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A R T I C L E I N F O A B S T R A C T

Editor: M. Doser

Keywords:
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sterile

We present the first three-parameter fit to a 3+1 sterile neutrino model using 7.634 years of data from the IceCube 
Neutrino Observatory on 𝜈𝜇 + 𝜈𝜇 charged-current interactions in the energy range 500–9976 GeV. Our analysis 
is sensitive to the mass-squared splitting between the heaviest and lightest mass state (Δ𝑚2

41), the mixing matrix 
element connecting muon flavor to the fourth mass state (|𝑈𝜇4|2), and the element connecting tau flavor to the 
fourth mass state (|𝑈𝜏4|2). Predicted propagation effects in matter enhance the signature through a resonance 
as atmospheric neutrinos from the Northern Hemisphere traverse the Earth to the IceCube detector at the South 
Pole. The remaining sterile neutrino matrix elements are left fixed, with |𝑈𝑒4|2 = 0 and 𝛿14 = 0, as they have 
a negligible effect, and 𝛿24 = 𝜋 is set to give the most conservative limits. The result is consistent with the no-

sterile neutrino hypothesis with a probability of 4.3%. Profiling the likelihood of each parameter yields the 
90% confidence levels: 2.4 eV2 <Δ𝑚2

41 < 9.6 eV2, 0.0081 < |𝑈𝜇4|2 < 0.10, and |𝑈𝜏4|2 < 0.035, which narrows the 
allowed parameter-space for |𝑈𝜏4|2. However, the primary result of this analysis is the first map of the 3+1 
parameter space exploring the interdependence of Δ𝑚2

41, |𝑈𝜇4|2, and |𝑈𝜏4|2.
1. Introduction

Over the past quarter century, anomalies observed in short-baseline 
neutrino experiments have been studied within the context of vacuum 
neutrino oscillations involving the three known flavors (𝜈𝑒, 𝜈𝜇 and 𝜈𝜏 ) 
and an additional hypothetical ‘sterile neutrino’ (𝜈𝑠) that has no left-

handed weak interactions. This “3+1” model predicts three related sig-

natures: 𝜈𝜇 → 𝜈𝑒 appearance, 𝜈𝑒 disappearance, and 𝜈𝜇 disappearance. 
While supporting evidence for anomalous oscillations have been found 
in short-baseline 𝜈𝜇 → 𝜈𝑒 appearance [1,2] and 𝜈𝑒 disappearance [3,4]

experiments, no evidence has been found for 𝜈𝜇 disappearance [5,6]. 
Further, other 𝜈𝜇 → 𝜈𝑒 appearance [7,8] and 𝜈𝑒 disappearance [9–11]

experiments fail to observe anomalous oscillations, and inconsistencies 
3

between all datasets lead to tensions within the “3+1” model [12–15].
Neutrino telescopes offer an alternative method to probe for the 𝜈𝜇
disappearance signal using atmospheric muon-flavor neutrino interac-

tions at TeV-scale energies. For these events, theoretical studies of 3+1 
models predict, along with vacuum oscillations, a resonance signature 
induced by matter propagation effects on the 𝜈̄𝜇 flux traversing the Earth 
which cause a deficit of “up-going” events [16–21]. While the resonance 
signature will appear in the 𝜈𝜇 flux, current gigaton-scale high energy 
(≳1 TeV) neutrino telescopes cannot efficiently differentiate between a 
𝜈𝜇 and 𝜈𝜇 interaction, and so measure the combined (𝜈𝜇 + 𝜈𝜇) rate. Fur-

ther, due to sparse instrumentation, the oscillation signature is highly 
smeared in reconstructed energy. However, the matter resonance effect 
may be sufficiently strong that neutrino telescopes still have the sensi-

tivity to explore a wide range of 3+1 model parameter space. Among 

existing neutrino telescopes, the IceCube Neutrino Observatory, a cubic-
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Fig. 1. Left: This oscillogram shows 𝜈𝜇 disappearance while propagating through the Earth, as a function of true neutrino energy and direction, assuming Δ𝑚2
41 =

4.5 eV2, |𝑈𝜇4|2 = 0.03 and |𝑈𝜏4|2 = 0.0. Center: This oscillogram demonstrates how the 𝜈𝜇 disappearance changes with the non-zero value of |𝑈𝜏4|2 = 0.1. Right:

This oscillogram shows the 𝜈𝜇 → 𝜈𝜏 appearance once |𝑈𝜏4|2 has been set to the non-zero value.
kilometer neutrino detector buried 1.5–2.5 km beneath the South Pole 
in the Antarctic glacier [22], is both the largest and longest running 
experiment. Therefore, it is the most promising in this search for new 
physics.

