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ABSTRACT
Wetting phenomena have been widely observed in our daily lives, such as dew on lotus leaf, and applied in technical applications, e.g., ink-jet
printing. In contrast to constant liquid–solid and solid–gas interfacial tensions in Young’s law, we here focus on the wetting phenomena by
considering varying fluid–solid interfacial tensions. We analyze the energy landscape, the map of Young’s contact angle, the number and
corresponding contact angle of local energy minima, and the contact angle hysteresis for a liquid droplet on a solid substrate in a gas phase.
In addition, a gas bubble on a solid substrate in a liquid phase has been scrutinized from the aspect of surface energy minimization. The
wetting effect has been regarded, where the liquid and gas species penetrate into the solid phase on the microscopic scale [F. Wang and B.
Nestler, Phys. Rev. Lett. 132, 126202 (2024)]. We assume the liquid–solid and the solid–gas interfacial tensions to be a function dependent
on the volume fraction of the liquid and the gas species and investigate the impact of the size ratio of the droplet to the solid surface that is
overlooked in existing theories on the wetting phenomena. Our finding sheds light on the microscopic origin of the contact angle hysteresis
and the droplet size effect on the wetting phenomena.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0233997

I. INTRODUCTION

A droplet depositing on a solid substrate in a gas phase, e.g.,
air, forms an apparent contact angle θ at the equilibrium, as shown
in Fig. 1(b). This occurs, for example, with dew on leaves or with
inkjet printing.1,2 In Fig. 1, the liquid, gas, and solid phases are
represented by L, G, and S, respectively. The interfacial tensions of
liquid–gas, solid–liquid, and solid–gas are depicted by σ, γ(ϕL), and
γ(ϕG), respectively. As considered in Ref. 3, we focus on a physi-
cal scenario that the liquid and the gas species penetrate into the
solid phase with a depth of ℓ at the microscopic scale. This physi-
cal scenario is shown in Fig. 1(a). In the following, ϕL and ϕG stand
for the compositions of the liquid species at the liquid–solid and
liquid–gas interfaces, respectively. The equilibrium values of ϕL and
ϕG are obtained by minimizing the total free energy of the system.

We will also discuss the case of a gas bubble in a liquid phase on a
solid substrate, for example, a gas bubble on a ship under water, as
shown in Fig. 2, under conditions analogous to those for the liquid
droplet.

In the case of Bond number much less than unity, which is the
consideration of this work, the droplet forms a spherical cap. The
formula of the spherical cap truncated by the solid substrate was
derived in Appendix A,

V = πR3

3
(1 − cos θ)2(2 + cos θ), (1)

R = [ 3V
π(1 − cos θ)2(2 + cos θ)

]
1
3

. (2)
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FIG. 1. (a) Sketch of the surface composition concept with a liquid droplet (L, blue) on a solid substrate (S, gray) in a gas phase (G, pink) with phases penetrating into each
other. (b) Schematic cross-sectional view at the liquid droplet (L, blue) on a solid substrate (S, gray) in a gas phase (G, white) with the contact angle θ, the base radius r , and
the interfacial tensions σ, γ(ϕL), and γ(ϕG).

FIG. 2. (a) Sketch of the surface composition concept with a gas bubble (G, pink) on a solid substrate (S, gray) in a liquid phase (L, blue) with phases penetrating into each
other. (b) Schematic cross-sectional view at the gas bubble (G, white) on a solid substrate (S, gray) in a gas phase (L, blue) with the contact angle θ, the base radius r , and
the interfacial tensions σ, γ(ϕL), and γ(ϕG).

The formula for the surface area of the liquid–air interface Sd is
derived in Appendix B, reading

Sd = 2πR2(1 − cos θ), (3)

where R represents the cap radius, as shown in Fig. 3. The cap radius
R is related to the base radius r as r = R sin θ. By assuming a flat

FIG. 3. Visualization of the base radius r = R sin θ of the liquid droplet (L), which
is represented by the blue area, in a gas phase (G, white) with the contact angle θ
on the solid substrate (S, gray area).

homogeneous solid surface, as Thomas Young’s work,4 we express
the total surface energy of the system as

E = σSd + π(R sin θ)2γL + [S − π(R sin θ)2]γG, (4)

where S is the total surface area of the solid surface. The first term
in Eq. (4) represents liquid–gas surface energy. The second term
in Eq. (4) stands for the liquid–solid interfacial energy for a base
area of πr2. The last term in Eq. (4) denotes the solid–gas sur-
face energy. It is noteworthy that the solid–liquid and solid–gas
interfacial energies, γL and γG, are hard to be measured by exper-
iments. In most previous studies, it is assumed that γG and γL
are constant, and therefore, the term SγG is neglected for deriving
the equilibrium contact angles. By considering the volume con-
straint and defining a = γG − γL, we reformulate the total surface free
energy as

E = [ 9πV2

(1 − cos θ)(2 + cos θ)2 ]
1
3

[2σ − a(1 + cos θ)].
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The differentiation of E with respect to θ leads to

dE
dθ
= [ 9V2π
(1 − cos θ)4(2 + cos θ)5 ]

1
3

2(a − σ cos θ) sin θ.

Solving the equation dE/dθ = 0, we obtain the equilibrium contact
angle θ, also known as Young’s contact angle, as

cos θ = γG − γL

σ
.

Hence, Young’s law is derived.1 Young’s law can also be derived by
the transversality condition according to the Bormashenko theory.5
This derivation is valid for droplets with arbitrary sizes, although in
the following, we focus on the cases with Bond number much less
than unity.

In this work, we will consider that γG and γL depend on the
compositions ϕL and ϕG, which denote the volume fractions of the
liquid species penetrating into S at the solid–liquid and the solid–gas
interface, respectively. When considering the interfacial tension γG
and γL not to be constant, we use the same approach as in Ref. 3 for
deriving the generalization of Young’s law. We use γ(ϕL) and γ(ϕG)
instead of constant values of γL and γG, with

γ(ϕ) = γ2ϕ2 + γ1ϕ + γ0. (5)

A similar parabolic formulation can be found in Ref. 6 within the
context of diffuse interface based on Cahn’s critical wetting the-
ory.7 The physical meaning of γ2, γ1, and γ0 has been elucidated
in Ref. 3. The coefficients γ2, γ1, and γ0 are related to the differ-
ence of the internal energy Δp, internal energy of the gas phase pG,
penetration depth ℓ, van der Waals interaction χ of liquid–gas, the
difference in the van der Waals force Δχ of liquid–solid and gas-
solid χG as γ(ϕ) = γ2ϕ2 + γ1ϕ + γ0, γ2 = −ℓχ, γ1 = ℓχ(1 − Δp−Δχ

χ ) and
γ0 = ℓχ pG+χG

χ . The total surface energy is analogous to the derivation
of Young’s equation and given by

E(ϕL, ϕG) = σSd + π(R sin θ)2[γ(ϕL) − γ(ϕG)] + Sγ(ϕG). (6)

The last term Sγ(ϕG) was neglected in the literature3 and in the next
paragraph because of the assumption of constant solid–gas interfa-
cial tension. In the current work, we will show that this term with
varying solid–gas and solid–liquid interfacial tensions leads to new
insights into the contact angle hysteresis and the droplet size effect.

By using Young’s law, Eq. (6) can be transformed into the
following equation:

E(ϕL, ϕG)
σ(3V

√
π) 2

3
= [2 + a(ϕL, ϕG)

σ
]

1
3

[1 − a(ϕL, ϕG)
σ

]
2
3

.

