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1. Introduction

The phase-field (PF) method is a versatile and established tool in materials seience
and engineering. Current models employing the multiphase-field (MPF) paradigm are
capable of handling a large number of phases and grains [IH3]. Such multiphase and/or
polycrystalline systems consist not only of grain and phase boundariessbut also of triple
and higher order junctions, where the balance of interfacial forces should held'[4]. This
condition which is also known as Young’s law [5] in 2D definesythe dihedral angles
at triple points (in 2D) or lines (in 3D) based on the interfacial energies of adjacent
interfaces. Deviations from these equilibrium angles may be of physical/origin, e.g., as a
result of finite junction mobility [6H8], line tension of the junctions[9; p. 337 ff.]. Even
though such effects may lead to an observable size effect immanocrystalline samples [10],
they can usually be neglected on the microscale. Thisistemsfrom the fact that an
interface can be regarded as a region with its ownsatomistie arrangement and a finite
thickness [II, 12]. In the nanocrystalline caseguit isnclear that the importance of
crystal defects (boundaries and junctions) ingreaseés relative to the grain size, since
the length scales (grain diameter vs. intexface/defect thickness) approach a comparable
magnitude [I3]. When modelling microstructural problems using phase-field approaches,
the interfacial thickness is often artificially enlarged in order to reduce computational
cost. Therefore, such effects may Arisesmuch earlier than physically expected (i.e. at
the microscale) [14]. Interfacial-thicknegs dependent outcomes of a PF model are clearly
undesirable and the removalsf such spurious terms facilitates quantitative and cost-
effective simulations [I5]. Some approaches tremendously reduce the computational
cost without compromising a¢euracy by, tailoring the discretization of the model to the
underlying grid [16-18]. Since\these approaches allow for a much smaller interfacial
width than conventional PF methods, it is expected that interface-thickness dependent
effects can be significantly suppressed. In general, it would be desirable to benchmark
various model formulations with respect to a sound and accurate reference or gold
standard for well.defined geometries. Recent benchmarks [19, 20] address the case
of grain-boundary (GB) migration subject to purely capillary forces with respect to
a closed-form_analytical solution of the GB geometry and velocity valid for arbitrary
dihedral angles. A similar setup has been used by Staublin et al. [21] for the validation of
an orientationsfield model." The analytical solution used in both works was first derived
by Mullins [22] for the case of equal interfacial energies.

Additional bulk driving forces are often required to account for microstructural
phenomena ‘such as recrystallization [23], solidification [24] or martensitic phase
transformations [25]. Large bulk driving forces can be challenging for PF models since
they promote distortion of the interface which renders the model result inaccurate or
even_entirely meaningless. A working approach [25] based on an initial idea in [26]
incorporates an additional stabilizing interfacial energy term which can reduce the
distortion of the interface to a great extent. Very recently, an additional number of
new model formulations has been presented to tackle the problem of large bulk driving
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forces [14], 27, 2§].

The efficiency and accuracy of PF models subject to simultaneous bulk andicapillary
forces have mostly been evaluated for simple two-phase setups, see [16, Fig. 3] andy27,
Fig. 5/6]. Polycrystalline benchmarks of GB migration employed in the 27,129, 30] are
claimed to be generic, but are in fact based on simplifying assumptions.4¢A more detailed
discussion can be found in the works of Eiken [20] and Daubner et @l#[19].5Therefore,
the evaluation of PF approaches including bulk effects in a polycrystalline €énvironment
is currently prohibited due to the lack of an accurate reference solution.

To fill this gap, the present paper aims to provide an analytical solution for the case
where an additional bulk driving force acts on the curved interface, thus facilitating the
mutual comparison of existing models in terms of their accuragy, and efficiency. For
simplicity, the driving force is assumed to be constant intime and across the domain.
The benchmark focuses on boundary migration accordingito rate-reaction theory [31],
also known as attachment kinetics [32], which is mainly relevant for grain boundaries.
It does not include the diffusion of heat or chemical,species, which is commonly
encountered at phase boundaries (e.g. liquid/solid interfac’es). The benchmark consists
of a steady-state solution that can be constructed for arbitrary dihedral angles and
arbitrarily large bulk driving forces. Althoughithe GB geometry and velocity cannot be
given in a simple and accessible closed form, the implicit analytical solution only requires
a single numerical integration step, whichiean be easily implemented in any programming
language. We make the benchmark solution as well as the simulation postprocessing
environment available as opémisource software [33] to promote the utilization of the
benchmark in the materials sciencerand engineering community.

2. Benchmark Definition ™~

As discussed in our, previous work [19], a triple junction is well-suited to benchmark
multiphase-field and multi-order parameter models. It contains all the model complexity,
which arises whenformulating a multiphase extension to a two-phase problem while the
initial and boundary conditions are sufficiently simple. Furthermore, such a benchmark
is also a suitableweference for orientation-field models [21].

The initial [setup iscgiven by a rectangular domain containing three grains, each
distinguished by an order parameter, as sketched in Figure[I] The width of the domain
W is given in Aable [1, while the height H needs to be adjusted depending on the
simulation input parameters. The simulation domain must be high enough to ensure
convergence of the grain boundary motion towards a steady state, which depends on
the interfacial energy ratio v,5/70 and the driving force Af. All boundaries are subject
to insulating (Zero-Neumann) boundary conditions which reflects mirror symmetry on
theleft and right boundaries, i.e. an infinite domain of alternating o and § lamellae.
The physical input parameters are chosen in the order of magnitude for typical
microstructure simulations of aluminum [9] as listed in Table [Ij Please note that
numerical input parameters of the solver may conveniently be set employing a unit
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(a) Initial setup

Figure 1: Sketch of the triple junction in (a) the initial setup and (b) a steady-

state configuration. In the steady state the coordinat es in vertical direction

with a constant velocity V. This coordinate syste numerical evaluation in

Section @

system with 1ms as the time unit, 1 pm nit and 1pJ as the energy unit.

This ensures that all input parameters a few orders of unity for numerical

reasons.

Table 1: Set of physical input pa ters in a typical range for aluminum.

Parameter bol Value Unit

Width of domai 50 pm

Interfacial ene Yo = Y50 = Yo 0.5% J/m?
N/I [\/570, Y] J/m?

Yas

Mobilit a0 = Mgo My 2x10°8° m4/(J S)
M, 2% 10 mY(Js)
D fo Af +[0,0.01,...,1] ¢ MPa

@ estimated from {9, Figure 2.4], * estimated from [9, Figure 3.61], ¢ taken from [9, Table 3.1]

O

v
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3. Analytical Considerations

3.1. Characteristic Quantities

3.1.1. Relation of Capillary and Bulk Driving Forces In general, a good qualitative
understanding of the role of capillary and bulk driving forces is essential €0 estimate their
relative importance. It is necessary to discuss regimes of small and'large bulk driving
forces by introducing characteristic nondimensional quantities that relate capillary and
bulk driving forces in an order-of-magnitude sense, just like the well-knewn Reynolds
number which estimates the relation of inertia to friction forces.infa fluid.