2. Muon flavor disappearance in IceCube and the 3+1 model

The 3+1 model parameterization introduces a new singlet state 𝜈𝑠
and a new mass state 𝜈4. The flavor mixing is described by expanding 
the PMNS 3-flavor mixing matrix to a 4 × 4 mixing matrix 𝑈3+1 that 
connects the flavor states (𝜈𝑒, 𝜈𝜇 , 𝜈𝜏 , and 𝜈𝑠) to the mass states (𝜈1, 𝜈2, 
𝜈3, and 𝜈4):

𝑈3+1 =
⎛⎜⎜⎜⎝
𝑈𝑒1 𝑈𝑒2 𝑈𝑒3 𝑈𝑒4
𝑈𝜇1 𝑈𝜇2 𝑈𝜇3 𝑈𝜇4
𝑈𝜏1 𝑈𝜏2 𝑈𝜏3 𝑈𝜏4
𝑈𝑠1 𝑈𝑠2 𝑈𝑠3 𝑈𝑠4

⎞⎟⎟⎟⎠
. (1)

The matrix elements can be parameterized in terms of three new mixing 
angles (𝜃14, 𝜃24 and 𝜃34) and two new 𝐶𝑃 -violating parameters (𝛿14
and 𝛿24). Within this multi-parameter model, three parameters, |𝑈𝜇4|2, |𝑈𝜏4|2, and Δ𝑚2

41, will most affect IceCube’s TeV-scale muon-neutrino 
disappearance search. This paper focuses on those parameters and sets 
the other parameters to |𝑈𝑒4|2 = 0, 𝛿14 = 0, and 𝛿24 = 𝜋.

Setting |𝑈𝑒4|2 (or, equivalently, the mixing angle 𝜃14) to zero is well-

justified since the atmospheric neutrino flux in the TeV energy range has 
an electron-flavor content of less than 10% [23,24]. As a result, con-

tributions to muon flavor events involving |𝑈𝑒4|2, which would come 
mainly from 𝜈𝑒 → 𝜈𝜇 oscillations, can be safely neglected [25–27]. With |𝑈𝑒4|2 = 0, the 𝐶𝑃 -violation term 𝛿14 no longer contributes and is arbi-

trarily set to zero.

In a matter-enhanced disappearance search, 𝛿24 is expected to pro-

duce a minimal effect in the analysis for two reasons. First, at energies 
above 500GeV, the lower bound of this analysis, 𝛿24 is sub-leading to 
the other parameters [27]. Second, non-zero 𝛿24 weakens the disappear-

ance of the 𝜈𝜇 flux while simultaneously strengthening the disappear-

ance of the 𝜈𝜇 flux, partially canceling out the effect to the overall 𝜈𝜇
+ 𝜈𝜇 flux. However, since the 𝜈𝜇 cross-section is larger than the 𝜈𝜇
cross-section, the overall 𝜈𝜇 + 𝜈𝜇 event rate will slightly increase (i.e., 
the disappearance will weaken) with increasing 𝛿24 . Therefore, the most 
conservative choice is to fix 𝛿24 to the value that produces the weakest 
4

oscillation effect, 𝛿24 = 𝜋, which our sensitivity studies confirm.
With the above assumptions, IceCube TeV-scale muon-flavor disap-

pearance analyses depend upon two mixing matrix elements related to 
two mixing angles:

|𝑈𝜇4|2 = sin2 𝜃24 (2)

|𝑈𝜏4|2 = sin2 𝜃34 cos2 𝜃24. (3)

Terms depending on |𝑈𝜏4|2 have a smaller effect than those that de-

pend on |𝑈𝜇4|2. Therefore, previous matter-enhanced IceCube analyses 
have assumed 𝜃34 = |𝑈𝜏4|2 = 0 [28–30], reducing the model to only two 
parameters and improving the speed of fits to data. However, as the 
precision of the IceCube data set has been enhanced through increased 
statistics (a factor of 15 between Ref. [28] and Refs. [29,30]) and better 
estimation of systematic uncertainties, the effect of a non-zero |𝑈𝜏4|2
must now be studied.

Fig. 1 presents ‘oscillograms’ illustrating how the atmospheric neu-

trino flux changes for some representative sterile neutrino mixing pa-

rameters. The left plot shows 𝜈𝜇 disappearance as a function of true 
neutrino energy and direction, assuming a particular value of Δ𝑚2

41
and |𝑈𝜇4|2, while keeping |𝑈𝜏4|2 = 0. The neutrino’s direction serves 
as a proxy for the distance and amount of matter it traversed between 
creation and arrival at the IceCube detector. The direction is given by 
cos(𝜃𝑧), where 𝜃𝑧 is the zenith angle. In these coordinates, cos(𝜃𝑧) = −1
corresponds to “up-going” events that traverse the Earth’s diameter, 
while cos(𝜃𝑧) = 0 are events coming from the horizon. For the cho-

sen values of Δ𝑚2
41 and |𝑈𝜇4|2, the sterile-induced signature is the 

resonant deficit localized in direction and energy at cos(𝜃𝑧) ≈ −1 and 
𝐸𝜈 ∼ 104 GeV. These disappearing neutrinos primarily oscillate into the 
sterile 𝜈𝑠 state. The middle plot shows how the oscillogram changes 
further when introducing a non-zero |𝑈𝜏4|2. The 𝜈𝜇 resonant disappear-

ance is smeared lower in energy and becomes more up-going. In this 
scenario, there is also significant 𝜈𝜇 → 𝜈𝜏 appearance that further mod-

ifies the observed signal, as seen in the right plot.

