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A B S T R A C T

A novel numerical method for simulating liquid foam decay has been developed. This method is based on
a phase-field model and captures gas pressure inside the bubbles. It employs an algorithm that includes the
spontaneous rupture of foam separating films and coalescence of bubbles. We found that the microstructure
evolution in liquid foam in the dry foam limit is predicted. The numerical results demonstrate that the foam
ageing dynamics are mapped for the decay process due to successive coalescence events. Moreover, the method
is well suited for large-scale microstructure simulations. This allows the investigation of statistical properties of
foams, based on the structures’ characteristics at the bubble scale. In summary, the method is effective to gain
insight into the impact of fundamental factors controlling the evolution and dynamics of decaying liquid foam.
1. Introduction

In many industrial processes and engineering applications, foams
are highly valued as a very versatile materials class, as they feature
 broad range of properties [1]. These resulting effective properties

essentially depend on the microstructure. Therefore, understanding mi-
crostructure evolution is key to tailor made materials and components.

Different applications require a different distinct set of effective
properties, such as mechanical or thermal characteristics, to achieve the
optimum composition. Thus, the configuration of the microstructure
determines the specific properties suited for each application. The
particularity of the manufacturing process is that the resulting structure
and its resulting properties can be precisely tailored based on the mi-
crostructure. Targeted production of materials with suitable properties
can avoid the uneconomical and wasteful production of materials with
unsuitable properties. This correlation is crucial in the manufacturing
method of foam templating. In this technical process, liquid foams serve
s precursors for creating solid macroporous structures.

Structural features like bubble volume and bubble volume distribu-
ion, the degree of order, and bubble connectivity exert large control

over most of the resulting properties of the solid foams, e.g. regarding
stiffness [2]. Therefore, in order to ensure optimal suitability for spe-
cific cases or technical requirements, and to harness effective properties
tailored to each application, the templating process provides access

through the tuning of these structural characteristics. This tailoring of
the liquid precursor structure facilitates access to the resulting prop-
erties. The templating route itself is refined by tailoring the structures,
and, consequently, the properties. A particular challenge lies in the fact
that different parameters affect the effective properties in diverse ways.
To unravel this complex structure-properties link, systematic studies
on the relationship between structure and property prove invaluable
in identifying the optimum structure. As basis to tune the properties
in templating and processing routes, it is important to identify the
influence of the individual characteristics on the bubble scale.

An enhanced prediction of the morphology improves industrial pro-
cesses and helps in achieving materials with pre-defined properties [3].
The prediction of morphology requires considering liquid foams to be
metastable systems undergoing decay with time. This decay behaviour
of liquid foams is complex, due to the interaction of various effects
at different length and time scales [4]. Film rupture and bubble coa-
lescence play an important role in the decay process of dry foams, in
which the liquid fraction is low. The connection between the stability
of individual foam films and the behaviour of a macroscopic 3D foam
is still not fully established [5].

Implications for the prediction of foam structures are usually con-
cluded from experimental investigations.
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Various statistical properties have been investigated in both mono-
nd polydisperse 2D foams, using different experimental approaches, 
or example using optical observation. Imaging techniques include, 
nter alia, fluorescence microscopy [6], imaging via commercial we-
cam [7] with the aim of recording quantitative evolution. Simi-
arly, Roth et al. [8] report on coarsening dynamics observed via 
hotographs.

Three governing mechanisms can be identified to contribute to 
oam ageing [9]. First, drainage — under the influence of gravity, 
econd coarsening — gas transfer between bubbles, and third coa-
escence — rupture of the separating film. Even though these three
rocesses are known to determine the dynamical evolution of foams, a

problem remains: Breaking down the contribution of separate, isolated 
rocesses to the overall structure formation is difficult. A solution to
nvestigate the individual processes, is to suppress other contributing
echanisms. Different approaches have been proposed. An overview 

n sophisticated experimental designs is given by Rio et al. [5]. For 
xample, Deminiere et al. [10] study the evolution process dominated
y coalescence in a model material (emulsion); Carrier and Colin [11] 
elate the occurrence of coalescence to the liquid fraction; and Forel 
t al. [12] track individual coalescence events using a high-resolution 
amera and conclude on the coalescence probability being proportional
o the separating film size. However, there are remaining problems.

hile drainage and coarsening can be modelled and have been studied 
o a significant degree, coalescence remains less understood [13]. Foam
ecay primarily is governed by the characteristics of single films. As
 result, the main experimental and theoretical focus has been on 
nvestigating the rupture of isolated, single foam films in uncomplicated 
eometries [14]. Approaches have been pointing towards destruction 
f single foam films [15], and coalescence with focus on topological 
earrangements [16]. Many experiments are conducted with 2D foam 

structures, as they are easier to handle [8] and 3D experiments are 
more expensive and complex to capture, often presenting technical
challenges.

Probing of isolated ageing processes can be performed utilizing 
numerical simulations. Achieving accurate representation of the over-
ll topological evolution and scaling behaviour is a crucial aspect in

numerical simulations of foam structures [17]. Computational models
for evolving foams have been proposed with different points of focus. 

elager et al. proposed their method with the purpose of physically
epresenting 2D foams for computer graphics applications [18]. Other
D models for the evolution of dry foams, have the aim of a physical
epresentation, and model both coarsening and coalescence. Here, the 
inite-element based tool Surface Evolver by Brakke [19], proved to be 
 popular tool for treating complex foam geometries. The model of Chae 
t al. [17] based on a combination of mass transfer, vertex movement, 
nd edge relaxation also captures surface tension and tracks edges. Kern 
t al. [20] proposed their viscous froth model, simulating 2D evolution, 
o describe the dynamics of foam under viscous drag forces on the 
oving Plateau borders. Recent approaches based on the immersed

oundary method are used to investigate 2D statistical behaviour of 
ry foam [21]. This model captures coarsening in the dry foam limit. 
aye’s model deals with the different time and length scales of processes 
ith a set of multiscale interlinked algorithms [22], with the result of

emarkable representations of foam dynamics. Still, many approaches 
re associated with the need for complicated mesh generation or in-
erface tracking, and therefore cause high computational effort. Thus, 
ften macroscopic foams are not resolved in the numerical experiments.

In recent years, the phase-field method proved to be a versatile 
ethod for simulating the temporal evolution of structures and the

ourse of interfaces, for various application fields in materials science.
he method allows for numerical treatment on arbitrary grids due 
o the approach of diffuse interface modelling, avoiding complicated 
esh generation to resolve the foam structure. Complex topologies

an be considered using a Cartesian grid, providing large flexibility. 
n the context of phase-field modelling, a multi-phase-field model to
a

imulate the structure evolution of a dry 2D foam was proposed by
ehara [23]. The model captures both disproportionate gas transfer
nd coalescence at the same time, but does not take into account gas
ressure. The multi-phase-field model for microstructure formation in
etallic foams by Vakili et al. [24] facilitates the simulation of foam

tructure formation with controlled coalescence, for wet foams with
igh liquid content. Lavoratti et al. [25] present a modified phase-field
odel and show numerical studies of the dynamics of flowing 2D foam,

but do not account for film rupture and coalescence. However, foam
epresentation remains restricted and is not yet fully resolved, such as
oams in the dry limit, or statistically and experimentally relevant do-
ain sizes of macroscopic foams. Additionally, the gas pressure inside

oams remains to be considered and validated. Thus, the need arises
or both a physically realistic computational model and the possibility

to simulate macroscopic 2D and 3D foams. Successive coalescence in
liquid foams exerts effects on the structure formation, but its impact
has not been investigated in detail for foams in the dry foam limit
as an isolated decay process independent of the others. To address an
improved representation of foam ageing in a numerical model, we aim
towards a refined method.

Here, we report the development and validation of a numerical
method based on a phase-field model which captures gas pressure
inside the bubbles.

