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Abstract
Triply periodic minimal surfaces (TPMS) are highly versatile porous formations that can be defined by formulas. Com-
putationally based, load-specific shape optimization enables tailoring these structures for their respective application 
areas and thereby enhance their potential. In this investigation, individual sheet-based gyroid structures with vary-
ing porosities are specifically optimized with respect to their stiffness. A modified phase-field method is employed to 
establish a simulation framework for the shape optimization process. Despite constant volume and the preservation of 
the periodicity of the unit cells, volume redistribution occurs through displacement of the interfaces. The phase-field-
based optimization process is detailed using unidirectional loading on three gyroidal unit cells with porosities of 75 %, 
80 %, and 85 %. Subsequently, the gyroidal unit cell with a porosity of 85 % is shape-optimized under multidirectional 
loading. A subsequent experimental validation of the unidirectionally loaded cells confirms that the shape-optimized 
structures exhibit, on average, higher stiffness than the non-optimized structures. The highest increase of 40 % in effec-
tive modulus is achieved with the gyroid structure having a porosity of 75 %, while maintaining minimal alteration to 
the surface-to-volume ratio and preserving periodicity. Additionally, the experimental data show that the optimization 
process resulted in a shift in the linear elasticity and plasticity range. In summary, the phase-field method proves to be 
a valid optimization technique for complex porous structures, allowing the preservation of characteristic properties.

Keywords Shape optimization · Gyroid · TPMS-structures · Phase-field

1 Introduction

Nature-inspired structures have been used for decades to develop new materials and designs with improved prop-
erties [1, 2]. A well-known example is the honeycomb structure inspired by the honeycomb of bees, which finds 
applications in various fields, from architecture to mechanical engineering [3]. Nowadays, additive manufacturing 
techniques such as electron beam melting [4], fused deposition modeling [5], or stereolithography [6] enable the 
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fabrication of complex structures and design possibilities [7]. This is particularly interesting for lightweight construc-
tion, as these structures are attractive due to their low weight and good mechanical properties. According to [8], the 
properties of cellular structures are determined by their material, relative density, and structure geometry. When 
considering cellular structures, a distinction is also made between whether the cell grids are periodic or stochastic [9].

Based on this, various types of cellular materials and corresponding methods and approaches for generating cel-
lular structures exist in the literature. Stochastic cellular material can be generated using techniques like Voronoi 
tesselation [10] or interface-based methods [11].

A well-known example of periodic structures are triply periodic minimal surfaces (TPMS structures). These are 
naturally occurring structures that can be approximated by mathematical equations which parameterize their surface 
(see section 2). Characteristic features of these structures are that they have a smooth surface, and the unit cells of 
TPMS structures are periodic in every spatial direction. TPMS structures can further be distinguished between strut-
based and sheet-based structure [12].

The present work focuses on sheet-based TPMS-structures characterized by a two-tunnel system, resulting in a 
high surface area to volume ratio (S/V ratio).

This makes these structures attractive for various applications and research areas. In the medical field, for exam-
ple, a high S/V ratio in porous structures promotes cell growth [13], and it has been shown in [14] that the S/V ratio 
results in a higher oxygen transfer rate in a TPMS-based membrane design for blood gas transfer. In addition to the 
medical field, there are applications in other areas where a high S/V volume ratio is advantageous, such as in heat 
transfer, which is why TPMS structures are also considered as heat exchangers [15, 16].

Due to the promising and diverse applications of TPMS structures, various methods of structural optimization 
approaches are presented in the literature in order to further enhance specific material properties. The optimization 
is usually divided into three categories: size, shape, and topology [17].

Shape optimization alters the geometry of the structure, whereas its topological characteristics remain unchanged. 
In contrast, topology optimization does also consider topological changes of the structure [18]. Thus the resulting 
structure for topology optimization is independent of the initial structure, which is not the case for shape optimiza-
tion [19].

However, some methods employed for topology optimization can also be used for shape optimization if the algo-
rithm is stopped when topological changes start.

Different properties of the material can be subjected to optimization approaches aiming e.g. at increasing the effec-
tive stiffness [20]. The present work focuses on improving elastic properties of TPMS-structures. Various approaches 
to structural optimization can be found in literature ranging from manual adjustments in the parameterization of 
the geometry [21–25] to geometry-independent optimization approaches based on numerical full-field simulations 
[26, 27]. A commonly used adjustment of geometry parameterization is to introduce different kinds of porosity gra-
dients into the cell structure [21–25]. As shown in different studies, the introduction of porosity gradients in gyroid 
TPMS-structures leads to an increase in stiffness under certain boundary conditions [24, 25] or help to improve the 
adaptability to natural bone environment in medical applications [22, 23]. In addition, different shape optimization 
methods based on numerical simulations exist in the field of structure mechanics. This includes the density-based 
solid isotropic material with penalization (SIMP) approach [28], which is employed by Guenther et al. [26] on TPMS 
structures. In this study, 3 × 3 × 3 TPMS-cells (gyroid lattice and I-WP lattice) with a volume fraction of 25 % are con-
sidered for application in the field of tissue engineering. Another class of optimization approaches is based on the 
phase-field method. A significant advantage of the phase-field method lies in its ability to accommodate complex 
geometrical changes without adapting the numerical discretization [29].

This enables the generation of organic and natural forms that can better meet functional requirements than 
conventional designs [30].

Different models for phase-field based shape optimization are found in literature. Since the porosity of the structure 
should stay unchanged during optimization, volume preserving phase-field evolution equations need to be employed.

While using the fourth-order Cahn-Hilliard equation comes with relatively large computational cost, volume preserving 
Allen-Cahn approaches are only based on a second-order equation and thus save computational cost [31].

Allen-Cahn approaches have been employed for optimising different material properties in [32–34]. They predominantly 
focus on 2D structures, with few considering 3D structures [33].