As seen in Table 1, the present limits on |𝑈𝜏4|2 apply in restricted 
Δ𝑚2

41 ranges where rapid oscillations cause the experiments to be in-

sensitive to this parameter, reducing the analyses to two-parameter fits 
in |𝑈𝜇4|2 and |𝑈𝜏4|2, which are correlated. This motivates the present 
study to simultaneously improve our knowledge of all three parame-

ters, Δ𝑚2
41, |𝑈𝜇4|2, and |𝑈𝜏4|2. This letter will present frequentist and 
Bayesian results that characterize these parameters.
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Table 1

Summary of previous limits on |𝑈𝜏4|2 at the 90% (99%, if avail-

able) confidence level and the applicable Δ𝑚2
41 range where 

the predicted oscillation is sufficiently fast to be effectively av-

eraged over. In these analyses there is a dependence between |𝑈𝜏4|2 and |𝑈𝜇4|2 values, thus the applicable |𝑈𝜇4|2 parameter 
space for these constraints is also limited.

Experiment [Ref.] |𝑈𝜏4|2 at 90% (99%) CL Δ𝑚2
41

IceCube-DeepCore [31] < 0.15 > 1 eV2

Super-Kamiokande [32] < 0.18 (0.23) > 0.1eV2

T2K [33] < 0.50 > 0.1 eV2

ANTARES [34] < 0.40 (0.68) > 0.5eV2

3. Event selection and analysis

The analysis considers a muon deficit within the combined atmo-

spheric and astrophysical muon-flavor neutrino and antineutrino fluxes. 
The selection is dominated by the atmospheric flux that is initiated 
through cosmic ray interactions with the Earth’s atmosphere. To gen-

erate the atmospheric flux, IceCube uses the MCEq software [23], which 
takes a specific cosmic ray model as input and produces the resulting 
flux, calculated according to a particular hadronic interaction model. 
We use the Hillas-Gaisser 2012 H3a cosmic ray model [35] with the 
SIBYLL 2.3c hadronic interaction model [36]. The flux further depends 
on the Earth’s atmospheric density profile, obtained from data from the 
AIRS instrument on NASA’s Aqua satellite [37].

The prompt atmospheric component originates from the decays of 
charmed mesons produced by cosmic ray interactions. These heavier 
hadrons decay before substantial energy loss, resulting in a harder spec-

trum than the ‘conventional’ flux discussed above. We use the expected 
flux derived in Ref. [38] as input. A prompt atmospheric component has 
yet to be identified in IceCube, with a 1 𝜎 upper limit found at a fac-

tor of ∼5 greater than the baseline model used [39]. Within the energy 
range of interest for this analysis, the prompt component is expected to 
contribute less than 1% to the overall event rate.

The astrophysical neutrino flux was first measured by IceCube [40,

41,39], and is fit by an isotropic, falling power-law spectrum:

𝑑𝑁𝜈

𝑑𝐸
=Φastro ×

(
𝐸𝜈

100TeV

)−𝛾astro

, (4)

where Φastro is the normalization for a single neutrino flavor and charge 
(i.e., either 𝜈 or 𝜈̄) and 𝛾astro is the spectral index. This analysis is not 
sensitive to the details of the spectral shape of the astrophysical neutrino 
flux. However, Φastro and 𝛾astro are included as nuisance parameters with 
central values and correlated priors chosen according to a combined fit 
of the results of Refs. [39,42,43]. The central values used are Φastro =
0.787 ×10−18 GeV−1 sr−1 s−1 cm−2 and 𝛾astro = 2.5. The analysis assumes 
equal flavor content (𝜈𝑒:𝜈𝜇 :𝜈𝜏 ::1:1:1) and equal 𝜈/𝜈̄ flux.

In a 3+1 model, the resonance occurs as the neutrinos propa-

gate through the Earth’s matter. The effects of the parameters, |𝑈𝜇4|2, |𝑈𝜏4|2, and Δ𝑚2
41, are calculated using the neutrino propagation soft-

ware nuSQuIDS [44], which adopts the neutrino mixing matrix [45]

and the interaction cross-section [46] relevant at these energies to model 
coherent and incoherent interactions, including tau neutrino regenera-

tion [47].

An example of the effect that the existence of a sterile neutrino would 
have on the oscillations was discussed earlier and shown in Fig. 1 as a 
function of true neutrino energy 𝐸𝜈 and true neutrino direction cos(𝜃𝑧). 
The Earth’s density as a function of radius is taken to follow the PREM 
model [48].

Neutrino interactions are detected using the IceCube Neutrino de-

tector located at the geographic South Pole. For a detailed description 
of the apparatus, see Ref. [22]. Upgoing charged-current (CC) muon 
(anti)neutrino interactions that occur below and within the IceCube de-

tector are identified via muon tracks observed in the detector. Tracks 
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are reconstructed [49,50] based on emitted Cherenkov light collected 
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by ‘Digital Optical Modules’ (DOMs) [51] arranged in two hexagonal ar-

rays. The main array comprises 78 strings, each carrying 60 DOMs with 
17 m spacing, separated by 125 m. The DeepCore [52] subdetector, an 
8-string array with variable string-spacing between 42 m and 72m and 
vertical DOM separation of 7m, is also used in this analysis.