A numerical solver based on the Pace3D framework [26], where
the presence of a gaseous phase has previously been applied [27], is
introduced. Our proposed micro-scale approach employs an algorithm
that models the ageing of foams by including the spontaneous rupture
of foam separating films and coalescence of bubbles. Notably, we
model the occurrence of these events as a purely stochastic process,
as proposed in works [12,17]. The approach accounts for gas being
treated as a compressible gas, following ideal gas law. A validation
of the approach based on simulation results is performed. At its core,
the method facilitates a seamless connection between the stability
of individual films and the structural formation of the entire foam,
llowing for a comprehensive analysis of foam behaviour. Knowledge
f the foam behaviour thus contributes to improved control over

manufacturing processes. It has been constructed specifically for dry
foam, where most of the volume is attributed to its gas phase. By
employing the method, we establish the foundation for enhancing foam
characteristics, such as the development of foams with predictable
morphologies. This provides a pathway towards the production of
foam structures with predefined resulting properties. It is a particular
advantage of the approach that properties causing inhomogeneities
in experimental studies can be excluded explicitly. To guarantee the
homogeneity of the foam properties, gravity forces and inter-bubble
gas transfer are excluded in the presented method and study. Through
numerical validation and exploration of different dry foam structures,
we confirm the reliability of the model. To demonstrate its versatility
and the ability to effectively map foam decay, the presented method is
pplied to conduct parameter studies. Different starting morphologies
re generated, initial structures include quasi-mono- and poly-disperse

configurations with defined degrees of disorder. Using 2D simula-
tions of foam microstructure, we show the applicability of the newly
eveloped algorithm to resolve the temporal evolution.

Foam evolution under various dynamic conditions is investigated
n simulation studies, under consideration of the bubble ensemble
earranging. Based on large-scale microstructure simulations, a detailed
nvestigation on bubble statistics is conducted, comprising ensemble
alues of volumes, gas pressures, bubble shape and connectivity. The
esults indicate the ability of the method to comprehensively treat
oalescence dominated foam decay. The extended model can also be

pplied to various foam geometries.
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2. Modelling ageing foam with the phase-field method

Foam ages under successive coalescence events of bubbles triggered
by rupture of the separating film, as well as under the relaxation of
the structure into an energetically favourable state. The energy of a
foam depends directly on the interfacial area separating bubbles, due
to surface tension. From a modelling point of view, the evolution can
be regarded as a minimization of the surface energy of the structure.

We propose a basic model to describe foam ageing that takes into ac-
count spontaneous film rupture associated with successive coalescence
of pairs of gas bubbles. This modelling approach is based on an Allen-

ahn phase-field model formulation [28]. The herein presented formu-
ation includes an energy density contribution, ensuring the assignment
f gas pressures to physical phases following the ideal gas law.

.1. Thermodynamic description

We consider a compressible gas surrounded by an incompressible
fluid in a two- or three-dimensional domain 𝛺 ⊂ R2 or 𝛺 ⊂ R3,
espectively. The gas is partitioned into cells by foam films, defined
y the interface between cells.

The phase-field 𝝓 (𝒙, 𝑡) =
(

𝜙1 (𝒙, 𝑡) , 𝜙2 (𝒙, 𝑡) ,… , 𝜙𝑁 (𝒙, 𝑡)) contains
he set of 𝑁 order parameters 𝜙𝛼 , which are continuous components.
he indices 𝛼 , 𝛽 indicate 𝑁 different distinct physical phases that are
learly distinguishable. Assuring ∑𝑁

𝛼=1 𝜙𝛼 = 1 at each spatial position,
the phase-field order parameters can be interpreted as volume fractions
f the corresponding physical gaseous and liquid phases. As the order
arameters 𝜙𝛼 vary continuously between 0 and 1, there is a finite
egion between the phases, where the interface is diffuse. In this region,
hases coexist. Due to the continuous variation of the order parameter,
he composition of physical properties changes smoothly, proportional
o the composition of the phases. The location of the foam separating
ilm between the phases 𝛼 and 𝛽 is defined at the position where
𝛼 = 𝜙𝛽 = 0.5. As the boundary is implicitly defined and evolves freely,
either interface tracking nor solving of complex boundary conditions
s necessary.

For our investigation, the total free energy functional on the domain
is taken as

 (𝝓, 𝑇 ,𝑽 ,𝑵) = ∫𝛺

(

𝜖 𝑎 (𝝓,∇𝝓) + 1
𝜖
𝑤 (𝝓)

)

d𝛺+
𝑁
∑

𝛼=1
𝐹𝛼

(

𝑇 , 𝑉𝛼(𝝓), 𝑛𝛼
)

. (1)

Here, the positive parameter 𝜖 is a scaling parameter governing the
width of the diffuse interface region, with smaller values of 𝜖 leading to
thinner interfaces. The functional consists of two distinct parts. The first
part is composed of the densities of the two interface-controlling terms,
𝜖 𝑎 (𝝓,∇𝝓) and 1∕𝜖 𝑤 (𝝓), which, taken together, represent the surface
energy between the different phases. The first quantity relevant to the
interfacial energy is the gradient energy density 𝜖 𝑎 (𝝓,∇𝝓), which is
formulated as

𝑎 (𝝓,∇𝝓) =
∑

𝛼 <𝛽
𝛾𝛼 𝛽 |𝑞𝛼 𝛽 |2, (2)

where 𝛾𝛼 𝛽 is the surface tension between two bubbles, and 𝑞𝛼 𝛽 =
𝜙𝛼∇𝜙𝛽−𝜙𝛽∇𝜙𝛼 , according to [28]. The second term represents a surface
free energy density, which is chosen as a multi-obstacle potential of the
form

𝑤 (𝝓) =
⎧

⎪

⎨

⎪

⎩

16
𝜋2

𝑁
∑

𝛼 <𝛽
𝛾𝛼 𝛽𝜙𝛼𝜙𝛽 +

𝑁
∑

𝛼 <𝛽 <𝛿
𝛾𝛼 𝛽 𝛿𝜙𝛼𝜙𝛽𝜙𝛿 if 𝜙𝛼 ,𝛽 ∈ [0, 1],

∞ else,
(3)

and 𝛾𝛼 𝛽 𝛿 is a term introduced to avoid the occurrence of spurious
hird-phase contributions in two-phase regions.

The second part of the free energy density is obtained from the
summation over the integral free energy contributions 𝐹𝛼

(

𝑇 , 𝑉𝛼(𝝓), 𝑛𝛼
)

for each phase, and accounts for the remaining energetic contributions
– i.e. without the surface energy – of the gas within each bubble.
Besides the temperature 𝑇 and the amount of substance 𝑛𝛼 as fixed
parameters, this bulk energy density contribution indirectly depends on
the phase-field 𝝓 through the definition of the volume 𝑉𝛼 corresponding
to each phase.

In its simplest form, this volume can be defined as

𝑉𝛼 (𝝓) ∶= ∫𝛺
𝜙𝛼 (𝐱) d𝛺 . (4)

ore generally, using weighting functions ℎ𝛼 (𝝓) such as ℎ𝛼 (𝝓) =
2
𝛼∕‖𝝓‖

2 satisfying 0 ≤ ℎ𝛼 (𝝓) ≤ 1 and ∑

𝛼 ℎ𝛼 (𝝓) = 1 for the interpo-
ation, one can alternatively define

𝛼 (𝝓) ∶= ∫𝛺
ℎ𝛼 (𝝓 (𝐱)) d𝛺 . (5)

he former definition is most in line with the interpretation of the order
arameters 𝜙𝛼 being local volume fractions and has the advantage of
epending solely on the phase-field values 𝜙𝛼 of the particular phase
under consideration. In contrast, the latter definition can be advan-

ageous from a numerical point of view, as the interpolation functions
re commonly chosen such that they satisfy 𝜕 ℎ𝛼∕𝜕𝝓 = 0 within all bulk
egions, i.e. one needs not consider any derivative contributions outside
he interface regions. Despite these slight differences, both approaches
ead to very similar values for the phase volumes as the respective
ntegrals are generally largely dominated by the bulk regions, such that
he particular choice is primarily a matter of convenience.

