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Abstract

Compressible flows through particulate-flow systems are observed in many natural
phenomena including volcanic eruptions, meteorite entry, and dust storms. In addi-
tion, they find relevance in industrial applications including flow through fluidized
beds and in cold gas spray processes. In flows exhibiting significant compressibility
effects, flow features like the presence of shock waves are typically observed, which
are absent in incompressible flows. This can lead to complex flow mechanisms includ-
ing shock-shock and shock-wake interactions in fluid-particle systems. The dispersed
phase, in addition can experience increased drag forces through compressible flow
mechanisms. Although, understanding of compressibility effects in such flow-systems
in the past two decades has seen significant progress through experiments and nu-
merical approaches, much remains to be answered, especially regarding the nature of
heat transfer in particle clouds, and the flow dynamics in the wake of a finite-sized
fixed particle array at a Reynolds number of 𝓞(100). Through the work presented
in the thesis, such topic are explored and an attempt is made to progress the under-
standing of compressible particle-laden flows by performing particle-resolved Direct
Numerical Simulations using a diffuse-interface immersed boundary procedure. Al-
though, the current work is limited to fixed-particle arrangements, the introduced im-
mersed boundary procedure can be extended to a computationally efficient numerical
approach for studying flow near mobile particles in future.

In the thesis, first the numerical framework and the methodology was discussed.
Following which, single and two-phase validations were performed at a range of
Reynolds and Mach numbers. The two-phase validations with the available experi-
mental or boundary-fitted reference data showed that the current immersed boundary
approach performed well near the incompressibility limit, while also capturing the
particle forces, heat transfer, and the wake regimes effectively for a range of Reynolds
numbers and Mach numbers. A good agreement was also obtained for the drag
forces and the variance of force fluctuations for flow through a homogeneous particle
distribution, when comparing to the boundary-conforming data of Osnes et al. (2023).
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Abstract

Direct Numerical Simulations of shock-wave interacting with a fixed particle curtain
with constant surface temperatures were performed for different shock-wave Mach
numbers. The dynamics during the initial transient and in the established late-time
flow-state were studied in detail. In addition, the local flow near the particles in-
side the curtain were studied using particle-conditioned averaging inside uniformly
spaced slabs in the inhomogeneous direction. For the case with the lowest post shock
Mach number, the late-time state was essentially incompressible, and the recirculation
lengths were observed to peak near the downstream edge of the curtain. However,
for the case with a supersonic post-shock Mach number, a decrease in the recircula-
tion length was observed in the region. The particle-conditioned temperature fields
showed strong temperature gradients near the particle surfaces, which were observed
to be higher near the upstream stagnation point. The flow near the locality of particles
may vary significantly in the streamwise direction. Hence, particle-conditioned aver-
aging can be useful for studying streamwise variation of local-to-particle flow fields
in similar non-homogeneous setups.

For the case with the highest post shockMach number, alternating oblique wave struc-
tures were observed similar to shock cells in under-expanded jets. The signature of the
shock cells were also seen in the profiles of mean flow, pseudo-turbulent kinetic en-
ergy, and the turbulent Reynolds number. The analysis of the curtain wake for the
case also showed a strong correlation for cross-transverse velocity fluctuations due to
these structures.

The drag coefficients showed a peak for the particles located near the downstream edge
of the curtain in the two cases, for which the flow choked in the region. This feature
was not observed for the case in which the post-shock conditions were essentially
incompressible. In addition, the Nusselt number in general showed a decrease along
the curtain for the two highest post shock Mach number cases.

The existing quasi-steady drag models by Osnes et al. (2023) for homogeneous parti-
cle distributions were compared with the current DNS result and their efficacy for
inhomogeneous particle distribution used in the current work was tested. A one-
dimensional model by Ling et al. (2012) was tested and compared with the current
DNS results. The model could capture the general flow features at late times observed
in the current DNS. Future efforts for numerical studies of compressible flow through
particle clouds can benefit by performing preliminary tests with the model before set-
ting up large scale simulations
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Zusammenfassung

Partikel-beladene, kompressible Strömungen treten bei einer Vielzahl natürlicher
Ereignisse wie Vulkanausbrüchen, Meteoriteneinschlägen oder Sandstürmen auf. Zu-
dem sind Strömungen dieser Art von hoher Relevanz für industrielle Anwendungen
wie beispielsweise Fließbettfilter sowie im Prozess des Kaltgasspritzens. Strömungen
mit ausgeprägten Kompressibilitätseffekten weisen oftmals bestimmte Phänomene
wie Schockwellen auf, die in inkompressiblen Strömungen nicht auftreten. Letztere
können in Partikel-beladenen Strömungen zu komplexen Vorgängen wie der Inter-
aktion mehrerer Schockwellen oder der Überlagerung der Schockwellen mit den
Nachlaufzonen einzelner Partikel führen. Zusätzlich kann die partikuläre Phase durch
die Kompressibilitätseffekte eine erhöhte Widerstandskraft erfahren. Obgleich die
Auswirkungen solcher Kompressibilitätseffekte Dank intensiver Forschungsbemü-
hungen in den vergangenen zwanzig Jahren nun deutlich verstanden werden, bleiben
viele Fragen weiterhin ungeklärt. Dies gilt insbesondere für den Wärmetransport
in Partikelwolken oder die Strömungsvorgänge in der Nachlaufzone derselben für
Reynoldszahlen der Größenordnung 𝓞(100). In der vorliegenden Arbeit werden
diese Themen eingehend untersucht mit dem Ziel, zu einem besseren Verständnis
der physikalischen Prozesse in Partikel-beladenen, kompressiblen Strömungen bei-
zutragen. Hierzu wurden partikelaufgelöste direkte numerische Simulationen (DNS)
durchgeführt, in denen eine die Partikeldynamik mit Hilfe einer “diffuse-interface
immersed boundary method” einbezogen wird. Auch wenn sich die vorliegende
Arbeit ausschließlich auf Strömungen um unbewegliche Partikel fokussiert, kann die
vorgestellt Methode in Zukunft so erweitert werden, dass sie dann auch eine effiziente
Berechnung für Strömungen mit frei beweglichen Partikeln ermöglicht.

In der vorliegenden Arbeit wird die numerische Methodik zunächst vorgestellt und
ihre Wirksamkeit anhand mehrerer ein- und zweiphasiger Validierungsfälle für ver-
schiedene Reynolds- und Machzahlen unter Beweis gestellt. Ein Vergleich der Simu-
lationsergebnisse für die zweiphasigen Testfälle mit Daten aus Experimenten und Si-
mulationen (mit an die Körperform angepassten Simulationsgittern) unterstreicht die
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Zusammenfassung

Präzision der Simulationen: Für eine Reihe von Reynolds- und Machzahlen vom na-
hezu inkompressiblen Fall bis zu Strömungen mit deutlichen Kompressibilitätseffek-
ten liefert die Methode gute Ergebnisse für verschiedene Referenzgrößen (die auf die
Partikel wirkenden Kräfte, den Wärmeaustausch sowie die Abbeckung der verschie-
denen Regime der Nachlaufzone). Im konkreten Fall einer Strömung durch eineWolke
gleichmäßig-verteiler, unbeweglicher Partikel zeigt sich eine gute Übereinstimmung
mit den Simulationen von Osnes et al. (2023), in denen die Partikelkräfte und deren
Varianz mit an die Körperform angepassten Simulationsgittern bestimmt wurden.

Im Anschluss wurde eine Reihe direkter mumerischer Simulationen durchgeführt,
welche die Interaktion von Schockwellen mit einer unbeweglichen Partikelwolke für
verschiedene Schock-Machzahlen und konstante Oberflächentemperaturen simuliert.
Die Analyse der Simulationsergebnisse geht sowohl auf die Strömungsdynamik in der
Anfangsphase als auch auf deren Langzeit-Entwicklung im Detail ein. Des Weiteren
wurde die lokale Umströmung der einzelnen Partikel innerhalb der Partikelwolke
mit Hilfe von Partikel-konditionierter Mittelung untersucht, wobei das Feld in der
inhomogenen Raumrichtung gleichmäßig in einzelne Zellen unterteilt wurde. In der
Simulation mit der geringsten Machzahl (gemessen nach Passieren der Schockwelle)
ist der Langzeitzustand der Strömung annähernd inkompressibel und die Länge der
Rezirkulationszonen ist am unterstromigen Ende der Partikelwolke am größten. In
Fällen, in denen die Machzahl auch nach Passieren der Schockwelle supersonisch
bleibt, wird stattdessen eine Abnahme der Länge der Rezirkulationszonen in dieser
Region beobachtet. Die mittleren, partikelkonditionierten Temperaturfelder weisen
starke Temperaturgradienten nahe der Partikeloberflächen auf, wobei diese am ober-
stromigen Stagnationspunkt am deutlichsten ausgeprägt sind. Hierbei kann die lokale
Umströmung der Partikel stark entlang der Hauptströmungsrichtung variieren. Daher
ist die Analyse basierend auf mittleren, partikelkonditionierten Feldern sehr hilfreich,
um die Veränderung der lokalen Strömungsbedingungen in Partikelnähe in Haupt-
strömungsrichtung in vergleichbaren, inhomogenen Strömungen zu quantifizieren.

Für den Fall mit der höchsten Machzahl wird die Nachlaufzone der Partikelwolke zu-
nehmend von einer Reihe wellenartiger Strukturen dominiert, die geneigt zur Haupt-
strömungsrichtung verlaufen und abwechselnd von hoher oder niedriger Intensität
geprägt sind. In dieser Hinsicht gleichen diese Schockzellen unterexpandierten Strahl-
strömungen (“underexpanded jets”). Die Signatur der beobachteten Schockzellen ist
auch in den Profilen der mittleren Geschwindigkeit, der pseudo-turbulenten kineti-
schen Energie sowie der turbulenten Reynoldszahl zu erkennen. Außerdem zeigt sich
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ihre Dominanz in der Nachlaufzone der Partikelwolke in Form einer starken räumli-
chen Korrelation der Geschwindigkeitskomponenten quer zur Hauptströmungsrich-
tung.

In den beiden Fällen, in denen sich die Strömung zwischen den Partikeln verlangsamt,
ist der Widerstandskoeffizient am unterstromigen Ende der Partikelwolke am höchs-
ten. Im Fall mit der geringsten Machzahl, in welchem die Strömung nach Passieren
der Schockwelle quasi inkompressibel ist, ist dieser Effekt dagegen nicht zu beobach-
ten. Ebenfalls nur für die beiden Fällen mit höherer Machzahl wird beobachtet, dass
die Nusseltzahl entlang der Hauptströmungsrichtung bei Durchströmung der Parti-
kelwolke sukzessive abnimmt.

Schließlich wurde das quasi-statische Modell von Osnes et al. (2023) zur Abschätzung
des Widerstandskoeffizienten für die Durchströmung einer Partikelwolke mit gleich-
mäßiger Partikelverteilung mit den DNS-Ergebnissen verglichen sowie dessen An-
wendbarkeit unter den hier analysierten, inhomogenen Bedingungen untersucht. In
diesem Zusammenhang wurde alternativ auch ein eindimensionales Modell von Ling
et al. (2012) getestet und dessen Vorhersage mit den DNS-Ergebnissen verglichen. In
der Tat war dieses Modell in der Lage, die Langzeitentwicklung der allgemeinen Strö-
mungscharakteristika abzubilden. Modelle dieser Art könnten daher für zukünftige
numerische Untersuchungen von kompressiblen Strömungen durch Partikelwolken
von großemVorteil sein, da sie eine erste Abschätzung der zu erwartenden Strömungs-
bedingungen bereits vor Durchführung aufwendigerer Simulationen erlauben.
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Acronyms

DNS Direct Numerical Simulations
LES Large Eddy Simulations
KIT Karlsruhe Institute for Technology
LODI Locally One-Dimensional Inviscid
ODE Ordinary Differential Equation
PDE Partial Differential Equation
WENO Weighted Essentially Non Oscillatory
TENO Targeted Essentially Non Oscillatory
PTKE Pseudo Turbulent Kinetic Energy
PR-DNS Particle resolved Direct Numerical Simulations

Mathematical operators and symbols

∇ Nabla operator, ∇ = (𝜕𝑥, 𝜕𝑦,𝜕𝑧)T
d
d𝑡

Total derivative

Greek symbols
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𝜌 Density of fluid
𝜏 Total stress tensor
𝜇 First coefficient of viscosity
𝜇𝑏 Coefficient of bulk viscosity
𝛾 Ratio of the heat capacities 𝐶𝑝/𝐶𝑣
𝜅 Thermal conductivity of the fluid
𝜆𝑚𝑎𝑥 Largest eigenvalue of the Jacobian matrix
𝛿ℎ Discrete delta function
Λ Compressibility of the medium
𝑝.𝑑.𝑓 probability density function
𝑗.𝑝.𝑑.𝑓 joint probability density function
𝜆𝑥, 𝜆𝑦, 𝜆𝑧 Wavelengths along 𝑥, 𝑦, and 𝑧

Latin symbols

𝓥(𝑡) Arbitrary material volume whose surface moves with
the local fluid velocity

𝓐(𝑡) Surface of the material volume𝓥
𝓣(𝑥, 𝑦, 𝑧, 𝑡) A tensor which varies smoothly in𝓥
𝑥𝑖,𝑗,𝑘 Eulerian grid
𝐗(𝑚)
𝑙 Lagrangian force point locations

𝐮(𝑥, 𝑦, 𝑧, 𝑡) The local velocity vector
𝐔 Vector of conservative variables
𝐐 Vector of source terms
𝐅(𝑥), 𝐅(𝑦), 𝐅(𝑧) Vectors of fluxes
𝓕(𝑥),𝓕(𝑦),𝓕(𝑧) Numerical flux vectors
𝐊,𝐊−1 Right and left eigenvector matrices
𝑓𝑖 body force per unit mass along direction 𝑖
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Notation

𝑑𝑖𝑗 Strain rate tensor given by 𝑑𝑖𝑗 = 1
2
( 𝜕𝑢𝑖
𝜕𝑥𝑗

+ 𝜕𝑢𝑗
𝜕𝑥𝑖

)
𝐶𝑝, 𝐶𝑣 Specific heats at constant pressure and volume
𝑢, 𝑣, 𝑤 Velocity components
𝑐 Speed of sound
𝑝 Local thermodynamic pressure
𝑒 internal energy per unit mass
𝑇 Local temperature of the fluid
𝐸 Total energy per unit volume
𝑞𝑖 Heat flux density along the direction 𝑖
𝒽 Heat transfer coefficient
𝐶𝑑, 𝐶𝑙 Drag and Lift coefficients
𝑅𝑒 Reynolds number
𝑃𝑟 Prandtl number
𝑁𝑢 Nusselt number
𝐾𝑛 Knudsen number
𝑀𝑎 Mach number
𝑀𝑎𝑡 Turbulent Mach number
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1 Introduction

Fluid flows exhibiting substantial changes in density are observed in many
naturally occurring events around us. Frommeteorites entering the earth’s at-
mosphere (Silber et al. 2018), explosions of dusty matter (Johnston et al. 2016),
and flows around high-speed particulate debris from volcanic eruptions (Cho-
jnicki et al. 2006, Wohletz et al. 1984), many examples can be found in nature
where the medium’s compressibility is non-negligible. Gases, in general, ex-
hibit much higher compressibility than liquids under similar conditions (about
five orders of magnitude for air compared to water at one atm). Consequently,
moderate to large pressure gradients can lead to significant density variation
in gases. Owing to this property of gases, many interesting flow features like
shock waves, expansion waves, and contact discontinuities can be observed
in high-speed gas flows. Hence, in everyday practice, the study of gas dynam-
ics is synonymous with the field of compressible flows. However, one must
remember that, given sufficiently high-pressure gradients in the flow, even
liquids can exhibit perceptible compressibility effects.

The earliest advances in compressible high-speed aerodynamics were made
by Ernst Mach by distinguishing subsonic and supersonic flow behavior. His
seminal work in the late 1800s laid the foundation for supersonic aerodynam-
ics for the following decades. One of the earliest photographs of a bow shock
in front of an airborne ballistic projectile traveling at a supersonic speed was
captured by Mach and Salcher (Mach and Salcher 1887). Figure 1.1 shows one
of the earliest Schlieren images of a bow shock upstream of a brass bullet in
supersonic conditions taken by Ernst Mach in 1888.

Since then, significant advances have been made in the field of high-speed
compressible flows, making its way into modern-day applications like cold
gas spray process (Yin et al. 2016), syringe-free drug delivery systems (Kendall
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2002, Liu and Kendall 2006), turbofans, and high-speed airplanes. In a cold
gas spray process, metallic particles are accelerated to transonic velocities
by feeding them into a supersonic flow. The high-speed metallic particles
undergo plastic deformation and bonding with the substrate upon collision.
Such a coatingmethod experiences less thermal stress compared to traditional
coating processes. Applications of syringe-free drug delivery systems involve
accelerating pharmaceutical drugs in a shock tube for needle-less injection of
drugs into the human skin.

Figure 1.1: Schlieren photograph of shock waves in a supersonic flow by Ernst Mach in 1888,
Prague near a 5 mm brass bullet. A standing bow shock upstream and a recovery
shock downstream of the bullet can be seen. Taken from Wikimedia (2022)

The field of compressible flows is vast and exciting. Although significant
progress has been made in high-speed single-phase aerodynamics over the
last century, much remains to be explored, especially in the field of high-speed
multiphase flows and induced pseudo-turbulence. The present work attempts
to answer some of these knowledge gaps in compressible particulate flows
using three-dimensional Direct Numerical Simulations (DNS) of flow around
fully resolved spherical particles.
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1.1 Motivation

1.1 Motivation

Mach numbers of 𝓞(1) and Reynolds numbers of 𝓞(100) for air at normal
temperatures represent compressible flows around particles with a diameter
of the order of 10 microns. In nature, such flows are common in shock-wave
particulate flow interactions during explosions of dusty matter (Houim and
Oran 2015, Johnston et al. 2016), volcanic eruptions (Wohletz et al. 1984, Cho-
jnicki et al. 2006), meteorite impacts (Silber et al. 2018), and lightning dis-
charge (Jones et al. 1968). However, experiments for flow over particles of
the mentioned sizes are difficult to perform and analyze carefully. Particle-
resolved numerical simulations for compressible flows can help in studying
compressible-particulate flows at low Reynolds numbers and Mach numbers
of the order of unity.

Shock-wave interaction with isolated spherical particles and a curtain of par-
ticles of finite width have been studied extensively using particle-resolved and
boundary-conforming numerical approaches in the last decade (Mehta et al.
2016b, Mehta et al. 2019, Osnes et al. 2019, Osnes et al. 2020, Khalloufi and
Capecelatro 2023, Osnes et al. 2023). To the extent of the author’s knowledge,
no literature currently discusses the nature of fluid-solid heat exchange in de-
tail inside the curtain through their particle-resolved numerical simulations.
Although significant efforts have been made in the past decade to study flow
with compressibility effects inside a finite-sized particle array, much remains
to be explored. For example, the literature on the inter-phase heat transfer in-
side the curtain for a given thermal boundary condition is limited. Also, most
of the previous works available at present for shock wave particle-curtain in-
teraction focus on the transient flow as the incident shock wave sweeps the
particle curtain. Previous studies have not fully explored the nature of the
wake behind the particle curtain, the effect of the curtain width on the flow
features, and the localized flow near the particles inside the curtain. The cur-
rent work is motivated by the following objectives:
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• To validate the developed compressible flow solver for single and mul-
tiple phases and establish its robustness for flows near the incompress-
ibility limit. Since the immersed boundary procedure does not need
continuous re-meshing at every timestep, the current flow solver can
be extended to computationally efficient DNS of mobile particles.

• To performDNS of shockwave interactingwith a fixed particle curtain
in a range of shock Mach numbers and study the flow in the transient
and late times, both inside the curtain and in the wake of the curtain.

• To evaluate the Nusselt numbers for compressible flow through par-
ticle arrays of finite width. To compare its quasi-steady variation in-
side the curtains for a range of shock Mach numbers through particle-
resolved DNS of shock-wave interaction with a finite-width particle
curtain.

• To compare existing modeling efforts with the current DNS results in
the context of flow through a fixed particle curtain.

1.2 Outline of the thesis

The thesis is organized as follows: In chapter 2, some historical remarks
are provided, and the state of research in compressible single-phase and
multi-phase flows involving spherical particles is discussed. The governing
equations of the fluid phase are provided in chapter 3. In the subsequent
chapter 4, the numerical schemes for advection, diffusion, and time in-
tegration are provided. In addition, a brief discussion of the characteristic
inflow-outflow boundary conditions used in the present work and the diffuse-
interface immersed boundary method in the context of compressible flows is
discussed. In chapter 5, validation tests using Euler’s equations or the com-
plete Navier-Stokes equations are performed for compressible single-phase
and multi-phase flows. Direct Numerical Simulations for shock interaction
with an array of fixed particles of finite width at semi-dilute volume fractions
are performed at different Mach numbers in chapter 6. The effect of the
length of the curtain width and the volume fraction is analyzed, and the
drag and heat transfer coefficients are computed. In addition, the local flow
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around the particles is studied using particle-conditioned averaging. Finally,
summary of the findings, concluding remarks, and outlook into future work
are provided in chapter 7.
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The fundamental theories of fluid statics and hydrodynamics were estab-
lished through seminal works of intellectuals over the centuries. One of the
earliest significant contributions to hydromechanics was Archimedes’s study
of floating bodies (285-212 BC). It led to the concept of buoyancy, which
is used in modern day applications to evaluate drag on submerged bodies.
Leonardo da Vinci’s observations in the 15𝑡ℎ century on chaotic motion
and the range of scales in air and water laid the foundation for modern-day
turbulence. Over the past centuries, significant contributions were made by
eminent academics like Sir Issac Newton, Daniel Bernoulli, Leonhard Euler,
Jean d’Alembert, Joseph-Louis Lagrange, Pierre-Simon Laplace, Osborne
Reynolds, Lord Rayleigh, Claude-Louis Navier, George Gabriel Stokes, and
Ludwig Prandtl to the theoretical foundation of fluid mechanics.

The interest in compressible flow research grew from humanity’s curiosity in
aviation and ballistics. However, the applications have expanded to a range
of modern-day applications. Starting with some basic definitions, the follow-
ing sections summarize a brief overview of the past research in the field of
compressible flows.

2.1 Compressible single phase flows

2.1.1 Definitions of compressibility and flow regimes

Before the early twentieth century, almost all practical engineering fluid flow
problems involved the flow of low-speed gases or liquids. Hence, the incom-
pressible flow theory could be used extensively to approach such problems.
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Nevertheless, with the increasing importance of high-speed aviation and the
invention of gas and steam turbines, it was obvious that the constant den-
sity assumption could not predict the presence of physical phenomena like
shock waves in high-velocity gas flows. These shock waves arose from the
finite acoustic speeds in a compressible medium, highlighting the limitations
of incompressible theory in predicting high-speed physical flow phenomena.
Following the classical textbook of Anderson (2003), a brief description of dif-
ferent compressible flow regimes is presented.

Compressibility (Λ) is a property of the medium defined as the fractional
change of density per unit change in pressure and is defined in eq. (2.1). If the
medium is compressed while keeping the temperature constant, the property
is called isothermal compressibility (Λ𝑇). Meanwhile, if compression takes
place adiabatically in the absence of any dissipative mechanisms, it is termed
isentropic compressibility (Λ𝑠).

Λ = 1
𝜌
d𝜌
d𝑝 (2.1)

Generally, the compressibility of gases is about four to five orders of mag-
nitude higher than that of liquids at standard pressure. Higher flow veloc-
ities are associated with large pressure gradients. Hence, fluids with lower
compressibilities can achieve high velocities without significant density vari-
ations for a given pressure change. Such fluid flow problems are considered
incompressible. Conversely, gases can achieve substantial density changes
under a similar influence of pressure and are classified as compressible flows.
Typically, the density variations in incompressible flows are smaller than 5%.
For ideal gases, fluid velocities less than 0.3 times the acoustic velocity in the
medium are generally assumed incompressible.

𝑀𝑎 = | 𝑢 |
𝑐 (2.2)

The ratio of fluid and acoustic velocities is termed as Mach number (𝑀𝑎) and
is defined in eq. (2.2). Four different flow regimes can be defined based on the
local Mach number of the flow. If the local Mach number of the flow is less

7



2 Literature Review

than unity everywhere, the flow is defined as a subsonic flow. In such flows,
the flow velocity is less than the acoustic velocity everywhere and consists
of smoothly varying properties. Meanwhile, if the local flow velocity exceeds
the local speed of sound everywhere in the region of interest, it is consid-
ered a supersonic flow. A supersonic flow is characterized by shock waves
across which there is an instantaneous change of properties. At very high
Mach numbers, the shock wave strengths are so high, that there is an almost
explosive change of flow properties across it. The standing shocks in such
cases lie much closer to the existing solid obstacles, and the region between
the shock and the solid boundary (shock layer) may become very hot. Conse-
quently, features like chemical reactions and ionization inside the shock-layer
may become important. Such flows at very high Mach numbers are classified
into hypersonic flows. There, is no general criteria on the Mach number to
separate hypersonic flows from supersonic flows. However, the general class
of problems with very thin shock-layers, where the thermal effects become
important are termed as hypersonic flow problems. Sometimes, expansion
near solid boundaries can lead to a mixed flow, where the fluid velocity can
locally exceed the acoustic velocity. Such a flowwith mixed pockets of locally
subsonic and supersonic flows is known as a transonic flow.

2.1.2 One-dimensional conservation equations and
normal shock relations

1 2

Figure 2.1: Variation of flow properties across the rectangular control volume from state 1 to
state 2 for an inviscid flow.
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Control volume analysis under steady-state conditions can simplify the gov-
erning equations for a one-dimensional inviscid flow. The equations are taken
from Anderson (2003) and repeated here for completeness. Assuming that the
flow properties like density (𝜌), velocity (𝑢), pressure (𝑝), and specific inter-
nal energy (𝑒) vary from “state 1” to “state 2” as the fluid flows through the
control volume boundaries, the eq. (2.3) can be obtained.

𝜌1𝑢1 = 𝜌2𝑢2
𝑝1 + 𝜌1𝑢21 = 𝑝2 + 𝜌2𝑢22

ℎ1 +
𝑢21
2 + 𝑞 = ℎ2 +

𝑢22
2 (2.3)

In eq. (2.3), 𝑞 is the heat added per unit mass to the control volume, and ℎ is the
specific enthalpy given by ℎ = 𝑒 + 𝑝/𝜌. Shock waves can physically appear
as thin fluid layers in supersonic flows, through which flow quantities vary
rapidly. Mathematically, a discontinuous flow assumption is usually adopted
to represent changes in flow properties across the shock wave. In nature,
shock waves can exist in different shapes influenced by the geometry and flow
conditions. For example, detached bow shocks can be observed upstream of a
blunt body, spherical shocks can emerge from the explosion of point sources,
and conical shock waves can form upstream of pointed solid geometries in
supersonic flows. The current section considers the simplest case of planar
shock waves, for which normal shock relations can be obtained by applying
Rankine-Hugoniot conditions (Rankine 1870, Hugoniot 1887).

Let 𝐿 and 𝑅 represent the left and right states for a planar shock wave trav-
eling with a shock speed 𝑆 to the right as shown in fig. 2.2. Then the shock
Mach number (𝑀𝑠) is defined as𝑀𝑠 = 𝑆/𝑎𝑅 , where 𝑎𝑅 is the acoustic velocity
based on the right state. Assuming that no heat is added as the fluid traverses
across the shock wave, the equations relating the pressure, density, and inter-
nal energy between the left (post-shock conditions) and the right (pre-shock
conditions) states are taken from Toro (2013) and shown in eq. (2.4).
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Figure 2.2: Representation of the flow states to the left and right of normal shock wave traveling
to the right with a shock speed 𝑆. 𝑀𝐿 = 𝑢𝐿/𝑎𝐿 and 𝑀𝑅 = 𝑢𝑅/𝑎𝑅 represent the
Mach number of the left and right states, where the corresponding acoustic velocities
are 𝑎𝐿 and 𝑎𝑅.

𝜌𝐿
𝜌𝑅

= (𝛾 + 1)(𝑀𝑅 −𝑀𝑆)2
(𝛾 − 1)(𝑀𝑅 −𝑀𝑆)2 + 2

𝑝𝐿
𝑝𝑅

= 2𝛾(𝑀𝑅 −𝑀𝑆)2 − (𝛾 − 1)
𝛾 + 1

𝑒𝐿
𝑒𝑅

= (𝑝𝐿𝑝𝑅
) (𝜌𝑅𝜌𝐿

) (2.4)

The shock speed 𝑆 is a function of the pressure ratio across the shock wave
and is given by eq. (2.5)

𝑆 = 𝑢𝑅 + 𝑎𝑅√
(𝛾 + 1
2𝛾 ) (𝑝𝐿𝑝𝑅

) + (𝛾 − 1
2𝛾 ) (2.5)

The velocity (𝑢𝐿) and the Mach number (𝑀𝐿) to the left of the shock wave
can be found as in eq. (2.6).

𝑢𝐿 = (1 − 𝜌𝑅
𝜌𝐿
) 𝑆 + 𝑢𝑅𝜌𝑅

𝜌𝐿
𝑀𝐿 = 𝑢𝐿

𝑎𝐿
(2.6)

In eq. (2.6) and eq. (2.5), 𝑎𝐿 and 𝑎𝑅 represent the speed of sound for the left
and right states respectively.
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Figure 2.3: Ratio of flow quantities between left and right states for a right traveling planar shock
wave as a function of the magnitude of relative mach number |𝑀𝑆 −𝑀𝑅|.

2.1.3 Supersonic compressible turbulent channel flow

Coleman et al. (1995) performed Direct Numerical Simulations for compress-
ible turbulent supersonic channel flows at Mach numbers of (𝑀𝑎 = 1.5, 3)
based on the bulk velocity and speed of sound near the walls, a Reynolds
number (𝑅𝑒𝑏 = 3000) based on bulk flow quantities and wall viscosity, ra-
tio specific heats (𝛾 = 1.4), and a Prandtl number (𝑃𝑟 = 0.7). In their study,
they used a power-law for the temperature-dependent dynamic viscosity. The
flow was driven by a body force such that the total mass across the channel
was conserved. They found that the flow near the walls had strong temper-
ature and density gradients. In addition, strong fluctuations were observed
in the buffer region, which were attributed to the turbulent mixing driven by
the sharp near-wall gradients. Compressibility effects were observed in the
enhanced coherence of near-wall streaks with increased Mach number.

Lechner et al. (2001) tested their pressure-velocity-entropy formulation of the
Navier-Stokes equations for supersonic turbulent channel flows at a Mach
number (𝑀𝑎 = 1.5), while keeping the other parameters the same as Cole-
man et al. (1995). They confirmed that, at their choice of Mach number, the
effects of compressibility were observable only in the near-wall region. In-
creased compressibility effects enhanced the axial component of the Reynolds
stress while suppressing the shear stress components. Foysi et al. (2004) used
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the Navier-Stokes formulation of Lechner et al. (2001) to study turbulent scal-
ing in isothermal supersonic channel flows at a range of Mach numbers and
identified the changes in the Reynolds stress components to the reduction of
near-wall pressure strain. Direct Numerical Simulations for turbulent super-
sonic channel flow between isothermal and adiabatic walls were performed
by Morinishi et al. (2004) and were used to compare the near-wall mean flow
and turbulence structures. Analysis of the flow field fluctuations, scaling with
Reynolds and Mach numbers, and transport equations of variances and fluxes
of flow quantities were performed by Gerolymos and Vallet (2014). Further
research in the field of compressible plane channel flows was performed by
Sciacovelli et al. (2017), Yu et al. (2019), Yao and Hussain (2020), and Baranwal
et al. (2023).

The choice of parameters used by Lechner et al. (2001) and Coleman et al.
(1995) were used to perform Direct Numerical Simulations for comparison in
the current work in section 5.2.4.

2.2 Flow through grids and porous media

Compressible flow through porous media of finite thickness and the turbu-
lence generated by the grids can provide an idea about the flow through a
particle array of finite thickness investigated in the current work. Zwart et al.
(1997) performed an experimental study of grid turbulence for subsonic flow
in the Mach number range of 0.15 to 0.7 and a Grid Reynolds number (𝑅𝑒𝑚)
between 𝓞(104) and 𝓞(105) using laser Doppler velocimetry. In their work,
𝑅𝑒𝑚 was based on the effective grid spacing and the mean streamwise flow
velocities. Their experiments found that the turbulence generated through
the grid was approximately homogenous and isotropic. The low subsonic
regime’s (𝑀𝑎 < 0.7) turbulent intensity was fairly constant. However, in the
high subsonic regime (0.7 < 𝑀𝑎 < 1), the presence of quasi-normal shocks
led to a jump in the measured turbulent intensity and flow unsteadiness. Un-
der supersonic conditions, however, the turbulent intensity was lower than
the high subsonic regime. The exponent for the decay rate was observed to
be much lower in the high subsonic regime compared to the low subsonic
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regime. In the low subsonic regime, the decay exponent seemed to reduce
with increasing Mach number until𝑀𝑎 = 0.3, where it achieved a minimum
and then increased afterward until 𝑀𝑎 = 0.7. The observed trend in the de-
cay exponent was attributed to the changes in the flow characteristics near
the grid with changing Mach numbers. However, the reasoning behind the
obtained minima near𝑀𝑎 = 0.3 was not specified by Zwart et al. (1997).

The effects of compressibility in a weakly compressible flow (𝑀𝑎 = 0.3 −
0.6) on grid-generated turbulence were investigated by Briassulis et al. (2001)
through experiments in a large-scale shock tube facility. The Mach number
of the flow was small enough to avoid any shock waves or shocklets, but
large enough to have finite compressibility effects. The grids used in their
experiments provided a range of turbulent Reynolds numbers (𝑅𝑒𝜆) based
on the Taylor’s micro-scale (𝜆) and the grid solidity (𝜎) up to 700. In their
experiments, as the incident shock wave generated in the shock tube inter-
acted with the grid, a reflected shock wave originated and traveled upstream
in the opposite direction. It was observed that the reflected shock wave re-
duced the velocity and increased the temperature of the incoming flow by
small amounts. In addition, it was observed that the strength of the reflected
shock wave increased with higher values of projected solid area per unit to-
tal area of the grid. Long after the incident shock wave had passed through
the grid, a nearly homogenous and isotropic flow was observed behind the
grid, generated by the modified incoming flow. In addition, the decay of the
Mach number fluctuations behind the grid followed a power law similar to the
decay of incompressible isotropic turbulence, where the exponent depended
on the flow Mach number as well as the Mesh Reynolds number. However,
the growth rate of the shear layers behind the grid was reduced due to com-
pressibility effects.

One of the earliest works in flow through porous media was from Muskat
(1934), who used the generalized Darcy’s law to obtain simplified partial dif-
ferential equations for compressible liquids and gases. Later, Emanuel and
Jones (1968) derived a one-dimensional set of equations under the assump-
tion of steady, frictionless, adiabatic flow. Contrary to incompressible flows,
where the volumetric flow rate is assumed constant across the porous media,
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they used an isentropic assumption that allowed the flow exiting the porous
media to adjust to the downstream pressure with changes in Mach number,
even when the flow was choked. Darcy’s equations were also used in a mod-
ified form that considered the compressibility effects. They summarised their
results in a plot between the upstream Mach number and the pressure ratio
across the porous plate, comparing their results to the incompressible flow
results. Using the Finite-Element method, a simplified numerical analysis of
fluid flow through a porous elastic media was performed by Ghaboussi and
Wilson (1973). Direct numerical studies of compressible flow through finite-
sized particle arrays can provide more information on the effects of compress-
ibility and porosity on the flow dynamics and can be used to improve available
simplified models.

2.3 Compressible flow with particles

The flow of compressible flow over bluff bodies and the effect of the flow
Mach number on the drag and lift forces has been extensively studied in the
last century because of its applications in the design of aircraft, projectiles,
fluidized beds, sports equipment, drug, and aerosol delivery systems to name
a few. In the current section, some of the notable research in the field of
compressible flow through particles is discussed.

2.3.1 Compressible flow over isolated particle

One of the earliest works for the evaluation of drag coefficient over a sphere
as a function of Mach number was from Naumann (1953). From their mea-
surements at high Reynolds numbers (𝑅𝑒 = 𝓞(105)), they realized that the
drag coefficient increased with the Mach number of the flow, and the depen-
dence on Reynolds numbers became less significant at higher Mach numbers.
It was suggested by Schlichting and Kestin (1961) that the reason was the
stronger influence of forces due to the pressure differential across the sphere
compared to the frictional forces.
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Kassoy et al. (1966) studied the low Reynolds number compressible flow
around a sphere with a significant temperature difference between the
particle and the freestream. They specified that the impressed temperature
difference is vital in studying viscous compressible flows in addition to the
Reynolds and Mach numbers. They derived the Drag coefficient and Nusselt
number considering the effect of the temperature difference (𝜏). Their work
predicted an increase in the Drag coefficient and a decrease in the Nusselt
number with a higher impressed temperature difference for a heated particle
when 𝜏 = 𝓞(1).

Bailey and Hiatt (1972) made experimental measurements of the drag coeffi-
cient of a sphere in a range of freestreamMach numbers (0.1 < 𝑀𝑎∞ < 6) and
(20 < 𝑅𝑒 < 105) for a temperature ratio (𝑇𝑤/𝑇∞ ≈ 1.0). Here, 𝑇𝑤 represents
the temperature on the sphere-surface and 𝑇∞ is the freestream temperature.
In addition, they summarized the results of the drag coefficient as a function
of the Temperature ratio for a freestream Mach number (𝑀𝑎∞ = 2) from ex-
isting data where (𝑇𝑤/𝑇∞ ≠ 1.0). They observed that higher Temperature
Ratios on the sphere at the chosen freestream Mach number (𝑀𝑎∞ = 2) in-
creased the drag coefficient at a fixed Reynolds number. The results for drag
coefficients in the transonic regime were further improved in a later article
(Bailey and Starr 1976).

Cebeci and Bradshaw (1977) used the triple-deck model of Lighthill and New-
man (1953) to mention that at high Mach number flows, the effect of viscosity
inside the boundary layer is only close to the surface, where the flow is viscous
and rotational. Far from the surface, the flow could be assumed irrotational
and inviscid. Chang and Lei (1996) studied the different sources of aerody-
namic forces for a steady flow around spheres and cylinders. They stated that
the freestreamMach number directly contributed to the drag of the bluff body
when it was sufficiently close to the upstream stagnation point by compres-
sion of the fluid. The drag coefficient did not increase indefinitely with the
upstream Mach number owing to the presence of the front boundary layer.

Unsteady forces on a sphere in the presence of a shockwave have been studied
through multiple experiments and particle-resolved numerical simulations.
Detailed quantitative measurements of the transient total drag coefficient on
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a sphere for a shock-particle interactionwere performed by Tanno et al. (2003)
for shock Mach number (𝑀𝑎𝑠 = 1.22) and a Reynolds number (𝑅𝑒 = 3×105).
They observed a peak in the drag coefficient shortly before the arrival of the
shock wave at the equator and a negative drag coefficient due to the shock
wave focusing near the sphere’s rear part. Sun et al. (2005) also performed
experiments and axisymmetric boundary-conforming numerical simulations
for 𝑀𝑎𝑠 = 1.22 and Reynolds number (𝑅𝑒) in the range 50 − 5 × 105. They
observed that the peak in the drag coefficient as the incident shockwave swept
the particle could be an order of magnitude higher than the steady-state value.
During this time, the effects of viscosity on the total drag were negligible, and
pressure contributions dominated the total drag. Similar transient behavior
in the drag coefficient over spheres was also observed by Skews et al. (2007).

Studies of trajectory, velocity, and acceleration for isolated mobile particles
swept by an incident shock wave have been studied by Britan et al. (1995) at
shock Mach numbers (𝑀𝑎𝑠 = 1.5 and 1.25) in a shock tube. Experiments of
shock particle interaction for mobile isolated particles by Jourdan et al. (2007)
and Wagner et al. (2012a) further confirmed that compressibility indeed in-
creased the drag coefficient on the sphere in the high subsonic regime. Wag-
ner et al. (2012a) also showed that the existing drag model by Parmar et al.
(2010) showed a good agreement with their experiments for post-shock Mach
numbers between 0.7 and 1.

More recently, boundary-conforming and particle-resolved numerical sim-
ulations for shock-particle interactions have provided a robust database for
improving existing drag and heat-transfer correlations. Mehta et al. (2016a)
performed boundary conforming inviscid simulations for shock wave inter-
acting with an isolated fixed sphere in a range of Mach numbers. Nagata et al.
(2016) performed Direct Numerical Simulations for subsonic and supersonic
flows for Mach numbers between 0.3 and 2 and Reynolds numbers between
50 and 300. An adiabatic wall boundary condition was imposed on the sur-
face of the sphere. They observed an increase in the quasi-steady drag with
Mach number. Moreover, the total drag coefficient at supersonic values was
much higher than the incompressible values at the same Reynolds number.
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The unsteady fluctuation in the wake of the particle also became weak as the
separation point moved further downstream.

In an extension of their previous study, Nagata et al. (2018) performed Direct
Numerical simulations for viscous flow around a particle in a similar range of
Reynolds and Mach numbers but with the particle temperature fixed. In their
work, they studied the effect of Reynolds number, Mach number, and the im-
posed Temperature Ratio on the wake stability, drag, and heat transfer. Their
study suggested that higher temperature ratios stabilized the wake and in-
creased the drag coefficient. The behavior of Nusselt numbers depended heav-
ily on the local flow conditions based on the imposed non-dimensional pa-
rameters and showed a more complex trend. More recently, Osnes and Vart-
dal (2022) performed particle-resolved large eddy simulations in a boundary-
fitted grid for shock-wave interacting with a fixed particle for Reynolds num-
bers between 100 to 1000 and shock Mach numbers between 1.22 and 2.51.
They concluded that the existing inviscid unsteady force models produced
significant errors in supercritical flow conditions and emphasized the need
for improvement in the models.

2.3.2 Compressible flow around multiple particles

Experimental efforts

Multiple experiments have been performed for shock-wave interaction with
a multi-particle system. For a shock wave interacting with a fixed particle
array, it was shown experimentally by Sommerfeld (1985) that the incident
shock wave attenuates as it passes through a particle array by energy and
momentum exchange with the solid phase. The attenuation was observed to
be stronger at higher particle mass loading. Later, Wagner et al. (2012b) per-
formed experiments for shock wave interaction with a dense particle array in
a shock tube at a range of shock Mach numbers. Using a high-speed Schlieren
imaging system, they visualized the transmitted and reflected shock waves
along with a spread of the curtain by shock-wave impingement. They at-
tributed the spread of the curtain to the streamwise variation of the total drag
force experienced by the particles. Theofanous et al. (2016) also performed a
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similar experiment, studied the particle clouds’ dispersal characteristics, and
provided scaling laws for the positions of the upstream and downstream front
of the particle curtain. The scaling laws were further improved using volume
fraction corrections in DeMauro et al. (2019). More recently, Daniel andWag-
ner (2022) provided a new scaling method based on force balance and exper-
imentally measured pressure differentials inside the curtain, which provided
the closest fit compared to the existing scaling laws. The mentioned exper-
iments have observed that the curtain width spread faster at higher shock
Mach numbers and lower particle-to-fluid density ratios. From the experi-
ments of Theofanous et al. (2016), it is observed that an increase in initial
curtain width reduced the rate of curtain spread. Through a pulse-burst PIV
method, jetting structures downstream of the dispersing particle curtain were
observed by DeMauro et al. (2017). These jetting structures were attributed
to the favorable pressure gradient across the curtain. They also observed un-
steadiness in the mean drag, which could be explained by the decrease in the
magnitude of the pressure gradient with time as the curtain width expanded.
Theofanous et al. (2018) in their experiments, observed the choking behavior
downstream of particle-curtain followed by flow-expansion.

Dusty-gas approaches

The attenuation of the incident shock is also predicted by dusty gas ap-
proaches Marble (1970), in which the entire mixture is considered a single
phase with modified properties. Through their approach, Miura et al. (1982)
predicted that if the particle mass loading was sufficiently high, the incident
shock wave could decay to a Mach wave and become fully dispersed. Further
studies in shock wave attenuation using this approach were performed by
Olim et al. (1990) and Aizik et al. (1995). The dusty gas approaches are closed
using models for drag and heat transfer coefficients, which can be provided by
accurate particle-resolved and boundary-conforming numerical simulations.

Numerical simulations

Inviscid numerical simulations have been performed previously to study the
effect of indirect particle-particle interactions in an assembly of spheres (Srid-
haran et al. 2015, Mehta et al. 2016a, Mehta et al. 2016b). Recently, particle
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resolved Direct Numerical Simulations (PR-DNS) for shock-particle array in-
teractions have provided deeper insight into the flow dynamics and nature
of particle forces and heat transfer. Mehta et al. (2019) performed boundary
conforming inviscid numerical simulations for shock waves at 𝑀𝑎𝑠 = 1.22,
1.66, and 3 interacting with a random array of fixed particles. The attenua-
tion of the peak drag force was observed at all shock Mach numbers along
the streamwise direction. This effect was more pronounced at higher shock
Mach numbers and higher volume fractions. A large variance in particle drag
and lift forces was also observed, which seemed to increase with solid vol-
ume fraction. Vartdal and Osnes (2018) also performed particle-resolved large
eddy simulations at different Mach numbers, Reynolds number of𝓞(103) and
solid volume fractions for a shock wave traversing a random array of par-
ticles and observed that the fluctuating kinetic energy could be as high as
two-thirds of the mean value inside the curtain. In addition, they compared
a simplified 1D model for the shock wave interacting with the particle array,
where they used the particle forces from their actual three-dimensional com-
putations. In their later work (Osnes et al. 2019), they provided a model for
Pseudo-turbulent Reynolds stresses. The Reynolds stresses were defined as
the single-point, Favre-averaged velocity fluctuation correlations and given
by 𝑅𝑖𝑗 = 𝑢″

𝑖 𝑢
″
𝑗 , where (̃⋅) represents the Favre-average evaluated in stream-

wise 𝑥-slabs of specified bin-width and 𝑢″
𝑖 and 𝑢″

𝑗 are the spatial fluctuations
of the velocity components with respect to the Favre-average. They concluded
that the Reynolds stresses computed in their viscous simulations were much
higher than the inviscid simulations, and their gradients were substantial at
the edges of the particle curtain. They also observed that the shock wave at-
tenuation and the strength of the reflected shockwave increasedwith decreas-
ing Reynolds number (Osnes et al. 2020). Initial data for compressible flow
over a homogenous array of randomly distributed particles were provided by
Khalloufi and Capecelatro (2023), and the data set was later expanded by Os-
nes et al. (2023). Their work concluded that the drag coefficient increased,
and the critical Mach number for achieving sonic conditions decreased with
solid volume fraction.
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2.4 Modeling efforts

The hydrodynamic force experienced by a particle in a flow can be split into
the quasi-steady drag force, force due to the existing stress-gradients, added
mass force, and the viscous unsteady force (or the history force). The con-
tributions of each of these terms in the context of compressible flows were
provided by Parmar et al. (2011) and Parmar et al. (2012) and are summarized
in eq. (6.25). The physical significance of the different force contributions for
a single particle in an inviscid setup for an isolated particle were discussed by
Behrendt et al. (2022) and are discussed briefly. The quasi-steady force contri-
bution for an isolated particle in inviscid flows depends on the relevant flow-
structures at late times. Hence, it will drop to zero for subcritical flows (post
shock Mach number less than 0.6), but will remain non-zero for supercritical
flows due to the presence of bow-shocks. In viscous flows, the quasi-steady
force on a particle will additionally have a Reynolds number dependence, or in
multi-particle setups, an additional volume fraction dependence. The stress-
gradient force contribution depends on the local pressure and viscous-stress
gradients in the flow. The added-mass contribution for a particle depends
on the acceleration of the undisturbed ambient flow, which results in virtual
enhancement of the particle inertia. In inhomogeneous multi-fixed-particle
setups, as will be later observed in chapter 6, the added-mass contribution re-
mains non-zero at late times due to the non-zero velocity/pressure-gradients
inside the particle cloud. The viscous unsteady contributions or the history
forces depend on the time history of volume-averaged or surface-averaged
quantities.

The quasi-steady drag models for incompressible flows have been provided
by Schiller and Naumann (1933) and Clift and Gauvin (1971a). The drag coef-
ficient on the particle in a compressible flow is more complicated, as it is af-
fected by the Reynolds number, Mach number, and the temperature boundary
conditions on the sphere’s surface. The compressibility effect on the drag co-
efficient of an isolated sphere can be explained as follows. As the Mach num-
ber increases from 0.3 to a critical value of 0.6, a weak dependence of the quasi-
steady drag coefficient on the Mach number is observed, increasing slowly
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with the Mach number. For supercritical but subsonic flows (0.6 < 𝑀𝑎 < 1),
the drag coefficient increases rapidly with Mach number due to the presence
of shocklets, which enhances the inviscid contribution to the quasi-steady
drag. A standing bow shock is formed upstream of the particle for supersonic
flows, resulting in a non-zero contribution to the sphere’s drag coefficient by
inviscid mechanisms at late times.

Efforts have been made previously to include the compressibility effects in
drag models. Henderson (1976) provided drag correlations for subsonic and
supersonic flows (at 𝑀𝑎 > 1.75), including rarefied flows, and interpolated
the data between 1 < 𝑀𝑎 < 1.75. Loth (2008) later provided drag cor-
relations for compression-dominated (𝑅𝑒 > 45) and rarefaction-dominated
(𝑅𝑒 < 45) flows. Although they considered the temperature ratio effects
in the rarefaction-dominated region, they neglected it for the compression-
dominated region. However, it is known from the particle-resolved DNS of
Nagata et al. (2018) that the temperature ratio can play amajor role even in the
compression-dominated flow regime (𝑅𝑒 > 45). Parmar et al. (2010) assessed
the existing drag models of Henderson (1976) and Loth (2008) and concluded
that the models did not yield accurate results in the transonic regime. They
also provided improved drag correlations by dividing the Mach number range
into subcritical (𝑀𝑎 < 0.6), intermediate, and supersonic regimes. Their cor-
relationswere based on the experiments of Bailey and Starr (1976) and existing
incompressible drag models of Clift and Gauvin (1971b). Loth et al. (2021) de-
veloped updated drag correlations using available particle-resolved DNS and
experimental data. However, adiabatic boundary conditions were assumed in
their correlations. A more generalized drag correlation for spheres valid for a
range of Reynolds numbers, Mach numbers, Knudsen numbers, and Temper-
ature Ratios was provided by Singh et al. (2022).

The model for the drag coefficient for an isolated particle given by Loth et
al. (2021) is briefly discussed here. Their correlations were a function of the
Reynolds number (𝑅𝑒) and the Mach number (𝑀𝑎) and were obtained by sep-
arating the flow into compression (𝑅𝑒 > 45) and rarefaction (𝑅𝑒 < 45) domi-
nated regimes. At 𝑅𝑒 = 45, their suggested drag coefficient was independent
of the 𝑀𝑎. In the compression, dominated regime, the drag was observed
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to increase with the Mach numbers. Consequently, the compressibility ef-
fects in the compression-dominated region was incorporated in their work in
a modified Clift-Gauvin drag expression as shown in eq. (2.7).

𝐶𝐷 = 24
𝑅𝑒 (1 + 0.15𝑅𝑒0.687)𝐻𝑀

+ 0.42𝐶𝑀
1 + (42500/𝑅𝑒1.16𝐶𝑀) + (𝐺𝑀/𝑅𝑒0.5)

for 45 < 𝑅𝑒 < 𝑅𝑒𝑐𝑟𝑖𝑡

𝐺𝑀 = 166𝑀𝑎3 + 3.29𝑀𝑎2 − 10.9𝑀𝑎 + 20 for 𝑀𝑎 < 0.8
= 5 + 40𝑀𝑎−3 for 𝑀𝑎 < 0.8

𝐻𝑀 = 0.0239𝑀𝑎3 + 0.212𝑀𝑎2 − 0.074𝑀𝑎 + 1 for 𝑀𝑎 < 1

= 0.93 + 1
3.5 +𝑀𝑎5 for 𝑀𝑎 > 0.8

(2.7)

𝐶𝐷 =
𝐶𝐷,𝐾𝑛,𝑅𝑒
1 +𝑀𝑎4 +

𝑀𝑎4𝐶𝐷,𝑓𝑚,𝑅𝑒
1 +𝑀𝑎4 for 𝑅𝑒 ≤ 45

𝐽𝑀 = 2.26 − 0.1
𝑀𝑎 + 0.14

𝑀𝑎3 for 𝑀𝑎 ≤ 1

= 1.6 + 0.25
𝑀𝑎 + 0.11

𝑀𝑎2 +
0.44
𝑀𝑎3 for 𝑀𝑎 > 1

𝐶𝐷,𝑓𝑚,𝑅𝑒 =
𝐶𝐷,𝑓𝑚

1 + [(𝐶𝐷,𝑓𝑚/𝐽𝑀) − 1]√𝑅𝑒/45

𝐶𝐷,𝑓𝑚 = (1 + 2𝑠2)exp(−𝑠2)
𝑠3√𝜋

+ (4𝑠4 + 4𝑠2 − 1)erf(𝑠)
2𝑠4 + 2

3𝑠√𝜋

𝑠 = 𝑀𝑎√𝛾/2

𝐶𝐷,𝐾𝑛,𝑅𝑒 = 24
𝑅𝑒 (1 + 0.15𝑅𝑒0.687)𝑓𝐾𝑛

𝑓𝐾𝑛 = 1
1 + 𝐾𝑛[2.514 + 0.8 exp(−0.55/𝐾𝑛)]

(2.8)
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In the rarefaction dominated region, the Knudsen number effects (defined in
eq. (2.9)) were observed as important in the evaluation of the drag coefficient.
The increasing rarefaction effects in general resulted in a decreasing drag by
the sphere. This was incorporated in the correlation for 𝑅𝑒 < 45 range as
shown in eq. (2.8). In the equations, 𝐶𝐷,𝑓𝑚,𝑅𝑒 and 𝐽𝑀 expressions are based
on the assumption that the gas and the particle temperatures are equal.

Although the existing drag models considered the steady state forces, the un-
steady forces on the particle due to the local flow acceleration had not been
considered. It is known from the experiments of Sun et al. (2005) that the un-
steady drag on a sphere due to shock-wave impingement could be an order
of magnitude higher than the steady-state values. Hence, newer models were
needed to capture the unsteady forces on the particles. Eames et al. (2008)
provided an expression for the inviscid unsteady force on spheres in the sub-
critical limit (𝑀𝑎 < 0.6). They found that the added mass coefficient scaled
as 𝐶𝑀 ∝ 1+𝑀𝑎2+𝓞(𝑀𝑎4). In their later work (Parmar et al. 2009), they ex-
tended their work to a simple model for shock-wave interacting with a fixed
sphere. In their model, they considered the quasi-steady, pressure-gradient,
and added mass contributions while neglecting the unsteady viscous contri-
butions. In their later works (Parmar et al. 2011, Parmar et al. 2012), the vis-
cous unsteady effects were also considered, and complete force models for
compressible flows were provided. Later, Annamalai and Balachandar (2017)
provided a time-dependent Faxén form of forces on the particles for inhomo-
geneous, viscous, compressible flows in the limit of zero Reynolds and Mach
numbers.

It has been observed experimentally and numerically that the forces expe-
rienced by a particle in the presence of other neighboring particles can sig-
nificantly vary compared to when it is isolated (Akiki et al. 2017). Based on
the force and heat transfer models of Ling et al. (2011), Parmar et al. (2011),
and Parmar et al. (2012), Ling et al. (2012) suggested a simplified eulerian-
lagrangian one-dimensional model for shock-wave interaction with a particle
array. Quasi-steady drag correlations for compressible flow through an ar-
ray of fixed particles have only started to come up recently for quasi-steady
forces in streamwise and transverse directions (Osnes et al. 2023). The model
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(Osnes et al. 2023) is based on the particle-resolved DNS data and depends on
the flow’s Reynolds number, Mach number, and volume fraction. It should
be noted that their drag model at a zero volume fraction corresponds to the
isolated particle drag data of Loth et al. (2021) and to the incompressible finite
volume fraction expression of Tenneti et al. (2011) as the Mach number tends
to zero. Since the drag model of Loth et al. (2021) assumes that the flow is
in thermal equilibrium with its surroundings, their force correlations are ex-
pected to provide significant errors when the temperature ratio between the
particle and freestream conditions is not equal to unity. In addition to the
models for force coefficients, correlations have also been provided by Osnes
et al. (2023) for streamwise force fluctuations by providing Mach corrections
to the incompressible correlation of Lattanzi et al. (2022).

The literature on compressibility effects on heat transfer between spheres and
surrounding fluid is more limited. Sauer (1951) provided a Nusselt number
correlation for spheres in rarefied flows using kinetic theory in monoatomic
and diatomic fluids. Fox et al. (1978) provided Nusselt number correlation
through their experiments involving the ignition of magnesium powders us-
ing shock waves. Unsteady heat transfer models for a sphere were provided
by Ling et al. (2011). They used the available force models from Parmar et al.
(2012), quasi-steady Nusselt correlations of Fox et al. (1978), and their pro-
vided unsteady heat transfer model to analyze shock-wave interaction with
an isolated particle. More recently, Ling et al. (2016) used a scaling analysis
to understand the relative importance of unsteady heat-transfer terms.

2.5 Knowledge gaps

In the previous sections, the historical development in compressible flowswas
reviewed, and the current state of research in compressible single and par-
ticulate flows was discussed. Experiments for detailed study of compressible
particulate flows are difficult owing to the sensitivity of the experimental con-
ditions and the small timescales associated with the propagation of acoustic
waves in the flow. Hence, the complex interactions between the solid and the
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fluid phase are currently difficult to analyze experimentally. The available ex-
perimental studies have not characterized the combined effects of Reynolds
numbers (𝑅𝑒), Mach numbers (𝑀𝑎), particle-to-fluid Temperature ratios (𝑇𝑅),
and Knudsen numbers (𝐾𝑛) on the momentum and heat exchange between
the solid and fluid phases in detail. The Knudsen number is the ratio of the
mean free path of molecular collisions to the particle diameter and propor-
tional to 𝑀𝑎/𝑅𝑒 (Loth et al. 2021). 𝐾𝑛 is defined in eq. (2.9).

𝐾𝑛 = √
𝜋𝛾
2

𝑀𝑎
𝑅𝑒 (2.9)

Recently, particle-resolved Direct Numerical Simulations have aided in devel-
oping drag and heat transfer coefficients for spheres in compressible flows. It
was realized that although significant improvement in drag correlations for
compressible flow over isolated spherical particles has beenmade at a range of
Reynolds numbers, Mach numbers, and Temperature ratios, quasi-steady drag
correlations considering the effects of local temperature gradients in multi-
particle systems are not available.

The correlations for quasi-steady Nusselt numbers are more limited. As seen
from the particle-resolved DNS of Nagata et al. (2018), the Nusselt number in
the presence of compressibility effects can be strongly influenced by the lo-
cal temperature gradients between the sphere and the surrounding medium.
To the extent of the author’s knowledge, no available Nusselt number corre-
lations currently exist that consider the combined effect of the Mach num-
ber, Reynolds number, and the temperature ratio between the particle and
the freestream conditions on the heat transfer behavior. In addition, no Nus-
selt number correlations are available with compressibility effects in particle
clouds.

Although shock-wave interaction with a particle array of finite width has
been studied extensively in the past decade through boundary-conforming
and particle-resolved numerical simulations, most of the studies focus on
the transient on a time scale of the order of shock-particle array interaction.
Moreover, the nature of the flow in the wake of the particle curtain has not
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been thoroughly investigated. In addition, the available particle-resolved
numerical simulations do not comment on the nature of heat exchange
between the solid and fluid phases in multi-particle systems in non-adiabatic
conditions.

2.6 Objectives and scope of research

In the current work, the newly developed compressible DNS multiphase
flow solver with diffuse-interface immersed boundary method is validated
for single-phase and multi-phase tests based on available analytical data
or reference solutions. Particle-resolved Direct Numerical Simulations for
compressible flow around an isolated particle and through an array of ho-
mogenously distributed or finite array of fixed particles are performed in a
limited range of Reynolds numbers, Mach numbers, volume fractions, and
Temperature Ratios. The mean drag coefficients and force fluctuations are
computed and compared to the available models or particle-resolved DNS
data for flow through a homogenously distributed or finite-width array of
particles. The local Nusselt numbers are computed for the particles inside the
array for multi-particle systems, and their variation with Mach numbers is
analyzed. The wake region behind a particle array of finite width in viscous
compressible flow is studied at late times for a range of Mach numbers at
a fixed Reynolds number. In addition, the localized flow near the particles
inside the particle array is analyzed using particle-conditioned or localized
flow averaging.
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3.1 Governing equations of the fluid phase

In this section, the compressible Navier-Stokes equations are derived from the
fundamental equations of mass, momentum, and energy conservation. These
equations are stated in the integral and differential forms. The differential and
integral forms of the equations are valid for fluid as a continuum. The integral
form also applies to a control volume (a fixed region in space) or amaterial vol-
ume (whose boundary moves with the fluid, resulting in fixed mass). The fluid
is assumed to be Newtonian and isotropic and to satisfy Stokes’ hypothesis.

