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Abstract

Liquid-liquid extraction is among the most common initial thermal separation techniques in
chemical and process engineering. The proper description of the phase equilibria, the mass
transfer across the interface and the interfacial properties of the involved liquid systems is
crucial for process design and optimization. In particular, and regarding reactive liquid
extraction processes, chemical equilibrium system states as well as reaction kinetics are
additionally the subject of study and should be properly predicted. Mass transfer and chemical
kinetics will lead the reactive nonuniform system to reach a final stable system state, at which

the combined phase and chemical equilibrium states are reached.

The interfacial properties of liquid nonuniform systems at phase equilibrium can be calculated
by combining the incompressible version of the Density Gradient Theory with an appropriate
gf-model. A generalized chemical potential, which is the starting point for describing mass

transfer and kinetics in reactive, heterogeneous and multicomponent systems, is derived.

In this work, a generalized and thermodynamically consistent theoretical framework that
embodies the combined reaction and transport associated with reactive nonuniform systems is
developed and introduced for the first time. Rate equations, which are formulated with activities,
are combined with the modified and generalized Cahn-Hilliard equation. The theoretical
treatment is exemplified by conceptual and theoretical model calculations involving a simple
chemical reaction and for both limiting situations in which, on the one hand, the rate of reaction
is effectively instantaneous and, on the other hand, the reaction is much slower than the rate of
diffusion. Chemical reactions occurring in the interface between coexisting bulk phases are
predicted and their impact on the dynamics of the whole system is studied. Interfacial properties,
such as interfacial tensions and interfacial concentration profiles, are also calculated at each time
step of the evolution of the reactive system towards its final stable state. Concerning the first
limiting situation, interfacial chemical reactions have a marked impact on the overall reacting
system. The chemical reaction reaches chemical equilibrium first in both bulk phases, and then
at the interface between them. Opposing results emerge for the second limiting situation, in

which the interfacial chemical reaction has no impact on the dynamics of the system.
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Zusammenfassung

Die Flissig-Fluissig-Extraktion gehort zu den am héufigsten verwendeten thermischen
Trennverfahren im Bereich Chemieingenieurwesen und Verfahrenstechnik. Die korrekte
Beschreibung der Phasengleichgewichte, des Stofftransportes iiber die Grenzfliche und der
Grenzflicheneigenschaften der beteiligten fliissigen Systeme ist entscheidend fiir die
Prozessauslegung und -optimierung. Im Falle der Reaktivextraktion miissen die chemischen
Gleichgewichtszustinde und die Reaktionskinetik zusétzlich beriicksichtigt und korrekt
vorhergesagt werden. Stofftransport und Reaktionskinetik fiihren das Reaktivsystem zu einem

Superpositionszustand, also zur Uberlagerung von Phasen- und chemischen Gleichgewicht.

Die Grenzfldcheneigenschaften von fliissigen-heterogenen Systemen im Phasengleichgewicht
konnen mit der inkompressiblen Dichtegradiententheorie in Kombination mit einem geeigneten
g®-Modell berechnet werden. Ein verallgemeinertes chemisches Potential, welches den
Ausgangspunkt fiir die Beschreibung des Stofftransportes und der Reaktionskinetik in

reaktiven, heterogenen und Mehrkomponentensystemen bildet, ist abgeleitet.

Im Rahmen dieser Arbeit wird zum ersten Mal eine verallgemeinerte und thermodynamisch
konsistente Theorie, welche die Uberlagerung von Reaktion und Stofftransport im
Zusammenhang mit reaktiven und heterogenen Systemen darstellt, entwickelt und eingefiihrt.
Ratengleichungen, welche mit Aktivititen formuliert sind, werden mit der modifizierten und
verallgemeinerten Cahn-Hilliard-Gleichung kombiniert. Die theoretische Vorstellung wird
anhand von konzeptionellen und theoretischen Modellrechnungen am Beispiel einer einfachen
chemischen Reaktion und fiir beiden Grenzfille, in denen einerseits die Reaktion viel schneller
ablduft als die Diffusion und andererseits die Reaktionsgeschwindigkeit viel kleiner ist als die
Diffusionsgeschwindigkeit, demonstriert. Chemische Reaktionen, welche an der Grenzfliche
zwischen koexistierenden Bulkphasen stattfinden, werden vorhergesagt und ihren Einfluss auf
die dynamische Entwicklung des gesamten Systems untersucht. Grenzflicheneigenschaften wie
Grenzflichenspannungen und Konzentrationsprofile werden in jedem Zeitschritt der
Entwicklung des Reaktivsystems zu dem Superpositionszustand ebenfalls berechnet. Beziiglich
des ersten Grenzfalles haben Grenzschichtreaktionen einen deutlichen Einfluss auf das gesamte
Reaktivsystem. Die chemische Reaktion erreicht das chemische Gleichgewicht erst in beiden
Bulkphasen, dann in der Grenzflache. Gegensitzliche Ergebnisse ergeben sich fiir den zweiten

Grenzfall, in dem die Grenzschichtreaktion keinen Einfluss auf die Dynamik des Systems hat.

vi
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1 Introduction

Conventional production processes in the chemical, petrochemical and pharmaceutical
industries are characterized by a sequential interconnection of unit operations to implement
various basic process engineering operations, such as reaction or separation. The greatest effort
in technical manufacturing and production processes is related to the upstream and downstream
separation processes. Capital and operational expenditures can become very high depending on

the chemical and thermodynamic properties of the involved systems.

Thermal separation processes have a wide range of application. For instance, liquid-liquid
extraction, also known as solvent extraction, is among the most common initial separation
techniques and is a method to separate chemical components or metal complexes based on their
relative solubilities in two different and practically immiscible liquids. A net transfer of one or
more species generally from an aqueous phase into an organic liquid one takes place. The
advantages of such thermal separation techniques are the lower complexity in process design, a
wide operating window of process parameters, and the good knowledge and understanding of
the entire process. Furthermore, reactive separation processes are characterized by the
simultaneous combination of reaction and separation in one single apparatus. They can reduce
the number of subsequent separation steps compared to those needed in classical and
conventional production processes, thus also reducing the number of required separation units.
Reactive distillation, reactive absorption, reactive adsorption, reactive extraction, reactive
crystallization, and reactive pervaporation are the well-known important examples of reactive
separations. They are receiving considerable attention from theorists and industries due to the
process intensification they generate. The main advantage of these integrated systems is a
possible shift of the chemical equilibrium towards the side of the reaction products caused by
their simultaneous separation from the reacting mixture, thus increasing reaction conversion and
enhancing reaction selectivity. However, and due to the strong interactions of chemical
reactions, heat, and mass transfer, reactive separation processes require complex

thermodynamic modeling and process simulation, and lead to a limited applications window, an



2 Introduction

extensive equipment design effort, and an increased operational complexity. The
thermodynamic modeling of reactive separation processes aims essentially at predicting and
properly describing the phase equilibrium, the chemical equilibrium, the reaction kinetics, the
mass transfer, and the interface, all of which are mostly associated with multicomponent as well
as multiphase reactive nonuniform systems. The efficiency of such separation techniques will
be affected by many dynamic properties, namely the interfacial properties of the involved

multicomponent and heterogeneous systems in the reactive separation process.

In particular, the reactive liquid extraction process is a liquid-liquid extraction that is intensified
through a mechanism involving a chemical reaction. Liquid-liquid extraction and reactive liquid
extraction are basic unit operations in chemical engineering. They are performed using a variety
of apparatus such as countercurrent distribution equipment, e.g., mixer-settler cascades, or
extraction columns. The interfacial properties of multicomponent and practically immiscible
liquid systems have received considerable attention from the chemical, petrochemical, and
pharmaceutical industries. An accurate description of liquid interfaces is important for process
and product design. Continuum methods can also accommodate the time and distance scales
and the variety of phenomena, such as chemical reactions and mass and heat transfer, that must
be considered in practical manufacturing processes and the modeling and design of unit

operations.

Mass transfer across fluid interfaces and chemical kinetics can be described by nonlinear
diffusion equations and rate equations, respectively. The rate equations link the reaction rate of
a chemical reaction with the activities of the reactants. In order to describe industrially relevant
reactive nonuniform systems, diffusive mobilities and reaction rate coefficients, which are found
in diffusion and rate equations, respectively, should usually be adjusted to experimental data.
Furthermore, a thermodynamically consistent treatment of reactive systems requires the
activities and chemical potentials found in both reaction and diffusion models to be described
with the same thermodynamic model that also accounts for the intermolecular interactions

leading to the liquid state of matter.

The interface is characterized by a layer with a smooth spatial variation in the thermodynamic
state variables and in one of the intensive scalar properties of the nonuniform system, such as

composition or density, between the homogeneous bulk phases. The Helmholtz energy of an




3 Introduction

inhomogeneous system is thus given by a functional of density or composition and their spatial
gradients, while being only a function of these variables in homogeneous systems. Reaching a
final and stable phase equilibrium system state requires mass transfer of the involved
components across the interface between uniform bulk phases and is particularly influenced by
its internal structure. The Helmholtz energy functional leads to the density and concentration
profiles in the interface, which play an important role in both liquid-liquid extraction and
reactive liquid extraction processes. Whenever multiple phases are present in reactive processes,
the interfacial properties can affect the reaction kinetics. For instance, chemical reactions can
take place in homogeneous bulk phases as well as at the interface between them. In the latter
case, the activities of the reactants, which are found in the rate equations, will depend on the

density and concentration gradients within the interface, thus also affecting the overall kinetics.

In this work, a unified thermodynamic theory of reaction and diffusion in heterogeneous reactive
liquid systems is introduced. The general and thermodynamically consistent theoretical
treatment embodies the combined reaction and transport associated with reactive liquid
extraction processes. The modified and generalized Cahn-Hilliard equation is combined with
kinetic rate equations, which are formulated with activities rather than concentrations. Within
the applied diffusion model, the flux of each component in the mixture is not solely proportional
to the spatial gradient of its chemical potential, but results from additive contributions of spatial
gradients of the chemical potentials of all involved components in the spirit of non-equilibrium
thermodynamics. Chemical reactions occurring in the interfacial layer between homogeneous
bulk phases are also predicted. The general model leads to a set of partial differential equations
describing the spatial and temporal evolution of the concentrations of all the involved
components in the interface, and the temporal evolution of their concentrations in the uniform
bulk phases. The obtained equations are thus used to investigate the dynamics of the interfacial
profiles in reactive nonuniform systems. Based on these profiles, the evolution of other
interfacial properties such as the interfacial tension over time can also be obtained. The spatial
and temporal evolution of the concentration profiles in the interface will be discussed in detail,
and their impact, together with that of the interfacial chemical reaction, on the dynamics of the

whole reactive system will be studied.

In contrast to previous work, phase equilibrium states will not be predicted using solubilities,

but the chemical potentials of each of the components in each of the phases that it is present in




4 Introduction

the system will rather be set equal. Moreover, the equilibrium constant of the occurring chemical
reactions, the chemical kinetics and the mass transfer are described by activities and chemical
potentials in a thermodynamically consistent manner. Therefore, a simplifying, concentration-
based description, which is usually applied in the literature, will not be considered in this work.
In addition, the uniform bulk phases, the interface between them, the combined phase and
chemical equilibrium states, the reaction kinetics as well as the mass transfer across the interface

are uniformly described by the same thermodynamic model.

The generalized concept is exemplified by theoretical and conceptual model calculations, and
the resulting differential equations are solved numerically in typical situations for reactive liquid
systems. In this work, the application of this generalized concept is confined to modeling both
limiting cases of reacting mixtures in which the rate of reaction is effectively instantaneous, and
in which diffusion is much faster than the rate of reaction. Furthermore, sensitivity analysis in
terms of the applied thermodynamic and kinetic parameters is performed, and the obtained
predictions and calculations are compared to a standard example. The impact of the various
thermodynamic and kinetic parameters of the theoretical framework on the dynamics of the
reactive systems will also be discussed in detail. In summary, this work presents a generalized
and conceptual tool for the prediction of diverse and combined equilibrium states in complex
multicomponent and multiphase reactive systems. It is also able to describe and predict the
dynamics of these nonuniform systems, consisting of bulk phases and interface, that lead to their

evolution towards these final equilibrium states.




2 Review of the Literature

First, reactive liquid extraction is discussed in the literature mainly concerning the extraction of
organic compounds, such as acetic acid [1-5], butyric acid [3], formic acid [3], propionic acid
[3], citric acid [6-8], amino acids [9], DL-phenylalanine [10,11], and penicillin V [12], from
dilute solutions with complexing agents. The reactive extraction of organic acids with
conventional solvents leads to very small partition coefficients. Therefore, and due to the strong
molecular interactions between amine and acid, tertiary amines are mainly used as extracting
agents for the reactive extraction of organic acids (e.g., [13-22]). These strong molecular
interactions lead to the formation of complexes of both compounds. Due to the high affinity of
the amine as an organic base, an enhanced reaction selectivity is thus achieved. Therefore, using
amines as agents for the extraction of organic acids can significantly increase the partition
coefficient [23]. Consequently, amines as extracting agents are also applied in various other
fields, such as in the hydrometallurgy for the extraction of metal salts [24] or in the processing
of nuclear fuels [25]. However, not all amines are suitable for the reactive extraction of organic
acids from aqueous solutions. For instance, and compared to secondary and tertiary amines,
primary amines have an undesired high solubility in water, while secondary amines tend to form
amides upon regeneration of the solvent within the distillation section of the process. Moreover,
and in contrast to tertiary amines, quaternary ammonium compounds have significantly smaller
distribution coefficients [26], but, as opposed to the other amines, they can react with both
dissociated and undissociated states of the acid [27], whereas tertiary amines can only react with
the undissociated one. This is why the reactive extraction of organic acids from aqueous
solutions with tertiary amines should be performed at low pH. Furthermore, and by closely
examining the number and nature of the involved components, one can deduce that the
thermodynamic modeling (e.g., [28-34]) of the liquid-liquid equilibrium (hereafter abbreviated
LLE) as well as the experimental investigation (e.g., [35-37]) of the reactive systems represent
a major challenge. The reactive system generally consists of an aqueous and an organic phase
(e.g., toluene [29-32] and methyl isobutyl ketone [29,30,32,33]), in which the acid to be

extracted and the amine as complexing agent are distributed. Therefore, quaternary mixtures
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must be considered, and a quaternary distribution equilibrium must be described, although there

is low aqueous solubility of the tertiary amine and the organic solvent.

In many cases, the activity coefficients of the ions in the reactive system are described by the
Pitzer equations [38] for the excess Gibbs energy of strong electrolytes in aqueous solutions
[28-34], in which the interactions between the ions are given by a modified Debye-Hiickel
contribution. In addition, binary and ternary interaction parameters, which have to be adjusted
to experimental data, are used to describe the interactions between nonionic compounds or
between ions and nonionic compounds. For the purpose of achieving a thermodynamically
correct treatment of reactive nonuniform systems, the chemical potentials of each of the ions as
well as the nonionic compounds in each of the phases that it is present must be set equal, thus
correctly predicting phase equilibrium. However, Ziegenfu3 and Maurer [28] and Kirsch et al.
[29-34] opt for a simplified modeling by assuming negligible solubilities of the ions in the

organic phase or of the organic solvent in the aqueous phase.

In addition to properly modeling the LLE, numerous phenomena related to the reactive system
should also be considered: the chemical equilibrium states of the various chemical reactions that
are taking place, the dissociation of the acid in the aqueous phase, the dimerization of the acid
in the organic phase, the protonation of the amine, the complex formation, its kinetics, the
reaction mechanism, and the autoprotolysis of water. The dissociation of the acid in the aqueous
phase into its conjugate base and a hydrogen ion can be described by the acid dissociation
constant. Moreover, the dimerization of the acid in the organic phase can be described by the
acid dimerization constant, which is determined via spectroscopic investigations [28]. The
protonation of the amine as well as the formation of the complex take place at the interface. The
chemical reaction gradually produces the complex mostly from the acid molecules that did not
form dimers and did not dissociate. The water molecules can also take part in the complex
formation [32]. The produced complex is then solvated by the solvent molecules of the organic
phase. Furthermore, its formation can also be described using equilibrium constants. However,
not even the actual reaction mechanism leading to the production of the complex is always
known. Quantitative descriptions of the reaction mechanism are technically possible by means
of infrared spectroscopy, but the obtained spectra are very complex and ambiguous, thus leading
to various interpretations. Nevertheless, conclusions about the stoichiometry of the complex

formation and the qualitative position of equilibrium can be drawn [29,30]. The very low
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solubilities of water, acid, and ions in the organic phase, and of the amine and solvent in the
aqueous phase justify the assumption that the chemical reaction producing the complex will take
place at the interface between the uniform bulk phases, since there will be only at the interface

a sufficient amount of all the reactants required for the complex formation.

Second, the reactive extraction of heavy metals from aqueous solutions with complexing agents
is also a topic discussed in the literature concerning the field of hydrometallurgy. Specifically,
the extraction of zinc ions from aqueous solutions using the cation exchanger di(2-
ethylhexyl)phosphoric acid in various diluents (e.g., in dodecane [39-40], decalin [40] or
kerosene [41]) is the main subject of study. As proposed by the EFCE, this system is also
considered as the test system [42] for the reactive extraction process due to several reasons: it is
inexpensive and easily available, allows safe and stable processing, the phase and chemical
equilibrium system states as well as the reaction kinetics are known, and the physical properties
of the system are available over a wide concentration range [43]. The main focus usually lies on
determining the stoichiometry of the chemical reaction producing the desired metal complex
from both metal and ion exchanger. The valency of the metal and the degree of association of
the ion exchanger are usually known, while the metal complex is in principle not. The produced
complex determines the number of protons that are exchanged between the cation exchanger
di(2-ethylhexyl)phosphoric acid and the metal cation, thus also determining the pH-dependence
of the whole reaction. Furthermore, the ion exchanger di(2-ethylhexyl)phosphoric acid is found
as a monomer in aromatic solvents, but as a dimer in aliphatic ones [44,45]. This obviously
affects the stoichiometry of the metal complex formation. Moreover, nonidealities in the
aqueous phase can be calculated using the Pitzer equations [38], and in the organic phase by
means of the solubility parameters of the regular solution model according to Hildebrand and
Scott [46]. In addition, the coextraction of water, which occurs, for example, in the reactive
extraction of nickel [47], must be considered within the stoichiometry of the complex formation.
The metal concentrations in the aqueous phase (metal ions) as well as in the organic phase (metal
complex) are experimentally measurable, for example via atomic absorption spectroscopy.
However, and in order to calculate the equilibrium constant of the reaction producing the
complex, the concentration of the ion exchanger at chemical equilibrium (i.e., after the reactive
extraction process has taken place) is also required. This concentration provides information

about the maximum exchange capacity of the ion exchanger, but it also highly depends on the
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produced metal complex. Furthermore, slope analysis is often used to determine the metal
complex. However, it is assumed that the concentration of the ion exchanger at chemical
equilibrium is equal to its initial concentration. This assumption can only be justified if the
amount of metal to be extracted is very small compared to the initial amount of ion exchanger,
which is, for technically relevant extraction processes, however, not desirable, given that full
loadings of the ion exchanger are aimed for. In the case of high ion exchanger loadings, the
metal complex must then be determined experimentally, for example via FTIR spectroscopy. In
addition, Bart [48] investigated the quaternary system zinc chloride-hydrogen chloride-di(2-
ethylhexyl)phosphoric acid-isododecane and compared the equilibrium concentration of zinc in
the organic phase calculated with the concentration-based equilibrium constant of the chemical
reaction to the one calculated with the activity-based equilibrium constant. A better agreement
between modeling and experiment can be obtained by applying the activity-based equilibrium
constant [48]. Bart [49] also provides a detailed overview of the reactive extraction of heavy

metals from aqueous solutions using complexing agents.

Phase and chemical equilibria are important states for the characterization of the
beforementioned reactive nonuniform systems. A proper description of the kinetics of the
various reaction mechanisms is also crucial. The chemical kinetics of the reactive system
zinc ion-di(2-ethylhexyl)phosphoric acid in various diluents (e.g., heptane [50], kerosene [51],
or cumene [52]) is described and discussed in the literature. However, rate equations are mostly
formulated with concentrations instead of activities. Moreover, it is assumed that the chemical
reaction producing the metal complex always takes place at the interface between the aqueous
and organic phases, which can also be experimentally proven [53]. The kinetic parameters found

in the rate equations can be determined with a Nitsch cell [54].

There are two limiting cases for the description of mass transfer and chemical kinetics in reactive
systems. The first one is the case in which the rate of reaction is effectively instantaneous, thus
the transport of the reactants to and from the interface is very slow. The other limiting case is
where the chemical reaction is much slower than the rate of transport of the various educts and
products in the reactive system. The rate-determining step can be experimentally determined by
using a two-phase stirred cell, analogous to the Lewis cell [55], with which the influence of the
stirrer speed on the mass transfer rate between both phases is studied. If, on the one hand, the

mass transfer rate does not depend on the stirrer speed, then the second limiting case, in which
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the reaction is much slower than the rate of transport, will be observed. If, on the other hand,
the mass transfer rate increases by increasing the stirrer speed, then the first limiting case, in

which the reaction is much faster than the rate of transport, will be observed.

