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The edges of a two-dimensional topological phase of matter serve as a platform underlying its low-energy 
dynamics. The topology of the bulk phase dictates the structure of the gapless modes. Proximitizing boundary 
modes to another boundary may lead to gap opening at the edge. Subsequently, one may engineer different 
segments of the boundary with intrinsic incompatibility of gap-generating mechanisms (“edge-edge incom-
patibility”), facilitating the generation of topological excitations, e.g., Majorana zero modes (MZMs). Here,
we address the possibility of bulk-edge incompatibility, whereby the intrinsic bulk gap competes with a gap 
generated via boundary modes. Specifically, we consider two ν = 2/3 fractional quantum Hall phases whose 
shared boundary modes are gapped out via disorder-generated tunneling across the boundary. A “neutral super-
conducting” phase, made up of neutral edge modes, is stabilized over a broad range of interaction parameters. 
This phase cannot coexist with the bulk gap. The resulting edge-bulk incompatibility gives rise to the emergence
of MZMs (in the neutral sector). We propose an experimental setup to verify both the neutral superconductivity 
phase and the emergent MZMs.

I. INTRODUCTION

The nature of gapless modes at the boundary of two-
dimensional topological phases of matter [prime examples
thereof are fractional quantum Hall (FQH) phases], is tightly
constrained by the topological quantum numbers of the bulk,
giving rise to quantized values of various transport quantities,
e.g., the electrical and thermal conductance [1,2]. This bulk-
boundary correspondence allows to observe exotic properties
of bulk quasiparticles via edge probes; an apt example is the
observation of fractional braiding statistics of anyons [3–11].
It may also predict the presence of upstream edge modes
[12–15], which was confirmed in the measurement of heat
transport [1,16–19] and electrical noise [20–22].

Interestingly, it is possible to manipulate the boundary
between two QH phases by alternatingly coupling segments
of it to bulk superconductors (SC) and ferromagnets (FM),
respectively [23–29]. Disorder-induced tunneling across such
a boundary may gap the edge spectrum; the gapping mech-
anisms of the SC-proximitized and the FM-proximitized
segments are incompatible. This edge-edge incompatibility
leads to the emergence of point-like topological excitations
[30–33] at the boundaries between segments. Specific proto-
cols have been proposed [23–29,34–42] for the observation of
MZMs or parafermions in such setups.

Here, we bring forward a type of incompatibility, that
of bulk vs edge, that leads to the emergence of topological
excitations. This incompatibility is underlain by the conflict-
ing gapping mechanisms at the boundary and in the bulk.
Notwithstanding the general applicability of this notion, the
specific case addressed here carries certain intriguing fea-
tures: While the bulk gap is a manifestation of FQH physics,
the gap at the boundary is a consequence of an effective

attractive interaction between neutral modes, stabilizing a
neutral superconducting phase. Proximitizing with extraneous
superconductors is not required, thus avoiding the need for
high-resolution spatial tuning of boundary couplings.

Our geometry comprises an elongated quantum antidot
[denoted as a quantum antiwire (QAW)], inserted in a ν = 2/3
FQH bulk phase [cf. Fig. 1(a)]. The end points of the QAW
mark the separation between bulk and edge. Edge-bulk incom-
patibility gives rise to a topological mode at this separation
point—here these are MZMs. We propose experimental mani-
festations for the observation of neutral superconductivity and
MZMs, hence the emergence of edge-bulk incompatibility.

II. BULK GAP-FORMING MECHANISM

As a first step, we consider a translationally invariant
boundary (along the x direction) between two semi-infinite
ν = 2/3 spin-polarized FQH bulk puddles (left L and right
R), depicted in Fig. 2(a). The parallel edges of these two bulk
puddles are positioned a distance b apart.

To understand the gapping mechanism in the bulk puddles,
we represent each puddle through a wire construction [43–49].
The anisotropic wire construction of a ν = 2/3 FQH phase
consists of 2N wires (denoted as j = 1, · · · , 2N) along the x
direction separated by a distance a from each other [Fig. 2(b)].
We denote the fermionic creation operator as ψ

†
r, j,η for the

propagating mode with chirality η = ± of wire j in the bulk
puddle r = L, R. The bulk of, e.g., puddle R, is gapped by a
three-particle momentum conserving interaction [Fig. 2(c)],

OR, j (x) = ψ
†
R, j+1,−(ψR, j,+)2(ψ†

R, j,−)2ψR, j−1,+

∼ ei(φ̃−
R, j+1+2φ̃+

R, j+2φ̃−
R, j+φ̃+

R, j−1 ). (1)
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FIG. 1. Edge-bulk incompatibility. (a) A quantum anti-wire
(QAW), supporting a ν = 0 vacuum state (white), is surrounded by a
ν = 2/3 FQH liquid (green). The edge-mode gapping mechanism of
the QAW competes with that of the ν = 2/3 bulk phase. As function
of x (y = 0) we move from (i) a bulk to and (ii) an edge to (iii) a
bulk gap, Majorana zero modes (MZMs) (red starts) emerge at the in-
compatibility points: the (i)-(ii) boundary and the (ii)-(iii) boundary,
marked in red stars. (b) An array for a set of transport experiments
for the detection of neutral-sector MZMs through transport experi-
ments. Neutral quasi-particles (along with charged quasi-particles)
are injected from the leads (labelled as S and D) through tunneling
contacts (dashed yellow lines) to the QAW edge.

The fermionic operator is bosonized as ψ
†
R, j,η(x) ∼ e−iηφ̃

η
R, j (x)

with bosonic fields φ̃
η
R, j . Upon considering a pair of wires of

j = 2k − 1 and j = 2k (1 � k � N) and defining, for every η

and k, two chiral bosonic fields

φ
η

R,k,1 ≡ φ̃
η

R,2k−1 + (1 + η)(φ̃+
R,2k + φ̃−

R,2k ),

φ
η

R,k,2 ≡ φ̃
η

R,2k + (1 − η)(φ̃+
R,2k−1 + φ̃−

R,2k−1), (2)

the gap forming interaction (1) becomes

OR,2k+1 ∼ ei(φ+
R,k,2+φ−

R,k+1,2 )

= e3i(φ+
c,R,k+φ−

c,R,k+1 )e−i(φ−
n,R,k+φ+

n,R,k+1 ),

OR,2k ∼ ei(φ+
R,k,1+φ−

R,k+1,1 )

= e3i(φ+
c,R,k+φ−

c,R,k+1 )ei(φ−
n,R,k+φ+

n,R,k+1 ). (3)

Here, we further defined charge modes φ
η

c,R,k ≡ 1
6 (φη

R,k,1 +
φ

η

R,k,2) and neutral modes φ
η

n,R,k ≡ 1
2 (φ−η

R,k,1 − φ
−η

R,k,2). Below
we show that these gap-forming operators (3) may be incom-
patible with those in the boundary. See Appendix A for more
details on the wire construction approach.

