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Notation

| · |q `q-norm of vectors for q ∈ [1,∞]

| · | Euclidean norm | · | = | · |2
‖ · ‖Lp(U) Lp-norm of functions restricted to a set U ⊆ Rd for p ∈ [1,∞]

‖ · ‖Lp Lp-norm ‖ · ‖Lp = ‖ · ‖Lp(Rd)

‖ · ‖∞ supremum norm of functions, i.e. ‖ · ‖∞ = ‖ · ‖L∞
〈·, ·〉 standard vector product, i.e. 〈x, y〉 =

∑d
k=1 xkyk for x, y ∈ Rd and

〈f, g〉 =
∫
fg dx for square integrable functions f, g : Rd → R

xβ defined by xβ :=
∏d
k=1 x

βk
k for x ∈ Rd and a multi-index β ∈ Nd0

|x|β defined by |x|β :=
∏d
k=1 |xk|βk for x ∈ Rd and a multi-index β ∈ Nd0

g(β) mixed partial derivative of a sufficiently differentiable function g : Rd → R
in the direction of a multi-index β ∈ Nd0

dae smallest integer greater or equal to a
bac largest integer less or equal to a
bac< largest integer strictly less than a
a ∨ b maximum of two real numbers a, b
a ∧ b minimum of two real numbers a, b
∝ proportional to
. less or equal up to a multiplicative constant independent of the

parameters involved
& greater or equal up to a multiplicative constant independent of the

parameters involved
d
= equal in distribution
� absolute continuity
span linear span
KL Kullback-Leibler divergence, see (2.5)
δx Dirac measure in x
λλ, λλd Lebesgue measure on R and Rd, respectively
Ac complement of a set A
1A indicator function of a set A, defined by 1A(x) = 1 if x ∈ A and

1A(x) = 0 if x /∈ A
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∇f gradient of a function f
∆f Laplacian of a function f
Fg Fourier transform of g ∈ L1(Rd) defined by Fg(u) =

∫
ei〈u,x〉g(x) dx

Fµ Fourier transform of a measure µ defined by Fµ(u) =
∫

ei〈u,x〉 µ(dx)

supp f support of a function f
A> transpose of a matrix A
tr(A) trace of a matrix A
Ed d× d identity matrix
O, o Landau notation
OP, oP stochastic Landau notation
C∞(Rd) class of functions f : Rd → R which are differentiable arbitrarily often
Csd(U) class of s-Hölder regular functions f : U → R, for an open subset U ⊆ Rd,

with finite Hölder norm
‖f‖Csd(U) :=∑
|β|16bsc< supx∈U |f (β)(x)|+ max|β|1=bsc< supx,y∈U,x6=y

|f (β)(x)−f (β)(y)|
|x−y|s−bsc<

Csd(U,C), Cs(U,C) ball of s-Hölder regular functions f : U → R, for an open subset U ⊆ Rd,
with Hölder norm ‖f‖Cs(U) 6 C

Bα
q,d∗(ξ) Besov-ellipsoid, see (2.11)
H(q,d, t, β, C0) class of hierarchical functions, see (3.16)
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1 Introduction

Essential features in modern data science, especially in machine learning and high-dimensional
statistics, are large sample sizes and large parameter space dimensions. In recent years, the
flexibility and empirical capabilities of complex models have attracted practitioners, but the
training of such models often comes at immense computational costs due to large samples and the
large number of parameters. Moreover, a lot of training methods, while strong in practice, cannot
statistically guarantee their performance in terms of risk bounds. As a consequence, the design
of cutting edge methods is characterized by a tension between numerically feasible and efficient
algorithms, and approaches which also satisfy theoretically justified statistical properties.

This thesis contributes solutions to two quite disjoint problems showcasing the wide spectrum of
fields where nonparametric statistics can provide answers to the challenges presented by mod-
ern applications while also admitting statistical guarantees. First, we consider the classical
nonparametric problem of estimating a regression function based on independent noisy observa-
tions. Second, there are multivariate time-dependent random phenomena which can be modeled
using stochastic processes. Lévy processes serve as a cornerstone for models of such phenomena
whenever jumps are involved, but the calibration of the jump behavior in particular presents an
ambitious nonparametric problem.

A key tool for analyzing the regression problem will be the so-called Gibbs posterior, which allows
for oracle inequalities in rather general settings. As a first step, we construct an estimator for
high-dimensional multi-index models with unknown active dimension. Motivated by the rising
relevance of uncertainty quantification in deep learning, we then turn our attention to stochastic
neural networks, where we can access the Gibbs posterior through Markov chain Monte Carlo
(MCMC) methods. To reduce the computational costs associated with such methods for large
samples, a naive approach of incorporating stochastic (mini-)batches proves futile as the resulting
algorithm yields less accurate estimates. However, it turns out that this drawback can be fixed
with a simple correction term allowing for a fully scalable algorithm. Based on this scalable
method and using our insights from multi-index models, we provide theoretical extensions to
choose the network architecture in a data-driven way and to deal with high-dimensional data.
Regarding the calibration of multivariate Lévy processes, we provide a nonparametric estimator
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1 Introduction

for the jump density which is applicable to fairly general classes of Lévy processes and robust
across sampling frequencies.

Related literature

We first provide an overview of the literature related to this thesis.

Stochastic neural networks

For an introduction to neural networks, see e.g. Goodfellow et al. (2016) and Schmidhuber
(2015). While early theoretical foundations for neural nets are summarized by Anthony &
Bartlett (1999), the excellent approximation properties of deep neural nets, especially with the
ReLU activation function, have been discovered in recent years, see e.g. Yarotsky (2017) and the
review paper DeVore et al. (2021). In addition to these approximation properties, an explanation
of the empirical capabilities of neural networks has recently been given by Schmidt-Hieber (2020)
as well as Bauer & Kohler (2019): While classical regression methods suffer from the curse of
dimensionality, deep neural network estimators can profit from a hierarchical structure of the
regression function and a possibly much smaller intrinsic dimension.

In addition to theoretical guarantees, uncertainty quantification is an important and challenging
problem for neural networks. A widely used gateway to uncertainty quantification is the Bayesian
approach. It led to the introduction of stochastic neural networks, where a distribution over
the network weights is learned, see Graves (2011) and Blundell et al. (2015) and numerous
subsequent articles. These Bayes-type methods present two main challenges: the derivation of
statistical guarantees and the development of algorithms to sample from the posterior.

Theoretical guarantees through PAC-Bayes bounds

Bayesian methods enjoy high popularity for quantifying uncertainties in complex models. The
general approach is to impose a prior distribution on the parameter class and use the Bayes
formula to compute the posterior distribution of the parameters given the data. Since this com-
putation requires the unknown distribution of the data given the parameters, restrictive model
assumptions are needed. To circumvent this, the probably approximately correct (PAC-)Bayes
approach replaces the posterior distribution with an approximation, the Gibbs posterior. An es-
timator drawn from the Gibbs posterior can then be analyzed from a frequentist perspective. In
particular, the literature aims for PAC-Bayes bounds, see the review papers by Guedj (2019) and
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Alquier (2021). Such bounds are divided into empirical PAC-Bayes bounds, see e.g. McAllester
(1999a,b), and oracle PAC-Bayes bounds, see e.g. Catoni (2004, 2007). Both types of bounds
control the error of an estimator based on the Gibbs posterior with a high probability and can
be derived in quite general settings. Empirical PAC-Bayes bounds are in terms of the empirical
risk, whereas oracle PAC-Bayes bounds are in terms of the oracle, that is, the theoretical risk
minimizer over a class of parameters.

In a regression setting, PAC-Bayes bounds have been studied for instance by Audibert (2004,
2009); Audibert & Catoni (2011) and the references therein. In a high-dimensional regression,
sparsity can be used to reduce the effective dimension of the model. In the context of oracle
PAC-Bayes bounds this has been done through additive models by Guedj & Alquier (2013), as
well as through single-index models by Alquier & Biau (2013). Similar ideas have been used by
Castillo et al. (2015) in a Bayesian sparse linear regression. Empirical PAC-Bayes bounds are
investigated intensively for (deep) neural nets, see Dziugaite & Roy (2017); Pérez-Ortiz et al.
(2021) and further references in Alquier (2021, Section 3.3).

The analysis of the Bayesian procedure from a frequentist point of view embeds into the non-
parametric Bayesian inference, see Ghosal & van der Vaart (2017). Coverage of credible sets has
been studied, for instance, by Szabó et al. (2015) and Rousseau & Szabó (2020) and based on
the Bernstein-von Mises theorem by Castillo & Nickl (2014) among others.

While contraction rates for Bayesian neural networks have been studied by Polson & Ročková
(2018) and Chérief-Abdellatif (2020), the theoretical properties of credible sets are not well
understood so far. Franssen & Szabó (2022) have studied an empirical Bayesian approach,
where only the last layer of the network is Bayesian while the remainder of the network remains
fixed.

Sampling via MCMC methods

In order to apply Bayesian estimators in practice, we need to sample from the posterior distribu-
tion. The classical approach are MCMC methods. For large parameter spaces, gradient-based
Monte Carlo methods are particularly useful, with e.g. Langevin dynamics serving as a proto-
typical example. Advanced methods such as Metropolis adjusted Langevin (MALA), see e.g.
Besag (1994); Roberts & Tweedie (1996a), and Hamiltonian Monte Carlo, see e.g. Duane et al.
(1987); Neal (2011), equip the Markov chain with a Metropolis-Hastings (MH) step to accept
or reject the proposed next state of the chain. From the practical point of view, the MH step
improves robustness with respect to the choice of the tuning parameters and, in theory MH
speeds up the convergence of the Markov chain.
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1 Introduction

If the sample size is large, the computational cost of gradient-based MCMC methods can be
reduced by replacing the gradient of the full loss over all observations by a stochastic gradient.
This is a standard approach in empirical risk minimization and has been applied successfully to
Langevin dynamics as well, see Alexos et al. (2022); Li et al. (2016); Patterson & Teh (2013);
Welling & Teh (2011). In this case, the MH steps remain as a computational bottleneck: Since
the target distribution depends on the full data set, we have to compute the loss on the full
sample to calculate the acceptance probabilities. Among the approaches to circumvent this
problem, see Bardenet et al. (2017) for a review, a stochastic MH step is presumably the most
natural one. There, the full loss in the acceptance probability is replaced by a (mini-)batch
approximation which reduces the computational cost considerably, see Wu et al. (2022).

Tailoring Markov chains to the needs of current neural network applications is a field of ongoing
investigation. Different efforts were made to improve efficiency by mixing, that is transitioning
between modes of the posterior landscape. Zhang et al. (2020) employ a scheduled step-size
to help the algorithm move between different modes of the posterior, while contour stochastic
gradient MCMC, see Deng et al. (2020b, 2022), use a piece-wise continuous function to flatten
the posterior landscape which is itself determined through MCMC sampling or from parallel
chains. Parallel chains of different temperature are employed by Deng et al. (2020a) at the
cost of memory space during computation. Only limited research on scaling MCMC for large
data has been done. Most recently, Cobb & Jalaian (2021) introduced a splitting scheme for
Hamiltonian Monte Carlo maintaining the full Hamiltonian.

In view of possibly better scaling properties, variational Bayes methods have been studied in-
tensively in recent years. Variational Bayes methods also do not sample from the posterior
distribution itself, but approximate the posterior within a parametric distribution class which
can be easily sampled from, see Blei et al. (2017) for a review. The theoretical understanding of
variational Bayes methods is a current research topic, see Zhang & Zhou (2020); Zhang & Gao
(2020); Ray & Szabó (2022), and references therein.