The engineering and scientific communities have opposing theoretical views about fluid
interfaces between coexisting bulk phases. The first theoretical view considers a sharp interface
that has been arbitrarily restricted to zero thickness. Thus, it is assumed that two adjoining
phases are homogeneous up to their common interface, where physical properties of the system
show a singularity, given the abrupt change. This assumption has led to the development of the
two-film theory of Lewis and Whitman [56] for stationary processes, the penetration theory of
Higbie [57] for transient processes, and the surface renewal theory, introduced by Danckwerts
[58]. The two-film theory and the resistance-in-series model consider a small volume that

includes two fluid phases and the interface between them, as illustrated in Figure 1.
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Figure 1. Two-film representation of the local interface between two fluids [56], taken from
[59].
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The model assumes that there is a thin film or boundary layer of thickness &, that lies between
the local bulk of fluid I and the interface adjacent to it. The local concentration of component A
in the bulk phase of fluid I is equal to Cyj;. Furthermore, a linear concentration profile is
assumed to exist across the film of fluid I so that the concentration of component A at the
interface is equal to Cg;;. The sharp interface between fluid I and fluid /1, represented by a thick
solid and vertical line in Figure 1, is taken to be at z = 0, with z being the spatial coordinate in
a direction perpendicular to the planar interface. A second thin film or boundary layer of
thickness &;; on the other side of the interface, the one corresponding to fluid /1, is also assumed.
And again, a linear concentration profile is postulated to exist across the film of fluid /1. The
concentration of A in the film of fluid II right at the interface (z = 0) is equal to Cy;;; and the
concentration of component A in the local bulk phase of fluid II is C4p;;. The compositions are
presumed to be uniform with respect to z in both bulk phases. In addition, the two-film model
assumes phase equilibrium exactly at the interface (i.e., at z = 0), which explains the
superscripts e used in both interfacial concentrations Cg;; and Cy;;; of component A. It is also
postulated that these concentrations are related through a solubility relationship like Henry’s
law for gas-liquid systems, or a partition coefficient for liquid-liquid systems. The theory
considers that the resistance to mass transfer is found in the thin film adjacent to the interface,
and that molecular diffusion takes place through the film with the difference in concentrations
as the driving force. The two-film theory has been extensively applied to describe the combined
reaction and transport associated with liquid-liquid reactions, and to model liquid-liquid
interfaces for the purpose of describing the kinetics of chemical reactions in reactor models (e.g.,

in [60,61]).

Within the two-film model, the involved fluids are assumed to be stationary so that a steady
state flux between both fluids will be established. However, industrial processes are mostly
unsteady state processes. In such cases, the contact time between bulk phases is too short to
achieve a stationary state. This phenomenon is not generally considered by the two-film model.
An alternative approach is to assume that the one fluid in contact with the other changes after
some period of time, being replaced by fresh fluid from the bulk. In this case, the diffusion
process is not at steady state anymore, and the component flux will thus vary over time.
Therefore, the penetration theory assumes unsteady state mass transfer to a fluid element as long

as it is in contact with the other phase. The basic assumptions of the penetration theory are that

10
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equilibrium is also reached at the interface, and that each of the fluid elements stays in contact
with the other phase for the same constant period of time. The unsteady state diffusion of the
components to the fluid element will occur under these circumstances. Moreover, Danckwerts
[58] modified Higbie’s penetration theory [57] and stated that a portion of the mass transfer
surface is replaced by a new surface through the motion of eddies in the bulk phase. The amount
of time that the fluid elements spend at the interface before being replaced by new ones is not
constant anymore, but is rather described by some age distribution function. The net flux is then
obtained by integration over this age distribution function. This model is referred to as surface

renewal model.

The mass transfer coefficients derived from the two-film theory, the penetration theory, or the
surface renewal theory are time-averaged mass transfer coefficients and have to be fitted to
experimental data. If the fluid dynamic conditions, the flow geometry, the involved components,
and other system parameters change, then a new adjustment is required, because the
extrapolation of the adjusted mass transfer coefficients to meet the new system conditions will
mostly not provide good modeling results. Nonideal effects and behavior, such as turbulent
flows, the pH-dependence of the mass transfer resistance, or pronounced differences between
mass transfer coefficients of different compounds, are not considered by the very simplified
models and thus have to be experimentally described, which can lead to a very complicated
procedure requiring a lot of experiments [62]. If other mass transfer models that take proper
account of thermodynamic nonidealities and consider the driving force for diffusion as being a
gradient in chemical potentials rather than concentrations are applied, then a much better
description of the mass transfer in the system can be achieved. For instance, Samant and
Ng [63] studied the effects of chemical kinetics and mass transfer on reactive extraction
processes, and modeled the LLE, the chemical equilibrium system state, the reaction kinetics,
and the mass transfer in a thermodynamically consistent manner by using activity-based models
and by applying the UNIQUAC activity coefficient model [64]. They [63] opted for hypothetical
model calculations. The performance of extractive reactors and liquid-liquid extractive reaction
processes that are controlled by kinetics and mass transfer is discussed and investigated [63].
The two-film model in combination with the Maxwell-Stefan diffusion formulation [65,66] are
applied to describe multicomponent mass transfer [63]. The effects of mass transfer and kinetics

are described in terms of Damkohler number matrices for mass transfer and reaction,
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respectively, together with the conventional first and second Damkdhler numbers [63]. Various
design guidelines and reactor attributes, including the choice of the dispersed and continuous
phases, mean droplet size of the dispersed phase, phase holdups, and residence time, are also

presented [63].

The second theoretical view considers an interface with a smooth spatial variation in one of the
intensive scalar properties of the nonuniform system, such as composition or density.
Unfortunately, the thickness and the internal structure of the interfacial region between two
coexisting fluids cannot generally be determined experimentally due to its very small size. It
remains for thermodynamic models to give insights into the spatial resolution of the interfacial
layer on a molecular level. Theoretical approaches like density functional methods are discussed
(e.g., [67]). Within these methods, the Helmholtz energy of an inhomogeneous system is
described as a functional of density or composition and their spatial gradients. The constrained
minimization of this functional leads to the interfacial properties of the nonuniform system, such
as the interfacial tension or the interfacial concentration profiles, at phase equilibrium. In
addition, and for the purpose of achieving numerical simplicity, the Helmholtz energy density
can also be expanded in a Taylor series. Cahn and Hilliard [68] addressed the quantification of
these ideas, although a key concept is due to van der Waals [69]. Cahn and Hilliard [68]
considered the Helmholtz energy of a system of nonuniform composition or density, and
expanded the Helmholtz energy density of this system in a Taylor series about the Helmholtz
energy of a homogeneous solution. This theoretical framework [68] is referred to as the density
gradient theory of inhomogeneous systems (hereafter abbreviated DGT). The concept of a
gradient energy is introduced. Poser and Sanchez [70] then generalized the DGT to
multicomponent nonuniform systems. The DGT [68-70] has been widely used in combination
with equations of state (e.g., [71-80]) to calculate the interfacial properties for liquid-vapor
interfaces at vapor-liquid equilibrium (VLE) and liquid-liquid interfaces at liquid-liquid
equilibrium (LLE). Moreover, liquids are assumed incompressible. This leads to a constant
system volume. The difference between the Helmholtz energy and the Gibbs energy is then also
a constant, and both quantities become equally suitable for describing the system. Based on this
assumption, Enders and Quitzsch [81] formulated the incompressible version of the DGT (inc-
DGT) for the purpose of combining the DGT with a g®-model, whereas g stands for the excess
Gibbs energy. They [81] expanded the Gibbs energy of a nonuniform system, rather than its

12
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Helmbholtz energy, in a Taylor series about the Gibbs energy of a solution of uniform
concentration. Interfacial properties of incompressible liquid-liquid systems at LLE can thus be

predicted with outstanding accuracy (e.g., [82-91]).

Furthermore, mass transfer across fluid interfaces or chemical reactions occurring in reactive
heterogeneous systems cause the interfacial properties of the overall system to evolve over time.
Nonlinear diffusion, driven by gradients in chemical potential rather than gradients in
concentration, is important for modeling mass transfer in nonideal systems and mixtures. The
classical formulations of the chemical potential must be supplemented by a gradient term, which
accounts for the spatial variation of density or composition in inhomogeneous systems. The
generalized and modified Cahn-Hilliard diffusion equation has been extensively used in
combination with various thermodynamic models to describe mass transfer across the interface
in nonuniform systems (e.g., [92-97]). In addition, a very good agreement between predictions
and experimental data obtained from a Nitsch cell was found [93-97]. The selective enrichment
of components at the interface, together with its impact on the diffusion rate across the interface

and on the equilibration time of the studied liquid mixtures, was also investigated [96,97].

The dynamics of the interfacial properties of a specific reactive liquid system, in which the
esterification reaction of 1-hexanol with acetic acid to hexyl acetate and water takes place, were
studied experimentally and theoretically [98,99]. Two phases were involved in the reactive
extraction process, and the evolution of the interfacial properties of the reactive liquid system
over time was modeled by combining the inc-DGT with rate equations [98,99]. Danzer and
Enders [98,99] considered a very slow chemical reaction and assumed that it can only take place
in both liquid bulk phases, thus, no reaction in the interface was modeled. Moreover, they
[98,99] did not incorporate any diffusion equation into their model, given that they [98,99]
proposed a quasistationary approach to describe the dynamics of the inhomogeneous reactive
liquid system they [98,99] have investigated. In addition, Alfarraj and Nauman [100] simulated
the reaction-induced phase separation occurring by spinodal decomposition and based on the
formation of impact polystyrene. They [100] combined nonlinear diffusion driven by gradients
in chemical potential with a reaction model. The rate equations, which they [100] applied, are
formulated with concentrations rather than activities. Alfarraj and Nauman [100] showed that
their simulation qualitatively predicts experimentally observed results. Recently, Nagl et al.

[101] also modeled the combined diffusion and reaction associated with reactive nonuniform
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systems. They [101] considered the catalyzed aldol condensation of acetone to diacetone alcohol
with further dehydration to mesityl oxide. They [101] opted for a thermodynamically consistent
model by using rate equations that are formulated with activities rather than concentrations, and
in combination with the modified and generalized Cahn-Hilliard equation. Nagl et al. [101]
found very good agreement between their predictions and experimental data, but did not study

the impact of the interfacial chemical reaction on the reactive system.

As pointed out above, operations such as the reactive extraction of organic acids from aqueous
solutions by solutions of high molecular amines, or the reactive extraction of heavy metals with
complexing agents involve chemical reactions taking place at the interface between coexisting
bulk phases. A generalized theory that predicts interfacial chemical reactions is thus of crucial
importance. The dynamics of reactive nonuniform systems will depend on the rates of diffusion
and reaction. Situations will arise in which diffusion and reaction rates are comparable or have
different values. Therefore, the purpose of this work is to develop a generalized and
thermodynamically consistent theory that embodies the combined reaction and transport

associated with reactive nonuniform systems in reactive extraction processes.
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3.1 Applied models

The considered nonuniform system is characterized by specifying its uniform and constant
temperature T and an externally applied uniform and constant pressure p. Furthermore, and
because liquid mixtures are assumed incompressible, the system volume V is thus also a
constant. Therefore, the difference between the Helmholtz energy and the Gibbs energy will be
a constant, and both quantities are equally suitable for describing the system. In what follows,
the Gibbs energy is chosen for this purpose. As a starting point, the general and one-dimensional
continuity equation in its differential form, expressing the rate of change of the mole fraction,

x;, of component { in the mixture, with respect to time, t, is taken:

0x;
(')_tl =-Vj; +R; (1)
where V represents the spatial gradient, j; is the flux of component i, and R; is the reaction term

that describes sources or sinks of the ith-component. Convective flows are neglected and the

flux j; is considered as a flux that arises due to diffusion.

3.1.1 Molecular diffusion”

Fickian diffusion [103] acts to flatten concentration gradients in a system that will be driven
towards an equilibrium state, at which concentrations are everywhere uniform. It is, therefore,
strictly limited to ideal mixtures. Fickian diffusion thus cannot be applied for nonuniform,
multiphase systems, since, even at phase equilibrium, there will be concentration gradients
between the coexisting phases, yet no net diffusion can be observed. To correct this issue, a

more general diffusion model, in which molecular diffusion of the various components is driven

* Taken from [102]
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by gradients in chemical potential rather than concentration, should be applied since the
chemical potential is what becomes everywhere uniform in a nonideal and heterogeneous

system at phase equilibrium.

A multicomponent system composed of NC chemical components is considered. The amount
of substance of component i is denoted by n;, and the index i = 1,2, ..., NC enumerates
components. Molecular diffusion for which the total amount of substance, n, does not change

over time will be considered:

NC

n= Z n; = const 2)

i=1

In particular, a suitable and moving coordinate system is selected such that the total flux, j, is

equal to zero:

NC
j=) =0 G
i=1

in accord with eq. (2). The diffusion model is derived by incorporating Onsager’s
approach [104], and in a similar manner to the derivation presented in [105] for mineral

solutions. This derived diffusion term is also applied in the literature (e.g., [101]).

Molecular diffusion pushes the system towards an equilibrium state, at which no more gradients
of the chemical potential are observed, and the smallest possible Gibbs energy is achieved. The
thermodynamic forces acting on the corresponding components are opposite to the spatial
gradients of their chemical potentials, and the resulting fluxes are given by the Onsager-type

relation:
NC
ji = —ZL”V‘ul for i=1,2,..,NC €
=1

in which the index [ = 1, 2, ..., NC enumerates components, y; denotes the chemical potential
of component [, —Vy; is the thermodynamic force, and L;; is the Onsager matrix of kinetic

coefficients, which is given by the following expression:
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Lign Lz - Ly - Linc
L21 L22 LZl LZNC
o] : S : )
La L - Ly - Linc
LNCl LNCZ LNCl LNCNC

In order to be consistent with the second law of thermodynamics, it is assumed that L;; is a

positive semidefinite matrix. Moreover, the matrix L;; is assumed symmetric:

Ly=1L; for i,l=1,2, .. NC (6)

in analogy with Onsager’s reciprocal relations [104]. By closely examining eq. (4), one expects
that the driving force for diffusion —Vy; yields a flux of component [ in the opposite direction
to the force and fluxes of all other components i # [. In other words, L; > 0 for i = [, and

Ly <Ofori=+L
By substituting eq. (4) into eq. (3), the following expression for the total flux results:
NC NC NC /NC
j== > Y LV == (Z Liz) Vi ™
i=11=1 =1 ‘i=1

An additional restriction is imposed:
NC
ZLU —0 for [=1,2,..,NC ®)
i=1

so that the total flux given by eq. (7) automatically vanishes in accord with eq. (3) and
irrespective of the specific values of Vy;. As a consequence of the restriction given by eq. (8),

only the off-diagonal elements of the matrix L;; in eq. (5) need to be specified.

A new expression for the component flux j; can thus be introduced. The symmetry relation given

by eq. (6) and the restriction given by eq. (8) imply that eq. (4) is equivalent to:

NC
jiy = Z LaV(u; — ) for i=1,2,..,NC ©)
=1
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The latter equation indicates that the driving force for diffusion is a gradient in the difference of
chemical potentials. In fact, simpler expressions for the flux j; can be derived if differences of
chemical potentials are used. It is, therefore, more convenient to deal with eq. (9) instead of the

main eq. (4).

Chemical diffusion of unlike chemical species i and [ is only possible if both species are present
in a given mixture. Therefore, the kinetic coefficients L;; must depend on concentration and
must vanish if either n; = 0 orn; =0, fori,l = 1,2, ..., NC. It is then useful to introduce a set

of positive diffusive mobilities, M;;, such that:

nin,
Ly = —My

for i#1 and i,l=1,2,..,NC (10)

where M;; = M;; in accord with the symmetry relation given by eq. (6). The values L;; are
uniquely deduced from eq. (8). Substitution of eq. (10) into eq. (9) yields the following

expression for the diffusive flux of component i in a multicomponent system:

lel

Eq. (11) is then inserted into a sourceless continuity equation for the amount of substance of

—y) for i=1,2,..,NC (11)

component i:

ani

- =V for i=12..,NC (12)

which yields:

ll

,ul)] for i=1,2,..,NC (13)
and given a constant total amount of substance (eq. (2)), one can reduce eq. (13) to the equations
for mole fractions such that an NC-component system can be described by NC — 1 equations:

axl

axix VQu; — ,ul)] for i=1,2,..,NC—-1 (14)
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By applying the incompressible version of the density gradient theory (inc-DGT), which will be

ol3

m
Jm%.s’

Itis

further discussed in subsubchapter 3.5.3, the diffusive mobility M;; will have units of

adjusted to experimental data, which are usually obtained from diffusive mass transfer
experiments using a Nitsch-cell [54], for instance in [96,97,101]. Furthermore, and because
liquids at constant temperature are considered, it is assumed that the diffusive mobilities will

have the same value in both liquid bulk phases as well as at the interface between them.

In addition, it can be noted that by applying eq. (14) to a two-component mixture, the well-

known nonlinear Cahn-Hilliard equation for an isotropic binary system results [106]:

dx,

FT V[M12(1 = x2)x,V(uz — p1)] (15)

However, the term M;,(1 — x;)x, in eq. (15) replaces the mobility used by them [106].
Therefore, eq. (14) is the modified and generalized Cahn-Hilliard equation.

Returning to the binary case, and by assuming an ideal mixture, the following expression for

the difference of the chemical potentials p, — p results:

ag

My —H1 = 9%, (16)
with g being the molar Gibbs energy. Eq. (15) can then be written as:
aﬁ =V [M,(1 - x2)x, ﬂsz (17)
ot 0x,2
Also, since for an ideal mixture:
g = (1 = x3)u10 + X220 + RT[(1 — x2) In(1 — x3) + x; Inx;] (18)
the following equation results:
‘% — V(RTM,Vx,) (19)

which is a similar expression to Fick's second law of diffusion. Therefore, eq. (15) or the more

general eq. (14) reduce to Fickian diffusion in the case of ideal mixtures. 11 and p,, in eq. (18)
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are the chemical potentials of the pure species 1 and 2, respectively, at system temperature and

pressure, and R is the universal gas constant.

3.1.2 Chemical reaction”

The most general description of a chemical reaction network considers a number NC of distinct
chemical components reacting via a number NR of chemical reactions. No change in total moles
upon reaction is assumed, in accord with eq. (2). Applying eq. (2) allows writing balances in
mole fractions rather than mole balances for the chemical species involved in the reaction
network. The rate of change in mole fraction can be expressed as the sum of the rates of change
in mole fractions due to the various chemical reactions that are taking place in the reacting

mixture:

9] 0x; <

X

= Z L= N for i=12,.,NC-1 (20)
=t

where j is the reaction index running from 1 to NR, v;; is the stoichiometric coefficient of
component i in the jth-reaction, and 7; is the reaction rate of reaction j. By convention, the
stoichiometric coefficient v;; is negative for the educts and positive for the products of
reaction j. The reaction rate 7; is given by a power law, which is formulated by activities rather

than concentrations for the purpose of introducing a thermodynamically consistent treatment of
reactive systems. Therefore, the partial orders of reaction for the numerous components will be
equal to the absolute value of their stoichiometric coefficients. The rate equation that links the

reaction rate of the chemical reaction j with the activities of its educts is thus written as:

N;

= H ol for j=1,2,..,NR (21

m=1

in which N; is the total number of educts in reaction j, m =1, 2,..., N; enumerates the educts

of reaction j, and k; is the reaction rate coefficient of the jth-reaction. Furthermore, a,, ; in

* Taken from [59]
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eq. (21) is the activity of educt m in the jth-reaction and |vm, j| is the absolute value of its
stoichiometric coefficient. In the case of real mixtures, activities rather than concentrations will
be applied to describe the "effective concentration" of a component in the mixture. The
activities, a, j, can be expressed by chemical potentials according to the following expression:

Um, Jj HUmo, Jj

— ) for m=1,2,.,N and j=12,.,NR  (22)

Ap,j = exp(

where py, ; is the chemical potential of educt m in reaction j and i, ; is the chemical potential

of the pure species m at system temperature and pressure. Substitution of eq. (22) into eq. (21)

with a subsequent mathematical treatment yields the following equation for the reaction rate of

reaction j:
Nj
HUm,j — Hmo,j .
T = kjexp Z |vm,j| (%) for j=1,2,..,NR (23)
m=1

The reaction rate coefficient, k;, has units of s~1. Furthermore, reaction rate coefficients are
usually adjusted to experimental data of chemical reactions taking place in homogeneous
solutions at a given initial feed composition. However, and by expressing the rate equations with
activities, which are a measure of the "effective concentration" of a species in a mixture, the
adjusted rate coefficient, k;, can also be applied to describe the kinetics of heterogeneous
systems with varying feed compositions, including the interface between liquid bulk phases.
Therefore, the reaction rate coefficient, k;, will not depend on concentration anymore. It will
thus only depend on temperature, and, given a specific and constant temperature of the whole
system, it will have the same value in both liquid bulk phases as well as at the interface between

them.

