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WHY A SYSTEM OF THREE BOSONS ON SEPARATE LINES CAN NOT EXHIBIT
THE CONFINEMENT INDUCED EFIMOV EFFECT

DIRK HUNDERTMARK, MARVIN R. SCHULZ, SEMJON VUGALTER

ABSTRACT. We study a system of three bosons interacting with short-range potentials which
can move along three different lines. Two of these lines are parallel to each other within one
plane. The third line is constrained to a plane perpendicular to the first one. Recently it was
predicted in physics literature [NE17] that such a system exhibits the so—called confinement
induced Efimov effect. We prove that this prediction is not correct by showing that this
system has at most finitely many bound-states.
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1. INTRODUCTION

1.1. The physical system. We study a system consisting of three quantum particles (bosons)
with short—range interactions confined to move on separate lines within R3, see Figure 2 in
section 2. Two of these lines, L, and Ls, are parallel to each other within a plane P, while the
first line, Ly, is constrained to a plane perpendicular to P which does not intersect Ly or Ls.
That is, the intersection of the plane on which L, lies with the plane P forms a line parallel
to L, and Ls. The line L; intersects P at an angle { € (0, 7/2]. Without loss of generality, we
can fix the point of intersection of the line L; and the plane P as the origin.

Recently the physicists Nishida and Tan predicted that this system might exhibit the
so—called confinement induced Efimov effect. This in particular means, that it should have
an infinite number of negative eigenvalues, if two—particle subsystems do not have bound

Date: December 2, 2024, version main.
Key words and phrases. Resonances, virtual levels, Efimov effect.
©2024 by the authors. Faithful reproduction of this article, in its entirety, by any means is permitted for
non-commercial purposes.
1


Christian Knieling


2 DIRK HUNDERTMARK, MARVIN R. SCHULZ, SEMJON VUGALTER

states, but have resonances at the bottom of the essential spectrum. the possible existence of
Efimov type effects in such geometrically constrained quantum systems, see [NTo8],[NT11]).

Our main result, see Theorem 2.1, shows that this prediction is not correct. We prove
that the geometrically constrained three—particle system discussed above can have at most
finitely many bound-states for a large class of short-range potentials.

1.2. The Efimov effect. It is well known that an one-particle Schrodinger operator —A+V (x)
on L?(R%) with relatively bounded potential decaying faster than Ix|27°,6 > 0 may have only
a finite number of eingenvalues. It was proven by Zhislin [Zis74] and Yafaev [Jaf74] using
two different methods that N-particle Schrodinger operators, under the same conditions on
the potentials, posess only a finite number of eigenvalues if at least one of the subsystems
has a bound state below zero.

It was very surprising, when physicist Efimov found in 1970 [Efi7o] that a system of
three particles in R® with short-range pairwise interactions may have an infinite number
of eigenvalues when the two-particle subsystems do not have bound-states, but have
resonances at the bottom of the spectrum.

Beyond the infinite accumulation of bound-states, the Efimov effect exhibits several
remarkable properties, one of the most significant being its universality. This means that the
discrete spectrum’s asymptotic behavior remains the same, regardless of the microscopic
specifics of the underlying pair—potentials. In particular, the number of bound-states N (E)
below E < 0 satisfies the universal asymptotic behavior

Jim N(E) = Co [In(|ED] + o(1) (11)

for some constant C; > 0, which depends solely on the particle masses and not on the
interaction potentials.

Both in mathematics and physics, it became a highly recognized challenge to study the
Efimov effect. After Efimov’s initial description the first rigorous mathematical proof was
provided by Yafaev in 1970 [Jaf74], followed by a variational proof by Ovchinnikov and
Sigal in 1979 [OS79] and Tamura in [Tamog1]. The asymptotic behavior of the number of
bound-states, which was already predicted by Efimov, was later confirmed mathematically
by Sobolev in 1993 [Sobg3]. Until the end of the 1990s, several significant physical and
mathematical findings had emerged on this topic (see, e.g., [TVS93], [KS79], [Ping5], [Ping6],
[VZ83] and [VZ84])

Despite its universality property, the Efimov effect is an exceptionally rare phenomenon,
primarily due to the necessary presence of virtual levels in two—particle subsystems. In
experiments, it is difficult to create conditions where two—particle subsystems have zero—
energy resonances. Moreover, the Efimov bound-states have a large size and are very weakly
bound. This makes the Efimov effect exceedingly challenging to observe.

However, technological advancements in the 1990s, such as improved laser cooling tech-
niques, enabled the study of resonant systems through the application of magnetic fields
and so—called Feshbach resonances (see, e.g., [TVS93], [[AA*98], and [CFH*98]). The first
experimental observation of the Efimov effect was achieved in 2002 in an ultracold gas
of cesium atoms, which was published in 2006 [KMW*06]. Later, in experiments with
potassium atoms, two consecutive Efimov states have been observed [ZDD"09], obtaining
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data consistent with the universal scaling property in (1.1). By the late 2000s, evidence of the
Efimov effect was found for various other particles, including cases beyond systems of three
identical bosons (see, e.g., [GSKKooga], [GSKKogb], [PDHog], [BWR*09] and [XVdGC*20]).
For a more detailed review of the experimental results on the Efimov effect see [FG10] and
the references therein. The experimental verification of the Efimov effect generated renewed
and significant academic interest. For a comprehensive review, see [NE17] (published in
2017), which includes over 400 references, most of them from after 2009.

Recently, both experimental and theoretical studies have explored the existence of effects
similar to the Efimov effect. A natural question is: does the Efimov effect extend to N—particle
systems for N > 3 when the (N — 1)—particle subsystems possess a virtual level? It is known
that in systems with N > 4 bosons in three dimensions, the effect is absent [AG73], [BBV20],
[Gri13].

Another question is whether the effect can exist in spatial dimensions other than three,
which occur, for example in configurations involving graphene or by confinement of particles
via optical lattices. In systems of N bosons, the absence of the Efimov effect in dimension
one has been established in [BBV20]. In the same work, it was proved that for N two-
dimensional bosons the Effimov effect is absent, except in the case N = 4. Physicists predict
that for N = 4 the Efimove effect exists only if the system interacts solely via three-particle
forces. Mathematically this is still an open problem.

For N = 3 in dimensions greater than five, virtual levels correspond to bound-states of
two—particle subsystems, resulting in the non-existence of the Efimov effect. The situation
in dimension four is more complex since virtual levels in this case are resonances but not
bound-states, however, the decay rate is so high, that the resonance barely misses to be L2
The non-existence of the Efimov effect for three bosons in dimension four was demonstrated
by the use of so-called Faddeev equations in [BB19]. This completes the picture for the
existence or non—existence of the Efimov effect for (bosonic) three—particle systems in all
dimensions.

Recent advancements in experiments with ultracold gases have enabled the confinement
of particles to lower—dimensional subspaces using strong optical lattices (see, e.g., [GVL"o1],
[TVA*08]). This development enables the study of systems with mixed dimensionality, where
different species of particles are confined to distinct subspaces of dimension less than three.
The physicists Nishida and Tan discussed the possible existence of Efimov type effects in
such geometrically constrained systems (see [NTo8],[NT11]). In [NTog], they examined the
possibility of this effect occurring in a mixture of 4°K and °Li isotopes, where the conventional
Efimov effect is known to be absent. They argued that confining 4°K particles to a one-
dimensional subspace is a promising system for the so—called confinement induced Efimov
effect. However, a rigorous mathematical description of these scenarios remains an open
question. In [NE17] the predictions on the Efimov effect among various configurations of
three particles with mixed dimensionality have been summarized. We present the table
[NE17, page 44, Table 1] and these predictions in Figure 1 below. In this work, we examine
one of the cases. Namely the case (1D-1D x 1D) on the bottom right.

We prove that, contrary to the predictions made, this system can support only a finite
number of bound-states, even if there are virtual levels in the two—particle subsystems.
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FIGURE 1. Predictions on the confinement induced Effimov effect. Graphic
taken from [NE17, page 44, Table 1]. For each case, it is indicated whether the
Efimov effect is predicted to occur (v) or not (x).

This configuration is particularly intriguing because it is a truly mixed dimensional system,
consisting of one one-dimensional and two two-dimensional subsystems.

Our approach is based on methods developed by Vugalter and Zhislin (see, e.g., [Zis74],
[VZ83], [VZ84] and [VZ92]), which were recently applied in [BBV21] to establish the absence
of the Efimov effect in unconstrained N—particle systems in dimensions one and two. As
usual, an important part of the work is the study of the decay properties of resonances which
may occur at the bottom of the spectrum of subsystems. To the best of our knowledge, the
decay of resonances has only been studied in the case of rotational symmetric potentials.
However, for this mixed dimensional system, the subsystems are not necessarily rotational
invariant which tremendously complicates the analysis of the decay properties of zero—
energy solutions. Although this solutions are not functions in L?(R?) using a modification
of techniques from [HJL21], [HJL23], [BBV20], [BBV21] and [BHHV22], which extend the
method of [Agm83], we show that the projection of these solutions onto the subspace
orthogonal to radially symmetric functions are in L?(R?).

The paper is structured as follows. In Section 2, we give main definitions and state our
main result and addresses the (lack of) symmetries within the two—particle subsystems. In
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Section 3, we state four lemmas and show how they lead to a proof of our main theorem
regarding the finiteness of the discrete spectrum.

As preparation for proving these lemmas, Section 4 examines the decay properties of
the zero—energy solutions within a given symmetry subspace. It turns out that the part of
a resonance in angular momentum subspaces different from zero angular momentum has
faster decay than the part in the zero angular momentum subspace (the s channel in physics
language). We finish the proof of the main theorem by proving the remaining lemmas from
Section 3 in Section 5.

