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Abstract

Wall-bounded flows are flows of engineering interest in which a fluid flows in the proximity of a solid
wall. Examples of wall-bounded flows are the flow of air (or water) around a moving (streamlined)
vehicle, or the fluid flow inside a pipe. The fluid and the solid exchange a frictional force (or a stress, to
be more precise) which takes the name of wall shear stress. The wall shear stress typically represents an
expense for the flow, as for instance it slows down the moving vehicle or it slows down the fluid running
inside the pipe. Wall-bounded flows are typically turbulent, meaning that a set of vortices of various
sizes is found inside the flow; these vortices advect and distort each other in a chaotic manner. The
vortices can be cathegorised into large and small scales of motion depending on how their size changes
under changing circumstances (e.g. by increasing the flow velocity).
This manuscript deals with the effects produced by large turbulent vortices on the wall shear stress, and
vice-versa with how large scales are influenced by the wall shear stress. This mutual interaction takes
many forms. First off, the wall shear stress represents the main cost of driving a flow, and the share of
costs caused by the presence of large scales is investigated. Moreover, it is verified how much of these
costs can be spared if the large scales are removed from the flow, e.g. by some flow control device. This
can help understand whether controlling large scales is a viable cost-reducing strategy: so far, research
on flow control has mainly focused on small scales, and the only commercially available flow control
device (riblet films, to the author’s knowledge) works by targeting small scales indeed.
Additionally, the interaction between large scales and the wall shear stress is explored in terms of two
mechanims concerning the dynamics of large scales. Shedding light on the dynamics of large scales
could help both to improve turbulence models for large-eddy simulations and to design phyisically-
informed large-scale flow control devices. Large scales typically reside further away from the wall than
small ones; nevertheless, their footprint can be found in the near-wall region in the form of a large-
scaled pattern of the wall shear stress (consisting in regions of higher- and lower-than-average wall
shear stress). This pattern is commonly understood to locally distort the small scales in a process named
amplitude modulation. To verify whether these distorsions are caused by the pattern of wall shear
stress, a numerical experiment is designed, in which large scales are prevented from creating a footprint
at the wall. Although the idea behind aplitude modulation is that large scales exert an influence on
the near-wall region, a second mechanism is explored in this manuscript, according to which large
scales might originate from near-wall flow features instead. As postulated by Townsend (The structure of
turbulent shear flow, 2 nd ed., 1976), large-scaled patterns of wall shear stress might be able to trigger the
formation of self-sustaining large-scaled motions. These motions are then able to become the dominant
flow feature thanks to their extended life time. The plausibility of Townsend’s hypothesis is assessed by
artificially triggering the formation of structures of a controlled size and then measuring their life time.
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Kurzfassung

Wandgebundene Strömungen sind Strömungen von technischem Interesse, bei denen ein Fluid in der
Nähe einer festen Wand fließt. Beispiele für wandbegrenzte Strömungen sind die Strömung von Luft
(oder Wasser) um ein sich bewegendes (stromlinienförmiges) Fahrzeug oder die Flüssigkeitsströmung
in einem Rohr. Das Fluid und der Festkörper tauschen eine Reibungskraft (oder genauer gesagt eine
Spannung) aus, die als Wandschubspannung bezeichnet wird. Die Wandschubspannung stellt in der
Regel einen Energieaufwand für die Strömung dar, da sie beispielsweise das sich bewegende Fahrzeug
oder das im Rohr fließende Fluid bremst. Wandbegrenzte Strömungen sind in der Regel turbulent, d.
h. es gibt in der Strömung eine Reihe von Wirbeln unterschiedlicher Größe. Diese Wirbel bewegen
sich und verzerren sich gegenseitig auf chaotische Weise. Die Wirbel können in große und kleine Bewe-
gungsskalen eingeteilt werden, je nachdem, wie sich ihre Größe unter verschiedenen Bedingungen (z.
B. durch Erhöhung der Strömungsgeschwindigkeit) ändert.
Diese Dissertation befasst sich mit den Auswirkungen großer turbulenter Wirbel auf die Wandschub-
spannung und umgekehrt mit der Beeinflussung großer Skalen durch die Wandschubspannung. Diese
gegenseitige Wechselwirkung nimmt viele Formen an. Zunächst einmal stellt die Wandschubspannung
den Hauptenergieaufwand für die Strömung dar. Es wird untersucht, welcher Anteil des Aufwands
durch das Vorhandensein großer Wirbel verursacht wird. Darüber hinaus wird geprüft, inwieweit der
Aufwand reduziert werden kann, wenn die großen Wirbel aus der Strömung entfernt werden (z.B.
durch eine Strömungskontrollvorrichtung). Dies kann dazu beitragen, zu verstehen, ob die Kontrolle
großer Wirbel eine praktikable Strategie zur Kostenreduzierung ist: Bislang hat sich die Forschung
hauptsächlich auf kleine Wirbel konzentriert. Die einzige kommerziell erhältliche Vorrichtung zur Strö-
mungskontrolle (Riblet-Folien, soweit dem Autor bekannt) funktioniert tatsächlich, indem sie auf kleine
Wirbel abzielt.
Darüber hinaus wird die Wechselwirkung zwischen großen Wirbeln und der Wandschubspannung an-
hand von zwei Hypothesen untersucht, die die Dynamik großer Wirbel betreffen. Die Erforschung
der Dynamik großer Wirbel könnte sowohl zur Verbesserung von Turbulenzmodellen als auch zur En-
twicklung physikalisch fundierter Strömungskontrollvorrichtungen beitragen. Große Skalen befinden
sich in der Regel weiter von der Wand entfernt als kleine Skalen; dennoch kann ihr Fußabdruck in der
wandnahen Region in Form einer großskaligen Verteilung der Wandschubspannung gefunden werden
(bestehend aus Regionen mit höherer und niedrigerer Wandschubspannung als der durchschnittlichen).
Es wird allgemein davon ausgegangen, dass diese Verteilung die kleinen Skalen in einem Prozess, der
als Amplitudenmodulation bezeichnet wird, lokal verzerrt. Um zu überprüfen, ob diese Verzerrungen
durch die Verteilung der Wandschubspannung verursacht werden, wird ein numerisches Experiment
entworfen, bei dem große Skalen daran gehindert werden, einen Fußabdruck an der Wand zu erzeugen.
Obwohl die Idee hinter der Aplitudenmodulation darin besteht, dass große Skalen einen Einfluss auf die
wandnahe Region ausüben, wird in dieser Dissertation ein zweiter Mechanismus untersucht, demzu-
folge große Skalen stattdessen von wandnahen Strömungsmerkmalen herrühren könnten. Wie von
Townsend (The structure of turbulent shear flow, 2. Aufl., 1976) postuliert, könnten großskalige Verteilun-
gen der Wandschubspannung in der Lage sein, die Bildung von sich selbst erhaltenden großskali-
gen Strukturen auszulösen. Diese Strukturen können dann dank ihrer langen Lebensdauer zum do-
minierenden Strömungsmerkmal werden. Die Plausibilität der Townsend-Hypothese wird geprüft, in-
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Kurzfassung

dem die Bildung von Strukturen kontrollierter Größe künstlich ausgelöst und dann ihre Lebensdauer
gemessen wird.
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Symbols and abbreviations

Mathematical symbols and operators

SYMBOL SI UNIT DESCRIPTION

(...) placeholder

⟨...⟩ expected value

⟨...⟩z spanwise average of the expected value; coincides with the ex-
pected value in the case of spanwise homogeneous quantities

d(...)
d(...) ordinary derivative

∂(...)
∂(...)

partial derivative

∇ m−1 gradient vector (typically in 3D-space)

⃗(...) vectorial quantity

(...) unit vector

(...) second order tensor

(...) · (...) scalar (dot) product

(...)× (...) vector (cross) product

(̂...) Fourier-transformed quantity (in the sense of the Fourier series;
transform in one direction only)̂̂

(...) Fourier-transformed quantity (in the sense of the Fourier series;
transform in two directions)

(...)H complex conjugate

Latin letters

SYMBOL SI UNIT DESCRIPTION

a share of the total power input Πt of a Couette-Poiseuille flow that
is provided by the pumping power Πp (a = Πp/Πt)

A1, A3 non-dimensional constants of the attached eddy log-law

B1, B2, B3 non-dimensional constants of the attached eddy log-law

C1, C2 non-dimensional constants of the velocity log-law

C∗
AM amplitude modulation coefficient (two-point inner-scaled scale-

decomposed velocity skewness)

Cf skin friction coefficient

f⃗ kgm−2 s−2 generic force (per unit volume) acting on a fluid element
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Symbols and abbreviations

fae,i non-dimensional shape function of the i-th velocity component in-
duced by an attached eddy

f⃗c kgm−2 s−2 Coriolis force per unit volume

fw non-dimensional wall velocity function

Fo Fourier number

F {...} m or s operator indicating the (continuous) Fourier transform

FS {...} operator indicating the calculation of the coefficients of the Fourier
series

gd non-dimensional velocity defect function

G kgm−2 s−2 streamwise pressure gradient (absolute value)

Gu non-dimensional coefficient measuring the transient growth of Iu
(Gu > 0 indicates the presence of transient growth)

h m outer length scale – that is, in most cases throughout the present
manuscript, the channel half-height

h+
a , h

+
s friction Reynolds numbers based on the antisymmetric and sym-

metric parts of the total shear stress at the wall

hy m distance of a vortex center from the nearest wall

Hae m height of an attached eddy

i imaginary unit

iu m2 s−2 plane-averaged kinetic energy per unit mass of the streamwise dis-
persive velocity

Ii,j non-dimensional contribution to the Reynolds stresses by a single
attached eddy

Iu, Ivw m2 s−2 volume-averaged kinetic energy per unit mass of the streamwise
and circulatory components of the dispersive velocity field

k von Kármán constant

Kn Knudsen number

ℓ m slip length

L m some generic length scale

Ld m streamwise extent of the coherent momentum pathways

Lx, Lz m streamwise and spanwise (respectively) extent of the simulation
domain

n normal unit vector (to a given surface)

P , PL, P∆ kg s−3 turbulence production per unit wetted area: total, laminar and de-
viation respectively

rx, rz m separation between two points in the stremwise and spanwise di-
rections respectively

R kgm−1 s−2 Reynolds stress tensor

Re real part of a complex number
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Symbols and abbreviations

Re Reynolds number (generic)

Reτ friction Reynolds number

Reb, Rew, Req Reynolds number built with h and either the bulk velocity (Reb) or
the velocity at the wall (Rew); Req generally indicates any of Reb or
Rew

Reα Reynolds number based on h, Uα

Reπ Reynolds number based on h, Uπ

Ro Rotation number

s m strip width for strip-type roughness

t s time

Tae s life time of an attached eddy

Tf s duration of a transient simulation; see §6

Tu, Tvw s life time of the coherent momentum pathways and circulatory mo-
tions respectively

Tw s life time of a Fourier mode that composes the dispersive wall shear
stress pattern

u⃗ = (u, v, w) m s−1 velocity of the fluid (vector) with its streamwise, wall-normal and
spanwise components

u⃗d = (ũ, ṽ, w̃) m s−1 dispersive velocity field (vector) with its streamwise, wall-normal
and spanwise components

uae,i ms−1 i-th component of the velocity field induced by a single attached
eddy

up ms−1 alternative definition of the viscous velocity that uses hG instead
of τw; used when τw is not a constant (see §6)

uτ ms−1 viscous (a.k.a. friction, inner) velocity

uτ,m ms−1 worst-case (that is, maximum in time and space) viscous velocity;
applies to cases where uτ is not constant (see §6)

U ms−1 some generic velocity scale

U ms−1 mean velocity (depends only on the wall-normal coordinate, pos-
sibly on time)

Ub, Uw, Uq ms−1 bulk velocity or velocity at the wall; Uq generally indicates any of
Ub or Uw

Uc ms−1 centerline velocity

UL, U∆ ms−1 laminar and deviation components of the mean velocity according
to the extended Reynolds decomposition

Uα ms−1 velocity based on the integral α of the Reynolds shear stress

Uπ ms−1 power velocity (velocity scale based on the total power input Πt)

x, y, z m streamwise, wall-normal and spanwise cartesian coordinates

Z the set of integer numbers
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Symbols and abbreviations

Greek letters

SYMBOL SI UNIT DESCRIPTION

α, αc, αp m2 s−2 weighted wall-normal averages of the ⟨u′v′⟩ correlation: total,
Couette part, Poiseuille part

β m4 s−4 wall-normal average of the square of the ⟨u′v′⟩ correlation

γ m mean free path between molecules

δp m alternative definition of the viscous length scale that uses hG in-
stead of τw; used when τw is not a constant (see §6)

δv m viscous (a.k.a. friction, inner) length scale

δv,m m worst-case (that is, maximum in time and space) viscous length
scale; applies to cases where δv is not constant (see §6)

∆t s time resolution (time step) of a simulation

∆tout s sampling time for the simulations (a snapshot is stored every ∆tout

of simulation time)

∆x, ∆z m spatial resolution (of a simulation) in the streamwise and spanwise
directions.

∆yw, ∆yc m spatial resolution (of a simulation) in the wall-normal direction:
resolution at the wall and at the center of the channel respectively.

∆κx, ∆κz radm−1 Fourier resolution in the streamwise and spanwise directions

ϵ kg s−3 turbulent dissipation per unit wetted area

ε any some small quantity (ε → 0)

ζ m conditioned spanwise variable

κx, κz radm−1 wavenumbers in the streamwise and spanwise directions

κ non-dimensional function that selects the Fourier modes and wall-
normal positions that are targeted by modal damping

λx, λz m wavelengths in the streamwise and spanwise directions

Λs m spanwise period (twice the strip width) of strip-type roughness

µ kgm−1 s−1 dynamic viscosity of a fluid

ν m2 s−1 kinematic viscosity of a fluid

Ξ kg s−3 mean dissipation per unit wetted area

ΞL, Ξ∆ kg s−3 laminar and deviation components of the mean dissipation per unit
wetted area (as per the extended Reynolds decomposition)

Πp kg s−3 pumping power per unit wetted area

Πt kg s−3 total power per unit wetted area provided to a turbulent flow

Πw kg s−3 power fed at the wall per unit wetted area

ρ kgm−3 density of a fluid

σ kgm−1 s−2 viscous stress tensor
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Symbols and abbreviations

τ kgm−1 s−2 total shear stress (sum of Reynolds shear stress and mean shear
stress)

τa, τs kgm−1 s−2 antisymmetric and symmetric parts of the total shear stress profile,
evaluated at the wall

τB , τT kgm−1 s−2 wall shear stress at the bottom, top walls

τw kgm−1 s−2 wall shear stress

Υ s time scale that determines the intensity of modal damping

ϕ m4s−2 two-dimensional (two Fourier transforms in space) velocity spec-
trum

Φ m3 s−2 one-dimensional (one Fourier transform in space) velocity spec-
trum

ω⃗ = (ωx, ωy, ωz) s−1 vorticity of the fluid with its streamwise, wall-normal and span-
wise components

Ω rad s−1 angular velocity

Superscripts

SYMBOL DESCRIPTION

(...)+ quantity scaled in inner (viscous) units

(...)π quantity scaled in power units

(...)o quantity scaled in outer units

(...)′ fluctuation with respect to the expected value

Subscripts

SYMBOL DESCRIPTION

(...)ℓ large-scale (low-pass filtered, typically in the spanwise direction)
part of a signal

(...)s small-scale (high-pass filtered, typically in the spanwise direction)
part of a signal

Abbreviations

SYMBOL DESCRIPTION

CFL Courant-Friedrichs-Lewy (number or condition)

CFR constant flow rate

CPG constant pressure gradient

CPI constant power input

DNS direct numerical simulation
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Symbols and abbreviations

ESM extreme-scale motion (refers to the naturally occurring roll modes
of turbulent Couette flows)

FIK Fukagata-Iwamoto-Kasagi identity (see Fukagata et al., 2002)

LES large-eddy simulation

LSM large-scale motion. Important: this acronym does not indicate a
generic large-scaled feature, but rather a specific subclass of large
scales whose streamwise extent is smaller than 3h

MKE mean kinetic energy (energy of the mean veolocity field)

RANS Reynolds-averaged Navier Stokes equations

RD Renard-Deck identity (see Renard and Deck, 2016)

SGS sub-grid stresses

TKE turbulent kinetic energy (energy of the fluctuation field)

VLSM very-large-scale motion (large-scaled feature whose streamwise ex-
tent exceeds 3h)
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1 Introduction

This thesis deals with turbulent wall-bounded flows, with particular emphasis on turbulent motions of
large size and their interaction with the near-wall region. In this first chapter it is argued why turbu-
lence is worth investigating (§1.1); this initial discussion is intentionally targeted at a broad audience
and is largely inspired by the book of Davidson (2015). A literature review is also provided (§1.2.1
to §1.2.6). The scientific objectives are then derived from the review and the structure of the thesis is
explained (§1.3).

1.1 Why study turbulence?

Turbulent flows are ubiquitous, and the reader most likely comes across them in day to day life. The
twisted shape of a plume rising from a chimney is an example of a turbulent jet flow; rivers usually flow
in a turbulent fashion. Atmospheric phenomena are, generally speaking, turbulent. Many naturally
occurring flows are so sensitive to perturbations that even a slight disturbance is sufficient for them to
leave their laminar, orderly state and transition to a chaotic, long-lasting turbulent behaviour. Wall-
bounded flows are no exception in this respect: these flows of engineering interest are characterised
by fluid flow in proximity of a solid object, such as the flow around a vehicle or the flow inside a pipe.
Given the complexity of the topic and our scarce understanding of turbulence, this thesis (just like many
other works in literature) deals only with channel flows – an idealised case of a wall-bounded flow in
which a fluid flows between two parallel, flat and infinitely large plates. Using this setup, turbulence
can be observed even if the plates are perfectly smooth; in this way, one can focus on studying turbulent
phenomena without the added complexity of having curved walls or corner effects.

Albeit commonly occurring, turbulence is still little understood. For instance, a proper definition of
turbulence itself is missing (Davidson, 2015, chapters 1.4 and 2.4); proving the existence of a smooth
solution to the three-dimensional time-evolving Navier-Stokes equations (i.e., the equations govern-
ing turbulence) is one of the unsolved Millennium Prize problems1. One of the first observations put
forward about the nature of turbulence is that it includes a set of eddies (or vortices) of many sizes
(Richardson and Lynch, 2007; Marusic and Monty, 2019). Eddies of different sizes are sometimes re-
ferred to as different scales of motion. The largest scales of motion typically hold the most energy and
also receive a substantial amount of energy from the mean flow (the meaning of this will be clarified
in §2.2.6). At a steady state, these eddies keep a constant level of energy, meaning that they must get
rid of the energy they receive from the mean flow. Typically, energy is transferred to the smallest scales
of motion, which then dissipate it. According to the original idea of Richardson, this energy transfer
happens across a set of eddies of intermediate size. While the details of this interscale energy trans-
mission do not necessarily hold for fluid flow in proximity of a wall (see §1.2.4, or Piomelli et al., 1991;
Kawata and Alfredsson, 2018; Chiarini et al., 2022), the co-existence of eddies of a wide range of scales
is unquestioned. In particular, turbulent eddies can be classified into small and large ones depending
on their size (or, to be exact, on how their size changes under different circumstances; see §1.2.2).

1 https://www.claymath.org/millennium/navier-stokes-equation/, accessed on Nov 29th, 2023.
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As for wall-bounded flows, advances have recently been made in understanding the physics of the
small eddies located in proximity of the wall at a qualitative level (see §1.2.2). This is a relevant mile-
stone, as the near-wall region where these eddies reside is understood to be the one where turbulence
originates (Davidson, 2015, chapter 1.3). We are able, for instance, to predict the position and intensity of
these eddies; moreover, the vortices are understood to decay and self-regenerate through a qualititative
mechanism called the streak cycle (see §1.2.2, or Jiménez and Pinelli, 1999). However, a comprehensive
quantitative (analyitical) model describing their dynamics is not available (one of the perhaps few at-
tempts to derive a model was carried out by Moehlis et al., 2004), and the dynamics of larger eddies
is the object of ongoing research.

This lack of analytical models hinders our ability to accurately analyse and predict the behaviour of
turbulent flows. While indeed the Navier-Stokes equations do describe turbulence and its evolution in
a deterministic way, their numerical solution (which takes the name of direct numerical simulation, or
DNS) in the case of a turbulent flow is typically prohibitively expensive and possibly yields an unnec-
essary level of detail (Davidson, 2015, chapter 7.1.2). It is indeed arguable whether one needs to know
every detail of the smallest, microscopic scales of turbulence when one is calculating the flow around a
moving car; it would be sufficient, at least for engineering purposes, to know what the flow field looks
like on average. By time (or ensemble) averaging a turbulent flow field, all the fine-grained details of
turbulence are smoothed out, so that one is left with a flow that looks like a laminar one. A simpli-
fied set of equations (Reynolds-averaged Navier-Stokes equations, or RANS) describing only the mean
flow can be derived (Pope, 2000, chapter 4.1). A similar - yet different - strategy consists in writing a
set of equations for the low-pass filtered velocity field (Davidson, 2015, chapter 7.1.2). Conceptually,
such an equation describes the evolution of the largest turbulent eddies, whereas the expensive com-
putation of the dynamics of the small ones is bypassed; hence the name, large eddy simulation, or LES.
While the numerical solution of both RANS and LES equations is cheaper than DNS, both system of
equations are incomplete and require the addition of one equation (or more): the so-called turbulence
model. As previously stated, no definitive turbulence model has been discovered to date; nevertheless,
several models are available, each of which has a very limited validity range. Outside of the validity
range, the model is not reliable.

To better clarify the issue, let us consider a problem of practical interest such as computing the air flow
around a car to optimise its shape. The author estimates that performing a single DNS in this case
would require 2 months of uninterrupted computation using the entirety of the Hawk cluster at HLRS
Stuttgart; appendix A shows how this crude estimate was obtained. The computational expenses would
be dramatic; for the current example, they would amount to roughly 23 million euros. Simulations
are typically performed as a faster and cheaper alternative to experiments; clearly, DNS can hardly be
regarded as a fast and cheap tool. One could then resort to RANS simulations, which are much cheaper
(the calculation can, in some cases, be carried out on a laptop) but require the usage of one of the many
available turbulence models. To the author’s knowledge, none of the models can be trusted out-of-
the-box, so that it is first necessary to calibrate them against experimental data. This might require a
preliminary experimental campaign, which is – again – expensive.

The availability of reliable turbulence models would not only make the design process cheaper, avoiding
excessive computational or experimental expenses, but also yield improved final designs that can be
tailored to reduce expenses or greenhouse gas emissions. To improve the current turbulence models,
sound understanding of turbulent phenomena is needed; this represents the main reason to investigate
turbulence. In particular, understanding the interaction between small and large scales is of crucial
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importance for LES equations; the turbulence model required for LES indeed describes a momentum
exchange between vortices of different sizes (Pope, 2000, chapter 13.5.2).

While it would surely help, a reliable turbulence model is not strictly necessary to achieve energy sav-
ings or a reduction of greenhouse gas emissions. For this purpose, improving our qualitative under-
standing of turbulence has already proven successful. An entire branch of research named flow control
is indeed dedicated to reducing the cost (in terms of energy) of performing a given task by actively or
passively adjusting and modifying the flow. Typically (Frohnapfel et al., 2012), the cost is represented
by the skin friction (the viscous force that opposes a moving airplane, for instance, or that opposes the
fluid running inside a pipe); the task would indeed be to have the airplane cruise at a given speed,
or to keep a given flow rate inside a pipe. Unlike other fields of engineering, where control laws are
designed using rigorous mathematical tools and reduced-order models of the systems to be controlled,
flow control is pursued by physically informed trial and error. That being said, a promising reduced-
order model of turbulence is currently being developed and tested (McKeon and Sharma, 2010; Toedtli
et al., 2019). While most flow control technologies have a low readiness level and are therefore only
being researched in an academic context, riblets (a particular passive flow control device) have recently
made their appearence in the free market. Lufthansa, a public limited company, is currently deploying
a riblet film coating on its fleet of long-haul aircraft; the company claims2 that this can achieve roughly
1% drag reduction adjusting for flight conditions and mission profile. Applying this to the entire fleet
of 10 aircraft will save the CO2-equivalent of 48 freight flights from Frankfurt to Shanghai every year.

The best-performing known drag-reduction devices all work by manipulating the small, near-wall tur-
bulent eddies. This is unsurprising, as our knowledge of other scales of motion is relatively limited. For
instance, two of these drag reduction strategies (Quadrio et al., 2009; Luchini et al., 1991) function by dis-
torting the autonomous cycle through which the small eddies self-regenerate and by pushing the small
eddies further away from the wall respectively. However, controlling small vortices has its own short-
comings. Mainly, small scales have microscopic size under circumstances of practical interest, meaning
that the devices used to control them need to be miniaturised (Kasagi et al., 2009). This usually involves
expensive manufacturing processes; while such an expense can be compensated and overcome by the
energy (hence, money) savings yielded by the control, larger savings may potentially be achieved by
targeting large turbulent eddies instead. Once again, a deeper understanding of the dynamics of large
scales - and especially of the mechanism through which they originate and self-sustain - would help
designing suited flow control devices.

1.2 Literature review: wall-bounded turbulent flows

In this section, an overview of the relevant literature needed for the definition of the scientific objec-
tives of this dissertation is presented. Notice that the first part of the section (sec. 1.2.1) contains the
definition of the all-important viscous units of wall-bounded turbulence. Since this definition is widely
accepted and found on any textbook, it would be better suited for the fundamentals chapter (ch. 2); it is
nevertheless shown here as it is needed for a better understanding of the literature.

1.2.1 Inner and outer units, Reynolds numbers

It is common practice in fluid mechanics to express velocities, pressure values and other values of inter-
est in terms of some reference physical quantity (which takes the name of a scale or a unit), and not in

2 https://www.lufthansa-technik.com/en/aeroshark, accessed on Nov 27th, 2023; the author has no affiliation with
Lufthansa.
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terms of standard units; this process takes the name of non-dimensionalisation. Consider for instance
the flow around a wing profile; the distance between two points in the flow domain is usually expressed
as a multiple of the chord of the profile, and not in meters. The chord then acts as a length scale; no-
tice that any other quantity can be used as a length scale, and that the choice of scale is arbitrary (and
yet customary). Typically, only a length scale and a velocity one are needed to make all the relevant
physical quantities of an incompressible flow non-dimensional.

As for wall bounded turbulence, two different sets of units are usually defined: inner and outer units.
Each set comprises a velocity and a length scale. The outer length scale (here indicated by h) is defined as
some dominant geometric feature of the flow: for example, the boundary layer thickness in a boundary
layer flow, or the channel half-height in a channel flow (notice that this thesis only deals with the latter
type of flows). The outer length scale is complemented by an outer velocity, which can be some volume-
averaged flow velocity (the bulk velocity Ub in a channel flow) or the spatial maximum of the time-
averaged velocity (the centerline velocity Uc in a channel flow). Heuristically, the largest turbulent
vortices scale in outer units and can be found away from the wall, in the so-called outer layer; however,
there exists a thin layer in proximity of the wall where the motion of small eddies is not influenced by
the large, outer geometry but rather by the wall itself – owing to its proximity (Davidson, 2015, chapter
4.2). This region is referred to as the near-wall region and its behaviour is governed by the inner units,
which are defined using the wall shear stress τw. The latter represents the skin friction per unit wetted
area and is indeed the mean shear stress exchanged between the fluid and the wall in the streamwise
direction (that is, in the direction of the flow):

τw =
∣∣∣x ·

(〈
σ
〉
w
nw

)∣∣∣ (1.1)

where x is the unit vector indicating the streamwise direction, σ is the viscous stress tensor, ⟨·⟩ indicates
an expected value (eg., it could represent an average in time and along all statistically homogeneous
directions), n indicates a normal unit vector and subscript (·)w indicates that quantities are evaluated
at the wall. Consequently, the inner velocity scale uτ - also known as wall velocity or friction velocity -
and the inner length scale δv are defined as:

uτ =
√
τw/ρ (1.2)

δv = ν/uτ (1.3)

where ρ and ν are the fluid density and kinematic viscosity respectively. Quantities made non-dimensional
with inner units are indicated by a plus superscript (·)+.

The dynamics of many incompressible flows whose geometry is fixed (except for a scaling factor) are
determined by a single non-dimensional similarity parameter: the Reynolds number (Re). Even when
more than one similarity parameters need to be defined (e.g. when additional phenomena such as
buoyancy-driven convection occur), it should be possible to choose a set of parameters that includes a
Reynolds number. The Reynolds number is defined as follows:

Re =
length scale · velocity scale

ν
(1.4)

The choice of length and velocity scale is arbitrary and one can define as many Reynolds numbers as
desired; the physical interpretation of the Reynolds numer changes therefore depending on the context,
even though it is commonly interpreted to be the ratio between inertial and viscous forces. For instance,
using outer units, one could define a bulk Reynolds number Reb or a centerline Reynolds number Rec.
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When building a Reynolds number using the inner length and velocity scales, one always obtains a
unitary Reynolds number owing to the definition of such scales.

An additional, frequently used Reynolds number is defined by combining the outer length scale h with
the inner velocity scale uτ :

Reτ =
huτ
ν

=
h

δv
= h+ (1.5)

This takes the name of friction Reynolds number or Kármán number; it can be interpreted as the ratio
between the outer and the inner length scales or as a measure of the friction at the wall (if the geometry
and the viscosity are fixed, a larger Reτ indicates larger values of the wall shear stress).

1.2.2 Small and large scales of motion

Turbulent motions are classified into small and large scales depending on whether their size scales in
inner or outer units under changing circumstances. For instance, an eddy is classified as small if, by
changing the Reynolds number, its size remains (roughly) constant in inner units. Otherwise, if its size
remains (roughly) constant in outer units, it is classified as large. In the following, the main features of
small and large scales of motion will be discussed.

An often-observed signature of both small and large scales is the presence in the flow of streamwise-
elongated streaks of alternating high and low streamwise velocity (Kline et al., 1967; Kim et al., 1987;
van Dyke, 2012; Tomkins and Adrian, 2003; Hutchins and Marusic, 2007a; Tsukahara et al., 2010; Lee and
Moser, 2018); notice, however, that the term streak is most commonly associated to small scales. These
small and large streaks are almost periodic in the spanwise direction, so that their period – usually called
streak spacing – can be measured. The streak spacing can be estimated by visual inspection (Kline et al.,
1967); alternatively, it can be calculated by analysing the position of the minima of the autocorrelation
function of the streamwise velocity in the spanwise direction (Kim et al., 1987). The presence of these
streaks can also be easily revealed by scrutinising the spanwise spectra of the streamwise velocity fluc-
tuations (see §2.2.1 for the definition of fluctuations and §2.3.2 for the definition of the spectrum); in this
case, the streak spacing can be estimated by checking the spanwise wavelength of the maxima of the
spectrum (Kline et al., 1967; Lee and Moser, 2018). There is typically good agreement between estimates
of the streak spacing yielded by these three different methods.

The main feature of the small scales is their conjectured, but also well-verified, universality. They reside
in the near-wall region and their dynamics is only influenced by inner parameters (uτ , δv , ν); notice that
these parameters only depend on the local value of the wall shear stress τw and on the viscosity, but
not on the outer geometry. This means that small scales should, theoretically, have the same features
across flows with different geometries (boundary layers, channel flows, pipe flows) provided that inner
scaling is used. This universality hypothesis is well backed by empirical evidence. Small scales can be
found in the so-called buffer layer (y+ ≈ 10) of several wall-bounded flows and have a typical spanwise
spacing of roughly 100δv (Kline et al., 1967; Kim et al., 1987; Brereton and Hwang, 1994; Jeong et al.,
1997). Their inner-scaled kinetic energy is also roughly constant across different flows and proportional
to u2τ (Hoyas and Jiménez, 2006; Marusic et al., 2010a).

An additional feature of the small scales is their ability to self-sustain through an autonomous near-wall
cycle. The idea that small scales would be responsible for the production of turbulence through their
formation and breakup dates back to the very same study that highlighted the existence of small-scaled
streaks (Kline et al., 1967). This idea later evolved into several different mechanisms through which
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near-wall turbulence might be regenerating itself. These mechanisms have been reviewed by Panton
(2001), who distinguished two main categories. The first includes mechanisms in which small eddies
interact with the wall to generate offspring eddies. Mechanisms of the second category instead postulate
that the typical buffer-layer velocity streaks are unstable; their breakdown triggers the formation of pairs
of streamwise-elongated, counter-rotating vortices. These pairs then pull high-speed fluid from the core
of the flow and eject low-speed fluid from the wall region. As a consequence, the pattern of streamwise
streaks is recreated. Strong evidence in favour of this second category was found by Jiménez and Pinelli
(1999). The authors were able to simulate the dynamics of a single or few more low-speed streaks by
suitably restricting the simulation domain (Jiménez and Moin, 1991); this setup correctly reproduces the
wall-layer in absence of outer-layer large-scale turbulence. Through a series of numerical experiments,
they were able to show that indeed the streamwise vortices advect the mean velocity to form the high-
and low-speed streaks, and that the streak breakdown does lead to the formation of streamwise vortices.
The mechanism is named streak cycle.

As for large scales, they have been observed in pipe, boundary-layer, plane Poiseuille and plane Couette
flows to name a few (Kim and Adrian, 1999; Hutchins and Marusic, 2007a; Balakumar and Adrian, 2007;
Lee and Moser, 2018). Their energy increases with the Reynolds number (Hutchins and Marusic, 2007a;
Schlatter et al., 2009) and their features are flow-dependent. For instance, significant differences can be
found between the large scales of plane Poiseuille and Couette flows, although these flows share the
same geometry and only differ in the way they are driven (by a pressure gradient or by relative motion
of the walls respectively). The large-scaled spectral peak of a Poiseuille flow is limited to the outer
layer and suggests a spanwise spacing of 1h (Lee and Moser, 2015); the same peak of a Couette flow
spans instead the whole channel height and indicates a spanwise spacing of 4 − 5h (Kitoh and Umeki,
2008; Pirozzoli et al., 2014; Lee and Moser, 2018). Moreover, this large spectral peak can be seen in
Couette flows at an almost transitional (Reτ ≈ 50) Reynolds number (Komminaho et al., 1996), whereas
it appears at a higher value of Reτ ≈ 5000 in Poiseuille flows (Lee and Moser, 2015).

While a qualitative mechanism for the self-sustainment of small scales has been proposed and is gener-
ally accepted, the same cannot be said about large scales. Many alternative theories try to explain their
origin, but no one is widely accepted (e.g. Iwamoto et al., 2004; Toh and Itano, 2005; Del Álamo and
Jiménez, 2006; Hwang and Cossu, 2010a; de Giovanetti et al., 2017; Lee and Moser, 2019; Illingworth,
2020; Zhou et al., 2022). However, just like in the self-supporting cycle of the small scales, the large-scale
high- and low-speed streaks have been shown to be related to streamwise vortices (Hutchins and Maru-
sic, 2007b; Chung and McKeon, 2010; Baltzer et al., 2013; Hwang et al., 2016). A set of counter-rotating
vortices (sometimes seen as a pair depending on the visualisation technique) flanks each streak, so that
low-speed streaks correspond to regions of upwelling motion (large-scale ejection) whereas high-speed
streaks are associated to regions of downwash (large-scale sweep).

Although the present cathegorisation of turbulent eddies in small and large scales is sufficient for the
purpose of this thesis, more detailed taxonomies have been proposed in the literature (e.g. Smits et al.,
2011; Marusic and Monty, 2019). For instance, a distinciton has been made between large-scale motions
(LSMs) and very-large scale motions (VLSMs) in pipe, channel and boundary layer flows (Kim and Adrian,
1999; Balakumar and Adrian, 2007; Monty et al., 2009; Bailey and Smits, 2010). LSMs and VLSMs differ
in that LSMs have a streamwise extent of roughly 3h, whereas VLSMs are longer (> 3h). It has also been
proposed that LSMs consist of packaged hairpin vortices, whereas VLSMs are formed by the merging of
LSMs. The streamwise extent of turbulent structures (which defines LSMs and VLSMs) is best studied
in experimental setups, whereas numerical studies such as those presented in this thesis are best suited
to investigate the spanwise spacing of the structures. For this reason, the distinction between LSMs and
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VLSMs will not be much emphasised in this thesis; the term large scale will be used to generically refer
to any outer-scaled eddy (either a LSM or a VLSM) unless the acronyms are explicitly used.

Finally, it is well known that wall-bounded turbulence features a set of self-similar eddies which extend
from the wall towards the bulk of the flow (Marusic and Perry, 1995; Hwang, 2015; Marusic and Monty,
2019; Puccioni et al., 2023). These are called attached eddies as they are, indeed, attached to the wall. They
are self-similar in the sense that they have a roughly constant axpect ratio; in other words, their (span-
wise and streamwise) size is proportional to their wall-normal height. Owing to this property, one can
observe attached eddies of any size in proximity of the wall; moving further away from it, one can only
observe wall-coherent motions that are larger than a given threshold, and this threshold grows linearly
with wall-normal distance (Baars et al., 2017b). While attached eddies will not be discussed in detail
in this thesis, they are responsible for the well-established logarithmic scaling of velocity covariances;
moreover, it has been shown that some large scales might also be classified as attached eddies (Desh-
pande et al., 2023). The attached eddy model of turbulence and its main results are presented in §2.2.4;
some results that are reminiscent of the attached eddy hypothesis will be presented in §6.

1.2.3 Flow control; the impact of large scales on the wall shear stress

As explained in §1.1, one of the main reasons why wall-bounded turbulence is being researched is to
provide physical insights for the design of flow-controlling devices – whose aim is, generally, to reduce
the wall shear stress. In this respect, research has so far mainly focused on controlling small scales;
although this thesis deals with large ones, some results are worth mentioning. The best performance
has been achieved by travelling waves of spanwise motion of the wall (Quadrio et al., 2009; Auteri et al.,
2010); this strategy yields a net power saving, meaning that the power saved by the control strategy is
less than the power required for it to operate. Travelling waves are understood to function in a similar
way to spanwise wall oscillations of the wall (Quadrio et al., 2009; Karniadakis and Choi, 2003), that is by
interfering with the self-sustaining cycle of the small scales. Among the other strategies used to control
small scales, opposition control (Choi et al., 1994) is of interest for this thesis. Opposition control is based
on the idea that turbulent fluctuations are generated by wall-normal velocity fluctuations transporting
the mean velocity field (Jiménez and Pinelli, 1999; Del Álamo and Jiménez, 2006); this mechanism is part
of the streak cycle described in §1.2.2 and represents the physical interpretation of the production term
in the turbulent kinetic energy budget, discussed in §2.2.6. Opposition control works – as the name
suggests – by opposing these wall-normal fluctuations, so as to stop the production mechanism. In
experimental (as opposed to numerical) applications (Rebbeck and Choi, 2006), wall-normal fluctuations
are first indirectly detected by sensing streamwise ones (the two are notoriously anti-correlated); then,
they are contrasted by a wall-normal jet positioned downstream of the actuator. The delay between
sensing and actuation needs to be tuned.

Controlling small scales to achieve drag reduction has two major issues. First off, many authors report
that small-scale control strategies loose performance with increasing Reynolds number (Chang et al.,
2002; Hurst et al., 2014, for instance). However, theoretical and numerical investigations indicate that
this performance loss should not be excessive, so that significant drag reduction should still be possible
at high Re (Iwamoto et al., 2005; Gatti and Quadrio, 2016). The second issue is, in the author’s opinion,
more compelling: small scales become increasingly small as the Reynolds number increases (see the
definition of the inner length scale in §1.2.1, and recall that the size of small scales is constant in inner
units, §1.2.2). Hence the actuators needed for the practical realisation of small-scale control need to be
miniaturised (Kasagi et al., 2009); while this might be possible, as microelectricmechanical systems are
becoming increasingly available, controlling large scales might be a more straightforward option.
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Hence, large-scale control has become of interest. The first – albeit flawed – large-scale control strat-
egy was proposed by Schoppa and Hussain (1998). This consisted in numerically superposing pairs
of counter-rotating large vortices to the flow; a series of following studies pointed out and fixed issues
with this strategy (Canton et al., 2016a,b; Yao et al., 2017). More recently, large-scale opposition control
has been experimentally investigated (Abbassi et al., 2017; Ibrahim et al., 2020). Moreover, significant
drag reduction has been observed in experiments deploying spanwise travelling waves to target large
scales (Marusic et al., 2021). Although all these studies do indeed rely on large-scale actuation, a sig-
nificant reduction of the spectral energy associated to large scales is not observed in any of them – at
least to the author’s knowledge.

Alongside experiments, simulations have been used to determine how much drag large scales are re-
sponsible for – and hence determine how much can be theoretically saved by controlling them. This
has been done in two ways: first, simulations of flows which exhibit large scales have been analysed
to determine the contribution of large scales to the skin friction. Additionally, large scales have been
artificially removed from the flow to then assess the effects of their absence on the flow. Both techniques
have their issues, which will be discussed below.

The contribution of large scales to skin friction can be calculated by using identities such as the Fukagata-
Iwamoto-Kasagi (FIK, Fukagata et al., 2002) or the Renard-Deck (RD, Renard and Deck, 2016) ones; these
express a relation between the wall shear stress and the Reynolds shear stress. By low-pass filtering the
velocity field, the Reynolds stress can be decomposed into a small- and large-scale part; by plugging
the scale-decomposed Reynolds shear stress into either the FIK or RD identity, one can calculate how
much of the skin friction is caused by large scales (Deck et al., 2014; de Giovanetti et al., 2016; Agostini
and Leschziner, 2018). This procedure has two different issues; first, the two identities yield disagree-
ing results, although the FIK one should be more credible based on heuristic arguments (Agostini and
Leschziner, 2019a). Most importantly, the contribution of large scales to skin friction does not corre-
spond to the amount of skin friction that would be spared if large scales are removed from the flow (eg.
by an ideal, perfectly functioning control law), as is discussed in the next paragraph.

Owing to the non-linearity of turbulent phenomena, the contribution of small scales (or of some other
turbulent motions) to the skin friction might increase after the removal of large scales. This has indeed
been observed in the literature. Large scales can be numerically removed from a flow by suppressing
them with modal damping (de Giovanetti et al., 2016; Fukagata et al., 2010) or by restricting the spanwise
simulation domain in order to make them unrepresentable (as they would be larger than the domain,
or smaller in terms of wavelength than the Fourier resolution, see de Giovanetti et al., 2016). In both
cases, the observed amount of drag reduction is less than what is predicted by the FIK identity due to
an increase in the skin-friction contribution of smaller scales. These increased costs associated to smaller
scales have been linked to pressure fluctuations (Fukagata et al., 2010) or to alterations in the non-linear
scale interactions (de Giovanetti et al., 2016). It is necessary to mention that using modal damping or
restricting the spanwise domain is quite intrusive on the flow. Modal damping removes energy from
all vortices that are comparable in size to large scales (which might be an issue in low-Re flows, as
different scales of motion are not well separated); moreover, it yields discontinuous velocity spectra.
Restricting the spanwise domain, instead, causes motions that are wider than the domain to be aliased
on a spanwise-invariant mode; this requires an additional correction to the simulation (Hwang, 2013).

In this thesis, both a different way of measuring the impact of the large-scales on the skin friction and
a different way of removing large scales will be tested. They will be briefly discussed in the scientific
objectives (§1.3) and more thoroughly in §3 and §4 respectively.
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1.2.4 Scale interactions, the energy cascade and large eddy simulations (LES)

Turbulence is governed by the Navier-Stokes equations, which are non-linear. A consequence of their
non-linearity is that the dynamics of motions of different sizes is coupled; in other words, energy can be
transferred between eddies of different scales. Motions of different sizes interact in pairs; the interaction
results in the transfer of energy (or, momentum) to eddies of a third size. This process takes the name of
triadic interaction and will be thoroughly discussed in §2.3.4. Although triadic interactions can provide
a rigorous and complete description of scale interactions in turbulent flows, their investigation possibly
yields an unnecessary level of detail. For this reason, scale interactions are often discussed in terms of
less granular mechanisms, such as the energy cascade (covered in this section) and amplitude modulation
(see the next section, §1.2.5).

The idea of a turbulent energy cascade was introduced by the classical studies of Richardson and Lynch
(2007) and Kolmogorov (1991): it refers to the (not always correct) observation that turbulent energy is
produced at the largest scales of motion to be then transferred to increasingly smaller ones. The smallest
scales put an end to the cascade: instead of passing energy to even smaller eddies, they dissipate it
through viscous processes. The concept of LES stems from this very idea: if indeed the role of small
scales is to dissipate the energy they receive from large scales, one might as well not simulate their
dynamics (saving significant computational resources in doing so) and replace them with dissipation
(Davidson, 2015). More precisely, the terms of the LES equations that require modelling are collectively
called sub-grid scale (SGS) stresses; they represent an energy (or momentum) transfer between the large,
resolved scales and small, subgrid (that is, unresolved) ones (Pope, 2000).

Although Richardson’s idea appears to correctly capture a commonly observed trend, interscale energy
transfer processes are more sophisticated than a simple energy cascade from large to small eddies. For
instance, the SGS stresses have been exactly calculated for DNS data of isotropic and wall-bounded
turbulence by Piomelli et al. (1990, 1991): the authors found that, before averaging, an inverse energy
cascade from small to large scales can be observed. The classic, large-to-small energy cascade is only
observed on average. Similar results have been found by time tracking the evolution of individual
eddies (Lozano-Durán and Jiménez, 2014).

Particularly in the case of wall-bounded flows, it is not reasonable to assume that a simple, direct energy
cascade from large to small scales takes place. A significant amount of turbulent energy is produced in
the near-wall region by small scales involved in the streak cycle (see §1.2.2, or e.g. Lee and Moser, 2019).
This is clearly at odds with the canonic idea that small scales only receive energy from larger ones.
Cimarelli et al. (2016) performed simulations of turbulent channel flows and analysed the budget of the
second-order structure function, a quantity that approximates the integral amount of energy contained
in all eddies smaller than a given size (Davidson, 2015). The authors identify two turbulent kinetic
sources – one of which is located near the wall and is related to the streak cycle, whereas the other one is
found in the outer layer. These two energy sources trigger an inverse (small to large) and a direct (large
to small) cascade respectively. Further evidence of an inverse cascade started by near-wall small scales
has been found Kawata and Alfredsson (2018); Chiarini et al. (2022). Individual triadic interactions have
also been studied yielding similar results, altough this was done using LES data (Cho et al., 2018).

1.2.5 Amplitude modulation; the wall shear stress as a mediator

As briefly discussed in the previous section, scale interactions can also be discussed in terms of ampli-
tude modulation. Amplitude modulation was discovered (Hutchins and Marusic, 2007b) by low-pass
filtering the streamwise velocity fluctuation signal of a wall-bounded flow in the buffer layer. Thanks
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to filtering, the signal is split into a small- and a large-scale part; it has been observed that the enve-
lope (amplitude) of the small-scale signal correlates well with the large-scale signal. In other words, the
energy3 associated to small scales is larger in near-wall regions where large scales induce positive ve-
locity fluctuations, and smaller in regions where the latter induce negative fluctuations instead. Hence
the name amplitude modulation: it appears that the small-scale velocity signal acts as a high-frequency
(high-wavenumber) carrier wave whose amplitude is modulated by a large-scale envelope, similarly
to a radio signal. Before delving into details, it will be argued why amplitude modulation is of prac-
tical and scientific interest.

On the practical side, the above mentioned correlation has some implications for LES simulations. In
particular, it is crucial to establish whether the position of small-scale, high-energy events dictates the
position of the large scales, or whether vice-versa the presence of large scales dictates the modulation of
smaller ones. If the phase (that is, the position) of the large scales were dictated by the amplitude of the
small scales, then the large scales would be influenced by some highly erratic small-scale quantity. This
effect cannot be captured by most LES models (Davidson, 2015, chapter 7.1.2). Fortunately, though, the
commonly accepted view is the opposite: most studies suggest that the amplitude of the small scales is
influenced by the large ones, and not vice-versa (see the following discussion). In any case, the results
of this thesis will show that this mainstream view is flawed to some degree, and that small scales do
indeed have some influence on large ones.