By substituting eq. (23) into eq. (20), the following expression for the rate of change in mole

fraction due to chemical reaction in a multicomponent system with respect to time results:

p NR Nj

Xi Hm,j = Hmo,j .

a_tl = zvi.jkjexp z |V, (%) for i=12.,NC—-1 (24
j=1 m=1

Eq. (24) leads to the generalization of the framework introduced in [101].
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3.1.3 Dynamic model”

A general dynamic equation can now be specified to account for the combined reaction and
transport phenomena associated with liquid-liquid chemical reactions in multicomponent and
inhomogeneous mixtures. Expressions for the rate of change in mole fraction due to diffusion
and reaction with respect to time, which are given by eq. (14) and eq. (24), respectively, have
been derived. These two equations are inserted into the general and one-dimensional continuity
equation as a contribution for the diffusive and reactive terms in eq. (1). The dynamic model

can thus be written as:

p NC NR Nj

Xi Hm,j = Hmo,j

—=V E Myx;x V(g — )| + § v; jkjexp E |Um,j|(—mj = ])
=1 j=1 m=1

for i=1,2,..,NC—1

Eq. (25) is the central one of the treatment. It is solved numerically to obtain the spatial and
temporal evolution of the mole fraction x;. In addition, the component continuity equations
given by eq. (25) are not independent due to the condition of constant total amount of substance,
n, expressed by eq. (2), which is automatically supported by all solutions of eq. (25). Moreover,
and given that eq. (25) is an equation for mole fractions, a multicomponent system of NC distinct
chemical components is thus described by NC — 1 equations, because the summation equation

N¢ x; = 1 has to be fulfilled at every point in space and time.

The resulting component continuity equations (eq. (25)) form a system of coupled nonlinear
partial differential equations that have to be solved numerically in order to describe the evolution

of reactive nonuniform liquid systems.

Furthermore, mass transfer coefficients of individual components in reactive heterogeneous
liquid systems can be calculated, and adequate formulations of typical dimensionless quantities
that are used in chemical reaction engineering, such as the Hatta number or the enhancement

and utilization factors, can also be derived.

* Taken from [102]
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3.2 Phase equilibrium

The criteria for phase equilibrium were established over 100 years ago by Gibbs [107], who
defined a phase as a continuous and homogeneous region in which no spatial gradients of the
thermodynamic state variables are observed. Phase equilibrium, which is formally reached for
t > +oo, is achieved when thermal equilibrium, mechanical equilibrium, and diffusive
equilibrium are simultaneously fulfilled in a thermodynamic system. Consequently, the criteria
for phase equilibrium are that the temperature and pressure of the numerous phases
I, 11, ..., NP of the nonuniform system are equal, with NP being the total number of phases
present in the system, and that the chemical potentials of each of the components in each of the

phases that it is present are equal:

T! =T = ... = TNP (26)
pI — pII e — pNP (27)
l’lil = .ul'” = e = ‘ul-NP fOI' l = 1, 2, ,NC (28)

Furthermore, the intensive properties of the system are not independent but related. The Gibbs-
Duhem equation describes the relationship between infinitesimal changes in temperature,

pressure, and chemical potential of the involved components in a thermodynamic system:

NC

z nidy; = —SdT + Vdp (29)

i=1

in which S is the entropy of the system.

3.3 Ciritical point

The history of the calculation of critical points starts with the work of Gibbs [107], who
established the critical point conditions for a binary mixture by deriving mathematical
relationships between thermodynamic properties at the critical point. The criterion for the

critical point of binary mixtures is that the following condition has to be satisfied:
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d%g d3g
<6x12> =0 and <6x13> =0 (30)
T,p T,p

Beegle et al. [108] studied the stability of a pure fluid and a multicomponent mixture at a given
state, and provided a general description of the mathematics involved in defining stable system

states through the use of Legendre transformations applied to the internal energy of the system.

Reid and Beegle [109] subsequently introduced a formulation expressing the critical conditions
in terms of Legendre transforms, in which two matrix determinants must be simultaneously
equated with zero. This is the method implemented in this work. The criticality conditions
defining the location of the critical point of a system can thus be expressed by using Legendre
transforms. Within this formulation, several equivalent sets of independent variables in the
Legendre transformation are found. By applying mole fractions as working variables to specify
critical point criteria, and by ordering the independent set of variables for the internal energy U

for a ternary system such that the internal energy is given by the following function [109]:

U=f(SV,n,nyn) 31

the 2™ order Legendre transform of U will be, therefore, the total Gibbs energy G, and the first
criticality condition that must be fulfilled at the critical point results [109]:

(2, o)
0x42 —_— 0x,0x, .

D, = P =0 (32)

6ER). GE)
0x,0x, . 0x,2 —_

where D, is the matrix determinant related to the 2™ order Legendre transform of the total

internal energy of the system, which is given by eq. (31). In addition, the second criticality

(azg) ( aZg )

0x,2 —_— 0x,0x, p
(aDz) (61)2)
dx, dx,

Eq. (32) and eq. (33) are applied in this work to calculate the critical point of a ternary mixture.

condition is given by [109]:

=0 (33)

T,p.x2 T,p,x1
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3.4 Chemical equilibrium

A simple case of general chemical reaction networks, in which systems composed of merely
reversible reactions, will be considered. In particular, a reaction network consisting of two
chemical reactions (NR = 2 in eq. (20)) will be the subject of study. The chemical equation of

the reaction can then be written in the generic form:

Ny N_
ks
P (34)
m=1 S m=1
where j = + is the reaction index of the forward reaction and j = — is the reaction index of the

backward reaction. X,, is the symbol for the mth-chemical species of the +th-chemical reaction,
Y, is the symbol for the mth-chemical species of the —th-chemical reaction, and |vm,+| and

|vm'_| are the absolute values of their stoichiometric coefficients, respectively. k, and k_ are
the reaction rate coefficients of the forward and backward reactions, respectively, and the total

number of components is given by: NC = N, + N_.

Chemical equilibrium is reached when the forward chemical reaction proceeds at the same rate
as the backward chemical reaction. It corresponds to a steady system state, at which both educts
and products are present in concentrations which have no further tendency to change with time.

The reaction rates of forward and backward reactions thus become equal.

Assuming that the chemical reaction is carried out at constant temperature and pressure, the
derivative of the Gibbs energy with respect to the reaction coordinate, which parameterizes
reaction process at the level of the molecular species involved, vanishes at chemical equilibrium.
This criterion is both necessary and sufficient to describe chemical equilibrium states. At
constant temperature and pressure, the Gibbs energy will depend only on the extent of
reaction ¢, which measures the reaction progress in terms of the composition of the reacting
mixture, and can only decrease according to the second law of thermodynamics. In order to meet
the thermodynamic condition for chemical equilibrium, the Gibbs energy must be stationary,

meaning that the partial derivative of G with respect to £ must be equal to zero:
(7)
9

25

=0 (35)
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Furthermore, the Gibbs energy total differential is given by the following expression:

NC
dG = Vdp — SdT + z wdn, (36)

=1
Inserting dn; = v;d¢ into eq. (36) gives a stoichiometric coefficient v; (negative for educts,
positive for products) and a differential that denotes the chemical reaction occurring to an
infinitesimal extent (d¢). At constant temperature (dT = 0) and pressure (dp = 0), eq. (36) thus

leads to:
96 NC
(af) R 7

T)p i=1

In the case of real mixtures, activities rather than concentrations will be applied, and the

chemical potentials can be expressed in terms of activities:

Ui = Ujo +RTIna; for i=1,2,..,NC (38)

where p;, is the standard chemical potential of the pure species i at system temperature and

pressure. By substituting these chemical potentials in eq. (37), the relationship becomes:

96 NC NC
(ﬁ) = z Uilio + RT In <1_[ ai”i>

T!p i=1

i=1
e (39)
* H%_=1 am - |vm'_|
= z Vilijp + RT In A : o]
i=1 l_[m=1 am,+ m+

where a,, . and a,,_ are the activities of the chemical species X, and Y,,, respectively.
Furthermore, the sum YN v;u;, is given by:

NC

Z Villio = Arg” (40)

i=1

which is the standard molar Gibbs energy change A, g* of reaction. At chemical equilibrium,

and in accord with eq. (35), both eq. (39) and eq. (40) lead to the following expression:

0=A,g"+RTInkK (41)
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in which K = [[N¢ a;% is the equilibrium coefficient for the reaction, which, according to

eq. (41), can be related to the standard molar Gibbs energy change of reaction by the following

equation:
NC N_ |v _| "
1Ay "™ —A
K = | |ai”i = Hﬁf i o] exp (—RrTg ) (42)
i=1 Iy @ Pme

By applying eq. (24) to the chemical reaction network given by eq. (34), and for t — +o0 at

which chemical equilibrium is formally reached and the rate of change in mole fraction of

0xi(t—>+)

component i with respect to time vanishes ( = 0), the equilibrium coefficient K can

also be given by the ratio of the reaction rate coefficients according to the following expression:

.a om-l
K = ]_[alvl= = (43)

Ny
m+ k-

As described in subsubchapter 3.1.2, the reaction rate coefficients only depend on temperature.

Therefore, the equilibrium coefficient K will also depend only on temperature.

3.5 Density Gradient Theory

3.5.1 Pure components

The DGT was first formulated by van der Waals [69], who considered the liquid-vapor interface
of a pure substance as a finite region in which the density changes continuously. Cahn and
Hilliard [68] rediscovered and applied the DGT for the calculation of interfacial properties of
pure substances. The DGT provides an expression for the Helmholtz energy F of nonuniform
systems. Within the theoretical framework of the DGT, the Helmholtz energy density f in a
region of nonuniform density will depend both on the local density p and on the density of the
immediate environment. Therefore, f can be expressed as the sum of two contributions, which
are functions of the local density and the local density gradients, respectively. The basic
assumption of the DGT is that the density gradient in a direction perpendicular to the interface

is small compared with the reciprocal of the intermolecular distance. In that case, the density p
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and its derivatives can be taken as independent variables. The Helmholtz energy density f can
thus be expanded in a Taylor series about f,, the Helmholtz energy density of a solution of

uniform density p. Leading terms in the expansion for f are [68]:

i=1

_ﬂ@V@Vp)—ﬁQﬁ+ES a(;) (g%)

dx;
T
3 3 %)
22 (525
a( ) 0x,0% (44)
== 0x;0x;

=Kij(1)

22\

()

_.|_

N| =

=Kij

where terms in derivatives higher than the second are neglected and the subscripts i and j in
eq. (44) are employed to denote the successive substitution of the x, y and z components in a
Cartesian coordinate system for the variable x;. In addition, the subscript zero in eq. (44)

indicates the value of the parameter in a homogeneous solution of uniform density.

For an isotropic medium, the Helmholtz energy must be invariant to the symmetry operations

of reflection (x; = —Xx;) and of rotation about a fourfold axis (x; — x;) such that the polarization

vector L; and the tensors k; j(l) and k;; () in eq. (44) will satisfy the following conditions [68]:

;D =x,;P =0 for i#j (46)
of .
0
@) f
@ =k, = <(6|Vp|) ) for i =] (48)
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Hence, eq. (44) reduces to [68]:
f(0.Vp,V?p) = fo(p) + 1:V?p + 1, (Vp)? (49)

The total Helmholtz energy is obtained by integrating over the volume of the solution [68]:

F = f fav

’ (50)
= f [fo(P) +1,V2p + KZ(VP)Z] av
14
The divergence theorem is applied to eliminate the term in V?p from eq. (50) [68]:
5 dr, 5
(K, Vep)dV = — | —(Vp)“dV + | (k,Vp-n)dS (51)
v v dp s

where S is the external surface, at which effects will be neglected. Therefore, a boundary of
integration in eq. (50) is chosen in such a manner that Vp - n in eq. (51), where n is the outward
pointing unit normal at each point on the boundary, will be zero at the boundary. The surface

integral in eq. (51) thus vanishes and eq. (50) can be written as [68]:

dp

=K

F= ] 7o)+ (-5 4 1) (W2 | av (52)

Eq. (52) reveals that the Helmholtz energy of a nonuniform system can be expressed as the sum
of two contributions, one being the Helmholtz energy that this system would have in a uniform
and homogeneous solution, and the other a "gradient energy", which is a function of the local

density [68].

Moreover, a flat interface of area A between two coexisting liquid and vapor bulk phases of
density p’ and pV is considered. p* and pV are the densities of a pure liquid and its vapor,
respectively. By applying eq. (52) to the one-dimensional density change across the interface,

the following expression for the Helmholtz energy of the system results [68]:

F=A To [fo(p) + K (Z—lz))zl dz (53)
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where z is the one-dimensional interfacial coordinate in a direction perpendicular to the planar
interface. The surface tension, o, or the specific interfacial Helmholtz energy, is by definition
the difference per unit area of interface between the actual Helmholtz energy of the system and

that which it would have if the properties of the bulk phases were continuous throughout [68]:
+ 00
— dp 2
o= f AQ(p) + K (E) dz (54)

in which AQ(p) is the grand thermodynamic potential defined by:
AQ(p) = folp) — pu® + p° (55)

where the superscript e denotes the equilibrium value of the parameter, and u® is referred to the
same standard state as f,. At equilibrium, the integral in eq. (54) is a minimum. By substituting
the integrand of eq. (54) in the Euler-Lagrange equation, a differential equation, whose solutions
are the density profiles corresponding to stationary values of the integral, results [68]:

2

AQ(p) — K (flp) = const (56)

dz
The constant in eq. (56) must be zero since AQ(p) and Z_Z both tend to zero as z — Foo.

Therefore, for a minimum value of o [68]:

2

B(p) = x (Z—g) (57)

and eq. (54) can thus be written as [68]:

+ oo

o"lE =2 f AQ(p) dz (58)

Furthermore, numerical analysis is facilitated by transforming the equations from z-space to
p-space. Eq. (57) can be applied to change the variable of integration in eq. (58) from z to p.

The following expression results [68]:

p
o"LE =2 f /Km(p) dp (59)
pV




31 Theory

In addition, the density variation across the interface at equilibrium, as determined by eq. (57),

is such that [68]:

dp _ [A90) (60)
dz K

which leads to the interfacial density profile of a pure component:

p(2)
z_zo_f /m( (61)
p(zo)

where z, is an arbitrarily chosen reference coordinate for integration, and p(z) € [p", p*].

3.5.2 Mixtures

Poser and Sanchez [70] generalized the DGT to multicomponent mixtures. The main assumption
they [70] adopted in order to evaluate F is that the entropy of the nonuniform system will only
be a function of the local density and thus independent of density gradients. As a starting point,
the internal energy U is employed and effects of density gradients on U will be evaluated in a
mean-field approximation. The internal energy per unit volume for a multicomponent system

with pairwise additive interactions is given by [70]:

NC NC

U(r) ; Z Z g;(r) (62)

i=1 j=

in which r is the position vector and ¢;; represents the interaction energy of components i

and j, which is given by [70]:
ey () = i) [y + sduy(5) ds (63)

where p; and p; are the partial densities of components i and j, respectively, s is the

intermolecular distance, and u;; is the intermolecular interaction potential between components
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i and j, which is assumed to be spherically symmetric. By neglecting third and higher order

terms, p;(r + s) in eq. (63) is expanded in a Taylor series around s = 0 [70]:
1 2
pi(r+s) =Pj(7”)+(5'v),0j+§(5'v) Pj (64)

Substitution of eq. (64) into eq. (63) with a subsequent integration yields the following

expression for the interaction energy &;; [70]:
ij 1 2
gij(r) = —Pi(T)Pj(r)Ko + pi(r) [(5 ) V)Pj + E(S -V) Pj] uij(S) ds (65)

with

400
Ko = —4m f s?u;;(s) ds (66)

O'ij

in which o; j3 is the repulsive core volume between both components i and j. Since w;; is

spherically symmetric, the following properties result [70]:

j(s -V)Ppiu;i(s)ds =0 bodd (67)

j(s -V)?piu;j(s)ds #0 b even (68)

so that after integration, eq. (65) becomes [70]:

&;(r) = —pi(M)p; (MY — pi(r)V?p; (MK, (69)
with
o [
. T
K = 3 S4uij(5) ds (70)
aij

The internal energy per unit volume (eq. (62)) can thus be written as:

U(‘r) 1 NC NC NC NC
=30 ) AR~ Zpl(r)vzp QI (1)
i=1 j=1 i=1j=
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As mentioned above, the entropy of the nonuniform system is only a function of the local

density. Therefore, the local Helmholtz energy density f, (1) will be defined as [70]:

NC NC

folr) =3 Zpl QIR

11]

S(PLPZ, ey PNC)
V

(72)

where S in eq. (72) is the entropy of the system. The Helmholtz energy density of an

inhomogeneous system is thus given by the following expression [70]:

U(r) B TS(PLPZ, o PNC)

for == g
NC NC (73)
NIGEENY Z pu(rIV2p; (rnes¥
i=1j=

Furthermore, the total Helmholtz energy is obtained by integrating over the volume of the

nonuniform system:

NC NC

F = j [fo -3 Z PV, (i, | dv (74)

i=1j=

which, for a system with a planar interface of area A, can be written as:

NC NC

F=4 +f [fO(Z)_‘ZZ pi(2) p}() 2| dz (75)

i=1j

Further simplification of eq. (75) can be achieved by partial integration of the second term in

the integral (% = 0 for z = +00) [70]:

+00 NC NC d d
Pi apj
= ij ~t
F Af fO(Z)+ZZZK2 i | az (76)
—o0 i=1 j

and the expression for the surface tension, o, for a planar interface will be [70]:

+00 NC NC dp, dp:
Pi apj
= it
o J. AQ+ = > Z z K, I7 dz dz 77)
—o0 i j=
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where AQ in eq. (77) is the grand thermodynamic potential and the generalized form of

eq. (55), given by [70]:
NC
0= o) = ) piue +p° (79)

Moreover, and at equilibrium, the integral in eq. (77) is a minimum. By substituting the

integrand I of eq. (77) in the Euler-Lagrange equation:

ol (z 0:(2), d,Dz(Z)) g (o (Z,pi(z),dpi_(z))

_a dz
ap; dz 9 (m)
dz

=0 for i=1,2,...,.NC (79)

NC-coupled differential equations result [70]:

901 "dzpj—Of i =12, .. NC 80
o0 24 Ky 77 or i=1,2.., (80)

J=1

P tj

These differential equations are multiplied by and summed over all species i [70]:

d|— 1 dp; dp]
—| AQ — = ij_L = 1
dz 2 Z Z 2 dz dz 0 (1)
=1 j=1
which upon integration yields [70]:
NC NC
— 1 dp; dp;
=_ i 2P 7T
2 Z Z dz dz (82)
=1 j=1

and eq. (77) can thus be written, for instance concerning a liquid-vapor interface, as [70]:

+00
=2 f AQdz (83)
Furthermore, eq. (82) can be rewritten as:
dp, 200
dz NC yNC j dp; pj (84)

J=1 02! dp, dp;
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Using this result to effect a change of variables in eq. (83) yields the following expression:
pi*
- [ VawEaap, (85)
p1V

with
NC NC

ij dpi dpj
TP .
dP1 dp, (86)

i=1j=

Eq. (84) can also be formally integrated to yield the partial density profiles of the various

components across the interface in a multicomponent nonuniform system:

p1(2)
2-m= | /ZA dpy (87)
p1(20)

where k' is given by eq. (86), and p;(2) € [p,", p:L]. In order to predict the interfacial

properties of the system, the pure component parameter k," = k;; is treated as an adjustable
parameter and chosen to match experimental surface tensions of the pure component i at a
temperature between the triple point and the critical point. If x," = k; ; 1s assumed to be given

by the geometric mean approximation [70]:
Kij = /KiiKjj (88)

a useful simplification in the Euler-Lagrange equations (eq. (80)) can be achieved. Eq. (80) then

reduces to a system of (NC — 1)-nonlinear equations [70]:

dp1

dAQ 0AQ
/K'l-l- (—) —1/}(_'11 (ﬁ) =0 for i= 2,3,...,NC (89)
l
p

Pjz1 J#i

To evaluate the integrals in eq. (85) and eq. (87), the partial densities p; of the various
components across the interface must first be obtained. For this purpose, eq. (89) is the
minimization condition for eq. (85) with which the coupled partial densities p; of the numerous

components in the interface are calculated.
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3.5.3 Incompressible Density Gradient Theory (inc-DGT)

The incompressible density gradient theory (inc-DGT) was developed and applied to mixtures
for the purpose of combining the DGT with a gf-model. Within the framework of the inc-DGT,
it is assumed that pressure has no impact on density. This applies to liquid-liquid systems, which
are considered incompressible. In that case, the difference between the Helmholtz energy and
the Gibbs energy becomes a constant, and both quantities are equally suitable for describing the
system. Based on this assumption, the molar Gibbs energy g of a heterogeneous system, rather
than its Helmholtz energy density, can be expanded in a Taylor series about g, the molar Gibbs
energy of a solution of uniform concentration. If the density is not considered anymore, then the
mole fractions of the various components in a mixture will be the only thermodynamic state
variables whose values will change across the interface between the adjoining bulk phases.