The equilibrium state is obtained by minimizing the total
energy min{E(ϕL, ϕG)∣0 ≤ ϕL ≤ 1, 0 ≤ ϕG ≤ 1}. There are multi-
ple local energy minima, leading to a generalized Young’s law:

cos θ1,2 = ℓχ
4σ (1 ±

Δp−Δχ
χ )

2
. It depends on the parameters, whether

these minima are in the domain {(ϕL, ϕG)∣0 ≤ ϕL ≤ 1, 0 ≤ ϕG ≤ 1}.
A detailed discussion based on Wang and Nestler3 follows later in
this work.

In the present work, we will include the non-constant term
Sγ(ϕG) in the total free energy of the system Eq. (6), since γ(ϕG) is
not a constant and but dependent of ϕG. With this new term, we will
have alternative observations for the wetting phenomena comparing
to the case where this term is neglected.3

In additional to the total free energy integration and minimiza-
tion method for deriving Young’s law, we note that there is another
variational approach for deriving Young’s law.8–11 Within the con-
text of diffuse interface, the liquid–gas interface has a finite width in
the scale of nanometers; an order parameter ϕ is introduced to depict
the local volume fraction of the liquid phase across the liquid–air
interface. The wall free energy density is obtained by interpolating
the liquid–solid and gas-solid interfacial energies as

fw(ϕ) = γ(ϕG)h(ϕ) + γ(ϕL)[1 − h(ϕ)]. (7)

The interpolation function satisfies h(ϕG) = 1 and h(ϕL) = 0, so
that we have fw(ϕG) = γ(ϕG) and fw(ϕL) = γ(ϕL). According to
the variational approach, the natural boundary condition on S
reads7,12,13

2κ
dϕ
dz
= d fw

dϕ
,

where κ is the gradient energy coefficient. By integrating the bound-
ary condition from ϕL to ϕG across the liquid–gas interface near the
solid wall, we obtain the following formulation:

∫
ϕG

ϕL

2κ
dϕ
dz

dϕ = γ(ϕG) − γ(ϕL).

With the geometrical relation, dϕ
dm cos θ = dϕ

dz (see Fig. 1), as well
as the definition of the liquid–gas interfacial tension according to
Cahn,7 σ = ∫ ϕG

ϕL
2κ dϕ

dm dϕ, we can conclude

∫
ϕG

ϕL

2κ
dϕ
dz

dϕ = ∫
ϕG

ϕL

2κ
dϕ
dm

cos θdϕ

= cos θ∫
ϕG

ϕL

2κ
dϕ
dm

dϕ = σ cos θ,

and therefore, the Young’s law, σ cos θ = γ(ϕG) − γ(ϕL) holds. It
should be noted that the variational approach of Young’s law
is only suitable for continuous use. In the case of numerical
implementation, one has to assume

dϕ
dz
∣
L
= dϕ

dz
∣
S
, or

dϕ
dz
∣
+

= dϕ
dz
∣
−

, (8)

as shown in Fig. 4(b). Other extrapolation strategies have also been
used in the literature14 by introducing the so-called ghost cells. In
the current work, we adopt the integration concept of Young’s law
by considering the minimization of the total surface energy. The
benefit of the integration concept is its application to multiscale wet-
ting phenomena, e.g., a microliter droplet on a solid surface with
roughness in the order to nanometers.

The remaining manuscript is structured as follows: first, we
consider a liquid droplet on a solid substrate in a gas phase in Secs.
II and III. In Sec. II, we derive and analyze the energy formula with
non-constant γ(ϕL) and γ(ϕG) and by including Sγ(ϕG). Based on
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FIG. 4. Liquid droplet (L, blue) in a gas phase (G, white) on a solid substrate (S, gray) with (a) the illustration of the normal direction of the liquid–gas-interface m and the
vertical direction z of the differential approach of Young’s law for a liquid droplet (L, blue) in a gas phase (G, white) on a solid substrate (S, gray) and (b) the illustration of
dϕ
dz
∣
S

and dϕ
dz
∣
L

of the differential approach of Young’s law for numerical use.

this, the energy landscape, Young’s contact angle map, and shapes
of the droplet at the local energy minimum states are plotted, scruti-
nized, and compared for different values of γ1 and S/V 2

3 . In addition,
we consider a gas bubble on a solid substrate in the liquid phase in
Sec. IV and compare this result to the case of a liquid droplet on a
solid substrate in a gas phase. This is followed by a comparison of
the results ith the literature in Sec. V, a conclusion in Sec. VI, and an
outlook in Sec. VII.

II. FREE SURFACE ENERGY OF A LIQUID DROPLET
In this section, we consider a liquid droplet in a gas phase on

a solid substrate, as shown in Fig. 1. Figure 3 shows the base radius
r = R sin θ of the droplet. The half center angle of the spherical cap,
marked by θ shown in Fig. 3, is equivalent to the apparent contact
angle; see Appendix A.

We use γ(ϕL) and γ(ϕG) to describe the L − S and S −G surface
tension, respectively. The parameters,

ϕL =
VLL

VLL + VGL
(9)

and
ϕG =

VLG

VLG + VGG
(10)

represent the volume fraction of the liquid species penetrating into S
at the solid–liquid and the solid–gas interface, respectively. Accord-
ing to the definition, we have 0 ≤ ϕL ≤ 1, 0 ≤ ϕG ≤ 1. The physical
meanings of VLL, VGL, VLG, and VGG are as follows.

● VLL: volume of liquid penetrating into the solid beneath the
liquid droplet;

● VGL: volume of gas penetrating into the solid beneath the
liquid droplet;

● VLG: volume of liquid penetrating into the solid under the
gas phase; and

● VGG: volume of gas penetrating into the solid under the gas
phase.

We choose γ(ϕ) to be a quadratic function Eq. (5) of ϕ with
γ2 = −ℓχ, γ1 = ℓχ(1 − Δp−Δχ

χ ), and γ0 = ℓχ pG+χG
χ . The value of pG rep-

resents the internal energies of liquid and gas phases, and χG depicts
the van der Waals interactions of liquid–solid and solid–gas. We
define the pressure forces Δp due to the density asymmetry and
the van der Waals forces Δχ, which determine the wettability of the

system with hydrophilicity when Δχ < 0 and hydrophobicity when
Δχ > 0 Ref. 3. The Flory parameter χ characterizes the L −G inter-
molecular potential. The penetration depth of fluids into the solid is
described by ℓ.

For the sake of brevity and convenience, we introduce a
function a as

a(ϕL, ϕG) = γ(ϕG) − γ(ϕL).

We assume the volume of the droplet V to be constant, e.g., no evap-
oration or condensation. The total surface energy consists of three
contributions,

E(ϕL, ϕG) = σSd + π(R sin θ)2γ(ϕL) + [S − π(R sin θ)2]γ(ϕG)
= σSd − π(R sin θ)2[γ(ϕG) − γ(ϕL)] + γ(ϕG)S
= σSd − π(R sin θ)2a(ϕL, ϕG) + γ(ϕG)S. (11)

The first contribution comes from the liquid–gas cap energy. The
second term is due to the contact of liquid with solid, forming a
circular base area. The last term is engendered by the solid–gas
interface.

For constant values of γ, the last term is constant and, there-
fore, omitted.1 Due to the dependency of γ(ϕ) on ϕ, we include the
additional term γ(ϕG)S in the following energy formula, which is the
central consideration of this work. By substituting Eq. (3) into this
equation and setting g = πR2, we obtain

E(ϕL, ϕG) = g[2σ(1 − cos θ) − (sin θ)2a(ϕL, ϕG)] + γ(ϕG)S.