Reynolds Transport Theorem

Consider a material volume𝓥(𝑡) in a region that moves with the local fluid
velocity. Given the local fluid velocity 𝐮, the Reynolds TransportTheorem for
a tensor 𝓣(𝑥, 𝑦, 𝑧, 𝑡) defined in that region is given by eq. (3.1). Derivation
of the Reynolds Transport Theorem is given in (Kundu et al. 2015).

d
d𝑡 ∫𝓥(𝑡)

𝓣(𝑥, 𝑦, 𝑧, 𝑡) d𝓥 = ∫
𝓥(𝑡)

𝜕𝓣
𝜕𝑡 d𝓥+∫

𝓐(𝑡)
d𝓐⋅𝐮𝓣 (3.1)

Conservation of mass

Using the Reynolds TransportTheorem in section 3.1, and replacing the tensor
𝓣 with the density of the fluid 𝜌(𝑥, 𝑦, 𝑧, 𝑡), we obtain
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d
d𝑡 ∫𝓥(𝑡)

𝜌(𝑥, 𝑦, 𝑧, 𝑡) d𝓥 = ∫
𝓥(𝑡)

𝜕𝜌
𝜕𝑡 d𝓥+∫

𝓐(𝑡)
d𝓐 ⋅ 𝐮 𝜌 (3.2)

Now, using the Gauss divergence theorem for the last term in eq. (3.2) and
simplifying, we obtain the mass conservation equation in the integral form
as follows

∫
𝓥(𝑡)

( 𝜕𝜌𝜕𝑡 + ∇ ⋅ 𝜌 u ) d𝓥 = 0 (3.3)

Since the integral in eq. (3.3) should vanish for any arbitrary volume, it must
also vanish at a point in the limit of an infinitesimally small volume. Using
this information, the mass conservation equation in the differential form can
be obtained and is given in eq. (3.4).

𝜕𝜌
𝜕𝑡 + ∇ ⋅ 𝜌𝐮 = 0 (3.4)

Conservation of momentum

Consider the Cauchy-momentum equation eq. (3.5). This equation can be de-
rived from the concepts of force balance and stresses at a point or by using
the Reynolds’ TransportTheorem. A detailed derivation can be obtained from
(Kundu et al. 2015).

𝜌d𝑢𝑖d𝑡 = 𝜌𝑓𝑖 +
𝜕𝜏𝑗𝑖
𝜕𝑥𝑗

(3.5)

In eq. (3.5), 𝜏𝑗𝑖 is the total stress tensor, and 𝑓𝑖 is the body force per unit
volume. Based on the rotational equilibrium of the fluid element under con-
sideration, 𝜏𝑖𝑗 = 𝜏𝑗𝑖 can be assumed. In addition, a constitutive relation
between the stress tensor and the fluid element deformation reads

𝜏𝑖𝑗 = −𝑝𝛿𝑖𝑗 + 2𝜇𝑑𝑖𝑗 + 𝜆𝛿𝑖𝑗
𝜕𝑢𝑘
𝜕𝑥𝑘

(3.6)
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The eq. (3.6) is based on the assumption that the fluid is isotropic and Newto-
nian. 𝑑𝑖𝑗 =

1
2
( 𝜕𝑢𝑖
𝜕𝑥𝑗

+ 𝜕𝑢𝑗
𝜕𝑥𝑖

) is the strain rate tensor, 𝜇 is the first coefficient of
viscosity, 𝜇𝑏 is the coefficient of bulk viscosity, and 𝜆 = 𝜇𝑏 − 2𝜇/3. Using the
Stokes’ hypothesis (setting 𝜇𝑏 to zero), the constitutive equation simplifies to

𝜏𝑖𝑗 = −𝑝𝛿𝑖𝑗 + 2𝜇𝑑𝑖𝑗 − 2𝜇
3 𝛿𝑖𝑗

𝜕𝑢𝑘
𝜕𝑥𝑘

(3.7)

Substituting the eq. (3.7) in the eq. (3.5) and simplifying along with the mass
conservation equation, we obtain the momentum equations for the compress-
ible flow

𝜕
𝜕𝑡 (𝜌𝑢𝑖) +

𝜕
𝜕𝑥𝑗

(𝜌𝑢𝑖𝑢𝑗) +
𝜕𝑝
𝜕𝑥𝑖

=
𝜕𝜎𝑗𝑖
𝜕𝑥𝑗

+ 𝜌𝑓𝑖 (3.8)

Where 𝜎𝑖,𝑗 is the deviatoric stress tensor arising from the non-isotropic com-
ponent of the total stress based on the fluid motion and is defined in eq. (3.9).
The eq. (3.8) does not assume a constant viscosity and hence allows for the
inclusion of different temperature-dependent viscosity laws.

𝜎𝑖𝑗 = 2𝜇𝑑𝑖𝑗 − 2𝜇
3 𝛿𝑖𝑗

𝜕𝑢𝑘
𝜕𝑥𝑘

(3.9)

Conservation of energy

The equation for energy conservation can be derived from the direct applica-
tion of the first law of thermodynamics, which states that the rate of change
of the total energy is the sum of the rate of the heat addition and the work
done on a material volume. Let 𝑒 represent the internal energy per unit mass.
Then, the total energy per unit volume reads

𝐸 = 𝜌 ( 𝑒 + 1
2 |𝐮|

2 ) (3.10)

Then, using the first law of thermodynamics in the integral form can be stated
as follows
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d
d𝑡 ∫𝓥

𝜌 (𝑒 + 1
2𝑢

2
𝑖 ) d𝓥 =∫

𝓥
𝜌𝑓𝑖𝑢𝑖 d𝓥+∫

𝓐
𝜏𝑗𝑖𝑢𝑖 d𝓐𝑗−∫

𝓐
𝑞𝑖 d𝓐𝑖 (3.11)

𝑞𝑖 is the heat flux through the control surface. Using the Gauss divergence
theorem to convert the surface integrals to volume integrals and assuming
that the fluid medium is a continuum, the eq. (3.11) can be written in differ-
ential form

𝜌 d
d𝑡 (𝑒 +

1
2𝑢

2
𝑖 ) = 𝜌𝑓𝑖𝑢𝑖 +

𝜕
𝜕𝑥𝑗

(𝜏𝑗𝑖𝑢𝑖) −
𝜕𝑞𝑖
𝜕𝑥𝑖

(3.12)

By using the concept of material derivatives and the eq. (3.10) along with the
mass conservation equation given by eq. (3.4), we obtain the equation for the
conservation of energy in differential form

𝜕𝐸
𝜕𝑡 + 𝜕

𝜕𝑥𝑗
[ 𝑢𝑗(𝐸 + 𝑝) ] = 𝜌𝑓𝑖𝑢𝑖 +

𝜕
𝜕𝑥𝑗

(𝜎𝑗𝑖𝑢𝑖) −
𝜕𝑞𝑖
𝜕𝑥𝑖

(3.13)

where 𝜎𝑗𝑖 is given by eq. (3.9) and 𝑞𝑖 is the local heatflux density along the
𝑖𝑡ℎ direction. Finally, the equations of the state and heat transfer are used to
close the system

Equation of state

The equation of state relates the internal energy of the fluid to the pressure
and density. For a calorically ideal gas, it reads as

𝑒 = 𝑝
(𝛾 − 1)𝜌 (3.14)

Equation of heat transfer

In the present work, it is assumed that the fluid obeys Fourier’s law of heat
conduction given by
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3.1 Governing equations of the fluid phase

𝑞𝑖 = −𝜅 𝜕𝑇𝜕𝑥𝑖
(3.15)

In eq. (3.15), 𝜅 is the thermal conductivity of the fluid. The thermal conduc-
tivity 𝜅 and the dynamic viscosity 𝜇 are related as

𝜅 =
𝜇𝐶𝑝
𝑃𝑟 (3.16)

𝑃𝑟 is the Prandtl number, and𝐶𝑝 is the heat capacity at constant pressure. The
Prandtl number is the ratio of momentum and thermal diffusivities and is a
relative measure of momentum and thermal boundary layer thicknesses. The
equations of conservation of mass, momentum, and energy, along with the
equations of state and heat transfer, close the governing equations for fluid.

31



4 Numerical Framework

The compressible Navier Stokes equations described in chapter 3 do not have
an analytical solution. These equations can be solved analytically only for cer-
tain flow problems and with added assumptions and simplifications. Hence,
the governing equations need to be computed on a machine with numerical
approximations of the different terms to obtain the relevant flow information.
A numerical technique must be chosen with approximations to the advec-
tion, diffusion, and time integration terms based on the different spatial and
temporal scales of the flow problem. The current work uses a Direct Numer-
ical Simulation (DNS) approach for solving the compressible Navier Stokes
equations, i.e., all relevant spatial and temporal scales are handled directly
by the discretization procedure, and no additional models or assumptions are
introduced.

4.1 Single phase simulations

Let the compressible Navier-Stokes equations described in chapter 3 in differ-
ential form be written as follows

𝐔𝑡 + 𝐅(𝑥)(𝐔)𝑥 + 𝐅(𝑦)(𝐔)𝑦 + 𝐅(𝑧)(𝐔)𝑧 = 𝐐 (4.1)

In the eq. (4.1), 𝐅(𝑥), 𝐅(𝑦), 𝐅(𝑧) are the fluxes along 𝑥, 𝑦, 𝑧 directions respec-
tively on a 3D cartesian grid, 𝐔 is the vector of conserved variables, and 𝐐
is the vector of source terms. The numerical fluxes, in turn, are the sum of
contributions from convective and viscous effects
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4.1 Single phase simulations

𝐅(𝑥) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝜌𝑢
𝜌𝑢2 + 𝑝 − 𝜎11
𝜌𝑢𝑣 − 𝜎21
𝜌𝑢𝑤 − 𝜎31

𝑢(𝐸 + 𝑝) − (𝜎11𝑢 + 𝜎12𝑣 + 𝜎13𝑤) + 𝑞1

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(4.2)

𝐅(𝑦) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝜌𝑣
𝜌𝑣𝑢 − 𝜎12

𝜌𝑣2 + 𝑝 − 𝜎22
𝜌𝑣𝑤 − 𝜎32

𝑣(𝐸 + 𝑝) − (𝜎21𝑢 + 𝜎22𝑣 + 𝜎23𝑤) + 𝑞2

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(4.3)

𝐅(𝑧) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝜌𝑤
𝜌𝑤𝑢 − 𝜎13
𝜌𝑤𝑣 − 𝜎23

𝜌𝑤2 + 𝑝 − 𝜎33
𝑤(𝐸 + 𝑝) − (𝜎31𝑢 + 𝜎32𝑣 + 𝜎33𝑤) + 𝑞3

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(4.4)

Furthermore, the vector of conservative variables 𝐔 and the vector of source
terms 𝐐 are written as

𝐔 =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝜌
𝜌𝑢
𝜌𝑣
𝜌𝑤
𝐸

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, 𝐐 =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
𝜌𝑓1
𝜌𝑓2
𝜌𝑓3
𝜌𝑓4

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(4.5)
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4 Numerical Framework

𝜌𝑓1, 𝜌𝑓2, 𝜌𝑓3, 𝜌𝑓4 are the source terms for the 𝑥, 𝑦, 𝑧 momentum equations
and the total energy equation respectively. The source terms arise from the
presence of the dispersed phase and are described in detail in section 4.3.

4.1.1 Time integration

The current work uses the 3𝑟𝑑 order low-storage Runge Kutta method, which
has previously been used by Rai and Moin (1991), Spalart et al. (1991), and
Verzicco and Orlandi (1996) for time stepping. The convective and diffusive
terms in the governing equations are handled explicitly. The time discrete
form of the governing equations is written as

𝐔(𝑘) = 𝐔(𝑘−1) − 𝛾𝑘 Δ𝑡𝓛Δ( 𝐔(𝑘−1) )
− 𝜁𝑘 Δ𝑡𝓛Δ( 𝐔(𝑘−2) ) + Δ𝑡 𝐐, ∀𝑘 ∈ 1, 2, 3 (4.6)

where𝓛Δ( 𝐔 ) is the discrete spatial operator is approximated as

𝓛Δ( 𝐔 )𝑖, 𝑗, 𝑘 ≈ 1
Δ𝑥 (𝓕

(𝑥)
𝑖+1/2, 𝑗, 𝑘 − 𝓕(𝑥)

𝑖−1/2, 𝑗, 𝑘 )

+ 1
Δ𝑦 (𝓕

(𝑦)
𝑖, 𝑗+1/2, 𝑘 − 𝓕(𝑦)

𝑖, 𝑗−1/2, 𝑘 )

+ 1
Δ𝑧 (𝓕

(𝑧)
𝑖, 𝑗, 𝑘+1/2 − 𝓕(𝑧)

𝑖, 𝑗, 𝑘−1/2 ) (4.7)

In the eq. (4.7),𝓕 is the numerical flux function approximated from the phys-
ical flux function 𝐅 and is described in section 4.1.2. During the time stepping
procedure between 𝑡𝑛 and 𝑡𝑛+1, the Runge Kutta procedure is initialized and
terminated with the following equations

𝐔(0) = 𝐔(𝑡𝑛), 𝐔(𝑡𝑛+1) = 𝐔(3) (4.8)

It ensures that one needs to store the flow fields only at a single time level
to restart the simulation. 𝛾𝑘 and 𝜁𝑘 are the Runge Kutta coefficients and are
chosen to ensure third-order temporal accuracy for smooth flows
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4.1 Single phase simulations

𝛾𝑘 = [ 815 ,
5
12 ,

3
4] , 𝜁𝑘 = [0, −1760 , −512 ] (4.9)

4.1.2 Advection scheme

Many compressible flow problems involve solving the hyperbolic conserva-
tion laws like the inviscid Euler’s equations or the compressible Navier Stokes
equations at high Reynolds andMach numbers. In such cases, discontinuities,
shock waves, or regions of high gradients can exist in the solutions. In addi-
tion, such flows may involve a wide range of time and length scales. Hence, it
is crucial to resolve the range of length scales stably and capture the sharp gra-
dients or shock waves present in the flow by reducing the amount of numer-
ical dissipation. Considerable efforts have been made in the past to develop
numerical methods suitable for such a category of fluid flow problems. Some
of the popular methods include essentially non-oscillatory (ENO) schemes
(Harten et al. 1997), artificial viscosity methods (VonNeumann and Richtmyer
1950), weighted essentially non-oscillatory (WENO) methods (Jiang and Shu
1996, Shu 2016, Borges et al. 2008), and more recently the targeted essentially
non-oscillatory (TENO) based schemes (Fu et al. 2016, Takagi et al. 2022, Liang
et al. 2022).

The current work uses a 5𝑡ℎ order finite-difference WENO scheme (Shu 2016)
abbreviated as WENO-JS, a 5𝑡ℎ order TENO scheme (Liang et al. 2022), or a
finite difference scheme on the entire large stencil based on the union of the
smaller stencils used inWENO-JS or TENO for numerical discretization of the
advection term. The choice of the advection scheme is specified individually
in the sections corresponding to the flowproblem to be studied. TheWENO-JS
scheme uses a weighted average of the flow stencils based on smoothness in-
dicators to achieve the shock-capturing properties of the ENO schemes. How-
ever, previously, it has been observed that it introduces excessive numerical
dissipation (Zhao et al. 2014, Martin 2000) and may perform unsatisfactorily
in the presence of multiple shocks adjacent to each other (Titarev and Toro
2004). The TENO schemes approach these problems by following an ENO-like
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4 Numerical Framework

stencil selection. A candidate stencil is either selected with optimal weight
in the smooth regions of the flow or entirely disregarded in the presence of
discontinuities, leading to suppressed numerical dissipation while providing
robust shock-capturing properties (Fu et al. 2016).

The steps for numerical discretization of the advection terms can be summa-
rized as follows.

• First, the primitive variables at the interfaces are evaluated using an
arithmetic average of the values at the adjacent grid points.

• The averaged quantities are then used to evaluate the left and right
eigenvectors (𝐊−1, 𝐊) of the Jacobian matrix 𝜕𝐅/𝜕𝐔 at the interface.

• The physical flux (𝐅) and the vector of conservative variables (𝐔) are
recast into the characteristic space by premultiplying it with the left
eigenvector matrix.

𝐔𝑐ℎ𝑎𝑟 = 𝐊−1𝐔
𝐅𝑐ℎ𝑎𝑟 = 𝐊−1𝐅

(4.10)

• The positive and negative fluxes at each cell interface are obtained by
a local Lax-Friedrichs flux splitting.

𝐅+(𝐔) = 𝐅𝑐ℎ𝑎𝑟 + 𝜆𝑚𝑎𝑥𝐔𝑐ℎ𝑎𝑟

𝐅−(𝐔) = 𝐅𝑐ℎ𝑎𝑟 − 𝜆𝑚𝑎𝑥𝐔𝑐ℎ𝑎𝑟
(4.11)

In the eq. (4.11), 𝜆𝑚𝑎𝑥 is the eigenvalue corresponding to the fastest
characteristic wave associated with the states on both sides of the
interface.

• The positive and the negative fluxes are then reconstructed at the cell
interface using the appropriate numerical procedure (WENO-JS,
TENO, or a Finite Difference approximation on the entire union of
WENO/TENO sub-stencils).
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4.1 Single phase simulations

𝐅+ → 𝐅+𝑟𝑒𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑒𝑑
𝐅− → 𝐅−𝑟𝑒𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑒𝑑

(4.12)

• Next, the numerical flux𝓕 at the interface is evaluated by recasting
the flux terms into the physical space and averaging the positive and
numerical fluxes at the interface.

𝐅+𝑝ℎ𝑦 = 𝐊𝐅+𝑟𝑒𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑒𝑑
𝐅−𝑝ℎ𝑦 = 𝐊𝐅−𝑟𝑒𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑒𝑑

𝓕(𝐔) = 1
2 (𝐅

+
𝑝ℎ𝑦 + 𝐅−𝑝ℎ𝑦)

(4.13)

• The expression for𝓕 in eq. (4.13) is further used to evaluate the
discrete spatial operator as follows

𝓛Δ( 𝐔 ) ≈ Δ𝓕(𝑥)

Δ𝑥 + Δ𝓕(𝑦)

Δ𝑦 + Δ𝓕(𝑧)

Δ𝑧 (4.14)

Here,𝓕(𝑥),𝓕(𝑦), and𝓕(𝑧) represent the numerical numerical fluxes
corresponding to the physical fluxed given in eq. (4.1).

• Finally,𝓛Δ( 𝐔 ) is coupled with the time-stepping procedure to give
the discrete form of governing equations as follows

𝐔(𝑘) = 𝐔(𝑘−1) − 𝛾𝑘 Δ𝑡𝓛Δ( 𝐔(𝑘−1) )
− 𝜁𝑘 Δ𝑡𝓛Δ( 𝐔(𝑘−2) ) + Δ𝑡 𝐐, ∀𝑘 ∈ 1, 2, 3

(4.15)

Here, 𝑘 represents the Runge-Kutta coefficients given in eq. (4.9)

4.1.3 Diffusion scheme

The current work uses a 2𝑛𝑑 order central difference scheme for numerical
discretization of the viscous terms. The discretization of the viscous terms on
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4 Numerical Framework

a 2D collocated grid is described in appendix B.The extension of the procedure
to a 3D collocated grid is straightforward.

4.2 Boundary conditions

Characteristic wave analysis for imposing inflow-outflow boundary condi-
tions is typical in compressible flow problems (Chan et al. 2024, Cogo et al.
2023, Baumgart and Blanquart 2023) in which the acoustic-wave reflections
from the boundaries need to be minimized. It becomes essential when tran-
sient flow features occurring on a time scale comparable to the acoustic-wave
reflections from the boundaries need to be studied. Some examples include
the growth of shear layers (Bechert and Stahl 1988) and instabilities in turbu-
lent combustion (Poinsot et al. 1987).

The current work chooses non-reflecting boundary conditions for inflow and
outflow boundaries from Poinsot and Lele (1992). The idea is to impose the
number of physical boundary conditions equivalent to the number of charac-
teristic waves entering the system (Thompson 1987). At the same time, infor-
mation within the domain is used to evaluate the remaining numerical (soft)
boundary conditions. These boundary conditions are required in addition to
physical boundary conditions to solve the system of equations numerically
(Yee 1981). However, they are not necessarily given by the physical behavior
at the boundaries. The sufficient and necessary number of physical boundary
conditions that should be specified for Euler’s equations has been previously
studied by Oliger and Sundström (1978) and Dutt (1988) and summarised in
table 4.1.

Table 4.1: Physical boundary conditions required for well-posedness of Euler’s equations

Boundary type 1D 2D 3D
Subsonic inflow 2 3 4
Subsonic outflow 1 1 1
Supersonic inflow 3 4 5
Supersonic outflow 0 0 0
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4.2 Boundary conditions

Several approaches have been adopted previously regarding the specification
of numerical boundary conditions. Some of the common approaches include
extrapolation (Grinstein et al. 1987), compatibility equations based on the
conservation equations (Poinsot and Lele 1992), and inverse Lax-wendroff
schemes (Tan and Shu 2010).

Unless specified otherwise, the number of physical boundary conditions
are imposed in the current work based on characteristic wave analysis by
Thompson (1987). The non-reflection property at the subsonic inflow-outflow
boundaries is based on the works of Poinsot and Lele (1992). The remaining
soft boundary conditions are implemented using extrapolation similar to the
works of Grinstein et al. (1987) and Yee (1981). Since the current work uses
ghost cells at the boundary, the Mach number at the inflow or outflow plane
is checked locally, and subsequently, an appropriate boundary condition
is implemented to fill up the ghost cells. The following sections briefly
explain the implementation of the inflow/outflow boundary conditions used
in the present work.

4.2.1 Supersonic inflow

If the local Mach number exceeds one (𝑀𝑎 > 1 ), a supersonic inflow bound-
ary condition is chosen at the inflow plane, and all the primitive variables
are imposed.

𝜌 = 𝜌imposed 𝑤 = 𝑤imposed

𝑢 = 𝑢imposed 𝑝 = 𝑝imposed

𝑣 = 𝑣imposed

4.2.2 Supersonic outflow

If the local Mach number at the outflow plane exceeds one (𝑀𝑎 > 1 ), then
all the primitive variables at the ghost cells are filled up by nearest neighbor
extrapolation (zeroth order).
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𝜌 = 𝜌extrapolated 𝑤 = 𝑤extrapolated

𝑢 = 𝑢extrapolated 𝑝 = 𝑝extrapolated

𝑣 = 𝑣extrapolated

4.2.3 Subsonic inflow

The approach of Poinsot and Lele (1992) is used for implementing a non-
reflecting subsonic boundary condition at the inflow. The idea is to assume
a locally one-dimensional inviscid (LODI) flow at the inflow boundary by ne-
glecting the transverse and viscous terms. The governing equations are then
recast in terms of the amplitude variation of characteristic waves crossing the
boundaries. Finally, the amplitude variations corresponding to the charac-
teristic waves entering the flow domain through the inflow boundary are set
to zero to enforce a non-reflecting inflow boundary condition. Following the
number of physical boundary conditions in table 4.1 and the LODI relations
(Poinsot and Lele 1992), the boundary conditions for pressure and density are
imposed using the ordinary differential equations, while those for transverse
velocity components (𝑣, 𝑤 ) are directly specified. The longitudinal flow com-
ponent ( 𝑢 ) is extrapolated using the nearest-neighbor extrapolation.

𝜕𝜌
𝜕𝑡 + 𝜌

𝑐 (
𝜕𝑢
𝜕𝑡 ) = 0 𝑤 = 𝑤imposed

𝑢 = 𝑢extrapolated
𝜕𝑝
𝜕𝑡 + 𝜌𝑐 (𝜕𝑢𝜕𝑡 ) = 0

𝑣 = 𝑣imposed

The time-discrete form of the ODEs for pressure and density can be written
by using the third-order Runge Kutta scheme from Rai and Moin (1991) as
follows

𝜌𝑘 = 𝜌𝑘−1 − Δ𝑡 [ 𝛾𝑘 (
𝜌
𝑐
d𝑢
d𝑡 )

𝑘−1
+ 𝜁𝑘 (

𝜌
𝑐
d𝑢
d𝑡 )

𝑘−2
] (4.16)
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4.2 Boundary conditions

𝑝𝑘 = 𝑝𝑘−1 − Δ𝑡 [ 𝛾𝑘 (𝜌𝑐
d𝑢
d𝑡 )

𝑘−1
+ 𝜁𝑘 (𝜌𝑐

d𝑢
d𝑡 )

𝑘−2
] (4.17)

4.2.4 Subsonic outflow

The approach for setting the non-reflecting boundary conditions is similar to
section 4.2.3. However, only the amplitude variation of a single character-
istic wave entering the domain at the outflow is set to zero. Using the LODI
relations, we extrapolate the values of ( 𝜌, 𝑢, 𝑣, 𝑤 ) using nearest-neighbor ex-
trapolation while solving an ordinary differential equation for pressure ( 𝑝 )
at the subsonic outflow boundary. The implementation can be summarised
as follows

𝜌 = 𝜌extrapolated 𝑤 = 𝑤extrapolated

𝑢 = 𝑢extrapolated
𝜕𝑝
𝜕𝑡 − 𝜌𝑐 (𝜕𝑢𝜕𝑡 ) = 0

𝑣 = 𝑣extrapolated

The time-discrete form for the pressure ODE for the subsonic outflow bound-
ary condition is given as follows

𝑝𝑘 = 𝑝𝑘−1 + Δ𝑡 [ 𝛾𝑘 (𝜌𝑐
d𝑢
d𝑡 )

𝑘−1
+ 𝜁𝑘 (𝜌𝑐

d𝑢
d𝑡 )

𝑘−2
] (4.18)

In the eqs. (4.16) to (4.18), 𝛾𝑘 and 𝜁𝑘 are the Runge Kutta coefficients at 𝑘th
Runge Kutta step. The time integration scheme details are explained in sec-
tion 4.1.1.

It is to be noted that the boundary conditions described in the previous sec-
tions only consider the characteristic waves associated with the hyperbolic
part of the governing equations. However, the viscous terms introduce addi-
tional waves that can travel into the flow domain from the boundaries. Conse-
quently, additional physical boundary conditions are needed for the complete
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Navier Stokes equations to account for the characteristic waves associated
with the diffusion processes (Poinsot and Lele 1992). However, in cases where
the final steady state is the focus or the transient flow before the wave reflec-
tions from the boundary polluting the flow need to be studied, the considered
approximations serve as a good solution. Naturally, the boundary conditions
also approximate flows at high Reynolds numbers well.

4.3 Multi phase simulations

Particle-resolved numerical simulations of compressible flows in two spatial
dimensions have been carried out in the past (Regele et al. 2014, Xu et al. 2013).
However, 2D simulations do not entirely capture the physics of the flow,
such as vortex dynamics and complex wake structures. Three-dimensional
boundary-conforming numerical studies are commonly performed for fluid
flow problems involving fixed particles. Examples include flow around iso-
lated fixed particles (Sun et al. 2005, Nagata et al. 2016, Nagata et al. 2018)
and around fixed-particle arrays (Mehta et al. 2016b, Vartdal and Osnes 2018,
Osnes et al. 2023). However, boundary-fitted simulations around mobile par-
ticles are rarely performed, especially for a large array of particles, because
of the large computational overhead arising from the need for continuous
remeshing. Exception to the remark is the recent work by Behrendt et al.
(2022), who studied shock wave with (𝑀𝑎𝑠 = 1.22) interacting with an iso-
lated mobile particle under inviscid conditions at particle-to fluid density ra-
tios of 2 and 20 using a boundary-fitted approach. Immersed boundary meth-
ods are optimal for solving such a class of problems. The need for the com-
putational grid to conform to the complex geometries and the requirement
for continuous remeshing in mobile particle simulations is eliminated. The
current work uses a diffuse interface immersed boundary method, which is
an extension of the incompressible flow counterpart (Uhlmann 2005) and is
described in the following section.
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4.3 Multi phase simulations

4.3.1 Immersed boundary method

The dispersed phase in the flow domain is represented as a solid/fluid cou-
pling force and energy source terms, 𝐐 in the eq. (4.1). The source terms
enforce a desired boundary condition for temperature or momentum at the
solid-fluid interface.

First, a pure fluid problem is solved by neglecting the source terms in the
governing equations eq. (4.1).

𝐔̃(𝑘) = 𝐔(𝑘−1) + 𝑓(𝐔(𝑘−1),𝐔(𝑘−2)) (4.19)

𝐔̃(𝑘) is the preliminary conservative flow field obtained by disregarding the
presence of the dispersed phase at the 𝑘𝑡ℎ Runge Kutta step. The preliminary
field does not satisfy the constraints of the solid-fluid interface. 𝑓 is the time-
discrete form of the pure fluid problem given by

𝑓(𝐔(𝑘−1),𝐔(𝑘−2)) = −𝛾𝑘 Δ𝑡𝓛Δ( 𝐔(𝑘−1) ) − 𝜁𝑘 Δ𝑡𝓛Δ( 𝐔(𝑘−2) )
(4.20)

Where𝓛Δ is the discrete spatial operator given in eq. (4.7). A primitive pre-
liminary field is calculated from the preliminary conservative field comprised
of the fluid density, velocities, and internal energy

𝐕̃ = ( ̃𝜌, 𝑢̃, ̃𝑣, ̃𝑤, ̃𝑒 ) (4.21)

First, the spherical particles constituting the dispersed phase are resolved uni-
formly using lagrangian force point locations throughout the volume. Then,
the flow field at the lagrangian marker positions is forced appropriately to
calculate the source terms. Finally, the preliminary flow field 𝐕̃ is updated
by adding these source terms.

The discretization details for the outermost shell of a spherical particle
are explained in (Uhlmann 2005). The current procedure, however, con-
siders multiple shells extending from the boundary to the sphere center
for discretization of the lagrangian markers. An approach for distributing
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lagrangian force points inside the interior was also adapted by Moriche et al.
(2021) for spheroids. The reason for the modification is that in the current
compressible setting, allowing the flow to develop inside the particle volume
freely leads to strong pressure waves that might pollute the exterior flow.
Hence, the spheres constituting the dispersed phase should be considered
rigid in the current work. The details of the sphere volume discretization are
explained again in appendix D for completeness.

After discretizing the dispersed phase, the preliminary primitive field is inter-
polated from the Eulerian grid (𝑥𝑖,𝑗,𝑘) to the lagrangian force point locations
(𝐗(𝑚)

𝑙 ), using a discrete delta function 𝛿ℎ (Roma et al. 1999).

𝐕̃( 𝐗(𝑚)
𝑙 ) = ∑

𝑖,𝑗,𝑘
𝐕̃( 𝑥𝑖,𝑗,𝑘 ) 𝛿ℎ( 𝑥𝑖,𝑗,𝑘 − 𝐗(𝑚)

𝑙 )Δ𝑥3 ∀ 𝑙,𝑚 (4.22)

In the eq. (4.22), 𝑚 = 1…𝑁𝑝 is the solid particle index, and 𝑙 = 1…𝑁 𝑙 is
the index of the lagrangian force point location on the 𝑚𝑡ℎ particle.

4.3.1.1 IBM for compressible viscous flows

A solid-fluid coupling force is evaluated to implement a no-slip, no-
penetration boundary condition in case of a viscous flow as in eq. (4.23).

𝑞𝐮(𝐗(𝑚)
𝑙 ) = ̃𝜌 𝐮

(𝑑) − 𝐮̃(𝑚)
𝑙

Δ𝑡 (4.23)

𝐮̃ is the preliminary velocity field given by the corresponding elements in 𝐕̃,
i.e., 𝐮̃ = ( 𝑢̃, ̃𝑣, ̃𝑤 ) and 𝐮(𝑑) is the desired velocity field at the lagrangian
marker positions obtained from the linear (𝑢𝑐) and angular (𝜔𝑐) velocity of
the 𝑚𝑡ℎ solid object located at 𝑥𝑐 .

𝐮(𝑑)(𝐗(𝑚)
𝑙 ) = 𝑢(𝑚)

𝑐 + 𝜔(𝑚)
𝑐 × ( 𝐗(𝑚)

𝑙 − 𝑥(𝑚)
𝑐 ) (4.24)

Similarly, the fixed temperature boundary condition is enforced on the la-
grangian markers of the 𝑚𝑡ℎ particle and reads
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4.3 Multi phase simulations

𝑞𝑒(𝐗(𝑚)
𝑙 ) = ̃𝜌 𝑒

(𝑑) − ̃𝑒(𝑚)
𝑙

Δ𝑡 (4.25)

In eq. (4.25), 𝑒(𝑑) is the desired internal energy on the surface of the sphere
and ̃𝑒(𝑚)

𝑙 is the preliminary internal energy field evaluated at the lagrangian
marker locations. After evaluation, the forcing terms must be interpolated
back to the Eulerian grid using the same discrete delta function (Roma et al.
1999).

𝑞(𝑖𝑏𝑚)
𝐮 ( 𝑥𝑖,𝑗,𝑘 ) =

𝑁𝑝

∑
𝑚=1

𝑁𝑙

∑
𝑙=1

𝑞(𝐗(𝑚)
𝑙 ) 𝛿ℎ(𝑥𝑖,𝑗,𝑘 − 𝐗(𝑚)

𝑙 ) Δ𝑉(𝑚)
𝑙 (4.26)

𝑞(𝑖𝑏𝑚)
𝐮 is the vector composed of the immersed boundary forcing terms for

velocity (𝑞𝐮) and energy (𝑞𝑒) on the Eulerian grid. Δ𝑉(𝑚)
𝑙 is the volume as-

sociated with the 𝑙𝑡ℎ lagrangian marker for the𝑚𝑡ℎ particle and is defined in
appendix D. Finally, the source term vector𝐐 on the Eulerian grid is given by

𝐐 =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
𝑞(𝑖𝑏𝑚)
𝑢

𝑞(𝑖𝑏𝑚)
𝑣

𝑞(𝑖𝑏𝑚)
𝑤

𝑞(𝑖𝑏𝑚)
𝑒 + 𝑢 𝑞(𝑖𝑏𝑚)

𝑢 + 𝑣 𝑞(𝑖𝑏𝑚)
𝑣 + 𝑤 𝑞(𝑖𝑏𝑚)

𝑤

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(4.27)

4.3.1.2 IBM for compressible inviscid flows

Additional simplifications in the immersed boundary source terms can be ob-
tained by considering inviscid flows. Let us first consider a unit normal vector
( ̂𝑛(𝑚)

𝑙 ) to the lagrangian force point location (𝐗(𝑚)
𝑙 ) given by eq. (4.28).
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̂𝑛(𝑚)
𝑙 = 𝐗(𝑚)

𝑙 − 𝑥(𝑚)
𝑐

| 𝐗(𝑚)
𝑙 − 𝑥(𝑚)

𝑐 |
(4.28)

The no-penetration boundary condition on the lagrangian force-point loca-
tion (𝐗(𝑚)

𝑙 ) in the immersed boundary sense is implemented with a source
term that attempts to bring the normal flow velocity (𝐮̃(𝑚)

𝑙 ⋅ ̂𝑛(𝑚)
𝑙 ) to the de-

sired normal particle velocity (𝐮(𝑑) ⋅ ̂𝑛(𝑚)
𝑙 ) as given in eq. (4.29).

𝑞𝐮,𝑖(𝐗(𝑚)
𝑙 ) = ̃𝜌 𝐮

(𝑑) ⋅ ̂𝑛(𝑚)
𝑙 − 𝐮̃(𝑚)

𝑙 ⋅ ̂𝑛(𝑚)
𝑙

Δ𝑡 (4.29)

In eq. (4.29), 𝐮̃ is the preliminary velocity field given by the corresponding ele-
ments in 𝐕̃, i.e., 𝐮̃ = ( 𝑢̃, ̃𝑣, ̃𝑤 ) and 𝐮(𝑑) is the velocity field at the lagrangian
marker positions given by eq. (4.24).

Similar to the approach in viscous-compressible flows given in eq. (4.30), the
velocity forcing term is interpolated back to the Eulerian grid as follows

𝑞(𝑖𝑏𝑚)
𝐮,𝑖 ( 𝑥𝑖,𝑗,𝑘 ) =

𝑁𝑝

∑
𝑚=1

𝑁𝑙

∑
𝑙=1

𝑞𝐮,𝑖(𝐗(𝑚)
𝑙 ) 𝛿ℎ(𝑥𝑖,𝑗,𝑘 − 𝐗(𝑚)

𝑙 ) Δ𝑉(𝑚)
𝑙 (4.30)

The immersed boundary source vector (𝐐) on the Eulerian grid is given as

𝐐 =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
𝑞(𝑖𝑏𝑚)
𝑢,𝑖

𝑞(𝑖𝑏𝑚)
𝑣,𝑖

𝑞(𝑖𝑏𝑚)
𝑤,𝑖

𝑢𝑞(𝑖𝑏𝑚)
𝑢,𝑖 + 𝑣 𝑞(𝑖𝑏𝑚)

𝑣,𝑖 + 𝑤 𝑞(𝑖𝑏𝑚)
𝑤,𝑖

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(4.31)
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4.3 Multi phase simulations

4.3.1.3 Final evaluation of the conservative force field

The vector 𝐐 evaluated for inviscid or viscous flows is finally added to the
preliminary conservative field 𝐔̃ to obtain the conservative force field at the
𝑘𝑡ℎ Runge Kutta step.

𝐔̃(𝑘) = 𝐔̃ + Δ𝑡 𝐐 (4.32)
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The current chapter summarises the validation tests for the compressible DNS
flow solver used in the present work. The first two sections focus on the vali-
dation tests for the single-phase inviscid and viscous flows. Following this, the
last two sections focus on validating the diffuse interface immersed boundary
method used in the context of compressible flows. The following definitions
in eq. (5.1) and eq. (5.2) for the 𝐿1 and 𝐿2 errors are used for convergence tests.

𝓔𝑙
𝐿1(𝜓) =

1
𝑁(𝑙)

𝑁(𝑙)

∑
𝑖=1

|| 𝜓𝑖 − 𝜓𝑖|| (5.1)

𝓔𝑙
𝐿2(𝜓) =

√√√
√

1
𝑁(𝑙)

𝑁(𝑙)

∑
𝑖=1

( 𝜓𝑖 − 𝜓𝑖)
2

(5.2)

𝑁(𝑙) represents the number of grid points considered in a grid convergence
study (𝑁(𝑙) = 𝑁𝑥 for a 1D study, 𝑁(𝑙) = 𝑁𝑥𝑁𝑦 for a 2D study, and 𝑁(𝑙) =
𝑁𝑥𝑁𝑦𝑁𝑧 for a grid convergence study in three spatial dimensions). 𝜓𝑖 is the
numerical approximation at cell 𝑖 and 𝜓𝑖 is the analytical solution at the same
position. A convergence rate can further be defined in eq. (5.3).

𝑅𝐿𝑋 =
log (𝓔(𝑙)

𝐿𝑋(𝜓) − 𝓔(𝑙−1)
𝐿𝑋 (𝜓) )

log (𝑁(𝑙−1)
𝐿𝑋 − 𝑁(𝑙)

𝐿𝑋 )
(5.3)

The superscript 𝑙 represents the index of the grid representing 𝑁(𝑙) discrete
grid points.
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5.1 Inviscid single phase validation

5.1 Inviscid single phase validation

5.1.1 Smooth flow test cases

5.1.1.1 1D Advection of a smooth flow perturbation

In this section, two tests for advection of smooth flow fields in a one-
dimensional domain are provided to evaluate the efficacy of the compressible
DNS solver with an underlying 5𝑡ℎ order advection scheme to capture the
expected grid convergence rate. The first test is the advection of a linear
density perturbation in a periodic domain, and the other test is the advection
of a smooth gaussian pulse.

Advection of a linear density perturbation

The test corresponds to a linear one-dimensional test for inviscid Euler equa-
tions. A sinusoidal perturbation is initially added to the density field, which is
advected at a constant velocity while the pressure field remains constant. It is
the consequence of the solution of the Euler equations remaining uncoupled.
Similar tests have been performed in two dimensions by Zhang et al. (2011)
and Buchmüller and Helzel (2014).

The test is performed on a periodic computational domain with a fundamental
period of 𝐿. The inviscid equations are computed using a 5𝑡ℎ order Finite-
Difference WENO-JS scheme (Shu 2016) for advection terms and a 3𝑟𝑑 order
Runge Kutta scheme for time stepping and the primitive variables density,
velocity, and pressure are initialized as in eq. (5.4).

⎛
⎜⎜⎜
⎝

𝜌
𝑢
𝑝

⎞
⎟⎟⎟
⎠𝑡 = 0

=
⎛
⎜⎜⎜
⎝

𝜌∞ + 𝛿𝜌 sin(2𝜋𝑥/𝐿)
𝑢∞
𝑝∞

⎞
⎟⎟⎟
⎠

(5.4)

In the eq. (5.4), 𝑢∞, 𝜌∞, 𝑝∞ and the fundamental period 𝐿 are set to unity and
a fixed time step of 𝑑𝑡 = 10−4 is chosen. 𝛿𝜌/𝜌∞ is set to 0.5. Hence, the
reference Mach number is given by 𝑀𝑎∞ = 𝑢∞/√𝛾𝑝∞/𝜌∞ = 1/√𝛾. The
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value of 𝛾 is taken as 1.4. The simulation is run until 𝑡 = 1.5𝐿/𝑢∞. The exact
solution at time 𝑡 is given in eq. (5.5)

⎛
⎜⎜⎜
⎝

𝜌
𝑢
𝑝

⎞
⎟⎟⎟
⎠𝑡

=
⎛
⎜⎜⎜
⎝

𝜌∞ + 𝛿𝜌 sin(2𝜋(𝑥 − 𝑢∞𝑡)/𝐿)
𝑢∞
𝑝∞

⎞
⎟⎟⎟
⎠

(5.5)

Table 5.1: Convergence of one-dimensional test for advection of linear density perturbation

𝑁 𝑑𝑡 𝓔𝐿1(𝜌) rate 𝑅𝐿1(𝜌) 𝓔𝐿2(𝜌) rate 𝑅𝐿2(𝜌)
16 10−4 8.98×10−3 - 9.78×10−3 -
32 10−4 3.14×10−4 4.84 3.51×10−4 4.80
64 10−4 9.10×10−6 5.11 1.03×10−5 5.08
128 10−4 2.75×10−7 5.05 3.09×10−7 5.06
256 10−4 8.49×10−9 5.02 9.50×10−9 5.03

0.2 0.4 0.6 0.8 1

0.5

1

1.5

2

𝑥

𝜌(
𝑥,
0)

(a)

101 101.5 102
10−12

10−8

10−4

100

𝑁

𝓔
𝐿 2

(b)

Figure 5.1: Initial density distribution and grid convergence results for the advection of linear
density perturbation. (a) Initial sinusoidal distribution of density (b) Grid conver-
gence plot in terms of the errors obtained by 𝐿2-norm compared to the analytical
solution. The dashed line represents the𝑁−5 power law.
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5.1 Inviscid single phase validation

As expected, a 5𝑡ℎ order convergence is obtained for the one-dimensional
test for Euler equations.

Advection of a gaussian pulse

This test involves the advection of a smooth Gaussian pulse along the 𝑥-
direction and is similar to the test of Yamaleev andCarpenter (2009), but with a
perturbation in the density field. The idea is to test the performance of TENO
scheme given by Liang et al. (2022) to capture the accuracy of background
5𝑡ℎ order linear scheme obtained by considering the entire 5-point stencil in
smooth problems for evaluating numerical fluxes. The flow is initialized as
in eq. (5.6).

⎛
⎜⎜⎜
⎝

𝜌
𝑢
𝑝

⎞
⎟⎟⎟
⎠𝑡 = 0

=
⎛
⎜⎜⎜
⎝

𝜌∞(1 + 𝑒−300(𝑥−𝑥2𝑐))
𝑢∞
𝑝∞

⎞
⎟⎟⎟
⎠

(5.6)

0.5 1 1.5 2

1.2

1.4

1.6

1.8

2

𝑥

𝜌

(a)

102 102.2 102.4 102.6 102.8

10−6

10−4

10−2

𝑁

𝓔
𝐿2

(b)

Figure 5.2: (a) The initial ( ) and final ( ) positions of the Gaussian pulse at the initial
and final state (b) Grid convergence plot in terms of the errors obtained by 𝐿2-norm
compared to the analytical solution for TENO ( ) and background linear scheme
( ). The dashed line ( ) represents the𝑁−5 power law.
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The Gaussian pulse is initially centered at 𝑥𝑐 = 0.5 and the reference Mach
number (𝑀𝑎∞) is chosen as 0.5. 𝜌∞ and 𝑢∞ are set to unity and 𝑝∞ is evalu-
ated as 𝑝∞ = 𝜌∞𝑢2∞/𝛾𝑀𝑎2∞. A 5𝑡ℎ order TENO and the corresponding 5𝑡ℎ
order large stencil schemes are chosen to evaluate the numerical fluxes. A
fixed time-step of 𝑑𝑡 = 10−5 is chosen, and the solution is advanced in time
until 𝑡 = 1 in a domain of length 𝐿𝑥 = 2. The exact solution at time 𝑡 for
density is given by 𝜌𝑡 = 𝜌∞(1 + 𝑒−300(𝑥−𝑥𝑐−𝑢∞𝑡)2).

A 5𝑡ℎ order convergence is observed with TENO and the corresponding linear
scheme with the large stencil as seen in fig. 5.2. Moreover, the TENO scheme
captures the accuracy of the optimal background linear scheme at higher res-
olutions for this smooth flow problem.

5.1.1.2 Advection of isentropic vortex

The present test case for smooth flows involves the advection of an isentropic
vortex field by a mean flow in two dimensions, which tests the ability of the
spatial scheme to preserve the smooth flow features of the vortex field. This
test has been previously performed by Yee et al. (1999), Zhang et al. (2011),
Buchmüller and Helzel (2014), and Al Jahdali et al. (2022). The initial flow
field can be represented in terms of the primitive variables as in eq. (5.7).

𝑢(𝑥,𝑦,0) = 𝑢∞ + 𝛽
2𝜋𝑒

1−𝑟2
2 ( −𝑦 )

𝑣(𝑥,𝑦,0) = 𝑣∞ + 𝛽
2𝜋𝑒

1−𝑟2
2 ( 𝑥 )

𝑇(𝑥,𝑦,0) = 𝑝∞
𝜌∞

− (𝛾 − 1)𝛽2
8𝜋2𝛾 𝑒1−𝑟2 (5.7)

𝑆(𝑥,𝑦,0) = 𝑝∞
𝜌𝛾∞

𝜌(𝑥,𝑦,0) = (𝑇(𝑥,𝑦,0)𝑆(𝑥,𝑦,0) )
1/(𝛾−1)

𝑝(𝑥,𝑦,0) = 𝜌(𝑥,𝑦,0)𝑇(𝑥,𝑦,0)
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𝜌∞, 𝑢∞, 𝑣∞ and 𝑝∞ represent the base flow field, and 𝑥 and 𝑦 are defined as
𝑥 = 𝑥 − 𝑥0 and 𝑦 = 𝑦 − 𝑦0, where (𝑥0, 𝑦0) are the coordinates of the ini-
tial position of the vortex center. 𝑟 = √𝑥2 + 𝑦2 and 𝛽 represents the vortex
strength. The entropy represented by 𝑆 = 𝑝/𝜌𝛾 is kept constant. The per-
turbations to the background flow satisfy the radial momentum equations for
a constant entropy inviscid ideal gas. Hence, the perturbations representing
the vortex are convected at the background flow velocity. The exact solution
at time 𝑡 is represented by𝑈𝑝𝑟𝑖𝑚(𝑥,𝑦,𝑡) = 𝑈𝑝𝑟𝑖𝑚(𝑥−𝑢∞𝑡, 𝑦 −𝑣∞𝑡, 0), where
𝑈𝑝𝑟𝑖𝑚 represents a primitive flow field.

Table 5.2: Convergence of two-dimensional test for advection of an isentropic vortex

𝑁 𝑑𝑡 𝓔𝐿2(𝜌) rate 𝑅𝐿2(𝜌)
32 0.001/√2 7.42×10−3 -
64 0.001/√2 1.01×10−3 2.87
128 0.001/√2 1.00×10−4 3.34
256 0.001/√2 3.84×10−6 4.70
512 0.001/√2 6.82×10−8 5.81
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𝑁𝑥 = 𝑁𝑦

𝓔
𝐿 2

(b)

Figure 5.3: (a) The initial (dashed line) and final (solid line) positions of the isentropic vortex
represented as the density contours (b) Grid convergence plot in terms of the errors
obtained by𝐿2-norm compared to the analytical solution. The dashed line represents
the𝑁−5 power law.
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The background primitive fields are chosen as [𝜌∞, 𝑢∞, 𝑣∞, 𝑝∞] = [1, 1, 1, 1]
respectively leading to an oblique flow at 45 in the 𝑥𝑦 plane and the vortex
center is initially placed at [𝑥0, 𝑦0] = [10, 10]. The reference Mach number
(𝑀∞) is then evaluated as𝑀∞ = √𝑢2∞ + 𝑣2∞/√𝛾𝑝∞/𝜌∞ = 2/√𝛾. The vortex
strength 𝛽 = 5 and the domain is chosen such that 𝐿𝑥 = 𝐿𝑦 = 20 and is
periodic. The solution is advanced until 𝑡 = 0.05𝐿𝑥/√𝑢2∞ + 𝑣2∞ using a 3𝑟𝑑
order low-storage Runge-Kuttamethod of Rai andMoin (1991) and a 5𝑡ℎ order
WENO-JS scheme for advection term. A fixed time step size of 0.001/√2 is
chosen for the simulations. A close to 5𝑡ℎ order convergence is obtained as
seen from fig. 5.3.

5.1.2 Tests with flow discontinuity

5.1.2.1 Linear advection of multiple waves

The current test involves the one-dimensional advection of a Gaussian pulse,
a square wave, a sharp triangle, and a half-ellipse in a periodic computational
domain with 𝑥 ∈ [0, 2]. This test has previously been performed by Takagi
et al. (2022) and Jiang and Shu (1996). The flow is initialized as in eq. (5.8).

𝑢(𝑥,0) =

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

1
6
[𝐺(𝑥 − 1, 𝛽, 𝑧 − 𝜃) + 𝐺(𝑥 − 1, 𝛽, 𝑧 + 𝜃)
+ 4𝐺(𝑥 − 1, 𝛽, 𝑧) ] , 0.2 ≤ 𝑥 ≤ 0.4

1, 0.6 ≤ 𝑥 ≤ 0.8
1 − |10(𝑥 − 1.1)| , 1.0 ≤ 𝑥 ≤ 1.2
1
6
[𝐹(𝑥 − 1, 𝛼, 𝑎 − 𝜃) + 𝐹(𝑥 − 1, 𝛼, 𝑎 + 𝜃)
+ 4𝐹(𝑥 − 1, 𝛼, 𝑎) ] , 1.4 ≤ 𝑥 ≤ 1.6

0, otherwise

(5.8)

where 𝐺(𝑥, 𝛽, 𝑧) = 𝑒−𝛽(𝑥−𝑧)2 and 𝐹(𝑥, 𝛼, 𝑎) = √𝑚𝑎𝑥(1 − 𝛼2(𝑥 − 𝑎)2,0)
with 𝛼 = 0.5, 𝑧 = −0.7, 𝛼 = 10, 𝛽 = log 2

36𝜃2
. A fixed time step with d𝑡 = 10−3

and 𝑁 = 160 grid points are chosen. The final simulation time is 𝑡 = 10.
The performance of WENO-JS is compared to TENO in capturing the discon-
tinuous solutions at the final time. A third-order Runge-Kutta method is used
for time-stepping. The results are shown in fig. 5.4. It is seen that TENO5 is
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5.1 Inviscid single phase validation

better at capturing the solutions with large gradients at the same grid resolu-
tions. The 𝐿2 errors (𝓔𝐿2) at 𝑁 = 160 was observed to be 0.0902 with the 5𝑡ℎ
order TENO scheme and 0.1152 with the 5𝑡ℎ order WENO-JS scheme.

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
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1

𝑥

𝑢

Figure 5.4: Comparison of the performance of 5𝑡ℎ order TENO and WENO-JS schemes to cap-
ture discontinuities at a given spatial discretization step size. ( ) represents the
numerical solution obtained by WENO-JS, ( ) represents the solution approxi-
mated by TENO, and ( ) represents the analytical solution at the final time.

5.1.2.2 Sod shock tube problem

The sod shock tube problem is a classical one-dimensional Riemann problem
leading to the generation of a rarefaction wave, a contact discontinuity, and a
shock wave. The initial flow field consists of a flow discontinuity with a sharp
variation of flow-field quantities.
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⎝

𝜌𝐿
𝑢𝐿
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⎞
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⎛
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⎝

1
0
1

⎞
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⎠

⎛
⎜⎜⎜
⎝

𝜌𝑅
𝑢𝑅
𝑝𝑅

⎞
⎟⎟⎟
⎠

=
⎛
⎜⎜⎜
⎝

0.125
0
0.1

⎞
⎟⎟⎟
⎠

(5.9)

The flow field is initialized with left and right states as in eq. (5.9) in a do-
main of length 𝐿 and with the discontinuity at 𝑥 = 𝐿/2. WENO-JS and
TENO schemes are used, and a 3𝑟𝑑 order Runge-Kutta scheme is used for
time-stepping. The solution is advanced in time until 𝑡 = 0.2.
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Figure 5.5: Sod’s shock tube problem at 𝑁 = 100 and simulation time 𝑡 = 0.2 with TENO
( ) andWENO-JS ( ) schemes compared to analytical solution ( ). (a) Spa-
tial density variation (b) Velocity variation (c) Pressure variation.

The TENO and WENO-JS schemes capture the different characteristic waves
(shock wave, rarefaction wave, and contact discontinuity) in the problem. The
TENO scheme resolves the flow features near the discontinuities better than
the WENO-JS scheme at the same grid resolutions. At higher resolutions, the
numerical approximation converges towards the analytical solution. The 𝐿2
errors for the density fields compared to the analytical solution for the 5𝑡ℎ
order WENO-JS and TENO schemes are shown in fig. 5.6. It is observed that
the 𝐿2 errors in density are smaller with the TENO scheme compared to the
WENO-JS schemes at the chosen grid-resolutions.

Figure 5.6: Comparison of the 𝐿2 errors of density fields (ℰ𝐿2) for the Sod-shock-tube problem
compared to the exact solution evaluated with ( ) 5𝑡ℎ order WENO-JS and ( )
5𝑡ℎ order TENO. ( ) represents the 𝑁−0.5 power law and ( ) represents the
𝑁−1 power law.
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5.1.2.3 Lax problem

The Lax problem is another Riemann problem where the initial flow field is
initialized as in eq. (5.10). A 5𝑡ℎ order WENO-JS and TENO schemes are used
for the advection scheme, and a 3𝑟𝑑 order Runge Kutta scheme is used for
temporal discretization.
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⎜⎜⎜
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⎝
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0

0.571

⎞
⎟⎟⎟
⎠

(5.10)

The solution is advanced in time until 𝑡 = 0.14, and a grid size of 𝑁 = 500
is used. The results are shown in fig. 5.7. It is observed that although the
TENO scheme is sharper near the discontinuities, it also introduces slightly
more numerical dispersion with the current choice of schemes.
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Figure 5.7: Density variation as a function of 𝑥 for Lax problem at 𝑡 = 0.14 with the WENO-
JS and TENO schemes. ( ) represents the analytical solution, ( ) represents the
numerical solution at 𝑁 = 500 with WENO-JS scheme, and ( ) represents the nu-
merical solution at the final time with the TENO scheme at the same grid resolution.

The 𝐿2 errors (ℰ𝐿2) of the density fields with respect to the exact solutions at
𝑁 = 500 (evaluated through the exact Riemann solver) are evaluated for the
WENO-JS and TENO schemes. ℰ𝐿2 with theWENO-JS schemewas 0.0403 and
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with TENO scheme, ℰ𝐿2 was 0.0320. Although higher numerical dispersion
is observed near the discontinuities with the TENO scheme, the 𝐿2 errors for
the density fields at 𝑁 = 500 was lower than the WENO-JS scheme.

5.1.2.4 Shock density wave interaction

The test case has previously been performed by Shu and Osher (1988) and
Takagi et al. (2022). It involves a shock wave of Mach 3 interacting with a
sinusoidal density wave. The initial flow field distribution in the domain 𝑥 ∈
[−5,5] is given by eq. (5.11). A fixed time-step of 𝑑𝑡 = 10−4 is chosen, and the
solution is advanced in time until 𝑡 = 2. The reference solution is obtained
with the WENO-JS scheme with 5000 grid points (𝑁 = 5000).

(𝜌, 𝑢, 𝑝) = {(3.857,2.629,10.33), 𝑥 ∈ [−5, − 4)
(1 + 0.2 sin(5𝑥), 0, 1). 𝑥 ∈ [−4, 5] (5.11)

The numerical solution with WENO-JS and TENO schemes with 𝑁 = 300
is compared to the reference solution. The results with the two spatial dis-
cretization schemes are shown in fig. 5.8
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Figure 5.8: Density variation as a function of 𝑥 for the interaction of a shock wave with Mach
3 interacting with a density wave at 𝑡 = 2 with the WENO-JS and TENO schemes.
( ) represents the reference solution computed with the WENO-JS scheme with
5000 grid points. ( ) represents the numerical solution obtained with the WENO-
JS scheme at 𝑁 = 300 and ( ) represents the numerical solution with the TENO
scheme at the same grid resolution.

It is observed that the TENO scheme is better at resolving large gradients than
the WENO-JS scheme at equal resolutions. The 𝐿2 errors (ℰ𝐿2) in the density
field at 𝑁 = 300 was evaluated with respect to the corresponding reference
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5.1 Inviscid single phase validation

solution obtained by linearly interpolating the WENO-JS numerical solution
at𝑁 = 5000 to𝑁 = 300. It was observed that ℰ𝐿2 at N = 300 for theWENO-JS
scheme was 0.1911 and with the TENO scheme, ℰ𝐿2 was 0.1176.

5.1.2.5 Explosion test in two dimensions

The current validation test is for Euler’s equations in two spatial dimensions
taken from Toro (2013). The flow is initialized with a circular discontinuity
centered at (1,1) with a radius of 𝑅 = 0.4 on a square domain 2.0 × 2.0 in
the 𝑥 − 𝑦 plane. Flow properties vary sharply from the inside of the circular
region to the outside. The initial flow distribution is given by eq. (5.12).
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(5.12)

The subscript “𝑖𝑛” represents the primitive flow variables inside the circular
region, and “𝑜𝑢𝑡” represents the flow quantities outside.
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Figure 5.9: Density variation as a function of radial position 𝑟 for explosion test in two spatial
dimensions at 𝑡 = 0.25 with the WENO-JS scheme. ( ) represents the reference
solution from Toro (2013), ( ) represents the numerical solution at𝑁𝑥 = 100,𝑁𝑦 =
100, and ( ) represents the numerical solution with𝑁𝑥 = 200,𝑁𝑦 = 200.
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The solution is an outward traveling shock wave, a circular rarefaction wave
traveling inwards, and a contact discontinuity traveling away from the center.
A WENO-JS scheme is used to advance the solution until a final time of 𝑡 =
0.25 in a uniform grid with [𝑁𝑥,𝑁𝑦] = [100,100] and [𝑁𝑥,𝑁𝑦] = [200,200].
The numerical approximation of density at the two grid resolutions is given
in fig. 5.9. As expected, at higher grid resolutions, the numerical solution
converges towards the reference solution.

5.1.2.6 2D Riemann problem of Lax

In this section, a two-dimensional Riemann problem from configuration 3 of
Lax and Liu (1998) is chosen. The two-dimensional square domain 𝐿𝑥 =
𝐿𝑦 = 1 is distributed in four equiareal quadrants. The initial flow field con-
sists of the primitive variables distributed in a way such that they are constant
in each quadrant. The initial distribution of the density, velocity, and pressure
in the 𝑥 − 𝑦 plane is given in eq. (5.13).

(𝜌, 𝑢 𝑣, 𝑝) =
⎧⎪
⎨⎪
⎩

(1.5, 0, 0, 1.5) 𝑥 > 0.5, 𝑦 > 0.5
(0.5323, 1.206, 0, 0.3) 𝑥 < 0.5, 𝑦 > 0.5
(0.138, 1.206, 1.206, 0.029) 𝑥 < 0.5, 𝑦 < 0.5
(0.5323, 0, 1.206, 0.3) 𝑥 > 0.5, 𝑦 < 0.5

(5.13)

A mesh resolution of 400 × 400 (similar to Lax and Liu (1998)) is chosen. The
WENO-JS scheme is used, and the solution is advanced in time until 𝑡 = 0.3
using the 3𝑟𝑑 order Runge Kutta procedure with a CFL of 0.5. The density
contour plot at the final computational time is shown in fig. 5.10.

The exact solution consists of four shock waves emanating from the initial
flow discontinuities at the quadrant boundaries and a complex intermediate
flow pattern. As seen in fig. 5.10, the complex flow patterns and the shock
waves were captured stably.

60



5.2 Viscous single phase validation

Figure 5.10: Zoomed in view of the density contours for the 2D Riemann problem from config-
uration 3 of Lax and Liu (1998) at the final computational time of 𝑡 = 0.3 using
WENO-JS advection scheme. The shock waves and flow patterns are captured, and
the symmetry is preserved.

5.2 Viscous single phase validation

A series of viscous single-phase validations are performed in the present sec-
tion. The inviscid Euler momentum and total energy equations are augmented
with additional viscous terms as shown in section 3.1. The dissipative terms
introduce two new non-dimensional parameters: the Reynolds number (𝑅𝑒)
and the Prandtl number (𝑃𝑟). The Reynolds number is the ratio between in-
ertial and viscous forces, whereas the Prandtl number is defined as the ratio
between momentum and thermal diffusivities. Unless stated otherwise, the
value of the Prandtl number is fixed at (𝑃𝑟 = 0.7), and the ratio of specific
heat capacities is set to (𝛾 = 1.4) for the validation tests.