Therefore, the Gibbs energy of the nonuniform system is given by the following functional [81]:
G = fg_(T, X, Vxl-) av (90)
14

where g is the Gibbs energy density. The inc-DGT can now be combined with a g®-model rather
than an equation of state, as in its original formulation, which implies that the nonuniform
system has gradients in concentration and not in density anymore (eq. (90)). However, the
interfacial properties of pure components can no longer be predicted with the inc-DGT, since
pure components only form a VLE but not a LLE. Therefore, only their densities will change
across the interface. Moreover, the pressure dependence obviously cannot be neglected
anymore, whenever VLE states are predicted. In fact, the inc-DGT is combined with a g=-model,
with which the phase properties of pure components cannot be predicted either. While in the
original formulation of the DGT, the number of variables is equal to the number of components
in the mixture, in the case of the inc-DGT, it is reduced by one because the summation equation
has to be fulfilled at every point in space and time. However, the parameter k loses its physical
meaning within the inc-DGT, and has to be adjusted to experimental interfacial tensions of
binary mixtures, whereas in the original DGT, it can be theoretically calculated if a specific
expression for the intermolecular interaction potential is provided (eq. (70)), or treated as an
adjustable parameter and chosen to match experimental surface tensions of pure components at

a temperature between the triple point and the critical point.
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Within the theoretical framework of the inc-DGT, the grand thermodynamic potential is now
given by the difference between the molar Gibbs energy g, rather than the Helmholtz energy
density, as in eq. (55) and eq. (78), of a homogeneous solution of uniform composition, and the
molar Gibbs energy which the nonuniform system would have if the properties of the bulk

phases were continuous throughout [81]:
NC
80 = go(2) = ) x(Du o1
i=1

Therefore, the interfacial tension is then given by the difference per unit area of interface
between the actual Gibbs energy of the nonuniform system, rather than its Helmholtz energy, as
in eq. (54) and eq. (77), and that which it would have if the properties of the coexisting bulk
phases were continuous throughout. The expression for the interfacial tension at LLE is derived
in a similar manner to the one at VLE in subsubchapter 3.5.2 if the mole fraction is substituted

for the partial density. Concerning a binary system, the interfacial tension is thus written as:

1

X1
GLLE = f JZroh0 dx, (92)
x11

where K, is the influence parameter of the binary mixture 1-2. Furthermore, the concentration

profiles across the interface at equilibrium are given by the following expression:

x1(2)

Z—27Zy = J /2}2; dx, (93)

x1(20)

where x;(z) € [x,!, x;"]. Since the incompressible version of the DGT (inc-DGT) is applied in

) ) ) .mol 5
this work, the influence parameter, k;,, has units of ]mif rather than Jm

" in the original

framework of the DGT. The spatial coordinate perpendicular to the interface, z, has thus been

transformed to include the molar density of the system, which cannot be determined whenever
gF-models are applied. Therefore, coordinate z will have units of r:ln—(; To obtain the interfacial

coordinate in m, z has to be divided by the difference between the molar densities of the

coexisting liquid bulk phases.
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3.5.4 Chemical potential”

To apply the generalized theoretical treatment of reactive nonuniform and multicomponent
systems (eq. (25)), explicit expressions for the chemical potentials of the various components
are required. These are derived from the system Gibbs energy, G, given by eq. (90). The
dependence of g on Vx; provides the conceptual framework for a generalized chemical potential
that incorporates interfacial energies. Conventional and classical formulations of the chemical
potential must thus be supplemented by a gradient term, whenever inhomogeneous systems are
studied. To determine an expression for the chemical potential, a small variation of the amount
of substance, n;, of the numerous components must be considered. A generalized chemical
potential will be, therefore, introduced:

_(66) _(06) V( aG ) ¢ 19 NC
Hi=\on, — \ony a(Vn,) or t=hb e ©4)

t T'p:nj;ti t T,p,nj;ti Tlplvnjil.

where the 6 notation denotes the variational derivative. Eq. (94) parallels the traditional
definition of chemical potential but variational differentiation is substituted for ordinary partial

differentiation. The generalized chemical potentials given by eq. (94) satisfy Euler’s theorem:

NC

inlli =49 95)

i=1
as well as the Gibbs-Duhem equation (eq. (29)) at constant temperature and pressure:

NC

Z x;Vu; =0 (96)

i=1
A mechanism is now determined through which chemical as well as phase equilibrium can be
approached in a system in which interfacial or surface effects, as previously characterized by a
gradient energy, are important. For a given molar Gibbs energy, g, the gradient-dependent
chemical potentials are first calculated by using eq. (94). Then, they are inserted into eq. (25) to
derive the dynamics of reactive nonuniform liquid systems. In nonequilibrium thermodynamic
systems, the chemical potential varies spatially and thus serves as the driving force for diffusion

and chemical reaction.

* Taken from [59] and [102]
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3.6 Model example and numerical methods”

In this work, a simple illustration of eq. (25) is given by a conceptual model example assuming
a three-component inhomogeneous liquid system with components A, B and C (NC = 3) at a
constant temperature T = 298.15 K. In addition, a simple chemical reaction network consisting

of two chemical reactions is considered, namely:

1 1 k
—A+=B=C 97
2 +2 ) ( )

in which half of component A and half of component B react to produce component C and vice
versa, until the chemical equilibrium is reached. A special feature of the chosen model example
(eq. (97)) is that there will be no change in total moles upon reaction, which is consistent with
the restriction imposed by eq. (2). Eq. (25) can thus be applied to describe the dynamics of the
nonuniform system. Furthermore, it is assumed that the temperature will not change upon
reaction. The enthalpy of reaction is thus assumed to be zero. Concerning the chemical reaction
given by eq. (97), NR = 2 and j runs from 1 to 2: j = 1 is the reaction index for the forward
reaction, in which A and B are consumed to form C, and j = 2 is the reaction index for the
backward reaction, in which C is consumed to produce components A and B. The number of
educts in the forward reaction is thus N; = 2 and the one in the backward reaction is N, = 1.
Accordingly, k, is the reaction rate coefficient for the forward reaction and k, is the reaction
rate coefficient for the backward reaction. In addition, it is assumed that both components A and
B form a miscibility gap, while components A and C as well as components B and C will be
miscible in each other. In what follows, components A and B are treated as independent. The
Gibbs energy density g in eq. (90) will thus depend on temperature, the two independent mole

fractions x, and xp, and their gradients Vx, and Vxg:
G = fg(T,xA,xB,VxA,VxB) av (98)
v

where the following expression for g is introduced in the spirit of the inc-DGT of ternary liquid

mixtures:

* Taken from [59] and [102]
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1 1
g=9ot EKR (Vx4)? + KkpsVx,Vxp + EKS(VXB)Z (99)

Here, g, is the molar Gibbs energy of a homogeneous solution of uniform composition x, and
xg. It accounts for both the configurational and the nonideal (or excess) contributions to the

Gibbs energy and is given by the following expression:

3

3
Jo = inﬂio + RTZ x;Inx; + g& (100)

i=1 i=1

in which g% is the excess molar Gibbs energy. For the sake of simplicity, a simple gf-model,
the Porter equation, will be assumed in this work:
g

ﬁ = AABxAxB + AACxAxC + ABCxBxC (101)

where x; = 1 — x4 — xp and Ayp, A4c and Ap. are the temperature-dependent and adjustable
Porter coefficients. More realistic thermodynamic models for g% that describe and incorporate
the nonideal and complex phase behavior of real mixtures and systems can also be considered
but will not be further discussed in this work. When modeling with a gt-model, the pressure
dependence of the activity coefficient will be neglected; it is then only a function of temperature
and composition. Therefore, the criterion of mechanical equilibrium (eq. (27)) cannot be solved,
which means that the densities of the coexisting phases cannot be calculated when g®-models
are applied, in contrast to modeling by means of equations of state. The activity coefficient of
component i, y;, accounts for the deviation of a mixture of chemical substances from ideal

behavior, and is related to the excess Gibbs energy G by the following thermodynamic relation:

°(fr)

ani

Iny; = (102)
T,p,njii
which, applied to eq. (101), yields the following analytical expressions for the activity

coefficients y,, yg and y. of components A, B and C, respectively, by means of the Porter

equation:

Iny, = Aup(1 — x4)xp + Asc(1 — x4)xc — ApcxpXc (103)
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Inyp = Appxa(1 — xp) — Apcxaxc + Apc(1 — xp)xc (104)
Inyc = —Appxaxp + Aacxa(1 — x¢) + Agcxp(1 — x¢) (105)

The gradient terms in eq. (99) represent the lowest-order corrections to the molar Gibbs energy
of a homogeneous solution, g,, for concentration gradients, and thus describe the interfacial
energy associated with the phase boundaries. The gradient energy parameters or the influence
parameters of the ternary mixture are denoted by kg, kgs and ks. Moreover, the gradient terms
in eq. (99) should give a positive contribution to g, for arbitrary directions of Vx, and Vxg. This

implies the following restrictions and necessary conditions concerning the influence parameters:

kg >0 (106)

Ks >0 (107)

Krs < +/KrKs (108)

if oLE is to be positive. Furthermore, stable equilibrium system states can be calculated, and

LLE is achieved by constrained minimization of the functional given by eq. (98). The material
balance constraints are derived from the condition that % fv x4 dV and % fv xp dV must be

conserved for components A and B, respectively. Therefore, the calculus of variations is applied
and leads to a set of differential Euler-Lagrange equations, which are derived in a similar manner

to the ones in subchapter 3.5:

dAQ 1 1
(W> - EKRVZxA - EKRSVZxB =0 (109)
A7 xp
dAQ 1 1
(3) ~zresTs = Vx5 =0 (110)

These equations are then solved, and the solutions are used to perform a coordinate
transformation from z-space to x-space. As a result, an expression for the interfacial tension

o'LE for the corresponding ternary mixture at LLE can be obtained:

xAII
dxg dxg\*
O'LLE: j; \/2 [KR+2KR5E+KS(E) ]A'deA (111)

XA
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where the superscripts I and II refer to the two equilibrium liquid phases. Therefore, x,’ and
x4 are the equilibrium bulk compositions of phases I and II, respectively. In addition, the
minimization of the Gibbs energy functional leads to an expression for the equilibrium

interfacial concentration profiles across the interface:

dx dxg\*
i a2 o (52

2AQ

(112)

Z—2Zy= dx,

x4(20)

In this work, the arbitrarily chosen reference coordinate for integration is set to z, = 0 at
x4(z0) = x,'. Hence, the upper bound of integration, x,(z), will vary within the interface

between the two equilibrium bulk compositions x4 and x, .

In egs. (109)-(112), AQ is the grand thermodynamic potential given by eq. (91) for a ternary
mixture, thus, AQ) is the difference between the molar Gibbs energy of a homogeneous solution
of uniform composition x, and xp, and the molar Gibbs energy which the nonuniform system
would have if the properties of both equilibrium bulk phases I and Il were continuous
throughout. Therefore, yf in eq. (91) is the equilibrium chemical potential (referred to the same
standard state as g,) of component i in both bulk phases I and 1, which has obviously the same

value in both bulk phases given that the two phases are in equilibrium.

The interfacial tension of the binary subsystem A-B at LLE is given by eq. (92):
11
f;:, \ 2K45AQ dx,, to which, for consistency purposes, eq. (111) should reduce, by
transitioning from the ternary to the binary system. In that case, % =—11ineq. (111) and
A

xc = 0. The following condition thus arises:

KR - ZKRS + KS == KAB (113)

In order to fulfill the condition given by eq. (113), it will be assumed that:

KRS == _1,KRKS (114)

and:

Kp = Ks = ~Kup (115)
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Kyug > 0 is the gradient energy parameter or influence parameter of the binary system A-B,
which is chosen to match experimental interfacial tensions of that particular binary mixture that

demixes.

If kg 1s assumed to be given by the geometric mean approximation of eq. (114), and ky and kg
are assumed to be given by eq. (115), a useful simplification in the Euler-Lagrange equations
(eq. (109) and eq. (110)) can be achieved. These equations then reduce to the following algebraic

form:

(OAQ) +(6AQ) _0 6
0xy4 g dxp A (116)

Eq. (116) is the minimization condition with which the coupled molar fractions of all three

components A, B and C in the interface at LLE can be calculated.
Substitution of eq. (114) and eq. (115) into eq. (99) leads to the final expression for the molar
Gibbs energy of the ternary inhomogeneous system:

1 1 1
g=9got gKAB(VxA)Z - ZKABvava + gKAB(VxB)Z (117)

Furthermore, inserting eq. (114) and eq. (115) into eq. (111) and eq. (112) leads to the following
expression for the interfacial tension, g'LE, between both equilibrium liquid bulk phases I

and II:

XA
1 dx dxg\*
olLE = f \/EKAB l1 - zd—xj+ (d—xj) lAdeA (118)
XAI

and to the following expression for the equilibrium concentration profiles in the interface:

dx dxp\>
(2) —9ZZB B
a2 [Kap Il 2ax, (dxA) l (119)

Z — Zy = dxA

8AQ
x4(2o)

To evaluate both integrals in eq. (118) and eq. (119), the interfacial mole fractions of

components A, B and C need to be determined. This is done by solving eq. (116) in the interface.
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Now that the molar Gibbs energy of the nonuniform system has been derived, the chemical
potentials of all three components are calculated in accord with eq. (94), where G is obtained by
applying eq. (117). The chemical potentials, y;, thus read as follows:
0 1
pa =g+ (1 —x4) l(a_go) + < tap(Vixp — VZ?CA)]
Xa Xp 4
(120)

dg 1
— Xp I(a—xz)xA + 3 Kap (V2xy — szB)l

dg 1
U = g — X4 [(a_o) + ZKAB (V2xp — V2x,)
Xa/ o,

(121)

0 1
+ (1 —x3) [(a_go) + < g (V2 — VZXB)I
X/, 4

dg 1
e =9 — Xa [(6_0) + ZKAB (V2xp — VZXA)]
Xa/ o,

d 1
— Xp I<_go> + —KAB(VZXA - VZXB)
Oxg %A 4

(122)

where g is given by eq. (117). As expected, Euler’s theorem (eq. (95)) as well as the Gibbs-
Duhem equation (eq. (96)) are satisfied by eqs. (120)-(122).

The governing equations for the mole fractions x4 and xp are obtained by inserting the latter
chemical potentials (egs. (120)-(122)) into eq. (25), while taking the chemical reaction given by
eq. (97) and the following relation: a; = x;y; into account:

% - v{MABxA(z, £)x(z, )V [(M) _ <M>

dx, 0xp ’

+ %KAB(VZXB(Z: t) — Vi (z, t))]

+ MACxA(Z, t)xc(z, t)V

P : 1
(12s20) +ZKAB(vsz<z,t>—vaA<z,t>)]} (123)

1
+ E [_kl\/'xA (Z, t)]/A (Z, t)\/xB (Z’ t)yB (Z’ t)

Kap
8RT

+2(x4 (2, 1) — x5(2, ) )V2x4 (2, 1) + 2(x3(2,£) — x4(2, 1) )V2x5(2, t)])

+ ke (2, e (2,0 exp (o [ (Vxa(z £) = V(2 1)
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agO(Z) t) _ agO(Zﬂ t)
Oxp ) dx, .

+ %KAB (VZXA (z,t) — V?xp(z, t))]

0xg(z,t)

at = V{MABxA(Zl t)xB(Z’ t)v

B

+ MBCxB(Z, t)xC(Z, t)V

(ago (Z, t)

dxp

1
> + ZKAB (VZXA(Z; t) - VZXB(Z' t))]} (124)

XA

1
+ 5 [—kl\/xA (2, ya(z, t)\/xB (z,0)yp(z,t)

g;%{; [(VxA (z,t) — Vxg(z, t))2

+2(x4(2, 1) — x5(2,0))V2x4(z,t) + 2(x5(2, 1) — x4(2,£) ) V2x5(2, t)])

+ kyxc(z, )y (z, t)] exp (

where x.(z,t) =1 —x,(z,t) — x5(z,t). The partial differential equations given by eq. (123)
and eq. (124) are the starting point for describing the dynamics of the assumed ternary reactive
system A-B-C. They must be solved simultaneously for each point in space z and time ¢, and
numerical methods must be applied to obtain x4(z,t) and xz(z,t). An equation for the third

component can also be derived in a similar manner:

0xc(z,t)

at 0x,

=V {—MACxA (z,t)xc(z, )V [<M>

B

+ %KAB (V2x5(z,t) — V2xy(z, t))]

- MBCxB(Z, t)xc(z, t)V

(%,:t)) + %KAB (szA(z, t) — Vixg(z, t))]} (125)

+ |lesvxaCz Oyalz Vx5 (2, 075 (2, O

Kap

SRT [(VxA (z,t) — Vxp(z, t))2

— ko2 (2,007 (2, exp (

+2(x4(2, 1) = 252, 0) V24 (2, 1) + 2(x5(2,) — 2a(2,))V2x5(2,1) )

but does not provide new information. By summing eqs. (123)-(125), the following equation

0x4(z,t) oxg(zt)
at + at + at

2e2D — 0, as expected. ya(z 1), y5(zt) and y(zt) in

results:

eqs. (123)-(125) are the activity coefficients of components 4, B and C, and are calculated by

45



46 Theory

egs. (103)-(105), respectively; thus, they are determined via g€ in eq. (101) by applying classical

thermodynamic relations.

Global equilibrium refers to the stable equilibrium system state at which the combined phase
and chemical equilibria are reached. At global equilibrium, the chemical potentials of all three
components are constant throughout the system, and the fluxes and molecular diffusion of the
numerous components vanish. In addition, the forward reaction proceeds at the same rate as the

backward reaction. Therefore, the rates of change in mole fraction of the various components

0xi(z,t>+w0)

with respect to time will vanish ( P

= 0). Moreover, the global equilibrium state

depends neither on the reaction rate coefficients k; and k,, nor on the diffusive mobilities Mg,
My and Mg, the former and latter only determining the path to the final equilibrium state. At
global equilibrium, the diffusion term in eqs. (123)-(125) vanishes. By setting the left-hand side
ofeq. (123) oreq. (124) or eq. (125) to zero and by keeping in mind that the exponential function
does not vanish, the following expression for the equilibrium coefficient, K, for the chemical

reaction given by eq. (97) can be derived:

Xc(Z, t- +OO)VC(ZI t- -|-OO) kl
K@) = == (126)
Jxa(z,t > +0)y,(z,t > +0)\/x5(z,t > +0)y5(z,t > +0) k2

which is also in accord with the formulation given by eq. (43). The equilibrium coefficient, K,
is a function of temperature, given that both reaction rate coefficients k; and k, depend only on

temperature.

A numerical scheme has been developed to solve the set of partial differential equations given
by eq. (123) and eq. (124), subject to an initial condition of interfacial concentration profiles as
well as a boundary condition. Eq. (123) and eq. (124) are discretized by a standard explicit
scheme. Therefore, a fully explicit finite difference method is adopted, in which the domain of
discretization, consisting of the two coexisting homogeneous liquid bulk phases and the
inhomogeneous interface between them, is divided into grid points with the unknown variables
located at each point of the grid. These variables, including all the spatial derivatives, are
calculated and evaluated at each grid point. In addition, Euler’s method is used for time
discretization. The boundary conditions are given by both bulk phases, which are homogeneous

and of uniform composition. Consequently, the diffusion term as well as the mole fraction
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gradients of the various components with respect to the spatial variable, z, will vanish in both
coexisting bulk phases. The argument of the exponential function in eqgs. (123)-(125) also
vanishes and the function thus takes a value of one. For both bulk phases, in which no
concentration gradients with respect to z are found, eqs. (123)-(125) reduce to the following

expressions:

0x4(z > too,t)
ot

1
= | ~ravxa(z > 100, 0yaC = o0, OVx5 (2 > 0,075z > o0, 1)  (127)

+ ko (z = 200, 0)yc(z > too, 1)

0xg(z > too,t)
ot

1
= 2 [T = £, D7a e = Eoo, O = Eo0, Oz > Eeo,p) (129)

+ ko (z > £o0, )y (z > oo, 1)

0xc(z » too,t)
ot

= k722 = 190, D74 = 0,035z > £, 075 > £0,0) (129)

- kaC(Z - oo, t)YC(Z — too, t)

which are the well-known rate equations of forward and backward chemical reactions occurring
in a homogeneous mixture and formulated with activities rather than mole fractions. Therefore,

time-dependent Dirichlet boundary conditions are applied.

Furthermore, a special case will arise when chemical reactions taking place at the interface
between the coexisting liquid bulk phases are not considered and modeled anymore. The set of
partial differential equations given by eq. (123) and eq. (124) will be taken again as a starting
point, and the reaction term in the interface will thus be excluded. Hence, the chemical reaction
will occur only in both homogeneous bulk phases I and II. The mole fraction gradients of
components A and B with respect to the spatial variable z vanish in both bulk phases, the
argument of the exponential function also vanishes, and the function thus takes a value of one.