Statistics for Lévy processes

Lévy processes are a staple to model continuous-time phenomena involving jumps, for instance in
physics and finance, see Woyczyński (2001) and Cont & Tankov (2004), respectively. Naturally,
many of these applications call for multivariate processes which significantly complicates the
estimation problem compared to the one-dimensional case. Matters worsen as practitioners
often only have time-discrete data at their disposal which obstructs the identification of the
jumps and hence the calibration of such models. Statistical results in this setting are typically
limited to the one-dimensional case or omit the estimation of the jump distribution, despite the
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practical relevance.

On a theoretical level, the distribution of the Lévy process is uniquely determined by its char-
acteristic triplet, that is, the volatility matrix, the drift and the Lévy measure. The former
two characterize the Gaussian component of the process, while the latter characterizes the jump
distribution. From a statistical point of view, the estimation of the Lévy measure is most
challenging as we are faced with a nonparametric problem.

The literature commonly distinguishes between the following two observation regimes for a Lévy
process observed at equidistant time points 0 < δ, 2δ, . . . , nδ =: T : Under the low-frequency
regime, δ is fixed as n→∞, whereas δ ↘ 0 under the high-frequency regime. Fig. 1.1 illustrates
the estimation problem.

Motivated by the clearer separation between the jumps themselves and the Gaussian component
as δ ↘ 0 under the high-frequency regime, threshold-based estimators have been applied ex-
tensively. Beyond the overview given by Aït-Sahalia & Jacod (2012), Duval & Mariucci (2021)
apply such an approach to the estimation of the Lévy measure, Gegler & Stadtmüller (2010)
study the estimation of the entire Lévy triplet, and Mies (2020) estimates the Blumenthal-Getoor
index. An alternative approach under the high-frequency regime is the use of sieve estimators,
see e.g. Figueroa-López (2011). However, these references are restricted to the one-dimensional
case and multidimensional extensions seem intricate due to the multitude of directions in which
the process can jump. A notable exception is the work by Bücher & Vetter (2013), who estimate
the tail-integrals of a multivariate Lévy process.

Under the low-frequency regime, we cannot identify the intermittent jumps even in the absence
of a Gaussian component resulting in an ill-posed inverse problem, see Neumann & Reiß (2009).
A popular way out is the spectral method, see Belomestny & Reiß (2015), which leverages the
relationship of the Lévy triplet with the characteristic function of the process at any time point.
Turning the observations of the process into increments, this characteristic function is estimated
and then used to draw inference on parts of the Lévy triplet. The method was first considered by
Belomestny & Reiß (2006) in the context of exponential Lévy models and has since been applied
extensively, see Belomestny (2010), Gugushvili (2012), Nickl & Reiß (2012), Reiß (2013), Trabs
(2015).

The estimation of the volatility matrix itself has previously been studied by Papagiannouli (2020,
high-frequency) and Belomestny & Trabs (2018, low-frequency). A related issue is the estimation
of the covariance matrix in deconvolution problems, see Belomestny et al. (2019).

An effect emerging for multivariate processes is the possibility of different dependence structures
between the components which can be in disagreement with the existence of a Lévy density in
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1 Introduction

the form of a Lebesgue density on the whole state space. Nonparametric statistical results in
such settings are even rarer. Belomestny (2011) estimates the Lévy density for a time changed
Lévy process with independent components. An alternative approach is to characterize the
dependence structure with Lévy copulas, see Cont & Tankov (2004) for an introduction and
the aforementioned Bücher & Vetter (2013) for the estimation of the Lévy copula under a high-
frequency regime.

Additionally, there is an active field of research on Bayesian inference for stochastic processes in
general and Lévy processes in particular, see Belomestny et al. (2022) for an overview.

t

x1

x2

δ

δ/2

Figure 1.1: Illustration of a trajectory of a two-dimensional pure jump Lévy process (in orange).
The jumps are indicated by the dashed gray lines, but we only observe the black
dots. For a narrower time grid, i.e., with δ/2, fewer jumps are missed as we now
additionally observe the green dots.

Own contributions

In the following, the main contributions of this thesis are outlined in the context of the related
literature. A central model under investigation in this thesis is the nonparametric regression
model

Y = f(X) + ε

with a random pair (X, Y ) ∈ Rp × R, an observation error ε satisfying E[ε | X] = 0 almost
surely (a.s.) and an unknown regression function f : Rp → R. The aim is to estimate the
regression function based on a training sample Dn := (Xi, Yi)i=1,...,n given by n i.i.d. copies of
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(X, Y ). To model time-dependent random phenomena, we consider Lévy processes. The aim is
to estimate the multivariate Lévy density ν of a Lévy process L = (Lt)t>0 based on observations
Lδ, L2δ, . . . , Lnδ on a time grid with time difference δ > 0.

High-dimensional multi-index models with unknown active dimension

A popular approach to reduce the effective dimension of nonparametric regression models is to
impose a multi-index structure on the regression function (Li, 1991). While we do not assume
that the observations exactly follow a multi-index model, our method builds upon an approxi-
mation of the regression function of the form

f(x) ≈ g∗(W ∗x), x ∈ Rp, (1.1)

for some active dimension d∗ substantially smaller than p, a sparse dimension reduction matrix
W ∗ ∈ Rd∗×p, and a (measurable) link function g∗ : Rd∗ → R. Following the aforementioned Li
(1991), the estimation of the space spanned by the rows of W ∗ has been studied extensively
in the literature, see e.g. Hristache et al. (2001), Xia (2007), and Dalalyan et al. (2008), but
under the assumption of a known active dimension d∗. While some research has been done on
the estimation of d∗ itself, see Xia et al. (2002) and Zhu et al. (2006), the estimation of the
overall model has relied on estimating W ∗ and g∗ separately to then analyze the propagation
error, see Klock et al. (2021). If the dimension p is large, the estimation problem suffers from
the well-known curse of dimensionality. This is of particular importance in numerous recent
applications where p may exceed the sample size n. The existing analysis of high-dimensional
multi-index models in this setting is rather limited. A notable exception is Yang et al. (2017)
who recover the dimension reduction matrix under the assumption that the distribution of the
covariates is known.

As our first application of the estimation approach via the Gibbs posterior and to demonstrate
its potential, we consider multi-index models. Such an estimator has been applied successfully
to the single-index model (i.e. d∗ = 1) without miss-specification by Alquier & Biau (2013). We
generalize the estimation method for single-index models to the more flexible class of multi-index
models. In particular, we aim for a method which adapts to the unknown active dimension d∗,
the sparsity of W ∗ and the regularity of g∗ to achieve a good approximation of the form (1.1)
based on the given data.

Our method allows for a fully data driven complete calibration of the high-dimensional multi-
index model with unknown active dimension. The estimator achieves the minimax-optimal rate
of convergence (up to a logarithmic factor) for such estimation problems and no additional price
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1 Introduction

is paid for the unknown active dimension.

Statistical guarantees for stochastic Metropolis-Hastings

Approaching the same nonparametric regression with neural networks introduces a new focus on
algorithmic aspects. We demonstrate that an MCMC based method with a stochastic MH step is
computationally feasible for large samples and we can prove an optimal bound for the prediction
risk as well as uncertainty statements for the underlying posterior distribution. Fig. 1.2 illustrates
the quantification of uncertainty with stochastic neural networks.

Figure 1.2: Illustration of uncertainty quantification in nonparametric regression via stochastic
neural networks. Noisy data (black dots) of true regression function is only available
in the intervals [−0.8,−0.2] and [0.2, 0.8]. The thin green lines show samples drawn
from the surrogate posterior of our corrected stochastic MALA (csMALA) method,
which incorporates a corrected stochastic MH step. The dashed green line shows the
corresponding posterior mean. Note how the spread of the green lines increases in
the areas where no data is available resulting in higher uncertainty.

Bardenet et al. (2017, Section 6.1) have argued heuristically that the naive stochastic MH step
reduces the effective sample size, which determines, for instance, contraction rates of the poste-
rior distribution, to the size of the batch. To rigorously understand the statistical consequences
of a stochastic MH step, we apply the pseudo-marginal MH perspective by Andrieu & Roberts
(2009) and Maclaurin & Adams (2014). It turns out that a Markov chain with a stochastic MH
step does not converge to the original target posterior distribution, but a different distribution,
which we call surrogate posterior and whose statistical performance is indeed determined by
the batch size only. However, we show that there is a simple correction term in the risk such
that the resulting stochastic MH chain converges to a surrogate posterior which achieves the full
statistical power in terms of optimal contraction rates.

We investigate the distance of the surrogate posteriors associated with the stochastic MH algo-
rithm and the corrected stochastic MH algorithm to the original posterior distribution in terms
of the Kullback-Leibler divergence. While these approximation results could be used to analyze
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the surrogate posteriors based on properties of the original posterior as done for variational
Bayes methods, see Ray & Szabó (2022), we instead investigate the surrogate posteriors directly
which allows for sharp results.

We prove PAC-Bayes oracle inequalities for the surrogate posteriors of the stochastic MH method
and its corrected modification in the context of deep neural networks. Based on that, we can
conclude contraction rates as well as rates of convergence for the surrogate posterior mean.
Applied to Hölder regular hierarchical regression functions, the contraction rate of the corrected
stochastic MH procedure coincides with the minimax-optimal rate by Schmidt-Hieber (2020)
(up to a logarithmic factor). The network estimator achieves this upper bound without prior
knowledge of the hierarchical structure and the regularity of the regression function. While the
aforementioned paper has analyzed sparse deep neural networks with ReLU activation function,
similar results for fully connected networks are given by Kohler & Langer (2021), and we exploit
their main approximation theorem. Moreover, we investigate size and coverage of credible balls
from the surrogate posterior.

A simulation study demonstrates the merit of the correction term for sampling from a 10401

dimensional parameter space for a low-dimensional regression task. The samples from the surro-
gate posterior of our corrected stochastic MH algorithm, as well as their mean, show a significant
improvement in terms of the empirical prediction risk and the size of credible balls over those
taken from the surrogate posterior of the naive stochastic MH algorithm. The correction term
cancels the bias on the size of accepted batches introduced by the stochastic setting. The Python
code of the implementation is available, see Bieringer et al. (2023).

Stochastic neural networks with mixing priors

An advantage of estimators based on the Gibbs posterior is that modifications to the prior can
allow the estimator to adapt to various structural properties of the model as we have seen in
our analysis of multi-index model as well as in the literature, see the aforementioned Alquier &
Biau (2013); Guedj & Alquier (2013). We apply this approach to the stochastic MH leading to
the following two contributions.

The first concerns the choice of the network architecture. We demonstrate that a mixing prior
over network architectures of varying size allows the stochastic MH to choose the optimal archi-
tecture in a fully data driven way. We suffer no additional loss in the rate of convergence. In
particular, we still achieve the minimax-optimal rate of convergence (up to a logarithmic factor)
over the class of hierarchical functions.

9



1 Introduction

The second extension leads to an algorithm which can handle high-dimensional data by incor-
porating sparsity. The training of sparse neural networks with a Bayesian approach to estimate
a Hölder regular regression function has been studied by the aforementioned Polson & Ročková
(2018). We prove a PAC-Bayes oracle inequality which does not depend on the total number of
weights of the neural network, but only the number of nonzero weights. This allows us to employ
the approximation properties of sparse neural networks demonstrated by Schmidt-Hieber (2020).
Again, we attain the minimax-optimal rate of convergence (up to a logarithmic factor). As an
immediate consequence, this stochastic neural network offers an alternative to our approach for
estimating high-dimensional multi-index models, which solidifies the connection between these
models, hierarchical functions, and neural networks.