When both operators defined in Eqs. (3) are
renormalization-group (RG) relevant, the spectrum of each
bosonic charge operator (e.g., φ+

c,R,k−1 and φ−
c,R,k) and each

bosonic neutral operator (e.g., φ−
n,R,k−1 and φ+

n,R,k) in the
bulk is separately gapped. At the same time, boundary
modes φ−

c ≡ φ−
c,R,1 and φ+

n ≡ φ−
n,R,1 of puddle R, as

well as φ+
c ≡ φ+

c,L,1 and φ−
n ≡ φ−

n,L,1 of puddle L remain
gapless. Then, the boundary of each puddle consists of two
counterpropagating modes, a charge and a neutral mode
[cf. Fig. 2(a)]. The boundary modes satisfy the following
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FIG. 2. Model and setup. (a) Two ν = 2/3 fractional quantum
Hall (FQH) bulk phases (left L and right R) separated by a vacuum
ν = 0 state of width b. The boundary of the FQH bulks with the
ν = 0 state is described by two counterpropagating modes (red-solid
and blue-dashed arrows). (b) Each of the FQH bulks comprises 2N
wires ( j : 1 → 2N) that are separated by a distance a from each
other in y direction. (c) Each of the wires has a quadratic dispersion
in kx , centered at |e|Ba j/h̄ in the Landau gauge A = (−By, 0, 0).
The wires are gapped out by momentum conserving three-particle
processes [cf. Eqs. (1) and (3)], resulting in four counterpropagating
modes at the boundary. (d) The boundary modes can be gapped out
by the depicted process, resulting in neutral superconductivity. Dis-
order is required for this process since momentum is not conserved.

commutation relation:[
φ

η

� (x), φη′
�′ (x′)

] = iπη
(
K−1

0

)
��′δηη′sgn(x − x′), (4)

with �, �′ = n, c and K0 = diag(2, 6). Notwithstanding the
unrealistic anisotropy present in the wire construction ap-
proach, this approach represents essential features of edge
structure, importantly the emergence of counterpropagating
boundary modes of the ν = 2/3 phase. Such counterpropa-
gating modes are confirmed by the observation of upstream
modes through thermal transport and noise measurements
[1,18,19,22] in remarkable agreement with the theoretical pre-
dictions of Refs. [50–53].

III. BOUNDARY GAP-FORMING MECHANISM

We now consider electron tunneling-induced as well as
interaction-induced intermode coupling among the boundary
modes φ±

c and φ±
n . The low-energy action for the boundary

modes can be split into two parts, S = S0 + Sinter. S0 com-
prises contributions due to bare noninteracting dynamics, as
well as density-density interaction term. In the basis φ =
(φ+

n , φ+
c , φ−

n , φ−
c )T , it is written as

S0 = − 1

4π

∫
dxdt[

(
∂xφ

T
) · (K · ∂tφ + V · ∂xφ)]. (5)

Here, K = K0 ⊕ (−K0) and the interaction matrix V is

V =

⎛
⎜⎜⎝

vn v++
cn gn v+−

cn
v++

cn vc v−+
cn gc

gn v−+
cn vn v−−

cn
v+−

cn gc v−−
cn vc

⎞
⎟⎟⎠, (6)



with real-valued parameters vc, vn, gc, gn, vηη′
cn ; η, η′ = ±. In

order to determine the possible phases of the boundary modes
we consider the following Hamiltonian for the wires,

Hwire =
∫

dx

⎛
⎝ ∑

r=R,L

⎛
⎝−ih̄vF

2N∑
j=1

∑
η=±

ηψ
†
r, j,η∂xψr, j,η

+ U

2

2N∑
j=1

ρ2
r, j + V

2N−1∑
j=1

ρr, jρr, j+1

⎞
⎠ + V ′ρL,1ρR,1

⎞
⎠,

(7)

with the long-wavelength electron density ρr, j (x) ≡∑
η=± ψ

†
r, j,η(x)ψr, j,η(x). Here, vF is bare Fermi velocity of

the wires, U the intrawire interaction, V the nearest-neighbor
intrapuddle interaction, and V ′ is the nearest-neighbor
interpuddle interaction. Using this microscopic Hamil-
tonian and omitting the bulk gapped modes, we obtain
Eq. (5) with the parameters vc = 14vF + (U + V )/π ,
vn = 6vF + (U − V )/π , v±∓

cn = ±8vF , gc = V ′/(2π ),
gn = −V ′/(2π ), and v±±

cn = ±V ′/(2π ). Note that for a
repulsive interaction V ′ > 0, the interaction gn between ∂xφ

+
n

and ∂xφ
−
n is negative, i.e., attractive. If this effective attractive

interaction is strong, it stabilizes the neutral superconductivity
phase as will be shown below.

Sinter represents processes to describe tunneling in and out
of the boundary modes that change the density of individual
modes,

Sinter =
∫

dxdt
(
Ô±

nsc + Ô±
inter + Ô±

intra + H.c.
)
. (8)

Here, Ô±
nsc represents neutral superconductivity operators,

Ô±
inter interpuddle electron-tunneling operators, and Ô±

intra
intrapuddle electron-tunneling operators,

Ô±
nsc(x) = ξ±

nsce±i(φ+
n −φ−

n )e3i(φ+
c +φ−

c ),

Ô±
inter(x) = ξ±

intere
±i(φ+

n +φ−
n )e3i(φ+

c +φ−
c ),

Ô±
intra(x) = ξ±

intrae2iφ±
n . (9)

Whereas Ô±
intra couple the boundary modes in the same puddle,

Ô±
nsc and Ô±

inter are associated with electron tunneling between
different puddles. One concludes from Eq. (4) that Ô±

nsc shifts
the neutral density ρ̂n ≡ ∂x(φ+

n + φ−
n )/π ,

Ô±
nsc(x′)ρ̂n(x)(Ô±

nsc)†(x′) = ρ̂n(x) ± 2δ(x − x′), (10)

suggesting that Ô±
nsc is associated with the neutral supercon-

ductivity (the factor 2 indicates pairing). The operator Ô±
nsc,

inducing a superconducting gap in the neutral sector, differs
from Eqs. (3), which is responsible for gap generation in the
bulk. This underlies the bulk-edge incompatibility. Interest-
ingly, Ô±

nsc, Eq. (9), also involves the charge sector. It should
be then contrasted with the neutral superconductivity terms
investigated in Ref. [54], where the latter do not involve the
charge sector.