First, the Taylor Green Vortex (TGV) test case is validated with the known
exact solutions for incompressible flows at low Mach numbers. Next, a sim-
ple test case for Couette flow presented by Jain (1973) is tested for equal and
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non-equal wall temperatures, also at low Mach numbers. Their hypothetical
viscous law makes the system of equations solvable to obtain an analytical
solution that can be used for validation. Next, a more general compressible
flow test case for simple shearing motion, given by Illingworth (1950), is used
to test the viscous law implementation at higher Mach numbers. Their vis-
cous law simplifies the compressible Navier Stokes equations into a series of
ordinary differential equations that can be solved numerically. Finally, the
compressible turbulent plane channel flow with isothermal walls by Coleman
et al. (1995) is run and compared with available reference data.

5.2.1 Taylor Green Vortices

The test case of the Taylor-Green vortex is a simple, unsteady solution of the
incompressible Navier-Stokes equations for a decaying vortex in a periodic
two-dimensional domain. In the DNS runs, The flow fields remain unchanged
along the third direction in a three-dimensional domain; hence, there is no
spatial dependence of the computed solution along the third direction. The
DNS results are compared with the analytical solution at a low Mach number.
The time-dependent exact solution of the Taylor Green Vortices solved on a
square domain for incompressible flows is given in eq. (5.14).

𝑢(𝑥,𝑡) = 𝑢𝑜𝑠𝑖𝑛(𝑘𝑥)𝑐𝑜𝑠(𝑘𝑦)𝑒−2𝑘
2𝜈𝑡

𝑣(𝑥,𝑡) = −𝑢𝑜𝑐𝑜𝑠(𝑘𝑥)𝑠𝑖𝑛(𝑘𝑦)𝑒−2𝑘
2𝜈𝑡 (5.14)

𝑝(𝑥,𝑡) = 𝑝𝑜 + 𝜌𝑜𝑢𝑜2
4 [𝑐𝑜𝑠(2𝑘𝑥) + 𝑐𝑜𝑠(2𝑘𝑦)]𝑒−4𝑘2𝜈𝑡

In the eq. (5.14), 𝑢 and 𝑣 are the velocities, 𝑝 is the pressure, and 𝜈 is the
constant kinematic viscosity. 𝑝𝑜 is the background pressure, 𝜌𝑜 is the initial
constant density of the flow field, and 𝑢𝑜 is the amplitude of the velocity field.
The wave number 𝑘 is defined as 𝑘 = 2𝜋/𝐿, where the periodic domain is
Ω = [0 ≤ 𝑥,𝑦 ≤ 𝐿].

For the current problem, 𝜌𝑜 = 1 and 𝑝𝑜 = 7.9365 is chosen such that the
reference Mach number (𝑀𝑎 = √𝛾𝑝𝑜/𝜌𝑜) is 0.3. At this low Mach number,
the compressibility effects are negligible, and an incompressible flow can be
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assumed. Hence, the variation in density remains small, and the DNS results
can be compared against the analytical incompressible Taylor Green Vortex
solutions. The flow is initialized on a cubical domain of [𝐿 × 𝐿 × 𝐿] with
𝐿 = 1, and the dynamic viscosity 𝜇 is obtained from the kinematic viscosity
as 𝜇 = 𝜈𝜌. The Reynolds number (𝑅𝑒) based on 𝐿, 𝑢𝑜 and 𝜈 is fixed at 100.
The physical parameters are summarised in table 5.3.

Table 5.3: Physical parameters used for the DNS runs of Taylor Green Vortices

𝑃𝑟 𝑀𝑎 𝑅𝑒

0.7 0.3 100
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Figure 5.11: Taylor Green Vortices: (a) Contour of initial 𝑥-velocity field (b) Grid convergence
plot in terms of the errors obtained by 𝐿2-norm ( ) compared to the analytical
solution. ( ) represents the𝑁−2 power law.

The flow is initialized with the exact solution at 𝑡 = 0, and the test is run
for 105 time-steps at a fixed time-step of 5 × 10−5 at different resolutions
along the length (𝐿) in 𝑥 − 𝑦 directions. The convergence of the 𝑥-velocity
to the analytical incompressible solution is shown in fig. 5.11b. A second-
order convergence is observed with grid refinement. At higher resolutions,
the effect of errors accumulated from the time-stepping procedure becomes
significant, and hence, a further decrease in errors with grid-refinement is not
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observed. The observed second-order convergence is the expected behavior
for using a second-order central difference scheme for the viscous terms.

5.2.2 Couette flow with constant dynamic viscosity

The test given in Jain (1973) is a couette flow test that makes the energy
eq. (3.13) solvable under an assumption of constant thermal conductivity (𝜅 =
constant) and dynamic viscosity (𝜇 = 𝜇𝑜). The lower wall is stationary, while
the upper wall moves parallel to the lower wall at constant velocity 𝑈. The
temperature of both walls is fixed and is kept constant.

Figure 5.12: Geometry and boundary conditions for Couette flow shown in the 𝑥 − 𝑦 plane.
The lower wall is stationary, while the upper wall moves at a constant velocity𝑈
relative to the lower wall.

5.2.2.1 Derivation of the couette flow equations

Consider the governing differential equations for momentum and en-
ergy given in eqs. (3.8) and (3.13). The equations can be simplified for a
two-dimensional Couette flow with isothermal walls with the following
assumptions

(i) Two dimensional flow : 𝜕
𝜕𝑧
() = 0

(ii) Incompressible flow : ∇ ⋅ u = 0

(iii) Steady state : 𝜕
𝜕𝑡
() = 0

(iv) Fully developed in 𝑥-direction : 𝜕
𝜕𝑥
() = 0

64



5.2 Viscous single phase validation

(v) Zero wall-normal velocity (𝑣 = 0)
(vi) Constant Prandtl number 𝑃𝑟 and ratio of specific heat capacities 𝛾.
(vii) Constant thermal conductivity (𝜅 = constant)
(viii) Constant dynamic viscosity (𝜇 = 𝜇𝑜)

Under these assumptions, the system of equations is reduced to the form
shown in eq. (5.15). In the equations, 𝑇 is fluid temperature related to the
fluid internal energy (𝑒) as 𝑒 = 𝐶𝑣𝑇.

𝑑
𝑑𝑦 (𝜇

𝑑𝑢
𝑑𝑦 ) = 0

𝜅𝑑
2𝑇
𝑑𝑦2 + 𝜇 (𝑑𝑢𝑑𝑦 )

2
= 0 (5.15)

The corresponding boundary conditions for the Couette flow in the dimen-
sional form are given in eq. (5.16). The expression for the energy equation has
also previously been derived by Nahme (1940).

𝑦 = 0 ∶ 𝑢 = 0, 𝑒 = 𝑒𝑜
𝑦 = 𝐻 ∶ 𝑢 = 𝑈, 𝑒 = 𝑒𝑜 (5.16)

Let 𝜇𝑜 be the reference dynamic viscosity of the fluid corresponding to 𝑒𝑜 .
Then, the constant thermal conductivity (𝜅) is defined in eq. (5.17).

𝜅 = 𝜇𝑜 𝛾 𝐶𝑣
𝑃𝑟 (5.17)

5.2.2.2 Analysis

The momentum equation in eq. (5.15) can be integrated to obtain the non-
dimensional shearing stress 𝜏𝑜 as follows
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𝜏𝑜 = 𝜇𝑑𝑢𝑑𝑦 = constant = (𝜇𝑑𝑢𝑑𝑦 )𝑦=0
(5.18)

Eliminating 𝑑𝑢/𝑑𝑦 from eqs. (5.15) and (5.18), the following modified energy
equation eq. (5.19) is obtained

𝑑2𝑒
𝑑𝑦2 + 𝑃𝑟 𝜏2𝑜

𝛾 𝜇2𝑜
= 0 (5.19)

Under the assumption of constant dynamic viscosity (𝜇 = 𝜇𝑜), the eq. (5.15)
is solvable analytically and is given by eq. (5.20).

𝑒 = 𝑒𝑜 +
𝑈2 𝑃𝑟
2𝛾

𝑦
𝐻 (1 − 𝑦

𝐻)

𝑢 = 𝑈 ( 𝑦𝐻)
(5.20)
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Figure 5.13: Convergence of streamwise fluid velocity in Couette flow with isothermal walls.
( ) represents the𝑁−2 power law with WENO-JS and ( ) represents the 𝐿2
error for fluid streamwise velocity compared to the analytical solution.

We run simulations starting with a uniform flow at Mach number (𝑀𝑎 =
0.2), 𝛾 = 1.4 in a domain [2 × 2 × 2], and use a constant kinematic viscosity,
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𝜈 = constant = 𝑈𝐻/𝑅𝑒. (Note: Since the entire flow is close to incompress-
ible, the density variations are minor, and hence, constant kinematic viscos-
ity should also imply constant dynamic viscosity). The Prandtl and Reynolds
numbers are set to 𝑃𝑟 = 0.7 and 𝑅𝑒 = 10 respectively and the wall tempera-
tures are fixed at 𝑒𝑜 = 𝑈2/(𝛾(𝛾 − 1)𝑀𝑎2). We validate the results with the
analytical solution for constant dynamic viscosity given in eq. (5.20). It should
be noted that the Reynolds number (𝑅𝑒) only affects the transient solution but
not the final steady-state analytical solution. In addition, periodic boundary
conditions are set along 𝑥 and 𝑧 directions. Validation tests are run at different
resolutions and with a fixed time step of 𝑑𝑡 = 10−5 for 2 × 106 time steps.
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Figure 5.14: Normalized streamwise velocity and internal energy of the fluid for Couette flow
compared to the analytical solution. ( ) represents the analytical solution and
( ) represents the DNS solution at 𝑁 = 128. (a) Normalized streamwise flow
velocity (b) Normalized fluid internal energy.

The convergence of streamwise fluid velocity at 𝑡 = 20 compared to the ana-
lytical solution is shown in fig. 5.13, and the normalized streamwise velocity
and internal energy are shown in fig. 5.14. A second-order convergence is
observed as expected.

5.2.3 Couette flow with variable dynamic viscosity

In this more stringent Couette flow test, the flow compressibility is non-
negligible, and the viscosity is a linear function of the temperature. With the
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chosen viscous law, the compressible Navier-Stokes equations are reduced
to a set of ordinary differential equations that can be solved numerically,
for example, by using the Newton-Raphson method. This test was previ-
ously introduced by Illingworth (1950). The geometry of the current test
is shown in fig. 5.15.

Figure 5.15: Geometry and boundary conditions for compressible Couette flow shown in the
𝑥−𝑦 plane. The upper wall is stationary, while the lower wall moves at a constant
velocity 𝑢𝑜 relative to the upper wall. The specific enthalpy at the upper and lower
walls is fixed at 𝑖 = 𝑖𝑜.

At sufficiently low residuals, the obtained solution from the iterative proce-
dure can be used as the reference solution to the problem. First, the Couette
flow equations are stated and non-dimensionalized, following which a grid
convergence test comparing the DNS results with the reference solution is
performed. The following assumptions are considered

(i) Two dimensional flow : 𝜕
𝜕𝑧
() = 0

(ii) Steady state : 𝜕
𝜕𝑡
() = 0

(iii) Fully developed in 𝑥-direction : 𝜕
𝜕𝑥
() = 0

(iv) Zero wall-normal velocity (𝑣 = 0)
(v) Constant Prandtl number 𝑃𝑟 and ratio of specific heat capacities 𝛾.
(vi) A linear viscosity law between dynamic viscosity and specific

enthalpy (𝜇 ∝ 𝑖)
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5.2 Viscous single phase validation

Under these assumptions, the system of equations in eqs. (3.8) and (3.13) re-
duce to eq. (5.21).

𝑑
𝑑𝑦 (𝜇

𝑑𝑢
𝑑𝑦 ) = 0

𝑑𝑝
𝑑𝑦 = 0

𝛾
𝑃𝑟 [

𝑑
𝑑𝑦 (𝜇

𝑑𝑒
𝑑𝑦 )] + 𝜇 (𝑑𝑢𝑑𝑦 )

2
= 0 (5.21)

Let 𝑖 represent the specific enthalpy per unit mass. Then, the specific internal
energy (𝑒) can be written as in eq. (5.22).

𝑖 = 𝑒 + 𝑝
𝜌 = 𝑝

(𝛾 − 1)𝜌 + 𝑝
𝜌 = 𝑝𝛾

(𝛾 − 1)𝜌 = 𝛾𝑒 (5.22)

Substituting eq. (5.22) in eq. (5.21), we obtain

1
𝑃𝑟 [

𝑑
𝑑𝑦 (𝜇

𝑑𝑖
𝑑𝑦 )] + 𝜇 (𝑑𝑢𝑑𝑦 )

2
= 0 (5.23)

The details of the non-dimensionalization of the governing differential equa-
tions and their simplifications based on the mentioned assumptions are pro-
vided in appendix E. Let, the subscript ’𝑜’ represent the quantities evaluated
at the bottom wall, which is the reference plate for this test. 𝑐𝑜 be the speed
of sound of the flow near the lower plate defined as 𝑐𝑜 = √𝛾𝑝𝑜/𝜌𝑜 . The Mach
number (𝑀𝑎 = 𝑢𝑜/𝑐𝑜), the Reynolds number (𝑅𝑒 = 𝜌𝑜𝑢𝑜𝐻/𝜇𝑜), and the
Prandtl number (𝑃𝑟) are chosen as 1, 10, and 1 respectively. The test is run
with𝐻 = 1 and a time-step size of 𝑑𝑡 = 10−5 for 2×106 steps. At 𝑡 = 0, the
initial density distribution is uniform 𝜌 = 𝜌𝑜 = 1, and the streamwise veloc-
ity 𝑢 varies linearly between the two plates as 𝑢 = 𝑢𝑜(1−𝑦/𝐻), such that the
initial pressure distribution is given by 𝑝 = 𝜌𝑜𝑢2/(𝛾𝑀𝑎2). The lower plate
moves at a velocity 𝑢 = 𝑢𝑜 relative to the stationary upper plate, and the
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internal energy on both the walls is fixed at 𝑒 = 𝑒𝑜 = (𝑝𝑜/(𝛾 − 1)𝜌𝑜). Peri-
odic boundary conditions are used in the streamwise and spanwise directions.
Figure 5.16 shows the steady state streamwise velocity and specific enthalpy
computed at the finest grid (𝑁 = 128) compared to the reference solution.
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Figure 5.16: Normalized streamwise velocity and specific fluid enthalpy for compressible Cou-
ette flow compared to the reference solution. ( ) represents the reference solu-
tion and ( ) represents the DNS solution at𝑁 = 128. (a) Normalized stream-
wise flow velocity (b) Normalized fluid specific enthalpy.
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Figure 5.17: Convergence of streamwise fluid velocity and specific enthalpy for compressible
Couette flow at 𝑀𝑎 = 1 with isothermal walls. ( ) and ( ) represent the
𝑁−2 and 𝑁−3 power laws respectively. ( ) and ( ) represents the conver-
gence of 𝐿2 errors for streamwise velocity and specific enthalpy.
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5.2 Viscous single phase validation

Figure 5.17 shows the convergence plot of 𝐿2 errors of the specific enthalpy
and the streamwise velocity compared to the reference solution. A close-to-
second-order convergence is observed, attributed to the second-order numer-
ical scheme used for the viscous terms.

5.2.4 Compressible turbulent supersonic channel flow

In the current section, a Direct Numerical Simulation of turbulent supersonic
channel flow with constant wall temperatures is performed and studied. The
geometry and physical parameters have previously been used by Coleman et
al. (1995), and later, the DNS results were reproduced by Lechner et al. (2001)
by using a pressure-velocity-entropy formulation of the compressible Navier-
Stokes equations. The geometry used for the DNS run is shown in fig. 5.18.

Figure 5.18: Geometry and boundary conditions for compressible wall-bounded turbulent su-
personic channel flow. Periodic boundary conditions are implemented along the
spanwise and streamwise directions, while a no-slip constant temperature bound-
ary condition is imposed at the walls.

The flow inside the channel is maintained by a uniform body force equiva-
lent to a pressure gradient term in pressure-driven flows. The source term
ensures a constant total mass flux through the channel such that a statisti-
cally stationary, fully developed turbulent state can be obtained. The channel
walls are cooled with respect to the bulk flow and act as an energy sink by
transferring energy produced by viscous dissipation out of the channel. The
Reynolds number (𝑅𝑒) and the Mach number (𝑀𝑎) based on the bulk velocity
(𝑢𝑚), wall dynamic viscosity (𝜇𝑤), channel half width (ℎ), bulk density (𝜌𝑚),
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and the wall speed of sound (𝑐𝑤) are chosen as 𝑀𝑎 = 1.5 and 𝑅𝑒 = 3000.
The medium chosen is air. Hence, the Prandtl number (𝑃𝑟) based on the wall
dynamic viscosity (𝜇𝑤) and wall thermal conductivity (𝜅𝑤) is fixed at 0.7 and
the specific heat capacity ratio (𝛾) is set to 1.4. The temperature-dependent
dynamic viscosity (𝜇) follows a power-law given by 𝜇 ∝ 𝑇0.7. The defini-
tions of the non-dimensional parameters are summarised in eq. (5.24).

𝑀𝑎 = 𝑢𝑚/𝑐𝑤 = 1.5
𝑅𝑒 = 𝜌𝑚𝑢𝑚ℎ/𝜇𝑤 = 3000
𝑃𝑟 = 𝜇𝑤𝐶𝑝/𝜅𝑤 = 0.7
𝛾 = 𝐶𝑝/𝐶𝑣 = 1.4 (5.24)

The computational domain is the same as the one used by Coleman et al.
(1995) given by 𝐿𝑥 = 4𝜋, 𝐿𝑦 = 2, and 𝐿𝑧 = 4𝜋/3. The domain is uni-
formly discretized along the wall-normal direction such that the grid spac-
ing in wall units in the statistically stationary state is given by Δ𝑦+ = 0.42.
The DNS was started by a uniform flow field, and a localized non-uniform
puff-forcing was introduced for a duration of 0.032 ℎ/𝑢𝜏 for triggering the
transition to turbulence. Details of such an approach have previously been
discussed by Willis and Kerswell (2008). The total time for the DNS simula-
tion was 𝑡𝑡𝑜𝑡𝑎𝑙 = 90.41 ℎ/𝑢𝜏 , where ℎ is the channel half-width and 𝑢𝜏 is the
friction velocity given by 𝑢𝜏 = √𝜏𝑤/𝜌𝑤 , where 𝜏𝑤 is the wall shear given
in eq. (5.25).

𝜏𝑤 = 𝜇𝑤
2 (|||

d𝑢
d𝑦

|||𝑦=0
+ |||

d𝑢
d𝑦

|||𝑦=2ℎ
) (5.25)

Flow fields are temporally averaged for 12 ℎ/𝑢𝜏 time units between 78 ℎ/𝑢𝜏
and 90 ℎ/𝑢𝜏 . The current results are compared with the DNS results reported
by Lechner et al. (2001). ⟨⋅⟩ represents the time-averaged statistic obtained by
Reynolds averaging, and ( ̃⋅ ) represents favre-averaging, such that the respec-
tive fluctuations are given by eq. (5.26). The averaging procedures and flow
field decomposition definitions are given in appendix A.
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Figure 5.19: Comparison of (a) mean normalized and (b) Van Driest transformed velocity profile
compared with the DNS data of Lechner et al. (2001) and Coleman et al. (1995).
( ) represents the reference solution and ( ) represents the time-averaged
DNS solution.

𝑈′ = 𝑈 − ⟨𝑈⟩
𝑈″ = 𝑈 − 𝑈 (5.26)

Figure 5.19 compares the normalized Reynolds averaged mean velocity, and
the Van-driest transformed velocity compared to the reference solution. A
good agreement is observed with the reference data. The definition of the
Van Driest transformation is the same as in Coleman et al. (1995) and is given
by eq. (5.27). The higher velocity gradient near the wall, as seen in fig. 5.19a,
is a characteristic of wall-bounded fully developed turbulent flows owing to
the enhancement of momentum transport by the fluctuating motion. This,
in turn, increases the wall shear stress and leads to a flatter velocity pro-
file compared to a laminar flow. The maximum value of the mean velocity
is observed at the channel centerline. The density-weighted mean velocity
obtained by Van Driest transformed velocity seems to follow a logarithmic
profile approximately at 𝑦+ > 30 as seen in fig. 5.19b similar to the universal
incompressible logarithmic law.
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⟨𝑢⟩+𝑣𝑑 = ∫
⟨𝑢⟩+

0
( 𝜌
𝜌𝑤

)
1/2

d⟨𝑢⟩+ (5.27)

This seems to agree with Morkovin (1962), who proposed that for Mach
numbers less than 5, the difference between incompressible and compress-
ible boundary layers can be accounted for by considering the variations of
mean flow field quantities. The logarithmic profile can be attributed to the
diminishing effects of viscosity outside the viscous sublayer. Figure 5.20a
shows the variation of the normalized mean temperature, and fig. 5.20b
shows the RMS fluctuation of temperature compared to the reference data
of Lechner et al. (2001).
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Figure 5.20: Comparison of (a) mean normalized and (b) RMS temperature profile compared
with the DNS data of Lechner et al. (2001). ( ) represents the reference solution
and ( ) represents the time-averaged DNS solution.

The cooled isothermal walls remove the heat generated by dissipation inside
the channel. Figure 5.21 shows the mean density profile and its RMS fluctua-
tion. The trend followed by the mean density profile is opposite to that of the
mean temperature profile. This can be attributed to the flow being essentially
isobaric. Using eq. (3.14), it is apparent that for such a flow, the wall-normal
gradients of temperature and density take opposite signs. It was shown by
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5.2 Viscous single phase validation

Lechner et al. (2001) that the large RMS fluctuations in the buffer region could
mainly be attributed to the steep negative wall-normal gradients and a pos-
itive turbulent mass flux. Far from the walls, there is a significant decrease
in the density and temperature fluctuations in the core of the channel as the
influence of wall-induced shear diminishes, and the turbulent structures be-
come more isotropic.
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Figure 5.21: Comparison of (a) mean normalized and (b) RMS density fluctuation profile com-
pared with the DNS data of Lechner et al. (2001). ( ) represents the reference
solution and ( ) represents the time-averaged DNS solution.

Figure 5.22 shows the wall-normal profiles of mean Mach and Reynolds
numbers compared to the DNS data of Coleman et al. (1995). Both the
non-dimensional parameters achieve a maximum at the channel centerline
and vanish at the walls. The mean centerline Mach number (𝑀𝑎𝑐) and mean
centerline Reynolds number (𝑅𝑒𝑐) take the value of 1.5 and 2760, respectively.
Interestingly, the value of 𝑅𝑒𝑐 for the present test is lower than that of Kim
et al. (1987), who reported a value of 𝑅𝑒𝑐 = 3250 at 𝑀𝑎 = 0. This might be
because of the increased influence of viscous effects compared to the inertial
effects since the dynamic viscosity increases towards the channel centerline
as seen in fig. 5.23. Figure 5.23 shows the normalized mean dynamic viscosity
profile. Since 𝜇 ∝ 𝑇0.7, the fluid’s viscosity also achieves a minimum at the
walls and a maximum at the channel centerline.
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Figure 5.22: Comparison of (a) mean Mach number and (b) mean Reynolds number profile com-
pared with the DNS data of Coleman et al. (1995). ( ) represents the reference
solution and ( ) represents the time-averaged DNS solution.
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Figure 5.23: Profile of mean dynamic viscosity ( ) normalized by the wall viscosity

Figure 5.24 shows the profiles of turbulent Mach number and the mixing
length. The turbulent Mach number 𝑀𝑎𝑡 is defined in eq. (5.28).

𝑀𝑎𝑡 = √⟨𝑢′𝑖𝑢′𝑖⟩/𝑐 (5.28)
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The turbulent Mach number peaks in the buffer region, showing the relative
importance of compressibility effects in turbulent characteristics in this re-
gion. It was also previously shown by Coleman et al. (1995) that the dilata-
tion is close to zero in the channel’s core except near the walls. It was later
concluded by Lechner et al. (2001) that for the same flow, the compressibil-
ity effects appeared only near the channel walls by analyzing the Reynolds
stress tensor normalized with wall shear stress. They observed that the axial
stress in this region was increased, and the other components were reduced
compared to the incompressible counterpart by Kim et al. (1987).
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Figure 5.24: Comparison of (a) the turbulentMach number and (b) mixing length compared with
the DNS data of Coleman et al. (1995). ( ) represents the reference solution and
( ) represents the time-averaged DNS solution.

Figure 5.25 shows the contours of instantaneous streamwise velocity fluctua-
tions. Strong streamwise fluctuations near the walls can be seen in the figure.
Coleman et al. (1995) had previously demonstrated that compressibility en-
hances the coherence of near-wall streaks, thereby increasing the streamwise
correlation length. Conversely, the spanwise spacing of these streaks remains
approximately equivalent to that observed in incompressible flow. Lechner et
al. (2001) defined the positive streamwise velocity fluctuations near the walls
as sweeps (𝑢′ > 0) and the negative streamwise velocity fluctuations near
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the walls as ejections (𝑢′ < 0). The contours of the streamwise velocity fluc-
tuations at 𝑦+ = 9 in the buffer layer are plotted in fig. 5.26. The sweeps
and ejections appear alternatingly and carry high-velocity fluid to the walls
while moving low-speed fluid away. It was observed by Lechner et al. (2001)
that the sweeps carry mostly the positive temperature fluctuations, and the
ejections carry mostly the negative temperature fluctuations.

(a) 𝑥 − 𝑦 plane

(b) 𝑦 − 𝑧 plane

Figure 5.25: Instantaneous field of streamwise velocity fluctuation at 𝑅𝑒𝜏 ≈ 200 and 𝑅𝑒𝑏 =
3000 plotted on a grayscale from strongly negative (black) to strongly positive
(white). (a) shows the contours in the (𝑥 − 𝑦) plane at 𝑧 = 0.5𝐿𝑧. (b) shows the
contours in the (𝑦 − 𝑧) plane at 𝑥 = 0.5𝐿𝑥.

Figure 5.26: Contours of streamwise velocity fluctuations normalized with the bulk velocity
(𝑢′/𝑢𝑚) at 𝑦+ = 9 in the 𝑥 − 𝑧 plane. Contours are plotted on a grayscale
from strongly negative (black) to strongly positive (white).
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Figure 5.27 shows the isosurfaces of the streamwise velocity fluctuations near
the lower wall and gives a deeper insight into the structures of sweeps and
ejections. The isosurface of the 𝑞-criterion is also plotted to show the evolu-
tion of vortices near these structures. Pointed out by Lechner et al. (2001), it
can be observed that the shearing between these sweep and ejection struc-
tures generates these vortices.

Figure 5.27: Isosurfaces of streamwise velocity fluctuations normalized with the bulk velocity
(𝑢′/𝑢𝑚) and the 𝑞-criterion (𝑞). Blue represents the isosurface of (𝑢′/𝑢𝑚) =
+0.15 and red represents the isosurface of (𝑢′/𝑢𝑚) = −0.15. Yellow shows the
isosurface of 𝑞 = 𝑢2𝑚/ℎ2.

In conclusion, Direct Numerical Simulation (DNS) of supersonic compressible
wall-bounded turbulent channel flow is performed at𝑀𝑎 = 1.5, 𝑅𝑒 = 3000,
and 𝑃𝑟 = 0.7. Mean flow fields, non-dimensional quantities, and other rele-
vant flow quantities are evaluated after the flow reaches statistical stationarity
and are comparedwith the reference data of Coleman et al. (1995) and Lechner
et al. (2001). A good agreement is obtained in the comparisons.
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5.3 Inviscid two phase validation

5.3.1 Strong shock near a stationary wall

In the current validation test for the Immersed Boundary Method for Euler’s
equations in one dimension, a cooled gas with a constant velocity is brought
to rest by a rigid stationary wall. Collision with the wall generates a strong
shock wave that propagates away from the wall at a constant shock velocity.
This test has been performed previously by Noh (1987) to compute the errors
involved using an artificial viscosity method in the numerics involving shocks
with considerable shock strengths. The flow state behind the shock can be
evaluated using normal shock relations (Toro 2013).

In a domain 𝑥 ∈ [−0.5, 0.5], the wall is placed between −0.5 < 𝑥 ≤ 0. The
fluid to the right of the wall travels with an initial velocity (𝑢𝑜 = −1), density
(𝜌𝑜 = 1), and pressure (𝑝𝑜 = 10−6) towards the wall, compressing the gas,
heating the fluid, and generating a strong shock wave.

−0.5 −0.4 −0.3 −0.2 −0.1 0.1 0.2 0.3 0.4 0.5

Figure 5.28: Lagrangian marker distribution for representation of a stationary wall in one-
dimension. ( ) represents the lagrangian markers equispaced in the wall region
between −0.5 < 𝑥 ≤ 0.

Numerically, the wall is represented by a group of lagrangian markers, which
are equispaced inside the wall region as shown in fig. 5.28. A no-penetration
normal velocity boundary condition is implemented at the lagrangian mark-
ers, which generates a source term in the momentum equations to bring the
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momentum of the fluid near the walls to zero. The details of the immersed
boundary procedure are given in section 4.3.

The analytical solution involves a shock traveling towards the right with a
shock velocity (𝑆 = 1/3). The pressure and density behind the shock are given
by 𝜌𝑙 = 4 and 𝑝𝑙 = 1.33, respectively. The solution is advanced in time until
𝑡𝑓 = 0.6 using a 3𝑟𝑑 order Runge Kutta scheme for temporal evolution and
a 5𝑡ℎ order WENO scheme with characteristic decomposition for advection.
The computed DNS solution is compared to the exact solution and is shown in
fig. 5.29. An overall good agreement with the analytical solution is obtained in
the smooth regions with larger deviation near the discontinuity. The 𝐿2 errors
(ℰ𝐿2) of the density, velocity, and pressure fields were evaluated by comparing
to the exact-solution with 300 grid-points. ℰ𝐿2 for pressure was 0.1106, for
density was 0.2414, and for velocity was 0.0664.
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Figure 5.29: Comparison of the flow state to the right of the stationary wall computed using
DNS ( ) with 300 gridpoints compared to the exact solution ( ).

5.3.2 Shock interaction with a fixed sphere

When a shock wave passes over a fixed particle, the transient pressure-
induced force experienced by the particle behaves non-monotonically. The
particle drag increases sharply as the shock wave sweeps over the particle,
reaching a peak when the shock wave reaches the transverse grand circle
before it decreases again and reaches a local minimum (given that the local
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Reynolds number is sufficiently high). The local minimum of the drag is due
to the diffraction of the shock wave downstream of the particle, resulting in
a local negative inviscid unsteady contribution to the total drag. Afterwards,
the drag increases again and reaches an asymptotic value. The viscous effects
are minor compared to the pressure contributions to the peak drag during
the transient within a couple of shock-interaction time scales (Behrendt
et al. 2022). Shock interaction with a fixed isolated particle has been studied
in previous works experimentally and numerically, for example, by Tanno
et al. (2003), Sun et al. (2005), Wagner et al. (2012a), Mehta et al. (2016a),
and Behrendt et al. (2022).

When the post-shockMach number behind the shock wave is less than a criti-
cal value (𝑀𝑎𝑐𝑟𝑖𝑡), the inviscid contribution to the asymptotic long-time drag
experienced by the particle goes down to zero (Behrendt et al. 2022). In such
a case, the quasi-steady drag is dominated by viscous contributions. For a
spherical particle, the critical Mach number is approximately 0.6. However,
if the post-shock Mach number is supercritical, the long-time inviscid contri-
butions to the quasi-steady drag will be non-zero. Hence, quasi-steady drag
would have both inviscid and viscous contributions. In a supercritical flow, as
the fluid accelerates near the spherical particle’s convex boundary, the flow
may become supersonic at some point. The fluid then adjusts to the down-
stream conditions through shocklets. However, if the post-shock conditions
are supersonic, a bow shock forms upstream of the particle in addition to the
recovery shock. These shocklets and bow shocks contribute to the non-zero
inviscid contribution to the quasi-steady drag for post-shock Mach numbers
greater than the critical value.

Two different cases of shock interactionwith an isolated fixed particle are con-
sidered. One in which the post-shock conditions are subsonic (𝑀𝑎𝑠 = 1.22),
and the other in which the post-shock conditions are supersonic (𝑀𝑎𝑠 = 3).
The definition of the drag coefficient used in the current section is defined in
eq. (5.29). The subscript ’𝑝𝑠’ represents the post-shock flow condition, 𝐹𝑥 is
the total instantaneous force on the particle in the streamwise direction, and
𝐴𝑝 is the frontal area (𝐴𝑝 = 𝜋𝑟2 for a sphere with radius 𝑟).
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𝐶𝐷 = 𝐹𝑥
1
2
𝜌𝑝𝑠𝑢2𝑝𝑠𝐴𝑝

(5.29)

5.3.2.1 Shock-particle interaction: 𝑀𝑎𝑠 = 1.22

Experiments and numerical simulations of shock interacting with an isolated
spherical particle at 𝑀𝑎𝑠 = 1.22 were performed by Sun et al. (2005). They
performed experiments in air and boundary-conforming axisymmetric nu-
merical simulations of shock-particle interactions for Reynolds number be-
tween 49 and 4.9×105. In the current section, DNS simulations at𝑀𝑎𝑠 = 1.22
are performed, with the spherical particle being represented numerically us-
ing the Immersed Boundary Procedure as explained in appendix D.

Figure 5.30: Initial geometry for the problem of shock-particle interaction at𝑀𝑎𝑠 = 1.22 in an
inviscid flow. The spherical particle is initially centered at 𝑥𝑐 = [5,3,3]. A shock
wave (shown in red) is placed in the 𝑦 − 𝑧 plane at 𝑥 = 4.

In a computational domain, 𝑥 ∈ [0, 12], 𝑦 ∈ [0,6], and 𝑧 ∈ [0,6], a fixed
spherical particle of diameter (𝐷 = 1) is initially placed at 𝑥𝑐 = [5,3,3]. A
𝑀𝑎𝑠 = 1.22 shock is initially placed at 𝑥𝑠 = 4, such that the pre-shock condi-
tion (flow state to the right of the shock wave) is ambient, and the post-shock
Mach number (𝑀𝑎𝑝𝑠) is 0.312377. In these post-shock conditions, the flow
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state is essentially incompressible. Free-slip, no-penetration boundary con-
ditions are implemented at the particle surface using the immersed bound-
ary procedure. The initial flow configuration is shown in fig. 5.30. Periodic
boundary conditions are set along the transverse directions in the domain,
and non-reflecting inflow-outflow boundary conditions are implemented at
the boundary planes normal to the flow direction. A 5𝑡ℎ order TENO scheme
for advection and a 3𝑟𝑑 order Runge Kutta scheme for time evolution is used.
The shock wave was traveling at the shock speed (𝑢𝑠 = 𝑀𝑎𝑠𝑎𝑟), where 𝑎𝑟 is
the speed of sound based on the preshock conditions. The instantaneous nu-
merical schlieren computed from the density gradient magnitude of the flow
at different times is given in fig. 5.31. As the shock passes over the particle, A
reflected bow shock is formed and travels away from the sphere location. In
fig. 5.31c, diffraction of the shock wave downstream of the particle location
is visible, which results in instantaneous negative inviscid drag experienced
by the particle.

(a) 𝑡𝑢𝑠/𝐷 = 0.652 (b) 𝑡𝑢𝑠/𝐷 = 1.258

(c) 𝑡𝑢𝑠/𝐷 = 1.74 (d) 𝑡𝑢𝑠/𝐷 = 3.37

Figure 5.31: Numerical schlieren for shock-particle interaction at 𝑀𝑎𝑠 = 1.22 in an inviscid
flow showing the evolution of the reflected shock wave with time.

The transient drag experienced by the particle as the shock sweeps the parti-
cle is shown in fig. 5.32. The peak drag achieves a peak around 𝑡𝑢𝑠/𝐷 ≈ 0.5.
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It is observed that the peak drag, which is dominated by the inviscid mecha-
nisms, is well captured by the current DNS simulations at a particle resolution
of 𝐷/𝑑𝑥 = 30. It should be noted that although the long-time drag contribu-
tion by inviscid mechanisms is zero, the diffuse interface immersed boundary
procedure introduces some additional diffusive effects. Hence, the long-time
drag behaves similarly to a large Reynolds number flow state, resulting in a
slight positive deviation from zero drag. It was found that the mean drag co-
efficient (𝐶𝐷) evaluated by calculating the average between 𝑢𝑠𝑡/𝐷𝑝 = 10 and
𝑢𝑠𝑡/𝐷𝑝 = 15 at grid resolution of 𝐷𝑝/ d𝑥 = 30 was 0.4692. Note, that this is
close to the drag coefficient in the inertial range (103 < 𝑅𝑒 < 105) (Crowe
et al. 2011).

Figure 5.32: The transient drag coefficient for a spherical fixed sphere interacting with a shock at
shock mach number (𝑀𝑎𝑠 = 1.22) in an inviscid flow. ( ) and ( ) represent
the computed DNS solution at a resolution of 𝐷𝑝/ d𝑥 = 30 and 𝐷𝑝/ d𝑥 = 50
respectively. ( ) and ( ) represent the results from the boundary conforming
simulations of Mehta et al. (2016b) under inviscid conditions and Sun et al. (2005)
at Reynolds number of (𝑅𝑒 = 49000) respectively.

5.3.2.2 Shock-particle interaction: 𝑀𝑎𝑠 = 3

In this section, a shock wave of 𝑀𝑎𝑠 = 3 interacting with a fixed isolated
particle is studied in an inviscid flow. The geometrical configuration and the
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boundary conditions are the same as the one used in section 5.3.2.1. How-
ever, in this case, the post-shock condition (𝑀𝑎𝑝𝑠 = 1.35769) is supersonic.
Similar to section 5.3.2.1, the transient total drag on the particle reaches a
peak and decreases henceforth. However, the quasi-steady asymptotic value
of the drag does not go down to zero; rather, it settles at a positive value.
The isosurface of density gradient magnitude at 𝑢𝑠𝑡/𝐷 = 4.42 is shown in
fig. 5.33. As the incident shock wave passes over the particle, a bow shock is
formed upstream of the particle. The presence of the bow shock at long times
contributes towards the non-zero quasi-steady drag.

Figure 5.33: Isosurface of density-gradient magnitude for the𝑀𝑎𝑠 = 3 shock interacting with
a spherical particle in inviscid flow.
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Figure 5.34: Transient drag for a shock of 𝑀𝑎𝑠 = 3 interacting with an isolated sphere in
an inviscid flow at different particle resolutions (DNS performed by Prof. Markus
Uhlmann, KIT) ( ) 𝐷/𝑑𝑥 = 24 ( ) 𝐷/𝑑𝑥 = 48 ( ) 𝐷/𝑑𝑥 = 72 ( )
𝐷/𝑑𝑥 = 96 compared to the reference solution of Mehta et al. (2016a) ( )
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Figure 5.34 shows the grid convergence plot of the transient total drag ex-
perienced by the particle as the incident shock wave traverses over the fixed
spherical particle compared to the Boundary conforming results of Mehta et
al. (2016a). The Direct Numerical Simulations performed to check conver-
gence in the current test were performed by Prof. Markus Uhlmann, Karlsruhe
Institute of Technology. The peak drag, dominated by pressure gradient con-
tribution, is captured well at all the resolutions. It is also observed that the
long time quasi-steady drag predictions improve at higher grid resolutions.

Figure 5.35: Numerical schlieren for shock of𝑀𝑎𝑠 = 3 interacting with a spherical particle at
𝑢𝑠𝑡/𝐷 = 16.82. The figure shows the bow shock upstream of the particle long
after the passage of the incident shock wave evaluated at 𝐷𝑝/ d𝑥 = 30.

Figure 5.35 shows the numerical schlieren at 𝑢𝑠𝑡/𝐷 = 16.82, long after the
incident shock has sweeped the particle. The flow is characterized by a bow
shock upstream of the particle and an unstable wake downstream of the par-
ticle. The presence of the bow shock can be explained by the higher upstream
velocity than the local acoustic velocity. Hence, the upstream flow is not
forewarned about the presence of an obstacle until it is sufficiently close. The
upstream flow then adjusts to the obstacle by sudden compression and change
of properties over a few molecular diameters upstream of the particle, which
we observe in the form of a bow shock.
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5.4 Viscous two phase validation

The Navier-Stokes equations are solved on the fixed cartesian grid, and a no-
slip, no-penetration boundary condition is used to represent the solid bound-
ary. During the shock-wave interaction with an isolated fixed particle, the
viscous drag contribution is especially significant at long-time quasi-steady
conditions, where the pressure drag contributions are lower than the initial
peak in the transient.

In the current section, a DNS of incompressible flow around a sphere is per-
formed at a Mach number of 0.2 and Reynolds number of 240. Next, a shock
wave interaction with an isolated fixed particle is performed at two different
Reynolds numbers and a constant shock Mach number. The results are com-
pared to the available boundary-conforming reference data at the same pa-
rameter point of Sun et al. (2005) and Professor Sivaramakrishnan Balachan-
dar’s group at the University of Florida through internal communication. The
effect of constant temperature boundary conditions on a single particle’s wake
regime, drag, and lift is studied and compared to the available data of Nagata
et al. (2018). Finally, the flow through a homogenous distribution of fixed
particles is studied and compared with the data for the boundary-conforming
simulations of Osnes et al. (2023).

5.4.1 Flow around an isolated fixed particle

5.4.1.1 Incompressible viscous flow around a sphere

Direct Numerical Simulation of viscous flow at Reynolds number of (𝑅𝑒 =
240), Prandtl number (𝑃𝑟 = 1), and Mach number of (𝑀𝑎 = 0.2) is per-
formed. The aim is to test the accuracy and applicability of the compressible
DNS flow solver with the diffuse interface immersed boundary method for
studying incompressible multiphase flow systems.

Since the flow does not have shock waves or sharp gradients, a finite-
difference scheme based on the entire stencil (without preferential weights
given to sub-stencils in schemes like WENO-JS and TENO) for positive and
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negative fluxes eq. (4.11), called the 5𝑡ℎ order large stencil scheme is used. The
viscous terms are discretized using a second-order central finite-difference
scheme, and the time integration is through the third-order low-storage
Runge Kutta method. The Mach number (𝑀𝑎) and the Reynolds number (𝑅𝑒)
are calculated based on the free-stream conditions. Inflow-outflow boundary
conditions in the streamwise direction and periodic boundary conditions in
the transverse directions are implemented. The internal energy at the particle
surface is fixed at the value based on free-stream conditions.

At the low Mach number, the flow is essentially incompressible, and the drag
and lift values computed for rigid-fixed spheres using a spectral-element flow
solver by Bouchet et al. (2006) for incompressible flows can be used for com-
parison. At the Reynolds number of 240, chosen in the current DNS test, the
flow regime is steady and non-axisymmetric at the end state. The drag and
lift experienced by the sphere and the relative errors are shown in table 5.4
at different grid resolutions, and the drag convergence with grid refinement
is plotted in fig. 5.36.

Figure 5.36: Convergence of the relative error in drag coefficient compared to Bouchet et al.
(2006) for flow at 𝑅𝑒 = 240,𝑀𝑎 = 0.2, 𝑃𝑟 = 1 over an isolated fixed sphere.

It is observed that the flow regime is captured well by the current DNS simula-
tions. The relative errors in drag and lift coefficients compared to the reference
solution at 𝐷/𝑑𝑥 = 48 are 4.1 % and 5.6 %, respectively.
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Table 5.4: Comparison of the drag and lift coefficients at different grid resolutions for flow at
𝑅𝑒 = 240, 𝑀𝑎 = 0.2, 𝑃𝑟 = 1 over an isolated fixed sphere with the results of
Bouchet et al. (2006).

𝐷𝑝/ d𝑥 𝐶𝐷 𝐶𝐷,𝑟𝑒𝑓 ℰ𝐶𝐷 𝐶𝐿 𝐶𝐿,𝑟𝑒𝑓 ℰ𝐶𝐿

24 0.761 0.715 0.065 0.0599 0.057 0.052
36 0.750 0.715 0.048 0.0600 0.057 0.053
48 0.744 0.715 0.041 0.0602 0.057 0.056

5.4.1.2 Shock wave interaction with a fixed sphere: 𝑅𝑒 = 49

The unsteady drag for an incident shock wave interacting with a fixed sphere
at Reynolds number of 𝑅𝑒 = 49 and𝑀𝑎𝑠 = 1.22 is studied. The Prandtl num-
ber (𝑃𝑟), shock Mach number (𝑀𝑎𝑠), the viscous law used, and the numerical
schemes used are the same as section 5.4.1.3. The choice of flow parameters
is the same as the classical boundary-conforming axisymmetric simulation of
Sun et al. (2005).
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Figure 5.37: Fixed sphere interacting with an incident shock wave of shock Mach number
(𝑀𝑎𝑠 = 1.22) and Reynolds number (𝑅𝑒 = 49): (a) Isosurface of density gra-
dient magnitude at 𝑢𝑠𝑡/𝐷𝑝 = 0.8943 (b) Convergence of transient drag with grid
refinement compared to the reference solution of Sun et al. (2005).

Figure 5.37a shows the instantaneous isosurface of density gradient magni-
tude (in red) as the shock wave sweeps over the particle at 𝑢𝑠𝑡/𝐷𝑝 = 0.8943.
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A developing reflected shock wave can be seen upstream of the particle. Fig-
ure 5.37b shows the total drag coefficient computed at two different grid res-
olutions compared to the reference solution of Sun et al. (2005). The transient
and quasi-steady drag are captured, and the computed solution agrees well
and converges towards the reference solution.

5.4.1.3 Shock wave interaction with a fixed sphere: 𝑅𝑒 = 100

Unsteady drag on a fixed sphere is evaluated for a shock wave of shock Mach
number (𝑀𝑎𝑠 = 1.22) and Reynolds number (𝑅𝑒 = 100) using Direct Nu-
merical Simulations. The Reynolds number is based on particle diameter,
post-shock velocity, viscosity, and density. The Prandtl number of the flow
is constant and is chosen as 0.7. The internal energy of the sphere is fixed
at the pre-shock value throughout the simulation. In addition, Sutherland’s
temperature-dependent viscous law is implemented. For air as the medium,
the chosen Reynolds number andMach numberwould depict a diameter of the
order of ten microns at standard temperatures and pressures. This would rep-
resent shock wave interaction with particles like spores, dust, and silt in na-
ture. The transient drag is compared to the boundary-conforming results with
the same parameters kindly provided by Sam Briney and Professor Sivara-
makrishnan Balachandar, University of Florida.

The 5𝑡ℎ order TENO scheme (Liang et al. 2022) is used for advection, which
ensures low dissipation near the shock wave. For diffusion, the second-
order central finite difference scheme is used. A third-order low-storage
Runge Kutta scheme (Rai and Moin 1991) is used for temporal evolution.
Non-reflecting inflow-outflow boundary conditions along the direction of
the incident shock wave and periodic boundary conditions in the transverse
directions are implemented.

In fig. 5.38a, it is seen that the drag computed by the immersed boundary pro-
cedure converges to the boundary-conforming results for the transient peak
and after the passage of the incident shock wave. Figure 5.38b shows the
convergence of the relative errors in peak drag compared to the reference
data with grid refinement. A close-to and slightly better than the first-order
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convergence is observed. The relative error is 2.4% at the highest particle res-
olution of 𝐷𝑝/ d𝑥 = 96, where 𝐷𝑝 is the diameter of the fixed sphere.
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Figure 5.38: Fixed sphere interacting with an incident shock wave of shock Mach number
(𝑀𝑎𝑠 = 1.22) and Reynolds number (𝑅𝑒 = 100): (a) Transient drag at differ-
ent grid resolutions compared to the reference boundary conforming data provided
by Sam Briney and Professor Sivaramakrishnan Balachandar, University of Florida
(b) Convergence of relative errors in peak drag with grid refinement.

The total drag force experienced by the particle can be represented by the
sum of quasi-steady, pressure-gradient, inviscid, and viscous unsteady con-
tributions. Previously, Parmar et al. (2009) have used this idea to model the
unsteady drag over a sphere for a shock wave passing over a particle. Similar
to the inviscid shock-particle test at the same shock Mach number in sec-
tion 5.3.2.1, as the incident shock wave sweeps the particle, the transient drag
reaches a peak, which is dominated by inviscidmechanisms. The drag then de-
creases and settles at the quasi-steady value. It should be noted that at the low
Reynolds number chosen for this test, the total drag never reaches negative
values. This feature can be attributed to the viscous quasi-steady contribu-
tions dominating the inviscid unsteady contributions during the shock-wave
diffraction downstream of the sphere.

Unlike in section 5.3.2.1, both the initial peak transient and the quasi-steady
state are well-captured by the compressible multi-phase flow solver. Flow
at large Reynolds numbers is expected to require finer grid refinement for
convergence, especially to capture the quasi-steady state where the viscous
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contributions are non-negligible compared to the inviscid contributions. This
can be explained by the fact that at higher Reynolds number, the half-width of
the three-point discrete delta stencil (Roma et al. 1999) used in the immersed-
boundary procedure may become comparable to the existing physical bound-
ary layer.

5.4.1.4 Effect of Mach number, Reynolds number, and Temperature
ratio on the flow around an isolated fixed sphere

In addition to the Mach number and the Reynolds number, it was established
by Nagata et al. (2018) through boundary-fitted Direct Numerical Simulations
that the temperature ratio between the particle and free-stream flow can have
a direct impact on the flow regime, particle drag, lift, and heat transfer. No-
slip and isothermal boundary conditions were imposed on the particle in their
study, and Sutherland’s temperature-dependent viscous law (Sutherland 1893)
was used. They defined the Temperature Ratio (𝑇𝑅) as the ratio of particle
and free-stream temperatures, the Mach number (𝑀𝑎) as the ratio of free-
stream flow and acoustic velocities, and the Reynolds number (𝑅𝑒) based on
the free-stream quantities and particle diameter. The definitions of the non-
dimensional quantities are given in eq. (5.30). The subscript “∞” represents
the quantities in free-stream conditions.

𝑇𝑅 =
𝑇𝑝
𝑇∞

𝑀𝑎 = |𝐮∞|
𝑐∞

𝑅𝑒 =
𝜌∞|𝐮∞|𝐷𝑝

𝜇∞
(5.30)

They concluded that in the range of Reynolds number (𝑅𝑒 = 0−300) andMach
number (𝑀𝑎 = 0.3− 2), the flow seemed to stabilize with increasing temper-
ature ratio in subsonic conditions. For example, the flow at 𝑅𝑒 = 250 and
𝑀𝑎 = 0.8 had unsteady periodic vortex-shedding in the wake at 𝑇𝑅 = 0.5, a
steady non-axisymmetric flow at 𝑇𝑅 = 0.9, and a steady axisymmetric flow
at 𝑇𝑅 = 2. At supersonic conditions, however, the flow was steady axisym-
metric at all values of 𝑅𝑒 and 𝑇𝑅 in the parameter range. Hence, for subsonic
conditions, increasing 𝑇𝑅 was similar to lowering 𝑅𝑒 on the wake regime and
vice versa. This could be understood by the dependence of dynamic viscosity
on the temperature through Sutherland’s law. A high 𝑇𝑅 would lead to the
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heating of the fluid in the sphere’s vicinity, consequently increasing the fluid
viscosity and decreasing the fluid density. The overall effect is an increase
in the kinematic viscosity with 𝑇𝑅. Since the viscous effects are stronger at
higher 𝑇𝑅, any flow instability, like unsteady vortex shedding, can be damp-
ened more effectively at higher 𝑇𝑅. This explains the stabilizing effect of 𝑇𝑅
on the particle wake.

It was observed in their study that the total drag coefficient increased with
𝑇𝑅. However, the effect of 𝑇𝑅 on the drag in the continuum regime has tradi-
tionally been ignored bymost drag correlations. The RMS amplitude of the lift
forces and the non-dimensional frequency of oscillation given by the Strouhal
number also decrease (in general) with increasing 𝑇𝑅. Similar reasoning of
increased viscous effects with 𝑇𝑅 can be used to explain the general behavior
of drag and lift coefficients.

There are multiple Nusselt number (𝑁𝑢) correlations around a fixed iso-
lated sphere like from the works of Sauer (1951), Ranz and Marshall
(1952), Whitaker (1972), Yamanaka et al. (1976), Fox et al. (1978), Feng
and Michaelides (2000), Richter and Nikrityuk (2012), and Qi and Yu (2021)
under a range of flow conditions. However, the literature considering the
collective effect of Mach number (𝑀𝑎), Reynolds number (𝑅𝑒), and the tem-
perature Ratio (𝑇𝑅) between sphere and free-stream conditions is limited for
compressible flows. It was shown from the DNS simulations of Nagata et al.
(2018) that for flows where the 𝑇𝑅 is significantly different from unity, the
fluid state in the sphere’s vicinity can be quite different from the free-stream
conditions. The Nusselt number for the sphere evaluated through their
Direct Numerical Simulations compared to the classical correlations was
higher at low 𝑇𝑅 and vice versa. Hence, the balance between heat transfer
through forced convection and conduction should consider the local change
of viscosity and fluid density to evaluate the Nusselt number. Another
interesting feature observed from their DNS study was the behavior of the
Nusselt number for supersonic flows at 𝑅𝑒 = 300. In that case, they found
that for 𝑇𝑅 > 1 (but still sufficiently close to unity), the Nusselt number
became negative. Although the free-stream temperature was lower than the
sphere, the flow ahead of the shock was compressed and heated up, locally
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making the fluid hotter than the sphere. Consequently, the heat transfer
coefficient is negative for such a flow scenario. The complex flow patterns
in a compressible flow can affect the heat transfer rate and direction based
on the local variations of flow properties. Hence, they should be taken into
account when modeling Nusselt number correlations.

In this section, Direct Numerical Simulations for flow around an isolated
fixed particle are performed for a few parameter points from the study of
Nagata et al. (2018) for different Reynolds numbers, Mach numbers, and
Temperature Ratios. Professor Takayuki Nagata, from Nagoya University,
is acknowledged for kindly providing the data for particle force history,
averaged drag and Nusselt numbers, and local temperature profiles near the
particle for the chosen parameter points. The flow patterns, drag coefficient,
Nusselt number, and temperature profiles are compared to the provided
reference data for the chosen parameter points.

The choice of parameter points
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(a) Temperature ratio (𝑇𝑝/𝑇∞) = 0.8
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Figure 5.39: Choice (X) of free-stream Mach number (𝑀𝑎), Reynolds number (𝑅𝑒) and Tem-
perature Ratio (𝑇𝑅) chosen for comparison with boundary conforming results of
Nagata et al. (2018). The different flow regimes from their DNS study are color
coded as Unsteady periodic Axisymmetric Non axisymmetric.

The wake regimes for compressible flow around a fixed isolated sphere based
on the freestream Mach number, Reynolds number, and Temperature ratio
were characterized by Nagata et al. (2018). Four of their cases were chosen
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by varying the 𝑅𝑒,𝑀𝑎, and 𝑇𝑅 to evaluate the capability of the current DNS
solver in accurately capturing the wake patterns.

Starting with the base case for unsteady periodic flow pattern with𝑀𝑎 = 0.8,
𝑅𝑒 = 300, and 𝑇𝑅 = 0.9, the 𝑀𝑎 is increased to 𝑀𝑎 = 2 for the second
case (steady axisymmetric), the 𝑅𝑒 is reduced to 𝑅𝑒 = 250 in the third case
(Steady non-axisymmetric), and finally the 𝑇𝑅 is increased to 𝑇𝑅 = 2 in the
fourth case (Steady axisymmetric). The choice of parameters is summarised
in fig. 5.39.

Unsteady periodic flow: 𝑀𝑎 = 0.8, 𝑅𝑒 = 300, 𝑇𝑅 = 0.9

At this choice of 𝑅𝑒, 𝑀𝑎, and 𝑇𝑅, the diffusive mechanisms are not fast
enough to dampen the unsteady perturbations in the sphere’s wake, leading
to unsteady periodic vortex shedding in the wake of the sphere. The instanta-
neouswake behind the sphere is shown in fig. 5.40 as isosurface of𝑄-criterion.
Hairpin-like structures are visible in the wake of the sphere.

Figure 5.40: Instantaneous wake structure for flow around a fixed isolated sphere at 𝑅𝑒 = 300,
𝑀𝑎 = 0.8, 𝑇𝑅 = 0.9 given by the isosurface of the second invariant of the
velocity gradient tensor given by 𝑄𝐷2𝑝/𝑢2∞ = 5 × 10−4.

Reference quantities based on the freestream conditions are used in normal-
ization to evaluate the Drag coefficient, Lift coefficient, and Nusselt num-
ber. The definitions of these non-dimensional quantities quantifying the fluid-
particle heat and momentum exchange are given in appendix F.
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(a) (b)

Figure 5.41: (a) Drag coefficient for flow at 𝑀𝑎 = 0.8, 𝑅𝑒 = 300 and 𝑇𝑅 = 0.9 at different
resolutions ( ) 𝐷𝑝/𝑑𝑥 = 24, ( ) 𝐷𝑝/𝑑𝑥 = 36, ( ) 𝐷𝑝/𝑑𝑥 = 48 compared
to the boundary conformingDNS data of Nagata et al. (2018) ( ), drag correlation
by Loth et al. (2021) ( ), and incompressible drag correlation by Clift and Gauvin
(1971a) ( ) (b) Convergence of relative error in drag coefficient compared to the
reference data of Nagata et al. (2018) with grid refinement.

Figure 5.41 shows the convergence of drag coefficient with grid refinement
and comparisons with DNS data of Nagata et al. (2018) and drag models of
Loth et al. (2021) and Clift and Gauvin (1971a). The time 𝑡𝑜 in fig. 5.41a is
an arbitrary time after the flow has been established. Comparison with the
incompressible drag model of Clift and Gauvin (1971a) shows that the drag
coefficient over a sphere increases at 𝑀𝑎 = 0.8 compared to the incom-
pressible flow (𝑀𝑎 = 0). The effect of compressibility was considered in
the model based on Mach and Reynolds number of Loth et al. (2021), which
also agrees with this trend. In general, for supercritical but subsonic flows
(0.6 < 𝑀𝑎 < 1), the drag coefficient increases sharply with the Mach number.
From the DNS simulations of Nagata et al. (2018), it was observed that the drag
coefficient also increases with the temperature ratio, which can be explained
by the increasing viscous effects compared to the inertial effects, which in turn
reduces the local Reynolds number in the sphere’s vicinity. Overall, a good
agreement with the reference DNS data of Nagata et al. (2018) is obtained
with 5.3 % relative error in the computed drag coefficient at 𝐷𝑝/ d𝑥 = 48.
Another observation in fig. 5.41a is the unsteadiness present in the observed
time-dependent drag coefficient.
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Figure 5.42: Lift coefficient (𝐶𝐿) for flow around a fixed isolated sphere at 𝑅𝑒 = 300, 𝑀𝑎 =
0.8, 𝑇𝑅 = 0.9 at ( ) 𝐷𝑝/𝑑𝑥 = 24, ( ) 𝐷𝑝/𝑑𝑥 = 36, ( ) 𝐷𝑝/𝑑𝑥 = 48
compared to the DNS results of Nagata et al. (2018) ( ).

Figure 5.42 shows the lift coefficient (𝐶𝐿) compared to the boundary conform-
ing DNS results of Nagata et al. (2018). 𝐶𝐿 oscillates periodically in time,
showing the unsteady nature of the wake. The non-dimensional frequency of
vortex shedding given by Strouhal Number (𝑆𝑡) is defined in eq. (5.31), where
𝑓 is the dimensional frequency of vortex shedding.

𝑆𝑡 =
𝑓𝐷𝑝
𝑢∞

(5.31)

The Strouhal number evaluated from the current DNS runs agrees well with
the reference value from boundary-conforming results of Nagata et al. (2018).
At the highest refinement (𝐷𝑝/ d𝑥 = 48), the value of the Strouhal number is
0.1105, which is only 0.64 % higher compared to the reference value (0.1098).
Although the period of oscillation was captured well, the amplitude of oscil-
lation observed was higher than the reference data. However, the percentage
error in the lift forces evaluated as 𝓔𝐹𝐿 = (𝐹𝐿 − 𝐹𝐿,𝑟𝑒𝑓)/(0.125𝜌∞𝑢2∞𝜋𝐷2

𝑝)
is 2.41 %. Overall, a good agreement of the lift coefficient with the reference
data is observed.
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Figure 5.43: Nusselt number at 𝐷𝑝/ d𝑥 = 48 ( ) for flow around a fixed isolated sphere at
𝑅𝑒 = 300, 𝑀𝑎 = 0.8, 𝑇𝑅 = 0.9 compared to the DNS results of Nagata et al.
(2018) ( ) and the Mach-dependent correlation of Fox et al. (1978) ( ).

Figure 5.43 shows the Nusselt number evaluated at 𝐷𝑝/ d𝑥 = 48 compared
to the DNS results of Nagata et al. (2018) and Nusselt correlation by Fox et
al. (1978). The relative errors in the mean Nusselt number at this resolution
compared to the DNS value of Nagata et al. (2018) is 7.6 %. It is seen that
the correlation by Fox et al. (1978) gives significant errors in evaluating the
Nusselt number. The reason for the increase of the Nusselt number at 𝑇𝑅
close to unity at 𝑀𝑎 = 0.8 was explained to be local aerodynamic heating
and local change of fluid’s viscosity and density in Nagata et al. (2018), which
was not considered by Fox et al. (1978). It is observed that the Nusselt num-
ber also shows an unsteady periodic behavior similar to the drag and the lift
coefficients.