Estimating a multivariate Lévy density

As a contribution to statistics for Lévy processes, we provide an estimator for the multivariate
Lévy density based on discrete observations of the Lévy process. More specifically, we adapt the
spectral method to the multivariate setting by constructing a nonparametric estimator for the
Lévy density ν, assuming that it exists. Our estimator requires no knowledge of the volatility and
drift parameters and works uniformly over fully nonparametric classes of Lévy processes under
mild assumptions. In particular, Lévy processes with infinite jump activity are allowed. The
uniform rates we achieve naturally extend those from the one-dimensional case and optimality
in our setting is discussed. Our estimation method is robust across sampling frequencies.

When estimating the Lévy density close to the origin, we enhance our method with an estima-
tor for the volatility. However, even the proved minimax-optimal rates of convergence in the
literature are too slow as to not affect our overall rates under the low-frequency regime. It is
sufficient to estimate the trace of the volatility matrix and we show that this can be done with a
much faster rate. With this enhancement, there is no additional loss for the unknown volatility
in the rate for the estimation of the Lévy density.

Regarding the various possible dependence structures of multivariate Lévy processes, we propose
a quantification of the estimation error when integrating against regular test functions without
modifications to our method.

A key contribution in our proofs is to develop a generalization of a uniform risk bound for the
empirical characteristic function to the multivariate case. We illustrate our estimation method
with three simulation examples.

Additionally, we provide an outlook on how the spectral method could be extended to the es-
timation of the jump density of a high-dimensional Lévy process by incorporating our results
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regarding nonparametric regression. For instance, Xu & Darve (2020) have proposed an estima-
tion scheme based on neural networks in the one-dimensional case. While their empirical results
look promising, they do not provide a theoretical analysis of their method.

Organization of the thesis

The dissertation is structured as follows: In Chapter 2, we introduce a general approach for
deriving PAC-Bayes oracle inequalities in nonparametric regression models and apply the ap-
proach to high-dimensional multi-index models. Building on this methodology, in Chapter 3,
we first focus on algorithmic aspects which provide computationally feasible access to the Gibbs
posterior. Then, we apply these algorithmic concepts to the training of neural networks leading
to statistical guarantees in the form of oracle inequalities and credible sets. Extensions of the
algorithm are constructed in Chapter 4. There, we incorporate mixing priors to choose the
network architecture in a data driven way and handle high-dimensional data. In Chapter 5, we
focus on the second main problem of estimating the multivariate Lévy density based on discrete
observations of a Lévy process. For readability, the proofs have been postponed to the end
of their respective chapter. In Chapter 6, we provide an outlook on how our results could be
combined to construct a nonparametric estimator for the Lévy density of a high-dimensional
Lévy process.

11



1 Introduction

12



2 A PAC-Bayes oracle inequality for
high-dimensional multi-index models

In this chapter, we outline a general approach for deriving PAC-Bayes oracle inequalities using
high-dimensional multi-index models as a guiding example. First, we introduce the estimation
principle along with some notation. The strategy for deriving general PAC-Bayes oracle in-
equalities is presented in Section 2.1. In Section 2.2, we demonstrate how this strategy can be
applied to high-dimensional multi-index models with unknown active dimension. In particular,
this will allow us to circumvent the curse of dimensionality in a high-dimensional regression
setting.

The general approach is well established in the literature, see the review paper Alquier (2021),
and is introduced in the following for a self-contained presentation.

The aim is to estimate a regression function f : Rp → R, p ∈ N based on a training sam-
ple Dn := (Xi, Yi)i=1,...,n ⊂ Rp × R given by n ∈ N i.i.d. copies of generic random variables
(X, Y ) ∈ Rp × R on some probability space (Ω,A,P) with

Y = f(X) + ε (2.1)

and observation noise ε satisfying E[ε | X] = 0 almost surely (a.s.). Equivalently,
f(X) = E[Y | X] a.s. For any estimator f̂ , the prediction risk and its empirical counterpart
are given by

R(f̂) := E(X,Y )

[(
Y − f̂(X)

)2] and Rn(f̂) =
1

n

n∑
i=1

(
Yi − f̂(Xi)

)2
,

respectively, where E denotes the expectation under P and EZ is the expectation only with
respect to a random variable Z. The accuracy of the estimation procedure will be quantified in
terms of the excess risk

E(f̂) := R(f̂)−R(f) = EX

[(
f̂(X)− f(X)

)2]
= ‖f̂ − f‖2L2(PX),
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2 A PAC-Bayes oracle inequality for high-dimensional multi-index models

where PX denotes the distribution of X.

We consider a parametric class of potential estimators F = {fϑ : ϑ ∈ Θ} for some parameter
space Θ with a potentially large parameter dimension P ∈ N. For fϑ ∈ F we abbreviate
R(ϑ) = R(fϑ) and

Rn(ϑ) = Rn(fϑ) =
1

n

n∑
i=1

`i(ϑ) with `i(ϑ) =
(
Yi − fϑ(Xi)

)2
.

Fixing a prior probability measure Π on Θ, the corresponding Gibbs posterior Πλ(· | Dn) is
defined as the solution to the minimization problem

inf
ν

(∫
Rn(ϑ) ν(dϑ) +

1

λ
KL(ν | Π)

)
,

where the infimum is taken over all probability distributions ν on Θ. Hence, Πλ(· | Dn) will
concentrate at parameters ϑ with a small empirical risk Rn(ϑ), but it takes into account a
regularization term determined by the Kullback-Leibler divergence (denoted by KL, see (2.5)
for a definition) to the prior distribution Π and weighted via the inverse temperature parameter
λ > 0. This optimization problem has a unique solution given by

Πλ(dϑ | Dn) ∝ exp
(
− λRn(ϑ)

)
Π(dϑ), (2.2)

see Lemma 2.1 below. While (2.2) coincides with the classical Bayesian posterior distribution if
Yi = fϑ(Xi) + εi with i.i.d. εi ∼ N (0, n/(2λ)), the so-called tempered likelihood exp(−λRn(ϑ)),
see e.g. Guedj (2019), serves as a proxy for the unknown distribution of the observations given
ϑ. As we will see, the method is indeed applicable under quite general assumptions on the
regression model.

Based on the Gibbs posterior distribution the regression function can be estimated via a random
draw from the posterior

f̂λ := f
ϑ̂λ

for ϑ̂λ | Dn ∼ Πλ(· | Dn), (2.3)

or via the posterior mean

f̄λ := E
[
f
ϑ̂λ

∣∣Dn] =

∫
fϑ Πλ(dϑ | Dn). (2.4)

Another popular approach is to use the maximum a posteriori (MAP) estimator, but we focus
on the previous two estimators.
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2.1 A general PAC-Bayes bound

As a benchmark for our estimators, we define the oracle choice for ϑ as

ϑ∗ ∈ arg min
ϑ∈Θ

R(ϑ) = arg min
ϑ∈Θ

E(ϑ),

assuming that the minimization problem admits a solution, which will be the case in all settings
that we consider. The minimization problem may have multiple solutions, in which case we
simply choose one of them. This causes no issues as we are only interested in the corresponding
risk R(ϑ∗) = R(fϑ∗). The oracle ϑ∗ is not available to the practitioner, as it depends on the
unknown distribution of (X, Y ), but we will show that the performance of our estimators is
almost as good as that of the oracle.

2.1 A general PAC-Bayes bound

Let µ, ν be probability measures on a measurable space (E,A ). The Kullback-Leibler divergence
of µ with respect to ν is defined via

KL(µ | ν) :=


∫

log
(dµ

dν

)
dµ, if µ� ν,

∞, otherwise.
(2.5)

The following classical lemma is a key ingredient for PAC-Bayes bounds, cf. Catoni (2004, p.
159) or Alquier (2021). We include the short proof for the sake of completeness.

Lemma 2.1. Let h : E → R be a measurable function such that
∫

exp ◦hdµ < ∞. With the
convention ∞−∞ = −∞ it then holds that

log
(∫

eh dµ
)

= − inf
ν�µ

(
KL(ν | µ)−

∫
hdν

)
, (2.6)

where the infimum is taken over all probability measures ν � µ on (E,A ). If additionally, h is
bounded from above on the support of µ, then the infimum in (2.6) is attained for ν = % with the
Gibbs distribution %, i.e. d%

dµ :∝ eh.

Proof. For D :=
∫

eh dµ, we have d% = D−1ehdµ and obtain for all ν � µ:

0 6 KL(ν | %) =

∫
log
(

dν
d%

)
dν =

∫
log
(

dν
ehdµ/D

)
dν

= KL(ν | µ)−
∫
hdν + log

(∫
eh dµ

)
.
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2 A PAC-Bayes oracle inequality for high-dimensional multi-index models

With this lemma at hand, we can derive a general PAC-Bayes bound. The basic proof strategy
is standard in the PAC-Bayes literature, see e.g. Alquier & Biau (2013). However, the variant we
present here allows for a more transparent view of an underlying concentration-type condition,
instead of direct assumptions on the regression model.

Proposition 2.2 (PAC-Bayes bound). Set En(ϑ) := Rn(ϑ)−Rn(f). Assume that

max
{
E
[

exp
(
λ
(
E(ϑ)− En(ϑ)

))]
,E
[

exp
(
λ
(
En(ϑ)− E(ϑ)

))]}
6 exp

(
Cn,λλE(ϑ)

)
(2.7)

for some λ > 0 and a constant Cn,λ ∈ (0, 1/2]. Then, we have for any Dn-dependent (in a
measurable way) probability measure %� Π that

E(ϑ̂λ) 6 3

∫
E d%+

4

λ

(
KL(% | Π) + log(2/δ)

)
with probability of at least 1− δ.

Remark 2.3. Here and in the following, the 1−δ probability in takes into account the randomness
of the data and of the estimate. For smaller Cn,λ, the 3 in front of the integrated excess risk can
be improved to 1 + τ for any τ > 0 at the cost of a larger multiplicative constant in front of the
remaining terms.

The proof uses neither the independence of the data Dn, nor the explicit form of the risk R and
the empirical risk Rn. In particular, the same result holds for a sample with dependent data
points and generic R and Rn, where Rn is bounded from below. Therefore, Proposition 2.2 can
be used as a general tool for proving PAC-Bayes oracle inequalities by verifying (2.7) and then
choosing % to balance

∫
E d% and KL(% | Π). The trade-off here is that the integrated excess

risk is small if % has most of its mass around the oracle ϑ∗, whereas the Kullback-Leibler term
is small if ρ is similar to the prior Π.

To verify the concentration inequality (2.7), we need some assumption on the dependence struc-
ture of the data Dn. In particular, it holds in our setting of an i.i.d. sample under rather mild
conditions on the model and the parameter class:

Assumption 2.A.

(a) Bounded regression function: For some constant C > 1, we have ‖f‖∞ 6 C.

(b) Bounded estimators: For some constant C̃ > 1, we have ‖fϑ‖∞ 6 C̃ for all ϑ ∈ Θ.

(c) Conditional sub-Gaussianity of observation noise: There are constants σ,Γ > 0

16



2.2 Application to high-dimensional multi-index models

such that
E[|ε|k | X] 6

k!

2
σ2Γk−2 a.s., ∀k > 2.

Lemma 2.4. Grant Assumption 2.A and set V := 8(C + C̃)(Γ ∨ (C + C̃)) and Cn,λ :=
λ
n

2((C+C̃)2+4σ2)
1−V λ/n . Then, we have for all λ ∈ [0, n/V ) that

max
{
E
[

exp
(
λ
(
E(ϑ)− En(ϑ)

))]
,E
[

exp
(
λ
(
En(ϑ)− E(ϑ)

))]}
6 exp

(
Cn,λλE(ϑ)

)
.

2.2 Application to high-dimensional multi-index models

In this section, we demonstrate how the methodology related to Proposition 2.2 can be applied
to high-dimensional multi-index models. In particular, we extend the analysis for single-index
models by Alquier & Biau (2013). The results in this section are based on Steffen (2023b).