The terms in Eq. (8) are a direct consequence of disorder
along the boundary [see Fig. 2(d) and Appendix C]. The
disorder-induced terms are assumed to follow a Gaussian
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FIG. 3. Phase diagrams for the neutral sector associated with
the boundary in the parameter space (V/U , V ′/U ) with bare ve-
locity (a) vF /U = 0.01 and (b) vF /U = 0.02, see Eq. (7) for the
parameters. Three distinct phases appear at zero temperature: neutral
superconducting phase (in yellow), partially gapped phase (green),
and gapless phase (blue). While Ô±

nsc is the most renormalization
group (RG) relevant, the gapless phase is characterized by the intra-
bulk puddle operators Ô±

intra being the most RG relevant, see Eq. (9).
The green line in (a) depicts schematically the variation of the
relevant parameters with the gate voltage or the magnetic field. In
(b), there emerges a narrow region where two among four boundary
modes are gapped, leaving the two other modes gapless. Those three
phases are characterized by distinct central charges; c = 2, 1, 0 in
the blue, green, and yellow regions, respectively. In the white re-
gion, the boundary modes are unstable since the V matrix (6) is not
positive-definite.

distribution, characterizing the disorder strength W ±
� by

〈ξ±
� (x)(ξ±

�′ )∗(x′)〉dis = W ±
� δ��′δ(x − x′) (11)

for � = nsc, inter, intra. For weak disorder, W ±
� renormalize

according to the RG equations dW ±
� /d lnL = (3 − 2�±

� )W ±
�

with the corresponding scaling dimension �±
� and the running

length L [55].

IV. PHASE DIAGRAM

The zero-temperature phase diagram for the boundary
modes is obtained by identifying the most relevant (small-
est scaling dimension) operator of Eq. (9) [with respect to
the action (5) with parameters deduced from Eq. (7)], see
Appendix B. The phase diagrams depicted in Fig. 3 are
mainly governed by two distinct phases in the (V/U , V ′/U )
plane: a neutral superconducting phase (yellow) and a gap-
less phase (blue). While Ô±

nsc are the most RG relevant in
the neutral superconducting phase, the gapless phase is char-
acterized by Ô±

intra being the most RG relevant. According
to the Haldane criterion [56], the latter cannot open a gap.
With sufficiently large V,V ′ and on-site interaction U �
vF , the neutral superconductivity phase becomes stable. In
such a neutral superconductivity phase, generating interpud-
dle neutral “Cooper pairs” is energetically favorable, leading
to gapped neutral excitations. Furthermore, forming neural su-
perconductivity phase at the boundary generates a conflicting
gap with the bulk gap.



V. MANIFESTATIONS OF EDGE-BULK
INCOMPATIBILITY

We consider an elongated quantum antidot (QAW) ge-
ometry of length L [Fig. 1(a)] that breaks the translational
invariance along the x direction. This QAW can be formed by
locally depleting the electron density. Such a QAW represents
an artificial “defect” that can host neutral MZM excitations.
The system comprises three domains: (i) x < −L/2, (ii) |x| <

L/2, (iii) x > L/2. Following the y = 0 dashed yellow line,
we move from a ν = 2/3 bulk phase [domain (i)] to a vac-
uum strip separating two such ν = 2/3 phases [domain (ii)],
and back to a single bulk phase [domain (iii)]. In the corre-
sponding wire-construction picture, domains (i) and (iii) are
characterized by the bulk-gap forming interaction, Eq. (3),
while domain (ii) is tuned to exhibit the neutral superconduc-
tivity phase (yellow region in Fig. 3), having Ô±

nsc the most
relevant operators. It follows that the Hamiltonian along the
y = 0 line is given by

HQAW =
∑
η=±

∫
dx

4π

(
vc

(
∂xφ

η
c

)2 + vn
(
∂xφ

η
n

)2)

− 2tb

∫
(i)∪(iii)

dx cos(φ+
n + φ−

n ) cos (3(φ+
c + φ−

c ))

−
∑
p=±

∫
(ii)

dx
∣∣ξ p

nsc

∣∣ cos (φ+
n − φ−

n

+ 3p (φ+
c + φ−

c ) + ζ p). (12)

Note that ξ±
nsc(x) = |ξ±

nsc(x)|eiζ±(x) in domain (ii) is induced
by weak disorder (hence it is fluctuating with x) while tb in
domain (i) and (iii) is constant. If tb is sufficiently strong, the
charge and neutral modes in domain (i) and (iii) are separately
pinned to satisfy

θc ≡ φ+
c + φ−

c = πm̂c

3
,

θn ≡ φ+
n + φ−

n = πm̂c + 2πm̂n, (13)

with integer-valued operators m̂c and m̂n. Those pinning gap
out both charge and neutral sectors. For strong |ξ±

nsc| in domain
(ii), the third term in Eq. (12) would favor finding a minimum
of the cosine term for all values of x such that

θc ≡ φ+
c + φ−

c = πm̂c

3
+ ζ+ − ζ−

6
,

φn ≡ φ+
n − φ−

n = πm̂c + 2π l̂n + ζ+ + ζ−

2
, (14)

where l̂n is another integer operator. But, such local random
quenching of θc and φn competes against minimizing the
kinetic energy [the first term in Eq. (12)]. This results in θc and
φn varying slowly over the localization length �, which scales
as � ∝ minp=±(1/((W p,0

nsc )1/(3−2�
p
nsc ))). Here W ±,0

nsc are the bare
disorder strengths for ξ±

nsc.
At the domain walls (|x| = L/2), the two noncommuting

operators, l̂n and m̂n, compete with each other, and hence
the two operators cannot be pinned simultaneously, leading
to zero-energy neutral excitations at the domain walls. The
elementary neutral excitations are given by, up to the trivial

phase factor,

α̂η
n ≡ eiηφ

η
n = eiηπ (m̂c+m̂n+l̂n ). (15)

These excitations satisfy (α̂η
n )2 = 1, a basic requirement from

MZMs. By contrast, generation of the charge excitations in-
volves energy �c ∼ h̄vc/�.