Such approaches are also employed for mechanical topology optimization, where typically a loaded beam is analyzed, 
which eventually converges to a Michell-like structure [32, 34].



Vol.:(0123456789)

Discover Mechanical Engineering            (2024) 3:45  | https://doi.org/10.1007/s44245-024-00065-4 Research

In the works of Takezawa [30, 35], a hollow tetrahedral cell structure is optimized using the Allen-Cahn approach aiming to 
design a cell structure with an isotropic stiffness while simultaneously improving manufacturability by electron beam melting.

This results in a TPMS-like material similar to Schwarz P structures [35]. While this study aims for an isotropic stiffness of a 
cell, the current work aims to optimize a cell according to the specific loading conditions.

In [27], three different gyroid TPMS-structures are shape-optimized under unidirectional predefined compressive load-
ing using the Allen-Cahn approach. Subsequent experimental investigations of the optimized structures confirmed a cor-
relation between the simulation-based and experimental results [36]. Furthermore, it is shown from the experimental data 
that optimization also leads to improvements of the plastic behaviour of the structures regarding their energy absorption 
capability. However, the shape-optimized structures from [27] lost their periodicity in all spatial directions. In contrast, the 
present work aims at preserving the periodicity.

Additionally, besides a unidirectional load case, the present work considers also multidirectional load scenarios.
In this work, sheet-based gyroid structures are shape-optimized using a phase-field method based on the Allen-Cahn 

approach. Several optimized structures are experimentally compared to the initial gyroid structures. The optimization aims 
to increase the effective stiffness under boundary conditions prescribing a specific macroscopic strain. Thereby character-
istic properties of the structures, such as periodicity, are intended to be preserved throughout the optimization process. In 
contrast to most existing works, only a unit cell is considered here, as the periodicity is maintained in all spatial directions. 
Maintaining the periodicity of the cell allows the structure to be replicated in the respective spatial directions, resulting in 
design flexibility. Another advantage is the reduction in computational time compared to a multi-cell optimization process.

While in [27] a similar phase-field approach is used to optimize TPMS-structures, the homogeneous stress boundary 
conditions employed therein lead to a loss of periodicity of the optimized structure.

The present work is structured as follows. Chapter 2 addresses the generation of gyroid structures used as starting point for 
the optimization. The Phase-field based optimization method employed in this work is given in chapter 3. In order to enable 
an adequate comparison between the initial structure and the shape-optimized structures, the solid volume is being kept 
constant during the simulation. The optimization is applied on gyroid structures exhibiting three different volume fractions 
under uniaxial load. Furthermore, to demonstrate the applicability of this method in real-world scenarios, the sheet-based 
gyroid structure with a volume fractions of 15 % is optimized for three different cases of multiaxial loading. In addition to 
the effective modulus of elasticity, the change in surface area of the shape-optimized structure is examined. Finally, the 
optimization results for the uniaxial loading are validated by a comparison with experiments, where 3D-printed specimens 
of the initial and the optimized structures are used.

2  Structure generation

The structures are generated according to the algorithm presented in [27], which is implemented within the Pace3D frame-
work. The structure generation and simulations were conducted using Pace3D, with the subsequent visualization performed 
using the open-source software ParaView. For this study, single-cell sheet-based gyroid structures with uniform porosities 
of 75 %, 80 %, and 85 % are fabricated and employed. The structurally defining parameter, porosity � , is defined as 1 minus 
the ratio of the volume Vsolid of the solid material to the total volume V of the porous structure [37] yielding

Therefore, the gyroid structure with a porosity of 75 % has a volume fraction of 25 %, which corresponds to a dimension-
less designation of V∗=0.25 [-]. In the following, the dimensionless designation V∗ will be used for the volume fraction. 
The surfaces of gyroid structures are parametrized by the implicit equation

Hereby the design freedom of the gyroid structure is illustrated as representative for the other TPMS structures. Accord-
ing to the equation 2, the structures can be adjusted by various function parameters, such as cell size, cell repetitions, 
or porosity [38].
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The cell structure is characterized by the number of cell repetitions in the x-, y-, and z-directions, as well as by the size 
of the unit cells Lx , Ly , Lz . The parameter � controls the wall thickness and thus the porosity or solid volume fraction of 
the structure [39].

Figure 1 illustrates the sheet-based gyroid structure with three different volume fractions ( V∗ ) of 0.25 [-], 0.2 [-], and 
0.15 [-], which will be the focus of this paper.

3  Mathematical formulation

The subsequent section addresses the model used for computational shape optimization. To this end, effective material 
properties are defined and boundary conditions for the elastic problem are specified. An optimization approach based 
on a modified phase-field method is employed.

3.1  Effective elastic properties and boundary conditions

3.1.1  Homogenization of full‑field simulations

The optimization procedure employed in this work is based on full-field simulations regarding elasticity. To obtain the 
macroscopic elastic behavior of a structure under a specific loading, a homogenization method is required to deter-
mine effective properties using the field information of a simulation. Thereby a single unit cell with volume V = LxLyLz is 
consider and Ω denotes the corresponding computational domain. Furthermore, � and � denote the infinitesimal strain 
tensor and the Cauchy stress tensor, respectively. The strain tensor is defined as the symmetric gradient of the displace-
ment field u . A linear elastic material in a small deformation framework is considered yielding the constitutive equation

with ℂ being the fourth order stiffness tensor. The present work assumes that the Hill condition [40] holds, which is 
ensured by the boundary conditions employed. Therefore, the effective strain �̄ and the effective stress �̄ can be deter-
mined by a volume average of the respective field yielding

Defining the effective stiffness ℂ̄ and compliance �̄� = ℂ̄
−1 tensors, the effective constitutive equations for an elastic 

material are given by

The Hill condition implies energetic equivalence of the effective quantities with the actual field quantities. Therefore, the 
average elastic strain energy density f̄el and the complementary energy density f̄ ∗

el
 are obtained via

(3)� = ℂ[�]

(4)�̄ =
1

V ∫Ω

� dV and �̄ =
1

V ∫Ω

� dV .

