
Geometric flow control in lateral flow assays:
Macroscopic two-phase modeling

Farshid Jamshidi,1,2,a) Siamak Bayat,1,2 Andrea Ernst,3 and Britta Nestler1,2

AFFILIATIONS
1Institute of Digital Materials Science (IDM), Karlsruhe University of Applied Sciences, Moltkestraße 30, 76133 Karlsruhe, Germany
2Institute for Applied Materials - Microstructure Modelling and Simulation (IAM-MMS), Karlsruhe Institute of Technology (KIT),
Straße am Forum 7, 76131 Karlsruhe, Germany

3Sartorius Stedim Biotech GmbH, August-Spindler-Straße 11, 37079 G€ottingen, Germany

a)Author to whom correspondence should be addressed: farshid.jamshidi@h-ka.de

ABSTRACT

Lateral flow assays (LFAs) are widely employed in a diverse range of applications, including clinical diagnostics, pharmaceutical research, 
forensics, biotechnology, agriculture, food safety, and environmental analysis. A pivotal component of LFAs is the porous polymeric 
membrane, which facilitates the capillary-driven movement of fluids, known as “imbibition,” in which a wetting fluid displaces a non-wetting 
fluid within the pore space of the membrane. This study presents a multi-scale modeling framework designed to investigate the imbibition 
process within LFAs. The framework integrates microscopic membrane characteristics into a macroscopic two-phase flow model, allowing 
the simulation of imbibition in membranes with different micro-scale properties and macro-scale profiles. The validity of the model was 
established through comparative analysis with documented case studies, a macro-scale single-phase flow model, and experimental observa-
tions, demonstrating its accuracy in simulating the imbibition process. The study also examines imbibition in various geometric configura-
tions, including bifurcated (Y-shaped) and multi-branch geometries commonly found in multiplexed LFAs. The influence of geometric 
features such as length ratio, width ratio, branching angle, bifurcation point location, and asymmetry on fluid transport is investigated. 
Results indicate that membranes with larger branching angles exhibit slower imbibition. In addition, the influence of membrane type on mac-
roscopic flow patterns is evaluated, showing that membranes with lower permeability require longer imbibition times. The insights gained 
from this research support a data-driven strategy for manipulating wetting behavior within LFAs. This approach can be leveraged to optimize 
the performance of LFAs and increase their effectiveness in various applications.

I. INTRODUCTION

In the medical field, rapid diagnostic tests are crucial, especially in
urgent care scenarios or in settings where resources are limited. A
prominent variant of such tests is the lateral flow assay (LFA), which is
based on antigen identification.1 The attributes of convenience, porta-
bility, rapid response, and increased sensitivity make LFAs an indis-
pensable tool for point-of-care testing. As a result, LFAs have gained
widespread acceptance for the diagnosis of various conditions, includ-
ing pregnancy and infectious diseases, such as coronavirus disease
2019 (COVID-19). This manuscript focuses on a key component
within LFAs: the cellulose nitrate (CN) membrane, a widely used poly-
meric porous material. We investigate the capillary-driven fluid
dynamics within these membranes, as this phenomenon governs the
movement of the sample liquid through the LFA and ultimately dic-
tates the functionality of the assay.

A thorough understanding of fluid migration in CN membranes
is crucial for optimizing LFA performance. The introduction of a
membrane into a liquid reservoir initiates the movement of liquid
within the pore space of the membrane, a phenomenon known in sci-
entific terms as wicking or imbibition. This process in LFAs, driven
solely by surface tension forces, eliminates the need for auxiliary driv-
ing mechanisms, making the technology particularly interesting. The
wicking action is critical to the transport of the sample fluid and facili-
tates interaction with the bioreceptors attached to the membrane. The
manifestation of a positive test result, marked by a visual color indica-
tor in an LFA, arises from the specific binding of the target analyte to
its corresponding antibodies, forming a complex that accumulates at
the test zone.

A primary challenge in the development of LFAs is the need for
multiplexed detection, where multiple analytes must be accurately
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identified for effective diagnosis.2 Multiplexed testing, which involves
the simultaneous detection of multiple biomarkers, plays a pivotal role
in modern clinical diagnostics. It offers a more comprehensive under-
standing of disease states, reduces the risk of false positives and nega-
tives, and enhances diagnostic accuracy. Furthermore, multiplexed
testing can significantly reduce diagnostic time and cost compared to
performing multiple individual tests. One type of such assay is multi-
plexed lateral flow biosensors. These have emerged as promising can-
didates for point-of-care diagnostics and are well aligned with the
ASSURED (affordable, sensitive, specific, user-friendly, rapid/robust,
equipment-free, and deliverable to end-users) criteria.3 In addition to
clinical diagnostics, a variety of other fields, such as forensics, food
safety control, and environmental analysis, are increasingly requiring
the concurrent measurement of multiple substances from a single sam-
ple.4 This growing demand for multiplexing arises from the inade-
quacy of a single biomarker to provide comprehensive information.

To improve detection efficiency, significant efforts have been
invested in the development of multiplexed LFAs. These efforts have
resulted in two primary strategies:4 (i) Device architecture modifica-
tion: Modifying the physical design of the LFA to accommodate multi-
ple detection zones or channels. (ii) Probe-based multiplexing: Using
different types of probes or tags to distinguish between multiple analy-
tes within a single LFA. In this study, the term “multiplexed LFA”
refers to the first group, which includes multiple pathways (different
test and control lines within each pathway) for a single sample. This
configuration allows several analytes to be tested concurrently within
one run. The architecture of multiplexed LFAs has a significant impact
on fluid flow dynamics. The design of multiplexed LFAs determines
how the fluid moves along different pathways, affecting the detection
and analysis of analytes within each pathway.

The velocity of the sample fluid traversing the membrane signifi-
cantly influences the manifestation and timing of a positive test result.
This velocity must fall within a specific range to allow the necessary
biorecognition events (i.e., antibody-analyte binding) to occur effec-
tively. Flow rates exceeding this optimal range can hinder these reac-
tions, leading to a false negative result despite the presence of the
target analyte. Conversely, excessively slow flow rates may still yield a
positive test; however, the visual color signal may be significantly
delayed or prolonged. Therefore, careful regulation of the flow rate
through the membrane is essential for optimal LFA performance.

The exploration and advancement of LFAs are underpinned by
two principal methodologies: experimental and modeling approaches.
Traditional methods focus largely on macro-scale experimentation,
while contemporary strategies combine mathematical modeling with
computational simulations. The former requires state-of-the-art infra-
structure for reliable results, while the latter relies primarily on compu-
tational resources, offering potential reductions in cost and time
compared to experimental modalities. In addition, it mitigates the pro-
pensity for measurement inaccuracies attributable to human or instru-
mental variables.

Numerical simulations are an invaluable tool for elucidating and
refining the functionality of LFA. This approach involves a high-
fidelity reconstruction of the intricate pore network within a porous
membrane, enabling the application of computational fluid dynamics
techniques. However, the simulation of fluid flow within porous mem-
branes presents significant challenges. While suitable for the analysis
of localized regions of interest, this method becomes computationally

impractical for the analysis of wicking behavior over the entire LFA
domain due to the large length scales involved (2–4 cm). Accurately
representing the pore space necessitates an exponential increase in
mesh cells, rendering the solution of governing equations (e.g., Stokes
equations) intractable. To overcome these limitations, researchers
often employ a homogenization approach. This method treats the
entire LFA as a uniform porous continuum characterized by effective
parameters. These parameters capture the collective influence of the
intricate pore network at the macroscopic scale, providing a computa-
tionally tractable alternative for studying wicking phenomena within
LFAs.

In our previous work,5 we developed a macro-scale single-phase
model to simulate liquid transport within axisymmetric LFAs with
varying cross sections and a singular flow path. While the model accu-
rately represents wicking phenomena, the mathematical computations
become increasingly complex with more complicated geometries. To
address this limitation, a new approach is required that can seamlessly
accommodate a wider range of geometries. This model should be able
to straightforwardly simulate wicking in all types of membrane pro-
files, such as the branched configurations used in multiplexed LFAs.
Previous studies have explored imbibition dynamics in LFAs, includ-
ing the study by Patari and Mahapatra6 on the wicking phenomenon
in filter paper substrates. Their study elucidated the physics behind the
capillary rise of water in paper strips through various approaches, such
as experimental investigations and simulation techniques. However,
the focus remained solely on the rectangular profiles used in many
practical applications.

Das et al.7 further advanced this field by performing numerical
simulations of wicking in membranes with varying cross sections.
Their model facilitated the evaluation of optimal paper shapes and
environmental conditions to maximize imbibition rates and minimize
front broadening. However, their investigation was restricted to single
flow path configurations.