Consequently, eq. (123) and eq. (124) reduce to the following expressions, with which the
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dynamics of the reactive nonuniform ternary system can be described without incorporating

interfacial chemical reactions:

axA(Z, t)

ot =V {MABxA(Z; t)xg(z,t)V [<M> _ <M>

0x 0x
4 XB B XA

+ %KAB(VZXB(Z: t) — V2xu(z, t))]

+ Mycxa(z, )xc(z, )V (%) + %KAB (V2xp(z,t) — Vx4 (2, t))]} (159
+3 [~k az > £, 07z = £o0, 0 a G = £, 075z = £,
+ kpxc(z > £00,)yc(z = £o0,1)]
% = V{MABxA(z, txg(z,t)V (%)m — (%)@
+ %KAB(VZXA(Z, t) — V2x5(z, t))]
4 Myexg (2 )xc(z, )V (%) +%KAB(V2xA(Z, £) — V2x(z, t))]} (131)

1
45 [~kifxa(z = 20,074z > o0, 035z > L0, 0075z = £0,

+ kyxc(z = 200, t)yc(z = oo, t)]

where x;(z,t) =1 —x4(z,t) — x5(z,t).

Moreover, and in order to predict the LLE of the ternary system A-B-C, thermal equilibrium
(eq. (26)) as well as diffusive equilibrium (eq. (28)) must be simultaneously fulfilled. The
diffusive equilibrium condition states the equality of the chemical potentials for each component
A, B, and C in both phases [ and II present, which translates into the equality of activities
a; = x;y;, or the isoactivity criterion, for each component in both bulk phases, whenever LLE
states are to be studied and modeled. This equivalence relation can be easily deduced from
eq. (38) and leads to the following equations that must be simultaneously solved in order to

predict the LLE of the ternary system A-B-C:
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xAIVAI(TI’ xAI’ xBI' xCI) _ xAIIyAII (T”, xAII’ xBII’ xCII) =0 (132)
xBIYBI(TIrxAIprIerI) - xB”yB”(T”le”le”'xC”) = 0 (133)
xCIYCI(TI, xAI’ xBI' xCI) _ xc"]/c" (T”, XA”, xBII’ xCII) =0 (134)

Thermal equilibrium is indirectly fulfilled through T = T! = T = 298.15 K. Furthermore, ¥,
yg and y in both bulk phases I and /1 are determined by applying egs. (103)-(105), respectively.

The minimization condition given by eq. (116) with which the equilibrium (LLE) mole fractions
of all three components A, B and C at each grid point in the interface are calculated, and the
phase equilibrium conditions given by eqs. (132)-(134) are numerically solved by applying
Powell’s conjugate direction method. A brief description of this method is presented hereafter.
Assuming a function which depends on multiple variables, the objective is to find the value of
those variables at which this function takes on a minimum value. Starting, for instance, at a
given point in a multidimensional space and proceeding from this point in an arbitrarily
direction, any function can be minimized along this direction or line. However, the problem is
to find a suitable set of directions for the minimization. In addition, some functions do not get
exactly to their minimum, but repeated cycles of line minimizations will induce quadratically
convergence of these functions to their minimum. Powell’s method implies first initializing the
set of directions to the basis vectors, and then, after trying all possible directions (one iteration),
changing the set of directions based on where the function got to its minimum at the previous
direction. It is important to point out that the direction along which the function made its biggest
decrease will be discarded. The reason is to avoid linear dependence between the old and new
direction, which leads to wrong solutions of the minimization. Given a certain accuracy, the
termination criterion for the iteration will be the least-squares method. Furthermore, Powell’s
method can be used when derivatives of the function to be minimized are not easily
obtained [110]. Moreover, the critical point of the ternary system is also calculated by applying
this method. First, the determinants in eq. (32) and eq. (33) are evaluated, then both criticality
conditions (eq. (32) and eq. (33)) are numerically solved by applying Powell’s conjugate

direction method.

If the interfacial mole fractions of components A, B and C at LLE are determined, then the

interfacial tension, o“L£ | between both equilibrium liquid bulk phases I and II (eq. (118)) and
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the equilibrium concentration profiles in the interface (eq. (119)) can be calculated. Both
integrals in eq. (118) and eq. (119) are numerically evaluated by applying Romberg’s method.
The Romberg’s integration method is based on an extended trapezoidal rule. Given a function
that has to be integrated over an interval between fixed limits, this interval can be halved and
the value of the function at the midpoint can be obtained. The function is then integrated over
the new intervals. These two intervals can also be halved, the values of the function at the
midpoints accordingly obtained, and the function over all four intervals again integrated. The
Romberg’s method uses this extended trapezoidal rule, and then extrapolates the successive
results of the various integrals to infinite halving of the corresponding intervals so that the value

of the original integral will be best determined [111].
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4 Results and Discussion

4.1 Dynamic modeling of the interfacial properties - Limiting
case I

In this subchapter, reactive nonuniform systems in which the chemical reaction takes place
instantaneously, and thus in which the reaction is much faster than the rate of diffusion, are the
subject of interest. Therefore, the diffusion term will be omitted and all three diffusive mobilities

will be assigned a value of zero: Myg = My = Mg = 0.

4.1.1 Proof of concept”

In this subsubchapter, an exemplary model calculation and numerical solution of the basic
system given by eq. (123) and eq. (124) with Mg = My = Mg, = 0 is provided, which will
serve as a comprehensive proof of concept. In what follows, a standard model example will be
introduced. A three-component mixture made of A, B and C, in which components A and B are
practically immiscible and their phase diagram has a large miscibility gap at the assumed
temperature T = 298.15 K, is considered. Therefore, the Porter coefficient A,z is assigned a
value of Ayp = 3.5 in eq. (101). Furthermore, the other two Porter coefficients are set to
Ayc = Apc = 0 so that the binary subsystems A-C as well as B-C will form ideal mixtures. The
initial state of the system is the liquid-liquid phase equilibrium, at which no chemical reaction
will take place. To begin with, the corresponding phase diagram of the ternary mixture is
calculated. To do so, barycentric coordinates are used such that each point within the Gibbs
triangle in Figure 2 simultaneously represents x4, x5 and x.. The phase diagram of the ternary
system A-B-C at T = 298.15 K is shown in Figure 2. The liquid bulk phase I is defined as the

one corresponding to the left-hand side branch of the binodal curve, and the liquid bulk

* Taken from [59]
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phase I] as the one corresponding to the right-hand side branch of the binodal curve. The binodal
concentrations of the subsystem A-B are close to 0 or 1, given the Porter coefficient A,p in

eq. (101) assumed for the phase equilibrium calculation.

Figure 2. Phase diagram (binodal curve: black line, critical point: star) for the ternary mixture
A-B-C at T =298.15K, calculated with eq. (101) by wusing Az =3.5 and
Ayc = Agc = 0. The bulk phase I corresponds to the left-hand side branch of the binodal curve
and the bulk phase II corresponds to the right-hand side branch of the binodal curve.

The assumption that the binary subsystems A-C and B-C form ideal mixtures leads to the
symmetrical phase diagram, as depicted in Figure 2. Large miscibility gaps are typical of many
nonideal systems consisting of aqueous and organic phases with chemical components
incorporating large differences in polarity. Such nonuniform systems may include those
involved in the reactive extraction process of organic acids from aqueous solutions by solutions

of high molecular amines, in which the complex formation takes place at the interface [31]. In

addition, the influence parameter of the binary subsystem A-B will be assigned a value of

Kap = 12 10-7 Lol

which is also typical of many liquid two-phase systems [81,83,84].

m%’
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Furthermore, and to account for instantaneous reaction rates, it will be assumed that both
reaction rate coefficients will have equal values of k; = k, = 1 s™1. The chemical equilibrium
constant given by eq. (126) will thus have a value of K = 1. Having specified all parameters
needed for modeling, the dynamics of the system can now be studied by solving eq. (123) and
eq. (124) at different time steps. The initial system state at time ¢ = 0 is chosen to be an
equilibrated (LLE) mixture of components A-B-C at infinite dilution of component C, as shown
by both black points in Figure 3. These thus refer to the initial concentrations of bulk phases /
and II at t = 0. A thought experiment, in which a catalyst is added into both bulk phases, will
now be considered. Therefore, phases I and I will not correspond to liquid-liquid equilibrium

bulk phases anymore, but may also refer to liquid bulk phases which are not in equilibrium.

Figure 3. Phase diagram (binodal curve: black line, critical point: star) for the ternary mixture
A-B-C at T =298.15K, calculated with eq. (101) by wusing Az =3.5 and
Auc = Agc = 0. The initial state before the chemical reaction starts is indicated by black points,
the evolution of the bulk phase mole fractions (reaction path, calculated by solving eq. (123)
and eq. (124) at T =298.15K with Ay =3.5 and Ay = A =0 in eq. (101),
Kap = 12-1077 ]'r;nfl, ki =k, =1s71, and Myz = My, = Mg, = 0) is depicted by red lines,

and the final state is represented by blue points.
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In a next step, the equilibrium interfacial concentration profiles corresponding to the initial state
(t = 0) of the chosen mixture are calculated by solving eq. (116) in the interface and
subsequently evaluating the integral in eq. (119). The result is shown in Figure 4, in which a
very sharp phase boundary can be observed, and the binodal mole fractions of components A
and B are close to 0 or 1. In addition, bulk phase I, which is located at the left-hand side of
Figure 4, is rich in component B, while bulk phase I1, which is located at the right-hand side of
Figure 4, is rich in component 4, as also depicted by both black points in Figure 3. Furthermore,
the reaction product, component C, acts as a solubilizer in the ternary, two-phase system, as can
be deduced from its phase diagram in Figure 2 and from the maximum in x.(z,t = 0) shown

in the inserted figure in Figure 4.

1.0 | s | s | s | s | s | s | s | s | s |
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Figure 4. Equilibrium interfacial mole fraction profiles at ¢ = 0 for components A (black line),
B (red line) and C (blue line) at infinite dilution of component C, calculated by eq. (116) and
eq. (119), in combination with eq. (101) by using Azz = 3.5 and Ay, = Agc =0 at
T =298.15Kand kup = 12- 1077 Imifl The inserted figure shows the mole fraction profile of

component C.
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The observed maximum in x-(z,t = 0) can be interpreted by the enrichment of component C
in the interface. An increase in the mole fraction of component C results in greater solubility of
A in B and B in A. Although component C is too low in concentration, it is strongly segregated
and enriched at the interface. This is a very general finding concerning solubilizers at infinite
dilution in inhomogeneous systems, with broad implications for the interfacial and physical
properties of nonideal mixtures. For instance, Schifer et al. [78] found in the ternary mixture
DMF-decane-dodecene an enrichment of dodecene in the interface, and in ternary mixtures of
DMF-decane-aldehyde always an enrichment of the aldehyde. Concerning the mixture
composed of namely water-benzene-butan-1-ol, the enrichment of butan-1-ol was observed
[84]. In addition, Danzer and Enders [90] predicted the enrichment of acetic acid in the ternary
mixtures water-1-hexanol-acetic acid and water-hexyl acetate-acetic acid. In all studied ternary
mixtures [78,84,90], the component exhibiting similarities in polarity with the two other
components will be enriched at the interface. The similarity in polarity also explains the
enrichment of component C at infinite dilution in the ternary system A-B-C, because the
interaction between C and A, on the one hand, and the interaction between C and B, on the other

hand, are identical according to the assumed Porter coefficients A4 = Agc = 0 ineq. (101).

By comparing the concentration profiles in Figure 1 with the interfacial concentration profiles
depicted in Figure 4, the shortcomings of the two-film theory can be identified. A typical
interfacial enrichment of one component in ternary mixtures [78,84,90] or multiple components

in quaternary mixtures [91] cannot be predicted by applying the two-film theory.

The equilibrium concentration profiles illustrated in Figure 4 are the ones that will initiate the
chemical reaction given by eq. (97). More precisely, they correspond to the initial condition
(t = 0) required to solve the set of partial differential equations given by eq. (123) and eq. (124).
By adding a small amount of catalyst into the mixture, the chemical reaction will speed up. The
reaction dynamics will now be considered, and the mole fraction profiles, x;(z, t), that result
from the temporal evolution of the mole fraction of the various components will now be
investigated at different time steps. Figure 5 shows the calculated interfacial concentration
profiles at different times. An exemplary snapshot of the mole fraction distribution for the one-
dimensional numerical solution of eq. (123) and eq. (124) at t = 0.05 s is illustrated in

Figure 5a. Typical reactive features of the inhomogeneous ternary system are observable.

55



56

Results and Discussion

0.02

0.03

0.04 0.05 0.06

z [ mmol / m? ]

0.07

T
0.08

T
0.09

0.10

0.9

0.8

0.7

0.6 1

0.5

0.4

0.3

0.2

0.1+

b)

0.0 -4
0.00

T
0.01

T
0.02

T
0.03

0.04 0.05 0.06

z [ mmol / m? ]

T
0.07

T
0.08

T
0.09

0.10




57 Results and Discussion

1.0 | L | L | L | L | L | L | L | L | L |

0.9 1 -
0.8 — c) L
07 [
064 I
051 I
0.4 1 L
03 I
024 [

0.1+ -

.o-r——7"—7T1 "7 T T
0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10

z [ mmol / m? ]

1.0 | L | L | L | L | L | L | L | L | L |

0.9—- -
0s ) i
07- i
06- i
051 i
0.4—- L
0.3 — L
021 !

0.1+ =

- 7T T T T
0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10

z [ mmol / m? ]

Figure 5. Interfacial mole fraction profiles at different times (a) t = 0.05s, b) t = 0.25s,
c)t =0.8s and d) t = 2.4 s) for components A (black line), B (red line), and C (blue line),
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calculated by solving eq. (123) and eq. (124) at T = 298.15K with Ay = 3.5 and

A =Agc=0 in eq (101), rKup=12" 10-71'1111"l ky=k,=1s"%, and

2
Myp = Myc = Mpc = 0.

At first, and compared to the concentration profiles illustrated in Figure 4, the interfacial mole
fraction profiles depicted in Figure 5a show that components A and B are being continuously
consumed, and component C is being continuously formed, in both bulk phases I and I1 as well

as at the interface between them.

To trace the evolution of the uniform bulk phases, more precisely of the bulk phase mole
fractions using the Gibbs triangle, the instant concentrations of both phases will be permanently
evaluated. The result is given by red lines in Figure 3, in which the red line on the left-hand side
of the phase diagram corresponds to the evolution of bulk phase I, while the red line on the
right-hand side of the phase diagram corresponds to the evolution of bulk phase II due to the
occurring chemical reaction. The consumption of components A and B, and the simultaneous
production of component C can also be deduced from these two red lines in Figure 3.
Furthermore, the subsequent evolution of the reactive system will lead to an intermediate
equilibrium system state at approximately t = 0.25s. After 0.25s have elapsed since the
chemical reaction started, the educts and product bulk mole fractions become constant, and
chemical equilibrium in both bulk phases is thus reached, but not necessarily phase equilibrium.
This intermediate system state is shown in Figure 5b, from which the equilibrium bulk phase
concentrations can be deduced. The same state is indicated by two blue points in Figure 3, which
refer to the final bulk system state. The corresponding values of the equilibrium mole fractions
of components A4, B and C in bulk phases I and I/ in Figure 5b agree with those taken from both
blue points on the left-hand side and on the right-hand side of the phase diagram in Figure 3,
respectively. The mole fraction of component A in bulk phase I and of component B in bulk
phase II nearly vanish. The chemical reaction has thus totally consumed one of its educts in
both liquid bulk phases, as expected, given that the initial bulk phase mole fraction of component
A in bulk phase I and the initial mole fraction of component B in bulk phase I were close to 0,
as shown in Figure 4. Moreover, the chemical reaction reaches chemical equilibrium in both
bulk phases at the same time after approximately 0.25 s due to the symmetry of the applied
Porter equation (eq. (101) with A4 = A = 0), which is reflected by the phase diagram of the

ternary system and the initial mole fraction profiles given in Figure 4.
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Returning to the bulk phases, and at approximately ¢ = 0.25 s, the final state of both bulk phases
will be such that the ratio of the activity of the product to the activities of the educts, all activities
raised to the power of the absolute value of the corresponding stoichiometric coefficients, which
is also the equilibrium coefficient expression given by eq. (126), will take a value of 1 in both
bulk phases I and I1. Therefore, it can be deduced that chemical equilibrium has been reached

in both coexisting liquid bulk phases.

However, the latter observation does not apply to the interface between the coexisting liquid
phases. In fact, the chemical reaction is still taking place at the interface and variations in the
mole fractions with respect to time are still observed. Another exemplary snapshot of the mole
fractions will now be considered. A random time step at ¢ = 0.8 s will be chosen. The
corresponding interfacial mole fraction profiles are shown in Figure 5c. It can be observed that
component C is still being continuously produced at the interface, the phase boundary is getting
sharper, and the interfacial mole fractions of both educts are still decreasing; components A and
B are thus continuously being consumed at the interface. The bulk phase concentrations did not
evolve with time, as expected, given that chemical equilibrium has already been reached in both
bulk phases. In addition, educts A and B are progressively vanishing at the interface and their

mole fractions are taking a value of nearly 0 across a big portion of the interfacial layer.

The subsequent evolution will lead the ternary system to its final overall equilibrium state at
approximately t = 2.4 s, including the interface (Figure 5d). After 2.4 s have elapsed since the
chemical reaction started at t = 0, the educts and product interfacial mole fractions become
constant, and the interfacial chemical reaction will reach chemical equilibrium, the latter having
already been reached in both bulk phases after approximately 0.25 s of reaction. The system
evolved into a stationary state and the stationary spatial distributions of the mole fractions
corresponding to this final system state are shown in Figure 5d, from which the equilibrium
interfacial and bulk mole fractions can be deduced. At this time step, namely at t = 2.4 s, the
final state will be such that the ratio of the activity of the product to the activities of the educts,
all activities raised to the power of the absolute value of the corresponding stoichiometric
coefficients given by eq. (126), will now also take a value of 1 at the interface, more precisely
at every point of the grid located inside the interface. Hence, the overall chemical equilibrium

has been reached. For illustration purposes, the entire evolution will be shown in Figure 6.

59



60 Results and Discussion

1.0 | L | L | L | L | L | L | L | L | L |

091
0.8 —
0.7 —
0.6 —
0.5 —
04-
03
0.2 —

0.1+

0.0 ———"F—"—"F—r—=—T—T— "'II — T T
0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10

z [ mmol / m? ]

Figure 6. Interfacial mole fraction profiles for components A (black line), B (red line), and C
(blue line) at different times (solid line: t = 0, dashed line: t = 0.05 s, dotted line: t = 0.25 s,
and dashed-dotted line: t = 2.4 s). The calculations were performed identically to the ones in
Figure 4 and Figure 5.

In addition, Figure 7 shows the calculated interfacial concentration profiles of the reaction
product C at different time steps. The continuous production of C in both bulk phases as well as
in the interface between them is thus depicted in Figure 7 until the overall chemical equilibrium
is reached. The highest actual yield of component C is found at the center of the interface, where
a pronounced maximum in the mole fraction profile of product C in Figure 5d and Figure 7
(solid line) can be found. This is exactly what can be expected, given the stoichiometry of the
assumed chemical reaction (eq. (97)). The main explanation is as follows. Due to the symmetry
incorporated by eq. (101) with A,c = Agc = 0, the initial spatial distribution of the mole
fractions of components A and B will be such that both educts will be present in nearly equimolar
amounts at the center of the interface, thus, their mole fractions will take there a value of nearly

0.5, as shown in Figure 4. Consequently, given that half of component A reacts with half of
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component B to produce component C according to eq. (97), and both educts are present in an
equal number of moles, the highest actual yield of component C will be at the center of the

interfacial domain.
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Figure 7. Interfacial mole fraction profiles for component C at different times (dashed-dotted
line: t = 0, thick solid line: t = 0.05 s, dashed line: t = 0.25 s, dotted line: t = 0.8 s, and solid
line: t = 2.45s). The calculations were performed identically to the ones in Figure 4
and Figure 5.

Similarly, and as can also be expected, the lowest actual yield of component C will be in both
bulk phases I and /I, given that the initial bulk phase mole fraction of educt A in bulk phase I
and of educt B in bulk phase I are close to 0, as shown in Figure 4. This result is illustrated by
the two minima in the mole fraction profile of product C on the left-hand side and the right-hand
side of Figure 5d and Figure 7 (solid line). Furthermore, and by closely examining the initial
spatial distribution of the mole fractions of both educts A and B between the center of the
interface and the two bulk phases, it can be deduced that the actual yield of component C will

decrease from its maximum value at the center of the interfacial layer to its minimum value by
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approaching both bulk phases, as can also be observed in Figure 7 (solid line). In addition, the
evolution of the composition of both liquid bulk phases over time will be investigated, and is

depicted in Figure 8 and Figure 9.
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Figure 8. Time evolution of the mole fractions of components A (black line), B (red line), and
C (blue line) in bulk phase I, calculated by solving eq. (123) and eq. (124) at T = 298.15 K with

Asp = 3.5 and Ay = Age =0 in eq. (101), Kup = 12 - 10-7";‘5‘, k, =k, =1s"1 and
Myp = My = Mge = 0. The dashed lines represent the time steps at which chemical
equilibrium is reached in both bulk phases (t = 0.25 s) and in the interface (t = 2.4 s).

