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ABSTRACT: Black phosphorus serves as an exemplary stacked bidimensional semiconductor, 
exhibiting anisotropic features in electronic and optical properties that demand special attention 
in theoretical investigations. Herein, we employed a series of computational protocols, starting 
with first-principles approaches (particularly density f unctional t heory�DFT), combined with 
the solution of the Bethe−Salpeter equation within the tight-binding method to explore the 
structural stability and optoelectronic properties (bandgap, exciton binding energies, and optical 
absorption) of black phosphorus (Pn) across layers ranging from n = 1 to 6 and bulk. In our DFT 
investigations, we observed that empirical and semiempirical van der Waals models, contributing 
a dispersion energy component, revealed a myriad of differences and s imilarities i n properties, 
such as interlayer nonbonded interactions. Notably, the many-body dispersion correction 
exhibited superior performance in connecting layered systems with the bulk. The magnitude of 
dispersion energies correlated with the stability during the aggregation process P(n−1) + P1 → Pn. 
Additionally, the bandgap, properly corrected through relativistic quasi-particle calculations,
narrowed due to enhanced interlayer wave function overlap, a result of the dispersion energies promoting the shortening of interlayer
distances. Subsequently, we utilized the band structure relativistically corrected as a starting point to obtain the Hamiltonian,
achieved through the generation of maximally localized Wannier functions. This facilitated a screening of the electron−hole (e−h)
pairwise interaction Coulomb potential, specifically the exciton binding energy. We identified an indirect impact of the dispersion
energies on excitonic properties, which were effectively described by the Rytova−Keldysh model for the e−h Coulomb potential,
aligning well with photoluminescence experiments.

1 . INTRODUCTION
Since 2014, when it was first proposed as a channel material for 
field-effect tr ansistor (F ET) ap plications by  Li  et  al .,1 black 
phosphorus (BP) has captured the attention of the two-
dimensional (2D ) semiconductor materials community.2−7 

Arranged in a puckered honeycomb lattice (orthorhombic, 
space group Cmca), phosphorus atoms introduce in-plane 
anisotropy across electrical, optical, thermal, and mechanical 
characteristics. This distinctive profile positions BP not only as 
a promising material for FET applications8,9 but also for a 
myriad of electronic and photonic applications.10−12 However, 
due to its nature as multilayers weakly interacting through van 
der Waals (vdW) forces�similar to graphene and achievable 
through mechanical exfoliation of bulk material13�the 
computational design of bandgap and excitonic properties, 
achieved by controlling the layer number, necessitates a precise 
description of interlayer interactions. Additionally, the impact 
of the chosen theoretical approach on predicting BP properties 
should be carefully considered.
Experimental findings have consistently reported a sizable

dependence of the BP bandgap on layer thickness. This
dependence exhibits an exponential decrease, ranging from

approximately 2.0 eV for monolayers to 0.30−0.40 eV for the
bulk.14−17 Simultaneously, the carrier mobility undergoes
significant changes, varying within the interval of 1000−
10,000 cm2/V·s from monolayer to bulk.7,8,18 This underscores
the challenge of spatial confinement effects on optoelectronic
features, particularly the exciton energy spectrum, where
information regarding electron−hole (e−h) interactions is
captured.19−21 In this context, computational design based on
ab initio calculations, particularly through density functional
theory (DFT), has been instrumental in providing crucial
insights into the electronic−atomistic interface.22−26 However,
standard DFT studies employed to investigate BP systems face
certain limitations of the typical exchange−correlation (xc)
functionals used in crystal solids. These limitations include: (i)
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the underestimation of bandgap energies27,28 and (ii) the
inadequate description of vdW interactions among BP
interlayers, currently inserted via the EKS+vdW = EKS + Edisp
relationship,29,30 wherein EKS is the standard Kohn−Sham
(KS) energy and Edisp is the vdW dispersive energy obtained a
posteriori through vdW correction models.
The Edisp is accepted as an improvement of the standard

DFT approach when just the EKS is considered. At this context,
several vdW models have been proposed to Edisp calculation,
such as the most known empirical class proposed by
Grimme,31−33 which is based on the addition of the
coordination number dependence (named D3)34 as well as
its version by replacing the damping function by the Becke−
Johnson (BJ) model (D3BJ).35 A representative semiempirical
models are based on the set of Tkatchenko−Scheffler (TS)
methods, composed by the simplest TS model as dependent
on the charge density (but considering some parametrized
terms),36 TS by including self-consistent screening (named by
TSSCS),37,38 TS model based on iterative Hirshfeld partition-
ing (TSHP),39,40 and the many body dispersion (MBD).37