Despite previous research advances, there remains a significant
knowledge gap regarding the wicking behavior within multiplexed
LFAs. This study seeks to address this deficiency by focusing on the
fluid dynamics within these complex geometries, which have been
inadequately explored. The complex network of flow paths in multi-
plexed LFAs influences the imbibition dynamics. To understand how
fluid flows in different pathways, numerical simulations will be
employed in this work. The outcomes of this research are expected to
provide a more comprehensive understanding of LFA performance in
multiplexed formats. This improved knowledge will contribute to the
optimization of multiplexed LFA designs, potentially leading to
improved sensitivity and overall assay performance. Moreover, the
insights gained from this study have the potential to provide broader
implications for the development of other microfluidic devices and
paper-based diagnostic tools.

This paper presents a two-phase framework for simulating fluid
movement through membranes at the macroscopic scale. We demon-
strate the utility of this model with one-dimensional (1D) and
two-dimensional (2D) simulations and show its ability to accurately
represent the wicking process in LFAs. This two-phase approach
addresses the limitations of the single-phase model by incorporating
the complexities associated with fluid bifurcation and distribution in
branched layouts. It is, therefore, suitable for a wider range of LFA
designs. In addition, this model evaluates the effect of membrane



morphology on liquid front dynamics, providing valuable insights for
LFA design and optimization.

This paper is organized as follows. Section II details the structural
and wetting properties of the membranes studied. It also provides a
brief overview of the single-phase modeling framework established in
our previous work. In this section, the developed two-phase wicking
model and its validation strategy are further elaborated. Section III
presents the results of this study. Finally, Sec. IV summarizes the main
conclusions of our research.

II. MATERIALS AND METHODS
A. Porous membranes

This section begins with an examination of the structural charac-
teristics of two different types of cellulose nitrate (CN) membranes.
Following this characterization, the interactions between these mem-
branes and two different liquids are investigated. The knowledge
gained from these investigations will serve as the basis for the macro-
scale modeling described later in the paper.

1. Structural properties

Confocal laser scanning microscopy images of two different CN
membrane types (A and B) were obtained from Sartorius Stedim
Biotech GmbH. The image stack for membrane type A had a voxel res-
olution of 80nm/voxel, while that of membrane type B had a coarser
resolution of 160nm/voxel. Following the methodology of Altschuh
et al.,8 three-dimensional digital representations (i.e., digital twins) of
the membranes were constructed using the in-house software package
PACE3D.9 PACE3D, which stands for parallel algorithms for crystal evo-
lution in three-dimension, is a modular software framework designed
for large-scale parallel simulations of multi-component, multiphase,
and polycrystalline materials undergoing phase transformations and
microstructure evolution. The software incorporates a comprehensive
suite of pre-processing and post-processing algorithms, including
functionalities for porous media analysis.10 To ensure consistency in
the analysis, the reconstructed structural grid of type A was down-
sampled to match the lower resolution of type B (160nm/voxel). This
downsampling was achieved within PACE3D by combining adjacent
cells in each spatial direction. Consequently, the resulting digital twins
for type A and type B consisted of domains (in x, y, and z-directions)
with dimensions 1020� 1020� 860 and 620� 620� 880 cells,
respectively.

These reconstructed domains span the entire thickness of the
membranes (in z-direction), approximately 140 lm. A pertinent
question is whether this domain size is representative of the entire
membrane. Altschuh8 addressed this concern by performing a rep-
resentative volume element (RVE) analysis. The purpose of the
RVE analysis was to validate the adequacy of the microstructural
detail captured in the images. Another objective was that analyzing
larger sections would not add information. Considering the full

membrane thickness, the RVE analysis determined a minimum
length requirement of 36 lm in each remaining direction (x and y-
directions). In this study, the shortest dimension of the recon-
structed domains is approximately 100 lm, exceeding the estab-
lished RVE length for CN membranes. Therefore, these digital
twins can be considered as representative models for the entire
membranes and are suitable for evaluation of porosity, permeabil-
ity, and pore/ligament radius values derived from microstructure
modeling described in Ref. 8. The obtained values for type A and
type B membranes are summarized in Table I.

Porous media, such as type A and type B porous membranes, are
often conceptualized as a collection of dimensionally similar, aligned
capillary tubes to represent fluid motion in the pore space by motion
within the tubes. By applying the Young–Laplace equation for a single
tube to this conceptualization, we obtain the equation for a porous
medium as

Dpc ¼ 2cLG cos h
reff

; (1)

where Dpc represents the capillary pressure, cLG denotes the surface
tension coefficient between the liquid (L) and gas (G) phases, h is the
contact angle, and reff stands for the “effective” capillary radius. While
determining the radius of a single cylindrical capillary is straightfor-
ward, it presents a significant challenge within complex porous struc-
tures.11,12 In this study, we use the method introduced by Altschuh
et al.13 to calculate the effective pore radius. This method relates geo-
metric structure parameters to the effective capillary radius by

reff ¼ CFðrl; rpÞ � rp; (2)

where rl and rp are the ligament radius and pore radius, respectively.
The correction factor, CFðrl; rpÞ, accounts for the combined influence
of the ligament and pore radii. The correlation for CFðrl; rpÞ was
obtained by fitting it to simulation results of simplified structures,
yielding13

CFðrl; rpÞ ¼ 1:98
rl=rp

þ 3:012: (3)

Using the pore and ligament radii obtained from this investigation, the
effective pore radii for type A and type B membranes are determined
to be 24.4 and 19.2lm, respectively.

2. Wetting properties

This section investigates the wetting characteristics of CN
membranes obtained from Sartorius. A Newtonian fluid displaces
the gas (air) present in the pore space of these membranes. The dis-
placing fluids employed are water and an alternative liquid referred
to as PorefilV

R

from Porometer. The relevant density and viscosity
properties of these fluids are summarized in Table II. CN

TABLE I. Properties of the reconstructed CN membranes from images provided by Sartorius.

Membrane Porosity (%) Mean pore radius (lm) Mean ligament radius (lm) Permeability (m2)

Type A 90.6 2.45 0.70 2:47� 10 12

Type B 81.7 2.29 0.85 1:29� 10 12



membranes are inherently hydrophobic. To facilitate fluid distribu-
tion within these membranes, surface tension reduction is achieved
by surfactant pretreatment. This process, known as membrane
impregnation, involves immersing the CN membrane in a surfac-
tant bath.8 In the absence of surfactants at the air–water interface,
the surface tension remains at 0.072Nm 1. However, in the pres-
ence of surfactants within the CN membrane, the surface tension is
reduced to 0.053Nm 1. For computational efficiency, the dynamic
behavior of the contact angle during the imbibition process is
intentionally neglected in this study. As reported in Ref. 8, experi-
ments performed at Sartorius showed that the contact angle of
water on an impregnated CN membrane is a static 36�. Similarly,
PorefilV

R

is assumed to have a constant surface tension coefficient of
0.016Nm 1 with a contact angle of 0�.

B. Single-phase wicking model

The application of the capillary model to porous media can be
achieved by drawing an analogy to a single capillary tube.14 This anal-
ogy leads to

2cLG cos h
reff|fflfflfflfflfflffl{zfflfflfflfflfflffl}

Capillary

¼ q
dðl_lÞ
dt|fflfflffl{zfflfflffl}

Inertia

þ ell_l
K|{z}

Friction

þ qgl|{z}
Gravity

; (4)

where reff denotes the effective pore radius, e represents the porosity, K
stands for the permeability of the porous medium, l is the fluid viscos-
ity, q is the fluid density, g refers to the gravitational acceleration,
l denotes the imbibition length, and t represents the imbibition time.

In scenarios dominated by viscous effects, where gravitational
and inertial contributions are negligible, Eq. (4) can be simplified as15

2cLG cos h
reff

¼ ell_l
K

: (5)

This simplification leads to an expression of the liquid front height as

lðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4KcLG cos h

lereff

s
� t1=2; (6)

which results in tðlÞ ¼ 1
2 neff l

2 with neff ¼ le=ðKDpcÞ as the wicking
coefficient and Dpc ¼ 2cLG cos h=reff as the capillary pressure.

When both viscous and gravitational effects play a significant role
and cannot be neglected, the capillary model for porous media, based
on Eq. (4), can be represented as

2cLG cos h
reff

¼ ell_l
K
þ qgl: (7)

The solution to this equation is expressed in the form l(t) with a
Lambert function W and takes into account the effective parameters
associated with porous materials

lðtÞ ¼ 1
veff

1þW �e 1
v2
eff

t

neff

� �h i
; (8)

with

veff ¼
qgreff

2cLG cos h
and (9a)

neff ¼
l

2cLG cos h
ereff
K
� (9b)

1. Previous study about a single-phase model

In our previous work,5 we established a single-phase model for
fluid flow dynamics in microfluidic devices based on Darcy’s law,
excluding gravitational effects. This law relates the superficial fluid
velocity vector (u) to the negative pressure gradient (rp) and the
dynamic viscosity (l) via u ¼ �ðK=lÞrp. In this law, K represents
the permeability tensor. The objective of the single-phase model was to
elucidate fluid propagation in single-passage membranes with different
cross-sectional areas. The investigation began with a rectangular pro-
file, as shown in Fig. 1, referred to as the “straight membrane” and was
subsequently extended to other membrane geometries, such as hexago-
nal, sand timer-shaped, and barbell-shaped profiles.

