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Abstract— This article presents a comprehensive the-
oretical investigation into a double-negative metamaterial
(MTM)-loaded helical slow-wave structure (DNM-HSWS)
employing an equivalent circuit analysis (ECA) approach
considering the sheath-helix model of the helix. The study
involves deriving dispersion and interaction impedance
formulations, with a focus on analyzing the propagation
and interaction characteristics of the structure. The practi-
cally feasible DNM-HSWS is designed and analyzed using
CST-microwave studio software. A comparative analysis
is conducted between theoretical and simulation results
for the designed CST model, verifying the accuracy of
the proposed theoretical investigation for the DNM-HSWS.
Beyond validation, this study highlights the practical util-
ity of the proposed theoretical investigations and the
designed DNM-HSWS within the domain of MTM-inspired
vacuum electron device (VED) applications. The findings
contribute to advancing the understanding and application
of MTM-loaded structures for improved performance in
microwave devices.

Index Terms— Backward-wave oscillators (BWOs), dis-
persion derivation, double-negative metamaterial (DNM),
equivalent circuit analysis (ECA), slow-wave structure
(SWS), vacuum electron device (VED).

[. INTRODUCTION

HE evolution of vacuum electron devices (VEDs) is
witnessed a transformative influence from metamate-
rial (MTM) inspired structures, marking a significant stride
in design and application efficiency. L everaging unique
electromagnetic (EM) wave propagation properties, MTMs
have propelled the development of MTM-VEDs, significantly
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enhancing their efficiency and output power [1]. In par-
ticular, MTM-VEDs emerge as miniaturized, efficient, and
resonant structures capable of generating substantial RF power,
reaching magnitudes of hundreds of megawatts within mere
seconds of saturation [2]. In VEDs, MTMs are used to
design the slow-wave structures (SWSs) for applications, such
as backward-wave oscillators (BWOs) [3], [4] and traveling
wave tubes (TWTs) [5]. The leveraging negative permittiv-
ity and permeability, negative refractive index, and reversed
Cherenkov radiation characteristics, MTM structures facilitate
the antiparallel flow of phase velocity and group velocity
[6], [7]. This, in turn, enables the design of highly efficient
high-power MTM-BWOs by slowing down wave propagation
within the interaction circuit and enhancing beam-wave inter-
action probability [4]. Tailoring MTM-loaded SWSs based
on their propagation characteristics, results in the design of
epsilon negative [8], mu negative [9], and double nega-
tive MTM (DNM)-loaded SWSs [10]. Furthermore, MTMs
are also used to design the helical-SWSs (HSWSs) and
improve their operationality [11], [12], [13]. Literature reports
the design and utilization of both DNM and double pos-
itive MTM (DPM)-loaded helical structures, each serving
unique purposes; DNM structures are used to miniaturize the
dimensions compared with its conventional counterpart [14]
and DPMs are used for size enlargement of HSWS [15].
Notably, an HSWS loaded with different MTMs can exhibit
varying propagation bandwidths, operation frequencies, and
interaction characteristics. The diverse features and utility
benefits of MTMs redefine the landscape of MTM-loaded
SWS design, assisting in multidimensional applicability to
explore MTM-VEDs and advancing frontiers of microwave
device technology.