To experimentally tune domain (ii) (cf. Fig. 1) to the neu-
tral superconductivity phase, one slightly varies the magnetic
field and the gate voltage underneath the QAW, while keep-
ing domain (ii) depleted. Those tunings allow to effectively
change the distance between edge modes across the QAW
and thus control the magnitude of V ′ along the green lines in
Fig. 3(a). This amounts to inducing a phase transition from a
gapless phase (blue) to a neutral superconductivity phase (yel-
low), see e.g., Ref. [57] for an experiment to control couplings
between edge modes employing the above knobs.

Experimental signatures. To detect neutral superconduc-
tivity and the emergence of MZMs in the QAW setup, we
propose a set of transport experiments, see Fig. 1(b). The en-
ergy of the QAW is characterized by three quantum numbers
(Nc, N0

n , NM
n ); Nc is the number of charge excitations, NM

n =
0, 1—the occupation of neutral MZMs, N0

n —the number of
neutral single-particle excitations above superconducting gap
�n ∼ h̄vn/�. The energy reads

E
(
Nc, N0

n , NM
n

) = Ec(Nc − n0)2 + �cNc + �nmod
(
N0

n , 2
)
,

(16)

where n0 is a parameter effectively tuned by a back gate con-
trolling the QAW. While the first term is the charging energy
of the QAW that arises from the long-range Coulomb interac-
tion, the second term corresponds to a single-particle gap �c.
The neutral superconductivity in the QAW renders the third
term in Eq. (16) dependent on the parity of Nn = N0

n + NM
n ,

i.e., even or odd occupations. This QAW is connected by
tunneling contacts, which facilitate tunneling of neutral and
charged quasiparticles from the leads (labelled as S and D),
cf. Fig. 1(b). Importantly, such a tunneling process changes
Nc and Nn, keeping δNc + δNn is even [58]; see Appendix A
for more details.

Depending on the measurement scheme in Fig. 1(b), the
conductance peaks exhibit distinct even-odd behaviors as
shown in Fig. 4. When source SM is biased and the current
is measured in drain DM, the neutral superconductivity in
the QAW leads to a significant even-odd behavior in the
conductance peaks, i.e., χe �= χo (red dots in Fig. 4). Since
charge superconductivity is expected strongly suppressed in
this system, this even-odd effect is an manifestation of neutral
superconductivity. Such an even-odd effect exists provided
that Ec > �n and L � �. By contrast, when SU is biased while
the current is measured in DD or DU, one adds a neutral MZM
at the end point of the QAW without energy cost. Thus the
even-odd effect vanishes with equally spaced peaks, χe = χo

(blue dots).

VI. SUMMARY AND OUTLOOK

Our introduction of the notion of edge-bulk incompatibility
is followed by a detailed analysis of a specific case: that of
the ν = 2/3 FQH phase. The specifics of this case reveal the
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FIG. 4. Energy spectra of the QAW setup, E (Nc, N0
n , NM

n ) vs n0,
which is controlled by gates underneath the QAW. Energy spectra are
characterized by three quantum numbers (Nc, N0

n , NM
n ), see Eq. (16).

While Nc (Nn ≡ N0
n + NM

n ) is the number of charge (neutral) exci-
tations in the QAW, NM

n and N0
n represent the occupation of neutral

MZMs and the neutral single-particle states above a superconduct-
ing gap, respectively. Black, blue, and red parabolas indicate the
Nn = 0, NM

n = ±1, N0
n = ±1 states, respectively. When source SM

is biased while the current is measured in drain DM in Fig. 1(b),
the (differential) conductance has a zero-bias peak at red circles,
i.e., E (Nc, 0, 0) = E (Nc + 1, ±1, 0). Because of the neutral super-
conducting gap, the spacing of the peaks has an even-odd effect with
χe �= χo. In contrast, when source SU is biased while the current
is measured either in DD (nonlocal measurement) or DU (local),
the peaks occur at blue circles, E (Nc, 0, 0) = E (Nc + 1, 0, ±1). The
occupation of the MZMs does not cost energy so that the peaks are
equally spaced, χe = χo. Parameters: �c = 0.4Ec and �n = 0.3Ec.

emergence of a stable neutral-sector superconducting phase,
and the subsequent emergence of MZMs. These features can
be tested through charge transport measurements. Generaliza-
tions of our theory include extension of the present analysis
to other particle-hole conjugate FQH states with multiple
neutral modes [13,14]. These may exhibit unusual noise fea-
tures (auto- and cross-correlations). An intriguing direction
would be to replace the QAW by an elongated island of a
nontrivial topological phase (e.g., an island of a FQH phase),
allowing us to manipulate the boundary, hence the edge-bulk
incompatibility.
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APPENDIX A: WIRE CONSTRUCTION

In this Appendix, we will discuss a wire-construction
approach for ν = 2/3 quantum Hall (QH) puddles devel-
oped in Refs. [43,44], and show that the boundary of each

puddle exhibits two counterpropagating modes. This edge
picture is largely consistent with the observation of up-
stream modes from a shot noise measurement and thermal
transport [1,18,19,22].

We consider two semi-infinite spin-polarized ν = 2/3
quantum Hall puddles, left (L) and right (R), separated by
the ν = 0 vacuum state with width b, see Fig. 2(a). Each of
the puddles consists of 2N wires along the x direction, being
distance a apart from each other [see Fig. 2(b)]. The wires
have quadratic dispersion in kx, given by the Hamiltonian in
the Landau gauge A = (−By, 0, 0),

H0(kx ) =
∑
r=±1

2N∑
j=1

1

2m

(
h̄kx − r|e|B

(
b

2
+ a( j − 1)

))2

,

(A1)

with r = R/L = ±1. As shown in Fig. 2(c) in the main text,
the parabola for the dispersion of each individual wire is
centered at kx = r|e|B

h̄ ( b
2 + a( j − 1)). In the vicinity of the

Fermi energy [the horizontal-dashed line in Fig. 2(c)], the
low-energy physics is captured by the linearized Hamiltonian
(in the second quantization form)

H0 =
∑
η=±1

∑
r=±1

2N∑
j=1

∫
dxh̄vF ψ

†
r, j,η

(
(−iη∂x − kF )

− r|e|Bη

h̄

(
b

2
+ a( j − 1)

))
ψr, j,η. (A2)

Each parabola is described by two fermionic fields ψr, j,η=±1,
propagating along the opposite direction to each other. vF is
the bare Fermi velocity of the wires and the Fermi wavevector
kF is related with the filling factor ν by kF = |e|aBν/(2h̄). A
gauge transformation of

ψr, j,η(x) → ψr, j,η(x)ei
(
ηkF + r|e|B

h̄

(
b
2 +a( j−1)

))
x (A3)

allows us to gauge away the kF - and wire-dependent terms in
Eq. (A2) as

H0 → H0 =
∑
η=±1

∑
r=±1

2N∑
j=1

∫
dxψ†

r, j,η(−ih̄vF η∂x )ψr, j,η.