Acknowledgements: This research has been partially funded by the Deutsche Forschungsge-
meinschaft (DFG, German Research Foundation) — Project-ID 258734477 — SFB 1173.
2. DEFINITIONS AND MAIN RESULT

Let y; € R be the distance of the i-th particle from the origin along the line L;, and let
r; € R3 be the three-dimensional position vector of this particle. Then

y1 cos({) Y2 Y3
r = 0 , =] ay |, r35=| as |, (2.1)
y1 sin({) 0 0

where a;, a3 € R denote the distances between the lines as indicated in Figure 2.
Denote by r;; = r; —r; the distance between the particles i and j. The Schrodinger operator
of the system, expressed in this coordinate system, is given by

18
Z——z PRACH) (2.2)

i=1 m; d l ael

where V, : R — R is the interaction potential between the particle pairs, indexed by « € I,
with I := {(12), (13), (23) } and my, my, m3 > 0 are the masses of the particles. We study the
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FIGURE 2. Geometrically constrained configuration space of particles.
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system of three bosons given by the operator H in (2.2). Regarding the potentials we assume
that V;; € leoc (R?) and Va3 € leoc (R) and there exist constants C,§ > 0 and A > 0 such that
for |r,| > A.

Va(lraD| < C(1+ [ra]) 7™, (2.3)

where v,3 := 2 + 6 and vy, := 113 := 3 + . Note that by short-range one typically refers to
potentials which decay as |-| 727 at infinity. To ensure the applicability of specific decay
estimates on the so-called zero—energy resonances of two—particle subsystems, we assume
a stronger decay condition on the interaction potentials V;; and V;3.

In addition, the particles always maintain a minimum distance, making the presence or
absence of singularities in the potentials at very small distances irrelevant, except in the
special cases where a; = 0 or as = 0, when the particles 1 and 2, respectively, 1 and 3, can
come arbitrarily close to each other. Denote by oess(H) the essential and by og;s.(H) the
discrete spectrum of H. Our main result is

Theorem 2.1. Let H be the operator defined in equation (2.2) with V,, fulfilling (2.3) for any
a € I ={(12),(13), (23)}. Assume that oess(H) = [0,00). Then ogisc(H) is at most finite.
Contrary to the prediction made in [NE17], this system does not exhibit a confinement induced
Efimov effect.

Remarks 2.2. The statement of Theorem 2.1 does not impose any conditions on the existence
or absence of resonances in two-particle subsystems.

For each @ = (ij) € I we denote by h, the corresponding two-body Hamiltonian:
hy = ———2——_2+Va(|ra|)- (2.4)

Let 3;; = inf o(h;;) be the bottom of the spectrum of h;; and let ¥ = min{Z, : a €
I}. Analogously to the HVZ theorem for systems without geometrical constraints [SR78,
Theorem XIIL.17], we have oess(H) = [, 00). Under the conditions of Theorem 2.1, ¥ = 0 and
consequently h, > 0.

By appropriate rescaling, we can remove the dependence on the masses from the kinetic
part of the Hamiltonian H. Let x = (x1, x2, x3) with

x; = \myy; for i € {1,2,3} (2.5)
and |x| == (x? + x2 + x2)'/2, then
32
H = —Z e +;Va(|ra|> - —Ax+;va(|ra|> (2.6)
and
hij = S + Vij([rig) - (2.7)

2 2
8xl. ox i
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In abuse of notation, we denote the transformed operator by the same letter. In this new set
of coordinates the distances |r,| are

<2 x 0 v
i cos
|rlj| = (—l+—J —Z—xlxj+a?) R

mq m; \/mlmj
12 (2.8)

2
o= ([ - o)+ o)

Note that |r1 j| remains unchanged under reflection (xi, x;) +— (—x1, —x;). This symmetry of
the potentials will play an important role in our analysis.
3. PROOF OF THEOREM 2.1: ABSENCE OF THE EFIMOV EFFECT

By the min—max principle, it is sufficient to find a finite-dimensional subspace M c L?(R3)
such that for any ¢ € L?(R?) orthogonal to M

(V. Hy) 2 0. (3-1)

Such a space M exists, see for example the work by Zhislin [Zis74], if there are constants
b, 7 > 0 such that

1y = [ (Z o+ SV W) - [ "fz'idx >0 G2)

o x|e[b,2b] |x

for any € C3(R?) with suppy € {x € R® : |x| > b}. We emphasize that no smallness
condition of the parameter 7 > 0 is needed. Everywhere below we assume that b > 0 is
sufficiently large and 7 > 0 is a fixed number which is less than §, where § > 0 is the
parameter in the decay condition on the interaction potentials in (2.3). Let

1/2
Kij(y) = {x € R®: (x12+x]2-) <ylxl), je{23),
" 3. X2 X3
Kys(y) = {x eR’: N
Q(y) = R>\ {Kp2(y) UKis(y) UKas(y)} .

In the following we denote by 0K, (y) the boundary of K, (y). The sets K,(y) describe parts
of the configuration space where the particles i and j in @ = (ij) are close to each other
compared to their distance from the third particle k # {i, j}. In Lemma B.1 in the Appendix,
we show that the sets K, (y) do not intersect, except for x = 0, for sufficiently small y > 0.

Let 14 be the indicator function of the set A C R® and define v, = Y1k, and
Yo = Ylg(,). We prove (3.2) by estimating for all a € I the local energies

— 2 2 _ |¢a|2
Loty = | N (LERON AR J

el Ka(y) |x]

. ||
Lo[¥o] = /Q(y) (|Vl//0|2 + Z Va |l//0|2) dx — /Q |02+de’

o () |x

< y|x|}, (3:3)

(3.4)
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and noting

L[Y] = Lo[Yol + ) LalYul (3:5)

ael

Note that we use a hard cut-off in the definition of the local energies L, and L,. The analysis
of these local energies will involve boundary terms on dK,(y) and 9Q(y). The analysis will
proceed in several steps. As a first step, we show that the functionals L, for @ € I can be
bounded in terms of boundary integrals over dK,(y). This is done in the following two
lemmas.

Lemma 3.1. Fix @ € {(12), (13)} and let Py[a] be the projection in L*(R?®) onto functions that
are invariant under rotations of the coordinates (x1, x;) describing the position of the particle

pair & = (ij). Under the conditions of Theorem 2.1 there exists a constant ¢ > 0, independent of
¥, such that

2
LalYal = —c /a i, ol (36)

x|

The statement of Lemma 3.1 is similar to [BBV21, Lemma 6.7], whereas its proof is sig-
nificantly more complex. It is based on a detailed analysis of properties of zero—energy
resonances of two—dimensional systems which will be done in Section 4.

For the functional Lys[1/,3] we prove the following bound whose proof is similar to the
proof of [BBV21, Theorem 6.1].

Lemma 3.2. Under the conditions of Theorem 2.1, there exists a constant ¢ > 0 such that

2
Ly3[¢a3] 2 —C/ i do

1
K (y) |x]77

(3.7)

As the second step, applying the one-dimensional Trace Theorem (see, [Evaio, Theorem
1, p. 272]) and Hardy Inequality we show that the right-hand sides of (3.6) and (3.7) can be
controlled by a small part of the kinetic energy term on the set Q(y). This is done in the
following two lemmas.

Lemma 3.3. Fory; € (y,1) and a € {(12), (13)}, we define K,(y, y1) = Ky(y1) \ Ku(y). For
any ¢ > 0, for sufficiently large b > 0 holds

p 2
/ %dc < £/ V| dx . (3.8)
Kely) || Ka(y.r1)
Lemma 3.4. Lety; € (y,1) and define Ky3(y, y1) = Ka3(y1) \ Kzs(y). For any € > 0 we have
yI* 2
do<e¢ |IVi/|“dx . (3.9)
0Kz3(y) |x] Kas(y.y1)

for all sufficiently large b > 0.

Assuming the Lemmas 3.1, 3.2, 3.3 and 3.4 for the moment, we give the
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Proof of Theorem 2.1: Using the bounds of Lemma 3.3 and 3.4 in (3.5) and assuming thaty; > y
is close enough to y so that the regions K, (y, y1) = K (y1) \ Kx(y) for @ € I do not overlap,
we arrive at

LIl > Lolol —¢ Y /K( )|V¢|2dx—s/K( Iy ax
alYs¥1 23(Y:11

ae{(12),(13)} (3.10)

> Lolyo] - 3¢ / VY[ dx.

Q(y)
where ¢ > 0 is arbitrary small and b > 0 large. Choosing b > 0 large enough, Lemma B.2
shows that each of the potentials satisfies |V,| < C|x|™"* for some constant C > 0 on
Q(y) N {x : |x| > b}. Thus, for fixed ¢ > 0 we have |V,| < ¢|x| ™ for x € Q(y) with |x| > b
and all sufficiently large b > 0. Hence,

_ z _ rax—e [ W
Lo[¥o] 35/9()/) V| dx > (1 - 3e¢) /Q(y) VY| dx 5/9(}/) |x|2dx. (3.11)

The set Q(y) C R3? is conical and applying the radial Hardy Inequality for the last term on
the right-hand side of (3.11) (see A.3) yields

Lo[vo] — 35/ VY| dx > (1 - 75)/ |V dx . (3.12)
Q(y) Q(y)
This completes the proof of Theorem 2.1. [ |

4. ZERO-ENERGY RESONANCES

To prove Lemma 3.1 we will need some properties of zero—energy resonances of two—
particle Schrodinger Operators in dimension two. The most important of them are the
estimates on the decay of such resonances, which will be given in Lemma 4.3.

