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1 Introduction

In 1916 Albert Einstein predicted the existence of gravitational waves (GW) [1]. These

ripples in space are caused by movements of large masses in space [2]. Since the first

prediction of GW, the aim existed to develop a measurement system, capable of measuring

GW. LASER interferometers of the first generation LIGO and Virgo have been developed

which were theoretically sensible enough to measure GW [3]. Updating the existing

LASER interferometers, have improved the sensitivity to about ca. 100Hz. In 2015 the

second generation of LASER interferometers LIGO and Virgo successfully detected GW

for the first time [2].

The Einstein Telescope (ET) is a third generation GW detector, which is currently

undergoing research and development [4]. ET combines a high frequency (HF) and low

frequency (LF) LASER interferometer. Where the senstivity ranges are 30Hz to 10 kHz for

ET-HF and 3Hz to 30Hz for ET-LF [5]. To reach the sensitivity requirements of ET-LF,

the thermal noise introduced by the Brownian motion of the ET-LF payload needs to be

minimised. This is accomplished by operating the mirrors at cryogenic temperatures, in

the range of 10 K to 20 K [4].

The sensitivity within the ET-LF in the frequency range below 10Hz is limited by the

suspension thermal noise, therefore the cryogenic operation of the system indispensable

[6].The use of suspension material which has low dissipation characteristics have to be

used. Additionally these suspensions have to have a high thermal conductivity at the target

temperatures. A baseline design for the cryogenic ET-LF payload has been conducted in

[6]. The designs include two possible concepts in [6]. One concept is based on the use

of monolithic silicon or sapphire suspension and the other concept involves the use of

a titanium suspension tube, filled with super fluid helium (He-II) [6]. The mechanical

dissipation properties of the monolithic suspensions cannot be modelled sufficiently, to the

required sensitivity and thus have to be measured. Furthermore the mechanical dissipation

properties of He-II are unknown and therefore require intricate measurement as well

[7]. A conceptual design of a cryostat called GRAVITHELIUM has been presented in

[7]. GRAVITHELIUM enables the investigation of full scale monolithic suspension and

suspension tubes. The conceptual design of the GRAVITHELIUM cryostat is presented in

figure 1.1.

The cryostat dimensions include a stainless steel vacuum vessel, with a diameter of 1.5m

and a height of 3m [7]. The internal components are cooled via a pulse tube cryocooler

[7]. A radiation shield is connected to the cryocooler first stage. To the colder second

stage of the cryocooler, a helium tight test chamber is connected, which serves as a second

radiation shield [7]. The test chamber has a diameter of 1.2m and a height of 2m. This

allows for the measurement of full scale suspensions deployed in the ET-LF payload. The

marionette suspensions have a length of 1m and the mirror suspensions have a length of

1



1 Introduction

Figure 1.1: Conceptual design of the GRAVITHELIUM cryostat for the first experimental

campaign, with a sample under mechanical load courtesy of X. Koroveshi

1.2m [6, 7]. The helium tight test chamber allows the setup to be cooled via helium as a

contact gas.

The measurements will be conducted in two separate measurement campaigns. The

first phase involves the investigation of mechanical dissipation of monolithic suspension

fibres and empty suspension tubes in a temperature range of 3K to 300K. These experi-

ments will be conducted with and without mechanical loads applied to the investigated

suspension [7]. The second involves the investigation of mechanical dissipation of He-II

filled suspension tubes in a temperature range below 2.17K. With a He-supply system

introduced, providing the He-II to the suspension tubes. This system is mechanically

isolated from the measurement cryostat.

The mechanical dissipation is a characteristic of a system. Hence the system supporting

the investigated suspensions has to be designed in way to not be a limiting factor to the

low mechanical dissipation properties of the suspensions [7, 8, 9, 10].

In the scope of this work a generalised design approach has been developed, implemented

as finite element method tool, which allows for the investigation of complex geometries.

The developed generalised design approach, to the sample support structure capable of

conducting dissipation measurements,includes the definition of key parameters which can

be adjusted and resulting parameters can be assessed. The outline of the general design

approach is a modal analysis of the sample types, which conclude the relevant natural

frequencies for the dissipation measurements. A design of a sample support system is

2



designed. Based on previous designs, which hav e been published in literature, certain

aspects of existing sample support structures have been taken into account and were

adjusted to be suitable for the investigated suspension fibres in GRAVITHELIUM. The

system is adapted to support the various sample types included in this work. And a

subsequent estimation on the dissipative behaviour of the sample support structure is

modelled. With this systematised approach, it can be validated, that the sample support

structure does not limit the dissipation mechanism of the suspension under investigation.
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2 Theoretical Background

In this section the theoretical groundwork to model and understand the physical relations

of pendulum and continuous systems is presented. Furthermore numerical approaches to

model the presented system and their analytical counterparts are presented to both model

and validate their results.

2.1 Physical Solid Properties and Temperature Dependency

Mechanical properties of materials depend to varying degrees on the temperature which

have to be assessed before dimensioning the components experiencing cryogenic tem-

peratures [11]. The figure 2.1 shows a typical stress strain curve for an arbitrary ductile

material which is typically measured applying a tensile force [11]. Stress 𝜎 is defined as

the axial force 𝐹 normalised to the cross sectional area 𝐴 [11]:

𝜎 = 𝐹/𝐴 (2.1)

Strain 𝜖 is defined s the change in length Δ𝐿 normalised to the initial length 𝐿 [11]

𝜖 = Δ𝐿/𝐿 (2.2)

Multiple relevant material properties can be deducted from the stress strain relation used

to dimension mechanical components. The linear region in figure 2.1 is the so called elastic
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Figure 2.1: Arbitrary stress strain curve, based on [11]
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2 Theoretical Background

region meaning the deformation goes back to its origin after releasing the tensile force.

Further applying the tensile force causes plastic deformation. The transition between

elastic and plastic regime is not a specified point but rather a zone. Hence the yield strength
𝜎y is typically given as the stress at which the remaining permanent plastic deformation is

0.2 % after realising the tensile force. Further applying tensile force leads the material to

its ultimate strength 𝜎u. After which necking, meaning the cross sectional area decreases

and subsequently fracture occur [11]. For brittle materials such as sapphire and silicon

relevant to this work 𝜎y and 𝜎u are approximately the same value.

The slope of the elastic region yields the Young’s modulus 𝐸:

𝜎 = 𝐸𝜖 (2.3)

The Young’s modulus is determined by the forces between atoms in a crystal lattice [12].

As these forces vary mildly with respect to temperature in solids, the Young’s modulus

increasing mildly towards the higher values at lower temperatures. This effect can be seen

in the figure 2.2.

Figure 2.2 shows the behaviour of the Young’s modulus for titanium [11] and for

monolithic silicon in the crystallographic <100> direction [12]. Monocrystalline materials

such as silicon and sapphire are anisotropic, meaning material properties such as the

Young’s modulus, are dependent on the orientation of the crystallographic plane. Thus the

Young’s modulus is expressed as a fourth order tensor [14] and the stress strain relation

ship is expressed as shown in eq. 2.4 [14].

𝜎𝑖 𝑗 = 𝐸𝑖 𝑗𝑘𝑙𝜖𝑘𝑙 (2.4)

Due to the symmetry of silicon cubic crystal of the elasticity tensor reduces to [14]

0 100 200 300

165

166

167

168

𝑇 / K

𝐸
/
G
p
a

a) Silicon <100>

0 100 200 300

105

115

125

135

𝑇 / K

𝐸
/
G
p
a

b) Titanium

Figure 2.2: Temperature dependency of<Si100> [12] and Titanium [13]
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2.1 Physical Solid Properties and Temperature Dependency

𝐸𝑖 𝑗𝑘𝑙 =

𝐶11 𝐶12 𝐶12 0 0 0

𝐶12 𝐶11 𝐶12 0 0 0

𝐶12 𝐶12 𝐶11 0 0 0

0 0 0 𝐶44 0 0

0 0 0 0 𝐶44 0

0 0 0 0 0 𝐶44

(2.5)

The components within matrix𝐶𝑖 𝑗 are called elasticity coefficients which are dependant on

temperature but not on orientation of the crystal. Due to the crystal being symmetrical and

cubic the elasticity matrix is fully described by the three temperature dependent elasticity

coefficients 𝐶11, 𝐶12 and 𝐶44. The temperature dependant elasticity coefficients for silicon

are given by [15]. For sapphire which has a symmetric hexagonal crystal structure the

elasticity matrix is shown eq. A.2 and the elasticity coefficients are given by [13].

As seen in figure 2.1 applying a tensile force beyond the elastic limit of a material leads

to plastic deformation. As plastic deformation is typically unwanted in a system, the yield

strength 𝜎𝑦 is used as a physical limitation, dimension components. The yield strength is

dependent on both the material deployed and additionally the manufacturing method (eg.

if the material was annealed, alloyed, hardened etc.) [11]. The yield strength generally

increases at lower temperatures [11]. To dimension the diameter 𝑑 of a circular suspension,

to which a mechanical load is applied the equation is given by:

𝑑 = 𝑆𝐹

√︄
4𝑚𝑔

𝜎y𝜋
(2.6)

As 𝜎y is temperature dependent, the components are dimensioned for the temperature

at which 𝜎y is at its minimum. In order to provide a conservative engineering design of

the system, a safety factor of 𝑆𝐹 = 3 is applied [6].

The table below shows explicit values for 𝐸, 𝜎𝑦 and density 𝜌 at 300K and 20K for

selected materials relevant to this work. It can be seen that the Young’s modulus varies

∼10 % within the temperature span increasing at lower temperatures for all materials.

Whereas it can be seen that the temperature dependency of 𝜎y depends strongly on the

material deployed.

Table 2.1: Young’s modulus, yield strength and density of sample material.

Quantity Silicon Sapphire Titanium

300 K 3K 300K 3K 300K 3K

E / GPa 127 [12] 130 [12] 460[16] 506 [16] 115 [11] 127[11]

𝜎𝑦 /MPa 200 [17] 230 [17] 360 [16] 400 [16] 400 [11] 1200

[11]

𝜌 /kgm
−3

2330 [6] 3980[6] 4540[6]
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2 Theoretical Background

2.2 Energy Dissipation in Vibrating Systems

In order to account for damping in a vibrating system, the Young’s modulus can be regarded

as a complex quantity by introducing an imaginary restoring property [18]. The ratio

between real and imaginary part of 𝐸 is called the loss angle 𝜙[18]. The Young’s modulus

can the be expressed as [19]:

𝐸 = 𝐸0 [1 + 𝑖𝜙 (𝑓 )] (2.7)

Where 𝐸0 is the materials Young’s modulus, 𝑖 is the complex unit and 𝑓 is the frequency.

Each material is associated with its loss angle. The vibration characteristics of a system is

characterised by a single loss angle 𝜙system [19]. Thus a multiple of factors influence the

loss angle of a system, which can be categorised as intrinsic and extrinsic factors. Intrinsic
factors are mostly dependent on material and geometry, whilst extrinsic factors depend on

the external factors. These factors are summed and form the total loss angle 𝜙system. For a

suspension system, which are discussed in the scope of this work, 𝜙system ios given as [7]:

𝜙system(𝑓 ) = 𝜙bulk + 𝜙thermoelastic + 𝜙suface + 𝜙extrinsic (2.8)

Where 𝜙bulk are losses associated with the bulk material. Theses losses are mainly

dependent on the structural composition and defects in the material lattice, as well as

temperature [18]. The thermoelastic losses 𝜙thermoelastic arise from local temperature

gradients due to local compression and expansion in the material, inducing a heat flux

associated with entropy production [20]. The thermoelastic loss can be calculated by:

𝜙themoelastic =
𝐸𝑇

𝜌𝑐p

(
𝛼 − 𝜎

𝛽

𝐸

)
2
(

2𝜋 𝑓 𝜏

1 + (2𝜋 𝑓 )2

)
(2.9)

where 𝛼 is the linear expansion coefficient, 𝛽 is the thermal elastic coefficient, 𝑐p is the

specific heat capacity and 𝜏therm is the thermal diffusion time and is given as:

𝜏therm =
𝑑2𝜌𝑐p

13.55𝜆
(2.10)

for circular suspension, where 𝜆 is the thermal conductivity of the suspension material

[21]. The surface losses 𝜙surface are associated with energy dissipation, mainly attributed

to the surface quality of the material [9]. The extrinsic losses 𝜙extrinsic for suspensions

are mainly associated with the energy dissipation, due to the system in which they are

suspended, e.g. stress due to a suspended mass, clamping or recoil. The extrinsic losses,

bulk and surface losses cannot be modelled. However the loss angle of the system 𝜙system,

can be defined via a measurement of the so called Quality factor. The 𝑄-factor is defined
as the inverse of the loss angle at resonance frequency 𝑓0 of vibrating systems [22].

𝑄 = 𝜙 (𝑓0)−1 (2.11)

For suspension in GW applications the 𝜙suspension is typically assumed, to not be depen-

dent on frequency, within the sensitivity bandwidth of the GW-detector [23]. However it

is highly dependent on temperature [24].

8



2.2 Energy Dissipation in Vibrating Systems

Table 2.2: 𝑄-factors for silicon, sapphire and Titanium at two diffrent temperatures

silicon sapphire Titanium

Q(300 K) 1 × 10
5
[25] 5 × 10

4
[8] 2 × 10

1
[26]

Q(3 K) 1 × 10
8
[9] 1 × 10

8
[6] 1 × 10

6
[26]

Measuring the 𝑄-factor is conducted by actuating the suspension at its resonance

frequency, by a sinusoidal force [22]. Once the suspension reaches a sufficiently large

starting amplitude 𝑎0 the actuating is stopped and the suspension continues to vibrate

on its own. The sum of 𝜙intrinsic and 𝜙extrinsic will cause the amplitude of the vibration to

decrease and an exponential ring down of the free decaying amplitude 𝑎(𝑡) over time 𝑡 is

detected[24]

𝑎(𝑡) = 𝑎0𝑒
− 𝑡
𝜏
decay

(2.12)

Once the measured amplitude reaches
𝑎0
𝑒
the value of the decay time 𝜏decay can be deter-

mined and used to calculate the 𝑄-factor. [24].

𝑄 = 𝜋 𝑓0𝜏decay (2.13)

From eq. 2.13 the temperature dependency is given via the temperature dependency of

the natural frequency and decay time 𝜏decay.

The table 2.2 shows typically measured 𝑄-factors for suspensions considered in GW-

detector applications.

From table 2.2 the general trend of the Q factor rising at lower temperatures can be seen.

Furthermore all the above listed material are known as high𝑄-factor materials, having low

intrinsic dissipation properties. Hence designing a system capable of measuring intrinsic

low dissipative behaviour, has to be conducted with minimising the extrinsic dissipation

𝜙extrinsic.

As described above the extrinsic contribution of the loss angle cannot be modelled.

Therefore a method is defined, with which the total systems energy dissipation can be

estimated. For the 𝑄- measurements the the suspension is vibrating freely at its natural

frequency. The deformation of the suspension causes elastic energy within the material,

which is also called strain energy. The strain energy density is denoted by 𝑢 [J/m3
][23].

Energy dissipation is assumed to occur at maximal deflection. At the maximal deflection

of the suspension, the strain density becomes maximal and is denoted as 𝑢max. Integrating

𝑢max and the loss angle of the suspension yields the dissipated energy per unit time𝑊diss

[23]:

𝑊diss = 2𝜋 𝑓𝑈suspension𝜙suspension(𝑓 ) = 2𝜋 𝑓

∫
𝑢max(𝑟, 𝑓 )𝜙 (𝑟, 𝑓 )𝑑3𝑟 (2.14)

Eq. 2.14 shows the energy dissipation is dependent on the integral strain𝑈suspension of

the suspension and the integral loss angle of the suspension 𝜙suspension. Eq. 2.14 can be

formulated for each component of an assembly. By integrating 𝑢max,j of each component

yields 𝑈j and integrating the the strain density of the entire system 𝑢max,system over the

entire system yields 𝑈system. The energetic contribution of each component to the total

9



2 Theoretical Background

strain energy is the integral strain ratio which is defined as: 𝑈 𝑗/𝑈system. Multiplying the

integral strain ratio to the anticipated loss angle, defines the strain weighted loss angle.

The system loss angle 𝜙system can be calculated by summation of strain weighted loss

angles of each component shown in eq. 2.15 [17, 8, 27].

𝜙system =
∑︁
𝑗

𝜙 𝑗

𝑈 𝑗

𝑈system

= 𝜙suspension
𝑈suspension

𝑈system

+ 𝜙clamping

𝑈clamping

𝑈system

+ . . . (2.15)

Where 𝑗 represents a component of the assembly. As a consequence of 𝑄 relating

to the energy dissipation of a suspension. Eq. 2.15 the strain weighted loss angle is to

be optimised in an assembly, when measuring energy dissipation mechanisms of low

dissipative materials. As certain loss angle contributions cannot be modeled beforehand,

such as surface losses or bulk losses, the values for 𝜙 𝑗 , have to be taken from literature.

2.3 Analytical Analysis

Pendulum systems are characterised by a mass suspended from a fixed point oscillating

due to the effect of gravity or other forces. To analytically calculate the natural frequency

of pendulum systems, the elasticity of the suspension can be assumed to have no effect

and the suspended mass being assumed a point mass. The natural frequency can be

then calculated by applying Newton’s laws governing the equation of motion of a simple

pendulum, given by [28]:

¥𝜃 + (𝑔/𝐿)𝑠𝑖𝑛(𝜃 ) = 0 (2.16)

where 𝜃 is the angular displacement, 𝑔 is the gravitational acceleration and 𝐿 is the length

of the pendulum.

For small angular displacements the small angle approximation 𝑠𝑖𝑛(𝜃 ) ≈ 𝜃 can be applied

[28]. The natural frequency 𝑓 can then be calculated by the following equation.

𝑓 =
1

2𝜋

√︁
𝑔/𝐿 (2.17)

Accounting for elasticity of the suspension and moment of inertia of the suspended mass,

the system cannot be analytically described as shown in [29]. The mathematical equations

for a pendulum system then becomes an elaborate differential equation, with multiple

resulting natural frequencies as shown in [29]. Figure 2.3 shows the existing characteristic

mode shapes for a pendulum system as defined in [29].

Figure 2.3 shows the mode shapes occurring in pendulum systems when elasticity and

moment of inertia are regarded and presents their nomenclature used in this work. Notably

the pendulum mode depicted is the mode calculated by eq. 2.17 all other modes occur due

to the moment of inertia and elasticity of the suspension [29]. As presented in [19] the

energy of a vibrating pendulum is split in a elastic energy, which is associated with losses

and a potential energy , which is not associated with losses [19]. The elastic energy 𝐸elastic
due to the deformation in the pendulum suspension is given by

10



2.3 Analytical Analysis

a) pendulum mode b) rocking mode

c) 1st violin mode d) 2nd violin mode

Figure 2.3: Pendulum system mode shapes adapted from [29]

𝐸elastic =
1

2

(
𝑚𝑔

2𝐿

√︄
𝐸𝐼

𝑚𝑔𝐿2

)
𝑢2 (2.18)

Where𝑚 is the suspended mass, 𝐸 represents the Young’s modulus and 𝐼 is the moment

of inertia of the suspension. The potential energy 𝐸𝑝𝑜𝑡 for a pendulum system is given by

[19]

𝐸pot =
1

2

𝑚𝑔

𝐿
𝑢2 (2.19)

The ratio between the potential and elastic energy is represented in the dilution factor
𝐷 [19]. For a cylindrical cross section for the suspension the dilution factor is given by

𝐷 =
𝐸𝑒𝑙

𝐸𝑝𝑜𝑡
=

𝑑2

16𝐿

√︄
𝐸𝜋

𝑚𝑔
(2.20)

Where 𝑑 represents the diameter of the suspension, 𝐿 is the suspension length, 𝐸 being

the Young’s modulus of the suspension material,𝑚 representing the suspended mass and

𝑔 being the gravitational acceleration.

Using the dilution factor the loss angle of a pendulum system can be calculated as

presented in [6] as

𝜙pend = 𝜙suspension𝐷 (2.21)

The dissipative behaviour of a suspension is therefore reduced when configured as a

pendulum system. Thus the dilution factor serves as an estimation tool for a loss amplitude

of a pendulum system. A dilution factor of 𝐷 << 1 suggests the majority of the systems

11



2 Theoretical Background

energy is stored as lossless potential energy, meaning the resulting loss of a suspension

system can be greatly lowered when designed as a pendulum system [19].

Analytically describing the vibration behaviour of beams contrasts the method of

analytically describing pendulum systems. In order to analytically evaluate the natural

frequencies and mode shapes of continuous media, such as beams, the Bernoulli Euler

beam theory can be ascribed to vibrating structures [30].

