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Abstract

A novel approach for estimating turbulent transport coefficients in fusion devices is presented.
The diagnostic method is established on the analysis of the conditional variance of one-point
time series of density or temperature fluctuations. It is tested on data obtained from probe
measurements in the edge of the tokamak ASDEX Upgrade and the stellarator Wendelstein 7-X,
and on synthetic data from the gyrofluid transport model GEMR. The approach demonstrates a
remarkable degree of accuracy, typically within a factor of two of the actual transport measured
by more difficult means. It is a simple and accurate way of evaluating turbulent particle and heat
transport coefficients that does not require measurements of the velocity fluctuations.
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1. Introduction become commercially viable sources of renewable non-fossil
energy in a near future.
In the quest for the control of sustained thermonuclear fusion A major impediment to plasma confinement is turbulence.

reactions, magnetic confinement of high-temperature plasma  When Bohm proposed his renowned diffusion formula [1], he
is a very attractive route. We expect from the continuing effort  prophesied that ‘a plasma in a magnetic field is always in a
of technological and fundamental research that tokamaks and  state of turbulent flow’. Turbulent fluctuations were observed
other magnetic confinement devices, such as stellarators, can  in the first generation of tokamaks [2]. By the end of the last

century at the latest, it became clear that turbulence is one

4 See Zohm et al 2024 (hitps:/idoi org/10.1088/17414326/ad249d) for the > 11 DOt the main obstacle to controlled nuclear fusion [3].

ASDEX Upgrade Team. Turbulence affects all areas of fusion reactors, from Fhe core
b See Grulke e al 2024 (https:/doi.org/10.1088/1741-4326/ad2f4d) for the  [4] to the very edge [5]. It is therefore not surprising that
W7-X Team. plasma turbulence remains a subject of foremost interest [6—

* Auth h s shoul ssed. .. L. ..
uthor to whom any correspondence should be addressed 9]. Due to the harsh conditions inside the vessel, in-situ meas-

urements of particle and heat fluxes by invasive diagnostics
are challenging. They require simultaneous measurements of

Original Content from this work may be used under the o yelocity and of the density or temperature fluctuations in
BY

terms of the Creative Commons Attribution 4.0 licence. Any R . .
further distribution of this work must maintain attribution to the author(s) and the plasma' Many magnetic confinement devices are eqmpped
the title of the work, journal citation and DOL with non-invasive diagnostics such as reflectometry, beam
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emission spectroscopy or Thomson scattering. They can be
used to infer the density or temperature fluctuations, but not
the velocity fluctuations. Such measurements are, at this time,
only available using heavy ion beam probes. They constitute
a very expensive diagnostic and only a few experiments have
this diagnostic at their disposal.

It is the purpose of this work to present a simple and accur-
ate method for evaluating the time-averaged turbulent flux
in the direction of the gradient driving the turbulence. The
method relies on density or temperature measurements but
does not require measurements of the drift-velocity. From the
results of numerical simulations with the GEMR code, in com-
bination with the analysis of in-sifu measurements in the toka-
mak ASDEX Upgrade (AUG) and the stellarator Wendelstein
7-X (W7-X), we investigate the conjecture that the turbu-
lent transport can be accurately estimated from a conditional
moment.

2. The conditional variance method (CVM)

The radial transport of particles across the magnetic flux sur-
faces can be quantified by the turbulent diffusivity

(71

ey

Here, (.) denotes the ensemble average, 7 is the fluctuating
density and i, is the fluctuating radial component of the drift-
velocity of the ions and the electrons in a toroidal geometry.
Due to the presence of a mean radial density gradient main-
tained by the sources, the initial production of density fluctu-
ation variance (71%) at a given location in space, is governed
by

10

20t
when 7 =0 initially. Equation (2) derives from a quasilin-

ear approximation. Let us introduce the fluctuating mixing-
length,

(@ (1)) = Dr [Ve(n)], )

3

which satisfies O(R2(t))/0t = 2Dy for a given V.(n). The
important practical point here, is that measurements of R, ()
only require measurements of the density. We shall test the
conjecture that the turbulent diffusivity Dy is accurately estim-
ated from

Dcy = lim 2i< Ry (14 7) — R, ()[R, (1) =0). (4

T—=0 2T

Dcvy is the second-order moment of the increments R, (f+
7) — Ry(t), conditional to R,(t) =0, in the limit 7 — 0. We
thus ask, to which extent

Dr = Dey. 5

Dcv is evaluated from equation (4) using a linear fit to the data.
We call the approach the CVM.