Another semiempirical method is the Steinmann approach41,42

also density-dependent (named by dDsC) from the general-
ized gradient approximation through dipole moment calcu-
lation.
While the BP excitonic properties in mono- and few-layer

systems hold crucial significance for optoelectronic device
applications, understanding the influence of a substrate or the
effects of layer stacking on exciton binding energy calculations
remains inconclusive. For example, quasi-particle (QP)
calculations within the GW approach have unveiled the
suppression of BP binding energy (Eb) from n = 1 → 4 layers
due to the environmental screening effects of hexagonal boron
nitride (hBN) and sapphire.43 Conversely, even with the state-
of-the-art GW method, known for capturing many-body
effects, its prohibitive computational cost limits systematic
studies involving large systems. For BP monolayers as
freestanding systems, the calculated Eb = 0.48 eV was found
to be underestimated compared to the experimentally reported
value of 0.9 ± 0.1 eV obtained via polarization-resolved
photoluminescence (PR−PL).16 Consequently, exploring
computationally more economical alternatives within DFT
approaches becomes crucial to understanding how several vdW
methods operate in BP and their impact on structural,
electronic, and optical properties.
In this study, we systematically investigate the impact of

several empirical and semiempirical vdW methods on the
optoelectronic properties of BP (Pn), ranging from n = 1, 2, 3,
4, 5, 6 up to bulk. The structures are optimized using vdW-
based methods, and we employ the computationally efficient
relativistic QP correction known as DFT-1/2,44 to calculate
bandgap energies within a single-particle theory. Utilizing the
DFT-1/2 bandgap as a starting point, we proceed to calculate
excitonic properties through the solution of the Bethe−
Salpeter equation (BSE) within a tight-binding (TB) approach.
Our methodology involves employing the maximally localized
Wannier functions TB (MLWF-TB) approach to derive the
orthogonal TB Hamiltonian. This Hamiltonian is then used for
a comprehensive screening of a set of 2D and 3D Coulomb
potentials, providing a detailed description of the exciton e−h
interaction.

2. THEORETICAL APPROACH AND COMPUTATIONAL
DETAILS

Our sequential calculation protocol, depicted in Figure 1, 
follows a systematic strategy:

• Ab initio geometry relaxation: perform ab initio
calculations for geometry relaxations of multilayer BP
systems, denoted as Pn, where n = 1, 2, 3, 4, 5, 6, and ∞
(bulk). Utilize several empirical and semiempirical vdW
corrections (Etot = EKS + Edisp), such as D3, D3BJ, dDsC,
TS, TSSCS, TSHP, and MBD. The detailed descriptions
can be found in the Supporting Information.

• Relativistic QP correction (DFT-1/2): optimize the cut
function within the DFT-1/2 method to prevent
interpenetration between neighboring atoms. Determine
the CUT parameter variationally for bandgap calcu-
lations in mono- and bilayers, maximizing the gap energy
without empirical parameters.

• DFT-1/2 bandgap calculations: perform DFT-1/2
calculations for bandgaps without excitonic effects for
all Pn systems obtained from the optimized vdW-based
methods.

• MLWF-TB: employ the MLWF-TB approach to
calculate the orthogonal TB Hamiltonian, denoted as
H(k). This Hamiltonian is obtained through the
Wannier90 package45 and serves as input for the
WanTiBEXOS (W) code,46 which handles QP effects
and optical properties.

Figure 1. Sequential protocol for calculating excitonic properties in
BP (Pn) systems (n = 1, 2, 3, 4, 5, 6, and ∞). DFT calculations were
carried out using the VASP code, followed by the utilization of
Wannier90 to derive the TB Hamiltonian. This Hamiltonian was then
incorporated into the WanTiBEXOS code for the computation of
excitonic properties.

https://pubs.acs.org/doi/10.1021/acs.jpcc.3c08414?fig=fig1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcc.3c08414?fig=fig1&ref=pdf


• Scanning Coulomb potential models: use H(k) to scan
2D and 3D Coulomb potential models, denoted as
V(Q), to describe exciton e−h interactions within the
WanTiBEXOS code (TB-BSE). The models include
bare (V3D) and screened (V3DL) for 3D Coulomb
potentials, as well as 2D models like those proposed by
Keldysh (V2DK),47 Rytova−Keldysh (V2DRK),48,49

truncated (V2DT),50 and its modified version
(V2DT2).51 Detailed descriptions of all models and
parameters used, particularly in the 2D V(Q) models,
can be found in the Supporting Information. At this
stage, we utilized the Pn systems optimized without vdW
corrections.