This analysis follows recent TeV-scale IceCube 3+1 analyses [29,

30,53] in the event selection and reconstruction procedure. A total of 
305,735 track-like events, selected to have reconstructed energy be-

tween 500GeV and 9976GeV, were collected over a live time of 7.634 
years between May 2011 and May 2019. Tracks are selected so their 
reconstructed direction is within −1 ≤ cos(𝜃𝑧) ≤ 0, where cos(𝜃𝑧) = −1
corresponds to upgoing tracks and cos(𝜃𝑧) = 0 to events at the hori-

zon. Even at the horizon, the matter traversed corresponds to 124 km
of water-equivalent overburden at the top of the detector. Hence, upgo-

ing tracks are likely to originate from muon-neutrino interactions near 
the detector rather than from atmospheric muons penetrating through 
the Earth. The selected sample is therefore expected to be composed 
of >99.9% 𝜈𝜇 +𝜈𝜇 CC events [30]. Since the event selection includes 
events that originate outside of the detector as well as tracks that exit the 
detector, the muon energy resolution is 𝜎

(
log10(𝐸𝜇)

)
∼ 0.5. However, 

the combination of long track lengths of (1 km) and large detector size 
allows direction reconstruction to better than 1◦ [49,54]. Of the events 
in the selection, we expect ∼20% of events to originate from the bedrock, 
which lies approximately 362m below the bottom of the detector.

Simulated neutrino interaction points are chosen and weighted us-

ing the LeptonInjector and LeptonWeighter software [55], re-

spectively. For different sterile neutrino models, LeptonWeighter
reweights each simulated event by the oscillated neutrino flux out-

putted by nuSQuIDS. After selecting a neutrino interaction point, the 
secondary products are propagated through the rock and ice using the

PROPOSAL software [56].

The 𝜈𝜏/𝜈𝜏 CC interactions will create 𝜏−/𝜏+ that can decay lep-

tonically to 𝜇−/𝜇+, producing tracks in the sample. While the direct 
production of tau-neutrinos in the dominant atmospheric flux is very 
low, nonzero |𝑈𝜏4|2, i.e. nonzero 𝜃34 (Eq. (3)), allows for non-negligible 
𝜈𝜇 → 𝜈𝜏 appearance above 500GeV. Tau neutrinos also contribute to the 
astrophysical flux. Past matter-induced IceCube sterile neutrino analy-

ses [29,30] did not simulate tau-flavor contributions. For this analysis, 
𝜈𝜏/𝜈𝜏 simulations were produced and PROPOSAL was modified to ac-

count for the 𝜏 polarization when decaying into a 𝜇. A separate 𝜈𝜏
interaction cross-section is not needed, as mass effects at energies far 
above the 𝜏-lepton mass are negligible. For the sterile hypothesis param-

eters used in Fig. 1, 𝜈𝜇 → 𝜈𝜏 appearance contributes an additional 2% 
of tracks in the upward direction, while contributing negligible events 
from the horizon.

The systematic uncertainties adopted in this analysis have been de-

tailed in previous IceCube analyses [29,30,53]. The list appears in Ta-

ble 2. The eighteen parameters fall into four categories: conventional 
atmospheric flux parameters, detector parameters, astrophysical neu-

trino flux parameters, and cross-section parameters. In the analysis, 
different values for the systematic parameters modify the weights for the 
simulated events. No uncertainties were placed on the Standard Model 
neutrino oscillation parameters.

The majority of these nuisance parameters concern the conventional 
atmospheric flux. Two parameters quantify the uncertainty in the cosmic 
ray flux. The first is an overall normalization factor 𝑁 , while the second 
is a spectral shape correction term Δ𝛾conv. applied as

Φ(𝐸𝜈 ;Δ𝛾conv.) =𝑁 Φconv.(𝐸𝜈)
(

𝐸𝜈

2.2TeV

)−Δ𝛾conv.
, (5)

where Φconv. is the nominal conventional neutrino flux and Δ𝛾conv.
is centered at zero. The only significant change from previous analy-

ses [29,30,53] was to extend the prior on the cosmic ray spectral slope 
width Δ𝛾conv. from 0.03 to 0.25, to accommodate deviations from the 
Hillas-Gaisser 2012 H3a cosmic ray model spectrum recently observed 

in the rigidity region of interest 𝐸 = 103 GeV − 104 GeV [57].
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Table 2

The list of systematic uncertainties used in this anal-

ysis. The second column provides their central val-

ues and prior widths, while the third column gives 
the best-fit value pulls from the central value. As-

terisks indicate correlated priors. Atmospheric flux 
parameterizations involving WP through ZM are de-

fined in Ref. [30].

Systematic Parameter Prior Pull(𝜎)

Conventional Flux Parameters

Normalization (𝑁) 1.00 ± 0.40 0.51

Spectral shift (Δ𝛾conv.) 0.00 ± 0.25 0.44

Atm. Density 0.00 ± 1.00 -0.03

WP 0.00 ± 0.40 -0.13

WM 0.00 ± 0.40 -0.06

YP 0.00 ± 0.30 -0.35

YM 0.00 ± 0.30 -0.04

ZP 0.00 ± 0.12 -0.02

ZM 0.00 ± 0.12 0.01

Detector Parameters

DOM Efficiency 0.97 ± 0.10 -0.02

Hole Ice (p2) -1.00 ± 10.00 -0.23

Ice Gradient 0 0.00 ± 1.00* 0.10

Ice Gradient 1 0.00 ± 1.00* 0.09

Astrophysics Parameters

Normalization (Φastro.) 0.787 ± 0.36* 0.99

Spectral shape (Δ𝛾astro.) 2.50 ± 0.36* 0.92

Cross Section Parameters

Cross Section 𝜎𝜈𝜇 1.00 ± 0.03 -0.00

Cross Section 𝜎𝜈𝜇 1.000 ± 0.075 0.02

Kaon Energy Loss 𝜎𝐾𝐴 0.00 ± 1.00 -0.13

Another six conventional flux nuisance parameters vary the meson 
production rate in the hadronic interactions between cosmic rays and 
the Earth’s atmosphere. The six parameters correspond to the uncertain-