Let

h=-A+V on L*(R?) (4.1)

with V satisfying (2.3) with parameter v, = 3+6 for some § > 0 and V(x) = V(—x). Following
[Jaf75] we say that h has a virtual level (zero—energy resonance) if h > 0 and for any ¢ > 0,
h + €A has an eigenvalue below zero.

Let H'(R?) be the homogeneous Sobolev space defined as

H'(R?) = {u € 2 (R?) : Vu € L2(R%)}, (4.2)

loc

equipped with the norm

1/2
lullgr(gey = (/ |Vu|2dx+/ |u|2dx) : (4-3)
R2 |x|<1

We will use the following result of [BBV21, Theorem 2.2]

Lemma 4.1. Assume that h has a virtual level. Then
(1) there exists a unique non-negative ¢, € H'(R?) with l@oll g1 g2y = 1 such that for any
Y € H'(R?)
(VY. Vo) + (¢, Vepo) = 0. (4.4)
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(2) there exists u > 0 such that for any y € HY(R?) with (Vi/, Vo) = 0

Wby > p VY1 (4.5)

Remark 4.2. Note that, in general, ¢, ¢ L?(R?). Moreover, if the potential V is radially
symmetric and compactly supported, it is easy to see that ¢ is also a radially symmetric
function that does not decay at infinity. If V' is not radially symmetric, then ¢, is not radially
symmetric either. For this case, we prove, that if V is symmetric under reflection, then the
projection of ¢, onto the subspace orthogonal to radially symmetric functions is in L2(R?).
The proof is given in the next lemma.

Let P, the projection onto radially symmetric functions in L?(R?) and P, := 1 — P, the pro-
jection onto its orthogonal complement. The next result shows that even though ¢, ¢ L?(R?)
its projection P, ¢y is in a weighted L?-space.

Lemma 4.3. Let ¢g be a virtual level of h, then there exists [(§) > 0 such that
(1+])'PLoy € LA(R?). (4.6)

4.1. Proof of Lemma 4.3. Let f := Py and g := P, ¢y. Since V(x) = V(—x), a virtual level
¢o can be either an even or odd function with respect to reflection. However, by Lemma 4.1,
@o is non—negative, which implies that it must be an even function. Consequently, for almost
all |x|,

27
/ e“(Ix|,0)d6 = 0. (47)
0

Note that for all functions F(|x|,0) € H'(R?) orthogonal to radially symmetric functions
with

2
/ e*F(|x|,0)d0 = 0 (4.8)
0
the following inequality holds:
F 2
IVF? dx > 4/ <xg dx . (4.9)
R2 Rz |x|

In particular (4.9) holds for F = g. To prove (4.6) it suffices now to show that

v ((1 + |-|)l+1g) € I2(R?). (4.10)

Choose & € C*([0,00)) with £(t) = 0fort < 1and &(t) =1 for t > 2, such that £(t) < 1 and
& (t) < 2forany t € [0, 00). For any w, k, f > 0 we define
_ X
Gl = 1 el /). (a0)
Inserting 1 = G®g into (4.4) and writing ¢ = f + g yields
0= (G’g,hf) +(G’g. hg) . (4.12)

Since Py and P, commute with —A, it holds

(G*g,hf) = (Gg,VGf). (4.13)
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Observe that

IVG[?
(G*9. hg) = (Gg, hGg) — <Gg, ?Gg

1
2 vGP (4.14)
= IV(Gg)II” +(Gg,VGg) — { Gy, o2 99) -
Combining (4.12), (4.13) and (4.14) we arrive at
2 IVG[?
IV(GPII" +(Gg. VGg) — (Gg, —=-Gg) +(Gg, VGf) = 0. (4.15)

We claim, there exists some ¢ > 0 and a constant ¢(f) > 0 that both are independent of w
such that
IVG[? 2 2
(Gg.VGg) —{Gg. =Gy ) +(Gg. VGf) 2 (1 = &) IV(GPII" = c(B) llooll, - (4.16)

Assuming this claim for the moment, we complete the proof of Lemma 4.3. Combining (4.15)
with (4.16) yields

elIV(GPII® < c(B) llpoll, (4.17)
and consequently || V(Gg)||* is bounded uniformly in w, which proves (4.10) with x = [ + 1.
Then taking the limit @ — 0 concludes the proof of Lemma 4.3. []

We prove the remaining statement in (4.16) by estimating each of the terms on the left-hand
side of (4.16) separately.

4.2. First Term in (4.16). The function G vanishes for |x| < fand V fulfills (2.3) and therefore
there exists C > 0 such that

2
(Gg, VG)l < ﬁ /| y 'ijl dx < <1+4/§>1+6 INGOIE . (@)
4.3. Second Term in (4.16). In Lemma C.1 in the appendix we show for |x| > 2/ that
IVG(x)| <k |x| ' G(x) for |x|> 2B (4.19)
and
IVG(x)|> < B (2 +x2°7") = c1(B) for x| € [B,26]. (4.20)

Recall that the function Gg is orthogonal to radially symmetric functions and in addition
satisfies (4.8), consequently (4.19) together with (4.9) yields

|VG|? _ K
/ " |Ggl? dx < i X2 1Ggl? dx < = |V (Gg) . (421)
lxi>2p G Ix|>2p 4

By combining (4.20) and (4.21), we obtain

G lVG|2G < IVG|? |g)? dx + IVG|%|g)* d
9~z 9] = gl”dx gl”dx
p<lx|<2p lx|>2p

2
K
<ei(p) ol dx-+ - 19(Ga)*
B<|x|<2p

(4.22)
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Applying (4.9) gives

/ g dx < (28)? / | gl dx
B<|x|<2p B<|x|<2p

<a(2p)* [ vl dx (423)

< 4(2B)* llgoll -

Inserting (4.23) into (4.22) yields

VG| K2
<Gg, Gz 99 S;IIV(Gg)Ilzwz(ﬁ) llpoll?,, (4.24)

where c,(B) = 4(2B)%c1(B).

4.4. Third Term in (4.16). Let & > 0. By (2.3) and Schwarz Inequality, we obtain

IGgl |Gl
[(Gg, VGf)| < C/

9 f Ix|>f |x|1+5/2 |x|2+5/2 ( )
N ) 4.25

gcgf |G—|§|g|2dx+g/ |G—|5|f|2dx

el x| & Jixp |x|*
Using (4.9) for Gg in the first term on the right-hand side of (4.25) we get
G, CE )
ci [ o2 dx < v Ggl (4.26)
etop 2% a1

To estimate the second term on the right-hand side of (4.25) we choose « in the definition of
G in (4.11) as 1 + §/4, then for every |x| > S

IG(x)|?

<[ < [P 0NE(x] I BIP < Ix 70 N E(x /B)IP (4.27)
Applying (4.27) yields
2
. b'% fEdx s [ R e [ o d. (4.29)

Note that the function &(|x| /f) f(x) vanishes for |x| = f and consequently for f > 0 large
enough we can apply the two-dimensional Hardy Inequality (see Lemma A.2) and get

/ x| 2702 |E(Ix| /) f ()1 dx S/ IV(E(lxl /B f ()P dox. (4.29)
R? R2

Since VE(|-| /) is supportedin f < |x| < 2fand |VE(]-| /B)| < 2/ we get for the right-hand
side of (4.29)

X X 2 X i 2 X 2 X .30
LR et g [ ptacee [ eitas s
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where we have used that (a + b)? < a? + b%. The function ¢, € leoc (R?) is normalized with

respect to H!(R?). Then, due to the orthogonality of f and g for fixed |x|, there exists a
constant ¢3(2f) > 0 such that

11 ap < NollZ g < €5(2B) gl s, (4.3)

Combining (4.30) and (4.31) shows there exits a constant c4(f) > 0, such that

/RZ IV(E(Ix] /B)f ()P dx < ca(B) ||<Po||12¢,1(R2) - (4.32)
Relations (4.28), (4.29) and (4.32) imply
GI”
A T P < e ol (433)
Substituting (4.26) and (4.33) into (4.25) gives
{Gg,VGf)l < % IV(GII? +¢5(B, &) lpoll % (4.34)
where
. C
es(f. &) = = - ca(p) (4-35)

is a constant depending on f and ¢. Note that C > 0 is a constant depending on the potential
V only and the parameter ¢ > 0 can be chosen small.

4.5. Completing the Proof of (4.16). Combining the inequalities (4.18), (4.24) and (4.34)
yields for a constant c(f, €) > 0 that depends on f and ¢ but is independent of ¢

2
VG

VG
(Gg,VGg) - <Gg,

o Gg> +(Gg,VGf)

K2 4C Ce -
> - (z Tarpm 7) IVGRIP ~ (B.5) llgoll?, -

(4.36)

Since we can always assume § < 1 and since x = 1+ §/4 we have x?/4 < 1. Consequently
for f > 0 sufficiently large and by assuming that € > 0 in (4.25) is chosen to be small we can
have

K2 4C
+—+
4 1+ po

Ce
T) <l-e. (4-37)

The constant c¢(f, €) for fixed  and £ may be large but is finite and independent on w. As
explained earlier taking the limit v — 0 completes the proof of Lemma 4.3.

5. PROOFS OF THE LEMMAS FOR THE MAIN THEOREM

In this section, we prove the lemmas stated in Section 3.
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5.1. Proof of Lemma 3.1. We show the statement for L, [/, | with a = (12). The proof for
a = (13) is similar. We drop the index o whenever possible.

Remark 5.1. The proof of Lemma 3.1 is organized as follows. First, we introduce several new
functions and state three lemmas that correspond to the main steps in the proof, showing
how they conclude Lemma 3.1. The proofs of these three lemmas are then provided in Section

5.2.