• (W)TB-BSE excitonic properties calculation: employ the
defined V(Q) within (W)TB-BSE for all Pn systems
obtained from vdW corrections to calculate excitonic
properties.

2.1. Total Energy, Geometry Optimization, and vdW
Corrections. For the full relaxation of multilayers, we
employed the DFT52,53 semilocal formulation proposed by
Perdew, Burke, and Ernzerhof (PBE)54 for the xc energy
functional, as implemented in the Vienna Ab initio Simulation
Package (VASP).55,56 In the VASP implementation, we utilized
the projector augmented-wave method57 to solve the KS
equations, incorporating a fully relativistic approach to describe
the core states. The phosphorus valence electrons were
modeled with electron configurations of 3s2 and 3p3. In the
VASP calculations, Brillouin zone integration was performed
with a k-point mesh of 15 × 11 × Z, where Z = 3 for n = 1, Z =
2 for n = 2 and 3, and Z = 1 for n = 4, 5, and 6. For bulk, we set
15 × 11 × 4. These grids were automatically generated through
the Monkhorst−Pack protocol. The plane waves were
expanded up to a cutoff energy of 500 eV for all 2D systems.
The total energy convergence criterion of 10−6 eV was
employed throughout the calculations.

The Hellmann−Feynman forces were relaxed to values of
less than 1 meV/A on every atom. The optimization of forces
for phosphorene multilayers included an additional dispersion
energy term in the KS total energy. Several Edisp treatments
were employed, incorporating empirical D3 corrections and its
BJ damping function version (D3BJ) proposed by
Grimme,32,34 as well as semiempirical approaches based on
dDsC41,42 and Tkatchenko−Scheffler methods, such as TS,
TSHP, TSSCS, and MBD.36−38

2.2. Gap Calculation via DFT-1/2. For bandgap energies,
excluding excitonic effects, we employed the DFT-1/2 QP
correction method,44 which maintains computational costs at
the standard DFT level. DFT-1/2 utilizes the Slater transition
technique extended to crystalline systems simulated via
DFT,44,58 where a half-occupation scheme is employed,
considering the valence band maximum hybridization for 3sp
states in the P atoms (weighted as 0.1 from s and 0.4 from p).
The half-occupation is determined through the modified KS
potential, defined as =V V r V r( ) ( )mod ,KS KS S , where V r( )KS

represents the standard KS potential and V r( )S is the self-
e n e r g y p o t e n t i a l g i v e n b y

= [ ]V r r V r V r( ) ( , CUT) ( ) ( )S ae ae 1/2 . The r( , CUT)
parameter is a cutoff function determined variationally to
prevent an overlap of the Coulomb tails into neighboring atom
sites, maximizing the gap energy without considering empirical
parameters. Figure S1 in Supporting Information illustrates the
good structural transferability (n = 1 → 2 → bulk) of the
variationally optimized CUT parameter, which remains at a
value of 3.20a0, wherein a0 is the Bohr radius.
2.3. Excitonic Properties Determined Using the

Bethe−Salpeter Formalism within TB Calculations. The
orthogonal TB Hamiltonian, obtained through the Wannier90
framework, is expressed as follows

Figure 2. (a) P−P distances marked along both zigzag (d1) and armchair (d2) directions. Corresponding quantifications (e) are depicted for all
optimizations using vdW corrections. (b) Dispersion energies with respect to the number of layers (n), given by eV/n, for all vdW correction
models. (c) Interlayer distances represented for both top-bottom (L1) and top−top (L2), and (f) the corresponding average values quantified for n
= 1 up to bulk for each vdW model. (d) Lattice parameters for layers and bulk, denoted as a and b vectors, where the numbers listed correspond to
the c vector for the bulk (∞). Red diamonds highlight the experimental values for the lattice parameters59−61 and L2 interlayer distance,8 and vdW-
color association for the lines is defined as no vdW-black, D3-pink, D3BJ-red, dDsC-orange, TS-brown, TSSCS-violet, TSHP-green, and MBD-
blue.
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where H0 represents the matrix elements of the Hamiltonian
for the unit cell, incorporating on-site energies and hopping
parameters and HRi

is the hopping matrices describing the
interaction between the unit cell and its neighboring cells. The
matrices H0 and HRi

, obtained using the Wannier90 package,45

were utilized as input for the WanTiBEXOS code46 to calculate
optical properties, incorporating excitonic effects.
The solution of the TB-BSE equation involved solving the

exciton Hamiltonian (Hexc), defined as

= + +H H H V Q( )exc e h (2)

where He represents the single-particle electron Hamiltonian
component, Hh is the hole component, and V(Q) is the
Coulomb interaction potential that characterizes the binding of
e−h pairs. A comprehensive explanation of the TB-BSE
formalism, as implemented in WanTiBEXOS, is provided in
the Supporting Information, including details about the
Coulomb potential models and the strategies employed for
calculating the dielectric constant when necessary.