3. Motivating the CVM

The challenge in the CVM essentially consists in inferring the
time-averaged turbulent flux I, = (&i,71), at one spatial loca-
tion, only from the statistics of the density fluctuations 7(¢) and
knowing the background density gradient V,(n) at this loca-
tion. The conjecture is prompted by equation (2). In a thought
experiment, we reset the turbulent plasma into the hypothetical
state of a negligibly small level of density fluctuations. For a
given V,(n), it follows from equation (2) that (R%(¢)) ought
to grow linearly from R, (t = 0) = 0 at a rate given by Dr. It
is the motivation for conditioning the second-order moment
of the increments R, (¢t + 7) — R, () with respect to R,(¢) =0
in order to evaluate Dt via equation (5). The saturation of the
fluctuation variance (R%(t)) to a local steady-state value (R2)
generally involves a balance between the production, the spa-
tial spread and the destruction of the variance. The precise
nature of the saturation mechanisms only plays a secondary
role in the approach here adopted to estimate the turbulent dif-
fusivity Dt for the reason that the CVM uses R,(f) =0 as a
pivot point.

The second-order conditional moment in equation (4) is in
fact the second coefficient that appears in the Kramers—Moyal
expansion of the master equation for the evolution of the prob-
ability density function P(R,,t): Dcy coincides with the dif-
fusion coefficient D,(R,) evaluated at R, =0 in a Fokker—
Planck model for the evolution of P(R,,t) [10]. The validity
of the master equation only relies on the assumption that R, (¢)
is a Markov process. All the coefficients entering the Kramers—
Moyal expansion can in principle be determined from the
measured time series of the time-dependent mixing length
R, (1) by evaluating the kth order moments of R, (¢ + 7) — R, (f)
conditioned to R,(¢f) = R,. When truncated to the two first
conditional moments, such a framework forms the basis of
the dynamical approach that consists in modeling the time
series by a Langevin equation, akin of the scheme designed
by Friedrich and Peinke for two-point turbulence data [11].

Here, we analyze one-point measurements in order to eval-
uate spatial transport coefficients. Therefore, the CVM does
not necessarily require R,(f) to be a Markov process, neither
does it require the evaluation of any other conditional moments
except the second-order one. All the conditional moments, and
more particularly the drift coefficient D;(R,), are necessary
for describing the evolution of P(R,,t) toward a steady-state
distribution. We emphasize that the Markov property should
not be confused with the absence of temporal correlations. The
standard example of a Markov process with finite correlation
time is given by the Ornstein—Uhlenbeck process. Up to res-
caling, it is the only stationary Markov process with Gaussian
statistics. Let us assume that the time-dependent mixing length
R,(t) behaves as the Ornstein—Uhlenbeck process with lin-
ear drift D;(R,) = aR, and constant diffusion coefficient
D, (R,) = D;. 1t follows that, starting from R,(t = 0) = 0 the
variance increases toward a steady-state value according to
(Da2/a) x [1 —exp(—2at)]. In this case, it yields Dcy = D»,
for the initial linear growth of the variance from a state with
vanishing level of fluctuations. As a diagnostic tool, the CVM
is not intended to model the time-dependent mixing length
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R,(f) by any particular stochastic process, neither it attempts
to predict the large time evolution of P(R,,t) toward a steady-
state distribution P(R,). Nevertheless, the steady-state distri-
bution is observed to have a Gaussian core around R,, = 0, in
both the numerical and the experimental data that are analyzed
below. It makes the Ornstein—Uhlenbeck process an eligible
model for the time-dependent mixing length.