The metallic MTM-loaded SWSs and HSWSs have demon-
strated their efficacy in designing structures for high-power
microwave (HPM) generation. HSWSs, documented in arti-
cles [11], [12], [13], [14], [15], have demonstrated their
instrumental role in advancing VED applications. Notably, the
dispersive DNM-loaded HSWS (DNM-HSWS), as reported
by Sharma and Pathak [11], seamlessly integrates conven-
tional HSWS characteristics with the unique properties of
MTMs. It facilitates fundamental mode propagation with a
significant reduction in wave propagation, featuring highly
diminished group velocity and nearly constant phase velocity.
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In addition, a DPM-loaded HSWS, detailed in article [15],
strategically manipulates dispersion characteristics to achieve
size enlargement for slow-wave devices at higher frequencies.
This structure exhibits dispersion characteristics with notably
higher interaction impedance across a broader bandwidth,
rendering it suitable for high-power and high-efficiency wide-
band TWTs. Furthermore, a DNM-HSWS, as detailed in
the article [14], serves the dual purpose of enabling both
forward-wave (FW) and backward-wave (BW) propagation for
TWTs and BWOs, respectively. The theoretical and simulation
analyses conducted for this DNM-HSWS design showcased
advanced slow-wave propagation and improved interaction
characteristics compared with their conventional counterparts.
These findings u nderscore t he i nstrumental r ole o f MTM
assistance in HSWSs for enhancing the performance and
capabilities of VEDs.

This article examines the propagation and interaction
characteristics of a previously designed DNM-HSWS. A com-
prehensive theoretical analysis of the designed structure is
conducted through an ECA approach, which is subsequently
validated against previously reported EM field t heory [14].
Furthermore, numerical outcomes from the ECA are compared
with simulation results for the designed DNM-HSWS. The
discrepancies between theoretical and simulation results are
attributed to considerations of the sheath-helix model and the
effective MTM medium employed in the theoretical analy-
sis. This work is a follow-up of our previously published
work [14], in which the theoretical analysis for a similar
MTM model was carried out using the field a nalysis (FA)
approach. The FA method involved a solution for a complex
6 x 6 matrix to derive the dispersion relationship. Whereas,
the proposed ECA method provides a more straightforward
and simplified a pproach b y c alculating o nly t wo k ey equiv-
alent parameters: the inductance per unit length (L) and
the capacitance per unit length (C). Moreover, this article
extended beyond the basic derivation of the dispersion relation
by performing a detailed parametric study to examine the
impact of structural parameters on the EM characteristics. This
comprehensive analysis is crucial for minimizing discrepancies
between theoretical and simulation results while acknowledg-
ing the inherent limitations.

The structure of this article unfolds as follows. Section II
presents the ECA approach for the DNM-HSWS, encom-
passing theoretical derivations for the dispersion relation
and interaction impedance. Section III delves into numeri-
cal investigation, including a comparative study contrasting
theoretically obtained results using the ECA approach with
previously reported FA outcomes and simulation results for
the designed DNM-HSWS. Finally, the conclusion drawn from
the study is discussed in Section IV.

II. ECA oF DNM-HSWS

Theoretical investigation into a DNM-HSWS is conducted
utilizing an ECA approach [16], [17]. The design of the DNM
structure, as depicted in Fig. 1(a), involves copper split-rings
printed on a dielectric substrate of beryllia (BeO). Design
parameters defining a s ingle unit o f t he D NM s tructure are
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Fig. 1. (a) Design of the DNM structure and (b) plot illustrating the
relative permittivity and permeability as functions of frequency, defining
the range of the DNM region from 0.85 to 1.50 GHz for the proposed
DNM structure.
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Fig. 2. Unit-cell structure design of the investigated DNM-HSWS.
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Fig. 3. (a) Cross-sectional view and (b) side view depiction of the
equivalent model of DNM-HSWS used for theoretical investigation.

outlined in Table I, where L, X, and d denote the length,
width, and thickness of the structure, respectively. This con-
figuration establishes a DNM regime within the frequency
range of 0.85-1.50 GHz, characterized by negative values
of relative permittivity (e,) and relative permeability (u,),
simultaneously, as depicted in Fig. 1(b). Fig. 2 illustrated the
design of the DNM-HSWS, where the helix of radius a = 1 cm
and pitch angle ¢ = 13.5° loaded inside a cylindrical envelope
of radius b = 4 cm and supported by DNM structures.