3. RESULTS
3.1. Structural Analysis. We conducted an analysis of

several structural parameters for the Pn systems (n = 1, 2, 3, 4,
5, and 6 as the number of layers) as a slab model with 17 A of
vacuum, including ab-plane lattice parameters, average bond
lengths (d1 and d2), and interlayer distances (for n > 1) for top-
bottom (L1) and top−top (L2), as depicted in Figure 2a,c.
Additionally, Figure 2b quantifies the contribution of energy
dispersion (Edisp in eV/n) from the employed vdW models,
both in and intra layers. It is observed that the Edisp values
exhibit a trend similar to that of n for Pn systems. Specifically,
from n = 4 onward, the Edisp values remain relatively constant,
adding only a small energy portion in the module for the bulk
system. Regarding the magnitude of Edisp, which plays a crucial
role in the structural profile and indirectly affects the calculated
optoelectronic properties of Pn, we observe three distinct
regions of values among the vdW models: (i) D3BJ imparts the
highest dispersion energy contribution, with a difference of
approximately 0.61 eV/n for n = 1 → bulk. (ii) dDsC and
MBD exhibit similar behavior, and the difference in energy
contribution for n = 1 → bulk decreases to around 0.31 eV/n.
(iii) D3, TS, TSSCS, and TSHP form a set with the lowest
dispersion energy contribution portion. The difference for n =
1 → bulk remains around 0.31 eV/n within this group.
In accordance with the Edisp contributions, Figure 2d

illustrates the lattice parameters for the n = 1, 2, 3, 4, 5, and
6 layers (a and b vectors) and for the bulk (a, b, and c vectors)
for all employed vdW models. Thanks to the attractive
performance of the vdW interaction, all models induce a
contraction of the b vector (i.e., armchair direction contraction
as layers are added) compared to systems without vdW
correction, while the a vector (zigzag direction) remains
slightly constant for both the vdW model and the number of
layers. This behavior is in agreement with results obtained
through optB88-vdW functional, in which a = 3.32−3.34 Å and
b = 4.58−4.47 Å from monolayer (throughout n = 2, 3, 4, and
5) up to bulk.18 For the bulk structure, all vdW models
promote a contraction of the c vector [as numerically depicted
in panel (d)]. Notably, the sequence of shortening follows the

same order as the Edisp magnitude for the c vector: D3BJ <
dDsC < MBD < D3 < TSSCS, TSHP, and TS. By comparing
with experimental values for the lattice parameters,59−61 we
found that a vector for zigzag direction fits very well with
experiments (a = 3.31 Å) independently of the vdW model
employed. However, only D3, dDsC, and MBD models
resulted in b for armchair direction and c vectors very close to
the experiments (i.e., b = 4.37 Å and c = 10.47 Å).
For stacked layers, our findings suggest that all vdW models

have negligible effects on the zigzag direction of Pn multilayers,
while they significantly impact the armchair direction,
including the layer normal c vector for the bulk. We observed
a correlation between the Edisp magnitude and the b vector
concerning the number of layers, stabilizing at n = 4 when no
vdW approach is taken as a reference. The highest contractions
in b occur in the sequence D3BJ (0.31 Å), D3, MBD, and
dDsC (0.22 Å) for n = 1 → bulk, while for the others,
contractions fall within the interval of 0.06−0.15 Å. The P−P
distances in the zigzag plane (d1) and armchair (d2), quantified
in Figure 2e, follow a similar pattern in response to the impact
of the vdW models on the a and b lattice vectors. Changes in
d1 are minimal compared to those in d2 for armchair bonds.
Conversely, in alignment with the observation on the c vector
for the bulk, interlayer distances, such as top-bottom (L1) and
top−top (L2) distances, are highly sensitive to the effects of
Edisp magnitude contribution, given the expected vdW
homostructures morphology for n > 1 layers. Thus, the
sequence of shortening for L1 and L2 correlates with the Edisp
magnitude, specifically, L1(L2): D3BJ < dDsC < MBD < D3 <
TSSCS, TSHP, and TS < no vdW. Furthermore, even though
all the L2 values from the vdW model are into 5.1−5.7 Å
interval, D3, dDsC, and MBD models (in agreement with the
lattice parameter result) are the closest to the 5.3 Å value as
the L2 experimental interlayer distance.