(A4)

We next bosonize ψr, j,η by introducing chiral bosonic fields
φ̃

η
r, j that obey the commutation relation[

∂xφ̃
η
r, j (x), φ̃η′

r′, j′ (x
′)
] = 2iπηδηη′δrr′δ j j′δ(x − x′). (A5)

The fermionic fields are written in terms of φ̃
η
r, j as

ψr, j,η(x) = 1√
2πε

eiηφ̃
η
r, j (x)ei

(
ηkF + r|e|B

h̄

(
b
2 +a( j−1)

))
x
, (A6)

with the inclusion of the effect of the gauge transforma-
tion of Eq. (A3). Here ε is a short-distance cutoff. In this
bosonization description, the density fluctuations ρr, j,η(x) ≡
ψ

†
r, j,η(x)ψr, j,η(x) is given by

ρr, j,η(x) = 1

2π
∂xφ̃

η
r, j . (A7)



So far, the entire system is gapless. A wealth of correlated
phase is realized by coupling the wires in different ways to
open a gap [43,44]. In particular, the bulk gap of the ν = 2/3
quantum Hall states is developed by introducing three-particle
involving processes [cf. Fig. 2(c)], described by the following
operators:

OR, j (x) = ψ
†
R, j+1,−(ψR, j,+)2(ψ†

R, j,−)2ψR, j−1,+

∼ ei(φ̃−
R, j+1+2φ̃+

R, j+2φ̃−
R, j+φ̃+

R, j−1 ),

OL, j (x) = ψL, j+1,+(ψ†
L, j,−)2(ψL, j,+)2ψ

†
L, j−1,−

∼ ei(φ̃−
L, j−1+2φ̃+

L, j+2φ̃−
L, j+φ̃+

L, j+1 ), (A8)

with 2 � j � 2N − 1. Note that the physical processes corre-
sponding to those operators conserve the total momentum so
that the fast oscillation terms in Eq. (A6) are canceled with
each other and hence do not appear in Eq. (A8). We next con-
sider a pair of wires of j = 2k − 1 and j = 2k (1 � k � N)
and define, for every η and k, two chiral bosonic fields as

φ
η

R,k,1 ≡ φ̃
η

R,2k−1 + (1 + η)(φ̃+
R,2k + φ̃−

R,2k ),

φ
η

R,k,2 ≡ φ̃
η

R,2k + (1 − η)(φ̃+
R,2k−1 + φ̃−

R,2k−1),

φ
η

L,k,1 ≡ φ̃
η

L,2k + (1 + η)(φ̃+
L,2k−1 + φ̃−

L,2k−1),

φ
η

L,k,2 ≡ φ̃
η

L,2k−1 + (1 − η)(φ̃+
L,2k + φ̃−

L,2k ). (A9)

In terms of the new chiral fields, the gap-forming operators
Eq. (A8) are written as

OR,2k−1 ∼ ei(φ+
R,k−1,2+φ−

R,k,2 ), OR,2k ∼ ei(φ+
R,k,1+φ−

R,k+1,1 ),

OL,2k−1 ∼ ei(φ−
L,k−1,1+φ+

L,k,1 ), OL,2k ∼ ei(φ−
L,k,2+φ+

L,k+1,2 ). (A10)

From the commutation relations of the original fields
[Eq. (A5)], one can derive the commutation relations of the
new fields[

∂xφ
η

r,k,�
(x), φη′

r′,k′,�′ (x′)
] = 2iηπδrr′δηη′δkk′K��′δ(x − x′),

with K =
(

1 2
2 1

)
. (A11)

Furthermore, expressing the density operator of a pair of the
wires in terms of the new fields

1

2π

∑
η

∂x
(
φ̃

η

r,2k−1 + φ̃
η

r,2k

) =
∑
��′

∑
η

t�K−1
��′

(
∂xφ

η

r,k,�′

2π

)
,

(A12)

one can identify the charge vector t = (1, 1)T . The obtained
K matrix and the charge vector t in Eqs. (A11) and (A12)
are identical to those for a ν = 2/3 hierarchical state [44,59].
Such a K matrix and a charge vector t describe essential prop-
erties of a fractional quantum Hall state, fully characterizing
its own topological order. In particular, a generic excitation
takes the form Tn = einT ·φ̄η

r,k with

φ̄
η

r,k = K−1φ
η

r,k, (A13)

where the integer-valued vector n describes how many of
each type of quasiparticle is created or annihilated, and φ

η

r,k =
(φη

r,k,1, φ
η

r,k,2). This excitation has a charge Q = tT K−1n and
an exchange statistics angle θ = πnT K−1n [59].

The K matrix, Eq. (A11), is diagonalized by using differ-
ent bases of bosonic fields. Technically, this diagonalization
is achieved by the transformation φ̄ → W φ̄ with a matrix
W ∈ SL(2,Z) that belongs to the special linear group; W is
a 2 × 2 matrix with integer-values matrix elements and the
unit determinant. Such a diagonalization procedure results in
the transformation of the K matrix and the t vector [59,60] as

K ′ = (W −1)T KW −1, t ′ = (W −1)T t . (A14)

Two different bases of the bosonic fields are often used in the
existing literature to describe edge modes of the ν = 2/3 state.
(i) φ1 and φ1/3 with

W1 =
(

2 1
−1 0

)
, K1 =

(
1 0
0 −3

)
, t1 =

(
1
1

)
. (A15)

The resulting K matrix has the diagonal elements with the
opposite sign, which implies that φ1 and φ1/3 propagate in
the opposite directions to each other [12,61]. In this ba-
sis, an excitation is written as einT

1 ·φ1 with integers n1 =
(n1, n1/3) and φ1 = (φ1, φ1/3). This excitation has a charge
Q = nT

1 (K1)−1t1 = (n1 − n1/3

3 ) and an exchange statistics an-
gle πnT

1 (K1)−1n1. (ii) Charge-neutral basis φc and φn with

W2 =
(

1/2 1/2
1/2 −1/2

)
, K2 =

(
6 0
0 −2

)
, t2 =

(
2
0

)
.