The first characteristic quantity

w
Y0

p= L Af 1)
stems from the domain siz€dg i.e., the length scale which controls the order-of-magnitude
variation in the grain boundary geometry. It relates the bulk driving force Af to the
capillary driving force kv, where the curvature « gcales with the inverse width of the
domain k o< 1/W.

Herewith, we define the following regimes

Ip| <1 ”small driving forces”
1 <|p| <10 "intermediate driving forces”
Ip| > 10 "large driving forces”.

The values listed in Table [I|zesult i ratios p = £[0,1,...,100] and thus cover the
complete range from smallifolarge driving forces.

3.1.2. Relation of Interface=Stabilizing and Bulk Driving Forces For phase-field models,
an additional length‘scale corresponds to the diffuse interface thickness. In the light of
the previous charaeteristic number, we replace W by the interfacial thickness 1 to derive
the dimensionless quantity

Pop = %A 7. (2)

This last expression can be interpreted as the ratio of the bulk driving force to the
interface stabilizing force (the well /obstacle potential scales with ~y/n). In general, the
interfacial thickness should be much smaller than the domain size, and thus, we obtain
Ippe|. < |p|. Therefore, the bulk driving force can only be large with respect to the
interfacesstabilizing force when we are far in the large driving force regime.

¢ /For amw arbitrary polycrystal, we may replace W by the average grain size.
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3.1.3. Characteristic timescales The analytical derivation assumes a steady state, but
the simulation starts with a T-shaped setup which will generally deviate from the steady-
state solution. Therefore, the moving grain boundary should be given sufficient time
to reach a time-invariant shape. The period of time during which thesGB smoothly
approaches the shape of the steady state is commonly referred to as the transient regime.
To quantify this, we consider the time

W2
Mcrvo ~

Ltransient = (3)
in order to derive a dimensionless time as t = t/tiransient- We,expecti that the steady
state is reached when ¢ is sufficiently large with respect to unity.

In terms of the phase-field method, another time scale can 'be defined by replacing W
by 7

2

tpp = 3 (4)

Mo

which can be interpreted as the time scale for forming the diffuse phase-field profile.
Since n << W, this time is much shorter than the transient, i.e.

i — <%>2 << 1.

ttransient

Accordingly, choosing # large emough should be a sufficient condition for the interfacial
profile to be constant in time.

8.1.4. Relation of interfacial energies An additional characteristic quantity is defined
by the ratio of the grain-beundary energies between the stationary (i.e. vertically
aligned) grain boundary and theamoving curved GB. The ratio of the two grain boundary
energies is a dimensionless. quantity

~ Yap
= o8 5
! Yo ( )

According t0 Young’s lawypthe dihedral angle is directly related to this ratio [19, Eq. (29)]

0 — 2arccos (%) (6)

Therefore,a small ratio 7 should result in a relatively flat GB geometry, whereas a high
rationleads to a steep GB profile. Moreover, only ratios below 7 = 2 are meaningful,
since ¢ tends to zero for this limit, corresponding to an infinitely steep GB profile.

3.1.5. Grid and Interface Resolution For a uniform grid, the grid spacings Ax and
Ay are defined as the distance between two grid nodes in each direction (units of
length). In the current document, both dimensions are equally spaced, i.e. Az = Ay.

Page 6 of 35
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A dimensionless quantity is the number of grid points in each direction given by
N, = W/Axz, N, = H/Ax where H is the height of the domain. In order to resolve the
thin interface thickness in PF models, a sufficient number of grid points‘in the interface
is needed. Therefore, the quantity

n
Nint = E (7)

is introduced, relating the interface thickness parameter n to the grid spacing. This
quantity is the number of grid points occupied by an equilibrium sinuseidal interface.

3.2. Sharp-Interface Solution

3.2.1. Problem Formulation Rate-reaction theory [31, [32) relates the interface normal
velocity v, to a driving force. In the current setup we consider the superposition of two
effects: A capillary driving force resulting from an“isetropic grain-boundary energy o
and a constant bulk driving force Af. This leads to the eguation

vp = Mag (Af — Jor) (8)

where Mgg is the constant mobility of the grain'boundary and x its curvature.

A curved grain boundary as sketched.in Fig. is given by the function y(z,t) in a
Cartesian coordinate system where x and y are the horizontal and vertical coordinate,
respectively. It is assumed ghat the GBumoves vertically with a constant velocity
V = 0y(z,t)/0t. This can be expressed more formally as

y(z) + yo(t) (9)

\y(xu t)
V = yi(t) (10)

where [z = 0,y = y5(#)] is theldoecation of the grain boundary at the mirror plane. yq(%)
is a linear function in time and y(z) is a univariate function representing the geometry
of the GB in the movingyframe of reference. In contrast to our recent paper [19], V is
positive if the mation is upwards. The GB’s curvature can be expressed in terms of first
and second derivatives as

PUS—C) (11)

(1+ (y'())™*

Sincerthe nermal velocity is given by
Vi=unv14(y(2))?, (12)

the following nonlinear ordinary differential equation for y

14 2 A / 2\3/2
= T (1 @) - 7—{ (1+ @ (@))” (13)

y"(x)
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is obtained which is subject to the following boundary conditions
y(0) =0, ¥'(0)=0, y(W/2)=-m.

The first condition fixes the location of the GB at the mirror plane, the sécond condition
ensures the mirror symmetry and the last condition enforces the triple-junction slope
m. Note that the geometry is only determined for the left-hand sidé of Fig.[1b}(i.e., for
x < W/2). The right-hand side can be determined from the symmetry constraint as
y(x,t) = y(W —x,t) Yo > W/2. The triple-junction slope m isgelatedto'the interfacial
energy ratio 4 by Young’s law [13, Eq. (127)] and is geometricallysrelated to the dihedral

angle 0 (cf. Fig.

N

e (e »

In the following, we start with certain limiting cases.to gain some understanding of the
problem before solving it thoroughly. 4

3.2.2.  Stationary Grain Boundary For the special case of a stationary interface
(v, =0), Eq. yields the condition that the cukvature is a constant equal to

Af
b= —.

~ (15)

This means that the grain-boundary geometry is a circular arc (see Fig. . In order
to satisfy the boundary conditions, itiis possible to derive the picked value of x by
a graphical construction: Drawhan arc with its maximum located at the origin and
fulfilling the dihedral angle 0 at x= /2. This gives

1 2cos (% v

e (5) _ (16)

R w w
where R is the radius of the arc. Using the relation between the curvature and driving
force from Eqq , we find that the stationary case can only be satisfied for a certain
(dimensionlgss) driving force that equals the ratio of the interfacial energies

5= 5 = 20 (17)
p=7 e
Figuratively speaking, this is the driving force "pushing the GB up” which is balanced
by ‘the capillary driving force pointing downwards, so that the GB stops moving.