Using the associated sets of assumptions of the Euler-Bernoulli beam theory yields the

differential equation of motion [30]:

𝜕4𝑈 (𝑥)
𝜕𝑥4

− 𝜔2
𝜌𝐴

𝐸𝐼
𝑈 (𝑥) = 𝑝 (2.22)

Where 𝐸 represents the Young’s modulus, 𝐼 represents the area moment of inertia, 𝑈

represents the transversal displacement of the beam, 𝜔 is the angular frequency, 𝜌 is the

material density, 𝐴 represents the cross sectional surface area and 𝑝 represents the load

applied to the beam.

As there is no load applied when calculating the natural frequencies and mode shapes

𝑝 = 0, yielding an ordinary fourth order differential equation which can be solved by a

characteristic function with the eigenvalue 𝜆 [30]. Solving the characteristic equation

yields the eigenvalue with which in turn the natural frequency can be determined by:

𝜔 = 𝜆2

√︂
𝜌𝐴

𝐸𝐼
(2.23)

In order to determine the characteristic function describing the motion of the beam the

appropriate boundary conditions (BC) for the beams need to be applied to the following

equation which can be derived from eq. 2.22 as shown in [30]:

𝑈 (𝑥) = 𝐷1 exp−𝜆(𝐿 − 𝑥) + 𝐷2 exp−𝜆𝑥 + 𝐷3𝑐𝑜𝑠 (𝜆𝑥) + 𝐷4𝑐𝑜𝑠 (𝜆𝑥) (2.24)

As there are multiple options to physically support the beam at the ends 𝑥𝑒 possible BC

are [30]:

• Free-end where transversely shear and the bending moments vanish

𝜕2𝑈 (𝑥𝑒)
𝜕𝑥

= 0;

𝜕4𝑈 (𝑥𝑒)
𝜕𝑥

= 0 (2.25)

• Simple-end where displacement and bending moment vanish

𝑈 (𝑥𝑒) = 0;

𝜕2𝑈 (𝑥𝑒)
𝜕𝑥

= 0 (2.26)

• Fixed-end where the displacement and its spatial variant vanish

𝑈 (𝑥𝑒) = 0;

𝜕𝑈 (𝑥𝑒)
𝜕𝑥

= 0 (2.27)
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Figure 2.4: Beam mode shapes for arbitrary frequencies and lengths for both boundary

condition cases

Two of these BCs are relevant in this work. Namely the fixed-free boundary conditions

and fixed-fixed BC. For the BC set of fixed- free the characteristic equation𝜓 :

𝜓 (𝑥) = (1 + 𝑒−2𝜆𝑥 )𝑐𝑜𝑠 (𝜆𝑥) + 2𝑒−𝜆𝑥 (2.28)

Setting 𝑥 = 𝐿 and 𝜓 = 0 in eq. 2.28 the eigenvalues 𝜆𝑛 can be computed as eq. 2.28

has multiple solutions which can be computed by solving the equation with standard

numerical methods e.g. the Newton-Raphson-method [30]. These eigenvalues 𝜆 can in

turn yield the natural frequencies using eq. 2.23. The mode shapes𝑈 (𝑥) when applying

this set of BC are determined by calculating the factors 𝐷1 − 𝐷4 from eq. 2.24.

For the BC set of a fixed-fixed beam the characteristic equation resulting from this is:

𝜓 (𝑥) = (1 + 𝑒−2𝜆𝑥 )𝑐𝑜𝑠 (𝜆𝑥) − 2𝑒−𝜆𝑥 (2.29)

By Setting 𝑥 = 𝐿 and 𝜓 = 0 in eq. 2.29 the eigenvalues for 𝜆 can be acquired and

consequently used in eq. 2.24 to find the associated mode shapes. The following figure

shows the mode shapes for an arbitrary first natural frequency for the relevant sets of

boundary conditions used in this work.

Figure 2.4 shows the first three mode shapes for both sets of BC presented. The plots

were normalised to yield an arbitrary maximum displacement of 1m however this is only

done to represent their shape. In order to calculate the magnitude with which a beam

system would react to a given load a so called frequency response analysis needs to be

conducted which is shown in section.

2.4 Numerical Analysis

In real world applications often geometries are more complex than a beam or pendulum

system and the equations of motion cannot be solved by the methods described in section

13



2 Theoretical Background

2.3. In order to model complex geometries, the Finite Element Method (FEM) is applied

where the complex geometric domain is divided, in sub domains called elements. The

elements are connected at nodes for which the equation of motions are solved. FEM is

the principal computational tool for structural dynamics. In general the FEM is a way to

numerically approximate the solution of partial differential equations (PDE). The geometric

domain is divided up in a number of elements simplifying the geometry, over which the

state quantities have to be computed. This is done by introducing so called base functions

[30]. Where for example a function𝑢 being the state quantity of a PDE can be approximated

by using a linear combination of basis functions
ˆ𝛽 , there fore resulting in:

𝑢 ≈
∑︁
𝑖

𝑢𝑖 ˆ𝛽𝑖 (2.30)

where 𝑢𝑖 is the coefficient of the basis functions
ˆ𝛽𝑖 which can be any type of function

suitable for the regarded case. Gaining the numerical solution to a PDE via the FEM can

be divided into four major steps [31]:

1. Spatial discretisation: The complex geometric domain is divided up in a finite number

of elements together make up the so called mesh. For 3-D analysis the most common

element shapes is cuboid or tetrahedral. These elements are connected at nodes. The

mesh represents the geometry of the problem. The mesh refinement is of importance

when the detailed solution need to be known locally.

2. Element equations: The algebraic equations for the physical problem are defined

which can in turn be solved for the known shape of an element. The quantities

are calculated at the node points and basis functions in eq. 2.30 are deployed to

interpolate in between nodes.

3. Assembly of element equations and solution: The algebraic equations are assembled in

matrix form. Boundary and/or initial conditions are applied to the domain and the

solutions are obtained iteratively. As these matrices can become quite large special

algorithms are deployed in order to solve the equations.

4. Convergence and error estimate: With each iteration the solution of the numerical

approximation converges to the true solution of the PDE. However errors remain due

to spatial approximation of the domain, approximation of the solution and numerical

computation such as round-off errors [31].

Assembling the algebraic equations for each node of the mesh yields a matrix operation.

For structural dynamic analysis performed in this work the equation of motion in matrix

form is given by:

M¥̂𝑈 + C¤̂𝑈 + K𝑈 = 𝐹 (2.31)

Where M is the mass matrix, C is the damping matrix, K is the stiffness matrix, F is

the known applied force vector to the system and 𝑈 is the displacement vector at the

nodal points. The matrices M, C, K are determined by the basis functions as shown in

[30]. As described earlier the number of elements in these matrices can become large

as they correspond to the number of degrees of freedom at each node of the mesh. The
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2.5 Vibrating Signals

commercial FEM software COMSOL
®
uses the ARPACK package in order to solve for large

scale eigenvalue problems [32].

To solve eq. 2.31 a set of boundary conditions (BC) have to be imposed. A Dirichlet

condition, meaning the value of quantity is fixed at the boundary:

𝑈 = 𝐶𝐵𝐶1 (2.32)

A Neumann condition, where the derivative of a quantity is constant in the normal

direction.

𝜕𝑈

𝜕𝑛
𝑈 = 𝐶𝐵𝐶2 (2.33)

Applying these BC to the domain and setting F = 0, eq. 2.31 can be solved for the natural

frequencies of the domain [22]. This is done under the assumption of no damping (C = 0).

The resulting matrix formulation of the PDE eq. 2.31 can be solved by an eigenvalue

formulation leading to the equation:

𝑑𝑒𝑡 (M−1K − 𝜆I) = 0 (2.34)

Where I denotes the identity matrix. Solving for the eigenvalues 𝜆 in eq. 2.34 yield the

natural frequencies and their mode shape in analogue fashion to the analytical method

shown in section [22]. However the mode shapes do not contain sufficient information

on reaction of the system to a given vibrating load. There are multiple types of vibrating

loads, the response of a system is calculated according to the type of vibration. These

relations are further explained in the following section.

2.5 Vibrating Signals

Vibrating signals can be categorised in three different types. Periodic signals, which repeat

themselves with a period 1/𝑓 , random signals, which at each time instant are independent

of values at other instants and transient signals, which have a limited duration [22]. Figure

2.5 shows this visualised.

To this work only the periodic and random vibration signals are relevant. Periodic

signals are characterised by sinusoidal functions. [22].

Signals

Random

𝑆𝑥𝑥 (𝑓 ) =
∫ ∞
−∞ 𝑅𝑥𝑥 (𝑡)𝑒−𝑖2𝜋 𝑓 𝑡𝑑𝑡

Transient

𝑥 (𝑡) = 𝐴𝑒−𝑎𝑓 𝑡𝑠𝑖𝑛(2𝜋 𝑓 𝑡)

periodic

𝑥 (𝑡) = 𝐴𝑠𝑖𝑛(2𝜋 𝑓 𝑡 + Φ)

Figure 2.5: Signal types with the respective mathematical description of the signals, high-

lighted are the signal types relevant to this work
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2 Theoretical Background

2.5.1 Frequency Response Analysis

Assuming a sinusoidal load actuates the system in eq. 2.31, the force is given as brandt2023noise:

𝐹 (𝑡) = 𝐴𝑠𝑖𝑛(2𝜋 𝑓 𝑡 + Φ) (2.35)

Where 𝐹 (𝑡) is a load, Φ denotes the phase shift and 𝐴 represents the amplitude of the

signal. Such a sinusoidal signal can be used to actuate the system at a set frequency

𝑓 , which forces the system to respond. The response of a system to a sinusoidal in the

frequency domain can be modeled with the so called frequency response analysis [22].

To analyse the response of a Laplace transformation in the time domain is applied to eq.

2.31 [22]

[𝑠2M + 𝑠C + K]𝑈 (𝑠) = 𝐹 (𝑠) (2.36)

where 𝑠 is the Laplace operator. All matrices in eq. 2.36 are known. The only unknown

quantity in this equation is the displacement vector𝑈 (𝑠), thus a relationship between the

input signal and the output signal can be established as [22]:

𝐻 (𝑠) = 𝑈 (𝑠)
𝐹 (𝑠) = [𝑠2M + 𝑠C + K] (2.37)

Hence the transfer function of a system is only dependent on the known wuantities:

mass matrix M, elasticity matrix K and damping matrix K. The displacement of a system

as a reaction to a known force can therefore be computed by rearranging eq. 2.37 to yield

the displacement vector𝑈 (𝑠). Applying a Fourier transformation to the transfer function,

which is in the time domain, the frequency response which is in the frequency domain

can be acquired [22]. The frequency response is defined as:

𝐻 (𝑓 ) = 𝑈 (𝑓 )
𝐹 (𝑓 ) (2.38)

Formulating the frequency response has the advantage over the transfer function, to

calculate the systems response to sinusoidal loads for a set frequency range.

When applying the equation of motion eq. 2.31 to a pendulum system the frequency

response is given as [22]:

𝐻 (𝑓 ) = 1/𝑘
1 − (𝑓 /𝑓𝑛)2 + 𝑖2𝑐 (𝑓 /𝑓𝑛)

(2.39)

Where 𝑘 is the spring constant of the suspension and 𝑐 is the relative damping factor.

The eq. 2.39 is normalised to the natural frequency 𝑓0. Further examining eq. 2.39 it

becomes evident that the frequency response of the system would approach infinity, if the

relative damping factor is set to zero. To prevent this, damping is set a damping factor to

0.02 [28]. The figure below shows an arbitrary frequency response of a pendulum system

of eq. 2.39 with 𝑐 = 0.02 in a graph:

The system shown in fig. 2.6 has a nearly constant response at low frequencies scaling

with 1/𝑘 . Only close to the natural frequency the response becomes significant and reaches

a maximum at 𝑓0, beyond the natural frequency the displacement will reach very small
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Figure 2.6: Arbitrary Frequency response of a single degree of freedom system

displacements, due to the denominator of eq. 2.39 increasing. Evident from both eq. 2.39

and fig. 2.6 the frequency of a system only depends on intrinsic characteristics such as

the mass matrixM, damping matrix C and elasticity matrix K. When the amplitude 𝑎 of

the sinusoidal load from eq. 2.35 is known the explicit displacement of the system can be

computed.

2.5.2 Random Vibration Analysis

Figure 2.5 shows the second type of vibrations relevant to this work are random vibrations.

A random signal contains all its characteristic frequencies statistically, opposed to periodic

signals, which oscillate at a set period 1/𝑓 . This means a random signal contains all

frequencies simultaneously and has to be defined in a spectrum. The so called power

spectral density (PSD) is introduced, which enables the extraction of relevant oscillating

quantities, e.g., displacement, force, pressure, etc. at discrete frequencies [22]. The PSD is

extracted from a time series of a measured time series.

On the basis of a measured time series of a signal, detailed time related information, can

be extracted via the so called auto correlation function 𝑅𝑥𝑥 (𝑡). The auto correlation relates

a measured quantity at a given time to the same measured quantity at a shifted time [33].

To convert the time related information to the frequency domain a Fourier transformation

is performed on the auto correlation function, which yields the PSD:

𝑆𝑥𝑥 (𝑓 ) =
∫ ∞

−∞
𝑅𝑥𝑥 (𝑡)𝑒−𝑖2𝜋 𝑓 𝑡𝑑𝑡 (2.40)

where 𝑆𝑥𝑥 (𝑓 ) is the PSD, 𝑖 is the imaginary unit and 𝑓 is the frequency.

In vibration analysis the most popular type of PSD is the displacement PSD, where the

state quantity is the displacement having the units (m
2/Hz) depicted in a spectrum shown

in figure is the square root of the dispalcement PSD 2.7.
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Figure 2.7: Displacement PSD, where

√︁
𝑆𝑥𝑥 (𝑓 ) = 𝑢PSD, of a Sumitomo cryocooler [34]

As the signal is of statistical nature, the root mean square (RMS) values is given to

describe a state quantity within a specific frequency range. In order to calculate the root

mean square (RMS) value of the state quantity, such as 𝑢RMS is given by the area under the

PSD in the frequency interval [33]:

𝑢RMS =

√︄∫ 𝑓2

𝑓1

𝑆𝑥𝑥 (𝑓 )𝑑 𝑓 (2.41)

The response of a system actuated with a random input signal is calculated analogue as

described for the case of sinusoidal actuation with the difference the amplitude of the

actuating force being variable with frequency and due to the statistical nature of the signal

input, the response is given as an RMS value.
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3 Setup and Boundary Conditions

GRAVITHELIUM test facility will have two major experimental campaigns measuring the

𝑄-factor. The first campaign involves monolithic suspension fibres and empty suspension

tubes [7]. The second measurement campaign focuses on the He-II filled suspension tubes.

The samples will have a length of ca. 1m and a diameter in the range of 8mm to 9mm.

The measurements will be conducted in a temperature range of 300 K to 2 K [7]. A cryostat

design has been outlined by Koroveshi et al. [7]. The design involves an outer vacuum

chamber which is 3m in height and 1.5m in width. Within the vacuum vessel there is

a radiation shield cooled to ∼ 70K by the first stage of a pulse tube PT-425 cryocooler

from CRYOMECH
®
. Attached to the cryocooler’s colder second stage is a helium tight

test chamber functioning both as a radiation shield and a test chamber cooled down to ca.

3 K [7].

The test facility will conduct two major experimental campaigns, depicted in figures 3.1

and 3.2. The first experimental campaign involves the measurement of energy dissipation

of monolithic suspension fibres and empty suspension tubes. These measurements will be

conducted for mechanically unloaded and loaded samples [7]. The second measurement

campaign involves the investigation of dissipation mechanisms in the He-II filled suspen-

sion tube. The experimental campaigns conducted of the test facility are summarised in

two phases corresponding to experimental campaigns: [7]

• Phase-I: loss angles measurement of unloaded and loaded samples. The samples

in this phase are monolithic suspension fibres and empty suspension tubes. The

measurements are conducted in the temperature range of 3 K to 300 K.

• Phase-II: loss angle measurements of He-II filled suspension tubes. The heat flux

is varied investigating the influence on dissipation. Measuring loss angles in a

temperature range below 2.17 K.

The mechanical loss measured is a characteristic of a system. Hence to measure the

dissipative mechanisms within the sample, the extrinsic losses of the measurement setup

need to be minimised. Extrinsic losses include, gas damping losses, eddy current losses,

recoil losses and clamping losses [25, 24]. Gas damping losses, are caused by aerodynamic

friction and are mitigated by conducting the measurements in an ultra high vacuum

environment (1 × 10
−7

mbar to 1 × 10
−12

mbar) [7]. Eddy current losses are caused by

electromagnetic interference and are minimised by an adequate actuation and detection

system. Recoil and clamping losses are caused by the sample support structure (SSS).

Figure 3.1 depicts the SSS in the test chamber. The SSS is comprised of the key components:

Support block, cage, sample holder suspension (SHS), sample holder (SH), sample (SA) and

load mass. Highlighted are the most relevant components to the scope of this work.
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Figure 3.1: Helium test chamber in Phase-I, adapted from [7]

The support block attaches the entire SSS to the top flange of the test chamber. The cage

houses relevant instrumentation such as actuator, optical detection sensor and temperature

sensors [7]. The SH clamps the sample in place and needs to be designed for reducing

the clamping losses. The SHS suspends the SH from the support block. The SHS and SH

together form a pendulum system, which is called the sample support system (SUS). The

SUS forms a crucial subsystem of the SSS, with the aim of reducing recoil losses. Therefore

minimising the redistribution of energy from the SA to the residual SSS [7]. This requires

the design of SH and SHS together.

In phase-I the measurements will be conducted in a cryogenfree cryostat [7]. The cooling

for this phase will be provided by a CRYOMECH
®
PT-425 pulse tube cryocooler [7]. He-I

gas can be deployed as a contact gas, aiding the cool-down phase of the experimental set

up via convection. The system can be cooled down to a temperature of 3 K [7].

In phase-II the dissipative mechanisms of a He-II filled suspension tube is investigated.

The application of He-II in cryogenic suspensions provides a potentially low dissipation

medium and constitutes a new field of research [6]. This application requires experimental

investigation. A laboratory scaled He-II supply cryostat has been developed in [35] achiev-

ing temperatures below 2.17K. The test cryostat and He-supply cryostat are connected

via a helium supply transfer line. In phase-II no mechanical loads will be applied to the SA

[7].

Figure 3.2 shows SSS in the test chamber setup for phase-II. The SSS design for phase-II

aims to maximised comparability of phase-I and phase-II. The SSS is comprised of the

same key components as for phase-I, with the addition of He-II tubes.
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Figure 3.2: Helium test chamber in Phase-II adapted from [7]

The SSS for phase-II has the same components as in phase-I with the addition of the

helium supply and return tubes. These transport the liquid He to the suspension tube. The

He-tubes are isolated from the He-transfer line via a vibration attenuation system. This

attenuation system reduces the vibrations stemming from the He-supply cryostat. These

vibrations would interfere with the measurements and appear as noise in the measured

signal. The design of such a system is beyond the scope of this work. The SH in phase-II

functions as an interface between He-II supply and return tubes an suspension tube. The

design of the SH for phase-II is further explained in section 6. The suspension tube and

SH of phase-II form a single body, in order to ensure He-tightness.

3.1 Design Limitations

A preliminary design of the SSS has been provided by Koroveshi et al. However the

parameters of each component of the SSS were not set. The dimensions of the outer

vacuum chamber and test chamber were provided as set. The dimensions are presented

in table 3.1. In order to design the SSS adequately, design limitation have to be defined.

The obvious first limitation to the SSS is the spatial limitation. The SSS dimensions cannot

exceed the test chamber dimension in height or diameter. The length of the investigated

sample 1m is taken from the ET-LF marionette suspension [6]. Additionally to the sample a

conservative 0.5m was assumed for additional setup components, including space needed

for the mass suspended from the sample and a safety structure catching the sample in case

of material failure. The remaining length for the SSS is 0.45m.
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3 Setup and Boundary Conditions

Table 3.1: Dimensions of GRAVITHELIUM vacuum and test chamber

Quantity 𝑑 / m ℎ / m

Outer vacuum chamber 1.5 3.0

Inner test chamber 1.2 2.0

Additional setup - ∼ 0.5

Additionally to the spatial design limitation a second type of limitation arises from the

natural frequency values of the samples. The𝑄-measurements are conducted at resonance

frequencies of the sample. Overlapping of natural frequencies of the SUS and SA has to be

avoided. This would cause a high response of the SUS. Due to a high response, the SUS

will absorb a significant amount of energy. According to eq. 2.15 this effect results in an

elevated loss angle of the overall system. Therefore a definition of natural frequencies,

which are relevant to the 𝑄-measurement need to be defined. Which limits the frequency

range for which the SUS needs to be optimised for.