As for the theoretical interest, amplitude modulation is commonly understood to be a manifestation
of a fundamental feature of wall-bounded turbulence: that the energy of small vortices scales with the
friction velocity uτ (see §1.2.2). Although large scales usually reside in the outer layer, their footprints
can also be observed in the near-wall region (Abe et al., 2004; Hoyas and Jiménez, 2006), where they
co-exists with the streak cycle. This phenomenon takes the name of superposition (or footprinting) of the
large scales. Superposition can be observed in velocity signals and - most importantly - in the wall shear
stress (Schlatter et al., 2009). The superposed large scales generate large-scaled regions of high and low
wall shear stress; hence the local friction velocity will be respectively higher and lower than average
in these regions. Owing to its scaling, the energy of small scales can also be expected to be higher and
lower than average, which is indeed what is described by the term amplitude modulation.

The idea that the wall shear stress (or more generally the superposed large-scale velocity) locally mod-
ulates the small scales has been developed by Ganapathisubramani et al. (2012), Mathis et al. (2013)
and Hutchins (2014), whereas the first studies on amplitude modulation viewed the phenomenon as
an interaction between the inner and the outer layer (Hutchins and Marusic, 2007b; Mathis et al., 2009;
Marusic et al., 2010b; Mathis et al., 2011a). It has also been verified that regions of higher-than-average
wall shear stress correspond to regions of enhanced small-scale energy (Jiménez, 2012). These obser-
vations were formalised in the quasy-steady quasi-homogeneous theory of Zhang and Chernyshenko
(2016), which postulates that small scales react to changes of the wall shear stress without delay. Agos-
tini and Leschziner (2019a) further elaborated on the underlying physical mechanism, suggesting that
small scales instantaneously react to local changes of turbulence production in the buffer layer. These
changes in turbulence production are driven by an increase (or decrease) of the local large scale velocity
gradient, which is in turn associated to an increase (or decrease) of the wall shear stress.

Having argued why amplitude modulation is of interest and how it is usually interpreted, it is now
discussed how amplitude modulation is measured. Typically, the streamwise velocity signal is acquired

3 the amplitude of a wave is heuristically a proxy for its energy. Moreover, it can be rigorously shown that, if a turbulent fluctuation
signal is modulated by a sinusoid of wavenumber κ̄ to yield a modulated signal u, the kinetic energy u2 has energy content on
the κ̄ wavenumber. Proof is left to the reader; see the spectral representation of modulation in §5.1.2.
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at one or more wall-normal positions. As previously stated, the velocity is then low-pass filtered to
yield a large- and a small-scale part. Finally, some statistic that quantifies modulation is computed.
This process is arbitrary in many ways. Starting with filtering, this can be done in time (which, under
Taylor’s hypothesis, is equivalent to filtering in the streamwise direction, see Mathis et al., 2009; Baars
et al., 2017a) or in the spanwise direction (Bernardini and Pirozzoli, 2011). Moreover, filtering can be
done through a Fourier (Pirozzoli et al., 2011) or a wavelet (Baars et al., 2017a) transform, or by using
the empirical mode decomposition (Agostini and Leschziner, 2019a). A low-pass filter also requires the
definition of a cutoff wavelength (or equivalent); this choice is the least critical, as the typical size of
small and large scales is well known (see §1.2.2). Finally, several different statistics have been defined
to measure modulation. For instance, Mathis et al. (2009) used a Hilbert transform to calculate the
envelope of the small-scale signal; by then computing the correlation between the envelope and the
large-scale signal, one can detect the occurrence of modulation. Alternatively (Eitel-Amor et al., 2014),
the amplitude of small scales can be approximated by the square of the small-scale signal.

All these alternative procedures have been reviewed by Dogan et al. (2019), who found that all of them
robustly return the same qualitative picture of amplitude modulation. The large-scaled velocity signal
and the amplitude of the small scales are correlated near the wall, and anticorrelated in the log-layer;
this change of sign of the correlation is referred to as phase reversal. It is also worth mentioning that both
one- and two-point statistics have been used as a way to measure modulation. The usage of one-point
statistics has raised some controversy as the amplitude modulation coefficient defined by Mathis et al.
(2009) is closely related to the skewness of the velocity fluctuations (Schlatter and Örlü, 2010; Mathis
et al., 2011b; Duvvuri and McKeon, 2015). This issue can be circumvented by using a two-point statistic
as shown by Bernardini and Pirozzoli (2011): by doing so, it is found that the near-wall small-scale
envelope correlates well not only with the local large-scale velocity, but also with the outer-layer one.
This correlation is not affected by the skewness of the distribution of the velocity fluctuations. Moreover,
owing to the wall-normal coherence of large scales, it can be stated that the amplitude of near-wall small
scales correlates well with large scales from any wall-normal position (Agostini et al., 2016).

For the sake of completeness, it has to be acknowledged that not only the amplitude of small scales
appears to be modulated, but also their frequency (Ganapathisubramani et al., 2012; Vinuesa et al.,
2015; Baars et al., 2017a; Iacobello et al., 2021). That is, near-wall regions of positive (negative) large
scales correspond to regions where the time scale between small-scale events is decreased (increased).
Bear in mind that the frequency is the inverse of this time scale, so that the frequency is increased
(decreased). This is once again coherent with the inner-unit scaling of small scales: an inner time scale
δv/uτ = ν/(uτ )

2 can be defined using the length and velocity ones presented in §1.2.1, and this time
scale decreases if uτ locally increases. In any case, frequency modulation has not been investigated
as extensively as amplitude modulation in the literature: this thesis will be no exception and focus
on amplitude modulation.

1.2.6 On the recurrence of h-scaled features

As discussed in §1.2.2, the properties of large scales are flow dependent, the common denominator being
that their size scales in outer units. In other words, large scales have (by definition) a size in the order
of h; often, they constitute the dominant feature of a turbulent flow.

However, large turbulent vortices (and VLSMs in particular) are not the only occurrence of a dominant
h-scaled flow feature. Indeed, similar phenomena have been observed in presence of multi-scale rough-
ness at the wall; these phenomena will be referred to as momentum pathways. Moreover, it is known
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that the secondary motions that are artificially induced by a spanwise roughness pattern applied to the
wall resemble the naturally occurring large scales. In the following, the literature concerning momen-
tum pathways and spanwise heterogeneous roughness will be briefly reviewed; the similarities with
the VLSMs will be highlighted. Finally, an explanation of why such h-scaled features dominate the flow
in different contexts is proposed.

Turbulent flows over rough walls are typically studied in the presence of homogeneous roghness, mean-
ing that the statistical features of the roughness are spatially constant (see Frohnapfel et al., 2024, for
a better discussion of roughness homogeneity and heterogeneity). Nevertheless, naturally occurring
rough surfaces, originating for instance from the accumulation of dirt, ice or organic matter over the sur-
face of a vehicle, can seldom be regarded as homogenous. Whereas homogeneous roughness typically
causes a vertical shift of the velocity profile (Chung et al., 2021), the effect of heterogeneous roughness
on the mean flow is more complex. “For example, Mejia-Alvarez et al. (2013) have inspected the rough-
ness generated on a turbine blade by deposition of foreign materials, finding that it contained randomly
distributed elements of different scales. The flow over such a multi-scale roughness has been experi-
mentally investigated in a boundary layer wind tunnel (Mejia-Alvarez and Christensen, 2013; Barros
and Christensen, 2014). It was found that the ensemble-averaged velocity field is highly heterogeneous
as it contains coherent regions of low and high momentum (low and high momentum pathways); these
occur in absence of obvious geometric features (e.g., ridges). The pathways have an h-scaled extent in
the streamwise and wall-normal direction, where h is the outer length scale (the boundary layer thick-
ness for the studies mentioned here). Nikora et al. (2019) observed similar coherent motions over multi-
scale roughness in open channel flows, finding that the pathways provide a contribution to skin friction
that adds up to the direct effect of roughness. Comparable low- and high-momentum pathways were
found both experimentally (Womack et al., 2022) and numerically (Kaminaris et al., 2023) by studying
the turbulent flow over a random distribution of truncated conical roughness elements resembling the
barnacles that accumulate on ship hulls. These pathways extend for at least 18h (Womack et al., 2022)
in the streamwise direction; the position at which they occur is reproducible across different repetitions
of the same experiment. Also, high- and low- momentum pathways of a h-scaled spanwise period were
observed by Reynolds et al. (2007) in a boundary layer evolving over an array of staggered cubic rough-
ness elements. In this last case, however, the spanwise period of the momentum pattern increased with
streamwise fetch in an almost quantized manner.

There is no consensus over what triggers the formation of these momentum pathways. Kaminaris et al.
(2023) found that the spanwise topology of the pathways correlates well with the one of the leading
edge of the roughness (that is, the first row of roughness elements stretching over the spanwise di-
rection). They went on to show that the pathways are effectively triggered by the leading edge, and
persist for a long distance downstream of it regardless of whether they evolve over a smooth or a rough
surface. Conversely, Barros and Christensen (2014) found a local correlation between the roughness
topology and the pathways, suggesting that the pathways originate from heterogeneity in the rough-
ness properties in a similar way to secondary motions over spanwise heterogeneous roughness. It is
unclear which of these two mechanisms is dominant; it cannot be excluded that both contribute to
the formation of the pathways. Nevertheless, there is a close resemblance between the pathways and
secondary motions observed over spanwise heterogeneous roughness (as will be discussed below), to
the point that the pathways themselves are also referred to as secondary motions. Both the pathways
and the secondary motions, in turn, have often been linked” [MY24b] to VLSMs as mentioned at the
beginning of this section.
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“Spanwise heterogeneous roughness is usually studied in terms of spanwise-alternating streamwise-
elongated strips with different roughness properties (Hinze, 1967; Nugroho et al., 2013; Türk et al., 2014;
Willingham et al., 2014; Anderson et al., 2015; Stroh et al., 2016a; Vanderwel et al., 2019; Stroh et al., 2020;
Frohnapfel et al., 2024). The strip width is typically indicated by s; notice that this is half the period
Λs of the spanwise roughness pattern. The roughness pattern induces secondary motions; as long as
the strips are narrow (s ≤ h), the secondary motions consist in high- and low- momentum pathways
flanked by cross-sectional circulatory motions (for instance, Chung et al., 2018). The same topology has
been observed for the pathways occurring over multi-scale roughness (Barros and Christensen, 2014;
Nikora et al., 2019). Conditional views of VLSMs (Hutchins and Marusic, 2007b; Hwang et al., 2016)
also share the same geometry, the main difference being that VLSMs occur at random spanwise positions
whereas the position of secondary motions is based on the roughness topology. It has been proposed
that momentum pathways and secondary motions originate as the geometric or roughness features at
the wall provide a preferential spawning position for VLSMs (Mejia-Alvarez and Christensen, 2013;
Chung et al., 2018; Wangsawijaya and Hutchins, 2022). This view is corroborated by the observation
that randomly occurring VLSMs do not coexist with fixed-position secondary motions of comparable
size (s/h ≈ 1, Barros and Christensen, 2019; Zampiron et al., 2020; Schäfer, 2023). Moreover, both
VLSMs and secondary motions have been found to meander about their spawning position, although
the associated streamwise periods are slightly different (Hutchins and Marusic, 2007a; Kevin et al., 2017,
2019; Vanderwel et al., 2019; Wangsawijaya and Hutchins, 2022). Another difference is given by the
fact that VLSMs are typically observed in the log-layer, whereas secondary motions of comparable size
extend to the wake region (Wangsawijaya et al., 2020).” [MY24b]

The key common feature of VLSMs, momentum pathways and secondary motions over heterogeneous
roughness is – as previously stated – their h-scaled extent. The typical spanwise scale of VLSMs occur-
ring over smooth walls is indeed 1 − 4h as discussed in §1.2.2. “The momentum pathways found over
multi-scale and randomly distributed roughness are also h-spaced in the spanwise direction (as can be
seen from the data of Reynolds et al., 2007; Barros and Christensen, 2014; Womack et al., 2022). Sec-
ondary motions induced by a spanwise roughness pattern are most energetic when the strip spacing s is
in the order of h (Vanderwel and Ganapathisubramani, 2015; Medjnoun et al., 2018; Wangsawijaya et al.,
2020); as the strip spacing is increased to larger values (s ≫ h), the secondary motions stop growing in
size and rather remain confined to a h-wide region around roughness transitions.

There are at least two possible explanations for the frequent observation of dominant h-scaled features in
turbulent flows; they are not necessarily mutually exclusive. The study of the linearised Navier-Stokes
equations in wall-bounded flows has revealed that the perturbations they amplify the most are either
inner- or h-scaled in the spanwise direction (Del Álamo and Jiménez, 2006; Cossu et al., 2009; Alizard
et al., 2015). Large-scaled perturbations evolve into structures reminiscent of the conditional views of
VLSMs, of secondary motions and of the momentum pathways flanked by rolling motions, although
linear analysis tends to overestimate the spanwise wavelength of these features (Alizard et al., 2015).
Similar results have been found by searching the volume forcing mode that is most amplified by the
linearised Navier-Stokes equations (Hwang and Cossu, 2010b; Illingworth, 2020). In light of these linear
amplification mechanisms, then, the phenomenology described above can be explained as follows. A
broadband disturbance (as a velocity perturbation or a volume force) is provided either by non-linear
interactions between small scales or by the roughness topology; the flow then acts to selectively amplify
disturbances of a particular, h-scaled set of wavelengths to yield the observed VLSMs or momentum
pathways. The plausibility of this hypothesis is corroborated by evidence that channel flows are partic-
ularly sensitive to spanwise disturbances at the wall (Jovanović and Bamieh, 2005). An alternative, yet
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similar explanation is provided by Townsend (1976, chapter 7.19) in an attempt to explain the persistence
of some h-scaled perturbations often seen in wind tunnels. Using suited approximations, Townsend
estimated that spanwise variations of the wall-shear stress whose characteristic wavelength falls in a
limited (≤ 4h), h-scaled range should be able to self-sustain” [MY24b] through an induced secondary
motion and eventually dominate the remaining flow features. “It is then conceivable (as pointed out
by Wangsawijaya et al., 2020) that a broadband perturbation could trigger a set of motions of different
scales, of which some h-scaled ones would outlive the others to yield VLSMs or the h-scaled momentum
pathways.” [MY24b] In this sense, VLSMs could be thought of as transient secondary motions triggered
by randomly-occurring large-scale patterns of the wall shear stress. In any case, empirical support for
Townsend’s idea is lacking; finding evidence in its favour is one of the aims of this thesis.

1.3 Research questions and approach

This dissertation explores the mutual interactions between the wall shear stress and the large-scaled
vortices of wall-bounded turbulence. This interplay takes many forms. First off, the wall shear stress
quantifies the force (per unit wet area) that needs to be overcome or balanced to drive a turbulent flow;
it can be trivially shown that it is intimately linked to the energy expense necessary to drive a flow.
As explained in §1.2.3, how much large scales contribute to the wall shear stress and how much can
be saved by controlling them is the object of ongoing research. This information can help determine
whether large-scale control is a viable strategy. Other than quantifying the expenses of the flow, the wall
shear stress can interact with the dynamics of the large scales; for instance, the scale interaction known
as amplitude modulation is typically understood to be mediated by the wall shear stress (see §1.2.5).
Studying scale interactions can help improve turbulence models used in LES simulations (see §1.2.4).
Finally, in light of Townsend’s hypothesis (see §1.2.6), large scales could be interpreted as transient
secondary motions originating from large-scaled perturbations of the wall shear stress. These aspects
are investigated in terms of the following research questions:

1. How do the costs (in terms of power input or wall shear stress) associated to small and large
scales differ?
While identities such as the FIK one (see §1.2.3, or Fukagata et al., 2002) clearly indicate that both
small and large scales have a negative impact on the skin friction, the comparison of the costs
associated to each of them is not trivial. To investigate the matter, two flows are compared, of
which one (plane Couette flow) is characterised by much stronger large scales with respect to the
second (plane Poiseuille flow; see §1.2.2, or e.g. Lee and Moser, 2015, 2018). This strategy implicitly
raises the question of how to compare flows that are different in nature, which is also addressed. A
proper discussion of the matter is enabled by extending the framework introduced by Gatti et al.
(2018) to describe global energy fluxes, so as to allow the discussion of the fluxes in Couette flows
(the original framework was developed for Poiseuille ones) and to discriminate small- and large-
scale energy fluxes. This analysis tool is then applied to a database of both new and published
direct numerical simulations to investigate the costs associated to small and large scales.

2. How much of the cost (power input or skin friction) caused by large scales can be saved by
removing them?
Previous investigations (e.g. Fukagata et al., 2010; de Giovanetti et al., 2016) have highlighted that,
by removing large scales from a flow, the costs associated to smaller ones unexpectedly increase.
In other words, only a fraction of the cost associated to large scales can be saved by controlling
them. However, as discussed in §1.2.3, the strategies used in these studies to suppress large scales
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are quite intrusive. In this thesis, the matter is investigated numerically by using a different, less
intrusive strategy: large scales are suppressed by applying a weak Coriolis force to the flow as
pioneered by Komminaho et al. (1996). The validity of the approach is discussed by scrutinising
the effects of the Coriolis force on the energy spectra; the intensity of the Coriolis force needed
for a satisfactory suppression of large scales is discussed. Once again, the analysis of costs is
performed using the framework developed by Gatti et al. (2018) and extended to address the
previous scientific question.

3. Is the wall-shear stress the mediator in the scale-interaction mechanism known as amplitude
modulation?
Or, more precisely, is the amplitude of near-wall small scales modulated by large-scaled fluctua-
tions of the wall shear stress, which are in turn imprinted on the wall by outer-layer large scales?
This mechanism is indeed commonly understood to be responsible for the correlation between
the amplitude of near-wall small scales and the outer-layer large-scale velocity signal (see §1.2.5).
Causal relationships in this mechanism are investigated by performing numerical experiments in a
channel flow at a moderately high Reynolds number. First, the near-wall imprint of the large scales
(including their imprint on the wall shear stress) is removed. If the mechanism described above
is correct, meaning that the presence of large scales at the wall causes the modulation of small
ones, this should prevent small scales from being modulated. The dual numerical experiment is
also performed: to verify whether possibly the causal relation is inverse, meaning that modulated
small scales trigger the formation of a large-scaled wall shear stress pattern, small scales are artif-
ically prevented from having a large-scaled envelope; the effects on the near-wall large scales are
then investigated.

4. Is Townsend’s hypothesis (as formulated in §1.2.6) plausible? Or, in other words: can secondary
motions induced by a lateral wall shear stress pattern of a specific, large size self-sustain, so as
to outlive motions of any other size?
If the hypothesis is proven correct, naturally occurring large scales could be interpreted as tran-
sient secondary motions originating from perturbances of the wall shear stress; the fact that only
motions of a specific, large-scale size are able to self-sustain would also explain the recurrence of
h-scaled features in turbulent flows. The plausibility of the hypothesis is verified through the fol-
lowing numerical setup. Turbulent channel flows are simulated, in which the walls are covered
by spanwise-alternating streamwise-elongated strips of rough and smooth wall (strip-type rough-
ness). This spanwise roughness pattern produces both a spanwise variation of the wall shear stress
and secondary motions; the size of the motions is governed by the width of the roughness strips.
By suddenly replacing the roughness pattern with a homogeneous, smooth wall, the secondary
motions decay towards a spanwise-homogeneous configuration. The time needed by secondary
motions of different sizes to decay is then measured; it is expected that motions of a specific, h-
scaled size would persist longer than any other motion.

This dissertation is based on the research documented in several articles published by the present author
and is structured as follows. Fundamental results on wall-bounded flows as well as the numerical
algorithms used for their simulation are presented in chapter 2. Results addressing each of the above
research questions are presented in chapters 3, 4, 5 and 6 respectively. A concluding remark is provided
in chapter 7; additionally, the results of individual chapters are combined in this chapter to provide
useful insights on flow control and on the dynamics of large scales.

Chapters 3, 4, 5 and 6 contain direct quotations from the author’s own work (see [MY21], [MY24a],
[MY23] and [MY24b] respectively). Sections 1.2.6 and 2.2.1 also contain direct quotations. Notice that
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the author’s own publications are cited with a different style, so as to better distinguish them from other
publications. Quotations of the author’s own work are highlighted by quotation marks, e.g.:

“This is a fictitious direct quotation.” [MY21]
Major changes to the original version are clearly marked, whereas the nomenclature is adjusted without
further comments. Parts of an article (see [MY21], or chapter 3) were adapted from the author’s own
Master’s thesis; these parts are included in the present thesis for the sake of clarity.
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2 Fundamentals

2.1 The incompressible Navier-Stokes equations

The aim of this manuscript is to investigate turbulent flows. Several physical phenomena can be taken
into account when modelling fluid flow; for instance, one could model heat exchange, buoyancy effects,
and the compressibility of the flow. However, none of these effects are necessary to observe turbulence;
turbulence, indeed, is mainly an inertial phenomenon (Davidson, 2015, e.g. ch. 3.1.3) which requires
very few assumptions to be captured. Most importantly, viscosity plays a crucial role in the genera-
tion and destruction of turbulence. As explained by Sherman (1990), and quoted by Davidson (2015,
ch. 7.1.2),

viscosity is both the midwife and executioner in the life story of turbulence. As a midwife, it delivers the
vorticity from its birthplace at the wall. Thus, the flow receives something without which it cannot be
unstable, and hence possibly turbulent. As executioner, it applies torques that rub out the local concen-
trations of vorticity.

Hence, both inertial advection and viscosity need to be captured to satisfactorily describe turbulence.
This requirement is satisfied by the incompressible Navier-Stokes equations, which describe the evo-
lution in time (t) of a velocity field u⃗ with cartesian components u, v, w defined at a continuous set of
points in space (x, y, z). Each point in space is also associated to a continuous distribution of mass
per unit volume – that is, the density ρ. Although a fluid is effectively made of separate molecules,
fluid motion is well described by such continuous fields if the mean free path (γ) between molecules is
much smaller than some typical length scale (L) of the flow; this takes the name of continuum hypoth-
esis. For instance, such a typical length scale could be the streamwise extent of some object the fluid
molecules move around. Formally, the continuum hypothesis it is only valid if the Knudsen number
Kn is sufficiently large,

Kn =
γ

L
. (2.1)

Other than the continuum hypothesis, few other ones are needed to exactly derive the Navier-Stokes
equations. These simply follow from Newtonian mechanics by assuming that each portion of the fluid
is subject to a normal stress (the pressure P ) and a viscous one. Viscous stresses are further assumed to
be Newtonian, meaning that the stress tensor is directly proportional to the strain rate tensor through
a proportionality constant (the dynamic viscosity µ). In writing the Navier-Stokes equations, the kine-
matic viscosity ν = µ/ρ is typically used.

One final hypothesis is given by the incompressibility constraint: it is assumed that the volume of a
given portion of fluid remains constant in time, for each portion of fluid that can possibly be considered.
To satisfy this condition, it is sufficient (and necessary) that the velocity field be solenoidal (see equation
2.3 below). As a consequence of this hypothesis, the density ρ is a passive scalar that gets transported
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by the velocity field; as a further simplification, the density is assumed to be constant. Finally, the
Navier-Stokes equations read:

∂u⃗

∂t
+ (u⃗ · ∇) u⃗ +

1

ρ
∇P = ν∇2u⃗ (2.2)

∇ · u⃗ = 0 (2.3)

where the first row expresses the conservation of momentum, the second the incompressibility con-
straint. These satisfactorily capture turbulent phenomena and will be used throughout the manuscript.

2.2 Wall-bounded turbulence

This section deals with the fundamental theoretical results concerning wall-bounded turbulence. These
will be discussed in the context of a plane channel flow (described in §2.2.1) for two reasons. First, the
investigations presented in this manuscript (§3 to §6) are based on data extracted from such channel
flows; moreover, the simple geometry makes the discussion straightforward. Notice that results and
theories such as the Reynolds-averaged Navier-Stokes equations presented in equation 2.6, the law of
the wall (§2.2.3), the attached-eddy theory (§2.2.4) and the physical mechanism underlying turbulent
production (§2.2.6) are of general validity.

2.2.1 Geometry and definitions: Couette-Poiseuille flows

x, u

y, v

z, w

G

h

Uw

Uw

U(y)

Figure 2.1: Sketch of the flow and reference system. Adapted from [MY21].

Throughout this manuscript, either plane Couette or Poiseuille flows will be considered as examples
of wall-bounded flows. Their geometry will be discussed in this section by considering the combined
Couette-Poiseuille flow family.

Consider the flow between two indefinite, parallel plates (walls); h indicates the half-distance between
them. The space between the two walls is referred to as the channel. Let x, y and z be the cartesian
streamwise, wall-normal and spanwise axes; u, v andw are the associated velocity components. Axes are
centered at the bottom wall, and the wall-normal one points upwards towards the fluid. Two external
agents drive the flow. The first is a constant, streamwise pressure gradient ∂ ⟨P ⟩ / ∂x = −G. The second
is given by the motion of the two walls in the streamwise direction with the same speed Uw, but in
opposite directions. In case of a null pressure gradient, the flow is referred to as a Couette one; if the
velocity Uw of the walls is zero instead, the flow is a Poiseuille one.
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2.2 Wall-bounded turbulence

We only consider cases in which the flow inside the channel is turbulent. Under these circumstances, an
average flow can be defined by leveraging the expected value operator, indicated by ⟨...⟩. The expected
value is typically computed as an average over statistically homogeneous spatial directions, and possi-
bly as a time average if the flow is at a statistically steady state. If both the streamwise and spanwise
directions are statistically homogeneous (notice that this will not be the case in §6), the usual Reynolds
decomposition can be used to separate a mean field U(y) from the fluctuation field u⃗ ′:

u⃗ = Ux+ u⃗ ′ (2.4)

where Ux = ⟨u⃗⟩ is the mean field and x the unit vector in the x direction. The fluctuation field is
consequently defined.

The volume flow rate is measured by the bulk velocity Ub, that is – the volume-average of the mean
field U :

Ub =
1

2h

∫ 2h

0

U dy (2.5)

The flow rate per unit span is then trivially 2hUb. Notice that the bulk velocity is only non-zero when
a pressure gradient is present (G ̸= 0). In a pure Couette flow, the bulk velocity is necessarily zero
owing to the definition above (as the velocity profile is antisymmetric with respect to the channel mid-
plane). However, “the wall velocity Uw can be regarded as the bulk velocity once the flow is observed
in a reference frame where one of the two walls is at rest1. Hence, the flow rates realized by simple
Poiseuille and Couette flows are Ub and Uw respectively” [MY21]; the symbol Uq will be generally used
to indicate either of the two.

2.2.2 Reynolds-averaged Navier-Stokes equations; Reynolds stresses

As explained in the previous section, the velocity field of a turbulent flow can be decomposed in its av-
erage ⟨u⃗⟩ and fluctuation u⃗ ′ parts; this process takes the name of Reynolds decomposition. An evolution
equation for the average velocity is trivially found from the Navier-Stokes equation (2.2) by applying
the Reynolds decomposition and taking the expected value of the left- and right-hand sides:

∂ ⟨u⃗⟩
∂t

+ (⟨u⃗⟩ · ∇) ⟨u⃗⟩ +
1

ρ
∇⟨P ⟩ = ν∇2 ⟨u⃗⟩ +

1

ρ
∇ ·R (2.6)

∇ · ⟨u⃗⟩ = 0 (2.7)

These are the Reynolds-averaged Navier-Stokes (RANS) equations; as compared to the regular ones, an
additional forcing term appears to the right-hand side of equation 2.6 – the divergence of the Reynolds
stress tensor R. The Reynolds stress tensor is defined as follows:

R = −ρ


⟨u′u′⟩ ⟨u′v′⟩ ⟨u′w′⟩

⟨u′v′⟩ ⟨v′v′⟩ ⟨v′w′⟩

⟨u′w′⟩ ⟨v′w′⟩ ⟨w′w′⟩

 (2.8)

1 the change of reference system implies an uniform additive shift +Uw of the mean velocity U . Hence, the flow rate is increased
by 2hUw with respect to its original zero value.
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2 Fundamentals

Notice that the tensor is symmetric. Mathematically, it contains the second-order central velocity mo-
ments (variances); physically, it represents the stress perceived by the average field arising from the
self-advection of turbulent fluctuations. The value of R is generally not known a priori, and cannot be
explicitly cast as a function of the unknown ⟨u⃗⟩ of the considered equations. Hence, equation 2.6 cannot
be solved as it is; an additional equation for each component of R is needed. As will be shown in §2.2.5,
such an equation is readily available, but it contains the third-order velocity moments among its terms.
Hence an equation for the third-order moments would be needed, which in turn would require an equa-
tion for the fourth-order moments, and so on. Practically, one cannot obtain a closed set of equations;
this is the well-known closure problem of turbulence.

In light of the above, if one wants to directly solve the RANS equations to find the mean velocity field
(as is typical in industrial applications), a model is needed to express R in terms of the unknowns of
the problem. Several models are available, none of which is exact. Some of them assume the Reynolds
stress tensor to be proportional to the rate-of-strain tensor in analogy to the viscous stress tensor. Some
others, instead, define additional quantities (such as an isotropic turbulent kinetic energy or vortic-
ity) which evolve according to their own separate equation; the tensor R is then expressed in terms
of these quantities. Finally, some models directly approximate the evolution equation for each term in
the Reynolds stress tensor.

For the present manuscript, no turbulence model will be needed. Indeed, the RANS equations will never
be solved to calculate the velocity field; instead, direct numerical simulations (DNS) will be performed
to calculate the fully-resolved, time-evolving turbulent field. The Reynolds stress tensor can be then
exactly calculated by averaging the DNS data; this can be done, for instance, to shed light on some
turbulent phenomena. That is, the Reynolds stress tensor can also be used as an analysis tool.

As for the channel flow described in §2.2.1, its symmetries can be used to much simplify the RANS
equations. After suited approximations and assuming that the flow is at a statistically steady state,
these read (Davidson, 2015, ch. 4.2):

ν
d2U

dy2
− d ⟨u′v′⟩

dy
= −G

ρ
(2.9)

The interpretation of the above equation is straightforward. In a channel flow, the mean velocity U

results from the equilibrium between the viscous stress (first term on the left-hand side), the Reynolds
shear stress ⟨u′v′⟩ and the pressure gradient (right-hand side). Typically, a total shear stress function
τ(y) is defined as the sum of the viscous and Reynolds shear stress:

τ = µ
dU
dy

− ρ ⟨u′v′⟩ (2.10)

By plugging this definition into equation 2.9, one finds that the total shear balances the pressure gradi-
ent. By letting τB and τT indicate the value of τ at the top and bottom walls respectively, one finds,
upon integration:

τT − τB = −2Gh (2.11)

so that in a pure Poiseuille flow (τT = −τB = −τw owing to symmetries):

τw = Gh (pure Poiseuille) (2.12)
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2.2 Wall-bounded turbulence

The total shear stress is a linear function of the wall-normal coordinate in pure Poiseuille flows and a
constant function in pure Couette flows:

τ(y) =
(
1− y

h

)
τw (pure Poiseuille) (2.13)

τ(y) = τw (pure Couette) (2.14)

In a combined Couette-Poiseuile problem, the distribution of the total stress is given by the linear su-
perposition of the two elementary solutions shown in equations 2.13 and 2.14.

2.2.3 The law of the wall

Similarly to the discussion of §1.2.1, a turbulent wall-bounded flow can be split into two wall-normal
regions: the inner and the outer layer. These are typically defined in terms of the inner- and of the
outer-scaled wall-normal coordinate, namely y+ and y/h.

In the inner, near-wall region (y/h ≪ 1) the flow is not significantly influenced by the outer geometry,
but rather from the presence of the wall itself. In particular, the flow is governed by the distance y
from the wall and by the so-called inner (or, viscous) units uτ , δv defined by the wall shear stress and
the kinematic viscosity (see §1.2.1). Here, the inner-scaled mean velocity U+ is assumed to be a func-
tion (generically indicated by fw) of the inner-scaled distance from the wall y+ in the near-wall region
(Pope, 2000; Davidson, 2015):

U+ = fw(y
+) for y/h≪ 1 (2.15)

Notice that the dependence on the inner units is manifested through the non-dimensional quantitities
U+ = U/uτ and y+ = y/δv . The function fw is supposed to be universal across different flows and
Reynolds numbers; this conjecture is robustly backed by empirical data (e.g. Pope, 2000, ch. 7.3, fig.
7.27). Typically, the near-wall region is considered to extend up to y/h = 0.1 (as indicatively suggested
by Pope, 2000); it is further split into a viscous sublayer, a buffer layer and an overlap region. In the
viscous sublayer (indicatively, y+ ≤ 5), viscous stresses dominate the contributions to the total shear
stress τ , whereas Reynolds stresses are negligible. In other words, the flow is substantially laminar
there. The velocity profile is well approximated by a linear function:

U+ = y+ for y+ ≤ 5 (2.16)

The buffer layer (y+ ≈ 10) is instead the region where turbulence is the most intense; moreover, most
of the turbulent kinetic energy is produced in this region through the mechanism described in §2.2.6.
Finally, the overlap region will be discussed in a couple of paragraphs.

The viscous phenomena that dominate the flow dynamics in proximity of the wall become less intense
further away from it. In the outer layer (y+ ≫ 1), the dependence on viscous units is thus partially lost:
it is assumed that the velocity profile does not depend on the viscous length scale δv , but rather on the
outer length scale h. Dependency on the friction velocity uτ is instead retained: indeed, uτ quantifies
the wall shear stress by definition (see equation 1.2), and thus the total shear stress in light of equations
2.13 and 2.14. The total shear stress, in turn, has an influence on the dynamics of the whole channel.
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2 Fundamentals

Typically (Davidson, 2015; Luchini, 2018), the velocity distribution in the outer-layer is written in terms
of the velocity defect law:

U+
c − U+ = gd

(y
h

)
for y+ ≫ 1 (2.17)

where gd is a function that depends on the considered flow (so that, for instance, the velocity defect of a
channel flow is different from the one of a boundary layer) and Uc is the centerline velocity (or, e.g. in
a boundary layer flow, the velocity at the edge of the boundary layer itself).

Under appropriate circumstances (Reτ ≫ 1), there exists an overlap region where both y/h ≪ 1 and
y+ ≫ 1 are verified. The friction Reynolds number Reτ needs to be particularly high to verify both
these two conditions at the same physical point in space; the former can be indeed rewritten (following
equation 1.5) as:

Reτ =
y+

y/h
∀ y (2.18)

so that large values of the numerator and small values of the denominator at the same physical y imply
that Reτ must have a large value. In the overlap region, both 2.15 and 2.17 are valid. Both can be used
to find an expression for y dU

dy :

y
dU
dy

= uτ y
+f ′w

(
y+
)︸ ︷︷ ︸

(A)

= −uτ
y

h
g′d
(y
h

)
︸ ︷︷ ︸

(B)

in the overlap region (2.19)

Notice that term (A) is only a function of y+, and term (B) is only a function of y/h. It follows:

y+f ′w
(
y+
)
= const. =

1

k
in the overlap region (2.20)

y

h
g′d
(y
h

)
= const. = −1

k
in the overlap region (2.21)

where k is the von Kármán constant; different sources report different values for it2, typically in the
range 0.38 − 0.43. The log-law is found upon integration:

U+ =
1

k
ln
(
y+
)
+ C1 in the overlap region (2.22)

U+
c − U+ = −1

k
ln (y/h) + C2 in the overlap region (2.23)

where C1 and C2 are constants. As a rule of thumb, the overlap region is said to be found for y+ > 50

and y/h < 0.1 (Pope, 2000). Its existence is also well backed by empirical data (Luchini, 2018) – although
the log-law, unlike the law of the wall, is somewhat controversial.

Indeed, the above derivation of the log-law (which follows Davidson, 2015) has no mathematical va-
lidity whatsoever. Finding an expression for y dU

dy as done in equation 2.19 is a mere trick that yields a
logarithmic functional form. By finding an expression for some other quantity (for instance, the veloc-
ity gradient dU

dy alone), one obtains different expressions. Other ways of deriving a log-law (e.g. Pope,
2000; Luchini, 2018) may appear more rigourous, but require similarly arbitrary assumptions. It is no
surprise, then, that power laws have been proposed as an alternative for the overlap layer (Buschmann

2 widespread rumors suggest that a group of famed (and not so) turbulence researchers gathered and celebrated in front of a large,
white screen reporting k = 0.384 on July 25th, 2023 in occasion of the 10th iTi Conference on Turbulence. It is left to the reader to
decide whether such anedoctical evidence should be treated as scientifically relevant.
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2.2 Wall-bounded turbulence

and Gad-El-Hak, 2003, for instance). Nevertheless, the log-law formulation is more frequently used and
will be preferred in the present manuscript.

2.2.4 The attached-eddy hypothesis

In the previous paragraph, a functional form for the velocity in the overlap layer was provided. It
will be now shown that, under appropriate assumptions, a similar logarithmic functional form can be
found for the normal Reynolds stresses. This result is achieved through the attached eddy hypothe-
sis of Townsend (1976).

Townsend’s fundamental assumption is that the main eddies of a turbulent flow extend to the wall –
hence the name attached eddy, as in attached to the wall. The main eddies mentioned in Townsend’s orig-
inal wording can be regarded as the eddies that dominate the overlap region when Reτ is sufficiently
high; indeed, his theory only considers inertial motions that are not affected by viscosity, hence it cannot
model small-scale energy-dissipating eddies (Marusic and Monty, 2019). Assuming that eddies are at-
tached to the wall has an important implication: at a given wall-normal distance y, one can only observe
eddies whose height Hae is larger than y. Similarly, the Reynolds stresses only receive contributions
from eddies that are taller than y. Notice that an upper bound for the height Hae of a generic eddy is
given by the outer length scale h (typically the boundary layer thickness; here, the channel half-height).

In addition to the hypothesis of eddies being attached, two more are required by Townsend’s theory:

• Attached eddies are geometrically self-similar: their aspect ratio (that is, their width and length
relative to their height Hae) is constant for changing values of Hae.

• Attached eddies have a constant characteristic velocity scale. Without loss of generality, this length
scale will be here directly assumed to be uτ ; notice that this assumption is usually performed at a
later point in the discussion (Marusic and Monty, 2019).

In light of the above assumptions, the i-th velocity component uae,i induced by a generic attached eddy
of height Hae can be written as:

uae,i(x, y, z;Hae) = uτ fae,i

(
x

Hae
,
y

Hae
,
z

Hae

)
(2.24)

where fae,i is some non-dimensional function. Here, the self-similarity hypothesis is encoded in the fact
that the velocity induced by each attached eddy depends on the self-similar variables x/Hae, y/Hae,
z/Hae.

The fluctuation field is assumed to results from the linear superposition of eddies of height Hae; the
probability of observing an eddy of height Hae is then indicated as P (Hae). Notice that, to the author’s
understanding, P (Hae) is not a probability density function – so that effectively the model can account
for the possibility that multiple attached eddies overlap3. A value for the Reynolds stresses can be
found using the following expression (Marusic and Monty, 2019):

〈
u′iu

′
j

〉
(y) = u2τ

∫ h

H0

P (Hae) Iij

(
y

Hae

)
dHae (2.25)

3 Still to the author’s understanding, it is also necessary to assume that non-linear interactions between overlapping eddies are
negligible: indeed, no cross contribution between eddies of different heights appears in the term Iij .
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Notice that, as previously explained, the only permissible values of the height Hae at a given wall-
normal distance y fall in the range [H0, h], with H0 ≥ y; hence the extremes of the integral. The term Iij

represents the contribution to the Reynolds stresses by each individual eddy:

Iij

(
y

Hae

)
=

1

caH2
ae

∫ ∞

−∞

∫ ∞

−∞
fae,i fae,j dxdy (2.26)

where the dimensionless constant ca is used to normalise the integral, so that the integral recovers a
meaningful average value in case, for instance, the integrand has a compact support4 (bear in mind that
the aspect ratio of each attached eddy is fixed).

By assuming suited functional forms for the integrands of equation 2.25, Townsend (1976) found that,
in the log-layer:

⟨u′u′⟩+ = B1 −A1 ln
(y
h

)
(2.27)

⟨v′v′⟩+ = B2 (2.28)

⟨w′w′⟩+ = B3 −A3 ln
(y
h

)
(2.29)

The above expressions are well supported by empirical data, as reported in the review by Marusic and
Monty (2019). Nevertheless, the logarithmic functional form stems from the plausible, and yet arbitrary,
hypotheses made by Townsend on the functional form of P (Hae) and Iij ; there likely exists another set
of assumptions that yields a different, equally valid result. That is, the above expressions are only one
of the many possible ways of approximating the Reynolds stresses in the log-layer.

Perhaps, though, the importance of the attached eddy hypothesis lies in the fact that its assumptions
are well descriptive of turbulent phenomena at a qualitative level. For instance, as will be seen in §6,
most of the energy of a turbulent wall-bounded flow is found on Fourier modes of constant x-z-aspect
ratio, consistently with the self-similarity hypothesis. Moreover, it has been found that only turbulent
motions whose size is larger than a given threshold are coherent with the near-wall region (Baars et al.,
2017b); the threshold gets larger as one moves away from the wall, in agreement with the idea that
eddies are wall-attached, so that only progressively taller (hence, larger) eddies can be seen as one
moves away from the wall.

2.2.5 Budget equations: Reynolds stress tensor, mean and turbulent kinetic energy

In this section, the budget equations for the Reynolds stress tensor and for the kinetic energy of the
flow (decomposed in its mean and fluctuating parts) will be discussed. It will be shown how these
equations simplify when the channel geometry described in §2.2.1 is considered. The integral energy
budgets will also be presented, as they will later be needed for the discussion of §3. Finally, the equa-
tions shown in this section will help explain how turbulent energy is produced and redistributed across
velocity components in wall-bounded flows (see §2.2.6). Notice that turbulent kinetic energy can also
be redistributed across different scales of motion (see §2.3.4).

4 Notice that different definitions of Iij are available (Townsend, 1976; Marusic and Perry, 1995; Marusic and Monty, 2019).
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2.2 Wall-bounded turbulence

Most of the equations shown in this section can be trivially derived from the budget equation for the
Reynolds shear stress tensor, which is provided by Pope (2000). Using Einstein’s notation for vectors
and tensors:

∂
〈
u′iu

′
j

〉
∂t

+ ⟨uk⟩
∂
〈
u′iu

′
j

〉
∂xk

= − ∂

∂xk

〈
u′iu

′
ju

′
k

〉
︸ ︷︷ ︸

turb. transport

+ ν∇2
〈
u′iu

′
j

〉︸ ︷︷ ︸
visc. diffusion

(2.30)

−⟨u′iu′k⟩
∂ ⟨uj⟩
∂xk

−
〈
u′ju

′
k

〉 ∂ ⟨ui⟩
∂xk︸ ︷︷ ︸

production

−1

ρ

(
∂

∂xj
⟨u′i P ′⟩+ ∂

∂xi

〈
u′j P

′〉)︸ ︷︷ ︸
pressure transport

+
1

ρ

〈
P ′
(
∂u′i
∂xj

+
∂u′j
∂xi

)〉
︸ ︷︷ ︸

pressure-strain correlation

−2ν

〈
∂u′i
∂xk

∂u′j
∂xk

〉
︸ ︷︷ ︸

viscous dissipation

Notice that this equation is of general validity, i.e. it applies to flows of any geometry. The sum of the
terms on the left-hand side represents how the Reynolds stress perceived by a fluid particle that moves
with the mean flow changes in time. Viscosity yields the usual diffusion term as well as the dissipation
one. The latter is non-positive for i = j (that is, for normal Reynolds stresses, which can be seen as
contributions to the turbulent kinetic as will be explained in the next paragraph), so that it is interpreted
to dissipate turbulent kinetic energy. As for the remaining terms, two transport ones appear on the right-
hand side of equation 2.30. The turbulent transport accounts for the fluctuating field advecting each
component of the Reynolds stress tensor; this term is a key player in non-linear scale interactions, as will
be discussed in §2.3.4. The pressure transport term, instead, only truly represent a transport term if the
trace of the Reynolds stress tensor is considered. Finally, the production and pressure-strain correlation
terms respectively produce turbulent kinetic energy and redistribute it between velocity components.
This will be better discussed in §2.2.6.

The Reynolds decomposition introduced in §2.2.1 also decomposes the expected value of the kinetic
energy (per unit volume) of the flow in two separate contributions:〈

1

2
ρu⃗ · u⃗

〉
=

1

2
ρU2︸ ︷︷ ︸

MKE

+
1

2
ρ ⟨u′iu′i⟩︸ ︷︷ ︸

TKE

(2.31)

Here, MKE stands for mean kinetic energy; the wording might be misleading, as the expected (mean)
kinetic energy of the flow would be the term on the left-hand side of equation 2.31, whereas the MKE
indicates the energy held by the mean flow. Such a wording will nevertheless be adopted for consistency
with the literature. The turbulent kinetic energy (TKE) represents the energy of the fluctuations; it is
exactly identical to half the trace of the Reynolds stress tensor. The mean and fluctuation components
of the velocity field are orthogonal through the expected value operator, so that no cross terms arise.
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The budget equation of the TKE for the geometry described in §2.2.1 can be readily obtained from
equation 2.30 by applying suited simplifications due to symmetries and homogeneity:(

∂

∂t
+ U

∂

∂x

)
1

2
ρ ⟨u′iu′i⟩ = −1

2
ρ
d

dy
⟨v′u′iu′i⟩︸ ︷︷ ︸

turb. transport

+ ν
d2

dy2
ρ ⟨u′iu′i⟩

2︸ ︷︷ ︸
viscous diffusion

+ −ρ ⟨u′v′⟩ dU
dy︸ ︷︷ ︸

production

+ − d

dy
⟨P ′v′⟩︸ ︷︷ ︸

pressure transport

− µ

〈
∂u′i
∂xk

∂u′i
∂xk

〉
︸ ︷︷ ︸

viscous dissipation

(2.32)

Again, the term to the left represents the rate of change of the kinetic energy of a fluid particle that
moves with the mean flow U . As for the terms to the right, the viscous diffusion, the turbulent and the
pressure transport only redistribute energy across the channel, so that globally they do not produce or
waste any kinetic energy (their volume-average is indeed zero5). The only two terms that effectively
act as a source and as a sink of kinetic energy are the turbulent production and dissipation respectively.
Notice that the latter is written in its pseudo-dissipation formulation (as is common practice) rather than
in its thermodynamically correct version (Bradshaw and Perot, 1993). The effective rate of energy (per
unit volume) lost to viscous dissipation would indeed be given by the work done by the viscous stress
tensor against the rate of strain (Davidson, 2015, ch. 2.1.4):

µ

2

(
∂u′i
∂xj

+
∂u′j
∂xi

)2

The quantitative differences between this formulation and the one of equation 2.32 are however negli-
gible; notice moreover that equation 2.32 remains exact (simply, its formulation does not highlight the
thermodynamically exact dissipation rate).

A budget equation for the MKE in the channel flow described in §2.2.1 can also be found by multiplying
the mean momentum equation (whose expression for a statistically steady flow is given in equation 2.9)
times the mean velocity U :

(
∂

∂t
+ U

∂

∂x

)
ρ
U2

2
= GU︸ ︷︷ ︸

pumping power

+ −ρU d ⟨u
′v′⟩
dy︸ ︷︷ ︸

pow. of Re. stresses

+ ν
d2

dy2

(
1

2
ρU2

)
︸ ︷︷ ︸

viscous diffusion

− µ

(
dU

dy

)2

︸ ︷︷ ︸
dissipation

(2.33)

Here, the pumping power is generally a source term; viscosity yields – again – the typical diffusion and
dissipation terms. An additional term indicates the power provided to a fluid element by the resultant of
the Reynolds stresses, which is closely related to the production of TKE (see eq. 2.32). Although the two
terms do not balance locally, they do so in an integral sense. By integrating across the channel height:

∫ 2h

0

−ρU d ⟨u
′v′⟩
dy︸ ︷︷ ︸

MKE power of R.S.

dy +
∫ 2h

0

−ρ ⟨u′v′⟩ dU
dy︸ ︷︷ ︸

TKE prod.

dy = −ρ
[
U ⟨u′v′⟩

]2h
0

= 0 (2.34)

5 proof is trivial. All of these terms can be written in the form dF/dy, so that their integral across the channel is equal to Ftop−Fbot,
where Ftop and Fbot are the values of F at the top and bottom walls. These two values are generally zero; hence the integral is
zero. This is true also for the viscous diffusion as dk/dy is zero at the wall. Hint for the proof: consider 0.5d ⟨u′u′⟩ /dy. This is
exactly equal to ⟨u′ du′/dy⟩. Since u′ is exactly zero at the wall, the whole term is also null.
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2.2 Wall-bounded turbulence

The TKE term is typically positive, so that it is interpreted to provide energy to turbulent fluctuations.
Half its integral in the wall-normal direction – that is, the total turbulent production per unit wetted
area – will be indicated as P :

P =
1

2

∫ 2h

0

−ρ ⟨u′v′⟩ dU
dy

dy > 0 (typically) (2.35)

In light of equation 2.34, the energy provided to the TKE is subtracted from the MKE by the Reynolds
stresses. This process is not local, in the sense that the energy that is subtracted from the MKE at a given
point in space could be received by the TKE at some other spatial position (Davidson, 2015, ch. 4.1.3):
once again, the balance only holds in an integral sense.