ties for kaon productions in different sectors of the interaction kinematic 
phase space, as described in Ref. [58]. The six parameters are labeled 
in Table 2 as WP, WM, YP, YM, ZP, and ZM. The first letter for each 
label (W, Y, Z) corresponds to the kinematic phase space where the un-

certainty is applied (see Fig. 2 in Ref. [58]), and the second letter (M, P) 
defines whether that uncertainty is applied to the negatively (M) or pos-

itively (P) charged meson. Of the remaining uncertainties in Ref. [58], 
they either correspond to low energy interactions (<30 GeV) or to pion 
interactions. They are found to be negligible for this analysis, since the 
neutrino flux above (100 GeV) is primarily produced through kaon de-

cays [30].

A final conventional flux parameter quantifies uncertainties in the 
Earth’s atmospheric density profile.

Detector uncertainties account for another four nuisance parameters. 
The first uncertainty is the DOM efficiency, which accounts for uncer-

tainties both in the DOM response as well as uncertainties in bulk ice 
properties that uniformly affect the detection of photons throughout the 
detector. The second uncertainty pertains to the refrozen ice immedi-

ately surrounding the DOM strings. This parameter, labeled “Hole Ice 
(p2)” in Table 2, is more thoroughly described in Ref. [30].

Two further parameters are implemented for the uncertainties and 
non-uniformities of the bulk ice of the Antarctic glacier. As described 
in Ref. [59], the depth dependence of the bulk ice property can be ex-

pressed in terms of a Fourier decomposition. The effect of these Fourier 
modes can be parameterized by two basis functions, and the amplitudes 
of these basis functions are implemented as systematic parameters [30]. 
In Table 2, they are labeled as “Ice Gradient 0” and “Ice Gradient 1.”

Two nuisance parameters are included to vary the normalization and 
spectral shape of the astrophysical neutrino flux given in Equation (4).

Finally, three cross-section nuisance parameters are included. Two 
6

are for uncertainties in neutrino and antineutrino interactions, and one 
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last parameter is for kaon interaction cross-section uncertainties as they 
propagate through the Earth’s atmosphere.

Plots showing how the expected event rate changes as a function of 
the systematic parameters are included in Appendix A.

Two analyses were conducted: a frequentist parameter estimation 
and a Bayesian model comparison. In both cases, the physics parameters 
are sampled in a three-dimensional grid in (Δ𝑚2

41, |𝑈𝜇4|2, |𝑈𝜏4|2)-space. 
The parameter bounds and step sizes are:

Δ𝑚2
41 ∈ [0.1,50] eV2 in steps of 0.1 in log10(Δ𝑚2

41),|𝑈𝜇4|2 ∈ [0.001,0.5] in steps of 0.1 in log10(|𝑈𝜇4|2),|𝑈𝜏4|2 ∈ [0.001,0.5] in steps of 0.2 in log10(|𝑈𝜏4|2).
The abstract and conclusion state the frequentist result.

The data are binned in two dimensions: reconstructed cosine of the 
zenith angle, cos(𝜃𝑧), and log10 of the reconstructed muon energy, 𝐸. 
The reconstructed zenith is bounded between cos(𝜃𝑧) = −1 and cos(𝜃𝑧) =
0, with 20 bins of width Δ cos(𝜃𝑧) = 0.05. The reconstructed muon en-

ergy is bounded between 500GeV and 9976GeV, in 13 bins of width 
Δ log10(𝐸∕GeV) = 0.1.

A likelihood is constructed

(𝜃, 𝜃𝜂) =eff (𝜃, 𝜃𝜂)Π(𝜃𝜂), (6)

where (𝜃, ⃗𝜃𝜂) is the likelihood as a function of the fitted physics param-

eters 𝜃 = {Δ𝑚2
41, |𝑈𝜇4|2, |𝑈𝜏4|2} and systematic parameters 𝜃𝜂 . eff is a 

modified Poisson distribution to account for limited Monte Carlo statis-

tics in estimating an expected event rate [60]. Systematic parameters 
are incorporated by factoring in a prior likelihood for each parameter, 
Π(𝜃𝜂), assuming a normal distribution with a given central value and 
width.

For the frequentist analysis, the systematic uncertainties are ac-

counted for by using the profile likelihood at each tested physics point

prof ile(𝜃) = max
𝜃𝜂

(𝜃, 𝜃𝜂)Π(𝜃𝜂) (7)

To construct confidence regions, we use the test statistic

TS(𝜃) = −2Δ logprof ile(𝜃) (8)

= −2(logprof ile(𝜃) − logprof ile(
̂⃗
𝜃)), (9)

where ̂⃗𝜃 is the physics parameter point that maximizes prof ile .
We also perform a Bayesian analysis, where we calculate the 

Bayesian ‘evidence’ at each physics point

(𝜃) = ∫ 𝑑𝜃𝜂(𝜃, 𝜃𝜂)Π(𝜃𝜂), (10)

and compare it to the evidence of the null model. The ratio between the 
evidence at some physics parameter point and the evidence at the null 
gives the Bayes factor

(𝜃) = (𝜃 =Null)
(𝜃) , (11)

which quantifies the preference for the null model over the alternative 
model. The integral in Equation (10) is calculated using the MultiNest
algorithm [61].