For the straight membrane, the cross-sectional area accessible to
fluid flow, denoted by A1ðxÞ, remains constant throughout the mem-
brane. Mathematically, this can be expressed as A1ðxÞ ¼ a1 � g1 ¼ A1,
where a1 and g1 represent the constant width and thickness of the
membrane, respectively. This constant area leads to a simplified
expression for the wicking time in the straight membrane

t1ðlÞ ¼ neff

ð l
0
A1

ðz
0

dx
A1

� �
dz ¼ 1

2
neff l

2; (10)

FIG. 1. Illustration of a straight membrane profile.

TABLE II. Properties of the fluids involved in the wicking of CN membranes at
20 �C.8

Fluid Density, q (kg m 3) Viscosity, l (kg m 1 s 1)

Air 1.0 1:76� 10 5

Water 998 1:0� 10 3

PorefilV
R

1800 2:2� 10 3



which is consistent with the result of Eq. (6). The single-phase model
elucidates fluid propagation in single-passage, multi-segment mem-
branes. Since the membrane thickness remains constant across all seg-
ments (g1 ¼ g2 ¼ g3) and only the segment widths—labeled a1, a2,
and a3 in Fig. 2—vary, these segment widths represent the cross-
sectional areas. Therefore, the wicking time in different segments can
be expressed in terms of widths instead of areas as follows:

t1 ¼ neff

ðl
0
a1ðzÞ

ðz
0

dx
a1ðxÞ

� �
dz; (11a)

t2 ¼ neff

ð l
h1

a2ðzÞ
ðh1
0

dx
a1ðxÞ þ

ðz
h1

dx
a2ðxÞ

" #
dz; (11b)

t3 ¼ neff

ð l
h1þh2

a3ðzÞ
ðh1
0

dx
a1ðxÞ þ

ðh1þh2
h1

dx
a2ðxÞ þ

ðz
h1þh2

dx
a3ðxÞ

" #
dz:

(11c)

If the liquid front is within the first segment, the wicking time is
calculated using Eq. (11a). If the liquid front reaches the second seg-
ment, Eq. (11b) is used to calculate the wicking time. When the liquid
front is within the third segment, Eq. (11c) is employed to calculate the
wicking time. Therefore, the wicking time in a membrane with three
segments can be calculated as the sum of the wicking times for each
segment, i.e., t ¼ t1ðh1Þ þ t2ðh1 þ h2Þ þ t3ðlÞ. The single-phase
model can be extended to calculate the wicking time in a membrane
with n segments as t ¼ t1ðh1Þ þ t2ðh1 þ h2Þ þ t3ðh1 þ h2 þ h3Þ
þ � � � :þ tnðlÞ. To achieve tnðlÞ as the wicking time for the nth layer,
Hn ¼

Pn
m¼0 hm is defined as the cumulative length of n layers, where

H0 ¼ h0 ¼ 0. Consequently, it can be written

tnðlÞ ¼ neff

ð l
Hn 1

anðzÞ
Xn 1

m¼1

ðHm

Hm 1

dx
amðxÞ

!
þ
ðz
Hn 1

dx
anðxÞ

" #
dz:

(12)

Using the developed single-phase methodology, it is possible to predict
the wicking time for a single-passage membrane consisting of multiple
segments with arbitrary cross sections. A notable advantage of this
approach is its simplicity compared to other methods that require the
use of a mesh and the numerical solution of differential equations.
Assuming that the determination of this integral is not complex, the
main challenge is to find the wicking coefficient (neff ). The elucidation
of the wicking coefficient can be determined through two different
approaches: (i) computational based on Eq. (9b), depending on the

availability of microstructural evaluation, and (ii) experimental based
on fitting Eq. (10) with experimental data, depending on the availabil-
ity of experimental data.

C. Two-phase wicking model

The single-phase model simplifies the penetration process by
assuming an initially empty pore space. While this approach offers
computational advantages, it deviates from real-world scenarios
where the pore space is occupied by an initial fluid. This necessi-
tates the displacement of the incumbent (pre-existing) fluid by an
invading liquid during the wicking process. To address this limita-
tion, we present a macro-scale two-phase flow model that captures
the displacement phenomenon in LFAs. This model considers two
distinct fluid phases: (i) Incumbent non-wetting phase (index n):
This phase, usually air, initially occupies the pore space and exhib-
its weaker interactions with the porous structure. (ii) Invading wet-
ting phase (index w): This phase, such as water or a proprietary
liquid like PorefilVR , displaces the incumbent phase due to its favor-
able interactions with the porous media.

To distinguish between the two phases in two-phase flow through
porous media, we use the parameter saturation (S), which quantifies
the relative volume occupied by a given fluid phase within the pore
space. Mathematically, the saturation of phase a (either non-wetting or
wetting phase) is defined as

Sa ¼ Va�
�Vp

a ¼ n; w; (13)

where �Va represents the volume of the pore space occupied by the
phase a and �Vp denotes the total volume of the pore space. Since the
entire pore space is occupied by the two phases together, the saturation
of each phase (Sn and Sw) inherently ranges from zero (no phase pre-
sent) to one (entire pore space occupied). Consequently, the sum of
the saturations of both phases is equal to one

Sn þ Sw ¼ 1: (14)

The primary objective of the two-phase flow model in this study is to
investigate the wicking process within a porous membrane in LFAs.
For this purpose, the spatial distribution of fluid saturation throughout
the wicking process is to be captured. In the context of two immiscible
and incompressible fluids occupying a porous medium, saturation val-
ues quantify the “wetting state” of the membrane. These values indi-
cate whether a given location within the membrane is completely
wetted, partially saturated by the invading fluid, or completely dry.
Since the model treats both fluids (e.g., air and water) as continuous
phases at the macro-scale, a completely wetted membrane corresponds
to a non-wetting phase saturation (Sn) of zero and a wetting phase sat-
uration (Sw) of one. Conversely, a dry membrane is characterized by
Sn equal to one and Sw equal to zero. Notably, non-zero values for
both saturations can only occur simultaneously at the interface
between the two fluid phases. This work focuses on resolving the
evolving spatial distribution of wetting and non-wetting phase satura-
tions within the porous membrane (i.e., the saturation field). By solv-
ing for this dynamic saturation field, we aim to demonstrate the ability
of the model to accurately capture the movement of the liquid front
throughout the membrane.

FIG. 2. Illustration of the membrane profiles: (a) hexagonal, (b) sand timer-shaped,
and (c) barbell-shaped configuration.



In two-phase flow through porous media, where the fluids are
considered incompressible and immiscible, the mass balance equation
governs the evolution of saturation for each phase (a). This can be
expressed mathematically as

e
@Sa
@t
þr � ua ¼ qa a ¼ n; w; (15)

where e represents the porosity of the medium, ua is the velocity vector
of the phase a, and qa is the source/sink term. The velocity of each
phase is determined by Darcy’s law extended for two-phase flow as16

ua ¼ � kraK
la
rpa � qagð Þ a ¼ n;w: (16)

Compared to Darcy’s law for single-phase flow (u ¼ �ðK=lÞrp)
where gravitational effects are excluded, two important modifications
are introduced in Eq. (16) for two-phase flow. The first modification
concerns the concept of relative permeability. In single-phase flow, the
permeability of the porous medium is a fixed property, represented by
the absolute permeability (K). In two-phase flow, however, the pres-
ence of one fluid can impede the movement of the other. To account
for this interaction, the concept of relative permeability (kra) is intro-
duced. Relative permeability depends on the saturation of both phases
and reduces the effective permeability experienced by each fluid phase
compared to absolute permeability. The product kraK is called the
phase permeability for phase a. The ratio of the relative permeability
to the viscosity of the phase a is defined as the “mobility”,
ka ¼ kra=la.

17 Mobility is a critical parameter that determines the rel-
ative ease with which a given phase flows through the porous
medium.17 The second modification concerns the consideration of the
effect of gravity.

In the two-phase model, capillary pressure refers to the pressure
difference at the interface between two immiscible fluids. It can be
expressed as the difference between the pressure of the non-wetting
phase and the pressure of the wetting phase,18

pc ¼ pn � pw: (17)

Equations (14)–(17) represent the complete two-phase flow
model in porous media. Only two variables among non-wetting phase
saturation (Sn), wetting phase saturation (Sw), non-wetting phase pres-
sure (pn), and wetting phase pressure (pw) can be selected as indepen-
dent unknowns. This limitation arises because these variables are
inherently linked through physical relationships. Different choices of
independent variables lead to mathematically equivalent formulations
describing the same physical phenomenon. This study adopts a formu-
lation based on the non-wetting phase pressure (pn) and the wetting
phase saturation (Sw) as the primary unknowns for modeling immisci-
ble two-phase flow. This choice implies the following relationships
between the remaining variables: (i) Wetting phase pressure:
According to Eq. (17), it is related to the non-wetting pressure and the
capillary pressure: pw ¼ pn � pc. (ii) Non-wetting phase saturation:
Based on Eq. (14), it is related to the wetting phase saturation by the
constraint of the total pore space occupancy: Sn ¼ 1� Sw.