Due to [VZ83, Lemma 5.1] for given ¢ > 0 and fixed y > 0 there existsay € (0,y) and a
piecewise continuously differentiable function u : R* — [0, 1] with

1 Ko (v
u(x) _ x € 12()/) (5_1)
0 x ¢ Kiyy)
. 2\1/2
such that for v := (1 —-u )
v? u?
[Vul? + |Vo|* < s( + ) (5.2)
x| | Gen,x2) [P

for every x = (x, xo, x3) € R3.
Let
Y1 = (P20, (5.3)
Yy = (Poynz2)u + Py . >3
Note that we use smooth localization for the function P, /1, which allows us to apply the
IMS-Localization formula. For reasons that will be explained later, we can not do such a
smooth localization for the function Pyi/5.

As the first step, we show that L2[1/1,] can be estimated in terms of integrals involving
¥, only. Namely, we prove the following:

Lemma 5.2. Let Ki2(y,y) = Ki2(y) \ Ki2(y) and b > 0 large enough. Then

wel 2(N\S(0b) |x]

2
Liz[Yr2] = /1.< » (|V¢12|2 + Z Ve |¢12|2) dx — /K lezl,dx > L[] (5.4)
12{y 1

where

2
Li2[y2] 3=/ |V¢2|2+2Va|¢2|2 Tk, (7 —2% dx
Ki2(y) ||

ael

/ |PLysl
—¢ ————dx
Kia(yp) (1, x2) |
As the next step we extend , for fixed x5 outside of Kj,(y). Note that ¥, = Py on
0K, (y) and thus is constant for fixed x3 € R on 9Kj2(y). This allows us to continuously

(5.5)

extend 1, to R® by a function which does not depend on (xi, x;) outside of K;5(y). Let 1}2 be
this new function, then since iy € C}(R?) it follows that

Yo (x3) € H(R?), to(x1,x2-) € H(R) and ¢, € H'(RY). (5.6)
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Denote by Vi3 = (0x,, dx,) the gradient in the (xy, x2)—plane. If h;; has a virtual level let
@o € H'(R?) be the corresponding solution of k1509 = 0. We normalize ¢, with respect to
the seminorm corresponding to the sesquilinearform

(Viaf, V12 g)s = A;Z (Vizf - Vizg) d(x1,x2), f.g € H'(R?) (5.7)
such that
looll = [ 900l dxix = 1. 59
For every x3 € R let
P(x3) = <V12¢0aV12¢2>L2(R2)~ (5.9)

We show that the function @ is in L2(R). Since Vi3 vanishes outside of supp i1, and
consequently outside of supp ¢/, applying Schwarz Inequality yields for some constant C > 0

||q>||i2(R) = / “// (Vlz(po]lsupp(l//) : VlZ‘;;Z) d(x1,x2)

2
dX3

< / ||V12(POILsupp(l//)||L2(R2) : HV12¢2(',X3) ) dxs
1R ) (5.10)
) -
< 2 '/R (||V12<Poﬂsupp(x//)||Lz(R2) + Hvlzl//z(', x3) L2(R2)) dx3
11~
< c1¥unl 2
V1200l 5 12 R
In the last line of 5.10 we have used, that ¢/ is compactly supported.
Let F(x1, x2, x3) be defined by
’;;2(7(1’ X2, X3) = @o(x1, x2)®(x3) + F(x1, X2, X3) . (5.11)
For almost all x3 € R the function F satisfies
(Vi200, Vi2F)r2r2) = 0. (5.12)

If the virtual level ¢y does not exist we assume ®(x3) = 0 and consequently F = 1}2.

Remark 5.3. For fixed x3 € R, the expression (5.11) is a projection of 1/;2 onto the virtual
level ¢, within H!(R?). Note that, unlike lﬁz(-, x3), the function 1, (-, x3) is not in H'(R?)
and therefore such a projection would not be possible. That is the reason why we needed to
extend 1, introducing 1,52.

With these definitions in (5.9) and (5.11), we can state the following:

Lemma 5.4. For thefunctionalf:lg we have the estimate

|8x3 (Pﬂ/fz)|2 dx — g/ [Py

2
Kio(y.p) [(x1, x2)]

~ 1
Lalya] 2uVrlf + 5 [

Kia2(y)

(5.13)

P 2

—C/ | Olﬁr do
Ko (y) x|
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where i > 0 is the parameter in assertion (z) of Lemma 4.1 and C > 0 a constant independent of

Remark 5.5. By comparing the statement of Lemma 3.1 with Lemma 5.4 we see that the
assertion of Lemma 3.1 follows immediately if we can show that the sum of the first three
terms on the right-hand side of (5.13) are positive. We give this in the following lemma
which is the last step in the proof of Lemma 3.1.

Lemma 5.6. Fore € (0, 11/8) and b > 0 large enough we have

5 1 2 |PJ_¢2|2
HIVRFIR+= [ Jo(Puys)f dx—e gk 20, (5a4)
2 Kia(y) Kio(r.) | (X1, %2) |
Remark 5.7. Recall that for any fixed y > 0 we can make ¢ > 0 arbitrarily small by choosing
¥ € (0,y) small. In particular, we can always assume ¢ < 11/8.
5.2. Proofs of Lemmas 5.2, 5.4 and 5.6.

5.2.1. Proof of Lemma 5.2. We aim to decompose the expression

2
Liz[yr2] = /K " (|V¢12|2 + Z Vo |¢12|2) dx — / lelrdx (5.15)
12y

wel Kia()\S(0) |x]

into terms that involve either ¢4 or i/, defined in (5.3). In the region Kj2(y, y), the potentials
V, satisfy |V,| < Clx|™* % for some constant C > 0, assuming y > 0 is sufficiently small and
b > 0 is sufficiently large (see Lemma B.2). Since 7 < § we have

Y12
[ vl - [ el (5:16)
Ko (v:) Gel Ki2(\S(0.b) [X|

and consequently

2
Ly [l//lz] > / " (W%zlz + Z V, |¢12|2 ]11(12()7)) dx — 2/ %dx (5.17)
KlZ Y Kl

wel 2(P\S(Ob) |x

Due to the orthogonality of Py¢12 and P, i1

/ Vynal? dx = / V(P o) 2 dx + / VPo)lPde.  (518)
Kia(y) Kia(y) Kiz2(y)

With the bounds on the localization estimates in (5.2) we have
u2

/ V(PLyn) P dx > / V(P o) 2 dx — ¢ / [ —
Ki2(y) Kiz(y) K2 (v.¥) | (21, x2) |
.2 (5.19)

+/ |V(Plt//120)|2dx—£/ |PLyns)? —dbx,
Kiz(y) K (v:i) |x |

where u, v are functions defined by (5.1). Due to the definition of functions ¢; and ¢, in (5.3)
we have

/ V(P L) [ dx + / IV (Poyna) 2 dx = / VyaPdx  (5.20)
Kix(y) Ki2(y)

Kiz2(y)
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and since ¢4 vanishes on Kj,(y) it follows

[ wepra= [ jwpiar. (521)
Kiz(y)

Ki2(v.y)
Inserting (5.19) into (5.18) and applying the relations in (5.20) and (5.21) we arrive at

2
/ Vi dx z/ |Vya|? dx — g/ |¢1|2 dx
Kiz2(y) K2 (y.y) K2 (y.7) |x|
JAL
+/' |V%de—g/' J;ﬂ@7dx
Kua(y) Kip (i) |(x1, x2)]
The functions ¥, ¢, satisfy

Pyy1 =0 and |Pﬂﬁ1|2 + |P¢l//2|2 = |Pﬂ//12|2 . (5.23)

Dividing by |x|**” does not change the symmetry of the functions and consequently, together
with (5.23) we get

|¢12|? AR 92|
/ ——dx = 12+de + — —dx. (5.24)
Kia(n\S(0) |x] Kia()\S(0b) |x] Kia(n\S(0b) |x]

Inserting (5.22) and (5.24) into (5.17) yields

Lio[Yr2] = ]:12[‘//2] +/

Kiz2(y)

where Ly5[1] is given in (5.5). Since supp y; C {x € R : |x| > b} we can apply the radial
Hardy Inequality and for ¢ > 0 small and b > 0 large enough we obtain

(5.22)

AR |¢1|2) dx (5.25)

Vs |? -2 —
( Y

S 2 N 21
[{lz(y) (|V¢1| 2|x|2” € e )dx >0. (5.26)
This completes the proof of Lemma 5.2. ]
5.2.2. Proof of Lemma 5.4. We aim to estimate
- el
Li2[yr] :/ (|V¢2|2+2Va|¢2|2 Ik, (5) —2%) dx
Kiz2(y) el |x]|

b (5.27)
B 5/ [Pyl dx
Kia(yv.y) [(x1, x2)|
Due to Lemma B.2 there exists a constant C > 0 such that on on Ky5(y) \ S(0, b)
Vi3 + Vas| < Clx|[ 727 (5.28)

Then, using (5.28) together with 7 < § yields

- 2|
Li2[r] 2/ (|V¢2|2 +Viz [Yal® 1k, 5) — 3% dx
Kia(y) ||

(5.29)
p 2
S Imbb,

Ki(r.p) |(x1, x2)]
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We rewrite (5.29) as

folya] / (IVsaal? + Vi 19l L) dx
Kia(y)

2 2
P
+/ |ax3l//2|2dx_3/ |E//22|+rdx_6/' | l%' 2dx
Kiz2(y) Ki2(y) |x| K2 () |(X1, x2)|

We start with the first integral on the right-hand side of (5.30). With the definition of tﬁz in