To test our event selection and reconstruction, we compare our se-

lected events with model expectations. Fig. 2 shows the observed events 
in reconstructed energy (top) and reconstructed direction (bottom) ver-

sus the no-sterile model, shown in blue. When the data are collapsed 
to a single dimension the analysis loses sensitivity to the expected ster-

ile signal, therefore providing a test of the predicted event rate without 
biasing the physics results. Fig. 2 shows, in orange, the expected distri-

bution from the best-fit sterile model discussed in the next section. As 

a goodness-of-fit test, when we run 2000 pseudo-experiments for this 
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Fig. 2. The 1D distribution of events selected as a function of reconstructed 
energy (top) and direction (bottom). Overlaid with the data are the expected 
distributions from the no-sterile null model (blue) and the best-fit sterile neu-

trino model (orange). The data points include error bars, which are too small to 
be observed. The ratio of the data to the best-fit model expectation is also pre-

sented.

best-fit sterile model, we find that the 1D data distributions fall within 
expectation for the energy distribution with a p-value of 31%, and for 
the zenith distribution with a p-value of 39%.

4. Results and discussion

For the frequentist analysis, the best-fit point is found at Δ𝑚2
41 =

5.0 eV2, |𝑈𝜇4|2 = 0.032, and |𝑈𝜏4|2 = 0.010. The 99%, 95%, and 90% 
confidence level (CL) regions of the fit are shown in Fig. 3, assuming 
Wilks’ theorem and three degrees of freedom for a subset of the |𝑈𝜏4|2
range sampled. In addition, the 99% CL median sensitivity is shown, 
calculated using 300 pseudo-experiments assuming the no-sterile hy-

pothesis. The colored bands show where the middle 68.27% and 95.45% 
of the simulated 99% CLs lie. The expected 𝜈𝜇 → 𝜈𝜇 disappearance and 
𝜈𝜇 → 𝜈𝜏 appearance oscillograms for the best-fit point can be found in 
Appendix B.

As a goodness-of-fit test, pseudo-experiments were run with the best-

fit parameters injected as the true hypothesis. For each of these pseudo-

experiments, the likelihood at the injected point prof ile(𝜃injected) was 
calculated to obtain a distribution with which to compare the observed 
likelihood at the best-fit point. This comparison finds that the observed 
data are within expectation, with a p-value of 87%. A similar exercise, 
with the null model as the injected and fitted parameter point, gives a 
7

p-value of 75%.
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The best-fit nuisance parameters are all within 1𝜎 of their associated 
nominal values, as listed in the third column of Table 2. This can be 
indicative of an overestimation of the systematic priors.

Fig. 4 is helpful in understanding the best-fit 3+1 model. The left 
plot shows the bin-by-bin ratios between the predicted event rates at the 
best-fit point and at the null hypothesis. One can think of this prediction 
as the oscillogram smeared by uncertainties but without statistical vari-

ations expected in data. The characteristic deficit at low cos 𝜃𝑧 that one 
associates with the resonance in a non-zero |𝑈𝜏4|2 model is evident. An 
arc that results from the 𝐿∕𝐸 dependence of vacuum oscillations, which 
appears in all 3+1 models, can be observed at higher values of cos 𝜃𝑧.

In the proceeding plots in Fig. 4, we show pulls, where we define the 
pull of model 𝑁 relative to model 𝑀 as

Pull(𝑁 ;𝑀) = 𝐸(𝑁) −𝐸(𝑀)√
𝐸(𝑀)

, (12)

where 𝐸(𝑁) is the expected event rate for model 𝑁 . We can also mea-

sure the pull of the data 𝐷 relative to a model so that 𝐸(𝐷) in the above 
equation is the measured event rate.

The middle plot in Fig. 4 presents the predicted pull, bin-by-bin, 
between the null hypothesis and the best-fit hypothesis, emphasizing 
the bins that have the most statistical power in distinguishing the two. 
The right plot shows the difference between the absolute values of 
the pull of the data from either hypothesis, i.e., |Pull(data; best f it)| −|Pull(data; null)|. If we think of |Pull(data;N)| as a measure of the 
disagreement of the data from model 𝑁 , then |Pull(data; best f it)| −|Pull(data; null)| highlights (in red) which bins have better agreement 
with the best-fit model compared to the null model. These bins are most 
strongly contributing to the test statistic −2Δ log.

The test statistic found at the best-fit versus the no-sterile hypotheses 
point gives a −2Δ log = 6.9. According to Wilks’ theorem, with three 
degrees of freedom, the sterile hypothesis is favored over the null hy-

pothesis with a probability of 7.5%. However, pseudo-experiments can 
be conducted in order to calculate a more accurate probability with-

out relying on Wilks’ theorem. With 1000 simulations, we obtain a 
preference for the sterile hypothesis over the null hypothesis of 4.3%, 
corresponding to a 2𝜎 significance, as reported in the abstract and con-

clusion.

We can compare this to the result of a traditional 3+1 fit that as-

sumes |𝑈𝜏4|2 = 0. If we restrict |𝑈𝜏4|2 = 0, we find the best-fit to be 
Δ𝑚2

41 = 5.0 eV2 and |𝑈𝜇4|2 = 0.025, with −2Δ log = 4.7. Assuming 
Wilks’ theorem, this gives a consistency with the null hypothesis of 10%, 
in agreement with pseudo-experiment simulations, and corresponding 
to 1.7𝜎 significance.