A better understanding of the global energy balance in a channel flow can be achieved by integrating
equations 2.32 and 2.33 across the channel height and by halving the result so as to obtain the integral
power balance per unit wetted area:

MKE: Πp +Πw − Ξ− P = 0 (2.36)

TKE: P − ϵ = 0 (2.37)

Equation 2.36 describes the integral energy balance of the mean flow. The mean flow receives energy
from two external agents: the pressure gradient and the external force that keeps the walls of the channel
in (relative) motion. The former yields the pumping power Πp (the integral of the pumping power term
in equation 2.33, indeed). The latter provides momentum (and, consequently, energy) to the flow with
a non-zero flux at the walls; this is represented by the power Πw in equation 2.36, which arises from the
integration of the viscous diffusion term in equation 2.33. A relation between Πp, Πw and the total shear
stress τ at the top and bottom walls (τT and τB respectively) is recovered by integration:

Πp =
1

2
(τB − τT )Ub (2.38)

Πw =
1

2
(τT + τB)Uw (2.39)

Both the expressions above simplify to the product between the wall shear stress τw and a characteristic
velocity in case of a pure Couette or Poiseuille flow (owing to their respective symmetries). The sum of
Πp and Πw is the total power input Πt provided to the flow by the external agents:

Πt = Πp +Πw (2.40)

As highlighted by equation 2.36, part of the total power input is directly dissipated by the mean dis-
sipation Ξ,

Ξ =
1

2

∫ 2h

0

µ

(
dU

dy

)2

dy (2.41)

whereas the remaining part is fed to the TKE through the production term P as previously explained.
Finally, as highlighted by equation 2.37, all of the energy supplied by P to the turbulence is dissipated
as turbulent dissipation ϵ:

ϵ =
1

2

∫ 2h

0

µ

〈
∂u′i
∂xk

∂u′i
∂xk

〉
dy (2.42)
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To sum up, energy is fed from some external agent to the mean flow; the mean flow directly dissipates
it as mean dissipation or passes it to turbulence through the turbulent production. All of the energy
passed to the turbulence is finally wasted as turbulent dissipation.

2.2.6 The production and redistribution of turbulent kinetic energy

In the previous section (2.2.5), it was shown that the kinetic energy held by a turbulent flow can be
decomposed into the mean (MKE) and turbulent (TKE) kinetic energy. Local and integral budgets for
these two quantities have been provided; it was finally shown that the only source of energy for the
fluctuation field is the turbulence production term, which passes energy from the MKE to the TKE. In
this section, the production of turbulent kinetic energy in a wall-bounded flow will be further discussed;
its redistribution between velocity components will also be explored.

As explained in §2.2.5, the TKE is equivalent to half the trace of the Reynolds stress tensor. The normal
Reynolds stresses ⟨u′u′⟩, ⟨v′v′⟩, ⟨w′w′⟩ can be thus be interpreted to be contributions to the turbulent
kinetic energy. To better highlight how the TKE is produced and redistributed across velocity compo-
nents in the channel flow described in §2.2.1, the budget equation for each of these normal Reynolds
stresses is shown here:(

∂

∂t
+ U

∂

∂x

)
1

2
ρ ⟨u′u′⟩ = −ρ ⟨u′v′⟩ dU

dy︸ ︷︷ ︸
production

+

〈
P ′ ∂u

′

∂x

〉
︸ ︷︷ ︸
press.-strain

+ ...

(
∂

∂t
+ U

∂

∂x

)
1

2
ρ ⟨v′v′⟩ = +

〈
P ′ ∂v

′

∂y

〉
︸ ︷︷ ︸
press.-strain

+ ...

(
∂

∂t
+ U

∂

∂x

)
1

2
ρ ⟨w′w′⟩ = +

〈
P ′ ∂w

′

∂z

〉
︸ ︷︷ ︸
press.-strain

+ ...

Such an equation is trivially obtained by applying suited simplifications to equation 2.30. Only the pro-
duction and pressure-correlation terms are shown: the remaining terms mostly redistribute energy in
space or dissipate it and are not of interest for the present discussion. The production term is zero for
all components except the streamwise one: that is, only streamwise fluctuations receive energy from
the mean flow. Clearly, though, this energy must be redistributed to the remaining components, which
would otherwise be damped by dissipation until they hold no energy. This inter-component redistri-
bution happens thorugh the pressure-strain correlation. The pressure-strain correlation only appears in
the budget equation of each individual normal Reynolds stress; when these three are summed together
to yield the budget of TKE (equation 2.32), the term disappears owing to continuity:〈

P ′ ∂u
′
k

∂xk

〉
= 0

That is, the pressure-strain correlation cannot increase nor decrease the total amount of TKE; it can only
alter the share of TKE held by each component of the velocity. In other words, it resdistributes energy
between velocity components. To summarise, turbulent kinetic energy is produced on the streamwise
component and then redistributed to the wall-normal and spanwise ones. This holds true not only for
the channel geometry considered here, but also for homogeneous shear flows (Davidson, 2015, chap-
ter 4.4.1).
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2.2 Wall-bounded turbulence
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y2 U2
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Figure 2.2: A simplified description of the mechanism that produces turbulence in a wall-bounded flow; U(y) rep-
resents the mean velocity profile in proximity of a wall (hatched area). A generic fluid particle is marked
in purple in the sketch, both before (lighter shade) and after (darker shade) being displaced in the wall-
normal direction by a v′ fluctuation. The displaced particle is perceived by the mean flow as a fluctuation.

Next, the physical mechanism underlying the production of turbulent kinetic energy in a wall-bounded
flow is discussed. Once again, the production term reads:

−ρ ⟨u′v′⟩ dU
dy

This term only appears in the equation of the streamwise normal Reynolds stress ⟨u′u′⟩. It can thus be
interpreted as the product of a body force (acting on the streamwise fluctuation field) and the velocity
u′ the body force works for. Before averaging, such a body force reads:

−v′ d (ρU)

dy
(2.43)

The physical interpretation of the above body force is straightforward: it represents the momentum
flux ensuing from v′ fluctuations transporting the mean streamwise momentum ρU in the wall-normal
direction. This mechanism underlies the production of turbulence in the considered channel flow; notice
that the existence of a mean shear is necessary for the formation of turbulence (this being generally true
for any turbulent flow, see Davidson, 2015, ch. 4.1.3). Turbulence cannot originate without the strong
mean shear produced by viscosity; as mentioned at the beginning of the chapter, viscosity is [...] the
midwife [...] in the life story of turbulence (Sherman, 1990).

The physical mechanism underlying the term of equation 2.43 has an even simpler phyisical interpreta-
tion, which is explained with the help of figure 2.2. Consider the flow over a flat wall as in the sketch;
typically, a positive mean velocity gradient dU/dy is observed. A fluid particle is originally located at
a wall-normal position y1; its velocity U1 matches the expected velocity at that position, U1 = U(y1).
The particle is displaced in the wall-normal direction by a fluctuation v′ > 0, so that it reaches a second
wall-normal position y2. Assuming that the particle maintains its original velocity, it will be now be sur-
rounded by fluid that, on average, moves at a faster velocityU2 = U(y2). That is, the displaced particle is
perceived by the surrounding flow as a velocity fluctuation u′ = U1−U2 < 0: hence, the mechanism pro-
posed here can explain how streamwise turbulent fluctuations are produced. Additionally, it can help
explain how the Reynolds shear stress is generated: in spite of its simplicity, the mechanism described
here correctly predicts that u′ and v′ fluctuations tend to have opposite sign – as a positive wall-normal
perturbation produces a negative streamwise one. Indeed, ⟨u′v′⟩ < 0 is typically verified if dU/dy > 0.
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2.3 Turbulence in the spectral domain; scale interactions

As mentioned in §1.1, the scientific community still hasn’t come up with a proper definition of turbu-
lence. It appears, though, that one of its intrinsic features is the existence of eddies of a wide range
of sizes (also referred to as scales of motion) that interact with each other. Richardson and Lynch (2007)
captured this idea in a short poem:

Big whirls have little whirls
which feed on their velocity,
and little whirls have lesser whirls,
and so on to viscosity.

There is however a crucial issue that arises when one tries to investigates the distribution (and, redis-
tribution) of energy across vortices of different scales. No universally accepted definition of a turbulent
eddy is available, let alone a mathematically well-behaved one. In other words, it is not possible to iso-
late (physically or mathematically) a single turbulent eddy of a given size. Some other strategy to define
the scales of motion is then needed. This is usually done by decomposing the velocity signal extracted
from a turbulent flow into a set of modes; each mode then corresponds to a specific scale.

Many different modal decomposition techniques could be (and have been) used for this task. For in-
stance, one could resort to a data-driven modal decomposition such as the one used by Agostini and
Leschziner (2019a). Alternatively, one can decompose the velocity field of a turbulent flow into a set
of sinusoidal functions through the Fourier series (or, transform); the sum of all these sinusoids returns
the original velocity field, and the wavelength of each of them identifies a scale of motion. The Fourier
series is much better mathematically understood than its empirical counterparts; for this reason, it will
be the modal decomposition of choice for this manuscript.

In the next sections, the definition of the Fourier series (transform) will be reported. It will be shown
how the Fourier series can be used to quantify the amount of energy held by a specific scale of motion
(velocity spectra, §2.3.2). It will be finally shown how the Fourier series enables a rigorous discussion
of scale interactions (§2.3.4).

A caveat has to be made on the use of the Fourier series. Although the discussion that follows from
the adoption of the Fourier series is mathematically rigorous, it is based on the assumption that scales
of motion are well described by sine waves. Yet, a sine wave is not necessarily suited to describe the
shape of a turbulent eddy; there could exist another decomposition that yields a more phyisically sound
picture of turbulence. To the author’s knowledge, such a decomposition has not been discovered yet.

A final comment on the notation. In the following sections, the Fourier series will be defined for one
velocity component only (the streamwise one, u) and in one spatial direction only (again, the streamwise
one, x). The dependence of u on the remaining spatial directions and on time will often be neglegted to
simplify the notation. The generalisation of the definitions presented here to other velocity components
and spatial directions is trivial and left to the reader.

2.3.1 The Fourier transform and series

A note of caution. Several definitions of the Fourier transform, of the series and of the discrete transform are
available, which only differ by a constant factor. In this manuscript, the definitions reported by Pope (2000) will
be used; all the formulae presented here will be consistent with this choice. Notice, however, that parts of this
and of the following sections are inspired by the book of Brigham (1988), which uses a different definition of the
discrete and regular Fourier transforms.

30



2.3 Turbulence in the spectral domain; scale interactions

The Fourier transform F{g} of a generic function g(x) is a complex function of a real variable κx that
yields an alternative (and equivalent) representation of g(x). It is defined as (Pope, 2000, appendix D):

F{g}(kx) =
1

2π

∫ ∞

−∞
g(x)e−iκxx dx (2.44)

where i is the imaginary unit. Instead of representing g(x) in real space, the Fourier transform provides
its representation in the spectral space – that is, in a space described by complex sinusoidal waves. Each
of these waves (also referred to as Fourier modes) can be written as:

eiκxx (2.45)

where κx is the wavenumber and it is inversely proportional to the wavelength λx of each sine wave:

κx =
2π

λx
(2.46)

The value of the Fourier transform at a given value of κx represents the projection of the function g on
the Fourier mode eiκxx of matching wavenumber; that is, the value of the Fourier transform represents
the amplitude (and phase, as it is a complex number) of the mode eiκxx. The original function g(x) can
be recovered by cumulating the contributions given by each Fourier mode:

g(x) =

∫ ∞

−∞
F{g}(κx) eiκxx dκx (2.47)

The above formula is also known as the antitransform.

There are two issues with using the Fourier transform in the context of turbulence research. First off,
equation 2.44 contains an integral over an infinite domain, which is of course not practically computable
(both numerical and experimental datasets are defined, of course, over a finite domain). Besides, the
Fourier transform of the velocity signal u(x) extracted from the channel flow of §2.2.1 is not necessarily
defined. Indeed, u(x) is a random function that does not decay to zero for |x| → ∞ (hence, it is not
Lebesgue-integrable); proving the existence of its transform becomes then tricky6 (see Brigham, 1988,
ch. 2.3).

In practice, these issues are avoided by using the Fourier series. The series is a specific formulation of
the transform for periodic functions (for a discussion of how the series stems from the transform, see
Brigham, 1988, ch. 4.2). It is thus well suited to analyse simulation data, as simulations of turbulence
are typically carried out in periodic domains. Let Lx be the streamwise period of the simulation box; the
coefficients û of the Fourier series of the velocity signal u(x) are then then defined as:

û(κx) =
1

Lx

∫ Lx

0

u(x) e−iκxx dx (2.48)

Notice that a double hat (̂̂u) will be used in this manuscript to indicate a quantity that is transformed
(in the sense of the Fourier series) in two spatial directions, e.g. x and z. Although the notation û(κx)

used here to indicate the coefficients of the series is standard (see for instance Pope, 2000, ch. 6.4),

6 Some variants of the Fourier transform have been proposed to avoid this issue: see Pope (2000, appendix E.3).
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it is misleading. Indeed, û(κx) is not a continuous function of κx as the notation suggests. The only
admissible values of κx are:

κx = n∆κx with n ∈ Z, ∆κx =
2π

Lx
(2.49)

where Z indicates the set of integer numbers and ∆κx will be referred to as the Fourier resolution.

This notational abuse will be tolerated both because it is customary and because it simplifies the discus-
sion of the next sections. The coefficients û(κx) will be used to approximate the well-defined transforms
of some velocity moments, which are continuous function of κx. This operation is well justified on
mathematical grounds: once again, the series is a particular case of the transform, and the two defini-
tions of equations 2.44 and 2.48 are indeed very similar. The differences are, fundamentally, two: as
already stated, the coefficient of the series are only defined for discrete values of κx, whereas the trans-
form is a continuous function of κx. Last but not least, the coefficients û have the same dimensions
of the velocity u by definition; instead, the transform of u would have the dimensions of a velocity
times a length (if it existed).

So far, only the coefficients of the series (which are analogous to the transform) have been defined. The
series itself is, properly, the discrete version of the anti-transform:

u(x) =

∞∑
κx→−∞

û(κx) e
iκxx (2.50)

The interpretation of the Fourier transform is then perhaps clearer from the above formula: it allows to
rewrite a velocity signal as the sum of many modes. Each mode is a sinusoid of wavelength λx = 2π/κx;
heuristically, then, each mode represents a turbulent motion of scale λx.

2.3.2 Velocity spectra

The amount of energy held by each scale of motion (that is, by each Fourier mode) is quantified by
the velocity spectrum. In this section, only the one-dimensional streamwise spectrum Φuu(κx) of the
streamwise velocity will be discussed; the definition presented here can be easily generalised to the one-
dimensional spanwise spectrum Φuu(κz) and to the spectra of other Reynolds stresses (e.g., Φvv , Φuu).
Moreover, spectra can also be two-dimensional (corresponding to a double Fourier transform in the x
and z direction); two-dimensional spectra will be indicated with a lowercase ϕ, and their definition is
also easily obtainable from the one presented here.

The velocity spectrum Φuu is defined as the Fourier transform of the two-point velocity correlation
⟨u′(x)u′(x+ rx)⟩. Notice that ⟨u′(x)u′(x+ rx)⟩ is only a function of rx, and it quantifies the correlation
between the velocity fluctuations at any two points that are separated in the streamwise direction by
rx (assuming that the x direction is statistically homogeneous). The quantity ⟨u′(x)u′(x+ rx)⟩ typically
decays to zero for |rx| → ∞, so that its Fourier transform is well defined. It follows:

Φuu(κx) =
1

2π

∫ ∞

−∞
⟨u′(x)u′(x+ rx)⟩ e−iκxrx drx (2.51)

An important consequence of this definition is that the spectrum has the units of a velocity squared
per unit wavenumber.
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2.3 Turbulence in the spectral domain; scale interactions

Notice that, for rx = 0, the correlation ⟨u′(x)u′(x+ rx)⟩ reduces to the Reynolds stress ⟨u′u′⟩. By lever-
aging this information and the definition of the Fourier antitransform (eq. 2.47), one obtains:

⟨u′u′⟩ = ⟨u′(x)u′(x+ rx)⟩ (rx = 0) =

∫ ∞

−∞
Φuu e

iκx0 dκx

⟨u′u′⟩ =
∫ ∞

−∞
Φuu(κx)dκx (2.52)

Equation 2.52 provides a phyisical interpretation of what the spectrum represents. The spectrum Φuu

indicates the spectral density of turbulent kinetic energy (per unit mass), consistently with its dimen-
sions; in other words, the value of the spectrum at a given κx represents the amount of kinetic energy
(per unit mass and wavenumber) held by the corresponding Fourier mode. The total kinetic energy can
be found by cumulating (integrating) the contributions of all Fourier modes.

2.3.3 The practical computation of a velocity spectrum

The definition of the spectrum provided in equation 2.51 is not of practical use. Numerical and ex-
perimental data is never defined on an infinite domain, and it is typically sampled. This introduces
two requirements:

• data needs to be observed (measured or simulated) on a long enough domain in order to be able
to estimate the spectrum that would be observed in an infinite domain;

• the spacing between samples needs to be sufficiently small to make aliasing effects small, as ex-
plained below.

Moreover, the calculation of the correlation ⟨u′(x)u′(x+ rx)⟩ is not particularly efficient: there exists a
faster way of calculating the spectrum that can be used in case of a periodic velocity signal.

The need for a long enough simulation domain. Let’s begin by analysing the definition of the spec-
trum once again. As stated in §2.3.2, the spectrum is the Fourier transform of the velocity correlation
⟨u′(x)u′(x+ rx)⟩; such function typically decays to zero for large absolute values of rx. It will be now as-
sumed that there exists a value Lx/2 such that the velocity correlation is identically zero for |rx| ≥ Lx/2

(in practice, having a small enough value of the velocity correlation – as is typically the case – is also
sufficient). Under such an assumption, the definition of the spectrum (eq. 2.51) can be rewritten as:

Φuu(κx) =
1

2π

∫ Lx/2

−Lx/2

⟨u′(x)u′(x+ rx)⟩ e−iκxrx drx (2.53)

The assumption made above is typically well verified, and it implies that all the information provided
by the velocity correlation function is contained on a Lx-long subset of its domain. In other words, an
infinite domain is not needed to describe it; rather, a restricted domain is sufficient provided that it is
sufficiently long. An Lx-long domain is suited, for instance.

A faster way of calculating the spectrum. Typically, simulations of turbulence are carried out in a
periodic box; owing to the periodicity, the Fourier transform has to be replaced by a Fourier series. We
will assume that the box has size (period) Lx; that is, the box is large enough to observe the decay to
zero of the velocity correlation as previously discussed. The velocity correlation will also be periodic
with period Lx. It is assumed that the velocity correlation ⟨u′(x)u′(x+ rx)⟩ computed in the box for
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rx ∈ [−Lx/2, Lx/2) matches the one that would be observed in an infinitely long domain for the same
values of rx. The Fourier coefficients â(κx) of the periodic velocity correlation are given by:

â(κx) =
1

Lx

∫ Lx

0

⟨u′(x)u′(x+ rx)⟩ e−iκxrx drx (2.54)

=
1

Lx

∫ Lx/2

−Lx/2

⟨u′(x)u′(x+ rx)⟩ e−iκxrx drx (2.55)

with κx = n∆κx, n ∈ Z

Notice that the extremes of integration can be arbitrarily shifted owing to the periodicity. By comparing
equations 2.53 and 2.55, one easily obtains:

Φuu(κx) =
Lx â(κx)

2π
=
â(κx)

∆κx
(2.56)

That is, when using a Fourier series instead of the transform to define the spectrum, one needs to adjust
the results by a factor 1/∆κx, where ∆κx is the Fourier resolution. Please be aware that this factor
effectively depends on the choice of normalisation used for both the Fourier transform and series.

There exists a computationally efficient way of computing the Fourier coefficients â of the velocity cor-
relation that does not require the calculation of the velocity correlation itself. Indeed, only the Fourier
coefficients û(κx) of the velocity u(x) are needed; owing to the correlation theorem (see e.g. Brigham,
1988, for its version for the Fourier transform; generalisation to the series is trivial),

â(κx) =
〈
ûH(κx) û(κx)

〉
(2.57)

where (...)H indicates the conjugate of a complex number. This, combined with equation 2.56, yields:

Φuu(κx) =

〈
ûH(κx) û(κx)

〉
∆κx

(2.58)

Equation 2.58 is practically used to calculate a spectrum. Importantly, it highlights that the spectrum
Φuu is a real number; this generally holds for all spectra of the normal Reynolds stresses (but not for
the remaining ones, e.g. the shear one).

Aliasing. Numerical data is typically sampled on an uniformly spaced grid. Hence, the integral 2.48
and consequently the spectrum Φuu as defined in equation 2.58 cannot be exactly calculated. Instead,
one can approximate the coefficients of the Fourier series of u with a discrete Fourier transform. Let
um be the sampled value of the velocity at the position xm = m∆x, where ∆x is the grid spacing and

m = 0, ..., N − 1 for a total of N points. For simplicity, it is assumed that N is even. The coefficients
△
u

of the discrete Fourier transform are defined as (Pope, 2000, appendix F):

△
u(κx) =

1

N

N−1∑
m=0

ume−iκxx
m

(2.59)

which can be interpreted as an approximation of the integral defining the coefficients of the Fourier
series (eq. 2.48). The admissible values of κx are the same as the ones for the Fourier series, with an
exception. Sampling the signal u(x) makes its transform periodic in the κx domain (Brigham, 1988, ch.
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6); the period is given by 2π/∆x, so that the discrete transform is fully determined by the coefficients
found for values of κx satisfying:

κx ∈ (−π/∆x, π/∆x] (2.60)

The remaining coefficients can be determined leveraging the periodicity. Formally, the coefficients of
the discrete transform are computed for:

κx = n∆κx with 1− N

2
≤ n ≤ N

2
, n ∈ Z (2.61)

for a total of N coefficients7 Bear in mind that Lx/N = ∆x owing to periodicity8. The definition of
the antitransform is the same as the one of the Fourier series (2.50), except that the number of Fourier
modes is limited and not infinite:

um = u(xm) =

π/∆x∑
κx = ∆κx−π/∆x

△
u(κx) e

iκxx
m

(2.62)

Suppose now that the exact coefficients û of the series of a signal u(x) are known. The signal is also

sampled and the coefficients
△
u of the discrete transform are calculated. It is trivially shown that both

the Fourier series (eq. 2.50) and the discrete antitransform (eq. 2.62) exactly return the original values of
the velocity; by evaluating the velocity at some point xm, one can write (Pope, 2000, appendix F):

um = u(xm) =

+∞∑
κx = −∞

û(κx) e
iκxx

m

=

π/∆x∑
κx = ∆κx−π/∆x

△
u(κx) e

iκxx
m

(2.63)

Notice that the above expression is exact. The summation of the discrete antitransform returns the same
value as the summation of the series; the two summations are almost identical, except that the discrete
antitransform uses a finite number of Fourier modes satisfying |κx| ≤ π/∆x. This is only possible (with
△
u ≈ û) if the energy contained on the modes of the Fourier series with |κx| > π/∆x (that is, the modes
that are not considered by the discrete transform) is negligible. If, instead, these high-wavenumber
modes do hold a significant amount of energy in the series, this energy will be distributed to the low-

wavenumber modes of the discrete transform, so that
△
u ̸= û – as the equivalence of equation 2.63 must

be exactly verified. This is known as aliasing and prevents the discrete Fourier transform from correctly
approximating the value of the series.

In practice, the error caused by aliasing can be minimised by sampling the signal u(x) with a small
enough ∆x such that the spectral band of u(x) falls in the range (−π/∆x, π/∆x]. The threshold value
π/∆x is the spatial equivalent of the Nyquist frequency used in the discussion of discrete transforms
in time.

7 Notice that further simplification are possible. If the function being transformed is real, its transform is Hermitian (Brigham,
1988, chapter 3.9). The function u(x), for instance, satisfies this requirement, so that û(−κx) = ûH(κx). Owing to this property,
the transform û is fully defined by its values for κx ≥ 0.
8 On a non-periodic domain, one would typically have ∆x = Lx/(N + 1).
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2.3.4 Triadic interactions

It was shown in §2.3.2 how the Fourier transform can be leveraged to discuss the amount of energy
held by each scale of motion. In this section, it will be shown how the Fourier series can be used to
discuss scale interactions.

To do so, consider the incompressible Navier-Stokes equations shown in equation 2.2. These comprise
both linear and non-linear operators. By grouping them together under a single operator L{u⃗} for the
linear ones and N{u⃗} for the non-linear ones, the equations read:

∂u⃗

∂t
= L{u⃗}+N{u⃗} (2.64)

Let the non-linear terms be neglected, for the time being; the Fourier transform (in the sense of the
Fourier series, if one is in a periodic domain) of both sides of the equation is taken, and it is indicated
by the operator FS{...}:

FS
{
∂u⃗

∂t

}
= FS{L{u⃗}} (2.65)

Now, FS is a linear operator and it commutes with the time derivative on the left-hand side. Similarly,
it can be easily shown that the transform of L{u⃗} can be written as a linear operator L̂ acting on the
transform FS{u⃗} of the velocity9:

∂FS{u⃗}
∂t

= L̂{FS{u⃗}} (2.66)

By evaluating the above equation for some value of κx of choice, one observes that the time evolution of
a Fourier mode is only influenced by the Fourier mode itself, without interactions with the remaining
modes. Bear in mind that non-linear terms are being neglected.

The above discussion shows that linear terms are not responsible for the occurrence of scale interactions.
Scale interactions are then necessarily caused by the non-linear terms, which can be written as:

N{u⃗} = (u⃗ · ∇) u⃗− 1

ρ
∇P (2.67)

The contribution of the pressure is here considered as a non-linear term as the laplacian of the pressure
has to balance the divergence of the other term on the right-hand side of equation 2.67. It can be shown,
however, that the pressure can be eliminated from the incompressible Navier-Stokes equations (see, for
instance, Pope, 2000, chapter 6.4.2; alternatively, a Helmholtz-Leray decomposition can be used), so that
the divergence-less part of (u⃗ · ∇) u⃗ remains as the only non-linear term. We will thus refer to (u⃗ · ∇) u⃗

as the non-linear term; the present discussion will focus on it. Using Einstein’s notation and owing to
the incompressibility constraint, the non-linear term can be rewritten as:

uk
∂ui
∂xk

=
∂uiuk
∂xk

(2.68)

9 This follows from the fact that Fourier modes are eigenfunctions of the Laplace operator. The pressure gradient is here classified
as a non-linear term for reasons that are clarified later; hence, the Laplace operator is the only linear term. One can also decide
to include the pressure gradient among the linear operators; in this case, the pressure gradient can be eliminated by taking the
curl of the momentum equation, so that an equation for the vorticity is found. The present discussion then still holds, but for the
vorticity and not for the velocity field.
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To simplify the discussion, only the streamwise momentum balance equation is now considered. More-
over, without loss of generality, only the term ∂uu/∂x will be discussed; the transform will be only
performed in the streamwise direction:

∂û(κx)

∂t
= ...+ FS

{
∂uu

∂x

}
(2.69)

= ...+ iκx FS {uu} (2.70)

By exploiting the convolution theorem (Brigham, 1988), it follows:

∂û(κx)

∂t
= ...+ iκx

∞∑
κ̄=−∞

û(κ̄) û(κ̄− κx) (2.71)

Equation 2.71 shows that the evolution (∂û/∂t) of a Fourier mode κx is influenced by an infinite number
of contributions (the ones appearing after the summation sign). Each of these contributions results from
the interaction between two Fourier modes (κ̄ and κ̄−κx) that are distanced by κx in the spectral domain.

In other words, Fourier modes interact in pairs to yield a momentum- (or, energy-) transfer to a third
mode of a different scale. These interactions take the name of triadic, as indeed they involve three
different Fourier modes. In the context of the TKE budget of equation 2.32, triadic interactions are
captured by the turbulent transport term, which stems from the non-linear term of the momentum
equation. In this sense, the turbulent transport term is responsible for the redistribution of energy across
different scales of motion.

2.4 Numerical methods

The present scientific work is based on the numerical analysis of wall-bounded turbulent flows. The
focus is not much on the geometry of the problem, but rather on turbulent eddies and their interaction
with the wall. The simple geometry of the channel flow described in §2.2.1 is thus suited to discuss
the present scientific objectives.

Clearly, the geometry described in §2.2.1 cannot be simulated as-is: it would involve infinitely extended
walls, which are not representable in a computer simulation. When pursuing a theoretical approach,
an infinite domain extent in the streamwise and spanwise directions is needed to make the problem
homogeneous in these two directions. The same effect is achieved, in the context of a simulation, by
using periodic boundary conditions. Notice that the simulation box size still needs to be large enough
to observe the decay of the velocity correlation function (see §2.3.3) – or, heuristically, to accomodate the
largest turbulent structures (that are indeed responsible for the correlation seen at large separations).
Additionally, the grid spacing needs to be low enough to resolve the smallest structures (that is, to
avoid aliasing, see again §2.3.3).

While the requirements on the resolution and on the box size typically need to be satisfied regardless of
which equation is being solved, there are two additional issues that need to be considered that specifi-
cally apply to the incompressible Navier-Stokes equations.

1. If no precaution is taken, the calculation of the pressure field is typically a numerically unstable
procedure; an example of such an instability is given in §2.4.1.

2. The Navier-Stokes equations contain a diffusion and a convective term, each of which can lead to
numerical instabilities under certain circumstances.
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The second issue can be easily worked around by using a suited pair of time- and spatial-discretisation
schemes, and by adjusting the temporal resolution ∆t of the simulation (§2.4.3). As for the first issue,
two different algorithms will be presented (sections 2.4.2 and 2.4.4) which differ in the way they deal
with the instability of the pressure. Both of them will be used for the production of data for the analyses
of the following chapters.

2.4.1 Spurious pressure modes

To discuss how the pressure term of the Navier-Stokes equations can lead to numerical instabilities,
consider a simplified problem where only the streamwise velocity is considered; the velocity only de-
pends on time and on the streamwise direction (clearly, this violates the incompressibility constraint,
but such an issue is not of concern in the present context). In other words, motion is described by
the following equation:

∂u

∂t
=

1

ρ

∂P

∂x
+ RHS{u} (2.72)

where RHS indicates some operator acting on u. Let um indicate the velocity at some spatial posi-
tion xm and ∆x be the spacing between grid points; the same notation applies for the pressure, so
that the pressure and velocity grids are co-located. The pressure term is discretised with centered fi-
nite differences; the operator RHS will be ignored, as it is not relevant for the present discussion. The
discretised equations read:

∂um

∂t
=

1

ρ

Pm+1 − Pm−1

2∆x
+ ... (2.73)

Notice that the time evolution of the velocity field is only influenced by the difference Pm+1 − Pm−1

between values of the pressure at different spatial positions; this difference is always calculated between
values at positions whose indices m + 1, m − 1 are either both odd or both even. Now, suppose that
equation 2.73 admits a solution (um, Pm) if completed by suited boundary conditions. The pressure
field is distorted by adding a constant value at all spatial positions whose index m is even; this results
in a perturbed pressure field Qm. Such a perturbation satisfies

Pm+1 − Pm−1 = Qm+1 −Qm−1 ∀m (2.74)

as indeed the difference is never calculated between even and odd points; hence, the pair (um, Qm) is
also a solution of the discretised problem. In other words, the solution to the discretised problem of
equation 2.73 is not unique, as one can always add some pressure perturbation (also referred to as a
spurious mode) such that the perturbed solution is still a solution of the original problem. The existence
of spurious pressure modes can lead to numerical instabilities (see e.g. Quarteroni, 2009, chapter 15.3.3).

One straightforward way to avoid this issue is to use a staggered grid, meaning that the pressure and
velocity fields are not evaluated at the same spatial positions. Rather, let now um be the velocity at some
position xm and Pm be the pressure at the position xn + ∆x/2. The discretised version of equation
2.72 now reads:

∂um

∂t
=

1

ρ

Pm − Pm−1

∆x
+ ... (2.75)
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Here, the difference Pm − Pm−1, which is still centered with respect to xm, references the values of the
pressure at two spatial positions – one of which has an even index and the other an odd one. This pre-
vents the existence of spurious modes such as the one previously described; the discretised problem
is thus stabilised.

2.4.2 Method 1: compact finite differences on a partially staggered grid

As explained in §2.4.1, issues linked to the spurious pressure modes can be avoided by using a stag-
gered grid. The first numerical method presented here, which is implemented in the program Xcom-
pact3d (Laizet and Lamballais, 2009; Laizet and Li, 2011; Bartholomew et al., 2020), makes use of this
stabilisation strategy. All velocity components are co-located, whereas the pressure grid is shifted by
half a cell in each spatial direction.

As for the time- and space-discretisation, a third-order time-marching Runge-Kutta scheme is combined
with compact finite differences in the spatial directions. The temporal and spatial discretisations will be
separately discussed in the following paragraphs. The discretised equations are solved for the channel
flow geometry of §2.2.1; at the walls of the channel, no-slip and no-penetration conditions are imposed.
Periodic boundary conditions are used for the streamwise and spanwise directions.

Time-discretisation and pressure correction. To help the discussion of its discretisation in time, the
momentum balance of the Navier-Stokes equations (2.2) is rewritten as:

∂u⃗

∂t
= F⃗ (u⃗)− 1

ρ
∇P (2.76)

where F⃗ is used to indicate the advection and diffusion terms. Two important things should be noticed
here. First off, the above momentum balance is complemented by the incompressibility constraint:

∇ · u⃗ = 0 (2.77)

Secondly, the pressure P appears in the above momentum balance (2.76); however, no evolution equa-
tion for the pressure is provided. Then, the momentum balance equation (2.76) is the only equation that
describes the time evolution of some quantity – the velocity field, in this case. Hence, this equation will
be discretised in time, so that the velocity field u⃗n+1 at the time tn+1 can be calculated if the velocity
field u⃗n at the previous instant in time tn is known. The time step ∆t = tn+1 − tn is kept constant.

Each time step is performed through three intermediate steps using the third-order low-storage Runge-
Kutta scheme described by Williamson (1980). Notice that the original formulation is here simplified
for the sake of clarity. The simplifications are exact from an algebraic (theoretical) standpoint; how-
ever, the formulation proposed by Williamson (1980) is able to better compensate the roundoff errors
that arise when floating point numbers are digitised by a computer. At each intermediate step, an in-
termediate, uncorrected solution u⃗ k,∗ is computed by considering the velocity increment ∆u⃗ k given
by the advection and diffusion terms. Since the so-obtained u⃗ k,∗ field does not necessarily satisfy the
incompressibility constraint, a pressure correction is applied to obtain the divergence-less, intermedi-
ate solution u⃗ k. The procedure is repeated for k = 1, 2, 3, where k indicates the current intermediate
step of the Runge-Kutta method; for k = 3, the new solution u⃗n+1 is produced (the old solution u⃗n is
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instead represented by u⃗ k with k = 0). The complete procedure is described by the following equa-
tions (see Williamson, 1980):

∆u⃗ k = ak ∆u⃗ k−1 + ∆t F⃗ k−1 (2.78)

u⃗ k,∗ = u⃗ k−1 + bk ∆u⃗ k (2.79)

u⃗ k = u⃗ k,∗ − bk∆t

ρ
∇P k (2.80)

where ak, bk are constants such that a1 = 0; the remaining values are given by Williamson (1980). The
pressure field P k used for the pressure correction (equation 2.80) is found by solving the following
Poisson equation (Laizet and Lamballais, 2009):

∇2P k =
ρ

bk∆t
∇ · u⃗ k,∗ (2.81)

so that, effectively, the pressure correction (eq. 2.80) ensures that the field u⃗ k is divergenceless by re-
moving the non-solenoidal part of u⃗ k,∗.

Spatial discretisation. So far, it has been shown how the values of velocity field at the time tn can
be updated to yield the velocity field at the next discrete instant in time tn+1 = tn + ∆t. There is
however one more issue to address: the velocity field u⃗, which would theoretically be a continuous
field, must be stored as a collection of discrete values when performing a simulation. Then, spatial
derivatives (which are needed for the calculation of F⃗ (u⃗), see above) must be approximated using these
available discrete values.

To simplify the discussion, only the streamwise component of the velocity will be considered; it will be
further assumed that u only depends on the streamwise coordinate x. Once again, um will indicate the
value of u at the position xm; the grid spacing ∆x = xm − xm−1 is constant. Let

p
u indicate the first

derivative of u in x; the sixth-order accurate finite compact difference approximation of
p
u on the discrete

grid xm is given by (Lele, 1992; Laizet and Lamballais, 2009):

c1
p
um−1 +

p
um + c1

p
um+1 = c2

um+1 − um−1

2∆x
+ c3

um+2 − um−2

4∆x
(2.82)

The values of the coefficients c1, c2 and c3, as well as an expression for second derivatives can be found
on Laizet and Lamballais (2009); alternatively, they can be found by considering the Taylor series expan-
sions of the function u and its derivative

p
u at selected grid points around xm. Notice that it was here

assumed that the grid spacing is uniform; while this is certainly true for the streamwise and spanwise
directions, it does not hold for the wall-normal one. A different formulation of the compact differences
will be needed in this case.

Compact differences are able to achieve a higher order of accuracy on a smaller stencil than regular
finite differences. However, they require the solution of a non-linear system: equation 2.82 cannot be
used to directly calculate the value of

p
u at some position xm. Instead, by writing equation 2.82 for

all admissibile values of m (taking care that the simulation domain has finite boundaries), one obtains
an implicit linear system.

By using compact finite differences and the time-marching scheme described here, the time evolution of
the discretised velocity field can be computed – as long as an initial condition is provided.
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2.4.3 Numerical stability: convection and diffusion

In the previous section (2.4.2), it was shown how an explicit time-marching method can be used to
solve convective-diffusive problems such as the one given by the incompressible Navier-Stokes equa-
tions. The numerical procedure might however get unstable under given circumstances owing to ei-
ther the convective or the diffusion term. In the following, two typical numerical stability critera will
be reported; these criteria can be used to determine the largest value of the time step ∆t for which a
numerical scheme remains stable. Rigorously speaking, these two criteria are not of general validity:
to the author’s knowledge, stability criteria are always implementation-dependent (meaning that they
depend on the equation being discretised as well as on the discretisation scheme). Nevertheless, the
derivation of stability criteria for equations containing convective and diffusive terms usually results
in the below criteria.

The first criterion takes the name of Courant-Friedrichs-Lewy (CFL) condition (see Quarteroni, 2009,
ch. 12.4.2 for its formulation in case of a purely convective problem discretised with finite differences)
and typically represents a necessary (but not always sufficient) condition for the numerical stability of
schemes that discretise an equation containing an advection term:

U∆t
L

≤ CFLmax (2.83)

The term to the left takes the name of CFL number and is built with some velocity scale U and some
lenght scale L. The term to the right (CFLmax) is some threshold value that depends on the equation
being discretised as well as on the choice of spatio-temporal discretisation. Similarly, the definition of
the velocity and length scales also depends on the context; typically, L represents the spatial resolution
(for instance, ∆x), whereas U could be the maximum value of the two- or infinity-norm of the velocity
vector among all points of the domain.

Similarly, if the equations being discretised contain a diffusion term, the following condition is typically
necessary for the stability of the numerical scheme (see Quarteroni, 2009, chapter 5.4, for an analo-
gous criterion):

ν∆t

L2
≤ Fomax (2.84)

where the term to the left is referred to as Fourier number (Fo) and Fomax is its maximum value for
which the numerical scheme is not unstable.

Both the conditions above typically need to be verified for schemes that discretise the Navier-Stokes
equations. Once again, the critical values CFLmax and Fomax depend on the choice of time- and space-
discretisation schemes; for instance, their values for the scheme described in §2.4.2 can be found on
the documentation of the TLab solver10. Generally speaking, implicit time-marching schemes are less
sensitive to numerical instabilities than explicit ones, so that they tolerate larger values of the Fourier and
CFL numbers. Some implicit schemes may be unconditionally stable, whereas some other combinations
of time- and space-discretisation schemes may be unconditionally unstable.

2.4.4 Method 2: a spectral, pressure-less formulation of the Navier-Stokes equations

A second numerical method for the discretisation of the Navier-Stokes equations will be used in this
manuscript: its complete description can be found on Luchini and Quadrio (2006). Instead of relying on

10 https://github.com/turbulencia/tlab/blob/master/doc/manual.pdf
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a staggered grid to avoid spurious pressure modes (see sections 2.4.1 and 2.4.2), this method is based on
a formulation of the Navier-Stokes equations that does not include any contribution from the pressure.
Indeed, the pressure is not truly an unknown of the incompressible Navier-Stokes equations (for in-
stance, as shown in §2.4.2, no evolution equation for it is provided); rather, it is a Lagrangian multiplier
that ensures the fulfilment of the incompressibility constraint (Taha et al., 2023). If such a constraint
is satisfied a-priori by ensuring that the velocity field u⃗ belongs to a set of divergence-less fields, the
pressure disappears from the equations.

The automatic fulfilment of the incompressibility constraint is achieved by reformulating the Navier-
Stokes equations so that the unknowns of the problem are given by the wall-normal velocity v and
the wall-normal vorticity ωy (Kim et al., 1987; Luchini and Quadrio, 2006). The complete velocity field
(u, v, w) can be then recovered by considering the definition of the vorticity (first row of equation 2.85)
and the incompressibility constraint (rewritten in the second row of equation 2.85):

∂u

∂z
− ∂w

∂x
= ωy

∂u

∂x
+
∂w

∂z
= −∂v

∂y

(2.85)

The above set of equations, completed by suited boundary conditions, can be solved for u and w to
express these two velocity components as a function of the unknowns of the problem (v, ωy). In doing
so, the incompressibility constraint (∇ · u⃗ ) is automatically satisfied – as it appears in the second row of
equation 2.85. As shown in Kim et al. (1987), a closed set of two evolution equations for the variables
v, ωy can be derived from the momentum balance of the Navier-Stokes equations. The equations can be
solved without computing the pressure field, thus avoiding issues with spurious modes and the need
for a pressure correction11.

Other than eliminating the pressure from the equations of motion, the approach described in Luchini
and Quadrio (2006) has an additional advantage given by the way it handles spatial discretisation. In-
stead of sampling the unknowns on a discrete spatial grid, the unknowns are approximated by a trun-
cated Fourier series (effectively, a discrete Fourier transform; see §2.3.3) in the streamwise and spanwise
directions. Effectively, then, ̂̂v and ̂̂ωy become the unknowns of the problem; the number of retained
Fourier modes can be linked to the spatial resolution thanks to equation 2.60. Such a spectral approach
has several advantages: derivatives in the streamwise and spanwise directions can be exactly calculated
through an algebraic (hence, cheap) operation. Moreover, the system of partial differential equations
shown in equation 2.85 becomes algebraic:

iκz ̂̂u− iκx ̂̂w = ̂̂ωy

iκx̂̂u+ iκz ̂̂w = −∂
̂̂u
∂y

(2.86)

A complication linked to the use of Fourier modes arises, however, when computing non-linear terms.
In physical space, non-linear terms can be rewritten so that they involve the calculation of a product
between velocity components – for instance, uu for the streamwise component (see equation 2.68). This
product corresponds to a convolution in spectral domain (see equation 2.71). In practice, the direct com-

11 The solution of the Poisson problem associated to the pressure correction accounts for a large share of the computational cost of
a time step.
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putation of the convolution is an expensive operation, so that it is preferred to anti-transform ̂̂u to yield u,
to then calculate the product uu in physical space and to finally transform it back to the Fourier domain.
The issue, here, is that the spectral band of the product uu is twice as large as the one of u: aliasing issues
might occur. De-aliasing is thus performed: before performing the anti-transform that yields u, the set
of Fourier coefficients ̂̂u is expanded with some additional, high-wavenumber modes whose coefficients
are set to zero (this operation is commonly referred to as zero-padding). Typically, zero-padding is per-
formed so that the final, total number of Fourier modes is larger than 3/2 of its original value (Luchini
and Quadrio, 2006). The zero-padded set of modes is anti-transformed to real space and the product uu
is computed; upon transforming back to the Fourier domain, the additional modes added though zero-
padding are discarded, so that only the original set of Fourier modes is retained. It can be shown that,
by doing so, the retained modes are free of aliasing errors; these can ensue only for the discarded modes.

Although the use a Fourier series makes the computation of streamwise and spanwise derivatives triv-
ial, wall-normal derivatives still need to be approximated with a canonical method. The code of Luchini
and Quadrio (2006) uses compact finite differences to do so (similarly to scheme described in §2.4.2). As
for the advancement in time of the numerical solution, convective terms are discretised with an explicit,
third-order Runge-Kutta scheme (again, similarly to scheme described in §2.4.2). However, diffusion
terms are discretised with an implicit, second-order Crank-Nicholson scheme. This semi-implicit strat-
egy is common practice (Kim et al., 1987; Quarteroni, 2009); it combines the accuracy of a higher-order
scheme and the stability of an implicit method. The latter relieves the stability constranint on the time
step ∆t given by condition 2.84.
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The results shown in this chapter have been published in Andreolli et al. [MY21].

In this chapter, turbulent plane Couette and Poiseuille flows (as described in §2.2.1) will be compared in
an attempt to investigate the different costs (in terms of skin friction, or power needed to drive the flow)
associated to small and large scales of turbulence. Indeed, Couette flows are characterised by strong
large-scale structures which can be found in Poiseuille flows only at much higher Reynolds numbers
(see §1.2.2, or Lee and Moser, 2015, 2018; Pirozzoli et al., 2014), so that the comparison of the two flows
can highlight the role of large scales in the generation of skin friction. The present chapter will thus
address the following research question:

1. How do the costs (in terms of power input or wall shear stress) associated to small and large
scales differ?

Additionally, previous studies suggest that turbulence develops faster with the Reynolds number in
Couette flows. For instance, the shear and wall-normal Reynolds stresses saturate for lower values of
the Reynolds number in Couette flows; transition to turbulence also happens at lower values of Re

(Orlandi et al., 2015). These aspects will also be addressed.

The flows will be analysed using the framework first introduced by Gatti et al. (2018), which will be
discussed and generalised to the combined Couette-Poiseuille problem considered here (see §3.1); spe-
cialisation to the isolated Couette and Poiseuille flows trivially follows. The framework will be then
used to compare the two flows in §3.2.

Comparing flows that are different in nature is no trivial operation. It is indeed necessary to define how
the comparison is carried out: for instance, the two flows can be compared at constant Reτ as is usually
done in the literature (Monty et al., 2009; Sillero et al., 2013). This approach, which will be pursued in
§3.2.1, is not necessarily the best suited one, and two alternatives will be tested. In §3.2.2, the two flows
will be compared in such a way that they receive the same input power from some external agent. A
novel comparison strategy stemming from the analytical results of §3.1 is also proposed in §3.2.3.

Finally, a concluding remark for this chapter is provided in §3.3. More general conclusions will be
drawn in §7.