While we do not assume that the observations exactly follow a multi-index model, our method
builds upon an approximation of the regression function of the form

f(x) ≈ g∗(W ∗x), ∀x ∈ Rp,

for some active dimension d∗ substantially smaller than p, a sparse dimension reduction ma-
trix W ∗ ∈ Rd∗×p and a (measurable) link function g∗ : Rd∗ → R. As a standard assump-
tion in the theory of multi-index models, we suppose that the dimension reduction matrix is
(semi-)orthogonal, i.e., W ∗(W ∗)> = Ed∗ is the identity matrix, see Xia (2008, Proposition 1.1).
Indeed, this allows for the interpretation of W ∗X as a rotation of the covariates, projected onto
the first d∗ coordinates followed by another rotation.

With a prior Π for the parameters (W, g), the Π-density of Gibbs posterior distribution Πλ(· | Dn)

in the multi-index setting reads as (up to normalization)

dΠλ(W, g | Dn)

dΠ
∝ exp

(
− λRn(W, g)

)
with a tuning parameter λ > 0 and empirical prediction risk

Rn(W ∗, g∗) =
1

n

n∑
i=1

(
Yi − g∗(W ∗Xi)

)2
.

For clarity in this first application, we focus on the estimator obtained from drawing

f̂λ = ĝλ(Ŵλ·) with (Ŵλ, ĝλ) | Dn ∼ Πλ(· | Dn). (2.8)
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2 A PAC-Bayes oracle inequality for high-dimensional multi-index models

In Chapter 3, we will demonstrate that the extension of our results to the posterior mean (2.4)
is feasible.

We will choose a sieve prior that prefers models with a low active dimension, sparse dimension
reduction matrices and regular link functions. Let Π be supported on

⋃p
d=1 Sd × Gd for some

classes Sd and Gd for W and g, respectively. For Sd we will study a class of sparse matrices
while Gd will be given by finite wavelet approximations. The prior is uniform for a given sparsity
and a wavelet projection level. The posterior weights each tuple of parameters (W, g) based on
its empirical performance (with respect to the empirical loss function) on the data, where the
tuning parameter λ determines the impact of Rn(W, g) in comparison to the prior beliefs.

We will prove an oracle inequality verifying our estimator is not worse than the optimal choices
for W ∈ Sd and g ∈ Gd for any d. In particular, the overall quality of the method depends on
the approximation properties of the spaces Sd and Gd.

2.2.1 Construction of the prior

To construct the prior, we will introduce for any dimension d = 1, . . . , p classes Sd and Gd
together with priors µd and νd for the dimension reduction matrix W and the link function g,
respectively. Based on that we can then define the prior Π on

⋃p
d=1 Sd × Gd.

We start with a fixed active dimension d ∈ {1, . . . , p}. While it is common in the literature to
assume that the dimension reduction matrix W ∗ is (semi-)orthogonal, we will not impose this
restriction for the estimation method. Instead, we only require that the candidate matrices have
`2-standardized rows, i.e. forW = (w1, . . . , wd)

> ∈ Rd×p with row vectors wi = (wi,1, . . . , wi,p) ∈
Rp we impose |wi| = 1. To encode sparsity, let

Id :=
{
I
∣∣ ∅ 6= I := I1 × · · · × Id, I1, . . . , Id ⊆ {1, . . . , p}

}
contain all potential sets of active coordinates, that is Ii describes the active coordinates in the
i-th argument of the link function. For I = I1 × · · · × Id ∈ Id the number of active coordinates
is ‖I‖ :=

∑d
i=1 |Ii|, where |Ii| denotes the cardinality of Ii. Note that ∅ 6= I = I1 × · · · × Id

already implies I1, . . . , Id 6= ∅. The parameter set Sd(I) of sparse dimension reduction matrices
is given by

Sd(I) :=
{
W = (w1, . . . , wd)

> ∈ Rd×p | wi ∈ S(Ii), i = 1, . . . , d
}
, where

S(Ii) :=
{
wi = (wi,1, . . . , wi,p) ∈ Rp | |wi| = 1,∀j /∈ Ii : wi,j = 0

}
.
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2.2 Application to high-dimensional multi-index models

Finally, we define Sd =
⋃
I∈Id Sd(I). Note that Sd(I) ⊇ S̃d(I) for

S̃d(I) := {W = (w1, . . . , wd)
> ∈ Rd×p | |w1| = · · · = |wd| = 1, wi,j 6= 0 iff j ∈ Ii, j = 1, . . . , p}.

In S̃d(I) the index set I exactly describes the sparsity of W . However, we consider the prior on
the compact set Sd(I) to ensure the existence of solutions to minimization problems over Sd(I)

and thus the existence of an oracle dimension reduction matrix.

To construct a prior measure µd on Sd, we use the uniform distribution on the set of dimension
reduction matrices with a given active dimension d and with sparsity i = ‖I‖. These uniform
distributions are then weighted geometrically such that sparse dimension reduction matrices are
preferred by the prior. Denoting the uniform distribution on Sd(I) by µd,I , the prior measure
on Sd is thus given by the mixture

µd :=

dp∑
i=d

2−i+d−1 1

|Id,i|
∑
I∈Id,i

µd,I

/
(1− 2(1−p)d−1) where Id,i := {I ∈ Id | ‖I‖ = i}.

Here and in the following two analogous constructions, the basis 2 of the geometric weights
can be replaced by an arbitrary fixed a > 1. The theoretical results remain unchanged up to
constants.

To define a class Gd and a prior νd for the link function, we will use a multivariate tensor
product wavelet basis on Rd, see e.g. Daubechies (1992); Giné & Nickl (2016). Let ϕ and ψ be
a continuously differentiable scaling and wavelet function on R, respectively, and write ψ0 := ϕ,
ψ1 := ψ. We will use compactly supported regular Daubechies wavelets. For M ∈ N0, N ∈ N
we define the index set

ZdM,N :={l = (0, l2, 0) | l2 ∈ Zd, |l2|∞ 6 N}

∪
{
l = (l1, l2, l3) ∈ N0 × Zd × {0, 1}d | l1 6M, |l2|∞ 6 2l1N, l3 6= 0

}
,

where l1 is the approximation level, l2 is a shift parameter and l3 is due to the tensor structure.
The system (Ψl)l∈Zd∞,∞ with

Ψl(x) := 2l1d/2
d∏
i=1

ψl3,i(2
l1xi − l2,i), x ∈ Rd, l = (l1, l2, l3) ∈ Zd∞,∞,

is an orthonormal basis of L2(Rd). In particular, each g ∈ L2(Rd) admits a wavelet series
representation g =

∑
l∈Zd∞,∞〈g,Ψl〉Ψl. Throughout, we fix a sufficiently large constant N ∈ N
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2 A PAC-Bayes oracle inequality for high-dimensional multi-index models

and abbreviate ZdM := ZdM,N . For ξ > 0 we define the compact wavelet coefficient ball

Bd,M (ξ) :=
{
β ∈ RZ

d
M

∣∣ ‖β‖B 6 ξ}, where

‖β‖B := Ld
∑
l∈ZdM

2l1(d/2+1)|βl|, with L := ‖ψ‖∞ ∨ ‖ϕ‖∞ ∨ ‖ψ′‖∞ ∨ ‖ϕ′‖∞ ∨ 1,

which determines the finite dimensional approximation space

Gd,M (ξ) :=
{
g = Φd,M (β)

∣∣β ∈ Bd,M (ξ)
}

via Φd,M (β) :=
∑
l∈ZdM

βlΨl, β ∈ RZ
d
M .

For any g = Φd,M (β) we write ‖g‖B := ‖β‖B which corresponds to the Besov norm with regularity
1 + d and integrability parameter 1 on span{Ψl : l ∈ ZdM}. In particular, we have for any
g ∈ Gd,M (ξ)

‖g‖∞ 6 ‖g‖B 6 ξ and ‖(∇g)i‖∞ 6 ‖g‖B 6 ξ, ∀i ∈ {1, . . . , d}. (2.9)

For C > 0 we set Gd :=
⋃n
M=0 Gd,M (C + 1).

The prior νd on Gd is defined as a random coefficient prior with uniformly distributed coefficients
on Gd,M (C+1) and geometrically decreasing weights in the approximation levelM . To this end,
let ν̃d,M be the uniform distribution on Bd,M (C + 1) and let νd,M := ν̃d,M (Φ−1

d,M (·)) denote the
push-forward measure of ν̃d,M under Φd,M . Then, we set

νd :=

n∑
M=0

2−Mνd,M

/
(2− 2−n).

We can now define the prior for a fixed active dimension d as the product measure πd := µd⊗νd.
Finally, we mix over all possible active dimensions to account for the fact that d∗ is unknown.
Encoding a preference for simple models, i.e. small active dimensions, via weights 2−d, the final
prior on

⋃p
d=1 Sd × Gd is given by

Π =

p∑
d=1

2−dπd

/
(1− 2−p).

Note that the structure of the prior ensures that drawing from Π will yield a link function and
a dimension reduction matrix with matching active dimension.
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2.2 Application to high-dimensional multi-index models

2.2.2 Oracle inequalities

For an active dimension d ∈ {1, . . . , p}, an active index set I ∈ Id of the dimension reduction
matrix and an approximation level M ∈ {0, . . . , n} of the link function, we define the oracle
choice on Sd(I)× Gd,M (C) as

(W ∗d,I , g
∗
d,M ) := arg min

(W,g)∈Sd(I)×Gd,M (C)
R(W, g). (2.10)

Note that the minimization in g is over Gd,M (C), whereas the prior is defined on Gd,M (C + 1)

which ensures that a small neighborhood of g∗d,M is contained in the support of the prior. A
solution to the minimization problem in (2.10) always exists since we have equivalently

(W ∗d,I , β
∗
d,M ) = arg min

(W,β)∈Sd(I)×Bd,M (C)
E
[(
Y − Φd,M (β)(WX)

)2]
with compact Sd(I)× Bd,M (C) and continuous (W,β) 7→ E

[(
Y − Φd,M (β)(WX)

)2]. Our main
result in this section gives a theoretical guarantee that the estimator (Ŵλ, ĝλ) from (2.8) is
almost as good as the best oracle (W ∗d,I , g

∗
d,M ) for all possible active dimensions in terms of the

excess risk. To this end, we need some mild assumptions on the regression model.

Assumption 2.B.

(a) Bounded regression function: For some constant C > 1 we have ‖f‖∞ 6 C.

(b) Bounded inputs: For some constant K > 1 we have |X|∞ 6 K a.s.

(c) Conditional sub-Gaussianity of observation noise: There are constants σ,Γ > 0

such that
E[|ε|k|X] 6

k!

2
σ2Γk−2 a.s., ∀k > 2.

We obtain the following non-asymptotic oracle inequality. It generalizes Alquier & Biau (2013,
Theorem 2) not only with respect to the multi-index approach with unknown active dimen-
sion, but also with respect to some technical but practically relevant aspects such as the `2-
normalization of W and the wavelet basis.

Theorem 2.5 (PAC-Bayes oracle inequality). Under Assumption 2.B there are constants
Q0, Q1 > 0 depending only on C,Γ, σ > 0 such that for λ = n/Q0 and sufficiently large n
we have for all δ ∈ (0, 1) with a probability of at least 1− δ that

E(Ŵλ, ĝλ) 6 min
d,I,M

(
3E(W ∗d,I , g

∗
d,M ) +

Q1

n

(
‖I‖ log(p ∨ n) + 16dNd2dM log(n) + log(2/δ)

))
,
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2 A PAC-Bayes oracle inequality for high-dimensional multi-index models

where the minimum is taken over all triplets (d, I,M) with d ∈ {1, . . . , p}, I ∈ Id and M ∈
{0, . . . , n}.