3.2 Sample Analysis

In this section the SA natural frequencies, relevant to the 𝑄-measurement are defined.

The natural frequencies of the sample are calculated via FEM modal analysis (MA). As

described in section 2.3, the MA does not yield a displacement to a given sinusoidal load.

Hence a subsequent frequency response analysis (FRA) shows the displacement response,

of a SA to a given sinusoidal load. The detection sensors sensitivity is taken as a limitation

to minimal acceptable displacement response of the SA. The natural frequencies relevant

to the 𝑄-measurement have larger a displacement response than the minimal value, given

by the detection system limitation.

Figure 3.3 shows the generalised steps taken to conclude which natural frequencies

are relevant to the 𝑄-measurement. First a SA geometry is defined and meshed. The SA

is taken as a subsystem of the SSS. Meaning the SUS is excluded from the model and is

implemented in form of BC. Specifically one of the SA heads is implemented as a fixed

constraint (FC) Dirichlet type BC. This boundary condition assumes the SUS does not

experience displacement. This is only a first approximation of and the total system will be

investigated in chapter 4.

The MA conducted in the FEM model yields the natural frequencies and mode shape.

On the basis of the mode shapes the ideal placement of the actuator can be decided on.

The actuator should be placed at a point of the suspension fibre, resulting in a large local

displacement. The actuator is integrated into the FEM modal via a boundary load (BL),

Neuman type BC. The BL is a sinusoidal force applied to the SA and is relevant for the

FRA. Placing the BL at the point of maximal displacement yields the largest response of

the SA. The displacement response of the SA is compared to the sensitivity limit of the

detection sensor. On this basis the measurable sample natural frequency are defined.
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Determination of 𝑓SA for 𝑄-measurements

SUS-Design process

Sapphire, Silicon, Suspension tube

SA

HV1 HV2

BC: SSS

MA

BL 𝑓SA

FRA

SA natural frequencies rel-

evant for 𝑄-measurements

SUS

SH SHS

Figure 3.3: Flowchart of how the relevant natural frequencies are defined. This section is

limited to the steps to determine 𝑓SA

3.2.1 FEM implementation of Sample

Phase I will conduct 𝑄-measurements of two different SA types, namely monolithic

suspension fibres and suspension tubes. The test set up has to be adequate to both SA

types. This is accomplished by designing a clamping system accommodating the different

SA types. The basis for the clamping system was taken from the preliminary design given

by Koroveshi et al., which is based on the clamping design presented in [8]. The clamping

system of [8], is presented in chapter 5 figure 5.2.
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Figure 3.4: SA geometry nomenclature

The SA are designed with so called heads at each end. The heads are used as shoulders

clamping the sample to the SH. Figure 3.4 shows the sample geometry. The sample

geometry is based on a published work which measured Q factors of monolithic sapphire

suspension fibres [8].

The SA geometric variation presented in this work, is limited to variation of the sample

head geometry. Two head variants (HV) for both sample types, have been investigated.

HV 1 represents the current state of the art for silicon suspension fibres. The largest

head-to-body-diameter ratio currently manufacturable is limited to a factor of 2 [36]. HV

2 represents the case, where the head-to-body-diameter ratio is 4. This is realisable for

titanium suspension tubes and mono crystalline sapphire [8]. The monolithic sapphire

suspension fibres used in [8] have a head-to-body-diameter ratio of ∼ 6. Table 3.2 shows

the dimensions deployed for the monolithic suspension fiber samples. The sample body

dimensions were taken from the marionette suspensions of the ET-LF cryogenic payload

design presented in [6].

The suspension tube is made of titanium and is designed as an annular gap heat ex-

changer from which the ET-LF marionette is suspended [6]. The suspension tube consists

of an outer tube (OT) with an outer diameter 𝑑OT = 9.03mm and a narrow inner tube (IT)

with an outer diameter of 𝑑IT = 5.8mm [6]. The IT functions as the He-supply and the OT

functions as the He return. The IT is protruding out of one end of the suspension tube by

10mm. Table 3.3 shows the dimensions of the suspension tube samples [6].
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3.2 Sample Analysis

Table 3.2: Geometry variation of the monolithic suspension fibres

𝑙 / mm 𝑑 / mm 𝑚 / g

sapphire silicon

Sample body 1000 8 200 117

Head variant 1 5 16 4 2

Head variant 2 20 32 63 40

Table 3.3: Geometry variation of the Suspension Tube.

𝑠𝑖 / mm 𝑙 / mm 𝑑𝑜 / mm 𝑚 / g

Sample body OT 0.36 1000 9.03 23

Sample body IT 0.05 1030 5.80 2

Head variant 1 - 5 16 2

Head variant 2 - 20 32 35

Boundary Conditions.
The MA is conducted with deployed BC. A fixed constraint (FC), Dirichlet type BC (eq.

2.32) is deployed to the upper sample head. With the assumption being, the SH is not

experiencing any displacement. Gravity is activated in the model along the samples

longitudinal axis, as gravity influences to natural frequency.

To perform a FRA the BL BC needs to be placed. Based on the results of the MA,

the placement of the actuator is decided. Actuating the sample at resonance is done

electrostatically, by a common contactless comb actuator [8]. This actuator functions as a

capacitor, where the actuator plate acts as the first plate of the capacitor and the sample

acts as the second plate of the capacitor [8]. The SA is attracted or repelled by a resulting,

sinusoidal electrostatic force 𝐹el.

Detecting the ring down can be done by a so called shadow meter, where a LASER

is pointed on a photo diode. The sample is placed in the pathway of the LASER beam.

The vibration of the sample, causes an oscillating signal at the photo diode. The decay

of the signal is used to deduct the decay time 𝜏decay for the 𝑄-measurements [24]. The

detection system has an assumed sensitivty of measuring minimal displacements of 1 µm.

The electrostatic actuation and detection scheme of the sample is shown in figure 3.5.

The actuation force 𝐹el can be calculated by eq. A.1. The actuator design was taken

from [8], which is a square plate with aside length of 5 cm. As a supply voltage a constant

voltage of 500V was taken in this work adapted from [10]. The distance between the

actuator to the sample was assumed as to be 1.15 cm, taken from [8].

Implementing the actuator to the FEM is accomplished via the BL BC. A 5 cm high

area on the SA is defined, on which a resulting sinusoidal force is applied. The resulting

electrostatic force by the actuation scheme is calculated by eq. A.1, actuating the sample

in y-axis. The point chosen to plot the frequency response, is decided on by the mode
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Figure 3.5: Schematic view of the sample 𝑄-measurement actuation and detection set up.

The actuator and sensor are fixed at the cage, adapted from [8]

Table 3.4: Set boundary conditions

Parameter Value

Actuated surface area 6.3 × 10
−4

m
2

Distance of actuator 1.15 × 10
−2

m

Applied voltage 500V

Direction for actuation y-axis

Resulting force 5 × 10
−4

N

shapes. The position of this point reflects the point of largest displacements on the SA.

Table 3.4 summarises the boundary conditions applied for the FRA.

For the mono crystalline materials sapphire and silicon the elastic behavior is desicribed

by eq. 2.5. The temperature dependent elastic coefficients for mono crystalline materials

have been taken from literature and were implemented in to the FEM model.

Depending on the crystallographic plane aligned with the cartesian z-axis, the model

calculates an equivalent Young’s modulus. For silicon simulating the <100> plane is

accomplished by aligning the length geometry to the z-axis. In order to simulate the

<110> plane the geometry is turned by 45
◦
in the Cartesian x-y plane. In order to simulate

the <111> plane the geometry is turned by 45
◦
in both the Cartesian x-y and y-z planes.

The modal analysis have been conducted for the three silicon main crystallographic

orientations. For sapphire the modal analysis is restricted to the 𝛼 plane [13].

For suspension tube samples the OT is actuated and 𝑄 measurements are conducted.

However as the suspension tube consists of titanium, a metallic material, electrostatically

actuating the OT might effect the IT due to its conductive behaviour. However inves-

tigations have been made in the scope of this work, showing that the displacement of
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3.2 Sample Analysis

the IT at 𝑓SA,OT is in the order of ≈ 100 nm. Hence, IT displacement is negligible and the

analysis conducted in this work are limited to the suspension tubes OT. In the measurement

campaigns the displacement of the OT should not exceed 1.25mm, which is the clearance

between the OT and IT.

Meshing
The geometric domain was meshed according to mesh convergence, meaning further

refinement of the mesh yields a difference of 1% in natural frequency value. A free

tetrahedral mesh was implemented, the mesh parameters are given in the table 3.5.

Table 3.5: SA mesh parameters

Quantity Setting

Maximum element size 6mm

Minimum element size 4mm

Maximum growth rate 1.15

Curvature rate 0.6

Resolution of narrow regions 0.7

The minimum element size of the mesh is defined as 4mm, the maximal growth factor

which determines the maximal size increment from one element to the next larger element

is set to 1.15. The maximum element size is set to 6mm. Both curvature rate and resolution

factor of narrow regions were predefined by the solver and were not changed. The resulting

mesh consists of ∼ 15,500 elements with a total number of ∼ 140,000 nodes.

3.2.2 Modal Analysis

Conducting a MA of the two sample types and utilising HV1 and HV2, with the stated BC

relevant to the analysis, the natural frequencies, presented in table 3.6 can be deducted.

The mode shapes for HV1 SA are depicted in figure 3.6. The mode shapes for HV2 SA

are depicted in figure A.1. The natural frequency values for silicon SA are presented for

different crystallographic orientations, as they are possible candidates for suspensions in

ET-LF mirror/ marionette stage [10]. The frequencies presented for the sapphire SA are

modelled using the 𝛼-plane of the crystallographic orientation [37].

Due to the slightly longer total length of the HV2 samples (Δ𝑙 = 4 cm) and the heads

larger moment of inertia, the natural frequencies for HV2 SA, are comparatively lower

than for the samples using HV1 SA.

As described in section 2.3 a MA does not yield information on displacement of the

sample to a given load. The mode shapes in figure show the dimensionless displacement

shape of the SA at the respective resonance frequency. The displacement has been nor-

malised to yield a maximal displacement of 1. From figure 3.6 it can be seen that for HV 1

SA the maximal displacement occurs at the free end of the SA. From figure A.1 it can be

seen that for HV 2 SA the maximal displacement does not occur at the free end of the SA.

For HV2 SA the point of highest displacement is dependent on the mode order. This is

attributed to HV2 introducing an additional mass at the end of the sample. This creates

tension in the sample, changing the mode shape.

27



3 Setup and Boundary Conditions

Table 3.6: Natural frequency of SA for both HV

Mode

number

Si <100> Si <110> Si<111> Sapphire Suspension

tube

HV1

1
st
/ Hz 8 9 10 12 8

2
nd

/ Hz 50 57 60 73 49

3
rd
/ Hz 140 161 167 203 138

4
th
/ Hz 275 315 329 400 272

HV2

1
st
/ Hz 6 6 7 8 3

2
nd

/ Hz 41 46 48 60 38

3
rd
/ Hz 120 138 145 175 120

4
th
/ Hz 245 280 292 356 247
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Figure 3.6: Mode shapes of the first four modes of HV1 SA

Validating the implemented material data is done by comparing the computed equivalent

Young’s modulus, which are a result of the FEM, to measured Young’s moduli for the

sapphire and silicon samples. This is done to ensure the elasticity coefficients from

literature were correctly implemented to the model. The Si<100> plane has a simulated

equivalent Young’s modulus of 𝐸Si = 165GPa. For sapphire the simulated equivalent

Young’s modulus is 𝐸sapphire = 406GPa both values are within the range for measured

values for Young’s moduli found in literature [16, 12].

Validating the FEM result yields correct natural frequencies, a comparison with an-

alytically calculated SA natural frequencies and mode shapes as shown in section 2.3.

Assuming Bernoulli-Euler Beam theory for the sample the mode shapes can be calculated

by eq. 2.24. The computed mode shapes via the FEM model can be validated by comparing

figure 3.6 with figure 2.4 showing a qualitatively good agreement in mode shapes.
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3.2 Sample Analysis

The analytically calculated natural frequencies, by eq. 2.23, are compared to the natural

frequencies computed via the FEM simulations shown in table A.1. The largest deviation

of the analytically calculated and FEM values have been found for sapphire. The deviation

of analytically calculated to numerically calculated is 6% for this case and is attributed to

deviation in measured and simulated Young’s modulus.

In phase-I the 𝑄-measurements will be conducted in a temperature range, of 3K to

300K. The temperature dependent natural frequencies of the sample types are shown

in figure A.3 for HV1 SA and figure A.4 for HV2 SA. A MA has shown that the natural

frequencies tend to increase by maximal 0.5 %, compared to their value at 300 K. The values

for different temperatures, is presented in A.3 for HV1 samples and A.4 for HV2 samples.

3.2.3 Frequency Response

Concluding theMA the placement of the placement of the BL BC for the FRA can be decided.

The boundary load is set to the part of the sample experiencing largest displacement. From

figure 3.6 it can be seen, for HV1 samples the placement of the BL is ideal at the free end.

The dispalcement response is evaluated at this point as well.

For the HV2 samples the placement of the BL BC is not as straight forward. Figure A.1

shows the point of largest displacement of the SA shifts with the order of mode. Therefore

the BL BC is set to a point, which does not coincide with any nodal points. Nodal points

are points in which no displacement occurs. The BL is placed to the 0.8m mark of the

sample, as the displacement is sufficiently large for all modes in that point.

Additionally deducting from the MA the SA are actuated in the frequency range of 0Hz

to 410Hz. The BL force is the sinusoidal 𝐹el. The force is calculated with the presented

values of table 3.4. To prevent the frequency response diverging to infinity a constant

damping factor of 2% is implemented, across the whole actuated frequency range. This

value is typically assumed for FRA [22, 30]. Figure 3.7 shows the frequency response plot

of the HV1 sample and the set sensitivity limitation of the detection system, assumed to

be 1 µm.

The frequency response peaks at the samples natural frequencies as described in section

2.4. At low frequencies the energy needed to actuate the sample is small. The energy

need to actuate the sample increases with frequency. Figure 3.7 shows this relation for

the HV1 SA and figure A.2 shows the displacement response for HV2 samples. The

SA displacement response for the first two modes are well above the assumed sensor

sensitivity, for both sample types. The displacement of the first mode even exceeding

1 cm. Large sample displacements should be avoided, due to the risk of material fatigue.

Reducing the displacement, can be accomplished by scaling the voltage down.

Investigating the HV1 SA third mode, it can be seen that the displacement of the

suspension tube at 138Hz is at 1.8 µm. The displacement for silicon sample at 141Hz is at

1.6 µm. Investigating the HV2 SA third mode, the displacement response of the suspension

tube is at 1.7 µm and for the silicon sample is at 1.0 µm. Concluding from the FRA, the

first three modes of the suspension tube and silicon sample and the first two modes for

the sapphire sample are within the sensitivity, conservatively assumed for the detection

sensor. For sapphire the third mode becomes measurable when increasing the actuation
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Figure 3.7: Frequency response of the HV1 SA. The cyan mark on the SA geometry repre-

sents the actuation and evaluation point for the displacement response.

voltage to 1 kV. Increasing the displacement from 0.3 µm to 1.3 µm for HV1 SA and from

0.2 µm to 1.1 µm. Actuating with high voltages such as 1.5 kV is possible [38].

Concluding from the FRA at room and low temperatures of both SA types and HV, the

sample modes can be actuated using a reasonably low voltage of up to 1 kV. Thus the

modes relevant for the𝑄-measurements are in the range of 5Hz to 205Hz. The measurable

modes therefore also limit the frequency for which the SSS needs to be optimised for.

Particularly ensuring the natural frequencies of components making up the SSS, should

not coincide within the frequency range 5Hz to 205Hz.

In the following sections the results of a comprehensive parameter study on feasible an

SSS design to conduct the 𝑄-measurements is presented. The parameters used for the SSS

design in this work are categorised as design parameters and evaluation parameters. Design
parameters are defined as parameters changed directly at the designed component these

include diameter, length, height, width, angles, composition, etc. Evaluation parameters

on the other hand are defined as parameters used to judge the quality of the set design

parameters. The evaluation parameters include: dilution factor (eq. 2.20), natural frequen-

cies, frequency response, strain density 𝑢𝑚𝑎𝑥 (eq. 2.14) and integral strain energy ratio

𝑈 𝑗

𝑈𝑡𝑜𝑡𝑎𝑙
(eq. 2.15).
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4 Sample Support Structure Design Phase-I

As described above in section 3 the scientific objectives for Phase I are: conducting

𝑄-measurements of monolithic suspension fibres and empty suspension tube samples.

Furthermore the 𝑄-measurements are conducted without and with applied mechanical

load to the sample. Investigating the effect of tension of the 𝑄-factor. In this work a SSS

was designed which is compatible with these objectives. [7]

This chapter presents the design process and the resulting design of the SSS, for phase-

I. The design process was conducted in two sections. First the design for the SSS was

performed for the case where no load is applied to the sample. In the second section

the designed SSS for the case where no load is suspended from the sample is adapted to

accommodate the applied load to the sample.

4.1 Setup Design for Unloaded Samples

General Geometry
Figure 4.1 shows the test setup of the test chamber.

Test chamber flange

Cage

Support blockSHS

SH upper block

SH lower block

Sample z

y

Figure 4.1: General SSS geometry, without load suspended from the sample
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SA
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𝑑SH

SA

a)

b)

d)

c)

e)

f)

g)

SH upper block

SH top view View A-A

Figure 4.2: Detailed schematic of the SH geometry, with the according nomenclature

presented in table 4.1

A conceptual design of the SSS has been conducted by Koroveshi et al. [7]. Table A.3

shows key features of this conceptual design.

The support block is a thick copper plate rigidly attached to the upper flange. The cage

and SHS are rigidly connected to the support block. The SHS and SH comprise the SUS

which is configured as a pendulum system. The goal of the SUS is minimising recoil losses,

hence minimising the distribution of energy from the SA to the highly dissipative SSS.

Additionally the SUS aims to suppress the transmission of vibrations from the environment

to the SA, hence reducing noise and decreasing measurement uncertainty. The SHS is a

fibre with heads at each end which serve as clamping bodies, clamped to the support block

and SH. The SHS heads diameter is 𝑑Heads,SHS = 15mm with a height of ℎHeads,SHS = 5mm.

Material, SHS body diameter and length were open for selection and their final values are

evaluated in the scope of this work.

The design of the SH for this set up is based on [8, 38], which is presented in chapter 5,

in figure 5.2. The adapted SH design for GRAVITHELIUM, which is based on the design

presented in [8]. The SA is fixed to a SH lower block, which has a cone shape cut out to

put the SA inside. The SA head is seated in the so called saddle, which denoted as the

letter d) in figure 4.2. The saddle support the SA from below. The SA head is clamped by a

flat upper block from top. The SH lower block has an elevated section, which is polished.

The SH upper block is polished as well. This allows the precision alignment of the SA.

Furthermore the SH lower block is designed in a symmetrical fashion, balancing the

system suspended from the single SHS. The SHS is attached to the SH upper block.

The boltholes in the SH lower block are kept close to the sample head, aiding the

alignment of the sample. The section view A-A in figure 4.2 shows the geometry of the
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4.1 Setup Design for Unloaded Samples

Table 4.1: SH geometry naming convention and values.

Letter Name Value/Variable

a) Sample holder height ℎSH
b) Lower cutout hole 10mm

c) Saddle inner diameter 𝑑H
d) Saddle width 2mm

e) Sample head cutout diameter 𝑑H + 4mm

f) Sample head cutout height ℎH − 1mm

g) Sample holder contact 70mm

saddle, in which the sample is seated. The table 4.1 shows the naming convention and

values for the sample holder saddle geometry. Certain features of the cutout in the sample

holder are dependent on the SA head geometry. Table 4.1 presents these features depending

on head diameter 𝑑H and head height ℎH.

4.1.1 General Boundary Condition

As described above the support block serves as an anchor to the upper head of the SHS.

Therefore the upper head of the SHS is implemented as a FC BC for the MA.

The FRA is conducted by actuating the samples with the values presented in table 3.4

for the electrostatic actuation. The placement of the boundary load depends on the HV

deployed to the system and is extracted for the MA in section 3.2. The saddle geometry of

the SH is also adjusted to the HV deployed to the SA.

The bolts clamping the SH lower and upper blocks together, were replaced by a rigid

connector boundary condition. Gravitational pull is activated along the z-axis in the model

as the natural frequencies strongly depend on the tension imposed by static load.

Modelling the SSS design in FEM has certain limitations. Friction between parts is

not accounted for in the FEM model. As the parts are rigidly clamped together the

main contributor to the clamping loss is the elastic deformation of the SH caused by the

displacement experienced by the sample. Tension caused by the bolts cannot be modeled.