(5)�̄ = ℂ̄[�̄] and �̄ = �̄�[�̄].

Fig. 1  Sheet-based gyroid 
structures with volume frac-
tions V∗ of a 0.25 [-], b 0.2 [-], 
and c 0.15 [-]
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respectively. The [⋅] denotes the linear mapping of second-order tensors. Note, that equivalence between elastic strain 
energy and complementary energy holds, and thus f̄el = f̄ ∗

el
 . Given, that � and � are known from full-field simulations, �̄ 

and �̄ are obtained by equation (4).
With these, the effective Young’s modulus in the present work is determined following the approach from [41].

3.1.2   Objective function

The aim of the present optimization is to increase the effective stiffness and, in consequence, reduce the effective compli-
ance under a given load case. If the effective stress �̄ is prescribed by stress boundary conditions, as it is the case in [27], 
a reduction of the effective compliance is equivalent to a minimization of the strain energy due to f̄el = f̄ ∗

el
=

1

2
�̄ ⋅ �̄[�̄] . 

Increasing the effective stiffness is therefore equivalent to a minimization of the strain energy and thus min(f̄el) under 
constant �̄ . Conversely, if the effective strain �̄ is prescribed by application of displacement boundary conditions, an 
increase of effective stiffness is achieved by maximizing the strain energy because f̄el =

1

2
�̄ ⋅ ℂ̄[�̄] . In this case, the opti-

mization problem max(f̄el) under constant �̄ reproduces the desired behaviour. Therefore, different objective functions 
for setups with different mechanical boundary conditions need to be considered.

3.1.3  Boundary condition

The present work employs boundary conditions specifying �̄ and therefore, the strain energy density should be maxi-
mized. To satisfy both the specification of an effective strain and periodicity in all spatial directions the fluctuation 
�u(x) = u(x) − �̄x of the displacement field u at a spatial point x is defined. Regarding the displacement fluctuations 
periodicity is enforced using ũupper = ũlower . Hereby, ũupper and ũlower are the values at the lower and upper boundary in 
one direction, e.g. regarding the x-direction ũupper = ũ(Lx , y, z) and ũlower = ũ(0, y, z) hold. In consequence, the present 
work employs the displacement boundaries 

 where e denotes the unit vector in the respective coordinate direction. Thereby, both an effective strain is prescribed 
while still retaining periodicity.

3.2  Optimization using a modified phase‑field method

3.2.1  Phase‑field method

The structural optimization is based on the phase-field method, which is a proven tool for problems such as phase 
transformations [42, 43] or structural mechanics in multigrain systems [44, 45] as well as porous structures [41]. For a 
problem with N phases, the geometry is described by the tuple � = {�1,… ,�N} of phase variables ��(x , t) . These phase 
variables indicate whether phase � is present at a point x or not, corresponding to values of 1 or 0. Instead of a sharp 
dividing surface between different phases, a smooth transition region is employed, resulting in a diffuse interface with 
finite thickness, where �� exhibits values between 0 and 1. Therefore, the phase variable �� can be regarded as the local 
volume fraction of phase � . This allows for the application of interpolation techniques at the diffuse interface, avoid-
ing the need for body-fitted meshes in the numerical solution process [46]. The evolution of the phase-field is typically 
derived from a minimization of a Ginzburg-Landau free energy density functional which depends on the phase-field 

(6)
f̄el =

1

2V ∫Ω

� ⋅ ℂ[�] dV =
1

2
�̄ ⋅ ℂ̄[�̄] and

f̄ ∗
el
=

1

2V ∫Ω

� ⋅ 𝕊[�] dV =
1

2
�̄ ⋅ �̄�[�̄],
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(7c)u(x, y, Lz) = u(x, y, 0) + Lz �̄ez ,
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tuple and the corresponding gradients [47]. Typically, the free energy functional F(�,∇�) = Fint(�,∇�) + Fbulk(�,…) 
is additively split into an interfacial contribution Fint and a contribution of the bulk regions Fbulk [48, eq. (1)]. The latter 
contribution may arise from the mechanical strain energy cf. [49]. If the elastic energy is the only bulk contribution, like 
it is the case for the present work, it is written as

making use of equation (6). The interfacial contribution is expressed as

comprising a gradient energy density fgrad and a potential energy fpot . The free energy minimization requires the vari-
ation of F  to vanish, thus �F = 0 . Variational calculus can be used to obtained governing equations for all occurring 
solution variables. Regarding mechanics, this gives rise to the momentum balance. With respect to the phase-field, an 
additional ansatz regarding the relaxation to equilibrium allows to obtain phase-field evolution equations. Thereby one 
way to derive evolution equations is to follow an Allen-Cahn approach [50] which can be formulated with a constraint 
of volume preservation of phases [51]. An Allen-Cahn type phase-field method is employed in the present work with 
some minor modifications in order to use it for optimizing structures by means of maximizing stiffness under a given 
load while preserving the phase volume.

3.2.2   Governing equations

 The present work considers a two-phase problem with a solid phase ( �s ) and a porous phase ( �p ). Here, it is assumed 
that the porous phase exhibits no stiffness and accordingly stresses can arise in the solid phase only. Therefore, using 
the ansatz of Khachaturian [52], the interpolated strain energy density reads

with ℂs being the stiffness of the solid phase and h(�s) an interpolation function. In the further course of this work 
h(�s) = �s is chosen, but also different choices are possible, cf., e.g. [53]. In order to maximise the stiffness, the objective 
function

is used. The optimization problem considered in the present work is

with Vsolid being the solid volume and �̄ the effective strain prescribed by boundary conditions of the elastic problem. 
The design variable of the optimization problem is the phase-field �s of the solid phase, which defines the geometry of 
the structure. The given optimization problem differs from the classical phase-field approach in two points. Firstly, no 
interfacial contributions are included in the objective function. Secondly, due to the boundary conditions employed, 
the mechanical free energy should be maximized instead of minimizing it. The optimization given by equation (12) is 
achieved using the phase-field evolution equation yield by the volume preserving Allen-Cahn approach with an obsta-
cle potential and a correction eliminating the curvature minimizing dynamics. Thus, the system of partial differential 
equations considered in this work contains the stationary momentum balance and the Allen-Cahn equation reading