(A16)

In this basis, generic excitations take the form

Tn2 = ei(φcnc+φnnn ). (A17)

with the integer-valued vector n2 = (nc, nn) and have a charge
Q = nT

2 (K2)−1t2 = nc/3 and statistics θ = πnT
2 (K2)−1n2 =

π
2 (n2

c/3 − n2
n). It is important to note that the transformation

matrix of Eq. (A16) does not belong to SL(2,Z). As a con-
sequence, nc and nn are not independent of each other and
must obey nc + nn ∈ Zeven [58]. For instance, the e/3-charged
excitations (nc = 1) always accompany neutral excitations.
This charge-neutral basis looks unnatural because of this
constraint, but it provides a convenient way to describe the
physics of the present study and thus we will use this charge-
neutral basis throughout this paper.

Employing Eqs. (A13) and (A16), we define charge and
neutral modes for each individual wire as

φ
η

c,r,k ≡ 1
6

(
φ

η

r,k,1 + φ
η

r,k,2

)
, φ

η

n,r,k ≡ 1
2

(
φ

−η

r,k,1 − φ
−η

r,k,2

)
.

(A18)

From Eq. (A11), one can show the following commutation
relation for those charge and neutral modes[
φ

η

�,r,k (x), φη′
�′,r′,k′ (x′)

] = iπη
∣∣(K−1

2

)
��′

∣∣δ��′δkk′δηη′sgn(x − x′),
(A19)

for � = c, n. The gap-forming interactions Eq. (A10) are also
written in this charge-neutral basis

OR,2k+1 ∼ e3i(φ+
c,R,k+φ−

c,R,k+1 )e−i(φ−
n,R,k+φ+

n,R,k+1 ),

OR,2k ∼ e3i(φ+
c,R,k+φ−

c,R,k+1 )ei(φ−
n,R,k+φ+

n,R,k+1 ),

OL,2k+1 ∼ e3i(φ−
c,L,k+φ+

c,L,k+1 )ei(φ+
n,L,k+φ−

n,L,k+1 ),

OL,2k ∼ e3i(φ−
c,L,k+φ+

c,L,k+1 )e−i(φ+
n,L,k+φ−

n,L,k+1 ). (A20)



Collecting all terms together, the Hamiltonian associated with
the three-particle involving processes is written as

Hbulk = −
∑

r=R/L=±1

N−1∑
k=1

(
gr,2k+1 cos

((
φr

c,r,k + φ−r
c,r,k+1

)
− r

(
φ−r

n,r,k + φr
n,r,k+1

)) + gr,2k cos
((

φr
c,r,k + φ−r

c,r,k+1

)
+ r

(
φ−r

n,r,k + φr
n,r,k+1

)))
, (A21)

with r = R/L = ±1. Here gr,k denotes the strength of the
three-particle processes. Under the assumption that all of
those gap forming operators are relevant in the renormal-
ization group, all gr,k’s flow to the strong-coupling regime
where all the cosine terms find their own minimum, and
the fluctuations around the minimum are massive. Since the
charge and neutral modes commute with each other, i.e.,
[φη

c,r,k (x), φη′
n,r′,k′ (x′)] = 0, the charge and neutral modes in

the bulk can be separately gapped out. The four bound-
ary modes (φ−

c,R,k=1 ≡ φ−
c , φ+

n,R,k=1 ≡ φ+
n , φ+

c,L,k=1 ≡ φ+
c ,

φ−
n,L,k=1 ≡ φ−

n ) are, on the other hand, decoupled in Eq. (A21)
and thus they remain gapless. From Eq. (A19), one can show
that the boundary modes fulfill the following commutation
relation:[

φ
η

� (x), φη′
�′ (x′)

] = iπη
(
K−1

0

)
��′δηη′sgn(x − x′), (A22)

with �, �′ = n, c and K0 = diag(2, 6). Such two counterpropa-
gating boundary modes at each quantum Hall puddle is largely
consistent with recent experiments where upstream modes are
detected from a shot noise measurement or thermal transport
[1,18,19,22].

APPENDIX B: INTERACTION PARAMETERS FOR
BOUNDARY MODES FROM A MICROSCOPIC

HAMILTONIAN

In this Appendix, we find an effective Hamiltonian for the
boundary modes that are left behind after gapping out the
bulk modes as discussed in Appendix A. To do so, we use a
simple microscopic model for the wires and derive interaction
parameters of the boundary modes from the parameters of the
microscopic model.

We consider a microscopic Hamiltonian, given by

Hwire =
∫

dx

⎛
⎝ ∑

r=R,L

⎛
⎝−ih̄vF

2N∑
j=1

∑
η=±

ηψ
†
r, j,η∂xψr, j,η

+ U

2

2N∑
j=1

ρ2
r, j + V

2N−1∑
j=1

ρr, jρr, j+1

⎞
⎠ + V ′ρL,1ρR,1

⎞
⎠

+ Hbulk, (B1)

with the long-wavelength electron density ρr, j (x) ≡∑
η=± ψ

†
r, j,η(x)ψr, j,η(x) of wire j in QH puddle r. Here,

vF is bare Fermi velocity of the wires, U the intrawire
interaction, V the nearest neighbor intrapuddle interaction,
and V ′ the nearest-neighbor interpuddle interaction. Each term
of Eq. (B1) preserves the total momentum and thus it survives
after the integration in x. The last term Hbulk represents the
gap-forming interactions (A8). Here, we neglect possible

back-scattering terms to change the propagating direction of
the modes since those terms compete with the gap-forming
interactions Hbulk and have to be suppressed in order to
develop a QH state.

We next bosonize Eq. (B1) and write it in terms of charge
and neutral modes. We assume that Hbulk is relevant in the
renormalization group so that the bulk modes are gapped out
and they do not contribute to the low-energy dynamics. We
instead keep the gapless modes φ±

c and φ±
n at the interface be-

tween the QH puddles. In the basis of φ = (φ+
c , φ−

c , φ+
n , φ−

n ),
the resulting action for the boundary modes takes the form

S0 = − 1

4π

∫
dxdt[(∂xφ

T ) · (K · ∂tφ + Vint · ∂xφ)]. (B2)

Here, K = (
6σz 0
0 2σz

), while the interaction matrix Vint is

Vint =

⎛
⎜⎜⎝

vc gc v++
cn v+−

cn
gc vc v−+

cn v−−
cn

v++
cn v−+

cn vn gn

v+−
cn v−−

cn gn vn

⎞
⎟⎟⎠, (B3)

with

vc = U + V + 14πvF

π
, vn = U − V + 6πvF

π
,

gc = V ′

2π
, gn = − V ′

2π
, v±±

cn = ± V ′

2π
, v±∓

cn = ±8vF .

(B4)

Here, we neglect further renormalizations (∼1/Egap) of the
interaction terms originating from integrating out the bulk
modes since the effect of the renormalizations becomes negli-
gible with a sufficiently large bulk gap Egap.