As shown in eq. 2.14 the integral strain scales with the energy dissipation in a component.

Creating a large tension within the SH by the bolts causes initial strain. Additional strain

is caused by the elastic deformation due to the sample vibration. Therefore the sample

should be clamped as lightly as possible ensuring it is held in place, but not to induce

further strain.

4.1.2 Dimensioning of Sample Support System

The SUS is composed of SH and SHS with the aim to reduce recoil losses. The SH the

serves the purpose of SA clamp and suspended mass of the SUS pendulum system. steps

taken to design the SUS is presented in figure 4.3.
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SUS-Design process

Energetic evaluation

SUS

SHS SH

𝑑SHS,

𝐷
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𝑙
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MA

𝑓pend,
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SSS
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Large response of SUS?

SSS

Yes Yes
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SSS-Design process

Figure 4.3: Flowchart of the design steps taken for SUS and SSS. Relevant design parameters

to the SH and SHS components are depicted in the green circles. The red circles

denote the evaluation parameters.
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4.1 Setup Design for Unloaded Samples

The steps presented in figure 4.3, are a continuation of the the in chapter 3 presented

SA analysis in figure 3.3. The MA and FRA of the SA have shown, the SUS needs to be

optimised in the frequency range of 5Hz to 205Hz. This is reflected in figure 4.3 as the

decision criterion for iterating the design step.

In the scope of this work design and evaluation parameters have been defined for

the SUS. Figure 4.3 shows the main design parameters of the SHS. These are the mass

suspended from the SHS𝑚SH, in this case being the mass of the SH. The yield strength

of the deployed material directly influences the diameter of the SHS 𝑑SHS, which in turn

influences pendulum and violin mode. Additionally the length of the SHS influences has

been found influencing 𝑓pend and 𝑓violin. Additionally to the main evaluation parameters,

the SHS design took in to account the dilution factor 𝐷 presented in section 2.3. Eq. 2.21

shows, 𝐷 can significantly reduce the loss angle of the pendulum system. Minimising 𝐷

proposes a feasible starting point for the SHS design.

A potential SUS design candidate is combined with the SA, forming the SSS. A FRA is

conducted of the SSS. The evaluation parameters for the FRA hereby are the displacement

experienced by the SUS components, compared to the displacement experienced by the SA.

In the next step an energetic evaluation of the system is conducted in which the systems

loss angle 𝜙System is estimated and the performance of the design can be judged.

From eq. 2.20 the diameter 𝑑SHS influences 𝐷 quadratically. Therefore minimising 𝐷 is

accomplished by minimising 𝑑SHS. Eq. 2.20 shows a linear dependency on length, hence

keeping 𝑙SHS as long as possible, reduces 𝐷 . The 𝑑SH can be dimensioned via eq. 2.6

appropriate for a specific loads represented by𝑚SH. Using a 𝑆𝐹 = 3 to eq. 2.6 ensures a

sound engineering practice.

Many materials experience embrittlement at lower temperatures [11]. Therefore the

ultimate strength at lower temperature is taken into account as well. The tension in the

SHS, resulting from the SH, should be well bellow the ultimate strength of the material.

Table 4.2 shows the yield strength and Young’s moduli for possible candidate materials

for the SHS. The aluminium alloy AL-6061 is included due to its low Young’s modulus.

Commercially pure titaniumis is included, due to its comparatively high ratio between

𝜎𝑢 and 𝜎𝑦 at low temperatures 𝜎𝑢/𝑦 (3K) = 1.25. The other material candidates Ti-6V-

4AL (𝜎𝑢/𝑦 (3K) = 1.03), SST 304 cold rolled (CR) (𝜎𝑢/𝑦 (3K) = 1.02) and maraging steel

(𝜎𝑢/𝑦 (3 K) = 1.18), are included, as candidate materials due to the high 𝜎𝑦 values at 300 K.

Table 4.2: Candidate material characteristics at two different temperatures for the SHS

Material 𝜎𝑦 /MPa 𝜎𝑢 /MPa E / GPa

300 K 3K 300K 3K 300K 3K

Al 6061 250 [11] 380 [11] 300 [39] 450[39] 72 [11] 75 [11]

Ti Grade 1 400 [11] 1200 [11] 510 [40] 1500 [40] 115 [11] 130 [11]

Ti-6V-4Al 900 [11] 1070 [11] 1010 [11] 1100 [11] 112 [11] 127 [11]

SST 304 (CR) 1000 [11] 1080 [11] 1040 [11] 1100 [11] 210 [11] 225 [11]

Maraging Steel 1000 [41] 1700 [41] 1020 [41] 2000 [41] 168 [42] 171 [42]
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4 Sample Support Structure Design Phase-I

Table 4.3: Resulting SHS diameters and dilution factor for potential SH mass cases and

SHS lengths for the SHS candidate materials.

Quantity Al 6061 Ti Grade 1 Ti-6V-4Al SST304

(CR)

Maraging

Steel

5 kg

𝑑 / mm 1.5 1.2 0.8 0.8 0.8

𝐷0.45 2.4 × 10
−2

1.9 × 10
−2

8.3 × 10
−3

1 × 10
−2

9.1 × 10
−3

𝐷0.15 6.4 × 10
−2

5.0 × 10
−2

2.2 × 10
−2

2.7 × 10
−2

2.4 × 10
−2

10 kg

𝑑 / mm 2.1 1.7 1.1 1.1 1.1

𝐷0.45 3.4 × 10
−2

2.7 × 10
−2

1.2 × 10
−2

1.4 × 10
−2

1.3 × 10
−2

𝐷0.15 0.1 0.1 3.1 × 10
−2

3.8 × 10
−2

3.4 × 10
−2

15 kg

𝑑 / mm 2.6 2.1 1.4 1.3 1.3

𝐷0.45 4.1 × 10
−2

3.3 × 10
−2

1.4 × 10
−2

1.8 × 10
−2

1.6 × 10
−2

𝐷0.15 0.1 8.7 × 10
−2

3.8 × 10
−2

4.7 × 10
−2

4.2 × 10
−2

20 kg

𝑑 / mm 3 2.4 1.6 1.5 1.5

𝐷0.45 4.8 × 10
−2

3.8 × 10
−2

1.7 × 10
−2

2.0 × 10
−2

1.8 × 10
−2

𝐷0.15 0.1 0.1 4.4 × 10
−2

5.4 × 10
−2

4.9 × 10
−2

In order to conservatively dimension the SHS, to withstand the load imposed by the SH,

the lower bound 𝜎𝑦 (𝑇 = 300K) are taken. Table 4.3 shows the diameters resulting from

different loads: 5 kg, 10 kg, 15 kg and 20 kg, representing different𝑚SHS. Additionally the

dilution factors at two different lengths 0.45m, representing the longest 𝑙SHS possible, as

shown in section 3.1 and 0.15m is presented in table 4.3.

𝐷-factors in the order of magnitude 1 × 10
−2

are presented in [43]. From table 4.3 it

can be seen, the 𝐷-factors are within the order of magnitude, typical for suspensions in

gravitational wave detector applications. For the application in this work, this scales with

a high dilution of the losses caused in the SHS.

Due to their high 𝜎y-values Ti-6V-4Al, cold rolled SST 304 and maraging steel have the

lowest 𝐷-factors among the the investigated materials. Maraging steel is not advised to

be used in cryogenic applications, as it is highly susceptible to hydrogen embrittlement.

Which has been reported to occur even at room temperature with an atmospheric source

of the hydrogen [44].

The SHS material is set to be Ti-6V-4Al due to the higher ratio of ultimate to yield

strength, compared to cold rolled SST 304, at low temperatures. This ensures a safe

operation, when conducting the measurement at cryogenic temperature. The SHS is

dimensioned at room temperature with a 𝑆𝐹 (𝑇 = 300 K) = 3. The yield strength increases

at lower temperatures. As the load to the SHS and the diameter sta constant, the resulting

safety factor is 𝑆𝐹 (𝑇 = 3 K) = 11.
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4.1.3 Modal Analysis

Figure 4.3 shows, the pendulum and violin modes are the evaluation parameters for the

SHS. These modes should not occur in the frequency range of 5Hz to 205Hz. A MA, is

conducted with varying 𝑙SHS,𝑚SH and 𝑑SHS(𝑚SH). The values of 𝑓pend and 𝑓violin are the

results. In the scope of this work, it has been found,. that the rocking mode is highly

dependent of the diameter of the SH. This is reflected in figure 4.3, which shows the design

parameter to 𝑓rock is 𝑑SH, an additional MA is conducted once 𝑙SHS and𝑚SHS have been

defined.

The investigated masses are 5 kg, 10 kg, 15 kg and 20 kg. The 𝑑SHS are taken from

table 4.3 for the Ti-6Al-4V SHS, for each mass. The investigated lengths were 150mm,

250mm, 300mm, 350mm and 450mm. Figure 4.4 shows the resulting 𝑓violin of the system.

Additionally the frequency range in which the SA frequencies are expected, is depicted in

red. The 𝑓pend value are presented in table 4.4 for different 𝑙SHS and𝑚SHS.

Evident from table 4.4 it can be seen that a longer SHS shifts 𝑓pend to frequencies.

Additionally it can be seen that for heavier masses the pendulum mode decreases at

constant 𝑙SHS. This is due to the 𝐷-factor influencing the natural frequency as presented

in [45]. The pendulum modes have been additionally analytically calculated via eq. 2.17.

This serves to validate the FEM model and ensures boundary conditions have been set

correctly. Eq. 2.17 only depends on the length of the pendulum system. Therefore presents

a simplified approach, not taking into account influence of mass on 𝑓pend. The differences

of frequency between the analytically calculated 𝑓pend,ana, vs the 𝑓pend,FEM computed via

FEM, are very low at lighter mass Δ𝑓max = 0.3Hz. At higher masses these differences in

increase to Δ𝑓max = 0.5Hz.

Deploying a heavier mass is beneficial to shifting the pendulum mode towards lower

frequencies. For masses above 10 kg the pendulum modes are within the range of 0.7Hz

to 0.8Hz for all lengths of the SHS.

Figure 4.4 shows the first violin frequencies for the tested𝑚SHS and tested 𝑙SHS. For the

SHS lengths set at 350mm and 450mm the violin modes occur close to 205Hz, representing

the upper boundary, in which SA frequencies are expected. Therefore the length of the

SHS is set to 300mm for which the SHS violin mode occurs at 280Hz. As the value of𝑚SH

Table 4.4: FEM and analytically calculated pendulum modes.

𝑙 / mm 150 250 300 350 450

FEM

𝑓pend,5 kg / Hz 1.1 0.9 0.9 0.8 0.7

𝑓pend,10 kg / Hz 0.9 0.8 0.8 0.7 0.7

𝑓pend,15 kg / Hz 0.8 0.7 0.7 0.7 0.7

𝑓pend,20 kg / Hz 0.8 0.7 0.7 0.7 0.6

Analytical

𝑓pend,ana / Hz 1.3 1.0 0.9 0.8 0.7
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Figure 4.4: Parametric investigation on the violin frequency for various 𝑙SHS and different

𝑚SHS

does not have a significant influence on the violin mode the𝑚SH is set to 10 kg as a lighter

mass keeps the 𝐷-factor minimal (see table 4.3). Thuse concluding the design of the SHS.

The second component of the SUS is the SH. The SH is designed with regards to the

rockingmode. It has been found, increasing the diameter of the SH, decreases the frequency

of the rocking mode. Thus 𝑑SH, is the design parameter, for reducing 𝑓rock. The SH upper

block is a tungsten cylinder with a diameter of 120mm and a height of 20mm. This results

in a mass of𝑚SH,UB = 4 kg. A MA with the aim to optimize the design with regards to 𝑓rock
is conducted. In which 𝑑SH are varied to 120mm, 200mm and 250mm. The height ℎSH is

adjusted to yield a𝑚SH,LB = 6 kg. Table 4.5 shows resulting 𝑓rock for the SH lower block

diameters for copper and aluminium as material candidates.

The 𝑓rock of copper SH lower block with a 𝑑SH = 120mm is at 7Hz. This value is

within the range 5Hz to 205Hz and is therefore excluded from further discussion. For the

aluminium SH lower block with the same diameter, 𝑓rock occurs at 2.2Hz. The aluminium

design has a larger inertial moment in its z-axis, due to its larger ℎSH compared to the

copper design. This shifts the 𝑓rock to lower values as well. All other SH lower block

parameter combination yield 𝑓rock < 3Hz. And are therefore outside the range of 5Hz to

205Hz.

It has been found that the aluminium design, have a superior performance with regards

to strain weighted loss angle. The design parameter 𝑑SH = 200mm with a𝑑SH = 82mm.

The 𝑑SH = 250mm is omitted, due to a higher material height is beneficial, as it results in
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Table 4.5: SUS 𝑓rock, for various diameters for𝑚SH = 10 kg using Al and Cu as candidate

materials

𝑑 / mm 120 200 250

Copper

ℎ / mm 71 28 19

𝑓rock / Hz 7.0 2.2 2.0

Aluminium

ℎ / mm 225 82 53

𝑓rock / Hz 2.2 2.1 2.0

a higher rigidity of the component. A higher rigidity is especially beneficial, when high

mechanical loads are applied to the SA.

Investigating the effect of𝑚SH on the rocking frequency with a constant 𝑑SH = 200mm,

has shown in table A.2 having no significant influence on the rocking frequency.

Concluding the MA of the SUS subsystem, a SUS design has been optimised for the

frequency range 5Hz to 205Hz. The response of SA and SUS are evaluted in a FRA, of the

SA and SUS (combined: SSS) together.

4.1.4 Frequency Response Analysis

For the frequency response of the SSS the SUS design, presented in section 4.1.3 and SA

are combined. The SA is actuated in the frequency range of 0Hz to 300Hz. The SA is

actuated by the BL with the same 𝐹el used for the SA before in section 3.2.3. Figure 4.3

shows the resulting evaluation parameters of the FRA are the displacements of the SA and

SUS.

Figure 4.5 shows the frequency response of the SSS for the HV2 silicon SA. The high-

lighted points on the geometry next the frequency response plot, shows the points evalu-

ated on the geometries. For the SH the maximal displacement has been found to occur at

the outer edge.

As described earlier, the peaks in the frequency response plot indicate the displacement

of the system at the given natural frequency. Highlighted are the three sample modes

relevant to the 𝑄-measurement. It can be seen that for the second and third mode the

displacement response of the SUS, highlighted in blue (SH) and yellow (SHS), is two orders

of magnitude lower than the displacement response of the SA, highlighted in red. For the

first SA mode the displacement response of the SA is 𝑥SA = 1.1 µm. The displacement

of the SUS is at 𝑥SA = 0.5 µm. The displacement responses of the SUS and SA are close

in proximity. This suggests a large response of the SUS at 𝑓SA. Figure 4.6 shows the SSS

displacement contours of the first three SA modes. A large displacement of the SUS can

seen, when actuating the samples first mode. This is attributed to, the rocking and sample

mode overlapping. The frequencies are in close proximity 𝑓rock = 2Hz and 𝑓SA = 5Hz. The

effect of overlapping of rocking and sample mode can be seen for all sample types and

both HV geometries, presented in A.5 to A.9.
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Figure 4.5: FRA of SSS with as HV2 silicon SA actuated at the highlighted red spot.

A large displacement of the SUS is to be avoided, as relatively large elastic deformation

of the SUS cause the strain weighted loss to increase. For the second and third sample

modes the response of the SUS can be seen to be two orders of magnitudes lower compared

to the SA displacement.

Additionally to the highlighted first three sample modes, it can be seen figure 4.5

depicts the fourth sample mode occurring at ca. 250Hz. Due to the small displacement of

0.01 µm the 𝑓SA,4 is below the assumed sensitivity of the detection system, at 1 µm. The

SHS violin mode is represented by the peak of the yellow line at 285Hz. This work has

shown that, the SHS violin mode, does not overlap with any of the frequencies relevant

to the 𝑄-measurement. The third mode of the sapphire HV1 SA has the highest value

for 𝑓SA,sapphire,3=205Hz. The FRA of this SA is depicted in figure A.8, which shows the SUS

displacement response is two orders of magnitude lower, compared to the displacement

response of the SA.

The FRA of the merged subsystems SUS and SA, the SSS response plots can be used, to

estimate for which modes the strain weighted loss angles of the SUS might be elevated.

Due to the large displacement of the SUS at 𝑓SA,1 the strain weighted loss angle is expected

to be high. For 𝑓SA,2 and 𝑓SA,3, the displacement of the SUS is very low. Therefore the
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Figure 4.6: Response contours of the SSS at the three natural frequencies, relevant to the

𝑄-measurement

expected loss angle are expected to be low as well. These estimations require detailed

validation, presented in the following section.

4.1.5 Energetic Evaluation

As figure 4.3 depicted, after the definition of a suitable SSS candidate design, with regards

to MA and FRA, the next step is an energetic evaluation of the system. The energetic

evaluation includes the calculation of the integral strain energy of each component, as

shown in eq. 2.14 and the strain weighted loss angle of each component, eq. 2.15.

The energetic evaluation process is visualised in figure 4.7. The SA is actuated at relevant

frequencies 𝑓SA for the 𝑄-measurement. The integral strain ratios of the SSS components

are calculated via the FEM model. The SSS achievable loss angle can be calculated by

summation of the strain weighted loss angles, as presented in eq. 4.1.

𝜙SA𝑈SA/SSS︸      ︷︷      ︸
ˆ𝜙intrinsic

+𝐷𝜙SHS𝑈SHS/SSS + 𝜙SH𝑈SH/SSS︸                              ︷︷                              ︸
ˆ𝜙extrinsic

= 𝜙SSS (4.1)

Table 4.6 shows the integral strain ratios𝑈𝑖/SSS of each component for each sample types

and both HV geometries investigated in this work. From table 4.6 it can be seen that𝑈SH,UB
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Figure 4.7: Flowchart of the followed steps for the energetic evaluation

is one order of magnitude lower, for the SSS designs using HV2 compared to SSS designs

using HV1. This relation is true for all sample types included in this work. This large

difference can be explained by investigating the strain density in both HV geometries.

Figure 4.8 shows the strain density at 𝑓SA,3 for both HV designs. For comparability, the

samples were actuated to yield the same displacement of 𝑥SA = 1 µm. It can be seen, that

strain density is highly concentrated around areas, where high elastic deformation of the

SA occurs. Zooming in on the sample heads in figure 4.8, it can be seen that strain density

is highly concentrated around the area where the sample body attaches to the sample head.

The HV1 geometry exhibits a higher strain density at the saddle, compared to the HV2

geometry. The increase in strain, for the HV1 SA facilitates energy transfer from the SA
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Table 4.6: Integral strain energy ratios for the SSS components.

SA natural

frequency / Hz

𝑈SHS/SSS 𝑈SH,UB/SSS 𝑈SH,LB/SSS 𝑈SA/SSS

Silicon (HV1)

11 (𝑓SA,1) 0.23 % 0.03 % 6 × 10
−3

% 99.74 %

51 (𝑓SA,2) 1 × 10
−3

% 0.04 % 7 × 10
−3

% 99.95 %

141 (𝑓SA,3) 1 × 10
−4

% 0.04 % 7 × 10
−3

% 99.95 %

Silicon (HV2)

11 (𝑓SA,1) 0.39 % 1 × 10
−3

% 2 × 10
−3

% 99.61 %

41 (𝑓SA,2) 2 × 10
−3

% 1 × 10
−3

% 3 × 10
−3

% 99.99 %

121 (𝑓SA,3) 3 × 10
−5

% 1 × 10
−3

% 4 × 10
−3

% 99.99 %

Sapphire sample (HV1)

17 (𝑓SA,1) 0.1 % 0.12 % 0.01 % 98.78 %

73 (𝑓SA,2) 1 × 10
−3

% 0.16 % 0.01 % 99.83 %

203 (𝑓SA,3) 3 × 10
−4

% 0.15 % 0.01 % 99.84 %

Sapphire sample (HV2)

17 (𝑓SA,1) 0.15 % 0.01 % 4 × 10
−3

% 99.84 %

61 (𝑓SA,2) 1 × 10
−3

% 0.01 % 7 × 10
−3

% 99.98 %

176 (𝑓SA,3) 1 × 10
−4

% 0.01 % 8 × 10
−3

% 99.98 %

Suspension Tube (HV1)

9 (𝑓SA,1) 0.23 % 0.02 % 4 × 10
−3

% 98.74 %

49 (𝑓SA,2) 3 × 10
−4

% 0.02 % 4 × 10
−3

% 99.98 %

137 (𝑓SA,3) 4 × 10
−5

% 0.02 % 4 × 10
−3

% 99.97 %

Suspension Tube (HV2)

7 (𝑓SA,1) 0.42 % 3 × 10
−4

% 2 × 10
−4

% 98.58 %

39 (𝑓SA,2) 1 × 10
−3

% 2 × 10
−3

% 1 × 10
−3

% 99.99 %

121 (𝑓SA,3) 2 × 10
−5

% 2 × 10
−3

% 1 × 10
−3

% 99.99 %

Table 4.7: Bulk losses for each component in the SSS assumed in this work.