For the ECA of the proposed DNM-HSWS, Rowe’s treat-
ment for a sheath-helix model is adopted [18]. This treatment
conceptualizes the helix as being enclosed within a cylindri-
cal envelope and surrounded by an effective MTM medium
between the helix and the cylindrical waveguide, as illustrated
in Fig. 3. The effective relative permittivity [&,ef(w)] and



permeability [1,fr(w)] in Region 2 of the theoretical model
are determined using the relative permittivity (¢,) and per-
meability (u,) values obtained from the simulation of the
designed DNM structure (as illustrated in Fig. 1). The values
of & ef(w) and w,c(w) are calculated using the following
relations [12]:

Nd

Erefi(®) = 1+ (6-(w) — 1)[mi| (D
Nd

Mreti(w) =1+ (U (@) — 1)|:m] (2

where N represents the number of MTM structure units
arranged azimuthally in the DNM-HSWS (refer to Fig. 2), d
denotes its thickness and R signifies the ratio of the waveguide
radius b to the helix radius a. The effective range of DNM
regime for the theoretical DNM-HSWS model is calculated
using (1) and (2), ranging from 0.85 to 1.30 GHz.

A. EM Field Expressions

The field components corresponding to the propagating EM
wave along the z-axis are computed for the DNM-HSWS
model under consideration for ECA, as illustrated in Fig. 3.
Utilizing Borgnis’ potentials [11], the electric and magnetic
field components, derived using [19], are as follows:
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E,i = | — (Bk)[A: L, (kip) + B; K, (ki p)]
_a),u,in
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In the context of cylindrical coordinate system, p, 6, and z
represent the transverse, azimuthal, and longitudinal compo-
nents of the electric (E) and magnetic (H) fields, respectively.
Moreover, in the above field expressions, the RF dependence
of ¢/@=F2 s understood [16], [17], [20]. The designation i
denotes the region through which the field propagates, where
1 corresponds to Region 1 (0 < p < a) and i =
2 corresponds to Region 2 (a < p < b). In Fig. 3(a),
Region 1 represents the vacuum or air region, whereas Region
2 is the effective MTM region filled with &, c(w) and
Wreff(w) medium. Depending upon the higher interaction and

I =

the dual-mode propagation characteristics of the designed
DNM-HSWS, the order of Bessel’s function is chosen as n =
1 [14]. Within this framework, [, (k;p) and K, (k;p) represent
the modified Bessel functions of the first and second kinds,
respectively, while I (k; p) and K (k; p) denote their respective
first derivatives. Here, n signifies the order of modified Bessel
functions. The radial propagation constant k; can be defined in
terms of the axial propagation constant 8 and the free space
propagation constant ko through the following expression:

ki =/ B — &rvi Irsi ko> ©)

The undetermined field coefficients, denoted by A;, B;, C;,
and D;, within the expressions representing the EM field
components, are resolved by applying boundary conditions at
the interfaces of the helix and cylindrical envelope. Subse-
quently, establishing the circuit equivalence for the theoretical
model allows for the derivation of expressions governing the
capacitance per unit length and the inductance per unit length.
From these derived expressions, the dispersion relationship is
established.

The theoretical model of the DNM-HSWS incorporates two
boundaries: one at the helix and the other at the cylindrical
envelope. Accordingly, the boundary conditions at the helix
(p = a) and the cylindrical waveguide (p = b) can be
expressed [19]. Utilizing the boundary conditions, the values
of unknown field coefficients are determined and outlined as
follows:
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B. Circuit Equivalence

The electric field of a propagating EM wave along axial
direction can be defined in terms of scalar (®) and vector (A)
potentials, as follows:

0P 9A;
S0z ot
Since all the EM field components and potentials vary with the

RF dependence of e/@=#?_ (23) can be expressed as follows
[20]:

E.i= (23)

E.;=jB® — joA, (24)

through

=-Jjp & —=jo. (25)

3z at
These scalar (®) and vector (A;) potentials for EM wave
propagation obey the Lorentz condition