By incorporating these dependencies and substituting Eq. (16)
for the velocity terms in Eq. (15), the governing equations for the
two-phase flow model are obtained as a system of partial differential
equations19

�e @Sw
@t
þr � � krnðSwÞK

ln
rpn � qngð Þ

� 	
¼ qn; (18a)

e
@Sw
@t
þr � � krwðSwÞK

lw
rpn �rpcðSwÞ � qwgð Þ

� 	
¼ qw: (18b)

By summing Eqs. (18a) and (18b), we can write

r �
�
� krnðSwÞK

ln
rpn � qngð Þ

� krwðSwÞK
lw

rpn �rpcðSwÞ � qwgð Þ
	
¼ q; (19)

where q is the total source/sink term, defined as q ¼ qn þ qw. In addi-
tion, the relative permeabilities and the capillary pressure are functions
of Sw.

Based on Eq. (15) for the wetting phase saturation and Eq. (19)
for the pressure equation, the final formulation of the two-phase sys-
tem in porous media for two incompressible immiscible fluids in the
(pn; Sw) representation can be summarized as

e
@Sw
@t
þr � uw ¼ qw; (20a)

�r � ½K kn þ kwð Þrpn� ¼ q�r � ½K knqn þ kwqwð Þg�
� r � Kkwrpcð Þ; (20b)

where kn ¼ krn=ln and kw ¼ krw=lw represent the mobilities of the
non-wetting and wetting phases, respectively. These are functions of
Sw due to the dependency of the relative permeability on Sw. This
equation system is fully coupled through Darcy velocity (uw), which
depends on the pressure and mobility [see Eq. (16)].

1. Relative permeability and capillary pressure curves

Understanding the dependence of relative permeabilities and
capillary pressure on saturation allows the unknowns in Eqs. (20a)
and (20b) to be reduced to Sw and pn. This section introduces the
concept of effective saturation to achieve this simplification. Then,
a well-established correlation in the literature, the Brooks–Corey
model, is presented to describe the influence of saturation on these
parameters.

After the invasion of the wetting phase, a residual amount of the
non-wetting phase remains trapped in the pore space, known as the
residual non-wetting saturation (Snr). Conversely, the residual wetting
saturation (Swr) represents the minimum wetting phase saturation that
persists in the pores. The concept of effective saturation (Seff ) uses
these residual saturations to specifically quantify the portion of the
pore space that is actively contributing to the flow of the wetting phase.
It is expressed mathematically as

Seff ¼ Sw � Swr
1� Snr � Swr

: (21)

It is important to note that both saturation (S) and effective satu-
ration (Seff ) are dimensionless quantities ranging from zero to
one.

Brooks and Corey20 proposed empirical correlations for relative
permeability and capillary pressure based on experimental data from



various rock formations. These correlations utilize effective saturation
(Seff ), defined in Eq. (21), as the independent variable. The Brooks–
Corey expressions for the relative permeabilities and capillary pressure
are given by

krn Swð Þ ¼ krn;max 1� Seffð Þ2 1� S
1þ2

b
eff

� �
; (22a)

krw Swð Þ ¼ krw;maxS
3þ2

b
eff ; (22b)

pc Swð Þ ¼ penS
1
b

eff ; (22c)

where the pore size distribution index or exponent b typically has val-
ues between 0.2 and 3.0.17 The maximum possible flow capacities for
the non-wetting and wetting phases are given by the parameters
krn;max and krw;max, respectively. These values represent the maximum
values of relative permeability that a fluid can reach under ideal condi-
tions. In this case, ideal conditions are those in which a fluid is fully
saturated within a particular range of pore sizes in the porous media,
maximizing its ability to flow. This indicates full occupancy of the
smaller pores for the wetting fluid and saturation of the larger pores
for the non-wetting fluid.

The “entry pressure” in a porous medium, denoted by pen, has a
specific meaning in drainage processes involving the displacement of a
liquid phase by a gas phase. As noted in Ref. 21, it is the lowest non-
wetting phase pressure required to initiate invasion of a water-
saturated porous medium. Imbibition processes—where a liquid phase
displaces a gas phase—are not directly related to the idea of entry pres-
sure. However, the capillary pressure is the macro-scale entry pressure
in the Brooks–Corey model6 and is intended to function as a macro-
scopic counterpart to the pore scale (micro-scale) entry pressure
described by the Young–Laplace equation22

Eq: ð1Þ ) pen ¼
2cLG cos h

reff
: (23)

Using the concept of effective capillary pore radius, this method
attempts to capture the effects of pore size phenomena on a larger scale
within the porous material.

2. Initial and boundary conditions

The imbibition process in LFAs, characterized by a wetting liquid
displacing a gas phase, can be simulated by solving the coupled system
of Eqs. (20a) and (20b) for wetting phase saturation (Sw) and non-
wetting phase pressure (pn). This requires initial and boundary condi-
tions. The initial condition for Sw is set to a very small value through-
out the domain (Sw; initial), mimicking a porous medium that is initially
predominantly saturated with the non-wetting phase. A Dirichlet
boundary condition (BC) is employed for the wetting phase saturation
at the inlet. This is achieved by setting the saturation value to a fixed
value (Sw; inlet), which represents a constant inflow of wetting fluid
from the liquid reservoir. A fixed pressure value (pn; inlet) is imposed at
the inlet boundary for the non-wetting phase, corresponding to a
Dirichlet BC. At the outlet, a Neumann BC is imposed on the wetting
phase saturation. This implies that the normal derivative of Sw at the
outlet is set to zero, implying no net wetting phase flow across the out-
let. A Dirichlet BC is also used for the non-wetting phase pressure at
the outlet where a fixed pressure (pn; outlet) is specified. Furthermore,

qw and qn are set to zero, which means that no source/sink term (q) is
considered.

3. Implicit pressure explicit saturation (IMPES)
algorithm

The implicit pressure explicit saturation (IMPES) algorithm is
widely used for simulating two-phase flow in porous media. This paper
concisely overviews the IMPES approach, focusing on its core princi-
ples and numerical implementation details. The governing equations
for the IMPES algorithm are presented in Eqs. (20a) and (20b) for sat-
uration and pressure, respectively. The numerical discretization follows
the work of Redondo et al.,16 utilizing a second-order finite difference
scheme for the spatial discretization.

Spatial discretization is implemented on a staggered Cartesian
grid, with scalar quantities (saturation, pressure) evaluated at cell cen-
ters and vector quantities (velocities, gradients, mobilities) computed
at midpoints between cell centers. The absolute permeability tensor is
assumed to be isotropic and diagonal. Mobilities, which are functions
of saturation, are calculated using a total variation diminishing (TVD)
upwind scheme. This scheme minimizes numerical artifacts, particu-
larly in scenarios with sharp saturation transitions, by prioritizing the
flow direction and incorporating upstream information into the mobil-
ity calculations. Velocities are then determined using previously evalu-
ated variables on the cell faces.

The core idea behind IMPES is the separation of pressure and sat-
uration updates. As depicted in Fig. 3, the IMPES algorithm employed
in this study and implemented in PACE3D9 proceeds as follows:

1. The initial state and boundary conditions are defined. In the sim-
ulation, Sw and pn represent scalar variables associated with a
single cell, while uw is a vector variable. To denote variables for
the entire computational domain, encompassing all cells, bold
font notation is used.

2. Pressure ðpðnÞn Þ calculation: The non-wetting phase pressure
equation [Eq. (20b)] is solved implicitly for the current time step
denoted by the superscript (n). This equation is discretized into a
system of linear equations with non-wetting phase pressure val-
ues as unknowns. This system can be expressed as
AðnÞpðnÞn ¼ bðnÞ, where AðnÞ is the system matrix accounting for
total transmissibilities [left side of Eq. (20b)], pðnÞn is the vector
containing the non-wetting pressure at all points, and bðnÞ

includes terms related to flux sources, gravity, and capillary pres-
sure [right side of Eq. (20b)]. Unlike Redondo et al.,16 we use the
biconjugate gradient stabilized (BiCGSTAB) method as the itera-
tive solver for the non-wetting phase pressure equation.

3. Velocity ðuðnÞw Þ calculation: Pressure gradients are computed
across each cell, and together with saturation-dependent mobili-
ties, they determine the velocity field at the current time step.

4. The next time step, denoted as tðnþ1Þ, is calculated by summing
the current time step (tðnÞ) and the time interval (Dt).

5. The simulation ends when the specified simulation time is
reached. If the desired simulation time is not attained, the pro-
cess continues with further updates of the relevant fields.

6. Intermediate saturation ðSðnþ1=2Þw Þ update: The saturation field, as
governed by Eq. (20a), is explicitly updated for the first half of
the time step (Dt=2) using the current velocity and current satu-
ration values.