3.2:8%. Large bulk driving force limits The solution for vanishing driving forces has
already been presented in [19] while in this context the behavior of the solution for large
bulk driving forces is of particular interest. Inspecting Eq. for large |Af| (or v — 0,

Page 8 of 35
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more precisely |p| — 00), it is expected that the curvature term on the right-hand side
can be neglected. This yields

v
1+ (y'(2))?

Since V' and Af are constant, the only possibility to balance left- and right=hand side

~Af. (18)

for every x is that |y/(x)| approaches to a constant in the large-driving' force limit.
This corresponds to a (piecewise) planar grain-boundary geometry. s We expect two
possibilities:

(i) The GB tends to a hat shape, as shown in Fig. Ra} [¢/()] = m. This fulfills
the triple-junction boundary conditions but violates(the symmetry condition. This
implies V/(MgpAf) = V14 m? as |p| — oo.

(ii) The GB tends to a horizontal plane, as showngn Fig. |y/(z)| — 0 which would
fulfill the symmetry condition ¢'(0) = 0 but_wvielate,the boundary condition at the
triple junction. This implies V/(MgpAf) & 1 as|p}-* oo.

In the first case, the symmetry could be recovered by/a thin boundary layer near the
center x = 0 which regularizes the problemi:\In the second case, it is likely that the
curvature term leads to a boundary layer neax x =W /2 which becomes thinner as |Af|
increases in order to comply with the beundary condition.

For the hat case, the limiting tip curvature sy, = k(2 = 0) is calculated by inserting

V/(MgpAf) = V1 + m? andy(0) = 0 into Eq. (8). This gives
Ktip:%:ﬂ<1—m>. (19)
N tip Yo
This equation reveals an ingreasing sharpness of the tip with the magnitude of the
driving force and afdiscontinuity of the first derivative is reached in the limiting case.
Similarly, for the horizental case, we calculate the limiting curvature sty at the triple
junction where |y/(1/2)])=m. This gives a similar relation

1 _asyiTe
Rry v V1+m?2

Informally, for therhat shape, the tip curvature should ”glue” the two linear segments

RTJ (20)

with slope +m together. For the lid-like shape, the GB near the triple junction needs to
benditoward. horizontal alignment (i.e. become more flat). Accordingly, in both cases
we expect{positive curvatures in order to ensure compatibility with the behavior far
away from/the tip or the triple junction. Thus, it is expected that the hat shape is the
limiting shape for p — —oo and the horizontal plane is the limiting shape for p — +o0.
The corresponding regularized shapes are shown schematically in Fig. [2]
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/\ )
e ()
p— —00, 9/p — VI+m? p=7V=0 D =00, 0/p — 1
(a) Rounded hat (b) Arc (¢) Flat lid

Figure 2: Schematic depiction of the limiting grain-boundary geometries where the
dimensionless driving force p = A fW /v, increases from left,to right.

3.2.4. General Solution &

Non-Dimensionalization To simplify the derivation, the dimensionless coordinates z, ¢
and the dimensionless velocity v are introduced as

Y . VW
— )
W Mcgo

I = 7

7'(%) =8 (1+ (@) -5 (1+ (7)) (21)
30 = 0" (22)
7(0)4 0 (23)
701/2) = “m, (24)

which reduces the dimensionality of the variable set from six (V, W, Mag, Af, Yag, 70)
to three (0, p, ). "We expect that ¢ and p are not independent since a larger driving
force should gesult in am.acceleration of the grain boundary. Therefore, we may consider
p as the independent and @ as the dependent parameter.

GB Velocity Our goal is to solve Eq. to determine the unknown relation between
velp€ity andudriving force 0(p) together with the GB geometry. The detailed solution

procedure is presented in[Appendix Al The solution for the velocity is given in an implicit
form based on the relation ¢ = 9/p and reads

mq m
arctan (—\/W\/l—_zﬂ) -+ arctan (—1_q2)
V1—¢q?

v =2

—arctan (m) | . (25)

Page 10 of 35
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y(x)/W
0 [ [ [ [ [ [ [ [ [
—0.2} .
—-0.3 | 8
j= |—100—10—0—~-10  —100 |
_04 | | | | | | | |

|
0 01 02 03 04 05 06 07 08 09 1
x /W

(a)

Figure 3: Sharp interface solution. (a) Grain-boundary geometry for § = 120° (i.e.

4 = 1) at varying driving forces and (b) dimensionless grain=boundary velocity as a
function of the dimensionless driving force for three different dihedral angles together

with the derived limiting cases (cf. Fig.
- 4

The velocity can be obtained for values of\p through a root-finding algorithm. This
method is implemented in the Supplemental,Python code [33]. Eq. is ill-defined for
certain values of q. These singular cases are given in Table which also includes the
case of a vanishing driving force as describedin[19].

GB Geometry The analytical solution of the GB geometry is given by

sq S
\arctanh <—\/1+7\/q?_—1) + arctanh <—q2—1)

7= — | arctan{(s) +

qp V-1

(26)

where the slope s =g/(2) = J/(7) is a parameter within the interval —m < s < m. This
formula can be graphically inverted to obtain ¢'(Z) in the interval —1/2 < z < 1/2.
Numerical integration subject to the BCs from Eq. then yields the final solution
g(Z). For ¢ #0 and ¢ =.—1, the above formula is undefined. We use L’Hospital rule to
determine the following limiting cases

s 1<\/1+32—1

limeg = ———— lim 2 = -
S

q—0 ﬁﬂ/l + 527 qg——1 D

which completes the analytical treatment.

— arctan (s)) :

The grain-boundary geometry is shown for various driving forces in Fig. [3| (a) which
essentially matches the expected behavior from Fig.[2] The dependence of the interface
velocity on the driving force is illustrated in Fig.|3| (b) for three different dihedral angles
together with the corresponding large-driving force limits. It can be seen that the large-
Af limiting behavior is very well established for |p| > 5. For small driving forces,
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a linear approximation can be applied to the interface velocity as v ~ vy + pv; with

09 = 0 — m and 0; = 2arctanh (cos (0/2)) /(7 — 6) (more details given in [Appendix A)).