With Eq. (2), we can rewrite the total energy E as follows:

E(ϕL, ϕG) = ω[2σ − 2σ cos θ − (sin θ)2a(ϕL, ϕG)] + γ(ϕG)S, (12)

with a non-zero factor ω = [ 9V2π
(1−cos θ)4

(2+cos θ)5 ]
1
3 . With the calcula-

tion in Appendix C, we can transform Eq. (12) into

E(ϕL, ϕG) = Ψ[2σ − a(ϕL, ϕG)(1 + cos θ)] + γ(ϕG)S, (13)

with a factor Ψ = [ 9V2π
(1−cos θ)(2+cos θ)2 ]

1
3 . The derivative dE

dθ was
calculated in Appendix D,

dE(ϕL, ϕG)
dθ

= 2ω[a(ϕL, ϕG) − σ cos θ] sin θ. (14)
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Therefore, we obtain Young’s law as the solution of dE(ϕL ,ϕG)

dθ = 0 as

cos (θ(ϕL, ϕG)) =
a(ϕL, ϕG)

σ
. (15)

It can be observed that Young’s law does not depend on the addi-
tional term γ(ϕG)S. Substituting Young’s Eq. (15) into Eq. (13) and
based on the calculations in Appendix E, we obtain the following
equation:

E(ϕL, ϕG)
σ(3V

√
π) 2

3
= (2 + μ)

1
3 (1 − μ)

2
3 + γ(ϕG)S

σ(3V
√

π) 2
3

, (16)

with

μ = a(ϕL, ϕG)
σ

. (17)

The equilibrium state of the system is obtained via the energy
minimization,

min{E(ϕL, ϕG)∣0 ≤ ϕL ≤ 1, 0 ≤ ϕG ≤ 1}. (18)

In following sections, we will show different plots of the energy
landscape, the Young’s contact angle, the number and correspond-
ing contact angle of the local energy minima, and the contact angle
hysteresis according to Eqs. (16) and (18).

A. Finding the critical points of the energy
of the liquid droplet

Figure 5 shows the possible energy minima, marked by the
green and blue crosses, and the possible saddle point or maximum,
marked by the red cross, in the considered gray domain,

Ω ∶= {(ϕL, ϕG)∣0 ≤ ϕL ≤ 1, 0 ≤ ϕG ≤ 1}. (19)

These points and the existence of the critical points will be analyzed
in this section.

We are looking for real values of local minima of E(ϕL, ϕG) in
Ω. At first, we set ϕL = 0 or ϕL = 1 and solve dE(ϕL ,ϕG)

dϕG
= 0 to address

FIG. 5. Possible energy minima on {(ϕL, ϕG)∣0 ≤ ϕL ≤ 1, 0 ≤ ϕG ≤ 1} (gray
domain) denoted by the green crosses [corners (0, 0), (1, 0), (0, 1) and (1, 1)]
and the blue crosses (with dE(0,ϕG)

dϕG
= 0 on the left and dE(1,ϕG)

dϕG
= 0 on the right)

and possible saddle point or maximum at the red cross (with dE(ϕL ,ϕG)

dϕG
= 0 and

dE(ϕL ,ϕG)

dϕL
= 0).

the equilibrium value of ϕG. With ϕL = 0, we obtain ϕG,0 = 1
2 −

Δp−Δχ
2χ

and the equilibrium contact angle,

cos θ = γ(ϕG,0) − γ(0)
σ

= ℓχ
4σ
(1 − Δp − Δχ

χ
)

2

.

This point is a local energy minimum, if ϕG,0 = 1
2 −

Δp−Δχ
2χ ∈ (0, 1) or

analogously 0 < γ1 < ℓχ and

d2E(1, ϕG,0)
dϕ2

G
= ℓχ
⎡⎢⎢⎢⎣
(144πV2) 1

3 (4σχ + b0ℓ)
(8σχ + b0ℓ)

2
3 (8σχ − 2b0ℓ)

1
3
− 2S
⎤⎥⎥⎥⎦
< 0,

with b0 = (χ − Δχ + Δp)2 holds. With ϕL = 1, we get ϕG,1 = 1
2

− Δp−Δχ
2χ and the equilibrium contact angle,

cos θ = γ(ϕG,1) − γ(1)
σ

= ℓχ
4σ
(1 + Δp − Δχ

χ
)

2

.

This point is a local energy minimum, if ϕG,1 = 1
2 −

Δp−Δχ
2χ ∈ (0, 1) or

analogously 0 < γ1 < ℓχ and

d2E(0, ϕG,1)
dϕ2

G
= ℓχ
⎡⎢⎢⎢⎣
(144πV2) 1

3 (4χσ + b1ℓ)
(8χσ + b1ℓ)

2
3 (8χσ − 2b1ℓ)

1
3
− 2S
⎤⎥⎥⎥⎦
< 0,

with b1 = (χ − Δp + Δχ)2 holds. These points are denoted by the blue

crosses shown in Fig. 5. Due to the dependency of
d2E(1, 1

2−
Δp−Δχ

2χ )

dϕ2
G

or
d2E(0, 1

2−
Δp−Δχ

2χ )

dϕ2
G

on S, the existence of an energy minimum at

(0, 1
2 −

Δp−Δχ
2χ ) and (1, 1

2 −
Δp−Δχ

2χ ) depends on S. The remain-

ing solutions of dE(ϕL ,ϕG)

dϕG
= 0 are either complex for all values

of S or complex for S > 0 and undefined for S = 0, since these

solutions contain the term (3
√

π
√

1
9πV2

+S3 V − 1)
−

1
3 . For physi-

cal meaning, we assume S > 0 and V ≥ 0. We can follow S ≤ 0
from 3

√
π
√

1
9πV2

+S3 V − 1 ≥ 0. This leads to a contradiction to
S > 0, and thus, the solutions are complex for S > 0. For S = 0,

the term (3
√

π
√

1
9πV2

+S3 V − 1)
−

1
3 and thus the solutions of

dE(ϕL ,ϕG)

dϕG
= 0 containing this term are undefined.

In addition, we check, if the points at the corners of the domain
Ω, (ϕL, ϕG) = (0, 0), (0, 1), (1, 0), and (1, 1) are local energy min-
ima by determining the sign of dE(ϕL ,ϕG)

dϕG
and dE(ϕL ,ϕG)

dϕL
at these points.

They are represented by the green crosses shown in Fig. 5, and the
conditions for them to be a local energy minimum are presented
in Table I. The derivations dE(0,0)

dϕG
, dE(0,1)

dϕG
, dE(1,0)

dϕG
, and dE(1,1)

dϕG
are

included in Appendix F and depend on S, and therefore, it is depen-
dent on S whether the corner is a local minimum or not. Overall,
the set of local energy minima depends on S and all the local energy
minima are at the boundary of Ω. The physical understanding on the
equilibrium values of ϕL and ϕG on the boundary of Ω is as follows.

● ϕL = 0: no liquid penetrating into the solid beneath the liquid
droplet, we term this state as the micro Cassie–Baxter state
for the liquid phase;
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TABLE I. Conditions of the sign of dE
dϕG

and dE
dϕL

for the existence of local energy

minima at the corners (ϕL, ϕG) = (0, 0), (0, 1), (1, 0) and (1, 1) of the domain
{(ϕL, ϕG)∣0 ≤ ϕL ≤ 1, 0 ≤ ϕG ≤ 1}.

ϕL ϕG

0 0 dE(0,0)
dϕG

> 0 dE(0,0)
dϕL

> 0

0 1 dE(0,1)
dϕG

< 0 dE(0,1)
dϕL

> 0

1 0 dE(1,0)
dϕG

> 0 dE(1,0)
dϕL

< 0

1 1 dE(1,1)
dϕG

< 0 dE(1,1)
dϕL

< 0

● ϕL = 1: no gas penetrating into the solid beneath the liquid
droplet, and we term this state as the micro Wenzel state for
the liquid phase;

● 0 < ϕL < 1: liquid and gas penetrating into the solid beneath
the liquid droplet;

● ϕG = 0: no liquid penetrating into the solid under the gas
droplet, and we term this state as the micro Cassie–Baxter
state for the gas phase;

● ϕG = 1: no gas penetrating into the solid under the gas
droplet, and we term this state as the micro Wenzel state for
the gas phase; and

● 0 < ϕG < 1: liquid and gas penetrating into the solid beneath
the gas phase.