(8)Fbulk = Fel(�,u) = ∫Ω

fel dV = V f̄el

(9)Fint(�,u) = ∫Ω
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(10)fel =
1

2
h(�s)� ⋅ ℂs[�]

(11)F = ∫Ω

fel dV = ∫Ω

1

2
h(�s)ℂs[�] ⋅ � dV

(12)max
(
F(𝜙s)

)
under ∫Ω

𝜙s dV = Vsolid,
1

V ∫Ω

� dV = �̄

(13)∇ ⋅ (�) = 0,



Vol.:(0123456789)

Discover Mechanical Engineering            (2024) 3:45  | https://doi.org/10.1007/s44245-024-00065-4 Research

with the stress � = h(�s)ℂs[�] and strain energy density fel =
1

2
ℂs[�] ⋅ � . Herein M is a mobility coefficient, � the surface 

tension, and � a parameter determining the width of the diffuse interface. The volume preservation is ensured by the 
Lagrange multiplier �vol cf. [51]. Furthermore, the term ‖∇�s‖∇ ⋅ n with n ∶= ∇�s∕‖∇�s‖ eliminates the curvature mini-
mizing dynamics of the Allen-Cahn equation (14) [44, 54]. Therefore, the interface terms proportional to � only lead to a 
relaxation to the phase-field equilibrium profile while preserving the actual geometry which can be identified with the 
iso-surface where �s = 0.5 . Thus, in context of the present work, the surface tension � is not a physical parameter. Instead 
it represents a model parameter which needs to be chosen large enough in order to counteract deformations of the dif-
fuse interface and preserve the phase-field equilibrium profile. The geometrical change during the shape optimization 
is caused by the driving force term including the elastic strain energy density fel . It is noted, that in contrast to physical 
elasticity driven phase-transformation (cf., e.g. [44]), the sign of this driving force term is switched due to the formulation 
of the optimization problem aiming to maximize f̄el due to the displacement boundary conditions.

3.2.3  Numerical discretization

To solve the differential equation system the software package Pace3D [55] is utilized which is a software framework for 
simulation of microstructure evolution based on the phase-field method. The spatial discretization implemented with 
an equidistant Cartesian grid. The phase-field evolution equation (14) is discretized through a finite-difference method 
with explicit time integration. In each time increment, the stationary momentum balance (13) is solved using a linear 
finite element discretization. Additional information regarding the discretization are given in appendix A. Further insights 
into the solution methodology are also delineated in [49], wherein an akin strategy is adopted for integrating elasticity 
and phase evolution.

The simulations carried out in the present work are based on a small deformation framework with a linear elastic 
constitutive law. Therefore, due to linearity, the findings are independent of the stiffness of the solid material. Following 
[41], the subsequent results are given in normalized manner. Thereby, the effective modulus is normalized by its solid 
material Es.

3.2.4  Model parameters

Within this work, single-cell gyroid structures in a three-dimensional domain Ω are considered, each with 200 cells in 
each spatial direction. The shape optimization conducted in the subsequent course is carried out using � = 0.015L , which 
corresponds to an interface width of approximately 0.0375L , considering the edge length L = 1m of the domain. This 
choice ensures a resolution of the diffuse interface with a number of 7 cells. Furthermore, in the discretized version of 
equation (14), the mobility parameter M = 1.0m2skg

−
1 and the timestep size Δt = 1.75e − 4s are chosen. The surface ten-

sion � = 0.02kg s
−
2 is used which for the given parameter set leads to preservation of the phase-field equilibrium profile.

3.2.5  Overview of the optimization procedure

For the optimization process, the Gyroid structure is adjusted so that the stiffness is increased under a specific load by 
shifting the boundary surfaces. The goal is to enhance the stiffness for the given load case. The process continues until 
the volume distribution results in a significant topological change. The simplified sequence of this process is illustrated 
in Fig. 2.

4  Results and discussion

In the following, gyroid unit cells with a volume fraction of 0.25 [-], 0.2 [-], and 0.15 [-] are shape optimized under loading 
with a predefined effective strain. This chapter is divided into two parts.

The first part addresses shape optimization of the structures under unidirectional and multidirectional load scenarios 
and provides a discussion on the corresponding simulation results.
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The second part focuses on the experimental validation of the original and the optimized structures subjected to 
unidirectional loading. The results yield by simulations and experiments are compared.

4.1  Phase‑field‑based shape optimization

With the modified phase-field method described in subsection 3, gyroid unit cells are shape optimized. Initially, these 
cells are subjected to unidirectional loading, followed by optimization under multidirectional loading conditions.

4.1.1  Unidirectional loading

The structures resulting from the shape optimization for the respective volume fraction of 0.25 [-], 0.2 [-], and 0.15 [-] 
under a uniaxial load in x-direction can be found in Fig. 3.

According to the objective of shape optimization, the original form of the unit cell is preserved. Moreover, the perio-
dicity of the unit cell is maintained, which allows for a later multiplication of the unit cells in the respective spatial direc-
tions. During the optimization process, among other things, the cross-braces in the x-direction have thinned, which is 
highlighted in the marked area.