Accurately determining preferred regions without relying on Wilks’ 
Theorem by using pseudo-experiments, as in Fig. 3, would require hun-

dreds of simulations to be run at each sampled physics parameter point; 
this is computationally unfeasible. Instead, we ran simulations at a se-

lection of parameter points, described in Appendix C. This study found 
that assuming Wilks’ theorem with three degrees of freedom provides 
similar or more conservative exclusions at the 99%, 95% and 90% CL. 
To reduce the computational overheads, we draw these confidence re-

gions assuming Wilks’ theorem.

To compare to other experiments, we profile over Δ𝑚2
41 and com-

pare contours in the (|𝑈𝜇4|2, |𝑈𝜏4|2) parameter space. We show these 
comparisons in Fig. 5. The 90% CL contours are shown in the lower left 
panel. We see that, in this 2D space, the present analysis gives com-

plementary coverage to other experiments. The upper left and far right 
panels in Fig. 5 show the −2Δ log distribution when (Δ𝑚2

41, |𝑈𝜏4|2) 
and (Δ𝑚2

41, |𝑈𝜇4|2), respectively, have been minimized over. The grey 
lines show the −2Δ log critical values for the 90% and 99% CL at one 
degree of freedom. For |𝑈𝜇4|2 and |𝑈𝜏4|2, the 90% (99%) CL ranges for 
our analysis are
0.0081<|𝑈𝜇4|2 < 0.10 (|𝑈𝜇4|2 < 0.16)
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Fig. 3. The 99% (dotted lines), 95% (solid lines), and 90% (dashed lines) CL regions for a selection of |𝑈𝜏4|2 values tested, where the best-fit is marked with the 
black star (★). The contours are drawn assuming Wilks’ theorem with three degrees of freedom as this is a three-dimensional fit. The assumption of Wilks’ theorem 
results in the null hypothesis being allowed within the 95% CL. Pseudo-experiments, on the other hand, show that the sterile hypothesis is preferred over the null at 
4.3%. The colored bands show where the middle 68.27% (green) and 95.45% (yellow) of simulated 99% CLs for no signal lie.

Fig. 4. Left: Ratio of the expected event rate for the best-fit hypothesis over the null hypothesis, bin-by-bin, in the log10(𝐸) versus cos(𝜃𝑧) plane. Middle: Statistical 
pulls of the best-fit predicted event rate compared to the null expectation, bin-by-bin. Right: Difference between the absolute value of the pull of the data from the 
null hypothesis, and the absolute value of the pull of the data from the best-fit hypothesis. Red bins indicate where the data are in better agreement with the best-fit 
hypothesis, than with the null hypothesis; these are the bins driving the fit to the best-fit hypothesis point.
|𝑈𝜏4|2 < 0.035 (|𝑈𝜏4|2 < 0.48).

One sees that the −2Δ log distribution is relatively shallow. Thus, the 
best-fit is not strongly preferred over a wide range of values in matrix 
element space. Therefore, while some matrix element combinations are 
disfavored by other experiments, other parameter combinations remain 
viable.

The best-fit Bayes factor, relative to the null, is log10 () = −1.4 at 
8

Δ𝑚2
41 = 5.0 eV2, |𝑈𝜇4|2 = 0.040, and |𝑈𝜏4|2 = 0.0063. With our sam-
pling, this point is adjacent to the best-fit frequentist point. Following 
Jeffreys’ scale [62], this corresponds to a “strong” preference over the 
null model. Fig. 6 shows the Bayesian fit across a subset of sampled 
values of |𝑈𝜏4|2. The black star indicates the point with the greatest 
evidence.

The Bayesian and frequentist fits have different interpretations. 
Bayesian credible regions indicate our expectation that the model pa-

rameters are at a given value. Frequentist confidence regions are con-
structed to have a specified prior probability (the confidence level) of 
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Fig. 5. Comparison of the 90% CL contour of this analysis to Super-Kamiokande 
(SK) [32], IceCube-DeepCore (DeepCore) [31], and ANTARES [34]. Since other 
experiments do not perform a 3D fit over (Δ𝑚2

41, |𝑈𝜇4|2, |𝑈𝜏4|2), results are 
profiled over Δ𝑚2

41 to allow the comparison (bottom left). The hatched lines 
indicate the area which is excluded by the respective experiment. For ANTARES, 
the horizontal line at |𝑈𝜏4|2 = 0.003 indicates the lower bound of that analysis. 
The top (right) plot shows our test statistic distribution when all parameters 
but |𝑈𝜇4|2 (|𝑈𝜏4|2) have been profiled over. The relatively shallow −2Δ log
distributions indicate the best-fit point (star) is not strongly favored within the 
wide allowed range. The two gray lines mark the 90% and 99% critical values 
for Wilks’ theorem in one dimension.

Table 3

Summary of the three-parameter-fit results. The results 
from the fequentist and Bayesian studies identify consis-

tent parameter regions of interest.