Moreover, there is a possible saddle point or maximum, marked
by the red cross shown in Fig. 5. This point ϕL = 1

2 −
Δp−Δχ

2χ ,

ϕG = 1
2 −

Δp−Δχ
2χ is the solution of the system dE

dϕG
= 0, dE

dϕL
= 0. The

Hessian matrix at this point is

⎛
⎝
[(18πV2)

1
3 − 2S]ℓχ 0

0 −(18πV2)
1
3 ℓχ

⎞
⎠

and has the eigenvalues λ1 = [(18πV2) 1
3 − 2S]ℓχ and

λ2 = −(18πV2) 1
3 ℓχ < 0. The type of the critical point and the

definiteness of the Hessian matrix dependent on the sign of λ1
or the value of S is presented in Table II. This point is within the
considered domain Ω for 0 < γ1 < ℓχ.

TABLE II. Type of the critical point of ϕL =
1
2 −

Δp−Δχ
2χ , ϕG =

1
2 −

Δp−Δχ
2χ and

definiteness of the Hessian matrix dependent of the sign of λ1 or S.

Sign of λ1 S

Type of extreme point
of ϕL = 1

2 −
Δp−Δχ

2χ ,
ϕG = 1

2 −
Δp−Δχ

2χ Type of critical point

Positive < (18πV2
)

1
3

2 Indefinite Saddle point

Negative > (18πV2
)

1
3

2 Indefinite Maximum

Zero = (18πV2
)

1
3

2 Negative semidefinite Not decidable via
Hessian matrix

B. Dependence of the energy E and Young’s contact
angle on the parameter γ0

In this section, we consider the dependence of E on the para-
meter γ0 in the wall energy function Eq. (5). By substituting Eq. (5)
into Eq. (16),

E(ϕL, ϕG)
σ(3V

√
π) 2

3
= [2 + μ]

1
3 [1 − μ]

2
3 + γ(ϕG)S

σ(3V
√

π) 2
3

= (2 + ρ
σ
)

1
3
(1 − ρ

σ
)

2
3

+ (γ2ϕ2
G + γ1ϕG)S

σ(3V
√

π) 2
3
+ γ0S

σ(3V
√

π) 2
3

,

with μ = a(ϕL ,ϕG)

σ and ρ = γ2ϕ2
G + γ1ϕG − γ2ϕ2

L − γ1ϕL, we observe,
that only the last term depends on γ0 and this term does not
depend on ϕL and ϕG. Therefore, for different choices of γ0, a dif-
ferent constant is added to the energy E. Therefore, we will confine
to energy maps with γ0 = 0, since the plots for different γ0 will
not distinguish from each other apart from an added constant. It
should be noted that Young’s contact angle θ does not depend
on the choice of γ0, as shown in the following calculation. For
brevity, we will not show maps of Young’s contact angle for different
values of γ0,

cos θ(ϕL, ϕG) =
a(ϕL, ϕG)

σ

= γ2ϕ2
G + γ1ϕG − γ2ϕ2

L − γ1ϕL

σ
.

C. Contact angle hysteresis
The experimental contact angle θ can be in the range of the

advancing and receding contact angles θrec < θ < θadv, depending on
the physical conditions. This effect can be observed, for example, by
tilting the surface until the drop starts sliding due to the increase in
the gravity.15 The advancing and receding contact angles are quanti-
fied by the maximum and the minimum of the equilibrium contact
angles. The contact angle hysteresis (CAH) denotes the difference
between the maximum (θadv) and the minimum (θrec) of the con-
tact angles at the equilibrium state, which is with local minimal
energy,

CAH ∶= θadv − θrec. (20)

Contact angle hysteresis can be caused, for example, by het-
erogeneity, roughness of the substrate, and by deformation or
adaption of the substrate by the contact line.15 In the follow-
ing sections, we will see that there exist multiple local energy
minima by considering non-constant liquid–solid and solid–gas
interfacial energies as well as the additional term γ(ϕG)S. From
Eq. (15), we see that Young’s contact angle does not depend
on the additional energy contribution, γ(ϕG)S or S. However,
the existence of the local energy minima at the possible points
depends on S, as described in Sec. II A. Therefore, the set of
contact angles and, consequently, also the contact angle hysteresis
depends on S.
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III. ENERGY LANDSCAPE PLOTS OF A LIQUID
DROPLET

In the following, we will see plots for three cases of
(Δp − Δχ)/χ.

● Case (a): χ < Δp − Δχ;
● Case (b): χ ≥ Δp − Δχ; and
● Case (c): χ ≫ Δp − Δχ.

For all maps shown in Figs. 6, 10, and 14, we set the following
parameters: V = 1 and 2ℓχ/σ = 1. The volume of the droplet has an
arbitrary unit, so long as the Bond number is much less than unity
and the droplet shape is a spherical cap. On the left side of Figs. 6,
10, and 14, denoted by (i), the energy landscape E(ϕL, ϕG) is shown
for different values of S/V 2

3 . The first value S/V 2
3 = 0 is included,

even though it makes no physical sense, to show the results for the
energy formula without the additional term γ(ϕG)S for comparing
with the results from other publications, which did not include the
additional term.3 In the middle, the figures indicated by (ii) illus-
trate the map of Young’s contact angle θ(ϕL, ϕG). The additional
term, γ(ϕG)S does not affect Young’s contact angle, as derived in
Eq. (15). So, the maps of Young’s contact angle are equivalent for
different values of S. The figures only distinguish from each other by
the contact angles at the minimum energy state, which are marked
by a cross in the maps for Young’s contact angle. The right side,
denoted with (iii) displays the shape of the droplet at the equilib-
rium state, that is, by minimal energy with a constant volume V .
In addition, Figs. 7, 11, and 15 show the number of local energy
minima, dependent of S/V 2

3 ; Figs. 8, 12, and 16 show the corre-
sponding Young’s contact angles. The points in these plots mark
the values shown in Figs. 6, 10, and 14, and the lines are based on
by analysis of the energy minima in Sec. II A. In Figs. 9, 13, and
17, the dependence of the contact angle hysteresis on the ratio S/V 2

3

is shown.

A. Case (a)
In the first case, we assume χ < Δp − Δχ or equivalently γ1 < 0.

Here, Δp−Δχ
χ = 2 and, therefore, γ1 = 1 − Δp−Δχ

χ = −1 and

γ(ϕ) = 2σ(−ϕ2 − ϕ)

were chosen. So, the difference between the pressure force and
the van der Waals force is greater than the L −G intermolecu-
lar force. The energy landscape of S/V 2

3 = 0 decreases from the
upper left corner (0, 1) to the lower right corner (1, 0) with
a series of diagonal contour lines. This develops to a decrease
in the energy landscape of S/V 2

3 = 100 from the lower left cor-
ner (0, 0) to the upper right corner (1, 1) with almost hori-
zontal contour lines. The possible saddle point or maximum is
outside of the domain Ω, which corresponds to Sec. II A. The
map of Young’s contact angle is qualitatively the same as the
energy map for S/V 2

3 = 0. The number and position of the local
energy minima, marked by crosses shown in Figs. 6(a-ii)–6(i-ii),
agree with Sec. II A. For the first four values of S/V 2

3 , there is only
one local energy minimum at ϕL = 1 and ϕG = 0 in the energy land-
scape, as shown in Figs. 6(a-ii)–6(d-ii). The contact angle at the
energy minimum state is zero. At this equilibrium, no gas penetrates