Material 𝜙bulk Material 𝜙bulk

Sapphire 1 × 10
−8

[46] Ti-6Al-4V 1 × 10
−4

[47]

Silicon 1 × 10
−8

[6] Al-6061 1 × 10
−6

[48]

Titanium 1 × 10
−6

[6] Tungsten 1 × 10
−6

[49]

to the SH. This causes𝑈SH,UB to be elevated in SSS design utilising the HV1 SA, compared

to HV2 SA.

Using the integral strain ratio values presented in table 4.6 the strain weighted loss

angle for each component of the SSS can be calculated. Eq. 4.1 shows the summation of all
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Figure 4.8: Strain density distribution along the SA HV1 and HV2 at 𝑓SA,3. The zoomed

in portion, shows a section view of the inner surface of the head, in order to

visualise the strain density gradient at the saddle.

strain weighted loss angles yields the loss angle of the SSS 𝜙SSS. The bulk losses for each

material deployed in the SSS are presented in table 4.7.

Certain extrinsic factors cannot be modeled and are therefore not included in the model.

These include the loss angle contributions to the overall extrinsic losses, such as losses

caused by joining, friction or pretension cause by bolts in the SH.

Eq. 2.8 shows contributing factors to the intrinsic loss angle of a component. For the SH

the surface and thermoelastic contributions are not expected to be the major contributor.
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Therefore the calculation of strain weighted loss angle, is limited to measured values

of bulk losses. For the SH upper block, table 4.6 shows an elevated integral strain ratio.

Meaning a low loss material should be deployed for this component. Tungsten was chosen

for the SH upper block, due to its low bulk loss angle. Tungsten to has a reported bulk

loss angle of 𝜙Tungsten ≈ 1 × 10
−7

[49]. However due to relatively large uncertainties in the

measurements, a conservative 𝜙Tungsten = 1 × 10
−6

is used to calculate the strain weighted

loss angles. The aluminium SH lower block is also a low loss material reflected in its

𝜙bulk = 1 × 10
−6
.

For the SA the surface contribution to the loss angle are expected to be relevant. However

these cannot be sufficiently modeled as they are not fully under stood [50] and are therefore

excluded from the mode. The thermoelastic contribution to the loss angle, is excluded

Table 4.8: Strain weighted loss angles for each component and low boundary of SSS loss

angles.

SA natural

frequency / Hz

𝐷 ˆ𝜙SHS ˆ𝜙SH ˆ𝜙SA Σ𝜙SSS

Silicon (HV1)

11 (𝑓SA,1) 1.6 × 10
−8

3.6 × 10
−10

1.0 × 10
−8

3.3 × 10
−8

51 (𝑓SA,2) 3.2 × 10
−10

5.0 × 10
−10

1.0 × 10
−8

1.0 × 10
−8

141 (𝑓SA,3) 8.9 × 10
−11

4.7 × 10
−10

1 × 10
−8

1.0 × 10
−8

Silicon (HV2)

11 (𝑓SA,1) 7.9 × 10
−9

3.0 × 10
−11

1.0 × 10
−8

1.8 × 10
−8

41 (𝑓SA,2) 1.8 × 10
−10

4.0 × 10
−11

1.0 × 10
−8

1.0 × 10
−8

121 (𝑓SA,3) 7.9 × 10
−12

5.0 × 10
−11

1.0 × 10
−8

1.0 × 10
−8

Sapphire (HV1)

17 (𝑓SA,1) 1.1 × 10
−8

1.3 × 10
−9

1.0 × 10
−8

2.2 × 10
−8

73 (𝑓SA,2) 4.1 × 10
−10

1.7 × 10
−9

1.0 × 10
−8

1.4 × 10
−8

203 (𝑓SA,3) 3.4 × 10
−10

1.6 × 10
−9

1.0 × 10
−8

1.0 × 10
−8

Sapphire (HV2)

17 (𝑓SA,1) 1.6 × 10
−8

1.4 × 10
−10

1.0 × 10
−8

2.6 × 10
−8

61 (𝑓SA,2) 3.7 × 10
−10

2.0 × 10
−10

1.0 × 10
−8

1.0 × 10
−8

176 (𝑓SA,3) 1.1 × 10
−10

2.0 × 10
−10

1.0 × 10
−8

1.0 × 10
−8

Suspension Tube (HV1)

9 (𝑓SA,1) 1.3 × 10
−8

2.4 × 10
−10

1.0 × 10
−6

1.0 × 10
−6

49 (𝑓SA,2) 2.5 × 10
−10

2.4 × 10
−10

1.0 × 10
−6

1.0 × 10
−6

137 (𝑓SA,3) 3.4 × 10
−11

2.4 × 10
−10

1.0 × 10
−6

1.0 × 10
−6

Suspension Tube (HV2)

7 (𝑓SA,1) 1.8 × 10
−8

5.0 × 10
−12

1.0 × 10
−6

1.0 × 10
−6

39 (𝑓SA,2) 2.5 × 10
−9

3.0 × 10
−11

1.0 × 10
−6

1.0 × 10
−6

121 (𝑓SA,3) 1.6 × 10
−10

3.0 × 10
−11

1.0 × 10
−6

1.0 × 10
−6
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from this investigation, due to the lack of tension in the SA. Assuming only the bulk losses

gives a conservative specification for the 𝜙SA.

As described in section 2.2 the thermoelastic loss can be modeled for circular suspensions

by eq. 2.9 and eq. 2.10. Hence the thermoelastic contribution to the loss angle of the SHS

𝜙therm,SHS have been considered to the strain weighted loss calculation. The thermoelastic

loss have been calculated via eq. 2.9 and 2.10. The relevant material data to calculate

the 𝜙therm,SHS are given in table A.7 and the values for 𝜙therm,SHS are listed in table A.8.

Furthermore as the SUS is configured as a pendulum system the dilution factor 𝐷 = 0.016

is taken in to account via eq. 2.21. This reduces the effective loss angle caused by the SHS

material.

Table 4.8 presents the strain weighted loss angles
ˆ𝜙 of each component and the lower

bound loss angle achievable of the system 𝜙SSS. Using the lower bound of 𝜙SSS conclusions

of the SSS design can be drawn. As the objective of the measurement campaign is to

measure the loss angle of the sample, the systems 𝜙extrinsic should not exceed 𝜙SA. Certain

loss angle measurements might be excluded of the measurement campaign, due to 𝜙extrinsic
exceeding 𝜙SA.

For the suspension tube sample (HV1 and HV2), table 4.8 shows that loss measurement

for all 𝑓SA, are possible. This is due to 𝜙extrinsic being two orders of magnitude lower than

𝜙SA,Suspension tube at 𝑓SA,1 and four orders of magnitudes lower at 𝑓SA,3.

For the monolithic suspension fibre samples (HV1 and HV2) at 𝑓SA,1 summation of the

strain weighted loss angle has shown, 𝜙extrinsic being in the same order of magnitude as 𝜙SA.

This is attributed to the strain weighted loss angle for the SHS dominating the systems

loss angle. Which is reflected in the FRA. The figures 4.5 and 4.6, showing 𝑓SUS,rocking
overlapping with 𝑓SA,1.

For HV1 monolithic suspension fibres, at 𝑓SA,2, it can be seen that the strain weighted

loss angles for SH are by a factor of two higher than the strain weighted loss angles of the

SHS. For HV2 monolithic suspension fibres it can be seen that the strain weighted loss

angles of the SH become one order of magnitude lower than the SHS. Thus 𝜙extrinsic are

limited by the SHS strain weighted loss angles for HV2 based SSS designs.

For 𝑓SA,3 utilising HV1 based SSS designs for a silicon SA 𝜙extrinsic are by two orders of

magnitude lower than the 𝜙SA. For sapphire SA 𝜙extrinsic are by one order of magnitude

lower than 𝜙SA. Utilising the HV 2 designs, the silicon SA are three orders of magnitude

lower than 𝜙SA and sapphire SA 𝜙extrinsic are two order of magnitude lower than 𝜙SA.

Concluding the loss estimation of the entire system, via the proposed method by eq.

4.1, shows for suspension tube samples all modes in all configuration are not limited by

the dissipation of the SSS. For monolithic suspension fibres, it can be concluded that the

𝑄-measurements cannot be conducted for 𝑓SA,1. Due to 𝜙extrinsic being in the same order of

magnitude as 𝜙SA. For both head variants monolithic suspension fibres, the second and

third mode can be measured. With 𝜙extrinsic,HV1 being one order of magnitude lower than

𝜙SA and 𝜙extrinsic,HV2 being two orders of magnitude lower compared to 𝜙SA. Therefore the

HV2 SA based SSS design proposes a design with a larger safety margin. The clamping

losses cannot be sufficiently modeled and are reported to be the main limiting factor

for 𝑄-measurements [8, 24]. Therefore the transfer of strain energy can minimised by

deploying a larger head.
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4.1.6 Improving Extrinsic Loss Angle for Low Frequency Measurements

In the scope of this work efforts have been made to improve the measurability of the first

samplemode. This is accomplished by attaching the cage, which is housing instrumentation

relevant for the 𝑄-measurement, directly to the SH, as depicted in figure 4.9. This causes

the centre of mass of the SUS to shift down in the z-axis, resulting in a stabilising effect on

the SUS. This prevents the SUS rocking mode overlapping with the first SA mode. The

cage is made of aluminium and adds an additional 14 kg to the SH (𝑚SH = 10 kg). The

SHS diameter is adjusted to 𝑑SHS = 1.6mm. The investigation has been limited to a silicon

HV2 SA.

The performance of the SSS composition depicted in figure 4.9 is judged by energetic

evaluation and loss estimation of 𝜙SSS. The integral strain ratios at 𝑓SA,1, 𝑓SA,2 and 𝑓SA,3 of

each component are presented in table 4.9.

It can be seen that attaching the cage to the SH, decreases the integral strain energy

ratio𝑈SHS/SSS, by two orders of magnitude compared to the values presented in table 4.6,

for the case where the cage is not attached to the SH. Additionally𝑈SHS/SSS is reduced by

two orders of magnitude at 𝑓SA,2 and 𝑓SA,3. This is attributed to the cage absorbing parts of

the energy, preventing energy transferred from the SA to the SHS.

For the component SH at 𝑓SA,2 and 𝑓SA,3 the addition of the cage increases the ratio

𝑈SH/SSS by a factor of ca. 6, compared to the SSS composition without the cage attached

shown in table 4.6. The additional energetic contribution arises from the pretension caused

by the cage, pulling on the SH. The static load leads to initial elastic deformation of the

SH. This increases when the SA is vibrating at 𝑓SA.

Upper flange

Cage

Support blockSHS

SH upper block

SH lower block

Sample z

y

Figure 4.9: Detailed schematic of the general SSS geometry, with cage attached to the SUS
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Table 4.9: Integral strain energy ratios in Silicon HV2 samples with the cage attached to

the SH.

𝑓SA / Hz 𝑈SHS/SSS 𝑈SH,UB/SSS 𝑈SH,LB/SSS 𝑈cage/SSS 𝑈SA/SSS

6 7 × 10
−4

% 3 × 10
−3

% 6 × 10
−3

% 0.01 % 99.98 %

41 2 × 10
−5

% 2 × 10
−3

% 5 × 10
−3

% 0.01 % 99.98 %

121 1 × 10
−5

% 1 × 10
−3

% 5 × 10
−3

% 0.01 % 99.98 %

Table 4.10: strain weighted loss angles for a HV2 silicon sample with cage attached to the

SH

𝑓SA / Hz 𝐷 ˆ𝜙SHS ˆ𝜙SH ˆ𝜙cage ˆ𝜙SA Σ𝜙SSS

6 3 × 10
−10

9 × 10
−11

1 × 10
−10

1 × 10
−8

1 × 10
−8

41 4 × 10
−11

7 × 10
−11

1 × 10
−10

1 × 10
−8

1 × 10
−8

121 2 × 10
−11

6 × 10
−11

1 × 10
−10

1 × 10
−8

1 × 10
−8

For the cage, becomes the main contributor to the integral strain ratio of the system,

besides the SA. Therefore deploying a material, which has a low bulk loss angle, such as

aluminium 𝜙Al-6061 = 1 × 10
−6
, is beneficial, keeping the strain weighted losses low.

By calculating the strain weighted loss angles of each component a lower bound for the

systems loss angle 𝜙SSS is estimated. By summation of the strain weighted loss angles of

all components, as shown in eq. 4.8 with an additional term including the strain weighted

loss angle of the cage. For the components SA, SH and cage the bulk loss angles presented

in table 4.7 are assumed. For the SHS 𝜙therm,SHS have been modeled as well. The values for

𝜙therm,SHS are presented in table 4.10. Additionally the dilution factor of 𝐷 = 0.02 has been

deployed, as the SUS is a pendulum system.

From table 4.10 it can be seen attaching the cage to the SH for 𝑓SA,1, 𝜙extrinsic being two

orders of magnitude lower than 𝜙SA. This proposes a reduction of 𝜙extrinsic of two orders

of magnitude, compared to the 𝜙extrinsic presented in table 4.8.

At the frequencies 𝑓SA,2 and 𝑓SA,3, it can be seen, that the 𝜙extrinsic are dominated by the

cage. This is attributed to the relatively high integral strain energy ratio of the cage. The

𝜙extrinsic are by two orders of magnitude lower, compared to the SA. Comparing this, to the

𝜙extrinsic of the previously SSS design, presented table 4.8. The lowest achievable 𝜙extrinsic
is 3 orders of magnitudes lower than 𝜙SA. Hence the cage increases 𝜙extrinsic unnecessarily

for 𝑓SA,2 and 𝑓SA,3.

Concluding the efforts to improve the measurabilty of the first mode, has shown, at-

taching the cage to the SH reduces the lower bound of loss angle of the system at 𝑓SA,1.

For the 𝑄-measurements conducted at 𝑓SA,2 and 𝑓SA,3, the additon of the cage increases

𝜙extrinsic. Therefore the design will include holes on the outer part of the SH, allowing to

attach the cage to the SH when measurements at 𝑓SA,1, are conducted.

The determined design parameters of the entire SSS for supporting an unloadede SA is

summarised in table A.4.
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4.2 Setup Design for Loaded Sample Case

As described in section 3, one of the stated objectives of the test facility is, to investigate

the 𝑄-factor under mechanical load. The goal for the SSS design hereby is, to maximise

comparability of measurements conducted without a mechanical load applied to the SA,

presented in section 4.1 to measurements conducted with a mechanical load applied to

the SA. Consequently the same SH design as used for the unloaded case, presented in

subsection 4.1 to the sample is implemented. The SHS diameter 𝑑SHS is adjusted for each

load case. Due to the increase in 𝑑SHS the SHS violin modes 𝑓SHS-violin shift towards higher

values, which could be seen in figure 4.4.

The investigation of different load cases have been limited to HV2 samples and follows

the key steps of MA, FRA, energetic evaluation and subsequent loss estimation for the

total system. The investigated masses are 10 kg, 100 kg and 400 kg. A tungsten mass is

suspended from the SA. The SSS results in being a double pendulum system. The SHS

and SH compose the first pendulum stage and the SA and load mass, compose the second

pendulum stage. The suspension of mass from the SA implies additional characteristic

modes, which are depicted in figure A.11.

Relevant for the 𝑄-factor measurements are the violin modes of the sample. Due to

being the modes, where the majority of the energy is dissipated via the sample alone.

Table 4.11 presents the values of the first two 𝑓SA,violin under the applied mechanical loads

of 10 kg, 100 kg and 400 kg. It can be seen, the tension increasing in the SA, the 𝑓SA,violin
shift to higher values.

The mode shapes of the first 𝑓SA,violin are presented in figure 4.10. Analysing the mode

shapes, the placement of the BL BC and the frequency response evaluation point for the

FRA can be decided. The placement is chosen in a point, where the displacement of the SA,

is sufficiently large, across all modes. This is found at ca. 0.7m along the samples length.

The SSS FRA is conducted to define, which the relevant natural frequencies are for the

𝑄-measurement. This is decided on the basis of the assumed sensitivity, of the detection

sensor being 1 µm. The actuation sinusoidal force for the FRA is the aforementioned 𝐹el,

Table 4.11: SA violin modes for the different SA types

Mode

number

Silicon Sapphire Suspension

Tube

𝑚suspended = 10 kg, 𝑑SHS = 1.5mm

1
st
/ Hz 57 82 62

2
nd

/ Hz 149 213 160

𝑚suspended = 100 kg, 𝑑SHS = 3.5mm

1
st
/ Hz 73 87 99

2
nd

/ Hz 176 223 221

𝑚suspended = 400 kg, 𝑑SHS = 6.8mm

1
st
/ Hz 113 110 170

2
nd

/ Hz 243 258 352
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Figure 4.10: SA-violin mode shapes under load

0 20 40 60 80 100 120 140 160 180 200 220 240 260 280 300
10

−6
10

−5
10

−4
10

−3
10

−2
10

−1
10

0

10
1

10
2

10
3

10
4

10
5

Pendulum mode

SA rocking mode

SH pendulum mode

SH rocking mode

1 st SA-violin mode
13 µm

0.2 µm
2nd SA-violin mode2 µm

0.01 µm

3
rd
SA-violin mode

0.06 µm

SHS-violin mode

𝑓 / Hz

𝑥
/
µ
m

Silicon sample

SHS

SH

Mass

Figure 4.11: FRA of a SSS with the mechanical load suspended for a silicon sample:10 kg

which is calculated with the values, given in table 3.4 and implemented as the BL BC. The

FRA for a silicon SA with a load mass of 10 kg, is depicted in figure 4.11. Highlighted are

the evaluated point for each component of the SSS.

The displacement response investigation concludes, the samples first two violin modes

are relevant to 𝑄- measurements. At 𝑓SA,violin,1 and 𝑓SA,violin,2 it can be seen that the SUS

and load mass have a displacement response, which is two orders of magnitude lower,

compared to the SA displacement response. Investigation of the higher load masses have

shown similar relations.
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4.2 Setup Design for Loaded Sample Case

On the basis of the MA and FRA, an energetic evaluation of the SSS with the different

load masses is conducted. The integral strain ratios of each component of the system are

presented in table 4.12, for all load cases for a HV2 silicon sample. For the suspension tube

and sapphire SA the integral strain ratios of each SSS component are presented in A.6 and

A.5, respectively.

Table 4.12 shows the mass being the main contributor to the elastic energy in the

SSS, besides the SA. In order to prevent a high dissipation at the clamping point of the

mass, the material chosen is tungsten, which has a relatively low bulk loss value, of

𝜙Tungsten = 1 × 10
−6
. Furthermore it can be seen that 𝑈SH,UB/SSS increase toward higher

masses. The tension in the SA caused by the load mass, causes the sample to have an

initial elastic deformation. The strain accumulates at the two end of the SA, which leads

to a higher energy transfer to the SH, raising the value of𝑈SH,UB/SSS.

The strain weighted loss angles are calculated assuming bulk losses for the components

SA, SH and load mass. The values are presented in table 4.7. USing the bulk loss mass

for the SA, serves as a conservative estimation. Due to the tension caused by the load

mass, the thermoelastic contribution of the SA is expected to increase. However this is

not included in this model, as optimising in regards to bulk losses, presents a conservative

design approach.

For the SHS 𝜙therm,SHS is taken into account, using the values presented in table A.9. For

the SUS, which is the first pendulum stage of the double pendulum system, the dilution

factors depend on the load of the system and are multiplied to the strain weighted losses

with, 𝐷 (10 kg) = 0.02, 𝐷 (100 kg) = 0.05 and 𝐷 (400 kg) = 0.1. Summation of the strain

weighted loss angles of each component yields the lower bound of 𝜙SSS. By determining

the 𝜙extrinsic, load cases for which 𝜙extrinsic exceed 𝜙SA are omitted .

From table 4.13 it can be seen, that for higher mechanical loads 𝜙extrinsic increases. The

main contributor to 𝜙extrinsic, is the SHS of the system. This is attributed to two reasons.

First, the energy contribution 𝑈SHS/SSS of the SHS increases at higher loads, reflected in

table 4.12. The second reason being the 𝜙therm,SHS increasing at higher loads. Eq. 2.9 shows

Table 4.12: Integral strain energy ratios in Silicon HV2 samples under the mechanical load

of 10 kg, 100 kg and 400 kg.