JBA;
The components of the electric field, propagating in the axial
direction of the structure, can be expressed in terms of scalar

potential @& in accordance with the above-mentioned (24)
and (26) as follows:

— jEi/,LiQ)CD =0. (26)
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The field equations (3) and (27) are used to determine the
following expression:
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which is identified as the telegraphist’s equations [21]
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The values of the capacitance per unit length of an equivalent
transmission line C, is determined as follows:

2ma (k1
C=—
w k2
Applying the sheath-helix condition, defining conduction

along the winding direction, the electric field components E,
and Ey at p = a can be represented as follows:

E? = —Ej coté.

)[BzX] (30)
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Equation (31), along with (5) and (26), collectively determined
the expression

ad  BZ[nB cot¢ dl,
| LB X — uskaDrZ L=
+k2[ 28 TR RS S T

Equation (32) is identified in the another form of telegraphist’s
equation [21]

0. (32)
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Fig. 4. Equivalent circuit model considered for the lossless
DNM-HSWS. In this model, C and L denote the capacitance per unit
length and the inductance per unit length of the structure, and dz is a
length increment.

where L is the inductance per unit length for the equivalent
transmission line and it is determined as follows:

B> cot¢
B k2 2ma’

L = [ '3 BzX M2k2D221| (34)
Following the calculation of the capacitance per unit length
and inductance per unit length for the proposed DNM-HSWS
(as illustrated in Fig. 2), its equivalent circuit can be rep-
resented by a simple LC circuit as shown in Fig. 4. The
capacitance per unit length for the equivalent circuit is defined

by (30), while the inductance per unit length is defined by (34).

C. Expression for the Dispersion Relation

In the context of the analyzed theoretical model, the dis-
persion relation is expressed in terms of capacitance per
unit length and inductance per unit length as 8% = w’LC.
By substituting here the values of C and L obtained from (30)
and (34), respectively, the final expression for the dispersion
relationship for the DNM-HSWS is derived as follows:
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If the structure is considered as lossless, then its characteristics
impedance (Zy) is defined as follows [22]:

L

By substituting the value of L and C from (34) and (30),
respectively, the final expression for characteristics impedance
is determined as follows:

BzX,Bkz I’lﬁ 2D22
Zy = to| — — woky"——|. 39
0 2wk, \/wCO ¢|: P BX (39)

(38)

D. Expression for the Interaction Impedance

The interaction impedance measures the magnitude of the
axial electric field available for interaction with the elec-
tron beam inside the interaction structure. As defined by



Pierce [23], the interaction impedance of the structure is
expressed as follows:

A
28%Pr
where Py is the total power propagating inside the interaction
structure. The resulting expression for the total power is
determined following [24] which is formulated as follows:
Pr = wopl(e1Ar* + i CiH I+ (2242% + 12 Co*) o
+ (£2B)" + 12 D) I + 2(82A2 By + 112C2 D) 1] (41)
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Substitution of Pr from (41) into (40), results in the final
expression for interaction impedance as follows:
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[ll. RESULTS AND DISCUSSION

In order to analyze the propagation and interaction char-
acteristics of the proposed DNM-HSWS, the equations for
dispersion relation (35) and the interaction impedance (46),
derived through the ECA, are numerically investigated and
plotted to determine the phase velocity and interaction
impedance as a function of frequency. The commercial soft-
ware MATLAB is used to develop the in-house codes and
the Newton-Raphson method [25] is employed to obtain
the roots of (35). The characteristic impedance, interaction
impedance, and normalized phase velocity for the equiva-
lent theoretical model are depicted in Fig. 5. In Fig. 5, the
phase velocity is definedasv ,= w /B.T hep lots clearly
indicate that the structure is an SWS, supporting both FW
and BW propagations for the dominant mode. It exhibits
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Fig. 5. Interaction impedance, characteristic impedance, and nor-
malized phase velocity are plotted as a function of frequency for the
theoretically analyzed equivalent circuit model. Here, ¢ represents the
speed of light in a vacuum.
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Fig. 6. Normalized phase and group velocities are plotted against
frequency. The CST simulation results for designed DNM-HSWS (see
Fig. 2) are plotted in black and theoretical outcomes using FA and ECA
are plotted in red and green, respectively.

