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Abstract

Causal representation learning (CRL) has recently become an object of inten-
sive research. Representation learning aims to infer a lower dimensional, but
meaningful, representation from a given set of data, effectively increasing inter-
pretability and processability. Disentangled representation learning applies an
independency constraint onto the inferred latent variables of the representation.
The applicability of such frameworks on real world data is limited, as absolute
independence between all generating factors is rarely the case. CRL assumes
causal relations between these latent factors making it more flexible and suitable
for real world settings. In this work we give an overview over several approaches
to disentangled representation learning and give a short introduction to vari-
ational auto-encoders and generative adversarial networks. We follow up by
covering the current state-of-the-art CRL frameworks and finish with remarks
regarding current weaknesses of CRL as well as potential research topics.

1 Introduction

In recent years a myriad of machine learning approaches were developed with
the goal of solving all kinds of different problem settings, including, among
others, tasks of classification [25], regression [8] and clustering [23]. All of
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these different machine learning tasks have a heavy performance dependency on
the choice of data (or feature) representation in common. Feature engineering
offers a way to incorporate prior expert knowledge into data, leveraging human
ingenuity at the cost of exceedingly labor intensive work. Representation learn-
ing is a broad term comprising techniques that learn data representations, from
which it is easier to extract valuable information. In a sense, obtaining a more
useful representation can be understood as gaining a better understanding of the
underlying physical or logical mechanisms that produce the data. For example
an image of an arbitrary object such as an apple. A human does not need to
see the entirety of an image, as i.e. the outline of the apple will be sufficient
for classification. Other meaningful characteristics could be e.g. an object’s
colour and its surface characteristics. Therefore, useful feature representations
are generally of lower dimension than the original data but provide higher level
information. Studies have shown that disentangling of the feature representations
leads to better generalization and performance in neural networks [10, 28]. This
aligns with the intuition that complex data is given birth by the rich interactions
of comparably few explaining factors. At the same time the interpretability of
the neural networks is improved, as changes in the output can often be traced
back to a single or a small number of explaining factors. The challenge and
topic of much research lies in developing methods that infer these disentangled
representations. Disentangled representation learning (DRL) has many benefits
but it assumes independent underlying factors. While this assumption holds or
offers a sufficiently close approximation for many tasks, it does not for many
more complex real world settings. Instead, the explanatory factors are often
causally related. In economics, for example inflation, interest rates, employment
levels, and consumer spending are fundamentally independent factors but can
drastically influence each other. Another example are e.g. shadows in an image
that depend on the positions of light sources as well as the shapes and positions of
the illuminated objects. All of these causal relations are generally ignored when
learning a typical disentangled representation. By enforcing these additional,
causal restraints on the neural networks during training, further performance
improvements can be achieved. Despite major efforts in DRL, as well as in
research on causal discovery, very few studies have been done on causal repre-
sentation learning (CRL). The scope of this survey includes a brief overview of
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neural network-based DRL techniques, a survey on studies tackling CRL and
finally an outlook over possible future research on the topic.

2 Disentangled Representation Learning

Representation learning and especially DRL has been a research topic of much
interest over the last ten years. Bengio et al. [2] defined a disentangled represen-
tation as a number of distinct, independent, informative and generative factors,
which are invariant to change in other generating factors. A more mathematical
definition based on group theory was later proposed by Higgins et al. [11].
Several different frameworks exist for inferring disentangled representations.
The majority of those are based on either the variational auto-encoder (VAE),
proposed by Kingam and Welling [14] or the generative adversarial network
(GAN), proposed by Goodfellow et al. [9]. In the following we will give a
brief overview over relevant VAE and GAN-based models. A comprehensive
overview of the topic of DRL was published by Wang et al. [28].

2.1 Variational Auto-Encoder

VAEs combine the structure of an auto-encoder [17] with variational inference.
A stochastic encoder learns the parameters φ of the variational posterior dis-
tribution in order to map the data distribution x to the latent representation z.
The generative decoder on the other hand attempts to recreate the input given
the latent representation by learning the parameters θ of the joint distribution
pθ(x, z) = pθ(z)pθ(x|z), where pθ(z) is the prior distribution over the latent
space. The VAE attempts to maximize the log-likelihood of the data distribution
log pθ(x) (2.1).

log pθ(x) = DKL(qφ(z|x)||(pθ(z|x)) + Lθ,φ(x) (2.1)

The by definition non negative Kulback-Leibler (KL) divergence DKL pushes
the variational posterior distribution qφ(z|x) to approximate the true posterior
distribution pθ(z|x). Lθ,φ(x) is the evidence lower bound (ELBO). In practice

23



Frank Doehner

the ELBO (2.2) is maximized in order to generate a tight bound on the log-
likelihood log pθ(x).