𝑓SA / Hz 𝑈SHS/SSS 𝑈SH,UB/SSS 𝑈SH,LB/SSS 𝑈mass/SSS 𝑈SA/SSS

10kg

57Hz 1 × 10
−3

% 3 × 10
−3

% 4 × 10
−3

% 0.02 % 99.98 %

149Hz 3 × 10
−5

% 2 × 10
−3

% 4 × 10
−3

% 0.02 % 99.97 %

100kg

73Hz 9 × 10
−3

% 3 × 10
−3

% 6 × 10
−3

% 0.01 % 99.98 %

175Hz 2 × 10
−4

% 2 × 10
−3

% 5 × 10
−3

% 0.01 % 99.98 %

400kg

112Hz 0.02 % 6 × 10
−3

% 0.01 % 0.02 % 99.94 %

243Hz 7 × 10
−4

% 4 × 10
−3

% 9 × 10
−4

% 0.02 % 99.97 %
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Table 4.13: Strain weighted loss angles for all SA types, with the inveestigated load masses,

10 kg, 100 kg and 400 kg

𝑓SA / Hz 𝐷 ˆ𝜙SHS ˆ𝜙SH ˆ𝜙mass

ˆ𝜙SA Σ𝜙SSS

Silicon

10kg

57 1 × 10
−9

7 × 10
−11

2 × 10
−10

1 × 10
−8

1.1 × 10
−8

149 6 × 10
−11

7 × 10
−11

2 × 10
−10

1 × 10
−8

1 × 10
−8

100kg

73 1 × 10
−7

9 × 10
−11

9 × 10
−11

1 × 10
−8

1 × 10
−7

175 6 × 10
−9

7 × 10
−11

9 × 10
−11

1 × 10
−8

1.6 × 10
−8

400kg

112 3 × 10
−6

2 × 10
−10

2 × 10
−10

1 × 10
−8

3 × 10
−6

243 1 × 10
−7

5 × 10
−11

1 × 10
−10

1 × 10
−8

1.1 × 10
−7

Sapphire

10kg

82 1 × 10
−9

2 × 10
−10

5 × 10
−10

1 × 10
−8

1.1 × 10
−8

212 2 × 10
−10

2 × 10
−10

6 × 10
−10

1 × 10
−8

1 × 10
−8

100kg

87 2 × 10
−7

2 × 10
−10

2 × 10
−10

1 × 10
−8

2.3 × 10
−7

223 1 × 10
−8

2 × 10
−10

3 × 10
−10

1 × 10
−8

2 × 10
−8

400kg

109 9 × 10
−6

3 × 10
−10

3 × 10
−10

1 × 10
−8

9 × 10
−6

258 2 × 10
−7

2 × 10
−10

3 × 10
−10

1 × 10
−8

2 × 10
−7

Suspension tube

10kg

62 3 × 10
−10

3 × 10
−11

7 × 10
−11

1 × 10
−6

1 × 10
−6

161 2 × 10
−7

3 × 10
−11

3 × 10
−10

1 × 10
−6

1 × 10
−6

100kg

99 3 × 10
−8

7 × 10
−11

7 × 10
−10

1 × 10
−6

1 × 10
−6

221 2 × 10
−9

5 × 10
−11

5 × 10
−11

1 × 10
−6

1 × 10
−6

400kg

170 4 × 10
−7

2 × 10
−10

2 × 10
−10

1 × 10
−6

1.4 × 10
−6

352 1 × 10
−8

2 × 10
−10

1 × 10
−10

1 × 10
−6

1 × 10
−6

𝜙therm,SHS being a function of tension, frequency and diameter. Due to adjusting 𝑑SHS to

the mechanical load, the tension in the SHS remains constant, when applying different

loads. However with an increasing diameter, the thermal diffusion time 𝜏therm, in eq. 2.10,

increases as well. In addition to this effect, the natural frequency 𝑓SA,violin increases with
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higher tension in the SA. Actuating the SA at 𝑓SA,violin causes the SHS to vibrate at the same

frequency, with a smaller displacement. Thus the SHS is vibrating at higher frequencies

for higher load cases. Eq. 2.9 shows 𝜙therm,SHS increasing with higher frequencies in the

evaluated frequency range, reflected in table A.9.

The extrinsic losses caused by the SH increase by ca. one order of magnitude from

10 kg to 400 kg. This is attributed to the increase in𝑈SH,LB/SSS toward higher masses. The

extrinsic losses caused by the mass remain relatively constant across all load cases.

For the monolithic suspension fibres it can be seen, that at low mechanical load, 𝜙extrinsic
is one order of magnitude lower compared to 𝜙SA. For higher loads such as 100.400 kg the

extrinsic losses, are one and two orders of magnitude larger than 𝜙SA respectively, with

the SHS as the main contributor.

For the suspension tube, table 4.13 shows a mechanical load of 10 kg the associated

𝜙extrinsic are four orders of magnitude lower, compared to 𝜙SA. For a load of 100 kg the

extrinsic losses are two orders of magnitude lower than 𝜙SA. For a load of 400 kg the

extrinsic losses are one order of magnitude lower than 𝜙SA.

Concluding the energetic evaluation of the SSS design, with a sample under load, certain

load cases can be ruled out. Due to the low intrinsic loss characteristics of the themonolithic

suspension fibres, 𝜙extrinsic rise over 𝜙SA by one order of magnitude for applied loads of

100 kg and 400 kg. Therefore measuring the 𝑄-factor of the monolithic suspension fibre

sample under mechanical load, can only be accomplished at small load values.

For the suspension tube the loss estimation has shown that the measurement of higher

mechanical loads is possible. As all load cases have 𝜙extrinsic being at least one order of

magnitued lower than 𝜙SA.

However as certain contributions to loss cannot be modeled beforehand, such as the

clamping loses at the SH and load mass. The extrinsic losses are highly dependent on

the setup, so that only the experimental investigation can show the actual losses. In the

scope of this work is these extrinsic losses are reduced as much as possible by prior FEM

analysis.
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A cryogenic gravitational wave detector called KAGRA has been built and commissioned

in the year 2017 [51, 52]. The GW detector uses monolithic sapphire suspensions with a

diameter of 1.6mm to suspend the 23 kg monolithic sapphire mirrors [52]. The operating

temperature of the mirrors is at 20 K [52].

Research and development prior to building the KAGRA facility included measuring

𝑄-factors of monolithic sapphire suspensions. One of these research and development

facilities included the test setup measuring the 𝑄-factors of monolithic sapphire fibres,

presented in [8]. The test set up and sample geometry, as well as measured 𝑄-factors of

monolithic sapphire suspensions are published in [8].

Within the scope of this work the SSS of this𝑄- measurement facility has been modelled.

This is used as a validation example for the modelling tool and design approach developed

in this work. Therefore a MA, FRA and subsequent energetic evaluation and loss estimation

on the existing test setup is conducted. The results are used to validate the design approach.

This is done by comparing the resulting strain weighted loss angles of the system to the

measured loss angles published in [8].

5.1 Geometry Adaption

The geometry of the sample is published in [8]. The values are presented in table 5.1. The

sample and SH design of the GRAVITHELIUM test facility presented in section 4 were

inspired by the test setup presented in [8]. Figure 3.4 shows the geometry of the sample

used in [8],represented by the monolithic suspension fibre. The sample total length is

10 cm with a total mass of 4 g. The monolithic sapphire suspension fibre has a sample

head-to-body ratio of ≈ 6.

The cryostat, in which the𝑄-measurements were conducted is designed with two stages

for vibration isolation. The cryostat first stage is suspended from the top flange of the

vacuum chamber by three metal wires. The cryostat second stage is suspended from the

first cryostat stage by three metal wires. [8]

Table 5.1: Sample geometry of the monolithic sapphire suspension measured in [8].

Quantity 𝑙 / mm 𝑑 / mm

Sample body 90.0 1.6

Head 5.0 10.0
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Figure 5.1: Schematic view of the SSS geometry of the set up adapted from [8, 53]

The SSS is suspended from the second cryostat stage by two wires. The SSS outlined

design of the test facility is presented in figure 5.1. The dimensions of the SSS were not

published. However photographed pictures showing the test set up with the sample being

clamped in the SUS have been published in [8].

The dimensions of the SSS components were estimated, by comparing the known

dimensions of the sample, to the SSS dimensions depicted in the photographed pictures

presented in [8]. Figure 5.1 shows the SSS geometry of the test facility. The sample is

clamped at one of its heads to the SH, consisting of a copper lower block and stainless

steel upper block. The SSS is suspended from the cryostat second stage, by two stainless

steel wires. In order to cool down the system, heat links to the cryocooler have been fixed

between sapphire head and the SST SH upper block [8]. The aluminium cage is attached

to the SH lower block and houses the actuator and detection sensor. The sample holder

geometry is presented in figure 5.2.

The SH consists of a square copper lower block. Which has a cutout on one of its sides,

in order to place the sample inside the saddle geometry. In figure 5.2 on the right a cross

section of the SH is depicted. It can be seen that the sample is situated in a conical shaped

saddle, with the sample protruding from below the SH. The dimensions of the SH are given

in 5.2. The SH upper block is a square SST plate, with a width of 45mm and a thickness of

5mm.
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Figure 5.2: Schematic view of the geometry of the set up adapted from [8]

Table 5.2: Estimated SH geometry adapted from pictures published in [8, 53].

Symbol and Name Dimension / mm

𝑤SH Width SH lower block 90

𝑤contact Width of contact 45

a) Sample holder height 30

b) Lower cutout hole 4

c) Saddle inner diameter 6

d) Saddle width 2

e) Sample head cutout diameter 14

f) Sample head cutout height 4

g) Sample holder contact 15

The mass of the SH is ca. 1.5 kg. As can be seen in figure 5.1, two aluminium blocks,

serving as the cage are attached to the SH. A single block has the length of 245mm, a

width of 20mm and height of 95mm, resulting in a mass of 1 kg per aluminium block. The

total mass of the SSS is therefore 3.5 kg.

The dimensions of the C85 SHS wires, suspending the system from the cryostat, are not

specified in [8]. The length is estimated to be 𝑙SHS = 200mm. The two SHS wires deployed

in the adapted cases, are replaced by a single SHS, which is a steel wire, for comparability

to the GRAVITHELIUM assembly. The diameter was calculated by eq. 2.6 with a deployed

𝑆𝐹 = 3, which yields 𝑑SHS = 0.5mm. The SUS in the system has a 𝐷-factor of 𝐷 = 1× 10
−2
.
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5.2 Modal Analysis and Frequency Response Analysis

TheMA conducted validates two aspects of the modelling tool. By comparing the simulated

natural frequencies, to the measured natural frequencies [8]. The implemented elasticity

coefficients for sapphire, taken from literature, are validated. And the accuracy of the

deployed BC are validated. Conducting the FRA the response of the SSS of the remodelled

setup can be investigated.

Setting up the geometry in the FEM model the boundary conditions relevant for the MA

are assigned. Similar to the BC deployed to the model presented in section 4.1, the upper

head of the SHS, connecting the SH to the second stage of the cryostat, is implemented as a

fixed constraint, Dirchlet type BC. Meaning no motion of the SHS upper head is occurring

in all three spacial directions. Furthermore the bolts attaching the SH upper block to the

SH lower block and the aluminium block to the SH lower block are implemented as rigid

connectors.

TheMA yields the natural frequencies and mode shapes of the first three modes, relevant

for the 𝑄-measurements conducted in [8]. Table 5.3 presents the natural frequencies simu-

lated in this work and the measured natural frequencies presented in [8]. The difference

in simulated natural frequencies to the measured natural frequencies of the sample is

maximally ca. 4 %, most likely arises from minor uncertainties of implemented elasticity

coefficients for sapphire and errors arising from the use of the FEM software COMSOL
®
.

Figure 5.3 shows the mode shape of the sapphire sample for 𝑓SA,1, 𝑓SA,2 and 𝑓SA,3. The

mode shapes are normalised to give a maximum dimensionless displacement of 1. Compar-

ing the mode shapes in figure 5.3, to the published mode shapes in [8], a qualitative good

agreement can be seen. Concluding from the MA it can be seen that the valid elasticity

coefficients have been implemented from literature for monolithic sapphire. Furthermore

the implementation of the BC for the SHS an activation of gravity is valid. Furthermore a

result derived from the MA is the placement of the boundary load BC relevant for the FRA.

The actuator used in the remodelled set up is a 5 cm square electrostatic actuator, which

is half the size of the sample (10 cm). From figure 5.3 it can be seen, that placing the BL BC

to the lower half of the sample sufficiently actuates all three modes. The voltage used to

actuate the sample was not stated by the author. Therefore the values presented in table

3.4 are used to calculate 𝐹electric via eq. A.1. Deploying these BCs yields the frequency

response plot of the components of the SSS from 0Hz to 3700Hz in figure 5.4.

Table 5.3: Natural frequencies of the sapphire sample, measured from [8] and simulated

values

Mode Number

/ Hz

Simulated Measured

1
st

91 94 [8]

2
nd

1211 1260 [8]

3
rd

3581 3712 [8]
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5.2 Modal Analysis and Frequency Response Analysis
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Figure 5.3: Mode shape of the sapphire sample from [8]
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Figure 5.4 shows, that within the spectrum of 91Hz to 3700Hz in which the sample

modes occur, several natural frequencies of the SSS occur as well. For GRAVITHELIUM

the SSS is designed, with the aim of no SSS natural frequency occurring in the frequency

range of 5Hz to 205Hz, in which 𝑓SA are expected. However it should be noted that for

GRAVITHELIUM the frequency span is Δ𝑓 = 200Hz and for the remodelled case the span

in which 𝑓SA occur is Δ𝑓 ≈ 3500Hz. This difference is attributed to the longer length of

the SA used for the GRAVITHELIUM. This shifts the natural frequencies to lower values.
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5 Adaption of an Existing Setup Design

In figure 5.4, it can be seen that the natural frequencies of the SSS, are at least 100Hz

apart from the sample modes. Therefore there is no risk of SSS modes overlapping with

the sample modes. This would cause large displacements of the SSS, being associated with

elevated integral strain ratio values.

For 𝑓SA,3, it can be seen that the displacement of the sample is lower than the assumed

1 µm sensitivity of the detection system. This might be attributed to the voltage of the

actuation being higher than the assumed 500V. The response of 𝑓SA,3 can be elevated to

above 1 µm assuming a voltage 2 kV. An additional explanation might be the assumed

sensitivity limit of the detection system.

At 𝑓SA,1 it can be seen, that the displacement of the SSS is two orders of magnitudes

lower, compared to the SA displacement. For 𝑓SA,2 the displacement is three orders of

magnitude lower, compared to the SA displacement. For 𝑓SA,3 the displacement of the

SSS is four orders of magnitude lower compared to the SA displacement. The FRA of

GRAVTIHELIUM SSS design, presented in figure 4.5, has shown higher displacements of

the SSS at 𝑓SA compared to the adapted case. An energetic evaluation of the adapted case

is conducted and compared to the GRAVITHELIUM case.

5.3 Energetic Evaluation and Loss estimation

For the energetic evaluation of the adapted SSS, the natural frequencies of the SA are actu-

ated. The integral strain ratios of each component are calculated and the strain weighted

loss angle of each component are determined, as shown in equation 4.8. Summation of the

strain weighted loss angles yields the systems 𝜙SSS,simulated as shown in eq. 4.1.

The experimentally lowest loss angle achieved for the adapted are taken from SSS [8]

and the 𝜙SSS,measured, are compared to the 𝜙SSS,simulated. The comparison serves to validate

the approach of the energetic evaluation of the system. The comparison further reveals

information, on extrinsic losses, as clamping losses cannot be sufficiently modeled.

Table 5.4 presents the integral strain ratios of each component in the SSS of the remod-

elled test set up. In table 5.4 it can be seen, the largest contributing factor besides the

SA is𝑈SH,LB/SSS. Hereby, the value of𝑈SH,LB/SSS is larger than𝑈SH,UB/SSS by a factor of 1.5.

Meaning the energy contribution is higher in the SH lower block compared to the upper

block. The energetic contribution to the total system of the SHS is the smallest for all

modes.

The strain weighted loss angles have been calculated considering the bulk loss angles

for the components SH, cage and sapphire SA. The values for the bulk losses are presented

in table 5.5. For the steel SHS the thermoelastic contribution to the loss angle 𝜙therm,SHS

Table 5.4: Integral strain ratio of the remodelled components of [8]

𝑓SA / Hz 𝑈SHS/SSS 𝑈SH,UB/SSS 𝑈SH,LB/SSS 𝑈cage/SSS 𝑈SA/SSS

91 (𝑓SA,1) 3 × 10
−4

% 6 × 10
−3

% 7 × 10
−3

% 1 × 10
−3

% 99.99 %

1211 (𝑓SA,2) 4 × 10
−4

% 7 × 10
−3

% 0.01 % 1 × 10
−3

% 99.98 %

3581 (𝑓SA,3) 4 × 10
−4

% 7 × 10
−3

% 0.01 % 2 × 10
−3

% 99.98 %
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5.3 Energetic Evaluation and Loss estimation

has been taken into account as well, presented in table A.11. The material data used to

model 𝜙therm,SHS is presented in table A.7. Table 5.6 shows the resulting loss angles for

each component of the adapted SSS.

In general it can be seen that the extrinsic losses 𝜙extrinsic are dominated by
ˆ𝜙SH. These

losses are approximately one order of magnitude higher compared to 𝜙SA. The relatively

high strain weighted loss angle of the SH is attributed to the relatively high bulk losses of

copper 𝜙copper = 1 × 10
−3
, additionally to the high integral strain ratio of𝑈SH,LB/SSS.

Table A.11 shows a strong dependency on frequency for
ˆ𝜙SHS, increasing by one order of

magnitude from 𝑓SA,1 to 𝑓SA,2, even though𝑈SHS/SSS remains quasi constant. Eq. 2.9 shows

𝜙thermoelastic is dependent on frequency. At 𝑓SA,2 the frequency at which the SHS is vibrating

increases by ca. 1000Hz compared to 𝑓SA,1. Hence the 𝜙thermoelastic from 𝜙therm,SHS(𝑓SA,1) =
0.2 to 𝜙therm,SHS(𝑓SA,2) = 1.8. Eq. 2.9 shows that 𝜙thermoelastic decline beyond a frequency of

1640Hz, for the steel SHS of the adapted SSS. This explains 𝜙therm,SHS(𝑓SA,3) = 1.4 being

lower compared to 𝜙therm,SHS(𝑓SA,2) = 1.8.

The values of the simulated 𝜙SSS, simulated and the lowest measured 𝜙SSS, measured are

presented in table 5.7. The authors reports the high 𝜙SSS are attributed to the loss at the

clamping point of the sample [8]. Comparing the simulated values to the measured lowest

values presented in table 5.7, for 𝑓SA,1, relatively good agreement for the simulated and

measured SSS loss angles can be seen, roughly being in the same order of magnitude.

Comparing the simulated and measured system loss angles at 𝑓SA,2 and 𝑓SA,3 table 5.7 shows

the simulation underestimates the losses by one order of magnitude.

The relatively good agreement at low frequency, but not at higher frequencies might

be attributed to the fact, that only bulk losses are taken in to account to the model.

Thermoelastic losses in the copper SH might have a noticable dependency on frequency.

For lower frequencies 𝑓SA,1 the thermoelastic contribution might be small and rises at

higher frequencies. Additionally the effect of pre tension caused by fastening the bolts,

which cannot be modelled, in the SH bulk material might have a dependency on frequency

subsequently increasing 𝜙extrinsic.

Table 5.6 shows the strain weighted loss angle of the SHS, is in the same order of

magnitude as 𝜙SA. The specific 𝑑SHS is not published and might be larger compared to

Table 5.5: Bulk losses for each component in the SSS.

Material 𝜙bulk Material 𝜙bulk

Sapphire 1 × 10
−8

[46] Copper 1 × 10
−3

[54]

SST 1 × 10
−4

[55] Al-6061 1 × 10
−6

[48]

Table 5.6: Integral strain energy ratios in Silicon HV2 samples

𝑓SA / Hz 𝐷 ˆ𝜙SHS ˆ𝜙SHS ˆ𝜙cage ˆ𝜙SA Σ𝜙SSS

91 (𝑓SA,1) 6 × 10
−9

8 × 10
−8

7 × 10
−12

1 × 10
−8

8 × 10
−8

1211 (𝑓SA,2) 7 × 10
−8

1 × 10
−7

1 × 10
−11

1 × 10
−8

2 × 10
−7

3581 (𝑓SA,3) 6 × 10
−8

1 × 10
−7

2 × 10
−11

1 × 10
−8

2 × 10
−7
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5 Adaption of an Existing Setup Design

Table 5.7: Lowest reported experimentally achieved loss angle of the SUS design reported

in [8].