higher interaction near both the lower and higher frequency
regions of the propagation band. At the lower frequencies, the
dominant mode of propagation is the FW mode, whereas at
the higher frequencies, the BW mode is the dominant mode of
propagation. The numerically investigated results for derived
dispersion relation (35) and interaction impedance (46) are
compared with the results obtained using the EM FA approach,
reported in [14]. Moreover, the numerical results are validated
against simulation outcomes for the designed DNM-HSWS
using CST-microwave studio.

Fig. 6 illustrates the propagation characteristics of the pro-
posed DNM-HSWS. The plot depicted the normalized phase
and group velocities against frequency, showcasing both BW
and FW modes converging at the point of mode degeneracy
for the dominant mode traveling through the DNM-HSWS.
Notably, the propagation bandwidth of the structure appears
narrow, spanning approximately from 1.18 to 1.28 GHz.
The incorporation of the DNM structure within the HSWS
enables BW propagation, suggesting potential applications
in the design of highly resonant MTM-BWOs. The phase
velocity plot illustrates the characteristic behavior of the
proposed structure as an SWS, with the BW mode exhibiting
slower propagation compared with the FW mode. Conversely,
the group velocity plots in Fig. 6 illustrates that the BW
mode propagates with a negative group velocity, signifying an
antiparallel flow of phase and group velocities. This observa-
tion suggests that the BW mode experiences an extremely slow
energy propagation, moving opposite to the direction of wave
propagation. It increases the duration of beam-wave interaction



300

o
T

1
-]
o
t=]

T

— CST results
- - =~ FA results ]
=900  — ECA results| “:

Interaction Impedance (Q)
g
o

118 120 122 124 126 1.28 130
Frequency (GHz)
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simulation results for designed DNM-HSWS (see Fig. 2) are plotted in
black and theoretical outcomes using FA and ECA are plotted in red and
green, respectively.

within the structure, potentially facilitating the generation of
high-efficiency RF signals. Furthermore, the degeneracy point
represents the point where the mode of wave propagation
becomes undefined and the energy flow approaches 0.

The interaction impedance, depicted as a function of
frequency in Fig. 7, provides insight into the interaction char-
acteristics of the examined DNM-HSWS for the FW mode
and BW mode. The analysis reveals that interaction within
the FW mode predominates in the lower frequency range
of the propagation band. Conversely, the BW mode dominates
the interaction in the higher frequency range, particularly in
proximity to the mode-degeneracy point. This observation
highlights the distinct interaction behaviors associated with
FW and BW modes within the analyzed DNM-HSWS.

Figs. 6 and 7 collectively demonstrate a consistent corre-
lation between the plots derived from ECA results and those
obtained from the FA, thereby validating the theoretical inves-
tigation into the propagation and interaction characteristics
using the ECA approach. Furthermore, the outcomes of simu-
lation analysis of designed DNM-HSWS (as shown in Fig. 2)
exhibit similarities to the theoretical plots, depicting both BW
and FW modes, as well as the mode degeneracy. However,
significant discrepancies exist between the theoretical and
simulation results. These discrepancies can be attributed to
several factors, including the considerations of effective DNM
between the helix and cylindrical envelope, which is obtained
using (1) and (2), and the sheath-helix having conductivity
along the direction of helix winding with an infinitesimally
small helix thickness. The differing trends in group velocities
between the ECA and simulation analysis results (in lower
frequency regions) are a direct consequence of the variations of
propagation constant with frequency, emphasizing the impor-
tance of minimizing discrepancies between the dispersion plots
obtained through ECA and CST simulations.