3.1 The CPI framework for the Couette-Poiseuille flow family

In this section, a framework for the analysis of integral (global) energy budgets in Couette-Poiseuille
flows (as described in §2.2.1) will be presented – the so called CPI framework, originally derived by Gatti
et al. (2018) to evaluate the performance of flow control strategies in Poiseuille flows. The framework
presented here is readily applicable to isolated Couette and Poiseuille flows. Apart from the flow case,
the present formulation differs from the one of Gatti et al. (2018) in that a novel velocity scale is used
for non-dimensionalisation; this choice of velocity scale allows to recover analyitical results that are
generally valid for both Couette and Poiseuille flows (see §3.1.3). Moreover, the framework will be
further extended to discriminate small- and large-scale fluctuations in §3.2.4.
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In §2.2.5, it was shown that a Couette-Poiseuille flow receives power from two external agents: the
pressure gradient and the external forces keeping the walls in motion. The sum of these two energy
fluxes – the pumping power Πp and power Πw provided by the walls – represents the total power Πt

per unit wetted area that is provided to the flow:

Πt = Πp +Πw (3.1)

The pumping and the wall power Πp and Πw ensue from the antisymmetric and symmetric wall shear
stresses τa and τs (defined in the equations below) working for the bulk and wall velocities respectively
(see, once again, equations 2.38 and 2.39 in §2.2.5):

Πp =
1

2
(τB − τT )︸ ︷︷ ︸

τa

Ub = τaUb (3.2)

Πw =
1

2
(τT + τB)︸ ︷︷ ︸

τs

Uw = τsUw (3.3)

The derivation of the CPI framework requires the definition of a suited set of units that allows for a
meaningful non-dimensionalisation. The choice of length scale naturally falls on the channel half-height
h; as for the velocity scale, the present discussion will rely on the so-defined “power velocity Uπ :

Uπ =

(
Πt

ρ

)1/3

(3.4)

which in its definition resembles the friction velocity, except that the total power input per unit wetted
area Πt is used instead of the wall shear. This naturally leads to the definition of a power-based Reynolds
number Reπ = hUπ/ν. The definition (3.4) of the power velocity is more general than the one Uπ,Pois

given in previous works (Hasegawa et al., 2014; Gatti et al., 2018) and valid for Poiseuille flows only;
the following relation holds:

Uπ =
(
3
ν

h

)1/3
(Uπ,Pois)

2/3
. (3.5)

Under the general definition (3.4), any two Couette–Poiseuille flows with the same values of Reπ are
driven by the same power input. The definition is also independent from the reference frame, and im-
mediately applies to unusual flow configurations such as Poiseuille flows with no flow rate (Tuckerman
et al., 2014) or experimental results for Couette and Couette–Poiseuille flows (Kawata and Alfredsson,
2019; Klotz et al., 2021).

Thanks to the definitions (3.2), (3.3) and (3.4), the equation defining the total power (3.1) can be recast
in terms of Reynolds numbers:

Re3π = (h+s )
2Rew + (h+a )

2Reb , (3.6)

where h+s and h+a are the friction Reynolds numbers defined with the friction velocities descending from
the values of the symmetric and anti-symmetric wall shear stresses:

h+s =
h

ν

√
τs
ρ
; h+a =

h

ν

√
τa
ρ

(3.7)
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Instead, Reb = hUb/ν and Rew = hUw/ν are Reynolds numbers where the velocity scale is given by the
flow rates” [MY21]; the expression Req will be generically used to indicate either of Reb or Rew. Bear in
mind that, as explained in §2.2.1, the wall velocity Uw of a Couette flow is analogous to the bulk velocity
(which in turn is closely linked to the flow rate) of a Poiseuille flow.

In addition to the power Reynolds number, a second parameter is needed to fully characterise the
Couette–Poiseuille flow decribed in §2.2.1. “The two usually employed parameters (Telbany and
Reynolds, 1980, 1981; Nakabayashi et al., 2004) are the friction Reynolds number h+B of the bottom
wall and the flow parameter θ:

h+B =
h
√
τB/ρ

ν
, θ =

h

τB

dτ

dy
(3.8)

where τ is the total shear stress. In the present, power-focused approach, we use instead Reπ and the
pumping power share a = Πp/Πt. Hence, a pair (Reπ, a) or equivalently (h+b , θ) fully describes the
state of a Couette–Poiseuille flow. Thanks to equations (3.1), (3.2), (3.3) and (3.6), the two parameter
sets can be related as:  Reπ =

(
(1 + θ)(h+b )

2Rew − θ(h+b )
2Reb

)1/3
a =

(
1− 1+θ

θ
Rew

Reb

)−1 (3.9)

where Rew and Reb implicitly depend on h+b and θ (an explicit relation cannot be obtained due to the
closure problem of turbulence).” [MY21]

3.1.1 The extended Reynolds decomposition; integral energy budgets

“The next step of the analysis consists in extending the classic Reynolds decomposition, as in Gatti et al.
(2018). After splitting the velocity field into a mean component U(y) and a fluctuating part, the former
is further decomposed as the sum of a Stokes (laminar) and a deviation part:

U(y) = UL(y) + U∆(y) (3.10)

where UL is the Stokes solution of the problem under consideration that achieves the same flow rate
as the turbulent one.” [MY21]. An expression for UL is given by the solution of the laminar Couette-
Poiseuille problem (notice that in this case the Stokes solution and the laminar one are coincident):

UL(y) = Uw

(y
h
− 1
)
+

3

2
Ub

(
2y

h
− y2

h2

)
. (3.11)

It can be trivially shown that the above expression satisfies:

∫ 2h

0

UL dy =

∫ 2h

0

U dy = 2hUb (3.12)

It follows that “the deviation profile U∆ is zero at the wall and has zero integral; in other words, it does
not contribute to either Ub or Uw. For a generic parallel flow with constant cross-section, UL is the solu-
tion that minimizes the power required to generate a given flow rate (Bewley, 2009; Fukagata et al.,
2009).” [MY21]
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3 Global energy fluxes in Couette and Poiseuille flows

It will be now shown that, using the extended Reynolds decomposition, the terms of the volume-
averaged budgets of mean and turbulent kinetic energy (MKE and TKE) are also split in a laminar
and deviation part. The two budgets were presented in §2.2.5 and read:

MKE: Πt − Ξ− P = 0 (3.13)

TKE: P − ϵ = 0 (3.14)

They can be interpreted as follows. Of the total power Πt provided to the mean flow, one part is di-
rectly dissipated as mean dissipation Ξ, whereas the remaining part is passed to turbulence by the
turbulence production term P . The entirety of the power that is fed to turbulence is then lost to the
turbulent dissipation ϵ.

From now on, energy fluxes will be expressed in power units. Quantities made non-dimensional with
power units (h, Uπ) will be indicated by a π superscript, (...)π . Notice that expressing any energy flux in
power units is equivalent to expressing it as a fraction of the total power input Πt: as an example,

Ξπ =
Ξ

ρU3
π

=
Ξ

Πt
. (3.15)

Using this non-dimensionalisation and by substituting equation 3.10 into the definitions of Ξ and P (see
equations 2.41 and 2.35, §2.2.5), the two energy fluxes can be decomposed into the sum of a laminar
(ΞL, PL) and a deviation part (Ξ∆, P∆):

Ξπ =
1

2

∫ 2

0

1

Reπ

(
dUπ

dyπ

)2

dyπ =
1

2

∫ 2

0

1

Reπ

(
dUL,π

dyπ

)2

dyπ︸ ︷︷ ︸
ΞL,π

+
1

2

∫ 2

0

1

Reπ

(
dU∆,π

dyπ

)2

dyπ︸ ︷︷ ︸
Ξ∆,π

(3.16)

Pπ =
1

2

∫ 2

0

−⟨u′v′⟩π dU
π

dyπ
dyπ =

1

2

∫ 2

0

−⟨u′v′⟩π dU
L,π

dyπ
dyπ︸ ︷︷ ︸

PL,π

+
1

2

∫ 2

0

−⟨u′v′⟩π dU
∆,π

dyπ
dyπ︸ ︷︷ ︸

P∆,π

(3.17)

Notice that, in principle, a cross-term should appear in equation 3.16; such cross term can be easily
shown to be zero by substituting the expression 3.11 for the laminar velocity UL and by then integrating
by parts. “Moreover, it can be proven that1:

P∆ = −Ξ∆ < 0 (3.18)

Hence the positive production term PL transfers energy from the mean to the fluctuation field, whereas
the deviation production P∆ acts in the opposite direction to be a sink for TKE. Eventually, thanks to
the extended decomposition, equations (3.13) and (3.14) can be rewritten as:

MKE: 1− ΞL,π − PL,π = 0 (3.19)

TKE: PL,π − Ξ∆,π − ϵπ = 0 (3.20)

where the total power input term Πt becomes unity as a result of the power-based scaling.” [MY21] The
budgets can now be interpreted as follows. The mean flow receives a power input Πt, which either gets
dissipated as laminar dissipation ΞL or passed to turbulence by the laminar production PL. Owing to
its definition (eq. 3.16), the laminar dissipation ΞL is the dissipation that would be felt by the laminar

1 Proof is non-trivial; it can be found in the appendix of the Master’s thesis of the author, https://hdl.handle.net/10589/
153027
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3.1 The CPI framework for the Couette-Poiseuille flow family

MKE TKE

Πt/Πt = 1.000

ΞL/Πt = 0.162

PL/Πt = 0.838

−P∆/Πt = 0.379

Ξ∆/Πt = 0.379

ϵ/Πt = 0.459

Figure 3.1: Extended energy box for a Couette flow at Reτ = 102, with numerical values of the integral terms
expressed as a fraction of the total power input Πt (equivalent to power units). Adapted from [MY21].

solution UL; bear in mind that UL is the flow solution that requires the least power to produce the
observed flow rate (Bewley, 2009; Fukagata et al., 2009). Then, “the dissipated fraction ΞL,π = ΞL/Πt is
the smallest amount of power required to achieve the given flow rate for the flow under consideration
(Gatti et al., 2018). The remaining dissipation is caused by the presence of turbulence, and exits the
system either as turbulent (ϵ) or deviational (Ξ∆) dissipation; the two contributions sum up to PL. The
whole process is conveniently represented by the energy box (Quadrio, 2011; Ricco et al., 2012), drawn
in figure 3.1 for a Couette flow at Reτ = 102 (one of the cases discussed below). The various components
of the balance are a function of the flow type and Reynolds number.” [MY21]

3.1.2 Analytical expressions for the energy fluxes

“Most of the quantities defined above can be expressed analytically in terms of the Reynolds number
Reπ , the pumping power share a = Πp/Πt, and the following two weighted integrals of the Reynolds
shear stress −⟨u′v′⟩:

απ
p =

1

2

∫ 2

0

−⟨u′v′⟩π (1− yπ) dyπ, απ
c =

1

2

∫ 2

0

−⟨u′v′⟩π dyπ. (3.21)

Due to the anti-symmetric weight, αp is only determined by the anti-symmetric part of the Reynolds
stress, and is therefore zero for Couette flows; conversely, αc depends on the symmetric part alone, and
is zero for Poiseuille ones. The weight functions are the wall-normal derivatives of the laminar profile
UL(y), normalized by their wall value.” [MY21]

Each of these integrals, then, either relates to the Couette- or to the Poiseuille-part of the flow; they
indeed have separate effects on various quantities of interest. For instance, an expression for the flow
rates can be found, “with Uw and Ub associating to αc and αp respectively:

Uπ
w =

Reπα
π
c

2

(√
1 +

4(1− a)

Reπ(απ
c )

2
− 1

)
, Uπ

b =
Reπα

π
p

2

(√
1 +

4a

3Reπ(απ
p )

2
− 1

)
. (3.22)
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3 Global energy fluxes in Couette and Poiseuille flows

These expressions are the CPI equivalent of the FIK identity originally derived by Fukagata et al. (2002).”
[MY21] Proofs for the above formulae can be found in the appendix of the author’s Master’s thesis2.
Additionally, “an expression for PL can be found:

PL,π =
Reπ(α

π
c )

2

2

(√
1 +

4(1− a)

Reπ(απ
c )

2
− 1

)
+

3Reπ(α
π
p )

2

2

(√
1 +

4a

3Reπ(απ
p )

2
− 1

)
(3.23)

and, since from equation (3.19) ΞL,π = 1− PL,π , ΞL becomes analytically known too. Lastly, an expres-
sion for Ξ∆ is needed; first, the following integral is defined:

βπ =
1

2

∫ 2

0

(
⟨u′v′⟩π

)2
dyπ. (3.24)

Then, Ξ∆ can be written as:

Ξ∆,π = Reπ
(
βπ − (απ

c )
2 − 3(απ

p )
2
)
. (3.25)

The Cauchy–Schwarz inequality proves that this quantity is always non-negative.” [MY21]

3.1.3 Simple Couette and Poiseuille flows

“Expressions for simple Couette and Poiseuille flows are obtained by setting a = 0 or a = 1 respectively.
Simple Couette flows have an antisymmetric mean velocity profile, hence shear and Reynolds stresses
are symmetric; additionally, αp = 0 and Ub = 0. Conversely, simple Poiseuille flows have a symmetric
mean velocity profile, hence shear and Reynold stresses are antisymmetric with αc = 0 and Uw = 0.
For both, equation (3.6) can be simplified to:

Re3π = Re2τReq (3.26)

where Req is the flow-rate-based Reynolds number, i.e. Req = Rew for Couette flows and Req = Reb

for Poiseuille ones.

Equation (3.23) can be further simplified into an expression for PL (or ΞL) that is valid for both simple
Couette and Poiseuille flows. To this purpose, a new Reynolds number is introduced, based on a new
velocity scale Uα. The latter is given by the ratio between the weighted integral α of the Reynolds shear
stress and the flow rate Uq:

Uα =
α

Uq
, α =

1

2h

∫ 2h

0

−⟨u′v′⟩ψ(y) dy, (3.27)

where ψ(y) =
(
dUL/dy

)
/
(
dUL/dy

)
y=0

is the same non-dimensional weight of equation (3.21), such
that α = αc for Couette flows, or α = αp for Poiseuille ones. The new Reynolds number Reα = hUα/ν is
consequently defined; Reα already appears in the FIK identity for Couette flows (Kawata and Alfreds-
son, 2019), which can be cast as

Reα =
Re2τ
Rew

− 1, (3.28)

2 https://hdl.handle.net/10589/153027
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and the one for U+
b of Poiseuille flows (Marusic et al., 2007),

Reα =
Re2τ
3Reb

− 1. (3.29)

Eventually, the aforementioned fluxes PL and ΞL can be written as functions of Reα:

PL,π =
1

1 + 1/Reα
, ΞL,π =

1

1 + Reα
. (3.30)

As discussed in §3.1.1, the non-dimensional laminar production PL,π expresses the fraction of external
power wasted because of turbulence, and is of particular interest as it quantifies the overhead in produc-
ing flow rate from a given power. Moreover, due to the used non-dimensionalisation, the dissipation
ΞL,π of the laminar component is the ratio between the power ΠL required by the Stokes solution and
the total power input Πt,

ΞL,π =
ΠL

Πt
, (3.31)

with ΠL being the theoretical minimum power needed to achieve a given flow rate. Therefore, ΞL,π

represents an efficiency: the closer ΞL,π to one, the closer the flow to the ideal situation where the whole
power is spent to produce flow rate. Summing up, the whole MKE box is determined by the value of
Reα; it remains to be determined when a given Reα is obtained, and what happens to the TKE box. This
requires additional information from DNS datasets because of the unknown distribution −⟨u′v′⟩, and
will be addressed below.” [MY21]

3.2 Numerical results

“The discussion that follows is based on a set of DNS simulations of turbulent Poiseuille and Couette
flows. The dataset includes simulations carried out for the present work as well as published data from
Lee and Moser (2015); Orlandi et al. (2015); Gatti and Quadrio (2016); Gatti et al. (2018); Lee and Moser
(2018).” [MY21] New simulations are produced using the algorithm described in §2.4.4 applied to the
channel geometry of §2.2.1. Practically, simulations are “carried out with the code described in Luchini
and Quadrio (2006), includes two Couette flows with Reτ ≃ 100 and 500, as well as Poiseuille flows
at Reτ = 100, 150, 316 and 500, selected to provide additional data points when needed; details of the
various cases and their spatial discretization are reported in table 3.1. As for the Couette simulations,
a streamwise domain length long enough to accommodate large-scale motions in the core of the chan-
nel has been used; following Orlandi et al. (2015), a value of 12πh is chosen here for the low Reynolds
number simulation, while 16πh is used for the higher Reynolds number. These domain lengths have
limited effects on one-point statistics (Lee and Moser, 2018), mainly affecting two-point statistics and
the spatial orientation of structures (Komminaho et al., 1996), neither of which is of primary interest
in this study.” [MY21]

3.2.1 Comparison at constant Reτ

“First, the relationship among the various Reynolds numbers is discussed, and figure 3.2 plots their
variation with Reτ . Panel (a) shows that Req varies with Reτ quite similarly in the two flows; the sim-
ilarity is even more striking when the variation of Reπ is considered, as shown in panel (b). In both
cases, available data shows the expected nearly linear increase. For example, Abe and Antonia (2016)
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Figure 3.2: Dependence of the Reynolds numbers (a) Req , (b) Reπ and (c) Reα on the friction Reynolds number Reτ ,
for Couette (red) and Poiseuille (blue) flows. The dashed lines in the panels above indicate analytical
fits, whereas the dotted lines in (c) are an empirical linear fit. For colors and symbols, refer to table 3.1.
Adapted from [MY21].

linked Reτ and Reb for Poiseuille flows by assuming that deviations from the logarithmic law in the
mean velocity profile near the mid-plane of the channel are negligible; the same approximation was
found to be valid for Couette flows as well (Orlandi et al., 2015). The underlying functional form fitted
to the present data yields:

Reb
Reτ

= 2.85 + 2.48 ln(Reτ ) (3.32)

Rew
Reτ

= 5.17 + 2.39 ln(Reτ ) (3.33)

and the use of (3.26) leads to analogous expressions for Reπ vs Reτ . In both cases, the approximations
are satisfactory. The most interesting result, however, is contained in panel (c) of figure 3.2, where the
change of Reα with Reτ is shown. Considerable quantitative differences are seen between Couette and
Poiseuille flows: the slope of a linear fit to Couette data is approximately three times larger than the
same slope for Poiseuille flows.

Comparing Couette and Poiseuille flows at the same Reτ is the most natural choice, as discussed at the
beginning of this chapter. This comparison yields quite a similar flow rate, and does not immediately
reveal why a Couette flow possesses an increased level of turbulent activity with respect to a Poiseuille
one at the same Reτ . However, under such condition, Reα differs considerably between the two flows,
suggesting a new and potentially informative comparison.” [MY21]

3.2.2 Comparison at constant Reπ

“Before addressing the comparison at the same Reα, which will provide a better indication of turbulent
activity, we compare Couette and Poiseuille flows at constant power input. The relationship between
Reπ and Reτ has been already shown in figure 3.2(b) to be nearly linear for the available data, and
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Figure 3.3: Reynolds numbers (a) Req and (b) Reα against Reπ . For colors and symbols, refer to table 3.1. Adapted
from [MY21].

to not depend on the flow type. Req and Reα are plotted against Reπ in figure 3.3(a,b), respectively.
The former panel allows to asses the effectiveness Req(Reπ) of the flow, i.e. the amount of flow rate
Req produced out of a given power input Reπ . Data for Poiseuille and Couette flows almost collapse,
meaning that they are similarly effective. The marginal difference between the two flows indicates that
Couette flows are slightly more effective than Poiseuille ones on the whole range of available data.
This was already pointed out by Orlandi et al. (2015), and seems to be at odds with many evidences
in literature of a higher turbulent activity in Couette flows, e.g. from the same authors. Such higher
turbulent activity is here confirmed in panel (b): when the two flows are compared under the same
power input, Couette flows achieve a much higher Reα than Poiseuille ones. In view of the discussion
in §3.1.3, this implies that Couette flows exhibit a larger turbulent overhead PL, hence a lower efficiency
ΞL. Figure 3.4 better shows how efficiency ΞL and its complement overhead (or inefficiency) PL change
with Reπ ; it is clearly seen that the turbulent overhead is larger in Couette flows than in Poiseuille
ones for a given power input.

Provided that a Couette flow is more turbulent than a Poiseuille one at CPI and that turbulence has
an adverse effect, the reason for the better effectiveness (meaning, the ability to produce a larger flow
rate out of a given power input) of the Couette case has to be sought in its Stokes solution. The lower
efficiency ΞL means that the Stokes componentUL of a generic Couette flow is fed with a smaller fraction
of the total power input; still, this UL requires less power than its Poiseuille counterpart to achieve
a given flow rate, hence compensating for the lower power supply. In other words, the concept of
efficiency – after equation (3.31) – addresses performance with respect to the ideal case of the flow
under consideration, while effectiveness Req(Reπ) does that in absolute terms.

Another significant difference between the two flows is the presence of energetic, large-scale structures
in Couette flows (Lee and Moser, 2018; Pirozzoli et al., 2014; Kitoh and Umeki, 2008). These essentially
realize an inertial mechanism (Papavassiliou and Hanratty, 1997) that transfers momentum from one
wall to the other – or, in other words, produce flow rate. While they surely do not provide a better
performance with respect to the optimal case of a Stokes solution, their comparison with smaller-scale
turbulence is not trivial. Large-scale rolls in Couette flows can either be suppressed or energised by a
Coriolis force; in the first case, drag reduction is observed at constant flow rate (Komminaho et al., 1996),
in the latter a drag increase is obtained instead (Kawata and Alfredsson, 2016b; Bech and Andersson,
1996), suggesting that large-scale structures have a negative impact on effectiveness. Additionally, de
Giovanetti et al. (2016) reported a degrading effect of large-scale structures on flow performance – albeit
in Poiseuille flows.” [MY21] The above considerations suggest that the presence of strong large scales
in Couette flows does not help explain why they are more effective than Poiseuille ones.
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Figure 3.4: Plot of PL and ΞL = 1 − PL against Reπ . For colors and symbols, refer to table 3.1. Adapted from
[MY21].
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Figure 3.5: Turbulent dissipation ϵ (a) and deviation dissipation Ξ∆ (b) versus Reπ . For colors and symbols, refer to
table 3.1. Adapted from [MY21].

“The remaining flux terms of the TKE energy box are plotted in figure 3.5. Here the data points follow
qualitatively similar curves for the two flows, but with significant quantitative differences. The TKE
dissipation ϵ is found to monotonically increase in both flows, in agreement for example with Abe and
Antonia (2016), even though Couette flows yield significantly larger values than Poiseuille ones. As for
the deviation dissipation Ξ∆, Gatti et al. (2018) observed an increasing trend for Poiseuille flows until
a maximum at intermediate Reπ is reached; then, the curve decreases monotonically to asymptotically
approach zero. The same trend is here confirmed for Couette flows, except that the maximum is reached
much earlier than in Poiseuille ones, supporting once more the notion that the former develop faster
with Re. Moreover, the available Couette data points are consistently above those for Poiseuille flows,
except the one at the highest Re; a trend reversal is thus possible at high Reynolds number, even though
additional high-Re Couette data would be needed to establish it properly.” [MY21]

3.2.3 Comparison at constant Reα

“Additional considerations can be made when the two flows are compared at the same value of Reα. It
has already been shown how this is equivalent to enforcing an identical MKE box (see §3.1.3), and that
Reα significantly differs for the two flows at the same Reτ or Reπ .

Figure 3.6 plots the turbulent dissipation ϵ against Reα. A single point on this plot, i.e. a pair of (Reα, ϵ)
values, is sufficient to determine the whole energy box. Indeed, the value of Reα sets both PL and ΞL,
while the value of ϵ provides the missing information to recover deviation dissipation from equation
(3.20) as well as deviation production, since Ξ∆ = −P∆.

The two curves for Poiseuille and Couette flows in figure 3.6 are very similar, not only qualitatively but
also quantitatively. This is quite remarkable, since in principle nothing prescribes such different flows
with different mechanisms of power input and at different Reτ and Reπ to redistribute the same power
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Figure 3.6: Turbulent dissipation ϵ against Reα. For colors and symbols, refer to table 3.1. Adapted from [MY21].

fraction PL identically between ϵ and Ξ∆. A striking difference with respect to figure 3.5(a) is that, here,
Couette flows show a lower turbulent dissipation than Poiseuille ones, albeit marginally. Moreover,
the present data indicates a tendency for this difference to increase with Re. In other words, when the
same fraction of power PL is transferred to the field of turbulent fluctuations, a Couette flow dissi-
pates less of it as turbulent dissipation (and consequently more of it as Ξ∆), in a manner that becomes
more evident for increasing Re. This trend occurs despite both flows achieve ϵ → 1 (thus Ξ∆ → 0)
in the limit Reα → ∞, which is then approached at a faster rate in Poiseuille flows. This can be read-
ily shown through equation (3.25) under the asymptotic-Re assumption that −⟨u′v′⟩ equals the total
shear stress τwψ(y).” [MY21]

3.2.4 Discriminating large- and small-scale dissipation

“The above observation can be explained by the role of the large-scale structures in the two flows; as
already stated, such structures are more intense in Couette than in Poiseuille flows, at least for the
relatively wide range of Reynolds numbers observed in literature. The lower turbulent dissipation in
Couette flows might thus be attributed to the reduced ability of these large-scale motions to transform
PL into ϵ. Moreover, the implied larger Ξ∆ is a sign of the large-scale motions being more efficient at
producing Reynolds shear stresses, consistently with observations by Lee and Moser (2018). Since the
shear stress is directly related to the mean flow by the mean momentum equation, large scales affect
the mean flow more than small ones.

To confirm this hypothesis, a decomposition of the fluctuating velocity field into large- and small-scale
components is carried out. The procedure closely follows the one devised by Kawata and Alfredsson
(2018). A large-scale field u⃗ℓ is defined via a sharp Fourier filter in the homogeneous directions, and the
small-scale field is consequently defined as u⃗s = u⃗′ − u⃗ℓ. Budget equations were derived by Kawata
and Alfredsson (2018) for the kinetic energy of these two fields. These equations resemble the one for
the kinetic energy of the whole fluctuation field, and feature equivalent terms, plus a key additional
transport term that describes the energy transfer between the large and small scales. The cross-scale
transport term is conventionally defined to be positive when the large-scale field is receiving power.
The equation for the large-scale kinetic energy becomes:(
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Figure 3.7: Extended energy box for a Couette flow at Reτ = 102, with the TKE box split into large- and small-scale
contributions. Adapted from [MY21].

and substituting u⃗ℓ with u⃗s provides the analogous equation for the small-scale field. The crucial cross-
scale term describes the energy exchange between small and large scales, and represents a non-local
process in the physical space, so that the exchange only balances after integration on the whole domain”
[MY21] similarly to the turbulent production term of equation (2.34):

∫ 2h

0

−
〈
uℓ,iu

′
k

∂us,i
∂xk

〉
︸ ︷︷ ︸

cross-scale, large

+−
〈
us,iu

′
k

∂uℓ,i
∂xk

〉
︸ ︷︷ ︸
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dy = 0 (3.35)

“Volume-integration of the budget equation (3.34) and its small-scale equivalent yields the energy fluxes
PL, P∆ and ϵ separated into their small- and large-scale components, which will be indicated by sub-
scripts ·s and ·ℓ respectively, plus the interscale transfer T .

We compute the decomposed energy budget for two Couette flows at Reτ ≃ 100 and 500. As in Kawata
and Alfredsson (2018), no filtering is carried out in the streamwise direction, owing to the very elon-
gated nature of the large-scale structures. For spanwise filtering, the selection of the wavelength λz to
discriminate the large-scale motion is guided by the rather flat peak of the energy spectrum observed in
Lee and Moser (2018) in the range 3 < λz < 6.5. Detailed scrutiny of the same spectrum for the present
datasets has determined the range of interest to be λz ≥ π, which is used as a criterion to discriminate
the large scales from the small ones.

The decomposed energy budget is given in figure 3.7 for the Couette flow at Reτ ≃ 100, where the TKE
box is separated into two sub-boxes pertaining to the small and large scales. It is confirmed that the
large scales are less efficient than the small ones at producing ϵ, with ϵπℓ = 0.079 versus ϵπs = 0.380.
Not only do small scales produce more turbulent dissipation, but they also convert a larger fraction
of the received energy into it, as ϵℓ/PL

ℓ = 0.336 while ϵs/PL
s = 0.627. Obviously, their impact on the

deviational dissipation is opposite, with |P∆
ℓ |/PL

ℓ = 0.706 and |P∆
s |/PL

s = 0.355. The same picture is
observed in figure 3.8 for a Couette flow at Reτ ≃ 500, with even more pronounced features because of
the higher Re and the increased separation between large and small scales. The large-scale contribution
to turbulent dissipation becomes much smaller than the small-scale one (ϵπℓ = 0.034 against ϵπs = 0.515);
moreover, the large scales account for the most of the deviation dissipation with |P∆

ℓ |/Ξ∆ = 0.8398.
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Figure 3.8: Extended energy box for a Couette flow at Reτ = 507, with the TKE box split into large- and small-scale
contributions. Adapted from [MY21].

In other words, turbulent dissipation is clearly dominated by small-scale effects, whereas deviation
dissipation is mainly caused by large-scale ones.” [MY21]

“In both cases, the interscale net energy flux is rather small: Tπ = 0.01 for Reτ ≃ 100 and Tπ = −0.052

for Reτ ≃ 500. However small, the net integral effect at the lower Reynolds number is to transfer
energy from the small to the large scales. The same result was obtained by Papavassiliou and Hanratty
(1997) by treating large-scale structures as secondary motions; this differs however from the more recent
observation put forward by Kawata and Alfredsson (2018), where an inverse interscale transport was
only found for the Reynolds shear stress −⟨u′v′⟩. At higher Reynolds number the direction of the
transfer is reversed, and power goes from large to small scales. This inversion can be explained by
figure 3.9, that plots the y-profile of the cross-scale transport term of the large scales, i.e.

−
〈
uℓ,iu

′
k

∂us,i
∂xk

〉
.

A positive peak is present in the near-wall region, where the large scales are receiving power;” [MY21]
further away from the wall, the term turns negative, indicating that large scales are losing power to
small scales. Judging on the present data, the position of the zero-crossing of the above term appears
to scale in inner units. The present observations are in good agreement with the findings of Cho et al.
(2018) and Kawata and Tsukahara (2021), who detected an inverse energy cascade from large energy-
containing motions to even larger ones in the proximity of the wall. The positive, buffer-layer peak
“covers a large portion of the domain at low Reynolds number – meaning that the integral flux T is
dominated by near-wall effects, and ends up being positive at Reτ ≃ 100. Conversely, at higher Reτ the
integral is dominated by the core region of the flow, where the large scales lose energy, thus explaining
the negative value of T at Reτ ≃ 500.” [MY21] Notice that the data shown in figure 3.9 is pre-multiplied,
so that the area seen under the plotted curves is representative of the integral amount of power being
exchanged in spite of the logarithmic axis.

3.3 Summary and conclusions

“Turbulent plane Poiseuille and Couette flows have been compared in terms of their integral energy
fluxes, thanks to the analysis of a database of direct numerical simulations. The work is based on the
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Figure 3.9: Profiles of the premultiplied cross-scale transport term for the large-scale fluctuation field u⃗ℓ in Couette
flows, plotted in viscous units. Red: Reτ = 102; black: Reτ = 507. Adapted from [MY21].

framework introduced by Gatti et al. (2018) to compare two Poiseuille flows with and without flow
control under the same power input (i.e. at Constant Power Input, or CPI). The CPI approach is ex-
tended here to the case of a generic plane parallel flow driven by both shear and a pressure gradient.
A power-based velocity scale Uπ and a corresponding Reynolds number Reπ are defined and used for
non-dimensionalisation, so that two flows with the same power input possess the same Uπ and the same
Reπ . After a standard Reynolds decomposition, the mean flow is further split into a laminar (Stokes)
and a mean deviation contribution. This procedure also decouples all the volume-integrated energy
fluxes into a laminar and a deviational part. The extended decomposition, together with normalization
by the total power input, enables expressing all the energy fluxes as functions of the sole variables Reπ

and two wall-normal integrals of the Reynolds shear stress.

Comparing Couette and Poiseuille flows at the same Reπ ascertains that Couette ones produce a slightly
larger flow rate, i.e. Couette flows are more effective at converting a given input power into flow rate.
However, the efficiency of the process is a completely different concept. Among the volume-integrated
fluxes, the flux PL,π (laminar production of turbulent kinetic energy, expressed in power units) indicates
the total fraction of power that is wasted as an overhead expense owing to the presence of turbulence,
or the flow (in)efficiency. The flux ΞL,π = 1 − PL,π is the laminar dissipation, i.e. the dissipation of the
laminar flow, and similarly expresses the efficiency of the flow, being the ratio between the theoretical
minimum power necessary to realize a given flow rate and the actual power used to drive the turbulent
flow. For a comparison under the CPI condition, Couette flows produce a larger PL,π (see figure 3.4)
and a lower efficiency ΞL,π = 1 − PL,π . The two observations that Couette flows are at the same time
more effective (i.e. produce a larger flow rate for a given power) and less efficient (i.e. waste a larger
power share to turbulence) are only apparently contradictory: the laminar Couette solution requires
less power than its Poiseuille counterpart to produce the same flow rate, hence compensating for the
higher turbulent activity of the former. The Stokes solution is therefore quite relevant in determining
the absolute performance of a turbulent flow at producing flow rate. Also, the efficiency ΞL,π should
not be used to compare effectiveness at producing flow rate across different flows, but only to indicate
how the flow compares to the ideal situation.

In the case of simple Couette and Poiseuille flows, both fluxes ΞL,π and PL,π have been written as
functions of a sole variable: the Reynolds number Reα, which is embedded in the FIK identity. Its
velocity scale is the ratio between a weighted integral of the shear stress and the flow rate. Surprisingly,
these two functions of Reα turn out to be identical for Couette and Poiseuille flows. However, the same
value of Reα is achieved by Couette flows at a lower value of Reτ , explaining and – more importantly –
quantifying how turbulence in Couette flows develops faster with the Reynolds number.
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Couette and Poiseuille flows can also be compared at the same value of Reα, which corresponds to a
situation where the fluctuating field is fed with the same fraction PL,π of the total power. In this case,
Couette flows are found to achieve a smaller turbulent dissipation ϵπ , even though for both flows ϵπ

tends to unity at infinite Reynolds number. Indeed, Couette flows feature stronger large-scale structures,
which are efficient at modifying the mean flow, but carry a lower contribution to turbulent dissipation
compared to smaller scales. To verify this, an inter-scale analysis of the energy fluxes has been performed
on two Couette flows at Reτ ≃ 100 and 500. The TKE integral budget is further divided in small- and
large-scale contributions, with an additional transport term that quantifies the cross-talk between scales,
as shown in figure 3.7 and 3.8. By setting the scale separation threshold in such a way that the large rolls
are included into the large-scale part, it is found that the large scales produce only a minor fraction
of the total ϵ (approximately 10 − 20% of it); moreover, they convert to turbulent dissipation only a
small fraction (approximately 10− 30%) of the power PL

ℓ they are fed with. This behaviour is opposite
to the one of the small-scales, and becomes more pronounced as the Reynolds number increases. At
low Reynolds numbers, the interscale transport term is found to move energy from the small to the
large scales; the opposite happens at higher Reynolds number. Such an inverse interscale transport
was indeed already observed by Kawata and Alfredsson (2018) but limited to the shear stress, whereas
other studies (Kawata and Tsukahara, 2021; Cho et al., 2018) have already reported a reversed energy
cascade in proximity of the wall. Our data suggest that this near-wall, inverse-cascade region scales
in viscous units; hence it contributes more to the cross-talk at lower Reynolds numbers, and becomes
less important as Reynolds increases.

The framework proposed here for the analysis of global energy budgets in turbulent flows, by also
accounting for the presence of large-scale structures, has been demonstrated for the Couette–Poiseuille
family of flows, but its usability is larger. It can be applied to unconventional cases such as Poiseuille
flows with zero flow rate (Tuckerman et al., 2014) or Couette flows in a rotating reference frame (Kawata
and Alfredsson, 2019; Bech and Andersson, 1996). Every term of the energy box except ϵ (and T in the
scale-decomposed version) can be obtained from the profile of the Reynolds shear stress, hence the
framework suits experimental studies as well. Flow control schemes can also be assessed, as done in
Gatti et al. (2018), providing useful insights on the role played by large-scale motions in the context of
drag reduction. Roccon et al. (2021) have recently and successfully applied it to two-phases flows with
complex physics. Flows featuring large or secondary motions, such as open channel flows (Zampiron
et al., 2021), are of interest as well; the same applies to to straight duct flows with arbitrary geometry.
Finally, as pointed out by Frohnapfel et al. (2012), generalisation to external flows such as spatially
developing boundary layers is also possible.” [MY21]
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The results shown in this chapter have been published in Andreolli et al. [MY24a].
Data for this chapter is available at https://dx.doi.org/10.35097/EhgiloDgsqkMSqTn.

4.1 Introduction

In this chapter, the intense large scales that are typical of Couette flows will be removed from the flow
with the help of a weak Coriolis force. The aim is to verify whether the costs linked to the large scales
(which have been identified in chapter 3) can be saved by removing them, or if, as an example, the
removal of large scales leads to additional expenses owing to non-linear changes in the flow as high-
lighted by other authors using different techniques (Fukagata et al., 2010; de Giovanetti et al., 2016). The
following scientific question will be addressed:

2. How much of the cost (power input or skin friction) caused by large scales can be saved by
removing them?

The next section (§4.1.1) contains a notice on the nomenclature used in this chapter. As previously
mentioned, a weak Coriolis force is used here to suppress large scales in Couette flows; although such
a usage has not been widely investigated in the literature, the effects of rotation (hence, of the Coriolis
force) on turbulent flows have long been the object of research owing to their relevance in atmospheric
flows. A brief review of the literature on such a topic is presented in §4.1.2; the structure of this chapter
is then presented in §4.1.3.

4.1.1 A note on the nomenclature: LSMs, VLSMs, and ESMs

Although in the rest of this manuscript the wording large scale is generally used to indicate any turbulent
eddy that scales in outer units, a more precise nomenclature is needed in this chapter. Indeed, as will
be discussed in the next sections, the Coriolis force used here only suppresses a particular type of large
scale: the extreme-scale rolling motion observed, for instance, by Lee and Moser (2018). In the following,
this structure will be referred to as an extreme scale motion (ESM).

Such a choice of nomenclature was first introduced by Lee and Moser (2018) and is particularly fitting.
Large scales are typically cathegorised in VLSMs and LSMs depending on their streamwise extent (see
§1.2.2). If their streamwise extent does not exceed 3h, they are classified as LSMs; otherwise, as VLSMs.
According to this definition, ESMs could be labelled as VLSMs; however, the streamwise extent of an
ESM (which can exceed 100h, see Lee and Moser, 2018; Gandía-Barberá et al., 2018) is at least one order
of magnitude larger than the one of a VLSM (6− 20h, see Monty et al., 2009). Moreover, as will be seen
in §4.3.1, structures that are reminiscent of VLSMs arise when ESMs are suppressed. Thus, a distinction
between ESMs and VLSMs will be made.
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4 Suppressing large scales in turbulent Couette flows

4.1.2 Turbulent flows under the effects of rotation

“Wall-bounded turbulent flows are known to be sensitive to a weak spanwise rotation of the reference
frame, which can either stabilise or destabilise the flow - meaning that the fluctuation intensities and
turbulent production are either decreased or increased, as well as the wall-layer streak bursting rate
(Johnston et al., 1972). The effect of the rotation is determined by the ratio S(y) = −2Ω/(dU/dy) between
the angular velocity Ω of the reference frame and the spanwise flow vorticity ⟨ωz⟩ = −dU/dy, where
U is the mean streamwise velocity and y the wall-normal coordinate (Johnston et al., 1972). A cyclonic
rotation of the reference frame - that is, one where Ω and ⟨ωz⟩ have the same sign, hence S > 0 - always
locally stabilises the flow. An anticyclonic rotation (when Ω and ⟨ωz⟩ have opposite sign, S < 0) is
instead locally destabilising as long as |S| < 1.

The (de-)stabilising action is mainly provided by the Coriolis force in a similar way to how a temper-
ature (or density) gradient can stabilise or destabilise a buoyancy-driven flow (Lezius and Johnston,
1976; Tritton, 1992; Komminaho et al., 1996). The effects of the Coriolis force are most easily observed
in a plane Couette flow, where the vorticity ⟨ωz⟩ has the same sign across the channel height, meaning
that the Coriolis force has a stabilising or destabilising effect across the entire channel. By contrast, a
plane Poiseuille (or, simply, channel) flow has different signs of the vorticity at the two walls, meaning
that one side of the channel is stabilised by rotation, whereas the other is destabilised (Kristoffersen and
Andersson, 1993). Rotating plane Couette flows have been studied (Bech and Andersson, 1996; Tillmark
and Alfredsson, 1996; Kawata and Alfredsson, 2016a, 2019) in both stabilising and destabilising config-
urations; a comprehensive description of the flow regimes obtained with varying Reynolds number and
angular velocity is provided by Tsukahara et al. (2010). The destabilised configuration has been more
thoroughly investigated owing to the counter-rotating roll cells that can be observed in such conditions.
Such roll cells closely resemble, but differ from (Tsukahara et al., 2010) the naturally occurring ESM that
can be observed in Couette flows without rotation (Pirozzoli et al., 2014; Lee and Moser, 2018).

The less investigated stabilising regime of the Coriolis force is of interest for this manuscript: it has been
shown both experimentally (Tsukahara et al., 2010) and numerically (Komminaho et al., 1996) that a
weak stabilising Coriolis force can remove the ESM from the flow. The latter authors went on to com-
pare a natural Couette flow with one where the ESM is suppressed; since the small-scales are minimally
affected, they were able to estimate the contribution of the ESM to the turbulent kinetic energy. Yet, this
was done at an almost transitional Reynolds number, and a parametric study on the intensity of the
Coriolis force needed to yield a satisfactory suppression of the the ESM with minimal intrusiveness
is missing.” [MY24a]

4.1.3 Structure of the chapter

The numerical setup used for the present study is described in §4.2. As already stated, it involves
the suppression of the ESM through the use of a weak stabilising Coriolis force. The suitability of the
Coriolis force for such a usage has not been thoroughly investigated in the literature (see §4.1.2): for
this reason, the intensity of the Coriolis force needed to yield a satisfactory suppression is discussed
in §4.3.1, and the effects of the force on the remaining scales of motion (small scales, in particular) are
investigated using velocity spectra.

The effects of the ESM-suppression on the skin friction are then discussed using the CPI framework,
which was presented in chapter 3. First, it is shown that the energy fluxes calculated through the CPI
framework are exactly equivalent to skin friction contributions if properly rescaled; moreover, it is ar-
gued that the CPI framework yields a better estimate of the share of skin friction associated to small and
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Figure 4.1: A schematic representation of a Couette flow subject to a spanwise, cyclonic rotation of the reference
axis. Adapted from [MY24a].

large scales as compared to the FIK identity (§4.3.2). Then, the CPI framework is used to discuss how the
costs associated to small and large scales change when the large ones are removed from the flow (§4.3.3).

Although it deviates from the main scientific objective, an additional aspect is investigated in this chap-
ter: how the Coriolis force is able to suppress the ESM. A mostly analyitical discussion of the matter is
presented in §4.4. Finally, §4.5 contains a concluding remark.

4.2 Numerical setup

Numerical simulations of turbulent plane Couette flows (see §2.2.1) are performed using the method
described in §2.4.4. The flow geometry is reported in figure 4.1; notice that the unit vectors associated
to the x, y and z axes will be indicated as x, y and z respectively.

“The flow is subject to the Coriolis body force f⃗c that would be given by a rotation of the reference
system about the spanwise axis:

f⃗c = −2ρΩz × u⃗, (4.1)

where ρ is the uniform density of the fluid. The direction of rotation is cyclonic, meaning that the
angular velocity Ω has the same sign of the mean vorticity ⟨ωz⟩ of the flow (Ω < 0 as ⟨ωz⟩ < 0). Notice
that the Coriolis force is orthogonal to the velocity field u⃗ by definition; hence it cannot provide nor
subtract energy to the flow.” [MY24a]

Having taken the Coriolis force into account, the Navier-Stokes equations (see §2.1) are made non-
dimensional with the channel half height h and the speed Uw of the walls, so that the corresponding
Reynolds number is Rew. Quantities made non-dimensional in this way are indicated by a (·)o su-
perscript. This results in:

∇o · u⃗ o = 0 (4.2)
∂u⃗ o

∂to
+ (u⃗ o · ∇o) u⃗ o +∇oP o =

1

Rew
(∇o)2 u⃗ o − 2

Ωh

Uw︸ ︷︷ ︸
Ro

ẑ × u⃗ o (4.3)

“In addition to the Reynolds number, a second dimensionless group appears in the equations, that
is, the rotation number Ro = 2Ωh/Uw (Lezius and Johnston, 1976) governing the relative intensity of
the Coriolis force.” [MY24a]
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Rew Ro Reτ Nf Lx/h Lz/h ∆x+ ∆z+ ∆y+
w ∆y+

c

1667 0 101.7 408 12π 4π 10.0 5.0 0.5 2.6

1667 −2 · 10−3 100.8 250 12π 4π 9.9 4.9 0.5 2.6

1667 −5 · 10−3 99.5 250 12π 4π 9.8 4.9 0.5 2.6

1667 −1 · 10−2 97.3 250 12π 4π 9.6 4.8 0.5 2.5

1667 −2 · 10−2 92.5 250 12π 4π 9.1 4.5 0.4 2.4

1667 −3 · 10−2 86.5 250 12π 4π 8.5 4.2 0.4 2.2

10133 0 507.1 223 16π 8π 12.5 6.2 1.0 7.2

10133 −5 · 10−3 473.4 150 16π 8π 11.6 5.8 0.9 6.8

10133 −1 · 10−2 457.8 150 16π 8π 11.2 5.6 0.9 6.5

10133 −2 · 10−2 435.1 150 16π 8π 10.7 5.3 0.8 6.2

Table 4.1: Numerical details for the present numerical dataset. Here, Nf represents the number of snapshots ac-
quired at a statistically steady state for the calculation of statistics; the spacing between snapshots is of
roughly 1h/uτ (except for the simulations at Ro = 0, which are taken from chapter 3). Adapted from
[MY24a].
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Figure 4.2: Inner-scaled mean velocity profile U+(y+) + U+
w for all available simulations (see table 4.1), adjusting

for the velocity of the bottom wall. The dashed lines indicate Ro = 0; otherwise, darker shades of gray
indicate a larger absolute value of Ro. (a) Reτ ≈ 100; (b) Reτ ≈ 500. Adapted from [MY24a].

The present dataset is produced by progressively increasing “the control intensity Ro as the Reynolds
number Rew is kept constant; this is equivalent to performing a parametric analysis at constant flow rate
(CFR), since Rew represents an analogue of the bulk Reynolds number in a Couette flow (see §2.2.1).
This is done at a low and at a moderate Reynolds number, corresponding to a friction Reynolds number
Reτ = huτ/ν of roughly 100 and 500 respectively when no control is applied. Data for uncontrolled
Couette flows are taken from the simulations of chapter 3. The same mesh is used for the controlled
cases; this choice is suited as the suppression of the ESM and the consequent drag reduction relieve the
constraints on both the box size and the resolution. A summary of the numerical details is provided
in table 4.1.” [MY24a]

4.3 Results

4.3.1 Mean velocity, spectra and ESM suppression

In this section, the ability of the Coriolis force to suppress the ESM is discussed. This is done by in-
specting basic flow statistics and how they change with increasing rotation number. Effects on small
scales are also highlighted.

64



4.3 Results

0 10 20 30 40 50
0

10

20

x/h

z
/
h

(a)

0 10 20 30 40 50
0

10

20

x/h

(b)

−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4
u/Uw

0 2 4 6 8 10 12 14 16 18 20 22 24
0

1

2

z/h

y
/h

(c)

−1

0

1
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Figure 4.3: Instantaneous visualisations of the streamwise velocity u at the centerline (y/h = 1); Reτ ≈ 500, Ro = 0
(a) and Ro = −10−2 (b). Cross-sectional view of the streamwise- and time-averaged velocity field (c);
Reτ ≈ 500, Ro = 0. The color indicates the streamwise component ũ; the two remaining components
are represented as vectors. Adapted from [MY24a].

To begin with, the way the Coriolis force affects the mean velocity profile is shown in figure 4.2 for all
available simulations. “Notice that figure 4.2 compensates for the fact that both walls have a non-zero
velocity in our numerical setup;” [MY24a] moreover, uτ decreases for increasing value of Ro, and the
value of uτ is estimated by computing the derivative the U -profile at the wall. “The usual collapse of
the inner-scaled velocity profile is seen in the near-wall region, indicating that the control force does
not substantially alter the near-wall dynamics. Deviations of the mean velocity profiles from the uncon-
trolled case are seen only towards the centerline: there, larger absolute values of the rotation numberRo
are associated to larger values of the inner-scaled centerline velocity. This could be a symptom of drag
reduction; a thorough discussion of the matter will be given in §4.3.3.