Figure 5.44: The angular positions along which the radial temperature profiles are evaluated.
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Figure 5.45: Normalized radial time-averaged temperature profiles ( ) at different angular
positions from the sphere surface (fig. 5.44) compared to the Boundary conforming
results (Nagata et al. 2018) ( ) for flow at𝑅𝑒 = 300,𝑀𝑎 = 0.8, and𝑇𝑅 = 0.9.

Next, the radial temperature profiles are evaluated at different angles from the
axis, aligned with the streamwise direction, and passing through the sphere’s
center. They are compared to the temperature profiles provided by Profes-
sor Takayuki Nagata through internal communication. The different angular
positions for the radial temperature profiles are shown in fig. 5.44.

Figure 5.45 shows the time-averaged normalized radial time-averaged temper-
ature profiles for 𝐷𝑝/ d𝑥 = 36 at different angular positions compared to the
boundary-conforming DNS data by Nagata et al. (2018). A good agreement
with the reference results is obtained for the profiles at all angular positions.
At all angular positions, a large temperature gradient is observed close to
the sphere’s surface, which enhances the heat transfer rate near the sphere’s
locality and the Nusselt number (𝑁𝑢). The imposed temperature ratio (𝑇𝑅)
contributes towards the local changes in fluid properties like density, temper-
ature, and viscosity near the sphere surface, affecting the Nusselt number for
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5.4 Viscous two phase validation

an isothermal particle. This strengthens the need to consider local changes
in fluid properties and the effect of imposed 𝑇𝑅 for future models of Nusselt
numbers in compressible flows.

Steady axisymmetric flow: 𝑀𝑎 = 2, 𝑅𝑒 = 300, 𝑇𝑅 = 0.9

In their DNS studies for supersonic flows around a fixed particle, Nagata et al.
(2018) found that the flow pattern was steady axisymmetric at all values of
Reynolds numbers (𝑅𝑒) and Temperature ratios (𝑇𝑅). A standing bow shock
is observed long upstream of the particle at the chosen parameters, a charac-
teristic of supersonic flows around a spherical particle.

(a) (b)

Figure 5.46: (a) Isosurface of density gradient |∇𝜌|𝐷𝑝/𝜌∞ = 0.1 in red showing the presence
of bow shock upstream of the particle at long times and the isosurface of 𝜆2 ×
𝐷2𝑝/𝑢2∞ = −0.01 in gray showing the wake pattern downstream of the particle.
(b) Streamlines showing the sharp velocity gradients at the bow shock’s location at
the 𝑧-half plane.

Figure 5.46 shows the standing bow shock using instantaneous isosurface of
density gradient magnitude (|∇𝜌|) and the wake using 𝜆2 criterion.

Table 5.5: Drag (𝐶𝐷) and lift coefficients (𝐶𝐿) for flow at𝑀𝑎 = 2, 𝑅𝑒 = 300, and 𝑇𝑅 = 0.9
computed at 𝐷𝑝/ d𝑥 = 36 around an isolated fixed sphere compared to boundary
conforming results of Nagata et al. (2018) (𝐶𝐷,𝑟𝑒𝑓) and (𝐶𝐿,𝑟𝑒𝑓)

𝐶𝐷 𝐶𝐷,𝑟𝑒𝑓 𝐶𝐿 𝐶𝐿,𝑟𝑒𝑓
1.4271 1.3584 8.62 × 10−4 0.0073
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table 5.5 show the drag and lift coefficients evaluated at 𝐷𝑝/ d𝑥 = 36, com-
pared to the boundary conforming results of Nagata et al. (2018). The relative
error in drag coefficient compared to the Nagata et al. (2018) is 5.05 %. The
error in lift-forces given𝓔𝐹𝐿 = (𝐹𝐿−𝐹𝐿,𝑟𝑒𝑓)/(0.125𝜌∞𝑢2∞𝜋𝐷2

𝑝) is less than 1
%. The lift coefficient’s low value also depicts the flow’s axisymmetric nature.
Overall, a good agreement with the reference data of Nagata et al. (2018) is
observed. The drag coefficient obtained with the model by Loth et al. (2021)
was found to be 1.2558 and that by Clift and Gauvin (1971a) was 0.6912. The
drag model of Loth et al. (2021) does not consider the balance between the
local effects of velocity and temperature gradients in evaluating the viscous
drag coefficient. It was shown by Nagata et al. (2018) that the local effects
played a major role and should be considered for drag models for compress-
ible flow around an isothermal particle. The drag model of Clift and Gauvin
(1971a) severely underpredicts the drag coefficient and is not applicable for
compressible flows, where the presence of shocklets or shock waves can sig-
nificantly affect the local energy and momentum exchange between the fluid
and the particle. Compared to the test at𝑀𝑎 = 0.8, 𝑅𝑒 = 300, and 𝑇𝑅 = 0.9,
the time-dependent unsteadiness in the flow is also significantly reduced. The
flow is categorized as steady axisymmetric by Nagata et al. (2018).

Table 5.6: Nusselt number (𝑁𝑢) for flow at 𝑀𝑎 = 2, 𝑅𝑒 = 300, and 𝑇𝑅 = 0.9 computed
at 𝐷𝑝/ d𝑥 = 36 around an isolated fixed sphere compared to boundary conforming
results of Nagata et al. (2018) (𝑁𝑢𝑟𝑒𝑓).

𝑁𝑢 𝑁𝑢𝑟𝑒𝑓 ℰ𝑁𝑢
97.4269 96.9357 0.0051

Table 5.6 shows the Nusselt number (𝑁𝑢) computed at 𝐷𝑝/ d𝑥 = 36 com-
pared to the reference solution of Nagata et al. (2018). A good agreement of
the evaluated Nusselt number with the reference data is obtained with a rel-
ative error of 0.5 % in the mean Nusselt number. There is a large increase
in the Nusselt number, which can be attributed to the heat exchange influ-
enced by local aerodynamic heating behind the standing shock wave at 𝑇𝑅
smaller than but close to unity. At 𝑀𝑎 = 2, 𝑅𝑒 = 300, and 𝑃𝑟 = 0.7, The
Nusselt number correlation of Fox et al. (1978) gives a value of 9.205. It does
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5.4 Viscous two phase validation

not consider the complex local effects arising from the imposed temperature
ratio and, therefore, severely underpredicts the Nusselt number. Hence, fu-
ture Nusselt number correlations for compressible flow around an isothermal
particle should consider its effects and local flow patterns around the particle
for better predictions.
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Figure 5.47: Normalized radial time-averaged temperature profiles (𝑅𝑒 = 300,𝑀𝑎 = 2,𝑇𝑅 =
0.9) at different angular positions from the sphere surface ( )(fig. 5.44) compared
to the Boundary conforming results of Nagata et al. (2018) ( ).

Figure 5.47 shows the time-averaged radial temperature profiles at different
angular positions given by fig. 5.44 compared to the reference DNS data of
Nagata et al. (2018) provided through internal communication. A good agree-
ment of the temperature profiles is obtained at different angular positions.

Steady nonaxisymmetric flow: 𝑀𝑎 = 0.8, 𝑅𝑒 = 250, 𝑇𝑅 = 0.9

When reducing the Reynolds number (𝑅𝑒) of the flow from 𝑅𝑒 = 300 to
𝑅𝑒 = 250, keeping the Mach number (𝑀𝑎 = 0.8) and Temperature ra-
tio (𝑇𝑅 = 0.9) the same, it was observed by Nagata et al. (2018) that the
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flow becomes steady non-axisymmetric. Figure 5.48a shows the instanta-
neous double-threaded wake structure for flow at 𝑀𝑎 = 0.8, 𝑅𝑒 = 250, and
𝑇𝑅 = 0.9 around an isolated fixed sphere and fig. 5.48b shows the streamlines
in the time-averaged flow field. The flow is non-axisymmetric, which agrees
with the observations of Nagata et al. (2018). The flow is stabilized compared
to the test at 𝑅𝑒 = 300, keeping𝑀𝑎 and 𝑇𝑅 the same, which can be explained
by increased viscous effects at lower values of 𝑅𝑒.

(a) (b)

Figure 5.48: (a) Double threaded wake behind the sphere computed through isosurface of
Lambda2 criterion (𝜆2 × 𝐷2𝑝 = −0.01 × 𝑢2∞) (b) Streamlines showing the non-
axisymmetric wake behind the sphere.

(a) (b)

Figure 5.49: (a) Drag coefficient ( ) compared to the DNS results of Nagata et al. (2018) ( )
and drag models by Loth et al. (2021) ( ) and Clift and Gauvin (1971a) ( ) (b)
Lift coefficient ( ) for flow at𝑀𝑎 = 0.8, 𝑅𝑒 = 250, and 𝑇𝑅 = 0.9 around an
isolated fixed sphere compared to Nagata et al. (2018) ( ).
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Figure 5.49 shows the drag and lift coefficient computed at 𝐷𝑝/ d𝑥 = 36 and
compared to the DNS results of Nagata et al. (2018) and drag correlations of
Loth et al. (2021) and Clift and Gauvin (1971a). 𝑡𝑜 is an arbitrarily chosen time.
At the chosen resolution, the relative error in drag compared to the Nagata et
al. (2018) is 6.03 %. From fig. 5.49b, it is observed that the flow has a non-trivial
unsteadiness. However, the amplitude of oscillation for the evaluated mean
lift coefficient is suppressed compared to the case (𝑀𝑎 = 0.8, 𝑅𝑒 = 300, and
𝑇𝑅 = 0.9), and by neglecting it, the flow can approximately be categorized as
steady non-axisymmetric as stated in Nagata et al. (2018). It should be noted
that the lift and drag in the reference DNS data of Nagata et al. (2018) also have
a non-zero periodic amplitude of oscillation in the drag and lift coefficient.
However, based on their criteria for categorizing flow regimes, the current
flow pattern is assumed to be steady and non-axisymmetric. The Mach and
Reynolds number-dependent drag correlation of Loth et al. (2021) is slightly
higher than the DNS results of Nagata et al. (2018) since they do not consider
the reduced viscous effects due to the imposed temperature ratio. Overall, a
good agreement with the reference DNS data for drag and lift coefficient is
observed, and the flow regime is captured.

Figure 5.50: Nusselt number at 𝐷𝑝/ d𝑥 = 36 ( ) for flow around a fixed isolated sphere at
𝑅𝑒 = 250, 𝑀𝑎 = 0.8, 𝑇𝑅 = 0.9 compared to the DNS results of Nagata et al.
(2018) ( ) and the Mach-dependent correlation of Fox et al. (1978) ( ).

Figure 5.50 shows the comparison between the computed Nusselt number at
𝐷𝑝/ d𝑥 = 36 and the values from the DNS data of Nagata et al. (2018) and
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the model of Fox et al. (1978). The relative error in Nusselt number compared
to the boundary conforming results of Nagata et al. (2018) is 8.17 %. The os-
cillation amplitude observable in the Nusselt number with time is non-zero,
however small.

Next, the averaged radial temperature profiles from the sphere’s surface at dif-
ferent angular positions from the upstream stagnation point are evaluated and
compared with the boundary-conforming results from Nagata et al. (2018).
The definition of the angular positions for evaluation of temperature profiles
is given in fig. 5.44, and the temperature profiles are shown in fig. 5.51.
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Figure 5.51: Normalized radial time-averaged temperature profiles (𝑅𝑒 = 250, 𝑀𝑎 = 0.8,
𝑇𝑅 = 0.9) ( ) at different angular positions from the sphere surface (fig. 5.44)
compared to the Boundary conforming results ( ) by Professor Takayuki Nagata,
Nagoya University by internal communication.

The qualitative features of the observed temperature profiles are similar to
the test at (𝑅𝑒 = 300,𝑀𝑎 = 0.8, 𝑇𝑅 = 0.9). Sharp temperature gradients are

106



5.4 Viscous two phase validation

observed in the sphere’s locality due to aerodynamic heating, which enhances
the Nusselt number’s computed value.

Steady axisymmetric flow: 𝑀𝑎 = 0.8, 𝑅𝑒 = 300, 𝑇𝑅 = 2

It was shown by Nagata et al. (2018) that increasing the temperature ratio
(𝑇𝑅) stabilizes the flow. As the temperature of the particle is raised, the flow
near the sphere’s vicinity gets heated, raising the kinematic viscosity and ef-
fectively reducing the Reynolds number. Hence, the viscous effects become
more effective in dampening the unsteadiness and stabilizing the flow. The
effective reduction in the Reynolds number at a higher temperature ratio also
increases the drag coefficient of the sphere.

Figure 5.52: Instantaneous wake structure for flow around a fixed isolated sphere at 𝑅𝑒 = 300,
𝑀𝑎 = 0.8, 𝑇𝑅 = 2 given by the isosurface of the second invariant of the velocity
gradient tensor given by 𝑄𝐷2𝑝/𝑢2∞ = 1 × 10−4.

Figure 5.52 shows the instantaneous wake structure given by the 𝑄-criterion.
The double-threaded wake structure downstream of the particle disappears
at the choice of 𝑀𝑎 = 0.8, 𝑅𝑒 = 300, and 𝑇𝑅 = 2. The wake structure is
consistent with the observations of Nagata et al. (2018).

Figure 5.53a shows the drag coefficient computed at 𝐷𝑝/ d𝑥 = 36 compared
to the boundary conforming DNS results of Nagata et al. (2018). 𝑡𝑜 in the
figures is an arbitrarily chosen time. It is observed that the time-dependent
drag and lift coefficients have non-trivial periodic unsteadiness in the flow.
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However, the oscillation amplitude is small, and Nagata et al. (2018) categorize
the current flow regime as steady.

(a) (b)

Figure 5.53: (a) Drag coefficient ( ) compared to the DNS results of Nagata et al. (2018) ( )
and drag models by Loth et al. (2021) ( ) and Clift and Gauvin (1971a) ( ) (b)
Lift coefficient ( ) for flow at 𝑀𝑎 = 0.8, 𝑅𝑒 = 300, and 𝑇𝑅 = 2 around an
isolated fixed sphere compared to the boundary conforming results of Nagata et al.
(2018) ( ).

Thedrag coefficient is also compared to the incompressible drag model of Clift
and Gauvin (1971a) and the compressible drag model of Loth et al. (2021). At
the chosen resolution (𝐷𝑝/ d𝑥), a relative error of 6.89 % for the mean drag
is obtained compared to the results of Nagata et al. (2018). It is observed
that the incompressible correlations of Clift and Gauvin (1971a) underpredict
the drag for the chosen parameters. The drag correlation does not consider
the enhancement of drag-coefficient associated with compressibility effects
at subsonic but supercritical flow conditions, as well as the local increase of
kinematic viscosity in the vicinity of the heated particle. Hence, their drag
model does not apply to the current flow test. Although the correlation of
Loth et al. (2021) considers the compressibility effects, it does not consider
the enhanced viscous effects near the particle. Hence, their predictions are
better than Clift and Gauvin (1971a), but do not capture the local effects of
heating or cooling a particle.

The lift coefficient is compared to the boundary-conforming DNS results of
Nagata et al. (2018) in fig. 5.53b. A good agreement with the reference data is
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obtained with a relative error of less than 1 % in the mean lift force compared
to the boundary-conforming reference data. It should, however, be noted that
although the flow is not entirely steady (even for the boundary-conforming
reference data), and the lift coefficient has a low but finite value, the criteria
by Nagata et al. (2018) categorizes the flow as steady-axisymmetric.

Figure 5.54 shows the computed Nusselt number at 𝐷𝑝/ d𝑥 = 36 compared to
the reference DNS results of Nagata et al. (2018) and the correlation of Fox et
al. (1978). A good agreement of the time-averaged Nusselt number compared
to the reference boundary-conforming data is obtained with a relative error
of 4.87 %. The Nusselt number correlation of Fox et al. (1978) overpredicts the
drag for the current test since it does not consider the effects of local heating
of the fluid near the particle. The increase in fluid’s viscosity in the sphere’s
vicinity as it is heated decreases the local Reynolds number, consequently
reducing the local Nusselt number.

Figure 5.54: Nusselt number at 𝐷𝑝/ d𝑥 = 36 ( ) for flow around a fixed isolated sphere at
𝑅𝑒 = 300,𝑀𝑎 = 0.8,𝑇𝑅 = 2 compared to the DNS results of Nagata et al. (2018)
( ) and the Mach-dependent correlation of Fox et al. (1978) ( ).

Figure 5.55 shows the radial temperature profiles at different angular positions
(fig. 5.44) compared to the reference boundary conforming results of Nagata et
al. (2018). A good agreement with the reference data is obtained at 𝐷𝑝/ d𝑥 =
36 for the profiles at all the angular positions. A strong temperature gradient
is observed in the sphere’s vicinity, which contributes to the evaluation of the
local Nusselt number.
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Figure 5.55: Normalized radial time-averaged temperature ( ) profiles (𝑅𝑒 = 300, 𝑀𝑎 =
0.8, 𝑇𝑅 = 2) at different angular positions from the sphere surface (fig. 5.44) com-
pared to the Boundary conforming results ( ) by Professor Takayuki Nagata,
Nagoya University by internal communication.

Concluding remarks

Figure 5.56 shows the comparisons of the computed drag coefficient (𝐶𝐷) and
the Nusselt number (𝑁𝑢) with 𝐷𝑝/ d𝑥 = 36 with some incompressible and
compressible models. It is observed that the effect of the imposed temperature
ratio on an isothermal particle in a compressible flow can have a significant
impact on the local drag and Nusselt numbers by impacting the local flow in
the sphere’s vicinity. To the extent of the author’s knowledge, no drag and
Nusselt number correlations are currently available, which consider the com-
bined effects of 𝑀𝑎, 𝑅𝑒, and 𝑇𝑅 for an isothermal particle in a compressible
flow. The flow pattern in thewake of the particle is stabilized by increasing the
temperature ratio (𝑇𝑅) and reducing the Reynolds number (𝑇𝑅). The flow is
also stabilized at supersonic Mach numbers (𝑀𝑎) with a standing bow shock
upstream of the particle position. The imposed temperature ratio increases
the total drag coefficient (𝐶𝐷). However, the computed Nusselt number is
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higher than the predicted values from the model at temperature ratios less
than unity and lower than the predictions at higher values. This observation
was also reported by Nagata et al. (2018). For a flow with forced convection
around an isothermal fixed particle, the imposed energy boundary condition
on the sphere, like isothermal, adiabatic, or fluid-solid energy balance, can
affect the nature of heat transfer in the sphere’s locality and the local Nus-
selt number. In addition, localized heating through compressibility effects
also contributes, which makes modeling the Nusselt number for compressible
flows more complicated than the incompressible flows.
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Figure 5.56: (a) Drag coefficient obtained by varying the 𝑅𝑒, 𝑀𝑎, and 𝑇𝑅 compared to the
drag models by Loth et al. (2021) and Clift and Gauvin (1971a) (b) Nusselt number
at different 𝑅𝑒,𝑀𝑎, and 𝑇𝑅 compared to the models by Ranz and Marshall (1952)
and Fox et al. (1978).

The flow patterns in a range of Reynolds numbers, Mach numbers, and im-
posed Temperature ratios could be captured. In addition, a good agreement
was obtained with the boundary-conforming results of Nagata et al. (2018) for
drag coefficients, lift coefficients, Nusselt numbers, and temperature profiles.

5.4.2 Flow through a homogenous array of fixed
particles

In this section, Direct Numerical Simulation of uniform flow through a ho-
mogeneously distributed array of finite-sized fixed particles is performed at
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Mach number (𝑀𝑎 = 0.28), Reynolds number (𝑅𝑒 = 90), and volume fraction
(𝜙 = 0.05). The results are compared to the boundary-conforming particle-
resolved LES data presented in Osnes et al. (2023). Magnus Vartdal and An-
dreas Nygård Osnes from the Norwegian Defence Research Establishment
are acknowledged for providing the particle positions, volume-averaged flow
data, time-averaged normalized force data, and flow fields from their LES runs
which could be used for detailed comparison. Moreover, I would also like to
thank them for assisting in setting up the DNS test through information re-
garding their flow setup. Finally, a comparison is made with the quasi-steady
drag correlation of Osnes et al. (2023).

5.4.2.1 Problem setup

The compressible Navier-Stokes equations are solved in a domain of 30𝐷𝑝 ×
10𝐷𝑝 × 10𝐷𝑝 , and finite-sized particles are distributed uniformly with a vol-
ume fraction (𝜙 = 0.05), where 𝐷𝑝 is the diameter of the solid particle. The
particle positions are the same as Osnes et al. (2023). The geometrical setup is
the same as the one used in the study in Osnes et al. (2023). In the current DNS
test, the solid particles are represented using the immersed boundary proce-
dure, as explained in section 4.3. Air is considered as the medium. Hence, the
specific heat capacities (𝛾) ratio is set to 1.4, and the flow’s Prandtl number
(𝑃𝑟) is set to 0.7, typical of air.

Figure 5.57: Particle arrangement used in the Direct Numerical simulation of flow over a homo-
geneously distributed particle array at𝑀𝑎 = 0.28, 𝑅𝑒 = 90, and 𝜙 = 0.05
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5.4 Viscous two phase validation

No-slip, no-penetration, and constant temperature boundary conditions are
implemented on the particle surfaces using the immersed boundary proce-
dure. The flow is driven by a volumetric forcing term, which ensures that
a steady state can be obtained. The definitions of Reynolds number, Mach
number, and the Volume fraction are the same as Osnes et al. (2023) and are
given in eq. (5.32)

𝑀𝑎 = 𝑢
⟨𝑐⟩ 𝑅𝑒 =

⟨𝜌⟩𝑢𝐷𝑝
⟨𝜇⟩ 𝜙 =

𝑁𝜋𝐷3
𝑝

6𝑉 (5.32)

The definition of the drag (𝐶𝐷) and lift (𝐶𝐿) coefficients are defined in eq. (5.33),
which is the same as Osnes et al. (2023).

𝐶𝐷 =
8⟨𝐹𝑥⟩𝑡,𝑝
⟨𝜌⟩𝑢2𝜋𝐷2𝑝

𝐶𝐿 =
8√⟨𝐹2𝑦⟩𝑡,𝑝 + ⟨𝐹2𝑧 ⟩𝑡,𝑝

⟨𝜌⟩𝑢2𝜋𝐷2𝑝
(5.33)

In the eq. (5.32), ⟨⋅⟩ represents the volume average of a flow quantity, and ̃⋅ is
the corresponding Favre average. 𝐷𝑝 , 𝑁, and 𝑉 represent the particle diame-
ter, the total number of particles in the domain, and the volume of the domain,
respectively. The other symbols have their usual meaning. For the DNS runs,
the flow is initialized at𝑀𝑎 = 0.3, 𝑅𝑒 = 100, and with a constant volumetric
force per unit mass used from Osnes et al. (2023). As the volumetric force
on the fluid is balanced by the drag forces, and the solid-fluid heat exchange
balances the work done by it, a steady state is eventually reached.

Figure 5.58: 𝑄-criterion with𝑄𝐷2𝑝/𝑢2 = 0.0014 for the instantaneous flow at steady state for
flow at𝑀𝑎 ≈ 0.28 and 𝑅𝑒 ≈ 90 and 𝜙 = 0.05.
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Figure 5.58 shows the isosurface of the𝑄-criterion at𝑄𝐷2
𝑝/𝑢2 = 0.0014. Com-

plex vortex structures can be seen arising due to the complex fluid-solid in-
teractions in a random semi-dilute distribution of particles.

5.4.2.2 Grid convergence

Table 5.7: Grid convergence of 𝑅𝑒,𝑀𝑎, and 𝐶𝐷 for compressible flow through a homogenous
array of fixed particles compared to the boundary conforming results of Osnes et al.
(2023) at steady state.

𝑅𝑒𝑟𝑒𝑓 𝑀𝑎𝑟𝑒𝑓 𝐶𝐷,𝑟𝑒𝑓 𝐷𝑝/ d𝑥 𝑅𝑒 𝑀𝑎 𝐶𝐷 ℰ(𝑅𝑒) ℰ(𝑀𝑎) ℰ(𝐶𝐷)

89.60 0.275 1.452
20 85.428 0.258 1.69 0.046 0.061 0.164
40 87.479 0.264 1.59 0.024 0.038 0.099

Table 5.7 shows the convergence of the Reynolds number (𝑅𝑒), Mach num-
ber (𝑀𝑎), and the drag coefficient (𝐶𝐷) with grid refinement. ℰ(𝑅𝑒), ℰ(𝑀𝑎),
and ℰ(𝐶𝐷) represent the relative errors in 𝑅𝑒, 𝑀𝑎, and 𝐶𝐷 respectively. The
convergence results are summarised in fig. 5.59.

20 25 30 35 40
10

-2

10
-1

10
0

Figure 5.59: Grid convergence of𝑅𝑒,𝑀𝑎, and𝐶𝐷, when compared to the boundary conforming
results of Osnes et al. (2023) at steady state.

It can be noted that although the errors in𝑀𝑎 and𝑅𝑒 are small at𝐷𝑝/ d𝑥 = 40,
the relative error in the 𝐶𝐷 is relatively higher. This is because the streamwise
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5.4 Viscous two phase validation

forces are normalized with the reference force based on the volume-averaged
and Favre-averaged quantities at steady state, which have finite errors. If,
however, the non-dimensional quantity (𝐶𝐵) given by eq. (5.34) is used, the
relative error at 𝐷𝑝/ d𝑥 = 40 is 5.09 %.

𝐶𝐵 =

𝑁
∑
𝑖=1

⟨𝐹𝑥⟩𝑡

𝐹𝑖𝑛𝑝𝑢𝑡
(5.34)

𝐶𝐵 is the ratio of the total streamwise quasi-steady force acting on the par-
ticles and the imposed volumetric force acting on the fluid. The value of 𝐶𝐵
at 𝐷𝑝/ d𝑥 = 40 is 1.0518. The closeness of 𝐶𝐵 to unity shows the balance
between the input volumetric force on the fluid phase and the rate of momen-
tum loss due to fluid-solid interaction. The constant volumetric force, 𝐹𝑖𝑛𝑝𝑢𝑡 ,
is calculated as the product of initial fluid density, the volume occupied by the
fluid phase, and a constant force per unit mass.

5.4.2.3 Comparison of force coefficients and force fluctuations
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Figure 5.60: (a) The drag coefficients and (b) the lift coefficients for all the particles in a flow at
𝑀𝑎 ≈ 0.28 and 𝑅𝑒 ≈ 90 and 𝜙 = 0.05 compared to the boundary conforming
results of Osnes et al. (2023).( ) represents the DNS solution at 𝐷𝑝/ d𝑥 = 40 and
( ) represents the boundary conforming results of Osnes et al. (2023).
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Figure 5.60 shows the scatter plot for comparison of the individual drag and
lift coefficients. The grid convergence for the relative errors in drag coeffi-
cient is given in table 5.7. The plot reveals significant spatial variance in drag
and lift coefficients at the chosen parameters for the computed DNS results
at 𝐷𝑝/ d𝑥 = 40 and the reference data. In order to quantify the force fluc-
tuations, a normalized standard deviation is defined as the ratio between the
standard deviation of the individual particle forces and the mean of the forces
as given in eq. (5.35).

𝜎𝑁(𝐹) =
√∑(⟨𝐹⟩𝑡 − ⟨𝐹⟩𝑝,𝑡)

2 /𝑁
⟨𝐹⟩𝑝,𝑡

(5.35)

Table 5.8: Standard deviation of the individual streamwise forces normalized with the mean of
the streamwise forces over all the particles compared to the boundary conforming
results of Osnes et al. (2023).

𝜎𝑁,𝑟𝑒𝑓 𝜎𝑁 ∶ 𝐷𝑝/ d𝑥 = 40 𝓔(𝜎𝑁)
0.3031 0.2936 0.0314

-2 -1 0 1 2
-2

-1

0

1

2

(a)

-0.5 0 0.5 1
-0.5

0

0.5

1

(b)

Figure 5.61: The fluctuations ( ) in (a) drag coefficients and (b) the lift coefficients for all the par-
ticles in a flow at𝑀𝑎 ≈ 0.28 and𝑅𝑒 ≈ 90 and𝜙 = 0.05 compared to fluctuations
from the boundary conforming results of Osnes et al. (2023). ( ) represent a line
with a slope of unity.
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5.4 Viscous two phase validation

From table 5.8, it is observed that the standard deviation in streamwise forces
is around 30 % of the mean. As seen from the table, the current DNS sim-
ulations are able to capture the spatial variance of streamwise forces from
the boundary-conforming reference results. A more direct comparison of the
force fluctuations is performed by comparing the streamwise and transverse
force fluctuations for identical particles between the current DNS results at
𝐷𝑝/ d𝑥 = 40 and the reference data. The results are shown in fig. 5.61. This
could be performed because, in the current runs, the same particle positions
as that of Osnes et al. (2023) are used. A good agreement is obtained for the
individual streamwise and transverse force fluctuations.

5.4.2.4 Comparison with drag model

Table 5.9: Standard deviation of the individual streamwise forces normalized with the mean of
the streamwise forces over all the particles compared to the boundary conforming
results of Osnes et al. (2023).

⟨𝐶𝐷⟩𝑝,𝑡 Rel. error
LES: Osnes et al. (2023) 1.452 -
Model: Osnes et al. (2023) 1.388 0.044
DNS: 𝐷𝑝/ d𝑥 = 40 1.59 0.099

Osnes et al. (2023) provided the quasi-steady drag correlation as a function
of Reynolds number (𝑅𝑒), Mach number (𝑀𝑎), and the volume-fraction (𝜙)
for flow through a homogenous array of fixed particles. A brief comparison
between the model, the computed drag in the reference (Osnes et al. (2023)),
and the current DNS solutions at 𝐷𝑝/ d𝑥 = 40 is made in this section. The
results are summarized in table 5.9. From table 5.9, it is observed that the
drag model underpredicts the boundary-conforming LES results by 4.4 %.
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6 Flow through particle array of
finite width

As shown in section 5.4.1.4 and from the previousworks of Nagata et al. (2018),
it is known that the drag and lift forces, the fluid-solid heat exchange, and the
flow regime are affected by the compressibility effects (given by the Mach
number), the competing effects of flow viscosity and inertia (given by the
Reynolds number), and the local temperature gradients (given by the parti-
cle to fluid temperature ratio). In the presence of other neighboring particles,
additional interactions arise between the particle wakes and shock structures
(in supersonic flows). Hence, volume fraction corrections are necessary to
predict macroscopic flow quantities like averaged force coefficients and Nus-
selt numbers. For flow through a homogenous arrangement of particles, force
models have recently been proposed in the works of Osnes et al. (2023) and
Khalloufi and Capecelatro (2023).

Additional complexity arises when studying flow through inhomogeneous
distributions like finite-sized particle arrays. Experimental and numerical
studies through such an arrangement have previously been performed by Ling
et al. (2012), Regele et al. (2014), Mehta et al. (2016b), Vartdal and Osnes (2018),
Mehta et al. (2019), Osnes et al. (2019), Osnes et al. (2020), Mehta et al. (2020),
and Osnes and Vartdal (2021). It is well known that the transient features for
a shock wave interacting with a particle curtain include an attenuating trans-
mitted shock and a reflected shock which strengthens over time. Eventually,
a negative streamwise pressure gradient and a positive gradient of streamwise
velocity are established inside the curtain. The flow inside the curtain is also
characterized by spatial and temporal flow fluctuations, which depend on pa-
rameters like the choice of particle Reynolds number, the incident shock-wave
Mach number, and the solid volume fraction.
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6 Results: Flow through particle array of finite width

Figure 6.1 shows the incident, transmitted, and reflected shock waves along
with the rarefaction and contact discontinuities during the transient shock-
curtain interaction in a state-space diagram. A description of the mechanisms
involved in their evolution has been provided by Regele et al. (2014) in the
context of inviscid flows and will be briefly discussed here for completeness.
It should be noted that even for the viscous compressible flows relevant in
the current work, the inviscid mechanisms play a major role during the initial
transient as observed by Osnes et al. (2020).

Figure 6.1: State-space diagram describing the evolution of incident shock (𝑆𝐼), transmitted
shock (𝑆𝑇), reflected shock (𝑆𝑅), rarefaction wave (𝑅), contact discontinuity (𝐶),
expansion waves ( ), and compression waves ( ) for a shock wave interacting
with a fixed-particle curtain.

As the incident shock wave (𝑆𝐼 ) interacts with the upstream edge of the par-
ticle curtain, a reflected shock (𝑆𝑅) and a transmitted shock (𝑆𝑇 ) are formed.
The reflected shock travels upstream, getting strengthened over time by the
compression waves, while the transmitted shock travels downstream getting
attenuated inside the curtain. Propagation of the transmitted shock inside the
curtain, sets up an expansion fan behind it. As the transmitted shock exits
from the downstream curtain edge, a rarefaction wave (𝑅) and a contact (𝐶)
are created. The rarefaction wave travels upstream, establishing the steady
pressure-gradient inside the curtain, while the contact wave travels further
downstream separating the downstream curtain-wake region.
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6 Results: Flow through particle array of finite width

The current work focuses on the flow through a finite-sized particle array for
a given solid volume fraction and a range of Mach numbers while keeping
the Reynolds number constant at𝓞(100). The effect of increasing the curtain
width and changing the volume fraction is also explored. The definitions of
the non-dimensional parameters are given in section 6.1. Next, the local flow
behavior inside the curtain is studied using particle-conditioned averaging at
different positions along the streamwise direction. One-dimensional spectra
and two-point correlation functions are evaluated in the wake of the parti-
cle curtain, and the efficacy of available average-force models developed for
homogeneous distributions is tested in the inhomogeneous arrangement. Fi-
nally, the performance of a simple one-dimensional model by Ling et al. (2012)
is compared against the current DNS results.

6.1 Flow setup and configuration

Figure 6.2: Particle arrangement for shock-wave interaction with a particle array of finite width.
The dimensions in the figure are represented as normalized values with respect to
the particle diameter (𝐷𝑝). 𝐿𝑝 is the width of the particle-curtain, 𝐿𝑤 refers to the
length of the downstream region and 𝐿𝑠 refers to the length of the upstream region.

Direct Numerical Simulations of compressible viscous flow through a random
array of fixed particles of finite width are performed. The particles in the con-
text of the current chapter refer to spheres of diameter 𝐷𝑝 . The current runs
are initialized using the shockMach number (𝑀𝑎𝑠), particle Reynolds number
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based on post-shock quantities (𝑅𝑒𝑝𝑠), solid volume fraction (𝜙), the Prandtl
number (𝑃𝑟), and the solid to post-shock fluid temperature ratio (𝑇𝑅𝑝𝑠). The
temperature of the particle (𝑇𝑝) is fixed and set to the initial pre-shock value.
The lengths of the region upstream (𝐿𝑠) and downstream (𝐿𝑠) of the particle ar-
ray are constant in all the runs and are fixed at (𝐿𝑠 = 20𝐷𝑝) and (𝐿𝑤 = 50𝐷𝑝),
respectively. The width of the particle curtain is given by 𝐿𝑝 . The geometri-
cal setup used for the current runs is shown in fig. 6.2, where the lengths are
non-dimensionalized by the particle diameter 𝐷𝑝 .

𝑀𝑎𝑠 = 𝑢𝑠
𝑎𝑅

𝑅𝑒𝑝𝑠 =
𝜌𝑝𝑠𝑢𝑝𝑠𝐷𝑝

𝜇𝑝𝑠
(6.1)

𝜙 =
𝑁𝜋𝐷3

𝑝
6𝐿𝑝𝐿𝑦𝐿𝑧

𝑇𝑅𝑝𝑠 =
𝑇𝑝
𝑇𝑝𝑠

(6.2)

The non-dimensional parameters based on post-shock reference quantities
used to initialize the DNS and to analyze the transient flow are given in
eq. (6.1). The subscript “𝑝𝑠” refers to the post-shock quantities, 𝑎𝑅 is the pre-
shock speed of sound, 𝑢𝑠 is the shock velocity, and 𝑁 is the total number of
particles inside the array. However, it should be noted that the definitions of
the non-dimensional parameters based on post-shock reference quantities are
not directly indicative of the flow at late times, where the inflow conditions
have been modified by the reflected shock wave. Hence, local-to-particle
reference quantities or those based on the final established inflow conditions
will be used below in the presentation of flow at late times. The choice of
the non-dimensional parameters, grid resolution (𝐷𝑝/Δ𝑥), and the relevant
geometrical dimensions of the domain are summarized in table 6.1.

The flow is initialized with a shock wave initially located 0.7𝐷𝑝 upstream of
the particle array for all the DNS runs at𝑀𝑎𝑠 = 1.22 and𝑀𝑎𝑠 = 1.66, sepa-
rating the post-shock left and pre-shock right states. The initial transient state
can be studied and compared for these two shock Mach numbers. For the
cases where the post-shock flow is supersonic (𝑀260𝐿30,𝑝𝑠 and 𝑀26030,𝑝𝑠),
the interaction of the strong reflected shock wave with the supersonic inflow
boundary made the solution unstable. Instead, the flow was initialized with
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uniform post-shock conditions of 𝑀𝑎𝑠 = 2.6 to study the late-time flow dy-
namics. The post-shock conditions based particle Reynolds number (𝑅𝑒𝑝𝑠) is
fixed at 100 for all the tests, while the solid volume fraction (𝜙) is set to 5 % in
all the cases except𝑀166𝐶30. 𝑀166𝐶30 is the case with the same choice of pa-
rameters as𝑀16630, except the volume fraction, which is reduced by half. The
case𝑀260𝐿30,𝑝𝑠 has the same choice of parameters as𝑀26030,𝑝𝑠 , but with a
two-thirds increase in the length of the curtain. The transverse boundaries are
periodic, and subsonic or supersonic inflow/outflow-boundary conditions as
discussed in section 4.2 are used at the upstream and downstream boundaries
based on the local value of the Mach number. The Prandtl number (𝑃𝑟 = 0.7)
and the ratio of specific heat (𝛾 = 1.4) are kept constant for all the cases.

Table 6.1: Parameters for the simulations of shock interaction with an array of fixed particles
with finite thickness: Shock Mach number 𝑀𝑎𝑠, Reynolds number 𝑅𝑒𝑝𝑠, volume
fraction 𝜙, Temperature ratio 𝑇𝑝/𝑇𝑝𝑠, Wake region length 𝐿𝑤, Tranverse region
length 𝐿𝑦, 𝐿𝑧, resolution 𝐷𝑝/Δ𝑥, and Prandtl number 𝑃𝑟.

Type 𝑀𝑎𝑠 𝑅𝑒𝑝𝑠 𝜙 𝑇𝑝/𝑇𝑝𝑠 𝐿𝑝 𝐿𝑦 = 𝐿𝑧 𝐷𝑝/Δ𝑥 𝑃𝑟
𝑀12220 1.22 100 0.05 0.87 30𝐷𝑝 20𝐷𝑝 20 0.7
𝑀12230 1.22 100 0.05 0.87 30𝐷𝑝 20𝐷𝑝 30 0.7
𝑀12240 1.22 100 0.05 0.87 30𝐷𝑝 20𝐷𝑝 40 0.7
𝑀12250 1.22 100 0.05 0.87 30𝐷𝑝 20𝐷𝑝 50 0.7
𝑀16630 1.66 100 0.05 0.70 30𝐷𝑝 20𝐷𝑝 30 0.7
𝑀166𝐶30 1.66 100 0.025 0.70 30𝐷𝑝 20𝐷𝑝 30 0.7
𝑀26030,𝑝𝑠 2.6 100 0.05 0.45 30𝐷𝑝 20𝐷𝑝 30 0.7
𝑀260𝐿30,𝑝𝑠 2.6 100 0.05 0.45 50𝐷𝑝 20𝐷𝑝 30 0.7

No-slip, no-penetration, and constant-temperature thermal boundary condi-
tions are used at the particle surface using the immersed boundary procedure
explained in section 4.3.1. In addition, the fluid viscosity is related to the fluid
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temperature using Sutherland’s temperature-dependent viscosity law, as ex-
plained in eq. (C.8).

6.2 Grid convergence

(a) (b)

Figure 6.3: (a) Grid convergence of time and particle averaged force ⟨𝐹𝑥⟩𝑡,𝑝 normalized by a
reference force 𝐹𝑟𝑒𝑓 = 𝜌𝑝𝑠𝑢2𝑝𝑠𝜋𝐷2𝑝/8 after reaching statistical stationarity for a
shock of 𝑀𝑎𝑠 = 1.22 interacting with a fixed-particle array. The subscript ’𝑝𝑠’
refers to post-shock conditions (b) Isosurface of the density gradient magnitudes
(∇𝜌) for the same case at 𝑢𝑠𝑡/𝐷𝑝 = 19.52.

In order to check the sensitivity of the current DNS runs to the grid size, a
self-convergence test is performed. For the case with 𝑀𝑎𝑠 = 1.22, the grid
resolution is successively increased from 𝐷𝑝/Δ𝑥 = 20 for the case 𝑀12220
till 𝐷𝑝/Δ𝑥 = 50 for 𝑀12250. Recall that the grid spacing is equal along the
streamwise and transverse directions for the immersed boundary procedure
(explained in section 4.3.1) used in the current work (which means, Δ𝑥 =
Δ𝑦 = Δ𝑧).

Figure 6.3a shows the convergence of the time and particle-averaged force
⟨𝐹𝑥⟩𝑡,𝑝 along the streamwise direction at late times normalized with the post-
shock condition based reference force given by 𝐹𝑟𝑒𝑓 = 0.125𝜌𝑝𝑠𝑢2𝑝𝑠𝜋𝐷2

𝑝 . At
𝐷𝑝/Δ𝑥 = 30, the normalized force on the particles differs from the finest case
at 𝐷𝑝/Δ𝑥 = 50 by approximately 2 %. Hence, for the rest of the numerical
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runs, 𝐷𝑝/Δ𝑥 = 30 was chosen as a good compromise between desired accu-
racy and computational resources.

6.3 Transient flow

In the current section, the transient flow features inside the curtain as the
incident shock wave interacts with the fixed-particle array are analyzed for
cases with𝑀𝑎𝑠 = 1.22 and𝑀𝑎𝑠 = 1.66. Recall that the case with𝑀𝑎𝑠 = 2.6
has been initialized differently. The development of the mean flow fields, at-
tenuation of the incident shock wave, the strengthening of the reflected shock
wave, and the velocity fluctuations inside the curtain are examined, and the
effect of the solid volume fraction and the shock Mach numbers are discussed.

Figure 6.3b shows the isosurface of the magnitude of density gradients |∇𝜌|
for shock wave of 𝑀𝑎𝑠 = 1.22, 𝑅𝑒𝑝𝑠 = 100, and 𝜙 = 0.05 interacting with
the fixed particle array at 𝑢𝑠𝑡/𝐷𝑝 = 19.52. Strong density gradients are estab-
lished inside the particle curtain as the incident shock wave interacts with the
fixed particle array. The post-shock conditions are essentially incompressible
(𝑀𝑎𝑝𝑠 = 0.3124 for 𝑀𝑎𝑠 = 1.22). However, although small in magnitude,
density gradients are present due to minor but finite compressibility effects
even at the low Mach number. Later, in section 6.4.1, the density profiles in-
side the particle array are compared for different shock Mach numbers at late
times. Finite density gradients are also observed to persist along the particle
array at late times. Although small compared to cases with higher 𝑀𝑎𝑠 , the
streamwise density gradients are non-zero for 𝑀𝑎𝑠 = 1.22.

6.3.1 Development of flow fields

Figure 6.4 shows the instantaneous numerical schlieren for the shock-
wave at 𝑀𝑎𝑠 = 1.66 traversing through the fixed particle array at
𝑢𝑠𝑡/𝐷𝑝 = 11.09, 33.03 and 55.98 in the 𝑦-half plane. The numerical schlieren
for shock-wave at 𝑀𝑎𝑠 = 1.22 traversing through the fixed particle ar-
ray at 𝑢𝑠𝑡/𝐷𝑝 = 13.03, 26.19 and 39.25 are shown in fig. 6.6 at the same
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6.3 Transient flow

plane. The numerical schlieren is defined the same as Mehta et al. (2020)
and shown in eq. (6.3).

Figure 6.4: Instantaneous numerical schlieren given by eq. (6.3) for shock wave of𝑀𝑎𝑠 = 1.66
traversing through a fixed-particle curtain at (Top)𝑢𝑠𝑡/𝐷𝑝 = 11.09, (Middle)𝑢𝑠𝑡/𝐷𝑝
= 33.03, (Bottom) 𝑢𝑠𝑡/𝐷𝑝 = 55.98 in the 𝑦-half plane.

𝑆𝑛𝑢𝑚 = exp (−100 |∇𝜌|max(|∇𝜌|)) (6.3)

Individual reflected bow shocks are produced as the incident shock interacts
with the fixed-particle array, coalescing over time into a planar reflected shock

125



6 Results: Flow through particle array of finite width

wave upstream of the fixed-particle array. Strong density gradients eventu-
ally develop near the particles and persist after the incident shock wave is
transmitted through the particle curtain.

Figure 6.5: Instantaneous 𝑦 − 𝑧 plane-averaged flow fields normalized with post-shock condi-
tions for shock wave of𝑀𝑎𝑠 = 1.66 (𝑀16630) traversing through a fixed-particle
curtain at (Top) 𝑢𝑠𝑡/𝐷𝑝 = 11.09, (Middle) 𝑢𝑠𝑡/𝐷𝑝 = 33.03, (Bottom) 𝑢𝑠𝑡/𝐷𝑝 = 55.98.
( ) ⟨𝜌⟩𝑦,𝑧/𝜌𝑝𝑠, ( ) ⟨𝑝⟩𝑦,𝑧/𝑝𝑝𝑠, ( ) 𝑢𝑦,𝑧/𝑢𝑝𝑠, ( ) ⟨𝑇⟩𝑦,𝑧/𝑇𝑝𝑠, ( )
⟨𝑅𝑒⟩𝑦,𝑧/𝑅𝑒𝑝𝑠, ( ) ⟨𝑀𝑎⟩𝑦,𝑧/𝑀𝑎𝑝𝑠.

Compared to the case𝑀16630 shown in fig. 6.4, it is observed that the strength
of the reflected shock is lower for 𝑀12230 shown in fig. 6.6. This is later
confirmed by the by the comparisons between the instantaneous 𝑦 − 𝑧 plane

126



6.3 Transient flow

averaged profiles normalized with post-shock quantities for the cases𝑀12230
and 𝑀16630 as shown in fig. 6.7 and fig. 6.5 respectively. The profiles show
lower density and pressure gradients near the reflected shock for the case
𝑀12230 compared to the case𝑀16630. ⟨⋅⟩𝑦,𝑧 represents the phase-average as
defined in eq. (A.7) in the transverse plane.

Figure 6.6: Instantaneous numerical schlieren given by eq. (6.3) for shock wave of𝑀𝑎𝑠 = 1.22
traversing through a fixed-particle curtain at (Top)𝑢𝑠𝑡/𝐷𝑝 = 13.03, (Middle)𝑢𝑠𝑡/𝐷𝑝
= 26.19, (Bottom) 𝑢𝑠𝑡/𝐷𝑝 = 39.25 in the 𝑦-half plane.

As the incident shock wave interacts with the particle curtain, it is attenuated
by the combined effects of the particle drag and the fluid viscosity. It was
shown by Osnes et al. (2020) that the attenuation by viscous effects can be sig-
nificant compared to the particle effects, especially at lower volume fractions.
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6 Results: Flow through particle array of finite width

Since the incident shock wave is not entirely attenuated inside the particle
curtain, a transmitted shock wave can be observed to emerge downstream
of the particle array. It was observed that the transmitted shock crosses the
downstream edge of the particle curtain at approximately 𝑢𝑠𝑡/𝐷𝑝 = 32.1227
for the case 𝑀12230 and 𝑢𝑠𝑡/𝐷𝑝 = 34.0907 for 𝑀16630.

Figure 6.7: Instantaneous 𝑦 − 𝑧 plane-averaged flow fields normalized with post-shock con-
ditions for shock wave of 𝑀𝑎𝑠 = 1.22 traversing through a fixed-particle curtain
at (Top) 𝑢𝑠𝑡/𝐷𝑝 = 13.034, (Middle) 𝑢𝑠𝑡/𝐷𝑝 = 26.194, (Bottom) 𝑢𝑠𝑡/𝐷𝑝 = 39.251.
( ) ⟨𝜌⟩𝑦,𝑧/𝜌𝑝𝑠, ( ) ⟨𝑝⟩𝑦,𝑧/𝑝𝑝𝑠, ( ) 𝑢𝑦,𝑧/𝑢𝑝𝑠, ( ) ⟨𝑇⟩𝑦,𝑧/𝑇𝑝𝑠, ( )
⟨𝑅𝑒⟩𝑦,𝑧/𝑅𝑒𝑝𝑠, ( ) ⟨𝑀𝑎⟩𝑦,𝑧/𝑀𝑎𝑝𝑠.
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6.3 Transient flow

The presence of a non-zero solid volume fraction creates flow constrictions
inside the particle array. Inside the curtain, the density, temperature, and
pressure of the flow decrease along the particle array. At the same time, the
velocity of the flow increases to satisfy mass conservation. The Mach number
of the flow increases as the fluid passes through the particle array. After the
incident shock wave is transmitted through the particle array, a rarefaction
wave is created that propagates upstream, halts the propagation of the expan-
sion fan and establishes steady flow-field gradients throughout the particle
array. The propagating rarefaction wave also dictates the inflow conditions
at late times seen by the particle array. This mechanism has been explained by
Regele et al. (2014) for their inviscid two-dimensional numerical simulations.

The presence of viscous effects introduces additional pressure losses due to
frictional effects, which adds further complexity. However, the qualitative
flow features are governed majorly by the compressibility effects for𝑀16630
with 𝑀𝑎𝑠 = 1.66 compared to the case 𝑀12230 with 𝑀𝑎𝑠 = 1.22. For the
case 𝑀12230 as shown in fig. 6.7, the pressure, density, streamwise velocity,
and pressure gradients remain low inside the curtain. The effect of flow ac-
celeration is observed to be more significant near the downstream edge of the
particle array for the case𝑀16630 compared to𝑀12230. This observation is
consistent with the works of Osnes et al. (2019), Osnes et al. (2020), and Osnes
and Vartdal (2021). Downstream of the particle array, the pressure, density,
and temperature increase, while the velocity decreases over a short distance
before settling at the flow state behind the transmitted shock. This effect is
more pronounced for the case 𝑀16630 compared to 𝑀12230. Let us define
an expansion length (𝐿𝑒), which is the distance from the downstream curtain
edge, where the magnitude of the normalized pressure-gradient downstream
of the particle-curtain, (𝐷𝑝/𝑝𝑝𝑠) Δ⟨𝑝⟩𝑦,𝑧/Δ𝑥 first drops below 0.001. It was
observed that 𝐿𝑒 was 6.77𝐷𝑝 for 𝑀16630 at 𝑢𝑠𝑡/𝐷𝑝 = 55.98, and 1.23𝐷𝑝 for
𝑀12230 at 𝑢𝑠𝑡/𝐷𝑝 = 39.25. A similar trend is also later observed at late times
as shown in fig. 6.21b, where the expansion length for𝑀16630 was found to
be higher than 𝑀12230.

Upstream of the particle array, the reflected shock wave travels upstream and
strengthens over time. This flow feature is shown later in section 6.3.3. The
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6 Results: Flow through particle array of finite width

flow behind the reflected shock is compressed, increasing the density, tem-
perature and pressure while reducing the velocity. The Mach number and
Reynolds number are also reduced behind the reflected shock.

6.3.2 Shock wave delay and attenuation

Figure 6.9a shows the transient drag coefficient (𝐶𝐷,𝑝𝑠) obtained by normaliz-
ing the streamwise force by the post-shock based reference force for the par-
ticles located most upstream, closest to the middle and the most downstream
of a particle curtain for the case𝑀16630. The post-shock-based average Nus-
selt numbers for the same particles are shown in fig. 6.9b. The definition of
𝐶𝐷,𝑝𝑠 and 𝑁𝑢𝑝𝑠 for the𝑚𝑡ℎ particle is given in eq. (6.4). In eq. (6.4), 𝜅𝑤 is the
thermal conductivity of the fluid near the surface of a particle, 𝑇𝑝 is the wall
temperature, 𝑇𝑝𝑠 is post-shock temperature, and 𝑞 is the average heat flux.
Details for Nusselt number evaluation are given in appendix F.

𝐶(𝑚)
𝐷,𝑝𝑠 = 𝐹(𝑚)

𝑥
0.125𝜌𝑝𝑠𝑢2𝑝𝑠𝜋𝐷2𝑝

𝑁𝑢(𝑚)
𝑝𝑠 =

𝐷𝑝
𝜅𝑤 (𝑇𝑝 − 𝑇𝑝𝑠)

𝑞 (𝑚) (6.4)

(a) (b)

Figure 6.8: Time history of the (a) drag coefficient (𝐶𝐷,𝑝𝑠) and (b) Nusselt number (𝑁𝑢𝑝𝑠)
obtained through normalization with post-shock conditions for a shock wave at
𝑀𝑎𝑠 = 1.22 (𝑀12230) traversing through the ( ) most upstream particle, ( )
particle closest to the center of the curtain, and ( ) the most downstream particle.

, and are the expected times for the incident shock waves to reach the
location of the particle-center in absence of the particle array.
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6.3 Transient flow

(a) (b)

Figure 6.9: Time history of the (a) drag coefficient (𝐶𝐷,𝑝𝑠) and (b) Nusselt number (𝑁𝑢𝑝𝑠)
obtained through normalization with post-shock conditions for a shock wave at
𝑀𝑎𝑠 = 1.66 (𝑀16630) traversing through the ( ) most upstream particle, ( )
particle closest to the center of the curtain, and ( ) the most downstream particle.

, and are the expected times for the incident shock waves to reach the
location of the particle-center in absence of the particle array.

It is observed that as the shock wave sweeps the particle array, the peak drag
coefficient and the peak Nusselt number experienced by the particles decrease
with the streamwise position along the particle array. This is a consequence
of the attenuation of the incident shock wave by means of the particle forces
and viscous effects. In addition to the attenuation, the incident shock speed
also reduces along the particle array. Hence, the expected arrival time of the
incident shock wave near the particle is delayed. The delay in the arrival
of the incident shock is more pronounced for the downstream particles as
compared to the particles further upstream.

𝜏𝑑 =
𝑢𝑠 𝑡 |(𝑚)

𝐶𝐷,𝑝𝑒𝑎𝑘

𝐷𝑝
−

𝑥(𝑚)
𝑝 − 𝑥𝑠,𝑖
𝐷𝑝

(6.5)

To quantify the delay of the incident shock wave along the particle array, a
non-dimensional delay time 𝜏𝑑 is defined as the difference between the nor-
malized times taken for the drag coefficient to reach its peak and the unat-
tenuated incident shock wave to reach the center of a particle of index 𝑚.
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6 Results: Flow through particle array of finite width

The reference time used for normalization is the shock-particle time scale,
𝑡𝑠 = 𝐷𝑝/𝑢𝑠 . The definition of the non-dimensional delay time is given in
eq. (6.5). In eq. (6.5), 𝑡 |(𝑚)

𝐶𝐷,𝑝𝑒𝑎𝑘
is the time taken for the drag of a particle of

index 𝑚 to reach its peak, 𝑥(𝑚)
𝑝 is the streamwise position of the particle’s

center, and 𝑥𝑠,𝑖 is the initial position of the incident shock wave.

6.3.2.1 Effect of Shock Mach number (𝑀𝑎𝑠)

The peak drag-coefficients, peak Nusselt numbers, and the non-dimensional
delay times for the particle most upstream, closest to the middle, and the most
downstream in the array are summarized in tables 6.2 and 6.3.

Table 6.2: The peak drag coefficients (𝐶(𝑚)
𝐷,𝑝𝑒𝑎𝑘), Nusselt numbers (𝑁𝑢(𝑚)

𝑝𝑒𝑎𝑘) and non-

dimensional delay times (𝜏(𝑚)
𝑑 ) for the most upstream (𝑚 = 1), most to the middle

(𝑚 = 2), and most downstream (𝑚 = 3) particles in a particle array for the case
𝑀12230.

𝑚 𝑥(𝑚)
𝑝 /𝐷𝑝 𝐶(𝑚)

𝐷,𝑝𝑒𝑎𝑘
𝐶(𝑚)
𝐷,𝑝𝑒𝑎𝑘−𝐶

(1)
𝐷,𝑝𝑒𝑎𝑘

𝐶(1)
𝐷,𝑝𝑒𝑎𝑘

𝑁𝑢(𝑚)
𝑝𝑒𝑎𝑘

𝑁𝑢(𝑚)
𝑝𝑒𝑎𝑘−𝑁𝑢(1)𝑝𝑒𝑎𝑘

𝑁𝑢(1)𝑝𝑒𝑎𝑘
𝜏(𝑚)
𝑑

1 20.06 9.96 - 26.86 - -0.0476
2 34.99 7.25 0.2721 18.59 0.3076 0.4855
3 49.95 6.79 0.3177 17.69 0.3411 1.5578

It is observed that the particles further downstream experience a higher delay
in the arrival of the incident shock wave. In addition, the delay for the most
upstream particle is negative. This can be explained by the fact that the peak
drag for a shock loading on a sphere occurs upstream of its transverse grand
circle. This phenomenon has also been observed by Tanno et al. (2003) and
Osnes and Vartdal (2022). In addition, the attenuation of 𝑁𝑢(𝑚)

𝑝𝑒𝑎𝑘 is relatively
larger than the attenuation of 𝐶(𝑚)

𝐷,𝑝𝑒𝑎𝑘 .
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Table 6.3: The peak drag coefficients (𝐶(𝑚)
𝐷,𝑝𝑒𝑎𝑘), Nusselt numbers (𝑁𝑢(𝑚)

𝑝𝑒𝑎𝑘) and non-

dimensional delay times (𝜏(𝑚)
𝑑 ) for the most upstream (𝑚 = 1), most to the middle

(𝑚 = 2), and most downstream (𝑚 = 3) particles in a particle array for the case
𝑀16630.

𝑚 𝑥(𝑚)
𝑝 /𝐷𝑝 𝐶(𝑚)

𝐷,𝑝𝑒𝑎𝑘
𝐶(𝑚)
𝐷,𝑝𝑒𝑎𝑘−𝐶

(1)
𝐷,𝑝𝑒𝑎𝑘

𝐶(1)
𝐷,𝑝𝑒𝑎𝑘

𝑁𝑢(𝑚)
𝑝𝑒𝑎𝑘

𝑁𝑢(𝑚)
𝑝𝑒𝑎𝑘−𝑁𝑢(1)𝑝𝑒𝑎𝑘

𝑁𝑢(1)𝑝𝑒𝑎𝑘
𝜏(𝑚)
𝑑

1 20.06 4.49 - 26.68 - -0.0314
2 34.99 2.96 0.3566 14.48 0.4574 1.01
3 49.95 2.33 0.4920 10.91 0.5911 3.4595

Comparing tables 6.2 and 6.3, it is observed that the non-dimensional de-
lay time (𝜏𝑑) is higher for 𝑀16630 compared to 𝑀12230. The fractional de-
crease in peak drag coefficient (𝐶(𝑚)

𝐷,𝑝𝑒𝑎𝑘) for the downstream particles is also
more prominent at the higher 𝑀𝑎𝑠 . The same trend is also observed for the
fractional change in the peak Nusselt numbers (𝑁𝑢(𝑚)

𝑝𝑒𝑎𝑘). In addition, it was
observed that similar to 𝑀12230, the fractional decrease in (𝑁𝑢(𝑚)

𝑝𝑒𝑎𝑘) down-
stream is more significant compared to (𝐶(𝑚)

𝐷,𝑝𝑒𝑎𝑘).

(a) (b)

Figure 6.10: Comparison of the (a) Non-dimensionalized space-time diagram and (b) shock ve-
locity as a function of streamwise distance non-dimensionalized by incident non-
attenuated shock velocity for incident shock wave with Mach numbers ( )
𝑀12230, ( )𝑀16630 sweeping through a fixed-particle array.
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6 Results: Flow through particle array of finite width

Figure 6.10a shows the non-dimensionalized space-time diagram for shock
wave of 𝑀𝑎𝑠 = 1.22 and 𝑀𝑎𝑠 = 1.66 passing through a fixed particle ar-
ray. here 𝑢𝑠 is the initial unattenuated shock speed at 𝑡 = 0. Let 𝑡𝑛 rep-
resent the time corresponding to the transient shock wave location (𝑥𝑠(𝑡𝑛))
for the 𝑛𝑡ℎ sample at which the shock-wave location is evaluated as shown in
fig. 6.10a. Then, the shock-velocity corresponding to the 𝑛𝑡ℎ sample is defined
as 𝑢𝑠(𝑡𝑛) = (𝑥𝑠(𝑡𝑛) − 𝑥𝑠(𝑡𝑛−1)/(𝑡𝑛 − 𝑡𝑛−1)), where 𝑛 = 1,2, …𝑁𝑠 , and 𝑛 = 0
represents the nominal value corresponding to 𝑡 = 0 and the unattenuated
shock velocity 𝑢𝑠 .