Section 5.1 we have
.12
[ Wl dr= [ |9 dx (5.31)
Ki2(y) R3

The function 1}2 and ¢, coincide inside of Kj2(y) and consequently for the term involving
V12 in (5.30) we have

/ Viz [Yal® 1k, () dx
Kiz(y)

~ |2 ~ |2
= / VlZ ‘l//2| dx — / V12 |¢2|2 dx - / V12 ‘1,02‘ dx .
R3 Ki2(y.y) R3\K12(y)

Outside of Ki5(7) holds |Vi,| < C x| 737 for some C > 0. Consequently for b > 0 large

enough
/ Vi [9]? dx| < / Yo (o) 2 x| dx (5.33)
Kiz2(y.y) Ki2(y.y)

/ Viz l/;z < /
R3\K12(y) R3\Ki2(y)

Combining (5.31), (5.32), (5.33) and (5.34) we find

2 L2
/ |Vi2ya|® + Vig [|* dx 2/ (|V12¢2‘ + V12 ‘lﬁz‘ )dx
Ki2(y) R3

(5.30)

(5.32)

and

2
dx

Do 1l dx. (530

N (5-35)
‘1//2 (x) I 2

_/ 247 dx _/ 2+de
R3\Kpa(y) x| Ki(r.y) |x]

By expressing 1,52 in terms of ®¢py and F (see (5.11)), using hj2¢9 = 0 and assertion (2) of
Lemma 4.1 yields

.2 L2
/3 (‘leﬁz‘ + Vg ‘1//2‘ )dx > 1 ||VioF|% . (5-36)
R

Inserting (5.36) into (5.35) gives

/ |Viatol? + Vig |¢e| dx
Kiz(y)

o, (5.37)
> ul¥eFlP = [ ol W [ gl
R3\K12(y) Ko (y.y)
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Next, we show that

- 2
[ Jpeto] s (539)
R3\Ki2(y)
can be estimated by an integral over the surface dKj,(y). We introduce polar coordinates
x; = psin(g), (5.30)
x2 = p cos(g) >3

with ¢ € [0,27) and p € [0, ). In this choice of coordinates the set K5 (y) is determined by
p < K |x3| for some k > 0 depending on y (see Figure 3). Then

17;2(){) ¢2(P’ (P, X3) d(p
/ TP / / P pdpdxs . (5.40)
R3\Kp(y) x| Jxs]

Outside of the conical set Ki2(y) the function 1702 is equal to its value on the boundary and

consequently substituting lﬁz (p, @, x3) with l//z(K |x3], ¢, x3) in (5.41) and solving the integral
over p yields

[ |E/;2(x) s S [t el )| o .
T T pdpdx,
Sy P | p*

- ()" / fo ‘¢2(K|X3| (p,x3)) do

|l+T

(5.41)

|x3| dxs .

Regarding the set dK»3;(y) the surface measure do equals |x3| dx3d@ up to a constant

depending on y and the function P ', = 0 such that l/;g = Pyy on this surface. For
(x1, X2, x3) € K12(y) we have |x3| = (1 — y?)Y/? |x| and therefore there exists some C; > 0
that depends on y and § but is independent of i such that

. 2
¢2(X) |p0¢|

/ —dx < C1/ -do. (5.42)
R3\Ki2(y) |x| JKi2(y) |x|

Combining (5.42) and (5.37) we arrive at

|(Poy) (x) |
[ g Vil dx > plvri - [ RS,
Ki2(y) 0K12(y) |x|
) (5.43)
||
- 2+de
Kiz2(y.y) |x|
Substituting (5.43) into (5.30) yields
. |Poy*
Lia[y2] 2p|IV1F||® - Cy / Olﬁr d
K (y) ||
(5.44)

2 _ Ml P, o]
+/ (|ax3¢2| - ¢22+1')d - / LV zdx
Kia(y) |x| Kiu(rp) [(x1, x2)]
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X3
0, N>
0
Kia(y) \ Ki2(y)
|(x1, x2)] b [(x1, x2) |
FIGURE 3. Left-hand side: sketch of the sets Kj2(y) and Kj,(y) used in the
proof of Lemma 3.1.
Right-hand side: sketch of the sets Ki2(y) and Kj2(y;) where the angles 6,
and 0, are defined as 6, = arcsin(y) and 6; = arcsin(y;) and used in
Lemma 3.3.
We proceed by studying the term
2 Pt |2
[ (ool ax =) ax= [ ool - a7 ax
Kiz2(y) |X| Kia(y) |x|
1 P, yp)?
+/ (— |0, (PLys)|” - " “fffl ) dx (5.45)
Kiz2(y) 2 |X|

1
+ / = |0y (PLy)| dx
Kiz(y) 2

Using P, i, = 0 on dK;,(y) and decreasing the integral by replacing |x| with |x;| together
with the one—dimensional Hardy Inequality (see Lemma A.1) yields for b > 0 large enough

1 2 2
/ (_ |<9x3 (PL¢2)|2 - 4| ﬂﬁi ) dx>0. (5.46)
Kiz(y) \2 |3
Combining (5.45) and (5.46) yields
2 b )
/. ("9’“3‘”2|2 dx -4 WiL) i | (|ax3<Po¢2>|2 - 4%) dx
Kia(y) |x| Kiz2(y) |X3| (5-47)

1 2
+—/ |<9x3(PJ_lﬁ2)| dx.
2 Kiz2(y)

Next, we estimate the integral involving Py, in (5.47). The one-dimensional Hardy Inequality
can not be applied directly, as Py, does not vanish on the boundary 9Kj»(y). So, we use the
following construction instead.
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Let G be defined as a continuous function in Kj;(y) \ S(0, b) that coincides with Py, on
the boundary 0Kj2(y) and is independent of x3 within Kj,(y). We define T in Kq2(y) \ S(0, b)
as

I' = P()‘bz -G (548)
such that T vanishes on 9Kj2(y). Then
2 2
[ sl dx= [ Jo,rfax (5.49)
Kiz(y) Kia(y)

and

Pois|? T +Gl|?
[ [ et
Kia(y) |x3] Kio(y) %3]

.50
TP P (5.50)

<2 S dx +2 Sodx

Ki2(y) |23 ] Kia(y) |x3]
Combining (5.49) and (5.50) we find
Pyt (x I
[ (oo - L owzgﬂ)l Jacz [ (lurf -
Kiz2(y) 3] Ki2(y) |3

(5.51)

G 2
_/ 8 | |2+de
Kiz2(y) |X3|

Since i and consequently I" vanishes for |x3| < b/2 we can apply the one-dimensional Hardy
inequality (see Lemma A.1), which yields for 7 > 0 and b > 0 large enough

T2
/ |8,631“|2 dx — 8/ | |2+de >0. (5.52)
Ki2(y) Ki2(y) |3
This yields
2 |P0¢2(x)|2 |G|2
|8 (P0¢2)| dx —4—————|dx > -8 dx. (5.53)
/Klz()/) ( " I Kinly) 13"

Next, we show that the integral on the right-hand side of equation (5.53) can be estimated
by an integral over dKj,(y). The function G is independent of x3 in Kj2(y), therefore using
polar coordinates as in (5.39) we find

/ |G(x)| / / |G(P,<P,x3)| dﬁl’d d
- - x3pdp
Kin(y) |x3|2+ sl 2x1p |3 |2

LG .7 o) dg
/ / Fr———dxspdp (554
|x3|>x"1p

3]

G(p, o, )W d
(14 o) / I M)HI; p)f ? i
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Due to the definition of G and since p = y |x| on dKj2(x) there exists a constant C, > 0 that
depends on y and § but is independent of ¢/ such that

/ lof dx = Cz/ |P0¢|2d0 (5.55)
Ku(y) |37 K (y) |x|™*7

Substituting the relation (5.55) into (5.53) it follows from (5.47) that

2 2
P,
/ (|5x31//2|2 dx — 4 |¢22L_) dx > — 8C2/ | O‘ﬁ—lr do
Kia(y) |x| Ko (y) x|

) , (5.56)
+ - / |94, (PL)|" dx .
2 JKn(y)
We insert (5.56) into (5.44) and define C := C; + 8C,, such that
~ 1 2 |P |2
Lolied 2pl¥ublP 3 [ foueupfax-e [ 2
2 Kiz2(y) Ki2(v.7) | (x1, x2) |
) (5.57)
cf
- 147 9
Ka(y) |x]
which completes the proof of Lemma 5.4. ]

5.2.3. Proof of Lemma 5.6. To prove the lemma it suffices to show that for any p > 0 and
€ € (0,u/8) there exists a A € (0,1/2) such that for all b > 0 (depending on f, ¢, 1) large
enough, the following inequality holds:

LIVl + 2 /

Kia(y)

P 2
|8x3(PL¢2)|2 dx — 8/ IP1y.| dx > 0. (5.58)

2
Kia(r.p) [(x1, x2)]

We start with the second term on the left-hand side of (5.58). The function P, {/; vanishes
for |x3| = 0 and therefore by the one-dimensional Hardy Inequality (Lemma A.1)

2 1 Pyl
[ pueofarsg [ Ea (559
Ki2(y) 4 Kiz2(y) |3

Since y, = o + F on K13(y) and (a + b)? > a?/2 — b? we can estimate the right-hand side

of (5.59) by
P, yn)? 1 P, gol? P, F|?
/ | “”j' dx > —/ |c1>|2| “”(;' dx—/ 1P 2' dx . (5.60)
Ki(y)  |x3] 2 JKua(y) |3 Kia(y)  |x]
Using that
2
|(x1, x2) |2 < 1{—)/2x§ Vx € Ki2(y). (5.61)

and substituting this into the right-hand side of (5.60) we find

P isl? 1 P ool? 2 P, F|?
/ | “pzzl dx > —/ |<1>|2| “”‘;l dx — —¥ 2/ PLF] ~dx . (5.62)
Ki2(y) |X3| 2 Ki2(y) |X3| 1- V" JKi(y) |(X1,x2)|
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Combining (5.59) and (5.62) and assuming