.2. Evolution equation for phase-field

In order to minimize the free energy functional in Eq. (1), the evolu-
ion equation for the phase-field is postulated following the variational
pproach as the gradient-flow given by

𝜖 𝜏 𝜕 𝜙𝛼
𝜕 𝑡 = −

(

𝛿
𝛿 𝜙𝛼

− 𝜆
)

, (6)

with 𝜏 a time relaxation parameter and where the Lagrange multiplier

𝜆 = 1
𝑁

𝑁
∑

𝛼=1

𝛿
𝛿 𝜙𝛼

(7)

is added to maintain the constraint ∑𝑁
𝛼

𝜕 𝜙𝛼∕𝜕 𝑡 = 0. The derivative of the
irst contribution due to the surface energy terms in  [28] is given by

𝜖
(

𝜕 𝑎 (𝝓,∇𝝓)
𝜕 𝜙𝛼

− ∇ ⋅
𝜕 𝑎 (𝝓,∇𝝓)
𝜕∇𝜙𝛼

)

+ 1
𝜖
𝜕 𝑤 (𝝓)
𝜕 𝜙𝛼

. (8)

For the second contribution due to the 𝐹𝛽
(

𝑇 , 𝑉𝛽 (𝝓) , 𝑛𝛽
)

, a simple
pplication of the chain rule leads to
𝛿

𝛿 𝜙𝛼

𝑁
∑

𝛽=1
𝐹𝛽

(

𝑇 , 𝑉𝛽 (𝝓) , 𝑛𝛽
)

=
𝑁
∑

𝛽=1

𝜕 𝐹𝛽

𝜕 𝑉𝛽
(

𝑇 , 𝑉𝛽 (𝝓) , 𝑛𝛽
)
𝜕 𝑉𝛽
𝜕 𝜙𝛼

(𝝓) , (9)

as 𝑉𝛽 does not depend on ∇𝝓. From standard thermodynamic rela-
tions [29], the first term can be recognized as the negative thermo-
dynamic pressure

𝑃𝛽 = −
( 𝜕 𝐹𝛽

𝜕 𝑉𝛽

)

𝑇 ,𝑛𝛽
, (10)

whereas the differentiation of the definition of the volume 𝑉𝛽 (𝝓) in
q. (5) leads to the density 𝜕 𝑉𝛽 (𝝓)

𝜕 𝜙𝛼 = 𝜕 ℎ𝛽
𝜕 𝜙𝛼 in the general case, with the

ppropriate simplification to the constant density 1 only for 𝛼 = 𝛽 for
he simpler choice ℎ𝛽 (𝝓) = 𝜙𝛽 as in Eq. (4).

Combining both contributions, the final phase-field evolution equa-
tion is therefore given by

𝜖 𝜏 𝜕 𝜙𝛼

𝜕 𝑡 = −

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝜖
(

𝜕 𝑎 (𝝓,∇𝝓)
𝜕 𝜙𝛼

− ∇ ⋅
𝜕 𝑎 (𝝓,∇𝝓)

𝜕∇𝜙𝛼

)

+ 1
𝜖
𝜕 𝑤 (𝝓)
𝜕 𝜙𝛼

−
𝑁
∑

𝛽=1
𝑃𝛽

𝜕 ℎ𝛽

𝜕 𝜙𝛼
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑟ℎ𝑠𝛼

−𝜆

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(11)

with 𝜆 = 1∕𝑁
∑𝑁 𝑟ℎ𝑠 .
𝛼=1 𝛼
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Fig. 1. Film rupture and unification of formerly separate bubbles into one, with relaxation of the structure. The algorithm ensures that the gas is treated as ideal gas and that
the ideal gas law is fulfilled for unification. Colours depict different values of gas pressure.
t
T

S
c
T
f
o
v

𝑉

B
e
i
i
h
l
p
o
p
t

3

s
d
w
w
c
q
m
w
d

It remains to specify the precise form of the pressure values in
Eq. (11). Even though the relation Eq. (10) holds more generally, we
will only consider the particularly simple case of ideal gases as it is
sufficient for our purposes. Since in this case the relation 𝑃𝛼𝑉𝛼 = 𝑛𝛼𝑅𝑇
olds at all times, and the phase volumes can be calculated by Eq. (5),
t is sufficient either to initially specify the desired amount of substance
𝛼 of each phase. Alternatively, one can also specify an initial pressure
init
𝛼 for each phase, which, together with the initial volume of the
hases, implicitly fixes the amounts of substance of each of the phases.
ased upon these initial values and the current volume 𝑉𝛼 (𝝓), the ideal
as pressure can then always be determined using the relation

𝑃𝛼 = 𝑃 init
𝛼 ⋅

𝑉 init
𝛼

𝑉𝛼 (𝝓)
. (12)

2.3. Modelling foam evolution based on successive coalescence

By numerically solving the phase-field equations, Eq. (11), within
he advanced phase-field simulation package Pace3D, we consider foam

evolution. This evolution is purely based on the ageing mechanism
of successive coalescence, where bursting of foam films leads to the
coalescence of adjacent bubbles. Here we introduce an algorithm to de-
scribe this ageing process, assuming spontaneous, isolated film rupture.
The rupture leads to the unification of two formerly separate bubbles
into one (see Fig. 1), while ensuring the ideal gas law is fulfilled.

The algorithm for film bursting and coalescence is based on the
selection of a foam film separating a neighbouring pair of bubbles,
from all present films. For the selection, a criterion reflecting film
bursting probability is evaluated in each iteration step. This selection
is weighted with a random factor, which models temporal and spatial
probabilistic occurrence of film rupture. The weight is in proportion to
the probability of the film to rupture and the bubble pair to undergo
coalescence. Upon selection of a film, respectively a pair of bubbles,
the two are merged into one. This procedure mimics the mechanism of
spontaneous isolated rupture of foam films.

Foam films are represented by the diffuse interface between two
phases, i.e., the regions in which two phases are present. In each
volume element, adjacent bubbles are defined by the two highest phase-
field order parameters, 𝜙𝛼 and 𝜙𝛽 . For each volume element within
the diffuse interface, a criterion is evaluated. In case the criterion is
met, film bursting and the associated coalescence event is triggered.
This criterion is assigned to each volume element throughout the
whole simulation domain. It is represented by an expression reflecting
the bursting probability in each point. The expression is a function
𝑝bur st𝛼 𝛽 (𝝓,∇𝝓, 𝛾 ,…), which corresponds to a bursting probability of a
single foam film, leading to the coalescence of bubble 𝛼 with bubble
𝛽. We choose 𝑝bur st𝛼 𝛽 = 𝜙𝛼 ⋅ 𝜙𝛽 , to model a bursting criterion which is
proportional to interface size, and thus to film size.

To model a spatial stochastic occurrence of rupture initiation in
oam films, the probability 𝑝bur st𝛼 𝛽 is weighted with a random uniform

number 𝑧, by multiplication: 𝑝bur st𝛼 𝛽 ⋅ 𝑧, 𝑧 ∈ [0, 1]. Additionally, a pre-
defined threshold value 𝐾 determines an overall temporal probability
 t
for the criterion to be met. It allows for the predetermination of the
occurrence of film rupture, as the magnitude of 𝐾 determines the
frequency. High values of 𝐾 reduce overall occurrence, while low
values increase it. In case the randomized probability takes a value
larger than the chosen critical value,

𝑝bur st𝛼 𝛽 ⋅ 𝑧 > 𝐾 , (13)

film bursting is initiated, and two adjacent initial phases are unified
o form an interconnected phase with final volume, 𝑉𝛼 𝛽 = 𝑉𝛼 + 𝑉𝛽 .
his unification of two previously separate volumes is realized by

summing up the two largest order parameters in each volume element,
𝜙𝛼 𝛽 = 𝜙𝛼 (𝐱, 𝑡) + 𝜙𝛽 (𝐱, 𝑡), throughout the whole simulation domain.
ince only two phases are present in the diffuse interface, where the
oalescence event is triggered, the former diffuse region becomes bulk.
he disappearance of the diffuse interface corresponds to the foam
ilm instantly bursting and completely vanishing. Summing up the
rder parameters 𝜙i leads to an interconnected volume, formed by the
olumes of formerly separate bubbles,

𝛼 𝛽 = ∫𝛺

(

𝜙𝛼 (𝐱, 𝑡) + 𝜙𝛽 (𝐱, 𝑡)
)

d𝛺 . (14)

Upon unification, the gas pressure in the resulting phase is calcu-
lated following the ideal gas law,

𝑃𝛼 𝛽 =
𝑉𝛼𝑃𝛼 + 𝑉𝛽𝑃𝛽

𝑉𝛼 𝛽
. (15)

The model is implemented as part of the phase-field based multi-
physics code Pace3D [26], which is in-house developed. It solves the
two- or three-dimensional evolution equation on a Cartesian grid.

ased on a finite differencing scheme, Eq. (11) is discretized with
xplicit time stepping and solved on a discrete numerical grid which
s partitioned into cubic equal volume cells. Computational efficiency
s achieved through using a locally reduced order parameter scheme for
igh number of phases [30,31]. Additionally, efficient calculation for
arge structures and domain decomposition is ensured by implementing
arallel computing schemes to solve the evolution equations based
n the message-passing interface (MPI). Subsequent sections present
arallel simulations using MPI. These simulations were conducted on
he high performance computing (HPC) cluster bwUniCluster (2.0).