Based on the definition, the shock velocity (𝑢𝑠(𝑡𝑛)) normalized with the in-
cident unattenuated shock velocity (𝑢𝑠) is shown in fig. 6.10b. It is observed
that the magnitude of the shock velocity (𝑢𝑠) is reduced to a larger amount
inside the curtain for the case 𝑀16630 with 𝑀𝑎𝑠 = 1.66 compared to case
𝑀12230 with 𝑀𝑎𝑠 = 1.22. From the fig. 6.10b, it is observed that shortly
after the incident shock wave is transmitted through the particle array, the
acceleration of the transmitted shock changes sign and its velocity increases.
This is caused by the increase in the fluid pressure downstream of the particle
array as seen in fig. 6.5c.

𝑢𝑠,𝑙𝑎𝑔 = 𝑢𝑠 −min(𝑢𝑠(𝑡𝑛))
𝑢𝑠

(6.6)

In order to quantify the reduction in the shock velocity through shock wave
attenuation, a non-dimensional shock-velocity lag (𝑢𝑠,𝑙𝑎𝑔) is defined, which
measures the difference between the initial incident shock velocity and its
minimum velocity downstream of the particle array inside the domain as in
eq. (6.6). The value of 𝑢𝑠,𝑙𝑎𝑔 for the case 𝑀12230 is 0.0378 and for 𝑀16630,
it measures 0.1347.

Figure 6.11a shows the individual peak drag coefficients (𝐶𝐷,𝑝𝑒𝑎𝑘) for all the
particles as a function of their streamwise positions for 𝑀𝑎𝑠 = 1.22 and
𝑀𝑎𝑠 = 1.66. In addition, the curves for slab-averaged mean drag coefficients,
⟨𝐶𝐷,𝑝𝑒𝑎𝑘⟩𝑠𝑙𝑎𝑏 (with the averaging defined in eq. (A.15)) and the drag values
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one standard deviation more and less than the mean given by ⟨𝐶𝐷,𝑝𝑒𝑎𝑘⟩𝑠𝑙𝑎𝑏±
𝜎𝐶𝐷,𝑝𝑒𝑎𝑘,𝑠𝑙𝑎𝑏 are plotted for𝑀12230 and𝑀16630. Here, 𝜎𝑠𝑙𝑎𝑏 (𝐶𝐷,𝑝𝑒𝑎𝑘) repre-
sents the standard deviation of the peak drag for the particles located inside
a given slab. The slab averages are computed over a bin-width of 𝐷𝑝 . It is ob-
served that the fractional drop in the peak drag (𝐶𝐷,𝑝𝑒𝑎𝑘 ↓) given by eq. (6.7)
was 0.2909 for 𝑀12230 and 0.4712 for 𝑀16630. This again confirms that the
incident shock wave attenuation is stronger for 𝑀16630, with the higher in-
cident shock Mach number.

𝐶𝐷,𝑝𝑒𝑎𝑘 ↓ =
⟨𝐶𝐷,𝑝𝑒𝑎𝑘⟩𝑠𝑙𝑎𝑏 ||𝑥/𝐷𝑝=20

− ⟨𝐶𝐷,𝑝𝑒𝑎𝑘⟩𝑠𝑙𝑎𝑏 ||𝑥/𝐷𝑝=50

⟨𝐶𝐷,𝑝𝑒𝑎𝑘⟩𝑠𝑙𝑎𝑏 ||𝑥/𝐷𝑝=20
(6.7)

(a) (b)

Figure 6.11: (a)The individual peak drag coefficients (𝐶𝐷,𝑝𝑒𝑎𝑘) obtained through normalization
with post-shock quantities as a function of the particle positions inside the particle
curtain for incident shock wave Mach numbers ( ) 𝑀12230, ( ) 𝑀16630. ( )
and ( ) are the respective slab-averaged mean values and ( ) represents the
peak drag value one-standard deviation more and less than the mean value. (b)
The standard-deviation (𝜎𝐶𝐷,𝑝𝑒𝑎𝑘,𝑠𝑙𝑎𝑏 ) of 𝐶𝐷,𝑝𝑒𝑎𝑘 for the particles over 𝑥-slabs
of width 𝐷𝑝 normalized with the slab averaged value of peak drag coefficient
(⟨𝐶𝐷,𝑝𝑒𝑎𝑘⟩𝑠𝑙𝑎𝑏) averaged over the 𝑥-slabs for ( )𝑀12230, ( )𝑀16630.
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6 Results: Flow through particle array of finite width

Figure 6.11b shows the streamwise variation of the standard deviation in the
peak drag coefficients evaluated over streamwise slabs (𝜎𝐶𝐷,𝑝𝑒𝑎𝑘,𝑠𝑙𝑎𝑏 ) normal-
ized with the slab-averaged peak-drag coefficient (⟨𝐶𝐷,𝑝𝑒𝑎𝑘⟩𝑠𝑙𝑎𝑏). It is ob-
served that the normalized standard deviation in the peak drag coefficient
achieves the least value upstream of the particle array and is higher for the
case𝑀16630 compared to the case𝑀12230 at all positions inside the particle
array. The lower value at the upstream edge of the curtain can be explained
by the fact that all the particles located in the region approximately experi-
ence the effect of the unattenuated shock in similar flow conditions. How-
ever, as the shock propagates along the curtain, the attenuation of the shock
wave varies based on the local particle arrangement, flow conditions, and the
varying drag forces exerted by the particles on the fluid, resulting a larger
fluctuation of the peak drag coefficient inside the particle curtain.

The maximum value for the standard deviation in the peak drag coefficient
normalized by the mean given by max(𝜎𝐶𝐷,𝑝𝑒𝑎𝑘,𝑠𝑙𝑎𝑏/⟨𝐶𝐷,𝑝𝑒𝑎𝑘⟩𝑠𝑙𝑎𝑏) was found
to be 0.0919 for 𝑀12230 and 0.0998 for 𝑀16630 at 𝑥/𝐷𝑝 = 32.5 for both
the cases. Although the maximum normalized standard deviation was 8.6 %
higher for the case 𝑀16630 compared to 𝑀12230, they occurred at the same
streamwise location inside the curtain. This suggests that the streamwise fluc-
tuation in the peak drag coefficient is dependent on the local particle arrange-
ment inside the curtain.

Figure 6.12 shows the evolution of the normalized pressure ratio across the in-
cident shockwave as it sweeps the particle array for𝑀12230 and𝑀16630. The
shock wave is first identified as the streamwise position where the 𝑦−𝑧 plane-
averaged density gradients reach a peak. The pressure ratio is then evaluated
as the ratio of pressure half a particle diameter behind and ahead of the shock
front. The pressure ratio across the incident shock wave is directly linked to
the shock strength and the shock velocity as seen in eq. (2.5) and fig. 2.3. It is
observed that the pressure ratio across the incident shock wave is attenuated
by a larger extent for case 𝑀16630 compared to 𝑀12230. Let the fractional
change in pressure ratio across the incident shock wave inside the curtain be
defined as in eq. (6.8).
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6.3 Transient flow

Figure 6.12: The pressure ratio across the shock wave (𝑃𝑟𝑎𝑡𝑖𝑜,𝜙=0.05) normalized with the
pressure ratio across the initial unattenuated shock (𝑃𝑟𝑎𝑡𝑖𝑜,𝜙=0) as a function of
streamwise position for shock waves with ( ) 𝑀𝑎𝑠 = 1.22 (𝑀12230), ( )
𝑀𝑎𝑠 = 1.66 (𝑀16630) traversing a fixed particle curtain

𝑃𝑟𝑎𝑡𝑖𝑜,𝑓𝑟𝑎𝑐 = 1 −
min(𝑃𝑟𝑎𝑡𝑖𝑜, 𝜙=0.05) |𝑥/𝐷𝑝<50

𝑃𝑟𝑎𝑡𝑖𝑜, 𝜙=0
(6.8)

The value of 𝑃𝑟𝑎𝑡𝑖𝑜,𝑓𝑟𝑎𝑐 for𝑀12230 is 0.08 and for𝑀16630, it is 0.27. Hence, it
can be concluded that the pressure ratio across the incident shock is attenu-
ated to a larger extent inside the particle array for higher incident shock-wave
Mach numbers (𝑀𝑎𝑠).

The instantaneous slab averaged post-shock conditions based drag coefficient
(⟨𝐶𝐷,𝑝𝑠⟩𝑠𝑙𝑎𝑏) at 𝑢𝑠𝑡/𝐷𝑝 = 10 and 𝑢𝑠𝑡/𝐷𝑝 = 25 are shown for 𝑀12230 and
𝑀16630 in fig. 6.13. ⟨𝐶𝐷,𝑝𝑠⟩𝑠𝑙𝑎𝑏 peaks in the 𝑥-slab where the incident shock
wave is present at the chosen time. Behind the incident shock, the parti-
cles inside the curtain have a lower value of ⟨𝐶𝐷,𝑝𝑠⟩𝑠𝑙𝑎𝑏 as compared to the
peak value. It is seen that the peak value of ⟨𝐶𝐷,𝑝𝑠⟩𝑠𝑙𝑎𝑏 is higher for the case
𝑀12230 compared to 𝑀16630. In addition, the peak ⟨𝐶𝐷,𝑝𝑠⟩𝑠𝑙𝑎𝑏 reduces at
later times at both the shock Mach numbers. Finally, the increased effects of
shock delay at higher𝑀𝑎𝑠 (𝑀16630) can be observed using the fact that, for
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6 Results: Flow through particle array of finite width

this case, the peak ⟨𝐶𝐷,𝑝𝑠⟩𝑠𝑙𝑎𝑏 occurs at a lower streamwise position com-
pared to 𝑀12230 at the same instance of time. The effect is more prominent
at later times as the shock velocity inside the curtain is further decreased.

Figure 6.13: Slab averaged drag coefficient ⟨𝐶𝐷,𝑝𝑠⟩𝑠𝑙𝑎𝑏 evaluated at solid volume fraction 𝜙 =
0.05 for an incident shock wave interacting with a fixed particle curtain at ( )
𝑢𝑠𝑡/𝐷𝑝 = 10, 𝑀12230, ( ) 𝑢𝑠𝑡/𝐷𝑝 = 25, 𝑀12230, ( ) 𝑢𝑠𝑡/𝐷𝑝 = 10,
𝑀16630, ( ) 𝑢𝑠𝑡/𝐷𝑝 = 25,𝑀16630.

6.3.2.2 Effect of solid volume fraction

Table 6.4: The peak drag coefficients (𝐶(𝑚)
𝐷,𝑝𝑒𝑎𝑘), Nusselt numbers (𝑁𝑢(𝑚)

𝑝𝑒𝑎𝑘) and non-

dimensional delay times (𝜏(𝑚)
𝑑 ) for the particle most upstream (𝑚 = 1), closest to

the center of the curtain (𝑚 = 2), and most downstream (𝑚 = 3) in a particle array
for the case𝑀166𝐶30.

𝑚 𝑥(𝑚)
𝑝 /𝐷𝑝 𝐶(𝑚)

𝐷,𝑝𝑒𝑎𝑘
𝐶(𝑚)
𝐷,𝑝𝑒𝑎𝑘−𝐶

(1)
𝐷,𝑝𝑒𝑎𝑘

𝐶(1)
𝐷,𝑝𝑒𝑎𝑘

𝑁𝑢(𝑚)
𝑝𝑒𝑎𝑘

𝑁𝑢(𝑚)
𝑝𝑒𝑎𝑘−𝑁𝑢(1)𝑝𝑒𝑎𝑘

𝑁𝑢(1)𝑝𝑒𝑎𝑘
𝜏(𝑚)
𝑑

1 20.08 4.5940 - 26.71 - -0.0176
2 35.00 4.0418 0.1202 21.89 0.4574 0.5456
3 49.86 3.2705 0.2881 16.91 0.5911 1.6078
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6.3 Transient flow

The case 𝑀166𝐶30 has half the number of particles distributed uniformly in
the curtain volume occupied by𝑀16630 while keeping the other parameters
the same. In table 6.4, the peak drag coefficients (𝐶(𝑚)

𝐷,𝑝𝑒𝑎𝑘), the peak Nus-
selt numbers (𝑁𝑢(𝑚)

𝑝𝑒𝑎𝑘) and the non-dimensional delay times (𝜏(𝑚)
𝑑 ) for the

most upstream, most to the middle, and most downstream particles inside
the particle-array are summarized for case 𝑀166𝐶30. When compared to
table 6.3, the incident shock wave is observed to be attenuated less at the
lower volume fraction (𝜙 = 0.025). This is seen in the fractional decrease in
(𝐶(𝑚)

𝐷,𝑝𝑒𝑎𝑘) and (𝑁𝑢
(𝑚)
𝑝𝑒𝑎𝑘) inside the particle array, which are lower for𝑀166𝐶30

compared to 𝑀16630. In addition, the non-dimensional delay times (𝜏𝑑) are
lower for 𝑀166𝐶30 compared to 𝑀16630.

(a) (b)

Figure 6.14: Comparison of the (a) Non-dimensionalized space-time diagram and (b) shock ve-
locity as a function of streamwise distance non-dimensionalized by incident non-
attenuated shock velocity for incident shock Mach number𝑀𝑎𝑠 = 1.66with solid
volume fractions ( ) 𝜙 = 0.05 (𝑀16630) and ( ) 𝜙 = 0.025 (𝑀166𝐶30).

Figure 6.14a shows the non-dimensionalized space-time diagrams comparing
the shock wave positions for𝑀166𝐶30 and𝑀16630 as a function of time. The
incident shock wave is observed to travel a larger distance along the stream-
wise direction at a lower volume fraction. This phenomenon is clearer by
looking at fig. 6.14b, which shows that the shock velocity experiences a higher
magnitude of deceleration in the larger solid volume fraction case (𝑀16630).
For both the cases (𝑀16630 and 𝑀166𝐶30), as the incident shock wave is
transmitted downstream of the particle array, the acceleration changes sign
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6 Results: Flow through particle array of finite width

and becomes positive. In addition, the shock-velocity lag (𝑢𝑠,𝑙𝑎𝑔) defined in
eq. (6.6) for the case𝑀166𝐶30 is 0.0744. 𝑢𝑠,𝑙𝑎𝑔 for the case𝑀166𝐶30 is larger
than 𝑀12230 but smaller than 𝑀16630.

Figure 6.15: The pressure ratio across the shock wave (𝑃𝑟𝑎𝑡𝑖𝑜,𝑡𝑠) normalized with the pressure
ratio across the initial unattenuated shock (𝑃𝑟𝑎𝑡𝑖𝑜,𝜙=0) as a function of streamwise
distance for shock waves with𝑀𝑎𝑠 = 1.66 and solid volume fractions ( ) 𝜙 =
0.05 (𝑀16630) and ( ) 𝜙 = 0.025 (𝑀166𝐶30) traversing through the fixed
particle curtain.

Figure 6.16: Slab averaged drag coefficient ⟨𝐶𝐷,𝑝𝑠⟩𝑠𝑙𝑎𝑏 evaluated for shock wave with incident
shock Mach number𝑀𝑎𝑠 = 1.66 interacting with a fixed particle curtain at ( )
𝑢𝑠𝑡/𝐷𝑝 = 10, 𝜙 = 0.05 (𝑀16630), ( ) 𝑢𝑠𝑡/𝐷𝑝 = 25, 𝜙 = 0.05 (𝑀16630),
( ) 𝑢𝑠𝑡/𝐷𝑝 = 10, 𝜙 = 0.025 (𝑀166𝐶30), ( ) 𝑢𝑠𝑡/𝐷𝑝 = 25, 𝜙 = 0.025
(𝑀166𝐶30).
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6.3 Transient flow

The normalized pressure ratio across the shock wave (𝑃𝑟𝑎𝑡𝑖𝑜,𝑡𝑠/𝑃𝑟𝑎𝑡𝑖𝑜, 𝜙=0) is
shown in fig. 6.15 for 𝑀16630 and 𝑀166𝐶30. The pressure ratio across the
shock wave as it travels along the particle array is observed to decrease to a
smaller extent at the lower volume fraction (𝑀166𝐶30) compared to (𝑀16630).
This can be explained by a stronger attenuation at the higher solid volume
fraction. Figure 6.16 shows the comparison for instantaneous slab averaged
drag coefficient (⟨𝐶𝐷,𝑝𝑠⟩𝑠𝑙𝑎𝑏) between𝑀16630 and𝑀166𝐶30 at 𝑢𝑠𝑡/𝐷𝑝 = 10
and 𝑢𝑠𝑡/𝐷𝑝 = 25. (⟨𝐶𝐷,𝑝𝑠⟩𝑠𝑙𝑎𝑏) peaks in the 𝑥-slab where the shock wave
is present at the chosen time. Similar to fig. 6.13, the slab average forces de-
crease behind the location of the incident shock wave, after being swept by it.
Comparisons between 𝑀16630 and 𝑀166𝐶30 show that the effects of shock
delay and attenuation are smaller at the lower volume fraction (𝑀166𝐶30).

6.3.3 Behavior of reflected shock wave

Figure 6.17: The pressure ratio across the reflected shock (𝑃𝑅,𝑟𝑠/𝑃𝐿,𝑟𝑠) after the shock wave
with 𝑀𝑎𝑠 = 1.66 and solid volume fractions ( ) 𝜙 = 0.05 (𝑀16630) and
( ) 𝜙 = 0.025 (𝑀166𝐶30) has traversed through a fixed particle curtain. The
green arrow shows the direction of increasing time.

Figure 6.17 shows the pressure ratio across the reflected shock wave for
𝑀16630 and 𝑀166𝐶30 as a function of the streamwise position. When the
incident shock wave traverses through the particle array, a planar reflected
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6 Results: Flow through particle array of finite width

shock wave is generated that travels in the upstream direction. The re-
flected shock wave is identified as a peak in the magnitude of the 𝑦 − 𝑧
plane-averaged density gradients upstream of the particle array. Following
this, the pressure ratio across the reflected shock is evaluated between the
pressures half a particle diameter behind and ahead of the reflected shock.
In fig. 6.17, it is observed that the reflected shock wave strengthens, as it
moves in the upstream direction for both the cases𝑀16630 and𝑀166𝐶30. In
addition, the strength of the reflected shock is seen to be larger for 𝑀16630
compared to 𝑀166𝐶30. It is concluded that the strength of the reflected
shock wave is larger for higher solid volume fractions. The pressure ratio
across the reflected shock increased by 7.52 % for the case𝑀166𝐶30 between
𝑥/𝐷𝑝 = 5.26 and 𝑥/𝐷𝑝 = 18.2, and by 8.72 % between 𝑥/𝐷𝑝 = 2.53 and
𝑥/𝐷𝑝 = 17.467 for the case 𝑀16630.

The drag forces exerted by the particles on the fluid media creates a resistance
for the flow to pass through the curtain. Consequently, pressure is built up
upstream of the particle curtain, strengthening the reflected shock wave over
time. The reasoning behind higher strengths of the reflected shock at lower
Reynolds number was explained by Osnes et al. (2020). The phenomenon was
explained based on the increase in total streamwise resistive forces on the
fluid due to viscous effects, resulting in a higher pressure buildup. A similar
explanation can be be extended to the current comparison between volume
fractions given in fig. 6.17. The total drag forces on the fluid in the more dilute
volume-fraction case𝑀166𝐶30 are lower compared to the higher volume frac-
tion case 𝑀16630. Consequently, the strength of the reflected shock is also
lower for the lower solid volume fraction case at a given streamwise location
upstream of the particle curtain.

6.3.4 Velocity fluctuations

Flow through a random arrangement of particles in an array generates spatial
flow fluctuations which would otherwise be absent in a single phase flow
at low Reynolds numbers (in the current work 𝑅𝑒𝑝𝑠 = 100). It was shown
by Mehrabadi et al. (2015) that these “pseudo-turbulent” flow structures
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6.3 Transient flow

have different spatial and time-scales compared to classical single phase-
turbulence. Hence, they should be modeled and approached differently.
The pseudo-turbulent spatial velocity fluctuations from the 𝑦 − 𝑧 plane
averaged values is considered in this section. The kinetic energy based
on these pseudo-turbulent fluctuations will be called the pseudo-turbulent
kinetic energy (PTKE) based on the 𝑦 − 𝑧 plane averaged velocities and
represented by (K𝑦,𝑧).

In the context of compressible flows, it is convenient to define a Favre av-
eraged quantity for non-conservative flow variable like velocity denoted by
(̃⋅)𝑦,𝑧. The fluctuation with respect to the Favre-average quantity is then de-
noted by (⋅)′′𝑦,𝑧. The details of the averaging procedures are described in ap-
pendix A. If the velocity field (𝐮) is given by 𝐮 = [𝑢, 𝑣, 𝑤], then the pseudo
turbulent kinetic energy (K𝑦,𝑧) is defined in eq. (6.9).

K𝑦,𝑧 = 1
2 ( ˜𝑢′′𝑦,𝑧𝑢′′𝑦,𝑧 + ˜𝑣′′𝑦,𝑧𝑣′′𝑦,𝑧 + ˜𝑤′′𝑦,𝑧𝑤′′𝑦,𝑧) (6.9)

6.3.4.1 Effect of solid volume fraction

Figure 6.18: Normalized pseudo-turbulent kinetic energy (K𝑦,𝑧/𝑢2𝑝𝑠) for shock wave with
𝑀𝑎𝑠 = 1.66 and solid volume fractions 𝜙 = 0.05 (𝑀16630) at ( ) 𝑢𝑠𝑡/𝐷𝑝 =
11.0898 ( ) 𝑢𝑠𝑡/𝐷𝑝 = 22.0672 ( ) 𝑢𝑠𝑡/𝐷𝑝 = 33.0362 and 𝜙 = 0.025 at
( ) 𝑢𝑠𝑡/𝐷𝑝 = 11.2731 ( ) 𝑢𝑠𝑡/𝐷𝑝 = 22.4767 ( ) 𝑢𝑠𝑡/𝐷𝑝 = 33.8567.
Here, K represents the individual components of the pseudo-turbulent contribu-
tions without summation.
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6 Results: Flow through particle array of finite width

Figure 6.18 shows the comparisons between𝑀16630 and𝑀166𝐶30 for instan-
taneous post-shock velocity normalized PTKE profiles as the incident shock
waves traverses through the particle array. From fig. 6.18, it is observed that
for both𝑀16630 and𝑀166𝐶30, the peak in the magnitude of PTKE decreases
as the incident shock wave traverses further downstream along the particle
array. In addition, the peak magnitude of PTKE is lower for lower volume
fractions.

(a) (b)

Figure 6.19: Comparison of the contributions to the normalized pseudo-turbulent kinetic en-
ergy for shock wave with𝑀𝑎𝑠 = 1.66 and solid volume fractions (a) 𝜙 = 0.05, at
𝑢𝑠𝑡/𝐷𝑝 = 55.98 (𝑀16630) and (b)𝜙 = 0.025 at𝑢𝑠𝑡/𝐷𝑝 = 56.4584 (𝑀166𝐶30)
interacting with a particle curtain. Contributions to the total pseudo-turbulent
kinetic energy are given by ( ) 0.5 ˜𝑢′′𝑦,𝑧𝑢′′𝑦,𝑧, ( ) 0.5 ˜𝑣′′𝑦,𝑧𝑣′′𝑦,𝑧 and ( )
0.5 ˜𝑤′′𝑦,𝑧𝑤′′𝑦,𝑧.

Figure 6.19a and fig. 6.19b show the contributions to the normalized PTKE
from the different velocity components at 𝑢𝑠𝑡/𝐷𝑝 ≈ 56 for case 𝑀16630
and 𝑀166𝐶30 respectively. The streamwise contributions to the PTKE are
close to an order of magnitude larger than the transverse contributions for
both the solid volume fractions. In addition, the pseudo-turbulent fluctua-
tions are larger near the downstream end of the particle-array. Comparing
between the two volume fraction cases, it is observed that𝑀16630 in general
is comparatively higher than 𝑀166𝐶30 inside the curtain, but the peak near
the downstream curtain edge is clearly higher for 𝑀16630. The closeness of
the PTKE contributions inside the curtain can be explained as follows. As the
reflected shock wave is weaker for𝑀166𝐶30 compared to𝑀16630 (as shown
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in fig. 6.17), the transient flow velocity seen by the curtain near the upstream
edge will be slightly higher for𝑀166𝐶30 at a given instance of time. Conse-
quently, the pseudo turbulent flow fluctuations locally are also enhanced in
the bulk of the curtain and become comparable to 𝑀16630, which has twice
the solid volume fraction. At the downstream edge of the curtain, the flow
locally gets choked for both the cases (will be shown at late times for both
the cases in section 6.4.5), but exhibit a stronger flow acceleration for the case
𝑀16630, resulting in a sharper peak in the PTKE.

(a)

(b)

Figure 6.20: The normalized magnitude of streamwise velocity fluctuations (| 𝑢𝑧=0.5𝐿𝑧 −
𝑢𝑧 |/𝑢𝑝𝑠) with respect to the favre averaged velocity (averaged along the 𝑧 di-
rection) computed in the 𝑥 − 𝑦 plane for the case (a) 𝑀16630 (b) 𝑀166𝐶30 at
𝑢𝑠𝑡/𝐷𝑝 = 56.

Figure 6.20 shows the normalized absolute value of the streamwise velocity
fluctuations given by | 𝑢𝑧=0.5𝐿𝑧 −𝑢𝑧 |/𝑢𝑝𝑠 for the case𝑀16630 and𝑀166𝐶30,
where 𝑢𝑝𝑠 and 𝑢𝑠 are the post-shock and shock velocities respectively.
It corresponds to the same cases and at the same times as in figs. 6.19a
and 6.19b. Here, 𝑢𝑧 represents the Favre average over the 𝑧-plane given by
𝑢𝑧 = ⟨𝜌𝑢⟩𝑧/⟨𝜌⟩𝑧, and ⟨⋅⟩𝑧 represents the phase average in the 𝑧-plane. The
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6 Results: Flow through particle array of finite width

figures reveal strong spatial streamwise fluctuations that exist inside and
over a short distance downstream of the particle array. This leads to the
large streamwise contribution to PTKE as observed in figs. 6.19a and 6.19b.
In addition, the contour plots reveal that the largest spatial fluctuations on
the chosen plane are produced in the wake of the particles.

6.4 Long time behavior: Shock wave - Particle
curtain interaction

Long after the incident shockwave has passed over the particle array, the tem-
poral fluctuations at the chosen post-shock Reynolds number (𝑅𝑒𝑝𝑠 = 100)
become negligible (refer to table 6.5), and the spatial fluctuations dominate.
Hence, in this section, only the effects of pseudo-turbulent fluctuations caused
by spatial inhomogeneity inside the particle array are considered. Table 6.5
shows the normalized standard deviation in time (𝜎𝑡) for the mean stream-
wise force on the curtain (𝜎𝑡(⟨𝐹𝑥⟩𝑝)) and the forces on the most upstream
(𝜎𝑡(𝐹𝑥,𝑢𝑠)), middle (𝜎𝑡(𝐹𝑥,𝑚𝑖𝑑)), and downstream (𝜎𝑡(𝐹𝑥,𝑑𝑠)) particles in the
array.

Table 6.5: Normalized standard deviation (𝜎𝑡) in time for the total mean streamwise force
on the curtain (𝜎𝑡(⟨𝐹𝑥⟩𝑝)) and the most upstream (𝐹𝑥,𝑢𝑠), middle (𝐹𝑥,𝑚𝑖𝑑), and
downstream particles (𝐹𝑥,𝑑𝑠) in the curtain obtained at late times over more than
10𝐷𝑝/𝑢∞ time units.

Type 𝜎𝑡(⟨𝐹𝑥⟩𝑝)
|⟨𝐹𝑥⟩𝑝,𝑡|

𝜎𝑡(𝐹𝑥,𝑢𝑠)
|⟨𝐹𝑥,𝑢𝑠⟩𝑡|

𝜎𝑡(𝐹𝑥,𝑚𝑖𝑑)
|⟨𝐹𝑥,𝑚𝑖𝑑⟩𝑡|

𝜎𝑡(𝐹𝑥,𝑑𝑠)
|⟨𝐹𝑥,𝑑𝑠⟩𝑡|

𝑀12230 1.5 × 10−5 2.38 ×10−4 3.55 ×10−4 6.53 ×10−4

𝑀16630 4.49 × 10−5 1.78 ×10−4 1.68 ×10−4 3.97 ×10−4

𝑀166𝐶30 9.67 × 10−5 1.45 ×10−4 1.05 ×10−4 9.81 ×10−4

𝑀26030,𝑝𝑠 4.37 × 10−5 2.3 ×10−4 2.69 ×10−4 1.72 ×10−4

𝑀260𝐿30,𝑝𝑠 1.26 × 10−4 2.085 ×10−4 2.7 ×10−4 8.53 ×10−5
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Table 6.5 confirms that the temporal fluctuations of streamwise particle-forces
are negligibly small compared to the mean at all the chosen shock Mach num-
bers (𝑀𝑎𝑠) and volume fractions (𝜙). Therefore, temporal averaging will not
be necessary in the present section.

The inflow conditions at the late times are modified by the reflected shock and
hence, strongly depend on its strength. Themodified inflow state at late times
is then denoted by the subscript “∞”. Table 6.6 show the normalized primitive
variables for the inflow state at late times. The stronger the reflected shock
is, higher are the post-shock normalized density, pressure, and temperature.
Conversely, the post-shock normalized streamwise velocity at the inflow is
smaller when the strength of the reflected shock is larger. This alsomeans that
it is not possible to control the late-time inflow state with the present setup.

Table 6.6: Density (𝜌), streamwise velocity (𝑢), pressure (𝑝), and temperature (𝑇) for the inflow
state at late times normalized with the post-shock values at the respective chosen
shock Mach number (𝑀𝑎𝑠).

Type 𝜌∞
𝜌𝑝𝑠

𝑢∞
𝑢𝑝𝑠

𝑝∞
𝑝𝑝𝑠

𝑇∞
𝑇𝑝𝑠

𝑀12230 1.0362 0.8222 1.0511 1.0143
𝑀16630 1.2614 0.4993 1.3852 1.0981
𝑀166𝐶30 1.1850 0.6371 1.2685 1.0705
𝑀26030,𝑝𝑠 1.6040 0.3707 1.9570 1.2201
𝑀260𝐿30,𝑝𝑠 1.6421 0.3357 2.0383 1.2338

6.4.1 Flow fields

The slab-averaged density, streamwise velocity, pressure, and temperature
normalized with the late-time inflow conditions are shown in fig. 6.21 for
𝑀12230,𝑀16630 and𝑀26030,𝑝𝑠 as a function of normalized streamwise dis-
tance. The slab-average is performed over 𝑥-slabs of width 𝐷𝑝 which span
the entire transverse domain. The details of the slab-averaging procedure is
given in appendix A.1.1.
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6 Results: Flow through particle array of finite width

(a) (b)

(c) (d)

Figure 6.21: Slab averaged flow-field profiles for (a) Density (b) velocity (c) Pressure (d) Tem-
perature normalized with inflow conditions at late times as a function of nor-
malized streamwise distance for the cases ( ) 𝑀12230 ( ) 𝑀16630 ( )
𝑀26030,𝑝𝑠. The dashed lines in (d) represent particle-to-inflow temperature ratio
𝑇𝑝/𝑇∞, and their colors correspond to the cases for which they are computed.

At late times, the temperature ratio between the particle and the inflow con-
ditions is such that 𝑇𝑝/𝑇∞ = 0.86 for 𝑀12230, 𝑇𝑝/𝑇∞ = 0.64 for 𝑀16630,
and 𝑇𝑝/𝑇∞ = 0.37 for 𝑀26030,𝑝𝑠 . Hence, from fig. 6.21d, it is observed that
the fluid is cooled by the particle for all the three cases along the streamwise
distance inside the curtain. In addition, the magnitude of the temperature gra-
dients are higher for𝑀26030,𝑝𝑠 compared to𝑀12230 and𝑀16630, especially
near the upstream edge of the particle-curtain. Since, the thermal conduc-
tivity (𝜅) is higher for 𝑀26030,𝑝𝑠 based on the Sutherland’s law (eq. (C.8))
and the conductivity-viscosity relation (eq. (3.16)), the magnitudes of the lo-
cal heat-flux (eq. (F.6)) to the particles will also be higher for𝑀26030,𝑝𝑠 at the
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6.4 Long time behavior

steady state, especially at the upstream edge of the particle curtain. Near the
downstream edge but still inside the particle curtain, a strong flow acceler-
ation occurs for the high Mach number cases 𝑀16630 and 𝑀26030,𝑝𝑠 . This
effect is visible as a stronger magnitude of negative temperature gradients for
these cases in the region. Downstream of the particle array, the temperature
increases again for 𝑀12230 and 𝑀16630,𝑝𝑠 but decreases for 𝑀26030,𝑝𝑠 . It
should be noted that the slab-averaged mean flow reaches sonic conditions
near the downstream edge of the curtain (refer to fig. 6.23b below), but re-
mains subsonic throughout for 𝑀12230 and 𝑀16630. However, we will see
in figs. 6.29 and 6.30 that for the cases𝑀16630 and𝑀26030,𝑝𝑠 , the flow may
be choked locally and achieve sonic conditions at the curtain-exit. Hence, for
𝑀16630, although the slab averaged flow quantities are subsonic throughout
the curtain, locally, the flow may be supersonic near the downstream edge
of the curtain.

The slab-averaged normalized pressure profiles in fig. 6.21c show that a nega-
tive pressure gradient is established at late-times inside the curtain that facil-
itates the fluid-flow through the curtain. The mechanism for establishment of
the negative pressure-gradients is explained in the introduction of the chapter
in chapter 6. The pressure gradient decreases strongly near the downstream
edge (but still inside) of the particle curtain, as the fluid flows through the con-
strictions for𝑀16630 and𝑀26030,𝑝𝑠 with high local Mach numbers, but has
a gentler decrease for𝑀12230. Downstream of the particle curtain, the slab-
averaged pressure increases over a short distance for𝑀12230 and𝑀16630 but
decreases for𝑀26030,𝑝𝑠 before approaching constancy. This can be explained
by drawing analogies from a converging-diverging nozzle to approximately
explain the phenomena. Near the downstream edge of the particle-curtain
(but inside), the fluid accelerates as seen in fig. 6.21b through constrictions
created by the particles inside the curtain (analogous to reduced area in the
converging section of the converging-diverging nozzle). The strong flow ac-
celeration can cause it to reach choked flow conditions locally for 𝑀16630
and𝑀26030,𝑝𝑠 . Downstream of the particle array, the fluid experiences an in-
crease in the effective cross-sectional area (analogous to the diverging section
of the converging-diverging nozzle). The downstream conditions (far from
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6 Results: Flow through particle array of finite width

the curtain) for𝑀26030,𝑝𝑠 are such that, the flow reacts to the increase in ef-
fective cross-sectional area with further flow-expansion and decrease in the
static pressure similar to under-expanded supersonic jets at the nozzle exit.
Conversely, for the case 𝑀16630, the pressure far downstream of the cur-
tain is high enough, such that the locally supersonic flow at the curtain-exit
undergoes a weak shock to achieve subsonic conditions as seen in fig. 6.29.
Afterwards, the velocity reduces and the static pressure increases, typical of
subsonic jets. For𝑀12230, the flow is locally subsonic throughout the curtain
and the flow at the curtain-exit reacts with an increase in static pressure and
a decrease in the flow velocity, typical of subsonic jets. It should be remem-
bered that the analogies are approximate and the flow through the particle
array is a non-isentropic process. The slab-averaged pressures in fig. 6.21c
seem to approach a consistent choked flow pressure-profile for 𝑀16630 and
𝑀26030,𝑝𝑠 inside the curtain, which is consistent with the local Mach num-
ber profiles seen in fig. 6.29.

The density of the flow inside the curtain (refer to fig. 6.21a) is affected by the
combined effects of the existing pressure and internal energy gradients. The
density (𝜌) is related to the specific internal energy (𝑒) and the pressure (𝑝)
through eq. (3.14). Consequently, the density gradient as a function of these
gradient-terms are shown in eq. (6.10).

𝜕𝜌
𝜕𝑥 = 1

(𝛾 − 1)𝑒2 [𝑒 𝜕𝑝𝜕𝑥 − 𝑝 𝜕𝑒𝜕𝑥 ] (6.10)

(a)𝑀12230 (b)𝑀16630 (c)𝑀26030,𝑝𝑠

Figure 6.22: Slab averaged dimensional ( ) pressure gradient term (𝑒 𝜕𝑝/𝜕𝑥) and ( ) in-
ternal energy gradient term (𝑝𝜕𝑒/𝜕𝑥) for the cases (a)𝑀12230, (b)𝑀16630 and
(c)𝑀26030,𝑝𝑠.
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6.4 Long time behavior

Equation (6.10) reveals that the pressure-gradient and the internal energy gra-
dient terms are competing in nature to determine the mean density gradients
in a flow. The slab-averaged terms 𝑒 𝜕𝑝/𝜕𝑥 and 𝑝 𝜕𝑒/𝜕𝑥 for the three cases
𝑀12230,𝑀16630, and𝑀26030,𝑝𝑠 are shown in fig. 6.22. From fig. 6.22, it is ob-
served that the pressure-gradient term is lower than the internal energy gradi-
ent term throughout the curtain for the case𝑀12230. Hence, from eq. (6.10),
it is apparent that the density gradient remains negative, and consequently
the density decreases along the width of the curtain.

For the case 𝑀16630 and more prominently in 𝑀26030,𝑝𝑠 , at the upstream
edge of the curtain, the internal-energy gradient term is lower than the
pressure-gradient term. However, along the curtain-width, the pressure gra-
dient term crosses over and becomes lower than the internal-energy gradient
term. Hence, for these cases, the density first increases along the streamwise
distance inside the curtain, reaches a maximum, and then decreases further
downstream. At the downstream edge of the particle curtain (but inside),
the density gradients in the flow are especially governed by the strong
negative-pressure gradients, especially for 𝑀16630 and 𝑀26030,𝑝𝑠 owing to
the strong flow acceleration in this region.

The behavior of the density profiles in fig. 6.21a is reflected in the slab-
averaged streamwise velocity profiles given in fig. 6.21b. At late times, to
satisfy mass-conservation principles, the velocity profiles show a trend which
is opposite to that of the density profiles inside the curtain.

Figure 6.23 shows the slab-average based profiles of the non-dimensional
quantities, namely the Reynolds number (⟨𝑅𝑒⟩𝑠𝑙𝑎𝑏), Mach number (⟨𝑀𝑎⟩𝑠𝑙𝑎𝑏)
and the temperature ratio (𝑇𝑝/⟨𝑇⟩𝑠𝑙𝑎𝑏). The definitions of the non-
dimensional quantities is given in eq. (6.11).

⟨𝑅𝑒⟩𝑠𝑙𝑎𝑏 =
⟨𝜌⟩𝑠𝑙𝑎𝑏𝑢𝑠𝑙𝑎𝑏𝐷𝑝

⟨𝜇⟩𝑠𝑙𝑎𝑏
⟨𝑀𝑎⟩𝑠𝑙𝑎𝑏 = 𝑢𝑠𝑙𝑎𝑏

⟨𝑐⟩𝑠𝑙𝑎𝑏
⟨𝑇𝑅⟩𝑠𝑙𝑎𝑏 =

𝑇𝑝
⟨𝑇⟩𝑠𝑙𝑎𝑏

(6.11)
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6 Results: Flow through particle array of finite width

(a) (b)

(c)

Figure 6.23: Slab averaged Non-dimensional quantities for (a) Reynolds number (b) Mach num-
ber (c) Temperature ratio for the cases ( ) 𝑀12230 ( ) 𝑀16630 ( )
𝑀26030,𝑝𝑠

From fig. 6.23, it is observed that the Reynolds number based on slab av-
eraged quantities increases with streamwise position for the cases 𝑀12230,
𝑀16630 and 𝑀26030,𝑝𝑠 . At the upstream edge of the particle curtain, the
Reynolds number is lowest for𝑀26030,𝑝𝑠 but highest for𝑀12230. However,
the rate of increase in the mean Reynolds number is highest for 𝑀26030,𝑝𝑠 .
Since, the mass flow rate through the curtain is constant, the Reynolds num-
ber trend can be explained by the change in the dynamic viscosity due to the
variation of the fluid temperature along the width of the curtain. At the up-
stream end of the curtain The fluid temperature is highest for 𝑀26030,𝑝𝑠 as
seen in fig. 6.23c, and the lowest for𝑀12230. Consequently, from the Suther-
land’s law eq. (C.8), the fluid viscosity is highest for 𝑀26030,𝑝𝑠 and lowest
for 𝑀12230, explaining the Reynolds number trend at the upstream edge of
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6.4 Long time behavior

the curtain. Furthermore, along the width of the curtain, the magnitude of
the temperature gradients are highest for𝑀26030,𝑝𝑠 and lowest for𝑀12230.
Consequently, the fluid cools much faster for𝑀26030,𝑝𝑠 compared to𝑀12230
along the curtain-width. From the Sutherland’s law, the dynamic viscosity of
the fluid decreases at a higher rate for 𝑀26030,𝑝𝑠 compared to 𝑀12230 and
consequently, its Reynolds number increases at a faster rate.

From fig. 6.23b, it is observed that the slab-averaged mean flow remains sub-
sonic throughout the curtain-width for 𝑀12230 and 𝑀16630. However, for
𝑀26030,𝑝𝑠 , the mean flow reaches sonic conditions at the downstream edge
of the curtain. The strong flow acceleration near the downstream edge of the
particle-curtain (but still inside) causes the Mach number to increase sharply
for 𝑀16630 and 𝑀26030. Conversely, the Mach number has a gentler slope
for𝑀12230 throughout. Downstream of the particle curtain, the mean Mach
number increases for 𝑀26030,𝑝𝑠 , and decreases for 𝑀12230 and 𝑀16630 be-
fore achieving a constant value. The behavior can be understood by draw-
ing analogies from a converging diverging nozzle as explained previously in
the section.

Since, the mean flow is subsonic for 𝑀16630 and 𝑀12230, the fluid reacts
to the effective increase in cross-sectional area by a decrease in the Mach
number. Conversely, the mean flow is supersonic for𝑀26030,𝑝𝑠 in the region,
and the Mach number increases downstream of the curtain.

Figure 6.24 shows the numerical schlieren given by eq. (6.3) for the cases
𝑀12230, 𝑀16630, and 𝑀26030,𝑝𝑠 . The magnitude of the density gradients
represented by the numerical schlieren are negligible upstream of the particle-
curtain. However, strong density gradients form near the particle boundaries
inside the curtain. For 𝑀12230 and 𝑀16630, where the mean flow is sub-
sonic at the downstream-edge of the curtain as seen in fig. 6.21b, subsonic
jet like structures are observed, along which the flow velocity reduces, and
the pressure increases before attaining the ambient value. Interestingly, for
the case 𝑀26030,𝑝𝑠 , the flow in the wake of the particle-curtain transitions
to a series of alternating standing oblique shocks and expansion fans simi-
lar to what is observed in supersonic under-expanded jets (Tam 1995). The
flow accelerates and the pressure decreases further to adapt to the ambient
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6 Results: Flow through particle array of finite width

flow conditions downstream through this mechanism. The asymmetry in the
shock-cells seen for𝑀26030,𝑝𝑠 as shown in fig. 6.24c at late times are possibly
a consequence of the asymmetric downstream front of the particle-curtain. If
the downstream edge of the curtain is thought of as a series of spatially dis-
tributed nozzle exits, the random distribution of the particles in this region
may change its effective parameters like the ratio of exit area to its throat
area, consequently affecting the nature of shock cells locally in the wake. The
effect of the downstream front of the curtain on the shock-cell distribution is
interesting to study. However, it is outside the scope of the current work.

Figure 6.24: Numerical schlieren at late times for (Top) 𝑀12230, (Middle) 𝑀16630, and (Bot-
tom)𝑀26030,𝑝𝑠 in the 𝑦-half plane.

154



6.4 Long time behavior

(a) (b)

Figure 6.25: (a) Isosurface of the local Mach number at 𝑀𝑎 = 1 revealing the choked flow
conditions at the downstream edge of the curtain for𝑀16630. (b) Isosurface of the
wake of the particle curtain using the 𝜆2 criterion (𝜆2𝐷2𝑝/𝑢2∞ = −0.01)

(a) (b)

Figure 6.26: (a) Isosurface of the local Mach number at 𝑀𝑎 = 1 revealing the choked flow
conditions at the downstream edge of the curtain for𝑀26030,𝑝𝑠. (b) Isosurface of
the wake of the particle curtain using the 𝜆2 criterion (𝜆2𝐷2𝑝/𝑢2∞ = −0.01)

Figures 6.25a and 6.26a show the isosurface of the local Mach number de-
fined as 𝑀𝑎 = 𝑢/√𝛾𝑝/𝜌 at 𝑀𝑎 = 1 for the cases 𝑀16630 and 𝑀26030,𝑝𝑠
respectively. The isosurfaces show that for both the cases, the flow achieves
sonic conditions and becomes choked at the downstream edge of the particle-
curtain. It is also observed that a larger fraction of the downstream cross-
sectional area is choked for𝑀26030,𝑝𝑠 compared to𝑀16630. However, down-
stream of the curtain for the case𝑀26030,𝑝𝑠 , the entire flow becomes super-
sonic through fluid friction. In contrast, in case of 𝑀16630, although large
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6 Results: Flow through particle array of finite width

fraction of the cross-sectional area of the flow become choked at the down-
stream curtain edge, local pockets exist in the transverse plane, throughwhich
the flow remains entirely subsonic along the streamwise direction throughout
the domain. These features are explained in more detail in section 6.4.5.4. The
wake structures behind the particle curtain visualized using the 𝜆2-criterion
for the case 𝑀16630 appear elongated as shown in fig. 6.25b. However, the
coherent elongated structures are not seen for𝑀26030,𝑝𝑠 as seen in fig. 6.26b.
This reflects the difference in the dynamics of the wake region as was seen
in fig. 6.24.

Figures 6.28 to 6.30 show the contours of instantaneous density (𝜌/𝜌∞),
streamwise velocity (𝑢/𝑢∞), pressure (𝑝/𝑝∞), temperature (𝑇/𝑇𝑖𝑛𝑓𝑡𝑦),
Reynolds number (𝜌𝑢𝐷𝑝/𝜇), and Mach number (𝑢/√𝛾𝑝/𝜌) for the cases
𝑀12230, 𝑀16630, and 𝑀26030,𝑝𝑠 on the 𝑦-mid plane. It should be noted
that the definitions of Reynolds (𝑅𝑒) and Mach numbers (𝑀𝑎) are different
from eq. (6.11). Rather than slab-averaged quantities, local velocity, density,
viscosity, and pressure are used to compute the flow profiles.

For the case of 𝑀12230, it is observed that the density and the static pres-
sure decrease gradually with streamwise distance inside the curtain. Since
the particles are at a lower temperature than the upstream fluid, they cool the
hot fluid as it passes through the curtain. The velocity, local Reynolds number,
and the local Mach number profiles show the subsonic jets through which the
expanded flow adjusts to the downstream conditions. In addition, it is seen
that the local flow remains subsonic throughout the domain.

For the case 𝑀16630, stronger flow gradients are observed downstream of
the curtain compared to 𝑀12230. Although, the slab-average-based Mach
number (⟨𝑀𝑎⟩𝑠𝑙𝑎𝑏) is subsonic at the downstream front as seen in fig. 6.23b,
the Mach number contours as observed in fig. 6.29f reveal locally choked-flow
and supersonic regions downstream of the curtain.

For the case𝑀26030,𝑝𝑠 , the flow behind the curtain adjusts to the downstream
conditions through a series of standing oblique shocks and expansion-fans
creating asymmetric shock-cell patterns as observed from fig. 6.30. Although
locally subsonic flowmay exist at the downstream edge of the particle curtain,
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6.4 Long time behavior

especially in the individual particle wakes, the mean flow is mostly governed
by supersonic flow mechanisms. However, as will be explained below, the
flow becomes entirely supersonic further downstream of the curtain for the
case 𝑀26030,𝑝𝑠 .

The isocontours of sonic Mach numbers for the cases𝑀16630 and𝑀26030,𝑝𝑠
are shown as solid black lines in figs. 6.29f and 6.30f respectively. For the case
𝑀16630, locally supersonic pockets of flow are observed downstream of the
curtain, which confirms the presence of co-existing subsonic and supersonic
flow regions near the downstream edge of the curtain. In contrast, the entirety
of the flow at the visualized cross-section of the curtain attains supersonic
conditions for the case𝑀26030,𝑝𝑠 (observed as a corrugated contour), through
a combined effect of choking at the downstream curtain edge and momentum
exchange with the surrounding supersonic flow through fluid friction further
downstream. Although visualized only in the 𝑦-half plane, the feature was
generalized in section 6.4.5.4.

Figure 6.27: Isosurface of density gradient magnitudes given by |∇𝜌|𝐷𝑝/𝜌𝑝𝑠 = 0.01 for the case
𝑀26030,𝑝𝑠 showing oblique density waves in the wake of the particle curtain.

Figure 6.27 shows the oblique density waves, which are a part of the asym-
metric shock cell-structures through the isosurface of density gradient magni-
tudes for𝑀26030,𝑝𝑠 . Similar flow structures are seen in the under-expanded
supersonic jets as discussed previously in the section.
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6 Results: Flow through particle array of finite width

Figure 6.28: Contours of instantaneous flow fields for 𝑀12230 in the 𝑦-half plane. From
top to bottom: (a) Normalized density (𝜌/𝜌∞) (b) Normalized streamwise veloc-
ity (𝑢/𝑢∞) (c) Normalized static pressure (𝑝/𝑝∞) (d) Normalized temperature
(𝑇/𝑇∞) (e) local Reynolds number (𝜌𝑢𝐷𝑝/𝜇) (f) local Mach number (𝑢/√𝛾𝑝/𝜌)
at late times.
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Figure 6.29: Contours of instantaneous flow fields for 𝑀16630 in the 𝑦-half plane. From
top to bottom: (a) Normalized density (𝜌/𝜌∞) (b) Normalized streamwise veloc-
ity (𝑢/𝑢∞) (c) Normalized static pressure (𝑝/𝑝∞) (d) Normalized temperature
(𝑇/𝑇∞) (e) local Reynolds number (𝜌𝑢𝐷𝑝/𝜇) (f) local Mach number (𝑢/√𝛾𝑝/𝜌)
at late times. ( ) represents the (𝑀𝑎 = 1) iso-contour.
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Figure 6.30: Contours of instantaneous flow fields for 𝑀26030,𝑝𝑠 in the 𝑦-half plane. From
top to bottom: (a) Normalized density (𝜌/𝜌∞) (b) Normalized streamwise veloc-
ity (𝑢/𝑢∞) (c) Normalized static pressure (𝑝/𝑝∞) (d) Normalized temperature
(𝑇/𝑇∞) (e) local Reynolds number (𝜌𝑢𝐷𝑝/𝜇) (f) local Mach number (𝑢/√𝛾𝑝/𝜌)
at late times. ( ) represents the (𝑀𝑎 = 1) iso-contour.
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6.4.2 Particle conditioned local flow

In the current section, the mean local flow near the particles are studied using
the particle-conditioned averaging of flow fields. Since, the flow is inhomo-
geneous in the streamwise (𝑥) direction, the particle curtain is divided into
six 𝑥-slabs of width 5𝐷𝑝 each spanning the transverse domain. The Eulerian
flow-fields are then averaged in the particle-frame of reference over the parti-
cles present inside the slab to evaluate the particle-conditioned average. The
average calculated in this way shows the average behavior of the flow in the
vicinity of particles inside the slab. The details of the particle-conditioned av-
eraging procedure is shown in appendix A.1.4. The 𝑥-slabs are wide enough
to have enough particle samples for a smooth averaged flow field. On an av-
erage, 188 particles are present in each of the slabs.

Before proceeding, the shifted coordinate systemwith respect to the reference
particle’s center position 𝐗𝑐 = [𝑥𝑐, 𝑦𝑐, 𝑧𝑐] is defined. If 𝐗 = [𝑥, 𝑦, 𝑧] repre-
sent the original coordinate system, then the particle-center shifted system
(𝐗̃) is described by eq. (6.12).

𝐗̃ = 𝐗 − 𝐗𝑐 (6.12)

Hence, the reference particle corresponding to each of the 𝑥-slabs will
share the same shifted coordinate system (𝐗̃). In this section, the particle-
conditioned velocity and temperature fields in the 𝑥-slabs near the respective
reference particle will be discussed and their behavior along the inhomoge-
neous streamwise direction inside the curtain will be described.

6.4.2.1 Particle conditioned velocity fields

Let the streamwise velocity (𝑢) conditioned on the particles present in the
𝑥-slab located between 𝑥/𝐷𝑝 = 𝑥1 and 𝑥/𝐷𝑝 = 𝑥2 and normalized with the
late-time inflow velocity 𝑢∞ be represented as ⟨𝑢𝑥/𝐷𝑝=𝑥1, 𝑥2⟩𝑝𝑐/𝑢∞. Then for
the six slabs, 𝑥1 = [20, 25, 30, 35, 40, 45] and 𝑥2 = [25, 30, 35, 40, 45, 50].
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6 Results: Flow through particle array of finite width

Figure 6.31: Normalized particle-conditioned average streamwise fluid-velocity contours
⟨𝑢𝑥/𝐷𝑝=𝑥1, 𝑥2 ⟩𝑝𝑐/𝑢∞ for the case 𝑀12230. 𝑥1 = [20, 25, 30, 35, 40, 45] and
𝑥2 = 𝑥1 + 5. The iso-contour lines ( ) represent the normalized fluid velocity
with values ranging between [−0.1 ∶ 0.1 ∶ 0.7]. The isocontour in red ( )
represents the extent of the recirculation region.

Figures 6.31 to 6.33 show the wake at different 𝑥-slab positions using isocon-
tours of ⟨𝑢𝑥/𝐷𝑝=𝑥1, 𝑥2⟩𝑝𝑐/𝑢∞ for the case 𝑀12230, 𝑀16630, and 𝑀26030,𝑝𝑠
respectively. It is observed that the average wake behavior represented by
the velocity isocontours is approximately aligned with the center line pass-
ing through the sphere center fir the three cases. In addition, the bound on
the recirculation region near the representative particles are identified as the
contour where ⟨𝑢𝑥/𝐷𝑝=𝑥1, 𝑥2⟩𝑝𝑐/𝑢∞ = 0.

For the case 𝑀12230, the velocity contours with values in the range [−0.1 ∶
0.1 ∶ 0.7] appear stretched for the the slab represented by 𝑥1 = 45 and
𝑥2 = 50 compared to the ones further upstream. In contrast, for the case

162



6.4 Long time behavior

𝑀16630 and𝑀26030,𝑝𝑠 , the contours in the same range appearmore stretched
at the upstream slab location given by 𝑥1 = 20 compared to the most down-
stream slab. This can be attributed to the strong flow acceleration near the
downstream edge of the curtain for 𝑀16630 and 𝑀26030,𝑝𝑠 .

Figure 6.32: Normalized particle-conditioned average streamwise fluid-velocity contours
⟨𝑢𝑥/𝐷𝑝=𝑥1, 𝑥2 ⟩𝑝𝑐/𝑢∞ for the case 𝑀16630. 𝑥1 = [20, 25, 30, 35, 40, 45] and
𝑥2 = 𝑥1 + 5. The iso-contour lines ( ) represent the normalized fluid velocity
with values ranging between [−0.1 ∶ 0.1 ∶ 0.7]. The isocontour in red ( )
represents the extent of the recirculation region.

It should be remembered that a strong flow acceleration at the down-
stream edge of the particle curtain for the cases 𝑀16630 and 𝑀26030,𝑝𝑠 ,
results in a strong variation of flow properties even over a streamwise
distance of 𝐷𝑝 . However, since the width of the downstream slab is 5𝐷𝑝 ,
the particle-conditioning procedure averages out the flow field changes and
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6 Results: Flow through particle array of finite width

is not an accurate representation of the flow near the particles located at
either the upstream or the downstream edges of the most-downstream slab
(𝑥1 = 45, 𝑥2 = 50). Hence, ideally, the slab width should be reduced in
future works(especially near the downstream edge of the particle curtain) to
obtain a more accurate representation of the flow using particle-conditioned
averages. In order to maintain enough samples for smooth fields while
maintaining the same solid volume fraction, ideally, the transverse domain
lengths 𝐿𝑦 and 𝐿𝑧 would simultaneously need to be increased.

Figure 6.33: Normalized particle-conditioned average streamwise fluid-velocity contours
⟨𝑢𝑥/𝐷𝑝=𝑥1, 𝑥2 ⟩𝑝𝑐/𝑢∞ for the case𝑀26030,𝑝𝑠. 𝑥1 = [20, 25, 30, 35, 40, 45] and
𝑥2 = 𝑥1 + 5. The iso-contour lines ( ) represent the normalized fluid velocity
with values ranging between [−0.1 ∶ 0.1 ∶ 0.7]. The iso-contour in red ( )
represents the extent of the recirculation region.
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6.4 Long time behavior

The recirculation length (𝐿𝑟) given by the maximum distance between the
downstream stagnation point and the extent of the recirculation region along
the particle centerline parallel to the streamwise direction are summarized
in table 6.7 and are plotted in fig. 6.34. It is observed to be longer for the
most downstream slab compared to the most upstream slab by 36.19 % for
the case 𝑀12230 and 29.35 % for the case 𝑀16630. However, in contrast to
the cases 𝑀12230 and 𝑀16630, the recirculation length (𝐿𝑟) does not show
a significant increase for the particle representative of the most downstream
slab compared to the most upstream slab.

Table 6.7: Normalized recirculation lengths (𝐿𝑟/𝐷𝑝) obtained through particle-conditioned av-
erage at different streamwise slab locations given by 𝑥1 = [20, 25, 30, 35, 40, 45]

Case 𝐿𝑟/𝐷𝑝
𝑥1 = 20 𝑥1 = 25 𝑥1 = 30 𝑥1 = 35 𝑥1 = 40 𝑥1 = 45

𝑀12230 0.4021 0.4126 0.4127 0.3963 0.4216 0.5476
𝑀16630 0.3387 0.3587 0.3603 0.3421 0.3612 0.4381
𝑀26030,𝑝𝑠 0.3343 0.3676 0.3822 0.3756 0.3985 0.3357

Figure 6.34: The normalized recirculation lengths (𝐿𝑟/𝐷𝑝) for the cases ( )𝑀12230, ( )
𝑀16630, and ( )𝑀26030,𝑝𝑠 as a function of normalized streamwise positions
(𝑥/𝐷𝑝) at different 𝑥-slab locations.
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6 Results: Flow through particle array of finite width

It was noted by Nagata et al. (2018) that the recirculation lengths for flow
around an isolated isothermal particle depended on the free-stream Reynolds
number (𝑅𝑒∞), Mach number (𝑀𝑎∞), and the particle to free-streamfluid tem-
perature ratio (𝑇𝑅∞). They observed that for supersonic flows at 𝑅𝑒∞ = 100,
the recirculation length (𝐿𝑟) decreased with increasing 𝑇𝑅∞. In addition, the
recirculation lengths for the supersonic flows were lower than for subsonic
flows at 𝑅𝑒 = 100 for 𝑇𝑅∞ between 0.5 and 2. A similar observation is made
while comparing the cases 𝑀12230 and 𝑀26030,𝑝𝑠 , for which the Reynolds
number in the current DNS are closer to 100 as seen in fig. 6.23a. In the case
𝑀26030,𝑝𝑠 , for which the flow is choked downstream of the particle-curtain,
the recirculation length is smaller than the case 𝑀12230, where the flow re-
mains subsonic. In addition, for the case 𝑀26030,𝑝𝑠 , there is a dip in the re-
circulation length (𝐿𝑟) at the most downstream slab where the flow becomes
supersonic and the local temperature ratio increases (figs. 6.23b and 6.23c),
consistent with the observations of Nagata et al. (2018). Finally, the recir-
culation lengths in the current DNS in presence of neighboring particles is
significantly reduced compared to an isolated particle. For example, the nor-
malized recirculation length for an isolated particle at𝑀𝑎∞ = 0.3, 𝑅𝑒∞ = 100
and 𝑇𝑅∞ = 0.9 as observed by Nagata et al. (2018) was approximately 0.85,
which makes the prediction for𝑀12230 at the most downstream slab 35.58 %
smaller than the isolated particle case.

Figure 6.35 shows the particle-conditioned streamwise velocity along the par-
ticle centerline parallel to the streamwise direction at different 𝑥-slab loca-
tions for the cases 𝑀12230 (fig. 6.35a), 𝑀16630 (fig. 6.35b), and 𝑀26030,𝑝𝑠
(fig. 6.35c). For all the three cases, the effective normalized inflow velocity
seen by the particles of the most upstream slab is close to unity as expected.
However, flow acceleration occurs downstream of the curtain for the three
cases, and the inflow velocity seen by the particles near the downstream edge
of the curtain is higher than what is seen by the particles further upstream.

For the cases 𝑀16630 and 𝑀26030,𝑝𝑠 , strong flow acceleration occurs at the
downstream edge of the particle-curtain as seen in fig. 6.21b, and a strong
streamwise velocity gradient exists. Hence, for these cases, the particle-
conditioned streamwise velocity can exceed the respective inflow velocity
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6.4 Long time behavior

seen by the representative particle over a few multiples of particle-diameter,
especially for the slabs close to the downstream edge of the curtain.

(a) (b)

(c)

Figure 6.35: Particle-conditioned streamwise velocity (⟨𝑢𝑥/𝐷𝑝=𝑥1, 𝑥2 ⟩𝑝𝑐/𝑢∞) on the center line
passing through the particle center and parallel to the 𝑥-axis for the cases (a)
𝑀12230 (b)𝑀16630 and (c)𝑀26030,𝑝𝑠, where ( ) 𝑥1 = 20, 𝑥2 = 25, ( )
𝑥1 = 25, 𝑥2 = 30, ( ) 𝑥1 = 30, 𝑥2 = 35, ( ) 𝑥1 = 35, 𝑥2 = 40, ( )
𝑥1 = 40, 𝑥2 = 45, and ( ) 𝑥1 = 45, 𝑥2 = 50.