7. Intermediate pressure ðpðnþ1=2Þn Þ computation: The pressure field
is updated based on the intermediate saturation values.

8. Intermediate velocity ðuðnþ1=2Þw Þ calculation: The velocity field is
updated based on the intermediate pressure gradients and mobi-
lities. Using the intermediate velocity field improves the numeri-
cal stability of the algorithm.

9. Saturation ðSðnþ1Þw Þ update: The wetting phase saturation equa-
tion [Eq. (20a)] is solved explicitly for the next time step, using

the intermediate velocity field and current saturation values. The
updated saturation field becomes the current reference state
(n nþ 1). The entire process is then repeated from step 2.

4. Reliability assessment of the IMPES solver

This section focuses on the validation of the IMPES solver imple-
mented in the PACE3D software environment for the simulation of
imbibition processes. We evaluate the reliability of the solver by com-
paring its results with established benchmarks. First, the solver is vali-
dated through imbibition simulations using case studies documented
in the literature. Second, we compare the results of wicking simulations
from the two-phase model with those from a single-phase model and
experimental data. This comparative analysis aims to determine the
accuracy and capability of the solver to capture imbibition
phenomena.

a. Validation. Altschuh et al.13 investigated wicking in polymeric
porous membranes using a two-phase phase-field approach to simu-
late wetting behavior within simplified representative structures. The
simulation data were then employed to calculate the effective pore
radius using Eqs. (2) and (3). Subsequently, the macro-scale flow
model described by Eq. (8) was used to predict the wicking time in a
straight membrane profile based on the calculated effective pore
radius. Notably, the predicted wicking times exhibited good agreement
with experimental data, highlighting the effectiveness of their
approach. This methodology is referred to as a “semi-analytical solu-
tion” in this section due to its reliance on a simplified model for calcu-
lating the effective pore radius. Based on their experimental data and
semi-analytical solution, this section aims to validate the implemented
IMPES solver within PACE3D. The validation process leverages the
parameters employed by Altschuh et al.13 These specific parameters
are summarized in Table III.

The wicking process is investigated through simulations of a
straight (rectangular) membrane vertically positioned in a
PorefilV

R

reservoir. Due to a Bond number not significantly less
than unity (detailed in Appendix A), the influence of gravity is
included in the simulations. The gravitational acceleration vector
is set to g ¼ ð0;�9:81; 0ÞT m s 2. This inclusion is consistent with
the semi-analytical solution, allowing a direct comparison between
the simulation results and those obtained from both semi-
analytical and experimental methods.

This approach focuses on two-phase flow simulations of wicking
processes in distinct membrane profiles, which differs from the 1D
single-phase model for unidirectional flow analysis within test strips.
The two-phase model operates by discretizing the test strip profile.
Straight membranes allow the representation of the computational
domain in either one or two dimensions. Conversely, non-straight
membranes, like those with a barbell-shaped profile, necessitate a 2D
computational mesh to capture variations in the cross-sectional area
accessible to the wicking liquid.

Wicking processes in two separate membrane types from Table
III are simulated using the IMPES solver in PACE3D. For the investi-
gated straight membrane, simulations are conducted using both a uni-
form 1Dmesh containing 160 cells and a 2D mesh with dimensions of
100� 160 cells. Both meshes yield a spatial resolution of 2.5�10 4 m.
To ensure the accuracy of the solution, a TVD limiter with a small

FIG. 3. The flow chart depicts the iterative solution procedure of the implicit pres-
sure explicit saturation (IMPES) algorithm for two-phase flow simulations. Bold font
indicates field variables.



value of 0.01 is implemented. The relative permeabilities are calculated
using Eqs. (22a) and (22b), with both krn;max and krw;max set to unity.

Boundary conditions for the simulation are defined as follows: (i)
at the inlet, pn ¼ pw þ pc ¼ patm þ pc and Sw ¼ 1, and (ii) at the out-
let, pn ¼ patm � qngh1. A Neumann boundary condition is imposed
on Sw (zero-flux) at the outlet. (iii) On both sides of the 2D domain,
Neumann boundary conditions are imposed for both pn and Sw.

This case study employs the IMPES algorithm for solving the
governing equations of two-phase flow in porous membranes [Eq.
(20)]. The functions of relative permeabilities and capillary pressure
based on effective saturation are established further using the Brooks–
Corey model. When the effective saturation [defined by Eq. (21)]
approaches zero, i.e., Sw ! Swr, the relative permeability of the wetting
phase also approaches zero (krw ! 0). Since relative permeability
reflects a phase’s ability to flow within the porous media, a zero value
of krw signifies complete immobility for the wetting phase. This would
effectively block the wetting phase flow. Moreover, this leads to unreal-
istically high capillary pressure values (approaching infinity) during
the simulation. To mitigate these numerical instabilities, a threshold
value for the wetting phase saturation is implemented. Accordingly,
the computational domain is initially saturated with a wetting phase
saturation of 0.011. This value is chosen to be close to the residual wet-
ting phase saturation (Swr), considering Snr ¼ 0.

The wetting phase commences its ascension from the reservoir
through the pore space. In computational terms, Sw ¼ 1 from the inlet
upwards, progressively filling the cells initially containing Sw; initial
¼ 0:011. Once the wetting phase saturation surpasses the threshold of
0.011, the liquid front is considered to have reached that cell.
Consequently, the foremost computational cell where Sw exceeds 0.011
is identified as the location of the liquid front.

To validate the implementation of the IMPES solver within the
PACE3D software, this section utilizes a modified version of the capil-
lary pressure derived from the Brooks–Corey model. This adjustment
involves dividing the original capillary pressure equation [Eq. (22c)] by
a factor of 1.4. While the unmodified Brooks–Corey model is com-
monly used for two-phase flow simulations in porous media, the mod-
ified version is employed here to achieve consistency when comparing
the simulation results generated by the IMPES solver with the experi-
mental data. It is important to distinguish that this adjustment is not
intended to validate the Brooks–Corey model itself, but rather to facili-
tate a more effective validation of the solver’s ability to capture the
physics of the two-phase flow and wicking process within porous
membranes. Hence, the following modified Brooks–Corey model is
used for consistency in the remaining simulations presented in this
study

krn Swð Þ ¼ 1� Seffð Þ2 1� S
1þ2

b
eff

� �
; (24a)

krw Swð Þ ¼ S
3þ2

b
eff ; (24b)

pc Swð Þ ¼ 1
1:4

penS
1
b

eff ; (24c)

with b¼ 2. Note that the entry pressure (pen) is determined using Eq.
(23). This equation incorporates the effective capillary radius, which is
calculated based on Eqs. (2) and (3).

Figure 4 presents a comprehensive comparison between experi-
mental observations and model predictions for wicking behavior in
two distinct porous membrane types, designated as type C and type D.
The experimental data points are represented by the symbols in the
figure. Overlaid upon these data points are the curves depicting the
predictions from both the semi-analytical method (represented by
dashed lines) and the IMPES solver (represented by solid lines). The
figure reveals a strong agreement between the model predictions and
the experimental data for both porous membrane types.

A comparative analysis was performed to evaluate the perfor-
mance of the semi-analytical solution and the IMPES simulation
against experimental data. Percentage error analysis was applied using
the experimental data as reference values for position measurements at
different time points. The percentage error was calculated using

Error ¼




 l � lExperiment

lExperiment





 � 100; (25)

where l represents the predicted wicking length from one of the meth-
ods and lExperiment represents the wicking length from experiment 2.
The average percentage error was calculated to provide a quantitative
measure of the deviation of each method from the experimental data.
The semi-analytical solution yielded an average percentage error of
18.85%, while the IMPES simulation achieved a lower average error of
15.70% for membrane type C. For membrane type D, these values
were 14.78% and 10.03%, respectively.

This comparison shows that while both methods provide
reasonable approximations to the experimental results, the IMPES
simulations exhibit greater accuracy with lower errors compared to
semi-analytical solutions. The reduced error of the IMPES solver sug-
gests that the numerical simulation better captures the dynamics of the
system under study and provides a closer representation of the experi-
mental data for both membrane types. This observation provides

TABLE III. Parameters used for the validation of the IMPES solver in PACE3D.

Description Value

Parameter Porous membrane Type C Type D

a1 Width in horizontal direction (mm) 25 25
h1 Length in vertical direction (mm) 40 40
e Porosity (%) 89 82
K Permeability (�10 12 m2) 1.683 0.778
rp Mean pore radius (lm) 2.16 1.73
rl Mean ligament radius (lm) 0.64 0.72

Non-wetting phase (air)
ln Viscosity (kg m 1 s 1) 1:76� 10 5

qn Density (kg m 3) 1.0
Snr Residual saturation (-) 0

Wetting phase (PorefilV
R

)
lw Viscosity (kg m 1 s 1) 2:2� 10 3

qw Density (kg m 3) 1800
Sw; inlet Saturation at inlet (-) 1
Swr Residual saturation (-) 0.01
cLG Surface tension coefficient (Nm 1) 0.016
h Contact angle (�) 0



strong validation for the accuracy and effectiveness of the implemented
IMPES solver in simulating wicking phenomena within porous
membranes.

b. Comparison with the single-phase method. A macro-scale, sin-
gle-phase model has been established to investigate the dynamics of
liquid transport within lateral flow assays (LFAs). The primary objec-
tive of this model was to understand how variations in membrane
geometry affect the wicking phenomenon. To isolate the geometrical
effects, the model intentionally excluded membrane-related parame-
ters (e.g., permeability) and fluid-related parameters (e.g., viscosity).
These excluded effects were implicitly considered by calibrating Eq.
(10) against experimental data obtained from a straight membrane.