. Set-up

This section outlines the construction of digital models of foam
tructures, which serve as the basis for the numerical simulations of the
ecay process resulting from spontaneous film rupture, as performed
ithin the scope of this paper. To digitally generate foam structures
ith a variety of morphologies, a three steps routine was applied,

omprising two steps of algorithmic generation followed by a subse-
uent step of relaxation. Simulation snapshots of the evolution of the
orphology are shown in Fig. 2. The generation routines obtain a
ide spectrum of structural features, in particular various bubble size
istributions. Applying the routines, we mimic the morphological and
opological characteristics observed in real foam structures.
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Fig. 2. Schematic graphic of the three steps generation routine for foam structures, with equilibration procedure: (a) Preliminary arrangement of bubble ensemble. (b) Imprinted
target volume distribution assigned to bubbles. (c) Relaxed structure in energetically favourable state, through de- and increase in bubbles’ volumes.
A quadratic simulation domain with quadratic cell discretization
erves as base for all 2D simulation settings. The edge length of the
omain is 𝑁𝑥 = 𝑁𝑦 = 1400 g r idcells. The foam is represented by an
nitial set of 𝑁B = 2025 gas bubbles.

In the first step of the generation routine (Fig. 2 (a)), the bubbles
re defined as squares of 400 grid cells arranged in a brick pattern,
o create a preliminary configuration. These bubbles are embedded
n a liquid matrix. Each of the bubbles as well as the liquid matrix
re represented by a unique order parameter 𝜙𝛼 . As the bubbles take
olyhedral shape during the simulation, their size is best described
y the volume, respectively the area in 2D, 𝑉𝛼 = 𝐴𝛼 = ∫𝛺 𝜙𝛼 (𝐱) d𝛺.
n this work, we consider dry foam in which most of the volume
s attributed to its gas phase. In this dry foam limit, foam films are
egligibly small compared to the bubbles’ size, and are attributed zero
iquid. Furthermore, we assume that there is no liquid present in the
lateau borders, representing an idealized dry foam condition. Gas
eparating liquid films between two gas cells are implicitly defined
y the position of the isoline 𝜙𝛼 = 0.5. The computational model
epresents ideal two-dimensional foams, which are distinct from real or
uasi-2D foams. This idealization allows for a focused examination of
undamental foam behaviour, free from the geometric and mechanical
onstraints of physical experimental systems.

In the second step (Fig. 2 (b)), particular predefined distributions
re imprinted on the bubble sizes, to introduce a disorder in the
orphology through applying a stochastic transformation. This is fa-

ilitated by manipulating individual bubbles.
The value of target volume 𝑉 of each bubble is multiplied by a

actor 𝑘 sampled from a normal distribution 𝑘 ∼ 
(

𝜇 , 𝜎2), 𝜇 = 1, with
robability density function

𝑓 (𝑥) = 1
√

2𝜋 𝜎2
𝑒𝑥𝑝

(

−1
2

(𝑥 − 𝜇
𝜎

)2
)

,

considering only positive values, as a cut-off at zero is implemented to
void negative values for 𝑉 .

In the third step (Fig. 2 (c)), this generated preliminary structure has
to relax into an energetically favourable equilibrium state, to form the
initial setting for the decay simulations. For the relaxation step, Eq. (11)
s solved numerically on a Cartesian grid. The formalism presented in
ection 2 ensures the fulfilment of the ideal gas law by maintaining
Fig. 3. Evolution of the free energy during the equilibration process, normalized values.
Shown for one structure during relaxation.

a constant product of pressure and target volume 𝑃𝛼𝑉𝛼 for each in-
dividual bubble. This is achieved by considering the contribution of
surface energy to the total free energy of the system, Eq. (1). Therefore,
the bubbles’ volumes de- or increase during the process. Thus, a poly-
disperse structure forms during relaxation. The free energy is plotted
for the equilibration process to describe the relaxation of the structure
into an energetically favourable state, see Fig. 3.

For the foam decay simulations presented in Section 4, the obtained
equilibrium states of foam structures are used as starting configura-
tions. Herein, varying levels of dispersity characterize a diverse range
of initial foam structures, allowing to gain insights into the impact of
disorder on the structural characteristics. Configurations with different
dispersities are obtained by imprinting different sets of initial values
for volume to the preliminary configuration, see Table 1. For these
starting configurations, normal distributions with standard deviation
𝜎, and coefficient of variation 𝐶 𝑉 = 𝜎∕𝜇 are used. Upon a relaxation
of the structure, the assigned target volume factors yield a disorder in
bubbles’ volumes, with mean volume 𝜇V and standard deviation 𝜎V.
Fig. 4 illustrates the volume distribution of the bubble ensemble for the
five initial configurations displayed in Fig. 5. Depending on the initial
distribution of 𝑉 , the morphology of the structures varies.
𝛼
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Fig. 4. Characterization of the bubble ensemble. Bubble volume distribution of different starting configurations with variation of dispersity 𝜎0 – 𝜎4. Volumes normalized by mean

volume, ⟨𝐴⟩.
Fig. 5. Foam structures used as initial states for decay simulations, with different grades of dispersity: Structure denoted as 𝜎0 quasi-monodisperse, and structures denoted as 𝜎1

𝜎4 polydisperse with increasing degree of heterogeneity.

T
a
s
d
t
t
l
b
r
b
s
t
f

4

c
a
m
s
e
e

able 1
Structural properties of the foams’ starting configurations; values for 𝐶 𝑉in = 𝜎V∕𝜇V are
provided as input parameters, and the values obtained from analysing the equilibrated
steady state relaxed bubble ensemble are mean volume 𝜇V and 𝐶 𝑉r es = 𝜎V∕𝜇V. The
differently disordered structures are denoted as listed.
𝐶 𝑉in 𝜇V 𝜎V 𝐶 𝑉r es denotation

0.00 382.73 7.93 0.02 𝜎0
0.10 382.07 37.87 0.10 𝜎1
0.20 382.90 74.52 0.19 𝜎2
0.30 383.42 116.63 0.30 𝜎3
0.40 372.88 154.71 0.42 𝜎4

In the generated dry foam settings, variations in bubble structures
become apparent with the simulation snapshots. Not only the bub-
les’ sizes, but also their shapes differ. This can be attributed to a
igher divergence in volumes, and energy minimization relaxing into
n overall favourable configuration. For disordered structures with
ow dispersities, the bubbles take irregular hexagonal shape. At higher
ispersities, the disorder of the structure also becomes apparent, as
ubbles with a lower or higher number of edges are present.

To simulate foam decay processes, eleven different stabilities of
oam films are modelled by choosing the bursting probability of a
olume element of a film Eq. (13), herein denoted as 𝑝 , 𝑖 = 0,… , 10.
𝑖 g
hese stabilities are applied to the five starting configurations, denoted
s in Tables 1 and 5, i.e. a total of 55 different foam decay processes are
imulated, as sketched in Fig. 6. By this varying of foam film stability,
ifferent foam decay velocities are modelled. For the dynamical evolu-
ion of the foam during the decay process, Eq. (11) is solved. This leads
o temporal, incomplete relaxation towards energetic minima. The re-
axation is interrupted by the triggered bursting of foam films followed
y coalescence of bubbles, which introduces local perturbations of the
elaxation. In between coalescence events, the structure evolves, driven
y relaxation into another energy minimum. Throughout the dynamical
imulation, equilibrated states are almost never reached. Fig. 7 shows
he energy during the decay process, i.e. the dynamical evolution of the
oam with bursting films.

. Results

In this section, we highlight the primary capabilities of our numeri-
al approach. This comprises an overview of the predictive capabilities
ccessible through numerical simulations, and the validation of our
icrostructure evolution model. The method, implemented within the

oftware package Pace3D, is designed to capture the microstructural
volution of decaying foam governed by film rupture and coalescence
vents. It finds application in the systematic exploration of diverse foam
eometries via comprehensive parameter studies. This demonstrates
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Fig. 6. Sketch of the complete set of decay simulations performed within the study.
Starting from five differently dispersed structures, denoted 𝜎0 – 𝜎4, decay simulations
are run for 11 different foam film stabilities, 𝑝0 – 𝑝10.

a large versatility by enabling access to a broad range of structural
attributes. Thereby, it reveals the potential and possibilities that sim-
lations and evaluations can offer in understanding complex foam
henomena. While a detailed introduction of the numerical method is
rovided in Section 2, we offer a contextual summary here to underline
he relevance to the findings presented in this section.