4. Benchmark Simulations

The triple junction benchmark described above can be used to quantitatively validate
and compare the accuracy of mesoscopic phase-field models that approximate the
moving boundary problem of a singular surface by a diffuse representation. In such
models, the interface width becomes a numerical parameter, whilethe capillary forces
should be accurately described in relation to the bulk driging force4 Note that the
benchmark is equally applicable to other numerical approachesythat solve the given
sharp interface problem such as multi-order parameter meodels, level-set methods, et
cetera. Within the scope of this work, we use a common multiphase field concept and
demonstrate how the benchmark can be applied toquantitatively validate the accuracy
of alternative model variations and implementations,over a wide range of bulk driving
forces and numerical resolutions. y

4.1. The multi-phase field formulation

The basic multi-phase field formulation i, adopted from [3], where the spatial
arrangement of multiple phases or grains is‘described by multiple phase-field variables
¢a(x,t),a € {1,..., N}. Their values arelequal to unity in the bulk of the corresponding
phase (grain) and continuouslyichange to zero over diffuse interface regions. The
collection of order parameters fulfills the unity sum constraint ij:l 0o = 1 everywhere
in space. Bulk and interfacial eontributions in the free energy functional are decoupled
so that the interfacial thickness nmrean be adjusted for computational convenience.
Application of a multiphase #elaxation approach under consideration of the unity sum
constraint yields theset of phase-field equations:

N
=) Map [bag Afas — YapKap + Jas] (27)
f#a

OQa
ot

The present/ notation is'ehosen so that the definition of the interfacial mobility Mz,
the interfacial énergy v,s and the driving force A f,3 match those in the sharp interface
solution in Eq. and the corresponding data in Table 1. The term K,z accounts for
curvature,and implicitly stabilizes the diffuse interface profile, while J,s accounts for
additional junction forces. Both terms are derived from a gradient term (o< Ve, - Vg)
in ‘combination with a multi-obstacle potential (o< ¢, ¢3):

Ko = i[w Pt (g5 6 )} (28)
af — N I5) o 772 153 a) |
1 N w2
Jop = v Z (V87 — Vo) (V%w + F%)' (29)
v#B#a
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A comparison of different interfacial formulations can be found in [19]. A specialfeature
of the multi-obstacle formulations is that only contributions of locally interacting phases
are considered. The amount of active phases N appears as a denominatorin Fq. and
Eq. to account for identical phase contributions from superimposed interactions:

Adopting the notation of [34] and [14], N~! is not directly multiplied with the mobility
which allows for a decoupled definition of the prefactor to the bulk dfiving force b,s.

4.2. The bulk driving force prefactor

~

Special emphasis shall be on the factor b,g which can be usedsto distribute the bulk
driving force along the diffuse interface under the constraint thatsthe integral across
the interface remains unchanged. This is important todminimize the distortion of the
moving diffuse interface profile in mesoscopic models«with a finite numerical interface
thickness. Direct matching of the phase-field equation (Eq. ) to the sharp interface
solution (Eq. () reveals that the two-phase traveling wave solution is not distorted
for bag = |Vo| = |[Vs|. An open question ig‘how to.define the scaling factor b,s in
multi-phase regions. A detailed discussion of this/Subject can be found in [14]. In the
context of this work, three different variants,will be eompared:

( T
5e55 — B0
2
bas = 4 — /Bads ~ Bl (30)
N1

% (@0 + 05) \/Bats — B2.

Note that in two-phase regionsy all three variants B0-B2 reduce to m/n\/¢a(l — ¢a)
which is the analytical expressioniof |V ¢,| for the sinusoidal traveling wave solution.
The first multiphase, variant. B0/simply equals the two-phase expression. The second
variant B1 which adopts. the multiphase scaling (2/N) from interfacial contributions
has been used by Kubendran et al. [35]. The last variant B2, used e.g. in [34] 36 [37],
refers to the onemplemented in MICRESS since 2010, replacing the former variant BO.

4.8. Prefactors derived from interpolation functions

Alternatively, theweighting of the bulk driving force can be derived in a fully variational
way from different interpolation functions in the bulk free energy foux = Y, f*h%(¢)
which yieldsithree alternative model formulations H0-H2. Using the relaxation ansatz
by [38] the following set of phase-field equations is obtained:

0 [ 2 <afbu1k O foul
— Ma _ _
Z # 4N77 a(bﬁ a¢a

which is almost identical to Eq. but the term b,z Af.s has been replaced.
Commonly used interpolation functions h* = h(da)/ (D5 h(#p)) are normalized based

e Ka Ja 31
p ) YasKap + Jap (31)

B#a
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on the numerator

o — HO
h(¢a) = § 9%(3 — 20a) — H1
3 (642 — 15¢, + 10) — H2

and ensure »  h*(¢) = 1 throughout the domain. Note that due to this nozmalization,
the bulk term 0 fou/00a = [N (¢a)/ 25 M(ds) — I (¢a) /W (Da) D54 fPh(ds) contains

contributions from all driving forces f*,... f for higher polynoms«(i.e. H1 and H?2).

4.4. Numerical implementation and automated parameter variation

In the following sections, two different codes are employed a)ithe software PACE3D [39]
and b) the commercial software MICRESS (V7.250). Both implementations are based on
similar multiphase-field formulations solved on finite difference stencils on equidistant
grids with spacing Az and explicit time stepping. The commercial software MICRESS is
based on model formulation B2 and comes with ‘an additional grid correction scheme [16]
(see Section. To enable model comparisen, all formtlations B0-B2 and H0-H2 were
implemented in PACE3D. The execution of benchmark simulations has been automated
and, additionally, a metadata .json.file is generated containing model parameters and
numerical resolution information for each simulation. This allows for fully automated
post-processing with the supplementary eode [33]. This workflow approach is generic in
the sense that it could easily be'adapted to similar models such as multi-order parameter
approaches. Once the code intérface to another simulation software tool is defined, the

workflows can be used in a fully automated manner.
N

5. Post-Processing Framework

To compare the simulation results to the analytical solution of the grain boundary
velocity (Eq. (25)) and profile (Eq. (26)), we need to retrieve the sharp interface solution
from the phasedfield results. Therefore, pairwise isolines of phase-field variables are
extracted where 9, =13, ¢, = ¢ and, accordingly, ¢g = ¢. The coordinates of the
triple point (TPg, TP, ) are then given by the intersection of pairwise isolines as shown
in Figurefland, thus, the simulated grain boundary profile is given by the gray dotted
line which combines the isoline given by ¢, = ¢o (blue line) left of the triple point and
¢p =p (whitedine) to the right. The described procedure is implemented as a function
on/regular grids in the supplemental code [33] which is openly available on github.
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Figure 4: Exemplary triple junction in a diffuse representation with corresponding
isolines between the phase-fields. The gray dotted line, corresponds to the extracted
grain boundary profile.

For quantitative comparison of simulation studieswith regard to the analytical solution,
we define the following metrics: ¥

(i) The velocity can be measured as the,temporal change of

e the y-coordinate of the grain boundary profile at the domain boundary
View = [(45525.)" — (U5 2s )" 1/ At
Viignt = [(U5,25.)" — (Ugemon )™ T/NE;

e the y-coordinate of the triple point VTp = [(TP,)™ — (TP,)" ']/ At;

e the phase fraction of @gas Vonase = —[([ ¢odV)" — ([ ¢odV)" 1]/ (W A);

Note that the velocities are defined along the y-direction as indicated in Figure [Ib]

(ii) The (mis-)match of numerical results for the grain boundary geometry
with regard to the analytical solution is quantified by a relative error measure
introduced by the L*norm as
L2 = \/fol (gnumeric(i.) _ yanalytlc 2dSL'/ f analytlc )) dz.