Lθ,φ(x) = −DKL(qφ(z|x)||pθ(z)) + Eqφ(x|z) [log pθ(x|z)] (2.2)

The first term in equation 2.2 penalises the distance between the variational
qφ(z|x) and the prior distribution over the latent space pθ(z). The second term
on the other hand penalises the VAEs reconstruction error. Training such a
VAE using stochastic gradient descent seems to be impossible at first due to the
decoder’s input z being sampled from the prior distribution over the latent space.
The so called Reparameterization Trick by Kingma and Welling [14] bypasses
this issue by multiplying the variance σ with a randomly sampled ε ∼ N (0, I)
instead of directly sampling z.

While vanilla VAEs are generally able to infer disentangled representation, they
rarely do without further constraints, especially when the data reaches a certain
level of complexity. Higgins et al. [11] propose β-VAE, which introduces a
penalty coefficient to the KL-divergence term in equation 2.2 which effectively
encourages disentangled latent variables, but at the same time leads to a greater
reconstruction error. Burgess et al. [4] approach the design of the loss function
by simultaniously optimizing the mutual information between the input and
task objective, as well as the mutual between the input and the latent space.
In practice they subtract a linear parameter from the KL-divergence term in
equation 2.2 and increases its value during network training. This leads to
an improvement in the networks’s reconstruction ability while still enforcing
satisfactory disentanglement of the latent space. Kumar et al. [18] proposed
DIP-VAE which, leverages an additional regularizer that penalizes the weighted
distance between the marginal distribution of the variational posterior qφ(z) and
the latent prior pθ(z). Kim et al. [13] introduced FactorVAE which utilizes the
Total Correlation DKL(qφ(z)||

∏
j qφ(zj)), a measure of dimensional Indepen-

dence, as an additional regularizer in the loss function. Chen et al. [5] propose
β-TCVEA, in which they decompose the KL-divergence in equation 2.2 into
three separately weighted terms as shown in equation 2.3.

Lθ,φ(x) = Eqφ(x|z),pθ(x) [log pθ(x|z)] − αIq(z; x)

− βDKL(qφ(z)||
∏

j

qφ(zj)) − γ
∑

j

DKL(qφ(zj)||pθ(zj)) (2.3)
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α, β and γ are weights. The second term in equation 2.3 is the mutual informa-
tion, the second term the Total Correlation and the third term a dimension wise
KL-divergence.

2.2 Generative Adversarial Network

Another neural network architecture which researchers have adapted in order to
infer disentangled representations is the GAN [9]. A GAN consists of two, with
each other competing, neural networks. The generator network (G) creates data
by sampling from a latent representation, while the discriminator network (D)
attempts to differentiate real and generated data. As a result the two networks
compete with each other in a zero-sum game. The training objective lies in the
generator generating data which are indiscernible for the discriminator. Equation
2.4 shows a GAN’s optimization objective.

min
G

max
D

V (D, G) = Ex∼PData
[log D(x)] + Ez∼p(z) [log (1 − D(G(z)))]

(2.4)

PData is the real dataset and p(z) is the prior distribution of the latent space.
Chen et al. [6] proposed infoGAN, one of the first GAN-based approaches
to DRL. The authors differentiate between a noise variable z and a structured
latent variable c. They then add a weighted regularizing term −λI(c; G(c, z))
that encourages the mutual information between c and the generated data to
stay large. Jeon et al. [12] introduce IB-GAN which compresses the inferred
latent representation by limiting the mutual information, effectively achieving
better disentangled representations. Lin et al. [19] propose a self supervised
model InfoGAN-CR which uses a contrastive regularizer. The model is trained
by evaluating generated images for which one generating latent factor is kept
constant while all the others are randomly sampled. The contrastive regularizer
then discerns the constant latent variable effectively encouraging the latent
variables to be meaningful and distinct. Zhu et al. [34] proposes PS-SC GAN
which utilizes spacial constrictions in the form of masks in order to localize the
effect of latent variables in an image. Furthermore, in order for the disentangled
latent space to encode simple and distinct variations in the data, they employ
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perceptual simplicity by imposing small perturbations on single latent variables
and identify them in the generated images. Finally Wei et al. [29] build a
regularizer with a Jacobian of the generators output with respect to the latent
input. The regularizer measures orthogonality of the Jacobian vectors, effectively
rewarding independence of the latent dimensions.

3 Causal Representation Learning

Locatello et al. [21] argue that disentangled representations can only be inferred
under inductive biases, both on the learning approach and on the data. They
further query the mutual independence necessity of latent variables in DRL. CRL
casts aside this independence assumption of the latent generating factors. Instead,
the latent variables are dependent on each other, in accordance to an underlying
causal mechanism. Shen et al. [26] proved that models with an independent
latent prior distribution are not identifiable. CRL approaches condition their
latent prior distributions by enforcing causal structure in different ways. Träuble
et al. [27] further show that most DRL approaches are unable to disentangle
latent factors if correlation exists in the data.