To analyze the volume distribution through the optimization process in more detail, in the x-direction, the altered 
layer-wise volume fraction from the initial structure (solid green line) compared to the optimized structure (dotted grey 
line) is shown in Figs. 4, 5,6. Additionally, the solid red line shows the difference in volume fraction between the original 
structure and the optimized structure. In this context, the black zero line separates the areas where a positive difference 

Fig. 2  Flow chart of the shape 
optimization process

Fig. 3  Shape-optimized 
sheet-based gyroid structures 
with volume fractions V∗ of a 
0.25 [-], b 0.2 [-], and c 0.15 [-]
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is above and a negative difference is below the line. A positive difference indicates an increase in material addition, while 
a negative difference indicates a predominant removal of material. The blue-marked areas below the difference line 
indicate the planes where more material is removed compared to the original structure due to the displacement of the 
interfaces. The green-marked area above the difference line shows the planes where material is added. The x-direction 
represents the normalized coordinate x/L. When examining the difference curves of the structures, it becomes clear 

Fig. 4  Comparison of the 
plane-wise volume fraction 
(on the yz-axis) along the 
x-direction between the initial 
(G75_ini, solid line) and the 
optimized (G75_opt, dashed 
line) gyroid structure, illustrat-
ing the areas where material 
is added (light-green) and 
removed (blue) during the 
optimization process

Fig. 5  Comparison of the 
plane-wise volume fraction 
(on the y-axis) along the 
x-direction between the initial 
(G80_ini, solid line) and the 
optimized (G80_opt, dashed 
line) gyroid structure, along 
with a representation of areas 
where material is added 
(green) or removed (blue) dur-
ing the optimization process, 
depicted by the difference 
(red line)

Fig. 6  Comparison of the 
plane-wise volume fraction 
(on the y-axis) along the 
x-direction between the initial 
(G85_ini, solid line) and the 
optimized (G85_opt, dashed 
line) gyroid structure, along 
with a representation of areas 
where material is added 
(green) or removed (blue) dur-
ing the optimization process, 
depicted by the difference 
(red line)
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that the material redistribution has taken place in the same areas for all three structures, and the difference curve has 
a periodic course. Comparing the three diagrams of the gyroidal unit cells with a volume fraction of 0.25 [-], 0.2 [-], and 
0.15 [-] shows that the volume redistribution occurred in the same places. Due to the larger initial volume, a higher 
volume change is observed in the gyroid structure with a volume fraction of 0.25 [-]. Therefore, this structure is chosen 
to illustrate the volume redistribution based on three different planes, which are shown in Fig. 4 in connection with the 
difference. Since continuous shape optimization would lead to the complete removal of the webs, the simulation process 
is terminated at this point.

Cross-sectional image 1 of Fig. 4 corresponds to an area between the maximum and minimum difference. Here, it is 
evident that material is added at the branches and material is removed from the cross-braces.

The displayed layers of the extreme points from the Fig. 4 correspond to where a lot of material has been added or 
removed. The respective planes of the structure, where the global maximum and minimum of the changed volume frac-
tion from the gyroid structure with a porosity of 75 % in comparison with the initial structure, is shown in cross-sectional 
images 2 and 3 in Fig. 4. In image 3, it is evident that the cross-braces in the non-loading direction are reduced. This 
observation can also be made in the marked areas of Fig. 3.

The previously presented load-specific changes lead to structural and mechanical property changes, which are listed 
in Table 1.

Generally, from the "Volume fraction" column, it is observable that the target volume fraction of 0.25 [-], 0.2 [-], and 
0.15 [-] is not precisely achieved. The gyroid cell with a volume fraction of 0.2 [-] deviates from its target volume fraction 
by about 2 % the least, while the other two structures deviate by approximately 4 % from the set target volume fraction. 
Increasing the cell area, enhances the accuracy of the structuring, but requires significantly larger computation times 
for the simulation. Additionally, it is noticeable that structures with a higher volume fraction have a smaller surface area. 
Through the shape optimization process, the surface area decreases by about 1 % for the unit cell with a volume frac-
tion of 0.2 [-] and 0.15 [-]. Only for the gyroid structure with a volume fraction of 0.15 [-] a slight increase in surface area 
is observed. Additionally, it is observable that an increase in the effective dimensionless Young’s modulus is achieved 
through the interface displacement for all three structures. For the structure with a volume fraction of 0.25 [-], the high-
est increase in the Young’s modulus of about 45 % is achieved. From the Fig. 7, the relationship between the increase 
in energy (dashed line) and the resulting increase in the effective Young’s modulus (solid line) throughout the entire 
simulation process (number of time steps) is shown.

The modulus of elasticity is given in dimensionless form by Ē∕Es , and similarly the dimensionless energy f̄el∕Es is used. 
The transformation into dimensionless parameters enables material-independent statements, which is possible due to 
linearity. As already explained in Chapter 3, it is noticeable that the displacement of the interfaces results in an increase 
in energy, which simultaneously leads to an increase in stiffness. Accordingly, an increase in stiffness could be achieved 
for all three structures. Moreover, the diagram reveals that the energy and the Young’s modulus have different slopes. 

Table 1  Structural and mechanical properties of the initial and shape-optimized gyroid-structure

Structure: 85% 80% 75%

V∗ Surface Ē∕E
s
 (dim.less) V∗ Surface Ē∕E

s
 (dim.less) V∗ Surface Ē∕E

s
 (dim.less)

Initial 0.243 5.976 275.390 0.192 6.027 0.064 0.144 6.044 0.087
Optimized 0.243 5.981 0.067 0.192 5.993 0.089 0.144 5.974 0.128

Fig. 7  Relationship between 
the energy evolution (dashed 
line) and the modulus of 
elasticity (solid line) across the 
simulation of the three con-
sidered gyroidal unit cells with 
a volume fraction of 0.25 [-] 
(G75_opt), 0.2 [-] (G80_opt), 
and 0.15 [-] (G85_opt)
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This can be attributed to the weighting during the simulation process. It is also striking that, depending on the different 
porosities, the structures under consideration are characterized by different numbers of iterations during the optimiza-
tion process. Since the simulation is terminated just before a topology change occurs due to interface displacement, the 
largest amount of optimization iterations to reach this point occurs for the gyroid structure with a volume fraction of 
0.25 [-] is the longest. As a result, the highest energy change and accordingly the highest increase in stiffness are achieved.