Note that with repulsive interactions V ′ > 0, the sign of
gn is negative and hence φ+

n and φ−
n attract each other. This

attractive interaction can be understood by the Pauli exclusion
principle. For the spin-polarized QH states discussed here,
the spatial part of the wave function is antisymmetric such
that a particle is surrounded by an hole to minimize the ex-
change energy. As a consequence, the interaction between the
neighboring sites is attractive. In the hole-conjugated states,
such an antisymmetric feature of the wave function is en-
coded on neutral modes that govern the spatial modulation
of charge-neutral density fluctuations. Therefore, the neigh-
boring neutral modes may attract each other. Although our
finding relies on the wire-construction approach, we expect
gn < 0 is a generic feature for any hole-conjugated states since
it is attributed to a fundamental fermionic nature of the wave
function, the Pauli exclusion principle.

APPENDIX C: PHASE DIAGRAM

In this Appendix, we investigate a zero-temperature phase
diagram for the boundary modes (φ±

c and φ±
n ). To do so,

we introduce some operators that couple the boundary modes
and find the most relevant operator to govern the low-energy
physics in a renormalization group manner. Specifically, we
calculate the scaling dimension of the operators with respect
to the action (B2) and find the operator with the smallest
scaling dimension. The phase diagram is obtained in terms
of the parameters of wires (B1).



We begin our discussion with the introduction of the fol-
lowing operators for the boundary modes:

Sinter =
∫

dxdt
(
ξ±

nscÔ±
nsc + ξ±

interÔ
±
inter + ξ±

intraÔ±
intra + H.c.

)
.

(C1)

with

Ô+
nsc = ei(φ+

n −φ−
n )e3i(φ+

c +φ−
c ) = ei

(
φ̃

η=−
R, j=1+φ̃

η=+
L, j=1

)
,

Ô−
nsc = e−i(φ+

n −φ−
n )e3i(φ+

c +φ−
c )

= ei
(

2φ̃
η=−
R, j=1+2φ̃

η=+
R, j=1+φ̃

η=−
R, j=2

)
ei
(

2φ̃
η=−
L, j=1+2φ̃

η=+
L, j=1+φ̃

η=+
L, j=2

)
,

Ô+
inter = ei(φ+

n +φ−
n )e3i(φ+

c +φ−
c )

= eiφ̃η=−
R, j=1 ei

(
2φ̃

η=−
L, j=1+2φ̃

η=+
L, j=1+φ̃

η=+
L, j=2

)
,

Ô−
inter = e−i(φ+

n +φ−
n )e3i(φ+

c +φ−
c )

= ei
(

2φ̃
η=−
R, j=1+2φ̃

η=+
R, j=1+φ̃

η=−
R, j=2

)
eiφ̃η=+

L, j=1 ,

Ô±
intra = e2iφ±

n = e∓i
(
φ̃

η=∓
R/L, j=1+2φ̃

η=±
R/L, j=1+φ̃

η=∓
R/L, j=2

)
. (C2)

Note that according to the Haldane topological stability con-
dition [56], each individual operator, Ô±

nsc and Ô±
inter, can open

a mobility gap, leading to the localization of boundary modes.
Furthermore, neutral superconductivity operators Ô±

nsc and
interpuddle electron-tunneling operators Ô±

inter compete with
each other and thus they are not accommodated simultane-
ously. What operators win against the others at low-energy are
determined by renormalization group equations, which will
be shown below. The right most expression of each operator
in Eq. (C2) is written in terms of the wire basis φ̃

η
r, j [see

Eq. (A6)], which describes the modes with chirality η = ±
in the the jth wire of puddle r = R/L.

Figure 5 depicts the physical process corresponding to
each individual operator in Eq. (C2). Note that every process
does not preserve the momentum conservation. When the
interwire distance a equals to the interpuddle distance b [see
Fig. 2(b) for the configuration], the Ô±

inter operators [depicted
in Figs. 5(c) and 5(d)] are identical to the bulk gap-forming
interaction term, Eq. (3) and Fig. 2(c), where the momentum
is instead conserved. In contrast, the processes associated
with Ô±

inter for generic b �= a no longer satisfy the momentum
conservation. The fact that the operators displayed in Eq. (C2)
break the momentum conservation indicates that disorder is
crucial for the emergence of such operators.

For weak disorder, the fate of the operators (C2) is deter-
mined by the renormalization group equations [55],

dW ±
�

d lnL = (3 − 2�±
� )W ±

� . (C3)

Here, �±
� is the bare scaling dimension of the operator O±

� for
� = (nsc, inter, intra), which is evaluated at the action (B2).
The coupling strengths ξ±

� in Eq. (C1) are assumed to follow
a Gaussian distribution and thus satisfy 〈ξ±

� (x)(ξ±
�′ )∗(x′)〉dis =

W ±
� δ��′δ(x − x′). We further assume that the disorder is suf-

ficiently weak such that we only keep the leading order
in W ±

� in Eq. (C3). The renormalization of �±
� is also

neglected.

(a)

2L 1L 1R 2R

(c)

2L 1L 1R 2R

(d)

2L 1L 1R 2R

(b)

2L 1L 1R 2R

(e)

2L 1L 1R 2R

L

(f)

2L 1L 1R 2R

L

FIG. 5. Physical processes to depict the operators in Eq. (C2)
at the boundary between two quantum Hall puddles. Every process
does not preserve the momentum conservation and thus disorder is
necessary to facilitate such processes. Panels (a) and (b) depict the
neutral superconductivity process. Panel (a) is equivalent to Fig. 2(d).
Panels (c) and (d) depict the backscattering process of the neutral
constituent associated with Ô±

inter. The processes in panels (a)–(d) in-
volve electron tunneling between the two quantum Hall puddles. In
contrast, the processes displayed in panels (e) and (f) involve electron
tunneling within each puddle.