FIG. 6. (i) Energy landscape E(ϕL, ϕG), (ii) map of the Young’s contact angle,
and (iii) shape of the droplet at the equilibrium states with V = 1, 2ℓχ/σ = 1,
Δp−Δχ

χ = 2 and (a) S/V
2
3 = 0, (b) S/V

2
3 = 0.5, (c) S/V

2
3 = 1, (d) S/V

2
3

= 1.7, (e) S/V
2
3 = 1.95, (f) S/V

2
3 = 2.1, (g) S/V

2
3 = 2.5, (h) S/V

2
3 = 3, and

(i) S/V
2
3 = 100.
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FIG. 7. Number of local energy minima in the domain {(ϕL, ϕG)∣0 ≤ ϕL ≤ 1, 0 ≤ ϕG ≤ 1} depending on S/V
2
3 for V = 1, 2ℓχ/σ = 1, and Δp−Δχ

χ = 2 for different ranges (a)

S/V
2
3 ∈ [0, 4] with the lines corresponding to the analysis in Sec. II A and the crosses corresponding to the energy minima shown in Fig. 6 and (b) S/V

2
3 ∈ [0, 100].

FIG. 8. Young’s contact angles θ corresponding to the local energy minima depending on S/V
2
3 for V = 1, 2ℓχ/σ = 1, and Δp−Δχ

χ = 2 for different ranges (a) S/V
2
3 ∈ [0, 4]

with the lines corresponding to the analysis in Sec. II A and crosses corresponding to the energy minima shown in Fig. 6 and (b) S/V
2
3 ∈ [0, 100].

FIG. 9. Contact angle hysteresis depending on S/V
2
3 for V = 1, 2ℓχ/σ = 1, and Δp−Δχ

χ = 2 (a) S/V
2
3 ∈ [0, 4] and (b) S/V

2
3 ∈ [0, 100].

into the solid under the liquid droplet; no liquid penetrates into the
solid at the gas phase.

For the next four values of S/V 2
3 , there is an additional local

energy minimum occurring at ϕL = 1 and ϕG = 1 with a contact angle
of 90○, while the setup of S/V 2

3 = 100 has only one energy minimum
with a contact angle of 90○. No liquid penetrates into the solid under
the liquid droplet and the gas phase. The difference between these
two possible equilibrium contact angles is large. The number of the
local minima N of the energy landscape for different values of S is

shown in Fig. 7. Figure 8 shows the contact angles corresponding to
the local energy minima depending on S/V 2

3 , therefore, the possi-
ble equilibrium states of the droplet. The crosses in Figs. 7(a) and
8(a) represent the number of local energy minima and the corre-
sponding Young’s contact angles shown in Fig. 6. They match the
line plots in these figures. The contact angle hysteresis is shown in
Fig. 9. Figures 7(b), 8(b), and 9(b) show a higher range as Figs. 7(a),
8(a), and 9(a). It can be observed that there is no monotonic increase
in the number of energy minima and contact angle hysteresis with
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increasing S/V 2
3 . For a large range of S/V 2

3 ∈ (1.919, 79.5), there
are two local energy minima with different Young’s contact angles.
These two contact angle hysteresis have a huge difference (of 90○),
and consequently, there is a huge contact angle hysteresis in this
range. Outside this range, there is only one local energy minimum
and, therefore, only one Young’s contact angle and no contact angle
hysteresis. As a summary for case (a), we have

CAH =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0○ S/V
2
3 ≤ 1.919,

90○ 1.919 < S/V
2
3 < 79.5,

0○ 79.5 ≤ S/V
2
3 .

For a contact angle θ = 0○, a liquid film on the solid substrate is
shown in Figs. 6(a-iii)–6(h-iii).

B. Case (b)
In the second case, χ ≥ Δp − Δχ or equivalently γ1 ≥ 0 holds.

Here, we choose Δp−Δχ
χ = 0.5, γ1 = 1 − Δp−Δχ

χ = 0.5 and

γ(ϕ) = 2σ(−ϕ2 + 1
2

ϕ).

The energy landscape possesses hyperbolic contour lines asymmet-
ric to the ϕL = 0.5 and ϕG = 0.5 axes with maxima at the ϕL = 0 and
ϕL = 1 axes and minima at the ϕG = 0 and ϕG = 1 axes for small
S/V 2

3 . This can, for example, be observed in Fig. 10(a-i). For large
S/V 2

3 , the energy landscape, for example, Fig. 10(h-i), shows one
maximum in the lower left quadrant and horizontally stretched ellip-

tical contour lines. For S < (18π)
1
3

2 ≈ 1.919, the point (0.25, 0.25) is a
saddle point [see Figs. 10(a-i)–10(d-i)]; otherwise, it is a maximum
[Figs. 10(e-i)–10(i-i)]. The map of Young’s contact angle is qualita-
tively the same as the energy map for S/V 2

3 = 0. The number and
position of the local energy minima and the saddle point or maxi-
mum, marked by crosses shown in Figs. 10(a-ii)–10(i-ii), agree with
Sec. II A. The number of local minima N of the energy landscape for
different values of S is shown in Fig. 11 on the left. It is not increasing
with increasing S/V 2

3 . There are two peaks at S/V 2
3 ∈ (1.919, 1.9796)

and S/V 2
3 ∈ (2.441, 2.515). These peaks occur due to the transition

of the energy landscape from hyperbolic to elliptic. The peaks appear
in these ranges because the energy minima of the values of S/V 2

3 is
slightly less than the values of the range and additionally the energy
minima of the values slightly higher than the range occur simul-
taneously. This can be observed in Fig. 12 or in Fig. 10(e-ii) for
the first peak and in Fig. 10(g-ii) for the second peak. Figure 11(b)
shows the corresponding contact angles depending on S/V 2

3 . Here,
the ranges, as described before, are visible. The crosses shown in
Figs. 11 and 12 represent the number of local energy minima and
the corresponding Young’s contact angle shown in Fig. 10. They
match the line plots in these figures. The contact angle hystere-
sis is shown in Fig. 13. In this case, the contact angle hysteresis is
not increasing with increasing S/V 2

3 . As a summary for case (b),
we have

FIG. 10. (i) Energy landscape E(ϕL, ϕG), (ii) map of Young’s contact angle, and
(iii) shape of the droplet at the equilibrium states with V = 1, 2ℓχ/σ = 1, and
Δp−Δχ

χ = 0.5 and (a) S/V
2
3 = 0, (b) S/V

2
3 = 0.5, (c) S/V

2
3 = 1, (d) S/V

2
3 = 1.7,

(e) S/V
2
3 = 1.95, (f) S/V

2
3 = 2.1, (g) S/V

2
3 = 2.5, (h) S/V

2
3 = 3, and

(i) S/V
2
3 = 100.
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FIG. 11. Number of energy minima in the domain {(ϕL, ϕG)∣0 ≤ ϕL ≤ 1, 0 ≤ ϕG

≤ 1} depending on S/V
2
3 for V = 1, 2ℓχ/σ = 1, and Δp−Δχ

χ = 0.5 with the lines

corresponding to the analysis in Sec. II A and the crosses corresponding to the
energy minima shown in Fig. 10.

FIG. 12. Young’s contact angles θ corresponding to the local energy minima

depending on S/V
2
3 for V = 1, 2ℓχ/σ = 1, and Δp−Δχ

χ = 0.5 with the lines corre-

sponding to the analysis in Sec. II A and the crosses corresponding to the energy
minima shown in Fig. 10.

CAH =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

14.544○ S/V
2
3 ≤ 1.46,

30.812○ 1.46 < S/V
2
3 < 2.5145,

28.955○ 2.5145 ≤ S/V
2
3 .

