
jbas=def2-TZVP

mo 1-19
ecp=mo def2-ecp

$basis file=basis
$ecp file=basis
$scfmo file=mos
$scfiterlimit 1000
$scfdamp start=15.000 step=0.050 min=1.000
$scfdump
$scfdiis

maxiter=20
$maxcor 1000 MiB per_core
$scforbitalshift automatic=0.1
$energy file=energy
$grad file=gradient
$dft

functional pbe0
gridsize 3

$scfconv 7
$denconv 1.0d-7
$scftol 1.0d-16
$rundimensions

natoms=55
$closed shells

a 1-421(2)
$ricore 16000
$rij
$jbas file=auxbasis
$marij
$escfiterlimit 2000
$scfinstab dynpol nm

800
400

$mgiao
$magnetic_response
$damped_response 0.05 eV
$rpacor 100000
$senex

gridsize 1
$esenex
$last step define
$end
The following is an example of the control file for the

calculation of the first hyperpolarizabilities at 800 nm.
$title
$symmetry c1
$coord file=coord
$optimize

internal off
redundant off
cartesian on

$atoms
basis =def2-TZVP



jbas =def2-TZVP
mo 1-19

ecp =mo def2-ecp
$basis file=basis
$ecp file=basis
$scfmo file=mos
$scfiterlimit 1000
$scfdamp start=15.000 step=0.050 min=1.000
$scfdump
$scfdiis

maxiter=20
$maxcor 1000 MiB per_core
$scforbitalshift automatic=0.1
$energy file=energy
$grad file=gradient
$dft

functional pbe0
gridsize 3

$scfconv 7
$denconv 1.0d-7

$scftol 1.0d-16
$rundimensions

natoms=55
$closed shells

a 1-421(2)
$ricore 16000
$rij
$jbas file=auxbasis
$marij
$escfiterlimit 2000
$scfinstab hyperpol nm

800
$mgiao
$damped_response 0.05 eV
$rpacor 100000
$senex

gridsize 1
$esenex
$last step define
$end
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