The presence of the ESM in Couette flows is usually revealed by analyzing velocity spectra or visually
inspecting flow snapshots (Lee and Moser, 2018). The ESM is indeed easily observable without further
postprocessing of the acquired data, although a short-time average or a long-exposure picture may help
(see, for instance, Tsukahara et al., 2010). We begin by comparing two flow snapshots at Reτ ≈ 500: one
from an uncontrolled simulation and one subject to the Coriolis force with a given value of the rotation
number (Ro = −10−2). This is done to show both the appearence of the ESM and the effects of the
Coriolis force in physical space; a more thorough discussion of the ESM-suppression is presented later.
Figure 4.3(a-b) shows the instantaneous distribution of streamwise velocity at the midplane for the two
selected flow cases. In the uncontrolled one, streamwise-coherent regions of low and high momentum
can be clearly distinguished; they repeat themselves quasi-periodically in the spanwise direction with a
period of roughly 5h. These high- and low-momentum streaks are the most easily indentifiable feature of
the ESM (Pirozzoli et al., 2014; Lee and Moser, 2018); they disappear when the Coriolis force is applied,
suggesting that the ESM is being suppresed. Following Lee and Moser (2018), an averaged visualisation
of the ESM can be produced by exploiting its extended streamwise and time coherence. We average
the velocity field of the uncontrolled simulation in the streamwise direction as well as in time (using
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Figure 4.4: Premultiplied one-dimensional spanwise (co-)spectra κzΦuu, κzΦvv , κzΦww , −κzRe (Φuv) (Re indi-
cating the real part of a complex number) of the non-zero Reynolds stress tensor components; stream-
wise, wall-normal and spanwise normal stresses and shear stress respectively. (a-d) Reτ ≈ 500, Ro = 0;
(e-h) Reτ ≈ 500, Ro = −10−2. The dashed lines in panels (a), (e) indicate the inner-layer wall-normal
position (y+ = 12) at which the spectrum is re-analyzed in figure 4.7. Adapted from [MY24a].

all saved snapshots, which span a time window of 2220h/Uw). The result is shown in figure 4.3(c),
revealing the presence of quasi-periodically repeating pairs of counter-rotating vortices extending from
one wall to the other. Neighbouring vortices induce regions of upwelling and downwelling motion
where low- and high-momentum fluid is pulled away from the bottom and top walls respectively, so
that the streaks seen in figure 4.3(a) are formed.

To better investigate the ESM-suppression, we analyse the spectra of both controlled and uncontrolled
flows. Figure 4.4 shows the spanwise (co-)spectra for each of the nonzero Reynolds stresses for the un-
controlled and a selected controlled Couette flow at Reτ ≈ 500. The remaining cases are not shown
for conciseness and return the same qualitative picture described here. The uncontrolled case features
a spectral peak around a spanwise wavelength of λz/h = 5 for each component of the Reynolds stress
tensor. This is the spectral representation of the streaky structure seen in figure 4.3(a); it has also been
observed, for instance, by Lee and Moser (2018). The main effect of the applied forcing is the disappear-
ance of this spectral peak for all components of the Reynolds stress tensor; otherwise, all (co-)spectra
maintain the qualitative structure of the uncontrolled case. The only other noticeable difference is a mod-
erate increase in the fluctuation energy at the centerline; this is particularly relevant for the Reynolds
shear stress, which receives at y/h ≈ 1 an increased contribution from motions that are outer-scaled
(λz/h ≈ 2), yet smaller than the ESM.

This shows that the main effect of the application of a weak Coriolis force to a Couette flow is the sup-
pression of the ESM, accompanied by a modest increase in the energy of large, non-ESM eddies; further
effects on the remaining scales of motion will be discussed at the end of this section. One advantage
of the Coriolis force approach with respect to modal damping or spanwise domain restriction (used,
for instance, by de Giovanetti et al., 2016) is that the former does not suppress the large-scaled mo-
tions (possibly attached eddies) coexisting with the ESM at the same spanwise wavelengths. Indeed,
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Figure 4.5: Premultiplied one-dimensional spanwise spectrum κzΦuu of the streamwise fluctuations for changing
value of the control intensity |Ro| at the midplane (y/h = 1); (a) Reτ ≈ 100 and (b) Reτ ≈ 500. The
dashed lines indicate Ro = 0; as for the solid lines, darker shades indicate an increasing magnitude of
Ro. Values of Ro as of table 4.1. The dotted lines indicate the critical value of the spanwise wavelength
used to determine whether the ESM is fully suppressed. Adapted from [MY24a].

spectral energy content is still observable in the (co)-spectra at λz/h = 5 after the suppression of the
ESM, ensuring smoothness of the spectra. This would not be the case if modal damping were used,
as all energy at large wavelengths would be removed yielding a discontinuous spectrum; similarly, if
one were to restrict the spanwise simulation domain, large wavelengths would be unrepresentable (see
de Giovanetti et al., 2016).

The spectrum Φuu of streamwise fluctuations of figures 4.4(a,e) is re-analyzed in the outer layer (at y/h =

1, more precisely) for all available simulations in figure 4.5. The peak associated to the ESM is sharp,
indicating that the ESM is rather monochrome - meaning that its spectral representation mainly involves
one or two Fourier modes only. By comparing the spectra of uncontrolled simulations (dashed lines) at
low and high Reynolds number (panels a and b respectively), the Reynolds number dependence of the
patterns of high- and low-speed streaks composing the ESM can be appreciated. Even when scaling
it in outer units, the energy associated to the pattern significantly increases with Reynolds number;
moreover, its characteristic spanwise wavelength shifts from λz/h ≈ 3− 4 to a larger value of λz/h ≈ 5,
meaning that the pattern becomes larger in physical terms. This behavior is expected and can also be
observed in the data of Lee and Moser (2018).

As for the dependence on the rotation number at constant flow rate, the sharp spectral peak associated
to the ESM disappears already at the lowest value of Ro tested here - as far as the high-Re dataset is
concerned (figure 4.5b). We interpret this as the ESM being suppressed. The ESM-peak is replaced by a
weaker, smooth one, which shrinks in size and intensity as Ro further increases. At the lower Reynolds
number (figure 4.5a), instead, the sharp energy peak progressively shrinks in size and intensity until it
becomes smooth; determining the critical value of Ro for which the ESM is fully suppressed is thus an
arbitrary process, as no clear saturation effect is seen. This arbitrarity constitutes the main drawback of
using the Coriolis force instead of other ESM-suppressing strategies.

The critical value of Ro could be defined, for instance, as the one of minimum absolute value for which
no sharp spectral peak is observed; the underlying argument would be that the ESM is associated to
a sharp spectral peak, as discussed before, whereas the spectral contributions of non-ESM large scales
are instead broadband. Alternatively, one can analyze the λz-position of the large-scaled outer-layer
spectral peak seen in figure 4.5(a-b). The critical value of the rotation number could be defined as the
one of minimum absolute value for which the outer-layer maximum of the power spectral density of u-
fluctuations falls at a wavelength that is smaller than a given threshold. In §3.2.4, λz/h ≥ π was chosen
as a suited criterion to discriminate the ESM from the remaining scales of motions; owing to the discrete
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Figure 4.6: Premultiplied one-dimensional streamwise spectrum κxΦuu of the streamwise fluctuations for changing
value of the control intensity |Ro| at the midplane (y/h = 1). Line styles as of figure 4.5; (a) Reτ ≈ 100,
(b) Reτ ≈ 500. To the right of each panel, the value of the spectrum at λx → ∞ is shown; such a value is
premultiplied with the Fourier resolution ∆κx of the simulations. Two vertical dotted lines indicate the
expected streamwise periodicity of LSMs (λx/h = 3) and the approximate wavelength (λx/h ≈ 6) at
which a maximum of the spectrum is seen for most of the present simulations. Adapted from [MY24a].

mesh used, this can be rewritten as λz/h > 0.889π and λz/h > 0.941π for the simulations at the low and
high Reynolds numbers respectively. These values are used in this manuscript as the threshold defining
the ESM, and are shown in figure 4.5(a-b) as dotted lines.

These two methods both return the same value Ro = −0.01 for the low-Re dataset. As previously dis-
cussed, at high Reynolds number we consider the ESM to be suppressed already at the lowest tested
value of the rotation number (Ro = −0.005), although analyzing the wavelength of maximum outer-
layer spectral energy suggests a critical value of Ro = −0.01. The previous estimate based on visual
inspection is deemed more credible, as the spectrum is substantially changed by increasing the magni-
tude of the rotation number from Ro = 0 to Ro = −0.005, whereas a further increase to Ro = −0.01

only leads to marginal changes. In other words, it seems that most of the ESM-suppression has already
taken place at Ro = −0.005 at high Reynolds number.

It appears, then, that the critical value of Ro at which the ESM is fully suppressed decreases with
Reynolds number. This is unsurprising. The rotation number is equal to (twice) the angular velocity
Ω scaled in outer units, and it multiplies the flow velocity to yield the Coriolis acceleration. The mag-
nitude of large-scale velocity fluctuations increases with Re even if scaling in outer units (see figures
4.5 a,b; notice the different scale for the y-axis). Hence, the magnitude of the Coriolis force acting on
large scales will increase with Re even if one keeps the angular velocity constant in outer units (that is,
Ro = const.). In other words, it is reasonable to expect the same value of Ro to produce larger effects at
a larger Reynolds number, as is here observed. Nonetheless, the data produced for this study is rather
limited for a discussion of Reynolds number effects; further investigation is needed.

So far, we have only scrutinised spanwise velocity spectra. While these clearly identify the ESM, they
do not contain information about the streamwise extent of the turbulent structures. To recover this kind
of information, figure 4.6 shows the premultiplied streamwise spectra of streamwise fluctuations for all
available simulations. Data is shown at the centerline, where the Coriolis force has its strongest effects.
Next to each panel, the value of the spectrum for λx → ∞ (where λx is the streamwise wavelength) is
shown; notice that the Fourier resolution ∆κx of the simulations is used for premultiplication in this
case, as using the wavenumber κx = 2π/λx = 0 would hide the energy content of the spectrum. Such
a value of the spectrum represents the energy contained in all streamwise-invariant Fourier modes or,
in other words, the energy held by streamwise-invariant vortices. Although it is usually not shown,
the energy of streamwise-invariant vortices is surprisingly high in the uncontrolled simulations of the
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Figure 4.7: Inner-scaled premultiplied one-dimensional spanwise spectrum κzΦuu of the streamwise fluctuations
for changing value of the control intensity |Ro| at y+ = 12; (a) Reτ ≈ 100 and (b) Reτ ≈ 500. Line
styles as of figure 4.5. Adapted from [MY24a].

present dataset, both at the lower (a) and especially at the higher (b) Reynolds number. We interpret this
observation as follows. Despite being sufficiently wide in the spanwise direction, the simulation box
used for the present study is too short in the streamwise one to correctly capture the extent of the ESM:
the latter is thus misrepresented as a streamwise-invariant vortex. In other words, most of the energy of
the ESM is contained on streamwise-invariant Fourier modes. Unlike in spanwise spectra (figure 4.5), no
particularly pronounced sharp spectral peak is observed for finite values of the streamwise wavelength
λx in figure 4.6, which reinforces our interpretation. Similar conclusions were drawn by Lee and Moser
(2018) upon inspecting streamwise spectra in a much longer domain at Reτ ≈ 500; the authors also note
that the streamwise coherence length of the ESM at Reτ ≈ 500 exceeds 310h. Correctly capturing the
streamwise extent of such a long structure in a direct numerical simulation is prohibitively expensive.

What is also surprising about the streamwise spectra of figure 4.6 is the lack of an expected feature.
Typically, a spectral peak associated to LSMs is observed at λx/h = 3; it is observed in channel, pipe
and boundary layer flows (Monty et al., 2009). We do not observe it here in any of our simulations,
including the uncontrolled ones. At the lower Reynolds number (figure 4.6a), a spectral peak is seen
at around λx/h ≈ 6 in the uncontrolled simulation; at the higher one (b), the peak is seen around
λx/h ≈ 20.” [MY24a] The wavelengths of both the low- and high-Re peaks are comparable to the typical
wavelengths of VLSMs in channel and pipe flows (Monty et al., 2009). The present data might then
suggest that LSMs are either absent or too weak to be detected in Couette flows, whereas VLSMs can
be observed. Nevertheless, care should be exerted in comparing the large-scale features of different
shear flows (as pointed out by Monty et al., 2009, themselves): the taxonomy of large scales needs not
be the same for different flows.

“As for the effects of the Coriolis force on streamwise spectra, larger absolute values of the rotation
number |Ro| are associated to a reduction of the energy of streamwise-invariant vortices. This rein-
forces the idea that most of the energy of the ESM is contained on streamwise-invariant Fourier modes,
and that the ESM is getting suppressed. A reduction of spectral content is also seen for the largest
wavelengths represented in our simulations (λx ≈ 50). Instead, motions of wavelenght λx/h ≈ 6 are
energised by applying the Coriolis force both at the lower and higher Reynolds numbers. By combining
this information with the one provided by spanwise spectra (see figures 4.4 and 4.5), we conclude that
the control force considered here energises outer-scaled motions that are shorter and narrower than the
suppressed ESM.” [MY24a] Possibly, these energised large scales could be classified as VLSMs owing
to their streamwise extent.
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“While we observe that the main effect of a weak Coriolis force is to suppress the ESM and energise
some other outer-scaled eddies, effects on small scales cannot be excluded a-priori. Indeed, it is known
that a strong enough rotation can also suppress small-scale turbulence (Tsukahara et al., 2010). Kline
et al. (1967) suggested that the rotation might prevent small-scale low-speed streaks from being lifted
up from the wall, halting turbulence-producing events. Therefore, we discuss the effects of the Coriolis
force on small scales by analyzing the spectrum Φuu of streamwise fluctuations in the near-wall region
at y+ = 12. This is done in figure 4.7, once again for all available simulations. The wall-normal posi-
tion is chosen to match the one at which the maximum of the near-wall fluctuation energy is seen. The
near-wall footprint of the ESM is clearly observable both at low (a) and high (b) Reynolds number in the
uncontrolled setting (dashed line). As the control intensity increases, the footprint gradually vanishes
as expected. As for the small-scale peak at λ+z ≈ 100, its inner-scaled intensity and the wavelength at
which it occurs are unaltered by the Coriolis force at high Reynolds number, as seen in panel (b). This
observation matches the expected universal scaling in viscous units of the small-scale peak (Marusic
et al., 2010a), suggesting that the effect of a weak Coriolis force on the small scales is negligible. On the
contrary, at the lower Reynolds number, the spectra of the controlled cases do not collapse on the one of
the uncontrolled simulation, not even for small values of λ+z . A separate analysis, not shown for brevity,
indicates that the streak spacing (as measured by the λz-position of the small-scale spectral maximum;
this is conceptually similar to, but differs slightly from, using the minimum of the velocity autocorrela-
tion for this estimate, as done in Kim et al., 1987) decreases, whereas the peak intensity is increased. At
the critical value of Ro previously determined (Ro = −0.01), the maximum small-scale value of the Φuu

spectrum is 8% larger than in the reference case, and the streak spacing is reduced by 3.5%.

Owing to the nonlinearity of turbulent phenomena, the observed increase in small-scale energy at low
Re could be linked to distortions in nonlinear large-small interactions that arise as large scales are sup-
pressed (de Giovanetti et al., 2016). High-Re data indicates instead that small-scales are only minimally
affected by the Coriolis force for the weak rotations here investigated. We conjecture that this difference
is due to scale separation: at the lower Reynolds number (figure 4.7 a), the small- and large-scale spectral
peaks are much closer together than they are at high-Re (b).” [MY24a]

4.3.2 Contributions to the skin friction: CPI framework versus FIK identity

A framework for the analysis of integral energy budgets in turbulent Couette and Poiseuille flows (the
CPI framework) was presented in chapter 3. The same framework will be used in this chapter to discuss
how energy fluxes associated to small and large scales change as the ESM is being suppressed. As will
be proven in the following lines, these energy fluxes are exactly equivalent to skin friciton contributions
if properly rescaled. Hence the CPI framework can be used to directly calculate the skin-friction contri-
butions of small and large scales, similarly to the FIK identity (Fukagata et al., 2002; de Giovanetti et al.,
2016). The differences between such two methods are also discussed.

“According to the CPI framework, the input power (per unit wet area) Πt provided to a turbulent plane
Couette or Poiseuille of a given flow rate flow is either spent as laminar dissipation ΞL (corresponding
to the theoretic minimum power per unit wet area needed to achieve such a flow rate) or as an overhead
expense PL caused by the presence of turbulence:

Πt = ΞL + PL. (4.4)
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Keep in mind that the power input Πt is the product of the wall shear stress and some characteristic
velocity, that is Πt = τw Uw in a Couette flow and Πt = τw Ub in a Poiseuille one (see §2.2.5). The energy
fluxes ΞL and PL are defined as (see §3.1.1):

ΞL =

∫ h

0

µ

(
dUL

dy

)2

dy, (4.5)

PL =

∫ h

0
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If a Poiseuille flow is considered and equation 4.4 is made non-dimensional with 1
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where Cf = 2τw/(ρU
2
b ). That is, equation 4.4 is exactly the same as the FIK identity, except for a factor;

indeed, it represents an expression for the non-dimensional input power, whereas the FIK identity is an
expression for the non-dimensional wall-shear stress. In particular, PL is the direct analogous of the inte-
gral of the Reynolds shear stress appearing in the FIK identity (equation 4.8). The CPI framework differs
from the FIK identity in that the turbulent overhead PL is further decomposed into an expense ϵ (tur-
bulent dissipation) directly caused by turbulent fluctuations and an expense Ξ∆ (deviation dissipation)
which is indirectly caused by turbulence by inducing distortions of the mean velocity profile (see §3.1.1),

PL = Ξ∆ + ϵ. (4.9)

As discussed in §1.2.3, the FIK identity has been used to estimate the share of skin friction for which
the large scales are responsible. Usually (de Giovanetti et al., 2016; Agostini and Leschziner, 2018), the
Reynolds shear stress ⟨u′v′⟩ is split into its small-scale and large-scale contributions, ⟨u′v′⟩ = ⟨u′v′⟩s +
⟨u′v′⟩ℓ. This enables then to calculate the contribution of small and large scales to Cf through the in-
tegral term in equation 4.8. Owing to the previous discussion, this procedure is exactly equivalent to
calculating a small- and large-scale contribution to the turbulent overhead PL (PL

s and PL
ℓ respectively)

as done in chapter 3.2.4. However, PL
s and PL

ℓ do not exactly correspond to the energy losses caused
by small and large fluctuations. In the following, this statement will be motivated with the help of the
energy box introduced by Quadrio (2011) and later reworwked by Gatti et al. (2018) and in chapter 3
to distinguish small and large fluctuations.

The energy box graphically represents how the input power Πt is redistributed among the mean flow,
small-scale fluctuations and large-scale ones. As an example, figure 4.8 shows the energy box for two
flows considered in this chapter, with and without Coriolis force. Notice that the Coriolis force does not
exchange work with the flow (see §4.2), so that no power input associated to the control force needs to
be added to the energy box. Although it is already clear from figure 4.8 that the Coriolis force dispropor-
tionately affects energy fluxes to and from large scales, a thorough discussion of its effect is given later
in §4.3.3. The power input Πt is supplied to the mean flow by some external agent; part of it is directly
dissipated by the mean flow as ΞL, whereas the remaining part is passed to the small- and large-scale
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Figure 4.8: Scale-decomposed energy box for two Couette flows at Reτ ≈ 100: no control (top), Ro = −0.03
(bottom). Adapted from [MY24a].

fluctuations through PL
s and PL

ℓ respectively. Small- and large-scale fluctuations then exchange power
through the cross-talk term T . Alternatively, they dissipate the received power either directly as tur-
bulent dissipation (ϵ = ϵs + ϵℓ) or indirectly by feeding it back to the mean flow through the deviation
production (P∆ = P∆

s + P∆
ℓ ; notice that P∆ < 0). The entirety of deviation production is then lost as

deviation dissipation, Ξ∆ = −P∆. Hence, small- and large-scale contributions to P∆ can be regarded as
small- and large-scale contributions to the deviation dissipation Ξ∆, which are defined as follows:

Ξ∆
s = −P∆

s , Ξ∆
ℓ = −P∆

ℓ . (4.10)

Using this notation, the integral turbulent kinetic energy balance for small- and large-scale fluctuations
depicted in figure 4.8 can be written as:

PL
s = Ξ∆

s + ϵs + T , (4.11)

PL
ℓ = Ξ∆

ℓ + ϵℓ − T . (4.12)
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using Ξ∆
ℓ + ϵℓ using PL

ℓ

(exact) (equivalent to FIK)

Reτ ≈ 100 24.5% 23.5%

Reτ ≈ 500 38% 43.2%

Table 4.2: Share of the total power input Πt that is dissipated by large scales in absence of control (Ro = 0), quanti-
fied either using Ξ∆

ℓ + ϵℓ (exact method) or PL
ℓ . The second method is equivalent to calculating the effect

of the large scales on the skin friction using the large-scale contribution to the integral term of the FIK
identity (see eq. 4.8). Data from chapter 3. Adapted from [MY24a].
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Figure 4.9: Percentage drag reduction (% D.R.) obtained by applying the Coriolis force associated to a rotation
number Ro at CFR; Reτ ≈ 100 (black, ×) and Reτ ≈ 500 (red, +). The black, dashed line indicates a
linear fit for the low-Re data. Adapted from [MY24a].

It is clear from the above equation that PL
ℓ does not exactly represent the total dissipation Ξ∆

ℓ +ϵℓ caused
by large scales, as it needs to be corrected by considering the inter-scale power transfer T . Similarly, the
large-scale contribution to the integral term of equation 4.8 (which directly corresponds to PL

ℓ ) does
not exactly quantify the large-scale contribution to the wall shear stress. The magnitude of the cross-
talk term T is usually one order of magnitude smaller than the one of PL

ℓ and has a positive sign at low
Reynolds number, meaning that a net power transfer from small to large scales is globally seen. By using
PL
ℓ instead of Ξ∆

ℓ + ϵℓ, then, the share of power wasted by large scales (or, equivalently, the large-scale
contribution to τw if using the FIK method) is underestimated. As the Reynolds number increases, T
changes in sign (meaning that an usual energy cascade from large to small scales is seen) and increases
in magnitude, so that using PL

ℓ might result in a modest overestimation of the effect of large scales.

As an example, the data from chapter 3 is used to compare these two different ways of accounting for
the power dissipated by large scales; results are shown in table 4.2. Owing to the analogy with the
FIK identity, these values also represent the contribution of large scales to the skin friction; they can
also be interpreted as an upper bound for the drag-reduction achievable by the suppression of large
scales.” [MY24a]
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4 Suppressing large scales in turbulent Couette flows

4.3.3 Drag reduction

“The drag reduction obtained by applying a Coriolis force with a given rotation number Ro at con-
stant flow rate (CFR, Rew = const.) is calculated using the friction Reynolds number Reτ (Ro;Rew)

observed at that rotation number:

D.R. (Ro;Rew) = 1− Re2τ (Ro;Rew)

Re2τ (0;Rew)
. (4.13)

Results are shown in figure 4.9 for both the lower and higher Reynolds number datasets. For the low-Re
dataset, the obtained drag reduction increases linearly with the control intensity (−Ro); the same cannot
be said at high Reynolds number. While no saturation effect is seen at low-Re , high-Re data reveals
that the gains in performance obtained by an increase of |Ro| decrease with |Ro| itself. We interpret
this behaviour as follows: for small absolute values of the rotation number, the ESM is progressively
suppressed, so that a slight increase of |Ro| yields a significant increase in performance owing to the
suppression. As the rotation number approaches larger magnitudes, most of the ESM-energy has al-
ready been removed; any increase in performance mostly stems from the effect of the Coriolis force on
the remaining scales of motion, hence the reduced improvements over an increase of |Ro|. This is con-
firmed by the trends of CPI-fluxes shown in figure 4.10, which are discussed below, and matches the
observations made on the energy spectra (§4.3.1).

Although the process is imperfect, it was shown in §4.3.1 that the suppression of the ESM is satisfac-
tory for Ro = −0.01 and Ro = −0.005 at the lower and higher Reynolds numbers respectively. These
values of Ro correspond to 8.44% drag reduction at low-Re (starting from a reference friction Reynolds
number Reτ ≈ 100) and 12.8% at high-Re (Reτ ≈ 500). We consider these values of drag reduction to
be a sensible estimate of the drag reduction achievable by suppressing the ESM: the control force might
be too intrusive for larger magnitudes of Ro, whereas for lower ones the ESM is not fully suppressed.
Both values lie well below the theoretical maximum drag reduction given in table 4.2. One obvious
reason for the mismatch is that the values given in table 4.2 estimate the drag reduction achievable by
removing all motions whose spanwise wavelength is larger than a given threshold, including the ESM;
the Coriolis force instead only suppresses the ESM. Moreover, a similar mismatch in the predicted and
observed drag reduction was reported by both Fukagata et al. (2010) and de Giovanetti et al. (2016).
Both authors found the reason for the mismatch in an increased small-scale contribution to skin friction,
which in turn they attribute to different causes. The former argued that a decrease in pressure fluctua-
tions causes the energisation of small scales; the latter attributed it to altered scale interactions. While
both authors resorted to the FIK identity for their theoretical predictions, which possibly over-estimates
the contribution of large scales to the skin friction (see §4.3.2), we expect the error introduced in doing
so to be rather small at the Reynolds numbers considered. We further investigate the matter with the
help of the CPI framework.

Owing to the discussion in §4.3.2, an expression for the skin friction coefficient is given by:

Cf =
2

ρU3
w

(
ΞL + ϵ+ Ξ∆

)
. (4.14)

As the laminar dissipation ΞL is constant at CFR by definition, only a reduction of the turbulent or devi-
ation dissipation (ϵ and Ξ∆ respectively) can yield a reduction of skin friction. Both these terms, as well
as their small- and large-scale contributions (which have been calculated using a spanwise threshold
wavelength of λz,c = π as in chapter 3), are plotted in figure 4.10 for both the high and low Reynolds
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Figure 4.10: Turbulence-induced dissipation terms scaled in outer units for changing control intensity −Ro at CFR;
turbulent dissipation ϵ (a,b) and deviation dissipation Ξ∆ (c,d) split into their small- (dashed) and large-
scale components (dotted). (a,c) Reτ ≈ 100; (b,d) Reτ ≈ 500. The red, solid lines indicate the expected
ϵ ∼ ρu3

τ log (Reτ ) scaling. Adapted from [MY24a].

number datasets for increasing magnitude of Ro. These energy fluxes are scaled with 1
2ρU

3
w, since the

velocity Uw of the walls remains constant as the simulations are carried out at CFR. Doing so, a decrease
of a non-dimensional flux is associated to a decrease of its dimensional value. Moreover, the so-scaled
energy fluxes can be interpreted as contributions to the skin friction as of equation 4.14.

A decrease of both the total turbulent and deviation dissipation is observed. Since the ESM is known
to primarily contribute to the deviation dissipation Ξ∆ (see chapter 3), substantial savings in terms of
the large-scaled contribution Ξ∆

ℓ are expected. These are indeed seen at both low and high Reynolds
number (c,d), as the value of Ξ∆

ℓ approaches zero with increasing magnitude of Ro. At the higher
Reynolds number, the value of Ξ∆

ℓ saturates fast towards a zero-value, coherently with the idea that
the ESM is already satisfactorily suppressed at Ro = −0.005 (see §4.3.1). This might also explain why
the trend of drag reduction deviates from a linear one at high Reynolds number (see figure 4.9), as
previously discussed. Savings in Ξ∆

ℓ are partially compensated by an increase of the contribution Ξ∆
s of

smaller scales to deviation dissipation; this holds for all the considered values of Ro at high Reynolds
number, and only for low magnitudes of Ro at low Reynolds number.

As for the turbulent dissipation, its large-scale contribution ϵℓ is expectedly marginal in absence of con-
trol and is only slightly decreased by the Coriolis force. The latter causes a significant decrease of the
small-scale dissipation ϵs instead. Such a decrease is expected, and can be interpreted as an indirect
effect of the removal of the ESM: its suppression indeed triggers a reduction of the wall shear stress,
which is well known to govern the scaling of the small scales. Hence, a decrease of small scale activity is
expected, including a decrease of their contribution ϵs to dissipation; this further reduces the wall shear
stress. Despite their absolute reduction, though, the observed values of ϵs are higher than expected. It
is indeed known (see Abe and Antonia, 2016) that the turbulent dissipation ϵ scales as ρu3τ log (Reτ ); the
trend that would result if such a scaling were to hold when the Coriolis force is applied is shown in
figure 4.10. As can be seen, the observed values of ϵ exceed the expected ones. The excess dissipation
can be attributed to ϵs, as the magnitude of ϵℓ is negligible.

Both the trends of Ξ∆
s and ϵs highlight that the drag reduction achieved by suppressing large scales

is mitigated by a higher-than-expected contribution to skin friction from smaller scales. Notice that
the threshold wavelength λz,c = π used to separate large- and small-scale energy fluxes effectively
separates the extremely large ESM from the remaining scales of motion; in other words, Ξ∆

s and ϵs

receive contributions not only from inner-scaled eddies, but also from large, outer-scaled ones that are
still smaller than the ESM. The latter are, for instance, eddies whose spanwise wavelength falls in the
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4 Suppressing large scales in turbulent Couette flows

range 1 ≤ λz/h ≤ π; likely, they are responsible for the unexpectedly high values of Ξ∆
s and ϵs. Indeed,

the analysis of §4.3.1 has revealed that inner-scaled eddies hold the usual, viscous-scaling amount of
energy even after the ESM is suppressed. Instead, some outer-scaled motions located at the centerline
(satisfying 1 ≤ λz/h ≤ π) are energised by the Coriolis force, and this energisation possibly leads to
increased values of the skin friction.” [MY24a]

4.4 Discussion: the Coriolis force as a feedback control

“We have so far shown that applying a Coriolis force to the flow achieves drag reduction by suppressing
the ESM. In this section, we argue that the Coriolis force functions in a way that resembles the feedback
control proposed by Fukagata et al. (2005).

The Coriolis force f⃗c can be Reynolds-decomposed to yield its mean
〈
f⃗c

〉
and fluctuating f⃗ ′c parts:

f⃗c = −2ρΩẑ × u⃗ = −2ρΩẑ × Ux̂︸ ︷︷ ︸
=⟨f⃗c⟩

+−2ρΩẑ × u⃗ ′︸ ︷︷ ︸
=f⃗ ′

c

. (4.15)

As U only depends on the wall normal coordinate y, so does the mean Coriolis force
〈
f⃗c

〉
; moreover,

the only non-zero component of
〈
f⃗c

〉
is the one in the wall-normal direction. Such a force field can be

trivially shown to be conservative; as a consequence, its effect on the flow field is null, as it simply gets
balanced by a static pressure gradient in the wall-normal direction. For the same reason, the Coriolis
force has no impact on laminar flows (see Hide, 1977, sec. 2, lemma iv).

Hence, the ESM-suppressing action must be provided by the fluctuating part f⃗ ′c of the force, which
operates in the wall-normal and streamwise directions with magnitudes:

f ′c,x = f⃗ ′c · x = −2ρ|Ω|v′ (4.16)

f ′c,y = f⃗ ′c · y = 2ρ|Ω|u′ (4.17)

where the angular velocity has been rewritten as Ω = −|Ω| for ease of reading; indeed, we only consider
cyclonic rotations (Ω < 0). To illustrate the action of the fluctuating part of the Coriolis force, we resort
to the displaced-particle analysis shown in Tritton (1992). Consider a fluid particle at some wall-normal
distance where the value of the mean velocity is U1; U1 is also the expected value of the streamwise
velocity of the fluid particle. The particle is then displaced upwards by ξ → 0, ξ > 0 over a time frame
∆t → 0 as an effect of an upwards velocity fluctuation, v′∗ > 0, where v′∗ = ξ/∆t. As this happens, the
fluid particle is slowed down by the Coriolis force to reach a velocity U∗ in its displaced position:

U∗ = U1 +

∫ ∆t

0

f ′c,x
ρ

dt = U1 +

∫ ∆t

0

−2|Ω|v′∗ dt (4.18)

≈ U1 − 2|Ω|ξ. (4.19)

At this new wall-normal position, the expected value of the velocity is U2 ≈ U1 + (dU/dy) ξ, with
U2 > U1 owing to the positive velocity gradient. Even in absence of a Coriolis force, the displaced
particle would then induce a negative velocity fluctuation −(dU/dy) ξ; this can explain the negative sign
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4.4 Discussion: the Coriolis force as a feedback control

of the Reynolds shear stress ⟨u′v′⟩. Additionally, the Coriolis force slows down the displaced particle as
illustrated before, so that the observed velocity fluctuation u′∗ reads:

u′∗ = U∗ − U2 ≈ −
(
2|Ω|+ dU

dy

)
ξ. (4.20)

In other words, the streamwise component of the Coriolis force tends to increase the magnitude of the
streamwise velocity fluctuations; this is however at odds with the observed stabilisation associated to
the suppression of the ESM. The stabilising effect is instead given by the wall-normal component of
the Coriolis force fluctuation,

f ′c,y ∗ = 2ρ|Ω|u′∗ ≈ −2ρ|Ω|ξ
(
2|Ω|+ dU

dy

)
< 0, (4.21)

which is negative, hence it tends to return the displaced particle to its original position. The Coriolis
force, then, interferes with the mechanism that produces the anti-correlation of u′ and v′ fluctuations –
that is, it hinders the formation of a negative Reynolds shear stress.” [MY24a] Moreover, the expression
of the stabilising force (eq. 4.21) might shed light on why the Coriolis force primarily affects the ESM.
Owing to its large scale, the ESM displaces fluid particles by a larger extent than other scales of motion.
Thus, ESM-induced fluctuations will be larger (see eq. 4.20); as the stabilising force is proportional to
streamwise fluctuations, ESM-fluctuations would also feel a larger stabilising force.

“The displaced particle analysis then indicates that the Coriolis force functions in a similar way to the
feedback control of Fukagata et al. (2005), which is designed to directly weaken the Reynolds shear
stress. Such a feedback control is exactly equivalent to the present Coriolis force deprived of its stream-
wise component, so that the control force only acts in the wall-normal direction with an intensity that
is proportional to streamwise velocity fluctuations (see equation 4.17; notice that Fukagata et al., 2005,
use a cylindrical coordinate system where the wall-normal axis points towards the wall, leading to an
opposite sign of the control force with respect to the present manuscript). Streamwise velocity fluctua-
tions are statistically associated to wall-normal fluctuations of opposite sign; the latter are opposed by
both the Coriolis force and the feedback control of Fukagata et al. (2005), which deliver a wall-normal
acceleration of the same sign as streamwise fluctuations. In this sense, both control strategies are analo-
gous to an opposition control scheme; the obvious difference is that the sensing and the actuation for an
opposition control is usually performed at the wall (eg. Abbassi et al., 2017), whereas the Coriolis force
and the feedback control act at each point in the fluid domain.

To provide evidence in favour of the proposed analogy, we carry out an additional simulation at low
Reynolds number and Ro = −0.01, where the streamwise and spanwise average of the Coriolis force as
well as its streamwise component are removed. In other words, only the fluctuating part of the wall-
normal component of the Coriolis force is retained, so as to effectively mimic the feedback control of
Fukagata et al. (2005). Results are shown in figure 4.11, that compares the so-obtained one-dimensional
spanwise spectrum of the streamwise fluctuations at y/h = 1 with the one of the corresponding simula-
tions with and without Coriolis force. The modified Coriolis force is able to suppress the spectral peak
associated to the ESM and to closely replicate the velocity spectrum yielded by the standard Coriolis
force, confirming our hypothesis.

Following Fukagata et al. (2005), we now proceed to show how the Coriolis force changes the budget
equation of the Reynolds shear stress, as this may better hint at why the force selectively suppresses the
ESM. To be precise, we inspect the co-spectrum Φuv of the Reynolds shear stress. Its real part Re (Φuv)
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Figure 4.11: Premultiplied one-dimensional spanwise spectrum κzΦuu of the streamwise fluctuations at y/h = 1
for the low Reynolds number dataset (Reτ ≈ 100). The black dashed lines indicates the uncontrolled
simulation (Ro = 0); the solid magenta line represents data with the usual Coriolis force and Ro =
−0.01. For the green, dashed line, only the wall-normal component of the Coriolis force (Ro = −0.01)
is retained; moreover, the stream- and span-wise average of the force is removed from it. Adapted from
[MY24a].

represents the contribution of each Fourier mode of wavenumber κz to ⟨u′v′⟩: it can be trivially shown
(following e.g. Davidson, 2015, chapter 8) that

⟨u′v′⟩ =
∫ ∞

−∞
Re (Φuv) dκz . (4.22)

A budget equation for Φuv is provided by Lee and Moser (2019); by adding the contribution of the
Coriolis force and taking the real part of both sides of the equation, it can be written as:

∂

∂t
Re (Φuv)︸ ︷︷ ︸
typically <0

= Re (RHS) − 2|Ω|Φvv︸ ︷︷ ︸
cont. of f ′

c,x

+ 2|Ω|Φuu︸ ︷︷ ︸
cont. of f ′

c,y

(4.23)

where RHS indicates all the terms normally appearing in the budget equation (not shown for brevity).
The real part Re (Φuv) of the co-spectrum is typically negative, as is the Reynolds shear stress. The
contributions of the streamwise and wall-normal components f ′c,x and f ′c,y of the Coriolis force are pro-
portional to the spectra Φvv and Φuu of the streamwise and wall-normal normal Reynolds stresses re-
spectively; both Φvv and Φuu are real, positive numbers and the latter is typically larger by roughly an
order of magnitude (see figure 4.4). Hence the contribution of the Coriolis force to the right hand side
of equation 4.23 is dominated by the wall-normal component f ′c,y (as expected from the above analysis)
and has a positive sign. That is, the Coriolis force results in a sink term for the budget of Re (Φuv) (as
this last quantity is negative). We have once again shown that the Coriolis force acts to directly destroy
the Reynolds shear stress like the feedback control of Fukagata et al. (2005) does.

Equation 4.23 has further implications. In an uncontrolled setting, the spectrum Φuu is maximum at
the spanwise scale (i.e. wavenumber, or wavelength) of the ESM, as shown by the spectrum of figure
4.41. Consequently, the application of a Coriolis force would primarily target the Reynolds shear stress
at the scale of the ESM. While the destruction of Reynolds shear stress clearly explains the observed
drag reduction (as implied by equation 4.8), explaining how energy at the ESM-scale is removed from
the normal Reynolds stresses is not as straightforward. Indeed, the direct effect of the Coriolis force
on the streamwise and wall-normal spectra Φuu and Φvv is to transfer energy from the wall-normal

1 Notice that the spectrum is premultiplied; values of the spectrum seen at large scales are effectively larger with respect to the
ones at small scales than it appears from figure 4.4. Moreover, the values of the spectrum at κz = 0 are not shown in figure 4.4
owing to the logarithmic scale. Although such a spanwise-invariant mode may usually contain a significant amount of energy, a
separate analysis has shown that the energy held by the ESM is still much larger than the energy found at κz = 0.
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MKE ⟨u′u′⟩ ⟨v′v′⟩, ⟨w′w′⟩
press.-rate-of-strainproduction

dU
dy ⟨u′v′⟩

the Coriolis force directly removes ⟨u′v′⟩ at the VLSM-scale

Figure 4.12: Proposed mechanism for the selective suppression of the ESM in Couette flows. The acronym MKE
indicates the energy of the mean flow U (Mean Kinetic Energy). The Coriolis force directly suppresses
⟨u′v′⟩ at the scale of the ESM. As a consequence, production of ⟨u′u′⟩ is stopped at such a scale; even-
tually, this will affect the formation of ⟨v′v′⟩ and ⟨w′w′⟩ energy too. Adapted from [MY24a].

to the streamwise one, as can be shown by writing a budget equation analogous to equation 4.23 (not
shown for brevity). This is consistent with the fact that the Coriolis force does not exchange work with
the flow (see §4.2). Most importantly, this direct effect cannot explain the destruction of energy at the
ESM-scale seen in figure 4.4.

Instead, the destruction of ESM-energy must happen through an indirect mechanism. We have al-
ready argued that the Coriolis force directly suppresses the Reynolds shear stress at the ESM-scale.
The Reynolds shear stress is the intermediary through which ⟨u′u′⟩ receives energy from the mean flow
(production of turbulent kinetic energy, see §2.2.6); a reduction of the shear stress at the ESM-scale
would likely result in a reduction of ⟨u′u′⟩-stresses at the same scale. The remaining contributions ⟨v′v′⟩
and ⟨w′w′⟩ to the kinetic energy do not receive energy from the mean flow in the present geometri-
cal configuration; instead, the energy fed to streamwise fluctuations is redistributed to the remaining
components by the pressure-rate-of-strain correlation (see, once again, §2.2.6). It is then conceivable
that the lack of ⟨u′u′⟩-energy at the ESM-scale would result in lacking energy at the same scale on the
other velocity components.

The mechanism described above is summarised in figure 4.12 and might explain how the ESM is selec-
tively suppressed by the Coriolis force. It has however its own limitations. For instance, once the ESM
is removed, the small scales would become the dominant feature of the Φuu spectrum (at least in the
near-wall region). Owing to the above discussion, then, the Coriolis force would proceed to destroy Φuv

at these scales - which does not happen for the limited values of Ro considered in this paper. Likely,
the degree of suppression is determined by the relative magnitude of the contributions of the Coriolis
force with respect to the terms labelled RHS in equation 4.23. Also, an alternative way of discussing
the selective suppression of the ESM would be to consider linear transient growth mechanisms. These
lead to the amplification of flow structures that are comparable in size and topology to the small and
outer-layer scales of wall turbulence (for instance, Del Álamo and Jiménez, 2006); it has been argued
(Lozano-Durán et al., 2021) that the existence of these mechanisms is a sufficient condition for the for-
mation of the typically observed structures. Perhaps, adding a Coriolis force to the flow selectively
hinders the mechanisms leading to the amplification of outer-scaled motions, without much affecting
smaller-scale mechanisms. The verification of this hypothesis is left for future research.” [MY24a]

4.5 Summary and conclusions

The numerical study presented in this chapter shows “that a feedback control that exchanges no power
with the flow is able to suppress the streamwise-elongated, outer-scaled rolling motion (the ESM) typ-
ical of a turbulent Couette flow at a low to moderate Reynolds number. It is argued that the control
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force works by directly suppressing the Reynolds shear stress ⟨u′v′⟩ at selected scales; in this sense, it
resembles the feedback control of Fukagata et al. (2005).

Using the CPI framework, which has been shown to be an extended and rescaled version of the FIK
identity, the ESM can be associated to costly distortions of the mean velocity profile (see chapter 3); the
share of power wasted in this way is referred to as deviation dissipation Ξ∆. While large-scale contribu-
tions to Ξ∆ are greatly reduced by suppressing the ESM (corroborating the previous statement), these
gains in performance are hindered by a higher-than-expected contribution to Ξ∆ and to the turbulent
dissipation ϵ by smaller (but not necessarily small) scales. This observation is consistent with previous
similar works (Fukagata et al., 2010; de Giovanetti et al., 2016) and we attribute the unexpected skin fric-
tion contributions to the energisation of outer-scaled eddies that is observed as the ESM is suppressed.

While the approach used here yields a progressive suppression of the ESM, making it complicated to
determine when the suppression is complete, a sensible estimate of the drag reduction achievable by
targeting the ESM is in the order of 8% starting from a reference friction Reynolds number Reτ ≈ 100

and 13% for Reτ ≈ 500. The latter value is higher than the drag reduction reported by de Giovanetti et al.
(2016), who also performed a numerical experiment that suppressed outer-scaled motions in a channel
flow. This discrepancy can be explained by differences in the suppressing strategy; most importantly, the
above authors were considering a flow in which outer-scaled motions are weaker than in the Couette
one considered here. However, since large scales are known to get more intense with the Reynolds
number (Hutchins and Marusic, 2007b), higher values of drag reduction can be expected also in channel
and boundary layer flows at a high Reynolds number. This is encouraging, as high Reynolds numbers
are usually encountered in applications of industrial interest.” [MY24a]
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5 Separating large-scale superposition and modulation in
turbulent channel flows

The results shown in this chapter have been published in Andreolli et al. [MY23].
Data for this chapter is available at https://dx.doi.org/10.35097/EEXRgyvGozfhsyqo.

This chapter deals with scale interactions, and in particular with amplitude modulation (see §1.2.4 and
§1.2.5). As previously explained, amplitude modulation is typically understood to be the result of the
following mechanism. Outer-layer large scales are able to leave a footprint in the near-wall region in
the form of coherent large-scale velocity fluctuations; this process takes the name of superposition of
the large scales. The superposed large-scaled fluctuations cause a local increase (or decrease) of the wall
shear stress, which in turn triggers a local increase (decrease) of the energy of near-wall small scales
(owing, for instance, to the inner-scaling of small scales; see §1.2.2 or §1.2.5). This or similar mechanisms
(see §1.2.5) are understood to produce the observed correlation between the amplitude (envelope) of the
small scales and the large-scale velocity signal (amplitude modulation).

The aim of this chapter is to verify whether amplitude modulation is indeed caused by the superim-
posed large-scale wall shear stress pattern as discussed in section §1.2.5 and summarised in the above
paragraph. Additionally, the dual hypothesis is tested – that is, whether the existence of small-scales
whose amplitude is modulated by a large-scale envelope triggers the formation of a large-scale wall
shear stress pattern. The following scientific question is thus addressed:

3. Is the wall-shear stress the mediator in the scale-interaction mechanism known as amplitude
modulation?

The above question is investigated through a couple of numerical experiments. First, the superposi-
tion of large scales to the wall is prevented (suppression of superposition) to verify whether amplitude
modulation is still observed. Then, small scales are prevented from having a large-scale envelope (sup-
pression of modulation) to verify whether a near-wall large-scale velocity pattern is still observed. The
suppression of superposition and of modulation is achieved through purposely defined body forces.
The numerical experiments are carried out both in standard, large simulation domains as well as in
much shorter minimal streamwise units. Minimal streamwise units are able to reproduce healthy tur-
bulence in the buffer layer as well as the main features of the outer-layer large scales at a much reduced
computational cost; by comparing them simulations in long and short domains, the ability of the mini-
mal streamwise unit to correctly capture scale interactions is discussed.

The chapter is structured as follows. A description of the numerical setup is provided in §5.1; the
strategy used to selectively suppress superposition and modulation is discussed in §5.1.1 and §5.1.2
respectively. The present modulation suppressing strategy requires an additional smoothing of the ve-
locity spectra (described in §5.1.3) to help their visualisation. After a brief overview of the main re-
sults concerning amplitude modulation in natural channels (§5.2), the results concerning suppression
of modulation and of superposition are shown in sections §5.2.1 and §5.2.2 respectively. The results
of §5.2.1 concerning the suppression of superposition are of particular relevance for the quasi-steady,
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5 Separating large-scale superposition and modulation in turbulent channel flows

Type Reτ Lx/h Lz/h L+
x L+

z Nx ×Ny ×Nz ∆x+ ∆z+ ∆y+
min Tuτ/h

LSD 1000 4π 2π 12566 6283 1024× 500× 1024 12.3 6.1 0.97 150

MSU 1000 0.4 7 400 7000 40× 500× 1148 10.0 6.1 0.97 300

Table 5.1: Details of the Long Streamwise Domain (LSD) and Minimal Streamwise Unit (MSU) simulations. Nx

and Nz are the numbers of Fourier modes in the homogeneous directions (additional modes are used for
dealiasing, according to the 3/2 rule), while Ny is the number of collocation points in the wall-normal
direction. The resulting spatial resolutions ∆x+ and ∆z+ in the streamwise and spanwise directions
respectively, as well as the wall-normal resolution ∆y+min at the wall, are reported. T is the temporal
interval over which statistics have been collected after discarding the transient. Adapted from [MY23].

quasi-homogeneous theory of Zhang and Chernyshenko (2016); this will be discussed in §5.3. A sum-
marising remark is given in §5.4.

5.1 Methodology

The analyses presented in this chapter are based “on a newly-produced direct-numerical-simulation
(DNS) database of turbulent Poiseuille flows (see §2.2.1) at friction Reynolds number Reτ = 1000 in
stream- and spanwise periodic domains; its peculiarity is the selective suppression of either modulation
or superposition phenomena, which is discussed below.” [MY23] The simulations are carried out at
constant pressure gradient (CPG) using the method described in §2.4.4. “As for the size of the computa-
tional domain, we resort to both moderately long streamwise domains (LSD), in which the streamwise
periodicity is Lx/h = 4π, and minimal streamwise units (MSU), for which L+

x = 400 (Abe et al., 2018).
MSUs are here used by virtue of their simplified flow physics and reduced computational cost; their
suitability for the study of amplitude modulation is also assessed. All other discretisation parameters
are set to values that are standard in DNS practice; a summary can be found in table 5.1.