Remark 2.6. An explicit admissible choice for λ is λ = n/((2C + 1)(Γ ∨ (2C + 1)) + 4((2C +

1)2 + 4σ2)). The dependence of Q1 on C,Γ, σ is at most quadratic and n > n0 = 5∨ (C+ 1)∨K
is sufficiently large.

The right-hand side of the oracle inequality can be interpreted similarly to the classical bias-
variance decomposition in non-parametric statistics. The first term

E(W ∗d,I , g
∗
d,M ) = E[(g∗d,M (W ∗d,IX)− f(X))2]

quantifies the approximation error while second term is an upper bound for the stochastic
error. In particular, we recover ‖I‖ log(p ∨ n)/n (or ‖I‖ log(p)/n if p > n) as the typical error
term for estimating sparse matrices with sparsity ‖I‖, see van de Geer et al. (2011), while
16dNd2dM log(n)/n is due to the estimation of O

(
16dNd2dM

)
many wavelet coefficients each

with (squared) accuracy log(n)/n paying a logarithmic price for adaptivity.

The minimum over all (d, I,M) in the upper bound shows that the estimator adapts to the active
dimension, the sparsity of the dimension reduction matrix and the regularity of the link function.
One can show the same result in a multi-index model with a known active dimension d∗ by using
πd∗ as a prior instead of Π. The only difference (up to a different constant Q1) in the result is
that the minimum in the upper bound is only taken over all pairs (I,M) ∈ Id∗ × {0, . . . , n}.
Consequently, no additional price is paid for not knowing the true active dimension of the
model.

In the well-specified setting and under assumptions on the distribution of W ∗X as well as a
Besov-type regularity assumption on the link function, we derive explicit convergence rates from
Theorem 2.5.

Assumption 2.C.

(a) Multi-index model: There exist d∗ ∈ {1, . . . , p}, W ∗ ∈ Sd∗ and g∗ : Rd∗ → R such that
f = g∗(W ∗·).

(b) Bounded dimension reduced inputs: For B1 > 1, we have |W ∗X|∞ 6 B1.

(c) Lebesgue density of dimension reduced inputs: W ∗X has a Lebesgue density on Rd∗

bounded by a constant B2 > 1.

For the true dimension reduction matrix W ∗ we write ‖W ∗‖0 := ‖I∗‖ for the minimal (with
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respect to ‖ ·‖) I∗ ∈ Id∗ such that W ∗ ∈ Sd∗(I∗). The regularity of g∗ will be measured in terms
of its Besov norm. We recover Sobolev balls for q = 2, cf. Giné & Nickl (2016, (4.164)).

Definition 2.7. The Besov ellipsoid in Rd∗ with regularity α > 0 and integrability parameter
q ∈ [0,∞) is given by

Bα
q,d∗(ξ) :=

{
g ∈ L2(Rd

∗
)
∣∣∣ ∑
l∈Zd∗∞,∞

2ql1α|〈g,Ψl〉|q 6 ξq
}

(2.11)

for a radius ξ > 0.

Corollary 2.8 (Convergence rate). Let the assumptions of Theorem 2.5 be fulfilled in addition
to Assumption 2.C. Take λ = n/Q0 with Q0 from Theorem 2.5. Suppose that g∗ ∈ Bα

2,d∗(ξ)

with ξ = C(Ld
∗
2Nd∗/216d

∗/2)−1 for some α > 2 + d∗. Then, for sufficiently large n and with a
probability of at least 1− δ, we have

E(Ŵλ, ĝλ) 6 Q2

( log n

n

) 2α
2α+d∗

+Q2

(‖W ∗‖0 log(p ∨ n)

n
+

log(2/δ)

n

)
,

where Q2 is a constant only depending on C,Γ, σ,N,B1, B2 and d∗.

Remark 2.9. IfW ∗ is sparse (i.e. ‖W ∗‖0 is small), then the dominating term in the upper bound
of the excess risk of the PAC-Bayesian estimator is of order

( log n

n

) 2α
2α+d∗

,

which is the usual minimax-optimal rate (up to a logarithmic factor) for such estimation prob-
lems, see e.g. Tsybakov (2009). Note that if d∗ is substantially smaller than p, then we have
successfully circumvented the curse of dimensionality, since the dimension which appears in the
rate is now only d∗. As an alternative to the wavelet construction, one can use the multivari-
ate trigonometric system on [−1, 1]d

∗ , assume X ∈ [−1, 1]p and `1-standardized rows of W ∗

(which ensures W ∗X ∈ [−1, 1]d
∗) leading to a more direct generalization of Alquier & Biau

(2013). However, the orthogonality assumption on W ∗ seems more natural and is in line with
the literature.

2.3 Proofs

We begin with the proofs of the general PAC-Bayes bound and the concentration inequality.
Then, we apply them to prove the results from Section 2.2.
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2 A PAC-Bayes oracle inequality for high-dimensional multi-index models

2.3.1 Proof of Proposition 2.2

The concentration inequality from the assumption gives

E
[

exp
(
λ(1−Cn,λ)E(ϑ)−λEn(ϑ)−log(δ−1)

)]
∨E
[

exp
(
λEn(ϑ)−λ(1+Cn,λ)E(ϑ)−log(δ−1)

)]
6 δ.

Integrating in ϑ with respect to the prior probability measure Π and applying Fubini’s theorem,
we conclude

E
[ ∫

exp
(
λ(1− Cn,λ)E(ϑ)− λEn(ϑ)− log(δ−1)

)
dΠ(ϑ)

]
6 δ and

E
[ ∫

exp
(
λEn(ϑ)− λ(1 + Cn,λ)E(ϑ)− log(δ−1)

)
dΠ(ϑ)

]
6 δ. (2.12)

For the posterior distribution Πλ(· | Dn)� Π with corresponding Radon-Nikodym density

dΠλ(ϑ | Dn)

dΠ
= D−1

λ exp(−λRn(ϑ)), Dλ :=

∫
exp(−λRn(ϑ)) dΠ(ϑ)

with respect to Π, we obtain

EDn,ϑ̂∼Πλ(·|Dn)

[
exp

(
λ(1− Cn,λ)E(ϑ̂)− λEn(ϑ̂)− log(δ−1) + λRn(ϑ̂) + logDλ

)]
= EDn,ϑ̂∼Πλ(·|Dn)

[
exp

(
λ(1− Cn,λ)E(ϑ̂)− λEn(ϑ̂)− log(δ−1)− log

(dΠλ(ϑ̂ | Dn)

dΠ

))]
= EDn

[ ∫
exp

(
λ(1− Cn,λ)E(ϑ)− λEn(ϑ)− log(δ−1)

)
dΠ(ϑ)

]
6 δ.

Since 1[0,∞)(x) 6 eλx for all x ∈ R, we deduce for ϑ̂ ∼ Πλ(· | Dn) with a probability not larger
than δ that

(
1− Cn,λ

)
E(ϑ̂)− En(ϑ̂) +Rn(ϑ̂)− λ−1

(
log(δ−1)− logDλ

)
> 0.

As 1− Cn,λ > 0, we thus have with a probability of at least 1− δ that

E(ϑ̂) 6 (1− Cn,λ)−1
(
−Rn(f) + λ−1

(
log(δ−1)− logDλ

))
.

Lemma 2.1 yields

− logDλ = − log
(∫

exp(−λRn(ϑ)) dΠ(ϑ)
)

= inf
%�Π

(
KL(% | Π) +

∫
λRn(ϑ) d%(ϑ)

)
.
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Therefore, for any %� Π, it holds with probability of at least 1− δ that

E(ϑ̂) 6 (1− Cn,λ)−1
(∫
En(ϑ) d%(ϑ) + λ−1

(
log(δ−1) + KL(% | Π)

))
.

In order to reduce the integral
∫
En(ϑ) d%(ϑ) to

∫
E(ϑ) d%(ϑ), we use Jensen’s inequality and

(2.12) to obtain

EDn
[

exp
(∫

λEn(ϑ)− λ(1 + Cn,λ)E(ϑ) d%(ϑ)−KL(% | Π)− log(δ−1)
)]

= EDn
[

exp
(∫

λEn(ϑ)− λ(1 + Cn,λ)E(ϑ)− log
( d%

dΠ
(ϑ)
)
− log(δ−1) d%(ϑ)

)]
6 EDn,ϑ∼%

[
exp

(
λEn(ϑ)− λ(1 + Cn,λ)E(ϑ)− log

( d%

dΠ
(ϑ)
)
− log(δ−1)

)]
= EDn

[ ∫
exp

(
λEn(ϑ)− λ(1 + Cn,λ)E(ϑ)− log(δ−1)

)
dΠ(ϑ)

]
6 δ.

Using 1[0,∞)(x) 6 eλx again, we deduce that with probability of at least 1− δ∫
En(ϑ) d%(ϑ) 6 (1 + Cn,λ)

∫
E(ϑ) d%(ϑ) + λ−1

(
KL(% | Π) + log(δ−1)

)
.

Therefore, we conclude that with probability of at least 1− 2δ

E(ϑ̂) 6 (1− Cn,λ)−1
(

(1 + Cn,λ)

∫
E(ϑ) d%(ϑ) +

2

λ

(
KL(% | Π) + log(δ−1)

))
,

which yields the claimed bound since Cn,λ 6 1/2. �

2.3.2 Proof of Lemma 2.4

We can rewrite En(ϑ) = 1
n

∑n
i=1 Zi with centered and independent random variables

Zi := (Yi − fϑ(Xi))
2 − (Yi − f(Xi))

2 = −
(
2εi + f(Xi)− fϑ(Xi)

)(
fϑ(Xi)− f(Xi)

)
.

Since f and fϑ are bounded by C and C̃, respectively, and εi is sub-Gaussian we have

E
[
Z2
i

]
= E

[(
2εi + f(Xi)− fϑ(Xi)

)2(
fϑ(Xi)− f(Xi)

)2]
6 2(4σ2 + (C + C̃)2)E(ϑ) =: U

and for k > 3

E[(Zi)
k
+] 6 E

[
|2εi + f(Xi)− fϑ(Xi)|k|fϑ(Xi)− f(Xi)|k−2(fϑ(Xi)− f(Xi))

2
]

6 (C + C̃)k−2E
[
|2εi + f(Xi)− fϑ(Xi)|k(fϑ(X)− f(X))2

]
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2 A PAC-Bayes oracle inequality for high-dimensional multi-index models

6 (C + C̃)k−22k−1
(
k!2k−1σ2Γk−2 + (C + C̃)k

)
E(ϑ)

6 (C + C̃)k−2k!8k−2
(
Γk−2 ∨ (C + C̃)k−2

)
U

= k!UV k−2.

In view of E[En(ϑ)] = E(ϑ), a variant of Bernstein’s inequality, see Massart (2007, inequality
(2.21)), yields for λ ∈ (0, n/V ) that

E
[

exp
(
λ
(
En(ϑ)− E(ϑ)

))]
6 exp

( Uλ2

n(1− V λ/n)

)
= exp

(
Cn,λλE(ϑ)

)
. �

2.3.3 Proof of Theorem 2.5

We extend the proof strategy by Alquier & Biau (2013) to the multi-index setting with unknown
active dimension.

Assumption 2.B together with (2.9) ensures that we can apply Lemma 2.4 with V = 8(2C +

1)(Γ ∨ (2C + 1)) to obtain for λ = n/(V + 4((2C + 1)2 + 4σ2)) and %� Π that

E(Ŵλ, ĝλ) 6 3

∫
E(W, g) d%(W, g) +

Q3

n

(
KL(% | Π) + log(2/δ)

)
(2.13)

with a probability of at least 1− δ, where the constant Q3 only depends on C,Γ and σ.