Y
A< P
2y? K (5.63)
we arrive at
)L P 2 /1 2 P F 2
Kiz(y) 8 JKia(y) | 3] 41-y% Jru(y) |(x1, x2)] (.60

A P ool? P, F|?
z—/ |c1>|2|“”°2| dx—H/ i ~dx
8 Ki2(y) ESY 8 Kiz(y) | (x1, x2) |

Using ¢ € (0, 11/8) we find that last term on the left-hand side of (5.58) can be estimated as
P, yn|? P, gol? P, F|?
6‘/ —l 1l zdeZE/ || —l + ol 2dx+2£'/ —l Lf Sdx
Kia(r7) (1, %2)] Ke(rp) (e, x2)] Kua(r7) | (X1, X2)]
P, gol? P, F|?
< 25/ D Lmzdx " E/ lL—|2dx
Kiz(y.y) | (1, x2)| 4 Sk (21, x2)|
Inserting (5.64) and (5.65) into (5.58) we find
P, s

2
p||V12F||2+/1/ |0, (PLY)| dx—s/ —
Kiz(y) K2 (1) |(x1’x2)|

A P ool? P, ool?
> —/ |cI>|2| “’)Zl dx—2£/ |¢|2|LM2dx (5.66)
8 Ki2(y) |X3| Kz (y.7) |(X1,x2)|

3 P, F|?
+ﬂ||V12F||2——ll/ —l LF| Sdx
8 Kiz(y) [(x1, x2)|

Furthermore, due to the symmetry of P, F (see (4.9)) we have

(5.65)

|P.F|*
IV12F|I* = Va2 (PoE)I* + Va2 (PLE)I® 2 [[V1a(PLF)||* 2 4/ —— (5.67)
R | (%1, %2) |
Consequently for the terms in that last line of (5.66) we find
3 |P, F|?
I e ) (5.68)
8 Kiay) | (1, %2) |

To complete the proof of the lemma it remains to show for fixed A and ¢ we can choose b > 0
large enough such that

A P, ool? P ool?
—/ @2 | L"";' dx—Ze/ |¢|2|L”°l2dx >0. (5.69)
8 JKus(y) |3 K2 (y.i) | (31, x2) |

The first integral in (5.69) is taken over the region Kj(y), while the second integral, which
is negative, is taken over Ki2(y, ¥), a subset of K, (y). We will show that (5.69) follows from
this observation and the decay properties of P, ¢y proved in Lemma 4.3.

It holds

~2
Zf/z x5 < |(x1x)?, Vx € Kia(y, 1), (5.70)
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and

yb/2 <ylx| < [(x1,x2)[,  ¥x € Kiz2(y,¥) N supp(¥) . (5.71)
Using (5.70) and (5.71) and applying Lemma 4.3 there exists some v > 0 and a constant
c(y,v) > 0 such that for the second integral in (5.69)

P 2
/ |D|2 Lmzdx
Ki2(y.p) |(x1, x2) |

P, ool? v
/ @) |P Lol 2(1+|(x1,x2)|)vdx
Ki2(y.y) [(x1, x2)| (1+[(x1, x2)])

< = o (1+ (1, x2)])" [PLol? d(x1, x2)dxcs
(1+7b/2)" ¥ /Klz(m |x3)?
_eli) [P
b Sz Ixs)?
On the other hand for the first term in (5.69) we have for b > 0 large enough
P, ool? 1P @oll? ||
/ |D|? | ”"‘;' dx > — EE) / Ll |2dx3 . (5.73)
Kiz(y) |x] 2 b/2 |x3

Combining (5.72) and (5.73) proves (5.69), which completes the proof of Lemma 5.6 and as
discussed in 5.1 this completes also the proof of Lemma 3.1. ]

5.3. Proof of Lemma 3.2. We aim to estimate
2 2 a3 |
Lys[ys] = [Viasl” + > Vg lyos|? | dx - Thdx. (574)
Kzs (y) et Kes(y)\S(0.b) |x]

The potentials V;; satisfy |Vlj| < C|x|™ for j € {2,3} and some C > 0 on K3(y) due to
Lemma B.2. Consequently, for b > 0 sufficiently large

Los[ys] > / (|V¢23|2 + Va3 |¢23|2) dx — 2/
Kas(y) K

which is equivalent to

2 2
La3[123] Z/ (|3x2¢23| + |9x31//23| + Vo3 |1//23|2) dx
Kas(y)

2 |3 |
+ |axl ¢23| -2 r dx.
Kos(y) Kas(\S(0b) |x]

Next, we estimate the first term on the right-hand side of equation (5.76), which corresponds
to a part of the quadratic form of the operator h,3; defined in (2.4). Note that the operator
hys is translation invariant. We introduce new coordinates (g, £) which correspond to the
relative distance and position of the center of mass of the subsystem (23) with

\/]\1/[—23(\/"1_3362 — \mzx3), (5.77)

|23
o dx, (5.75)
S(\S(0.b) | x|

(5.76)

q:=
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1
= (Vmaxz + Ymsxs3), (5.78)
VMzs
where M3 = m; + m3. Note that ¢° + £* = x2 + x2. Direct computations show that in
(g, £)—coordinates the operator h,3 takes the form
ol v
hos = —3(21 - 8? + Va3 (— +(az — 03)2) ) (5.79)
Ha3
where the reduced mass p,3 of particles (23) is given by
mams
23 = . (5.80)
a M3

The set K»3(y) in (x1, g, £)—coordinates is given by

Kos(y) = {(x1,0.0) € B s lql < yis (o + g7 + )]

12 (5.81)
=g € R i lgl < xo (< + )]
with p
2 1
Ko = (%) . (5.82)
= Y“Has3
The functional Ly3[1/23] can be written as
Mys )/ 2
Loz [23] > (—) / |3q¢23| + Vas |Y3]* d(x1, ¢, €)
H23 Kas(y)
(5.83)

2 |23
+ / Vo ¥os| dx1,q,8) — 2 / — 2 ——d(x1,4.)
Kos(y) Kas(n\S(0b) |(x1,¢, &)

where (Mas/ ;123)1/ 2 is the Jacobian determinant of the transformation to the new set of
coordinates (x, g, £). In abuse of notation, we denote 1,3 expressed in coordinates (xi, g, &)
by the same letter. We estimate (5.83) in two steps. As the first step, we show that

Lemma 5.8.
2 2 |23 °
([oguzs|” + Vas Iy23]?) d(x1, q.8) = —C T (5:84)

Kas(y) K23 (y) |x|

for some C > 0 independent of .
As a second step, we show
Lemma 5.9.
— 2 |‘,023|2
N3] = IV e Vo3| d(x1, . €) — 2 ————d(x1,4, %)
Kz (y) Ku(p\s(0b) |(x1, 4, )| (5.85)

2
> —C/ %dc‘
oKz (y) x|

for some constant C > 0 independent of .
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5.3.1. Proof of Lemma 5.8. We rewrite the first integral on the right-hand side of (5.83) as

Kol (x1,8)]
ol +vsvat)acad = [ ol + v sl dg o ).
Kos(y -

Kol (1,8)]
(5.86)
Note that due to the positivity of operator k3 also holds
| |2 1/2
=0+ Va3 (q_ +(az - 03)2) ) 2 0. (5.87)
Ha3
Since the potential V,3 satisfies
| |2 1/2
Vv23 (— + (a2 - a3) ) ) <C |q|2+6 (588)
H23

for some constant C > 0 if g is sufficiently large, applying [BBV21, Lemma 6.2] (for conve-
nience of the reader we proof it in Appendix D) there exists C > 0 that depends on § but is
independent of ¢ such that

wladl 2
/ |3ql//23| + Va3 |¢3]” dg
=Kol (x1,€)|

(5.89)
_Pes (i ko [ (41, D). E)I? + i3 (31, =K | (x1, &) §)|
- |Gy, )]
Combining (5.86) and (5.89) we find
/ (|aq¢23|2 + Va3 |W23|2) d(x1,9, &)
Kas(y) (5 90)
|23 (x1, K0 [ (x1, O] 5 §)|2 + [ (31, =Ko [(x1, O], §)|2 .
> - 2 d(x1.9).
R? | (x1, &)

The points (x1, kg |(x1, &)|, £) belong to the surface dK,3(y). Direct computations show that
for the surface measure do associated with the set dK,3(y) satisfies the relation

do = kod(x1, &), (5.91)

with x( defined in (5.82). Consequently from (5.90) we find

2 2 |¢23|2
Aqas|” + Va3 [Y3|”) d(x1,¢, &) > —C/ —do
/I<23(Y) (| K | ) 3K23()/) |(.X'1, §)|1+5

for a possible different constant C > 0. Using that on dK,3(y)

xl? = (1, ©)° + ¢ = (1 +x3) | (x1, ) (5.93)

completes the proof of Lemma 5.8. ]

(5.92)
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q

FIGURE 4. Sketch of the set Ky3(y). In the circular blue area, the function
¥ vanishes. For fixed ¢ € R the horizontal red line indicates the path of
integration used in Lemma 5.9.