To quantify amplitude modulation, the two-point scale-decomposed skewnessC∗
AM (Schlatter and Örlü,

2010; Bernardini and Pirozzoli, 2011; Mathis et al., 2011b; Eitel-Amor et al., 2014) is used:

C∗
AM =

〈
u+s

2
(y+s )u

+
ℓ (y

+
ℓ )
〉
, (5.1)

where uℓ and us indicate, respectively, the low- and high-pass filtered streamwise velocity fluctuation
signals at two different wall-normal positions yℓ, ys. Notice that the asterisk in C∗

AM is kept for consis-
tency with literature. Positive values of C∗

AM indicate the presence of amplitude modulation, whereas
negative values indicate a region of phase-reversal (see §1.2.5). C∗

AM has been preferred to many other
statistics available in the literature (see, for instance, Dogan et al., 2019) owing to the fact that it is not
normalised by

〈
u+ℓ u

+
ℓ

〉
1/2 . Indeed, as will be explained below in the context of the suppression of

superposition, the large scale signal u+ℓ is damped in specific portions of the channel, thus yielding〈
u+ℓ u

+
ℓ

〉
→ 0. Filtering is performed in the spanwise direction with a sharp Fourier filter; a conventional

threshold wavelength λ+z,c = h+/2 = 500 is used (see, for instance, Bernardini and Pirozzoli, 2011, at
a similar value of Reτ ), unless explicitly stated. In the context of suppression of modulation, practical
considerations led to a choice of λ+z,c = h+ = 1000.
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5.1 Methodology

The suppression of either superposition or modulation is achieved by artificial damping of selected
turbulent motions via a volume-force term f⃗ added to the right-hand side of the momentum balance of
the incompressible Navier–Stokes equations, such that:

∂u⃗

∂t
+ (u⃗ · ∇) u⃗ = −1

ρ
∇p+ ν∇2u⃗+

1

ρ
f⃗ , (5.2)

∇ · u⃗ = 0 , (5.3)

The artificial damping is most conveniently defined in the spectral Fourier space;” [MY23] using in-
dex notation for vectors,

̂̂
fi = −κ (κx, κz, y)

Υ
̂̂ui for i = 1, 2, 3 , (5.4)

“where
̂̂
(...) denotes the Fourier coefficient for a given stream- and spanwise wavenumber pair (κx, κz)

at a specific y-position. The arbitrary parameter Υ determines the strength of the damping; its value
of Υ/(h/uτ ) = 10−3 is chosen empirically (see, for instance, Stroh et al., 2016b; Forooghi et al., 2018)
to achieve a forcing that is as small as possible, while still ensuring satisfactory damping of the se-
lected modes. The dimensionless function κ (κx, κz, y) selects which scales and wall-normal locations
are damped and is defined in the following, depending on whether superposition (denoted by subscript
S, κS) or modulation (κAM) are removed.

Notice that the forcing is active on all components of velocity, although the amplitude modulation anal-
ysis is only carried out on the streamwise component. Moreover, the equations of motion are solved
using the wall-normal velocity and vorticity formulation that automatically fulfils the divergence-free
constraint. Although the forcing we use might have non-zero divergence (just like the non-linear term
of equation 5.2), only its solenoidal component affects the governing equations – so that the continuity
equation 5.3 is verified at all times.” [MY23]

5.1.1 Suppression of superposition

“A straightforward way of preventing the superposition of large scales at the wall is damping spanwise
Fourier modes contributing to uℓ in that region. While this clearly defines the scales at which modal
damping is activated (λ+z > h+/2, owing to the definition of uℓ in §5.1), the wall-normal portion of
the domain in which this is done is yet to be specified. To address this issue, we propose a definition
of the space-scale region in which superposition takes place as the one where large, near-wall motions
are fed energy from other scales and wall-normal positions; this region can be rigorously identified by
analysing the spectral turbulent kinetic energy (TKE) budget decomposed in spanwise Fourier modes
(Cho et al., 2018),” [MY23]

∂ ⟨ê ⟩+
∂t+

= Σ̂+
P + Σ̂+

ϵ + T̂ +
t + T̂ +

p + T̂ +
ν = 0 . (5.5)

As explained in §2.3.1 , (̂...) indicates the coefficient of the spanwise Fourier series associated to the
wavenumber κz = 2π/λz , λz being the spanwise wavelength, and ⟨ê⟩ is defined as follows:

⟨ê ⟩+
(
y+, κ+z

)
=

Φ+
uu +Φ+

vv +Φ+
ww

2
=

〈
û ′H û ′ + v̂ ′H v̂ ′ + ŵ ′Hŵ ′〉+

2∆κ+z
(5.6)
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Figure 5.1: Premultiplied spanwise spectra of the turbulent transport (κ+
z T +

t , a,b) and dissipation term (κ+
z Σ̂+

ϵ ;
c,d) of the spectral TKE budget. Both the reference (unperturbed) LSD and MSU cases are reported. The
solid black lines mark the boundaries of the region in which modal damping is performed. Adapted
from [MY23].

Notice that the quantities being averaged in equation 5.6 do not depend on the spanwise coordinate
z, as the dependence on z is replaced by the one on κz owing to the transform. Hence, averaging
is only performed in time and in the streamwise direction. “The terms Σ̂P , Σ̂ϵ denote respectively
turbulent production and dissipation, while T̂t, T̂p and T̂ν are turbulent, pressure and viscous transport
respectively. Particular focus lies on the turbulent transport

T̂ +
t =

Re
(〈

−
(
û′i

+)H
∂

∂x+
j

û′iu
′
j

+
〉)

∆κ+z
, (5.7)

and turbulent dissipation

Σ̂+
ϵ = − 1

∆κ+z

〈(
∂û′i

+

∂x+j

)H

∂û′i
+

∂x+j

〉
, (5.8)

where the superscript (·)H denotes the complex conjugate and Re stands for the real part of a complex
number. As reported by Cho et al. (2018) and Lee and Moser (2019), these two terms dominate the TKE
budget in the vicinity of the wall for large wavelengths λz (small κz); while by definition turbulent dis-
sipation subtracts energy from given Fourier modes, turbulent transport can actually feed them power
(when T̂t > 0), thus being suitable for the identification of superposition modes.

From our definition and figure 5.1, which shows T̂ +
t and Σ̂+

ϵ for the reference MSU and LSD cases, we
identify the near-wall region in which superposition is suppressed as 2.3 (y+)

2 ≤ λ+z , as this region
corresponds to the near-wall positive peak of T +

t ; in other words, large scales in are here being fed
energy. A similar locus was identified by Cho et al. (2018).

This complements the criterion λ+z > h+/2 that defines uℓ; the complete boundaries of the space-scale
region suppressed in this section are shown in figure 5.1. Desirably, the near-wall turbulent dissipation
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peak (panels c,d), which is commonly associated to small scales, is excluded from the definition of the
large, superposed ones. The following expression for κS (κ

+
x , κ

+
z , y

+) stems from the present discussion:

κS

(
κ+x , κ

+
z , y

+
)
=

1, if κ+z ≤ min
(

2π
500 ,

2π
2.3(y+)2

)
except κ+x = κ+z = 0

0, otherwise
. (5.9)

Note that mode (κ+x , κ
+
z ) = (0, 0) is not damped, since this corresponds to the instantaneous stream-

and spanwise spatial average; other than that, the value of κx plays no role, meaning that all κx modes
are suppressed if the condition on κz is verified. While similar damping strategies have been attempted
in literature (see, for instance, de Giovanetti et al., 2016), the peculiarity of the present one is that large
scales are removed only in the vicinity of the wall and not throughout the whole domain.” [MY23]

5.1.2 Suppression of modulation

“As for amplitude modulation, its suppression is not as trivial, and its spectral representation needs
to be discussed first. Let us consider a toy problem, where a large-scale spanwise sinusoid cos(κℓz)

modulates a small-scale carrier wave, cos(κsz), κℓ and κs being the respective wavenumbers; the Fourier
representation of the large-scale signal has energy content only on the κz = ±κℓ mode (or κz = ±κs for
the small-scale one). The modulated signal will be, for example, [1 + cos(κℓz)] cos(κsz). It can be easily
proven by applying the angle addition formula for trigonometric functions (Abramowitz and Stegun,
1964) that such a modulated signal has energy content exclusively on modes κz = ±κs, corresponding
to the original carrier wave, and κz = ±(κs ± κℓ), such modes being named sidebands.

In the context of our spectral DNS, we identify the first six non-zero spanwise discrete Fourier modes
κz = ± (∆κz, ..., 6∆κz) as the large-scale, modulating signal. Bear in mind that the simulation grid
is equally spaced in the Fourier-κz direction, the spacing being ∆κz = 2π/Lz ≈ 0.898/h. Consider
now a generic small-scale carrier with wavenumber κz = κs being modulated by the large modes;
the sideband will comprise the six discrete Fourier modes preceding and following κs, namely κz =

±κs ± (∆κz, ..., 6∆κz). As an example, figure 5.2 highlights the sideband of mode κs = 14∆κz ; the
integer nz there referenced is defined as:

nz = κz/∆κz . (5.10)

By suppressing the sidebands of each possible small-scale carrier in our simulation, we make amplitude
modulation non-representable in our domain - in other words, we suppress it. Practically, this is done
by suppressing six spanwise modes every seven for the small scales, as shown in figure 5.2; the effective
spacing ∆κz,eff between non-zero (or, more precisely, non-damped) spanwise small-scale modes is thus
increased from ∆κz,eff = ∆κz to ∆κz,eff = 7∆κz . This is done only in proximity of the wall (y+ ≤ 40),
where positive modulation takes place, in order to limit intrusiveness. Hence, κAM is defined as:

κAM

(
κ+x , κ

+
z , y

+
)
=

1, if y+ ≤ 40 ∧ nz/7 /∈ Z ∧ nz > 6

0, otherwise
, (5.11)

where Z is the set of integer numbers. Once again, the value of κx plays no role in the above definition,
so that suppression is active for all κx modes in correspondence of values of κz that get suppressed.

Notice that the large scales are here effectively defined as having |nz| < 7, which translates to λ+z >

h+ = 1000 in terms of wavelengths. This value of the large-small threshold wavelength is larger than
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Figure 5.2: Schematic representation of the suppression of modulation for the discretisation used in this paper. Each
box represents a spanwise Fourier mode with its value of nz ; wavenumbers are reported under the boxes.
Note that only low-wavenumber, positive modes are represented. Large-scale, modulating modes are
coloured in black, while small-scale carrier ones are white. The modes being suppressed, namely the
sideband of each carrier, are cancelled out. Adapted from [MY23].

the one stated in §5.1 and will be exclusively used in cases where modulation is suppressed, also for
the calculation of C∗

AM. The different choice is meant to limit intrusiveness of the forcing: by choosing a
larger threshold wavelength, not only the bandwidth of the large scales is reduced, but also the width of
the sidebands of small carrier modes is reduced. Since these sidebands are here being suppressed, the
smaller the sidebands, the smaller the amount of energy being subtracted from the flow.

The effect of this forcing on scale interactions is better understood by considering triadic interactions
(see e.g. §2.3.4, or Cho et al., 2018) between spanwise Fourier modes. These interact in pairs through
the non-linear term of the Navier-Stokes equations, resulting in a transfer of momentum (and energy)
to a third mode. Using the angle addition formula as before, it can be shown that, where the forcing
is active, interactions between small-scale modes cannot yield a transfer of energy to (nor from) large
scales, with the exception of the large κz = 0 mode. Moreover, interactions between a large-scale (except
κz = 0) mode and a smaller-scale (except κz = 7∆κz) one would produce an energy transfer to (or from)
suppressed modes; the effects of these interactions are thus nullified.

As for C∗
AM, similar considerations show that, where the forcing is active, the signal u2s has no content

on large-scale Fourier modes, except for mode κz = 0. Thus the covariance C∗
AM = ⟨u+s 2 u+ℓ ⟩ has at most

contributions from the interaction between u2s and mode κz = 0 of uℓ; all other contributions are null.
In other words, the only modulation-like effect which could be observed is a correlation in time (and in
the streamwise direction) between the spanwise-average of uℓ and the spanwise average of u2s. This is a
very weak effect, as will be shown later; moreover, if it were removed, the value of C∗

AM should be zero
where the suppression of modulation is performed.” [MY23]

5.1.3 Energy-conserving smoothed spectra

0 1 2 3 4 5 6 7 88 99 1010 1111 1212 1313 14 1515 1616 1717 1818 1919 2020 21

averaged to Φ̄7 averaged to Φ̄8Φ̄0, Φ̄1, ..., Φ̄6

Figure 5.3: Schematic representation of the averaging procedure used to recover smooth (co-)spectra of the Reynolds
stresses. Adapted from [MY23].

“The modulation-suppressing procedure described in §5.1.2 produces a banded pattern in the spanwise
(co-)spectra of the Reynolds stresses, as can be seen later in figure 5.13, for instance. The banded pat-
tern does not only affect the near-wall region where the forcing is active, but rather propagates to the
core of the channel, making the spectra hard to visualise. We therefore define a smoothed version Φ̄

of a generic spanwise (co-)spectrum Φ that improves the visualisation while being energy-conserving,
meaning that the correct values of the Reynolds stresses can be recovered by integrating the smoothed
spectral contributions given by Φ̄.
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In the context of our numerical simulations, the spanwise spectrum Φ (at any wall-normal distance) is
evaluated at a discrete set of equally spaced spanwise wavenumbers κz,n = nz∆κz” [MY23] (where for
simplicity nz is assumed, without loss of generality, to be a non-negative integer), yielding a set Φ(κz,n).
Notice that the notation used so far conceals the fact that only discrete values of κz are admissible
(as this generally improves readability, see §2.3.1); however, the present discussion requires explicit
handling of the discretisation. “The smoothed spectrum is evaluated at a set of spanwise wavenumbers
corresponding to modes that are not suppressed, yielding a set of values Φ̄j (j also being a non-negative
integer). These are defined so that:

Φ̄j = Φ(κz, j) if 0 ≤ j ≤ 6

Φ̄j =
1
4

∑3
i=0 Φ(κz, j+i) if j = 7

Φ̄j =
1
4

∑0
i=−3 Φ(κz, nmax+i) if j = jmax

Φ̄j =
1
7

∑3
i=−3 Φ(κz, 7(j−6)+i) otherwise

(5.12)

where nmax and jmax are the maximum values of nz and j respectively. In other words, the spectrum is
left untouched for large-scale modes; for the small scale modes, the value of Φ of each non-suppressed
mode is averaged with the values of Φ of the six adjacent suppressed modes (three per side) to yield
a single value of Φ̄. For the first (j = 7) and for the last (j = jmax) small-scale modes the average
is performed only on one side, that is, only with the three preceding or successive suppressed modes.
Notice that the number of points in the spanwise direction is chosen so that the mode with the highest
wavenumber is not suppressed. The procedure is illustrated in figure 5.3, and yields a sensible spectral
representation of the Reynolds stresses when applied at all wall-normal positions - including those at
which the forcing is not active. See, for instance, figure 5.13.” [MY23]

5.2 Results

“To begin with, statistics of interest are reported for the reference (unperturbed) LSD and MSU cases for
reference and validation.” [MY23] The main difference between LSD and MSU cases is that “large-scale
structures of streamwise velocity fluctuations are significantly enhanced in MSUs due to the impaired
nature of the pressure-strain correlation (Abe et al., 2018); they are quasi streamwise-invariant and thus
lack the characteristic inclination observed in larger domains. Figure 5.4 shows the mean velocity pro-
file U+ = ⟨u⟩+ (panel a) and fluctuation intensities (b) for two LSD and MSU unperturbed simulations,
used as a reference case for the numerical experiments1. Both cases compare well against literature LSD
data by Lee and Moser (2019) and MSU data by Abe et al. (2018). The enhanced streamwise fluctuations
of the MSU, clearly visible from figure 5.4(b), result in a plateau for ⟨u′u′⟩+ that is otherwise visible
at much higher values of Re in longer domains. On the other hand, v′ and w′ fluctuations have lower
intensity in MSUs, and the mean velocity profile exhibits an anomalous wake region starting at about
y+ ≈ 400 (Flores and Jiménez, 2010). An enhancement of u′ fluctuations in the MSU can also be ob-
served from the spanwise one-dimensional spectrum, reported in figure 5.5(a,b) for the LSD and MSU

1 Interestingly, the MSU simulation produces larger values of the mean velocity at the centerline. That is, the same pressure
gradient produces a larger flow rate in the MSU: drag reduction is observed. This is surprising. As explained in the main body
of the text, MSUs have stronger u′u′ structures; it appears counterintuitive that this would be associated to drag reduction. A
possible explanation could be the following. Although streamwise fluctuations are stronger in the MSU, wall-normal ones are
weakened with respect to the LSD (as can be seen in the present data) owing to the impaired pressure-strain energy redistribution
(Abe et al., 2018). Possibly, then, the weakened wall-normal fluctuations result in a weakened anti-correlation between u′ and
v′, which can explain the observed drag reduction. Indeed, the shear stress ⟨u′v′⟩ – and not the normal ⟨u′u′⟩ one – is the only
dynamically relevant (active) Reynolds stress. In any case, even if the impaired nature of the pressure-strain term could not explain
the present observations, the large scales of the MSU must be comparatively inefficient at producing Reynolds shear stress.
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Figure 5.4: Profiles of the mean velocity (a) and fluctuation intensities (b) for the unperturbed MSU (solid) and LSD
(dashed) cases. Green: ⟨u′u′⟩+. Red: ⟨v′v′⟩+. Blue: ⟨w′w′⟩+. The uncertainty at a 99.7% confidence
level quantified as described in Russo and Luchini (2017) is shown for the MSU case as a shaded area.
MSU data by Abe et al. (2018) is marked with +, while × indicates LSD data by Lee and Moser (2015).
Adapted from [MY23].
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Figure 5.5: All panels refer to reference simulations (without forcing). Premultiplied one-dimensional spanwise
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uu of the streamwise velocity fluctuations (a,b). Amplitude modulation coefficient C∗

AM
(c,d); colour levels starting from zero (white) with increments of ±0.3 for the LSD (panel c) and ±0.5 for
the MSU (panel d). Adapted from [MY23].

cases. Although both spectra share the same qualitative behaviour, with a small-scale, buffer-layer en-
ergy peak and a large-scale, outer-layer one (see also Lee and Moser, 2018), both these peaks are more
intense for the MSU case.

It is possibly these energised large scales, combined with the absence of their meandering, that make am-
plitude modulation more intense in the MSU; this can be observed from figure 5.5(c,d), which compares
the distribution of the two-point scale-decomposed skewnessC∗

AM for the LSD and the MSU. Apart from
the intensity, the qualitative structure of the C∗

AM-map of figure 5.5 in the y+s < 30 region is the same
for both LSD and MSU, suggesting that the smaller domain can still correctly capture scale-interaction
phenomena such as amplitude modulation. In agreement with previous observations (Bernardini and
Pirozzoli, 2011; Agostini et al., 2016; Dogan et al., 2019), two positive peaks are present at y+s ≈ 10, one
of which lies on the diagonal of the plot (y+ℓ ≈ 10), whereas the other will be referred to as off-diagonal
(y+ℓ ≈ 150). As already discussed, the diagonal peak of C∗

AM is affected by the skewness of the velocity
signal (Mathis et al., 2011b; Schlatter and Örlü, 2010), whereas the off-diagonal peak is not, hence consti-
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Figure 5.6: Visualisation of an instantaneous streamwise velocity field on wall-parallel planes for the reference
(unperturbed) MSU simulation. Colour: small-scale activity u+

s
2 at y+ = 10. Black lines: contours of

zero-large-scale fluctuations (u+
ℓ = 0) at y+ = 100. Regions of positive large scales are shaded. Adapted

from [MY23].

tuting a more reliable detector of modulation phenomena (Bernardini and Pirozzoli, 2011). As expected,
a negative-C∗

AM region is also present, mainly involving small scales in the outer layer; the contour of
this region becomes much more regular for the MSU case, and can be approximated by a straight hori-
zontal line y+s ≈ 100 for y+ℓ < 150. This regularity is possibly a consequence of the lack of inclination of
the large structures, which are quasi-homogeneous along the streamwise direction in the MSU cases.

A graphical representation of what the skewness coefficient C∗
AM quantifies is provided in figure 5.6.

Here, the near-wall (y+s ≈ 10) small scale activity u+s
2 and the log-layer (y+ℓ ≈ 100) large scale sig-

nal u+ℓ from an instantaneous flow realisation of the unperturbed MSU simulation are represented in a
streamwise-spanwise plane. Notice that these wall-normal coordinates correspond to the off-diagonal
peak of the C∗

AM-map (figure 5.5 c,d), and that the covariance of the two represented quantities corre-
sponds to C∗

AM. Expectedly, regions of positive large scales exhibit increased values of the small-scale
activity with respect to regions of negative large scales, although this correspondence is imperfect as
it only holds in a statistical sense. An analogous consideration was done by Hutchins and Marusic
(2007b), who first observed amplitude modulation in experimental data, except that modulation was
seen in time signals. Due to the minimal streamwise domain size, in MSUs regions of positive (or neg-
ative) large scales extend all across the streamwise domain length, whereas changes of sign of the large
scales are mainly encountered along the spanwise direction. Hence, in MSUs the correlation between uℓ
and u2s is mainly to be seen in the spanwise direction.” [MY23]

5.2.1 Suppression of superposition

“In §5.1.1 it was shown how the footprint of large scales at the wall (also known as superposition) can be
numerically removed through modal damping; essentially, energy is removed from selected near-wall
large scales. To validate the data produced with this forcing, some simple statistics are reported in figure
5.7. Figure 5.7(a) shows the mean velocity profile for the forced MSU and LSD cases as compared to
the unperturbed simulations; desirably, the suppression strategy has no substantial effect on the mean
velocity profile, neither in the inner nor in the wake region. The same holds for the distribution of
Reynolds shear stress (b), as well as for the spanwise and wall-normal fluctuation intensities (panels c,
d), although the forcing is also active on these two components of the velocity. This suggests that the
removed motions only have a marginal relevance for both the inner and the outer dynamics of the flow.

The forcing only has a significant effect on the streamwise fluctuation intensity ⟨u′u′⟩ (figure 5.7c-d),
which is significantly reduced in the near wall region; this drop in turbulent kinetic energy is expected,
as the forcing subtracts power from the flow in proximity of the wall. The drop is larger for the MSU case
(panel c) than for the LSD (d) one; indeed, as explained above, the removed large scales are more intense
in the former case.” [MY23] Moving further away from the wall, reduced values of ⟨u′u′⟩ are observed
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Figure 5.7: One-point statistics for the simulations with suppression of superposition (solid line for MSU; dashed for
LSD). For comparison, the same statistics are reported for the reference unperturbed cases (+ for MSU;
× for LSD). Mean velocity profile (a), Reynolds shear stress (b), fluctuation intensities (c, d; colours as in
figure 5.4). Adapted from [MY23].

for almost the entirety of the channel height, even in regions where the control force is not active. It is
only at the centerline that the ⟨u′u′⟩ values of the forced and unforced simulations are comparable.

“The effect of superposition removal is further explored by analysing the spanwise energy and turbu-
lent transport spectrum, as well as the C∗

AM-map. These are reported in figure 5.8 for the MSU case;
results for the longer domain are not shown for brevity, except for the C∗

AM-map.” [MY23] For each
plot, data from both the reference, unperturbed simulations (left panel) and from simulations where
superposition is suppressed (right panel) is shown to facilitate the comparison. “The energy spectrum
(a) and the turbulent transport one (b) indicate success of the suppressing action: when the suppression
is active, not only no energy content is present for the superposition modes as expected, but also no
energy content is being deposited by T̂ +

t on these modes. For wavelengths at which modal damping is
active (b, right panel), the usual near-wall positive peak of T̂ +

t seen in the left panel vanishes, and reap-
pears at the nearest position to the wall where the suppressing action is absent. This also results in the
negative, large-scale region of T̂ +

t being shifted towards the core of channel.” [MY23] In the outer layer,
large scales are still observed even when their near-wall footprint is suppressed (figure 5.8a, right panel).
Their persistence might suggest that the outer flow region has some degree of autonomy from the wall,
consistently with the results of Flores and Jiménez (2006), Mizuno and Jiménez (2013) and Kwon and
Jiménez (2021). However, the amount of energy found on large-scale modes is generally reduced with
respect to the unforced simulations (a, left panel). In particular, the suppression of near-wall large scales
appears to result in the lack of large-scale energy in the unforced region found at y+ ≤ 100. This could
be explained as follows. Perhaps, the missing energy in this region is energy that is held by attached
eddies; removing the near-wall part of the attached eddies results in their complete removal, so that
energy is missing not only in the near-wall region but also at all the wall-normal heights reached by the
attached eddies. According to this explanation, the outer-layer large-scale energy peak (possibly linked
to VLSMs) which persists in the forced simulations could be interpreted to be contributed by detached
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Figure 5.8: Each subplot (a-d) shows reference data from unperturbed simulations (left panel) and data from sim-
ulations where superposition is suppressed (right). Premultiplied spanwise spectra of the streamwise
fluctuation (κ+

z Φ+
uu, a) and of the turbulent transport term (κ+

z T +
t , b) for the MSU case; a solid black

line marks the border of the scale-space region which is targeted by the superposition-suppressing forc-
ing. Amplitude modulation coefficient C∗

AM for the LSD (c) and MSU (d) cases; a black cross marks a
possible secondary peak appearing in forced simulations. Colour levels as in figure 5.4. Adapted from
[MY23].

eddies. Notice that such an explanation is purely speculative, and that the thorough discussion of such
a complex topic is out of the scope of this chapter.

“Unexpected results can be observed in the C∗
AM-maps of figure 5.8(c) and (d).” [MY23] As previously

discussed, two C∗
AM-peaks can be seen in reference data (as seen in figure 5.5 and reproduced in the

left panels of 5.8c and d). When superposition is suppressed (right panels), “the diagonal peak pre-
dictably disappears, whereas the off-diagonal one is not only still present, but also roughly unaltered
in intensity. This is a sign of the persistence of modulation phenomena in the buffer layer (y+s ≈ 10),
suggesting that superposition and modulation are not so closely interlinked as previously thought: one
phenomenon can be suppressed without significantly affecting the other. It is noteworthy, moreover,
that the large scale signal uℓ is being entirely suppressed for y+ < 14.7, whereas the small scale signal
still exhibits modulation in that region; this clearly rules out the possibility that amplitude modulation
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Figure 5.9: Visualisation of an instantaneous streamwise velocity field on wall-parallel planes for the MSU sim-
ulation with suppression of superposition. Colour: small-scale activity u+

s
2 at y+ = 10. Black lines:

contours of zero-large-scale fluctuations (u+
ℓ = 0) at y+ = 100. Regions of positive large scales are

shaded. Adapted from [MY23].
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Figure 5.10: Visualisation of an instantaneous streamwise velocity field on wall-parallel planes for the reference
MSU simulation with λ+

z,c = h+ = 1000 (a) and the MSU simulation with suppression of modulation
(b, c). Colour: small-scale activity u+

s
2 at y+ = 10. Black lines: contours of zero-large-scale fluctuations

(u+
ℓ = 0) at y+ = 100. Regions of positive large scales are shaded. In panel (b), large scales are plotted

only for z/h > 3; on the left, dashed lines are used to highlight the reduced period of small scales.
Panel (c): same as panel (b), but the large scales are plotted at all available spanwise positions. Adapted
from [MY23].

is entirely caused by the superimposed, local large scales, or by fluctuations in the wall-shear stress.
Since the superposition-suppressing forcing is active on all components of velocity, there cannot be any
converging or diverging spanwise large-scale motion at the wall either.

The persistence of modulation phenomena is reinforced by figure 5.9, showing an instantaneous reali-
sation of the near-wall small-scale activity u+s 2 and of the log-layer large-scale signal u+ℓ . No qualitative
difference with respect to figure 5.6 can be observed, suggesting that not only the forcing does not sig-
nificantly alter the flow structure, but also a correlation between the large scales and the small-scale
activity is still present.

In spite of the above evidence, theories implying that modulation of the small scales is caused by near-
wall large ones might still be able to capture the behaviour of the diagonal peak of the C∗

AM-map. In-
deed, if the variation of the amplitude of the small-scale signal is caused by the large-scale shear, as
proposed for instance by Agostini and Leschziner (2019a), a positive peak of C∗

AM should appear at
the nearest wall-normal position where no modal damping is active. A weak diagonal peak (marked
by a black cross) seems to appear in figure 5.8(c,d) at y+s ≈ 30 − 40; however, this peak cannot be
clearly distinguished from the non-diagonal positive-modulation region, thus making further investi-
gation necessary.” [MY23]
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5.2.2 Suppression of modulation

“The modulation-suppression strategy presented and explained in the spectral domain in §5.1.2 also has
a clear physical interpretation. The small-scales us perceive a computational box whose spanwise peri-
odicity is forcedly reduced to h (from 7h, that is the spanwise size of the periodic simulation domain);
indeed, the modal damping effectively increases the spacing ∆κz,eff between non-zero small-scale span-
wise Fourier modes (see §5.1.2 or figure 5.2), which translates to a decrease of the spanwise period of
us owing to the definition of the Fourier series (see §2.3.1, equation 2.49). Large-scale modes are not
affected. The shortened spanwise period can be observed in figure 5.10(b), where near-wall small-scale
activity u+s 2 and large-scales u+ℓ from the log-layer are represented for a MSU with suppression of mod-
ulation. Patterns of u+s 2 have a spanwise period of 1h, whereas the large-scale isocontours are qualita-
tively similar to figures 5.6 and 5.9, with a spanwise period matching the spanwise domain size (7h).
As a consequence of the different period, large and small scales are now uncorrelated: x, z-regions of
positive u+ℓ (shaded in figure) do not correspond to regions of increased small-scale activity anymore,
and vice-versa. The observed pattern differs from the one of figure 5.10(a), which shows the same plot
for the reference MSU case – hence being a reproduction of figure 5.6, except that the spanwise threshold
wavelength of the filter now matches the one used in this context (λ+z,c = h+, see §5.1.2). In the reference
case, small- and large-scales appear to be correlated, as is later confirmed by calculating C∗

AM.

In light of the above, the present modulation-suppressing strategy does not differ much from the multi-
block large-eddy simulation (LES) strategy of Pascarelli et al. (2000), which captures the near-wall small
scales of a boundary layer by using a small periodic simulation domain. This is then reproduced several
times in the spanwise direction to match the width of a larger domain, designed to capture large scales
in the outer layer. Notice that, unlike ours, this approach (as well as many improvements of it, see Tang
and Akhavan, 2016; Sandham et al., 2017) cannot reproduce near-wall large scales. A refined multi-
block strategy was proposed by Chen and He (2022), which allows for the presence of near-wall small
scales with a restricted spanwise period as well as near-wall large scales, analogously to the present
approach. In their case, however, the coupling between blocks of different sizes manages to overcome
the different periodicity and to reproduce modulation phenomena, which we instead suppress; also
notice that, unlike all LES studies mentioned here, our concern is the investigation of the flow physics,
rather than the reduction of computational costs.

Also for this forcing, one-point statistics produced in both MSU and LSD domains are compared to the
ones of the unperturbed simulations (figure 5.11). As for the mean velocity (panel a), the usual collapse
of the near-wall profile is seen. However, forced simulations differ significantly from the reference cases
in the wake region, showing increased values of the flow rate at constant pressure gradient; that is,
the forcing has a drag-reducing effect. The different velocity profiles are closely linked to the Reynolds
shear stress profiles seen in panel (b). For y+ ≤ 40 (where the forcing is active), the profiles of forced
simulations are shifted towards the channel core with respect to their references; this is expected in drag-
reduced flows where near-wall turbulence is affected (e.g. flows over riblets; see, for instance, Luchini
et al., 1991). Otherwise, there is good agreement between forced and reference simulations.

Profiles of the various fluctuation intensities (panels c-d) also show a qualitative agreement between
forced and reference simulations, with a close collapse towards the channel centerline. Where the forcing
is active (y+ ≤ 40), the profile of ⟨u′u′⟩ of the forced simulations appears to be slightly shifted towards
the core of the channel, just like the Reynolds shear stress. Moreover, ⟨u′u′⟩ profiles reach slightly higher
peak values in the forced simulations, whereas ⟨v′v′⟩ and ⟨w′w′⟩ show reduced values in the near-wall
region. This suggests that the forcing alters the way energy is redistributed among components. Right
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Figure 5.11: One-point statistics for the simulations with suppression of modulation (solid line for MSU; dashed for
LSD). For comparison, the same statistics are reported for the reference unperturbed cases (+ for MSU;
× for LSD). Mean velocity profile (a), Reynolds shear stress (b), fluctuation intensities (c, d; colours as
in figure 5.4). A black vertical line marks the boundary to the left of which modal damping is active.
Adapted from [MY23].

above the region where the forcing is active, at y+ = 50 − 100, the values of the fluctuation intensites
of all three velocity components rapidly increase in forced simulations, so that ⟨v′v′⟩ and ⟨w′w′⟩ reach
their maxima and ⟨u′u′⟩ has a secondary peak. The suppressed modes effectively perceive a wall at
y+ = 40 and are therefore only free to develop above such position; it is their development that causes
the presence of the observed peak and maxima. Interestingly, no corresponding bulging of the Reynolds
shear stress can be observed in this region, suggesting that the energy produced by the developing
suppressed modes is not coherent in terms of u′ and v′.

The increased flow rate and changes in the buffer-layer fluctuation intensities are not to be attributed
to the reduced spanwise period of the near-wall small scales, as confirmed by an additional simulation
with a spanwise-restricted domain (not shown for brevity); we therefore attribute them to the modified
interaction between small- and large-scales described in §5.1.2.

TheC∗
AM-maps resulting from the suppression of modulation are reported in figure 5.12(b-d). The map is

also shown for the reference MSU simulation (a), with an updated filter threshold wavelength to match
the one used for simulations with suppression of modulation (λ+z,c = h+, see §5.1.2). The suppressing
action is successful: in the MSU case with suppression of modulation of panel (b), for instance, both
positive peaks disappear from the C∗

AM-maps (in comparison to the reference case of panel a); the LSD
case of panel (d) shows the same topology, but with lower values. Owing to the effect of mode κz = 0

(see §5.1.2), the value of C∗
AM is not zero as expected in the region where the forcing is active (y+s ≤ 40):

a slight positive peak can be observed at y+ℓ ≈ y+s ≈ 10, as well as some regions where the correlation
is negative. By recomputing the values of C∗

AM without including contributions from mode κz = 0

(panel c), a well-behaved map is recovered. A further analysis (not shown for brevity) reveals that
the positive, diagonal peak of panel (b) is mainly caused by mode (κx, κz) = (0, 0) - that is, by time
fluctuations of a stream- and spanwise constant mode of uℓ. Fluctuations of this mode are expected to

94



5.2 Results

(a) MSU

100 101 102

101

102

103

y+ℓ

y s

(b) MSU

100 101 102

y+ℓ

(c) MSU

100 101 102

y+ℓ

(d) LSD

100 101 102

y+ℓ

−3 −2 −1 0 1 2 3

Figure 5.12: C∗
AM-maps with a modified threshold wavelength λ+

z,c = 1000. Reference, unperturbed MSU case (a);
MSU with suppression of modulation (b-c), where in (c) the modulating effects given by mode κz = 0
have been removed; LSD with suppression of modulation (d). The modulation-suppressing forcing is
active on small scales at y+s ≤ 40; the boundary of this region is marked with a black line. Colour levels
as in figure 5.5 except for panel (d), for which colour levels are (−0.5; 0; 0.18; 0.25). Adapted from
[MY23].

be lower the larger the domain is, as the larger the domain the better the mode approximates the mean
velocity. This explains why this diagonal, positive peak is weaker for the LSD, to the point that it seems
to disappear. The remaining regions of negative-C∗

AM below y+ = 40 are caused by spanwise-constant
modes, whose streamwise wavelength is though small (as a consequence of the small domain size in
that direction). Finally, right above the region where suppression of modulation takes place (that is,
right above y+ = 40), a positive diagonal C∗

AM peak appears; this is possibly linked to the fact that this
area serves as a buffer layer for suppressed modes as previously discussed.

Having confirmed that the C∗
AM-map behaves as expected, the focus is now turned to the main result

of interest for this case - that is, energy spectra. These are shown in figure 5.13 for the MSU and LSD
cases with suppression of modulation;” [MY23] spectra from reference simulations are also shown to
facilitate the comparison. “The boundaries of the region that is targeted by the modulation-suppressing
volume force are marked by a solid black line. Expectedly, spectra exhibit a striped pattern in this
region when modulation is suppressed, alternating single, extremely excited modes with depressed
regions corresponding to suppressed modes. Interestingly, the striped pattern is also observed further
away from the wall where the forcing is not active, in what seems to be a bottom-up effect; at the
same time, modes that were previously suppressed are now free to develop in this area, contributing
to the unusual secondary peak in ⟨u′u′⟩ seen in figure 5.11. To recover a meaningful spectrum from
the observed striped pattern, the smoothing technique described in §5.1.3 is used; results are shown
in panels (c, f). It is revealed that the striped pattern hides a small-scale buffer-layer peak typical of
wall-bounded turbulence, which is (at least qualitatively) correctly captured. Although near-wall small
scales are being targeted by the forcing, their corresponding values of the spectrum are increased with
respect to the unperturbed simulations (see panels a, d). Instead, near-wall large scales of the forced
simulations show unusually low energy, as will be discussed below; overall, the increase in small-scale
energy dominates, so that excess energy is seen on the streamwise fluctuations in the near-wall region
(as observed in the ⟨u′u′⟩-profiles of figure 5.11).” [MY23] Large-scale energy is observed in the outer-
layer as modulation is suppressed (panels c, f), possibly suggesting once again that outer layers are to
some degree autonomous from the near-wall region (Flores and Jiménez, 2006; Mizuno and Jiménez,
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Figure 5.13: Premultiplied spanwise spectrum κ+
z Φ+

uu of the streamwise fluctuation. The top row (a-c) shows LSD
data, whereas the bottom one (d-f) shows MSU data. (a,d) Data from reference (unperturbed) simula-
tions; (b,e) data from simulations with suppression of modulation; (c,f) same as (b,e), but the spectrum
is smoothed using the technique presented in §5.1.3. The boundaries of the region that is targeted by
the modulation-suppressing forcing are marked by a solid black line. Adapted from [MY23].

2013; Kwon and Jiménez, 2021). However, the effects of the near-wall, small-scale forcing are surely
felt by outer-layer large scales too. In the LSD case, Fourier modes with a wavelength λz = 1h appear
to become dominant in the outer layer when modulation is suppressed, as can be seen by comparing
panels (c) and (a). As for MSU simulations, the suppression of modulation appears to be linked to
somewhat weaker outer-layer large-scale structures (see panels f and d). In brief, the present forcing
does not fully remove outer-layer large scales, and yet its effect on them is not negligible. A thorough
discussion of the matter is outside of the scope of this chapter.

“The reduction of the near-wall large-scale energy seen in figure 5.13 when modulation is suppressed
cannot be trivially explained (panels c, f as compared to a, d); near-wall large scales are indeed not di-
rectly affected by the forcing. At (y+, λ+z ) ≈ (10.2, 1750) an 87% reduction of the value of Φ+

uu is observed
for the MSU case (panel f as compared to d). This might be interpreted as the absence of superposition
phenomena, possibly suggesting that superposition might be in fact enhanced by the large-scale modu-
lation of the amplitude of the small scales. The above conjecture is supported by evidences of a small- to
large-scale power transfer in the buffer-layer of wall-bounded flows observed, for instance, by Cho et al.
(2018); Chiarini et al. (2022) and in chapter 3. Exploiting a generalised quasilinear approximation of a
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turbulent channel flow, Hernández et al. (2022) also support the idea that small-scale fluctuations may
be involved in large-scale generation mechanisms. They found that the inhibition of particular triadic
interactions involved in the inverse energy transfer in the spanwise direction within the near-wall region
led to the suppression of the near-wall positive turbulent transport at large scales.” [MY23] Similarly,
it was discussed in §5.1.2 that modulation phenomena are intimately linked to triadic interactions; the
present modulation-suppressing volume force directly blocks the large-small energy exchange, possibly
explaining the observed results.

5.3 A discussion of the quasi-steady quasi-homogeneous theory

In this section, the results yielded by the suppression of superposition (§5.2.1) will be discussed, as
they are relevant for the quasi-steady quasi-homogeneous (QSQH) theory of turbulence (Zhang and
Chernyshenko, 2016). To help the discussion, some conditional views of the large scales found in both
forced and unforced channel flows will be presented.

The conditional views are obtained as follows. As done by Hutchins and Marusic (2007b), the fluctu-
ation field u′i (where i indicates the i-th component) is conditionally averaged on ejection events (here
simplified to u′ < 0) in the log-layer (y+ = 150) to yield the conditional average ūi:

ūi(y, rz) =
〈
u′i(t, x, y, z + rz) | u′(t, x, y+ = 150, z) < 0

〉
(5.13)

where rz is the conditioned spanwise coordinate, so that the condition point is found at (y+, r+z ) =

(150, 0). Choosing a condition point that lies in the log-layer helps capturing a large-scale event. Simi-
larly, a conditional average of the wall shear stress is produced, yielding τ̄w; notice that τ̄w captures not
only the fluctuations of the wall shear stress, but also its mean value τw.

The conditional averages are shown in figure 5.14 for the reference (unforced) MSU simulation and
the MSU simulation with suppression of superposition. In the reference case (panel a), the conditional
average captures a large-scale ejection as intended: a large-scale region of negative streamwise fluc-
tuation (blue colour) is flanked by two large-scale counter-rotating streamwise vortices (represented
by the streamlines); both the vortices help induce an upwelling motion that coincides with the negative
streamwise fluctuation. Moreover, the large-scale ejection is associated to a large-scaled region of below-
average wall shear stress. As for the simulation with suppression of superposition (panel b), a similar
picture is seen – except for some crucial differences in the near wall region. Away from the wall, a large-
scaled region of negative streamwise fluctuation (blue colour) is still seen; such region is also flanked
by the usual counter-rotating vortices. Although the vortices still extend to the near-wall region as they
did in panel (a), they shrink in size in doing so, leaving space for some smaller circulatory motions that
are marked in panel (b) by blue crosses. The conditional view then suggests that the superposition-
suppressing volume force manages to break down large circulatory motions into smaller eddies in the
near-wall region. Moreover, the pattern of streamwise fluctuation is also small-scaled in the near-wall
region. Crucially for the coming discussion, the large-scale ejection seen in panel (b) is not associated
to a large-scale region of below-average wall shear stress as it was in panel (a): the superposition-
suppressing volume force breaks the large-scale wall shear stress pattern into a small-scale one.

To discuss how the results of §5.2.1 challenge the QSQH theory, an estimate of the value of the amplitude
modulation coefficient C∗

AM will be now built with the help of some simplified QSQH-like assumptions.
The core assumption underlying the QSQH theory is that small scales react to changes of the wall shear
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Figure 5.14: Conditional views of large-scale ejection events (see equation 5.13). Color: conditionally averaged
streamwise fluctuation field ū+. Streamlines: conditionally averaged cross-sectional fluctuation field
(v̄, w̄). Below each main panel, a secondary panel shows the distribution of the conditionally averaged
wall shear stress τ̄w ; a horizontal, dashed line indicates the unconditional average τw . (a) MSU refer-
ence (no forcing term) data; (b) data from the MSU with suppression of superposition.
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stress with almost no delay in space or time2 (Zhang and Chernyshenko, 2016). In particular, a large-
scale wall shear stress τw,L is typically defined in the context of the QSQH theory; notice that τw,L

captures both the average value τw and the large-scale fluctuations. In light of the QSQH assumption,
the order of magnitude of the energy of the buffer-layer small scales can be written as:

u2s(t, x, ybuf , z) ≈ k1
τw,L

ρ
(5.14)

where k1 is some positive dimensionless constant and ybuf indicates some buffer layer wall-normal
position. Notice that the above heuristic expression is a rough simplification of the theory presented
by Zhang and Chernyshenko (2016); yet, it will suit the present discussion. To estimate C∗

AM, the order
of magnitude of uℓ is also needed. Figure 5.14(a) suggests that, owing to the observed wall-normal
coherence of large-scale fluctuations, the large-scale wall-shear stress fluctuation at the wall can be used
to estimate the outer-layer large-scale velocity signal if the flow is unperturbed:

uℓ(t, x, yol, z) ≈
k2
ρU (τw,L − τw)︸ ︷︷ ︸

τ ′
w,L

if unperturbed (5.15)

where yol is some outer-layer position, k2 some positive dimensionless constant, U some velocity scale
and τ ′w,L the fluctuation of τw,L. It follows:

C∗
AM(ybuf , yol) =

1

u3τ

〈
u2s(ybuf )uℓ(yol)

〉
≈ k1k2
ρ2u3τ U

〈(
τ ′w,L

)2〉
> 0 if unperturbed (5.16)

The above estimate is coherent with the results shown in figure 5.5(d): if the flow is undisturbed, a
positive value of C∗

AM is seen when considering buffer-layer small scales and outer-layer large ones (see
the off-diagonal positive peak in figure). In other words, the amplitude of buffer-layer small scales is
phase-locked to outer-layer large ones.

If superposition is suppressed, the estimate of uℓ given in equation 5.15 is not valid anymore. Indeed, as
can be seen in figure 5.14(b), the distribution of conditioned wall shear stress (which is an approximant
of τw,L) becomes small-scaled, so that it cannot be used to estimate outer-layer large scales. If the QSQH
assumption (as captured by equation 5.14) is valid, then a zero value of C∗

AM should be observed when
considering buffer-layer small scales and outer-layer large ones:

C∗
AM(ybuf , yol) ≈

k1
ρu3τ

⟨τw,L uℓ(yol)⟩ = 0 if no superposition and QSQH valid (5.17)

where ⟨τw,L uℓ(yol)⟩ = 0 is identically zero owing to the orthogonality of Fourier modes (bear in mind
that τw,L becomes small-scaled owing to the superposition-suppressing action). In other words, if one
assumes small scales to be modulated by the distribution of wall shear stress, one would not expect to
observe amplitude modulation when suppressing the superposition of large scales. Yet, the results seen
in figure 5.8 contradict this expectation. Amplitude modulation is in fact observed regardless of whether
the superposed large scales are removed or not; although it cannot be excluded that the wall shear stress
has a modulating action on small scales as postulated by the QSQH theory, the present results suggest
that at least another mechanism yielding the phase-locking of small and large scales must be at play.

As a final note, notice that the present discussion is not aimed at challenging the validity of the QSQH
theory under regular circumstances. Indeed, a correlation between the amplitude of small scales and the

2 If the small scales can be thought of as the fast modes of a turbulent flow, the QSQH theory is in effect equivalent to a static
residualisation of the fast dynamics.
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Figure 5.15: A schematic representation of the widely accepted scale interaction mechanism (grey arrows) and the
present observations observations (black). Adapted from [MY23].

distribution of wall shear stress is usually observed (unless the flow is altered, as is done here), meaning
that the theory can yield realistic results. Simply, the present discussion is yet another reminder that
correlation does not imply causality.

5.4 Summary and conclusions

In this chapter, two numerical experiments are presented. One numerical experiment consists in pre-
venting the superposition of the large scales at the wall, the other in preventing small scales from having
a large-scaled envelope (suppression of superposition and of modulation respectively). The suppression
of these two phenomena was achieved through “purposely designed body forces. Both standard, long
streamwise domains (LSD) and minimal streamwise unit (MSU) domains have been used; no quali-
tative difference between the two has been observed in the results, although quantitative differences
do arise. This suggests that MSUs can capture the fundamental mechanisms of the investigated scale
interactions; a similar conclusion was drawn by Kawata and Tsukahara (2021). Streamwise-elongated
structures that are longer than the computational box of the MSU are represented in such restricted do-
main as streamwise-invariant (Toh and Itano, 2005); the lifetime of these structures in a MSU reflects
their streamwise extent in a LSD (Abe et al., 2018). Therefore, the large scales of a MSU are expected to
modulate the amplitude of the small ones in the spanwise direction and in time; this is indeed what
is observed.” [MY23]

The present findings concerning “scale interactions are summarised in figure 5.15. Suppression of su-
perposition means that large scales are removed from the near-wall region. In absence of the near-wall
large scales, it is revealed that the amplitude of the buffer-layer small scales still correlates well with
the outer-layer large ones. According to some studies (for instance, Ganapathisubramani et al., 2012;
Zhang and Chernyshenko, 2016; Agostini and Leschziner, 2019a), the removed large scales cause the
amplitude modulation of the small scales; this is schematically depicted in figure 5.15 by a grey line.
However, it is self-evident that the currently observed correlation cannot be explained as an effect of the
superposed large scales, nor of the large-scale gradient at the wall or in its proximity, as these have been
removed. Hence, amplitude modulation should not be understood as a local modulation mechanism,
but rather as a correlation between the amplitude of the small scales in the buffer layer and the large
scales from several wall-normal positions, represented in figure 5.15 by a black line. Other authors have
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5.4 Summary and conclusions

linked scale interactions to the circulatory congregative and dispersive motions induced at the wall by
log-layer sweeps and ejections (for instance, Toh and Itano, 2005; Hwang et al., 2016). Since the super-
position removal affects all velocity components, the present results also challenge the theory of Toh
and Itano (2005): in absence of near-wall large scales, there cannot be any spanwise large-scale wind
transporting near-wall streaks towards large-scale ejections as proposed by the authors. Moreover, it is
unclear how the large-scale circulatory structure associated to log-layer sweeps and ejections, observed
for instance by Hwang et al. (2016), would penetrate to the wall as it normally does.