Let 𝑢̂𝑑(𝑥1, 𝑥2) represent the velocity deficit for the representative particle of
a 𝑥-slab located between 𝑥/𝐷𝑝 = 𝑥1 and 𝑥/𝐷𝑝 = 𝑥2 and computed along the
particle centerline. The definition of 𝑢̂𝑑(𝑥1, 𝑥2) is shown in eq. (6.13), where
⟨𝑢𝑥/𝐷𝑝=𝑥1, 𝑥2⟩𝑝𝑐,∞ represents the respective inflow velocity seen by the rep-
resentative particle, such that ⟨𝑢𝑥/𝐷𝑝=𝑥1, 𝑥2⟩𝑝𝑐,∞ = ⟨𝑢𝑥/𝐷𝑝=𝑥1, 𝑥2⟩𝑝𝑐 ||min(𝑥/𝐷𝑝)
along the particle centerline. In eq. (6.13), 𝑢̂𝑑(𝑥1, 𝑥2) is calculated along the
particle-centerline from the downstream edge of the representative particle
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6 Results: Flow through particle array of finite width

until ⟨𝑢𝑥/𝐷𝑝=𝑥1, 𝑥2⟩𝑝𝑐 exceeds ⟨𝑢𝑥/𝐷𝑝=𝑥1, 𝑥2⟩𝑝𝑐,∞. The condition is enforced
since, near the downstream edge of the particle-curtain, the flow may experi-
ence strong flow acceleration, such that the particle-conditioned flow velocity
for a representative particle may quickly exceed its perceived inflow velocity
over a distance in the order of a few particle diameters, especially in the cases
𝑀16630 and 𝑀26030,𝑝𝑠 .

(a) (b)

(c)

Figure 6.36: Velocity deficit (𝑢̂𝑑) evaluated on the center line passing through the particle center
and parallel to the 𝑥-axis for the cases (a)𝑀12230 (b)𝑀16630 and (c)𝑀26030,𝑝𝑠
The colors representing the plots for velocity deficit have the same meaning as
fig. 6.35. The dashed lines represent the decay rates proportional to ( ) 𝑥̃−2/3,
( ) 𝑥̃−1.1 and ( ) 𝑥̃−2

𝑢̂𝑑(𝑥1, 𝑥2) =
⟨𝑢𝑥/𝐷𝑝=𝑥1, 𝑥2⟩𝑝𝑐,∞ − ⟨𝑢𝑥/𝐷𝑝=𝑥1, 𝑥2⟩𝑝𝑐

⟨𝑢𝑥/𝐷𝑝=𝑥1, 𝑥2⟩𝑝𝑐,∞
(6.13)
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6.4 Long time behavior

Figure 6.36 shows the velocity deficit (𝑢̂𝑑) evaluated for the cases 𝑀12230,
𝑀16630, and 𝑀26030,𝑝𝑠 at different 𝑥-slab locations on a logarithmic scale.
A few interesting observations are made. In the case 𝑀12230, 𝑢̂𝑑 follows a
decay rate proportional to approximately 𝑥−1.1 for the representative particles
of the five most upstream slabs located at 𝑥1 = 20, 25, 30, 35, and 40 until a
downstream distance of 𝑥/𝐷𝑝 = 5.

A decay rate close to −1 was also found by Doychev (2014) for incompress-
ible flow around a stationary homogeneous distribution of particles in a triply
periodic domain at 𝑅𝑒∞ = 141, 245 and a volume fraction of 𝜙𝑝 = 0.005. For
the most downstream slab (𝑥1 = 45), the 𝑢̂𝑑 for the representative particle fol-
lows a decay rate closer to 𝑥−2/3, which is similar to the decay rates observed
in turbulent wakes (Pope 2000).

For the case 𝑀16630, as seen in fig. 6.36b, 𝑢̂𝑑 decays at the rate 𝑥−1.1 until
𝑥/𝐷𝑝 = 6 at the 𝑥-slab positions given by 𝑥1 = 25 and 30. The decay rate
deviates and is higher for the representative particles located downstream in
the 𝑥-slabs given by 𝑥1 = 35, 40, and 45. This is interesting since, unlike
the case𝑀12230, the decay-rate becomes faster for the particles closer to the
downstream edge of the curtain compared to the bulk. This can be attributed
to the strong flow acceleration for the case𝑀16630 at the downstream edge of
the curtain. In fact, the decay rate at the 𝑥-slab locations given by 𝑥1 = 40 and
45 are closer to 𝑥−2 between 𝑥/𝐷𝑝 = 1 and 𝑥/𝐷𝑝 = 3. For the most upstream
slab given by 𝑥1 = 20, however, the decay rate deviates and becomes slower
than 𝑥−1.1 between approximately 𝑥/𝐷𝑝 = 3 and 𝑥/𝐷𝑝 = 6.

In the case 𝑀26030,𝑝𝑠 , the spectrum of decay rates observed in the inhomo-
geneous setup widens even further. For example, approximately between
𝑥/𝐷𝑝 = 2 and 4, the decay rate of 𝑢̂𝑑 for 𝑥-slab given by 𝑥1 = 35 is close
to 𝑥−1.1. However, the decay rates at the slabs given by 𝑥1 = 20, 25, and 30
are slower. In comparison, the decay rate in the slab given by 𝑥/𝐷𝑝 = 40
which is further downstream, shows a decay rate closer to 𝑥−2 at a similar
distance from the center of the representative particle. Finally, the slab lo-
cated most downstream at 𝑥1 = 45 does not show any clear power law and
decays the fastest.
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6 Results: Flow through particle array of finite width

6.4.2.2 Particle conditioned temperature fields

Temperature contours

Figure 6.37: Normalized Particle-conditioned average fluid temperature contours
⟨𝑇𝑥/𝐷𝑝=𝑥1, 𝑥2 ⟩𝑝𝑐/𝑇𝑝 for the case 𝑀12230. 𝑥1 = [20, 25, 30, 35, 40, 45]
and 𝑥2 = 𝑥1 + 5.

Figures 6.37 to 6.39 show the contours of the particle conditioned temperature
profiles normalizedwith the imposed particle temperature (⟨𝑇𝑥/𝐷𝑝=𝑥1, 𝑥2⟩𝑝𝑐/𝑇𝑝)
for the cases𝑀12230,𝑀16630, and𝑀26030,𝑝𝑠 respectively. The figures show
the established thermal boundary layers near the particle as the fluid flow
through the curtain. It is observed that the particles located further along
the streamwise direction inside the curtain are exposed to lower upstream
temperatures for the cases𝑀12230,𝑀16630, and𝑀26030,𝑝𝑠 . This is expected
since the fluid gets cooled along the particle curtain as seen in fig. 6.21d. In
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6.4 Long time behavior

addition, the perceived upstream temperature for the representative particle
at a given 𝑥-slab location is lowest for 𝑀12230 and highest for 𝑀26030,𝑝𝑠 .
This is because the inflow temperatures (𝑇∞) for the case𝑀26030,𝑝𝑠 is highest
among the three cases as observed from fig. 6.23c

Figure 6.38: Normalized particle-conditioned average fluid temperature contours
⟨𝑇𝑥/𝐷𝑝=𝑥1, 𝑥2 ⟩𝑝𝑐/𝑇𝑝 for the case 𝑀16630. 𝑥1 = [20, 25, 30, 35, 40, 45]
and 𝑥2 = 𝑥1 + 5.

In general, lower radial temperature gradients are observed along a vector
aligned with the positive 𝑥 axis measured from the particle surface as com-
pared to along the cross-stream and the negative 𝑥 directions. This feature is
observed for all three cases and at different slab locations. Hence, the flow
in the locality of the particles are cooler in the particle wake region. The
streamwise temperature gradients near the upstream and downstream stag-
nation points will be quantified below.
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6 Results: Flow through particle array of finite width

Figure 6.39: Normalized particle-conditioned average fluid temperature contours
⟨𝑇𝑥/𝐷𝑝=𝑥1, 𝑥2 ⟩𝑝𝑐/𝑇𝑝 for the case𝑀26030,𝑝𝑠. 𝑥1 = [20, 25, 30, 35, 40, 45] and
𝑥2 = 𝑥1 + 5.

Normalized temperature profiles

(a) (b) (c)

Figure 6.40: Profiles of normalized particle-conditioned average fluid temperature
⟨𝑇𝑥/𝐷𝑝=𝑥1, 𝑥2 ⟩𝑝𝑐/𝑇𝑝 for the cases (a) 𝑀12230 (b) 𝑀16630 and (c) 𝑀26030,𝑝𝑠.
𝑥1 = [20, 25, 30, 35, 40, 45] and 𝑥2 = 𝑥1 + 5 along the particle centerline
parallel to the streamwise axis. The colors of the contour plot have the same
meaning as in fig. 6.35.
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Table 6.8: Normalized particle conditioned temperature gradient magnitudes for the case
𝑀12230 at different streamwise slab locations given by 𝑥1 = [20, 25, 30, 35, 40, 45]
near the upstream stagnation point (𝑥̃/𝐷𝑝 = −0.5) and downstream stagnation
point (𝑥̃/𝐷𝑝 = 0.5).

̃𝑥/𝐷𝑝 (𝐷𝑝/𝑇𝑝) | Δ⟨𝑇𝑥/𝐷𝑝=𝑥1, 𝑥2⟩𝑝𝑐/Δ ̃𝑥 |
𝑥1 = 20 𝑥1 = 25 𝑥1 = 30 𝑥1 = 35 𝑥1 = 40 𝑥1 = 45

−0.5 1.5811 1.3336 1.148 0.936 0.7854 0.6844
+0.5 0.3556 0.2922 0.2449 0.1994 0.1677 0.1496

Table 6.9: Normalized particle conditioned temperature gradient magnitudes for the case
𝑀16630 at different streamwise slab locations given by 𝑥1 = [20, 25, 30, 35, 40, 45]
near the upstream stagnation point (𝑥̃/𝐷𝑝 = −0.5) and downstream stagnation
point (𝑥̃/𝐷𝑝 = 0.5).

̃𝑥/𝐷𝑝 (𝐷𝑝/𝑇𝑝) | Δ⟨𝑇𝑥/𝐷𝑝=𝑥1, 𝑥2⟩𝑝𝑐/Δ ̃𝑥 |
𝑥1 = 20 𝑥1 = 25 𝑥1 = 30 𝑥1 = 35 𝑥1 = 40 𝑥1 = 45

−0.5 5.4777 4.4550 3.7201 2.9538 2.4333 2.1198
+0.5 1.2493 0.9850 0.7980 0.6217 0.505 0.4015

Table 6.10: Normalized particle conditioned temperature gradient magnitudes for
the case 𝑀26030,𝑝𝑠 at different streamwise slab locations given by
𝑥1 = [20, 25, 30, 35, 40, 45] near the upstream stagnation point (𝑥̃/𝐷𝑝 = −0.5)
and downstream stagnation point (𝑥̃/𝐷𝑝 = 0.5).

̃𝑥/𝐷𝑝 (𝐷𝑝/𝑇𝑝) | Δ⟨𝑇𝑥/𝐷𝑝=𝑥1, 𝑥2⟩𝑝𝑐/Δ ̃𝑥 |
𝑥1 = 20 𝑥1 = 25 𝑥1 = 30 𝑥1 = 35 𝑥1 = 40 𝑥1 = 45

−0.5 18.5049 14.9397 12.4859 9.9936 8.2867 7.2693
+0.5 4.6597 3.7074 3.0367 2.4091 2.0044 1.5223

Figures 6.40a to 6.40c show the particle conditioned temperature profiles
along the particle centerline, which is parallel to the streamwise axis.
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6 Results: Flow through particle array of finite width

The corresponding magnitudes of the normalized temperature gradients
(| (𝐷𝑝/𝑇𝑝) Δ⟨𝑇𝑥/𝐷𝑝=𝑥1, 𝑥2⟩𝑝𝑐/Δ ̃𝑥 |) are shown in tables 6.8 to 6.10 respectively.
The temperature peaks just upstream of the particle location before dropping
to the imposed particle-temperature, creating a strong negative temperature
gradient. The magnitude of the negative temperature gradient is higher for
the particles located closer to the upstream-edge of the curtain compared
to those which are located further downstream. In addition, magnitude of
the negative temperature gradient is highest for 𝑀26030,𝑝𝑠 and lowest for
𝑀12230 at a given 𝑥-slab location.

At the downstream stagnation point of the representative particle for a given
𝑥-slab location, the temperature increases again along the streamwise direc-
tion, achieving another peak, before decreasing again. As the temperature in-
creases from the downstream stagnation point of the representative particles,
a positive temperature gradient is established along the streamwise direction.
In general, it was observed that themagnitude of the positive temperature gra-
dients established near the downstream stagnation point were smaller than
the magnitudes of the negative temperature gradients established near the
upstream stagnation point for a given case and at a given 𝑥-slab location.

6.4.3 Particle forces and heat transfer

In this section, the forces and the nature of the heat transfer and their vari-
ance for the particles inside the curtain is studied. At late times, the post-
shock quantities do not have a physical significance, since the inflow condi-
tions have been modified by the reflected shock waves. Hence, different from
eq. (6.4), it is more appropriate to define the Drag coefficient and the Nusselt
number based on the local reference quantities. Two different approaches are
used to compute the drag coefficient and the Nusselt numbers. The first def-
inition based on the local slab-averaged quantities given in eq. (6.14) and the
second one based on the local hemispherical shell averaged quantities given
in eq. (6.15).
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⟨𝐶𝐷⟩𝑠𝑙𝑎𝑏 =

𝑁𝑠

∑
𝑚=1

⟨𝐹(𝑚)
𝑥 ⟩

0.125𝑁𝑠⟨𝜌⟩𝑠𝑙𝑎𝑏⟨𝑢⟩2𝑠𝑙𝑎𝑏𝜋𝐷2𝑝

⟨𝑁𝑢⟩𝑠𝑙𝑎𝑏 =
𝐷𝑝

𝑁𝑠𝜅𝑤 (𝑇𝑤 − ⟨𝑇⟩𝑠𝑙𝑎𝑏)
𝑁𝑠

∑
𝑚=1

⟨𝑞(𝑚)⟩ (6.14)

⟨𝐶(𝑚)
𝐷 ⟩𝑠ℎ𝑒𝑙𝑙 =

⟨𝐹(𝑚)
𝑥 ⟩

0.125⟨𝜌(𝑚)⟩𝑠ℎ𝑒𝑙𝑙⟨𝑢(𝑚)⟩2𝑠ℎ𝑒𝑙𝑙𝜋𝐷2𝑝

⟨𝑁𝑢(𝑚)⟩𝑠ℎ𝑒𝑙𝑙 =
𝐷𝑝

𝜅𝑤 (𝑇𝑤 − ⟨𝑇(𝑚)⟩𝑠ℎ𝑒𝑙𝑙)
⟨𝑞(𝑚)⟩ (6.15)

The procedures for slab and hemispherical shell averaging are given in ap-
pendix A. In eq. (6.14), the slab width (𝐵𝑥) chosen is given by 𝐵𝑥 = 𝐷𝑝 and
𝑁𝑠 is the total number of particles in a given slab (𝑠). In eq. (6.15), (𝑚) is the
index of a particle for which hemispherical shell-averaging is performed. The
hemispherical shell averaging provides amore local insight into the individual
particle drag coefficients, Nusselt numbers, and associated variance along the
inhomogeneous streamwise direction. A sketch representing the hemispher-
ical shell volume over which the averaging is performed is shown in fig. 6.41.

Figure 6.41: Visualization of the hemispherical shell volume (in red) upstream of a sphere with
inner radius 𝑅𝑖 (same as the sphere radius 𝑅) and the outer radius 𝑅𝑜.
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6 Results: Flow through particle array of finite width

(a) (b)

Figure 6.42: (a) Drag coefficient and Nusselt number (b) for flow through a finite-sized parti-
cle array. The scatter plot of individual particle shell-averaged Drag coefficients
and Nusselt numbers are shown as ( ) ⟨𝑓(𝑚)⟩𝑠ℎ𝑒𝑙𝑙 for 𝑀12230, ( ) ⟨𝑓(𝑚)⟩𝑠ℎ𝑒𝑙𝑙
for 𝑀16630, ( ) ⟨𝑓(𝑚)⟩𝑠ℎ𝑒𝑙𝑙 for 𝑀26030. The slab-averaged Drag coefficients
and Nusselt numbers are given by ( ) ⟨𝑓⟩𝑠𝑙𝑎𝑏 for 𝑀12230, ( ) ⟨𝑓⟩𝑠𝑙𝑎𝑏
for 𝑀16630, ( ) ⟨𝑓⟩𝑠𝑙𝑎𝑏 for 𝑀26030,𝑝𝑠. Finally, the shell-averaged Drag
coefficients and Nusselt numbers averaged inside the slab are given by ( )
⟨𝑓⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏 for 𝑀12230, ( ) ⟨𝑓⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏 for 𝑀16630, ( ) ⟨𝑓⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏
for 𝑀26030,𝑝𝑠. A slab width of 𝐷𝑝 is used for slab averaging. 𝑓 represents the
Drag coefficient or the Nusselt number, wherever applicable.

Figure 6.42a shows the comparison between the cases𝑀12230,𝑀16630, and
𝑀26030,𝑝𝑠 for slab-averaged (⟨𝐶𝐷⟩𝑠𝑙𝑎𝑏) and hemispherical shell averaged
(⟨𝐶(𝑚)

𝐷 ⟩𝑠ℎ𝑒𝑙𝑙) Drag coefficients. Similarly, fig. 6.42b shows the compari-
son between the cases 𝑀12230, 𝑀16630, and 𝑀26030,𝑝𝑠 for slab-averaged
(⟨𝑁𝑢⟩𝑠𝑙𝑎𝑏) and hemispherical shell averaged (⟨𝑁𝑢(𝑚)⟩𝑠ℎ𝑒𝑙𝑙) Nusselt num-
bers. In addition, to make a direct comparison between the shell-averaged
and slab-averaged quantities, shell-averaged Drag coefficients and Nusselt
numbers averaged inside the slab of width 𝐷𝑝 are evaluated and defined in
eq. (6.16), where𝑚 is the particle index and𝑁𝑠 is the total number of particles
inside a given slab of width 𝐷𝑝 .

⟨𝐶𝐷⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏 = ⟨⟨𝐶𝐷⟩𝑠ℎ𝑒𝑙𝑙⟩𝑠𝑙𝑎𝑏 (6.16)
⟨𝑁𝑢⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏 = ⟨⟨𝑁𝑢⟩𝑠ℎ𝑒𝑙𝑙⟩𝑠𝑙𝑎𝑏 (6.17)
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6.4 Long time behavior

6.4.3.1 Behavior of the Drag coefficient

It is observed for the case 𝑀12230, where the flow remains locally subsonic
throughout the curtain, there is no significant observed variation of ⟨𝐶𝐷⟩𝑠𝑙𝑎𝑏
along the particle-curtain. Although the Reynolds number for the case shows
a small increase along the curtain as shown in fig. 6.23a, its effect on the Drag
coefficient is compensated by the increase in Mach number and particle-to-
fluid temperature ratio as seen in figs. 6.23b and 6.23c. The local peaks and
troughs in the corresponding profile are due to the local variation of solid
volume-fraction (𝜙) along the curtain, whose footprint can also be observed
in the other two cases (𝑀16630 and 𝑀26030,𝑝𝑠). For the cases 𝑀16630 and
𝑀26030,𝑝𝑠 , ⟨𝐶𝐷⟩𝑠𝑙𝑎𝑏 have a larger value compared to𝑀12230 throughout the
curtain. An interesting feature observed in the cases𝑀16630 and𝑀26030,𝑝𝑠
is a sharp peak in the slab-average based Drag coefficient at the downstream
edge of the curtain, where the flow can be locally choked and achieve super-
sonic velocities further downstream. This flow-feature was also observed by
Osnes et al. (2019) at late times with the shock Mach number of 𝑀𝑎𝑠 = 2.6,
although they used a much higher Reynolds number in their LES study of
𝓞(1000). This hints at the increase in drag coefficient downstream to depend
on inviscid mechanisms. Osnes et al. (2019) state that the effect is based on the
sharp increase in Mach number as the flow accelerates rapidly downstream of
the particle curtain. It is now established from the previousworks of Nagata et
al. (2016) for single particles and Osnes et al. (2023) in a multi-particle system
that the total drag coefficient increases sharply in the high subsonic-regime.
Indeed, in the current work, as discussed in section 6.4.1, the local flow Mach
number may quickly increase from a low subsonic value upstream of the cur-
tain to choking conditions near the downstream edge of the particle curtain as
a result of the strong flow acceleration for the cases𝑀16630 and𝑀26030,𝑝𝑠 .

It was noted by Nagata et al. (2018) that the Drag coefficient of an isolated par-
ticle in viscous compressible flows depends on the Mach number, Reynolds
number and the particle-to-flow Temperature ratio. They had observed that
the Drag coefficient (𝐶𝐷) increased with increasing the Temperature ratio
(𝑇𝑅) and the Mach number (𝑀𝑎), but decreased with the increasing Reynolds
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6 Results: Flow through particle array of finite width

number (𝑅𝑒). The complex interplay of the three non-dimensional parame-
ters can also be seen in the present inhomogeneous distribution of multiple
particles in a finite-sized array. From fig. 6.42, it is observed that the aver-
age Drag coefficient for the particles present in the bulk (not including the
region near the downstream edge of the particle array) are the lowest for
𝑀12230, increases for 𝑀16630, but decreases in comparison to 𝑀16630 by
a small amount for the case𝑀26030,𝑝𝑠 . This observation can be explained as
follows. Let us refer to fig. 6.23.

The Reynolds number in the bulk is lower and the Mach number is higher
for the cases 𝑀16630 and 𝑀26030,𝑝𝑠 compared to 𝑀12230. Although, the
Temperature Ratio is higher for𝑀12230 compared to the other two cases, it’s
effect is presumably less significant compared to the combined effects of Mach
and Reynolds numbers. Hence, the Drag coefficient for the cases𝑀16630 and
𝑀26030,𝑝𝑠 are higher compared to 𝑀12230 in the bulk. Between the cases
𝑀16630 and 𝑀26030,𝑝𝑠 , the Reynolds number and the Mach number effects
are presumably smaller compared to the thermal effects. Since the Temper-
ature ratio for the case 𝑀26030,𝑝𝑠 is much smaller than 𝑀16630 in the bulk,
a slight decrease in the Drag-coefficient is observed for𝑀26030,𝑝𝑠 compared
to 𝑀16630.

At the downstream edge of the particle curtain, as previously mentioned,
strong flow acceleration occurs for𝑀16630 and𝑀26030,𝑝𝑠 and the Drag co-
efficient is dictated by compressibility effects. Hence, the Drag coefficients
for 𝑀16630 and 𝑀26030,𝑝𝑠 are higher compared to 𝑀12230. The observed
peak in Drag coefficient at the downstream edge of the curtain is higher for
the case 𝑀26030,𝑝𝑠 compared to 𝑀16630. This is also possibly explained by
the fact that a larger cross-section of the flow gets locally choked for the case
𝑀26030,𝑝𝑠 compared to 𝑀16630 as seen in figs. 6.25a and 6.26a. We will see
in section 6.5 how accurately the standard models are capable of predicting
the evolution of average drag coefficient.

The local hemispherical shell averaging reveals strong variation in the individ-
ual drag coefficients along the particle curtain for the cases𝑀12230,𝑀16630,
and 𝑀26030,𝑝𝑠 as seen in fig. 6.42a. In addition, the general trend followed
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6.4 Long time behavior

by the slab-averaged Drag coefficients (⟨𝐶𝐷⟩𝑠𝑙𝑎𝑏) is captured by the shell-
averaged Drag coefficients averaged inside the slab (⟨𝐶𝐷⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏). However,
it is observed that the peak in the Drag coefficient at the downstream edge of
the particle curtain obtained from ⟨𝐶𝐷⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏 is higher than from ⟨𝐶𝐷⟩𝑠𝑙𝑎𝑏 .

(a) (b)

Figure 6.43: (a) Comparison of the standard deviation of the Drag coefficient obtained through
shell averaging inside a bin of width 𝐷𝑝 (𝜎(⟨𝐶𝐷⟩𝑠ℎ𝑒𝑙𝑙)) normalized with the
mean of the shell-averaged Drag coefficient inside the slab (⟨𝐶𝐷⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏) for the
cases ( ) 𝑀12230, ( ) 𝑀16630 and ( ) 𝑀26030,𝑝𝑠. (b) shows the pro-
files of ⟨𝐶𝐷⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏 for the cases ( ) 𝑀12230, ( ) 𝑀16630, and ( )
𝑀26030,𝑝𝑠 respectively. The dashed lines represent the value of Drag coefficient
one standard deviation above and below the corresponding mean value, and the
color is the same for the case for which the mean (⟨𝐶𝐷⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏) is computed.

The hemispherical shell-averaging procedure also allows to quantify the local
variance of Drag coefficient along the particle curtain. The normalized stan-
dard deviation 𝜎(⟨𝐶𝐷⟩𝑠ℎ𝑒𝑙𝑙)/⟨𝐶𝐷⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏 of the particle forces in streamwise
𝑥-slabs is given in fig. 6.43a. It is observed that the the normalized standard
deviation does not differ by much between the cases 𝑀12230, 𝑀16630, and
𝑀26030,𝑝𝑠 . Hence, it is presumed that at the late times, the force fluctuations
inside the particle curtain have a similar dependency on the local particle ar-
rangement irrespective of the Mach number. In all three cases, a general in-
crease in the normalized standard deviation is observed near the upstream
edge of the particle curtain until about 𝑥/𝐷𝑝 ≈ 25. Beyond 𝑥/𝐷𝑝 ≈ 25, the
profile does not show appreciable increase in the normalized standard devia-
tion (apart from the local peaks and troughs which are a function of the local
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6 Results: Flow through particle array of finite width

solid volume fraction). Later in section 6.5, comparisons are made between
the current DNS and the available models.

Before proceeding, it should be remarked that the evaluation of the drag co-
efficient (𝐶𝐷) and the Nusselt number (𝑁𝑢) have a fundamentally different
meaning. While the drag coefficient measures the total force on the particles
compared to the dynamic pressure force, the Nusselt number compares the ef-
fective heat transfer rate by convection compared to conduction. Hence, the
trends shown by the two non-dimensional parameters are expected to be dif-
ferent inside the curtain. A force coefficient measuring the total drag force on
the particle compared to the Stokes drag is defined in appendix H and some
trends are discussed.

6.4.3.2 Behavior of the Nusselt number

Comparing the profiles in fig. 6.42b, it is observed that the Nusselt number
obtained through local slab averaging (⟨𝑁𝑢⟩𝑠𝑙𝑎𝑏) and the shell-averaged Nus-
selt numbers averaged inside the slab (⟨𝑁𝑢⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏) are highest for the case
𝑀26030,𝑝𝑠 and lowest for𝑀12230 at the upstream edge of the curtain.

Near the downstream edge of the particle curtain, the Nusselt number values
are much closer. However, for the case𝑀16630, a sharp increase in the Nus-
selt number is observed at the downstream edge of the particle curtain. This
can be observed through the scatter plot of ⟨𝑁𝑢⟩𝑠ℎ𝑒𝑙𝑙 for𝑀16630 in fig. 6.42b,
where the particles close to the downstream edge of the curtain may locally
reach a Temperature ratio (𝑇𝑝/⟨𝑇⟩𝑠ℎ𝑒𝑙𝑙) sufficiently close to unity (fig. 6.23c),
such that the conductive heat transfer rate is diminished compared to the total
rate of heat transfer. Consequently, the Nusselt number increases for𝑀16630
in the region. In fact, for the outlier with maximum value of ⟨𝑁𝑢⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏 for
the case𝑀16630 as seen in fig. 6.42b has a local Temperature ratio (𝑇𝑝/⟨𝑇⟩𝑠ℎ𝑒𝑙𝑙
= 0.988).

In the bulk flow (neglecting the possible local effects at the downstream edge
of the curtain), the Nusselt number follows a smoother trend for the three
cases. For 𝑀12230, a gradual increase in the Nusselt number is observed
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6.4 Long time behavior

along the streamwise direction. In contrast, the Nusselt numbers for the cases
𝑀16630 and𝑀26030,𝑝𝑠 decrease with the streamwise position along the cur-
tain in the bulk. As noted by Nagata et al. (2018), similar to the drag coeffi-
cient, the Nusselt number for the particles are also a function of the local Mach
number, Reynolds number, and the Temperature ratio. However, the depen-
dence on the three non-dimensional parameters is more complex. Nonethe-
less, some general comparisons and remarks can be made. It was observed by
Nagata et al. (2018) that at a Mach number of 0.3, the Nusselt number for an
isolated particle increased on decreasing temperature ratio. This is consistent
with the current results at the upstream edge of the curtain. Although, the
Nusselt number also increases with increasing Reynolds number, the thermal
effects are presumably more important at the upstream edge of the particle
curtain in comparison to the Reynolds number effects due to high magni-
tudes of the particle-to-flow temperature gradients in the region, especially
for 𝑀16630 and 𝑀26030,𝑝𝑠 .

For the case 𝑀12230, the positive gradient of the Nusselt number along the
curtain is governed by the competing effects of increasing Reynolds number
and the Temperature ratios as stated by Nagata et al. (2018) at a Mach num-
ber of 0.3. The gradual increase in the Nusselt number for𝑀12230 is possibly
because of the stronger dependence of Nusselt number on the Reynolds num-
ber compared to the Temperature ratio along the curtain. In contrast, the
thermal effects seem to be more important compared to the Reynolds number
along the curtain for the cases 𝑀16630 and 𝑀26030,𝑝𝑠 (Note that the mean
flow remains low subsonic for all three cases in the bulk of the curtain, except
close to its downstream edge as seen in fig. 6.23b). Consequently, the Nusselt
number decreases along the streamwise distance along the curtain in the bulk
for the cases𝑀𝑎16630 and𝑀26030,𝑝𝑠 . Another observation by Nagata et al.
(2018) is that for a Mach number of 0.8, the Nusselt numbers at Temperature
ratio 0.5 and 0.9 for an isolated particle are nearly equal. Something similar
is observed at the downstream edge of the curtain for the cases𝑀16630 and
𝑀26030,𝑝𝑠 . The Nusselt number for these two cases at the downstream edge
of the curtain are also similar, although the local particle-to-fluid temperature
ratios are quite different as seen in fig. 6.23c.
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Figure 6.44a shows the normalized standard deviation of the Nusselt number
(𝜎(⟨𝑁𝑢⟩𝑠ℎ𝑒𝑙𝑙)/⟨𝑁𝑢⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏) as a function of the streamwise position along
the curtain. Like the Drag coefficient, it is observed that the normalized
standard deviation is similar between the cases 𝑀12230, 𝑀16630, and the
𝑀26030,𝑝𝑠 in the bulk. However, for the case 𝑀16630, a sharp peak in the
standard deviation is observed at the downstream edge of the curtain due to
the peak in the Nusselt numbers for some particles whose particle-to-fluid
Temperature ratio is sufficiently close to unity. The general trend of the nor-
malized standard deviation in the bulk (excluding the downstream edge of
the curtain) is an increase with the streamwise position along the curtain.
However, the rate of increase seems to decrease along the particle curtain
inside the bulk.

(a) (b)

Figure 6.44: (a) Comparison of the standard deviation of the Nusselt number obtained through
shell averaging inside a bin of width 𝐷𝑝 (𝜎(⟨𝑁𝑢⟩𝑠ℎ𝑒𝑙𝑙)) normalized with the
mean of the shell-averaged Nusselt number inside the slab (⟨𝑁𝑢⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏) for the
cases ( ) 𝑀12230, ( ) 𝑀16630 and ( ) 𝑀26030,𝑝𝑠. (b) shows the pro-
files of ⟨𝑁𝑢⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏 for the cases ( ) 𝑀12230, ( ) 𝑀16630, and ( )
𝑀26030,𝑝𝑠 respectively. The dashed lines represent the value of Nusselt number
one standard deviation above and below the corresponding mean value, and the
color is the same for the case for which the mean (⟨𝑁𝑢⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏) is computed.

Finally, the shell and slab averaged Nusselt numbers (⟨𝑁𝑢⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏) for the
three cases along with the values one standard deviation higher and lower
than the mean are plotted in fig. 6.44b. It is observed from fig. 6.42b that the
Nusselt number calculated through the local shell-averaging (⟨𝑁𝑢⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏)
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6.4 Long time behavior

in general has a smaller value compared to the ones evaluated by local slab-
averaging (⟨𝑁𝑢⟩𝑠𝑙𝑎𝑏) along the particle curtain. It is possibly because of the
fact that the local temperature evaluated by shell averaging (⟨𝑇(𝑚)⟩𝑠ℎ𝑒𝑙𝑙) near
a particle of index 𝑚 are slightly higher compared to the the slab-averaged
temperature (⟨𝑇⟩𝑠𝑙𝑎𝑏) inside which the particle is located. This is because for
a flow with negative temperature gradients along the curtain, the hemispher-
ical shell averaging only considers the upstream flow as locally seen by the
particle, compared to the slab averaged temperature which considers an av-
erage of the temperature variations inside the entire slab.

6.4.4 Effect of curtain width

In order to characterize the effects of the curtain-width, 𝐿𝑝 for the case
𝑀26030,𝑝𝑠 is increased from 30𝐷𝑝 to 50𝐷𝑝 while keeping the other parame-
ters constant. This case is denoted by 𝑀260𝐿30,𝑝𝑠 in table 6.1.

6.4.4.1 Comparison of mean flow profiles

The slab-averaged mean density, streamwise velocity, pressure, and Temper-
ature profiles for the two cases are plotted in fig. 6.45. The flow fields are
normalized with the inflow conditions at the curtain inlet and are plotted
on a rescaled streamwise coordinate system given by ̂𝑥 = (𝑥 − 𝑥𝑝,𝑜)/𝐿𝑝 ,
where 𝑥𝑝,𝑜 is the streamwise location of the curtain inlet and 𝐿𝑝 is the curtain
length specific to the case. It should be noted that there are no significant flow
field gradients upstream of the curtain at late times. Hence, the normaliza-
tion with the curtain inlet conditions is approximately equivalent to normal-
ization with the respective free-stream conditions given in table 6.6 and the
flow fields shown in fig. 6.45 can be thought of as being normalized with the
free-stream conditions. Figure 6.45d reveals that the normalized temperature
(⟨𝑇⟩𝑠𝑙𝑎𝑏/𝑇𝑝,𝑜) decreases to a lower value for the case with the longer curtain-
width (𝑀26030,𝑝𝑠). This is to be expected since the fluid gets cooled further
by the particles along the curtain for a longer curtain width. The normalized
pressure profiles given in fig. 6.45c look similar between the two cases. In ad-
dition, the flow gets choked at the downstream edge of the curtain (as will be
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later shown in fig. 6.46b) in both the cases and the pressure gradients inside
the curtain adjust to the choking conditions downstream.

(a) (b)

(c) (d)

Figure 6.45: Comparison of slab averaged flow-field profiles for (a) Density, (b) velocity, (c) Pres-
sure, and (d) Temperature normalized with conditions at the curtain upstream po-
sition at late times as a function of scaled and normalized streamwise distance be-
tween cases 𝑀26030,𝑝𝑠 ( ) and 𝑀260𝐿30,𝑝𝑠 ( ). The subscript “𝑝,𝑜” de-
notes the curtain upstream location.

The normalized density profiles for 𝑀26030,𝑝𝑠 and 𝑀260𝐿30,𝑝𝑠 are given in
fig. 6.45a. For both the cases, the normalized density first increases along the
curtain, achieves a maximum and then decreases further. The reason for this
behavior depends on combined effect of local pressure and temperature gradi-
ents and is explained in section 6.4.1. It is interesting to note that the normal-
ized density profiles achieve an approximately equal value at the downstream
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edge of the curtain. However, this feature was not captured for the stream-
wise density along the curtain by varying curtain-widths using the simplistic
one-dimensional model (refer to section 6.5.2) for the case𝑀16630. A deeper
investigation of the curtain-dependence on the flow features is recommended
in future research, but is currently outside the scope of the current work. The
normalized velocity given by fig. 6.45b first decreases, achieves a local mini-
mum, and then increases further along the curtain in both cases. This trend
is opposite to that of the density profiles, which is to be expected in order
to satisfy mass conservation principles. Similar to the density profiles, the
normalized velocity profiles also achieve an approximately equal value at the
downstream curtain edge for the cases𝑀26030,𝑝𝑠 and𝑀260𝐿30,𝑝𝑠 .

6.4.4.2 Comparison of Non-dimensional parameters

(a) (b) (c)

Figure 6.46: Comparison of slab averaged profiles for (a) Reynolds number, (b) Mach number,
and (c) at late times as a function of scaled and normalized streamwise distance be-
tween cases𝑀26030,𝑝𝑠 ( ) and𝑀260𝐿30,𝑝𝑠 ( ). 𝑥𝑝,𝑜 denotes the curtain
upstream location.

The profiles for the slab averaged Reynolds number ⟨𝑅𝑒⟩𝑠𝑙𝑎𝑏 , Mach number
⟨𝑀𝑎⟩𝑠𝑙𝑎𝑏 , and the particle-to-fluid Temperature Ratio 𝑇𝑝/⟨𝑇⟩𝑠𝑙𝑎𝑏 are shown
in figs. 6.46a to 6.46c respectively for the cases𝑀26030,𝑝𝑠 and𝑀260𝐿30,𝑝𝑠 . It
is observed that ⟨𝑅𝑒⟩𝑠𝑙𝑎𝑏 is lower at the curtain inlet for the case𝑀260𝐿30,𝑝𝑠
compared to 𝑀26030,𝑝𝑠 . However, at the downstream edge of the curtain,
it achieves a higher value of Reynolds number compared to 𝑀26030,𝑝𝑠 . This
can be explained by the nature of the temperature profiles given in fig. 6.45d.
Since, the fluid is cooled to a larger extent in case of𝑀260𝐿30,𝑝𝑠 compared to
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𝑀26030,𝑝𝑠 at the downstream curtain edge, based on the Sutherland’s law
eq. (C.8), the flow is also more viscous for 𝑀26030,𝑝𝑠 . Consequently, its
Reynolds number is also higher at the downstream particle curtain edge. At
the upstream edge of the particle curtain, the fluid is slightly hotter for the
case 𝑀260𝐿30,𝑝𝑠 compared to 𝑀26030,𝑝𝑠 as seen from table 6.6. With the
same argument, the Reynolds number behavior at the upstream edge of the
particle curtain can also be explained.

The slab averaged Mach numbers ⟨𝑀𝑎⟩𝑠𝑙𝑎𝑏 achieve a low-subsonic value at
the upstream edge of the particle curtain for both the cases 𝑀260𝐿30,𝑝𝑠 and
𝑀26030,𝑝𝑠 . Hence, the compressibility effects are small in this region. In
addition, the Mach number is smaller at the upstream edge of the curtain
for the case 𝑀260𝐿30,𝑝𝑠 compared to 𝑀26030,𝑝𝑠 . The Mach number profiles
maintain a small positive gradient along the curtain until the downstream
edge, where a strong flow acceleration occurs for both the cases. The Mach
number profiles seem to achieve a choked flow condition for both the cases at
the downstream edge of the curtain. This feature is analogous to the choking
of the flow near the throat of a converging diverging nozzle at sufficiently
large upstream-to-downstream pressure ratios, irrespective of the length of
the converging section.

The slab averaged temperature ratio (𝑇𝑝/⟨𝑇⟩𝑠𝑙𝑎𝑏) profiles show that the fluid
is slightly more cooled for the case 𝑀26030,𝑝𝑠 at the upstream edge of the
curtain compared to𝑀260𝐿30,𝑝𝑠 . However, at the downstream edge, the trend
flips and the𝑀260𝐿30,𝑝𝑠 has colder fluid compared to𝑀26030,𝑝𝑠 , consistent
with previous discussions.

6.4.4.3 Comparison of particle forces and heat transfer

Figure 6.47a shows the Drag coefficient based on slab averaged quantities
(⟨𝐶𝐷⟩𝑠𝑙𝑎𝑏,𝑡) for the cases𝑀26030,𝑝𝑠 and𝑀260𝐿30,𝑝𝑠 . Both the cases seem to
show a similar trend along the particle curtain when plotted on the rescaled
coordinate system. A strong flow acceleration occurs near the downstream
edge of the curtain in both cases. The downstream edge particle drag coeffi-
cient is also approximately equal in both the cases. This is expected since the
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6.4 Long time behavior

solid volume fraction, Reynolds number and Mach number in the region are
similar as shown in figs. 6.46a and 6.46b.

(a) (b)

Figure 6.47: Comparison of slab averaged profiles for (a) Drag coefficient and (b) Nusselt number
at late times as a function of scaled and normalized streamwise distance between
cases 𝑀26030,𝑝𝑠 ( ) and 𝑀260𝐿30,𝑝𝑠 ( ). 𝑥𝑝,𝑜 denotes the curtain up-
stream location.

The Nusselt number based on slab averaged quantities is shown in fig. 6.47b
for the cases𝑀26030,𝑝𝑠 and𝑀260𝐿30,𝑝𝑠 . The Nusselt number in the bulk (ex-
cept the downstream curtain edge) look similar for both cases. In both cases,
the Nusselt number decreases along the curtain in the bulk. However, near
the downstream edge of the curtain, the fluid for the case𝑀260𝐿30,𝑝𝑠 shows
an increase in Nusselt number. Analogous to the case 𝑀16630 as seen from
fig. 6.42b, the fluid is sufficiently cooled at the downstream edge of the longer
curtain, such that the conductive rate of heat transfer is reduced compared to
the total heat transfer rate, resulting in an enhanced Nusselt number locally.

6.4.5 Effect of volume fraction

In this section the effect of volume-fraction on the flow dynamics at late times
is studied for the case 𝑀16630. The solid volume fraction (𝜙) for the case
𝑀16630 is reduced from 𝜙 = 0.05 to 0.25 while keeping the other parame-
ters constant. This case with a lower solid volume fraction is represented as
𝑀166𝐶30 and the relevant parameters for the case are shown in table 6.1.
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6 Results: Flow through particle array of finite width

6.4.5.1 Comparison of mean flow profiles

Figure 6.48 show the slab-averaged profiles of the density, streamwise veloc-
ity, pressure and temperature for the cases𝑀16630 and𝑀166𝐶30 normalized
with the respective inflow conditions. The inflow conditions for the two cases
are described in table 6.6.

(a) (b)

(c) (d)

Figure 6.48: Comparison of slab averaged flow-field profiles for (a) Density, (b) velocity, (c) Pres-
sure, and (d) Temperature normalized with inflow conditions at late times given by
table 6.6 as a function of normalized streamwise distance between cases 𝑀16630
( ) and𝑀166𝐶30 ( ).

The slab averaged profiles in fig. 6.48d, show a negative temperature gradient
for the two cases along the streamwise distance inside the curtain. However,
𝑀166𝐶30 has a smaller magnitude of temperature gradient along the curtain
compared to𝑀16630. Consequently, the slab-averaged temperature is higher
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6.4 Long time behavior

for the case 𝑀166𝐶30 compared to 𝑀16630 at the downstream edge of the
curtain. Hence, the fluid is cooled to a smaller extent by the particles for a
more dilute distribution of particles. Intuitively, a smaller number of particles
(as in the case𝑀166𝐶30 compared to𝑀16630) results in a smaller rate of total
heat exchange between the two phases inside the curtain.

Figure 6.48c gives the slab averaged pressure profiles for the cases 𝑀16630
and 𝑀166𝐶30. Although both the cases show a negative pressure gradient
inside the curtain, the magnitude of pressure-gradient is smaller for the case
𝑀166𝐶30 compared to𝑀16630. It should be remarked that the pressure gradi-
entwill depend on the fluid viscosity and the local flow velocity (Muskat 1934),
in addition to the solid volume fraction. As seen from fig. 6.48d and table 6.6,
in general, the fluid temperature remains higher for the lower Mach number
case (𝑀166𝐶30) compared to 𝑀16630 inside the curtain. From Sutherland’s
viscosity law, the fluid is also in general more viscous inside the curtain for
𝑀166𝐶30. Consequently, it contributes positively to the pressure-gradient
magnitudes for the coarser case and compensates for the effect of a more di-
lute particle arrangement. Hence, even at lower solid volume fractions, the
pressure-gradient magnitudes appear similar for the two cases. It should be
noted that the closeness of the pressure profiles are probably not a general
feature. The pressure gradients inside the curtain will depend on the cumula-
tive effects of the imposed temperature conditions on the particles, the inflow
conditions to the curtain, the viscous law used, and the solid volume fraction.

The slab-averaged velocity profiles along the curtain are shown for the two
cases in fig. 6.48b. The velocity increases along the curtain for both the cases.
Inside the curtain, the normalized profiles for velocity look identical in the
bulk (excluding the region near the downstream edge of the curtain). Close
to the downstream edge however, the slab averaged velocity profiles achieve
a smaller value for the case 𝑀166𝐶30 compared to 𝑀16630.

The normalized density profiles for the two cases are shown in fig. 6.48a. Den-
sity decreased throughout the particle curtain for the case𝑀166𝐶30, however,
density increased initially for𝑀16630 near the upstream edge of the curtain,
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6 Results: Flow through particle array of finite width

before decreasing further. Consequently, near the upstream edge of the cur-
tain, smaller density gradients are observed for the case𝑀166𝐶30 compared
to the 𝑀16630.

6.4.5.2 Comparison of Non-dimensional parameters

Figure 6.49a shows the slab-average based Reynolds number as a function of
the streamwise position along the curtain for the case𝑀16630 and𝑀166𝐶30.
The Reynolds number increases for both the cases along the curtain as the
fluid is cooled by the particles, reducing the fluid viscosity. In addition, it is
observed that the slab-averaged Reynolds number for the case 𝑀166𝐶30 is
higher than 𝑀16630 throughout the curtain.

The slab-average based Mach number (⟨𝑀𝑎⟩𝑠𝑙𝑎𝑏) is higher for the case
𝑀166𝐶30 compared to 𝑀16630 as seen in fig. 6.49b. This is because of the
inflow conditions at late times, which are setup by the initial reflected shock
wave for the case 𝑀166𝐶30 already has a higher Mach number compared
to 𝑀16630. Strong flow acceleration occurs for both the cases at the down-
stream edge of the curtain resulting in a strong increase in the average Mach
number in the region. In both the cases, flow gets locally choked at the
downstream curtain edge.

(a) (b) (c)

Figure 6.49: Comparison of slab averaged profiles for (a) Reynolds number, (b) Mach number,
and (c) at late times as a function of normalized streamwise distance between the
cases𝑀16630 ( ) and𝑀166𝐶30 ( ).
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(a) (b)

Figure 6.50: Contours of the local Mach number at the cross section corresponding to the down-
stream edge of the curtain given by 𝑥 = 𝐿𝑠 + 𝐿𝑝 for the cases (a)𝑀166𝐶30 and
(b) 𝑀16630 at late times. The blue color corresponds to subsonic regions and the
red color represent locally supersonic regions.

The contours of the local Mach number at the downstream edge of the cur-
tain for both the cases are shown in fig. 6.50. Indeed, it is observed that a
larger cross-section at the downstream edge of the curtain is supersonic for
the case 𝑀166𝐶30 compared to 𝑀16630. The particle-to-fluid temperature
ratio is given in fig. 6.49c. It is observed that the temperature ratio increases
for both the cases along the curtain. In addition, The profiles confirm that al-
though the free-stream temperature is lower for the case𝑀166𝐶30, the fluid
temperature is higher than𝑀16630 at the downstream curtain edge.

6.4.5.3 Comparison of particle forces and heat transfer

Figure 6.51a shows the slab-average based drag coefficient for the case
𝑀16630 and 𝑀166𝐶30. The Drag coefficient in general was observed to be
lower in the case 𝑀166𝐶30 compared to 𝑀16630. This effect arises from
the combined effect of the higher Reynolds number, smaller particle-to-fluid
temperature ratio and a smaller magnitude of the pressure gradient along
the curtain for the case 𝑀166𝐶30.
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(a) (b)

Figure 6.51: Slab averaged profiles for (a) Drag coefficient and (b) Nusselt number at late times
as a function of normalized streamwise distance for cases 𝑀16630 ( ) and
𝑀166𝐶30 ( ).

The slab-average based Nusselt number for the two cases are shown in
fig. 6.51b. The Nusselt number decreases along the particle-curtain inside the
bulk (excluding the downstream edge of the curtain) for both the cases but
show an increase at the downstream curtain edge. As previously discussed,
the increase in Nusselt number downstream of the curtain are presumably
based on the reduced rate of conductive to total heat transfer rate as the
temperature ratio becomes sufficiently close to unity. However, the Nusselt
number in general remains smaller inside the curtain for the case 𝑀166𝐶30
compared to 𝑀16630.

6.4.5.4 Comparison of subsonic and supersonic regions

Figure 6.52 shows the cross-sectional regions in the 𝑦−𝑧 plane where the flow
reaches sonic conditions for the cases 𝑀16630 and 𝑀166𝐶30 at late times.
From the contour plots, it is apparent that a larger cross-section of the flow
reaches𝑀𝑎 = 1. To quantify this feature, a fractional area (𝐴∗

𝑠𝑢𝑝) is defined as
in eq. (6.18). In eq. (6.18),𝐴𝑠𝑜𝑛𝑖𝑐,𝑦𝑧 is the cross-sectional area in the 𝑦−𝑧 plane,
along which the flow achieves sonic conditions. The value of 𝐴∗

𝑠𝑜𝑛𝑖𝑐 was ob-
served to be 0.6974 for𝑀16630 and 0.8816 for the case𝑀166𝐶30 respectively.
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𝐴∗
𝑠𝑜𝑛𝑖𝑐 =

𝐴𝑠𝑜𝑛𝑖𝑐,𝑦𝑧
𝐴𝑡𝑜𝑡𝑎𝑙,𝑦𝑧

(6.18)

(a) (b)

Figure 6.52: Comparison of regions which achieve sonic Mach numbers (in red) compared to
the regions which remain subsonic throughout (in white) for the cases (a)𝑀16630
and (b)𝑀166𝐶30 at late times in the 𝑦 − 𝑧 plane.

Hence, it is concluded that for the cases 𝑀16630 and 𝑀166𝐶30, only a frac-
tion of the cross-sectional area becomes choked along the streamwise direc-
tion. As a short note, for the case𝑀26030,𝑝𝑠 , even though only a fraction of
the total area is choked at the downstream edge of the curtain, the flow still
achieves supersonic conditions further downstream along the curtain through
fluid friction as shown in fig. 6.30f.

6.4.6 Statistics in the curtain wake

It was shown in table 6.5 that the temporal fluctuations in the flow fields are
small compared to the spatial fluctuations for all the test cases considered
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in the study at late times. Hence, in this section, the statistics for pseudo-
turbulent fluctuations of the flow field arising from inhomogeneous parti-
cle distribution are discussed. First the streamwise variation of the pseudo-
turbulent fluctuations are visualized by plotting the profiles of PTKE in the
wake of the curtain (also inside the curtain) at late times for the cases𝑀12230,
𝑀16630, and 𝑀26030,𝑝𝑠 . In addition, statistical tools like joint probability
density functions, energy spectra and two point correlations are used to dis-
cuss the spatial fluctuations of relevant flow quantities and their interdepen-
dence in the wake of the curtain.

6.4.6.1 Velocity fluctuations

(a) (b)

Figure 6.53: (a) Comparison of slab averaged based Normalized pseudo-turbulent kinetic energy
(PTKE) (K𝑠𝑙𝑎𝑏/𝑢2∞) and (b) decay of PTKE downstream of the curtain. 𝑥𝑐𝑙 repre-
sents the location of the downstream edge of the curtain. The black dashed line
( ) represents a 𝑥−1 decay and the green line ( ) represents a 𝑥−0.9 decay.
The different cases are represented by ( )𝑀12230, ( )𝑀16630, and ( )
𝑀26030,𝑝𝑠.

Figure 6.53a shows the streamwise distribution of the normalized pseudo tur-
bulent kinetic energy given by K𝑠𝑙𝑎𝑏/𝑢2∞ at late times for the cases 𝑀12230,
𝑀16630, and 𝑀26030,𝑝𝑠 , where K𝑠𝑙𝑎𝑏 is given by eq. (6.19) and 𝑢′′𝑠𝑙𝑎𝑏 = 𝑢 −
𝑢𝑠𝑙𝑎𝑏 .

194



6.4 Long time behavior

K𝑠𝑙𝑎𝑏 = 1
2 ( ˜𝑢′′𝑠𝑙𝑎𝑏𝑢′′𝑠𝑙𝑎𝑏 + ˜𝑣′′𝑠𝑙𝑎𝑏𝑣′′𝑠𝑙𝑎𝑏 + ˜𝑤′′

𝑠𝑙𝑎𝑏𝑤′′
𝑠𝑙𝑎𝑏) (6.19)

With the chosen normalization, a few interesting features are observed. In
all the three cases, the PTKE is high inside the particle curtain and decays in
its wake. For the case𝑀12230, a gradual increase in PTKE is observed along
the streamwise direction inside the curtain. In contrast, for the cases𝑀16630
and𝑀26030,𝑝𝑠 , a peak in PTKE is observed near the downstream curtain edge
as the flow undergoes sharp acceleration. With the chosen normalization,
the peak at the downstream edge observed was highest for the case 𝑀16630
and smallest for𝑀12230. In fact, the peak value of the normalized PTKE for
the case𝑀16630 was 70.6 % higher than the peak of𝑀26030,𝑝𝑠 and 125.14 %
higher than the peak normalized PTKE value of𝑀12230. However, the large
peak observed for the normalized PTKE in the case 𝑀16630 is an artefact of
choosing 𝑢∞ as the chosen reference quantity. As seen in table 6.6, the inflow
conditions are different for the three cases and are sensitive to the strength
of the transient reflected shock.

(a) (b) (c)

Figure 6.54: Comparison of normalized fluctuation contours 𝑢′′
𝑦,𝑧/𝑢∞ for 𝑀12230, 𝑀16630,

and 𝑀26030,𝑝𝑠 are shown in (a), (b), and (c) respectively. Here, the fluctuation
with respect to the plane averaged mean is given by 𝑢′′𝑦,𝑧 = 𝑢−𝑢𝑦,𝑧 evaluated at
𝑥/𝐷𝑝 = 50.

Figure 6.53b shows the decay of the normalized PTKE between 𝑥/𝐷𝑝 = 50
and 𝑥/𝐷𝑝 = 100 for the three cases on the log scale. The case 𝑀16630
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shows a decay of normalized PTKE proportional to 𝑥−1 approximately in the
region given by (𝑥 − 𝑥𝑐𝑙)/𝐷𝑝 > 1, where 𝑥𝑐𝑙 is the position of the down-
stream curtain edge. The case 𝑀26030,𝑝𝑠 also approximately shows a power
law decay proportional to 𝑥−1 in the region (𝑥 − 𝑥𝑐𝑙)/𝐷𝑝 ∈ [1,10]. Beyond
(𝑥 − 𝑥𝑐𝑙)/𝐷𝑝 > 10, the profile shows an oscillatory nature, because of the
presence of shock-cells for the case 𝑀26030,𝑝𝑠 in the wake of the curtain as
seen in fig. 6.24c. In fact, it approximately matches the wavelength of the
shock cells (≈ 8𝐷𝑝), as seen in fig. 6.30c. It was observed through In the case
𝑀12230, a smaller decay proportional to 𝑥−0.9 was instead observed in the
range (𝑥 − 𝑥𝑐𝑙)/𝐷𝑝 > 1.

Figure 6.54 shows the normalized streamwise velocity fluctuation 𝑢′′/𝑢∞ for
the three cases, where now 𝑢′′𝑦,𝑧 = 𝑢−𝑢𝑦,𝑧 at (𝑥/𝐷𝑝 = 50). From the contours,
it can be seen that negative fluctuations occur in the wake of the individ-
ual particles where the local flow velocity magnitude reaches a smaller value
compared to the cross-sectional mean. Similarly, positive fluctuations are ob-
served mostly in the interstitial spaces between the particles which cause a
nozzle effect.

Let us define a pseudo-turbulent Reynolds number (𝑅𝑒𝑡) as in eq. (6.20) based
on the PTKE for velocity scale and the particle diameter as the length scale.

𝑅𝑒𝑡 =
⟨𝜌⟩𝑠𝑙𝑎𝑏𝐷𝑝√K𝑠𝑙𝑎𝑏

⟨𝜇⟩𝑠𝑙𝑎𝑏
(6.20)

Figure 6.55 shows the streamwise variation of the pseudo-turbulent Reynolds
number (𝑅𝑒𝑡) for the cases 𝑀12230, 𝑀16630, and 𝑀26030,𝑝𝑠 . It is observed
that𝑅𝑒𝑡 is low for all three cases inside the curtain of the order𝓞(10). In addi-
tion, 𝑅𝑒𝑡 showed an increasing trend along the curtain for the cases𝑀16630
and 𝑀26030,𝑝𝑠 . Increasing PTKE in addition to decreasing viscous effects
along the particle curtain (As the fluid is cooled along the particle curtain, the
viscous effects become weaker based on the Sutherland’s viscosity law) con-
tribute towards this trend. Another interesting observation is the oscillatory
nature of 𝑅𝑒𝑡 in the wake of the particle curtain for the case with the highest
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post-shock Mach number (𝑀𝑎𝑝𝑠), which can be explained by the presence of
shock-cells in the domain.

Figure 6.55: Pseudo-turbulent Reynolds number (𝑅𝑒𝑡) as a function of streamwise distance with
length scale based on particle diameter and the velocity scale based on PTKE (K𝑠𝑙𝑎𝑏)
in 𝑥-slabs of width 𝐵𝑥 = 𝐷𝑝 for the cases ( ) 𝑀12230 ( ) 𝑀16630, and
( )𝑀26030,𝑝𝑠.

6.4.6.2 Some definitions for curtain wake statistics

It is noted that the current flow setup has an inhomogeneity along the stream-
wise 𝑥-direction and a statistical homogeneity along the transverse 𝑦 and 𝑧
directions. Furthermore, the flow has negligible temporal fluctuations at late
times as seen in table 6.5 and can be approximately assumed steady. Keeping
this in mind, the wake region given by 𝑥 > 𝐿𝑝 + 𝐿𝑠 , is divided into three
𝑥-slabs similar to appendix A.1.1 with slab upstream edge locations given by
𝑥1/𝐷𝑝 = [50.5, 60.5, 70.5] of width 𝐵𝑥/𝐷𝑝 = 5 each. The spatial statistics are
then analyzed individually in each of the slabs.

Before proceeding, somemathematical definitions are discussed in the present
section. Let us define the position vector (𝐱) as 𝐱 = [𝑥, 𝑦, 𝑧], the velocity vec-
tor (𝐮) as 𝐮 = [𝑢1, 𝑢2, 𝑢3] and a separation vector (𝐫) given by 𝐫 = [𝑟𝑥, 𝑟𝑦, 𝑟𝑧].
Then following Pope (2000), a two point velocity covariance is defined as in
eq. (6.21). The corresponding two-point spatial correlation function is defined
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in eq. (6.22). In eqs. (6.21) and (6.22), the spatial fluctuation for a velocity com-
ponent 𝑢″ in a given slab is defined as 𝑢″

𝑠𝑙𝑎𝑏 = 𝑢 − 𝑢𝑠𝑙𝑎𝑏 and 𝛼, 𝛽 ∈ [1, 2, 3].

𝐶𝛼𝛽(𝐫) = ⟨ 𝑢″
𝛼(𝐱) 𝑢

″
𝛽(𝐱 + 𝐫) ⟩𝑠𝑙𝑎𝑏 (6.21)

𝑅𝛼𝛽(𝐫) =
𝐶𝛼𝛽(𝐫)
𝐶𝛼𝛽(0)

(6.22)

For example, with such a definition, the two point correlation function for
identical velocity component (𝛼 = 𝛽) with a separation along 𝑦 can then be
represented as in eq. (6.23).

𝑅𝛼𝛼(𝑟𝑦) =
⟨ 𝑢″

𝛼(𝐱) 𝑢
″
𝛼(𝐱 + 𝑟𝑦 𝐣) ⟩𝑠𝑙𝑎𝑏

⟨ 𝑢″
𝛼(𝐱) 𝑢″

𝛼(𝐱) ⟩𝑠𝑙𝑎𝑏
(6.23)

the one-dimensional energy spectrum as a function of 𝑘𝑦 is defined in
eq. (6.24).

𝐸𝛼𝛼(𝑘𝑦) = ⟨ 𝑢𝛼(𝑥, 𝑘𝑦, 𝑧) 𝑢∗𝛼(𝑥, 𝑘𝑦, 𝑧) ⟩
𝑥, 𝑧

(6.24)

In eq. (6.24), 𝑢𝛼
∗ represents the complex conjugate of 𝑢𝛼. In the current sec-

tion, 𝑘𝑦 represents the wave-number vector related to the wavelength (𝜆𝑦) as
𝑘𝑦 = 2𝜋/𝜆𝑦 . Definitions along the wave-number 𝑘𝑧 = 2𝜋/𝜆𝑧 can be defined
in a similar way.