While the single-phase model provided valuable insights, a two-
phase approach, i.e., the IMPES simulation, is used in this section to

consider the influence of microstructure characteristics and fluid prop-
erties. To perform a direct comparison between the two-phase and
single-phase methods, four membrane profiles are chosen. These pro-
files have been previously investigated using the single-phase model
and range from straight to hexagonal, sand-timer-shaped, and barbell-
shaped profiles.

The IMPES simulation setup for this analysis builds upon the val-
idation case with two key modifications: (i) Membrane type:
Membrane type A (see Table I) is employed. In the experimental inves-
tigation and the single-phase model, in contrast, a UniSartV

R

CN 140
backed membrane was utilized. (ii) Wetting phase properties: To
maintain consistency with the experimental data and the single-phase
model, water is chosen as the wetting phase. Its properties are detailed
in Table II. This choice gives a surface tension coefficient (cLG) of
0.053Nm 1 and a contact angle (h) of 36�.8

Figure 5 shows a comparison between the wicking curves pre-
dicted by both the single-phase model and the IMPES solver, along
with experimental data for various membrane profiles. The observed
good agreement between the predictions of the IMPES solver and the
experimental data for all investigated membrane profiles indicates its
ability to accurately capture the wicking behavior within these porous
materials. This finding serves as a valuable validation of the effective-
ness of the implemented IMPES solver in simulating wicking phenom-
ena in LFAs.

The proposed approach in this section incorporates the influence
of microstructural characteristics such as porosity and absolute perme-
ability. In other words, it leverages micro-scale data within macro-
scale simulations. Consequently, this methodology for investigating
the wicking process in LFAs can be categorized as a multi-scale
approach. The successful application of the IMPES solver to various
cases in this section demonstrates its versatility and robustness in sim-
ulating fluid flow through different membrane types and
configurations.

III. RESULTS AND DISCUSSION
A. Influence of geometry on wicking in multi-branch
membranes

In this section, the IMPES solver is used to investigate the wicking
process in multi-branch membranes. These geometries are character-
ized by the presence of multiple flow paths, allowing multiple experi-
ments to be performed simultaneously, thereby increasing
experimental throughput. By using the IMPES algorithm to simulate
fluid flow within these structures, a more comprehensive understand-
ing of wicking behavior in such complex geometries can be achieved.

The design of lateral flow assays (LFAs) can be guided by the
principles of optimal flow configurations observed in nature, as
embodied in the constructal law.23,24 This law suggests that natural sys-
tems evolve toward configurations that promote optimal efficiency in
transporting a fluid. Examples of this phenomenon can be seen in the
tree-shaped structures of blood vessels, tree branches, and river basins.
Motivated by this principle, numerous studies have explored the appli-
cation of optimal design principles in branched flow networks.25–29

These studies focus on minimizing the total hydraulic resistance within
the network, taking into account factors such as individual segment
geometry, branching patterns, number of branches, and material prop-
erties such as permeability. Typically, constraints are imposed on the
network design, such as a fixed occupied area, volume, or total length.

FIG. 4. Comparison of wicking curves for two porous membrane types: (a) type C
and (b) type D. Solid lines represent the results of the IMPES solver (1D and 2D
simulations). Experimental data are depicted by symbols, while dashed lines show
the semi-analytical solutions from Ref. 13.



As documented in the literature, Lagrange multipliers can be used to
derive optimal geometries that minimize flow resistance within these
given constraints. This section explores the application of some of
these optimized geometries as potential membrane profiles for LFA
test strips.

1. Wicking in Y-shapedmembranes

The initial exploration of multi-branch membranes commences
with the simplest geometry: Y-shaped profiles, as shown schematically
in Fig. 6. These profiles have a single level of bifurcation, which allows
for the creation of two distinct fluid flow paths within the membrane.
Assuming identical widths and lengths for the daughter segments, the
geometry of the Y-shaped profile can be systematically varied by
adjusting the following parameters: (i) Length ratio (l2=l1): This
parameter is defined as the ratio of the length of a daughter segment
(l2) to the length of the first (main/parent) segment (l1). (ii) Width
ratio (a2=a1): This parameter represents the ratio between the width of
a daughter segment (a2) and the width of the first segment (a1). (iii)
Branching angle (d): This parameter defines the angle formed between
the two daughter segments.

The analysis of branching patterns has attracted significant
scientific interest across both natural and engineered systems. The
Hess–Murray law, named after Walter Rudolf Hess and Cecil
Dunmore Murray, establishes a correlation between the radii of
successive branches in bifurcating or trifurcating vessels observed
in biological tissues.30,31 This law is premised on minimizing the
work required for blood or lymph circulation within living organ-
isms. It defines an “optimal branching ratio” expressed as rbþ1=rb
¼ 2 1=3 � 0:7937 where the index b represents the bifurcation
level, and rb and rbþ1 denote the radii of the parent and daughter
vessels, respectively.

The Hess–Murray law has been rigorously reevaluated through
extensive theoretical and experimental studies. These investigations
have confirmed its validity under well-defined conditions, particularly
for vessels with micro-scale radii. However, as evidenced by the
research documented in Refs. 32 and 33, the applicability of the law
diminishes for vessels with larger dimensions. While the Hess–Murray
law offers a valuable “cubic root of 2” correlation for branching ratios,
researchers have explored alternative configurations in the literature.
Table IV summarizes these additional branching ratios and angles in
addition to the Hess–Murray configuration.

FIG. 5. Comparison of wicking curves for
various membrane profiles: (a) straight,
(b) hexagonal, (c) sand timer-shaped, and
(d) barbell-shaped configuration. Results
are presented for the single-phase
model,5 two-phase IMPES simulation, and
experimental investigations.5 Inset figures
depict the dimensions of each profile in
millimeters.



The Y-shaped membrane profiles used in this study are derived
from several sources, each offering a different perspective on optimal
branching configurations. Y1 profile is adapted from the work of
Shou et al.,34 who investigated flow dynamics in tree-shaped networks.
Their theoretical work aimed at designing the distribution of the radius
and length of local branches to achieve the fastest capillary flow. Y2
profile originates from the reevaluation of the Hess–Murray law by
Sciubba.32 Sciubba proposed an alternative shape based on the func-
tionality of the capillary network, suggesting that both the optimal
bifurcation angle and the optimal radius ratio depend on the shape of
the domain served by the bifurcation. Y3 profile is based on the Hess–
Murray law and is consistent with the concept of maximum physical
efficiency for connecting successive vessel segments. The size ratio is
consistent with the law’s suggestion for impermeable tree networks, as
described by Miguel et al.38 Y4 profile is adapted from examples in a
study by Bejan and Lorente35 who focused on optimizing the global
performance of flow systems subject to global constraints. They
assumed a constrained total volume occupied by the channels and

sought to minimize the total flow resistance in the Y-shaped configura-
tion. Y5 profile is derived from a study by Soni et al.,36 which presents
an analytical approach for both steady and unsteady flows. Their
approach yielded optimal relationships for the homothetic ratio of
tube sizes and optimal angles between daughter tubes. These optimal
relationships satisfy the criterion of minimizing flow impedance, tak-
ing into account both geometry and svelteness ratio. Y6 profile is
adapted from the work of Sehn et al.37 who studied the laminar flow of
non-Newtonian fluids in Y-shaped structures with varying ratios of
parent and daughter tube sizes using numerical analysis.

In contrast to the case studies using the 1D single-phase model,
where the focus was on the wicking behavior within single-passage
membranes, the two-phase approach investigates wicking in multi-
passage (multi-branch) membranes. These membranes provide multiple
paths for fluid flow, as exemplified by the Y-shaped profile where the
flow splits into two daughter segments. Due to the significantly smaller
thickness of the membrane in the z-direction compared to the other two
spatial directions, the fluid motion within these Y-shaped profiles can be
simulated using the 2D two-phase model. This is done using the vali-
dated IMPES solver implemented in the PACE3D software. Subsequently,
a comparative analysis of the simulation results obtained for different Y-
shaped configurations is performed to evaluate the influence of the afore-
mentioned geometric parameters on the wicking behavior.