Suppression of modulation is performed near the wall by making modulation non-representable in the
spectral simulation domain, more precisely by damping selected small-scale spanwise Fourier modes. In
addition to blocking modulation, this forcing prevents the interaction between small-scale modes from
resulting in a transfer of energy to large scales; moreover, triadic interactions between small and large
modes are indirectly blocked. Interestingly, this forcing significantly affects the mean velocity profile, as
the produced flow rate is substantially increased at constant pressure gradient. Also, near-wall large-
scale modes seem to vanish, indicating that these might receive a significant amount of energy from the
interaction of near-wall small scale modes, rather than from a top-down footprinting effect; this idea is
schematically reported in figure 5.15 as a black line.

While the latter observation is in line with the evidence of a small-to-large energy transfer in the near-
wall region found by Cho et al. (2018), Jacobi et al. (2021) and Hernández et al. (2022), the results yielded
by suppression of superposition show that the current understanding of amplitude modulation is only
partial. The present results do not exclude that, for instance, the large-scale velocity gradient may lo-
cally have a modulating action on small-scale activity as proposed by Agostini and Leschziner (2019a);
moreover, the ansatz that near-wall small scales are locally modulated by near-wall large scales (for in-
stance, Zhang and Chernyshenko, 2016) can still be a starting point for models that yield satisfactory
results, owing to the spatial coherence of the large scales. Nevertheless, the present data indicates that
a local mechanism involving near-wall large scales can – at best – only partially explain the correlation
commonly known as amplitude modulation.” [MY23]
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6 Temporal decay of turbulent secondary motions in chan-
nel flows

The results shown in this chapter are under consideration for publication at the time of writing – see Andreolli et
al. [MY24b]. The scientific colour maps by Crameri (2023) are used in this chapter to prevent visual distortion of
the data and exclusion of readers with colour-vision deficiencies (Crameri et al., 2020).

In an attempt to provide evidence in support of Townsend’s hypothesis (see §1.2.6), the life time of sec-
ondary motions of different sizes is investigated in this chapter. Townsend’s hypothesis is summarised
by the following scientific question:

4. Is Townsend’s hypothesis (as formulated in §1.2.6) plausible? Or, in other words: can
secondary motions induced by a lateral wall shear stress pattern of a specific, large size self-
sustain, so as to outlive motions of any other size?

The investigation proceeds as follows. Instead of directly imposing a pattern of wall shear stress, a
spanwise-heterogeneous roughness pattern is applied to the walls of a channel flow so as to produce
a distribution of wall shear stress with the desired spanwise periodicity (size). The roguhness pattern
also triggers the formation of secondary motions; once these reach a steady state, the roughness pattern
is suddenly removed, so that the secondary motions decay and their life time can be measured. This is
done numerically through direct numerical simulations.

A thorough description of the numerical setup used to produce the data shown in this chapter is given
in §6.1. In §6.2, steady-state secondary motions over heterogeneous roughness are analysed and their
main features are identified. These features are then tracked in time in §6.3 as the secondary motions
decay, first using volume-averaged statistics (§6.3.1) and then using plane averages (§6.3.2) to achieve a
finer level of detail. As the discussion of §6.3 is entirely based on averaged quantities, a description of
how the fluctuation field evolves in time is presented in §6.4 for completeness. Finally, §6.5 contains
a summarising remark.

6.1 Problem statement and numerical method

The present investigation is based on a set of “direct numerical simulations (DNS) of incompressible
channel flows at constant pressure gradient (CPG). The peculiarity of the present dataset is that the
simulations capture the decay of secondary motions of different sizes; this process is clearly not at a
statistically steady state. Rather, the simulations describe the transition from a statistically steady state
(flow with secondary motions) to a second steady state (flow in a smooth channel). To still be able
to compute averages, each simulation is then run several times, each time starting from a different
realisation of a given statistically steady state. Ensemble averages are then calculated.” [MY24b]

The channel geometry is derived from the one described in §2.2.1 and is shown in figure 6.1. Let time be
indicated by t. “At t = 0, the flow is at a statistically steady state in presence of secondary motions. These
are sustained by a spanwise roughness pattern consisting of alternating streamwise-elongated strips of
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Figure 6.1: Schematic problem description with a graphical representation of secondary motions. The initial condi-
tion (t = 0) for the present numerical setup is shown on the left (a): steady-state secondary motions are
observed over strip-type roughness. A generic point t in time (with t > 0) is depicted on the right (b):
the secondary motions decay as they evolve over a smooth wall. Box size not to scale. Adapted from
Neuhauser et al. (2022) and [MY24b].

smooth and rough wall. This setup will be referred to as strip-type roughness. The spanwise width of each
strip is s, so that the spanwise period of the pattern is Λs = 2s. For t > 0, the spanwise roughness pattern
is suddenly replaced by a smooth wall, so that the decay of the secondary motions is observed.” [MY24b]

The simulations presented in this chapter differ from the ones shown so far in that they are not at
a statistically steady state, nor they can be regarded as spanwise homogeneous. This leads to some
differences in the way averaging is performed: although in the previous chapters the expected value ⟨...⟩
of some quantity was calculated as a streamwise, spanwise and time average, the same cannot be done
in the current context. Instead, the expected value “is computed as an average over multiple repetitions
of the same simulation, over the streamwise direction and over multiple spanwise periods of the selected
geometry (phase average, see Reynolds and Hussain, 1972); known symmetries in the wall-normal and
spanwise directions are used to improve convergence wherever possible. The resulting statistics depend
on the conditioned spanwise variable ζ and time, as well as on the wall-normal coordinate y. If an
additional spanwise average is performed, the symbol ⟨·⟩z is used.

As for inner units, the expected value τw(t, ζ) of the wall shear stress is a function of time and of the
spanwise coordinate” [MY24b] owing to the above discussion. “So are the friction velocity uτ (t, ζ) =√
τw/ρ and the viscous length scale δv(t, ζ) = ν/uτ . For the calculation of the worst-case inner-scaled

grid spacing, the maximum value uτ,m of the friction velocity can be used:

uτ,m = max
t,ζ

uτ (t, ζ); δv,m =
ν

uτ,m
. (6.1)

Leveraging the fact that the pressure gradient −G, G > 0 is forcedly kept constant during the simula-
tions, a global friction velocity up and a length scale δp can also be defined:” [MY24b]

up =

√
hG

ρ
; δp =

ν

up
. (6.2)

Differently from the previous chapters, a plus superscript (...)+ will be used to indicate quantities made
non-dimensional with up and δp, and not with the usual viscous units. Similarly, the friction Reynolds
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6.1 Problem statement and numerical method

number Reτ = hup/ν is defined by the global viscous velocity up. This choice is dictated by the fact that
up has a constant value in time and in the spanwise direction, whereas the same cannot be said about
uτ . “The relation between global and local viscous units can be found by integrating the streamwise
momentum balance of the Navier-Stokes equations.” [MY24b] Bearing in mind that the bulk velocity
Ub is the volume-average of the expected streamwise component,

Ub(t) =
1

2h

∫ 2h

0

⟨u⟩z dy, (6.3)

“the following relation is obtained:

ρh
dUb

dt
= hG− ⟨τw⟩z . (6.4)

Under steady conditions (t = 0 and t→ ∞ for the problem considered here), the global up is the friction
velocity defined by the spanwise average of τw.” [MY24b] In other words, up = uτ in the case of a
statistically steady and spanwise homogeneous flow.

The lack of spanwise homogeneity also implies that a simple Reynolds decomposition is not suited
to describe the present data. The mean velocity profile U(t, y) can be still defined as the streamwise-,
spanwise- and ensemble-averaged streamwise velocity – similarly to what was done in §2.2.1:

U(t, y) = ⟨u⟩z

However, U does not coincide with the expected value of the velocity anymore. Indeed, the expected
velocity ⟨u⃗⟩ depends on the conditioned spanwise coordinate ζ and all its components are non-zero;
the deviations of the expected velocity ⟨u⃗⟩ from the mean profile U are referred to as the dispersive
velocity field u⃗d = (ũ, ṽ, w̃):

u⃗d = ⟨u⃗⟩ − Ux = ⟨u⃗⟩ − ⟨u⃗⟩z (6.5)

Doing so, the velocity field can be decomposed into its mean, dispersive and fluctuation components
(triple decomposition):

u⃗(t, x, y, z) = U(t, y)x + u⃗d(t, y, ζ(z)) + u⃗′(t, x, y, z) (6.6)

6.1.1 Numerical method and details

Numerical simualations are performed using the method described in §2.4.2 and implemented in the
open-source solver Xcompact3d (Laizet and Lamballais, 2009; Laizet and Li, 2011; Bartholomew et al.,
2020). “Different configurations for varying Λs at two different friction Reynolds numbers (Reτ = 180

and Reτ = 500) are tested. While the streamwise extent Lx of the simulation domain is set to standard
values, the spanwise box size Lz is set alternatively to 12h, 8h, or 6h in order to accomodate an inte-
ger, even number of strips for each of the tested values of Λs. The 6h box size is preferred at high-Re
wherever possible to minimize the computational load of a single simulation.

The data production pipeline consists of two stages. First, initial conditions are produced by simulating
a channel flow with a spanwise roughness pattern of period Λs (see figure 6.1a). Rough wall sections are
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6.2 Steady-state secondary motions

modelled by imposing a slip length ℓ for the spanwise velocity component at the wall as in Neuhauser
et al. (2022). This results in the following Robin boundary condition:

ww = ℓ nw · (∇w)w (6.7)

where the (·)w subscript indicates a quantity evaluated at the wall, nw a unit vector that is orthogonal
to the wall and pointing into the fluid. The value of the slip length is set to ℓ+ = 9 following Neuhauser
et al. (2022). After the simulation reaches a steady state, a set of Ns snapshots is stored; the sample
time is set to 1h/up to ensure that snapshots are reasonably uncorrelated. Each snapshot represents an
instantaneous realisation of the secondary motions triggered by the roughness pattern.

Each of theseNs snapshots is used as the initial condition for a second simulation between smooth walls
(see figure 6.1b). The duration of the simulation Tf is chosen to satisfactorily capture the decay of the
secondary motions. Streamwise-averaged flow fields are stored every 0.01h/up, even though a laxer
time resolution could have been used in retrospect. Streamwise-averaged velocity fields are preferred
to three-dimensional snapshots as the present procedure is particularly data-intensive; disk space repre-
sents indeed a more severe bottleneck than, say, computational power, although this strongly depends
on the available resources. Exploiting the several repetitions of the simulation, a total of Ns fields at
the same time t from the initial conditions are averaged together to produce an ensemble-average of the
decaying secondary motions. The whole procedure is repeated for different values of Λs and Reτ .

Numerical details for the complete dataset used for this study are reported in table 6.1. The grid spac-
ing is normalised with the worst-case value δv,m of the viscous length scale; such a value is usually
observed at the initial conditions. Additionally to the decaying simulations, two reference simulations
between smooth walls (Reτ = 180, Reτ = 500) have been produced using the same grid used for rough
simulations. In this case, N0 indicates the number of samples used for the calculation of steady-state
statistics.” [MY24b]

6.2 Steady-state secondary motions

“In this section, the dispersive velocity field (as defined in §6.1) is analysed at the initial, steady state.
It is argued that the main consequence of the presence of strip-type roughness is the existence of a non-
zero dispersive velocity field. Later on, in light of this analysis, the dispersive velocity field will be
tracked in time as the secondary motions decay.

The dispersive velocity field is linked to an easily identifiable and isolable feature of the velocity spectra
of the investigated flows over heterogeneous roughness. As an example, the two-dimensional stream-
wise velocity spectra of two flows at Reτ = 500 are compared, one of which runs between smooth walls
(figure 6.2a) whereas the other (b) runs over a roughness pattern (Λs/h = 1). This combination of param-
eters has been chosen to best highlight the observed behaviour and is representative of the remaining
cases. The bar below each panel shows the κx = 0 mode (where κx is the Fourier wavenumber in the
streamwise direction; κz is the one in the spanwise direction), which would otherwise not be visible ow-
ing to the logarithmic scale. The κx = 0 mode is premultiplied with the Fourier resolution ∆κx = 2π/Lx

of the spatial grid. The spectrum is evaluated in proximity of the wall (y+ = 10), as, according to the
attached eddy model of turbulence (Marusic and Monty, 2019), most scales of motion are observable at
this wall-normal location. Further away from the wall, only the largest scales would be visible. This
heuristic is confirmed by the spectra of the isolated dispersive motion, later shown in figure 6.5. Notice
that no decomposition is used (unless explicitly stated), so that the spectra include both features linked
to velocity fluctuations and to the dispersive velocity.
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Figure 6.2: Inner-scaled premultiplied two-dimensional velocity spectra at y+ = 10 for steady-state simulations.
The bar below each panel represents the mode κx = 0, which would otherwise not be visible due to
the logarithmic scale. (a) Premultiplied spectrum κ+
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uu of the streamwise fluctuations; Reτ = 500,
smooth walls. (b) Premultiplied spectrum of the full streamwise velocity signal (including both the
dispersive velocity and fluctuations); Reτ = 500, Λs/h = 1. (c) Premultiplied spectrum κ+
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uu of
the streamwise fluctuations; Reτ = 500, Λs/h = 1 (same as b, but the contribution of the dispersive
velocity is removed). Adapted from [MY24b].

All panels of figure 6.2 share the same qualitative spectral peak typical of turbulent fluctuations; in
agreement with the attached-eddy hypothesis (see §2.2.4), most of the energy is seen on (κx, κz)-modes
of roughly constant aspect ratio, meaning that motions that are large in the x-direction also tend to
be large in z. The dominant feature that differentiates the smooth (a) and the rough (b) spectra is the
occurrence of a banded energy pattern at κx = 0 in panel (b). This banded pattern is associated with
the dispersive velocity: by removing the latter in panel (c), the energy bands are also eliminated so that
the remaning spectrum can be hardly distinguished from the one of the smooth case. In other words,
the dispersive average captures the main spectral feature differentiating a flow over a smooth wall from
the one over strip-type roughness.

Nevertheless, further and yet less apparent differences arise between smooth and rough spectra; a sep-
arate analysis (not shown for brevity) shows for instance that the spectral peak associated to turbulent
fluctuations gets closer to the wall in presence of a roughness pattern. This is expected: consistently
with the protrusion height theory of Luchini et al. (1991), using a sliplength to model roughness (as is
done here) aims at pulling turbulence fluctuations towards the wall to locally increase the wall shear
stress (Neuhauser et al., 2022). As for the meandering of secondary motions (Wangsawijaya et al., 2020),
no spectral feature that can be clearly linked to it is observed. Meandering would manifest itself as en-
ergy content for κx ̸= 0 at the same κz values of the banded energy pattern associated to the dispersive
velocity. The lack of such features is perhaps a consequence of the relatively low Reynolds number;
most importantly, meandering is best observed at larger values of y+ than the one used in figure 6.2
(Wangsawijaya et al., 2020).

Having found that the dispersive velocity isolates a distinct feature of the turbulent spectra, we pro-
ceed to inspect it both in real and Fourier space. Figure 6.3 shows the dispersive velocity field for all
available values of Λs/h at Reτ = 500. The averaged flow fields at Reτ = 180 (not shown for brevity)
return a similar picture. Similarly to other studies concerning secondary motions (Chung et al., 2018),
VLSMs (Hutchins and Marusic, 2007b) and flow over multi-scale roughness (Barros and Christensen,
2014; Womack et al., 2022), these visualisations reveal the presence of high- and low-momentum path-
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Figure 6.3: Dispersive velocity field at the initial steady state (t = 0) divided in its streamwise ũ+ (color) and
circulatory ṽ+-w̃+ (arrows) patterns; all data at Reτ = 500. Notice that the length and thickness of
arrows is proportional to the magnitude of the plotted vector; yet, arrow lengths and thicknesses are
not consistent across different panels. (a) Λs/h = 0.5; (b) Λs/h = 1; (c) Λs/h = 2; (d) Λs/h = 4; (e)
Λs/h = 6. Below each panel, it is indicated whether the wall at that spanwise position is rough (black)
or smooth (white). A green dot marks the position of the vortex center as defined later in §6.3.1. Adapted
from [MY24b].

ways flanked by circulatory motions. For low strip widths (Λs/h ≤ 2 roughly), regions of downwash
(ṽ < 0, or sweep events) coincide with regions of high streamwise momentum, and vice-versa for ejec-
tion events (ṽ > 0). Secondary motions are confined to a region close to the wall for Λs/h = 0.5; they
grow taller as the strip width is increased (up to Λs/h ≈ 2). For Λs/h = 2 (figure 6.3c), the secondary
motions fill the entire channel half-height; under such conditions, high absolute values of streamwise
dispersive momentum (regions of darker colour in figure 6.3) are seen at two separate wall-normal posi-
tions. One is located in the immediate proximity of the wall; here, the spanwise distribution of ũ is well
described by a square wave. The velocity distribution in this region is a good approximant of the distri-
bution of wall shear stress, which is in turn affected by the imposed square-wave spanwise roughness
pattern. Further away from the wall, the ũ-distribution becomes sinuisoidal in the spanwise direction;
a second region of intense momentum appears around y/h ≈ 0.4 (y+ ≈ 200).

As the strip width is further increased (roughly Λs/h > 2), the circulatory cross-plane motions shown
by the ṽ-w̃ vector field are progressively confined to the roughness transitions - that is, the interfaces
between adjacent rough and smooth strips. The velocity at the center of each strip, instead, approaches
local equilibrium with the wall (Chung et al., 2018; Neuhauser et al., 2022). For Λs/h = 6, intense cross-
plane circulatory motions are only seen in a 2h-wide region centered about transitions. As previously

109



6 Temporal decay of turbulent secondary motions in channel flows

observed for lower strip widths, ũ and ṽ are anti-correlated where these intense circulatory motions are
present. The expected square-wave pattern of ũ is seen at the wall; moving away from it, ũ changes
in sign at the center of each strip. For Λs/h = 4 (panel d of figure 6.3), this region of reversed sign is
bounded in the wall-normal direction; for Λs/h = 6 (e), instead, it reaches the channel centerline. In this
latter case, the profile of U + ũ in the middle of each strip collapses on the inner-scaled velocity profile
of a homogeneous flow between either rough or smooth walls, if scaled with the local value of uτ (not
shown for brevity; the reader can refer to Neuhauser et al., 2022). In light of the above, the reversal
in sign of ũ can be interpreted as a sign of the flow in the middle of each strip being driven towards
equilibrium with the local surface condition.

Both the ũ-ṽ anti-correlation and the fact that large absolute values of the streamwise momentum are
seen at a certain distance from the wall in figure 6.3(c) suggest that the streamwise pattern ũ is mainly
generated by transport of the mean velocity field U by wall-normal motions ṽ. High-speed fluid from
the core of the channel (where the largest values of U are found) is transported towards the wall by
a coherent downwash (ṽ < 0) to create coherent high-momentum regions (ũ > 0), and vice-versa low-
speed fluid from the near-wall region is transported upwards to yield low-momentum regions. The
wall-normal component ṽ is expected to be small in proximity of the wall, both due to the imperme-
ability condition and to the topology of the ṽ-w̃ circulatory motion. Consequently, ṽ can be expected
to be most effective at leveraging ũ-production at a given distance from the wall, as is observed. To
better explain and corroborate this idea, the steady-state momentum budget of ũ is inspected. Such a
budget is readily available from Reynolds and Hussain (1972); after suitable simplifications due to the
present geometry, the budget reads:

∂ũ

∂t︸︷︷︸
=0

= − ṽ
∂ũ

∂y
− w̃

∂ũ

∂ζ︸ ︷︷ ︸
self-advection

+
d
dy

⟨ũṽ⟩z︸ ︷︷ ︸
correction

− ṽ
dU
dy︸ ︷︷ ︸

prod.

−∂
∂y

(
⟨u′v′⟩ − ⟨u′v′⟩z

)
︸ ︷︷ ︸

Reynolds stress: ⟨u′v′⟩

−∂
∂ζ

⟨u′w′⟩︸ ︷︷ ︸
R. stress: ⟨u′w′⟩

+ ν

(
∂2ũ

∂y2
+
∂2ũ

∂ζ2

)
︸ ︷︷ ︸

viscous stress

.

(6.8)

A budget for the kinetic energy ũ2/2 is trivially found by multiplication by ũ. The author prefers to
show the momentum budget (instead of the energy one) to highlight the functional form of the pro-
duction term, which exactly represents transport of the mean velocity U by the wall-normal dispersive
component ṽ. Once multiplied by ũ, the term is analogous to the canonical turbulence production term
of the Reynolds stress tensor budget equation (see §2.2.6). As for the remaining terms, the usual self-
advection and diffusion ones appear in the equation; the former has a non-zero spanwise average, so
that an additional correction is needed. Just like the production term, the correction represents an ex-
change of momentum with the mean field U . Finally, momentum exchange with turbulent fluctuations
occurs through the Reynolds stresses.

The terms of the energy budget obtained by multiplying equation 6.8 by ũ are shown in figure 6.4 at the
initial steady state for two selected flow cases (Reτ = 500, Λs/h = 2 and Λs/h = 6). The self-advection
term and its correction are not shown: while their absolute values are not exactly negligible, they are
small enough to be dominated by the remaining source (or sink) terms. Positive values of each term
indicate that the term is providing energy to the ũ pattern, or, in other words, that the term acts to
sustain the dispersive velocity. Negative values, instead, indicate that energy is being subtracted. As
previously stated, while ũ and ṽ are everywhere anti-correlated for Λs/h = 2, the anti-correlation region
is restricted to 2h-wide neighbourhoods of each roughness transition for Λs/h = 6. The borders of this
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Figure 6.4: Inner-scaled premultiplied terms of the budget equation for coherent ũ2/2 energy, defined by multiply-
ing equation 6.8 by ũ. All data at Reτ = 500, steady state. Top row shows data for Λs/h = 2; (a)
premultiplied production y+Σ+

P , (b) viscous term y+V+, (c) contribution y+T +
uv of the ⟨u′v′⟩ Reynolds

stress and (d) contribution y+T +
uw of the ⟨u′w′⟩ stress. Bottom row (e-h): same as (a-d) but for Λs/h = 6.

Please be aware of the different scale of the horizontal axis. Adapted from [MY24b].

region are marked with dotted lines in panels (e-h); the remaining portion of the channel is referred to
as the equilibrium region. There, the wall-normal profile of U + ũ is indeed roughly at equilibrium with
the local wall shear stress (see the discussion above).

The main outer-layer (y+ > 10) energy donor in the anti-correlation regions of both considered flow
cases is the production term (panels a, e of figure 6.4); all remaining terms are negative, except for
a minor positive contribution from ⟨u′v′⟩ in panel (c) towards the centerline. The production term is
maximum around y+ ≈ 200; in this same region, intense values of ũ were found in figure 6.3(c). This is
further evidence in favour of the hypothesis that ṽ-transport ofU drives the formation of the ũ pattern. It
is also reminiscent of linear-transient growth analysis: the energy growth of optimally-amplified modes
found by studying the evolution of perturbations in linearised channel flows is driven by the same
mechanism (Del Álamo and Jiménez, 2006).

Both for the lower and the higher strip widths, the energy budget is dominated by the viscous (figure
6.4 b, f) and ⟨u′v′⟩ (c, g) terms in the near-wall region (y+ < 10). The former subtracts energy from the
intense near-wall ũ pattern; most of this energy is dissipated, while part of it is returned to the flow
just above y+ = 10, where the term has a weak positive value (this is better observable in panel f). The
⟨u′v′⟩ stress, instead, is the main provider of energy in this region. This suggests that the formation of
the near-wall ũ pattern might be driven by turbulence through the Reynolds shear stress; such an inter-
pretation is coherent with the findings of §5, that blocking the energy exchange between small turbulent
fluctuations and large ones prevents the formation of large-scaled patterns of wall shear stress. Inter-
estingly, the ⟨u′v′⟩ term is also the only source of energy in the equilibrium region for the higher strip
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Figure 6.5: Premultiplied one-dimensional energy spectra of the streamwise (a, d, κ+
z Φ+

ũũ), wall-normal (b, e,
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ṽṽ) and spanwise (c, f, κ+
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w̃w̃) dispersive velocity components. All data at Reτ = 500. (a,b,c)
Λs/h = 2; (d,e,f) Λs/h = 6. The power spectral density of the roughness pattern applied to the wall
is shown below each panel. The harmonic number Λs/λz associated to each Fourier mode is shown at
the top of each panel. Selected local extrema of each spectrum are marked as × (white, maxima) and +
(black, minima). Adapted from [MY24b].

width (panel g), indicating that it might be responsible for driving the flow towards equilibrium. This
is reasonable, as under homogeneous conditions the mean velocity profile results from the equilibrium
of viscous and ⟨u′v′⟩ stresses only.

Next, the dispersive velocity field is inspected in spectral space. Its spanwise spectra at the initial steady
state are shown in figure 6.5 for Λs/h = 2, 6 and Reτ = 500. Notice that, much like the dispersive veloc-
ity, these steady-state spectra only depend on the wall-normal coordinate y and the spanwise wavenum-
ber κz . The spectra better show the striped structure that was observed in figure 6.2; a similar pattern has
also been found experimentally by Wangsawijaya and Hutchins (2022). Likely, the striped appearance is
caused by the square-wave shape of the roughness pattern that is applied to the wall, whose power spec-
tral density (shown below each panel) is also striped. It is indeed observed that most of the energy of the
dispersive velocity field is found on the same Fourier modes that are excited by the roughness pattern.
For both the roughness pattern and the velocity field, the first harmonic of the Fourier transform usually
holds the most energy. The first harmonic is the Fourier mode whose spanwise wavelength λz matches
the period of the transformed signal; higher harmonics have a wavelength that is a fraction of such pe-

112



6.2 Steady-state secondary motions

riod. For convenience, a harmonic number Λs/λz is defined such that the first harmonic has Λs/λz = 1,
the second Λs/λz = 2, and so on. The harmonic number is shown at the top of each panel in figure 6.5.

In proximity of the wall, energy is seen on a wide range of wavelengths, reinforcing the idea that the
velocity distribution there roughly takes the shape of a square wave. As a rule of thumb, energy is
restricted to progressively larger Fourier modes as one moves away from the wall, this being reminiscent
of the attached eddy hypothesis (see, for instance, Baars et al., 2017b, or §2.2.4), until the velocity field
is dominated by a single sinusoidal wave at the centerline. There is however a notable exception to
this trend of larger Fourier modes being taller in the wall-normal direction. This is seen for Λs/h =

6 (panel d): the amount of energy on the first harmonic at the centerline is unexpectedly negligible,
whereas most of the energy is found on the third harmonic. Similarly, the third harmonic of the ṽ
distribution (panel e) has the largest energy values throughout the channel height. This behaviour
can also be observed without premultiplication of the spectrum; it is not as pronounced at the lower
Reynolds number (Reτ = 180).

Although the roughness pattern significantly excites the first harmonic, then, it fails to leverage a sec-
ondary motion of matching size if its period is too large (Λs/h = 6); rather, the response of the flow
contains a substantial amount of energy on a narrower – but still h-scaled – wavelength. The wave-
length of the dominant harmonic (λz = 2h) of panels (d,e) suggests this might be linked to the observed
confinement of secondary motions to a 2h-wide region about the spanwise surface transitions (see fig-
ure 6.3e). As confirmed by a separate analysis of artificial signals, this is likely true for the pattern of
ṽ. The ũ-spectrum must be interpreted with care instead: the dominance of the λz = 2h mode might
be an artifact caused by the specific value (Λs = 6h) of the period of the roughness pattern. Roughness
transitions are flanked by a high- and a low-momentum pathway, each of which has a 1h width. The
remaining space between adjacent roughness transitions is then occupied by a local-equilibrium region
where ũ has opposite sign with respect to the secondary-motion-induced momentum pathways that
surround it. This equilibrium region has a width of 3h− 2h = 1h, so that effectively the spanwise ũ dis-
tribution at the centerline is well described by a sinusoid of period 2h. This is captured by the Fourier
transform, whose dominant mode is not the first harmonic, but rather the one with a 2h wavelength.
If the strip width were larger, the width of the anti-correlation region would likely remain constant,
whereas the equilibrium region would get larger. In this case, the first harmonic might be dominant
even at the centerline (depending on the relative intensity between the values of ũ in the equilibrium
and anti-correlation regions).

Several wall-normal gaps, or minima, can be observed in the vertical stripes of the spectra. Most w-
modes contain one such gap: as an example, in figure 6.5(f), at y/h = 0.4103 (first harmonic, see the
mark in figure) and y/h = 0.3181 (third harmonic). Analogous minima of the spectrum can be observed
for the remaining energy-containing modes (as well as in panel c) by adjusting the colour scale. These
minima could be thought of as the centers of rotation of the circulatory motions associated to each
of these Fourier modes. Indeed, w̃-energy is expected at the bottom and top of these wall-attached
circulatory motions as previously shown. Also coherently with the previous observations, ṽ energy is
not seen at the wall; rather, its global maximum is seen between y/h ≈ 0.3 and y/h ≈ 0.4 (y+ ≈ 150−200)
both for Λs/h = 2 and Λs/h = 6 (first harmonic in panel b and third one in panel e respectively; see the
marks in figure). A local maximum of ũ-energy is seen on matching harmonics at matching wall-normal
positions, consistently with the idea that the ũ pattern is generated by ṽ transporting the mean velocity
profile U . Finally, the short energy gap seen at the wall on the first ũ-harmonic for the Λs/h = 6 case
could be linked to the change in sign seen in physical space at a matching wall-normal distance at the
center of each strip.” [MY24b]
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Figure 6.6: Time evolution (a) of the bulk velocity Ub/Ub(0) normalised by its initial, steady-state value (solid)
and of the inner-scaled wall shear stress τ+w (dashed); Reτ = 500, Λs/h = 2 (green, as of table 6.1)
and Λs/h = 6 (red). Decaying dispersive velocity field: Reτ = 500, Λs/h = 2, t = 1h/up (b) and
t = 3.2h/up (c). Colors as of figure 6.3; arrow lengths are proportional to the magnitude of the plotted
vector. Below each panel, a grey fill indicates portions of the wall that were rough at the initial condition.
Panels (d,e): same as (b,c), but for Λs/h = 6. Adapted from [MY24b].

6.3 Decaying secondary motions

The focus is now turned “to the time evolution of the secondary motions. As explained in §6.1, their
decay is triggered by suddenly removing the roughness strips from the walls. The process happens
at a constant pressure gradient; the sudden removal of the roughness allows the flow rate to increase,
as shown in figure 6.6(a) for two combinations of Λs and Reτ chosen as an example. Coherently with
equation 6.4, the increase in bulk velocity is driven by a temporary drop of the wall shear stress. As
the flow approaches a new steady state for t→ ∞, the inner-scaled wall shear stress recovers its typical
unitary value; however, this final equilibrium is reached at a point in time that exceeds the duration of
the present simulations, which only capture the decay of the dispersive velocity field. In other words,
the spanwise-averaged field U evolves at a different rate from that of secondary motions.
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Videos of the decaying dispersive velocity field are available (https://dx.doi.org/10.35097/fa
rApPGYflANpeIi); as an example, snapshots at two different instants in time are shown in figure 6.6
for Reτ = 500, Λs/h = 2 (b, c) and Λs/h = 6 (d,e). The typical qualitative picture of the decay for
low values of Λs/h, which is well represented by panels (b, c), is rather straightforward. The secondary
motions slowly fade away, while the intense ũ pattern at the wall quickly diffuses. A different behaviour
is seen for higher strip widths (Λs/h = 6, panels d, e) at both the investigated Reynolds numbers: at
t = 0 (steady state), the equilibrium region at the centre of each strip shows opposite values of ũ with
respect to the flanking regions where the secondary motions appear (see figure 6.3e). This still holds
true at tup/h = 1 (panel d of figure 6.6), although the regions of ũ that are anti-correlated to ṽ lose their
triangular shape (as evident in figure 6.3e at t = 0) and become rather invariant in the wall-normal
direction. Advancing in time, the equilibrium region is progressively filled with momentum of the
opposite sign; eventually (tup/h = 3.2, panel e), the sign of the dispersive velocity is roughly uniform
across each strip (figure 6.6c). It is unlikely that this switch of the sign of ũ in time is caused by ṽ-
transport of the U field, as ṽ is not particularly intense in this region.

Before measuring the time to decay of the secondary motions as per the objective of this study, such a
time scale needs to be defined. Defining a time scale for the decay of turbulent eddies is an arbitrary
process. For instance, Flores and Jiménez (2010) found that the log-layer of turbulent flows in a restricted
simulation box bursts quasiperiodically, and linked the estimated period to the life span of log-layer
eddies. LeHew et al. (2013) and Lozano-Durán and Jiménez (2014), instead, resorted to identifying
turbulent coherent structures and tracking them in time; their lifespan is given by the distance in time
between their first and last identification. In the present case, no sophisticated strategy is needed to track
the secondary motions, as their spatial position is fixed and their features are satisfactorily captured by
the dispersive average. Thus, some energy measure e(t) ≥ 0 can be defined using the dispersive velocity
and tracked in time. The energy will start from a value e(0) seen at the steady state and then decline
to zero for t → ∞ as the secondary motions decay. The time scale T for the decay can then be defined
as the time required for most of the energy to vanish; more precisely, as the minimum value of t after
which the energy e never exceeds a threshold ε:

T | e(T ) = ε, e(T +∆t) < ε ∀ ∆t > 0. (6.9)

The threshold ε is set to 5% of the initial value e(0) for multiple reasons. First, having a relatively large
threshold is beneficial for the signal-to-noise ratio: the smaller the measured value of e, the greater its
relative statistical uncertainty. It is moreover desirable to have the value of the threshold depend on
the initial condition: secondary motions with different values of Λs/h hold different amounts of energy
at a steady state (Wangsawijaya and Hutchins, 2022). It would not be sensible, then, to compare the
time to decay of secondary motions of different sizes as measured by a fixed ε: every secondary motion
starts from a different initial energy value. Instead, by letting ε = 5% e(0), the inverse 1/T of the time
scale measures some sort of generalised decay rate (1/T would exactly be a multiple of the decay rate
in case of an exponential decay).” [MY24b]
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Figure 6.7: Volume-averaged coherent energy. (a,b) I+u at the initial condition (steady state) for varying spanwise
period Λs of the roughness pattern; Reτ = 180 and Reτ = 500 respectively. (c,d) same as (a,b), but
for I+vw . Time evolution of the volume-averaged energy normalised by its initial value: (e) Iu(t)/Iu(0),
Reτ = 180; (f) Ivw(t)/Ivw(0), Reτ = 180; (g-h) same as (e-f), but at Reτ = 500. As an example, panels
(g-h) are reproduced again in (i-j) but without normalising the volume averages by their initial values.
In panels (e-j), different colours indicate different values of Λs/h as of table 6.1. Adapted from [MY24b].
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6.3.1 Volume-averaged coherent energy

“We start by tracking in time the total amount of energy held by the secondary motions. This is mea-
sured by the volume-averaged dispersive (also referred to as coherent) kinetic energy. The volume-
averaged energy Iu and Ivw of the streamwise and circulatory dispersive patterns are separately defined:

Iu(t) =
1

2h

∫ 2h

0

1

2

〈
ũ2
〉
z

dy, (6.10)

Ivw(t) =
1

2h

∫ 2h

0

1

2

〈
ṽ2 + w̃2

〉
z

dy. (6.11)

Notice that the energy held by ṽ and w̃ is summed in a single quantity Ivw. This is justified by the
incompressibility constraint, which reads ∇ · u⃗d = 0 for the dispersive field. Since ũ is streamwise-
invariant, the two-dimensional vector field given by ṽ and w̃ is divergence-less:

∂ṽ

∂y
+
∂w̃

∂ζ
= 0. (6.12)

That is, one can fully determine the distribution of ṽ if w̃ is known (or vice-versa), and the two form
a single circulatory pattern. Thus, Ivw is used to quantify the energy held by the circulatory motions,
whereas Iu quantifies the energy held by the momentum pathways.

The initial, steady-state values of these integral quantities are shown in figure 6.7(a-d) for each avail-
able flow configuration; panels (e-h) show their time evolution. At the lower Reynolds number (figure
6.7a,c), motions with h ≤ Λs ≤ 4h hold a similar amount of energy independently of their size. This
contradicts the observation (Wangsawijaya and Hutchins, 2022) that structures of period Λs ≈ 2h (s ≈ h)
are more energetic than the ones of any other size; this discrepancy is likely a consequence of the low
Reynolds number. Indeed, low-Re data suffers from two issues. It is known, for instance, that linear
transient growth analysis predicts large structures to show significant values of transient growth only
for sufficiently high Reynolds numbers (Cossu et al., 2009); moreover, large-scaled outer-layer eddies
only become significantly energetic in channel flows if the Reynolds number is high enough (Lee and
Moser, 2015). It can be thus expected that, if the flow acts to favour structures of a specific outer-scaled
size, this would only be seen at a sufficiently high Reynolds number. The data at Reτ = 500 (panels
b,d) confirms this line of reasoning: the energy held by secondary motions is maximum for Λs = 2h as
expected. A second issue with low-Re data is given by the lack of scale separation: at the considered
Reynolds number (Reτ = 180), the outer-layer length scale h is equivalent to 180 δv . Such a value is not
too far from the dominant spanwise scale of near-wall structures (100 δv , see Kline et al., 1967); in other
words, small scales cannot be easily distinguished from the imposed outer-scaled motions that would
be expected to be significantly energetic. Care must be then exerted in interpreting low-Re data.

As for the time evolution of the volume averages (6.7e-h), they typically show a monotonically decreas-
ing trend both for the streamwise and circulatory patterns. There are, however, notable exceptions. At
low Reynolds number (panel e), the energy of the streamwise pattern temporarily exceeds its initial
value for Λs/h = 4, to then decay as expected; similarly, it temporarily increases after an initial decay
for Λs/h = 6. Most importantly, at the higher Reynolds number (g) the volume-averaged energy mono-
tonically decays in all cases, except for the energy of the streamwise pattern for Λs/h = 2 and Λs/h = 4.
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Figure 6.8: Transient growth Gu of the streamwise coherent energy Iu(t); (a) Reτ = 180, (b) Reτ = 500. Time to
decay (as defined per equation 6.9 applied to Iu and Iuv) for the streamwise (Tu, black) and circulatory
(Tvw , gray) coherent energy; (c) Reτ = 180, (d) Reτ = 500. The dotted line represents a linear fit for Tu

performed by rejecting data at Λs/h = 1 (c) and at Λs/h = 2 (d). Adapted from [MY24b].

An excess of streamwise energy with respect to the initial condition is seen for these cases. To better
illustrate such a findings, a transient growth coefficient Gu is defined:

Gu = max
t

Iu(t)

Iu(0)
(6.13)

Gu is plotted against the size of the secondary motions in figure 6.8(a,b). At Reτ = 180, transient growth
is only observed for Λs/h = 4 and is not particularly pronounced (3%). At Reτ = 500, a small (6%) -
and yet measurable - transient growth of the dispersive ũ-energy is seen for Λs/h = 2; a larger growth
(13%) is seen for Λs/h = 4. No such excess energy is seen for other values of Λs, except for a negligible
transient growth for Λs/h = 1. For 2 ≤ Λs/h ≤ 4, then, the generation of the high- and low-momentum
pathways continues for a short time even after removing the rough strips that enable their sustainment.
This might be evidence in favour of the hypothesis of Townsend (1976), who predicted that structures
of this size (Λs/h ≤ 4) would be able to self-sustain: not only do the momentum pathways maintain
their energy for a short time, but they even show excess energy with respect to the initial conditions.
The excess energy is also reminiscent of linear transient growth analysis and its results (Del Álamo
and Jiménez, 2006), in the sense that Iu undergoes a transient growth before its decay. Moreover, the
spanwise periods at which transient growth is seen in the present context (Λs/h ≈ 2 − 4) are in good
agreement with the spanwise wavelength of maximum linear transient growth (λz/h = 3) found by
the aforementioned study. There is, however, a crucial difference between the present simulations and
linear transient growth analysis, apart from the obvious non-linearity of the present system. Linear
transient growth analysis studies the evolution of a perturbation of a given size, whereas here the focus
lies on the evolution of a fully developed structure.

In linear transient growth analysis, the transient growth of u-energy is found to be driven by the v
component through transport of the mean field (Del Álamo and Jiménez, 2006). Similarly, in §6.2, it was
proposed that the formation of the ũ momentum pathways might be driven by ṽ transport of the U -
field. It could be expected, then, that this same mechanism would drive the observed initial overshoot
of Iu energy. If this were the case, Ivw should be able to maintain its initial energy for a longer time
in cases for which excess Iu is seen, or perhaps to decay slowlier than in other cases. A preliminary
scrutiny of figure 6.7(f,h) suggests this is not the case: no initial plateau of Ivw is seen for values of Λs

at which transient growth is observed. Moreover, no link could be found between the rate of change of
Ivw at t = 0 and the occurrence of transient growth. The matter is further investigated by calculating a
time scale for the decay of Iu and Ivw based on definition 6.9. The resulting time scales are Tu and Tvw
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6.3 Decaying secondary motions

respectively. Results are shown in figure 6.8(c,d) and are scaled with h/up, as this time scale remains
constant in physical terms across different simulations at the same Reτ .

At the lower Reynolds number, Tvw generally increases with Λs, though the circulatory motions remain
in the flow for an unexpectedly long time for Λs/h = 1. At the higher Reynolds number, Tvw increases
with Λs until it reaches a maximum value for Λs/h = 2. For larger values of Λs, the circulatory motions
remain confined in a 2h-wide region around roughness transitions (see figure 6.3), so that effectively
they stop growing in size. Similarly, their time to decay stops increasing. The maximum of Tvw for
Λs/h = 2 might suggest that the longer living circulatory motion is able to leverage production of Iu
for a longer time, causing the observed overshoot of Iu. However, data at Λs/h = 4 contradicts this
idea: for this value of Λs, Iu undergoes an even stronger transient growth - and yet the circulatory
motion decays in an unexpectedly short time. More generally, momentum pathways tend to live longer
than the circulatory motions (as Tu > Tvw in most cases), reinforcing the idea that the momentum
pathways only decay when the circulatory motions that sustain them disappear. Yet, the variability
in Tvw fails to predict the variability in Tu, indicating that production through ṽ-transport of U alone
cannot explain the dynamics of Iu.

The time to decay of Iu generally increases with the spanwise periodicity Λs; interestingly, the observed
transient growth of Iu has no strong influence on Tu. Then, in contradiction with Townsend’s hypothe-
sis, the larger the spanwise periodicity of the pattern of high- and low-momentum pathways, the longer
the pathways remain in the flow. Pathways of period Λs = h at Reτ = 180 are the only exception to
this rule of thumb, as they subsist in the flow longer than what could be expected by extrapolating the
observed trend. Although this could be a sign of the flow favouring these specific h-scaled structures, it
should be kept in mind that the structures might as well be inner-scaled owing to the lack of scale sep-
aration. As previously explained, a 1h period is indeed equivalent to 180δv in wall units at Reτ = 180;
such an inner-scaled value of the period is not far from the typical spanwise spacing of buffer-layer
small scales (100δv , see Kline et al., 1967).

Starting from the gathered temporal information, the streamwise distance needed for the ũ pattern (that
is, for the high- and low-momentum pathways) to decay is now estimated. This enables the comparison
of the present results with other studies measuring the streamwise coherence of momentum pathways
(e.g. Womack et al., 2022). First, a linear fit to the trend of Tu against Λs is found; the two datapoints
at Reτ = 180, Λs/h = 1 and Reτ = 500, Λs/h = 2 are rejected to do so. While this is a rough approx-
imation, the fit (shown by a dotted line in figure 6.8c, d) correctly captures the order of magnitude of
Tu. Then, the streamwise distance Ld needed for the decay of momentum pathways is estimated as
Ld = Ub,s Tu, where Ub,s is the bulk velocity seen at a matching value of Reτ between smooth walls. The
underlying idea is that structures are advected downstream as they evolve and that the bulk velocity
is the mean velocity at which this happens. Using the value of the bulk velocity seen between smooth
walls is an arbitrary choice; again, it is only meant to roughly capture the order of magnitude of Ld.
The following estimates are obtained:

Ld ≈ 20.6Λs at Reτ = 180

Ld ≈ 24.2Λs at Reτ = 500

thus, the larger the spanwise size of the structure, the larger its streamwise coherence. The order of
magnitude of the present estimate for a spanwise wavelength Λs = h is in line with the experiments of
(Womack et al., 2022), who reported the streamwise extent of momentum pathways to be of 18h at least.
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Figure 6.9: (a) Wall-normal position hy of the vortex center of the circulatory motions against the spanwise period
Λs. (b) Time to decay Tvw of the circulatory motions against the wall-normal position hy of the vortex
center. Light gray crosses indicate data at Reτ = 180; dark gray asterisks indicate data at Reτ = 500. In
panel (b), a linear fit to all available data is shown as a dashed line. Adapted from [MY24b].

As already discussed, the value of the timescale Tvw associated to the circulatory motions saturates for
high values of Λs (contrarily to Tu). One way of explaining the observed saturation could be given
by the findings of Lozano-Durán and Jiménez (2014). The authors identified and tracked naturally
occurring structures that are both wall-attached and associated to u′v′-anticorrelation events; they found
the lifetime Tae of these structures to be proportional to their height Hae,

T+
ae ≈ H+

ae. (6.14)

In the case of the present study, the timescale Tu cannot be considered to be analogous to Tae, as it
measures the lifespan of a velocity pattern that is not necessarily wall-attached and that includes re-
gions in which ũ and ṽ are positively correlated. The circulatory motions, instead, satisfy these two
requirements: they extend upwards from the near-wall region and they are responsible for the ũ-ṽ an-
ticorrelation (see §6.2). Thus, Tvw will be considered to be equivalent to Tae; by making equation 6.14
dimensional, it is expected:” [MY24b]

Tvw ≈ 2
hy
up

(6.15)

where hy measures the half-height of the circulatory motions. A suited estimate of hy needs to be defined
“to enable a comparison between the present results and the ones of Lozano-Durán and Jiménez (2014).
A vortex center is defined as the point at which, simultaneously, ṽ changes in sign in z and w̃ changes
in sign in y. The so-defined vortex centers are marked in figure 6.3 and satisfactorily represent the
center of the cross-sectional circulatory motions. The structure half-height hy is then simply given by
the wall-normal position of the vortex center.

Figure 6.9(a) shows how the half-height hy changes with the spanwise period Λs of the roughness pat-
tern. A good collapse of low- and high-Re data is observed. The circulatory motions get taller for
increasing Λs; as Λs approaches large values (say, Λs/h ≥ 2), the growth of hy slows down. This sat-
uration effect is expected: as can be seen from figure 6.3, the circulatory motions fill the entire channel
half-height for Λs/h ≈ 2, so that their wall-normal growth is phyisically limited for larger values of
Λs. As the structures stop getting taller, they also become confined to a region surrounding roughness
transitions (see §6.2): it appears that the circulatory motions roughly maintain their y-z aspect ratio –
in a way that is reminiscent of the attached eddy hypothesis (see Marusic and Monty, 2019, or §2.2.4).
Finally, the present data is compared to the one of Lozano-Durán and Jiménez (2014) by plotting the
timescale Tvw of the circulatory motions against their half-height hy in figure 6.9(b): owing to equation
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6.3 Decaying secondary motions

6.15, a linear trend is expected. Although the data does not appear to collapse on a single line, its dis-
persion appears to be directional, so that a linear fit is reasonable. By considering both low- and high-Re
data, the following linear fit is obtained:

Tvw,fit

h/up
= 6.57

hy
h

+ 0.056 (6.16)

Although the intercept of the present fit is small (and thus in agreement with equation 6.14), the obtained
slope is three times larger than expected. This quantitative difference can be explained by the fact that
the structures tracked here differ from the ones of Lozano-Durán and Jiménez (2014); moreover, different
definitions of the time scale and of the structure half-height – all of which are arbitrary – are used here.
To conclude, the ansatz of equation 6.14 does not fully explain the variability of Tvw, but it correctly
captures the general trend of larger values of hy being typically associated to larger values of Tvw. Then,
the fact that the circulatory motions stop growing in size for large values of Λs can help explain the
observed saturation of Tvw.” [MY24b]

6.3.2 Plane-averaged coherent energy: the decay of the wall shear stress pattern

“Albeit easily interpretable, volume-averaged quantities hide the spatial complexity of the observed
phenomena. To recover information in the wall-normal direction, the average iu of the streamwise
coherent energy on wall-parallel planes is inspected:

iu(t, y) =
1

2

〈
ũ2
〉
z

(6.17)

Bear in mind that the value of iu seen at a given wall-normal position is equal to the integral contri-
bution of all Fourier modes of the spectrum Φũũ (shown in figure 6.5) at the same distance from the
wall (see §2.3.2, equation 2.52):

iu(t, y) =
1

2

∫ ∞

−∞
Φũũ (t, y, κz) dκz . (6.18)

Notice that the above expression may change depending on how the Fourier transform is normalised.