4. Validation of the CVM from numerical data

We start by testing the CVM on electron transport in sim-
ulations performed with GEMR. GEMR is a global three-
dimensional electromagnetic delta-f gyrofluid model for
plasma turbulence in the edge of tokamaks [12]. An import-
ant feature of the model is that it exhibits an equilibrium that is
self-consistent with the turbulent transport. We run the GEMR
code with AUG parameters (major radius R = 1.65 m, minor
radius a =0.5 m, magnetic field strength B=2.5 T, safety
factor g, = 4.6) at a temperature of 60 eV and using four dis-
tinct reference plasma densities ranging from 1 x 10" m~3 to
4 x 10 m~3. Along with the density, the adiabaticity para-
meter changes and thus also the ratio between drift and inter-
change turbulence [13, 14]. Simulation data are collected in
the outboard mid-plane at 10 different radial locations that are
spaced apart by a distance larger than the radial correlation
length of density fluctuations. This covers the plasma edge
region from 2 cm inside to 1 cm outside the last closed flux
surface, where the outside part is called the near scrape-off
layer (SOL). Source and sink regions are excluded. Velocity
fluctuation measurements are not possible in the near-SOL
region without the risk of damaging the probes due to extreme
thermal stress levels. Such measurements are more common
in the far-SOL where profiles are notably flattened. There, the
turbulent flux is affected by non-local transport effects [15]
originating from deeper within the plasma [16, 17]. Applying
the CVM to the far-SOL is expected to yield an overestimation
of the transport.

The turbulent cross-field transport of particles with sub-
Alfvénic speeds is primarily electrostatic in a low-3 plasma.
Consequently, the turbulent diffusivity is computed from
the dominant electrostatic contribution via Dy = —I',/V,(n).
Here, I, = (iiE,) /B represents the time-averaged E x B flux
of particles mediated by the radial electric drift-velocity u, =
Ey /B and E_\, denotes the bi-normal component of the electric
field fluctuations. The conditional variance Dcy is computed
from the time series R, (f) according to equation (4). The turbu-
lent diffusivity Dt and the conditional variance D¢y are com-
pared in figure 1. The four different colors correspond to the
four different reference densities, from low (dark blue) to high
(red), yielding two orders of magnitude variation in the trans-
port coefficient. Estimations of the turbulent diffusivity by the
CVM (colored squares) display a remarkable degree of accur-
acy. D¢y does not deviate by more than twice Dr in all the
simulations.

It is interesting to compare the CVM with other heuristic
approaches aimed at estimating turbulent transport coeffi-
cients. In the case when there are no available measurements
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Figure 1. Evaluation of Dt using the conditional variance method
and the mixing length model applied to GEMR simulation data.
Colors indicate low (blue) and high (red) density runs. Stars refer to
estimations made using the MLM and squares indicate those made
using the CVM. Error bars are discarded for visual clarity. Dashed
and dotted black lines mark deviations by a factor of two and four,
respectively.

of the drift-velocity, a gold standard remains the mixing length
model (MLM). From measurements of the radial correlation
length Lc and of the correlation time 7¢ of the density fluc-
tuations, the turbulent diffusivity can be estimated from Dt =
L% /27¢ in the MLM. We emphasize that contrary to the CVM,
the MLM does require simultaneous measurements of dens-
ity fluctuations at different radial locations. From figure 1, we
observe that the MLLM severely overestimates Dr, particularly
in the deep regions of higher density and temperature in the
plasma where the turbulence intensity is smaller. The MLM
derives from consideration of the correlation scales of the
number density only, without taking into account the effects of
the cross-correlation between the density and the electrostatic
potential, e.g. the cross-phase in a Fourier decomposition in
space. As the spatially local growth rate of density fluctuation
variance (7?) implicitly depends on the instantaneous value of
the radial flux (i,71), the CVM is significantly more sensitive
to cross-correlations, including the cross-phase, here not in the
wave-number but in the frequency domain [18].

The CVM is not limited to study particle transport and it
can be applied to the evaluation of turbulent heat fluxes. The
turbulent heat conductivity of the electrons that is estimated
from the CVM based on the fluctuating mixing length Rz, () =
—T.(t)/V(Te) is compared to xt = —2(@tTe)/V(Te) in
figure 2. In terms of the degree of accuracy, the results for heat
transport are similar to those obtained for particle transport.

5. Validation of the CVM from experimental data

The CVM is now tested on experimental data. In the plasma
edge of fusion devices, it is possible to measure the density,
the electric potential and their correlations using reciprocat-
ing probes. Since direct transport measurements are available
in the edge of most fusion devices, but not in the pedestal or
the core regions, the goal is here only to put the CVM to the
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Figure 2. The CVM applied to the evaluation of the turbulent heat
conductivity xT; the color coding is identical to figure 1.