4.1.2  Multidirectional loading

In practical applications, multiple loading conditions in different spatial directions are often relevant [56]. In the 
following, gyroid unit cells with a volume fraction of 0.15 % are subjected to multidirectional loading and optimized 
for each loading case. Diverse optimization possibilities are illustrated using the phase-field method. Similar to the 
unidirectional case, the volume fraction is kept constant, resulting in volume redistribution during the simulation. 
To consider more complex loading scenarios, shear loading is prescribed in addition to uni-axial strain. As in previ-
ous simulations, the simulation is terminated once the topology changes. Three different combinations of loading 
cases are considered applying the macroscopic strain � = 0.01 in different directions according to

The respective shape-optimized structures corresponding to the load cases depicted in Formula 15 are shown in Fig. 8.
Similarly to the one-dimensional loading case, the topology is not disrupted during the shape optimization 

process under multidirectional loading. Fig. 9 illustrates the volume redistribution for the three considered cases 
along the x-direction.

The initial volume fraction distribution of the structure is included in the diagram as reference data (solid black 
line). The diagram reveals that the volume is redistributed differently depending on the loading case, resulting 

(15)

�̄case1 =

⎡
⎢⎢⎣

0 − 𝜀 0

−𝜀 − 𝜀 0

0 0 − 𝜀

⎤
⎥⎥⎦
, �̄case2 =

⎡
⎢⎢⎣

0 − 𝜀 0

−𝜀 − 𝜀 − 𝜀

0 − 𝜀 0

⎤
⎥⎥⎦
,

�̄case3 =

⎡⎢⎢⎣

0 0 0

0 − 𝜀 − 𝜀

0 − 𝜀 0

⎤⎥⎥⎦
.

Fig. 8  Load-specific shape-
optimized, sheet-based gyroid 
structures under multidirec-
tional loading with a volume 
fraction of 0.15 [-], based on 
the load cases Case 1 to Case 
3 as presented in equation 15

Fig. 9  Volume fraction distri-
bution in the x-direction of 
the initial structure and the 
shape-optimized structures 
under multi-axial loading for 
three different cases: Case 1, 
Case 2 and Case 3
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in load-specific volume fraction profiles with locally varying volume increases or decreases along the considered 
x-direction.

While the redistribution of volume led to an increase in the stiffness of the respective structures in the corre-
sponding loading directions, the periodicity of the unit cell could simultaneously be maintained. Consequently, an 
increase in the effective modulus of elasticity is achieved in all three structures, as indicated in Table 2.

When comparing the effective modulus of the initial structures, it becomes evident that it lies within similar 
ranges for the three considered loading cases. The largest increases in the modulus of elasticity are achieved 
through optimization in loading cases 1 and 3. This is attributed to the need to terminate the simulation for case 
2 prematurely to prevent a change in the structure’s topology. While a percentage increase of the dimensionless 
effective modulus of elasticity of up to approximately 60 % (case 3) is achieved, there is a slight reduction in surface 
area of up to 2.1 %.These three examples illustrate that the phase-field method is a suitable approach for stress-
specific optimization of complex porous structures under multidirectional loading, while maintaining the volume 
and periodicity during the optimization process.

4.2  Experimental validation

The main objective of the experimental validation is to confirm, that the computed candidates are indeed structur-
ally optimized for the imposed mechanical loading treatments.

For the experimental validation, the unidirectionally shape-optimized gyroid structures are used. Herefore, the 
initial structures and the uni-dimensionally loaded, shape-optimized gyroid structures are manufactured using addi-
tive manufacturing and subsequently tested by applying mechanical loads.

Table 2  Structural and mechanical properties of the original and shape-optimized gyroid structure with a volume fraction of 0.15 [-] under 
multiaxial loading in the specified direction with a predetermined strain � and shear � of 1 %

Structure: Case 1: xy-direction; yy-direction; zz-
direction

Case 2: xy-direction; yy-direction; yz-
direction

Case 3: yy-direction; yz-direction

V∗ Surface Ē∕E
s
 (dim.less) V∗ Surface Ē∕E

s
 (dim.less) V∗ Surface Ē∕E

s
 (dim.less)

Initial 0.144 6.045 0.051 0.144 6.045 0.051 0.144 6.045 0.051
Optimized 0.144 5.915 0.081 0.144 5.975 0.073 0.144 5.936 0.081

Fig. 10  xz-plane of the initial 
(a) and optimized (b) printed 
sheet-based gyroid structure 
with a volume fraction of 
V
∗ = 0.25 [−]
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4.2.1  Manufacture of structures

The original and optimized unit cells are replicated four times in each of the three dimensions (x, y, and z- direction) 
for experimental validation, resulting in a total size of 4x4x4 cells.. The specimen size of about 50.8 mm in each spatial 
direction meets the minimum requirements of the standard presented in subsection 4.2.2.

The test specimens are manufactured using Standard Photopolymer Resin (Elegoo Inc) in white color on the Ste-
reolithography (SLA) 3D printer ELEGOO MARS 2. For slicing the structures, the software Chitubox Version 1.9.5 was 
used. Each test specimen is printed five times and subsequently tested. Figure 10 illustrates the initial and optimized 
gyroid structure with a volume fraction of 0.15 [-], serving as an exemplary case for the other test specimens.

The xz-plane of the printed test specimens is shown to illustrate the geometric changes resulting from the shape 
optimization process. Upon examining the xz-plane with the highlighted region, it becomes evident that the original 
structure exhibits regular wave-like struts with consistent thickness in the x-direction, whereas the strut thickness 
in the x-direction is reduced after the shape optimization process, as depicted in Fig. 3. This geometric alteration 
is observed in all three structures. The reason for this lies in the fact that the transverse struts in the x-direction are 
minimally stressed at these points due to the specified deformation, resulting in a reduction in volume.