6.4.6.3 Two point correlations and premultiplied energy spectra

Figure 6.56, fig. 6.57, and fig. 6.58 show the plots for the two point corre-
lations and the corresponding pre-multiplied spectra along 𝑦 and 𝑧 for the
cases𝑀12230, 𝑀16630, and𝑀26030,𝑝𝑠 at different 𝑥-slab locations given by
𝑥1/𝐷𝑝 = 50.5, 60.5, and 70.5. As a remark, the two transverse directions
are homogeneous and the difference between the correlation along 𝑦 and 𝑧
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are because of the particle statistics. In much larger domains and larger par-
ticle samples, it is expected for the correlations along the two directions to
become more similar.

(a) (b)

(c) (d)

Figure 6.56: Comparison of the two point correlations and the corresponding pre-multiplied
spectra for the case 𝑀12230 along 𝑦 in (a), (b), and along 𝑧 in (c), (d). The solid
lines ( ), ( ), and ( ) represent 𝑅11, 𝑅22, and 𝑅33 at the 𝑥-slab given by
𝑥1/𝐷𝑝 = 50.5. The dashed lines ( ), ( ), and ( ) represent 𝑅11, 𝑅22,
and 𝑅33 at 𝑥1/𝐷𝑝 = 60.5, and the dotted lines ( ), ( ), and ( ) represent
𝑅11, 𝑅22, and 𝑅33 in slabs located at 𝑥1/𝐷𝑝 = 70.5.

𝑅22(𝑟𝑧) and 𝑅33(𝑟𝑦) are referred as the transverse-cross correlations, 𝑅22(𝑟𝑦)
and 𝑅33(𝑟𝑧) as the transverse-aligned correlations, and 𝑅11(𝑟𝑦) and 𝑅11(𝑟𝑧) as
the axial-cross correlations. In addition, let us define the velocity fluctuations
to become de-correlated at the separation distance where the correlation co-
efficient first reaches zero.
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6 Results: Flow through particle array of finite width

It was observed that 𝑅11, 𝑅22, and 𝑅33 de-correlated at longer separation dis-
tances along 𝑦 and 𝑧 for the 𝑥-slabs located further downstream for the cases
𝑀12230 and𝑀16630. However, a clear trend for the de-correlation distances
were not found for the case𝑀26030,𝑝𝑠 . As an example, for the case𝑀12230,
𝑅33(𝑟𝑦) de-correlated at 𝑟𝑦/𝐷𝑝 = 0.87 for the slab given by 𝑥1/𝐷𝑝 = 50.5, at
𝑟𝑦/𝐷𝑝 = 1.07 for the slab given by 𝑥1/𝐷𝑝 = 60.5, and at 𝑟𝑦/𝐷𝑝 = 1.33 for the
slab given by 𝑥1/𝐷𝑝 = 70.5.

(a) (b)

(c) (d)

Figure 6.57: Comparison of the two point correlations and the corresponding pre-multiplied
spectra for the case 𝑀16630 along 𝑦 in (a), (b), and along 𝑧 in (c), (d). The solid
lines ( ), ( ), and ( ) represent 𝑅11, 𝑅22, and 𝑅33 at the 𝑥-slab given by
𝑥1/𝐷𝑝 = 50.5. The dashed lines ( ), ( ), and ( ) represent 𝑅11, 𝑅22,
and 𝑅33 at 𝑥1/𝐷𝑝 = 60.5, and the dotted lines ( ), ( ), and ( ) represent
𝑅11, 𝑅22, and 𝑅33 in slabs located at 𝑥1/𝐷𝑝 = 70.5.
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6.4 Long time behavior

The transverse-cross correlationswere found to beweaker than the axial-cross
and transverse-aligned components for the cases𝑀12230 and𝑀16630. More
notably, the trend reversed in the case of𝑀26030,𝑝𝑠 , such that the transverse
cross correlations were observed to be stronger and have larger de-correlation
distances compared to the axial-cross and transverse aligned components.
The stronger correlations for the transverse-cross components are related to
the presence of shock-cells in the curtain wake. In fact, the de-correlation
distances for the transverse-cross correlation were close to 𝑟𝑧/𝐷𝑝 = 8, which
is approximately equal to the wavelength of the shock-cells as discussed in
section 6.4.6.1.

(a) (b)

(c) (d)

Figure 6.58: Comparison of the two point correlations and the corresponding pre-multiplied
spectra for the case𝑀26030,𝑝𝑠 along 𝑦 in (a), (b), and along 𝑧 in (c), (d). The solid
lines ( ), ( ), and ( ) represent 𝑅11, 𝑅22, and 𝑅33 at the 𝑥-slab given by
𝑥1/𝐷𝑝 = 50.5. The dashed lines ( ), ( ), and ( ) represent 𝑅11, 𝑅22,
and 𝑅33 at 𝑥1/𝐷𝑝 = 60.5, and the dotted lines ( ), ( ), and ( ) represent
𝑅11, 𝑅22, and 𝑅33 in slabs located at 𝑥1/𝐷𝑝 = 70.5.
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6 Results: Flow through particle array of finite width

The pre-multiplied spectra along 𝑦 and 𝑧 for the cases 𝑀12230 and 𝑀16630
show that the energy of the smaller length scales are resolved well. A peak
in the pre-multiplied spectra is captured at all the 𝑥-slab locations and across
all spectra components for the two cases. In addition, for the two cases, it
is observed that the peak in the pre-multiplied energy spectra always occurs
approximately in the range of 𝜆/𝐷𝑝 ∈ [1,10] at all 𝑥-slab locations and for all
spectra components. In contrast, for the case 𝑀26030,𝑝𝑠 , although a peak in
the premultiplied spectra for the transverse-aligned and cross-axial compo-
nents was observed in the range 𝜆/𝐷𝑝 ∈ [1, 10], the transverse domain size
(𝐿𝑦/𝐷𝑝 = 20) was insufficient to clearly capture a peak for the transverse-
cross component in the more downstream slabs. This feature is possibly ob-
served because of the large scale flow structures like the shock cells, which
are present in the case 𝑀26030,𝑝𝑠 .

6.4.6.4 Energy spectra

Figures 6.59a to 6.59c show the one-dimensional energy spectra along 𝑦 for
the cases 𝑀12230, 𝑀16630, and 𝑀26030,𝑝𝑠 respectively at different 𝑥-slab
locations given by 𝑥1/𝐷𝑝 = [50.5, 60.5, 70.5]. It is observed that the for the
three cases, the one-dimensional spectra show a much stronger decay at large
wavenumbers in the 𝑥-slabs, which are located further downstream compared
to the slab which is located closest to the downstream edge of the particle
curtain. In addition, the cross-axial component of the one-dimensional energy
spectrum given by 𝐸11(𝑘𝑦) is larger than the transverse-aligned 𝐸22(𝑘𝑦), and
the transverse-cross component 𝐸33(𝑘𝑦) for𝑀12230,𝑀16630, and𝑀26030,𝑝𝑠
at all the slab locations and across a wide range of wavenumbers. A 𝑘−3
decay has previously been seen in dispersed particulate (Doychev 2014) and
bubbly flows (Risso 2011). In the current work, the 𝑘−3 decay in the wake
of the particle curtain is only observed in a narrow range of wavenumbers.
For example, in the most upstream slab, the 𝑘−3𝑦 subrange is only observed
approximately around 𝑘𝑦𝐷𝑝 = 3 for all components of the spectra (𝐸11, 𝐸22,
and 𝐸33) and for all the three cases.
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6.4 Long time behavior

(a) (b)

(c)

Figure 6.59: Comparison of the one-dimensional energy spectra for the cases (a) 𝑀12230, (b)
𝑀16630, and (c) 𝑀26030,𝑝𝑠 as a function of the wavenumbers along 𝑦 (𝑘𝑦).
( ), ( ), ( ) represent the spectra of 𝐸11, 𝐸22, and 𝐸33 in the slab lo-
cated between 𝑥/𝐷𝑝 = [50.5, 55.5] respectively. ( ), ( ), ( ) represent
the spectra of 𝐸11, 𝐸22, and 𝐸33 in the slab located between 𝑥/𝐷𝑝 = [60.5, 65.5]
respectively. ( ), ( ), ( ) represent the spectra of 𝐸11, 𝐸22, and 𝐸33 in
the slab located between 𝑥/𝐷𝑝 = [70.5, 75.5] respectively. ( ) and ( ) rep-
resent the slopes proportional to 𝑘−3𝑦 and 𝑘−2𝑦 respectively. ( ) represents the
wavenumber corresponding to the particle diameter.

6.4.6.5 Probability density functions of velocity fluctuations

Figure 6.60 show the the probability distribution functions of velocity fluctu-
ations normalized with their respective rms value at different 𝑥-slab locations
given by 𝑥1/𝐷𝑝 = [50.5, 60.5, 70.5] of width 𝐵𝑥 = 5𝐷𝑝 each. The probability
density functions were computed by taking the slices from the joint p.d.fs of
𝑢″ − 𝑣″ and 𝑣″ − 𝑤″ at 𝑣″ = 0.
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6 Results: Flow through particle array of finite width

(a) (b)

(c) (d)

(e) (f)

Figure 6.60: Probability density functions for velocity fluctuations normalized by their rms value
in slabs of width 𝐵𝑥 = 5𝐷𝑝 located at ( ) 𝑥1/𝐷𝑝 = 50.5, ( ) 𝑥1/𝐷𝑝 =
60.5, and ( ) 𝑥1/𝐷𝑝 = 70.5. The different cases are represented by (a), (b)
𝑀12230, (c), (d)𝑀16630, and (e), (f) 𝑀26030,𝑝𝑠. The dashed lines represent the
fitted gaussian curve with the colors representing the respective slab location.
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6.5 Model comparisons

Here, 𝑢″ = 𝑢−𝑢𝑠𝑙𝑎𝑏 , is the streamwise fluctuation and𝑤″ = 𝑤−𝑤𝑠𝑙𝑎𝑏 repre-
sents the cross-stream fluctuation. The rms values of 𝑢 and𝑤 are represented
by 𝑢𝑟𝑚𝑠 = √⟨𝑢″𝑢″⟩𝑠𝑙𝑎𝑏 and 𝑤𝑟𝑚𝑠 = √⟨𝑤″𝑤″⟩𝑠𝑙𝑎𝑏 respectively.

It is observed that the high-probability events in the 𝑝.𝑑.𝑓 corresponding to
the low fluctuation magnitudes approximately follow a gaussian distribution.
However, larger fluctuations are not accurately predicted by the gaussian
distribution. In addition, the streamwise fluctuations exhibit a wide tail for
𝑀12230,𝑀16630, and𝑀26030,𝑝𝑠 near the slab close to the downstream end of
the particle curtain. Hence at this location, negative velocity fluctuations are
more likely compared to the predictions by a gaussian distribution. This trend
is most likely affected by the wake of the particles near the downstream edge
of the curtain. This also shows the anisotropic nature of the flow in the region.

6.5 Comparison with models

From the previous works of Ling et al. (2011), Parmar et al. (2011), Parmar et al.
(2012), and Ling et al. (2012) that the total force acting on an isolated particle
in the limit of finite Mach and Reynolds numbers can be decomposed into
quasi-steady (𝐅𝑞𝑠), stress-gradient (𝐅𝑠𝑔), added-mass (𝐅𝑎𝑚), and the viscous
unsteady (𝐅𝑣𝑢) contributions. Hence, the total force on a particle could be
expressed as in eq. (6.25).The expressions of the different contributions for a
spherical particle are given by eqs. (6.26) to (6.29).

𝐅𝑡𝑜𝑡𝑎𝑙 = 𝐅𝑞𝑠 + 𝐅𝑠𝑞 + 𝐅𝑎𝑚 + 𝐅𝑣𝑢 (6.25)

𝐅𝑞𝑠 = 1
8 𝐶𝐷 𝜌 (𝐮 − 𝐮𝑝) |𝐮 − 𝐮𝑝| 𝜋𝐷2

𝑝 (6.26)

𝐅𝑠𝑔 =
𝜋𝐷3

𝑝
6 𝜌 D𝐮

D𝑡 (6.27)

𝐅𝑎𝑚 =
𝜋𝐷3

𝑝
6 ∫

𝑡

−∞
𝐾𝑖𝑢 (

𝑡 − 𝜒
𝜏𝑖𝑢

,𝑀𝑎 ) ( D(𝜌𝐮)
D𝑡 −

d(𝜌𝐮𝑝)
d𝑡 )

𝑡=𝜒

d𝜒
𝜏𝑖𝑢

(6.28)

𝐅𝑣𝑢 = 3
2 𝐷

2
𝑝√𝜋𝜈𝜏𝑣𝑢 ∫

𝑡

−∞
𝐾𝑣𝑢 (

𝑡 − 𝜒
𝜏𝑣𝑢

,𝑀𝑎,𝑅𝑒 ) ( D(𝜌𝐮)
D𝑡 −

d(𝜌𝐮𝑝)
d𝑡 )

𝑡=𝜒

d𝜒
𝜏𝑣𝑢

(6.29)
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6 Results: Flow through particle array of finite width

In the above equations, 𝐶𝐷 is the quasi-steady drag coefficient, ̆ is the velocity
of the fluid phase given by 𝐮 = [𝑢, 𝑣, 𝑤], 𝜌 is the fluid density, 𝑝 is the parti-
cle velocity, 𝐾𝑖𝑢 is the inviscid unsteady kernel, 𝐾𝑣𝑢 is the viscous unsteady
kernel, 𝜏𝑣𝑢 and 𝜏𝑖𝑢 are viscous and inviscid time-scales relevant to the flow
problem. Following the works of Auton et al. (1988) and Parmar et al. (2012),
d/ d𝑡 is a time derivative following the particle, while D/D𝑡 = 𝜕/𝜕𝑡 + 𝐮 ⋅ ∇
denotes a time derivative following the fluid element also known as the ma-
terial derivative. In eqs. (6.28) and (6.29), d(𝜌𝐮𝑝)/ d𝑡 is the time derivative of
density-weighted particle velocity.

A simplification of the addedmass forcewas introduced by Parmar et al. (2012)
by separately integrating over the inviscid unsteady kernel (𝐾𝑖𝑢) yielding an
effective added-mass coefficient (𝐶𝑎𝑚,𝑒𝑓𝑓) analogous to incompressible flows.
With the introduced simplification, the added mass force 𝐅𝑎𝑚 in eq. (6.28) can
be simplified to:

𝐅𝑎𝑚 = 𝐶𝑎𝑚,𝑒𝑓𝑓
𝜋𝐷3

𝑝
6 ( D(𝜌𝐮)

D𝑡 −
d(𝜌𝐮𝑝)

d𝑡 ) (6.30)

As given in Ling et al. (2012), the effective added-mass coefficient (𝐶𝑎𝑚,𝑒𝑓𝑓)
for a spherical particle depends on compressibility effects and the local volume
fraction (in sufficiently dense particle clouds). They introduced Mach correc-
tions (Eames et al. 2008) and volume fraction corrections (Zuber 1964) to the
standard added mass coefficient (𝐶𝑎𝑚,𝑠𝑡𝑑) for incompressible flows. Their cor-
relation for 𝐶𝑎𝑚,𝑒𝑓𝑓 is represented by eq. (6.31). In the correlation,𝑀𝑎𝑝 is the
particle Mach number and 𝜙𝑝 is the local particle volume fraction.

𝐶𝑎𝑚,𝑒𝑓𝑓 = 𝐶𝑎𝑚,𝑠𝑡𝑑 𝜂1(𝑀𝑎𝑝) 𝜂2(𝜙𝑝) (6.31)

The simple one-dimensional model by Ling et al. (2012) was used to study
shock wave-interaction with a fixed-particle curtain, where the continuum
phase was treated in the Eulerian framework and the particles were tracked in
a Lagrangian framework. Simplifications to the different contributions shown
in eqs. (6.27) to (6.29) were used to approximate the forces on the computa-
tional particles used in their work. In their model, a few assumptions were
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6.5 Model comparisons

made, which are summarized as follows. The continuous phase was treated
as inviscid, and the viscous contributions were only considered for the fluid-
particle momentum and heat exchange. With this assumption, the stress-
gradient and added mass contributions could be simplified and expressed in
terms of the pressure-gradient existing in the flow. In addition, their model
neglects the contributions of the pseudo-turbulent Reynolds stress (𝑢″

𝑖 𝑢
″
𝑖 ) in

their momentum and energy equations. The governing equations for the fluid
phase used in the model simplified for fixed particles are given in eqs. (6.32)
to (6.34) for completeness.

In the equations, the superscript “𝑔” represents the continuum phase, 𝐹𝑔𝑝
is the inter-phase momentum exchange term, 𝑄𝑔𝑝 is the interphase heat ex-
change term, and 𝐺𝑔𝑝 corresponds to the energy transferred between the two
phases due to 𝐹𝑔𝑝 . The reader is suggested to refer to the original article for
the details of the models used for the source terms. It is now known from the
works of Osnes et al. (2019) and Regele et al. (2014) that the Reynolds stress
terms, which arises from the volume averaging procedure can contribute sig-
nificantly to the fluid momentum and energy, and hence should not be ne-
glected. Osnes et al. (2019) recently introduced a simple model for the pseudo-
turbulent Reynolds stress in terms of the separated flow regions, where the
flow approximately achieves the particle velocity, especially in the particle
wakes. However, the models for the Reynolds stress terms are still in their
infancy, and detailed analysis of the microstructure in a random particle dis-
tribution should be performed in future work to model the pseudo-turbulent
Reynolds stress terms.

𝜕(𝜌𝑔𝜙𝑔)
𝜕𝑡 +

𝜕(𝜌𝑔𝜙𝑔𝑢𝑔)
𝜕𝑥 = 0 (6.32)

𝜕(𝜌𝑔𝜙𝑔𝑢𝑔)
𝜕𝑡 + 𝜕(𝜌𝑔𝜙𝑔𝑢𝑔𝑢𝑔)

𝜕𝑥 = −𝜕𝑝
𝑔

𝜕𝑥 + 𝐹𝑔𝑝 (6.33)

𝜕(𝜌𝑔𝜙𝑔𝐸𝑔)
𝜕𝑡 + 𝜕(𝜌𝑔𝜙𝑔𝑢𝑔𝐸𝑔)

𝜕𝑥 = −𝜕(𝑢
𝑔𝑝𝑔)
𝜕𝑥 + 𝐺𝑔𝑝 + 𝑄𝑔𝑝 (6.34)
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6 Results: Flow through particle array of finite width

Quasi steady drag force in an assembly of particles may be influenced by
neighboring effects like wake-wake or shock-wake interactions. Hence, mod-
els based on solid volume fraction corrections is one of the approaches used to
evaluate the quasi-steady drag correlations. Recently, quasi-steady drag cor-
relations have been introduced for homogeneous random distributions of par-
ticles by Osnes et al. (2023). Their drag correlation is summarized in eq. (6.35).

𝐶𝐷,𝑚𝑜𝑑𝑒𝑙(𝑅𝑒,𝑀𝑎, 𝜙) =
𝐶𝐷,𝑠𝑖𝑛𝑔𝑙𝑒
1 − 𝜙 + 𝑓1(𝑅𝑒, 𝜙) + 𝑓2(𝑀𝑎, 𝜙) (6.35)

In eq. (6.35), 𝐶𝐷,𝑠𝑖𝑛𝑔𝑙𝑒 is the drag coefficient for an isolated particle given by
Loth et al. (2021), 𝑓1(𝑅𝑒, 𝜙) represent the volume fraction corrections intro-
duced by Tenneti et al. (2011), and 𝑓2(𝑀𝑎, 𝜙) is an additional correction term
introduced by Osnes et al. (2023) to account for the finite compressibility ef-
fects in an assembly of particles.

In the present section, first, the recent quasi-steady drag correlations by Osnes
et al. (2023) in addition to the stress-gradient and added mass contributions
as shown in eqs. (6.26) to (6.29) are used to compare with the particle forces
obtained through the DNS in the current work. Next, the one-dimensional
model by Ling et al. (2012) is run with the equivalent numerical conditions in
the 1D setup for the cases𝑀12230 and𝑀16630. The mean flow fields at late
times for the two cases are compared between the model and the available
DNS results and the differences in results obtained by the two approaches
are discussed.

6.5.1 A priori modeling: Comparison of particle forces

In the section, the recent model by eq. (6.35), was used for a priori modeling
of the quasi-steady drag forces on the particles. In their work, the model was
used for homogeneous particle distributions. However, its efficacy for non-
homogeneous distribution is tested. The quasi-steady drag contribution in
addition to the contributions from the stress-gradients and added mass con-
tributions are used to evaluate the total modeled drag forces on the particles
locally inside the curtain. The modeled total drag forces are then compared
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with the drag forces directly obtained through the DNS for the cases𝑀12230,
𝑀16630, and𝑀26030,𝑝𝑠 . The approach is summarized as follows.

• Evaluation of the total model drag coefficient
– First, the local hemispherical shell-averaged Mach number
(⟨𝑀𝑎(𝑚)⟩𝑠ℎ𝑒𝑙𝑙) and Reynolds number (⟨𝑅𝑒(𝑚)⟩𝑠ℎ𝑒𝑙𝑙) are evalu-
ated for all the particles in the curtain, where “𝑚” is the particle
index. The details of the hemispherical shell averaging procedure
is summarized in appendix A.1.2.

– The shell averaged Mach number (⟨𝑅𝑒(𝑚)⟩𝑠ℎ𝑒𝑙𝑙) and Reynolds
number (⟨𝑅𝑒(𝑚)⟩𝑠ℎ𝑒𝑙𝑙), and the global volume fraction (𝜙) given
in table 6.1 are then fed to the quasi steady drag correlation given
in eq. (6.35) to obtain the modeled quasi steady drag coefficient
(𝐶(𝑚)

𝐷,𝑞𝑢𝑎𝑠𝑖,𝑚𝑜𝑑𝑒𝑙) for the individual particles.

– The stress gradient and the added-mass force contributions are
evaluated across 𝑥-slabs of width𝐷𝑝 , and all the particles present
inside the 𝑥-slab are assigned that same value. With this ap-
proach, the added mass (𝐹(𝑚)

𝑎𝑚 ) and stress gradient (𝐹(𝑚)
𝑠𝑔 ) forcing

terms are evaluated for all the particles inside the curtain in a
piecewise constant fashion.

– Next, the added mass (𝐹(𝑚)
𝑎𝑚 ) and stress gradient (𝐹(𝑚)

𝑠𝑔 ) forcing
terms are normalized with the local hemispherical shell averaged
reference force (as shown in eq. (6.15)) to obtain the drag con-
tributions from the added mass (𝐶(𝑚)

𝐷,𝑎𝑚) and the stress gradient
(𝐶(𝑚)

𝐷,𝑠𝑔) terms.

– The total modeled drag is evaluated as

𝐶(𝑚)
𝐷,𝑚𝑜𝑑𝑒𝑙 = 𝐶(𝑚)

𝐷,𝑞𝑢𝑎𝑠𝑖,𝑚𝑜𝑑𝑒𝑙 + 𝐶(𝑚)
𝐷,𝑠𝑔 + 𝐶(𝑚)

𝐷,𝑎𝑚

.
– The total modeled drag coefficient (𝐶(𝑚)

𝐷,𝑚𝑜𝑑𝑒𝑙) for the particles are
also averaged over slabs of slab width 𝐷𝑝 to evaluate a shell and
slab averaged model drag coefficient (⟨𝐶𝐷,𝑚𝑜𝑑𝑒𝑙⟩𝑠𝑙𝑎𝑏) similar to
eq. (6.16).
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6 Results: Flow through particle array of finite width

• Evaluation of the total drag coefficient from DNS
– The drag forces for the individual particles are obtained directly

from the immersed boundary procedure. The total drag coeffi-
cient from the DNS is then evaluated based on the shell-averaged
reference force, similar to the model and is shown in eq. (6.15).

– Similar to the model, a shell and slab averaged drag coefficient is
also evaluated as given in eq. (6.16).

20 30 40 50
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3.5

Figure 6.61: Comparison of the total drag coefficient based on the model by Osnes et al. (2023)
(⟨𝐶𝐷,𝑚𝑜𝑑𝑒𝑙⟩𝑠𝑙𝑎𝑏) with the drag coefficient obtained from DNS (⟨𝐶𝐷⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏)
along the particle curtain from the DNS for the cases ( ) 𝑀12230, ( )
𝑀16630, and ( ) 𝑀26030,𝑝𝑠. The dashed lines with the same colors repre-
sent the drag coefficients for the three cases for the model.

Figure 6.61 shows the comparison of the drag coefficient obtained by shell
and slab averaging ⟨𝐶𝐷⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏 compared to the total model drag coeffi-
cient ⟨𝐶𝐷,𝑚𝑜𝑑𝑒𝑙⟩𝑠𝑙𝑎𝑏 for the cases𝑀12230,𝑀16630, and𝑀26030,𝑝𝑠 along the
streamwise distance inside the curtain. It is observed that the model does not
accurately capture the sharp increase in the drag coefficient at the end of the
curtain for the cases𝑀16630 and𝑀26030,𝑝𝑠 . In addition, the model does not
capture the decrease in the the drag coefficient in the bulk of the curtain for
𝑀26030,𝑝𝑠 compared to the case𝑀16630. This feature is possibly strongly in-
fluenced by temperature effects inside the curtain, which are not considered
in the current models. In order to quantify the difference between the forces
evaluated along the curtain by the DNS and the model, a normalized deviation
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measure Θ𝑠𝑙𝑎𝑏(𝐶𝐷) is introduced as in eq. (6.36).

Θ𝑠𝑙𝑎𝑏(𝐶𝐷) =
√∑(⟨𝐶𝐷⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏 − ⟨𝐶𝐷,𝑚𝑜𝑑𝑒𝑙⟩𝑠𝑙𝑎𝑏)2/𝑁𝑠𝑙𝑎𝑏

⟨⟨𝐶𝐷⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏⟩
(6.36)

In eq. (6.36), 𝑁𝑠𝑙𝑎𝑏 = 𝐿𝑝/𝐷𝑝 is the total number of slabs along the stream-
wise direction and ⟨⟨𝐶𝐷⟩𝑠ℎ𝑒𝑙𝑙,𝑠𝑙𝑎𝑏⟩ represents the averaged over all the slabs.
Θ𝑠𝑙𝑎𝑏(𝐶𝐷) was observed to be 0.149 for𝑀12230, 0.155 for𝑀16630, and 0.146
for 𝑀26030,𝑝𝑠 .

Next, the nature of the drag coefficient is analyzed locally near the individual
particles for the three cases. Figure 6.62a compares the individual drag co-
efficients local to the particles obtained from the model (𝐶(𝑚)

𝐷,𝑚𝑜𝑑𝑒𝑙) and from
DNS (⟨𝐶(𝑚)

𝐷 ⟩𝑠ℎ𝑒𝑙𝑙) for the cases 𝑀12230, 𝑀16630, and 𝑀26030,𝑝𝑠 . A larger
spread in the drag coefficient obtained from DNS (⟨𝐶(𝑚)

𝐷 ⟩𝑠ℎ𝑒𝑙𝑙) is observed for
all three cases compared to the model (𝐶(𝑚)

𝐷,𝑚𝑜𝑑𝑒𝑙).

(a) (b)

Figure 6.62: (a) Comparison between the drag coefficient obtained from DNS (⟨𝐶(𝑚)
𝐷 ⟩𝑠ℎ𝑒𝑙𝑙) and

the model (𝐶(𝑚)
𝐷,𝑚𝑜𝑑𝑒𝑙). (b) Comparison between the fluctuation in drag coefficient

obtained from the model ((𝐶(𝑚)
𝐷,𝑚𝑜𝑑𝑒𝑙)

′ ) and from DNS ((𝐶(𝑚)
𝐷 )′ ). The different

cases are represented as ( )𝑀12230, ( )𝑀16630, and ( )𝑀26030,𝑝𝑠.
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6 Results: Flow through particle array of finite width

Let us define the fluctuation of the 𝑚𝑡ℎ drag coefficient with respect to the
average over all particles as (𝐶(𝑚)

𝐷 )′ = ⟨𝐶(𝑚)
𝐷 ⟩𝑠ℎ𝑒𝑙𝑙 − ⟨⟨𝐶(𝑚)

𝐷 ⟩𝑠ℎ𝑒𝑙𝑙⟩𝑝 and from
the model as (𝐶(𝑚)

𝐷,𝑚𝑜𝑑𝑒𝑙)
′ = 𝐶(𝑚)

𝐷,𝑚𝑜𝑑𝑒𝑙 − ⟨𝐶(𝑚)
𝐷,𝑚𝑜𝑑𝑒𝑙⟩𝑝 . Figure 6.62b shows the

comparison between the model and DNS data.

𝜑𝑚𝑜𝑑𝑒𝑙 =
√⟨(𝐶(𝑚)

𝐷,𝑚𝑜𝑑𝑒𝑙)′ (𝐶
(𝑚)
𝐷,𝑚𝑜𝑑𝑒𝑙)′⟩𝑝

⟨𝐶(𝑚)
𝐷,𝑚𝑜𝑑𝑒𝑙⟩𝑝

𝜑𝐷𝑁𝑆 = √⟨(𝐶(𝑚)
𝐷 )′ (𝐶(𝑚)

𝐷 )′⟩𝑝
⟨⟨𝐶(𝑚)

𝐷 ⟩𝑠ℎ𝑒𝑙𝑙⟩𝑝
(6.37)

In order to quantify the deviation of the drag coefficient fluctuations obtained
by the model compared to the current DNS results, a quantity “𝜑” is defined
which measures the root mean square drag coefficient fluctuations for the
model or the DNS, normalized with the respective mean over all the particles
as in eq. (6.37). 𝜑 for the drag coefficients obtained from the model and the
DNS are summarized in table 6.11.

Table 6.11: The root mean square drag coefficient fluctuations obtained from the model/DNS,
normalized with the respective mean over all the particles.

Case 𝜑𝑚𝑜𝑑𝑒𝑙 𝜑𝐷𝑁𝑆

𝑀12230 0.0470 0.1363
𝑀16630 0.0554 0.1616
𝑀26030,𝑝𝑠 0.06842 0.2079

From fig. 6.62b and table 6.11, it is apparent that the drag coefficient fluctu-
ations about the mean obtained from the DNS is not captured by the force
model. It was observed that in all three cases, 𝜑𝑚𝑜𝑑𝑒𝑙 was severely under-
predicted compared to 𝜑𝐷𝑁𝑆 . The streamwise variation of the particle drag
coefficient is dependent on the Mach number, Reynolds number, temperature
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boundary conditions on the particle and the local particle microstructure in-
side the curtain. Future quasi-steady drag models can possibly be improved
by considering their combined effect.

6.5.2 A posteriori modeling: Comparison with a
one-dimensional model

6.5.2.1 Mean flow profiles

(a) (b)

(c) (d)

Figure 6.63: Comparison of mean flow-field profiles obtained by one-dimensional model of Ling
et al. (2012) and present three dimensional Direct Numerical Simulations. The flow
fields (a) Density (b) velocity (c) Pressure (d) Temperature normalized with inflow
conditions are plotted at late times as a function of normalized streamwise distance
for the cases ( )𝑀12230 (DNS), ( )𝑀12230 (Model), ( )𝑀16630 (DNS),
( )𝑀16630 (Model).
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6 Results: Flow through particle array of finite width

The one-dimensional model by Ling et al. (2012) is used in the present work
to compare the late-time mean flow profiles with the results from the DNS.
It should be noted that 𝐹𝑔𝑝 in eq. (6.33), the viscous unsteady terms are ne-
glected for the late time analysis in the current work. Hence, 𝐹𝑔𝑝 is the sum
of the quasi-steady, stress-gradient, and the added-mass contributions. Fig-
ure 6.63 shows the mean density, velocity, pressure, and temperature profiles
along the streamwise direction normalized with the respective inflow con-
ditions. It is observed that the general trend of the different primitive flow
variables are followed by the one-dimensional model.

In the normalized density profiles given in fig. 6.63a, smaller density gradi-
ent magnitudes are observed inside the curtain for the model compared to the
DNS results for the case𝑀12230, such that at the downstream edge of the cur-
tain, the normalized density evaluated by the model is 5.17 % higher compared
to the DNS results. For the case𝑀16630, the initial positive gradient seen in
the density profiles from the DNS results are not captured by themodel, which
shows a monotonous decrease in density along the curtain. in addition, the
strong density gradient magnitude observed at the downstream curtain edge
is not captured by the model. For instance, the normalized density at the
downstream edge of the curtain for the case𝑀16630 evaluated by the model
is 18.18 % higher than the DNS results. Looking at the normalized velocity
profiles in fig. 6.63b, similar but opposite trends are observed compared to
the density profiles for the model and DNS results. For example, for the case
𝑀16630, positive but smaller velocity gradients are observed by the model
compared to the DNS. fig. 6.63c shows the comparison for the normalized
pressure profiles between the one-dimensional model and the DNS results.
From the normalized pressure profiles, it is seen that the pressure gradients
inside the curtain evaluated by the model is smaller compared to the the DNS
results in both the cases 𝑀12230 and 𝑀16630, such that at the downstream
edge of the curtain, the normalized pressure evaluated by the model are 8.97
% and 34.9 % higher respectively. Similar to the pressure profiles, as seen in
fig. 6.63d, the models under-predict the normalized temperature gradients in-
side the curtain compared to the DNS results for 𝑀12230 and 𝑀16630. For
instance, the normalized temperature at the downstream curtain edge is 4.04
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% and 15.9 % higher for the cases 𝑀12230 and 𝑀16630 respectively for the
model in comparison to the DNS.

Figure 6.64 shows the comparison for the Reynolds number andMach number
profiles between the one-dimensional model and the DNS results for the cases
𝑀12230 and𝑀16630. The model generally capture the qualitative trends for
Reynolds number and the Mach number for both the cases. However, in gen-
eral, the Reynolds number is under-predicted for𝑀12230 but is over-predicted
for𝑀16630 inside the curtain at late times. At the upstream edge of the cur-
tain, the Reynolds number is under-predicted for the case𝑀12230 by 6.6 % and
over-predicted for the case𝑀16630 by 8.64 %. The Reynolds number is under-
predicted for the case𝑀12230 by 8.19 %, but much closer for the case𝑀16630
with a 1.1 % under-prediction by the model at the downstream curtain edge.

(a) (b)

Figure 6.64: Comparison of profiles for non-dimensional parameters obtained by one-
dimensional model of Ling et al. (2012) and present three dimensional Direct Nu-
merical Simulations. (a) represents the Reynolds number (𝑅𝑒) and (b) represents
the Mach number (𝑀𝑎) plotted at late times as a function of normalized stream-
wise distance for the cases ( )𝑀12230 (DNS), ( )𝑀12230 (Model), ( )
𝑀16630 (DNS), ( )𝑀16630 (Model).

The Mach number profiles are shown in fig. 6.64b. For the case 𝑀12230, the
model under-predicts the Mach number along the curtain. In comparison,
for the case 𝑀16630, the Mach number is predicted well by the model until
approximately 𝑥/𝐷𝑝 = 45, beyond which the the sharp increase due to strong
flow acceleration downstream is not captured.
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6 Results: Flow through particle array of finite width

It is seen that the one-dimensional model by Ling et al. (2012) captures the
general flow trends observed by the themean flow from the DNS results inside
the curtain. However, the strong flow acceleration at the downstream curtain
edge for the cases with high incident shock wave Mach numbers at late times
is not captured by the model. Nevertheless, the one-dimensional model can
be used as a tool to set up numerical simulations on a much larger scale in
two or three dimensions.
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7 Summary, conclusions and outlook

Dynamics of compressible flow though dispersed solid media find several
applications industrially and occur ubiquitously in nature. Some exam-
ples include attenuation of shock waves using solid obstacles (Chaudhuri
et al. 2013), two-phase dynamics inside volcanic conduits during eruptions
(Bercovici and Michaut 2010), and explosion of dusty matter (Johnston et al.
2016). Understanding the complex nature of interphase interaction experi-
mentally in such flows poses significant challenges owing to the sensitivity
of experimental conditions and the small acoustic timescales. To this end, a
compressible particle-resolved DNS (PR-DNS) solver coupled with a diffuse-
interphase immersed boundary procedure is developed to study the flow
dynamics and the nature of solid-fluid momentum and heat exchange in com-
pressible particulate flows. Although significant progress has been made in
the understanding of compressible particulate flows in the past decade, much
remains to be explored, for example, the nature of heat transfer in finite-sized
particle-arrays, pseudo-turbulence in the wake of the particle-curtain, and
understanding of localized flow in fixed-particle clouds.

The aim of the current work is three-fold. First, to validate the developed PR-
DNS solver against available numerical and experimental reference data for
single-phase compressible flows and two-phase flows near isolated particles
and through particle clouds. Second, to answer some of the mentioned unan-
swered questions related to the physics of compressible flows through fixed-
particle arrays. Finally, to provide a high-fidelity database of particle-resolved
Direct Numerical Simulations through fixed particle arrays. Although, the
current work is associated with the study of fixed-particles, the established
framework can easily be extended to study mobile-particulate flows in future.
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Since, flows at higher Mach numbers involve small acoustic timescales, fu-
ture extensions to study mobile particles will benefit significantly compared
to boundary-fitted methods that require continuous re-meshing. The findings
from the current work are summarized in the following sections and an out-
look of possible future research in compressible particulate-flows is discussed.

7.1 Summary of validation tests

A series of validation tests were performed for the developed compressible
DNS solver. Inviscid smooth flow single-phase validation tests including ad-
vection of linear density perturbation and isentropic vortex show a 5𝑡ℎ order
grid-convergence rate. This is expected since a 5𝑡ℎ order advection scheme
is used in the current work. Inviscid one-dimensional and two-dimensional
tests with discontinuities like the sod-shock tube problem, the Lax problem,
and the shock density wave interaction show that the advection schemes used
in the current work resolve the discontinuities in the flow problems well.

In the current work, a second order central difference scheme is used for
the diffusive terms. Taylor-Green Vortices with constant kinematic viscos-
ity were validated against the incompressible analytical solution in the limit
of a low Mach number (𝑀𝑎 = 0.3). Next, compressible Couette flow with
constant and variable dynamic viscosities, and with fixed-wall temperatures
were validated against the available analytical or reference solutions. In all
the single phase viscous validation tests, a second order grid convergence rate
was observed as expected. Finally, a more complex validation for compress-
ible turbulent supersonic channel flow was performed for a Reynolds number
(𝑅𝑒 = 3000) and a Mach number (𝑀𝑎 = 1.5). At the final developed turbu-
lent state, relevant flow profiles were compared against the available reference
data from Coleman et al. (1995) and Lechner et al. (2001). A good agreement
was observed with the reference data for the mean flow profiles and flow-field
fluctuations. Hence, it is concluded that the DNS solver used in the present
work performs well for single-phase compressible flow problems.
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Next, the implemented diffuse-interface immersed boundary procedure was
tested for inviscid and viscous compressible two-phase flows, and compared
with available reference data. First a one-dimensional inviscid test was con-
sidered, where a cooled gas with constant velocity was brought to rest by col-
lision with a rigid wall. Analytical solution can be obtained for this test, and
comparisons against it showed a good agreement. Next, three dimensional
tests for an incident shock-wave interacting with a fixed isolated particle were
conducted for different shock-wave Mach numbers (𝑀𝑎𝑠) in viscous and in-
viscid settings. It is well established from the works of Tanno et al. (2003)
and Sun et al. (2005) that shock-wave loading on an incident particle may re-
sult in a transient drag, which is much higher than the quasi-steady value.
The peak drag was captured by the current comparison tests with good level
of accuracy and converged to the boundary fitted reference data upon grid
resolution. The final test for flow near an isolated particle involved compari-
son with the boundary conforming DNS results from Nagata et al. (2018). In
their work, they had compared the collective effect of free-stream Reynolds
number, Mach number, and particle-to-fluid temperature ratio for an isolated
particle on the particle drag, Nusselt number, flow fields, and the steadiness
of the wake. Four different parameter were chosen, and a good agreement
was obtained with the reference data for the chosen cases. The general ob-
servations were as follows. The particle-wake became more stable at higher
particle-to-fluid temperature ratio, and free-stream Mach numbers, but be-
came more unsteady at higher free-stream Reynolds number. The particle
drag coefficient also increased with the free-stream Mach number and the
imposed particle-to-fluid temperature ratio, but decreased at higher Reynolds
number. Nusselt number has a more complex dependence on the temperature
ratio and the Mach number, but increased with the Reynolds number.

The final validation was performed for flow through a homogenous array of
fixed particles given by Osnes et al. (2023), who used a boundary-conforming
particle-resolved LES approach. In their work, the fluid through the particle
distribution was driven by a constant uniform volumetric force, and the fluid
viscosity followed a temperature dependent power law. One of the parame-
ter sets from their work was chosen for comparison, for which, the geomet-
rical setup and the particle arrangement was kept identical to the reference.
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Hence, a rigorous comparison of the particle forces and its corresponding fluc-
tuations within the homogenous arrangement could be performed. With ap-
propriate normalization, a good agreement of the mean particle forces and
force-fluctuations with the reference data could be obtained.

7.2 Summary of flow through finite-sized
fixed particle arrays

The flow through a finite-sized fixed particle array (curtain) using particle
resolved Direct Numerical Simulations is discussed. Flow-dynamics during
the initial transient while an incident shock-wave interacts with the array as
well as at late times on a time scale long after the shock wave has transmit-
ted through the curtain are studied. The post-shock Mach numbers (𝑀𝑎𝑝𝑠)
were varied while keeping the post-shock condition based Reynolds number
(𝑅𝑒𝑝𝑠 = 100), the Prandtl number (𝑃𝑟), and the particle temperature (𝑇𝑝)
fixed. The initial flow in all the numerical tests were such that the flow post-
shock temperatures were higher than the particle temperature, and hence, the
fluid was cooled through interphase heat exchange as it traversed through
the curtain. Two different solid volume fractions (𝜙 = 0.05 and 𝜙 = 0.025)
were chosen in the current work, and the consequent differences between the
two choices in the flow-fields, the nature of particle forces, and heat transfer
along the particle-array were discussed. Furthermore, the effects of a wider
particle-arraywas also studied for the casewith a supersonic post-shockMach
number.

The transient flow behavior

As the incident shock wave interacts with the fixed-particle curtain, a region
of high-pressure and temperature is created upstream of the particle array
through coalescence of individual reflected bow shocks, resulting in a re-
flected planar shock wave that travels in the direction opposite to the incident
shock. At the same time, the strength of the incident shock wave is attenuated
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as it passes through the curtain through cumulative effects of fluid viscosity
and particle drag forces. The observed flow feature is consistent with the pre-
vious works of Mehta et al. (2018) and Osnes et al. (2020). The effect of shock
attenuation is seen as a decrease in the peak drag coefficients and Nusselt
numbers, in addition to larger delays in the arrival of the incident shock wave
at the particle locations along the array. It was observed that the attenuation
inside the curtain was stronger at higher incident shock Mach numbers and
solid volume fractions.

While the incident shock wave is attenuated along the curtain, it was ob-
served that the strength of the planar reflected shock wave increases over
time as it travels upstream. This phenomenon was also observed by Vartdal
and Osnes (2018) and Osnes et al. (2019) in viscous flows, who attributed the
reflected shock strength to be a dependent on the the force imparted on the
fluid through particle-drag and existing Reynolds stresses inside the particle-
curtain. In the current work, it was observed that strength of the reflected
shock-wave was lower over time for smaller solid volume fractions.

The peak in the pseudo-turbulent kinetic energy (PTKE) given by eq. (6.9), de-
creases over time inside the curtain, as the incident shock traverses through
the particle-curtain. At the same time, a larger fraction of the curtain vol-
ume achieve finite spatial fluctuations. It was also seen that the peak in the
transient PTKE values are lower at smaller solid volume fractions at similar
times as the incident shock interacts with the particle curtain. By decom-
posing the PTKE contributions into its components, it is observed that the
streamwise velocity fluctuations have a dominant contribution towards the
total PTKE, while the transverse contributions were approximately an order
of magnitude smaller. The dominant streamwise contributions to the PTKE
can be explained by the separated flow regions in the particle wakes, where
the streamwise flow locally achieves a small magnitude (for a fixed particle ar-
ray). At the higher solid volume fraction (𝜙 = 0.5), a strong peak in the PTKE
was observed for the test with an incident shock Mach number of 1.66 after
the incident shock wave had crossed the particle curtain. However, the sharp
peak was not apparent at a smaller solid volume fraction (𝜙 = 0.025) at the
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downstream curtain edge. This can be explained by the stronger flow accel-
eration at higher solid volume fractions, resulting in much higher streamwise
velocities. As the flow with such high streamwise velocities is brought to rest
at the downstream curtain edge, large streamwise spatial fluctuations could be
observed resulting in the sharp peak in PTKE at high solid volume fractions,
with sufficiently high incident shock Mach numbers (𝑀𝑎𝑠).

Late time flow behavior

Next, the flow behavior and the nature of particle forces and heat transfer at
late times, long after the incident shock wave has transmitted through the
particle array is discussed. The general trend observed from the mean flow
involved a decrease in the static pressure and the flow temperature along the
particle curtain. For the two cases with higher initial post-shock Mach num-
bers (𝑀𝑎𝑝𝑠), the flow was observed to choke at the downstream edge of the
curtain. Hence, interestingly, themean pressure profiles looked similar for the
two cases. To understand this, analogies can be drawn from a flow through a
converging-diverging nozzle, for which the choked flow pressure profile re-
mains unchanged if the geometry of the nozzle is fixed (analogous to having
similar particle distributions in the current work). The rate of decrease of
the flow temperature along the curtain was also observed to be higher with
a higher post-shock Mach number. This behavior could be explained by the
long-time inflow conditions, which are dependent on the strength of the re-
spective reflected shock waves. At higher post-shock Mach numbers, the re-
flected shocks were stronger, and consequently the inflow conditions were
hotter at late times. This resulted in a larger temperature-gradient between
the inflow and the particles, leading to a higher heat transfer rate for the cases
with larger post-shock Mach numbers. The mean profiles for the density and
velocity were more complex and dependent on the cumulative effects of the
local pressure and temperature gradients existing in the flow. Nevertheless,
the density and velocity profiles approximately followed an opposite trend to
satisfy mass conservation principles.
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TheflowReynolds number and theMach numbers showed an increasing trend
for cases with different initial post-shockMach numbers. For the cases, where
the flow was choked near the downstream curtain edge, a sharp increase in
the flow Mach number was observed, which can be attributed to the strong
flow acceleration in the region.

From the numerical schlieren diagrams at late times, jetting structures could
be observed near the downstream edge of the curtain for all three cases.
Subsonic jetting structures were observed for the cases, for which the flow
achieved subsonic Mach numbers downstream of the particle curtain. In
addition, series of alternating oblique shocks and expansion fans were visible
for the case with the highest initial post-shock Mach number, analogous
to shock cell structures in under-expanded jets. The nature of the flow
downstream is governed by the initial transmitted shock, which sets up the
back-pressure downstream of the curtain for the different cases.

The flow near the particles inside the curtain could be understood locally by
looking into the flow conditioned on the particle positions at different stream-
wise positions along the particle array. From the local velocity contours, ap-
proximately symmetric recirculation regions were found for all the cases and
at different streamwise locations along the curtain. From the local streamwise
velocity plots near the particle, it was identified that the flow could achieve
much higher streamwise velocities than what is seen by the particle by means
of flow acceleration locally through constrictions (especially for cases where
the flow undergoes strong acceleration near the downstream curtain edge).
From the particle-conditioned temperature fields, it was observed that strong
temperature-gradients existed close to the particle boundaries, especially near
the upstream stagnation point. The observed temperature gradients were
stronger for the cases with higher initial post shock Mach numbers at dif-
ferent streamwise locations. In addition, the magnitude of the temperature
gradients near the particle surface were higher for particles located closer to
the upstream edge of the particle curtain. This is expected, since the particles
located closer to the upstream curtain-edge will experience flows which are
hotter compared to the particles located further downstream.
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The particle forces and heat-exchange were studied for the particles inside
the curtain locally using reference forces based on slab and hemispherical-
shell averaging procedures. The drag coefficient for the flow with the small-
est post-shock Mach number (which is effectively incompressible), did not
show any increasing or decreasing trend along the curtain. However, for the
two cases with higher post-shockMach numbers, strong flow acceleration oc-
curred near the downstream edge of the curtain, leading to a sharp increase
in the drag coefficient in the region for these cases. The standard deviation of
the particle-forces with appropriate normalization shows that the variance of
the particle forces had a strong dependence on the particle arrangement. This
hints at the possibility to use the information of local flowmicro-structure for
improved drag prediction models similar to the works of Akiki et al. (2017).

The local Nusselt numbers showed a small increasing trend along the stream-
wise distance for the case with lowest post-shockMach number but a decreas-
ing trend for the cases with higher post-shock Mach numbers. The Nusselt
number has a complex dependence on the local flow Reynolds number, Mach
number, and particle-to-fluid temperature ratio. An effort was made to ex-
plain the observed Nusselt number trends based on the local variation of these
non-dimensional quantities. Similar to the variance of the particle forces, the
normalized variance of the Nusselt number also showed a strong dependence
on the local particle distribution in the bulk of the particle curtain.

The effect of the curtain width was studied for the case with supersonic post-
shock Mach numbers by increasing the curtain width by two-thirds while
keeping the other parameters the same. It was observed that the normalized
flow temperature reached a smaller value for the case with the longer curtain
width at the downstream edge, since the flow experiences a larger surface
area for heat exchange. Consequently, the Reynolds number are higher for
the case with the larger curtain width at the downstream edge. The Mach
number profiles show that the flow approaches choked flow conditions at the
downstream edge of the curtain in both the cases. In addition, the drag coef-
ficient and the Nusselt number plotted in rescaled coordinates looked similar
in both cases.
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The effect of the solid volume fraction was studied by reducing the solid vol-
ume fraction by half for the case with the intermediate shockMach number. It
was observed that the gradients of the normalized temperature profiles along
the curtain were lower for the case with the smaller solid volume fraction,
due to a smaller effective surface area for heat solid-fluid heat exchange. It
was also observed that the particle drag coefficient and Nusselt numbers were
in general lower along the curtain for the case with a smaller solid volume
fraction.

The statistics in the wake of the particle curtain were studied using statistical
tools like two-point correlations and energy spectra. The Pseudo-Turbulent
Kinetic Energy defined in eq. (6.9) showed a decay rate close to unity with
the streamwise position in the wake of the particle curtain in all three cases.
The two point correlations and the corresponding pre multiplied spectra were
evaluated in finite-sized slabs at different streamwise positions behind the
particle-curtain. For the two cases with smaller post-shock Mach numbers,
the transverse-cross components de-correlated over smaller separation dis-
tances, but for the case with the largest post-shock Mach number, the corre-
lation was stronger for the same component. This could be explained by the
alternating oblique wave structures behind the particle curtain.

The current DNS results were also compared with the one-dimensional model
of Ling et al. (2012), modified for fixed particles. The general trends observed
by the DNS were captured by the simplistic model. However, the strong flow
acceleration at the downstream edge of the curtain, for the case with higher
post-shock Mach number was not captured. However, it should be remem-
bered that the one-dimensional model uses inviscid flow equations, except for
interphase momentum and heat exchange. Furthermore, the contribution of
pseudo-turbulent Reynolds stress (𝑢″𝑢″ ) were neglected. Future efforts for a
one-dimensional model could be improved by incorporating these additional
contributions. In addition, the total drag coefficient obtained from the DNS
were compared to the force model based on the recent quasi-steady drag cor-
relations of Osnes et al. (2023). Although, a good agreement with the mean
drag coefficient between the model and the DNS was observed, the spread in
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7 Summary, conclusions and outlook

the drag coefficient across the curtain was under-predicted by the model. Im-
provements in variance of the particle force models can benefit by considering
the effect of local distribution of neighboring particles.

7.3 Outlook into future research

The theory of compressible flow through multi-particle systems is an evolv-
ing subject. Experimental efforts to study such flow problems have tradition-
ally been met with multiple challenges due to the limitations in resolving fast
acoustic waves, sensitivity of the experimental setup, and the limited opti-
cal visibility of the localized flow inside the particle suspensions. However,
recent advancements made in experimental techniques like pulse-burst parti-
cle image velocimetry (DeMauro et al. 2017), and Tomographic X-ray particle
tracking velocimetry (Mäkiharju et al. 2022) can contribute towards gaining
a better understanding of compressible particulate flows. Future experimen-
tal efforts can be made to identify localized flow structures and establish a
database for the particle forces and the nature of heat-transfer inside homo-
geneous or inhomogeneous particle distributions. The research community
will significantly benefit from such efforts in developing improved drag and
Nusselt number models. The database can also serve as a reference to validate
numerical approaches to similar flow problems.

Recent interest in the field has been propelled by the advances in numerical
techniques for compressible particulate flows. Especially, particle-resolved
numerical methods have shed more light into the local flow structures, and
relevant flow mechanisms. In the current work, a similar effort was made
to understand the flow through a fixed particle curtain through a PR-DNS
coupled with a diffuse-interface immersed boundary procedure. Since, the
current work is limited to the study of fixed-particles, a straightforward pos-
sibility is the extension of the current numerical framework to mobile par-
ticles. To the author’s knowledge, there is surprisingly limited literature for
particle-resolved numerical studies of isolated as well as multi-particle sys-
tems with particle mobility. Future efforts can be made to understand the
physics relevant to the flow problems with mobile particles, including a better
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7.3 Outlook into future research

understanding of the particle trajectories, clustering, segregation, and pattern
formation.

In the current work, the boundary conditions on the particles were treated
as isothermal, no-slip, and no-penetration for two-phase flow problems with
fluid viscosity. The current numerical framework can be extended to differ-
ent thermal boundary conditions in an immersed boundary sense, including
adiabatic conditions and fluid-solid energy balance on the particle surface to
study compressible flow through multi-particle systems.

Another knowledge gap observed was the limited literature on Nusselt num-
ber correlations, taking the cumulative effects of Reynolds number, Mach
number, and the particle-to-fluid temperature ratio. To the author’s knowl-
edge, there are currently no established Nusselt number correlations for com-
pressible multi-particle systems, characterizing the effect of thermal bound-
ary conditions, compressibility effects, and the flow Reynolds number. Fur-
thermore, it was observed that the existing drag models for flow through par-
ticle suspensions do not capture the variance of the spatial flow fluctuations.
It is apparent from the current work that the spatial fluctuations present in
the flow in the limit of low Reynolds number, have a strong dependence on
the particle distribution. Improvements in the existing drag models can be ob-
tained by considering the effects of the local-particle microstructure similar
to the work of Akiki et al. (2017).

The flow through a fixed-particle curtain may get choked at the downstream
edge of the curtain. The choking phenomenon depends not only on the solid
volume fraction, but also on the initial post-shock quantities, which con-
tribute towards the establishment of the flow conditions in the wake of the
particle curtain at late times. In a random arrangement, it was observed that
choked flow at the downstream edge can exist alongside locally subsonic re-
gions. Hence, it would be interesting to characterize the effect of the initial
post-shock conditions (or incident shock Mach number) on the fraction of the
downstream cross-sectional area that gets choked. Finally, the current work
can be extended to a wider range of Reynolds number, Mach number, and
solid volume fractions, to study the flow through inhomogeneous particle ar-
rays at late times.
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A Definitions of averaging operators
and flow field decomposition

Details of the volume-averaging procedures and the volume-averaged gov-
erning equations have been provided by Gray and Lee (1977), Michaelides
et al. (2022), and Schwarzkopf and Horwitz (2015). The reader is suggested
to follow the references for mathematical details. Detailed definitions of the
averaging operators used in the current work are provided.

A.1 Averaging operators

Following the nomenclature of Mehta et al. (2020), first an indicator function
𝐼𝑔 is defined, which demarcates the solid and fluid phases. The definition of
the indicator function is given in eq. (A.1).

I𝑔 = {
1 , Inside the fluid phase
0 , Inside the solid phase

(A.1)

Let 𝐿𝑥 , 𝐿𝑦 and 𝐿𝑧 represent the domain lengths in the cartesian domain along
the 𝑥, 𝑦 and 𝑧 directions respectively. If𝑁𝑥 , 𝑁𝑦 and𝑁𝑧 represent the number
of gridpoints, then the grid-spacing along the three directions are given by
d𝑥 = 𝐿𝑥/(𝑁𝑥 − 1), d𝑦 = 𝐿𝑦/(𝑁𝑦 − 1), and d𝑧 = 𝐿𝑧/(𝑁𝑧 − 1) respectively. Let
the total volume occupied by the solid and fluid phase be 𝑉, such that 𝑉 =
𝐿𝑥𝐿𝑦𝐿𝑧 = 𝑉𝑔 +𝑉𝑠 . The volume occupied by the fluid phase is 𝑉𝑔 and 𝑉𝑠 is the
volume occupied by the solid phase. Let 𝐹(𝑥, 𝑦, 𝑧, 𝑡) be any variable defined
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A.1 Averaging operators

on the cartesian grid. Then the volume average of 𝐹 is given by eq. (A.2).

𝐹 = 𝐹𝑥, 𝑦, 𝑧 = 1
𝑉 ∫

𝑉
𝐼𝑔(𝑥, 𝑦, 𝑧, 𝑡) 𝐹(𝑥, 𝑦, 𝑧, 𝑡) d𝑥 d𝑦 d𝑧 (A.2)

In addition to the volume average, an analogous area average can also be
defined at a plane inside the three-dimensional volume. The area average in
the 𝑥 − 𝑦 plane at 𝑧 = 𝑧𝑜 is defined as eq. (A.3). The area average along the
𝑦 − 𝑧 and 𝑥 − 𝑧 planes can be defined in a similar way.

𝐹𝑥,𝑦 = 1
𝐴𝑥𝑦

∫
𝐴𝑥𝑦

𝐼𝑔(𝑥, 𝑦, 𝑧𝑜, 𝑡) 𝐹(𝑥, 𝑦, 𝑧𝑜, 𝑡) d𝑥 d𝑦 (A.3)

In eq. (A.3), 𝐴𝑥𝑦 is the total number of grid points in the 𝑥−𝑦 plane given by
𝐴𝑥𝑦 = 𝐿𝑥𝐿𝑦 . The intersecting area occupied by the solid phase in the chosen
plane is then given by 𝐴𝑠,𝑥𝑦 .

𝑉𝑔 = ∫
𝑉
𝐼𝑔(𝑥, 𝑦, 𝑧, 𝑡) d𝑥 d𝑦 d𝑧 (A.4)

The total volume occupied by the fluid phase, 𝑉𝑔 is defined in eq. (A.4). Anal-
ogously, the area occupied by the pure fluid in the 𝑥 − 𝑦 plane at 𝑧 = 𝑧𝑜 is
given in eq. (A.5). Similar definitions for the area occupied by the fluid phase
can be obtained for the 𝑦 − 𝑧 and 𝑥 − 𝑧 planes.

𝐴𝑔,𝑥𝑦 = ∫
𝐴𝑥𝑦

𝐼𝑔(𝑥, 𝑦, 𝑧𝑜, 𝑡) d𝑥 d𝑦 (A.5)

The phase average is defined as the average of a flow quantity over the volume
occupied by the pure fluid. The phase average of a fluid occupying a volume
𝑉𝑔 is defined in eq. (A.6) and the corresponding counterpart for the phase
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average in the 𝑥 − 𝑦 plane is given in eq. (A.7).

⟨𝐹⟩ = ⟨𝐹⟩𝑥,𝑦,𝑧 = 1
𝑉𝑔

∫
𝑉
𝐼𝑔(𝑥, 𝑦, 𝑧, 𝑡) 𝐹(𝑥, 𝑦, 𝑧, 𝑡) d𝑥 d𝑦 d𝑧 (A.6)

⟨𝐹⟩𝑥,𝑦 = 1
𝐴𝑔,𝑥𝑦

∫
𝐴𝑥𝑦

𝐼𝑔(𝑥, 𝑦, 𝑧𝑜, 𝑡) 𝐹(𝑥, 𝑦, 𝑧𝑜, 𝑡) d𝑥 d𝑦 (A.7)

The phase average defined in a volume 𝑉 and the area 𝐴𝑥𝑦 is related to the
corresponding volume and area average through the solid volume fraction
as shown in eq. (A.8). In the eq. (A.8), 𝜙𝑝 is the solid volume fraction in
the volume 𝑉 and 𝜙𝑝,𝑥𝑦 is the corresponding definition in the 𝑥 − 𝑦 plane
at 𝑧 = 𝑧𝑜 .

𝜙𝑝 = 𝑉𝑠
𝑉 , 𝜙𝑝,𝑥𝑦 =

𝐴𝑠,𝑥𝑦
𝐴𝑥𝑦

(A.8)

𝐹𝑥,𝑦,𝑧 = (1 − 𝜙𝑝) ⟨𝐹⟩𝑥,𝑦,𝑧, 𝐹𝑥,𝑦 = (1 − 𝜙𝑝,𝑥𝑦) ⟨𝐹⟩𝑥,𝑦 (A.9)

For non-conservative flow variables like velocity, a Favre average is defined
as in eq. (A.10) over the volume 𝑉 and the 𝑥−𝑦 plane. Extension to the other
planes is straightforward.