5.3.2. Proof of Lemma 5.9. This lemma mainly follows the ideas of [BBV21, Lemma 6.7]. We
introduce polar coordinates in the (x;, £)—plane as

p =X+ &, ¢ = arctan(x1 /). (5.94)

The set dK»3(y) corresponds to points with

gl = xop, (5.95)
where xy was defined in (5.82). For each fixed q € R let

21

_ d _ _
Y(q) = A ¢23(q,xallq|,<p)§ and  ¢,(q,p,¢) =v(q) - 1(p, ). (5.96)

Let F = i3 — Jl. We write V(, ) for the gradient in polar coordinates in the (xi, £)-plane.
Then V(,,)¥/; = 0 and consequently

2
/ IV e ¥s| d(x1, 9, 6)
Kys(y) (5‘97)

2 2
= / VippyVes| d(q, p,p) = / Vi Z|" d(g, p. o),
K3 (y) Kys(y)

where d(x1,q, &) = d(q, p, ) = pdqdpde. Inserting (5.97) into the right-hand side of (5.85)
we arrive at
|2 ?

N[yas] = / Vi [ d(q pr ) — 2 / _ sl
Kn) Ks(y\s(0) | (x1, ¢, E) [

Transforming the second integral on the right-hand side of (5.98) to polar coordinates we
get

d(x1,9,8).  (5.98)

|23

o2
Nyes] = / Vo Z| d(q.p. o) -2 / —d(q.p.¢). (5.99)
Kos(y) Kas(n\S(0) |(q, p)I
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Since F = 3 — i, and (a + b)? < 2a® + 2b? it holds

/ |¢23| d(q, p. )
Kas(\s08) (g p) P

(5.100)
<2/ |71 d( )+z/ M d( ) -
< ——d(gp. 0 -d(q.p, ¢
Kas(\S0) (g p)I** k(N5 1(g, p)IP*T
Combining (5.99) and (5.100) yields
o2 |F|?
N3] > Vo) F|" d(q. p, ) — 4 ————d(q.p, ¢)
Kx(y) Ku(n\S(0) (g, p)]
(5.101)

/ ‘lp ‘ d( ).
—4 d(q. p, ¢
Kas (00 (. P27

Next, we show that the sum of the first two integrals on the right-hand side of (5.101) is
positive. The function 1,3 = 0 for |x| < b and consequently for

po = max{lc(;1 lq|,b/2} (5.102)
we have
) 00 21
2 o 2
/ Vo) Z| d(q. p. @) = / / / Vo) F (. p.0)| d(p.@)dg.  (5.103)
Kas(y) —o0 Jpy JO

For p = py, the projection of # onto functions with zero angular momentum in the (xy, £)-
plane vanishes. As a result, the following two—dimensional Hardy inequality (see Lemma A.2)
holds for almost all g € R:

o e 1 7 F (@)l
v,9<,,>2d(,)z—// L o0 (504
/po /0 Vo7 (@ p.0) dp.0) > A ) (P (5.104)

where we assume py > 1 for sufficiently large b > 0. Insertmg (5.104) into the right-hand
side of (5.103) gives
Edk

1 F
Vi | d(g.p.0) 2 —/ d(g.p, ). (5.105)
'/Kzs(}’) e 4 Ky (y) p2 (1 + Inz (P))

Since p > b/2 on Ky3(y) N supp ¥»3 the positivity of the sum of the first two terms on the
right-hand side of (5.101) follows from (5.105) for b > 0 sufficiently large. We arrive at

— 12

¥

N3] = -4 / Lzﬂd(q, P ). (5:100)
Ks(n\S(0b) [(q, p)|

It remains to show that the integral on the right-hand side of (5.106) can be estimated by an
integral over dK33(y). By direct computation

_ 2 _ 2
/ ‘llfl(q,p,fp)( » : 00 oo‘l/fl(q,p,fp)( o 107
————d(q.p.0 =27r/ / ———— pdpdq. 5.107
Kn(\sb) (g p)|*" o oy (g p)PT
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Using the definition of Jl and Schwarz Inequality

¢1(Q) /027r |¢23(q’ K(;l Iql, (P)|2 do
/ '/Po |(q, p)|2+Tpdp 7= ./ LO |(q’ p)|2+r Pdeq (5-108)

Combining (5.107) and (5.108) we arrive at

/ “ﬁ ‘ o)
-d(q.p. ¢
Kes (50 | (. p)[*T (5.100)

/ /2ﬂ|¢zg<q,xo lql. ) d /p )lzﬂp dpdg

Using |(q, p)| > p and py > k;|q, yields by solving the integral over p that there exists a
constant C > 0, which depends on 7 and x; but is independent of ¢/, such that

Wi 2 s(g. gl @)
d( s M (P) < C/ / d d(p (5.110)
[(ZS(Y)\S(O,b) |(q’ P)|2+T 4P oo Jo |q|l+1' qaq

The points (g, x;'|gl, ¢) with ¢ € R and ¢ € [0, 27) correspond to points on the surface
0K,3(y). Consequently, by substituting (5.110) into (5.106), we obtain for another constant
C > 0 that depends on k; and 7 but is independent of :

Y
N[Y2s] = —C/ do, (5.111)

9Kz (y) |7
where we used that /3 = ¢ on 9dKy3(y). This completes the proof of Lemma 5.9 and as
discussed in 5.3 this also completes the proof of Lemma 3.2. [ ]

5.4. Proof of Lemma 3.3. We prove Lemma 3.3 for @« = (12). The proof for a = (13) is
similar. We introduce spherical coordinates as follows:

%1 = |x] sin(p) sin(0),
xo = |x| cos(¢) sin(6), (5.112)
x3 = |x[ cos(0),

where ¢ € [0,2r), 6 € [0, 7], and |x| € [0, o). The boundary 9Kj,(y) is then described by

(|x|, =6, ), where 8y = arcsin(y) and 6, € [0, 7] (see Figure 3).

Let Py[(12)] be the projection onto radially symmetric functions in the (x;, x;)—plane
introduced in Lemma 3.1, then

/ (AN TAICT / 21 (5.113)
0K12(y) 9Ky

x|+ 2() IXIH(S

where the surface measure do associated with dKj,(y) in the spherical coordinattes (5.112) is
given by
do = |sin Oy| |x|d |x| de (5.114)
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By applying the one—dimensional trace theorem in the 6 variable (see, [Evaio, Theorem 1, p.
272]) for every fixed |x| > b/2, ¢ € [0, 2), there is a constant C > 0 that depends on 6, and
0 = arcsin (y7) but is independent of |x| and ¢ such that

¥ (x|, 60, )|’ /91 [y (Ix], 6, 9)1* + 1(399) (Ix]. 6, @) |°
————— <C do. (5.115)
|x|1+5 0, |x|1+5
Integrating (5.115) with respect to do in (5.114) yields
2m [
| 10060001 sinol el d1xl o
e o 6.0 + a0 (510
SClsin90|/ / / i 4 ? 2P0\l d |x| dOdg.
0 6 Jb/2 |lx|M
where we have also used that ¥/(|x|, 8, ¢) = 0 for |x| < b/2. Similar we get
2 0
[ 1] =60 ) cosl el d1xl o
e e el 6o + o)l 517
SClsin90|/ / / A i 2\ d x| dOdg.
o J-o, Ju)2 ||
For Ki2(y, y1) = K12(y1) \ Ki2(y) by combining (5.116) and (5.117) we find
2
x
[,
aKlZ(Y) |x| (5 118)
0,0)1* +1(a 0,)|? '
copna) [ WOLOOETIBNGLODE 4o,
Kiz(y.y1) |x]|
Using dx = sin(6) |x|*d |x| dfd¢ and sin(8,) < |sin(#)| on Ki5(y, y1) we arrive at
2
x
[
aKz(y) || (5.119)
bl 9’ 2 a b 0’ 2 .
cof WOl o lowaor,
Kz (y.y1) |x| K2 (y.y1) |x|
Since ¢/(x) = 0 for |x| < b/2 we conclude from (5.119)
2
x
/aK ()lglic(l”)l o
iy (5.120)

2 P 2
< C . (/ |l//(|x|,2,<l’)| dx+/ I( 91//)(|x|2,9,¢)| dx)
(b/2) Kiz(yoy1) |x] Kiz2(y.y1) |x|

Applying the radial Hardy Inequality to the first term on the right-hand side of (5.120) yields

[ wer,
5 o
Ki2(y) |x|1+

C 1 |(9p1) (Ix]. 6, ) |*
< (/ —|c9|x|l//(|x|,9,(p)|2 dx+/ 4 > ¢ dx
(b/Z) Ki2(y.y1) 4 Ki2(yy1) |x|

(5.121)
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Expressing the gradient in spherical coordinates we conclude from (5.121) that

ek c 2
do < ——||VY|| , (5.122)
LKIZ(Y) |X’|1+(S (19/2)‘S L2 (Ki2(y.11))
which completes the proof of Lemma 3.3 .

5.5. Proof of Lemma 3.4. In the set of coordinates (x1, g, £) introduced in 5.3 the set 0K33(y)

(x2+&)1/2
Kas(y)

FIGURE 5. Sketch of the sets Ky3(y) and K3(y;) and their relation to the
constants kg and x. This construction is used in Lemma 3.4.

is determined by

gl = ro(af + £4)12 (5.123)
with x( defined in (5.82). We introduce spherical coordinates as follows:
%1 = || sin(p) cos(9),
& = |x| cos(e) cos(9), (5.124)

q = |x| sin(9),

where we used that the coordinates (x3, g, &) fulfill |x| = |(x1, g, £)| (see Lemma B.4). In this
set of coordinates ¢, := arctan(ky) corresponds to the opening angle of the conical set K»3(y).
Let &, := arctan x; with

Vs |\

23

e () -
l_Y1/123

then §; > Jy corresponds to the opening angle of the conical set Ky3(y1) (see Figure 5).
Analogous to Lemma 3.3 by application of the one—dimensional trace theorem in the variable
¢ and the radial Hardy Inequality proves Lemma 3.4. ]
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APPENDIX A. HARDY-TYPE INEQUALITIES

In the work at hand, several types of Hardy Inequalities are used. We collect them here
from different sources and refer to their proofs.