The contact angle hysteresis occurs for every value of S/V 2
3 . There

is a range of S/V 2
3 ∈ (1.46, 2.5145), in which the contact angle

hysteresis is higher than below and above this range.

C. Case (c)
In the third case, χ ≫ Δp − Δχ or equivalently γ1 ≫ 0 holds.

Here, we choose Δp−Δχ
χ = 0, γ1 = 1 − Δp−Δχ

χ = 1 and

γ(ϕ) = 2σ(−ϕ2 + ϕ).

FIG. 13. Contact angle hysteresis depending on S/V
2
3 for V = 1, 2ℓχ/σ = 1, and

Δp−Δχ
χ = 2 with the lines corresponding to the analysis in Sec. II A and the crosses

corresponding to the energy minima shown in Fig. 10.

The energy landscape of small S/V 2
3 , for example Fig. 14(a-i), has

hyperbolic contour lines symmetric to the ϕL = 0.5 axis and the
ϕG = 0.5 axis with maxima at the ϕL = 0 axis and the ϕL = 1 axis
and minima at the ϕG = 0 axis and the ϕG = 1 axis. In contrast to
this, the energy landscape of large S/V 2

3 , as shown in Fig. 14(i-i), has
one maximum in the center and elliptical, symmetric and horizon-

tally stretched contour lines. For S < (18π)
1
3

2 ≈ 1.919, the point (0.5,
0.5) is a saddle point [Figs. 14(a-i)–14(d-i)]; otherwise, it is a max-
imum [Figs. 14(e-i)–14(i-i)]. The map of Young’s contact angle is
qualitatively the same as the energy map for S/V 2

3 = 0. The num-
ber and position of the local energy minima and the saddle point or
maximum, marked by crosses shown in Figs. 14(a-ii)–14(i-ii), agree
with Sec. II A. For the first four values of S/V 2

3 , there are two local
energy minima at (ϕL, ϕG) = (0, 0.5) and (ϕL, ϕG) = (1, 0.5), which
are shown in Figs. 14(a-ii)–14(d-ii). Both equilibria belong to a con-
tact angle of 82.8○. At the first energy minimum, no liquid penetrates
into the solid beneath the liquid droplet and liquid and gas penetrate
equally into the solid beneath the gas phase. The second equilibrium
behaves as follows: no gas penetrates into the solid beneath the liquid
droplet, and liquid and gas penetrate equally into the solid beneath
the gas phase. At the next two values of S/V 2

3 , there are additional
local energy minima at (0, 1), (1, 0), (0, 0), and (1, 1), as shown in
Figs. 14(e-ii) and 14(f-ii). The contact angle of these equilibria is 90○.
Here, all combinations of no gas or no liquid penetrating beneath the
droplet and no gas or no liquid penetrating beneath the gas phase
occur. The last two cases, as shown in Figs. 14(g-ii)–14(i-ii), possess
the equilibria, (0, 1), (1, 0), (0, 0), and (1, 1) with the same proper-
ties as described before. In this section, the energy landscape and the
map of Young’s contact angle are symmetric to the ϕG = 0.5 axis and
the ϕL = 0.5 axis. The symmetry of the energy landscape and Young’s
contact angle to the ϕG = 0.5 axis and the ϕL = 0.5 axis occurs due to
the symmetry of γ(ϕ) to 0.5,

γ(ϕ) = 2σ(−ϕ2 + ϕ)

= 2σ[1
4
− (ϕ − 1

2
)

2
].
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FIG. 14. (i) Energy landscape E(ϕL, ϕG), (ii) map of Young’s contact angle,
and (iii) shape of the droplet at the equilibrium states with V = 1, 2ℓχ/σ = 1,

and Δp−Δχ
χ = 0 and (a) S/V

2
3 = 0, (b) S/V

2
3 = 0.5, (c) S/V

2
3 = 1, (d) S/V

2
3

= 1.7, (e) S/V
2
3 = 1.95, (f) S/V

2
3 = 2.1, (g) S/V

2
3 = 2.5, (h) S/V

2
3 = 3, and (i)

S/V
2
3 = 100.

Therefore, the two contact angles at the local energy minimum at the
same value of ϕG have the same contact angle, and the local energy
minima are also symmetric to the ϕG = 0.5 axis and the ϕL = 0.5 axis.
The number of local minima of the energy landscape N for different
values of S/V 2

3 is shown in Fig. 15. It is not increasing with increas-
ing S/V 2

3 since there is a peak at S/V 2
3 ∈ (1.919, 2.168). This peak

occurs due to the transition of the energy landscape from hyperbolic
to elliptic. There is a range of S/V 2

3 , where the energy minimum
of the values of S/V 2

3 is slightly less than the values of the range,
and additionally, the energy minimum of the values slightly higher
than the range occur simultaneously, as shown in Figs. 14(e-ii) and
14(f-ii) or in Fig. 15 for S/V 2

3 ∈ (1.919, 2.16). For S/V 2
3 ∈ (0, 2.16),

there are four and for S/V 2
3 ∈ (2.16,∞), six local energy minima.

Figure 17 shows that contact angle hysteresis occurs only at this
small range of S/V 2

3 ∈ (1.919, 2.16). Outside of this range, there is
no contact angle hysteresis. Figure 15 shows the corresponding con-
tact angles depending on S/V 2

3 , which are comparatively high (close
to 90○ or 90○), as shown in Fig. 16. The crosses shown in Figs. 15
and 16 represent the number of local energy minima and the corre-
sponding Young’s contact angle shown in Fig. 14. They match the
line plots in these figures. In this case, the contact angle hysteresis is
not increasing with increasing S/V 2

3 . As a summary for case (c), we
have

CAH =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0○ S/V
2
3 ≤ 1.919,

7.18○ 1.919 < S/V
2
3 < 2.1679,

0○ 2.1679 ≤ S/V
2
3 .

D. Comparison of cases (a), (b), and (c)
In Secs. III A–III C, we used different values of Δp−Δχ

χ , which
leads to different values of γ1 with (a) χ < Δp − Δχ, γ1 < 0, (b)
χ ≥ Δp − Δχ, γ1 ≥ 0, and (c) χ ≫ Δp − Δχ, γ1 ≫ 0.

FIG. 15. Number of energy minima in the domain {(ϕL, ϕG)∣0 ≤ ϕL ≤ 1, 0 ≤ ϕG

≤ 1} depending on S/V
2
3 for V = 1, 2ℓχ/σ = 1, and Δp−Δχ

χ = 0 with the lines

corresponding to the analysis in Sec. II A and the crosses corresponding to the
energy minima shown in Fig. 14.
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FIG. 16. Young’s contact angles θ corresponding to the local energy minima

depending on S/V
2
3 for V = 1, 2ℓχ/σ = 1, and Δp−Δχ

χ = 0 with the lines corre-

sponding to the analysis in Sec. II A and the crosses corresponding to the energy
minima shown in Fig. 14.

All in all, we obtain different energy maps, maps of the contact
Young’s contact angle, and behavior of the energy minima. For all
three cases, the energy landscape is changing with different values of
S/V 2

3 . The number of local energy minima is not increasing with an
increasing value of S/V 2

3 .
For cases (a) and (b), the energy landscapes are asymmetric,

whereas for case (c), they are symmetric with respect to ϕL = 0.5
and ϕG = 0.5. In case (a), there is no extreme value at the interior of
{(ϕL, ϕG)∣0 ≤ ϕL ≤ 1, 0 ≤ ϕG ≤ 1}, whereas at case (b) and (c), there

is a saddle point for S < (18π)
1
3

2 and a maximum for S > (18π)
1
3

2 . There
is a lower number of local energy minima, a high contact angle hys-
teresis, and a large range of S/V 2

3 , where the contact angle hysteresis
occurs, for case (a) compared to case (c). For cases (b) and (c), there
are transition ranges, where the minima of values of S/V 2

3 lower
and higher than the range appear simultaneously. In addition for
cases (b) and (c), the energy landscape transforms from hyperbolic
to elliptic for higher values of S/V 2

3 . In case (b), there occurs contact
angle hysteresis for all values of S/V 2

3 . There are high Young’s con-
tact angles (close to 90○) and only a small range of S/V 2

3 , in which
contact angle hysteresis occurs, for case (c).