experimental test. An array of Langmuir and/or ball-pen probe
pins is mounted on a movable manipulator that is inserted into
the plasma on the outboard side. The density is derived from
probe measurements of the ion saturation current. Two addi-
tional probe pins can measure the floating potential that serves
as an approximation for the plasma potential. When Langmuir
probes are subject to strong temperature fluctuations, the float-
ing potential becomes a poor approximation to the plasma
potential [19]. High-heat flux ball pen probes are an alternat-
ive to reduce the negative impact of the temperature on poten-
tial measurements [20]. The probe pins are arranged in such
a way to allow simultaneous measurements of the density and
the poloidal electric field Ey, and hence, measurements of the
radial flux I'; ~ (1Ey)/B. Probe movement into the plasma
enables to obtain the radial density profile that is used to derive
the turbulent diffusivity Dr exp. The radial transport is estim-
ated from measurements of the poloidal component instead of
the binormal component of the electric field fluctuations that
actually drives the radial £ x B flux of particles. This geo-
metrical effect introduces a small error for the turbulent dif-
fusivity Dr exp, Which does not occur for the simulation data.
The estimations by the CVM are not affected by this error.
As the CVM is based on single-point measurements, finite
distances between probe pins do not impact the estimations.
Additionally, the approximation of the plasma potential by the
floating potential has no influence on the CVM.

For the experimental validation of equation (5), probe
measurements of multiple plasma discharges in W7-X and
AUG are used. The W7-X data that are analyzed here, cover
many different magnetic field configurations and have been
published elsewhere [21]. The heating power is varied between
different plasma discharges from 2 MW to 5.3 MW applied
through electron cyclotron resonance heating (ECRH). An
additional heating power is applied to the plasma through neut-
ral beam injection (NBI) ranging from O to 3.6 MW. At the
probe depth, the magnetic field is approximately 2.3 T. The
plasma potential is approximated using Langmuir probes. The
W7-X measurements are low-pass filtered at cutoff frequency
of 50 kHz. The AUG plasma is heated by 300 kW of ECRH
in addition to Ohmic heating. The magnetic field strength is

Figure 3. Comparison between Dt and Dcy obtained from several
discharges in the stellarator W7-X (red) and the tokamak AUG
(blue). The stars and the associated error bars correspond to
estimations from discharges that can differ in heating power, probe
penetration depth and magnetic configuration. Dashed and dotted
lines mark deviations by a factor of two and four, respectively.

1.9 T and the plasma current is 0.8 MA in the discharges. The
plasma potential is measured by ball-pen probes. A low-pass
filter with a cutoff frequency of 25 kHz is applied to the data.
The AUG data that are analyzed here are partially taken from
[20], the remaining discharges involve deeper probe penetra-
tion. Most probe measurements are done within the plasma
confinement region, some in the far-SOL.

Figure 3 shows the comparison between results of direct
measurement of the transport coefficient and application of
the CVM. The solid black line indicates exact agreement, the
dashed (dotted) line an agreement within a factor two (four).
For both W7-X and AUG data sets, the transport scaling is cor-
rectly reproduced by the CVM. A slight trend toward underes-
timation is observed in W7-X, while application of the CVM
to AUG displays the inverse tendency despite the uncertainties
being larger.

6. Summary and conclusion

In summary, the CVM is proposed as a new approach for
estimating turbulent transport coefficients in fusion devices,
leveraging fluctuation data and background profile gradients.
The transport coefficients are determined from the spatially
local growth rate of the variance of density or temperature
fluctuations conditioned to small deviations from their mean.
For this purpose, we use a conditional moment of the fluctuat-
ing mixing length deriving either from the density or the tem-
perature fluctuations. Validation of the method from synthetic
data yields promising results. Deviations from the actual flux
of particles or energy are no larger than a factor of two while
varying the transport intensity by two orders of magnitude. For
experimental validation, the method is compared with direct
probe measurements of particle transport in a variety of W7-
X and AUG plasma discharges. While statistical scattering
increases, as expected from the analysis of laboratory data, the
overall scaling is well reproduced and the turbulent transport
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coefficients are mostly estimated within a factor of two, even
considering the experimental error bars.

The major strength of the method is its applicability to
the confinement region of fusion devices, where the harsh
environment forbid in-situ measurements with invasive dia-
gnostics. Most magnetically confined fusion experiments are
equipped with diverse non-invasive diagnostics for estimating
density and temperature fluctuations, as well as their profiles.
The CVM is simple to apply and accurate. Given its straight-
forward implementation within existing diagnostic infrastruc-
tures, the CVM constitutes a powerful tool for multi-machine
studies. The method is designed to investigate turbulent trans-
port scaling with the fundamental plasma parameters of fusion
devices, not only in future experimental campaigns but also
from existing data.
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