We numerically “perform the integrals using composite trapezoidal rule on the

numerlc

discrete Z-lpeations of the isoline representation g In order to compare the

analytical.and numerical GB geometry in the same moving frame of reference, the

numeric )

maximum of theg-eurve is set to zero, i.e. max(y = 0 is enforced.

The dihedral angle # at the triple junction is not used as a metric for model evaluation as
the computatiofn is non-trivial and large errors can arise from the numerical evaluation
of the-angle. Schemes that assume linear segments in the triple phase region [40] depend
on/grid reselution and on the model parameters which define the diffuse interface width.
Arc-fitting procedures [29, 41] are based on the assumptions that the GB geometry can
be described by a circular arc which does not cover the general range of GB profiles as
sketched in Fig. 2]

The evaluation procedure for a single simulation is illustrated in Figure The
simulation is based on the values given in Table [I, a numerical discretization with
100 cells along the z-direction, 10 grid points within the diffuse interface and a non-
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dimensional driving force of p = 10. The simulation was carried out using/explicit
time-stepping until a final time of teq = tiransient according to Eq. wasrreached:.
From the velocity plot in Fig. |5 (a), it becomes obvious that the varipus nmethods
to measure velocity exhibit different convergence behaviours. The triplespoint,velocity
shows strong oscillations which can, in this case, be traced back to the obstacle potential
and numerical errors which arise from the calculation of the triple peint. The velocities
Ulere and yighy show the same convergence and much less oscillations. The magnified
view in Fig. [5| (b) reveals that even after the transient regimes oscill\ations persist as
a result of the obstacle potential. The velocity value which is caleulated based on the
phase fractions vphase Shows the smoothest behavior due toparea intégration. Minor
oscillations still persist.

1.85
° (a) D) (b)
18805 |, ¥
— ° — “ ttransient
L1841 % Lz t
El £.1.8370 |
= ‘ £
. 1.83 | - = .
o Uleft - Uright | —— Uleft —— Uphase i
Utriple * Uphase 1.8365 1 1 ... vlrgfian T U;I}fzig
1.82 ‘ I
0 0.125 0.25 0 0.125 0.25
tins tins
e =~ e e R
SN \.\.!.\..‘"\':.\ ... ...,/.g.;!”.g.’. --- GBanalytiC
—0.1F Lﬁ A‘i RN ° GBsim B
| | | | | | : :
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
T

Figure 5: Evaluagion oftexample simulation. (a) velocity of grain boundary measured
with methods ifroduced in Section [f] (b) magnified view of oscillations in the
numerically obtained welocities and averaging procedure in the steady-state regime, (c)
numerically ‘extracted final,grain boundary profile in comparison with analytic solution.

Due to the oséillating behavior, it is not straight forward to define an absolute or
relative measure of convergence. For this reason, we decided to determine the mean
value plusgtandard deviation over the time period from ¢y ansient/2 until ¢gansient Which
is exemplarily shown in Fig. [5 (b). The green background color marks the time interval
of averaging, the blue line is the mean value of v, while the blue shaded area illustrates
the standard deviation. Similarly, the red line is the mean value of vpnase. Note that
although vpnase has a smaller standard deviation, this metric is more susceptible to the
formation of spurious phases, i.e., both Vi, and vpnase should be evaluated.

Fig. [5| (c) shows the extracted grain boundary profile in the non-dimensional (Z,7)
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coordinate system. The L2 measure quantifies the mismatch of the analyfic and
simulated grain boundary profile. In the following, only the steady-state valués defined
above by the mean averaging over the time interval tonq = tiransient Will be plotted,for
various model formulations and over a range of driving forces. We apply the same
procedure to compute the mean and standard deviation for the L2 nrm, to average
oscillations arising from the calculation of the triple point.

In the following, we illustrate the numerical evaluation procedure of the{benchmark,
firstly by performing convergence studies according to common phase field practice, and
secondly by comparing some common model formulations. =

6. Simulation Results

6.1. Convergence toward sharp interface

For meso-scopic length scales, the phase-field approach.yields a diffuse representation of
a sharp interface problem which leads to a model-intrinsig dependence of the solution
on the width of the diffuse interface 7. If a model formulation introduces a model error,
we still expect convergence toward the analytical selution for a finer mesh resolution as
71 converges toward a small value with respect e the physical problem (i.e. /W — 0
which implies ppr — 0 at constant Af). Thisi.can be easily tested by running the same
simulation input parameters while changingthe grid resolution and 7, respectively. For
this study, we choose driving forces of p =410, i.e. at the transition from intermediate
to large driving forces. This emsures that the driving force is sufficiently large such
that a change in interface thickness results in a measurable deviation (for small driving
forces we do not expect significant deviations). In all current cases, the diffuse interface
is discretized with 10 cells’(n :\10Aw) which should keep the discretization error small
and constant. For a comstant physical domain size, we vary the interface thickness
n € {1.25,2.5,5, 10} um to test-convergence of the model. This corresponds to refined
grids with Az € {0.125;0:25, 0.5, 1} pm and N, € {400,200, 100,50}. The convergence
of the grain boundary profile toward the analytical solution is illustrated for p = —10 and
the model formalation H1 in Figure[f] (a). Note that the width of the diffuse interface is
implicitly given by ppgras defined in Eq. (2). Similar convergence was observed for the
other model formulations (see Section . This deviation from the analytical profile
can be quantifiedsby the L2 error norm defined in Section [5] which is shown in Figure [0]
(b).

Finermmesh, resolution leads to a massive increase in computation time. For finite
difference sechemes on a regular grid, reducing Az by a factor of two results in a fourfold
increase in/grid cells in 2D. In addition, At needs to be reduced by a factor of four when
explicit time stepping is used, resulting in a 16 times increase in computation time.
Therefore, an important question in the context of phase-field modelling is: Which
model formulation allows maximum accuracy at low resolution of the diffuse interfaces?
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Figure 6: Interface-thickness convergence study of model H1 for varying n at constant
number of grid points in the interface (ny, = 10)sandiconstant physical width
W. (a) Grain boundary geometries for p = —+10 and, grid spacings of Ax €
{1,0.5,0.25,0.125} pm. The analytical GB profile i§:shown as a black dashed curve.
(b) Deviation of the GB profile expressed in germsiof L2 error for p = —10 (filled
circles) and p = 10 (open circles).

6.2. Model comparison

We compare the multiphase-field formulations:given in Section [4] by testing their model
error with respect to the defined benchmark. As in the previous example, driving
forces of p = £10 are considereds We modify the interface thickness as in the previous
subsection, keeping the numbeér of cells in the interface constant at n;; = 10 to test
convergence of the model formulations.” The results in Figure [7] (a) clearly show that
even at the same interfade thickiiess of n = 5um (ie. at ppp = —1), the model
formulations perform differently. 'This becomes even more pronounced for increasing
interface thickness agfcan beyseén from the L2 geometry error in Fig. [7] (b) and the
relative velocity error in Fig. [7| (c).