Figure 8 shows the change in mole fraction of components A, B and C in bulk phase I, while
Figure 9 shows the change in mole fraction of components A, B and C in bulk phase II. Since
the temporal evolution of the concentrations of educts A and B are interchanged by switching
from phase I (Figure 8) to phase II (Figure 9), symmetrical behavior can thus also be observed.
Again, this behavior can be deduced from the symmetry of the Porter equation (eq. (101) with
Ayc = Agc = 0). The time derivatives of all three mole fractions in bulk phases I and II vanish
after approximately 0.25 s have elapsed since the chemical reaction has started, signifying that

chemical equilibrium has been reached in both phases. Therefore, the bulk phase concentrations
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will remain constant after t = 0.25 s. The whole evolution of all three concentrations in both
bulk phases will be portrayed until the system has reached its final steady state at approximately
t = 2.4 s, at which chemical equilibrium has also been reached at the interface. Both time steps

are represented by vertical dashed lines in Figure 8 and Figure 9.

1.0

0.9 +
0.8 —
0.7 —
0.6 —
05; t=025s t=24s
0.4
03 i
0.2 —

0.1 1

00 ¥ | _

— T T — T — 1 T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25 2.50

t[s]

Figure 9. Time evolution of the mole fractions of components A (black line), B (red line), and
C (blue line) in bulk phase I1, calculated by solving eq. (123) and eq. (124) at T = 298.15 K

with Aup = 3.5 and Ay = Age = 0 in eq. (101), K5 = 12 - 10-7135', k, =k, =1s"" and
Myp = My = Mge = 0. The dashed lines represent the time steps at which chemical
equilibrium is reached in both bulk phases (¢t = 0.25 s) and in the interface (t = 2.4 s).

Moreover, it is important to account for the differences in equilibration times of the reactive
system characterized by a large miscibility gap: the chemical reaction reaches chemical
equilibrium first in both bulk phases I and II, then at the interface between them. This is
obviously due to the spatial distribution of the various concentrations of the involved
components inside the interfacial layer, compared to the unique and uniform composition of
both liquid bulk phases. These results and observations are also in contrast to the two-film
theory, in which it is postulated that equilibrium is reached first at the interface, and then in the

corresponding bulk phases (Figure 1).
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4.1.2 Impact of the Porter coefficients”

In this subsubchapter, model calculations and numerical solutions of the basic system given by
eq. (123) and eq. (124) are provided, in which the values of the Porter coefficients will be varied
in order to study the impact of these coefficients on the temporal evolution of the reacting ternary
mixture. This will be done by comparing the obtained predictions with the standard example of
subsubchapter 4.1.1. A three-component mixture composed of A, B and C is again considered,
in which components A and B will be practically immiscible, while components A and C as well
as components B and C will be miscible in each other. The initial system state at t = 0 will
again be the liquid-liquid phase equilibrium state (LLE) at infinite dilution of component C, at
which no chemical reaction will take place. A thought experiment, in which a catalyst is added

into the mixture to speed up the chemical reaction, will then be considered.

The influence of the Porter coefficients A,p, Ay and Ap. on the dynamics of the investigated
reactive system will be studied. Therefore, the reaction rate coefficients and the influence
parameter of the binary subsystem A-B will be assigned the same values that have been assigned

to them within the standard example in subsubchapter 4.1.1, thus k; =k, = 1s™! and

Kap = 12-1077 Il;n—fl The chemical equilibrium constant given by eq. (126) will thus have a

value of K = 1.

Firstly, the size of the miscibility gap between components A and B will be the subject of
interest. The binary subsystems A-C as well as B-C will form ideal mixtures, thus the Porter
coefficients Ay and Apc in eq. (101) will have a value of 0, as was also modeled in
subsubchapter 4.1.1. Consequently, the Porter coefficient A, will be varied, and will be given
an exemplary value of Ayp = 2.04 in eq. (101) to study the effect of a very small miscibility
gap between components A and B on the reactive behavior of the ternary mixture, in contrast to
the large miscibility gap assumed in subsubchapter 4.1.1 with A4z = 3.5. To begin with, the
corresponding phase diagram of the ternary system is calculated, which is shown in Figure 10.
The assumption that the binary subsystems A-C and B-C form ideal mixtures leads to the

symmetrical phase diagram, as depicted in Figure 10.

* Taken from [112]
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Figure 10. Phase diagram (binodal curve: black line, critical point: star) for the ternary mixture
A-B-C at T =298.15K, calculated with eq. (101) by wusing Ay =2.04 and
Ayc = Apc = 0. The initial state before the chemical reaction starts is indicated by black points,
the evolution of the bulk phase mole fractions (reaction path, calculated by solving eq. (123)

and eq. (124) at T =298.15K with Ay =2.04 and Ay =Agc =0 in eq. (101),
Kap = 1210722

and the final state is represented by blue points.

ki =k, =1s"1, and M,z = My = Mg, = 0) is depicted by red lines,

The equilibrium interfacial concentration profiles corresponding to the initial state (t = 0) of
the chosen mixture are then calculated. This is done by solving eq. (116) in the interface and
subsequently evaluating the integral in eq. (119). The result is shown in Figure 11, in which a
very smooth phase boundary can be observed, given the small miscibility gap found in the phase
diagram of the ternary system in Figure 10. Hence, bulk phase I, which is located at the left-
hand side of Figure 11, and bulk phase 11, which is located at the right-hand side of Figure 11,
will be both rich in component A as well as component B, as depicted by both black points in
Figure 10. Furthermore, the reaction product C is enriched at the interface and acts as a
solubilizer in the ternary inhomogeneous system, as can be deduced from its phase diagram in
Figure 10 and in the maximum of x-(z,t = 0) shown in the inserted figure in Figure 11. The

selective enrichment of component C can again be explained by the similarities in polarity that
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it exhibits with the two other components A and B in the mixture, because the interaction
between C and A, on the one hand, and the interaction between C and B, on the other hand, are

identical according to the restriction A4 = Agc = 0 imposed in eq. (101).

0.7 | L | L | L | L | L | L | L | L | L | L | L |

0.5 + =

o OIS ottt

0.3 =

0.00102 4

0.2 g
=7 0.00101 t B

0.1 1 0.00100 - t |

/.‘00 0.‘08 0.‘]6 0‘24 0‘32 0‘40 0‘48 0‘56 0‘64 0‘72 0‘80 0‘&8 0.96
z [ mmol /m? |
0.0 1 ! I ! I ! I ! I ! I ! I ! I ! I ! I ! I ! I !
0.00 0.08 0.16 024 032 040 048 056 064 0.72 0.80 0.88 0.96

z [ mmol / m?* ]

Figure 11. Equilibrium interfacial mole fraction profiles at t = 0 for components 4 (black line),
B (red line) and C (blue line) at infinite dilution of component C, calculated by eq. (116) and
eq. (119), in combination with eq. (101) by using Ayp = 2.04 and Ay, = Agc =0 at
T =298.15Kand kyp = 12- 1077 ]mlfl The inserted figure shows the mole fraction profile of

component C.

The equilibrium concentration profiles at t = 0, shown in Figure 11, are the ones that will
initiate the chemical reaction given by eq. (97). More precisely, they will correspond to the
initial condition (t = 0) required to solve the set of partial differential equations given by

eq. (123) and eq. (124).

The dynamics of the system can now be considered, and the mole fraction profiles, x;(z, t), are
investigated by solving eq. (123) and eq. (124) at different time steps. Figure 12 shows the

calculated interfacial concentration profiles at two different times.
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Figure 12. Interfacial mole fraction profiles at two different times (a) t =0.8s and
b) t = 3.67 s) for components A (black line), B (red line), and C (blue line), calculated by

67



68 Results and Discussion

solving eq. (123) and eq. (124) at T = 298.15K with Ay = 2.04 and Ay = Agc =0 in
eq. (101), kg = 12 - 1077122 k. =k, = 1571, and My = My = Mp. = 0.

m*”’
An exemplary snapshot of the mole fraction distribution for the one-dimensional numerical
solution of eq. (123) and eq. (124) at t = 0.8 s is illustrated in Figure 12a. Typical reactive
features of the inhomogeneous ternary system are observable. Components A and B are being
continuously consumed, and component C is being continuously formed, in both bulk phases I

and II as well as at the interface between them.

To trace the temporal evolution of both bulk phases, the instant bulk mole fractions of all three
components A, B and C will be permanently evaluated. The result is given by red lines in
Figure 10, in which the red line on the left-hand side of the phase diagram corresponds to the
evolution of bulk phase I, while the red line on the right-hand side of the phase diagram
corresponds to the evolution of bulk phase II due to the occurring chemical reaction. The
consumption of components A and B, and the simultaneous formation of component C can also

be deduced from these two red lines in Figure 10.

The subsequent evolution of the reactive system leads to an intermediate equilibrium system
state at approximately ¢ = 3.51 s, at which the chemical reaction reaches chemical equilibrium
in both liquid bulk phases, and thus the educts and product bulk mole fractions become constant.
The same state is indicated by two blue points in Figure 10, which refer to the final bulk system
state. Furthermore, the chemical reaction reaches chemical equilibrium in both bulk phases at
the same time due to the symmetry of the applied Porter equation (eq. (101) with
Ay = Agc = 0), which is reflected by the phase diagram of the ternary system in Figure 10 and
the initial mole fraction profiles given in Figure 11. At approximately t = 3.51 s, the final state
of both bulk phases will be such that the ratio of the activity of the product to the activities of
the educts, all activities raised to the power of the absolute value of the corresponding
stoichiometric coefficients, which is also the equilibrium coefficient expression given by

eq. (126), will take a value of 1 in both bulk phases I and I1.

This intermediate equilibrium system state is immediately followed by the final overall
equilibrium state at approximately t = 3.67 s, at which the interfacial chemical reaction also
reaches chemical equilibrium, and the educts and product interfacial mole fractions become

constant. However, no significant variations in the interfacial mole fractions of the three

68



69 Results and Discussion

components between t = 3.51s and t = 3.67 s are observed, the bulk phase concentrations
having obviously not evolved between both time steps, given that chemical equilibrium has
already been reached in both bulk phases at t = 3.51 s. Therefore, only the stationary spatial
distribution of the mole fractions corresponding to the final system state at t = 3.67 s will be
portrayed in Figure 12b, from which the equilibrium interfacial and bulk mole fractions can be
deduced. The corresponding values of the equilibrium mole fractions of components A, B and
C in bulk phases I and I in Figure 12b agree with those taken from both blue points on the left-
hand side and on the right-hand side of the phase diagram in Figure 10, respectively. Moreover,
and at t = 3.67 s, the final state will be such that the ratio of the activity of the product to the
activities of the educts, all activities raised to the power of the absolute value of the
corresponding stoichiometric coefficients, will now also take a value of 1 at every point of the

grid located inside the interface.

The evolution of the composition of both liquid bulk phases over time is depicted in Figure 13.
Figure 13a shows the change in mole fraction of components A, B and C in bulk phase I,

and Figure 13b shows the change in mole fraction of components A, B and C in bulk phase I1.
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Figure 13. Time evolution of the mole fractions of components A (black line), B (red line), and
C (blue line) in both bulk phases (a) bulk phase I and b) bulk phase II), calculated by solving
eq. (123) and eq. (124) at T = 298.15 K with Ay = 2.04 and Ay = Agc = 0 in eq. (101),
Kap = 12 - 10_7];?21, ki =k,=1s"1, and Myp = M, = Mg = 0. The dashed lines
represent the time steps at which chemical equilibrium is reached in both bulk phases
(t = 3.51 s) and in the interface (t = 3.67 s).

Since the temporal evolutions of the bulk concentration of educts A and B are interchanged by
switching from phase I to phase /I in Figure 13, symmetrical behavior can thus be observed.
Again, this behavior can be deduced from the symmetry of the Porter equation (eq. (101) with
Ayc = Apc = 0).

The main differences observed between the predictions obtained with a small miscibility gap
(A = 2.04) and the predictions obtained in subsubchapter 4.1.1, in which both educts form a
large miscibility gap (A, = 3.5), will now be discussed. In both cases, the chemical reaction
given by eq. (97) takes place not only in both liquid bulk phases but also at the interface between
them. However, it is important to account for the differences in equilibration times between both
liquid bulk phases and the interface. In subsubchapter 4.1.1, a difference of approximately

2.4s—0.25s = 2.15 s concerning large miscibility gaps is observed, which is much more
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pronounced than the difference of approximately 3.67s—3.51s=0.16s observed in
Figure 13 concerning small miscibility gaps. This is a very important finding regarding
nonuniform reactive systems in which the chemical reaction is much faster than the rate of
diffusion, and thus in which the rate of reaction is effectively instantaneous, with broad
implications for the dynamics and evolution of such systems. The smaller the miscibility gap
between the reaction educts is, the smaller the differences in equilibration times between bulk
phases and interface will be, specifically for the assumed thermodynamical model (Porter
equation) and the assumed chemical reaction (eq. (97)). This is obviously due to the high initial
concentrations of both components A and B in both bulk phases I and II (Figure 11), and to the
smooth interface at t = 0, in contrast to the predictions made in the previous subsubchapter.
Furthermore, and in subsubchapter 4.1.1, the chemical reaction has totally consumed one of its
educts in both liquid bulk phases, given that the initial mole fraction of component A in bulk
phase I and the initial mole fraction of component B in bulk phase II were close to 0, which is
due to the assumed large miscibility gap (A4 = 3.5). However, and by modeling much smaller
miscibility gaps between components A and B (Aup = 2.04), the reaction educts in bulk
phases I and /I will be both sufficiently present in high initial concentrations for the chemical
reaction (black points in Figure 10). This initial state will lead to a much more pronounced
evolution of the bulk phase mole fractions depicted by red lines in Figure 10, and to a much
higher production of component € as well as a much higher consumption of components A and
B in both liquid bulk phases, as shown in Figure 10 and Figure 13, compared to the results
obtained in subsubchapter 4.1.1.

In both cases, the chemical reaction reaches chemical equilibrium first in both bulk phases I and
11, then at the interface between them. This is exactly what can be expected, given the
stoichiometry of the assumed chemical reaction (eq. (97)). The main explanation is as follows.
Regardless of the size of the assumed miscibility gap between the educts, the initial spatial
distribution of the mole fractions of components 4 and B will be such that both educts will be
present in nearly equimolar amounts at the center of the interface, thus, their mole fractions will
take there a value of nearly 0.5, because of the symmetry incorporated by eq. (101) with
Apc = Apc = 0, as shown in Figure 4 and Figure 11. Hence, given that half of component A
reacts with half of component B to produce component C, and both educts are present in an

equal number of moles, the biggest production and highest actual yield of component C will be
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at the center of the interfacial region, which is depicted by a maximum in the mole fraction
profile of product C in Figure 5d and Figure 12b. For this reason, the interfacial chemical
reaction will reach chemical equilibrium after the bulk phase reaction. However, this effect is
more or less pronounced depending on the size of the miscibility gap, as was described above.
Therefore, and as long as inhomogeneous two-phase systems are the subject of study, both
equilibration times will not be equal regardless of the size of the miscibility gap formed by the

involved reaction educts.

For illustration purposes, the difference At¢ in equilibration times, thus the difference between
the time needed for the chemical reaction to reach equilibrium at the interface and the time it
needs to reach equilibrium in both liquid bulk phases I and I1, will be evaluated for different

values of the Porter coefficient A,p, and is plotted in Figure 14 as At® over Ayp.
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Figure 14. Difference between the time needed for the chemical reaction to reach chemical
equilibrium at the interface and the time it needs to reach chemical equilibrium in both bulk
phases I and II for the ternary mixture A-B-C calculated by solving eq. (123) and eq. (124) at

T = 298.15K with Ayc = Agc =0 in eq. (101), K = 12-1077 ]'Iffl, ky =k, =151,
Myg = My = Mg = 0 and for different values of Ayp in eq. (101) (square: Ayp = 2.04,

triangle: Ayp = 2.35, circle: Ay = 2.7, star: Ay = 3.1, thombus: A, = 3.5 and hexagonal:
AAB = 37)
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A very interesting reactive behavior can be deduced from the scatter plot: Figure 14 shows a
maximum in the difference in equilibration times between interface and bulk phases at a given
value of A45. Consequently, the prediction concerning the impact of the size of the miscibility
gap on the differences in equilibration times At¢ discussed above is only valid up to a certain
value of the Porter coefficient A,p, and thus up to a specific size of the miscibility gap between
educts A and B. By choosing higher values of A5, and thus by modeling bigger miscibility
gaps, other reactive effects and features will arise, which lead to a decrease of At® with
increasing Ayp, as shown in Figure 14. This observation is related to the general theoretical
framework introduced in subchapter 3.1, and can be explained by carefully examining the
argument of the exponential functions found in the governing dynamic eq. (123) and eq. (124)
of the reactive ternary system. The following explanation holds true, after this specific size of
the miscibility gap formed between components A and B, which corresponds to the value of A5
at which the maximum of At® is reached, has been exceeded. The bigger the miscibility gap
between components A and B will be, the sharper the phase boundary between both bulk phases
will become (because the interfacial thickness will decrease and the binodal mole fractions of
components A and B will be much closer to 0 or 1), the greater the spatial gradients of
components A and B inside the interface will get, and thus the higher the values of the
exponential functions in eq. (123) and eq. (124) will become, the bigger the rates of change in
mole fractions due to chemical reaction with respect to time will be, and thus the faster the
chemical reaction will reach chemical equilibrium at the interface and, therefore, the smaller the
differences in equilibration times between interface and bulk phases will be observed in
Figure 14. However, it is important to understand that these predictions and interpretations apply

only to reactive nonuniform systems in which the rate of reaction is effectively instantaneous.

Secondly, the ternary mixture will be studied for the case in which the binary subsystems A-C
and B-C do not form ideal mixtures anymore, but components A and C as well as B and C will
still be miscible in each other. Therefore, on the one hand, the Porter coefficients will be
assigned the values of A4 = 0, Agc = 1, while, on the other hand, they will be assigned the
following ones: Ayc = 1, Agc = 0. For both cases, the reaction educts will form a large
miscibility gap, and A,p will have the same value of A4z = 3.5 as in subsubchapter 4.1.1.
For clarification purposes, it will be convenient to put the predictions of both separate cases in

combined figures. This would improve the readability of the results significantly.
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Figure 15. Phase diagram (binodal curve: black line, critical point: star) for the ternary mixture
A-B-C at T = 298.15 K, calculated with eq. (101) by using A,z = 3.5 and for different values

74



75 Results and Discussion

OfAAC and ABC n €q. (101) (a) AAC = O, ABC =1and b) AAC = 1, ABC = 0) The initial state
before the chemical reaction starts is indicated by black points, the evolution of the bulk phase
mole fractions (reaction path, calculated by solving eq. (123) and eq. (124) at T = 298.15 K
with A4p = 3.5 and for different values of Ay and Ag. (2) Agc = 0, Age = 1 and b) Ay = 1,
Agc = 0)ineq. (101), kyp = 12 - 10—7’§jl, ky =k, =1s"1 and My = My = Mg = 0) is
depicted by red lines, and the final state is represented by blue points.

The corresponding phase diagrams and the equilibrium interfacial concentration profiles that
are related to the initial state of the system at t = 0 are first calculated. The results are shown in
Figure 15 and Figure 16, respectively. Both figures show that the symmetry of the system, more
precisely of the ternary phase diagram, has now been broken. Figure 16a shows the initial
interfacial concentration profiles for all three components with A4 = 0 and Ag. = 1, and
Figure 16b shows the initial interfacial concentration profiles for which A, = 1 and Ag; = 0.
For the former case, the initial bulk phase mole fraction of component C in bulk phase 11, the
one rich in component A, is higher than its concentration in bulk phase I, the one rich in
component B, given that components A and C form ideal mixtures (A4; = 0), in contrast to
components B and C for which the Porter coefficient Ay is assigned a value of 1 (Ag, = 1), as was

assumed. For the latter case, the same behavior is observed, but the bulk phases are now interchanged.
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Figure 16. Equilibrium interfacial mole fraction profiles at t = 0 for components A (black line),
B (red line) and C (blue line) at infinite dilution of component C, calculated by eq. (116) and
eq. (119), in combination with eq. (101) by using A,z = 3.5 and for different values of A4, and
Agc (@) Auc =0, Agc=1 and b) Ayc=1, Agc=0) at T =298.15K and

Kap = 12-1077 ]mifl The inserted figures show the mole fraction profile of component C.

Therefore, the initial bulk phase mole fraction of component C in bulk phase I is higher than its
concentration in bulk phase /I, because components B and € form ideal mixtures (Ag; = 0), in
contrast to components A and C for which the Porter coefficient A, is assigned a value of 1
(Agc = 1). The relative enrichment of component C in the interface for both cases will thus be
less pronounced than its enrichment in Figure 4. Moreover, Figure 15a and Figure 15b as well
as Figure 16a and Figure 16b show mirror symmetry due to the Porter equation (eq. (101)) and
the applied Porter coefficients. The equilibrium concentration profiles at t = 0 (Figure 16) are
the ones that will initiate the chemical reaction. They will thus correspond to the initial condition

(t = 0) required to solve the set of partial differential equations given by eq. (123) and eq. (124).