Y-shaped membrane profiles with dimensions given in Table IV
are investigated using wicking simulations. These profiles possess an
overall vertical length of 2560:5 mm and a first segment width of
3.86mm. The simulations employ an equidistant grid with a resolution
of 7:9� 10 5 m. This resolution is determined to be sufficiently fine
after a mesh independence study (not shown). Boundary conditions
identical to those used in the validation case are applied to both the
non-wetting phase pressure and the wetting phase saturation. Air and
water are employed as the non-wetting and wetting phases, respec-
tively, with their properties detailed in Table II. Residual saturations of
0 and 0.01 are assigned to the non-wetting and wetting phases, respec-
tively, while the initial wetting phase saturation is set to 0.011. The
TVD limiter is assigned a value of 0.01. Membrane type A, as
described in Table I, is selected for the simulations.

Figure 7 presents the results for the wicking length as a function of
time within the Y-shaped membranes. Due to the symmetric geometry
of the profiles around the y-axis, the liquid front propagates identically
in the two daughter segments. Consequently, the vertical coordinate of
the liquid front within the first segment and subsequently within one of
the daughter segments is monitored to represent the wicking length.

The results reveal a higher wicking velocity in the early stages of
the process. All investigated geometries exhibit similar wicking behav-
ior until the liquid front reaches their respective bifurcation points,
which can vary in vertical position. Beyond these points, differences in
the wicking curves become apparent. Notably, the wicking curves for
Y-shaped membranes with identical branching angles remain closely
aligned. Among the investigated geometries, the Y-shaped profile with
a 60� branching angle from Ref. 34 exhibits the fastest imbibition,
while the 135� Y-shaped membrane displays the slowest wicking time.
In general, a longer wicking time is associated with a larger branching
angle for Y-shaped membranes. This phenomenon can be explained
by the constraint imposed on the total length in the y-direction. When
considering a fixed vertical length for all Y-shaped geometries with
comparable width ratios, a larger branching angle translates to a longer

FIG. 6. Illustration of the membrane profile with a Y-shaped configuration.

TABLE IV. Length ratio (l2=l1), width ratio (a2=a1), and branching angle (d) of
Y-shaped membrane profiles.

Sample l2=l1 (-) a2=a1 (-) d (�) From

Y1 0.4672 0.394 60 Ref. 34
Y2 0.567 0.433 60 Ref. 32
Y3 2

1
3 � 0:7937 2

1
3 � 0:7937 75 Refs. 30 and 31

Y4 1 2
3
7 � 0:743 75 Ref. 35

Y5 2
1
2 � 0:707 2

1
4 � 0:8409 90 Ref. 36

Y6 0.8 0.8 135 Ref. 37



path for the fluid to travel within the porous membrane, resulting in a
longer wicking time.

Analogous to the observations made during the analysis of wick-
ing in T-shaped membranes with expansions,5 the presence of a junc-
tion in Y-shaped profiles leads to a decrease in wicking velocity within
the subsequent segment. Another recurring wicking phenomenon
observed in both T-shaped and Y-shaped profiles relates to the influ-
ence of earlier liquid entry into subsequent segments. As illustrated in
Fig. 7, earlier entry into the second segment results in a steeper slope
of the wicking curve, indicating a higher liquid velocity in that seg-
ment. Specifically, the wicking velocity observed in the second segment
of the Y4 profile (solid red line) surpasses that of the Y6 profile (solid
black line). Consequently, the liquid front in Y4 progresses faster, over-
taking the liquid front in Y6. This translates to a slower overall wicking
process in Y6 compared to Y4.

2. Wicking in membranes with four branches

This section investigates the wicking behavior within membranes
characterized by two levels of bifurcation, forming a tree-shaped

structure, as shown in Fig. 8(a). The dimensions of these tree-shaped
membranes are obtained from the literature. In addition to the use of
existing geometries, this study incorporates novel technology. Sartorius
has developed a method for engraving various patterns into CN mem-
branes. For the purposes of this study, Sartorius has kindly provided
two membrane profiles from their multiplexed LFAs, as depicted in
Figs. 8(b) and 8(c).

Tree-shaped flow networks with two bifurcation levels are char-
acterized by the emergence of two daughter branches from a single
parent branch at each bifurcation point in the subsequent level. The
length and width ratios between these daughter and parent branches
are expressed as lbþ1=lb and abþ1=ab, respectively, where the index
b (b ¼ 1, 2) denotes the bifurcation level.

Natural systems exhibit characteristic size changes at vessel bifur-
cations. As documented by Miguel,38 the ratio of successive lengths
and diameters between daughter and parent vessels defines a scale fac-
tor, or homothetic ratio, independent of the specific bifurcation level
(b). Notably, for laminar flow conditions, the Hess–Murray law pro-
poses optimal length and width ratios of 2 1=3 for ideal connections
between parent and daughter vessels. This translates to a halving of
diameters and lengths after every three successive branching genera-
tions. However, alternative configurations have been explored by
researchers and may be more applicable in certain scenarios, as docu-
mented in the literature. Table V summarizes these alternative branch-
ing ratios and angles for tree-shaped membrane profiles (Tree1, Tree3,
and Tree4), in addition to the configuration derived from the

FIG. 8. Illustration of the membrane profile
with four branches: (a) tree-shaped config-
uration; (b) Sartorius multiplex I, and (c)
Sartorius multiplex II.

TABLE V. Length ratio (lbþ1=lb) and width ratio (abþ1=ab) between the bþ 1st
branch and the bth branch and branching angle (d1 and d2) of tree-shaped mem-
brane profiles.

Sample lbþ1=lb (-) abþ1=ab (-) d1 (�) d2 (�) From

Tree1 0.4799 0.4306 60 60 Ref. 34
Tree2 2

1
3 � 0:7937 2

1
3 � 0:7937 75 75 Refs. 30

and 31
Tree3 0.5 0.5 81.72 106.22 Ref. 39
Tree4 0.5 0.5 90 90 Ref. 39

FIG. 7. Wicking length of water over time in Y-shaped membranes (profiles in Table IV).



Hess–Murray law (Tree2). The wicking processes in tree-shaped mem-
brane profiles with dimensions given in Table V and multiplexed mem-
branes provided by Sartorius are studied using 2D simulations. All these
profiles have a total vertical length of 2560:5 mm and a first segment
width of a1 ¼ 3.86mm. The simulations are performed using the
IMPES solver within the PACE3D software framework. An equidistant
grid with a resolution of 7:9� 10 5 m is used. Other simulation setups
are similar to those employed for wicking in Y-shaped membranes.

Figures 9–11 present the wetting phase saturation profiles
obtained from 2D simulations of wicking within the tree-shaped mem-
brane (Tree2) based on the Hess–Murray law and within the multi-
plexed membranes designed by Sartorius. These figures serve to
visualize the spreading behavior of the liquid. The evolution of the liq-
uid interface within the remaining tree-shaped geometries listed in
Table V is presented in Appendix B. The figures reveal a gradual diffu-
sion of the liquid interface as it propagates throughout the domain.

FIG. 9. The wetting phase (water) saturation
in Tree2 membrane profile from Table V,
where the evolution is displayed every 5 s.



This diffusive behavior is a consequence of employing a small TVD
limiter value in the simulations. This choice aligns with the observation
of a diffuse interface in the wicking experiments. Conversely, simula-
tions using a larger TVD limiter value would have resulted in a sharper
delineation of the liquid interface.

Tree-shaped networks are characterized by a hierarchical struc-
ture. An initial segment (bottom segment) bifurcates into two daughter
segments (middle segments), and each daughter segment further splits
into two channels (top segments). As shown in Fig. 9, the geometry is
symmetric around the y axis. As a result, the fluid spreads evenly
through the inner channels (channel 2). This is also evident in the
wicking in the outer channels (channel 1). After about 70 s, the figure
shows that the wicking in Tree2 membrane progresses to the end of
channel 2, while this time is 80 s for channel 1. This phenomenon can
be attributed to the closer proximity of the middle segment to channel
2. This allows the wicking fluid to enter channel 2 before reaching
channel 1, resulting in the observed difference in wetting times. This
observation highlights the influence of channel arrangement on wick-
ing behavior within these geometries since other parameters such as
length or width ratios remain identical for both inner and outer
channels.

As evident in Fig. 10, the liquid fronts in the outer branches
advance faster than those in the inner branches. This phenomenon
can be attributed to the narrower inlet of the inner branches, which
restricts fluid inflow and consequently leads to a longer wicking time.
In contrast, Fig. 11 depicts wider inlets for the inner channels, resulting
in comparable advancement of the liquid fronts across all branches.

The results for the wicking length as a function of time within the
tree-shaped and multiplexed membranes are shown in Fig. 12. Due to
the symmetric geometry of the profiles around the y-axis (see Fig. 8),
only the liquid fronts in the bottom segment and the left middle seg-
ment and then in channels 1 and 2 of each profile need to be plotted.
Consequently, the vertical coordinates of the liquid fronts in all these
segments are monitored to represent the wicking length.

The results demonstrate a higher wicking velocity at the initial
stages of the process for all investigated geometries. This behavior

persists until the liquid front reaches the first bifurcation point for
each geometry, with these points potentially exhibiting variations in
vertical position. Beyond these points, distinct features emerge in the
wicking curves.