Overall, there is 4 distinet model formulation B2 (i.e. Eq. (30)) which outperforms all
others even at large interface thicknesses. For all mesh resolutions in this simulation
study, the velocity errér of B2 is below 1% for p = —10 and below 1.5% for p = 10.
Additionally, as'this formulation is implemented both in PACE3D and MICRESS, Fig.
includessresults ifrom two different implementations of this model. Since the error
curves of bothtimplementations nearly overlap, the two implementations yield very
similarresults« This indicates that both implementations correctly reflect Eq. up
tomegligible deviations. Based on the results, model B2 seems to be a very efficient
choice for practical applications. Therefore, we restrict the further investigations to this
model formulation to discuss the effects of discretization and large driving forces.
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(Uphase - vanalytic)/ vanalytic
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Pace3D-B0 —— PACE3D-B1 ~2— PACE3D-B2 —— MICRESS

Figure 7: Performance of varipus model formulations. (a) Grain boundary geometry for
p = —10 and ppr = —1 with the‘model formulations given in Sec.[d The analytical GB
geometry is shown as a black/dashed eurve. (b) Deviation of the GB profile expressed
in terms of relative L2 error for p = =10 and (c) corresponding relative error of GB
velocity. y

6.3. Discretization Error

In the previous section which focused on model error, we aimed at minimizing the
discretization error,by using a high number of interface cells (n;,; = 10). In this
section, in contrast, we.minimize the model error by selecting model variant B2 and
investigate the discretization error that results from a reduced number of interface cells.
We study this effect by fixing the interface width to n = 2.5pm while varying Az
and, thus, the amount of interface cells. Note that low numbers of interface cells are
essential to rediice computational costs in applied simulations. In this context, MICRESS
uses a dedicated finite difference correction (FDC) that reduces the discretization error
basedion the work of Eiken [16]. In the following, we compare the geometry error and
velocity error resulting from MICRESS simulations with and without FDC for various
discretizations Az = {0.625,0.417,0.315,0.25} pm . The results in Figure 8] (¢) and (d)
show that, generally, the error increases when the diffuse interface is resolved with less
grid points. The reduction of grid points leads to stronger numerical pinning which can
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be compensated by the FDC scheme as can be seen in Fig. |8 (d). Even for a coarse
interface resolution of four interface cells, the velocity error is below 1 %.

T T
(b)
e 4 —— 4+4FDC ---ee 6 —— 6+FDC
Mint = 8 8+FDC 10 10+FDC > e |
703 | | | |
0 0.1 02 03 04 05 06 07 08 09 1 0.48 0.52
0---_—.-_..,‘ T T
= 01} l =
P
G \
> —0.2+F
R . 4 —— 44FDC -eeee 6 4 ——= 6+EDC
Mint = 8 8+FDC 10 —4 10+BDC
_03 | | | |
0O 01 02 03 04 05 06 07 (0.8 /09 1 0.48 0.52
03 T I I I I
Q (e) (f)

—0.05 |-

0.1 /' |
m | | |

2 4 6 8 10 12
il = N/ Az Nint = 1/ Az

(vphase - vanalytic)/'”a.nalytic

’—e—ﬁ:—lO ~ep=—-10,FDC -3--p=10 —l--ﬁ:107FDC\

Figure 8: Quantification of discretization error for MICRESS-simulations. A fixed
interface thickness 7= 2.5um and varying ny, € {4,6,8,10} corresponding to
Az = {0.625;0:417,0.315,;0.25} pm are considered. GB profiles and magnification of
triple-junction region for (a)/(b) p = —10 and (c)/(d) p = 10. Deviation of the GB
profile expressed in terms of L2 error for p = +10 (e) and corresponding relative error
of GB velocity (f).

64+ Large driving forces

While the previous investigations were limited to p = 410, we now investigate larger
driving forces to cover a wide range of geometries. The first study, summarized in
Fig. [0 is performed with MICRESS including finite difference correction and a range
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Figure 9: Comparison of geometry and veloeity errorin M1CRESS-FDC for large driving
forces. (a) Deviation of GB profile in terms of 12 error, (b) relative error of velocities.
All simulations have been performed with model"B2, = 10Ax and including finite
difference correction.

of driving forces p € {—80,—50,=10, 10,50,80}. For each driving force, simulations
are performed with ten interface cells (= 10Ax) but different resolution settings, i.e.,
Az € {1.0,0.625,0.5,0.25,0:125} which in turn varies the phase-field specific driving
force ppp. First of all, Fig. |§] (a) reveals that large driving forces still pose a challenge
for state-of-the art RF models singe errors up to 100 % in the GB-geometry are obtained.
On the contrary, therelative error in the GB velocity shown in Fig. [J] (b) is roughly an
order of magnitudeé smaller.»This shows that in contrast to the geometry, the predicted
dynamics are more accurately reproduced and have a significantly smaller interface-
thickness dependency. Adpeculiar feature is the very strong asymmetry in the velocity
error with respect to a change of sign in driving force (and thus ppr). For positive driving
forces, the error is negligible in comparison to the error for negative driving forces. We
think that a possible explanation can be given as follows: For negative driving forces,
the geometry is fully determined by the triple-junction angle (hat-like shape), whereas
for/positive driving forces (lid-like shape) the triple-junction slope m has a negligible
influence (ef. Fig. . Considering that the vertical velocity is directly influenced by
the slopé’of the GB according to Eq. , it is likely that the deviations are due to an
incorrect dihedral angle 6.

An important feature of Figure [9] is that the error converges toward zero for ppp — 0
in accordance with the results in Section [6.2] Thus, reducing the interface thickness 7
for a constant driving force improves the simulation accuracy for both the GB profile
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and velocity. For increasing driving forces Af, the error can be kept almost gonstant
by simultaneously decreasing the interface thickness n by the same factor. This shows
that larger driving forces require proportionally smaller interface widths in order.to
maintain the same level of accuracy and reveals an interesting fact: The error primarily
depends on ppr rather than on the dimensionless driving force p. This in turn means
that the geometry of the GB, which varies strongly with p, has a subdeminant influence
on the total error. This result is remarkable as it suggests that the model error can
be estimated for arbitrary scenarios such as polycrystalline setiips; knowing only the
interface thickness 7, the involved driving force Af and the interfacial\energies .

L2 (vphase - Uanalytic)/ Vanalytic
0.8 : T ‘ T T

01 |

—0.2 |- -
031 —6— MICRESS-FDC |
—— PACE3D
| | T T T
-10 -5 0 5 10
ppr = nAf /Yo per = A f /70

Figure 10: Large driving force;:udy for 6 = 60°. (a) Deviation of GB profile in terms
of L2 error, (b) relative ertor of wvelocities. Blue lines corresponds to MICRESS with
FDC and green line corresponds to PACE3D (without FDC). All simulations are with
1n = 10Az. Gray dashed lines‘show the result for § = 120° from Fig. |§| for comparison.