To choose %, we fix some triplet (d, I,M) with d ∈ {1, . . . , p}, I = I1 × · · · × Id ∈ Id, M ∈
{0, . . . , n} as well as η, γ ∈ (0, 1] and set

% := %d,I,M,η,γ := %1
d,I,η ⊗ %2

d,M,γ , (2.14)

where %1
d,I,η and %2

d,M,γ are the uniform distribution with respect to µd,I and νd,M on a ball of
radius η and γ around the oracle W ∗d,I = (w∗d,I,1, . . . , w

∗
d,I,d)

> ∈ Rd×p and g∗d,M , respectively.
Specifically, we set

d%1
d,I,η

dµd,I
(W ) :=

d∏
i=1

d%1,i
d,I,η

dµIi
(wi), ∀W = (w1, . . . , wd)

>, where (2.15)

d%1,i
d,I,η

dµIi
(wi) ∝ 1{|wi−w∗d,I,i|6η} and

d%2
d,M,γ

dνd,M
(g) ∝ 1{‖g−g∗d,M‖B6γ},

where µIi denotes the uniform distribution on S(Ii). To complete the proof, we need to bound
the terms on the right hand side of (2.13) for this choice of %.

First, we deal with the Kullback-Leibler divergence term using the following two lemmas:
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Lemma 2.10. For % = %d,I,M,η,γ from (2.14) and with πd,I,M = µd,I ⊗ νd,M , we have

KL(% | Π) 6 ‖I‖ log(ep) + (‖I‖+M + 2) log(2) + KL(% | πd,I,M ) =: T1 + KL(% | πd,I,M ).

Lemma 2.11. For % = %d,I,M,η,γ from (2.14) and with πd,I,M = µd,I ⊗ νd,M , we have

KL(% | πd,I,M ) 6 ‖I‖ log(5/η) + 16dNd2dM log((C + 1)/γ) =: T2.

Thus,

E(Ŵλ, ĝλ) 6 3

∫
E(W, g) d%(W, g) +

Q3

n

(
T1 + T2 + log(2/δ)

)
(2.16)

with a probability of at least 1− δ.

Second, we control the integral term in (2.16) by splitting it into∫
E(W, g) d%(W, g) = E(W ∗d,I , g

∗
d,M )

+

∫
E[(g∗d,M (W ∗d,IX)− g(W ∗d,IX))2] d%(W, g)

+

∫
E[(g(W ∗d,IX)− g(WX))2] d%(W, g)

+

∫
E[2(Y − g∗d,M (W ∗d,IX))(g∗d,M (W ∗d,IX)− g(W ∗d,IX))] d%(W, g)

+

∫
E[2(Y − g∗d,M (W ∗d,IX))(g(W ∗d,IX)− g(WX))] d%(W, g)

+

∫
E[2(g∗d,M (W ∗d,IX)− g(W ∗d,IX))(g(W ∗d,IX)− g(WX))] d%(W, g)

=: E(W ∗d,I , g
∗
d,M ) + U1 + U2 + U3 + U4 + U5 (2.17)

and treating the terms U1, . . . , U5 sequentially.

Similarly to (2.9), g = Φd,M (β) ∈ Gd,M (C + 1) with ‖β − β∗d,M‖B 6 γ implies

‖g − g∗d,M‖∞ 6 ‖g − g∗d,M‖B = ‖β − β∗d,M‖B 6 γ.

As a consequence, we obtain

U1 =

∫
E[(g∗d,M (W ∗d,IX)− g(W ∗d,IX))2] d%2

d,M,γ(g) 6
∫

sup
x∈Rd

(g∗d,M (x)− g(x))2 d%2
d,M,γ(g) 6 γ2.

(2.18)
Any g ∈ Gd,M (C+1) is differentiable as a linear combination of only finitely many basis elements.

27
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Therefore, applying the fundamental theorem of calculus to the mapping

h : [−1, 1]→ R, s 7→ g((W + s(W ∗d,I −W ))X(ω))

with a fixed ω ∈ Ω (which we omit from here on) yields

g(W ∗d,IX)− g(WX) =

∫ 1

0
h′(s) ds =

〈
(W ∗d,I −W )X,

∫ 1

0
∇g((W + s(W ∗d,I −W ))X) ds

〉
and combined with (2.9) we obtain

|g(W ∗d,IX)− g(WX)| =
∣∣∣〈(W ∗d,I −W )X,

∫ 1

0
∇g((W + s(W ∗d,I −W ))X) ds

〉∣∣∣
6
∣∣(W ∗d,I −W )X

∣∣∣ ∫ 1

0
∇g((W + s(W ∗d,I −W ))X) ds

∣∣∣
6 |X|

( d∑
i=1

|w∗d,I,i − wi|2
)1/2√

dC

6 pK
( d∑
i=1

|w∗d,I,i − wi|2
)1/2√

dC P-a.s. (2.19)

Using the above, we deduce

U2 =

∫
E[(g(W ∗d,IX)− g(WX))2] d%1

d,I,η ⊗ %2
d,M,γ(W, g)

6 d(pKC)2

∫
· · ·
∫ d∑

i=1

|w∗d,I,i − wi|2 d%1,1
d,I,η(w1) . . . d%1,d

d,I,η(wd)

6 (dpKCη)2. (2.20)

By construction, %2
d,M,γ is centered around g∗d,M and thus∫

g(x) d%2
d,M,γ(g) = g∗d,M (x), ∀x ∈ Rp. (2.21)

In particular, we have
U3 = 0. (2.22)

Using Fubini’s theorem together with (2.21), and applying the Cauchy-Schwarz inequality, we
obtain

|U4| = 2
∣∣∣E[(Y − g∗d,M (W ∗d,IX))

∫ ∫
g(W ∗d,IX)− g(WX) d%2

d,M,γ(g) d%1
d,I,η(W )

]∣∣∣
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= 2
∣∣∣E[(Y − g∗d,M (W ∗d,IX))

∫
g(W ∗d,IX)− g∗d,M (WX) d%1

d,I,η(W )
]∣∣∣

6 2
(
R(W ∗d,I , g

∗
d,M )E

[( ∫
g∗d,M (W ∗d,IX)− g∗d,M (WX) d%1

d,I,η(W )
)2])1/2

. (2.23)

Repeating the argument from treating U2, but now with g = g∗d,M , we have

E
[( ∫

g∗d,M (W ∗d,IX)− g∗d,M (WX) d%1
d,I,η(W )

)2]
6 (dpKCη)2. (2.24)

Clearly, g ≡ 0 ∈ Gd,M (C) and thus we get by definition of (W ∗d,I , g
∗
d,M ) that

R(W ∗d,I , g
∗
d,M ) 6 R(W ∗d,I , g) = E[Y 2] = E[f(X)2] + 2E

[
f(X)E[ε|X]

]
+ E[ε2] 6 C2 + σ2. (2.25)

Plugging (2.24) and (2.25) into (2.23), we have

|U4| 6 2dpKCη
√
C2 + σ2. (2.26)

Finally, applying (2.19) again yields

|U5| 6 2

∫
E[|g∗d,M (W ∗d,IX)− g(W ∗d,IX)||g(W ∗d,IX)− g(WX)|] d%(W, g)

6 2
√
dpKCE

[ ∫
|g∗d,M (W ∗d,IX)− g(W ∗d,IX)|

( d∑
i=1

|w∗d,I,i − wi|2
)1/2

d%((w1, . . . , wd)
>, g)

]
= 2
√
dpKC

∫
|g∗d,M (W ∗d,IX(ω))− g(W ∗d,IX(ω))|

·
( d∑
i=1

|w∗d,I,i − wi|2
)1/2

dP⊗ %(ω, (w1, . . . , wd)
>, g)

6 2
√
dpKC

(∫ (
g∗d,M (W ∗d,IX(ω))− g(W ∗d,IX(ω))

)2
dP⊗ %(ω, (w1, . . . , wd)

>, g)
)1/2

·
(∫ d∑

i=1

|w∗d,I,i − wi|2 dP⊗ %(ω, (w1, . . . , wd)
>, g)

)1/2
(2.27)

6 2
√
dpKC

(∫
E[(g(W ∗d,IX)− g(W ∗d,IX))2] d%2

d,M,γ(g)
)1/2

·
(∫ d∑

i=1

|w∗d,I,i − wi|2 d%1
d,I,η((w1, . . . , wd)

>)
)1/2

6 2dpKCηγ, (2.28)

where (2.27) follows from the Cauchy-Schwarz inequality for integration with respect to the
product measure P⊗ %1

d,I,η ⊗ %2
d,M,γ .
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Choosing η = (2dpKC
√
C2 + σ2n)−1, γ = n−1 when summarizing (2.17), (2.18), (2.20), (2.22),

(2.26) and (2.28), we have∫
E(W, g) d%(W, g) 6 E(W ∗d,I , g

∗
d,M ) + γ2 + (dpKCη)2 + 2dpKCη

√
C2 + σ2 + 2dpKCηγ

6 E(W ∗d,I , g
∗
d,M ) +

4

n
.

With these choices for η and γ, we get for sufficiently large n that

T1 + T2 = ‖I‖ log(ep) + (‖I‖+M + 2) log(2) + ‖I‖ log(5dpn) + 16dNd2dM log((C + 1)n)

6 Q4

(
‖I‖ log(p ∨ n) + 16dNd2dM log(n)

)
with a constant Q4 independent of the parameters involved.

Summarizing the above, we arrive at

E(Ŵλ, ĝλ) 6 3E(W ∗d,I , g
∗
d,M ) +

Q5

n

(
‖I‖ log(p ∨ n) + 16dNd2dM log(n) + log(2/δ)

)
(2.29)

with a probability of at least 1 − δ, where Q5 is a constant only depending on C,Γ and σ.
Note that the upper bound in (2.29) is deterministic. Choosing a triplet (d, I,M) such that this
upper bound is minimized (which is always possible, since there are only finitely many choices
for (d, I,M)) completes the proof of Theorem 2.5. �

2.3.4 Proof of Corollary 2.8

Plugging in d∗ and I∗ in the minimum in Theorem 2.5, we obtain that

E(Ŵλ, ĝλ) 6 min
d,I,M

(
3E(W ∗d,I , f

∗
d,M ) +

Q1

n

(
‖I‖ log(p ∨ n) + 16dNd2dM log(n) + log(2/δ)

))
6 min

06M6n,
g∈Gd∗,M (C)

(
3E(W ∗, g) +

Q1

n

(
‖W ∗‖0 log(p ∨ n) + 16dNd2dM log(n) + log(2/δ)

))
(2.30)

with a probability of at least 1− δ. The rest of the proof consists of choosing M to balance the
terms on the right hand side of (2.30) by using an approximation of g∗, namely

gM =
∑
l∈Zd∗M

〈g∗,Ψl〉Ψl
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and then determining the projection level M . To do this, we have to verify that gM is a valid
choice for g in the sense that gM ∈ Gd∗,M (C). Indeed, the Cauchy-Schwarz inequality ensures
that

Ld
∗ ∑
l∈Zd∗M

2l1(d/2+1)|〈g∗,Ψl〉| 6 Ld
∗
( ∑
l∈Zd∗M

22l1(1−α+d∗/2)
) 1

2
( ∑
l∈Zd∗M

22l1α|〈g∗,Ψl〉|2
)1/2

6 Ld
∗
2Nd∗/216d

∗/2
( ∑
l∈Zd∗∞,∞

22l1α|〈g∗,Ψl〉|2
)1/2

6 C.

Using Assumption 2.C, we see that gM admits an excess risk of

E(W ∗, gM ) = E[(gM (W ∗X)− g∗(W ∗X))2]

=

∫
[−B1,B1]d∗

%(x)(gM (x)− g∗(x))2λλd
∗
(dx)

6 B2

∫
[−B1,B1]d∗

(gM (x)− g∗(x))2λλd
∗
(dx)

6 B2

∑
l∈Zd∗∞,N\Z

d∗
M

|〈g∗,Ψl〉|2

6 B22−2αM
∑

l∈Zd∗∞,N\Z
d∗
M

22l1α|〈g∗,Ψl〉|2

6 B22−2αM (2Nd∗/216d
∗/2)−1CL−d

∗
. (2.31)

Applying (2.31) to (2.30), we see for sufficiently large n and with a probability of at least 1− δ
that

E(Ŵλ, ĝλ) 6 Q6 min
06M6n

(
2−2αM + 2d

∗M log n

n
+
‖W ∗‖0 log(p ∨ n)

n
+

log(2/δ)

n

)
with a constant Q6 only depending on C,Γ, σ,N,B1, B2 and d∗. To balance the order of the
terms depending on M , we choose

M =
⌈

log
( n

log n

)/(
(2α+ d∗) log(2)

)⌉
,

which completes the proof. �
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2.3.5 Proofs of auxiliary lemmas

2.3.5.1 Proof of Lemma 2.10

We employ another auxiliary lemma:

Lemma 2.12. It holds that

KL(%d,I,M,η,γ | Π) = log(G(d, I,M)) + KL(%d,I,M,η,γ | πd,I,M ), where

G(d, I,M) :=(1− 2−p)(1− 2(1−p)d−1)(2− 2−n)2‖I‖+M+1|Id,‖I‖|.