The essence of our studies lies in the introduction and validation
f our microstructure evolution model, via numerical simulations. By
mploying a phase-field method, we enable to represent the foam’s dy-
amic evolution, while incorporating the spontaneous rupture of foam
eparating films and the coalescence of bubbles. Our study enables
ccess to four key points regarding a refined foam representation. First,
he method inherently accounts for the gas pressure within the bubbles,
ontributing to a detailed representation of a foam. Second, our rou-
ines facilitate the digital generation of diverse foam structures, each
haracterized by unique morphological attributes and varying degrees
f order in bubble dimensions. Third, the model’s versatility comprises
ariable film bursting probability, mimicking variable degree of decay
ate. The film rupture events drive structural changes, contributing to
he dynamic nature of microstructure evolution. Fourth, our approach
s proficient in determining the complex morphological and topological
haracteristics inherent in foam structures. By digitally creating foam
tructures and subjecting them to decay simulations specifically driven
y spontaneously rupturing films, we gain insight into the impact of
eometry and bursting probability of individual films on the overall
oam structure.

The method’s adaptability to simulating ensembles of several thou-
and bubbles allows exploring statistical properties of foams based on
ubble-scale characteristics. This connection is strengthened by empiri-
al data derived from the simulations, which distinctly show the logical
oherence and validity of our model. An advantage of our numerical
pproach is the suitability for large-scale microstructure simulations.
he ability to simulate large foam domains gives access to patterns
hat emerge from the collective behaviour of individual bubbles, and
s particularly valuable for examining statistical properties of foams.
he empirical results obtained from our numerical experiments offer
oth visual and quantitative insights into the temporal evolution of
oam decay. Statistical analysis deepens our understanding of how
icrostructural parameters are interconnected. We focus on diverse
arameters for the microstructure characterization; bubbles’ volume,
ressure, shape in terms of edges, and neighbouring relationships. This
 s
nvestigation serves a dual purpose: It enables the comprehensive evalu-
tion of the model’s predictive capability, and describes the boundaries
f its applicability.

The subsequent section explores microstructure evolution, guided
y statistical analysis. The probabilistic dynamics of decay influence
he interplay of various parameters. Through the effective integration of
ilm rupture, our framework provides a platform for gaining insight into
he complex behaviour of decaying liquid foams. The central achieve-
ent facilitated by the proposed microstructure evolution model is in

onnecting the stochastic occurrence of film ruptures with empirical
bservations of the overall bubble ensemble. This is tested for a set
f foams with various morphological parameters in simulated decay
xperiments.

.1. Validation: Single bubble equilibrium state

In order to validate the method described in Section 2, we present
esults of numerical simulations of a bubble within a liquid and assess
he method’s capability to accurately predict the gas pressure in the
quilibrated state. The simulation setup for the validation consists of
n incompressible liquid matrix with an embedded compressible gas
ubble, assuming an ideal gas. For initializing the simulations, a set
f configurations is generated and tested on a domain discretized into
uadratic cells, and 𝜖 = 3. Herein, the bubble is initially defined as a
hase described by the order parameter 𝜙𝛼 , the liquid by 𝜙𝛽 . Variations
f both the initial radius of the bubble 𝑟0, and the surface energy
𝛼 𝛽 were systematically selected to cover a representative parameter

space and capture the method’s applicability to various scenarios. The
system was relaxed into an energetic minimum state through surface
minimization. This equilibration process allows the system to reach a
stable state, characterized by a balance between the resulting forces due
to gas pressure and surface tension. On the equilibrated configuration,
we obtain the numerically calculated gas pressure of the bubble 𝑃eq. and
the pressure of the liquid matrix 𝑃0 as inherent to the methodology. For
the set of simulations, the pressure of the liquid takes constant values
of 𝑃0 = 1. The pressure difference between bubble and matrix 𝛥𝑃 =
𝑃eq. − 𝑃0 serves as a fundamental metric for validating the accuracy
of our method. These computed pressure differences are compared
with the analytical solution provided by Young–Laplace equation. The
theoretical pressure difference is given by

𝛥𝑃 =
𝛾𝛼 𝛽
𝑟eq.

(𝑑 − 1) , (16)

for 𝑑 ∈ {2, 3} dimensions. Fig. 8 provides a comparison of the computed
ressure difference and the theoretical values for a two-dimensional
etup. The validation results demonstrate agreement between com-
uted and theoretical pressure differences across various bubble vol-
mes and surface energies. Minor discrepancies observed for large
eciprocal radii can be attributed to the numerical resolution. Overall,
he results validate the method’s reliability for simulating bubble be-
aviour as an ideal gas in liquid matrices. To guarantee stability of the
ethod applied to foams, bubble sizes for the studies presented within

his paper are chosen within a reasonable range.

.2. Microstructure evolution in the dry foam limit

In this section, we present an analysis of the microstructural evo-
ution of decaying foam structures in the dry foam limit, comprising
 visual representation of the simulation studies and statistical char-
cterization. We initiate our examination by visually documenting
he dynamic evolution of foam structures during the decay process,
s exemplarily shown in Fig. 9 for a moderately disordered starting
orphology with dispersity 𝜎2 imposing an intermediate film burst-

ng probability 𝑝5. Through morphological observations, we track the
verall evolution of the bubble ensemble over time. This visual as-
essment forms the basis for capturing the transformations underlying
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Fig. 7. Evolution of the free energy during the decay process, exemplarily shown for structure 𝜎2, film bursting probability 𝑝5 (intermediate).
Fig. 8. Pressure difference 𝛥𝑃 as function of reciprocal radius 𝑟eq. of a bubble embedded in a liquid matrix, in equilibrium. Data presented for three different values of surface

energy 𝛾𝛼 𝛽 , for a two-dimensional setup. The black line represents the solution obtained from the theoretical Young–Laplace equation.
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foam decay. Varying microstructural and physical parameters influence
the structure formation both in static and dynamical settings. The
nvestigation of film bursting probability variations shows distinctive
hanges in the foam’s morphology over time. This study was conducted

on a consistent initial setup. The temporal progressions corresponding
to three distinct film bursting probabilities are graphically represented
in Fig. 10. Differences in bubble sizes, and pattern formation, become
apparent for different decay rates. The morphological alterations are as
well accessible through experimental observations. To investigate the
impact of this variation on foam decay dynamics, we explored a range
of bursting probabilities.

At notably high bursting probabilities, the formation of unconven-
tional bubble shapes occurs. In contrast, lower bursting probabilities
facilitate a gradual evolution, enabling relaxation of the foam structure.
This contrast underlines the interplay between bursting probability and
the unfolding dynamics of foam evolution. The bursting probability can
be chosen as variable, and therefore facilitates the calibration of decay
ate. Investigation of the decay process for varying initial configura-
ions (different dispersity) tested for equal film bursting probabilities
how their influence on foam morphology, see Fig. 11. Throughout the

simulated decay process for the chosen structures, minor visual differ-
ences can be seen. Within the tested set, varying starting configurations
 c
and dispersity appear to have a limited impact on the morphological
evolution.

For structures with larger dispersity, the film length is more in-
homogeneous. The probabilistic nature of film bursting is connected
with film length. Films of differing lengths exhibit varying probabil-
ities of bursting. The variation in film length corresponds to varying
robability of bursting for the overall film. This relationship highlights

the significance of film length as a critical factor in determining the
ynamic behaviour and evolution of the foam.

4.3. Statistical characterization of microstructural parameters

Based on the visual analysis, we look at the microstructural param-
eters in greater detail through a statistical investigation, to understand
he foam’s internal structure and its dynamic tendencies. The following

attributes characterize the structure, each of which responds distinctly
to variations in film bursting probabilities and starting configurations:

he bubbles’ volume, gas pressure, shape, and neighbour relations.
herefore, the focus on the essential attributes guide our investigations.
urthermore, the statistical approach facilitates to extract trends and
haracteristic curves, systematically exploring the temporal evolution.
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Fig. 9. Series of simulation snapshots showing the evolution of the bubble ensemble over time. Morphology of bubble ensemble is shown for moderately disordered starting
orphology with dispersity 𝜎2, intermediate film bursting probability 𝑝5.
Fig. 10. Series of simulation snapshots showing the evolution of the bubble ensemble over time. Morphology of bubble ensemble is shown for starting morphology 𝜎2. Three
ifferent film bursting probabilities, 𝑝0 high, 𝑝5 intermediate and 𝑝10 low probability.
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.3.1. Decay dynamics of evolving foam

Statistical analysis reveals the temporal trends in the formation
f the bubble ensemble, quantified by the number of bubbles, and
llows to identify the influence of varying film bursting probability
nd disorder in foam structure. The temporal evolution of the number
f bubbles serves as measure for the decay rate. Fig. 12 depicts the
ime dependent number of bubbles during the decay simulation for
tructure 𝜎2. The number of bubbles is found to decrease monotonically
ver time, with varying slope for different probabilities; the higher the
robability, the faster the reduction. The trend is not linear, indicating
 faster reduction in the number of bubbles associated with faster
ecay at the beginning of the process. A similar behaviour is ob-
erved for structures with differently dispersed starting configurations.
he individual trajectories vary due to the probabilistic nature of the
lgorithm and the presence of differently disordered configurations
hich are reached throughout the simulation. Over the course of the
ecay simulation, the influence of the initial configuration becomes
vident with the evolution of the number of bubbles, see Fig. 13.
mong structures with different degrees of initial order, the decay rate
otably varies, although the probability of film rupture per volume
lement remains constant. Within the set chosen for our simulations, in

ighly disordered structures, a greater number of bubbles persists for
 longer duration. In comparison, for structures with smaller degrees
f disorder, only marginal differences exist, and the impact of the
egree of disorder is not measurable. Therefore, evaluating additional
eaningful parameters is beneficial, as they may show more distinct

ariations in influence.