So far, the simulation studies were based on equal interfacial energies 7,3 = 7 which
results in a dihedral angle of § = 120°. For this combination, the junction term Eq.
vanishes. Theanalytical solution is general for arbitrary dihedral angles. In order
to study a case significantly deviating from the simple case of § = 120°, we increase
the energy of the vertical GB by a factor 7,3 = v/37, which corresponds to § = 60°
acgording to Eq. @ Fig. |10 compares the finite difference correction in MICRESS and
the standard discretization used in PACE3D.

For negative driving forces, the geometry error of the FD-correction and the standard
scheme are of a similar magnitude as for the 120° case with FDC. Here, the PACE3D code
slightly outperforms MICRESS with respect to the measured errors in the GB geometry
and velocity. However, for positive driving forces, the FD-correction implemented in
MICRESS seems to give very accurate results both with respect to the geometry and

Page 22 of 35



Page 23 of 35

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - MSMSE-107560.R2

Triple junction benchmark for multiphase-field models 23

velocity of the GB. This level of accuracy cannot be achieved with a standard numerical
scheme in PACE3D. It is worth noting that despite the high resolution of fyy, = 10,
significant differences exist between the two numerical schemes at large driving forees.
Without further proof, we think that this is rooted in the high absolute velocities of the
GB which imply a high cell-Péclet number V Ax/(Myyy) x AfAx/7 and thus seem to
pose a challenge for the numerical schemes at a finite resolution.

6.5. Polycrystalline sample subjected to large driving forces o

In the final simulation study, we investigate whether the conelusions from the triple
junction benchmark can be transferred to arbitrarily complex polyerystalline systems.
For this purpose, we study a population of grains growing, into anether polycrystalline
domain as shown in Fig. The orange grains exhibitrareonstant positive driving force
of Af = 1MPa and the domain size equals 250 pm x 250 gm. The other simulation
parameters are taken from Table (1| as 7,5 = 0.5 J/m and M = 2 x 10¥m*/(Js). The
initial grain structure is generated based on a randomized seed creation followed by a
Voronoi tesselation. To the best of our knowledge'it is not possible to derive an exact
analytical solution for this case, so we perform a classical mesh convergence study where
we reduce Ax by factors of two while keeping the amount of grid points in the diffuse
interface constant ny,, = 10 (i.e. 7 =10Ax).

Figure 11: Temporal evolutionof a polycrystalline system. The orange grain population

grows due to a positive constant driving force while at the same time all grains coarsen
to reduce interfacial energy. The physical domain is 250 x 250 um, other simulation
parameters are.taken from Table

Starting from the same initial setup, the phase evolution is first computed with PACE3D
for model formulations B0-B2 and grid resolutions of 5002, 1000%, 2000? and 40002
Based om, the results of the triple junction benchmark in section [6.2] we expect that all
models converge towards a similar microstructure with refined resolution, but model B2
should conyerge significantly faster. From the results in Fig. [0 and [10, we also expect
that allbmodel formulations exhibit a velocity error > 5% for values of ppr > 5. The
visual comparison of the grain structure for ¢ = 3ms in Fig. [12 reveals that formulation
B0 leads to a faster growth while B1 leads to a slower growth compared to model variant
B2. This is consistent with the results in Section [6.2] Furthermore, all models seem to
converge towards the same microstructure evolution as ppr becomes smaller. The two
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finest resolutions of model B2 yield almost identical results which is a hint
convergence.

: y O
5002 cells, ppp = 10 ells, ppr = 20002 cells, ppr = 2.5 40002 cells, ppr = 1.25

Figure 12: Grain structure point in time t=3ms computed with model
formulations BO-B2 implemented PACE3D at various grid resolutions.

To quantify the simulation(: s, we evaluate an effective radius R(t) = /A(t)/7
from the area A of grain population. Fig. a) shows the radial velocity

OR/0t for the dif | variants and numerical resolutions. As the number of
grid points is increased, the different model formulations converge towards the same
radial velocit hile olution still changes for models BO and B1 when going from
a grid resol 0 4000, the model formulation B2 is already converged at 2000

to co e relative deviation of OR/0t which is shown in Fig. [13| ¢). There is
little variati computation times between the different model variants at constant
owever, each doubling of the resolution leads to a 10-16 fold increase in
utation time. A factor of 16 is expected for a regular grid (4-fold increase in number
of ce d explicit time-stepping (4x smaller time step) which can be mitigated by
that for the obstacle potential all computations in bulk cells (where ¢, = 1.0,
3 =0VS # aand V¢, =0 Vo) can be skipped.
or a given accuracy limit of e.g. <5% deviation in the velocity as marked by the gray
aded area in Fig. c), model B0 requires a resolution of 4000? cells (ppr = 1.25)
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Figure 13: Comparison of model performance at various grid resolutions (a) given in
terms of radial velocity, (b) wall'time and (c) relative deviation of radial velocity with

respect to converged solution(model B2 at 40002 cells).
N

which comes at the computational cost of ¢y, = 4580s. Meanwhile, model B1 requires
a resolution of at least :2000? ¢cells (ppp = 2.5) while for model B2 a resolution of 10002
cells (ppr = 5) weuldybe sufficient. The resulting simulation time for B2 was 40.6s
which corresponds to a reduction of computational time by a factor of 113 compared to
model BO.

Finally, we compute the same polycrystalline system with MICRESS and vary the amount
of interface grid points, namely n;,; = 5 and ny,y = 10. The predicted grain structures in
Fig.|14]a) are almeost identical to the simulated results with PACE3D at high resolution.
However,,it is important to note that the prediction of polycrystalline grain evolution
is not necessarily unique, as for the dissociation of a quadruple junction into two triple
junetions two equivalent topological solutions exist. For a more quantitative comparison,
the relative deviation of effective radial velocity is plotted in Fig. b), taking the
MicRESS simulation with highest resolution and 10 interface cells as a reference. The
evaluation confirms that the converged MICRESS and PACE3D predictions are in good
agreement, while the FDC in MICRESS [20] allows for enhanced accuracy even at reduced
numerical resolution and a reduced number of interface cells. In summary, this example
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Figure 14: Polycry simulation with MICRESS at various grid resolutions with
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relative deviatio velocity. The simulation with highest resolution (40002 cells,

conclusions from the simple triple junction benchmark hold true

demons :
plex polycrystalline sample. Furthermore, the results highlight the

for the
dr c of the model formulation on the simulation accuracy, and consequently,

ore ¢

on the computational time required to achieve a given level of accuracy.

onclusion and Outlook

benchmark is presented for grain-boundary migration under the combined action of
pillary and bulk driving forces. The benchmark consists of a three-phase setup for
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which an analytical steady-state solution is derived. The solution is kept general for
arbitrary driving forces and dihedral angles.