The influence of structural parameters on the EM properties
of the designed DNM-HSWS is investigated through simula-
tion results and shown in Figs. 8—10. This analysis involves
the variation of the helix pitch angle (¢), helix radius (a), and
the number of DNM structures (N) positioned between the
helix and the cylindrical envelope. The following are inferred
from these investigations.

1) Increasing the pitch angle causes the propagation band
to shift toward lower frequencies and reduces phase
velocity.
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Fig. 8. Normalized phase velocity plotted against frequency, illustrating
the impact of helix pitch angle (¢) variation on propagation charac-
teristics and the discrepancy between theoretical (dashed lines) and
simulation (solid lines) outcomes of the DNM-HSWS.
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Fig. 9. Normalized phase velocity plotted against frequency, illustrat-
ing the impact of varying N (the number of DNM structures loaded
between the helix and cylindrical waveguide) on propagation charac-
teristics and the discrepancy between theoretical (dashed lines) and
simulation (solid lines) outcomes of the DNM-HSWS.
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Fig. 10. Normalized phase velocity plotted against frequency, illustrat-
ing the impact of helix radius variation on propagation characteristics
and the discrepancy between theoretical (dashed lines) and simulation
(solid lines) outcomes of the DNM-HSWS.

2) Change in a number of DNM structures inside the
HSWS does not significantly affect the propagation band
of the structure but the phase velocity increases for the
larger number of DNM structures inside the unit cell.

3) Propagation band shifts toward lower frequencies and
the phase velocity decreases for higher values of a,
resulting in a higher interaction time for a larger helix
radius.

4) From Fig. 8, it is evident that reducing ¢ minimized the
discrepancy between simulation and theoretical results.
Since the helix is assumed to be closely wound in
the sheath-helix model, the theoretical results obtained
through ECA for the sheath-helix model are more accu-
rate and align better with simulation results at lower
values of ¢.



5) Furthermore, the discrepancy can also be minimized
by increasing N and decreasing a (adhering to the
condition Nd < 2ma), as shown in Figs. 9 and 10,
respectively. Since the equivalent structure model incor-
porates parameters &y and e in the ECA frame
work, by increasing N and decreasing a, the difference
between the effective medium parameters of the theo-
retical model and the medium parameters of the DNM
structure will get reduced. This leads to a decreased dis-
crepancy between theoretical calculations and simulation
results.

The discrepancy between simulation and theoretical results
can further be reduced by considering the full-wave analysis
with a practical helix with an actual medium surrounding
it. These refinements i n t heoretical m odeling e nsure a more
comprehensive understanding of the behavior of DNM-HSWS,
facilitating improved accuracy in predicting its propagation
and interaction characteristics and rendering the potential for
the future scope of this work.

V. CONCLUSION

The investigation conducted on the DNM-HSWS has been
aimed at exploring its potential for MTM-inspired microwave
device applications. Utilizing an ECA approach, the theoretical
investigation has been provided foundational insights into
the behavior of DNM-HSWS. The comparative analysis of
results obtained from ECA and FA validates the efficacy
of the ECA approach. The proposed DNM-HSWS emerged
as a narrow band, miniaturized SWS, exhibiting very slow
EM wave propagation near mode-degeneracy. Notably, the
structure has supported BW propagation, characterized by
the antiparallel flow of phase and group velocities due to the
incorporation of the DNM structure, thus rendering it suit-
able for MTM-BWO applications. The observed discrepancy
between theoretical and simulation results has been addressed
by considering an equivalent theoretical model used in ECA
investigations. To minimize the discrepancy, the variation
of the helix pitch angle, helix radius, and the number of
DNM structures loaded between the helix and cylindrical
waveguide has been discussed. Overall, the study underscores
the effectiveness of the investigated DNM-HSWS for SWS
device applications, particularly in generating high-efficiency,
highly resonant microwave signals, with promising prospects
for designing VEDs.
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