𝐹 = 𝐹𝑥,𝑦,𝑧 =
𝜌𝐹𝑥,𝑦,𝑧

𝜌 =
⟨𝜌𝐹⟩𝑥,𝑦,𝑧

⟨𝜌⟩ (A.10)

𝐹𝑥,𝑦 =
𝜌𝐹𝑥,𝑦,𝑧

𝜌 =
⟨𝜌𝐹⟩𝑥,𝑦
⟨𝜌⟩ (A.11)

A.1.1 Slab averaging

In addition, slab averaging can be defined as the phase or Favre averaging of
a flow quantity in a slab whose volume (𝑉𝑠𝑙𝑎𝑏) is a subset of the total volume
𝑉 of the cartesian domain. Consider a slab of width 𝐵𝑥 along the streamwise
direction and lengths 𝐿𝑦 and 𝐿𝑧 along the transverse directions as shown in
fig. A.1. The slab volume is then given by 𝑉𝑠𝑙𝑎𝑏 = 𝐵𝑥 × 𝐿𝑦 × 𝐿𝑧.
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Figure A.1: Visualization of the slab volume of width𝐵𝑥 in a cartesian domainwith𝑥 ∈ [0, 𝐿𝑥],
𝑦 ∈ [0, 𝐿𝑦], and 𝑧 ∈ [0, 𝐿𝑧]. The slab is represented in red.

Slab averaging for a fluid property

Analogous to eq. (A.4), the volume occupied by the pure-fluid inside the slab
can be represented in eq. (A.12). For the flow quantity 𝐹(𝑥,𝑦,𝑧,𝑡), the slab
average for a fluid property in the context of the current work will only con-
sider the phase average and the Favre average over the volume occupied by
the pure fluid as given in eq. (A.13) and eq. (A.14) respectively.

𝑉𝑔,𝑠𝑙𝑎𝑏 = ∫
𝑉𝑠𝑙𝑎𝑏

𝐼𝑔(𝑥, 𝑦, 𝑧, 𝑡) d𝑥 d𝑦 d𝑧 (A.12)

⟨𝐹⟩𝑠𝑙𝑎𝑏 = 1
𝑉𝑔,𝑠𝑙𝑎𝑏

∫
𝑉𝑠𝑙𝑎𝑏

𝐼𝑔(𝑥, 𝑦, 𝑧, 𝑡) 𝐹(𝑥, 𝑦, 𝑧, 𝑡) d𝑥 d𝑦 d𝑧 (A.13)

𝐹𝑠𝑙𝑎𝑏 = ⟨𝜌𝐹⟩𝑠𝑙𝑎𝑏
⟨𝜌⟩𝑠𝑙𝑎𝑏

(A.14)

Slab averaging for a general quantity

For a general quantity, not defined for the fluid, the slab-averaging can sim-
ply be defined as the mean of the quantity over the considered slab. Let 𝑁𝑠
represent the total number of samples of a quantity 𝑄(𝑛) located inside the
slab given by fig. A.1. Then, the slab average for the quantity over the slab
is given by eq. (A.15)
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⟨𝑄⟩𝑠𝑙𝑎𝑏 = 1
𝑁𝑠

𝑁𝑠

∑
𝑛=1

𝑄(𝑛) (A.15)

A.1.2 Hemispherical Shell averaging

In order to perform the shell-averaging procedure, 𝑁𝑠 discrete Lagrangian
markers are distributed uniformly in a hemispherical region with inner radius
𝑅𝑖 and outer radius 𝑅𝑜 upstream of the reference particle 𝑛 having a radius
𝑅 = 𝑅𝑖 . The hemispherical shell is such that the normal to the plane surface
of the hemispherical shell aligns with the streamwise direction (in the present
work, along 𝑥-axis) and its center coincides with the center of the reference
particle 𝑛. Let the common center be located at 𝐗𝑐 and the coordinate of the
𝑚𝑡ℎ lagrangian marker be denoted by𝐗(𝑚)

𝑠 . The discrete Lagrangian markers
satisfy eq. (A.16).

∀𝑚 ∈ {1, 2, … ,𝑁𝑠}, 𝑅 < |𝐗(𝑚)
𝑠 − 𝐗𝑐 | ≤ 𝑅𝑜 and 𝐗(𝑚)

𝑠 ⋅ ̂𝚤 < 𝐗𝑐 ⋅ ̂𝚤
(A.16)

In the eq. (A.16), ̂𝚤 is the unit vector along the streamwise direction. If the
coordinate system on the cartesian grid is denoted by 𝐗 = [𝑥, 𝑦, 𝑧], then the
interpolated value of 𝐹(𝑥,𝑦,𝑧,𝑡) (defined on the cartesian grid) on the 𝑚𝑡ℎ

lagrangian marker point is given as 𝐹(𝑚)
𝑠 . The value of 𝐹(𝑚)

𝑠 is obtained by
trilinear interpolation from the cartesian coordinate system 𝐗 to 𝐗(𝑚)

𝑠 . The
volume occupied by the hemispherical shell is denoted as in eq. (A.17).

𝑉𝑠 = 2
3𝜋( 𝑅𝑜 − 𝑅 )3 (A.17)

In addition, analogous to eq. (A.1), an indicator function can be defined to
differentiate the lagrangian markers that lie in the solid phase (Ω𝑠) and the
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A.1 Averaging operators

fluid phase (Ω𝑓) and is given in eq. (A.18).

I𝑔,𝑠 (m) = {
1 , 𝐗(𝑚)

𝑠 ∈ Ω𝑓

0 , 𝐗(𝑚)
𝑠 ∈ Ω𝑠

(A.18)

Let the volume occupied by the pure fluid inside the hemispherical shell be
given by 𝑉𝑔,𝑠 . Then, the expression for phase average and Favre average for
the quantity 𝐹(𝑚)

𝑠 defined on the discrete lagrangian markers inside the vol-
ume occupied by the hemispherical shell is given by eq. (A.19) and eq. (A.19)
respectively. In eq. (A.19), d𝑉(𝑚)

𝑠 is the differential volume associated with
the lagrangian marker 𝑚.

⟨𝐹⟩𝑠ℎ𝑒𝑙𝑙 =
1
𝑉𝑔,𝑠

∫
𝑉𝑠

𝐼𝑔,𝑠(𝑚) 𝐹(𝑚)
𝑠 d𝑉(𝑚)

𝑠 (A.19)

𝐹𝑠ℎ𝑒𝑙𝑙 =
⟨𝜌𝐹⟩𝑠ℎ𝑒𝑙𝑙
⟨𝜌⟩𝑠ℎ𝑒𝑙𝑙

(A.20)

A.1.3 Particle averaging

Let 𝑁𝑝 represent the total number of particles in a volume 𝑉 under consid-
eration and 𝑄(𝑛) represent a quantity defined for the particle 𝑛 such that
𝑛 ∈ {1, 2, …𝑁𝑝}. Then the particle average ⟨𝑄⟩𝑝 represents the average of
𝑄(𝑛) over all the particles inside the volume𝑉 and is represented in eq. (A.21).

⟨𝑄⟩𝑝 = 1
𝑁𝑝

𝑁𝑝

∑
𝑛=1

𝑄(𝑛) (A.21)

A.1.4 Particle Conditioned Averaging

The details for the procedure for particle-conditioned averaging are given in
Garcia-Villalba et al. (2012). The procedure is briefly discussed in the context
of the current work. It should be noted that the particles are considered to
be fixed and the flow is assumed to be steady. Consider a slab of volume
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𝑉 = 𝑉𝑠𝑙𝑎𝑏 as shown in fig. A.1. Let 𝑁𝑝,𝑠𝑙𝑎𝑏 represent the number of particles
out of 𝑁𝑝 which lie inside 𝑉𝑠𝑙𝑎𝑏 . Let 𝑥𝑠𝑙𝑎𝑏,𝑙 and 𝑥𝑠𝑙𝑎𝑏,𝑟 represent the limits
of the slab along the streamwise direction (𝑥-axis in the current work). Then
𝑁𝑝,𝑠𝑙𝑎𝑏 is represented in eq. (A.22).

𝑁𝑝,𝑠𝑙𝑎𝑏 = ||{𝑚 ∈ {1, … ,𝑁𝑝} ∣ 𝑥𝑠𝑙𝑎𝑏,𝑙 ≤ 𝑋(𝑚)
𝑐 ≤ 𝑥𝑠𝑙𝑎𝑏,𝑟}|| (A.22)

Consider now a flow quantity 𝑆(𝐗) on the cartesian domain 𝐗 = [𝑥, 𝑦, 𝑧].
The instantaneous coordinate relative to the𝑚(𝑡ℎ) particle located at 𝐗(𝑚)

𝑐 =
[𝑥𝑐, 𝑦𝑐, 𝑧𝑐] is given by eq. (A.23).

𝐗(𝑚) = 𝐗 − 𝐗(𝑚)
𝑐 (A.23)

The flow quantity 𝑆 defined on the coordinate system relative to the𝑚𝑡ℎ par-
ticle is then defined as in eq. (A.24).

𝑆(𝐗(𝑚)) = 𝑆(𝐗) − 𝑆(𝐗(𝑚)
𝑐 ) (A.24)

Consider an indicator function given in eq. (A.25) defined on the coordinate-
system 𝐗(𝑚) which demarcates the grid points in the solid (Ω𝑠) or fluid (Ω𝑓)
phase.

𝜓𝑓(𝐗(𝑚)) = {
1 , 𝐗(𝑚) ∈ Ω𝑓

0 , 𝐗(𝑚) ∈ Ω𝑠
(A.25)

Let the number of samples associated with a gridpoint on the cartesian grid
(𝐗) used for the averaging procedure be defined as 𝑁(𝑠) defined in eq. (A.26).

𝑁(𝑠) =
𝑁𝑝,𝑠𝑙𝑎𝑏

∑
𝑚=1

𝜓𝑓(𝐗(𝑚)) (A.26)
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A.1 Averaging operators

The particle-conditioned average of 𝑆 in the slab between 𝑥𝑠𝑙𝑎𝑏,𝑙 and 𝑥𝑠𝑙𝑎𝑏,𝑙
can then be computed from eq. (A.27)

⟨𝑆𝑥=𝑥𝑠𝑙𝑎𝑏,𝑙, 𝑥𝑠𝑙𝑎𝑏,𝑟⟩𝑝𝑐 = 1
𝑁(𝑠)

𝑁𝑝,𝑠𝑙𝑎𝑏

∑
𝑚=1

𝜓𝑓(𝐗(𝑚)) 𝑆(𝐗(𝑚)) (A.27)

It should be noted that the value of 𝑆(𝐗(𝑚)) is not directly available, since
the gridpoints in 𝐗(𝑚) do not coincide with 𝐗. Hence, 𝑆(𝐗(𝑚)) is obtained by
trilinear interpolation from the values defined in𝐗 onto𝐗(𝑚). This concludes
the discussion on the procedure for particle-conditioned averaging in a 𝑥-slab
between 𝑥𝑠𝑙𝑎𝑏,𝑙 and 𝑥𝑠𝑙𝑎𝑏,𝑟 for a flow quantity 𝑆(𝐗).

A.1.5 Temporal averaging

The time average of a flow quantity 𝐹(𝑥,𝑦,𝑧,𝑡) defined on the cartesian grid
average over time between the time 𝑡 = 𝑡1 to 𝑡 = 𝑡2 is given in eq. (A.28)

⟨𝐹⟩𝑡 =
1

𝑡2 − 𝑡1
∫

𝑡2

𝑡=𝑡1
𝐹(𝑥,𝑦,𝑧,𝑡) d𝑡 (A.28)

A.1.6 Flow field fluctuations

The fluctuations with respect to the phase average quantities are represented
by the superscript (⋅)′ as in eq. (A.29) and the fluctuations with respect to the
Favre average quantities are represented by (⋅)′′ as shown in eq. (A.30). In
the current work, the symbols to represent spatial flow field fluctuations will
depend on the type of averaging performed and will be represented by the
corresponding subscripts used in the averaging procedure. The fluctuations
with respect to the phase, favre, or time average can be defined in eqs. (A.29)
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to (A.31) respectively.

𝐹′ = 𝐹 − ⟨𝐹⟩ (A.29)
𝐹′′ = 𝐹 − 𝐹 (A.30)
𝐹′′′ = 𝐹 − ⟨𝐹⟩𝑡 (A.31)

A.2 Common nomenclature

⟨𝐹⟩ = ⟨𝐹⟩𝑥,𝑦,𝑧 Phase average over the entire volume.
⟨𝐹⟩𝑡 = ⟨𝐹⟩𝑥,𝑦,𝑧,𝑡 Time and phase average over the entire volume.
𝐹 = 𝐹𝑥,𝑦,𝑧 Favre average over the entire volume.
𝐹𝑡 = 𝐹𝑥,𝑦,𝑧,𝑡 Time and Favre average over the entire volume
⟨𝐹⟩𝑦,𝑧 Phase average in the 𝑦 − 𝑧 plane at a given 𝑥 plane.
⟨𝐹⟩𝑦,𝑧,𝑡 Time and phase average in the 𝑦 − 𝑧 plane at a given

𝑥 plane.
𝐹𝑦,𝑧 Favre average in the 𝑦 − 𝑧 plane at a given 𝑥 plane.
𝐹𝑦,𝑧 Time and Favre average in the 𝑦,𝑧 plane at a given 𝑥

plane
⟨𝐹⟩𝑠ℎ𝑒𝑙𝑙 Phase average over hemispherical shell upstream of a

given particle
⟨𝐹⟩𝑠ℎ𝑒𝑙𝑙,𝑡 Time and Phase average over hemispherical shell

upstream of a given particle
𝐹𝑠ℎ𝑒𝑙𝑙 Favre average over hemispherical shell upstream of a

given particle
𝐹𝑠ℎ𝑒𝑙𝑙,𝑡 Time and Favre average over hemispherical shell

upstream of a given particle
⟨𝐹⟩𝑠𝑙𝑎𝑏 Phase average of 𝐹 in a chosen slab
⟨𝐹⟩𝑠𝑙𝑎𝑏,𝑡 Time and phase average of 𝐹 in a chosen slab
𝐹𝑠𝑙𝑎𝑏 Favre average of 𝐹 in a chosen slab
𝐹𝑠𝑙𝑎𝑏,𝑡 Time and Favre average 𝐹 in a chosen slab
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A.2 Common nomenclature

⟨𝐹⟩𝑝 Particle average of 𝐹 over a given number of particles
in a volume

⟨𝐹⟩𝑝,𝑡 Particle and time average of 𝐹 over a given number
of particles in a volume

⟨𝐹𝑥=𝑥1, 𝑥2⟩𝑝𝑐 Particle conditioned average of 𝐹 over a given
number of particles in a slab between 𝑥 = 𝑥1 and
𝑥 = 𝑥2

⟨𝐹𝑥=𝑥1, 𝑥2⟩𝑝𝑐,𝑡 Time and Particle conditioned average of 𝐹 over a
given number of particles in a slab between 𝑥 = 𝑥1
and 𝑥 = 𝑥2
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B Discretization of viscous terms

This section describes the discretization of the viscous terms for the com-
pressible Navier-Stokes equations on a 2D collocated grid. For simplicity and
conciseness, the additional source terms are neglected. Extension to the dis-
cretization on a 3D grid is straightforward. The compressible Navier-Stokes
equations in 2D reduce to

𝜕
𝜕𝑡 (𝜌𝑢) +

𝜕
𝜕𝑥𝑗

(𝜌𝑢𝑢𝑗) + 𝜕𝑝
𝜕𝑥 = 𝜕𝜎𝑥𝑥

𝜕𝑥 +
𝜕𝜎𝑥𝑦
𝜕𝑦 (B.1)

𝜕
𝜕𝑡 (𝜌𝑣) +

𝜕
𝜕𝑥𝑗

(𝜌𝑣𝑢𝑗) +
𝜕𝑝
𝜕𝑦 =

𝜕𝜎𝑦𝑥
𝜕𝑥 +

𝜕𝜎𝑦𝑦
𝜕𝑦 (B.2)

𝜕𝐸
𝜕𝑡 + 𝜕

𝜕𝑥𝑗
(𝑢𝑗(𝐸 + 𝑝)) = 𝜕

𝜕𝑥 (𝜅
𝜕𝑇
𝜕𝑥 + 𝑢𝜎𝑥𝑥 + 𝑣𝜎𝑦𝑥) +

𝜕
𝜕𝑦 (𝜅

𝜕𝑇
𝜕𝑦 + 𝑢𝜎𝑥𝑦 + 𝑣𝜎𝑦𝑦) (B.3)

𝜎𝑥𝑥 = 4
3𝜇

𝜕𝑢
𝜕𝑥 − 2

3𝜇
𝜕𝑣
𝜕𝑦 (B.4)

𝜎𝑥𝑦 = 𝜇 (𝜕𝑢𝜕𝑦 + 𝜕𝑣
𝜕𝑥) (B.5)

𝜎𝑦𝑥 = 𝜎𝑥𝑦 (B.6)

𝜎𝑦𝑦 = 4
3𝜇

𝜕𝑣
𝜕𝑦 − 2

3𝜇
𝜕𝑢
𝜕𝑥 (B.7)
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B Discretization of viscous terms

The collocated grid is shown below. It is important to note that the conserva-
tive variables are stored at the integral grid points, i.e., (𝑖, 𝑗), where 𝑖, 𝑗 are
integers.

(𝑖, 𝑗 + 1
2
)

(𝑖 + 1
2
, 𝑗)(𝑖 − 1

2
,𝑗)

(𝑖, 𝑗 − 1
2
)

(𝑖, 𝑗 + 1)

(𝑖 + 1,𝑗)(𝑖 − 1,𝑗)

(𝑖, 𝑗 − 1)

(𝑖, 𝑗)

Figure B.1: The 2D collocated grid

Consider the right-hand side of the equations B.1, B.2 and B.3. The viscous
terms are discretized as follows.

(𝜕𝜎𝑥𝑥𝜕𝑥 +
𝜕𝜎𝑥𝑦
𝜕𝑦 )

𝑖,𝑗
≈
(𝜎𝑥𝑥)𝑖+1/2,𝑗 − (𝜎𝑥𝑥)𝑖−1/2,𝑗

Δ𝑥 +
(𝜎𝑥𝑦)𝑖,𝑗+1/2 − (𝜎𝑥𝑦)𝑖,𝑗−1/2

Δ𝑦
(B.8)
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(
𝜕𝜎𝑦𝑥
𝜕𝑥 +

𝜕𝜎𝑦𝑦
𝜕𝑦 )

𝑖,𝑗
≈
(𝜎𝑦𝑥)𝑖+1/2,𝑗 − (𝜎𝑦𝑥)𝑖−1/2,𝑗

Δ𝑥 +
(𝜎𝑦𝑦)𝑖,𝑗+1/2 − (𝜎𝑦𝑦)𝑖,𝑗−1/2

Δ𝑦
(B.9)

( 𝜕
𝜕𝑥 (𝜅

𝜕𝑇
𝜕𝑥 + 𝑢𝜎𝑥𝑥 + 𝑣𝜎𝑦𝑥) +

𝜕
𝜕𝑦 (𝜅

𝜕𝑇
𝜕𝑦 + 𝑢𝜎𝑥𝑦 + 𝑣𝜎𝑦𝑦))

𝑖,𝑗
≈

(𝜅 𝜕𝑇
𝜕𝑥

+ 𝑢𝜎𝑥𝑥 + 𝑣𝜎𝑦𝑥)𝑖+1/2,𝑗 − (𝜅 𝜕𝑇
𝜕𝑥

+ 𝑢𝜎𝑥𝑥 + 𝑣𝜎𝑦𝑥)𝑖−1/2,𝑗
Δ𝑥 +

(𝜅 𝜕𝑇
𝜕𝑦

+ 𝑢𝜎𝑥𝑦 + 𝑣𝜎𝑦𝑦)𝑖,𝑗+1/2 − (𝜅 𝜕𝑇
𝜕𝑦

+ 𝑢𝜎𝑥𝑦 + 𝑣𝜎𝑦𝑦)𝑖,𝑗−1/2
Δ𝑦

(B.10)

where the terms 𝜎𝑥𝑥, 𝜎𝑥𝑦, 𝜎𝑦𝑥, 𝜎𝑦𝑦, 𝜅
𝜕𝑇
𝜕𝑥
, 𝑢𝜎𝑥𝑥, 𝑣𝜎𝑦𝑥, 𝑢𝜎𝑥𝑦, 𝑣𝜎𝑦𝑦 and 𝜅

𝜕𝑇
𝜕𝑦

are
evaluated at the cell interfaces. Some of the terms can be calculated as follows.
The rest of the terms can be evaluated using the manipulation of indices.

(𝜎𝑥𝑥)𝑖−1/2,𝑗 ≈
4
3𝜇𝑖−1/2,𝑗 (

𝑢𝑖,𝑗 − 𝑢𝑖−1,𝑗
Δ𝑥 )

− 2
3𝜇𝑖−1/2,𝑗 (

𝑣𝑖−1,𝑗+1 − 𝑣𝑖−1,𝑗−1 + 𝑣𝑖,𝑗+1 − 𝑣𝑖,𝑗−1
4Δ𝑦 ) (B.11)

(𝜎𝑥𝑦)𝑖,𝑗−1/2 ≈ 𝜇𝑖,𝑗−1/2 (
𝑢𝑖,𝑗 − 𝑢𝑖,𝑗−1

Δ𝑦 )

+ 𝜇𝑖,𝑗−1/2 (
𝑣𝑖+1,𝑗 − 𝑣𝑖−1,𝑗 + 𝑣𝑖+1,𝑗−1 − 𝑣𝑖−1,𝑗−1

4Δ𝑥 ) (B.12)
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(𝜎𝑦𝑥)𝑖−1/2,𝑗 ≈ 𝜇𝑖−1/2,𝑗 (
𝑣𝑖,𝑗 − 𝑣𝑖−1,𝑗

Δ𝑥 )

+ 𝜇𝑖−1/2,𝑗 (
𝑢𝑖,𝑗+1 − 𝑢𝑖,𝑗−1 + 𝑢𝑖−1,𝑗+1 − 𝑢𝑖−1,𝑗−1

4Δ𝑦 ) (B.13)

(B.14)

(𝜎𝑦𝑦)𝑖,𝑗−1/2 ≈
4
3𝜇𝑖,𝑗−1/2 (

𝑣𝑖,𝑗 − 𝑣𝑖,𝑗−1
Δ𝑦 )

− 2
3𝜇𝑖,𝑗−1/2 (

𝑢𝑖+1,𝑗 − 𝑢𝑖−1,𝑗 + 𝑢𝑖+1,𝑗−1 − 𝑢𝑖−1,𝑗−1
4Δ𝑥 ) (B.15)

(𝑢𝜎𝑥𝑥)𝑖−1/2,𝑗 ≈ (
𝑢𝑖,𝑗 + 𝑢𝑖−1,𝑗

2 ) (𝜎𝑥𝑥)𝑖−1/2,𝑗 (B.16)

(B.17)

(𝑣𝜎𝑦𝑥)𝑖−1/2,𝑗 ≈ (
𝑣𝑖,𝑗 + 𝑣𝑖−1,𝑗

2 ) (𝜎𝑦𝑥)𝑖−1/2,𝑗 (B.18)

(B.19)

(𝑢𝜎𝑥𝑦)𝑖,𝑗−1/2 ≈ (
𝑢𝑖,𝑗 + 𝑢𝑖,𝑗−1

2 ) (𝜎𝑥𝑦)𝑖,𝑗−1/2 (B.20)

(B.21)

(𝑣𝜎𝑦𝑦)𝑖,𝑗−1/2 ≈ (
𝑣𝑖,𝑗 + 𝑣𝑖,𝑗−1

2 ) (𝜎𝑦𝑦)𝑖,𝑗−1/2 (B.22)

𝜇𝑖−1/2,𝑗, 𝜇𝑖,𝑗−1/2 and other terms can be calculated as the average of adjacent
grid points. For example, 𝜇𝑖−1/2,𝑗 ≈ (𝜇𝑖,𝑗 + 𝜇𝑖−1,𝑗)/2.

(𝜅𝜕𝑇𝜕𝑥 )𝑖−1/2,𝑗
≈ (

𝜅𝑖,𝑗 + 𝜅𝑖−1,𝑗
2 𝑐𝑣 )

𝑒𝑖,𝑗 − 𝑒𝑖−1,𝑗
Δ𝑥 (B.23)

(𝜅𝜕𝑇𝜕𝑦 )𝑖,𝑗−1/2
≈ (

𝜅𝑖,𝑗 + 𝜅𝑖,𝑗−1
2 𝐶𝑣

)
𝑒𝑖,𝑗 − 𝑒𝑖,𝑗−1

Δ𝑦 (B.24)

𝜅 is the material’s thermal conductivity, 𝑒 is the specific internal energy, and
𝐶𝑣 is the heat capacity at constant volume.
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C Non-dimensionalisation

Let the governing differential equations for compressible flow without addi-
tional source terms be written as follows

𝐔𝑡 + ∇ ⋅ 𝐅 = 0 (C.1)

In the eq. (C.1), 𝐔 is the vector of conservative variables, and 𝐅 is the tensor
of surface fluxes.

𝐔 = ( 𝜌, 𝜌𝑢, 𝜌𝑣, 𝜌𝑤, 𝐸 ) (C.2)

𝜌 is the density of fluid and 𝑢, 𝑣, 𝑤 are the fluid velocities along the 𝑥, 𝑦 and
𝑧 directions respectively. Let 𝐸𝑚 be the total energy per unit mass defined as

𝐸𝑚 = 1
2 (𝑢

2 + 𝑣2 + 𝑤2) + 𝑒 (C.3)

where 𝑒 is the internal energy per unit mass given by 𝑒 = 𝑐𝑣 𝑇. 𝑐𝑣 is the
specific heat at constant volume. The ideal gas equation of state is assumed

𝑒 = 𝑝
(𝛾 − 1) 𝜌 (C.4)

The local speed of sound is a function of the local pressure (𝑝), density (𝜌),
and the ratio of specific heat capacities (𝛾) and is given in eq. (C.5)

𝑎 = √
𝛾𝑝
𝜌 (C.5)
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C Non-dimensionalisation

The governing equations in the index notation can be written as

𝜕𝑡(𝜌) + (𝜌𝑢𝑗),𝑗 = 0
𝜕𝑡(𝜌𝑢𝑖) + (𝜌𝑢𝑖𝑢𝑗 + 𝛿𝑖,𝑗𝑝),𝑗 = (𝜏𝑖,𝑗),𝑗
𝜕𝑡(𝜌𝐸𝑚) + (𝜌𝑢𝑗𝐸𝑚 + 𝑢𝑗𝑝),𝑗 = (𝑢𝑖𝜏𝑖,𝑗 − 𝑞𝑗),𝑗

(C.6)

The viscous stresses for a Newtonian fluid are expressed as follows

𝜏𝑖,𝑗 = 𝜇 ( 𝑢𝑖,𝑗 + 𝑢𝑗,𝑖 −
2
3𝑢𝑘,𝑘𝛿𝑖,𝑗 ) (C.7)

Where 𝜇 is the fluid’s dynamic viscosity, expressed as a temperature-
dependent viscous law. Sutherland’s law for viscosity is considered in the
current chapter. Extension to other viscous laws is relatively straightfor-
ward.

𝜇(𝑇) = 𝜇𝑜 (
𝑇
𝑇𝑜
)
3/2

( 𝑇𝑜 + 𝑆
𝑇 + 𝑆 ) (C.8)

𝜇𝑜 is the reference dynamic viscosity of the fluid evaluated at the temperature
𝑇𝑜 , and 𝑆 is the Sutherland constant. For air, the Sutherland constant takes
the value of 𝑆 = 110.4𝐾. The heat flux is given by

𝑞𝑖 = −𝜅 𝑇,𝑖 (C.9)

𝜅 is the thermal conductivity of the fluid, which can be expressed in terms of
the Prandtl number (𝑃𝑟) as

𝜅 =
𝜇𝐶𝑝
𝑃𝑟 (C.10)

In the current work, the Prandtl number (𝑃𝑟) is assumed to be constant and
takes the value of 𝑃𝑟 = 0.7 for air. Expanding the eq. (C.10), the heat flux
can be rewritten as

𝑞𝑗 = −𝜇𝛾𝑃𝑟 𝑒,𝑗 (C.11)
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C Non-dimensionalisation

Non-dimensional form

The following reference scales are used for non-dimensionalization.

𝑙𝑟𝑒𝑓 = 𝑙𝑜 (C.12)
𝑢𝑟𝑒𝑓 = 𝑎𝑜 (C.13)
𝑡𝑟𝑒𝑓 = 𝑡𝑜 = 𝑙𝑜/𝑎𝑜 (C.14)
𝜌𝑟𝑒𝑓 = 𝜌𝑜 (C.15)
𝑝𝑟𝑒𝑓 = 𝜌𝑜𝑎2𝑜 (C.16)

𝐸𝑚,𝑟𝑒𝑓 = 𝑎2𝑜 (C.17)
𝜇𝑟𝑒𝑓 = 𝜇𝑜 (C.18)
𝑇𝑟𝑒𝑓 = 𝑇𝑜 (C.19)
𝑒𝑟𝑒𝑓 = 𝑎2𝑜 (C.20)

The subscript “𝑜” refers to the reference fluid state (In this case, the state
at free-stream), and the corresponding speed of sound relates to other free-
stream quantities as follows

𝑎2𝑜 = 𝛾𝑝𝑜/𝜌𝑜 = 𝛾 (𝛾 − 1) 𝐶𝑣𝑇𝑜 (C.21)

Here, 𝐶𝑣 is the specific heat at constant volume, and 𝑇𝑜 is the reference tem-
perature, assumed to be 293.7 K for the present studies. Let the superscript “*”
represent the non-dimensional form of the variables. Replacing the dimen-
sional variables in equations eq. (C.6) with the product of non-dimensional
quantities times the respective reference scales, the following equations are
obtained

𝜕∗𝑡 (𝜌∗) + (𝜌∗𝑢∗𝑗 ),𝑗 = 0
𝜕∗𝑡 (𝜌∗𝑢∗𝑖 ) + (𝜌∗𝑢∗𝑖 𝑢∗𝑗 + 𝛿𝑖,𝑗𝑝∗),𝑗 = (𝜏∗𝑖,𝑗),𝑗
𝜕∗𝑡 (𝜌∗𝐸∗𝑚) + (𝜌∗𝐸∗𝑚𝑢∗𝑗 + 𝑢∗𝑗𝑝∗),𝑗 = (𝑢∗𝑖 𝜏∗𝑖,𝑗 − 𝑞∗𝑗 ),𝑗

(C.22)
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C Non-dimensionalisation

The transformation leads to a change in the form of the terms in the RHS of
the equations C.22 as follows

𝜏∗𝑖,𝑗 = 𝜇∗
𝑅𝑒𝑜

( 𝑢∗𝑖,𝑗 + 𝑢∗𝑗,𝑖 −
2
3𝑢

∗
𝑘,𝑘𝛿𝑖,𝑗 ) (C.23)

Where the Reynolds number (𝑅𝑒) at the reference state reads

𝑅𝑒𝑜 = 𝜌𝑜𝑙𝑜𝑎𝑜
𝜇𝑜

(C.24)

In the eq. (C.23), the non-dimensional dynamic viscosity (𝜇∗) is computed
from the non-dimensional form of Sutherland’s law

𝜇∗ = 𝑇∗ (3/2) ( 1 + ̃𝑆
𝑇∗ + ̃𝑆 ) (C.25)

The non-dimensional temperature (𝑇∗) can be represented in terms of the
non-dimensional internal energy (𝑒∗) as follows

𝑇∗ = 𝛾 (𝛾 − 1) 𝑒∗ (C.26)

Note that the equation C.26 can be used to compute the non-dimensional tem-
perature (𝑇∗) from the non-dimensional internal energy (𝑒∗), which can be
further used in the non-dimensional viscous law in eq. (C.25). The trans-
formed Sutherland constant, ̃𝑆 is given as

̃𝑆 = 𝑆
𝑇𝑜

(C.27)

and 𝑇𝑜 is the reference temperature given as 𝑇𝑜 = 293.7 K. The non-
dimensional form of the heat flux is given by

𝑞∗𝑖 = −𝜇∗𝑇∗,𝑖 (
1

𝑃𝑟 𝑅𝑒𝑜(𝛾 − 1) ) = −𝜇∗𝑒∗,𝑖
𝛾

𝑃𝑟 𝑅𝑒𝑜
(C.28)
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C Non-dimensionalisation

Furthermore, the equation of the state in non-dimensional form can be rep-
resented as follows

𝛾𝑝∗ = 𝜌∗𝑇∗ (C.29)

In addition, several other relations are modified in the non-dimensional form
as follows

𝐸∗𝑚 = 1
2(𝑢

∗2 + 𝑣∗2 + 𝑤∗2) + 𝑒∗ = 1
2(𝑢

∗2 + 𝑣∗2 + 𝑤∗2) + 𝑇∗
𝛾(𝛾 − 1)

(C.30)

𝑝∗ = 𝜌∗ (𝐸∗𝑚 − 1
2(𝑢

∗2 + 𝑣∗2 + 𝑤∗2 )) (𝛾 − 1)
(C.31)
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D Sphere volume discretization

In the context of the immersed boundary method for compressible flows
explained in section 4.3, the particles must be resolved using Lagrangian
marker points distributed uniformly throughout the particle volume. These
lagrangian force point locations are further used to implement appropriate
boundary conditions on the particle surfaces. This chapter explains the
distribution of lagrangian markers and the geometrical construction used for
the immersed boundary procedure, a direct extension from Uhlmann (2005).
The geometrical description is shown in fig. D.1.

Distribution of lagrangian markers

Figure D.1: Geometric description of spherical particle and distribution of lagrangianmarkers in
the outer shell. The left figure shows the geometric distribution of 515 Lagrangian
markers on the outermost shell. The figure on the right shows a cut-view for the
outermost shell between radius 𝑟1 and 𝑟2. Figure reproduced from Uhlmann (2005)
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D Sphere volume discretization

Following Uhlmann (2005) and based on the choice of particle resolution
(𝐷/ d𝑥), a fixed number of lagrangian markers are first distributed uniformly
across the outer shell of the sphere located between 𝑟1 = 𝑟𝑐 − ℎ/2 and
𝑟2 = 𝑟𝑐 + ℎ/2. Where, 𝑟𝑐 is the particle radius, and ℎ is the uniform grid
spacing on the cartesian grid. The distribution of lagrangian markers on
a shell is repeated successively until only a tiny sphere with outer-radius
𝑟2 < ℎ remains, after which a final lagrangian marker is added to the center.

Definition of forcing volumes

Consider a shell with radius 𝑟𝑠ℎ𝑒𝑙𝑙 such that the inner and outer radius are
𝑟𝑠ℎ𝑒𝑙𝑙−ℎ/2 and 𝑟𝑠ℎ𝑒𝑙𝑙+ℎ/2 respectively. Consequently, the immersed boundary
forcing volume Δ𝑉 𝑙 used in eq. (4.30) can be defined as

Δ𝑉 𝑙 =
𝜋ℎ

3𝑁𝑠ℎ𝑒𝑙𝑙
(12𝑟2𝑠ℎ𝑒𝑙𝑙 + ℎ2) (D.1)

Based on the requirement that Δ𝑉 𝑙 ≈ ℎ3, the number of lagrangian markers
for the shell reads

𝑁𝑠ℎ𝑒𝑙𝑙 ≈
𝜋
3 ( 12

𝑟2𝑠ℎ𝑒𝑙𝑙
ℎ2 + 1 ) (D.2)
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E Derivation of the ODEs for the
Couette flow with variable
dynamic viscosity

The non-dimensionalization of the governing differential equations for the
compressible Couette flow test from section 5.2.3 with variable dynamic vis-
cosity (𝜇) is given in the current section. With the assumptions specified in
section 5.2.3, the governing differential equations reduce to a set of ordinary
differential equations that can be solved numerically.

E.0.0.1 Non-dimensionalization

A non-dimensional length 𝜂 is introduced such that 𝜂 = 𝑦/𝐻, 𝑢 = 𝑢𝑜 𝑢∗(𝜂),
𝜇 = 𝜇𝑜𝜇∗(𝜂) and 𝑖 = 𝑖𝑜 𝑖∗(𝜂). The quantities with the superscript ’∗’ represent
the non-dimensional quantities, and the ones with the subscript ’𝑜’ represent
the quantities evaluated at the bottom wall, which is the reference plate for
this test. The non-dimensional quantities at the bottom reference wall can be
represented by eq. (E.1).

𝜇∗(0) = 𝑢∗(0) = 𝑒∗(0) = 𝑖∗(0) = 1 (E.1)

Substituting the non-dimensional variables multiplied with the respective ref-
erence quantities into the compressible Couette flow equations, we obtain

𝜇∗ 𝑢∗ ′ = constant = 𝑢∗ ′(0) = 𝜇∗(1) 𝑢∗ ′(1) (E.2)
𝑑
𝑑𝜂 (𝜇

∗𝑖∗ ′) + 𝑢2𝑜 𝑃𝑟
𝑖𝑜

𝜇∗ (𝑢∗ ′ )2 = 0 (E.3)
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E Derivation of the ODEs for the Couette flow with variable dynamic viscosity

Let 𝑏 = 𝑢2𝑜/𝑖𝑜 . Then, the energy equation in eq. (E.3) can bewritten as eq. (E.4).

𝑑
𝑑𝜂 (𝜇

∗𝑖∗ ′) + 𝑏 𝑃𝑟𝜇∗ (𝑢∗ ′ )2 = 0 (E.4)

Substituting the eq. (E.2) in eq. (E.4) and simplifying, we obtain

𝑑
𝑑𝜂 (𝜇

∗ 𝑖∗ ′ + 𝑏 𝑃𝑟 𝑢∗ ′(0) 𝑢∗) = 0 (E.5)

The eq. (E.5) can then be integrated with respect to 𝜂. After a re-substitution
back from eq. (E.2) and substituting 𝑢∗(1) = 0, we get

𝜇∗ 𝑖∗ ′+𝑏𝑃𝑟𝜇∗ 𝑢∗ ′ 𝑢∗ = const = 𝑖∗ ′(0)+𝑃𝑟 𝑏𝑢∗ ′(0) = 𝜇∗(1) 𝑖∗ ′(1) (E.6)

Next, after dividing eq. (E.6) by eq. (E.2) and integrating w.r.t. 𝑢∗, we obtain

𝑖∗ + 𝑃𝑟 𝑏 (𝑢∗ ′)2
2 = [ 𝑖

∗ ′(1)
𝑢∗ ′(1)] 𝑢

∗ + 𝐶 (E.7)

𝐶 is the constant of integration whose value can be obtained with the fact that
at 𝜂 = 1 ∶ 𝑢∗ = 0, 𝑖∗ = 𝑖∗(1). Substituting the value of 𝐶, we get

𝑖∗ = 𝑖∗(1) + [ 𝑖
∗ ′(1)
𝑢∗ ′(1)] 𝑢

∗ − 𝑃𝑟 𝑏 (𝑢∗ ′)2
2 (E.8)

At 𝜂 = 0, we have 𝑢∗(0) = 1, 𝑖∗(0) = 1. Hence, we obtain eq. (E.9). By
integrating eq. (E.2) with respect to 𝜂, we get eqs. (E.10) and (E.11).

1 = 𝑖∗(1) + 𝑖∗ ′(1)
𝑢∗ ′(1) − 𝑃𝑟 𝑏

2 (E.9)

∫
𝑢∗

0
𝜇∗ 𝑑𝑢∗ = −𝑢∗ ′(0)(1 − 𝜂) (E.10)

∫
1

0
𝜇∗ 𝑑𝑢∗ = −𝑢∗ ′(0) (E.11)
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E Derivation of the ODEs for the Couette flow with variable dynamic viscosity

For the current Couette flow problem, the velocity 𝑢𝑜 of the lower wall and
the specific enthalpy 𝑖 at the lower wall are specified. However, in order to
solve the equations, a viscous law is needed. A simple viscous law is assumed
where the dynamic viscosity is proportional to the specific enthalpy such that

𝜇∗ = 𝑖∗ (E.12)

Using the viscous law along with the eq. (E.8) and eq. (E.10) gives us:

∫
𝑢∗

0
𝑖∗𝑑𝑢∗ = −𝑢∗ ′(0)(1 − 𝜂) (E.13)

Finally, by substituting the expression for specific enthalpy in eq. (E.8) and
integrating, we get

𝑖∗(1) 𝑢∗ + 1
2 [

𝑖∗ ′(1)
𝑢∗ ′(1)] 𝑢

∗2 − 𝑃𝑟 𝑏 (𝑢∗ ′)3
6 = −𝑢∗ ′(0)(1 − 𝜂) (E.14)

𝑖∗(1) + 1
2 [

𝑖∗ ′(1)
𝑢∗ ′(1)] −

𝑃𝑟 𝑏
6 = −𝑢∗ ′(0) (E.15)

𝑖∗(0) and 𝑖∗(1) are specified at the boundary conditions. Also, the eqs. (E.2),
(E.6), (E.9) and (E.15) can be solved simultaneously with the help of the vis-
cosity law eq. (E.12) to obtain the values of 𝑖∗ ′(0), 𝑖∗ ′(1), 𝑢∗ ′(0) and 𝑢∗ ′(1).
These values can then be substituted in the ordinary differential eqs. (E.8)
and (E.14) and solved numerically to obtain the solutions of specific enthalpy
and velocity.

For the current test case, the ordinary differential equations are numerically
solved on a Chebychev-Gauss-Lobato grid using a Newton-Raphson method
and then spectrally interpolated to a uniform grid with an arbitrary number
of grid points to obtain the reference solution.

The term 𝑏 in the differential equations directly influences the Mach number
of the flow at the steady state. By choosing 𝑢𝑜 and 𝑏, we indirectly specify
the specific internal energy (𝑒𝑜) or the specific enthalpy (𝑖𝑜) of the lower plate,
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E Derivation of the ODEs for the Couette flow with variable dynamic viscosity

consequently determining the Mach number of the flow near the lower plate.
It can be shown as follows:

𝑏 = 𝑢2𝑜
𝑖𝑜 = 𝜌𝑜 𝑢2𝑜(𝛾 − 1)

𝛾 𝑝𝑜
= 𝑢2𝑜

𝑐2𝑜
(𝛾 − 1) = 𝑀𝑎2(𝛾 − 1) (E.16)

In eq. (E.16), 𝑐𝑜 is the speed of sound of the flow near the lower plate. In the
validation tests, specifying the value of 𝑖𝑜 or 𝑒𝑜 at the boundarywill determine
the value of 𝑏, which should be used to determine the reference solution for
a given test.
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F Drag and Nusselt number
formulation

Evaluation of Drag and Lift coefficients

Consider a single isolated sphere for conciseness. Let 𝐹𝑥 be the axial com-
ponent of the hydrodynamic force acting upon the particle evaluated from
the immersed boundary procedure explained in section 4.3. Then, the Drag
coefficient (𝐶𝑑) on the particle can be evaluated as follows

𝐶𝑑 = 𝐹𝑥
𝜌 𝑢2∞ 𝐴𝑓𝑟𝑜𝑛𝑡𝑎𝑙/2

(F.1)

Let the non-axial components of hydrodynamic force be given by 𝐹𝑦 and 𝐹𝑧.
Then, the magnitude of the lift force can be computed as the 𝐹 𝑙 = √𝐹2𝑦 + 𝐹2𝑧 .
Then the lift coefficient (𝐶𝑙) can be evaluated as

𝐶𝑙 =
𝐹 𝑙

𝜌 𝑢2∞ 𝐴𝑓𝑟𝑜𝑛𝑡𝑎𝑙/2
(F.2)

For a sphere, the frontal area 𝐴𝑓𝑟𝑜𝑛𝑡𝑎𝑙 is given as 𝐴𝑓𝑟𝑜𝑛𝑡𝑎𝑙 = 𝜋𝐷2/4, and 𝐷
is the sphere’s diameter.

Evaluation of Nusselt number

Consider a viscous flow around an isolated rigid sphere such that the velocity
components 𝑢, 𝑣, and 𝑤 are zero inside the sphere. In that case, using the
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F Drag and Nusselt number formulation

first law for the sphere as a closed system, the total heat added to the sphere
can be represented as

𝛿𝑄 = 𝐶𝑣 𝑑𝑇 (F.3)

In the eq. (F.3), 𝛿𝑄 is the heat added,𝐶𝑣 is the specific heat capacity at constant
volume, and 𝑑𝑇 is the differential change in the internal energy. In the integral
form, this leads to the energy conservation equation for the sphere as follows

∫
𝑉
𝜌𝐶𝑣

𝜕𝑇
𝜕𝑡 𝑑𝑉 = ∫

𝑆
𝑞𝑙𝑜𝑐𝑎𝑙 𝑑𝑆 (F.4)

Consider a sphere with 𝑇𝑠𝑢𝑟𝑓 being the constant temperature on the surface
of the sphere and 𝑇∞ be the temperature at the free stream such that the wall
internal energy can be represented as

𝑒𝑠𝑢𝑟𝑓 = 𝐶𝑣 𝑇𝑠𝑢𝑟𝑓 (F.5)

FromNewton’s law of cooling and Fourier’s law of heat conduction, we obtain

𝑞𝑙𝑜𝑐𝑎𝑙 = −𝜅 (𝜕𝑇𝜕𝑛 )𝑤𝑎𝑙𝑙
= 𝒽(𝑇𝑠𝑢𝑟𝑓 − 𝑇∞) (F.6)

𝑞𝑙𝑜𝑐𝑎𝑙 = Local heat flux at the surface of the sphere
𝒽 = Heat transfer coefficient
𝑇∞ = Free-stream temperature
𝜅 = Thermal conductivity
𝑛 = Normal vector to the sphere surface

The surface averaged Nusselt number (𝑁𝑢) can be evaluated from the local
Nusselt number as in eq. (F.7).
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F Drag and Nusselt number formulation

𝑁𝑢 = 1
𝑆 ∫𝑆

𝑁𝑢𝑙𝑜𝑐𝑎𝑙 𝑑𝑆 (F.7)

= 𝐷
𝜅(𝑇𝑠𝑢𝑟𝑓 − 𝑇∞)

̄𝑞 (F.8)

Where 𝑆 is the surface area of the sphere and ̄𝑞 is the average heat flux. It
should be noted that we directly obtain the value of ∫𝑉 𝜌 (𝜕𝑒𝑖/𝜕𝑡) 𝑑𝑉 from
the immersed boundary procedure as in section 4.3. Finally by using eqs. (F.4)
and (F.7), the average Nusselt number, 𝑁𝑢 in terms of the dimensional quan-
tities can be written as

𝑁𝑢 = 𝑃𝑟
𝜇𝑠𝑢𝑟𝑓 𝛾 𝜋 𝐷 (𝑒𝑠𝑢𝑟𝑓 − 𝑒∞)

∫
𝑉
𝜌 𝜕𝑒𝜕𝑡 𝑑𝑉 (F.9)

𝜇𝑠𝑢𝑟𝑓 is the dynamic viscosity of the fluid near the sphere surface, 𝛾 is the
ratio of heat capacities, 𝐷 is the diameter of the sphere, 𝑒𝑠𝑢𝑟𝑓 is the internal
energy of the fluid near the sphere surface and 𝑒∞ is the internal energy of
the fluid at the free-stream.

Using the reference quantities in appendix C, the average Nusselt number can
be represented in terms of the non-dimensional quantities as follows

𝑁𝑢 = 𝑃𝑟 𝑅𝑒𝐷
𝑀𝑎∞ 𝜇∗𝑠𝑢𝑟𝑓 𝛾 𝜋 𝐷∗ (𝑒∗𝑠𝑢𝑟𝑓 − 𝑒∗∞)

∫
∗

𝑉
𝜌∗ 𝜕𝑒

∗

𝜕𝑡∗ 𝑑𝑉
∗ (F.10)

The integral in eq. (F.10) is directly obtained from the immersed boundary
procedure.
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G Particle arrangement dependence

The effect of different arrangements for compressible flow through a fixed
particle array as discussed in chapter 6 is studied. Two different fixed-particle
arrangements for flow through a finite-sized array are considered, and the
effects on mean flow fields, particle forces, and heat transfer are discussed.
For the two cases, the particle resolution given by 𝐷𝑝/ d𝑥 = 20 is chosen,
while the other parameters are the same as the base case 𝑀16630 given in
table 6.1. The two cases will be referred to as 𝑀16620𝑎 and 𝑀16620𝑏 . The
parameters are summarized again in table G.1.

Table G.1: Parameters for the simulations of shock interaction with an array of fixed particles
with finite thickness: Shock Mach number 𝑀𝑎𝑠, Reynolds number 𝑅𝑒𝑝𝑠, volume
fraction 𝜙, Temperature ratio 𝑇𝑝/𝑇𝑝𝑠, Wake region length 𝐿𝑤, Tranverse region
length 𝐿𝑦, 𝐿𝑧, resolution 𝐷𝑝/d𝑥, and Prandtl number 𝑃𝑟.

Type 𝑀𝑎𝑠 𝑅𝑒𝑝𝑠 𝜙 𝑇𝑝/𝑇𝑝𝑠 𝐿𝑝 𝐿𝑦 = 𝐿𝑧 𝐷𝑝/d𝑥 𝑃𝑟
𝑀16620𝑎 1.66 100 0.05 0.70 30𝐷𝑝 20𝐷𝑝 20 0.7
𝑀16620𝑏 1.66 100 0.05 0.70 30𝐷𝑝 20𝐷𝑝 20 0.7

G.1 Mean flow fields

fig. G.1 shows the comparison of slab-averaged mean density, velocity, pres-
sure, and temperature profiles for the cases 𝑀16620𝑎 and 𝑀16620𝑏 at late
times. Neglecting, the local flow variations, it is observed that the normalized
mean flow profiles look statistically similar for the two different arrangements
along the particle curtain.
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G.2 Reynolds and Mach number variations

(a) (b)

(c) (d)

Figure G.1: Time and slab averaged flow-field profiles for (a) Density (b) velocity (c) Pressure
(d) Temperature normalized with inflow conditions at late times as a function of
normalized streamwise distance for the cases ( )𝑀16620𝑎 ( )𝑀16620𝑏.

G.2 Reynolds and Mach number variations

fig. G.2a and fig. G.2b show the slab averaged based Reynolds (⟨𝑅𝑒⟩𝑡,𝑠𝑙𝑎𝑏) and
Mach number (⟨𝑀𝑎⟩𝑡,𝑠𝑙𝑎𝑏) profiles defined in eq. (6.11). The Reynolds and
Mach number profiles show an increasing trend along the streamwise position
inside the curtain. In addition, the Mach number shows a sharp increase near
the downstream edge of the curtain as observed previously for 𝑀16630 in
fig. 6.23b. The observed trend is because of the sharp flow acceleration in
the region as explained previously in section 6.4.1. Similar to the mean flow
profiles, the Reynolds and Mach profiles also appear statistically similar for
both the particle-arrangements.
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G Particle arrangement dependence

(a) (b)

Figure G.2: Time and slab averaged (a) Reynolds number (b) Mach number for the cases ( )
𝑀16620𝑎 ( )𝑀16620𝑏.

G.3 Velocity fluctuations

The profiles for normalized slab-averaged pseudo-turbulent kinetic energy
(PTKE) and corresponding turbulent Reynolds number (𝑅𝑒𝑡) profiles are
shown in figs. G.3a and G.3b respectively. The general trend along the
streamwise direction is statistically similar in both the cases.

(a) (b)

Figure G.3: (a)Comparison of time and slab averaged based Normalized pseudo-turbulent ki-
netic energy (PTKE) (0.5𝑢′′𝑖 𝑢′′𝑖 /𝑢2∞) and (b) turbulent Reynolds number, 𝑅𝑒𝑡 =

(⟨𝜌⟩𝑡,𝑠𝑙𝑎𝑏𝐷𝑝√0.5𝑢″
𝑖 𝑢

″
𝑖 ) /⟨𝜇⟩𝑡,𝑠𝑙𝑎𝑏. The two arrangements are represented by

( )𝑀16620𝑎 ( )𝑀16620𝑏.
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G.4 Particle force and heat transfer

G.4 Particle force and heat transfer

(a) (b)

Figure G.4: Comparison of time and slab averaged based (a) Drag coefficient (⟨𝐶𝐷⟩𝑡,𝑠𝑙𝑎𝑏) and
(b) Nusselt number (⟨𝑁𝑢⟩𝑡,𝑠𝑙𝑎𝑏). The two arrangements are represented by ( )
𝑀16620𝑎 ( )𝑀16620𝑏.

fig. G.4 show the slab-average based Drag coefficient (⟨𝐶𝐷⟩𝑡,𝑠𝑙𝑎𝑏) and Nus-
selt number (⟨𝑁𝑢⟩𝑡,𝑠𝑙𝑎𝑏) for the cases𝑀16620𝑎 and𝑀16620𝑏 . The definitions
of the drag and Nusselt numbers are given in eq. (6.14). In both the parti-
cle arrangements, the general trend including peaking of the drag coefficient
near the downstream edge of the curtain, and the general decrease of Nusselt
number along the streamwise position inside the curtain are captured. In ad-
dition, the sharp increase of the Nusselt number at the downstream edge of
the curtain, as the particle-to-fluid temperature ratio approaches unity is also
captured by both the arrangements.
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H Force coefficient based on Stokes
drag

In this chapter, the total force on the particles inside a finite-sized curtain as
given in chapter 6 is compared to the Stokes drag as defined in eq. (H.1). In the
equation, 𝐷𝑝 is the diameter of the spherical particles inside the curtain, 𝜇 is
the fluid dynamic viscosity, and 𝑢 is the density weighted streamwise velocity
field. ⟨⋅⟩𝑠𝑙𝑎𝑏 represents the phase average of a fluid quantity in a streamwise
𝑥-slab of width 𝐷𝑝 (shown in appendix A.1.1) inside the curtain.

𝐹𝑆𝑡𝑜𝑘𝑒𝑠 = 3𝜋𝐷𝑝⟨𝜇⟩𝑠𝑙𝑎𝑏𝑢𝑠𝑙𝑎𝑏 (H.1)

Based on the definition of the Stokes drag, a force coefficient is defined as
shown in eq. (H.2) and used to compare the streamwise variation of the drag
forces on the particles inside the curtain for the cases 𝑀12230, 𝑀16630, and
𝑀26030,𝑝𝑠 at late times, where the flow has negligible temporal fluctuations.

𝐶𝐹,𝑆𝑡 =
⟨𝐹𝑥⟩𝑠𝑙𝑎𝑏
𝐹𝑆𝑡𝑜𝑘𝑒𝑠

(H.2)

In eq. (H.2), ⟨𝐹𝑥⟩𝑠𝑙𝑎𝑏 represents the slab-averaged drag force on the particles
at a given 𝑥-slab location. 𝐶𝐹,𝑆𝑡 qualitatively measures the total force on the
particles compared to the force experienced by the particles in the Stokes flow
regime. Hence, regions where 𝐶𝐹,𝑆𝑡 is low, represent the flow to be governed
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H Force coefficient based on Stokes drag

by viscous effects. Conversely, high values of 𝐶𝐹,𝑆𝑡 would represent addi-
tional effects which may contribute to the drag force on the particles. 𝐶𝐹,𝑆𝑡
is compared for the three cases as shown in fig. H.1.

Figure H.1: Comparison of the force coefficient (𝐶𝐹,𝑆𝑡) along the particle curtain from the DNS
for the cases ( )𝑀12230, ( )𝑀16630, and ( )𝑀26030,𝑝𝑠. The cases are
the same as in chapter 6.

It is observed that 𝐶𝐹,𝑆𝑡 is lowest for the case 𝑀26030,𝑝𝑠 and highest for
𝑀12230 at the upstream edge of the particle curtain. However the trend re-
verses at the downstream edge of the particle curtain. In addition, 𝐶𝐹,𝑆𝑡 is
observed to be approximately equal for the three cases at 𝑥/𝐷𝑝 = 44. This is
explained by the comparison of the temperature profiles as shown in fig. 6.21d.

Since the fluid is hottest for the case 𝑀26030,𝑝𝑠 at the upstream edge of the
curtain, from the Sutherland’s law, it is also more viscous compared to the
other two cases. Hence, it is expected that the total forces on the particles
near the upstream edge of the curtain will be closer to the Stokes flow regime.
However, moving along the curtain, the flow becomes cooled (at a higher rate
for the case 𝑀26030,𝑝𝑠 compared to 𝑀12230 and 𝑀16630), resulting in the
fluid viscosity to decrease, and a departure from the Stokes flow regime. This
is more apparent for the cases 𝑀16630 and 𝑀26030,𝑝𝑠 , which have higher
streamwise temperature gradients in the flow. Near the downstream edge of
the particle curtain, strong flow acceleration occurs (refer to fig. 6.23b) for the
case𝑀16630 and𝑀26030,𝑝𝑠 , which is reflected as a peak in the 𝐶𝐹,𝑆𝑡 shown
in fig. H.1.
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I Description of one dimensional
two-phase model

A one dimensional physics-based model for shock-wave interaction with a
particle curtain was provided by Ling et al. (2012). Their one-dimensional
model is simplified in the current work for study of shock-wave interaction
with a fixed particle array with the setup shown in fig. 6.2. The assumptions
used for the model in the current work are stated below.

• The continuous phase follows an ideal gas law.

• The continuous phase is treated as inviscid, except for interphase
energy and momentum exchange.

• The particles are assumed to be fixed and homogeneously distributed
inside the curtain.

• The three dimensional effects inside the curtain are neglected.

• The temperature on the particles is assumed to be constant and
uniform.

The continuous phase is treated in the Eulerian framework and the corre-
sponding governing differential equations are shown in eqs. (6.32) to (6.34).
The geometrical length scales 𝐿𝑝 and 𝐿𝑥 for the one-dimensional simula-
tions are the same as the three dimensional DNS. In addition, the global
volume fraction (𝜙), the location of the incident shock, the particle-to-fluid
temperature ratio (𝑇𝑝/𝑇𝑝𝑠), the pre/post-shock conditions for the initial
flow conditions are the same as the three-dimensional DNS runs given in
section 6.1. However, a simple zero-flux boundary conditions were used,
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I.1 Numerical framework

different from the three-dimensional DNS, which used the non-reflecting
inflow-outflow boundary conditions.

I.1 Numerical Framework

Let𝑁𝐷𝑁𝑆 represent the total number of particles with diameter (𝐷𝑝) homoge-
neously distributed in a domain with a volume fraction of 𝜙 inside the curtain
for the three dimensional DNS. If the length of the transverse domain are
given by 𝐿𝑦 = 𝐿𝑧, the streamwise domain by 𝐿𝑥 , and the width of the curtain
is 𝐿𝑝 in the DNS simulations, then 𝑁𝐷𝑁𝑆 will be represented by eq. (I.1).

𝑁𝐷𝑁𝑆 =
6𝜙𝐿𝑝𝐿𝑦𝐿𝑧
𝜋𝐷3𝑝

𝜙 =
𝑁𝜋𝐷3

𝑝
6𝐿𝑝𝐿𝑦𝐿𝑧

(I.1)

If 𝑛𝑥𝑝,1𝑑 represents the total number of grid points used to discretize the cur-
tain width in the one-dimensional model, then the effective number of com-
putational particles𝑁𝑐𝑝 that represent the number of true particles present in-
side each of the two adjacent grid-points inside the curtain can be obtained by
𝑁𝑐𝑝 = 𝑁𝐷𝑁𝑆/(𝑛𝑥𝑝,1𝑑−1). If the grid spacing inside the curtain is represented
by Δ𝑥1𝑑 , then Δ𝑥1𝑑 = 𝐿𝑝/(𝑛𝑥𝑝,1𝑑 − 1) and the effective volume of the grid
cell is given by 𝑉𝑐𝑒𝑙𝑙 = Δ𝑥1𝑑𝐿𝑦𝐿𝑧. Consequently, the equations in eqs. (6.32)
to (6.34) can be written in the form given by Ling et al. (2012) as follows

𝜕(𝜌𝑔𝜙𝑔)
𝜕𝑡 +

𝜕(𝜌𝑔𝜙𝑔𝑢𝑔)
𝜕𝑥 = 0 (I.2)

𝜕(𝜌𝑔𝜙𝑔𝑢𝑔)
𝜕𝑡 + 𝜕(𝜌𝑔𝜙𝑔𝑢𝑔𝑢𝑔)

𝜕𝑥 = −𝜕𝑝
𝑔

𝜕𝑥 − 1
𝑉𝑐𝑒𝑙𝑙

∑
𝑖
𝑁𝑐𝑝𝐹𝑐𝑝

𝑖 (I.3)

𝜕(𝜌𝑔𝜙𝑔𝐸𝑔)
𝜕𝑡 + 𝜕(𝜌𝑔𝜙𝑔𝑢𝑔𝐸𝑔)

𝜕𝑥 = −𝜕(𝑢
𝑔𝑝𝑔)
𝜕𝑥 − 1

𝑉𝑐𝑒𝑙𝑙
∑
𝑖
𝑁𝑐𝑝( 𝐺𝑐𝑝

𝑖 + 𝑄𝑐𝑝
𝑖 )

(I.4)
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I Description of one dimensional two-phase model

Where, 𝐹𝑐𝑝𝑖 and 𝑄𝑐𝑝
𝑖 represent the overall hydrodynamic force and heat ex-

change between the two phases. In addition, 𝐺𝑐𝑝
𝑖 is the internal energy and

kinetic energy transferred to the continuous media due to 𝐹𝑐𝑝𝑖 . Their expres-
sions represented by 𝐹𝑔𝑝𝑖 , 𝑄𝑔𝑝

𝑖 , and 𝐺𝑔𝑝
𝑖 in the original literature was used

in the present work. Consistent with the a priori modeling efforts given in
section 6.5.1, the viscous unsteady contributions for momentum and heat ex-
change were neglected to model the flow at late times.

The Eulerian model is solved using a third-order Runge-Kutta method for
time-stepping (Rai and Moin 1991) and a TENO scheme given by Fu et al.
(2016) for the advection. The solution is advanced in time until the flow is es-
tablished for comparisons with the late time mean flow fields obtained from
the DNS section 6.4.
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