Among the geometries studied, the outer branches (channel 1) of
multiplex I display the fastest wicking. This is due to two factors: the
shorter fluid path through the 25mm membrane and the wider inflow
segment, characteristics not shared by the inner branches (channel 2).
Notably, the difference in wicking times between channels 1 and 2 in
multiplex II is less pronounced compared to multiplex I.

Within the tree-shaped geometries, Tree1 exhibits the fastest
imbibition, comparable to the wicking processes observed in both mul-
tiplexed LFAs. Conversely, Tree2, Tree3, and Tree4 exhibit slower
wicking processes due to the requirement for the wicking liquid to tra-
verse longer membranes.

As noted earlier in this section and illustrated in Fig. 12, wicking
in channel 2 of tree-shaped membranes is generally faster than in
channel 1. This phenomenon is due to the closer proximity of the mid-
dle segment to channel 2, which gives the wicking liquid preferential
access compared to channel 1. This observation suggests a valuable
design strategy. By strategically manipulating the arrangement of
branches within a tree-shaped network, wicking velocity can be tai-
lored to optimize device performance for a specific application.

3. Wicking in membranes with asymmetric branches

Up to this point, the investigations have focused on wicking pro-
cesses in membranes with branches that exhibit symmetry around the
vertical axis. To elucidate the influence of asymmetry on wicking behav-
ior, the 2D wicking simulation is repeated for a modified tree-shaped
network based on the Hess–Murray law. This modified network is gen-
erated by removing the right inner channel from the previously studied
symmetric design. The resulting visualizations of fluid propagation
within this asymmetric network are presented in Fig. 13.

As can be seen, the fluid front shows different evolutions through
the asymmetric channels. When labeled from the left, as shown in
Fig. 13(a), the wicking in the right channel (channel 3) progresses
faster. This is due to two factors: the absence of a bifurcation in the
right middle segment and the reduced total pore space compared to
the total pore space of channels 1 and 2. In simpler terms, all incoming
fluid from the right middle segment can wet the membrane in channel
3 more quickly. This behavior is in contrast to the observations for the

FIG. 12. Wicking length over time for the tree-shaped membranes from Table V and
multiplexed membranes designed by Sartorius.

FIG. 11. The wetting phase (water) saturation in the multiplex II designed by
Sartorius, where the evolution is displayed every 5 s.

FIG. 10. The wetting phase (water) saturation in the multiplex I designed by
Sartorius, where the evolution is displayed every 5 s.



symmetric membrane based on the Hess–Murray law, as shown in
Fig. 9, where wicking in the outer channels takes longer. However,
consistent with the findings for symmetric tree-shaped membranes,
wicking in channel 2 remains faster than in channel 1 due to the closer
proximity of the middle segment to channel 2. The observations in this
section highlight that not only does the arrangement of the channels
influence wicking behavior, but the presence of asymmetry also plays a
significant role.

Figure 14 depicts the evolution of the wicking fronts within the
channels of the asymmetric tree-shaped membrane as a function of
time. Due to the asymmetry, data for all three liquid fronts are pre-
sented for comparative analysis. The figure reveals a faster movement
of the wetting fluid across the membrane in the early stages. The wick-
ing curves for channels 1 and 2 show identical behavior before reach-
ing the bifurcation point where the liquid splits. However, because
channel 2 is closer to the incoming fluid, it exhibits a higher wetting

FIG. 13. The wetting phase (water) satu-
ration in the asymmetric Tree2 membrane
profile from Table V, where the evolution
is displayed every 5 s.



phase saturation earlier than channel 1. Within channel 3, the fluid
movement initially mirrors channels 1 and 2 until just over 30 s.
Notably, the wicking front in channel 3 surpasses that of channel 2
shortly before reaching 50 s.

B. Influence of membrane type on wicking in multi-
branch membranes

This section investigates the influence of membrane type on the
wicking behavior in multiplexed LFAs designed by Sartorius (see Fig. 8).
Two different membrane types from Table I are selected for wicking
simulations using the IMPES solver in PACE3D. The simulation setup
replicates that used in Sec. IIIA2 for consistency. Due to the symmetry
of the geometries around the y-axis, only the liquid fronts within an
outer channel (channel 1) and an inner channel (channel 2) are cap-
tured for analysis. Figure 15 presents the wicking curves for these chan-
nels in both membrane types A (dashed lines) and B (solid lines).

As expected, the wicking trends observed for membrane type B
are similar to those for type A. However, the wicking process is

significantly slower for membrane type B due to its lower permeability.
Furthermore, when using the same membrane type but different
designs (multiplex I and II), the geometric factors cause the disparity
between the wicking curves of the two channels. For example, in the
case of membrane type A, the difference in wicking times between
channels 1 and 2 is less pronounced in multiplex II compared to multi-
plex I. This observation is also true for membrane type B. Interestingly,
a comparison of the wicking curves for different membrane types
shows that the choice of membrane material can either increase or
decrease the existing discrepancies in wicking behavior between chan-
nels. Using this knowledge, it becomes possible to manipulate or con-
trol the wicking behavior not only by geometric design but also by
strategic selection of different membrane types.

IV. CONCLUSION

In the present study, a multi-scale modeling framework was
developed to investigate capillary-driven fluid dynamics in polymeric
porous membranes employed in lateral flow assays (LFAs). The frame-
work incorporates microscopic characteristics of the membranes into a
macroscopic, two-phase flow model, leading to a comprehensive
understanding of wicking phenomena in LFAs. The model explicitly
accounts for the complex interactions between the permeating and dis-
placed fluids within the porous structure, providing a refined represen-
tation of the wicking process.

Utilizing the implicit pressure explicit saturation (IMPES) algo-
rithm, the two-phase model captures both microstructural and macro-
scopic influences on fluid flow. The effectiveness of the model has
been rigorously validated against established literature and experimen-
tal data, demonstrating its reliability for simulating fluid transport
across various membrane configurations. To the best of our knowl-
edge, the approach proposed in this study represents a novel numerical
modeling technique for investigating the wicking process within multi-
plexed LFAs. This innovative framework offers a comprehensive
approach to study the wicking process within membranes of arbitrary
profiles and with different membrane properties. This is a significant
step forward in the field of LFA research.

A quantitative analysis of the wicking process in Y-shaped and
multi-branch membranes was performed by tracking the vertical pro-
gression of the liquid fronts (wicking length), which quantifies the
extent of liquid advancement within the channels. The results show a
significant influence of the branching angle on the wicking dynamics

FIG. 14. Wicking length over time for the asymmetric Tree2 membrane from Table V.

FIG. 15. Wicking length over time for the multiplexed membranes designed by
Sartorius with the membrane types from 1.

FIG. 16. The wetting phase (water) saturation in Tree1 membrane profile from
Table V, where the evolution is displayed every 5 s.



in Y-shaped membranes. For instance, a membrane with a vertical
length of 25 cm requires approximately 41 s to wick when the branch-
ing angle is 60� (Y1 profile). However, this value increases to approxi-
mately 101 s for a branching angle of 135� (Y6 profile).

Four-branch membranes are advantageous for multiplexed LFAs
involving four tests. These membranes exhibit different wicking times
for a vertical length of 25 cm. For example, Tree1 profile requires only
about 40 s for complete wicking, while Tree2, Tree3, and Tree4 require

more than 65 s. For four-branch membranes, the wicking velocity
exhibits an inverse relationship with the inflow entrance width. These
findings are crucial for the design of multiplexed LFAs, as they inform
the consideration of factors such as length ratio, width ratio, branching
angle, bifurcation point location, and inflow entrance dimensions,
along with asymmetry and membrane type.

The results of this study enable the manipulation of wetting
behavior within lateral flow assays (LFAs). By leveraging the acquired

FIG. 17. The wetting phase (water) satu-
ration in Tree3 membrane profile from
Table V, where the evolution is displayed
every 5 s.



data, precise control over wetting characteristics can be achieved,
thereby enhancing LFA performance and reliability.
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APPENDIX A: BOND NUMBER

To assess the relative influence of gravitational forces com-
pared to surface tension forces, the Bond Number (Bo) is expressed
as

Bo ¼ qLgh
cLG=rp

: (A1)

The properties of water/PorefilV
R

as the liquid phase and air as the
gas phase can be taken from Table II and the mean pore radius from
Table I. When water is used as the wetting fluid and g is set to 9.8ms 2,
the Bond Numbers for membrane types A and B with a total length of
h ¼ 0.04m are found to be significantly less than 1 (0.0181 and 0.0169,
respectively). This result indicates that gravitational forces are negligible
compared to capillary forces. Conversely, when PorefilV

R

is used as the
wetting fluid, the Bond Numbers for membrane types A and B increase
to 0.1082 and 0.1011, respectively. In these cases, gravitational forces
must be taken into account.

APPENDIX B: WETTING IN TREE-SHAPED
MEMBRANES

Figures 16–18 show how water saturation changes over time in
tree-shaped membranes from Table V.
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