Furthermore, it is noteworthy that manufacturing the optimized structures posed a challenge at times, as the walls 
of the shape-optimized gyroid structures became very thin and fragile in certain areas due to the optimization process. 
Therefore, a loss of accuracy in replicating the digital structures by 3D printing is introduced.

4.2.2  Mechanical testing condition

The experimental validation of the unidirectional shape-optimized gyroidal unit cells based on the phase-field method 
is conducted according to the ASTM D1621 standard, "Standard Test Method for Compressive Properties of Rigid Cel-
lular Plastics" [57]. Accordingly, the sizing of the samples, as well as the testing conditions and evaluations, are based on 
the standard. For conducting the compression tests, the inspekt 200 machine from Hegewald & Peschke is utilized. The 
testing is initiated with compression at a pressure of 0.03 kPa and is conducted at a testing speed of 2.95 mm/min. The 
test is terminated upon reaching approximately 13 % of the original thickness. For subsequent evaluations, the values 
are zeroed from a force load of 10 N.

4.2.3  Experimental validation of the phase‑field simulation results of shape optimization

In comparison to homogeneous materials, local stress peaks are more pronounced in porous structures leading to a 
relatively small range of linear elastic behaviour due to local plastification being established at relatively small macro-
scopic strains. This can also be seen from the stress–strain diagram in Fig. 11 of the three considered structure types. In 
the stress–strain diagram, the average measurement curves with their respective standard deviations are depicted. The 
dashed blue lines refer to the initial structures (I), while the solid green lines represent the shape-optimized (O) structures.

Fig. 11  Stress–strain curve of averaged experimental data including standard deviation for the initial and optimized gyroid structures with 
porosities of 75 % (G75), 80 % (G80), and 85 % (G85)
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From the stress–strain diagram, it is evident that the average measurement curve of the optimized structures lies 
above the course of the initial sample types. This clearly shows that the shape optimization results in increased stiffness 
within the linear elastic regime. Furthermore, also in the plastic range improvements are observed compared to the 
original structures. Therefore, improvements from the elastic optimization can also be transferred to plastic properties. 
The gyroid structure with a volume fraction of 0.25 [-] (G75) records the highest load capacity, followed by the structure 
with a porosity of volume fraction of 0.20 [-] (G80) and 0.15 [-] (G85). The greatest optimization success is clearly achieved 
with the G75 structure. This is because the largest volume redistribution occurred in the structure with a porosity of 75 %. 
From the respective force-displacement diagrams, the Young’s moduli for each individual sample are determined using 
the formula suggested in the ASTM D1621 standard. The modulus of elasticity (E) is calculated as

where W [N] is the load, H [m] the height of the undeformed sample, A [m2] , the horizontal cross-sectional area, and D [m] 
denotes the deformation. For the determination of D and W, two localized areas of the sample from the linear-elastic 
range are selected. Since the guideline does not provide specific details about the choice of points, the local area of each 
sample where the strain is 0.1% is selected. To ensure a consistent determination of the W size, the respective values at 
which the strain is 30% of the difference between the strain at 0.1% and the strain at maximum stress are considered. As 
these are porous specimens, the horizontal cross-sectional area in A, [m2] , the area of the samples is treated as if it was a 
solid material. In Table 3 the average calculated effective Young’s modulus from the experimental data Ē , as well as their 
standard deviation Ẽ  , are listed. For a better overview and comparison between the experimental and simulation data, 
the dimensionless Young’s moduli from Table 1 are dimensionalized and also listed ( ̄ESim).

When examining the average Young’s modulus, it is clear that the optimized structures all exhibit a higher Young’s 
modulus compared to their original structures. The highest variations in the calculated Young’s modulus are seen in 
the initial structures of 75 %, while its optimized counterpart with a deviation of 2.750 MPa shows a minor deviation. 

(16)E =
WH

AD
,

Table 3  Comparison of the 
effective modulus of elasticity 
from the experiments (mean: 
Ē , standard deviation: Ẽ  ) and 
simulations ( dimensionalized: 
Ē
Sim

)

G75 G80 G85

Initial Optimized Initial Optimized Initial Pptimized

Ē [MPa] 70.726 99.511 59.107 64.026 42.327 46.200

Ẽ [MPa] 11.426 2.750 3.133 6.589 3.980 2.533

Ē
Sim

[MPa] 69.395 101.974 50.672 70.995 39.773 53.427

Fig. 12  Comparison of 
simulated and experimentally 
determined elastic moduli 
from compression tests of 
the gyroid structure with a 
volume fraction of 0.25 [-]. 
The solid red bar represents 
the dimensionalised Young’s 
modulus obtained from simu-
lation, while the cross denotes 
the mean of the experimen-
tally obtained data. Whiskers 
indicate the standard devia-
tion, and outliers are marked 
by points
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On average, the effective Young’s modulus could be increased by about 40 %. For the gyroid structure with a porosity 
of 80 %, the optimization process achieved an increase of 9.8 % and the structure with the highest porosity of 85 % 
achieved the smallest increase in the effective Young’s modulus with an increase of 2.4 %. For further comparison, 
the values are illustrated in box plots in Figs. 12, 13,14. The red, thick bar symbolizes the dimensionalized Young’s 
modulus. The cross marks the mean and the round dots denote the outliers of the respective sample series. Addition-
ally, the whiskers indicate the standard deviation. When comparing the box plots between samples with different 
porosities, attention should be paid to the scaling of the y-axis.

When examining the box plots, it is noticeable that the experimental and simulation data of the gyroid structure 
with volume fraction of 0.25 [-] match the best, while the simulation data for the gyroid structures with volume frac-
tions of 0.2 [-] and 0.15 [-] do not always fall within the experimentally determined data ranges. The highest devia-
tion is observed in the samples with a volume fractions of 0.2 [-] and optimized structures with a volume fractions 
of 0.15 [-], with an average deviation of approximately 15 %. The samples with higher volume fraction (G75) show 
the smallest deviation from the simulation results, possibly due to challenging manufacturing quality caused by 
thin walls and small cell size. Nonetheless, the experimental validation confirmed that a load-specific optimization 
using the phase-field method while maintaining the periodicity of complex porous structures is successfully feasible. 
This confirmation not only opens up the possibility to optimize gyroid structures but also other complex structures. 