IV. ENERGY OF A GAS BUBBLE INCLUDING
AN ADDITIONAL TERM

The formulas for the energy and the contact angle of the liquid
droplet are

E(ϕL, ϕG)
σ(3V

√
π) 2

3
= [2 + ζ1

σ
]

1
3

[1 − ζ1

σ
]

2
3

+ γ(ϕG)S
σ(3V

√
π) 2

3
, (21)

cos θ(ϕL, ϕG) =
γ(ϕG) − γ(ϕL)

σ
, (22)

with ζ1 = γ(ϕG) − γ(ϕL). In this section, we will consider the case of
a gas bubble in a liquid phase on a solid substrate as shown in Fig. 2.

Here, we use a = γ(ϕL) − γ(ϕG) and the additional term γ(ϕL)S.
With a similar approach as in Sec. II, we can derive the energy and
the contact angle of the gas bubble as

E(ϕL, ϕG)
σ(3V

√
π) 2

3
= [2 + ζ2

σ
]

1
3

[1 − ζ2

σ
]

2
3

+ γ(ϕL)S
σ(3V

√
π) 2

3
, (23)

cos (π − θ(ϕL, ϕG)) =
γ(ϕL) − γ(ϕG)

σ
, (24)

with ζ2 = γ(ϕL) − γ(ϕG). By replacing ϕL by ϕG and ϕG by ϕL in
Eqs. (23) and (24), Eq. (23) gets to Eq. (21) and Eq. (24) gets to
Eq. (22). We obtain the energy landscape for the gas bubble by mir-
roring the energy landscape of the liquid droplet along the bisector
axis. This also holds for the map of Young’s contact angle θ of the
liquid droplet and the map of π − θ of the gas bubble.

V. COMPARISON OF THE RESULTS
WITH THE LITERATURE

Tadmor16 used a constant L − S and S −G surface tension. In
Tadmor’s work, there is no contact angle hysteresis for a Young’s
contact angle equal to 90○. This observation is somehow consistent
with the trend of the experimental values of Lam et al.17 They used
a “systematic series of hydrocarbon chains”16 to study the behav-
ior of advancing and receding contact angles and “observed that
the advancing and receding contact angles become very close when
extrapolated to 90○.”16 For non-constant surface tensions of γ(ϕL)
and γ(ϕG), as investigated in this work, this is not true. For example,
in case (c) in Sec. III C shown in Fig. 17, there exists a contact angle
hysteresis of 7.18○ for some values of S/V 2

3 , whereby Young’s con-
tact angle is 90○ or close to 90○. Our results provide a supplement
to Tadmor’s work16 for the case with non-constant surface tensions
and with the additional energy contribution, γ(ϕG)S.

The results, the energy landscapes, and maps of Young’s con-
tact angle of Wang and Nestler3 match with the plots shown in
Figs. 6(a), 10(a), and 14(a) for S/V 2

3 = 0.

FIG. 17. Contact angle hysteresis depending on S/V
2
3 for V = 1, 2ℓχ/σ = 1, and

Δp−Δχ
χ = 0.
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VI. CONCLUSION
We have considered the wetting phenomena for a liquid droplet

on a solid surface in a gas phase and a gas bubble on a solid surface
in a liquid phase. The latter case uses a similar approach as the for-
mer one. Our consideration involved roughness on the microscopic
scale, where the liquid and the gas species penetrate into the solid
phase. In the present calculation, we used a non-constant surface
tension of the liquid–solid interface γ(ϕL) and the solid–gas inter-
face, γ(ϕG) with γ(ϕ) = γ2ϕ2 + γ1ϕ + γ0, and included an additional
energy contribution, Sγ(ϕG), in contrast to previous researches with
constant fluid–solid interfacial tensions.1 We analyzed the number
of energy minima and the general differences between the plots of
the energy landscape, the corresponding Young’s contact angle, and
the contact angle hysteresis for different choices of γ1 and the sur-
face of the solid substrate S. For the second and third cases of the
considered values of γ1, there is no monotonic decrease or increase
discernible for increasing S/V 2

3 for the number of the local energy
minima and the contact angle hysteresis, since there is a range of
S/V 2

3 in which the energy minima of the values lower than the
range and of the values higher than the range occur simultaneously.
For the first considered case, there is also no monotonic increase
in the number of energy minima and the contact angle hystere-
sis with an increasing value of S/V 2

3 . Different values of γ0 add a
constant term to the energy, which is independent of ϕL and ϕG,
and do not change the Young’s contact angle. In conclusion, the
inclusion of the additional term significantly impacts the energy
landscape, the number and position of the local energy minima,
and the contact angle hysteresis, while it does not affect Young’s
contact angle.

VII. OUTLOOK
In these considerations, one could also include the macroscopic

roughness of the solid substrate using the Wenzel equation or a solid
substrate consisting of multiple materials using the Cassie–Baxter
equation.1

For the gas bubble, the gravity effect of the water phase on the
gas bubble could also be included. This would lead to a non-closed
form of the energy compared to Eq. (11). In addition, it could be
investigated which contact angle the gas bubble forms compared to
the liquid droplet under equivalent conditions.

In the current work, we have neglected the contribution of the
pressure energy to the wall free energy. An additional term contain-
ing, for example, the Derjaguin disjoining pressure,18 could also be
included in the wall free energy. It is expected that the pressure asso-
ciated energy affects the energy minimization and thus the contact
angle hysteresis. The present work focuses on the case of Bond num-
ber much less than unity. When the Bond number is close to or
greater than 1, the bulk free energy, including the excess pressure
energy, has to be considered in the energy minimization process.
This complex scenario will be addressed in a forthcoming work.
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APPENDIX A: VOLUME OF THE LIQUID DROPLET

In the first step, we show δ = θ from Fig. 18, so we can use θ
instead of δ as the integration limit in the following calculations. We
can conclude from θ + α + β = 180○, from the sum of angles of a
triangle α + δ + 90○ = 180○ and from β = 90○ that θ = δ holds.

In this appendix, we will derive the formula of the volume of
the liquid droplet V in Eq. (1). From Fig. 20, it can be concluded

R − h
R
= cos θ,

R − h = R cos θ,
h = R(1 − cos θ).

(A1)

In addition, we can see from Fig. 21,

f (x)2 + (x − R)2 = R2,

f (x) =
√

R2 − (x − R)2 =
√

2Rx − x2.
(A2)

By considering the previous equation, we can calculate the vol-
ume of the droplet as a spherical cap using solid of revolution
as in Fig. 21,

FIG. 18. Illustration of the angles θ, α, β and δ for the proof of δ = θ with the liquid
droplet L represented by the blue area, the solid substrate S by the gray area, and
the gas phase G by the white area.
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V = π∫
h

0
f (x)2dx = π∫

h

0
2Rx − x2dx = π[Rx2 − 1

3
x3]

h

0

= π(Rh2 − 1
3

h3) = π
3

h2(3R − h)

= π
3

R2(1 − cos θ)2(3R − R + R cos θ)

= π
3

R3(1 − cos θ)2(2 + cos θ). (A3)

APPENDIX B: SURFACE AREA OF THE LIQUID–AIR
INTERFACE

In this section, we will calculate the surface of the liquid–air
interface Sd in Eq. (3). The integration values in the spherical
coordinate system are shown in Fig. 19,

Sd = ∫
Sd

dA = ∫
θ

θ̃=0
∫

2π

φ=0
R2 sin θ̃dφdθ̃

= R2∫
θ

θ̃=0
sin θ̃[φ]2π

0 dθ̃

= 2πR2∫
θ

θ̃=0
sin θ̃dθ̃

= 2πR2[− cos θ̃]θ0
= 2πR2[− cos θ + cos (0)]
= 2πR2(1 − cos θ).