Now, we can combine |Id,‖I‖| 6
( dp
‖I‖
)
with the basic inequality

( dp
‖I‖
)
6
( dpe
‖I‖
)‖I‖ and ‖I‖ > d to

obtain

KL(%d,I,M,η,γ | Π) = log(G(d, I,M)) + KL(%d,I,M,η,γ | πd,I,M )

6 log
(

2‖I‖+M+2
( dp
‖I‖
))

+ KL(%d,I,M,η,γ | πd,I,M )

6 ‖I‖ log(ep) + (‖I‖+M + 2) log(2) + KL(%d,I,M,η,γ | πd,I,M ). �

2.3.5.2 Proof of Lemma 2.11

We split the proof into two further auxiliary lemmas:

Lemma 2.13. For %1
d,I,η from (2.15), we have

KL(%1
d,I,η | µd,I) 6 ‖I‖ log(5/η).

Lemma 2.14. For %2
d,M,γ from (2.15), we have

KL(%2
d,M,γ | νd,M ) 6 16dNd2dM log((C + 1)/γ).

The assertion then follows directly via

KL(% | πd,I,M ) = KL(%1
d,I,η ⊗ %2

d,M,γ | µd,I ⊗ νd,M )

= KL(%1
d,I,η | µd,I) + KL(%2

d,M,γ | νd,M )

6 ‖I‖ log(5/η) + 16dNd2dM log((C + 1)/γ). �
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2.3.5.3 Proof of Lemma 2.12

To simplify the notation we write % = %d,I,M,η,γ and πd,I,M = µd,I ⊗ νd,M . We will show
that

d%

dΠ
= G(d, I,M)

d%

dπd,I,M
, (2.32)

from which we can deduce

KL(% | Π) =

∫
log
( d%

dΠ

)
d% = log(G(d, I,M)) +

∫
log
( d%

dπd,I,M

)
d%

= log(G(d, I,M)) + KL(% | πd,I,M ).

For (2.32), we need to show that

%(A) =

∫
A
G(d, I,M)−1 d%

dΠ
dπd,I,M (2.33)

holds for all Borel-measurable sets A = A1 ×A2 ⊆ ∪pd=1Sd × Gd. Observe that for

Sd,⇔(J) := {W =(w1, . . . , wd)
> ∈ Sd | (wi,j 6= 0⇔ j ∈ Ji) ∀i ∈ {1, . . . , d}, j ∈ {1, . . . , p}}

G
d,M̃,6=(C + 1) :=

{
g = Φ

d,M̃
(β) ∈ G

d,M̃
(C + 1)

∣∣ ∃l ∈ Zd
M̃

: |l2|∞ = 2l1M̃, βl 6= 0
}

with J = J1 × · · · × Jd ∈ Id and M̃ ∈ {0, . . . , n}, we have

µd,J(Sd,⇔(J)) = ν
d,M̃

(G
d,M̃, 6=(C + 1)) = 1. (2.34)

In particular, (2.34) holds for J = I and M̃ = M . Since also %(Sd,⇔(I) × Gd,M,6=(C + 1)) = 1,
no generality is lost in additionally assuming that

A1 ⊆ Sd,⇔(I) and A2 ⊆ Gd,M,6=(C + 1).

Note that

Sd,⇔(J) ∩ Sd,⇔(I) = ∅ ∀J 6= I and G
d,M̃,6=(C + 1) ∩ Gd,M, 6=(C + 1) = ∅ ∀M̃ 6= M. (2.35)

Combining (2.34) with (2.35), we find∫
A1

d%

dΠ
(W, g) dµd,J(W ) = 0
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for any g ∈ A2 and J 6= I. Similarly, we have for any W ∈ A1 and M̃ 6= M that∫
A2

d%

dΠ
(W, g) dν

d,M̃
(g) = 0.

Therefore, repeated application of Fubini’s theorem yields

%(A) =

∫
A

d%

dΠ
dΠ =

p∑
c=1

2−c
∫
A

d%

dΠ
dπc

/
(1− 2−p)

=

∫
A

d%

dΠ
dµd ⊗ νd

/(
2d(1− 2−p)

)
=

∫
A1×A2

d%

dΠ
(W, g) dµd ⊗ νd(W, g)

/(
2d(1− 2−p)

)
= G(d, I,M)−1

∫
A1×A2

d%

dΠ
(W, g) dµd,I ⊗ νd,M (W, g)

= G(d, I,M)−1

∫
A

d%

dΠ
dπd,I,M .

Thus, we have shown (2.33). �

2.3.5.4 Proof of Lemma 2.13

We will show that
KL(%1,i

d,I,η | µIi) 6 |Ii| log(5/η), ∀i = 1, . . . , d. (2.36)

The assertion follows immediately via

KL(% | µd,I) = KL
( d⊗
i=1

%1,i
d,I,η

∣∣∣ d⊗
i=1

µIi

)
=

d∑
i=1

KL(%1,i
d,I,η | µIi) 6 ‖I‖ log(5/η),

where the first equality holds barring a slight breach of conventions for product measures. To
show (2.36), we fix i ∈ {1, . . . , d} and for simplicity of the notation, we set % := %1,i

d,I,η and J = Ii.
Plugging the µJ -density of % into the definition of the Kullback-Leibler divergence, we easily
obtain

KL(% | µJ) = − log
(∫

1{|w−w∗d,I,i|6η}µJ(dw)
)

= − log(µ̃({w ∈ R|J | | |w − w̃∗| 6 η})), (2.37)

where w̃∗ is the projection of w∗d,I,i onto the coordinates whose indices are elements of J and µ̃J
denotes the uniform distribution on the unit sphere in R|J |.

We want to show a lower bound for µ̃({w ∈ R|J | | |w− w̃∗| 6 η}), which is the proportion of the
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surface of the unit sphere in R|J | covered by the η-ball around w̃∗ to the surface of the entire
unit sphere. By rotational symmetry of the uniform distribution on this sphere, no generality is
lost by assuming w̃∗ = (1, 0, . . . , 0)> ∈ R|J |.

For any w̃ = (w̃1, . . . , w|J |)
> 6= 0 with |w̃| 6 1, the η-ball around w̃∗ covers the same part

of the surface of the unit sphere as the η̃-ball around w̃, where η̃ =
√
η2|w̃| − 2|w̃|+ |w̃|2 + 1.

Using this dependence between w̃, η and η̃, it is easily checked that |w̃| =
√

1− η̃2 is solved for
0 < η̃ =

√
η2 − η4/4 < 1. Henceforth, we fix this η̃. Suppose that Nη̃ is the smallest number

of η̃-balls with centers in the unit ball that suffice to cover the entire unit ball. Denote their
centers by t1, . . . , tNη̃ . In particular, these balls cover the entire unit sphere and therefore, at
least one of them covers at least N−1

η̃ of the surface of the unit sphere. This can only be the case
for tj 6= 0, because otherwise η̃ < 1 implies {w ∈ R|J | | |w − tj | 6 η̃} ∩ {w ∈ R|J | | |w| = 1} = ∅.
If we now change the length of such a w := tj 6= 0 (without changing its orientation and
without changing η̃), the coverage of the unit sphere provided by the corresponding η̃-ball also
changes. In particular, we will show that if |w| 6=

√
1− η̃2, then decreasing (or increasing) |w|

towards
√

1− η̃2, enlarges the coverage of the corresponding ball on the unit sphere. Thus,
the proportional coverage of the η̃-ball around |w|−1

√
1− η̃2w (which has, as we showed above,

the same proportional coverage of the unit sphere as the η-ball around w̃∗ that we are actually
trying to control) is bounded from below by the proportional coverage of the η̃-ball around w̃,
which in turn is bounded from below by N−1

η̃ . Using the fact that Nη̃ 6 (3/η̃)|J | combined with
η̃ > η/

√
2, we have

N−1
η̃ > (3/η̃)−|J | > (3

√
2/η)−|J | > (5/η)−|J |

and therefore (2.36) follows from (2.37) with

KL(% | µJ) = − log(µ̃({w ∈ R|J | | |w − w̃∗| 6 η})) 6 − log(N−1
η̃ ) 6 |J | log(5/η).

It remains to show that changing the length of w 6= 0 towards
√

1− η̃2 increases the pro-
portional coverage of the corresponding η̃-ball. By rotational symmetry, we can assume w =

(w1, 0, . . . , 0)> ∈ R|J | with some 0 < w1 6 1 at no loss of generality. Now, it is sufficient to show
that

{y ∈ R|J | | |y| = 1, |y − w| 6 η̃} ⊆ {y ∈ R|J | | |y| = 1, |y − w̃| 6 η̃},

where w̃ = (
√

1− η̃2, 0, . . . , 0)> ∈ R|J |. In this setting, and as η, η̃ > 0, the relationship

η̃2 = η2|w̃| − 2|w̃|+ |w̃|2 + 1

is equivalent to
η2 = (2w̃1 − w̃2

1 − 1 + η̃2)/w̃1.
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Using elementary calculus together with the fact that η̃ < 1, it is straightforward to see

(2w1 − w2
1 − 1 + η̃2)/w1 6 2(1−

√
1− η̃2).

In combination with the relationship between η and η̃, we obtain

{y ∈ R|J | | |y − w| 6 η̃, |y| = 1} = {y ∈ R|J | | |y| = 1, |y − w̃∗|2 6 (2w1 − w2
1 − 1 + η̃2)/w1}

⊆ {y ∈ R|J | | |y| = 1, |y − w̃∗|2 6 2(1−
√

1− η̃2)}

= {y ∈ R|J | | |y| = 1, |y − w̃∗|2 6 η2}

= {y ∈ R|J | | |y| = 1, |y − w̃| 6 η̃}. �

2.3.5.5 Proof of Lemma 2.14

To simplify the notation, we write g̃∗ = g∗d,M and β̃∗ = β∗d,M . We will show that∫
1{‖g−g̃∗‖B6γ}dνd,M (g) = ((C + 1)/γ)−|Z

d
M |. (2.38)

The assertion follows directly with

KL(%2
d,M,γ | νd,M ) = − log

(∫
1{‖g−g∗‖B6γ}dνd,M (g)

)
= |ZdM | log((C + 1)/γ)

6 16dNd2dM log((C + 1)/γ).