The mole fraction profiles that result from the occurring chemical reaction will now be
considered. Figure 17, Figure 18 and Figure 19 show the predictions at the various equilibration

times of the ternary reactive system.
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Figure 17. Interfacial mole fraction profiles at t = 0.25 s for components A (black line), B (red
line), and C (blue line), calculated by solving eq. (123) and eq. (124) at T = 298.15 K with
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Aup = 3.5 and for different values of A,c and Apc (a) Agc = 0, Agc =1 and b) Ay = 1,
Ape = 0)ineq. (101), kup = 12 - 1077222k, =k, = 1571, and My = Mye = Mpe = 0.

m#% "’
Typical reactive features can be again observed in Figure 17, Figure 18 and Figure 19.
Concerning the case in which A, = 0 and Az = 1, the chemical reaction reaches chemical
equilibrium first in bulk phase Il at approximately t = 0.25s, then in bulk phase [ at
approximately t = 0.34 s, and lastly at the interface between them after approximately 2.55 s
have elapsed since the chemical reaction started. The interfacial mole fraction profiles that
correspond to these three equilibrium system states are shown in Figure 17a, Figure 18a, and
Figure 19a, respectively. The reaction will not reach equilibrium in both liquid bulk phases at
the same time anymore, in contrast to the predictions made in subsubchapter 4.1.1, because the
symmetry is now broken and, given that components A and C form ideal mixtures and the initial
bulk phase concentration of component C in bulk phase I/ is higher than its concentration in
bulk phase I, the reaction will thus reach equilibrium first in bulk phase II, then in bulk
phase I. The same observations also apply to the second modeling case in which A4 = 1 and

Agc = 0, but the bulk phases are now interchanged, given the mirror symmetry discussed above.
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Figure 18. Interfacial mole fraction profiles at t = 0.34 s for components A (black line), B (red
line), and C (blue line), calculated by solving eq. (123) and eq. (124) at T = 298.15 K with
Aup = 3.5 and for different values of Ayc and Agc (a) Agc =0, Agc =1 and b) Ay =1,

Ape = 0)ineq. (101), kup = 12 - 10772228 k. =k, = 1571, and My = My = My = O.

m#% "’

Hence, the chemical reaction reaches chemical equilibrium first in bulk phase I at approximately
t = 0.25 s, then in bulk phase I1 at approximately t = 0.34 s, and lastly at the interface between
them at approximately t = 2.55s. The corresponding interfacial mole fraction profiles are
shown in Figure 17b, Figure 18b and Figure 19b, respectively, and are symmetric to those found
in Figure 17a, Figure 18a and Figure 19a, respectively. In addition, and concerning both
modeling cases, the reaction educts A and B have progressively vanished at the interface and
their mole fractions are taking a value of nearly 0 across a big portion of the interfacial layer
between both liquid bulk phases I and II, as can be seen in Figure 17, Figure 18 and
Figure 19.

The stationary state, which the system evolved into, more precisely the stationary spatial
distribution of the mole fractions of all three components in Figure 19, will now be closely

investigated.
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Figure 19. Interfacial mole fraction profiles at t = 2.55 s for components A (black line), B (red
line), and C (blue line), calculated by solving eq. (123) and eq. (124) at T = 298.15 K with
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Aup = 3.5 and for different values of A,c and Apc (a) Agc = 0, Agc =1 and b) Ay = 1,
Ape = 0)ineq. (101), kup = 12 - 1077222k, =k, = 1571, and My = Mye = Mpe = 0.

m#% "’

Figure 19a shows that the maximum in the interfacial mole fraction profile of product C is not
found at the center of the interfacial layer, as predicted in subsubchapter 4.1.1, but is now shifted
towards bulk phase 1. This is exactly what can be expected, given that both components A and
C form ideal mixtures, in contrast to components B and C (A4c = 0, Agc = 1). Therefore, a
higher production of C, and consequently a bigger consumption of educts A and B, will be
observed in bulk phase 11 as well as in the interfacial region close to it, compared to bulk phase
I and the interfacial region adjacent to it, in which a lower production of C, and thus a smaller
consumption of educts A and B, will be observed. Furthermore, and due to the mirror symmetry
incorporated by the model examples, Figure 19b shows that the highest product actual yield has
been shifted towards bulk phase I, because both components B and C form ideal mixtures, in
contrast to A and C (Asc = 1, Agc = 0). Hence, a higher production of C, and thus a bigger
consumption of educts A and B, will be predicted in bulk phase I as well as in the interfacial

domain close to it, compared to bulk phase /I and the interfacial region adjacent to it.
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Figure 20. Interfacial mole fraction profiles for components A (black line), B (red line), and C
(blue line), calculated by solving eq. (123) and eq. (124) at T = 298.15 K with A4 = 3.5, for
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different values of A,- and Ag. in eq. (101), and at different times (solid line: Ay = 0,
Agc =0, t=24s; dashed line: Ay =0, Agc =1, t=255s; and dotted line:

Apc=1, Apc=0, t=2555), with Kyp=12-107 22 k =k, =157 and
Myp = Myc = Mpc = 0.

The reactive behavior and the corresponding results discussed above can also be clearly deduced
from Figure 20 and Figure 21 by additionally plotting the interfacial mole fraction profiles of
all three components and of component C, particularly, for the perfectly symmetrical case
(Aac =0, Agc = 0) of subsubchapter 4.1.1 at t = 2.4 s, at which the overall chemical
equilibrium has been reached. These concentration profiles can thus be used as a reference for
evaluating the observed differences in production of C and consumption of A and B between
bulk phase I with the interfacial layer close to it, and bulk phase /I with its interfacial region,

and for both modeling cases investigated above.
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Figure 21. Interfacial mole fraction profiles for component C, calculated by solving eq. (123)
and eq. (124) at T = 298.15 Kwith A4 = 3.5, for different values of A4 and Ag. ineq. (101),
and at different times (solid line: Ay = 0, Agc = 0, t = 2.4 s; dashed line: Ay = 0, Agc = 1,
t =255s; and dotted line: Ayc =1, Apc =0, t=2555), with Kp =12-1077 L2,
kl = kz =1 S_l, and MAB = MAC = MBC =0.
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4.1.3 Impact of the reaction rate coefficients”

The following subsubchapter deals with model calculations and numerical solutions of the basic
system given by eq. (123) and eq. (124), in which the values of the reaction rate coefficients
will be varied in order to study their impact on the temporal evolution of the ternary reactive
mixture, by comparing the obtained results and predictions with the standard example of
subsubchapter 4.1.1. The initial system state at time t = 0 will again be the liquid-liquid phase
equilibrium state (LLE) at infinite dilution of component C, at which no chemical reaction will
take place. A thought experiment, in which a catalyst is added into the system to speed up the

chemical reaction, will then be considered.

The impact of both reaction rate coefficients k; and k, on the temporal evolution of the reactive
ternary system will be studied. Therefore, the Porter coefficients and the influence parameter of

the binary subsystem A-B will be assigned the same values that have been assigned to them in

7 J-mol

subsubchapter 4.1.1, thus Ay = 3.5, Ay = Agc = 0, and Ky = 12 - 10~ e

Two modeling cases will be studied: the one in which the reaction rate coefficient of the forward
chemical reaction k; is bigger than the one corresponding to the backward reaction k,
(ky = 1s71, k, = 0.5s71), and the opposing case in which the reaction rate coefficient of the
backward chemical reaction is bigger than the one related to the forward reaction (k; = 0.5s7?,
k, = 1s™1). The chemical equilibrium constant given by eq. (126) will thus have a value of
K = 2 for the former case, and K = 0.5 for the latter one. It is also worthwhile to mention that,
for both reactive modeling cases, instantaneous reaction rates have been accounted for, and

diffusive mass transfer in the considered reactive system can thus be neglected.

The ternary phase diagram as well as the equilibrium interfacial concentration profiles
corresponding to the initial state (t = 0) of both involved mixtures are identical to the ones
calculated in subsubchapter 4.1.1, and can be found in Figure 2 and Figure 4, respectively. The
equilibrium concentration profiles at ¢ = 0, shown in Figure 4, correspond to the initial
condition required to solve the set of partial differential equations given by eq. (123) and

eq. (124).

* Taken from [112]
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The reaction dynamics will be investigated, and after approximately 0.21 s have elapsed since
the chemical reaction started at t = 0, the reaction related to the modeling case in which
k, =1s71 and k, = 0.5 571 will reach chemical equilibrium in both bulk phases I and II. If
the second modeling case is considered, this bulk phase equilibrium state will be reached at
approximately t = 0.58 s. The interfacial mole fraction profiles of all three components
corresponding to both intermediate equilibrium system states are found in Figure 22a
(ky =1s™1, k, =0.5s71) and Figure 22b (k; = 0.5s71, k, = 1s71), respectively. In
addition, and regarding both studied reactive cases, the chemical reaction reaches equilibrium
in both liquid bulk phases at the same time, given the symmetry incorporated in eq. (101) with
Apc = Apc = 0.

The subsequent evolution of both systems will lead to the final overall equilibrium states at
approximately t = 3.5s if k; = 1s™! and k, = 0.5s71, and at approximately t = 3 s if
ki =0.5s7! and k, = 1571, including the interface. Both systems evolved into stationary
states, and the stationary spatial distributions of the mole fractions corresponding to these final
system states are shown in Figure 23a (k; = 1s™1, k, = 0.5 s 1) and Figure 23b (k; = 0.5 s71,

k, = 1s™1), from which the equilibrium interfacial and bulk mole fractions can be obtained.
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Figure 22. Interfacial mole fraction profiles for components A (black line), B (red line), and C
(blue line), calculated by solving eq. (123) and eq. (124) at T = 298.15 K with A, = 3.5 and

Agc = Apc = 0 in eq. (101), kg =12 - 107722
different times (a) k; =1s™ %, k, =0.5s7%, t=0.21s and b) k; = 05571, k, = 1571,
t =0.58 S), and MAB = MAC = MBC =0.

for different values of k; and k, and at

At both time steps, namely at t = 3.5 s for the case in which k; = 1571, k, = 0.5s571, and at
t = 3 s for the case in which k; = 0.5s71, k, = 1 571, the final state will be such that the ratio
of the activity of the product to the activities of the educts, all activities raised to the power of
the absolute value of the corresponding stoichiometric coefficients given by eq. (126), will take
a value of 2 for the former case and 0.5 for the latter case, and at every point of the grid located
inside the interface, both values having already been reached in both liquid bulk phases at

t=021s(k; =151k, =05sandt =0.58s(k; =0.5s7 L k, = 1s71), respectively.

The differences between these calculations and the predictions made in subsubchapter 4.1.1, in
which the modeling case characterized by both reaction rate coefficients having equal values of
ki, =k, = 1s71 is studied, will now be discussed and analyzed. Therefore, the predicted
interfacial concentration profiles of all three components and of the reaction product C,

specifically, will be plotted at the overall chemical equilibrium state, for all three modeling cases.
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Figure 23. Interfacial mole fraction profiles for components A (black line), B (red line), and C
(blue line), calculated by solving eq. (123) and eq. (124) at T = 298.15 K with A5 = 3.5 and
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Anc = Age = 0 in eq. (101), ka5 = 12 - 107712 for different values of k; and k, and at

different times (a) k; = 1s™ 1, k, =0.5s71, n; =35s and b) k; =0.5s71, k, =1s71,
t =3s),and My = My, = Mg = 0.

The results are shown in Figure 24 for all three components A, B and C, and Figure 25 for
component C. As was also deduced in subsubchapter 4.1.1, the highest actual yield of reaction
product C is found at the center of the interface, while the lowest one will be in both bulk phases
I and 11, illustrated by minima in the mole fraction profiles of component C on the left-hand and
the right-hand sides of Figure 25. However, and compared to the predictions and results made
in subsubchapter 4.1.1, a higher production of product C, and consequently a higher
consumption of both educts A and B, are observed not only in both liquid bulk phases but

also at the interface between them for the modeling case in which k; = 1s™*and k, = 0.5s71.
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Figure 24. Interfacial mole fraction profiles for components A (black line), B (red line), and C
(blue line), calculated by solving eq. (123) and eq. (124) at T = 298.15 K with A5 = 3.5 and

Agc = Agc = 0 in eq. (101), K45 = 121077 222,
different times (solid line: k; = k, = 1s71, t = 2.4 s; dashed line: k; = 1571, k, = 05571,
t = 3.5s; and dotted line: k; = 0.5s™1, k, = 1571, t = 35s),and Myg = My = Mg, = 0.

for different values of k; and k, and at
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Furthermore, the opposite effect can be observed for the second modeling case in which
k, = 0.5s tand k, = 1 s71. Hence, a smaller production of C, and thus a smaller consumption
of A and B, are observed not only in both bulk phases but also at the interface between them,
compared to the calculations made in subsubchapter 4.1.1. This is exactly what can be expected.
It is a very interesting finding and obviously results from the chemical equilibrium which has
now been shifted towards product C in eq. (97) for the former case (K = 2), and towards educts
A and B in eq. (97) for the latter case (K = 0.5), compared to the chemical equilibrium state
assumed in subsubchapter 4.1.1 (K = 1).

It is also important to mention that the observed differences are much more pronounced in the
interfacial layer than the ones in both bulk phases I and 11, given that the initial bulk phase mole
fractions of educts A and B are close to 0 or 1 for all three modeling cases, and that the chemical

reaction will thus totally consume one of its educts there.
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Figure 25. Interfacial mole fraction profiles for component C, calculated by solving eq. (123)
and eq. (124) at T =298.15K with Ay =3.5 and Ay = A =0 in eq. (101),

Kup = 12-1077 ]'mijl, for different values of k; and k, and at different times (solid line:

ki =k, =1s71,t = 2.4s; dashed line: k; = 1571, k, = 0.5s7 1, t = 3.5 s; and dotted line:
kl =0.5 S_l, kz =1 S_l, t=3 S), and MAB = MAC = MBC =0.
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4.1.4 Impact of the influence parameter’

Finally, in this subsubchapter, model calculations and numerical solutions of the basic system
given by eq. (123) and eq. (124) will be provided, in which the value of the influence parameter
of the binary subsystem A-B will be varied in order to study its impact on the temporal evolution
of the ternary reacting mixture, by comparing the obtained predictions with the standard
example of subsubchapter 4.1.1. The initial system state at time t = 0 will again be the liquid-
liquid phase equilibrium state (LLE) at infinite dilution of component C, at which no chemical
reaction takes place. Again, a thought experiment, in which a catalyst is added into the mixture

in order to speed up the reaction, will then be considered.

The impact of the influence parameter k,p of the binary mixture A-B on the dynamics of the
reactive ternary system will be studied. Hence, the Porter coefficients and the reaction rate
coefficients will be assigned the same values that have been assigned to them in
subsubchapter 4.1.1, thus Ayp = 3.5, Asc = Agc = 0, and k; = k, = 1 s71. The value of k4p

will be increased by a factor of 10* and thus, k4p will be assigned the value of

Kap = 121073 58

The phase diagram of the ternary mixture is identical to the one -calculated in
subsubchapter 4.1.1 and can be found in Figure 2. Moreover, the initial equilibrium interfacial
concentration profiles of components A, B, and C are calculated by solving eq. (116) in the
interface and evaluating the integral in eq. (119), and are shown in Figure 26. It can be deduced
that the initial mole fraction profiles are identical to the ones predicted in subsubchapter 4.1.1
(Figure 4). This is due to the assumption given by eq. (115), in which both influence parameters
of the ternary mixture have equal values of i K4p. Therefore, the solutions of the Euler-Lagrange
equation (eq. (116)) will not depend on the value of the influence parameter k45 of the binary
mixture A-B, which explains why the interfacial mole fractions in Figure 26 are equal to the

ones in Figure 4, in which k,p = 12 - 1077 ]mlfl However, the only difference between both

figures is the thickness of the interface, which has now increased by a factor of 102, as shown

in Figure 26, compared to its thickness in the standard example of subsubchapter 4.1.1 (Figure 4).

* Taken from [112]
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Figure 26. Equilibrium interfacial mole fraction profiles at t = 0 for components A (black line),
B (red line) and C (blue line) at infinite dilution of component C, calculated by eq. (116) and
eq. (119), in combination with eq. (101) by using Ay = 3.5 and Ay = Agc =0 at
T =298.15Kand kup = 12-1073 ]mifl The inserted figure shows the mole fraction profile of

component C.

This is exactly what can be expected because the interfacial coordinate z, given by eq. (119), is
calculated by an integral of a square root function, and the influence parameter k5 of the binary

subsystem A-B is found in the argument of this square root function. Furthermore, the grand

thermodynamic potential A(), given by eq. (91) for a ternary mixture, as well as the ratio %,
A

which are also found in that argument (eq. (119)), will not change, given that the solutions of
the Euler-Lagrange equation (eq. (116)) do not depend on the value of k5, as discussed above.
Consequently, by increasing the value of k4 by a factor of 10*, the value of z will increase by
a factor of 102, compared to its value in subsubchapter 4.1.1. Therefore, the value of Kk g will
only have an impact on the thickness of the interface if the Porter coefficients are kept

unchanged.

In addition, the equilibrium concentration profiles at t = 0, shown in Figure 26, correspond to

the initial condition required to solve the set of partial differential equations given by eq. (123)
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and eq. (124), with which the dynamics of the reactive system will be studied. The chemical
reaction reaches chemical equilibrium in both liquid bulk phases I and I/ at approximately
t = 0.25 s, and in the interface between them at approximately ¢ = 2.4 s. The interfacial mole
fraction profiles corresponding to these two equilibrium states are found in Figure 27a and
Figure 27b, respectively. These mole fraction profiles, including the corresponding bulk phase
concentrations as well as both equilibration times of the nonuniform system, coincide with the
ones predicted in subsubchapter 4.1.1. The only difference between both modeling results is the
interfacial thickness, which has now been increased by a factor of 102. The explanations
concerning these predictions are as follows. By closely examining the argument of the
exponential functions in eq. (123) and eq. (124), it is found that an increase or decrease of the
influence parameter k45 Will be exactly compensated by the increase or decrease of the spatial
gradients of components A and B found in those arguments. This result only holds true if the
equilibrium concentration profiles calculated with eq. (119) are taken as initial condition
required to solve eq. (123) and eq. (124), because the dependence between the interfacial

coordinate z and the influence parameter k45 discussed above will only be observed in this case.
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Figure 27. Interfacial mole fraction profiles at two different times (a) t = 0.25s and
b) t = 2.4 s) for components A (black line), B (red line), and C (blue line), calculated by solving
eq. (123) and eq. (124) at T = 298.15 K with Ay = 3.5 and Ay = Agc = 0 in eq. (101),
Kgp = 12 - 10_3 Jmmol kl = kz =1 S_l, and MAB = MAC = MBC = 0.

m#4’

Therefore, and given that the initial bulk phase and interfacial mole fractions of all three

components A, B and C at t =0 for both modeling cases (k45 = 12-1073 ]miol and

2
Kup = 12-1077 ]'ij‘) are identical, the value of k45 will not affect the temporal evolution of
the mole fractions of components A, B and C (eq. (123) and eq. (124)), and thus, it will not
influence the dynamics of the reactive heterogeneous system. The value of the influence
parameter k,p Will only have an impact on the thickness of the interfacial layer between both
liquid bulk phases I and II. These observations and results are only valid for the limiting case
of reacting mixtures in which the reaction is much faster than the rate of diffusion, and thus in
which the rate of reaction is effectively instantaneous and the diffusive mass transfer across the

interface is not considered (Mg = My = Mg = 0).
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4.2 Dynamic modeling of the interfacial properties - Limiting
case IT"

In subchapter 4.1, reactive nonuniform systems in which the chemical reaction takes place
instantaneously, and thus in which the reaction is much faster than the rate of diffusion were
investigated. Therefore, the diffusion term was omitted from the component continuity
equations. The influence of mobilities and how diffusive transport affects the dynamics of
reactive mixtures will be the subject of the current subchapter, in which eq. (123) and eq. (124)
are applied to study the second opposing limiting situation, in which the reaction rate is much

smaller than the rate of diffusion.

In this subchapter, an exemplary model calculation and numerical solutions of the basic system
given by eq. (123) and eq. (124) are provided, which will serve as a proof of concept. In what
follows, a second standard model example will be introduced. A three-component mixture made
of A, B and C, in which components A and B are practically immiscible and their phase diagram
has a large miscibility gap at the assumed constant temperature T = 298.15K, will be
considered. Hence, and as was assumed in subsubchapter 4.1.1, the Porter coefficient A,p will
be assigned the following value of A, = 3.5 in eq. (101). Furthermore, the other two Porter
coefficients are set to Ay = Apc = 0 so that the binary subsystems A-C as well as B-C will

form ideal mixtures.