Mode Number 𝜙SSS,measured 𝜙SSS, simulated

91Hz (𝑓SA,1) 1 × 10
−7

8 × 10
−8

1211Hz (𝑓SA,2) 1 × 10
−6

2 × 10
−7

3581Hz (𝑓SA,3) 1 × 10
−6

2 × 10
−7

the deployed 𝑑SHS = 0.5mm. Increasing the diameter of the SHS would result in a higher

𝜙therm,SHS contribution, potentially becoming a limiting factor.

5.3.1 Comparison of Adapted and GRAVITHELIUM Sample Support Structures

Comparing the cases of the adapted SSSadapted and the designed SSSGRAVITHELIUM presented

in section 4.1, with a deployed HV2 sapphire sample, offers a high comparability of the

two setup designs.

Table 4.8 shows the simulated lower bound for 𝜙SSS,GRAVITHELIUM and table 5.6 shows

the lower bound for 𝜙SSS,adapted. Comparing the strain weighted loss angles of both SSS,

it can be seen that 𝜙SH,GRAVITHELIUM is by three orders of magnitude lower compared to

the 𝜙SH,adpated. The large difference, in modelled strain weighted loss angle, is due to the

difference in deployed materials. The SH of the adapted case, consists of copper with

𝜙Cu = 1× 10
−3

[54] and stainless steel with 𝜙SST = 1× 10
−4

[55]. Whereas the SH designed

for GRAVITHELIUM, consists of aluminium with 𝜙Al-6061 = 1×10−6 [48] and tungsten with

𝜙Tungsten = 1× 10
−6

[49]. The bulk loss angles of the less lossy materials deployed material

to the SH in GRAVITHELIUM, are at least two orders of magnitudes lower compared to

the deployed materials in the adapted SH. Thus explaining the large improvement of 𝜙SH.

The clamping losses are reported as the critical extrinsic contribution, limiting the systems

achievable lower 𝜙SSS [24, 8]. Therefore the reduction of the losses cause by the SH, by

about three orders of magnitude serve as a first improvement to the adapted case. This

relation needs to be experimentally validated.

Table A.8 shows 𝜙therm,SHS,GRAVITHELIUM and table A.11 shows 𝜙therm,SHS,adapted. Com-

paring the values for the thermoelastic contribution to the loss angle to the SHS at

𝑓SA,2,GRAVITHELIUM = 61Hz and 𝑓SA,1,adapted = 91Hz, it can be seen deploying Ti-6Al-4V as

the SHS material significantly reduces thermoelastic losses by a two orders of magnitude.
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6 Sample Support Structure Design
Phase-II

As described in chapter 3, one of the objectives of the test facility is to measure the

dissipative mechanisms of superfluid helium. Hereby, a measurement, of the influence

of He-II, on the suspension tubes 𝑄-factor is conducted. This measurement campaign,

involves the investigations of mechanical dissipation mechanism of the He-II phase. Hence

phase-II constitutes a new field of research.

This section presents the design process and a potential design of a SSS for the measure-

ment campaign conducted in phase II. Hereby special focus was placed in, maximising

the SSS design comparability to the measurements conducted under phase-I. In contrast

to phase-I, the phase-II measurement campaigns will not contain 𝑄-measurements with

mechanical load applied to the SA .

General Geometry
Figure 6.1, shows the general geometry of the SSS used to conduct the phase-II measure-

ment campaign. The key components of the SSS are left constant compared to phase-I,

including the SHS, cage, support block and test chamber flange. To the SSS the components,

Test chamber flange

Cage

Support block

Sample

SHS

He-tube

Attenuator

SH

z

y

Figure 6.1: General SSS geometry for phase II measurements
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6 Sample Support Structure Design Phase-II

He-tubes (HT) and a vibration attenuation (VA) system are added. Phase-II includes a

He-supply cryostat, which supplies the suspension tube with helium at a temperature of ca.

1.8 K [35]. The suspension tube is provided with liquid helium via He-supply and return

tubes. These HT are connected to the SH. A VA system attenuates vibrations stemming

from the He-supply cryostat. The design of such a VA system exceeds the scope of this

work.

The design in this work for phase-II is a preliminary design. This is mainly attributed

to the fact, that the VA system is still in the research and development phase and does not

have a conclusive design. The specific design of the VA system, influences decisive design

parameters for the HT. Hence, the presented design mainly focuses on clarifying certain

influences of the HT geometry, in order to assess the SSS design more accurately once the

VA design is set.

The design process for the SSS of phase II, follows the key steps of MA, FRA, energetic

evaluation and loss estimation of the total system outlined in figures 3.3, 4.3 and 4.7. The

sample investigated in this case is the suspension tube, with the same body dimensions as

presented in table 3.3. The following investigations: MA, FRA and loss estimation of the

total system are conducted on the suspension OT only, as described in chapter 3.

In figure 6.2, the components of the SH have been denoted by letters. The a) supply

interface (SI) is connected to the IT of the suspension tube. The b) return interface (RI)

is connected to the suspension tube OT. The HT supplying / returning the He to the

He-supply cryostat connect to the c) connection holes drilled to the SH. The OT is rigidly

jointed to a d) insert block, which is jointed to the SH. The insert joining the OT has a

conical support underneath the joint. The larger diameter of the cone is 𝑑cone = 10mm

ℎSH

𝑑SH

a)

b)

c)

𝑑cone

ℎcone

d)

e)

Figure 6.2: Cross section of the phase-II SH design, without the HT (courtesy of M. Stamm)
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and the height of the conical cutout is ℎcone = 20mm. The IT is rigidly joined to the e)

insert block, which is jointed to the SH.

The SH and SA form a single body in which the suspension tube IT is connected to

the SI and the OT is connected to the RI. This requires the SH to be made of the same

material as the suspension tube, being titanium [7]. Figure 6.2 shows the outlined design

of the SH. The SH design has a conical cutout support under the joint between SH an

suspension OT. This was inspired by the design of the phase-I SH having a conical shape

supporting the samples head, depicted in figure 4.2. The use of the design of the conical

shape under the joint of the sample has been found to be energetically beneficial, reducing

large accumulation of strain density at the joint of SA to the insert. This has shown to

decrease the𝑈SHS/SSS by 50 %.

In order to maximise comparability between measurements conducted under phase-I

and phase-II 𝑑SH,phase-II = 200mm has been deployed. Furthermore the mass of the SH

for phase-II is also left constant𝑚SH,phase-II = 10 kg. Due to the mass of the SH of both

experimental campaigns being constant, the same Ti-6AL-4V SHS with 𝑑SHS = 1.1mm

and 𝑙SHS = 300mm is deployed.

The SH connects to the He supply cryostat via four titanium He tubes (HT). Figure 6.3

shows the general geometry of the HT. The HT have an outer diameter of 𝑑HT,o = 7.1mm

and an inner diameter of 𝑑HT,i = 4.3mm, which were set by the preliminary design by

Koroveshi et al. The height to the attenuation system was assumed to be constant, with

ℎHT,AT = 100mm. Both the height to the SH ℎHT,SH and length 𝑙HT of the HT were part

of the design study conducted in this work. The dimension 𝑙HT is limited by the distance

between SH and cage as the attenuation system can only placed outside the cage. The

distance between perimeter of the SH and cage is assumed 190mm.

Two different HT geometries have been considered in the scope of this work. Where

one case represents a short HT at minimal 𝑙HT,SH and the other case represents twice the

value for ℎHT,SH of the HT. Table 6.1 presents the design parameters chosen for the two

cases investigated in this work.

𝑙HT

ℎHT,SH ℎHT,AT

AttenuatorSH

Figure 6.3: HT preliminary design by Koroveshi et al.
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6 Sample Support Structure Design Phase-II

Table 6.1: Design parameters used for the two investigated He-tubes

Component Dimension / mm

HT variant 1

𝑙HT 200

ℎHT,SH 200

ℎHT,AT 100

HT variant 2

𝑙HT 200

ℎHT,SH 100

ℎHT,AT 100

Boundary conditions
Similar to phase-I the SUS is suspended from the same 300mm long SHS with its upper

head connected to the support block. The boundary condition deployed for the SHS upper

head is the Dirichlet type boundary condition, FC. Furthermore the addition of the HT

requires additional sets of boundary condition deployed to the FEM model. The HT are

connected to the VA system. The systems mass is assumed to be 5 kg. Therefore the

boundary condition added mass is deployed to the end of the HT, connecting to the VA

system. Furthermore as the VA system is rigidly joined to the HT, limits its displacement

in z-direction. Therefore the Dirichlet type BC called roller has been set in the model,

preventing the displacement in z-direction.

Deploying these sets of BC, a MA can be conducted, which conclude natural frequencies

and mode shapes of the sample. The addition of the HT to the SSS are associated with

their natural frequencies, increasing the complexity of the design.

6.1 Modal analysis and Frequency Response Analysis

The natural frequency values of the SA have been found to be the same, as for HV1 empty

suspension tubes, presented in section 3.2. The natural frequencies of the suspension tube

are presented in table 3.6. The mode shapes of the suspension tube in phase-II are the same

as the mode shapes for presented for the HV1 suspension tube in figure 3.6. Concluding

the MA of the SA, the modes relevant for the 𝑄-measurements are in the range of 9Hz

to 150Hz and the natural frequencies of the HT should not interfere the SA within this

range.

The natural frequencies of the HT are presented in table 6.2. It can be seen the shorter HT

variant 1 geometry has three natural frequencies in the range of 0Hz to 250Hz, whereas

the longer He-tube has four natural frequencies in this range. This is attributed to the first

mode occurring at lower frequencies, for longer geometries. Causing the higher order

modes to shift to lower frequencies as well. Both He-tube configurations have one natural

frequency in the range of 9Hz to 150Hz.

The effect of the HT is further investigated by a FRA, conducted in the frequency

range of 0Hz to 200Hz. The mode shapes of the SA conclude the maximal displacement
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6.1 Modal analysis and Frequency Response Analysis

occurring at the free end of the sample for all three relevant 𝑓SA, hence the BL BC is placed

at that point. The actuation of the sample is conducted in the same way as presented in

section 4. The values are presented in table 3.4. A FRA of both HT geometry cases is

conducted. Figure 6.4 shows the frequency response plot of the SSS utilising HT variant 1

and figure A.12 shows the frequency response plot of the SSS utilising HT variant 2.

The FRA shows, that the inclusion of the HT introduces multiple SSS natural frequencies

to the system due to increased complexity. Most notable is the inclusion of the system

rocking mode, which is occurring due to the added mass of 5 kg at the end of each HT. At

Table 6.2: Natural frequencies of HT geometric evaluation.

He tube Mode

Number

Frequency /

Hz

HT variant 1

𝑓HT1,1 3

𝑓HT1,2 13

𝑓HT1,3 194

HT variant 2

𝑓HT2,1 2

𝑓HT2,2 4

𝑓HT2,3 59

𝑓HT2,4 230
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Figure 6.4: FRA of set up design utilising He-tubes variant 1
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6 Sample Support Structure Design Phase-II

the system rocking mode the HT and the added mass, are rocking together with the SSS.

This is contrary to the SUS rocking mode where the He-tubes are still. For The HT variant

1 geometry the system rocking mode occurs at ca. 35Hz and for HT variant 2 geometry

the system rocking mode occurs at ca. 15Hz. Furthermore for HT variant 2 geometry the

proximity of 𝑓HT2,3 = 59Hz to the 𝑓SA,2 = 50Hz causes the response of the HT at 𝑓SA,2 to

be relatively large. This causes large elastic displacements of the HT, which are associated

to an increased energetic contribution of the HT to the total system dissipation.

6.2 Energetic Evaluation and Loss Estimation

Subsequently to the FRA, an energetic evaluation and a lower bound for the loss angle

𝜙SSS is calculated, as shown in eq. 4.1. Table 6.3 shows the simulated integral strain

ratios of each component of the SSS. At 𝑓SA,1 it can be seen that 𝑈HT/SSS is the highest

contributor to strain energy, besides the SA, for both HT geometries. This is attributed to

the proximity of 𝑓SA,1 to 𝑓HT1,2 and 𝑓HT2,2, causing a high response at the slightly higher

frequency 𝑓SA,1 = 9Hz.

Table 6.3: Integral strain energy ratios of the phase-II SSS

𝑓SA / Hz 𝑈SHS/SSS 𝑈SH/SSS 𝑈HT/SSS 𝑈SA/SSS

HT variant 1

7 (𝑓SA,1) 0.03 % 0.1 % 18.3 % 81.3 %

54 (𝑓SA,2) 2 × 10
−4

% 0.2 % 0.6 % 99.2 %

148 (𝑓SA,3) 1 × 10
−6

% 0.2 % 0.003 % 99.8 %

HT variant 2

7 (𝑓SA,1) 0.1 % 0.1 % 37.4 % 62%

54 (𝑓SA,2) 1 × 10
−3

% 0.2 % 2.1 % 97.6 %

148 (𝑓SA,3) 1 × 10
−5

% 0.2 % 0.03 % 99.8 %

Table 6.4: Strain weighted loss angle for the components of the phase-II SSS

𝑓SA / Hz 𝐷 ˆ𝜙SHS ˆ𝜙SH ˆ𝜙HT

ˆ𝜙SA 𝜙SSS

HT variant 1

7 (𝑓SA,1) 4 × 10
−9

2 × 10
−9

2 × 10
−7

1 × 10
−6

1.2 × 10
−6

54 (𝑓SA,2) 3 × 10
−10

2 × 10
−9

6 × 10
−9

1 × 10
−6

1 × 10
−6

148 (𝑓SA,3) 4 × 10
−12

2 × 10
−9

3 × 10
−11

1 × 10
−6

1 × 10
−6

HT variant 2

7 (𝑓SA,1) 4 × 10
−9

1 × 10
−9

4 × 10
−7

1 × 10
−6

1.4 × 10
−6

54 (𝑓SA,2) 3 × 10
−10

2 × 10
−9

2 × 10
−8

1 × 10
−6

1 × 10
−6

148 (𝑓SA,3) 6 × 10
−12

2 × 10
−9

3 × 10
−10

1 × 10
−6

1 × 10
−6
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6.2 Energetic Evaluation and Loss Estimation

From table 6.3 it can be seen, that for the SSS with HT variant 2 deployed, the energetic

contribution of the HT to the total system is elevated compared to HT variant 1. This is

reflected in figure A.12, which depicts the frequency response of the HT variant 2 at 𝑓SA,2
being elevated. This is attributed to the proximity of 𝑓HT2,3 = 59Hz to 𝑓SA,2 = 50Hz. As

the HT variant 1 geometry does not have any natural frequencies occurring close to 𝑓SA,2
the 𝑈HT1/SSS is a factor of ca. 2 smaller compared to 𝑈HT2/SSS. For 𝑓SA,3 the largest energy

contribution besides the SA stems from the SH. At this sample frequency, it can be seen

that𝑈HT1/SSS is lower by one order of magnitude compared to𝑈HT2/SSS.

A lower bound of the systems loss angle 𝜙SSS can be estimated by calculating the strain

weighted loss angles. For the components SA, SH and HT the bulk losses are taken into

account. For titanium bulk losses are 𝜙Ti = 1 × 10
−6

[6]. For the SHS the thermoelastic

contribution to the loss angle 𝜙therm,SHS is taken into account. The calculated values of

𝜙therm,SHS are presented in table A.14.

As described earlier, the OT and IT are rigidly joined to insert blocks, which are then

joined to the SH. These joints are associated with additional loss, attributed to stresses in

the joint. This effect has been shown for fused silica [56] and for sapphire [8]. Additionally

these losses depend on the manufacturing process [8]. The jointing losses for titanium,

require experimental validation and cannot be modeled and are therefore excluded from

this investigation. The strain weighted loss angles of each component and the lower bound

of the total system loss angle 𝜙SSS, are presented in table 6.4.

From table 6.4 it can be seen at 𝑓SA,1 the extrinsic losses 𝜙extrinsic are one order of

magnitude lower than 𝜙SA. The extrinsic loss angle is hereby dominated by the HT,

attributed to their very large values of𝑈HT/SSS > 15 %. At 𝑓SA,2 it can be seen, that 𝜙extrinsic
is dominated by the loss angle in the HT. For the HT variant 1 based SSS design the 𝜙extrinsic
is three orders of magnitude lower, compared to 𝜙SA. Whereas for the HT variant 2 SSS

based design the 𝜙extrinsic are two orders of magnitude lower compared to 𝜙SA. This is

reflected in the relative high displacement response of the HT variant 2 design, shown in

figure A.12.

At 𝑓SA,3, it can be seen that 𝜙extrinsic is limited by the SH for both HT variants, 𝜙extrinsic
are 3 orders of magnitude lower compared to 𝜙SA. Noticeable is the strain weighted loss

angle of the HT component, with HT variant 1 shows 𝜙HT1 = 3 × 10
−11

and HT variant

2 exhibits 𝜙HT2 = 3 × 10
−10

. This is attributed to the lower integral strain energy ratio

for the HT variant 1, which is one order of magnitude lower compared to that of the HT

variant 2.

Concluding the energetic evaluation of the SSS phase-II, it has been shown that the first

mode is associated with high strain weighted loss angles, due to higher elastic deformation

of the HT. For 𝑓SA,2 and 𝑓SA,3 it it is concluded, that the HT is not expected to be a limiting

factor to the 𝑄-measurement. Furthermore it has been shown, that an overall shorter He

tube, with the presented diameter configuration is energetically beneficial, to the overall

losses. This is attributed to the fact that longer HT geometries have a higher number of

modes in a given frequency range. This increases the probability of HT modes overlapping

with SA modes. This causes a higher response of the HT, subsequently increasing strain

weighted loss angle, due to strain.
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7 Imptact of Cryocooler Vibration on the
Test Setup Design

For the phase-I experimental campaign, the largest environmental influence on vibration is

expected to stem from the cryocooler. The 2
nd

stage of the cryooler is attached to the test

chamber flange via thin metal ribbons. Figure 7.1 shows the schematic of the investigated

geometry for this analysis.

The cryocooler cooling the test chamber is set to be a Pulse Tube (PT) Cryomech

PT-425 cryocooler, with a remote motor option [7]. The cryocooler reaches a minimum

temperature of 2.8 K at 0W heat load and at a temperature of 4.2 K the cooling capcity is

2.7W [57]. Vibration analysis of the cryomech PT-425 are not available in literature to

date, at which this work has been conducted.

In the context of the KAGRA research and development phase, a "vibration free (meaning

limited to seismic vibrations) pulse tube cryocooler system" for GW detector applications,

has been developed [58, 34, 59, 60]. In the scope of the development of such a cryostat,

vibration analysis of different cryocooler types have been conducted in [34]. These

Test chamber flange

Cryocooler 2
nd

stage

Metal ribbons

Support blockSHS

SH upper block

SH lower block

Sample

z

y

Figure 7.1: Detailed schematic of the general SUS geometry
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7 Imptact of Cryocooler Vibration on the Test Setup Design

Table 7.1: Comparable paramters of the PT cryocooler SRP-052A and PT425.

Quantity SRP-052A PT-425

Base temperature/ K 2.3 [60] 2.8 [61]

Cooling capacity at 4.2 K / W 0.9 [60] 2.7 [61]

Filling pressure / MPa 1.8 [60] 1.8 [61]

investigations included the analysis of three different cryocooler types. A 4K 2 stage

Gifford McMahon cryocooler, a 40K single stage PT cryocooler and a 4K 2 stage PT

cryocooler. The former being the Sumitomo SRP-052A remote motor PT cryocooler, which

has been found to be optimal for the requirements of the cryostat with minimal vibration.

The minimum temperature of the cryocooler is 2.3K at 0W and the cooling capacity of

the cryocooler 2
nd

stage at a temperature of 4.2 K is specified at 0.9W [60].

The vibration analysis of cryocoolers conducted in the scope of the research and de-

velopment campaigns, has concluded two main sources of vibrations. The first being an

overall cold head vibration, caused by the movement of compressor, rotary valve unit and

working gas flow [58, 34]. The second source of vibration is the vibration at the 2
nd

stage

of the cryocooler. The latter vibrations are caused by the elastic deformation of the pulse

and regenerator tubes, due to the helium pressure oscillation inside the cryocooler [58,

34].

Comparing the dimensions of the SRP-052A and PT-425 cryocoolers themselves is

not possible, as Sumitomo does not list the SRP-052A cryocooler in the product catalog

anymore. Therefore the only availiable comparable values of capacity, base temperature

and filling pressure are presented in table 7.1.

Since extensive investigation on the SRP-052 PT cryocooler has been conducted, the

cryocoolers vibration characteristics have been implemented in the FEM model. This

serves as an initial assumption, investigating the effect of the cryocooler second stage

vibration could potentially have to the test setup conducted under phase-I.