Yang et al. [30] were first to propose a representation learning framework which
learns a structural causal model (SCM) [24] under light supervision. Their
CausalVAE framework includes a SCM layer, which takes the independent
exogenous factors ε from the VAE decoder and transforms them into structured
causal representations z which follow the structure of a directed acyclic graph
(DAG). This DAG structure can be formulated as a strictly upper triangular
adjacency matrix A. The mathematical formulation of the SCM layer is shown
in equation 3.1.

z = AT z + ε = (I − AT )−1ε, ε ∼ N (0, I) (3.1)

A is the to be learned adjacency matrix and I the identity Matrix. In a next step,
prior to being passed to the decoder, the causal representation z is passed to a
Mask Layer where it reconstructs itself starting from the independent exogenous
variables and following up with the on their parents dependent endogenous
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variables according to the DAG structure. This process is described by equation
3.2.

zi = gi(Ai ◦ z) + εi (3.2)

◦ is the elementwise multiplication between the weight vectors Ai and z with
A = [A1|...|An] and gi is a set of mildly nonlinear functions. The Mask Layer,
besides enforcing the DAG characteristics on the causal representation z, allows
for interventions to be performed. In causality an intervention refers to the act
of manipulating a variable in the system by external means. The outcomes of
such interventions, besides being of interest themselves, can offer much insight
on the underlying causal structure of a system. The weak supervision is realized
through the labels ui which hold the true causal concepts. They are fed to the
encoder together with the data ε = h(z, u) + ζ and further act as a constraint
on the latent prior distribution pθ(z|u). Besides the ELBO objective (3.3) Yang
et al. introduce three other regularization terms (3.4).

ELBO =Eqχ[Eqφ(z|x,u)[log pθ(x|z)]
DKL(qφ(ε|x, u)||pε(ε))
DKL(qφ(z|x, u)||pθ(z|u))]

(3.3)

L = − ELBO + α
(

tr((I + c

m
A ◦ A)n) − n

)
+ βEqχ‖u − σ(AT u)‖2

2

+ γEz∼qφ

n∑
i=1

‖zi − gi(Ai ◦ z)‖2

(3.4)

α, β and γ are hyperparameters. The second term of equation 3.4 becomes zero
iff the adjacency matrix A corresponds to a DAG. Zheng et al. [33] were the
first to propose a continuous formulation of the DAG constraint for marticies.
Yu et al. [31] then further developed the this formulation into the the form as
shown in equation 3.4. The third and fourth term ease the training task of the two
unknown variables A and z by encouraging A to correctly describe the causal
relations of the labels u, where σ is the logistic function and χ the data set, and
z to be accurately reproduced by the Mask Layer. In addition to the CausalVAE
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framework the authors provide a set of conditions under which their model is
identifiable.

Komanduri et al. [16] propose the SCM-VAE framework. Contrary to the
CausalVAE, SCM-VAE assumes that the underlying SCM is given and therefore
does not need to be learnt during network training. Instead, it is utilized as a
constrained on the latent prior distribution pθ(z|u). Similar to CausalVAE SCM-
VAE incorporates a Mask Layer into the decoder, which allows for interventions
to be performed on the SCM. Furthermore SCM-VAE is not limited by a linearity
constraint on the SCM.

Recently, Komanduri et al. [15] improved on their SCM-VAE framework in the
form of ICM-VAE.While they fundamentally assume the same given information,
labels of the causal variables and the corresponding SCM, ICM-VAE improves
on its predecessor by implementing independent causal mechanisms through
learnable flow-based diffeomorphic functions. This implementation of structural
causal flow allows for more complex models than the strictly additive noise
model, which CausalVAE and SCM-VAE follow.

Similarly Fan et al. [7] propose another flow-based framework called Cauf-VAE,
which does not require the underlying SCM as prior information, but infers it
during training.

Brehmer and Haan et al. [3] propose an intervention-based framework for
CRL. Instead of labels for the generating latent variables or the causal structure
itself, they leverage datasets with paired samples from before and after random,
unknown interventions. The authors define latent causal models (LCMs) as sets
of an acyclic SCM C, an observation space X , a diffeomorphic decoder g, a set of
interventions I on C and a probability measure pI over I . They then show, that
under some mild constraints over the LCMs, two LCMs M and M′ are equal up
to a relabeling and an elementwise transformation of the causal variables if the
LCMs entail equal weakly supervised distributions pX