APPENDIX C: PROOF FOR EQ. (13)

In the following, we will prove the first line, which is used in the
transformation of Eq. (12) to Eq. (13),

2σ − a(1 + cos θ)
(1 − cos θ) 1

3
= 2σ − 2σ cos θ − (sin θ)2a

(1 − cos θ) 4
3

,

[2σ − a(1 + cos θ)](1 − cos θ) = 2σ − 2σ cos θ − (sin θ)2a,

a = a[(sin θ)2 + (cos θ)2]a = a.

APPENDIX D: DERIVATIVE OF E CONCERNING
THE CONTACT ANGLE

In this section, we calculate the derivative of E concerning θ
as in Eq. (14). In the following, we will use E instead of E(ϕL, ϕG),

FIG. 19. Illustration of the integration values φ and θ′ in the spherical coordinate
system with radius R used in Appendix B with the liquid droplet L with the contact
angle θ represented by the blue area, the solid substrate S by the gray area, and
the gas phase G by the white area.

FIG. 20. Illustration of h for the derivation of Eq. (A1) with the side view of the liquid
droplet L represented by the blue area, the solid substrate S by the gray area, and
the gas phase G by the white area.

FIG. 21. Illustration of x, f(x), and h for the derivation of Eq. (A2) and the volume
of the droplet Eq. (A3) with the side view of the liquid droplet L represented by the
blue area, the solid substrate S by the gray area, and the gas phase G by the white
area.

ξ = 1 − cos θ, η = 2 + cos θ, ι = 1 + cos θ, ε = sin θ, and w = −4σ
− 2σ cos θ + 4σ − 4σ cos θ + 6a,

E = (9V2π
ξη2 )

1
3

[2σ − a(1 + cos θ)] + σ(ϕG)S

= (9V2π)
1
3

2σ − a(1 + cos θ)
ξ

1
3 η

2
3

+ σ(ϕG)S,

dE
dθ
= (9V2π)

1
3

⎡⎢⎢⎢⎢⎢⎣

(ξ 1
3 η

2
3 aε)(2σ − aι)( 1

3 ξ−
2
3 εη

1
3 ξ

1
3 2

3 ε)

ξ
2
3 η

4
3

⎤⎥⎥⎥⎥⎥⎦
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= (9V2π)
1
3 [ aε

ξ
1
3 η

2
3
− (2σ − aι)ε

3ξ
4
3 η

2
3
+ 2(2σ − aι)ε

3ξ
1
3 η

5
3
]

= (9V2π)
1
3 ε

3aξη − (2σ − aι)η + 2(2σ − aι)ξ
3ξ

4
3 η

5
3

= (9V2π) 1
3 ε

3ξ
4
3 η

5
3
(−2ση + 4σξ + 3aξη + aιη − 2aιξ)

= (9V2π) 1
3 sin θw

3(1 − cos θ) 4
3 (2 + cos θ) 5

3

= (9V2π) 1
3 sin θ(−6 cos θ + 6a)

3(1 − cos θ) 4
3 (2 + cos θ) 5

3

= [ 9V2π
(1 − cos θ)4(2 + cos θ)5 ]

1
3

2(a − σ cos θ) sin θ.

APPENDIX E: DERIVATION OF EQ. (16)

In the following, we will derive Eq. (16). In this section, we will
write a instead of a(ϕL, ϕG)

E =
⎡⎢⎢⎢⎢⎣

9πV2

(1 − a
σ )(2 +

a
σ )

2

⎤⎥⎥⎥⎥⎦

1
3

[2σ − a(1 + a
σ
)] + γ(ϕG)S

E
σ(3V

√
π) 2

3
=

2 − a
σ −

a2

σ2

[1 − a
σ ]

1
3 [2 + a

σ ]
2
3
+ γ(ϕG)S

σ(3V
√

π) 2
3

.

With 2 − a
σ −

a2

σ2 = [1 − a
σ ][2 +

a
σ ], we can transform the equation as

follows:
E

σ(3V
√

π) 2
3
=
[1 − a

σ ][2 +
a
σ ]

[1 − a
σ ]

1
3 [2 + a

σ ]
2
3
+ γ(ϕG)S

σ(3V
√

π) 2
3

,

E
σ(3V

√
π) 2

3
= [2 + a

σ
]

1
3
[1 − a

σ
]

2
3
+ γ(ϕG)S

σ(3V
√

π) 2
3

.

(E1)

APPENDIX F: DERIVATIVES OF E CONCERNING
THE VOLUME FRACTIONS

In the following, the derivatives dE(ϕL ,ϕG)

dϕL
and dE(ϕL ,ϕG)

dϕG
at

the corner points (0, 0), (1, 0), (0, 1) and (1, 1) of the domain
{(ϕL, ϕG)∣0 ≤ ϕL ≤ 1, 0 ≤ ϕG ≤ 1} are evaluated to identify
the local energy minima in Sec. II A. With the usage of
η = (χφG + χφL − χ − Δχ + Δp), ϖ = (φG − φL)ηℓ, j = [ϖ + σ]

1
3

[−ϖ + 2σ]
2
3 , v = (Δχ − Δp)ℓ, and m = vℓ + σ, we obtain

dE
dϕL
= 3

2
3 (−ϖ + σ)π 1

3 V
2
3 [(−2φL + 1)χv]

(ϖ + σ)
1
3 (−ϖ + 2σ)

2
3

,

dE
dϕG
=
[jS − (3V) 2

3 (−ϖ + σ)π 1
3 ][(−2φG + 1)χv]

j
,

dE(0, 0)
dϕG

=
2

1
3 ℓ(−3

2
3 π

1
3 V

2
3 + 2

2
3 S)(χ − Δp + Δχ)

2
,

dE(0, 0)
dϕL

= π
1
3 3

2
3 V

2
3 ℓ(χ − Δp + Δχ)2 1

3

2
,

dE(0, 1)
dϕG

=
[(−v + σ)

1
3 (v + 2σ)

2
3 S − 3

2
3 mπ

1
3 V

2
3 ](−χℓ + v)

(v + 2σ)
2
3 (−vℓ + σ)

1
3

,

dE(0, 1)
dϕL

= V
2
3 [(−Δp + Δχ)ℓ + σ]ℓ π

1
3 (χ − Δp + Δχ)3 2

3

[(Δp − Δχ)ℓ + σ]
1
3 [(−Δp + Δχ)ℓ + 2σ]

2
3

,

dE(1, 0)
dϕG

=
[(−v + 2σ)

2
3 m

1
3 S + V

2
3 π

1
3 3

2
3 (v − σ)]χv

(−v + σ)
1
3 (v + 2σ)

2
3

,

dE(1, 0)
dϕL

= − V
2
3 (−vℓ − σ)ℓ π

1
3 (−χ − v)3 2

3

[(Δp − Δχ)ℓ + 2σ]
2
3 [(−Δp + Δχ)ℓ + σ]

1
3

,

dE(1, 1)
dϕG

= −
2

1
3 ℓ(−3

2
3 π

1
3 V

2
3 + 2

2
3 S)(χ − Δχ + Δp)

2
,

dE(1, 1)
dϕL

= −π
1
3 3

2
3 V

2
3 ℓ(χ − Δχ + Δp)2 1

3

2
.
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