The analysis presented in this section is a random vibration analysis. The vibrations

stemming from the cold head of the crycooler neglected in this study, as the cryocooler

second stage vibration occur closer to the SSS. Attributed to the nature of the vibrations

created by a cryocooler are random, as defined in section 2.4. In addition to the SSS

the model includes the support block, test chamber flange and the copper ribbons. The

evaluated quantity is the displacement of the sample due to the displacement of the metal

ribbons, which are experiencing the same displacement as the cryocooler 2
nd

stage. The

metal ribbons are assumed to be copper ribbons in the scope of this investigation. Figure

2.7 in chapter 2 shows the measured displacement PSD of the cryocoolers SRP-052A second

stage. The RMS displacement of the second cold stage is reported to be 𝑥RMS = 15 µm.

These data were integrated as an input for the random vibration analysis.

The outer perimeter of the test chamber flangewas implemented as a FC BC, which keeps

the flange locked in place, however allowing the transmission of vibrations. Implementing

the displacement PSD as a boundary condition to the random vibration analysis is not

possible directly. This is purely attributed to COMSOL
®
not supporting displacement
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Figure 7.2: Measured displacement PSD of the Cryocooler 2
nd

stage and simulated dis-

placement PSD of the Cu-ribbons

PSDs as boundary conditions, for random vibration analysis [62]. As discussed earlier, the

pressure oscillation is the main contributor to vibrations at the second cold stage, caused

by elastic deformation of the pulse and regenerator tubes [58]. This has been measured

and validated in [34], by measuring a pressure PSD in the helium tubing and relating it to

the displacement PSD of the cryocooler 2
nd

stage [34]. The measurement of the pressure

PSD is published in the frequency range of 0.1Hz to 100Hz [34].

Therefore the pressure PSD is implemented as a Neumann type BC to the random

vibration analysis. The copper ribbons are rigidly connected to the cryocooler 2
nd

stage.

Hence the pressure PSD is applied to the upper surfaces of the copper ribbons. Since the

specific dimensions of the cryocoolers 2
nd

stage are unknown, it has been excluded from

the model. Therefore the aim of the pressure PSD is to replicate the displacement PSD of

the cryocooler at the copper ribbons. This is accomplished by scaling the pressure PSD a

constant scaling factor, across the entire frequency band width. The aim of this factor is to

yield a resulting RMS value 𝑥RMS,ribbons = 15 µm, as stated by [34]. Therefore assuming the

ribbons follow the displacement of the cryocooler 2
nd

stage. Figure shows the comparison

between the measured displacement of the cryocooler second stage and the simulated

displacement PSD of the copper ribbons.

Comparing the measured displacement PSD of the cryocoolers 2
nd

stage and the simu-

lated displacement PSD of the copper ribbons, it can be seen that the RMS values of the

displacement only differ by 2 µm. Further more it can be seen, that the simulated displace-

ment PSD correspond well to the majority of the characteristic frequencies exhibited by
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the cryocooler. In the frequency range of 0.1Hz to 1Hz the simulation underestimates

the measured displacement PSD by a factor of ca. 10. The relatively high discrepancies

at lower frequencies might be attributed to the pressure oscillation not contributing to

vibration within this frequency range. The source for vibration might be dominated by the

type 1 vibrations transmitting to the 2
nd

stage of the cryocooler. In the frequency range of

5Hz to 20Hz the ribbon displacement PSD overshoots the measured cryocooler 2
nd

stage

displacement PSD values by a factor of ca. 4.

The copper ribbons displacement PSD overlaps with the measured displacement PSD of

the 2
nd

stage of the cryocooler over the majority of the measured frequency displacement.

Therefore the displacement PSD of the copper ribbons can be regraded as an input to the

system. The sample PSD can be regarded as a response to the displacement experienced

by the copper ribbons depicted in figure 7.2. The associated sample response displacement

PSD in vertical direction is shown in figure 7.3.

Integrating eq. 2.41 over the entire frequency range yields the overall displacement

of the sample. In figure 7.3, it can be seen that the overall sample vibration, caused by

the cryocoolers 2
nd

stage, is at 𝑥RMS = 2 nm, with a pronounecd frequency of 1Hz. In the

frequency range of 0.1Hz to 30Hz the response of the sample, mirrors the displacement

PSD of the cryocooler, shifted by four orders of magnitude lower. The vibrations are

transmitted through the SSS to the sample. The largest response of the sample occurs at

1Hz, which is attributed to the cryocooler having its largest displacement peak at that

frequency.
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At a frequency of ca. 30Hz the SA displacement PSD has a peak with 𝑥RMS = 0.1 nm.

This peak represents the vertical mode of the SSS, being actuated by the vibrations of the

cryocooler. It can be seen that the response of the SSS is below the peak of the response at

1Hz. This means the over all vibration in vertical direction is mainly at 1Hz. The response

PSD of the sample declines beyond 𝑓SSS,vertical = 30Hz, except at a frequency of 50Hz,

which is the operating frequency of the cryocooler [34].

The decline of the response for frequencies above the vertical mode can be explained

by eq. 2.39, which describes the frequency response of a system with a single degree of

freedom. The response to frequencies above the natural frequency of the system declines,

due to the denominator rising. As the SSS is a system with a mass suspend from the SHS,

hence theoretically comparable to a single degree of freedom system, the effect of the

response declining above the vertical mode can be explained as such.
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8 Conclusion and Outlook

In the scope of this work an approach to design a SSS has been developed. Design and

evaluation parameters for the SSS have been defined and are summarised in the flowcharts

depicted in figures 3.3, 4.3 and 4.7. The design approach contains the following key steps:

MA, FRA and energetic evaluation of the resulting SSS.

These design take into account the definition of the relevant frequencies for the 𝑄-

measurement of the various SA types. The sample analysis has concluded that the relevant

sample modes are in the frequency range of 5Hz to 205Hz. The ET-LF frequency sensitivity

is set to be at 3Hz to 30Hz. The sample modes are within or very close to the sensitivity

frequency range. Hence a more accurate dissipation value of the ET-LF cryogenic payload

can be modelled, by measuring the loss angles of the different SA types.

The MA serves to validate the defined design parameters do not cause the SSS to have

overlapping natural frequencies with the investigated SA. The FRA serves as a validation,

that no component of the SSS has a particularly increased displacement response close to

the 𝑓SA. Since this might cause high elastic deformation of the component, which scales

with a higher dissipation. The energetic evaluation of the SSS, serves to estimate the lower

bound of the loss angle value. The results of this analysis are, the decisive factor for a SSS

design candidate.

Certain factors, which influence the dissipative behaviour, cannot be modeled. These

factors include dissipation caused by e.g. jointing components, friction between compo-

nents, pretension caused by fastened bolts, etc. To estimate how high these additional

losses are, this work included the adaption of an existing SSS design presented in [8] to

the modelling tool. The calculated lower bound values for 𝜙SSS,FEM have been compared

to the measured values for 𝜙SSS,measured. The comparison has concluded, that the model

underestimated the 𝜙extrinsic by a factor of 10. Hence a correction factor of 10 is taken

into account, to conclude which design cases are measurable for each SA type, in each

investigation, for the designed SSS of GRAVITHELIUM.

The correction factor is multiplied to the 𝜙extrinsic and the corrected 𝜙extrinsic,corrected is

compared to the 𝜙SA. If the the corrected extrinsic loss factor stay below 𝜙SA, the 𝑄-factor

is very likely to be measurable, meaning the dissipation of energy is not limited by the

SSS.

Considering this correction factor for the SSS design, conducted for the unloaded SA,

concludes the following. For the suspension tube are both HV geometries and all modes

are measurable. For the sapphire SA, it is concluded that the second and third mode of the

HV2 design are measurable, whereas the HV1 design, is limited by the strain weighted loss

contribution of the SH. Measurable for the silicon SA, are the second and third mode for

both HV SSS design. The measurements conducted for the first mode have to be omitted,

in this configuration, as extrinsic losses due to the clamping exceed the dissipation of the

SA.
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8 Conclusion and Outlook

Efforts have been made to increase the measurability of the first mode of a silicon

HV2 sample. The correction factor is also implemented in this case. It can be seen,

when attaching the cage to the SH directly, the measurement of the first mode becomes

possible. However the investigation on effects of a PT SRP-052A cryocooler vibrations to

the measurement setup, have concluded, that the noise introduced by the cryocooler is

expected to be high at low frequencies. The noise is expected to be around 2 nm with a

pronounced frequency of 1Hz. As the first mode occurs at ca. 6Hz, the noise level might

be a limiting factor. Hence the measurement of the samples higher modes might conclude

be sufficient.

The correction factor is also applied to the 𝜙extrinsic, for the investigation conducted

for a loaded SA. For the suspension tube, it can be concluded that 𝑄-measurements can

be conducted, for load masses up to 100 kg, under the assumption, the suspension tube

only experiences bulk losses. This is most likely not the case, since the tension increases

in the SA with applied loads, the thermoelastic contribution to the intrinsic loss angle

of the suspension tube, are expected to increase. Hence the overall acceptable 𝜙extrinsic
is expected to rise. For the monolithic suspension fibres the thermoelastic losses, are

not expected to increase at higher load, due to their low dissipative behaviour [6]. For

the sapphire SA it can be seen, that the applied loads must be below 10 kg. The specific

acceptable load applied to the sapphire suspension has to be investigated in a future work.

For the silicon SA it is concluded, that measuring the second violin mode, with an applied

load mass of 10 kg is possible. However the correction factor of 10, might be set too low,

due to the fact that additional clamping losses arise, from clamping a load mass to the SA.

Hence future investigations on the extrinsic loss angle, introduced by clamping the load

mass to the SA, have to be experimentally conducted.

In general it can be said, that if the correction factor of 10 multiplied to 𝜙extrinsic is

potentially found to be too low, the measured lowest loss angle of the setup can be

compared to the loss angles presented in this work. By doing so a more appropriate

correction factor can be deployed as an input to the design approach developed. This

would therefore give a more appropriate design, provided if the correction factor 10 is set

to be too low, for the specific SSS design. For the test setup in phase-I it can be concluded

that the design process, has been applied and has been shown to yield a design which is

theoretically possible to conduct 𝑄-measurements even for the low dissipation samples of

silicon and sapphire.

Deploying the correction factor to the phase-II SSS design, it can be seen, that the

measurement for the second and third mode are possible. Further more, it has been shown

that a shorter HT is beneficial, due to the number of modes reducing, in a given frequency

spectrum. However the effect of reduction on outer diameter, has not been investigated in

the scope of this work. A reduction in outer diameter of the HT, might cause the effective

spring constant of the HT to decrease [63], which might result in a softer design of the HT.

This might result in a lower displacement response compared to the HT with the diameter

configuration included in this work. The investigation on variation of wall thickness needs

to be conducted in a future work. Additionally an investigation on the loss angle caused

by the jointing at the phase II SH, needs to be investigated experimentally. For fused

silica, the jointing methods have been reported, to be a limiting factor of overall loss angle

[56]. Therefore an experimental validation needs to be conducted for the titanium jointing
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methods.

A conclusive design for the phase-II SSS cannot be given, as done for phase-I. Due to many

factors of the design still being unknown. However, these outside factors, can be used as

inputs to the developed design approach in future works, i order to design a conclusive

SSS design for phase-II.
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A Appendix

A.1 Appendix equations

𝐹𝑒𝑙 =
𝜖0𝐴

2𝑎2
𝑉 2

(A.1)

𝐸𝑖 𝑗𝑘𝑙 =

𝐶11 𝐶12 𝐶13 𝐶14 0 0

𝐶12 𝐶11 𝐶13 −𝐶14 0 0

𝐶13 𝐶13 𝐶33 0 0 0

𝐶14 −𝐶14 0 𝐶44 0 0

0 0 0 0 𝐶44 𝐶14

0 0 0 0 𝐶14

1

2
(𝐶11 −𝐶12)

(A.2)

A.2 Additional Tables

Table A.1: Natural frequency for head variation 1 model validation

Mode

number

Si <100> Sapphire Suspension tube

FEM Analytical FEM Analytical FEM Analytical

1 / Hz 8 8 11.5 12 7.5 7.4

2 / Hz 50 52 72.5 77 48.5 46.5

3 / Hz 140 146 203 215 138 130

Table A.2: SHS + Aluminium SH rocking modes with a set 𝑑SH,LB = 200mm and different

masses

𝑚 / kg 10 12 15 20

ℎ / mm 82 107 145 209

𝑓𝑟𝑜𝑐𝑘𝑖𝑛𝑔 / Hz 2.1 2.1 2.1 2.1
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A Appendix

Table A.3: Dimensions of SSS by courtesey M. Stamm

Quantity Value

Material upper flange Aluminium

Diameter upper flange 1290mm

Height upper flange 65mm

Mass upper flange 230 kg

Material support block Copper

Diameter support block 410mm

Height support block 30mm

Mass support block 35 kg

Material SHS SST

Diameter SHS 4mm

Length SHS 110mm

Mass SHS 0.02 kg

Material SH upper block SST

Diameter SH upper block 70mm

Height SH upper block 25mm

Mass SH upper block 0.7 kg

Material SH lower block Copper

Diameter SH lower block 100mm

Height SH lower block 49mm

Mass SH lower block 3 kg
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A.2 Additional Tables

Table A.4: Dimension summary SSS concluding from this work

Quantity Value

Sample

𝑙SA-body 1000mm

ℎh 5 or 20

𝑑h 16 or 32

SHS

Material SHS Ti-6Al-4V

𝑙SHS 300mm

𝑑SHS,SH 1.1mm

𝑑SHS,SH,cage 1.6mm

𝐷 (𝑑SHS,SH) 0.016

𝐷 (𝑑SHS,SH,cage) 0.02

SH, upper block

Material SH upper block Tungsten

𝑑SH,UB 120mm

ℎSH,UB 20mm

𝑚SH,UB 4 kg

SH, lower block

Material SH lower block Al-6061

𝑑SH,LB 200mm

ℎSH,LB 82mm

𝑚SH,LB 6 kg

Cage

Material cage Al-6061

𝑙SH,LB 1000mm

ℎSH,LB 20mm

𝑤SH,LB 130mm

𝑚SH,LB 14 kg
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Table A.5: Integral strain energy ratios of the SSS with a HV2 sapphire sample under load

SA natural

frequency

𝑈SHS/SSS 𝑈SH,UB/SSS 𝑈SH,LB/SSS 𝑈mass/SSS 𝑈SA/SSS

Sapphire

10kg

81Hz 1 × 10
−3

% 0.01 % 7 × 10
−3

% 0.02 % 99.98 %

212Hz 7 × 10
−5

% 0.01 % 8 × 10
−3

% 0.02 % 99.97 %

100kg

87Hz 0.01 % 0.01 % 9 × 10
−3

% 0.02 % 99.94 %

232Hz 2 × 10
−4

% 0.01 % 9 × 10
−3

% 0.02 % 99.95 %

400kg

109Hz 0.07 % 0.02 % 0.01 % 0.03 % 99.87 %

258Hz 1 × 10
−3

% 0.01 % 0.01 % 0.03 % 99.94 %

Table A.6: Integral strain energy ratios of the SSS with a HV2 suspension tube under load

SA natural

frequency

𝑈SHS/SSS 𝑈SH,UB/SSS 𝑈SH,LB/SSS 𝑈mass/SSS 𝑈SA/SSS

Suspension tube

10kg

62Hz 3 × 10
−5

% 2 × 10
−3

% 1 × 10
−3

% 0.01 % 99.98 %

161Hz 2 × 10
−5

% 2 × 10
−3

% 1 × 10
−3

% 0.01 % 99.99 %

100kg

99Hz 2 × 10
−3

% 4 × 10
−3

% 3 × 10
−3

% 0.01 % 99.98 %

221Hz 4 × 10
−5

% 3 × 10
−3

% 2 × 10
−3

% 0.01 % 99.99 %

400kg

170Hz 2 × 10
−3

% 9 × 10
−3

% 7 × 10
−3

% 0.02 % 99.96 %

352Hz 1 × 10
−4

% 7 × 10
−3

% 5 × 10
−3

% 0.01 % 99.97 %

AAAA
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Table A.7: Material data necessary calculating 𝜙thermo elastic.

Quantity Ti-6Al-4V SST

E / GPa 127 [11] 210 [11]

𝜌 / kg/m3
4540 [64] 7850[11]

𝛼 / 1/K 6.0 × 10
−6

[65] 1.0 × 10
−5

[66]

𝛽 / 1/K −4.6 × 10
−4

[67] −4.65 × 10
−4

[66]

𝑐p/J kg−1 K−1
1 × 10

−2
[68] 2 × 10

−3
[11]

𝜆 /Wm
−1

K
−1

0.22 [68] 3 × 10
−3

[11]

Table A.8: Thermoelastic loss contribution of Ti-6Al-4V SHS for samples with free end

Silicon Sapphire Suspension tube

𝑓SA 𝜙therm,SHS 𝑓SA 𝜙therm,SHS 𝑓SA 𝜙therm,SHS

HV1

11Hz 4.3 × 10
−4

17Hz 6.7 × 10
−4

9Hz 3.6 × 10
−4

51Hz 2.0 × 10
−3

73Hz 2.9 × 10
−3

49Hz 1.9 × 10
−3

141Hz 5.6 × 10
−5

203Hz 8.0 × 10
−3

137Hz 5.4 × 10
−3

HV2

11Hz 4.3 × 10
−4

17Hz 6.7 × 10
−4

7Hz 2.7 × 10
−4

41Hz 1.6 × 10
−3

61Hz 2.4 × 10
−3

39Hz 1.5 × 10
−3

121Hz 4.8 × 10
−5

176Hz 6.9 × 10
−3

121Hz 4.8 × 10
−3

Table A.9: Thermoelastic loss contribution of Ti-6Al-4V SHS for HV2 samples under load

Silicon Sapphire Suspension tube

𝑓SA 𝜙therm,SHS 𝑓SA 𝜙therm,SHS 𝑓SA 𝜙therm,SHS

10 kg

57Hz 4.2 × 10
−3

81Hz 5.9 × 10
−3

62Hz 4.5 × 10
−3

149Hz 1.1 × 10
−3

213Hz 1.6 × 10
−2

160Hz 1.2 × 10
−2

100 kg

73Hz 2.9 × 10
−2

87Hz 3.5 × 10
−2

99Hz 3.9 × 10
−2

243Hz 6.7 × 10
−2

223Hz 8.4 × 10
−3

221Hz 8.3 × 10
−2

400 kg

81Hz 1.4 × 10
−1

109Hz 1.3 × 10
−1

170Hz 1.7 × 10
−1

213Hz 1.7 × 10
−1

258Hz 1.7 × 10
−1

352Hz 1.6 × 10
−1

ABC
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Table A.10: Thermoelastic loss contribution of SHS of the case, where the cage is attached

to the SH

𝑓SA,1 = 11Hz 𝑓SA,2 = 41Hz 𝑓SA,3 = 121Hz

𝜙therm,SHS 9.3 × 10
−4

4.3 × 10
−3

1.1 × 10
−2

Table A.11: Thermoelastic loss contribution of SST SHS for remodelled case of [8]

𝑓SA,1 = 91Hz 𝑓SA,2 = 1211Hz 𝑓SA,3 = 3581Hz

𝜙therm,SHS 2.0 × 10
−1

1.8 1.4

Table A.12: Natural frequencies of the Phase two suspension tubes.

SA Mode

Number

Frequency / Hz

𝑓SA,1 Mode 9

𝑓SA,2 Mode 54

𝑓SA,3 Mode 150

Table A.13: Phase-II SH dimensions

Component Dimension / mm

𝑑SH 200

ℎSH 100

𝑑insert,OT 100

ℎinsert,OT 15

𝑑SI 90

ℎSI 20

𝑑insert,IT 70

ℎinsert,IT 14

𝑑RI 60

ℎRI 20

𝑑cone 10

ℎcone 20

Table A.14: Thermoelastic loss contribution of Ti-6Al-4V for measurements conducted in

phase II

𝑓SA,1 = 9Hz 𝑓SA,2 = 54Hz 𝑓SA,3 = 150Hz

𝜙therm,SHS 3.0 × 10
−4

2.1 × 10
−3

5.8 × 10
−3
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Figure A.1: Mode shapes of the first three modes of the sample with Head Variant 2
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Figure A.5: FRA of sample and SUS: Sapphire HV2
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Figure A.7: FRA of sample and SUS: Silicon HV1
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a) b) c)

d) e) f)

Figure A.11: Two stage pendulum characteristic mode shapes, a) system pendulum mode,

b) suspended mass rocking mode, c) SH rocking mode, d) SH pendulum mode,

e) 1
st
SA violin mode, f) 2

nd
SA violin mode
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Figure A.12: FRA of set up design utilising He-tubes variant 2
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