M(x, x̃) = pX
M′(x, x̃) and

vice versa. x and x̃ are the observations before and after an intervention. Beyond
a theoretical prove that a system’s causal structure can be learnt under their
weakly supervised setting, the authors introduce implicit latent causal models
(ILCMs). Similar to the chicken-and-egg problem - which came first? - it is
difficult to jointly learn the causal variables and the causal structure of a system
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in an explicit fashion. The ILCM implicitly represents the causal structure
through a neural solution function s(e) = z which maps the vector of exogenous
noise variables to the endogenous causal variables. The latent variables in an
ILCM are therefore noise encodings defined by the inverse solution function.
By learning the transformation z̃i = s(ẽi; e) in the ILCM, the solution function
of a corresponding, unique explicit LCM (ELCM) can be recovered. the causal
graph can be extracted from the ILCM after training by either using intervention-
based causal discovery algorithms on the learned representations or by iterative
topological ordering of the solution functions si.

An et al. [1] show, that in order to achieve causally sound generation through
a decoder, a disentangled latent space is insufficient. Due to the entangled
decoder, it is not given that the generated data indeed follows the inferred
causal structure of the latent space. For instance, a do-operation on a single
variable in latent space might affect that variable’s parents, as the natural decoder
has no regularization preventing this from happening. Their framework CDG-
VAE allows for correct causal generation under the rather strict assumption of
comprehensive knowledge over the causal information for supervision.

Lippe et al. [20] tackle the problem of CRL from temporal sequences. Previous
works have made the naive assumption that intervening on a variable only has
an effect in later time steps. This is often inaccurate, as there are often causal
effects in real world settings which act faster than the modeled time steps. The
authors show that by using interventions, effectively removing instantaneous
effects of parent variables, they can recover the minimal causal variables and
identify the caual graph under mild assumptions.

Louizos et al. [22] and Zhang et al. [32] provide representation learning frame-
works for treatment effect estimation. Treatment effect estimation tries to predict
the effect of a certain treatment under hidden confounding. Both works assume
a surrogate rich setting, ample indirect information about the hidden confound-
ing variable. While they are technically not learning a causal representation,
their models CEVAE [22] and TEDVAE [32] hold the causal structure of the
setting implicitly, and learn the latent hidden confounder during training. TED-
VAE improves upon CEVAE by further distinguishing between multiple latent
variables depending on their effect on either/and treatment and outcome.
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While the field of CRL is mainly dominated by VAE-based approaches Shen et al.
[26] introduced DEAR, a GAN-based CRL framework. They employ labels of
the causal variables for supervision and assume a super-graph of the underlying
causal graph is known. The DEAR’s loss function is given in equation 3.5.

min
E,G,F

LE,G,F := DKL(qE(x, z), pG,F (x, z)) + λEx,y[ls(E; x, y)] (3.5)

E references the encoder network, G the generative network and F the causal
prior. The encoded joint distribution factorizes as qE(x, z) = qx(x)qE(z|x) and
the generated joint distribution as pG,F (x, z) = pF (z)pG(x|z), where

pF (z) = f((I − AT )−1h(ε))

encodes the generally nonlinear SCM. f and h are generally nonlinear element-
wise transformations, A is the weighted adjacency matrix corresponding to the
causal graph and ε ∼ N (0, I). The second term of equation 3.5 is a supervised
regularizer. λ is a hyperparameter, y are the supervision labels and ls a function
which penalizes deviation from the labels. In the case of binary labels the authors
chose a cross entropy loss. Like many of the other CRL frameworks, DEAR
allows for interventions to be performed on the generating latent variables.

4 Possible Research Ideas and Final Remarks

Even though CRL is still a rather young research topic it has obtained much
interest from the scientific community. Compared to general DRL, CRL is much
more applicable to real world problems, as causal relations between generating
latent factors are much more frequent than the contrary. On the other hand,
current CRL frameworks are limited by their need for supervision in order to
guarantee identifiability. Labels for all latent causal variables or for example the
complete causal graph are rather strict requirements which cannot always be
fulfilled in real world settings. Similarly, datasets of paired samples from before
and after interventions might be feasible for some of the generating variables
but rarely for all. Therefore, a framework which allows for not only a single type
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of supervision but a mixture of different types of supervision would make CRL
frameworks much more applicable. Another scenario which, to the best of our
knowledge, has not been covered yet, is the case of ample supervision on all but
one generating variable. Current approaches require some form of supervision
for all generating variables. In real world problems, such as manufacturing
processes, this cannot be guaranteed as there might be further, hidden variables
which have not been considered. In future research we plan to investigate CRL-
based methods for inferring quantitative or even qualitative information on such
hidden variables. Attaining knowledge about the existence or even better, about
the placement of such an additional hidden variable within the causal graph
would be very valuable. Once discovered, additional measurements or even an
instrumentation could be done in order to obtain additional supervision labels.
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