.3.2. Bubble volume and distribution
Statistical analysis of bubble volumes quantifies the morphology,

assessing the foam’s microstructure. By analysing volume distributions
and mean values, the impact of bursting probabilities and initial config-
urations on foam structure becomes evident. An integral aspect of the
analysis contains the temporal evolution of the mean bubble volume,
obtained as ⟨𝐴⟩ = 1

𝑁(𝑡)
∑𝑁(𝑡)

𝛼=1 𝐴𝛼 , with 𝑁 (𝑡) denoting the number of
bubbles present at time 𝑡. The evolution shown in Fig. 14 exhibits
distinct characteristics based on the bursting probability variations. The
mean bubble volume increases over time, with a more pronounced
steepness in cases of higher bursting probability. As the decay pro-
cess advances, a progressively greater increase in the mean bubble
volume becomes evident. For a detailed analysis of the volumes of
the bubbles during distinct times of the decay process, we examine
the temporal evolution of the probability distribution of volume of the
bubble ensemble, as illustrated in Fig. 15. Throughout the progression,
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Fig. 11. Evolution of the bubble ensemble over time. Morphology of bubble ensemble
s shown for variation of the starting dispersity, for equal intermediate bursting prob-
bility of 𝑝5. Snapshots show starting configurations (first column) and configurations
t end of simulation (second column).

Fig. 12. Evolution of the bubble ensemble over time. Time dependent number of
ubbles is shown under parametric variation of the film bursting probability 𝑝𝑛,
xemplarily for starting configuration 𝜎2.

ot only the mean volume of the bubble ensemble increases, but
urther trends become evident. The distribution of individual values of
bsolute volumes, Fig. 15, gradually flattens and broadens over time,
Fig. 13. Evolution of differently dispersed initial structures for equal intermediate
bursting probability 𝑝5, leading to distinguishable decay rate.

Fig. 14. Evolution of the bubble ensemble over time. Time dependent mean bubble
olumes of ensembles are shown under parametric variation of the film bursting
robability 𝑝𝑛, for starting structure 𝜎2. Mean volume is normalized by maximum mean

volume.

reflecting changes in the morphology. The number of bubbles with
larger volumes tends to increase, due to the continuous rupture of
films and coalescence, leading to the expansion of their sizes. Peaks
tend to congregate at integral multiples of the initial volume. This
observed doubling of volumes is associated with bubble coalescence
events. Additionally, we employ the bubble volume normalized by the
average volume in Fig. 14, as it offers a standardized metric to assess
ubble size variations within the foam ensemble. This normalization
llows us to better discern trends in the distribution’s shape, related
ith bubble growth. Regarding this distribution, the peaks of the
olume distribution gradually shift towards smaller values, as expected
or an evolving foam. Thus, this shift indicates an overall broadening
f bubble sizes towards larger values. Further analysis of the bubble
ize distribution at distinct time complements the understanding of
oam dynamics in response to varying bursting probabilities. Significant
ivergence shows in the bubble volume distribution at different distinct
ime steps, for foams with different film stability. Fig. 16 illustrates
olume distributions in comparison, for the same starting configuration
f 𝜎4, and Fig. 17 compares the evolution for the starting configuration
f 𝜎2. The distributions of bubble volumes at a distinct time differ,
epending on the bursting probability. The development over time,
ecorded in the panels in fixed time steps, shows that the peaks diverge
nd flatten out differently depending on the film bursting probability.
ubble ensembles with higher bursting probability feature increased
ean volumes, compared to lower bursting probability. In the distri-

ution, higher bursting probably is associated with a shift of the peak
owards smaller values. This underlines the sensitivity of the foam
tructure to varying probabilities of film bursting.
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Fig. 15. Evolution of the bubbles’ volumes for the initial structure 𝜎2 evolving under intermediate film bursting probability, 𝑝5. Ensemble characterized for different time steps

uring evolution, shown absolute values of volume 𝐴, and normalized by mean volume, 𝐴∕⟨𝐴⟩.
Fig. 16. Comparison of volume distributions for constant starting dispersity of heterogeneous structure 𝜎4 for three different bursting probabilities, high 𝑝0, intermediate 𝑝5, low
𝑝10. Panels (a) – (d) show probability density of normalized bubble volume, 𝐴∕⟨𝐴⟩, at four different distinct times. Log-normal fit is included as guide to the eye.
Comparing the decay for different initial configurations, its influ-
ence on the mean bubble volume is analysed for the specific film
bursting probability of 𝑝5, see Fig. 18. For all investigated structures,
the evolution seems largely similar, indicating a rise for all structures
with time. In the case of the starting configuration with the highest
dispersity 𝜎4, a distinction is noticeable. The mean bubble volume
exhibits lower values, and evolves with a slower slope. For the other,
lower dispersity configurations, our simulation does not reveal any
discernible influence on the evolution of bubble volumes. This discrep-
ancy underscores the sensitivity of the system to initial conditions for
comparably high degrees of disorder in the initial setting, as the highly
disordered starting configuration impacts the subsequent dynamics of
the bubble ensemble, while for lower dispersity configurations this
appears to have negligible effects. For a detailed analysis of bubble
olumes for structures with variable degree of disorder, Fig. 19 gives
n overview over the volume distributions for different distinct time
teps. Structures with low dispersity yield prominent peaks at inte-
er multiples of the initial mean volume, Fig. 4, whereas structures

with moderately and high dispersity show smearing of these peaks.
In low dispersity structures, where bubble sizes are uniform, a film
bursting event often doubles the resulting bubble’s volume. Conversely,
in highly dispersed structures with varying bubble sizes, the resulting
volume increase is less predictable, as heterogeneous sizes contribute
differently to the resulting volume. This highlights the influence of dis-
persity on structural characteristics, and reveals the interplay between
disorder and organization during the evolution.

4.3.3. Gas pressure and pressure field
Investigation of the gas pressure within the bubbles provides insight

into the degree of order characteristics of the evolving foam. Simulation
results give access to pressure variations of individual bubbles and the
overall evolving foam. The methodology presented in Section 2 has the
central feature to calculate gas pressure within individual bubbles at
each time step, considering ideal gas behaviour. This pressure is con-
sistently updated throughout the simulation, yielding a pressure field
that spans the entire bubble ensemble. The method enables a straight-
forward insight into the pressure of individual bubbles of the ensemble,
without the need for complex additional calculation methods. Note that
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Fig. 17. Comparison of volume distributions for constant starting dispersity of slightly disordered structure 𝜎2 for three different bursting probabilities, high 𝑝0, intermediate 𝑝5,
ow 𝑝10. Panels (a) – (d) show probability density of normalized bubble volume, 𝐴∕⟨𝐴⟩, at four different distinct times. Log-normal fit is included as guide to the eye.
Fig. 18. Evolution of the bubble ensemble over time. Time dependent mean volume of bubbles ⟨𝐴⟩ is shown for five different variations of starting configuration with dispersities,
0 - 𝜎4, the film bursting probability is intermediate, 𝑝5.
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fter initializing the simulation with an imprinted pressure distribution,
he structure equilibrates, see Section 3. During the course of the decay
imulation, the method ensures pressure values following ideal gas
aw. In Fig. 20, analysis of gas pressure for the exemplary structure 𝜎2
ith varied bursting probability is shown. Throughout the simulation,
ean bubble pressure remains nearly constant, which is inherent to