The plane-averaged energy iu is shown in figure 6.10 for a selection of flow cases at Reτ = 500 for a
short time interval after the spanwise heterogeneity has been removed. Notice that no premultiplication
is performed for this figure despite the log-scaled vertical axis: this is done to better highlight its near-
wall features. As a consequence, though, the total amount of energy contained in the outer layer is
misrepresented by the visualisation of figure 6.10. Similarly to what has been observed in figures 6.3
and 6.5, two separate energy peaks can be identified in figure 6.10 at the initial condition (t = 0, steady
state) for large enough values of Λs/h: one in the viscous sublayer (y+ ≤ 10), one further away from the
wall. This second peak is particularly pronounced for Λs/h = 2 (y+ ≈ 200, panel b), and not particularly
so for Λs/h = 6 (y+ ≈ 50, panel c); it is not observed at the lower Reynolds number, or at least it is not
as pronounced. In general, the streamwise pattern for Λs/h = 6 is much less energetic than the one for
Λs/h = 2, as previously observed by analysing volume averages (figure 6.7b). The common feature of
all data in figure 6.10 (which is also observed for values of Λs and Reτ that are not shown) is that the
near-wall peak diffuses towards the core of the channel. The steady-state analysis of the streamwise
momentum budget (see §6.2) suggests that viscous diffusion is responsible for this process. The near-
wall peak is associated to the near-wall square-wave distribution of ũ seen in figure 6.3, and hence to
the spanwise distribution of wall shear stress.
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Figure 6.10: Time evolution of the plane-averaged coherent energy i+u of the streamwise dispersive velocity. Please
notice that, in spite of the logarithmic scale on the vertical axis, no premultiplication is used: conse-
quently, the visual representation given by this figure is not well representative of the total (integral)
amount of energy contained in different regions of the channel. All data at Reτ = 500; (a) Λs/h = 1,
(b) Λs/h = 2 and (c) Λs/h = 6. Adapted from [MY24b].
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Figure 6.11: Time to decay Tw(λz) of the Fourier harmonics (represented by their wavelength λz) that compose the
dispersive wall shear stress distribution, calculated by applying the definition 6.9 to the spectrum Φũũ

(shown in figure 6.5) at y+ ≈ 1. Only the first three odd, energy-containing harmonics are shown. (a)
Reτ = 180; (b) Reτ = 500. Different colours indicate different periods Λs/h of the roughness pattern
(see table 6.1). The error bars indicate the 99% confidence interval. Adapted from [MY24b].

While the near-wall pattern of ũ is particularly intense, it resides in a restricted region of the channel
that shrinks in size as Reτ increases. As a consequence, its contribution to the volume-averaged energy
is marginal, so that the time scales measured in figure 6.8 are not representative of the decay of the
dispersive wall shear stress distribution. A suitable time scale for this purpose could be defined, for
instance, by applying the definition 6.9 to the plane-averaged energy iu at the wall. Instead, we go one
step further and analyse the individual contributions to iu of each Fourier mode (as per equation 6.18)
and measure their time to decay. In other words, the definition 6.9 of the time scale is applied to the
spectrum Φũũ – evaluated at the first wall-normal grid point (y+ ≈ 1, please refer to table 6.1) to be
representative of the wall shear stress. In this way, a different time scale Tw(λz) is obtained for each
Fourier mode (of wavelength λz = 2π/κz) that constitues the pattern of wall shear stress.

Results are shown in figure 6.11, which collates data for all available values of Λs/h. Only the first
three energy-containing harmonics are shown; higher harmonics hold little energy so that the signal-to-
noise ratio is excessively low. The statistical uncertainty on the time to decay is measured as follows.
When computing the Fourier-transformed dispersive field, the uncertainty of its real and imaginary
parts is estimated by assuming the spatial and phase average of different snapshots at the same time
t to be uncorrelated and to describe a Gaussian distribution. Bear in mind that the dispersive field is
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6.4 The fluctuation field

given by the ensemble average of these- space and phase-averaged snapshots. Then, the uncertainty is
propagated to the spectra and the 99% confidence interval is computed for the energy of each Fourier
mode. Doing so, three curves are available for each Fourier mode: one describing the time evolution of
its energy, and two describing the confidence interval. The intersections of these three curves with the ε
of definition 6.9 then define the time scale and its confidence interval. The uncertainty on ε is neglected.

Patterns of wall shear stress of different period Λs may contain Fourier modes with the same (or, similar)
spanwise wavelength λz . The time needed for Fourier modes of comparable wavelengths from different
simulations (different Λs/h) to decay is similar: data from different simulations at the same Reτ appears
to collapse on the same curve. In other words, it appears that the time evolution of the Fourier modes
is influenced by their own wavelength λz (and, of course, by the Reynolds number), but not much by
the geometry of the problem (that is, by Λs/h) or by the amount of energy they hold at the initial steady
state. As an example, the first harmonic of figure 6.5(a) and the third one in figure 6.5(d) hold a different
amount of energy at the wall at the initial steady state; yet, they share the same spanwise wavelength
λz/h = 2 and take a comparable amount of time to decay as measured by Tw (see figure 6.11).

Figure 6.11(a) shows data at Reτ = 180: the time to decay increases with the wavelength until λz/h = 1.
Harmonics with λz/h = 1 take the longest time to decay among all available data; similarly, secondary
motions of a matching period (Λs/h = 1) also remain in the flow for an unexpectedly long time (see
figure 6.8c). For larger wavelengths (λz/h > 1), slightly shorter times to decay are seen as the trend
effectively saturates. At the higher Reynolds number (figure 6.11b), instead, the time to decay increases
up until its peak value at λz/h = 2 to then decrease for higher values of the wavelength. That is, Fourier
modes of the wall shear stress with λz/h = 2 are the longest-lived ones. This value of the wavelength
matches the period Λs/h = 2 for which secondary motions are the most energetic; also, the associated
circulatory pattern is the longest-lived.

The above observations are interpreted as follows. The longer time to decay might be a sign that near-
wall Fourier modes of a specific wavelength (λz/h = 2 at Reτ = 500, for instance) are less damped (e.g.,
by viscous dissipation) than the remaining modes during their evolution. This does not help to explain
the monotonically increasing trend of Tu against Λs seen in figure 6.8(d): Tu measures indeed the time to
decay of a quantity that is integrated in the wall-normal direction over the channel half-height. Never-
theless, the near-wall behaviour discussed here might play a crucial role in the formation of secondary
motions. Consider, for instance, a fully-developed flow suddenly hitting a patch of spanwise hetero-
geneous roughness. The roughness can be idealised as a disturbance applied to the near-wall region;
in light of the above discussion, it can be expected that disturbances of a specific size would be less
damped than others in this region, so that they grow more energetic. This mechanism might help to
explain why secondary motions with a spanwise period of Λs/h = 2 are the most energetic at Reτ = 500

(see figure 6.7b); bear in mind that a spanwise roughness pattern of period Λs significantly excites the
Fourier mode with wavelength λz = Λs (as can be seen from the spectra of the roughness patterns in
figure 6.5). Similarly, one would expect Fourier modes with wavelength λz/h ≥ 1 to be roughly equally
damped in the near-wall region at Reτ = 180 in light of figure 6.11(a); indeed, at such Reynolds number
secondary motions with Λs/h ≥ 1 hold roughly the same amount of energy (see figure 6.7a).” [MY24b]

6.4 The fluctuation field

“So far, the time evolution of the dispersive velocity field was inspected, as it is contains the informa-
tion regarding the high- and low-momentum pathways which are of interest for this study. Neverthe-
less, the fluctuation field also contains valuable information: the secondary flows investigated here are
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Figure 6.12: Distribution of the Reynolds stress ⟨u′u′⟩ over strip-type roughness at a steady state. The bar below
each panel indicates regions of rough (black) or smooth (white) wall. Please notice that, in spite of the
logarithmic scale on the vertical axis, no premultiplication is used. (a) Λs/h = 0.5; (b) Λs/h = 1; (c)
Λs/h = 2; (d) Λs/h = 6. All data at Reτ = 500. Adapted from [MY24b].

commonly understood to be of Prandtl’s second kind (Wang and Cheng, 2006; Anderson et al., 2015),
meaning that they are driven by turbulence and arise owing to lateral dishomogeneities of the Reynolds
stresses. For completeness then, and as an example, the normal Reynolds stress ⟨u′u′⟩ is analysed to
recover some information about the fluctuation field, as this stress is usually the dominant term of the
turbulent kinetic energy. Figure 6.12 shows its distribution at the initial steady state in the presence
of strip-type roughnes for a selection of flow cases at Reτ = 500. Fluctuation intensites are roughly
uniform over each smooth or rough strip; strong lateral changes of ⟨u′u′⟩ are only seen at roughness
transitions. Typically, ⟨u′u′⟩ is maximum in the buffer layer (y+ ≈ 10); as would be expected from the
viscous scaling of near-wall turbulence, this maximum is more energetic and closer to the wall over
rough strips than over smooth ones for all tested values of Λs. Interestingly, then, the energy of u′ fluc-
tuations correlates well with the distribution of dispersive wall shear stress, although the fluctuations
themselves are deprived of any coherent information owing to their definition. This could be inter-
preted as the random u′-fluctuations being modulated in amplitude (Mathis et al., 2009) by a coherent
envelope, so that their amplitude (and thus, energy) is larger over rough strips. Notice that the position
at which large spanwise gradients of the turbulent kinetic energy are found is indicative of the position
of the circulatory motions.

The time evolution of this dishomogeneity in the kinetic energy is tracked in time using the follow-
ing strategy. The value of ⟨u′u′⟩ is averaged in the buffer layer (5 ≤ y+ ≤ 30) over rough or smooth
strips alternatively; this defines the two quantities ⟨u′u′⟩R (averaged over portions of the wall that are,
or were, rough) and ⟨u′u′⟩S (averaged over portions of the wall that are smooth from the initial con-
dition). Similarly, the wall shear stress is averaged over rough or smooth strips to yield τw,R and τw,S .
Then, a quantitiy ∆uu is defined as the difference between the two averaged values of the kinetic energy,
∆uu = ⟨u′u′⟩R − ⟨u′u′⟩S . Positive values indicate that turbulence is more energetic over portions of the
wall that were rough at the initial condition, whereas the opposite holds for negative values. A zero
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Figure 6.13: (a) Time evolution of ⟨u′u′⟩+R (solid) and ⟨u′u′⟩S (dashed); Reτ = 500, Λs/h = 2. (b) Time evolution
of τw,R (solid) and τw,S (dashed) for the same flow case as (a). (c) Initial values of ∆+

uu as a function of
Λs at Reτ = 180. (d) Time evolution of ∆uu at Reτ = 180; different colours indicate different values
of Λs/h as of table 6.1. (e,f) Same as (c,d), but at Reτ = 500. Adapted from [MY24b].

value of the difference indicates instead that the distribution of kinetic energy in the buffer layer has
become homogeneous. Figure 6.13(a,b) shows, as an example, the evolution of ⟨u′u′⟩R, ⟨u′u′⟩S , τw,R and
τw,S for a selected flow case (Reτ = 500, Λs/h = 2). As the rough strips are removed from the walls,
the flow accelerates (as seen from figure 6.6a). This acceleration damps u′-fluctuations at all spanwise
positions. Most of the loss in kinetic energy is seen for ⟨u′u′⟩R; this loss is then quickly partially recov-
ered before the system slowly approaches homogeneity. After an initial, not so pronounced decrease,
⟨u′u′⟩S also increases to reach roughly the same value as ⟨u′u′⟩R. Notice that less kinetic energy is found
over a smooth strip at a steady state in the context of strip-type roughness than over a smooth, homo-
geneous wall in a steady-state setting. As for the wall shear stress, a substantial decrease of τw,R is seen
starting from the initial condition; τw,R then reaches a minimum - although such a minimum is not as
prononuced as the minimum of ⟨u′u′⟩R. Moreover, the minimum of ⟨u′u′⟩R is seen at an earlier time
(t = 0.196h/up) than the one of τw,R (at t = 0.65h/up), suggesting that fluctuations evolve at a faster
pace than the wall shear stress. After the minimum, the wall shear stress τw,R roughly remains constant,
whereas the value of τw,S slowly increases from its initial value to reach that of τw,R.

The remaining panels of figure 6.13 show instead the initial value and the evolution of ∆uu for all con-
sidered flow cases at the low (c,d) and high (e,f) Reynolds number. Notice that only a limited number
of repetitions is available for Λs/h = 0.5, Reτ = 180; this is sufficient to achieve a satisfactory accuracy
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of first-order velocity momenta (e.g. the dispersive velocity), but not of the second-order ones needed
in this case (e.g., ⟨u′u′⟩). Data for this specific combination of parameters is thus not shown. At the
steady state, the difference in kinetic energy between rough and smooth strips increases with Λs at the
lower Reynolds number, until it saturates for Λs/h ≥ 4. At the higher Reynolds number, instead, it is
maximum for Λs/h = 4. For all considered flow cases, the initial condition (consisting in higher energy
over portions of the wall that are, or were, rough) is quickly reversed as the values of ∆uu turn negative.
For Λs/h = 2 and Λs/h = 4 at Reτ = 500, interestingly, the initial sign of ∆uu is recovered at roughly
t = 0.3h/up; advancing in time, sections of the wall that were rough maintain a slightly higher fluctu-
ation intensity ⟨u′u′⟩ than the remaining ones for an extended period of time. These are the only two
cases for which this behaviour is observed; interestingly, these are also the only two cases for which a
significant overshoot of Iu is seen at the higher Reynolds number.” [MY24b]

6.5 Summary and conclusions

In this chapter, “the secondary motions found in turbulent channel flows in the presence of a spanwise-
heterogeneous roughness pattern (strip-type roughness) of varying spanwise period Λs have been stud-
ied. The investigation is carried out both at a steady state and as the secondary motions decay towards
a spanwise-homogeneous configuration. The decay is obtained by suddenly removing the strip-type
roughness, so that the flow evolves between smooth walls. The temporal evolution of the secondary
motions is captured by ensemble-averaging multiple realisations (simulations) of each considered flow
case. To the author’s best knowledge, it is the first time that time-evolving ensemble averages of sec-
ondary flows are produced from direct numerical simulations (DNSs).

Steady-state data over strip-type roughness is used to highlight the features of the secondary motions,
which have been investigated both in physical and Fourier space. By comparing the spectra of smooth-
wall simulations to those observed over strip-type roughness, it is found that a dispersive average cor-
rectly isolates the main differences between the two setups. The dispersive velocity field captures both
the cross-sectional circulatory motions typically associated to secondary motions and the streamwise-
momentum pathways observed, for instance, by Barros and Christensen (2014); Womack et al. (2022).
The dispersive velocity field can be partitioned into three different regions: a near-wall velocity pat-
tern (closely linked to the wall shear stress), an anti-correlation region and an equilibrium one. The
anti-correlation region is the one where the streamwise and wall-normal components of the disper-
sive velocity (ũ and ṽ respectively) are indeed anti-correlated; this is also where strong cross-sectional
circulatory motions are observed. In the equilibrium region, instead, the wall-normal profile of the
streamwise velocity U + ũ scaled in local viscous units roughly collapses on the profile observed in
spanwise-homogeneous conditions (either over a smooth or a rough wall). The three regions are only
clearly distinguishable for large values of Λs. Indeed, the secondary motions grow taller in the wall-
normal direction for increasing value of Λs, so that the anti-correlation region and the near-wall pattern
become separated in the wall-normal direction. Moreover, while the anti-correlation region is dominant
for small values of Λs, it remains confined at roughness transitions (regions of large spanwise gradient
of roughness properties) for large values of Λs, so that an equilibrium region arises in the middle of each
strip. By analysing the budget equation for ũ, it is speculated that the ⟨u′v′⟩ Reynolds stress is mainly re-
sponsible for the formation of the equilibrium region and of the wall shear stress pattern. The formation
of the anti-correlation region, instead, appears to be driven by ṽ-transport of the mean field U .

Then, time-coherence of the dispersive field once the strip-type roughness is suddenly replaced by
smooth walls is investigated. A previous study (Kaminaris et al., 2023) had indeed highlighted that
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6.5 Summary and conclusions

momentum pathways (here captured by ũ) can sustain for a long streamwise distance in the wake of the
rough patch that triggers them. It is observed that the timescale Tu describing the decay of the volume-
averaged ũ-energy (that is, the overall energy held by the momentum pathways) increases monotoni-
cally with Λs. By converting the present temporal information to a spatial one, crude estimates of the
streamwise coherence of the momentum pathways are provided (Ld ≈ 20 − 24Λs). The present esti-
mates are in good agreement with the results of Womack et al. (2022). The time scale Tvw associated to
the circulatory motions also generally increases for increasing Λs; saturation is however observed for
large values of it. It is argued that the circulatory motions are wall-attached; the present results are then
compared to the ones of Lozano-Durán and Jiménez (2014), who found the lifetime of attached eddies
to be proportional to their wall-normal extent. In most considered cases, the momentum pathways take
a significantly longer time to decay than the cross-sectional circulatory motions; similarly to the find-
ings of Del Álamo and Jiménez (2006), this suggests that the momentum pathways are mainly, but not
exclusively, produced by ṽ-transport of U .

The time-coherence of the spanwise wall shear stress pattern is not well captured by the time scale
defined with the volume-averaged energy. Such a pattern can be decomposed into the sum of many
Fourier modes of spanwise period λz . The time to decay of each Fourier mode appears to strongly
depend on the wavelength λz of the Fourier mode itself and on the Reynolds number, but not much
on the global geometry of the flow as captured by the spanwise period Λs. Finally, it is shown that
the energy of the fluctuation field found over strip-type roughness is spanwise-heterogeneous; though
the fluctuations are random and deprived of any coherent information by definition, their amplitude is
coherent with the roughness pattern at the wall. These heterogeneities are tracked in time.” [MY24b]

The aim of this chapter “is to verify the plausibility of the estimates put forward by Townsend (1976) to
explain the recurrence of h-scaled flow features in turbulent flows, where h is some outer-layer length
scale (here, the channel half-height). Townsend predicted that wall shear stress patterns of a specific
characteristic spanwise wavelength (λz ≈ h, λz ≤ 4h) would be able to self-sustain through some
induced secondary motion and hence dominate other flow features. It would be then expected that
secondary motions of a matching period take the longest time to decay; alternatively, the time to decay
could increase as Λs grows larger until a threshold value of Λs in the range proposed by Townsend is
reached. For larger values of Λs, the time scale would saturate.

Mixed evidence was found in reviewing Townsend’s estimates. The analysis of volume-averaged quan-
tities reveals that the temporal coherence of streamwise-momentum pathways generally increases for
increasing Λs, clearly contradicting Townsend’s calculations. However, the present data suggests that
the time to decay of the circulatory motions is maximum for some value of Λs in the range proposed by
Townsend (Λs/h = 1 at Reτ = 180, Λs/h = 2 at Reτ = 500); it saturates for larger values. Interestingly,
the volume-averaged energy Iu of the momentum pathways undergoes a transient growth with respect
to its initial value for values of Λs in the range 2 ≤ Λs/h ≤ 4. This transient growth might be evidence
that motions of this specific size can self-sustain as proposed by Townsend. An analogy with linear tran-
sient growth theory suggests that the growth might be driven by ṽ-transport ofU ; this does not appear to
be the case in the present context, though. It was not possible to link the time evolution of the circulatory
motions (which account for ṽ) to the occurence of transient growth. Other mechanisms are likely at play.

Although some evidence appears to contradict Townsend’s speculations, the author maintains that the
latter could be plausible. Indeed, the present study considers the temporal decay of fully-developed sec-
ondary motions which, for large values of Λs, become spatially confined to a 2h-wide region. In these
cases, then, we do not effectively study the evolution of a Λs-sized structure as intended, but rather of
a 2h-sized one regardless of the value of Λs. The confinement itself is evidence in favour of Townsend’s
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6 Temporal decay of turbulent secondary motions in channel flows

idea: the Λs-sized perturbation provided by the roughness pattern fails to leverage a secondary motion
of comparable size. Instead, some 2h-sized motions become dominant. The topic could be further in-
vestigated, for instance, by studying the evolution of artificial perturbations whose size can be exactly
controlled. The perturbations could be then tracked using the methodology proposed in the present
paper. If a constant perturbation is applied to different snapshots of the same steady-state flow between
smooth walls and the snapshots are allowed to evolve independently, an ensemble average should be
able to isolate the evolution of the coherent perturbation. Using a near-wall periodic perturbation ap-
plied to the spanwise velocity component is recommended: linear analysis suggests that wall-bounded
flows are particularly sensitive to such a disturbance (Jovanović and Bamieh, 2005). Spanwise positions
at which this disturbance is maximum would be equivalent to roughness transitions. Such a setup could
shed light on the mechanisms driving the formation of secondary motions; moreover, it could help to
explain why they remain confined at roughness transitions for large values of Λs.” [MY24b]
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7 Conclusions

As per its title, this manuscript deals with large, turbulent eddies and their interaction with the wall
shear stress. In particular, two macroscopic themes are of interest. First, the wall shear stress is directly
responsible for the expenses (e.g. in the form of skin friction drag, or power expenses) in a turbulent
flow; assessing how much large scales contribute to these expenses and how much can be spared by
controlling them is of interest for this dissertation. On the other hand, it is of interest to investigate
how the wall shear stress alters the dynamics of the large scales, and vice-versa how the large scales
can have an effect on the near-wall region.

These two macroscopic themes are explored in terms of four specific scientific questions, as discussed
in §1.3; each question has been addressed by a numerical investigation (§3, §4, §5 and §6). The results
obtained in each individual investigation are combined in this section to provide useful insights on the
two macroscopic themes of this thesis. In §7.1, a final comment on flow control – and, more specifically,
on the targeting of large scales to achieve drag reduction – will be presented. In §7.2, instead, the effect
of the distribution of wall shear stress on the dynamics of large scales will be discussed in terms of the
gathered evidence. Before doing so, the results of each chapter are briefly summarised in the next lines
by directly addressing the corresponding scientific questions.

1. How do the costs (in terms of power input or wall shear stress) associated to small and large
scales differ?
In §3, turbulent plane Couette and Poiseuille flows were compared. Couette flows are charac-
terised by strong large scales, whereas large structures are either absent or weak in Poieseuille
flows (as far as the considered range of low to moderate Reynolds numbers is concerned). Using
the Constant Power Input (CPI) framework, it was determined that, when fed with the same power
input, Couette flows are less efficient, but more effective at producing flow rate than Poiseuille
flows. In other words, Couette flows are able to produce a slightly larger flow rate out of a given
power input (more effective). In doing so, Couette flows lose a larger share of said power input
to turbulence (less efficient). The CPI framework was analyitically extended to be able to discrim-
inate the effects of large and small scales of turbulence; doing so, it was clearly shown that the
intense large scales of Couette flows induce costly deviations of the mean velocity from its ideal
profile, whereas small scales are directly associated to turbulent dissipation. These two effects are
captured by separate energy fluxes (namely, deviation and turbulent dissipation) defined in the
CPI framework, the sum of which corresponds to the overall overhead expense caused by turbu-
lence.

2. How much of the cost (power input or skin friction) caused by large scales can be saved by
removing them?
In the context of the previous scientific objective, it was shown that large scales mainly cause
distortions of the mean velocity profile, which in turn induce additional expenses in the form
of deviation dissipation. In §4, the large scales of Couette flows were suppressed using a weak
Coriolis force. The effect of the Coriolis force on small scales was found to be marginal. It was
shown that the deviation dissipation associated to large scales can be spared by suppressing them;
however, the suppression of large scales is accompanied by the energisation of smaller (yet not
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necessarily inner-scaled) scales. These energised scales cause additional expenses. The overall
savings were nevertheless satisfactory (13% reduction of the wall shear stress at constant flow rate
at the highest tested Reyonlds number), indicating that targeting large scales might be a profitable
flow control strategy.

3. Is the wall-shear stress the mediator in the scale-interaction mechanism known as amplitude
modulation?
The numerical experiments presented in §5 have highlighted that a correlation between the ampli-
tude of near-wall small scales and outer-layer large scale exists even if the near-wall, superimposed
large scales (including large-scaled patterns of the wall shear stress) are suppressed. The present
findings cannot confirm nor confute that spatial variations of the wall-shear stress have a modulat-
ing action on the small scales; however, they clearly indicate that a second modulating mechanism
must exist, so that amplitude modulation is observed even in absence of the superposed large
scales. An additional numerical experiment was performed, in which small scales are prevented
from having a large-scale envelope. It was found that, under such circumstances, the near-wall
superposed large scales are significantly weakened, suggesting that near-wall large scales might
be produced by the non-linear interaction of small scales. This second result might be of interest
for LES modelling: it indicates that large scales are aware of (and influenced by) instantaneous
spatial variations of the small-scale energy. Such spatial variations are typically not captured in
the context of LES simulations, in which the unresolved small scales typically have a passive role
(see §1.2.5 or Davidson, 2015, chapter 7.1.2).

4. Is Townsend’s hypothesis (as formulated in §1.2.6) plausible? Or, in other words: can secondary
motions induced by a lateral wall shear stress pattern of a specific, large size self-sustain, so as
to outlive motions of any other size?
The lifetime of secondary motions of different sizes was investigated in §6. The secondary mo-
tions ensue from the application of a spanwise-heterogeneous roughness pattern to the walls of
a channel flow; such a roughness pattern indirectly produces a lateral variation of the wall shear
stress. According to Townsend’s original formulation, the secondary motions are directly pro-
duced by the pattern of wall shear stress; however, the investigation presented in §6 as well as
further evidence found in the literature (e.g. Anderson et al., 2015) suggest that both the lateral
wall shear stress pattern and the secondary motions are generated by dishomogeneities of the
Reynolds stresses. The core idea behind Townsend’s hypothesis is that turbulent flows tend to
favour the formation of energetic, h-scaled structures; this is indeed well verified, as the results
shown in §6 indicate, for instance, that structures with a spanwise size of roughly 2h are the most
energetic and that their presence is felt at every wall-normal distance up to the channel centerline.
Nevertheless, mixed evidence is found when specifically investigating whether structures of such
a size take a longer time to decay (that is, they live longer) than structures of any other size. The
decay of the structures is produced by suddenly removing the roughness pattern that allows for
their sustainment. It is found that the life time of structures of streamwise momentum (momentum
pathways) gets longer the larger their spanwise size is. As for cross-sectional circulatory motions,
instead, their lifetime is maximum when their spanwise size is roughly 2h – in agreement with
Townsend’s hypothesis. Moreover, the energy held by structures whose spanwise size falls in the
range 2h− 4h undergoes a transient growth before decaying, possibly indicating that structures of
this size might be able to self-sustain.
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+ of the Reynolds shear stress. (a,b) Channel flow at
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domains, but the superposed, near-wall large scales have been removed as described in §5.1.1. A solid
black line indicates the border of the space-scale region where modal damping is applied. Adapted from
[MY23].

7.1 Takeaways for flow control: a discussion

The feasibility of large-scale control as a means of achieving skin-friction drag reduction was directly
addressed in §4. Although they address different topics, the results of §5 and §6 also provide useful
insights for flow control; their relevance will be discussed in this section.

In §4, it was shown that a weak Coriolis force is able to remove large scales from turbulent Couette
flows and thereby achieve a significant skin-friction reduction. While these results are encouraging, the
Coriolis force cannot practically be used to achieve drag reduction on, for example, an aircraft wing.
This is because the Coriolis force is a body force that acts on every fluid element in the flow, whereas the
actuators that can be practically used in flow control applications act only at discrete spatial positions,
typically at the wall. It is unclear whether the results obtained by the Coriolis force can be replicated
by an external force only acting on the near-wall region.

In this respect, §5 contains useful insights. In this chapter, the near-wall large-scales were removed from
a turbulent channel flow by a localised, near-wall modal damping. Doing so, no significant effect was
obsered on the mean velocity profile (see figure §5.7), and in particular no drag-reduction was observed.
The reason why the removal of near-wall large scales produces little to no effect on the dynamics of the
flow can be readily found in the co-spectra of the Reynolds shear stress. These are shown in figure 7.1
for the data of §5.2.1; a solid black line indicates the near-wall large-scales that were artificially removed
from the flow. The contribution of the suppressed motions to the Reynolds shear stress is marginal
before the suppression (panels a, b); it is then reasonable to expect the suppression to leave the co-
spectrum practically unchanged as, simply put, the motions being suppressed play a marginal role in
the flow. Figure 7.1(c,d) confirms this idea. The distribution of Reynolds shear stress is unchanged by the
suppression, and the Reynolds shear stress essentially determines the velocity profile across the channel
(see equation 2.9): this explains why the suppression of the superposed, near-wall large scales produces
no effect on the mean flow. Moreover, the FIK identity (equation 4.8) indicates that the Reynolds shear
stress is directly linked to the wall shear stress, hence explaining the lack of drag reduction. As a side
note, surprising results in terms of drag reduction were observed in §5.2.2 by targeting the large-scaled
envelope of near-wall small scales instead of large scales directly.
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The above evidence suggests that, if an actuator located at the wall is only able to have an effect on
near-wall large scales, practical implementations of large-scale actuation should have little effect on the
flow. Luckily, this should not be the case: it is reasonable to believe that large-scale actuation at the
wall should be able to produce effects not only on near-wall large scales, but also on outer-layer ones.
Evidence in this respect can be found in §6. In this chapter, a spanwise-heterogeneous roughness pattern
was applied to the walls of a channel flow. If the spanwise period (size) of the pattern is small-scaled,
its effects (in the form of a secondary motion) are only perceived in the near-wall region. If, instead, the
pattern is large-scaled, its effect will reach the channel centerline (see figure 6.3). In other words, some
near-wall large-scale action can have an effect on the outer layer of a turbulent flow. This outer-layer
effect should then be capable of delivering drag reduction, as confirmed by the experimental results of,
for instance, Marusic et al. (2021) and Dacome et al. (2024).

7.2 Large scales and the wall shear stress: a chicken and egg problem

Throughout the manuscript, contrasting ideas regarding the dynamics of large scales and the way they
interact with the wall shear stress have been reviewed. For instance, in §5 it was explored whether large-
scaled patterns of wall shear stress are created by outer-layer large scales that superpose themselves on
the near-wall region – as widely believed in the literarture (see §1.2.5). An anthitetical hypothesis was
investigated in §6: the random occurrence of large-scaled patterns of the wall shear stress might trigger
the formation of large-scaled motions (as proposed by Townsend, 1976, see also §1.2.6). Both the investi-
gated ideas discuss the mutual interaction between large scales and the distribution of wall shear stress
at the wall. Crucially, they differ in that one postulates that large scales generate large-scaled patterns of
wall shear stress, whereas the other suggests the opposite. Simply put, this is a chicken and egg problem.
Does the wall shear stress come first, or is it large scales that generate a wall shear stress pattern?

Surprisingly, the evidence gathered in reviewing such two opposing ideas points in a single direction.
Both the data of §5 and of §6 clearly suggest that large-scale patterns of wall-shear stress are caused by
(transient or coherent) dishomogeneities of the Reynolds stresses. Moreover, as will be discussed below,
it is likely that large-scale structures (or secondary motions over strip-type roughness at least) arise as a
consequence of the dishomogeneity of the Reynolds stresses. It appears, then, that neither large-scales
create particular patterns of wall shear stress nor that large-scale variations of the wall shear stress cause
the formation of large eddies: both appear to arise owing to the local variations of the Reynolds stresses.

In §5, it was found that near-wall large scales (including large-scale patterns of wall shear stress) dis-
appear when near-wall small scales are prevented from having a large-scale envelope (see §5.2.2). The
implications of manipulating the envelope of the small scales are non-trivial. The amplitude of naturally
occurring small scales typically appears to be modulated by a large-scale signal (if the Reynolds number
is sufficiently high; see, for instance, §5.2). Spatial regions where the amplitude of small scales is larger
(smaller) than usual can be thought of as regions of higher (lower) small-scale kinetic energy. In other
words, the istantaneous field of small-scale energy is, in a sense, heterogeneous, as one observes large-
scaled region of enhanced (or reduced) energy. Manipulating the envelope of the small scales as done in
§5.2.2 effectively prevents the small-scale energy field from having such heterogeneities; it is observed
that such a constraint blocks the formation of near-wall large scales. Specifically, non-linear interactions
yielding an inter-scale energy transfer are hindered (see §5.1.2). It appears, then, that near-wall large
scales draw energy from the local small ones (as also pointed out, for instance, by Cimarelli et al., 2016;
Cho et al., 2018; Kawata and Alfredsson, 2018; Chiarini et al., 2022), and that this energy transfer oc-
curs as a consequence of istantaneous spatial heterogeneities of the small scale kinetic energy. Similar
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7.2 Large scales and the wall shear stress: a chicken and egg problem

observations were put forward in §6 while studying the effects of spanwise-heterogeneous roughness
patterns. An analysis of coherent energy budgets (figure 6.4 in §6.2) suggests that coherent patterns of
wall shear stress are formed by the action of ⟨u′v′⟩ Reynolds stresses1. The heterogeneous distribution
of roughness is linked to a heterogeneous distribution of the Reynolds stresses (see §6.4), which is then
reflected in a heterogeneous distribution of wall shear stress.

As for how large scale structures originate, not much can be said judging on the present data. However,
useful considerations arise by scrutinising the momentum budget of the dispersive velocity field of a
flow over strip-type roughness. If the analogy between secondary motions and randomly occurring
large-scale eddies (as proposed in §1.2.6) holds, similar considerations apply to large scales too. Sec-
ondary motions over strip-type roughness are commonly understood to originate from heterogeneities
of the Reynolds shear stresses (Anderson et al., 2015). In §6.2 (figure 6.4), it was argued that the coher-
ent distribution of wall shear stress is indeed formed by heterogeneities in the Reynolds shear stress by
scrutinising the streamwise dispersive momentum budget. Here, instead, the spanwise momentum
budget is of interest:
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The term involving the normal Reynolds stress ⟨w′w′⟩ has particular relevance for the present dis-
cussion:

− ∂

∂ζ
⟨w′w′⟩

Such a term indicates that coherent heterogeneities of the ⟨w′w′⟩ stress produce a mean w̃-momentum
transfer; specifically, momentum is transferred from regions of high-energy to regions of low energy
(owing to the minus sign). This is relevant for two reasons. First off, it is likely that heterogeneous
roughness induces such a heterogeneity of ⟨w′w′⟩. One can indeed speculate that roughness elements
in proximity of the wall redirect u′ fluctuations in the spanwise and wall normal directions, thus locally
increasing the kinetic energy ⟨w′w′⟩. Such ⟨w′w′⟩ kinetic energy is expected to be lower in regions where
the wall is smooth, or somehow less rough2. Last but not least, this momentum flux is relevant as it may
shed light on how secondary motions (and possibly large-scale turbulent eddies) originate. The position
of large spanwise gradients of the ⟨w′w′⟩-energy is well predictive of the position of secondary motions:
owing to the above discussion, large gradients of ⟨w′w′⟩-energy are found at roughness transitions,
which is where secondary motions are centered (see §6.2). Most importantly, it is known from linear
transient growth analysis (Jovanović and Bamieh, 2005) that turbulent flows are particularly sensitive
to near-wall spanwise perturbances – such as the one provided by the spanwise gradient of ⟨w′w′⟩.
Perhaps, such a disturbance gets amplified by linear mechanisms to produce the observed secondary
motions (or large-scale eddies). The verification of such a hypothesis is left for future works.

1 Notice that, at a first glance, it might appear that the distribution of wall shear stress is directly imposed by the slip-length
boundary condition used in the simulations of §6 to mimick roughness. However, the distribution of wall shear stress is produced
indirectly: the only direct effect of the boundary condition is to allow for the existence of non-zero spanwise velocity fluctuations
at the wall. The mechanism through which the observed distribution of wall shear stress is produced is not trivial.
2 Notice, moreover, that no preferential direction is given at the wall for w′ fluctuations. Consider two adjacent regions of high-
and low-⟨w′w′⟩-energy, such that the high-energy region is located to the left. Let now the interface between these two regions
be considered. Positive w′ fluctuations move left to right and can be thus interpreted to originate in the high-energy region;
viceversa, negative fluctuations originate in the low-energy area and have low energy. By assuming that positive and negative
fluctuations are equally likely to occur, a net momentum flux from the left (high-energy) to right (low-energy) is expected – as the
positive fluctuations dominate the negative ones in magnitude.
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too. Adapted from [MY24a]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
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5.1 Premultiplied spanwise spectra of the turbulent transport (κ+z T +
t , a,b) and dissipation term

(κ+z Σ̂+
ϵ ; c,d) of the spectral TKE budget. Both the reference (unperturbed) LSD and MSU

cases are reported. The solid black lines mark the boundaries of the region in which modal
damping is performed. Adapted from [MY23]. . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5.2 Schematic representation of the suppression of modulation for the discretisation used in this
paper. Each box represents a spanwise Fourier mode with its value of nz ; wavenumbers
are reported under the boxes. Note that only low-wavenumber, positive modes are repre-
sented. Large-scale, modulating modes are coloured in black, while small-scale carrier ones
are white. The modes being suppressed, namely the sideband of each carrier, are cancelled
out. Adapted from [MY23]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

5.3 Schematic representation of the averaging procedure used to recover smooth (co-)spectra of
the Reynolds stresses. Adapted from [MY23]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

5.4 Profiles of the mean velocity (a) and fluctuation intensities (b) for the unperturbed MSU
(solid) and LSD (dashed) cases. Green: ⟨u′u′⟩+. Red: ⟨v′v′⟩+. Blue: ⟨w′w′⟩+. The uncertainty
at a 99.7% confidence level quantified as described in Russo and Luchini (2017) is shown for
the MSU case as a shaded area. MSU data by Abe et al. (2018) is marked with +, while ×
indicates LSD data by Lee and Moser (2015). Adapted from [MY23]. . . . . . . . . . . . . . . 88

5.5 All panels refer to reference simulations (without forcing). Premultiplied one-dimensional
spanwise spectra κ+z Φ+

uu of the streamwise velocity fluctuations (a,b). Amplitude modulation
coefficient C∗

AM (c,d); colour levels starting from zero (white) with increments of ±0.3 for the
LSD (panel c) and ±0.5 for the MSU (panel d). Adapted from [MY23]. . . . . . . . . . . . . . 88

5.6 Visualisation of an instantaneous streamwise velocity field on wall-parallel planes for the
reference (unperturbed) MSU simulation. Colour: small-scale activity u+s 2 at y+ = 10. Black
lines: contours of zero-large-scale fluctuations (u+ℓ = 0) at y+ = 100. Regions of positive
large scales are shaded. Adapted from [MY23]. . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.7 One-point statistics for the simulations with suppression of superposition (solid line for
MSU; dashed for LSD). For comparison, the same statistics are reported for the reference
unperturbed cases (+ for MSU; × for LSD). Mean velocity profile (a), Reynolds shear stress
(b), fluctuation intensities (c, d; colours as in figure 5.4). Adapted from [MY23]. . . . . . . . . 90

5.8 Each subplot (a-d) shows reference data from unperturbed simulations (left panel) and data
from simulations where superposition is suppressed (right). Premultiplied spanwise spectra
of the streamwise fluctuation (κ+z Φ+

uu, a) and of the turbulent transport term (κ+z T +
t , b) for the

MSU case; a solid black line marks the border of the scale-space region which is targeted by
the superposition-suppressing forcing. Amplitude modulation coefficient C∗

AM for the LSD
(c) and MSU (d) cases; a black cross marks a possible secondary peak appearing in forced
simulations. Colour levels as in figure 5.4. Adapted from [MY23]. . . . . . . . . . . . . . . . . 91

5.9 Visualisation of an instantaneous streamwise velocity field on wall-parallel planes for the
MSU simulation with suppression of superposition. Colour: small-scale activity u+s 2 at y+ =

10. Black lines: contours of zero-large-scale fluctuations (u+ℓ = 0) at y+ = 100. Regions of
positive large scales are shaded. Adapted from [MY23]. . . . . . . . . . . . . . . . . . . . . . . 92
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5.10 Visualisation of an instantaneous streamwise velocity field on wall-parallel planes for the
reference MSU simulation with λ+z,c = h+ = 1000 (a) and the MSU simulation with suppres-
sion of modulation (b, c). Colour: small-scale activity u+s 2 at y+ = 10. Black lines: contours
of zero-large-scale fluctuations (u+ℓ = 0) at y+ = 100. Regions of positive large scales are
shaded. In panel (b), large scales are plotted only for z/h > 3; on the left, dashed lines are
used to highlight the reduced period of small scales. Panel (c): same as panel (b), but the
large scales are plotted at all available spanwise positions. Adapted from [MY23]. . . . . . . 92

5.11 One-point statistics for the simulations with suppression of modulation (solid line for MSU;
dashed for LSD). For comparison, the same statistics are reported for the reference unper-
turbed cases (+ for MSU; × for LSD). Mean velocity profile (a), Reynolds shear stress (b),
fluctuation intensities (c, d; colours as in figure 5.4). A black vertical line marks the boundary
to the left of which modal damping is active. Adapted from [MY23]. . . . . . . . . . . . . . . 94

5.12 C∗
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which colour levels are (−0.5; 0; 0.18; 0.25). Adapted from [MY23]. . . . . . . . . . . . . . . . 95
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6.3 Dispersive velocity field at the initial steady state (t = 0) divided in its streamwise ũ+ (color)
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by multiplying equation 6.8 by ũ. All data at Reτ = 500, steady state. Top row shows data for
Λs/h = 2; (a) premultiplied production y+Σ+

P , (b) viscous term y+V+, (c) contribution y+T +
uv

of the ⟨u′v′⟩ Reynolds stress and (d) contribution y+T +
uw of the ⟨u′w′⟩ stress. Bottom row

(e-h): same as (a-d) but for Λs/h = 6. Please be aware of the different scale of the horizontal
axis. Adapted from [MY24b]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

6.5 Premultiplied one-dimensional energy spectra of the streamwise (a, d, κ+z Φ
+
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A DNS simulation of the flow around a car: an order-of-
magnitude estimate of the costs

Consider a car travelling down a road. The relative speed of the car with respect to the wind is U∞ and
the kinematic viscosity of the air νair; it is assumed that sidewinds are absent. The width of the car and
its length are indicated by W and L respectively. Realistic values for all of the above parameters are
given in table A.1; these values will be used to carry out an order-of-magnitude estimate of the cost of
simulating the air flow around the car through a direct numerical simulation (DNS).

Quantity Value for cost estimate

U∞ 20 m/s (≈ 72 km/h)

L 4.5 m

W 1.8 m

νair 1.48 · 10−5 m2/s

Table A.1: Values used for the present cost estimate. The kinematic viscosity νair refers to values seen at a temper-
ature of 15◦C.

The mesh used for simulating the air flow around the car needs to be refined in proximity of the car
itself: this is indeed the region where turbulence is found, and turbulence requires a fine resolution to
be captured. To simplify the discussion, it will be assumed that only this turbulence-affected volume
is simulated. Although this is not possible, most of the grid points of the simulation are found in this
region; that is, this portion of fluid is the one that contributes the most to the computational expenses.

The cost estimate will proceed as follows. First, the volume occupied by the turbulence-affected fluid
region will be estimated. Then, the necessary grid spacing will be determined and used to estimate the
total number of grid points. The grid spacing also determines the size of the time step through the CFL
condition; this informaion will be used to estimate the total number of time steps needed to complete
the simulation. Finally, by extrapolating the cost of the set of simulations performed in §6, an estimate
of the computational cost of performing the DNS of a car will be provided.

A crude estimate of the volume of fluid affected by turbulence is provided as follows. It is assumed
that turbulence is only found in the boundary layer that builds around the car; the boundary layer
is considered to be two-dimensional, as if the car were a flat plate of size W × L. This is a rough
approximation. First off, the three-dimensionality of the car is neglected; most importantly, the car is
a bluff body, meaning that flow separations are more than likely to occur. Furthermore, corner effects
and the existence of a wake will be completely ignored. In reality, then, the volume of fluid affected by
turbulence will be larger than the value estimated here; this will lead to an optimistic estimate of costs.
Let δ be the boundary layer thickness; the value of δ will be approximated by Blausius’ laminar solution,

δ ≈ 5

√
νair x

U∞
, (A.1)
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where x is the streamwise coordinate, x = 0 indicates the front of the car and x = L its back. The
volume VBL of the boundary layer is approximated as follows:

VBL ≈W

∫ L

0

δ dx =
10W

3

√
νairL3

U∞
(A.2)

As for the resolution of the simulation, it is assumed that the grid spacing is equal to δv (the viscous
length scale) in all spatial directions. An estimate of δv is thus required. The value of δv is readily
available if the one of τw is known; the latter can be estimated as follows:

τw = µ
∂ ⟨u⟩
∂x

≈ ρair νair
U∞
δ

(A.3)

By combining equations A.1, A.3 and 1.2, one gets:

δv ≈
√
5 ν

3/4
air x

1/4

U
3/4
∞

(A.4)

As highlighted by the above equations, both the wall shear stress and the viscous length scale change
with streamwise fetch (as they depend on the boundary layer thickness); it is thus necessary to select
a reasonable value for the present estimates. Close to the leading edge of the boundary layer (x = 0),
unphysically large values of the wall shear stress are predicted by the present estimates (as they indeed
diverge); the wall shear stress then reaches lower values with streamwise fetch. The intermediate values
of τw and δv seen at x = L/4 will be used for the present estimates, leading to:

δv ≈ 5.8 · 10−5 m (A.5)

Then, the order of magnitude of the number N of grid points required by the present simulation can
be estimated as:

N ≈ VBL

δ3v
≈ 2.5 · 1011 (A.6)

It is now necessary to estimate how many simulation time steps are needed. DNS data needs to be av-
eraged for a long enough period of time to obtain well-converged statistics. Judging on the simulation
datasets included in this thesis (§3 to §6), averaging data collected over a time window Tavg = 150h/uτ

should be sufficent to do so. An estimate of the timestep ∆t is readily obtained from the CFL condi-
tion (see §2.4.3):

CFL ≈ U∞∆t

δv
≈ 1 (A.7)

Bearing in mind that the order of magnitude of the CFL number has to be O(1) to guarantee numerical
stability, an estimate of ∆t can be found:

∆t ≈ δv
U∞

=
νair
uτU∞

(A.8)

so that the total number Nt of required time steps is:

Nt =
Tavg
∆t

≈ 150
δU∞
νair

≈ 106 (A.9)
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Notice, once again, that the boundary layer thickness has been evaluated at x = L/4.

To produce the simulation campaign presented in §6, it was observed that the computational cost of a
timestep for a simulation with 108 grid points is rougly 0.3CPU h. This cost estimate was obtained by
using Xcompact3d (Laizet and Li, 2011) on the Apollo (HAWK) cluster at HLRS Stuttgart. Assuming
linear scaling (which is a very optimistic assumption), the cost of a timestep for the present simulation
can be extrapolated to be:

comp. cost of a timestep ≈ 750CPU h (A.10)

And thus the cost of simulating the flow around the car is:

comp. cost of the simulation ≈ 750 · 106 CPU h (A.11)

which, assuming the cost of a CPU hour to be 0.03 €, is equivalent to roughly 23 million euros. No-
tice, once again, that the present estimate is only meant to capture the order of magnitude of the costs;
since only a portion of the fluid domain was considered, this estimate is likely optimistic (meaning that
actual costs will be higher).
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