Fit Param. Frequentist Bayesian

Δ𝑚2
41 5.0 eV2 5.0 eV2|𝑈𝜇4|2 0.032 0.040|𝑈𝜏4|2 0.010 0.0063

−2Δ log = 6.9 (𝑝 = 4.3%) log10 = −1.4

including the true parameter values. A summary comparing the results 
of the Bayesian and frequentist fits can be found in Table 3.

IceCube does not expect a substantial increase in statistical strength 
in the near future because another decade would be required to dou-

ble the data set; nevertheless, future improvements to the analysis are 
possible. The IceCube Upgrade [63] that will come online in the next 
few years is focused on increasing detector efficiency at energies below 
that used in this analysis. While this upgrade will improve the under-

standing of the ice properties, the events it can detect will not lie in 
the energy range of interest for this specific analysis. Therefore, near-

future improvements to this study need to focus on the expansion of 
the data set, such as the inclusion of cascade event signatures [64] and 
improved event reconstruction in the relevant energy range by, for ex-

ample, separating events that begin within the detector from events that 
start outside of the detector.

5. Conclusion

This paper has presented the first sterile-neutrino analysis that fits 
9

simultaneously for Δ𝑚2
41, |𝑈𝜇4|2, and |𝑈𝜏4|2 in a 3+1 sterile model. Our 
Physics Letters B 858 (2024) 139077

study uses 305,735 IceCube muon-track events, originating from 𝜈𝜇 and 
𝜈𝜏 CC interactions, produced below and within the detector with ener-

gies between 500GeV and 9976GeV. The frequentist best-fit parameter 
point is at Δ𝑚2

41 = 5.0 eV2, |𝑈𝜇4|2 = 0.032, |𝑈𝜏4|2 = 0.01, and preferred 
over the null hypothesis (three-neutrino) with a probability of 4.3%. 
The Bayesian result identifies preferred regions localized on parameter 
values consistent with the frequentist confidence limits, demonstrating 
a consistent picture.

As seen in Fig. 5, our result is consistent with other experiments when 
the analysis is reduced to two parameters, |𝑈𝜇4|2 and |𝑈𝜏4|2, through 
profiling in order to enable comparison. However, information is lost 
when one reduces to these parameters because the full 3+1 model pre-

dicts dependence on Δ𝑚2
41 in the range of 1 to 10 eV2, as can be seen 

in the three-parameter fits presented in Fig. 3. Hence, experiments that 
by design average over this range of Δ𝑚2

41 lack essential sensitivity. Our 
result, therefore, illustrates the importance of expanding to three param-

eters fits for Δ𝑚2
41, |𝑈𝜇4|2, and |𝑈𝜏4|2 to test the 3+1 model, particularly 

for experiments that do not suffer fast oscillations for Δ𝑚2
41 in the 1–10 

eV2 range.
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Fig. 6. The Bayes Factor for a selection of |𝑈𝜏4|2 values tested. The Bayes Factor at each point is calculated with respect to the null model. The point with the most 
significant Bayes Factor is marked with the black star (★).
Table C.4

Summary of the Wilk’s coverage test at a selection of sam-

pled points.

Sampled Point Coverage, assuming Wilks’ CL

(Δ𝑚2
41, |𝑈𝜇4|2 , |𝑈𝜏4|2) 90% 95% 99%

(0,0,0) 93.9+0.8−0.8% 97.7+0.5−0.6% 99.4+0.2−0.4%

(5,0.03,0.01) 89.0+1.4−1.6% 95.2+1.0−1.2% 99.6+0.3−0.5%

(1.0,0.0063,0.10) 93.4+1.1−1.3% 97.4+0.7−0.9% 99.2+0.4−0.6%

(10,0.16,0.0016) 92.4+1.2−1.4% 96.8+0.8−1.0% 99.6+0.3−0.5%

Appendix A. Systematic parameter effects on event rate

Fig. A.7 shows how the expected reconstructed event rate changes 
when the given systematic parameter is shifted up by 1𝜎.

Appendix B. Oscillogram at best-fit point

Fig. B.8 shows the oscillograms for 𝜈𝜇 → 𝜈𝜇 disappearance and 𝜈𝜇 →

𝜈𝜏 appearance at the best-fit point of Δ𝑚2
41 = 5.0 eV2, |𝑈𝜇4|2 = 0.032, 

and |𝑈𝜏4|2 = 0.010.

Appendix C. Wilks’ vs. frequentist coverage tests

The analysis presents confidence limits based on Wilks’ theorem with 
three degrees of freedom. In order to test the validity of this assumption, 
frequentist “spot-checks” were performed. In this study, simulations 
were fit to obtain a sampled −2Δ log distribution. We report the re-

sults in Table C.4, where each column gives the true coverage found 
through simulations, which should be compared to the coverage at the 
defined Wilks’ theorem confidence levels of 90%, 95% and 99%.

Data availability
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Data may be made available upon request.
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Fig. A.7. Each plot shows the ratio of the expected event rate when each systematic parameter is shifted up by 1𝜎 over the expected event rate with nominal 
systematic parameter values. All plots are made assuming the no sterile neutrino model.
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Fig. B.8. Top: The expected 𝜈𝜇 → 𝜈𝜇 disappearance oscillations at the best-

fit point of Δ𝑚2
41 = 5.0 eV2, |𝑈𝜇4|2 = 0.032, and |𝑈𝜏4|2 = 0.010. Bottom: The 

expected 𝜈𝜇 → 𝜈𝜏 appearance at the same best-fit point.
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