he method. However, minor variations can be observed during the
emporal course in Fig. 20(a). These are likely to emerge from lo-
al perturbations through film rupture, and subsequent rearrangement
nd relaxation in local energy minima. The slight overall decrease
ssociated with high and intermediate bursting probability reflects
he bubble ensemble tending towards spherical shape, and therefore
ptimum shape associated with energetic minimum. For low bursting
robability, this decrease is not visible in the analysed simulation
pan. In Fig. 20(b), the standard deviation of average gas pressures
ithin foam bubbles demonstrates a strong increase over the observed
ime span. This substantial variation in standard deviation becomes
pparent, while the measured absolute values of average gas pressures
emain within a narrow range throughout the entire duration of the
tudy. The increase in the width of the distribution of gas pressures
uggests a growing level of heterogeneity in the pressure distribution
mong the bubbles over time. It implies that while the average pressure
emains relatively stable, the dispersion of individual pressure values
mong the bubbles is becoming more pronounced, emerging from the
nderlying dynamics and structure formation within the foam. The
trongest increase is recorded for the evolution under highest burst-
ng probability, with a fourfold increase. Less pronounced increase is
bserved for the evolution with smaller film bursting probabilities.
ig. 21 depicts the temporal evolution for differently ordered initial
tructures with equal bursting probability. These structures exhibit
imilar characteristics over time, marked by a slight initial increase
ollowed by an overall decrease in pressure. Notably, the structure
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Fig. 19. Characterization of the bubble ensemble. Bubble volume distribution of different starting configurations with variation of dispersity 𝜎0 – 𝜎4, with fixed intermediate
bursting probability 𝑝5. Analysis of bubble volume for two different distinct time steps during the evolution.
Fig. 20. Temporal evolution of bubbles’ gas pressure. Ensemble values for foam structure 𝜎2, variable film bursting probability.
Fig. 21. Temporal evolution of bubbles’ gas pressure. Ensemble values for foam structures with different degree of order.
t
ith the highest disorder, represented by 𝜎4, demonstrates the least
mooth evolution. The presence of pressure jumps in this structure can
e attributed to the coalescence of pairs consisting of large and small
ubbles, followed by more substantial relaxation dynamics.

The standard deviation, as depicted in Fig. 21(b), portrays the
emporal evolution of differently ordered initial structures, all with
qual bursting probability. In the case of low initial dispersity, there
s a smooth course and slight increase in standard deviation over time,
ndicating relatively consistent pressure values among bubbles within
hese ordered structures. Conversely, for high initial dispersity, the
tandard deviations initially exhibit higher values, reflecting substantial
ariability in pressure distribution among bubbles. These variations
re likely to emerge in time steps where one or more bursting and
oalescence events happened, and the structure has not yet relaxed
owards a local minimum energy state. However, as time progresses,
these variations tend to stabilize, indicating a convergence towards
a more consistent pressure distribution within the foam structure.
Besides considering ensemble values, the variation of pressure inside
the ensemble is of particular interest. Our method allows for precise
analysis of the individual bubbles’ pressures. For five distinct time
steps, a detailed analysis of bubbles’ gas pressure distributions is shown
in Fig. 22. The evolving structure features an almost symmetric dis-
tribution of pressure values at the beginning of the decay process,
whereas throughout the temporal course, the distribution becomes
more asymmetric. Besides the general broadening and flattening of the
distribution, bubbles with smaller magnitude of pressure become more
prevalent. This development of the ensemble is in accordance with
the development in volumes analysed in Fig. 15, where the number of
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Fig. 22. Distribution of bubbles’ gas pressure at distinct times of the foam evolution.

arger bubbles is observed to grow, as ideal gas law ensures a constant
roduct 𝑃 ⋅ 𝑉 for each bubble.

Fig. 23(a) shows the pressure distribution for the ensemble for the
starting configuration 𝜎2 for three different bursting probabilities, at the
distinct time of 𝑡 = 1.00 ⋅ 𝑡t ot . For low bursting probability, 𝑝10, the dis-
tribution remains mostly symmetric, and shows only slight asymmetry
for smaller values. Here, a relatively small amount of films have burst.
For high bursting probability 𝑝0, we observe the most pronounced
deviation from the initially predominantly symmetric distribution, with
the majority of values skewed towards lower values. With more burst
foam films, the amount of bubbles with higher volume increases, and
therefore the associated shift towards lower values of pressure oc-
curs. To further characterize the variations among differently dispersed
tructures, Fig. 23(b) illustrates the pressure distribution at 𝑡 = 1.00 ⋅ 𝑡t ot
or intermediate bursting probability 𝑝5. Minor deviations in the distri-
utions become apparent. In the case of the more ordered structures
haracterized by low initial dispersity, the distribution exhibits primar-
ly symmetrical characteristics, with a slight skewness towards lower
alues. With increasing dispersity, we observe a more pronounced flat-

tening and broadening of the distribution. Consequently, more bubbles
with higher gas pressure values are prevalent. This illustrates that the
influence of the initial dispersity remains discernible throughout the
entire simulation. Initially, a wider range of volumes and, consequently,
as pressures exists, thereby exerting a lasting impact on the simulation
ynamics.

.3.4. Bubble shape
Statistical characterization of bubble shapes, specifically character-

zed by the attribute of number of edges, offers a comprehensive view of
he changing foam geometry. This analysis facilitates an understanding
f how local topology on the scale of single bubbles is connected with
verall structure, depending on varying parameters. For the foams in
the dry foam limit we investigate, the bubbles are densely packed and
in contact with each other. The number of edges is obtained through
the number of direct neighbours.

Fig. 24 illustrates the temporal course of the evolution for one start-
ng configuration under three different bursting probabilities. In each
f the three investigated decay processes, the mean number of edges of

a single bubble shifts towards smaller values as the foam evolves. For
foam with low bursting probability, the evolution is slow and therefore
the number changes only slightly, whereas for high bursting probability
𝑝0, a dominant decrease can be observed. Note that the values for mean
edge number are slightly lowered due to bubbles at the corner of the
cluster contributing to the calculation of the mean, which naturally
have less neighbouring bubbles, and therefore edges. Additionally, we
explored the number of edges each bubble has depending on initial
dispersity, see Fig. 25. At early stages of the evolution, bubbles in the
relatively high disordered structure 𝜎4 tend to have fewer edges than
the ones in comparably less disordered structures. Conversely, at later
stages of the evolution, the foams tend to show increasingly similar
behaviour. Differences in mean edge number for the different structures
become less evident. This behaviour is also underlined by the temporal
evolution of the width of the distribution, see Fig. 25(b). Whereas
at low evolution times the structures feature clearly distinguishable
standard deviations for the differently dispersed settings, they tend to
align and get less distinguishable at later times. Foam dispersity only
has a minor effect in terms of bubbles’ edges in the investigated set.
The edge distribution for distinct time steps during the evolution are
plotted in Fig. 26, for the starting configuration 𝜎2 evolving under three
different bursting probabilities. As expected for an evolving foam with
intermediate initial structural disorder, most bubbles have six edges at
the start, with a narrow distribution. The peaks of the edge distribution
show a transition and shift towards smaller values with time. Here we
observe 𝜌

(

𝑁E
)

increasing for 𝑁E < 5, and decreasing for 𝑁E > 5.
Bubbles with five edges, 𝑁E = 5, show somewhat different behaviour,
with a rise, followed by a reduction. Eventually, the four-sided bubbles
are dominant. Bubbles with a large number of edges, 𝑁E > 8 are not
considered in the interpretation for low statistical prevalence. With
high bursting probability, the transition shows as most pronounced,
tending towards the most smooth distribution. Fig. 26(d) presents
the data for the starting configuration 𝜎4 as one representative for a
structure with higher degree of disorder. In comparison with Fig. 26(b),
the effect of the initial structure on the overall distribution during the
temporal evolution can be a certain influence.

Fig. 27 illustrates the temporal evolution of number of edges, for
3 ≤ 𝑁E ≤ 8 in two differently dispersed initial structures, both at equal
intermediate bursting probability. This data describes the probability
of a randomly chosen bubble having 𝑁E edges. Regarding the temporal
course for structure 𝜎 , Fig. 27(a), the initial predominance of bubbles
2
Fig. 23. Analysis of bubbles’ gas pressure for different focus, at distinct time steps of the evolution.
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Fig. 24. Temporal evolution of mean number of bubble edges, for one starting
dispersity and three different bursting probabilities.

with six edges is gradually surpassed by those with five edges. At
advanced times, bubbles with four edges also become increasingly
prevalent. For both bubbles with five and six edges, initially there is
a steeper de- and increase in the probability, which later levels off.
However, an opposite pattern emerges for bubbles with four edges.
Comparing with the data obtained for structure 𝜎4, Fig. 27(b), the
findings indicate that these shifts in the predominant number of edges
occur at different times. Furthermore, the temporal evolution of edge
counts displays relatively smooth trends for the more ordered structure
compared to the variations observed for structure 𝜎4. These varia-
tions suggest that higher initial dispersity induces more pronounced
elaxation events.