8 This set of structural
consequences, ordered by the Edisp intensity, impacts the
thermodynamic stability and optoelectronic properties of Pn
multilayer systems, as discussed in the following sections.
3.2. Stability Analysis. To investigate the thermodynamic

stability of the Pn multilayers, we calculated the enthalpy of
aggregation (ΔHag), representing the heat released during the
formation of multilayers (nP1 → Pn), for all employed vdW
models and as a function of the number of layers. Figure 3a
illustrates the ΔHag values for each interface Pn−P1 formed
(i.e., n − 1 as the number of interfaces). Throughout the
aggregation process from n = 2 to 6, the calculated ΔHag values
for all vdW models indicate an exothermic process. This
suggests that the heat released during the inclusion of one
monolayer is consistent and independent of the number of
layers in the substrate, reflecting the layer−layer interaction in
the P(n−1) + P1 → Pn aggregation process. Additionally, the
magnitude of the released heat roughly follows the sequence of
Edisp magnitude observed in the structural discussion. D3BJ
exhibits the highest exothermic aggregation process, while the
no vdW calculations show the lowest, with a difference of
around 450 meV/(n − 1). The ΔHag values for other vdW
models lie between −300 and −400 meV/(n − 1).
As structural distortion is expected with the addition of a

new monolayer in the Pn system, we calculated the enthalpy
portion related to distortion (ΔHdis) to investigate the
associated heat contribution. Figure 3b presents the average
ΔHdis for the multilayer systems, along with their standard
deviation indicated by the vertical bars, in relation to the P1
pristine monolayer, as described by the equation. It is evident



that the aggregation of monolayers (nP1 → Pn) induces a
distortion process in each monolayer, contributing heat in an
endothermic manner. In line with the Edisp contributions
influencing structural parameters, such as contractions of the b
vector, L1(L2) interlayer distances, and a higher dispersion of
the d2 bond length values, D3BJ and dDsC resulted in the
highest ΔHdis values, as expected.
3.3. Gap Energy via DFT-1/2+vdW. To employ an

economical and effective method for bandgap correction,
DFT-1/2 was utilized with the optimization of the CUT
parameter for both P1 and P2 systems (Figure S1). The
consistent CUT = 3.20a0 for both systems indicates the
method’s good transferability. Based on this, Figure 4a
illustrates the bandgap values (Eg) for Pn multilayers obtained
through DFT-1/2 (without excitonic effects) for all vdW
methods using the optimized CUT parameter. The DFT-1/
2+vdW, based on the PBE functional, significantly improves
the Eg values compared to plain PBE + vdW, while keeping the
computational cost at the level of standard DFT based on the
PBE xc functional (as depicted in Table S1 in Supporting
Information). Thus, our proposed bandgap calculation
protocol without excitonic effects serves as a preliminary step
for obtaining excitonic properties through the wannierization
process, subsequently employing the TB-BSE protocol.
First, a strong dependence of Eg on the number of layers

from n = 1 up to 6 and the bulk is observed, reflecting an
exponential decay relation indicative of thickness dependence
and quantum confinement effects. This trend aligns with
findings from previous experimental and theoretical stud-
ies.43,63,65−67 For n = 1, DFT-1/2 provides Eg values in the
1.37−1.47 eV range for all vdW models. These values exhibit

the lowest set of deviations (|ΔEg| < 5%) compared to the 1.45
eV obtained via PL,14−16 as illustrated in Figure 4b. In this
context, our DFT-1/2 protocol (based on PBE) at the
standard DFT level demonstrates good agreement with
computationally expensive HSE06 + vdW (1.51 eV) and
mBJ + vdW (1.41 eV) xc functionals.18

For n = 2, 3, 4, 5, 6, and bulk, our findings demonstrate that
the DFT-1/2 bandgap magnitude strongly depends on the
employed vdW approximation. However, the trend maintains a
large gap for the monolayer, gradually decreasing to narrower
bandgaps for the bulk. Specifically, D3, D3BJ, dDsC, TSSCS,
and MBD yielded Eg values lower than those obtained via PL
in the n = 2−5 range, with |ΔEg| < 30% (with TS presenting
the lowest deviation below 20%). On the contrary, no vdW
calculations yielded higher Eg values (except for n =
2).15,63,66,67 Our results unveil a strong correlation between
structural parameters (such as stretching b and L1,2 interlayer
distance contraction) and Eg. The wave function overlap