Equation (C3) indicates that the operator with the smallest
�±

� governs the low-energy physics. The disorder strength
W ±

� of the operator with the smallest �±
� grows more rapidly

and when �±
� < 3/2, it may reach a strong-coupling regime

earlier than the other operators. Once an operator Ô±
� arrives in

a strong-coupling regime, the operators with different �′ �= �

are highly fluctuating, and thus they become strongly sup-
pressed. Therefore, the operators Ô±

� with the smallest �±
�

will survive in the competition with the other operators.
With this spirit in mind, we compute the scaling dimen-

sions of the operators in Eq. (C1) under the action Eq. (B2)
with the parameters Eq. (B4) derived from the Hamiltonian
Eqs. (B1). Among those operators, we identify the operator
that is renormalization-group relevant (i.e., has the small-
est scaling dimension). To do so, we diagonalize Eq. (B2)
by the transformation of φ = M2M1φ with the matrices
M1 ∈ SO(2, 2) and M2 satisfying MT

1 (12⊗σz )M1 = (12⊗σz )
and MT

2 KM2 = 12⊗σz. Then, the scaling dimension �m for
generic operators eim·φ is given by the following formula [60]:

�m = 1
2 mT M2M1MT

1 MT
2 m. (C4)

By identifying the operator with the smallest scaling dimen-
sion, we draw phase diagrams for the boundary modes in
Figs. 6(a) and 6(c) in the parameter space (V/U,V ′/U ). The
phase diagrams are characterized by three distinct phases: (i)
a phase with four gapless modes (blue regions), (ii) a partially
gapped phase (green), and (iii) a fully gapped phase (yellow).

In the gapless phase [the blue regions in Figs. 6(a) and
6(c)], the most relevant operators are Ô±

intra. Those opera-
tors were investigated before in Refs. [12,13] to describe the



(a) (b)

(c) (d)

FIG. 6. Zero-temperature phase diagrams for the boundary
modes in the parameter space (V/U,V ′/U ) of wires, see Eq. (B1)
for more details on the parameters. [(a),(c)] The phase diagrams are
displayed with two different vF : (a) vF = 0.02U and (c) vF = 0.01U .
Three distinct phases appear; (i) a phase with four gapless modes (de-
noted in blue), (ii) a phase with two gapless and two gapped modes
(green), and a fully gapped phase (yellow). In the white region, the
boundary modes are no longer stable where the Vint-matrix (B3) is
not positive definite. In particular, the fully gapped phase stabilizes
the neutral superconductivity where both of the Ô±

nsc operators are
relevant (i.e., �±

nsc < 3/2) with the smallest scaling dimensions than
the other operators in Eq. (C2). Panel (b) and (d) plots the scaling
dimensions of the operators Eq. (C2) as a function of V ′/U along
the black dashed line in panel (a) and (c), respectively. While the
intrapuddle electron tunneling terms Ô±

intra have the smallest scaling
dimension in the blue region, the yellow region is characterized by
the Ô±

nsc terms, see the text for more details.

equilibration in an edge of the ν = 2/3 quantum Hall state.
Following the Haldane’s criterion [56] for the topological
stability of edge modes against localization, it is shown that
those operators can not generate a gap. One can show that
mT K−1

2 m �= 0 with mT = (0, 2) and K2 [Eq. (A16)] in the
charge-neutral basis (see also Refs. [62,63] for examples of
a phase transition of topologically unstable states). Moreover,
when Ô±

intra become relevant, the boundary modes of each pud-
dle flow to a disorder-dominated fixed point where the charge
modes φ±

c are completely decoupled with the neutral modes
φ±

n [12,13]. At this fixed point, one can show that the operators
Ô±

inter and Ô±
nsc have the identical scaling dimensions. From

this, we conclude that neither Ô±
inter nor Ô±

nsc is stabilized at
the fixed point and thus may not generate a mobility gap.
Therefore, all boundary modes remain gapless even though
the Ô±

intra terms stabilize at low temperatures. This phase is
fully characterized by the central charge c = 2, which reflects

the two gapless modes in both directions. As shown in Fig. 6,
this phase is achieved for a relatively small V and V ′.

The scaling dimensions of each operator in Eq. (C2) along
the dashed lines of Figs. 6(a) and 6(c) are plotted in Figs. 6(b)
and 6(d), respectively. Upon increasing V ′ > 0, the scaling
dimensions �±

nsc of the neutral superconductivity terms Ô±
nsc

decrease, see the blue and orange lines in Figs. 6(b) and 6(d).
It indicates that the neutral superconductivity terms become
more stabilized for a stronger repulsive interaction V ′ > 0
since the V ′-interaction in Eq. (B1) induces an attractive
interaction between φ+

n and φ−
n . Note the negative sign of

gn in Eq. (B4). In particular, �+
nsc even falls below �±

intra at
certain V ′, rendering Ô+

nsc the most relevant. In this regime,
the low-energy physics is governed by the effective action

Slow = 2
∫

dxdt |ξ+
nsc| cos

(
φ+

n − φ−
n + 3(φ+

c + φ−
c ) + �+)

(C5)

with ξ+
nsc = |ξ+

nsc|ei�+
. Once this cosine term flows to a strong-

coupling regime, the charge and neutral modes inside the
cosine term are pinned to one of the minima of the cosine
terms such that φ+

n − φ−
n + 3(φ+

c + φ−
c ) + �+ = 2πn with

n ∈ Z. At the same time, the other terms except for Ô−
nsc

become highly fluctuating and hence vanish. The Ô−
nsc term,

in contrast, survives and even stabilizes after the pinning of
the phase factor of Ô+

nsc as Ô−
nsc commutes with Ô+

nsc. After the
pinning, the Ô−

nsc term reads (up to a constant factor)

Ô−
nsc ≈ e2i(φ+

n −φ−
n ). (C6)

The scaling dimension of Eq. (C6) is also plotted in Figs. 6(b)
and 6(d). Compared with the scaling dimension �−

nsc before
the pinning (green lines), the scaling dimension after the pin-
ning (purple lines) is significantly reduced, reflecting further
stabilization of Ô−

nsc term.
When the phase factor inside the cosine term in Eq. (C5) is

pinned, two different scenarios are possible. First, the scaling
dimension of Eq. (C6) is still above 3/2 so that Ô−

nsc does
not open a gap. This phase is referred to as partially gapped
phase [denoted as green in Fig. 6(a)] and it is characterized
by the central charge c = 1. Second, the scaling dimension
of Eq. (C6) is less than 3/2 and thus the phase factor in
Eq. (C6) can be also pinned at low temperatures. Then, all
boundary modes are fully gapped with the zero central charge
c = 0 [the yellow regions in Figs. 6(a) and 6(c)]. Those three
different phases, (i) the gapless phase (blue), (ii) the partially
gapped phase (green), and (iii) the fully gapped phase (yellow)
have distinct central charges; phase (i) c = 2, (ii) c = 1, (iii)
c = 0. Therefore, each individual phase can be identified by
the measurement of thermal conductance.

On the other hand, the interpuddle interactions Ô±
inter

always have larger scaling dimensions than the other oper-
ators due to the attractive interaction between φ+

n and φ−
n .

Therefore, Ô±
inter are not crucial at low temperatures.
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