.3.5. Connectivity and distances to neighbouring bubbles
Exploring foam complexity extends beyond evaluating the number

f edges of individual bubbles. Also, understanding the connectivity of
ndividual bubbles is crucial in many foam applications. Our frame-
ork facilitates to conveniently access the barycentre of each bubble
nd establishes bubble interconnections, assessing foam homogeneity.
o determine the homogeneity of a foam structure, the dispersity in
ubbles’ volumes is often considered, or the film length is investigated
o characterize foams. Additionally, here we introduce the distance
etween barycentres of neighbouring bubbles as a more comprehen-
ive measure of foam complexity. This metric assesses an additional
easure of foam disorder.

We analysed the mean distance of all neighbouring bubbles to
ach individual bubble, ⟨𝐷⟩, for the simulation runs under variation
f bursting probability. Fig. 28 illustrates the temporal course. The
volution qualitatively aligns with the trends observed for the evolution
f bubbles’ volumes, as shown in Fig. 14, as a relationship over the
quare root is presumed. The comparison for structures with varying
tarting dispersity is depicted in Fig. 29. In all cases, the mean distance
f barycentres increases as the decay progresses. These findings are
onsistent with previous observations made regarding the temporal
volution of volumes. However, deviations for foams with differently
rdered initial structures cannot be concluded, as no clear distinction
ecomes apparent within the investigated set.

Measuring and relating the bubble area to its number of edges has
reviously been proposed by Roth et al. [8]. Here, we adapt the concept

and use the number of edges based parameter ⟨𝐷N⟩, which represents
the mean distance between the barycentres of a bubble with 𝑁 edges
and its neighbours. We anticipate the mean distance ⟨𝐷N⟩ to vary with
N.

Fig. 30 shows the dependency for three differently ordered struc-
ures at an equal point in their evolution. The presented data is nor-
alized by the average distance of a six-sided bubble. As expected, the
ean distance depends on the number of edges of the bubbles, and is

bserved to increase with 𝑁 .
E i
5. Conclusions

In this work, a novel numerical method based on a phase-field
odel for simulating liquid foam decay has been presented. This
ethod considers gas pressure inside the bubbles, while treating it as an

deal gas. It facilitates comprehensive mapping, analysis and control of
he temporal development of the decay process of foams. To represent
he dynamic evolution of foam microstructure, it employs an algorithm
ccounting for the spontaneous rupture of foam separating films and
oalescence of bubbles. The study presented herein introduces and val-
dates the microstructure evolution model using numerical simulations.
o highlight the primary capabilities of the approach, the model was
pplied to the systematic exploration of diverse dry foam geometries,
ith quasi-mono- and poly-disperse structures. By subjecting these

oam structures to decay simulations driven by spontaneously rupturing
ilms, we gain insights into how initial foam geometry and bursting

probability influence the overall foam structure. Hereby, different
bursting probabilities model varying rates of decay. Investigation of
the foam evolution and dynamical characteristics via comprehensive
parameter studies explores microstructure evolution through statistical
analysis.

The numerical results indicate that the microstructure evolution in
liquid foam in the dry foam limit is predicted, mapping foam decay dy-
namics related to successive coalescence events. Our approach adeptly
accesses the intricate morphological and topological characteristics
inherent in foam structures. Moreover, our framework offers insight
into the complex behaviour of decaying foam through its adaptabil-
ity to large-scale microstructure simulations. This allows for explo-
ration of statistical properties, based on bubble-scale characteristics
of the ensemble. With the model it is possible to specify different
reconditions (such as differently dispersed initial microstructures and
ilm bursting probabilities) precisely and individually, and to anal-
se their influence not only in interaction but also separately from
ach other. We presented comprehensible investigations of various
esulting microstructure parameters, including volume, gas pressure,
ubbles’ shape, and connectivity, serving the purpose of outlining the
odel’s predictive capability and describing its applicability to the

nvestigation and in-depth analysis of foam evolution. Highlighting the
ritical role of each parameter for structure formation underlines the
entral importance of the analysis as key to the interplay of the set
f parameters. In summary, the method effectively provides insight
nto the impact of fundamental factors governing the evolution and dy-
amics of decaying liquid foam. Furthermore, it successfully connects
tochastic film rupture occurrences with empirical observations of the
verall bubble ensemble, as demonstrated in simulated decay exper-
ments across diverse foam morphological parameters. The presented
pproach consequently facilitates the implementation of predictable
nd tailor-made microstructures, enabling improved process control
hrough the derivation of refined material design parameters from
imulation results. Establishing links to physical units would enhance
he direct applicability of this approach, potentially facilitating com-
arisons with experimental data. The potential of the approach unfolds
n targeted materials design, as the structural parameters determine

In the most homogeneous foam structure 𝜎0, the mean distance to
ubbles’ neighbours is relatively large compared to the more inhomo-
eneous structures. In case of the most disordered structure 𝜎4, the
ependency of mean distance on 𝑁E is more pronounced, and the mean
istance is lower.

Throughout the foam evolution, the initial dispersity has a visible
ffect within the considered set of structures. Our study demonstrates
hat over time, the influence of structural changes on homogeneity 
ecomes apparent through the proposed metric. To make full use of
he potential of this metric, further exploration relating to different 
eometries and boundary conditions (such as foams in confined spaces) 
ould be needed to observe significant divergences.
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the resulting physical properties. With the addition of physical units,
this method could become a powerful tool for predicting and opti-
mizing foam behaviour in practical applications. However, in some
of the trends derived from the numerical experiments, we recognize
the model’s limitations, to derive potential improvements for future
development. A proposed feature of a future model formulation is 
o include inter-bubble gas diffusion (Ostwald ripening). This process 

leads to gradual shrinkage and enlargement of bubbles, and influences 
the structural development. While the current model is based on the 
tochastic occurrence of film rupture, it features the flexibility to incor-
orate alternative probability functions as well. Future extensions could
tilize this flexibility to include pressure-dependent rupture criteria,
llowing for the investigation of bubble over-pressure effects on film
tability and rupture dynamics in simulations.

Future work aims towards an even more integrated and realistic 
oam representation. These required model extensions and adaptations
nclude incorporating coarsening and gravity in a model formulation,
and coupling it with the existing framework, to further enhance its
applicability. With the model constraint regarding bubbles’ volume
nd pressures, inter bubble gas transfer (Ostwald ripening) could be
acilitated by modifying this product 𝑃 ⋅ 𝑉 according to differences
n pressure. The versatility of the framework provides a well-suited
asis for a seamless transition to three-dimensional geometries. Future
imulation studies of these 3D geometries will enable to capture the
ynamics of foam decay in a new set of realizations. Also, numerical

experiments could focus on investigating the influence of a wider rang-
ing parameter set, focusing e.g. on variations in surface tension or more
sophisticated initial foam geometries. Aligning the setups and results
with physical units presents an opportunity for future research. Such
an alignment would enhance the connection between our numerical
results and experimental findings, potentially facilitating comparisons
with experimental studies and enabling validation against established
Fig. 25. Temporal evolution of bubble edges, for different starting dispersities.
Fig. 26. Distributions of bubbles’ edges. Illustration of the temporal course for different initial starting configurations and film bursting probabilities.
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Fig. 27. Details on temporal evolution of bubble edges, dissected by proportion of bubbles by edge count. Two different starting dispersities of structure.
Fig. 28. Evolution of mean distance of bubble neighbours for one foam dispersity, with variable film bursting probability.
Fig. 29. Evolution of distance of bubble neighbours for different structural dispersities, equal film bursting probability.
a

s

aws. This step could further increase the reproducibility and practical
pplicability of our findings within a broader context. While beyond
he scope of the current study, this alignment represents a promising
irection. Expanding the wetting conditions through surface tension
s proposed in [32] will open up new possibilities in accessing foam
with variable liquid content. We also see the opportunity to explore the
evolution of foam with our framework in various specific application
cenarios. Studies regarding foam geometries in confined spaces, such

as porous structures, could be approached.
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Fig. 30. Mean distance of bubble neighbours for bubbles with 𝑁E edges, variable initial structure. Data is normalized by the average distance of a six-sided bubble.
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