18

between different layers is indirectly influenced by the Edisp
magnitude; for instance, D3BJ maximizes Edisp, resulting in the
narrowest Eg values.
For the bulk explicitly calculated, the inclusion of vdW

corrections leads to a striking scenario, with Eg decreasing to
values below 0.11 eV (observed in no vdW and no QP
correction, see Table S1). This trend is expected as a
consequence of the Eg underestimation inherent to semilocal
xc functionals, which falls within 0.04−0.08 eV for plain DFT
+ vdW calculations. In contrast, DFT-1/2+vdW yields Eg
values in the range of 0.08−0.90 eV. The narrowest Eg value
is observed for the D3BJ method, aligning with the highest
wave function overlap interpretation. This method provides
the strongest dispersion energy, resulting in the shortest b
parameter and L1,2 interlayer distances, thereby maximizing the

Figure 3. (a) Enthalpy of aggregation (ΔHag in meV) with respect to
the number of interfaces (n − 1), as indicated by the equation shown
in the figure in which Hn is the enthalpy of the layered systems and
Hi(n) is the enthalpy of the individual layers as part of a given n.
Decrease in these values toward negative numbers signifies the
exothermic energy released during the aggregation process of n layers.
(b) Average enthalpy of distortion (ΔHdis in meV) for each layer
along with the standard deviation (represented by vertical bars).
These values are associated with the heat involved in the distortion
contribution of individual layers with respect to the P1 pristine
monolayer, i.e., H(1).

Figure 4. (a) Gap energy (Eg) calculated without excitonic effects via
DFT-1/2 for Pn and bulk optimized using all vdW correction models.
Solid lines represent the decreasing trend from n = 1 → 6, based on
the indicated model and optimized a, b, and c parameters. (b) Eg for
P80 (reaching the bulk gap value)

17,62 calculated through the fitting
model derived from all vdW correction models. Red shaded region
represents the experimental gap interval of Eg = 0.3−0.4 eV reported
through PL63 and scanning tunneling64 spectroscopy experiments.
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wave function overlap. However, this leads to a considerable
deviation from experimental results based on PL.63

Additionally, based on several fitting functions reported on
theoretical and experimental studies on the literature,14,19,68,69

we employed a fitting model based on Eg(n) ∝ 1/na (a is an
optimized parameter) with our set of DFT-1/2+vdW gap
energy results for Pn systems throughout the n = 1 → 6
interval, since those systems were calculated with V(Q) =
V2DRK; all the optimized parameters for the fitting model are
depicted in Table S2 (Supporting Information). Since Eg
reaches the bulk value for P80,

17,62 Figure 4b shows the
Eg(n) estimated from n = 80 through our fitting model, and the
numerical data are available in Table S2. D3 and MBD models
presented concurrent agreement with DFT-1/2+vdW calcu-
lations and experiments (red shaded region) based on PL63

and scanning tunneling64 spectroscopy.
The DFT-1/2+vdW results reveal a high sensitivity of the

gap energy in Pn layers and the bulk concerning the employed
vdW method. While all protocols summarize the gap energy
dependence on thickness, one must be mindful of the indirect
effects of empirical and semiempirical vdW methods on gap
energies due to their impact on the structure, even when
working at the same level of theory. Conversely, our protocol,
combining DFT + vdW with QP correction, stands as a
compelling option for initiating investigations into excitonic
effects, offering more accurate gap energy values within a cost-
effective computational framework.
3.4. Wannierization and Exciton Calculations. Our

investigation of excitonic effects in Pn is based on constructing
the MLWF Hamiltonian. We utilized the MLWF-TB protocol
to incorporate the Hamiltonian into the (W)TB + BSE
formalism, allowing us to obtain optical properties with
excitonic effects. Beginning with no vdW calculations, we
derived the scissors operator (SCS) from our TB Hamiltonian.
This was constructed through the MLWF-TB parametrization
(s and p orbitals of P atoms) over the DFT-1/2 band
structures, as illustrated in Figure 5. In this figure, all DFT-1/2
band gap values are indicated, showcasing a perfect fit of
electronic bands around and away from the Fermi level (EF)
along the A−Y−Γ−X−A−Γ path for Pn systems with n = 1, 2,
3, 4, 5, 6 layers, as well as bulk; Figure S2 provides a full k-path
for the bulk by involving the kz direction. The bandgap is
approximately located at the Γ-point, indicating a very flat
band dispersion along the Γ → X (zigzag) direction. This

suggests that charge carriers are confined in the effective 1D
environment along the armchair direction (Γ → Y).70