Fig. 13  Comparison of 
simulated and experimentally 
determined elastic moduli 
from compression tests of 
the gyroid structure with a 
volume fraction of 0.20 [-]. 
The solid red bar represents 
the dimensionalised Young’s 
modulus obtained from simu-
lation, while the cross denotes 
the mean of the experimen-
tally obtained data. Whiskers 
indicate the standard devia-
tion, and outliers are marked 
by points

Fig. 14  Comparison of 
simulated and experimentally 
determined elastic moduli 
from compression tests of 
the gyroid structure with a 
volume fraction of 0.15 [-]. 
The solid red bar represents 
the dimensionalised Young’s 
modulus obtained from simu-
lation, while the cross denotes 
the mean of the experimen-
tally obtained data. Whiskers 
indicate the standard devia-
tion, and outliers are marked 
by points
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Thanks to the successful maintenance of periodicity in all spatial directions during the optimization process, there 
is the option to optimize unit cells and then multiply them accordingly in the respective directions. This opens up 
a multitude of design possibilities for various industrial applications where stability and low weight are important.

5  Summary and outlook

Under the constraints of constant volume fraction and preserving periodicity of the structure, a modified phase-field 
method for the shape optimization process is applied to computationally determine shape optimized complex porous 
structures. During the shape optimization process, volume redistribution occurs by shifting the interface. In contrast 
to the conventional phase-field method, where the goal is to minimize energy, the objective is to maximize energy to 
achieve higher stiffness. It is demonstrated that shape optimization of complex porous structures while maintaining 
characteristic properties such as periodicity is feasible using a modified phase-field equation under both unidirectional 
and multidirectional loading conditions. For unidirectional loading, three gyroidal unit cells with volume fractions of 
0.25 [-], 0.2 [-], and 0.15 [-] are shape optimized by increasing the strain energy to enhance stiffness while prescribing 
a macroscopic strain. It is observed that the effective modulus of elasticity increased for all three structures, while the 
surface area slightly decreased for structures with volume fractions of 0.2 [-] and 0.15 [-]. The surface area increased 
minimally for the 75 % porosity. The highest increase is achieved for the gyroid structure with a volume fraction of 
0.25 [-], attributed to the greatest volume redistribution due to the lower porosity. In addition to unidirectional loading, 
various loading scenarios are examined in the multidirectional case, with the gyroidal unit cell with a volume fraction of 
0.15 [-] subjected to both shear and compressive loading. Similar to the unidirectional case, an increase in the modulus 
of elasticity is achieved, while the surface area is reduced by approximately 2 %. After demonstrating the feasibility of 
load-specific phase-field-based shape optimization simulations, the unidirectionally loaded shape-optimized structures 
are experimentally validated. Experimental validation followed the ASTM D1621 standard. The evaluation of the test 
specimens shows that, on average, the shape-optimized structures exhibit higher stiffness in the respective loading 
directions. The optimization of the structures influence both the linear elastic and plastic range. As evident from the 
simulations, the optimized gyroid structure with a volume fraction of 0.25 [-] achieves an average increase in the effec-
tive modulus of elasticity of 40 %.

Overall, the load-specific shape optimization based on the phase-field approach offers promising prospects for various 
applications across different industries. By preserving key structural characteristics such as periodicity throughout the 
optimization process, complex structures can be tailored to specific loading scenarios. This capability holds immense 
potential for developing efficient and customized solutions in fields such as medical engineering.

A comprehensive analysis of phase-field-based topological optimization appears as a promising avenue to further 
leverage the capabilities of this method. By strategically altering the topology and subsequently optimizing the shape, 
there is the possibility to create new, innovative structures for application-specific loading conditions.
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Details on the discretisation

Subsequently, details of the discretisation schemes employed in this work are given. The spatial discretization is based 
on an equidistant Cartesian grid. The subscripts i, j, k are used to index the grid cells, while the superscript n indicates 
the time step.

Phase‑field evolution

Subsequently, the phase variable of the solid phase is abbreviated using � ∶= �s and it is saved on the cell centers of the 
grid. For the phase-field evolution, the a first order explicit integration is employed yielding

with the time step width Δt and the incremental function Ψ which depends only on the phase-field and displacement 
field of the current time step n. it consists of the right hand side of equation (14) at time tn = nΔt and thus is given as

The increment function is discretized in space. While most terms therein are straight forward, the discretization of the 
curvature corrected Laplace term is subsequently discussed. Thereby, the identity

is exploited, which holds due to n = ∇�∕‖∇�‖ . The discretization of ∇(‖∇�‖) ⋅ n at cell center location requires the cor-
responding gradient, which is approximated using the central difference scheme

The other factor, which needs to be discretized is ∇g with g ∶= ‖∇�‖ . This is calculated with central differences using 
the values of g at the cell faces and thus

The discretisation scheme to obtain these face center values is exemplarily given for gn
i+1∕2,j,k

 , which is calculated using 
the norm of

For the transversal components, this is corresponds to the linear interpolation of a central difference with respect to the 
cell centers of both cells adjacent to the face. The other values are obtained by a similar scheme.

Mechanical equilibrium

The stationary momentum balance ∇ ⋅ � = 0 is solved every time step n (cf. Fig. 2) using a linear finite element discretiza-
tion. The displacement field serves as solution variable and is stored at the grid nodes, while stress and strain are stored 
at the cell centers. A reduced integration is used and thus the effective stiffness for integration over an element can be 
directly obtained by �i,j,kℂ using the cell center values of �.
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