We compare the analytical solution to phase-field simulations in a fully automated
manner using well-defined metrics such as the relative L2 error of the GBigeometry and
the relative error in the interface velocity. The comparative study covers many different
multiphase-field models and two different numerical implementationsymamely. PACE3D
and MICRESS. The post-processing framework, written in the Python programming
language, is made available as open source software. This facilitates reproducibility
of the results and allows a direct comparison with other models in the future. An
interfacial thickness study shows that although all model“variants séem to converge
to the same sharp-interface limit, the model accuracy at a finitesinterfacial thickness
can be substantially different. The error typically increases strongly with the ratio
of the absolute bulk driving force to the interface gtabilizing force, here denoted as
|ppr|. Based on these results, a model formulationtis identified that achieves superior
performance with respect to all other formulationss, This model formulation is then
further investigated. An additional convergence Study Teveals the error introduced
by a finite grid spacing and allows to ddentify the resolution required to achieve a
given accuracy goal. Two different discretization schemes are compared: A standard
finite-difference scheme and the correction introdueed in [20] which is implemented in
MicreSss. The latter approach yields“ammuch higher accuracy in most of the cases,
demonstrating its efficiency. A related approach, the so-called sharp phase-field method
[17] has also recently been applied to graim growth [I8]. It would be interesting to
benchmark this model, the formulation from [25, 26] as well as other new approaches
[14, 27, 28] with the proposed frameworkiin order to assess their efficiency and suitability
for large driving forces. Thewresults ofthe final simulation study underline the generality
of the proposed benchmark as all predictions derived from the triple junction setup
are observed as well 4in the polycrystalline case. This means that once a model
formulation has been benchmarked using the analytical triple junction example, the
model error can hé predicted purely based on the phase-field specific driving force pp.
This procedure dncreases the reliability of multiphase-field studies while making time-
consuming convergence.studies redundant.

In general, the énrrent work shows how sensitive simulation results are with respect
to slight medifications of phase-field models (e.g. all variations based on Eq. only
differ in'a singlesprefactor but show completely different accuracy (cf. Fig. ) There are
many_different model formulations in the literature based on a large number of possible
combinations of energetic terms. It is concluded that any newly proposed model, even
if 15 consists of a novel combination of existing terms, should be benchmarked before
application.
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Data availability

Simulation studies were performed using the software packages PACE31dvand MICRESS.
Software licences for Pace3D in individually compiled form and optimised for specifie
applications can be purchased from the Steinbeis Transfer Centre "Materials Simulation
and Process Optimisation (stw1272)” [42]. MICRESS is commercially available on
www.micress.de. The post-processing framework, written in the Python programming
language, is made available as open source software on github [33}s
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Appendix A. Sharp-Interface Steady-State Solution

Appendiz A.1. General solution

Eq. can be solved using integration by substitution. We first separate the variables
by dividing through the right<hand side which gives

- S N =1 (A.1)
0 (L£0g(0))?) —p (1 + (7 (7))

Integrating with respect to Zfand{substituting /() = s(Z) yields

5(2) 1
/ - - s7ds =T (A.2)
s 0 (14 s?) —p(l+s?)

We use WolframAlpha [43] to perform the integral on the left-hand side. This gives

arctan (s)

(A.3)

where T, 48 an integration constant. The boundary condition at the mirror plane
(Eq.(23)) requires 7o = 0. The second boundary condition (Eq. (24)) gives an expression
relating the GB velocity to the driving force:

P . mo et mp arctan (m) 1
—F———— | arctan arctan | —— —_— e = —.
o ]52_@2 \/1+m2\/ﬁ2—1~)2 /]52_@2 v 2

4

(A.4)

+ b tanh il + arctanh sp 7+ 7
— arctan arctan —_— =T x
7 N 2 Vit 23— 72— "
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Solving for v for a given driving force p therefore turns into a rootfinding problem. There
exist special relations ¢ = 0/p for which o can be directly obtained by a limitifrom the
equivalent expression in Eq. . These are tabulated in Table We derive lower

Table Al: Limiting interface velocities for certain special relations g = 0 /p.

q v p
—V/1+m?2 In (1 +m?) /m — 2arctan (m) —0 /T m2
-1 2 ((V1+m?2—1) /m — arctan (m)) —3 -
0 0 2myf/1 +am?
V1+m? —00 —00
1 00 00
+00 —2arctan(m) 0

and upper bounds for v under the assumption that/v incrgases monotonously with p [ﬂ]
Starting from these bounds, we then applya bracketing@algorithm implemented in SciPy
according to [44] in order to solve Eq. forsy. This routine usually converges within
a small number of iterations to reach the desired numerical accuracy. The applied lower
and upper bounds are tabulated inTable

Table A2: Derived lower andsupper bounds for the dimensionless interface velocity
depending on the driving foree. »The criticial driving forces are given by p; =
(2arctan(m) — In(1 +m?)/m)/vV1 +m2 p, = 2(arctan(m) + (1 — v/1+m?2)/m) and
Pstat = 2m/ V14 m2. Thesbounds rest on the limits tabulated in Table and the
bounds for negative p are derivedsas detailed in the Supplementary Material.

p-Interval Lower Bound () Upper Bound ()

—0c0o<p<0  min(—6arctan(m), —/(1 +m?2)p? + 6m|p|) min(—2arctan(m), V1 + m2p)

0<p<p =2 arctan(m) In(1 + m?)/m — 2 arctan(m)

D1 < P < P2 In(1 +m?)/m — 2arctan(m) 2((v/1 +m?2 — 1)/m — arctan(m))
P2 < P < Pstabd 2((VA+m?Z —1)/m — arctan(m)) 0

Dstat <D <00 20 D

After solving for 0, the solution §(Z) is numerically computed by first selecting a finite
number of slopes s between —m and m and computing the corresponding coordinate &
using Eq. . Thereafter, composite trapezoidal rule is used to compute a numerical
approximation to ¢(Z). This procedure is repeated for a number of grid refinements
(w.r.t. s) until a certain relative L?-error between the coarse and fine solution is reached.

|h Proving this seems not to be straightforward, but we think this is a reasonable assumption since an
increase in driving force should result in an increase of the velocity in the same direction.
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Appendix B. Instabilities
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Figure B1: Instable GB evolution observed for variant,PAGE3D+B1 and 6 = 60° at a
driving force of p = 10.

Although most of the simulations reach a steady-state comfiguration that is symmetric
with respect to @ = W/2, some cases develop an asymmetry that is either small
(Fig.[§(d)) or large and growing significantlyawith timed(cf. Fig. [B1). This reveals a clear
limitation of the benchmark — the vertical GB tends to move horizontally as soon as a
perturbation (e.g. due to round-offserrors) exists which in turn may lead to a violation
of the assumed symmetry. We have observedisuch cases rarely and only for p > 0. It
is worth stressing that this may complicate,the application of the benchmark in certain
practical cases. In phase-field ‘meodels, a strategy which might help suppressing this
effect is to reduce the mobility6f the vertical GB (i.e. M,z3) which hinders its movement.
However, this might induce an additional pinning effect according to Nani and Nestler
[45] depending on which formulation’is used. It should be noted that violation of the
symmetry is an artificial effegt which only exists due the simplified setup, which is absent
in most if not all real polyerystalline scenarios. Therefore, without further proof, we
consider it as a limitatiomref the benchmark rather than the model implementation.
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