The corresponding phase diagram of the ternary mixture is identical to the one calculated in
subsubchapter 4.1.1 (Figure 2) and is also shown in Figure 28. The initial state of the reactive
system will again be defined as the liquid-liquid phase equilibrium state of the ternary system
at infinite dilution of component C. Furthermore, the binodal mole fractions of both components
A and B in the binary subsystem A-B will be close to 0 or 1 due to the Porter coefficient
Ayp = 3.5 1n eq. (101) assumed for the calculation of the phase equilibrium. The symmetrical
phase diagram observed in Figure 28 is caused by both binary subsystems A-C and B-C, which

form ideal mixtures. In addition, the influence parameter k,p of the binary subsystem A-B

J.mol
m* ’

will be assigned a value of k45 = 12.1077 similarly to its value in subsubchapter 4.1.1.

* Taken from [102]
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Figure 28. Phase diagram (binodal curve: black line, critical point: star) for the ternary mixture
A-B-C at T =298.15K, calculated with eq. (101) by wusing Ay =3.5 and
Ayc = Apc = 0. The initial state is indicated by black points, the evolution of the bulk phase
mole fractions (reaction path, calculated by solving eq. (123) and eq. (124) at T = 298.15 K

with Agp = 3.5 and Ay = Age = 0 in eq. (101), ke = 12- 107722 k, = 0.5.10"8 57,

m#4°

3
k, =10"8s"1 and My = My, = Mge = 107° nrl;: ) is depicted by red lines, and the final

J
state is represented by blue points.

To account for diffusion rates that are much higher than reaction rates, it will be assumed that
the reaction rate coefficients will have values of k; = 0.5.1078s™! and k, = 1078 s 1. The

chemical equilibrium coefficient given by eq. (126) thus takes a value of K = 0.5. Moreover,

9 mol3

the diffusive mobilities will be assigned equal values of Mg = My, = Mg, = 10~ Tmts

Having specified all the required parameters for modeling, the dynamics of the reactive system

can now be evaluated by numerically solving eq. (123) and eq. (124).

The initial system state at time t = 0 is chosen to be an equilibrated (LLE) mixture of
components A, B and C at infinite dilution of component C, as shown by both black points in

Figure 28. These two points thus refer to the initial concentrations of bulk phase I and bulk
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phase II att = 0. The equilibrium interfacial concentration profiles that correspond to the initial
system state at t = 0 of the chosen ternary reactive mixture will now be calculated by solving
eq. (116) in the interface and then evaluating the integral in eq. (119). The result can be found
in subsubchapter 4.1.1 and is shown in Figure 4. These equilibrium concentration profiles
correspond to the initial condition (t = 0) needed to solve the set of partial differential equations

given by eq. (123) and eq. (124).

The reaction dynamics will now be studied and the concentration profiles, x;(z, t), that result
from the temporal evolution of the mole fraction of the various components will be investigated.
Figure 29 shows the calculated interfacial mole fraction profiles at different time steps.
Exemplary snapshots of the mole fraction distributions for the one-dimensional numerical
solution of eq. (123) and eq. (124) at approximately t = 149 days and t = 489 days are
illustrated in Figure 29a and Figure 29c, respectively. In addition, the equilibrium interfacial
mole fraction profiles that result from the bulk phase concentrations corresponding to both
time steps (t = 149 days and t = 489 days) are also calculated by solving eq. (116) in

the interfacial layer and subsequently evaluating the integral of eq. (119) for both time steps.
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Figure 29. Interfacial mole fraction profiles at different times (a) approximately ¢ = 149 days

and c) approximately t = 489 days) for components A (black line), B (red line), and C (blue
line), calculated by solving eq. (123) and eq. (124) at T = 298.15K with Az = 3.5 and
Age = Age =0 in eq. (101), Ky = 12107722k, = 0.5.1078 571, k, = 10851, and
mol3
Jm*s’

profiles are calculated by solving eq. (116) and eq. (119), in combination with eq. (101) by using
App =35and Ay = Agc =0at T = 298.15K, and kg = 12 - 10‘7]%)l (b) approximately
t = 149 days and d) approximately t = 489 days).

m#%”’

Myg = Myc = Mg = 107° The corresponding equilibrium interfacial mole fraction

The results for the interfacial concentration profiles at LLE are shown in Figure 29b and
Figure 29d for approximately t = 149 days and t = 489 days, respectively. In other words,
Figure 29a (approximately t = 149 days) and Figure 29c (approximately t = 489 days) are
obtained by applying the diffusion term found in eq. (123) and eq. (124), while Figure 29b and
Figure 29d are obtained by taking the resulting bulk phase compositions at approximately
t = 149 days and t = 489 days, respectively, from the previous calculation method, and
subsequently solving the Euler-Lagrange equation (eq. (116)) in the interface and calculating
the equilibrium interfacial concentration profiles (eq. (119)) that correspond to these bulk phase

compositions, thus without applying the diffusion term.
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It can be deduced from Figure 29 that the interfacial concentration profiles calculated by both
aforementioned methods coincide at the corresponding time step. This is a very interesting
observation and results from the assumed diffusion rates being much higher than the reaction
rates. The diffusion being much faster than the rate of reaction, and by solving the set of partial
differential equations (eq. (123) and eq. (124)), the reactive system is thus evolving towards
global equilibrium, more precisely towards the chemical equilibrium state, by constantly
approaching numerous phase equilibrium system states. This observation can also be deduced
from Figure 28. To trace the evolution of the uniform liquid bulk phases, more precisely of the
bulk phase concentrations using the Gibbs triangle, the mole fractions of all three components
A, B and C in both bulk phases will be permanently evaluated. The result is given by red lines
in Figure 28, in which the red line on the left-hand side of the phase diagram corresponds to the
evolution of bulk phase I, whereas the red line on the right-hand side of the phase diagram to
the evolution of bulk phase I due to chemical reaction. It can be deduced from Figure 28 that
both liquid bulk phases are evolving along the binodal curve of the ternary reactive system, and
that the evolving bulk phase concentrations are thus equal to the corresponding equilibrium
concentrations of the ternary phase diagram. Therefore, the reaction path for both bulk phases
coincides with the binodal curve in Figure 28. Conversely, pronounced deviations between
reaction path and binodal curve are observed in subchapter 4.1 (e.g., Figure 3), given that the
opposite limiting case of the model, in which the rate of reaction is effectively instantaneous
and the diffusion rates are negligible, is considered. In that case, the reactive system will evolve

towards the chemical equilibrium state without approaching phase equilibrium system states.

An additional exemplary snapshot of the mole fraction distribution of the various components
at approximately t = 1243 days is illustrated in Figure 30a. The subsequent evolution of the
reactive ternary system will lead to the final global equilibrium system state at approximately
t = 4656 days, at which the Gibbs energy of the overall system takes its minimum value, given
that both phase and chemical equilibria are simultaneously reached. After approximately
4656 days have elapsed since the reactive system was in its initial state, the educts and product
bulk concentrations become constant, and chemical equilibrium in both bulk phases will be
reached, the system having already reached phase equilibrium at each time step. The reactive
nonuniform system evolved into a stationary state, and the stationary spatial distribution of the

mole fractions corresponding to this final stable system state is shown in Figure 30b.
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Figure 30. Interfacial mole fraction profiles at different times (a) approximately t = 1243 days
and b) approximately t = 4656 days) for components A (black line), B (red line), and C (blue
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line), calculated by solving eq. (123) and eq. (124) at T = 298.15 K with A,z = 3.5 and

Ay = Age = 0 in eq. (101), Kk = 12 - 10-7’::?, k; =05.108s"1, k, = 107871, and
_ 13
Myp = Myc = Mpc = 10 ? ;1:4.5-

Moreover, the equilibrium bulk phase concentrations can also be deduced from Figure 30b. The
same state is indicated by two blue points in Figure 28, which refer to the final bulk system
state. The corresponding values of the equilibrium mole fractions of components A, B and C in
bulk phases I and II in Figure 30b agree with the ones taken from both blue points on the left-
hand side and on the right-hand side of the phase diagram in Figure 28, respectively.
Furthermore, the chemical reaction reaches chemical equilibrium in both liquid bulk phases at
the same time after approximately 4656 days. This can be intuitively explained by closely
examining eq. (126). Given that the reactive system is evolving by constantly approaching phase
equilibrium states, the chemical potentials, or more precisely the activities (eq. (38)), of each of
the components in each of the phases that it is present are thus equal (isoactivity criterion).
Therefore, the ratio of the activities given in eq. (126) will have the same value in both liquid
bulk phases at each time step of the dynamic evolution, and chemical equilibrium will thus be
reached in both bulk phases at the same time, irrespective of the symmetry of the system.
Returning to both bulk phases, and at approximately ¢ = 4656 days, the final bulk system state
will be such that the ratio of the activity of the product to the activities of the educts, all activities
raised to the power of the absolute value of the corresponding stoichiometric coefficients, which
is also the equilibrium coefficient expression given by eq. (126), will take a value of 0.5 in bulk
phases I and I1. Hence, chemical equilibrium has been reached in both coexisting liquid bulk
phases. In addition, Figure 29 and Figure 30 show that, upon reaction, the thickness of the
interface is increasing, the relative enrichment of component C in the interface is decreasing,
and the values of the mole fractions of each of the components A, B and C in bulk phase I are
approaching their counterparts in bulk phase I1. This is obviously due to the production of the
solubilizer C and to the reactive system thus approaching, upon reaction and through numerous

phase equilibrium system states, the critical point of the ternary mixture, as depicted in Figure 28.

The evolution of the composition of both liquid bulk phases over time is depicted in Figure 31a
and Figure 31b. The former shows the change in mole fraction of components 4, B and C in
bulk phase I, while the latter shows the change in mole fraction of components 4, B and C in

bulk phase I1.
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Figure 31. Time evolution of the mole fractions of components A (black line), B (red line) and
C (blue line) in both bulk phases (a) bulk phase I and b) bulk phase II) and of the interfacial
tension at LLE (green line) given by eq. (118), calculated by solving eq. (123) and eq. (124) at

T =298.15K with Aup =3.5 and Aue = Age =0 in eq. (101), Ky = 121077122
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3
k;=0.5.10"8s"1, ky, = 1078571, and Mg = My = Mpe = 107 ]“r‘nls The dashed line
represents the time step at which global equilibrium is reached (t = 4656 days).

The temporal evolution of the concentrations in Figure 31 corresponds to the one depicted by
both red lines in Figure 28. In addition, the temporal mole fraction profiles of educts A and B
are interchanged by switching from phase I (Figure 31a) to phase I (Figure 31b). Therefore, a
symmetrical behavior of the reactive nonuniform system can be observed. This behavior can be
deduced from the symmetry of the Porter equation (eq. (101) with A4, = Agc = 0) and can also
be observed in Figure 28, Figure 29 and Figure 30. The time derivatives of all three mole
fractions in bulk phases I and /I vanish after approximately 4656 days have elapsed since the
reactive system was in its initial system state, signifying that global equilibrium has been
reached. Consequently, the bulk phase concentrations will remain constant after approximately

t = 4656 days. This time step is represented by a vertical dashed line in Figure 31.

Only the temporal evolution and the spatial distribution of the concentrations or mole fractions
of all three components in both bulk phases as well as at the interface between them have been
considered and investigated so far. Given that the reactive system is constantly approaching
numerous phase equilibrium states on its way towards reaching the global equilibrium system
state, the interfacial tension at LLE of the nonuniform system can be thus also calculated by
numerically evaluating the integral in eq. (118) at each single time step of the dynamic
evolution, and by plotting it in Figure 31 as o“LF over time. As can be deduced from Figure 31,
the interfacial tension at LLE of the nonuniform system decreases with time, which is in accord
with the second law of thermodynamics. Upon chemical reaction and through molecular
diffusion, the reactive system will evolve to reach its final global equilibrium system state, at
which the entropy of the system takes a maximum value and its Gibbs energy a minimum one.
o!LE decreases with time to finally reach a constant value at global equilibrium and at
approximately ¢ = 4656 days. This constant value is slightly greater than 0 because the system
is evolving towards global equilibrium by approaching the critical point of the mixture, at which,

by definition, the interfacial tension vanishes, as can be observed in Figure 28.

A different dynamic modeling of the reactive heterogeneous system will now be presented by
repeating the calculations performed above, but now without considering and predicting

chemical reactions taking place at the interface between both coexisting liquid bulk phases.
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Figure 32. Interfacial mole fraction profiles at different times (a) approximately t = 149 days
and b) approximately ¢t = 489 days) for components A (black line), B (red line), and C (blue

103



104 Results and Discussion

line), calculated by solving eq. (130) and eq. (131) at T = 298.15 K with A,z = 3.5 and

Ay = Age = 0 in eq. (101), Kk = 12 - 10-7’::?, k; =05.108s"1, k, = 107871, and
_ 13
Myp = Myc = Mpc = 10 ? ;1:4.5-

The resulting governing equations for the mole fractions x4, and xz are derived in
subchapter 3.6 and are given by eq. (130) and eq. (131), respectively. The same initial and
boundary conditions as the ones applied in the previous calculations for numerical solutions will
be considered. The reaction dynamics will now be reevaluated, and the mole fraction profiles,
x;(z, t), that result from the temporal evolution of the mole fraction of the various components
will be investigated. Figure 32 shows the calculated interfacial mole fraction profiles at the same
time steps as the ones found in Figure 29 and at which the calculations were performed there.
Hence, exemplary snapshots of the mole fraction distribution for the one-dimensional numerical
solutions of eq. (130) and eq. (131) at approximately t = 149 days and t = 489 days are
illustrated in Figure 32a and Figure 32b, respectively.

Moreover, the evolution of the composition of both liquid bulk phases as well as the interfacial
tension at LLE of the nonuniform system over time will also be portrayed. These evolutions are
depicted in Figure 33a for bulk phase I and Figure 33b for bulk phase /1. Both calculations were
also performed by solving eq. (130) and eq. (131).

The interfacial mole fraction profiles in Figure 32, and the bulk phase concentrations as well as
the interfacial tension at LLE in Figure 33 are identical to the ones found in Figure 29 and
Figure 31, respectively. In addition, the system also reaches global equilibrium at approximately
t = 4656 days (Figure 33). It can be deduced from both figures (Figure 32 and Figure 33) that
the same predictions concerning the ternary reactive system are obtained by neglecting the
interfacial chemical reaction, compared to the ones obtained with the chemical reaction
occurring at the interface between bulk phases I and I1. Therefore, both modeling approaches
presented above are equivalent. This is a very important finding that indicates that the interfacial
chemical reaction has no impact on the dynamics and evolution of the reactive nonuniform
system. The explanation is as follows. Because the diffusion rates across the interface are much
higher than the reaction rates, components A, B and C will not have sufficient time to react with
each other in the interfacial layer. The amount of reaction that takes place within the interface

is thus negligible compared to the amount of reaction occurring in both uniform liquid bulk phases.
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Figure 33. Time evolution of the mole fractions of components A (black line), B (red line) and
C (blue line) in both bulk phases (a) bulk phase I and b) bulk phase II) and of the interfacial
tension at LLE (green line) given by eq. (118), calculated by solving eq. (130) and eq. (131) at
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T =298.15K with Ay =3.5 and Ay = Age =0 in eq. (101), Ky = 12107712

m#%°’

3
ky=05.10"8s"1, k, = 10785, and Mg = My = Mpe = 10~° ]“:rfjs. The dashed line

represents the time step at which global equilibrium is reached (t = 4656 days).

As such, the chemical reaction within the interface between both bulk phases can be neglected,
and there will be only diffusion taking place across the interface. This observation also confirms
various assumptions made in the literature concerning the evolution of reactive heterogeneous
systems (e.g., [98,99]). Danzer and Enders [98,99] studied the dynamics of the interfacial
properties of a specific chemical reaction, namely the esterification reaction of 1-hexanol with
acetic acid to hexyl acetate and water. Two liquid phases were involved in the reactive process,
and the evolution of the interfacial properties of the reactive liquid system over time was
modeled by combining the inc-DGT with rate equations, and compared to experimental data.
In fact, Danzer and Enders [98,99] considered the beforementioned noncatalyzed esterification
reaction, which is a very slow chemical reaction, and assumed that it can only take place in both
liquid bulk phases that are present in the reactive system, thus, no reaction in the interface
between them was modeled. The chemical reaction being extremely slow, they [98,99] thus
opted for a quasistationary modeling approach by fulfilling the criteria for phase equilibrium
after each reaction step in both bulk phases, hence, assuming instantaneous diffusion rates across
the interface. For this reason, they [98,99] did not incorporate any diffusion equation into their
model. Furthermore, Danzer and Enders [98] predicted the evolution of the interfacial tension
at LLE of the nonuniform system over time, which was found to reproduce the experimental
values accurately. Based on the predictions and observations made in this subchapter concerning
reactive nonuniform systems characterized by diffusion rates being much higher than reaction
rates, the assumption of neglecting the interfacial chemical reaction in [98,99] can thus be

justified.

Finally, it is important to understand that the results presented above are only true for the
limiting situation in which the reaction is much slower than the rate of diffusion in a reactive
heterogeneous system. Opposing results emerge for the other limiting case of the model, in
which the rate of reaction is effectively instantaneous. In this case, interfacial chemical reactions
have a marked impact on the overall reacting system, as has been demonstrated in

subchapter 4.1.
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In conclusion, a unified thermodynamic theory of reaction and diffusion in reactive
heterogeneous liquid systems has been introduced. By combining the DGT in its incompressible
version, which allows a continuous description of the chemical potential throughout the bulk
phases and the interface between them, with thermodynamic consistent rate equations based on
activities following a general stoichiometry, and the modified and generalized Cahn-Hilliard
equation based on Onsager diffusion, a generalized theoretical treatment that can be applied to
model the combined reaction and transport in nonuniform reactive systems has been proposed.
In particular, this theoretical treatment is used to predict the interfacial concentration profiles of
reacting liquid mixtures, in which chemical reactions will take place in uniform bulk phases as

well as at the interface between them.

For this purpose, a generalized theoretical framework regarding the interfacial properties of
reactive inhomogeneous liquid systems has been derived. The dynamics as well as the interfacial
properties of a specific reactive ternary liquid system have been investigated for both limiting
cases of reacting mixtures, in which, on the one hand, the reaction is much faster than the rate
of diffusion, thus, the rate of reaction is effectively instantaneous, and, on the other hand, the

diffusion across the interface is much faster than the rate of reaction.

Concerning the first limiting situation, in which the rate of reaction is effectively instantaneous,
a suitable model example typical of many nonideal reactive systems has been studied. The
approach revealed that interfacial chemical reactions have a large impact on the dynamics and
evolution of reactive liquid systems characterized by reaction rates that are much higher than
diffusion rates through the interface. In particular, the system in question must finally reach a
stable chemical equilibrium state. If the miscibility gap between the reaction educts is assumed
to be sufficiently large, then the reaction product will be mainly formed in the interface.
Simultaneously, the product is enriched at the interface and acts as a solubilizer for the educts.
It has been found that chemical equilibrium is reached first in both liquid bulk phases, and then

at the interface between them, which is an effect more or less pronounced depending on the size

107



108 Conclusions and Outlook

of the miscibility gap. The considered model examples were also used to perform sensitivity
analysis in terms of the applied thermodynamic and kinetic parameters within the derived
theoretical framework. The obtained predictions were compared with a standard model example.
The impact of the Porter coefficients, the reaction rate coefficients, and the influence parameter
on the dynamics of the investigated reactive systems was studied, while taking the standard
model example as a reference for comparison. The predictions and results revealed that
variations in the applied thermodynamic and kinetic parameters of the theoretical framework

led to the expected reactive and phase behavior of the studied model examples.

Concerning the second limiting situation, in which diffusion is much faster than the rate of
reaction, the theoretical treatment has been applied to predict the interfacial concentration
profiles and the interfacial tension at LLE of a suitable ternary model example. The approach
revealed that interfacial chemical reactions have no impact on the dynamics and evolution of
reactive liquid systems characterized by reaction rates that are much smaller than diffusion rates
across the interface. In particular, the studied reactive system must finally reach a stable global
equilibrium state, at which the combined phase and chemical equilibria in both liquid bulk
phases are reached. The reactive nonuniform system evolves towards this global equilibrium
system state by constantly approaching phase equilibrium states, signifying that the mixture will

remain in phase equilibrium upon reaction.

Some assumptions made within this work, more precisely within the dynamic modeling of
reactive nonuniform liquid systems, have limitations regarding their validity concerning reactive
extraction processes. For instance, the derived component continuity equations can be
augmented with hydrodynamic interactions including convective flows that must be considered
in practical production and extraction processes. Furthermore, the assumption of an isothermal
process or a constant temperature upon reaction, and thus a vanishing heat of reaction, can be
corrected by incorporating a temperature dependence of the various types of equilibria and
kinetics within the derived model, and by including heat transfer models in the generalized
theoretical framework, all of which must also be considered in practical separation processes.
These model extensions result in a significant increase in the complexity of the theoretical
framework, but would also lead to an even more detailed description and understanding of

reactive extraction processes.
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