For the (W)TB + BSE approach, we conducted convergence
studies and screened the ground-state exciton binding energy
(Eb). This parameter is defined as the difference between the
direct bandgap, EgDFT‑1/2, and the excitonic ground state, EoptTB.
We explored various Coulomb potentials for the e−h pairwise
interactions [V(Q) = V3D, V3DL, V2DK, V2DRK, V2DT, and
V2DT2] for the Pn systems optimized without the vdW
method. It is noteworthy that EgDFT‑1/2 and EgTB (as the DFT
and TB electronic gap energies) are coincident, justifying the
procedure of calculating Eb = EgDFT‑1/2 − EoptTB, where EoptTB is the
optical band gap obtained via (W)TB-BSE. Detailed optical
(and QP) bandgaps under different k-mesh densities and Eb
values for all V(Q) models can be found in Tables S3 and S4 in
Supporting Information. We compared our results with PR−
PL16 and QP-GW calculations43 from the literature. Among
the various Coulomb potentials, we found that V(Q) =
V2DRK yielded the best comparative values of Eb, with 0.93
eV for the monolayer (n = 1). This result aligns well with the
0.9 ± 0.1 eV obtained via PR−PL (see Table S4).
Consequently, we employed the V2DRK Coulomb potential
for all Pn systems optimized in our set of vdW methods, given
the good transferability of these potentials. For the bulk, a
comparison between V3D and V3DL potentials revealed that
the first is the suitable one since its topology requires
periodicity throughout all dimensions.
Figure 6 illustrates the ground-state Eb calculated by using

the V2DRK Coulomb potential for e−h pairwise interactions
within the (W)TB-BSE protocol for all Pn systems, considering
various vdW methods. For n = 1, our results are consistent
with experimental data from PR−PL,16 in contrast to the
significantly underestimated and computationally intensive
QP-GW calculations.43 As for n > 1, Eb values were fitted for
each vdW model using the same shape of equation employed
for EgDFT‑1/2 in Figure 5; the b1, b2, and b3 fitting parameters are
depicted in Table S5 in Supporting Information, from which all
the functions yield R2 = 0.99. It is evident that Eb exponentially
decreases in accordance with the reduction in quantum
confinement resulting from the additional stacking layers,
providing evidence of wave function overlap in the Pn+1
systems. The Eb values for the layers align with the magnitude
of the Edisp energies, consistent with their impact on EgDFT‑1/2

values. For instance, D3BJ yields the lowest set of Eb values for

Figure 5. Comparison between DFT-1/2 (blue curves) and wannierization (red dots) band structures (A−Y−Γ−X−A−Γ) for systems with n = 1,
2, 3, 4, 5, and 6 layers and bulk system geometrically optimized without vdW correction (i.e., plain DFT). Valence band maximum (VBM) is set at
the Fermi level (0 eV), and the corresponding Eg values obtained through DFT-1/2 are indicated.

https://pubs.acs.org/doi/suppl/10.1021/acs.jpcc.3c08414/suppl_file/jp3c08414_si_001.pdf
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the exciton ground state, while no vdW protocol provides the
highest set of values.
By utilizing the fitting function applied to the Eb values

across the range n = 1 → 6, we extrapolated the
correspondence between the bulk and the Eb values attained
at n = 80 for all vdW models. This procedure is similar to that
one employed for the band gap, which permits us to verify the
matching between Eg(n = 80) and Eb(n = 80) through the
fitting models. The highlighted numbers in Figure 6 reveal that
D3, TS, TSSCS, TSHP, and MBD are the vdW methods for
which the bulk Eb value aligns with the fitting, consistent with
their effective calculations, such as Eb for n = ∞. Conversely,