The one-dimensional Hardy Inequality, for which a proof can be found in [FLW22, Theorem 2.65]
is:

Lemma A.1. Letu € H'(R) and assume lim iglf |u(r)| = 0. Then
r—

Ju(r)|?

R |rl?

dr < 4/ |/ (r)|* dr. (A1)
R

The following is the Hardy Inequality in dimension two for which a proof can be found in
[Solg4] or derived from [FLW22, Pop. 2.68]

Lemma A.2. Letu € H'(R?) with

/ZH u(c,p)de =0, (A.2)
0

where (p, @) are polar coordinates and ¢ > 0. Then the following Hardy Inequality is true:

Juf?
/R? o (1 +u1n2 (|x|))dx < 4‘/1&2 |Vul? dx . (A.3)

c

The following is the radial Hardy Inequality on conical sets which was proven in [Nazo6,

§4].
Lemma A.3. Letd > 2 and K ¢ S%! a smooth domain and

Q={x=|x|lw:weK}. (A.q)
Then for anyu € H'(Q \ {0}) the following Hardy Inequality holds:

2
2
/|u|2|x|_2dx§ (—) /|Vu|2dx. (A.5)
Q d-2) Jo

APPENDIX B. REMARKS ON THE GEOMETRY OF THE SETS K, (})
Lemma B.1. Let o, f € {(12), (13),(23)} then
Ka(y) N Kg(y) = {0} (B.1)
fora # B ify > 0 is small enough.

Proof. We begin with the sets K;(y) for j € {2,3}. Assume that x € Ky2(y) N Ki3(y) and
x # 0 then

x| < (% +x2) + (x2 +x3) < 2% |x|? (B.2)

which fails for y small enough, which we assume henceforth. Consequently, we have

Ki2(y) N Ky3(y) = {0} (B.3)
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Next we assume that x € Ki,(y) N Ky3(y) and x # 0, then
X+ xk < y?x)?,
X2 X3 (B4)

Vit N

Let m := min{my, my, m3} and M := max{my, my, m3} and recall the choice v/m;y; = x; then

2
2 2 Y 2
+y, < —M
Y Y m |yl (B.5)
ly2 —ys| <yVMly| .

Note that the points (y,,0), (y3,0) and (0, y;) are the corners of a triangle in R? and thus by
the triangle inequality

V98 <\ g =yl < VM (1472 Iy (B.6)

Combining (B.5) and (B.6) there exists a constant ¢(M, m) > 0 independent of y and y # 0
such that

lyl* < (yi +93) + (5 +y3) < (M, m) [y[* |yl* (B.7)
which fails for y small enough and thus Ki2(y) NK23(y) = {0}. Repeating the same arguments
for the set Ki3(y) N Kz3(y) concludes the proof. ]

Lemma B.2. Let a € {(12),(13),(23)} and let y > 0 satisfy the condition (B.1). Assume that
the potentials V,, satisfy (2.3). Then there exists C > 0 such that for any x ¢ K,(y) with |x| > b
holds

Ve ()| < Clx[™™, (B.8)

wherevys =2+ 8 andvis = viz=3+96.

Remark B.3. Lemma B.2 implies that for small y > 0 condition (B.8) holds on Q(y) for any
of the potentials if |x| > b and b > 0 large enough. Consequently the condition (B.8) applies
on any of the sets K,(y, y) defined in Section 3.

Proof. We begin with a = (23). The potential V>3 fulfills (2.3) and thus there exist constants
C,8 > 0 and A > 0 such that

Vas(Iras))| < C(1+ [ras]) 7272, (B.9)
whenever |ry;| > A. For x ¢ Ky3(y) we have

X2 X3

N
Consequently |rp3| > A for |x| > b for b > 0 large enough. Combining (B.10) and (B.9) the
statement for o = (23) follows directly.

Next, we prove the case @ = (12). The proof for & = (13) is similar. The potential Vi
fulfills (2.3) and thus there exist constants C,§ > 0 and A > 0 such that

Viz(Jriz))| < C(1+ Jriz)) 7> (B.11)

|ros| > >vylx|. (B.10)
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whenever |ri;| > A. Assume x ¢ Kj2(y) then

S xlz xg 9 X1X2 1/2
Irin] > — + o cos({) W)
X} ; e 1/2
> m_1+m_2) (1 —cos({))
o " (B.12)
> min{—,—} (1 —608(5))) | (31, x2) |
mp mp
1 1 1/2
> min{—, —} (1- cos(g“))y) |x| .
mp; mp

where we have used that 2ab < a? + b? from the first to the second line in (B.12). Since
{ € (0, 7/2], combining (B.12) and (B.11) completes the proof. [ ]

Lemma B.4. Let (x1, X2, x3) € R? and let (g, &) be defined as,

1
q= (Vmsxz — maxs) (B.13)
VMas
1
¢ = (Vmaxz + Vmsxs3), (B.14)
VMzs
where Mys := my + ms. Then
x| = [(x1,4. I - (B.15)
The surface measure on the set dKy3(y) in this set of coordinates is given by
do = kod(x1, &) (B.16)
with
Y p2s 1 mams
—(HEm ) - B.
Ko (l — }’2,1123) Ha3 O— (B.17)

Proof. Direct computations show

1 1
q2 + §2 = —(m3x§ + m2x32. — 24/mymsxox3) + M—(m2x22 + m3x§ + 24/mamsxyx3)
23

Mas (B.18)
= x5 +x5.
Consequently (B.15) holds.
The set 0K»3(y) is determined by
X2 X3
- =vylx|. (B.19)
/My \Vms Y

Expressing x; and x3 in (g, £)—varibales gives

My 1/2 s 1/2 s 1/2 iy 1/2
xz=(M—23) §+(m—2) ql, X3=(M—23) §—(m—3) qf - (B.20)
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Inserting (B.20) into (B.19) gives

X2 X3

ma i

1/2

= (p23)" " lql, (B.21)

for p1p3 in (B.17).
Combining (B.19) and (B.21) shows that the surface dK33(y) is determined by the relation

lal = (123) 2y 1 (31,9, )] - (B.22)
Solving (B.22) for |q| yields
I
23
lq] = ko |(x1, )]  where ko= (—2) . (B.23)
L —y*pas
Using (B.23) as parametrization of the surface dK3;(y) the relation for the surface element
do of dKy3(y) in (B.16) follows from direct computations. (]

APPENDIX C. AUXILIARY ESTIMATE USED IN LEMMA 4.3

Lemma C.1. Let & € C*([0,00)) with &(t) = 0 fort < 1 and &E(t) = 1 fort > 2, such that
E(t) < 1and&(t) <2 foranyt € [0,00). For any w,k, f > 0 we define
|x|*

G(lx]) = mﬂlﬂ /P) - (Cy
Then
IVG(x)| <k |x|™' G(x), for |x| > 28 (C.2)
and for
IVG(x)| < B (2" +x2°7Y), for |x| € [B, 28] (C.3)
Proof. By construction
) ;
«f( 5)=1 (C.q)
for [x| > 2f and consequently
3 |x|* K x| ! _
6001 =7 (2| - S Sk o). 3
For |x| € [, 2p]
5(%') <2 (C.6)

then for |x| € [, 2]

I(VG)(x)Is%H'x'K +‘V( " )

 |x[*

< 2K+1ﬁl€—1 + sz—lﬁx—l (C7)
— ﬁK—l (2K+1 +K2K_1) )
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APPENDIX D. PROOF OF LEMMA 6.2 OF [BBV21]

Lemma D.1. Let h = =3 + V(q) on L*(R), such that h > 0. Asume that for every e > 0 there
exists a constant C(¢) > 0, such that

[W@lv@rdg<e [w@fdsco [ i@k wer®. oy

Assume there are constants C, A, 8 > 0 such that
V(g)| < Clq™ (D.2)
forany q € R with |q| > A. Then there exists a constant C > 0, such that for any L > 0 and

any function y € H' (R)

L
T = [ (1V@F + V@ W) do > e (WOF + -DF) 03
Proof. Let L > A, for s > 0 we define for |g| < L + 2

PE ge (L (L+s)
¥s(q) = {9(q) gel-L1] (D.4)
P(-L)E ge (~(L+s),-L)

and ¥s(q) = 0 for |g| > L +s. Then ¢y € H'(R). By construction J (¢, L) = J ({5, L) and
since h > 0

TG0 =~ [ (H@f +IV@IF) dg
- 2 (D)
- [ (m@F + @ @r) dg

We estimate the first integral on the right-hand side of (D.5). Using that ¢ and ¢ are
supported on {q € R, |q| < L + s} yields

/L ) (@I + V(@119 (9)I?) dg = /L

The first term on the right-hand side of (D.6) vanishes in the limit s — oo and for the second
term we find

L+s

L+s
/(@) d + / V@l lys(@Pdg.  (©.6)
L

L+s L+s
/ V(@) s () dg < Y (D) / V(q)ldg (D7)
L L

Applying (D.2) and solving the remaining integral on the right-hand side of (D.7) we find
there exists a constant C > 0 depending on § > 0 but independent of L and s such that

L+s
[ V@il dg < S o 03)

Using the same Arguments for the Integral over (—oo, —L] in (D.5) proves the statement in
the limit s — oo. [}
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