D3BJ presented a spurious result with a negative Eb = −0.04
eV, which is a consequence of the great underestimation of the
band gap. Consequently, considering all the protocols
employed�initiating with the relativistic treatment of the
bandgap at the DFT level and progressing to the TB-BSE
approach for excitonic calculations�we conclude that the D3
and MBD vdW corrections exhibit notable performance in
describing the indirect effects of the structural profile on the
optoelectronic properties of multilayer BP systems.
Given that the MBD provides one of the best performances

for the set of electronic and structural properties in agreement
with the experiment, as observed in Figure 2d,f, we advance to
the optoelectronic properties of Pn systems by aiming for a
better understanding of the BP stacking and the impact of
MBD vdW correction, which is depicted in Figure 7 for the
exciton absorption spectrum (BSE) through the light polar-
izations along the x direction (αx) and y direction (αy). A
comparison is made for all Pn systems from n = 2 to bulk with
particular emphasis on the monolayer. The vertical lines in the
spectra represent the single-particle gap energies (Eg) obtained
through DFT-1/2. In our results for αx,y, the previously
observed orthogonality between heat and electron transport in
monolayer BP is extended to systems with a few layers up to
the bulk. This orthogonality effect, reported in previous
studies,71 continues to influence the optical properties in
multilayer systems. As a consequence of the wave function
overlap in Pn+1 systems, a significant in-plane anisotropy is
observed when comparing αx and αy. For n > 1, the αx spectra
are notably suppressed, indicating the presence of collective
electronic excitations below Eg values, especially relative to the
armchair (y) direction. This result reinforces the impact of
linear polarization direction on the incident light, demonstrat-
ing that even with just a few stacked layers, BP’s optoelectronic
properties can be finely tuned.

Figure 6. Exciton binding energy (Eb) calculated using the V(Q) =
V2DRK Coulomb potential for electron−hole pairs within the
(W)TB-BSE approach for all Pn layered systems, whereas for the
bulk, the V(Q) = V3D was employed, taking each structure optimized
using various vdW methods. PR−LP experiments16 reporting a
monolayer Eb = 0.9 ± 0.1 eV and the underestimation of theoretical
calculations based on the QP-GW approach43 are indicated. While n =
∞ correspond to the Eb explicitly calculated for the bulk, the
highlighted numbers show the Eb values for n = 80 based on the fitting
model by employing the range n = 1 → 6.

Figure 7. Absorption coefficients (α) calculated for light polarizations along the x direction (αx) and y direction (αy). For Pn layered systems with
various numbers of layers (n = 1, 2, 3, 4, 5, and 6) and bulk, all geometrically optimized with MBD vdW correction, so that V(Q) = V2DRK
Coulomb potential was used for the layers, and for the bulk, the V(Q) = V3D was employed. Panels (a−f) show αx, while panels (g−l) depict αy.
Plot organization facilitates the comparison between systems with more than one layer (n > 1) and the monolayer (n = 1), emphasizing their
respective single-particle (Eg) values obtained through DFT-1/2.
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4. SUMMARY
We conducted a comprehensive and systematic investigation at 
various theoretical levels for BP systems spanning from 
monolayer (n = 1) to bulk, including n = 2, 3, 4, 5, and 6 
layers, with structural optimizations performed using different 
empirical (D 3 and D 3BJ) and semiempirical (dD sC, TS, 
TSHP, TSSCS, and MBD) vdW methods to enhance 
interlayer nonbonded interactions. The characterization of 
optoelectronic properties involved a combination of protocols, 
starting with bandgap corrections using relativistic QP 
correction (DFT-1/2). The resulting corrected band structures 
were then used to construct a TB Hamiltonian through a 
MLWF-TB approach, followed by the solution of the BSE in 
the TB framework. Our DFT-1/2+vdW approach revealed a 
high sensitivity of the gap energy in Pn layers and bulk to the 
choice of vdW methods. This emphasizes the need for careful 
consideration when employing empirical and semiempirical 
vdW methods to minimize significant underestimations of gap 
energies by enhancing interlayer wave function overlap. 
Additionally, our semiempirical approach for calculating 
excitonic properties, particularly the screening of e−h 
interactions based on TB 2D and 3D Coulomb potential 
models, requires attention. The Rytova−Keldysh potential 
proved to be effective i n d escribing t he t ransition f rom the 
monolayer to bulk, providing exciton binding energies that 
were in excellent agreement with PL results from the literature, 
unlike the more computationally expensive QP-GW alter-
natives. Furthermore, our fitting m odel, a pplied t o both 
bandgap and exciton binding energy results, demonstrates that 
in particular for phosphorene, the performance of the D3 and 
MBD method was coherent with experiments based on 
monolayer and bulk, in order that its application for a 2D 
system with different c hemical c omposition a nd topology 
needs some care. On the other hand, our result provides a 
particular evidence based on the achieving equivalence 
between bulk calculations and the values obtained for n = 80 
layers, indicating the reliability of D3 and MBD throughout the 
stacking of phosphorene layered.
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