We now verify (2.38) using the definition of νd,M . If we let λλZdM denote the Lebesgue measure
on RZdM , it holds that∫

1{‖g−g̃∗‖B6γ} dνd,M (g) =

∫
1{‖Φd,M (β)−g̃∗‖B6γ} dν̃d,M (β)

=

∫
1{‖β−β̃∗‖B6γ} dν̃d,M (β)

=

∫
1{‖β‖B6C+1}1{‖β−β̃∗‖B6γ} dλλZ

d
M (β)∫

1{‖β−β̃∗‖B6C+1} dλλZ
d
M (β)

=

∫
1{‖β−β̃∗‖B6γ} dλλZ

d
M (β)∫

1{‖β−β̃∗‖B6C+1} dλλZ
d
M (β)

=
( γ

C + 1

)|ZdM | ∫ 1{‖β−β̃∗‖B61} dλλZ
d
M (β)∫

1{‖β−β̃∗‖B61} dλλZ
d
M (β)

=
(C + 1

γ

)−|ZdM |
,
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where we have used that

‖β‖B 6 ‖β̃∗‖B + ‖β − β̃∗‖B 6 C + γ 6 C + 1

on {‖β − β̃∗‖B 6 γ} in the fourth equality. This implies that if the second indicator in the
integral in the numerator is 1, so is the first. �

37



2 A PAC-Bayes oracle inequality for high-dimensional multi-index models

38



3 Statistical guarantees for stochastic
Metropolis-Hastings

In the previous chapter we demonstrated statistical properties of an estimator based on the
Gibbs posterior in multi-index models. In this chapter we extend the methodology to the more
flexible class of hierarchical functions by harnessing the approximation properties of neural
networks.

The large number of parameters involved in the training of such networks necessitates a new
focus on algorithmic aspects. In particular, we develop an algorithm which allows us to access
the Gibbs posterior in a way that scales with the sample size. In Section 3.1, we use a fairly
general setting to explain this algorithm, which is then applied to neural networks in Section 3.2.
We illustrate our method with a numerical example in Section 3.3. The results are based on
Bieringer et al. (2023).

For a streamlined presentation of the results and proofs, we reset the constants Q0, Q1, . . . from
the previous chapter.

3.1 Stochastic Metropolis-adjusted Langevin algorithm

Throughout, we consider the regression setting from the introduction of Chapter 2. As the
parameter set, we fix Θ = [B,B]P for some B > 1 and a potentially large number of parameters
P ∈ N. We choose a uniform prior Π = U(Θ). In particular the prior and the posterior
distribution have Lebesgue densities which we denote by the same symbols as the distributions
themselves. For a more concise presentation, we postpone the specification of the class F =

{fϑ | ϑ ∈ Θ} to Section 3.2.
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3 Statistical guarantees for stochastic Metropolis-Hastings

3.1.1 Metropolis-adjusted Langevin algorithm

To apply the estimators f̂λ and f̄λ from (2.3) and (2.4) in practice, we need to sample from the
Gibbs posterior

Πλ(ϑ | Dn) ∝ exp
(
− λRn(ϑ)

)
Π(ϑ)

from (2.2). The MCMC approach is to construct a Markov chain (ϑ(k))k∈N0 with stationary
distribution Πλ(· | Dn), see Robert & Casella (2004). In particular, the Langevin MCMC
sampler is given by

ϑ(k+1) = ϑ(k) − γ∇ϑRn(ϑ(k)) + sWk, (3.1)

where ∇ϑRn(ϑ) denotes the gradient of Rn(ϑ) with respect to ϑ. Moreover, γ > 0 is the learning
rate and sWk ∼ N (0, s2EP ) is i.i.d. white noise with noise level s > 0. This approach can also
be interpreted as a noisy version of the gradient descent method commonly used to train neural
networks. In practice this approach requires careful tuning of the procedural parameters and
Langevin-MCMC suffers from relatively slow polynomial convergence rates of the distribution
of ϑ(k) to the target distribution Πλ(· | Dn), see Nickl & Wang (2022); Cheng & Bartlett (2018).
Only in special cases, the convergence rates are faster, see e.g. Freund et al. (2022) for an overview
and Dalalyan & Riou-Durand (2020) for the case of log-concave densities. This convergence
rate can be considerably improved by adding an MH step resulting in the Metropolis-adjusted
Langevin algorithm (MALA), see Roberts & Tweedie (1996a).

Applying the generic MH algorithm to Πλ(· | Dn) and taking into account that the prior Π is
uniform, we obtain the following iterative method: Starting with some initial choice ϑ(0) ∈ RP ,
we successively generate ϑ(k+1) given ϑ(k), k ∈ N0, by

ϑ(k+1) =

ϑ′ with probability α(ϑ′ | ϑ(k))

ϑ(k) with probability 1− α(ϑ′ | ϑ(k))
,

where ϑ′ is a random variable drawn from some conditional proposal density q(· | ϑ(k)) and the
acceptance probability is chosen as

α(ϑ′ | ϑ) = exp
(
− λRn(ϑ′) + λRn(ϑ)

)
1[−B,B]P (ϑ′)

q(ϑ | ϑ′)
q(ϑ′ | ϑ)

∧ 1. (3.2)

In view of (3.1) the probability density q of the proposal distribution is given by

q(ϑ′ | ϑ) =
1

(2πs2)P/2
exp

(
− 1

2s2

∣∣ϑ′ − ϑ+ γ∇ϑRn(ϑ)
∣∣2). (3.3)

The standard deviation s should not be too large as otherwise the acceptance probability might
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3.1 Stochastic Metropolis-adjusted Langevin algorithm

be too small. As a result the proposal would rarely be accepted, the chain might not be suffi-
ciently randomized and the convergence to the invariant target distribution would be too slow in
practice. On the other hand, s should not be smaller than the shift γ∇ϑRn(ϑ) in the mean, since
otherwise q(ϑ | ϑ′) might be too small. The MH step ensures that (ϑ(k))k∈N0 is a Markov chain
with invariant distribution Πλ(· | Dn) (under rather mild conditions on q). The convergence to
the invariant distribution follows from Roberts & Tweedie (1996b, Theorem 2.2) with geometric
rate.

To calculate the estimators f̂λ and f̄λ, one chooses a burn-in time b ∈ N to let the distribution
of the Markov chain stabilize at its invariant distribution and then sets

f̂λ = fϑ(b) and f̄λ =
1

N

N∑
k=1

fϑ(b+ck) .

A sufficiently large gap length c ∈ N ensures the necessary variability and reduced dependence
between ϑ(b+ck) and ϑ(b+c(k+1)), whereas N ∈ N has to be large enough for a good approximation
of the expectation by the empirical mean.

3.1.2 Stochastic MALA

The gradient has to be calculated only once in each MALA iteration. Hence, using the full
gradient ∇ϑRn(ϑ) = 1

n

∑n
i=1∇ϑ`i(ϑ), the additional computational price of MALA compared

to training a standard neural network by empirical risk minimization only comes from a larger
number of necessary iterations due to the rejection with probability 1 − α(ϑ′ | ϑ(k)). For large
data sets however the standard training of a neural network would rely on a stochastic gradient
method, where the gradient 1

m

∑
i∈B∇ϑ`i(ϑ) is only calculated on (mini-)batches B ⊂ {1, . . . , n}

of size m < n. While we could replace ∇ϑRn(ϑ) in (3.3) by a stochastic approximation without
any additional obstacle, the MH step still requires the calculation of the loss `i(ϑ′) for all
1 6 i 6 n in (3.2).

To avoid a full evaluation of the empirical risk Rn(ϑ), a natural approach is to replace the
empirical risks in α(ϑ′ | ϑ) by a batch-wise approximation, too. To study the consequences of
this approximation we follow a pseudo-marginal MH approach, see Andrieu & Roberts (2009);
Maclaurin & Adams (2014); Bardenet et al. (2017); Wu et al. (2022).

We augment our target distribution by a set of auxiliary random variables Z1, . . . , Zn
i.i.d.∼ Ber(ρ)

with some ρ ∈ (0, 1] and aim for a reduction of the empirical risk Rn(ϑ) to the stochastic
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approximation

Rn(ϑ,Z) :=
1

nρ

n∑
i=1

Zi`i(ϑ)

in the algorithm. Hence, we define the joint target distribution by

Π̄λ,ρ(ϑ, z | Dn) ∝
n∏
i=1

ρzi(1− ρ)1−zi exp
(
− λRn(ϑ, z)

)
Π(ϑ)

∝ exp
(
− λRn(ϑ, z) + log

( ρ

1− ρ

) n∑
i=1

zi

)
Π(ϑ), z ∈ {0, 1}n.

The marginal distribution in ϑ is then given by

Π̄λ,ρ(ϑ | Dn) =
∑

z∈{0,1}n
Π̄λ,ρ(ϑ, z | Dn) ∝

n∏
i=1

(
ρe
− λ
nρ
`i(ϑ)

+ 1− ρ
)

Π(ϑ). (3.4)

As proposal for the MH algorithm we use

q̄(ϑ′, z′ | ϑ, z) = qs(ϑ
′ | ϑ, z)

n∏
i=1

ρz
′
i(1− ρ)1−z′i with (3.5)

qs(ϑ
′ | ϑ, z) =

1

(2πs2)P/2
exp

(
− 1

2s2

∣∣ϑ′ − ϑ+ γ∇ϑRn(ϑ, z)
∣∣2).

Hence, the proposed Z ′ = z′ is indeed a vector of independent Ber(ρ)-random variables and
qs(ϑ

′ | ϑ, z) is the stochastic analogue to q from (3.3) with a stochastic gradient. The resulting
acceptance probabilities are given by

α(ϑ′, z′ | ϑ, z) =
q̄(ϑ, z | ϑ′, z′)Π̄λ,ρ(ϑ

′, z′ | Dn)

q̄(ϑ′, z′ | ϑ, z)Π̄λ,ρ(ϑ, z | Dn)
∧ 1

=
qs(ϑ | ϑ′, z′)
qs(ϑ′ | ϑ, z)

1[−B,B]P (ϑ′)e−λRn(ϑ′,z′)+λRn(ϑ,z) ∧ 1.

We observe that α(ϑ′, z′ | ϑ, z) corresponds to a stochastic MH step where we have to evaluate
the loss `i(ϑ′) for the new proposal ϑ′ only if z′i = Z ′i ∼ Ber(ρ) is one, i.e. with probability ρ.
Calculating α(ϑ′, z′ | ϑ, z) thus requires only few evaluations of `i(ϑ) for small values of ρ. The
expected number of data points on which the gradient and the loss have to be evaluated is nρ
and corresponds to a batch size of m = nρ.

Generalizing (2.3), we define the stochastic MH estimator

f̂λ,ρ := f
ϑ̂λ,ρ

for ϑ̂λ,ρ | Dn ∼ Π̄λ,ρ(· | Dn). (3.6)
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For ρ = 1 we recover the standard MALA.

As discussed by Bardenet et al. (2017), the previous derivation reveals that the stochastic MH
step leads to a different invariant distribution of the Markov chain, namely (3.4) instead of the
Gibbs posterior from (2.2). Writing

Π̄λ,ρ(ϑ | Dn) ∝ exp
(
−λR̄n,ρ(ϑ)

)
Π(dϑ) with R̄n,ρ(ϑ) := − 1

λ

n∑
i=1

log
(
ρe
− λ
nρ
`i(ϑ)

+1−ρ
)
, (3.7)

we observe that Π̄λ,ρ(· | Dn) is itself a Gibbs posterior distribution, the surrogate posterior,
corresponding to the modified risk R̄n,ρ(ϑ). Note that Π̄λ,ρ(· | Dn) coincides with Πλ(· | Dn) for
ρ = 1 and thus f̂λ = f̂λ,1 and f̄λ = f̄λ,1 in distribution. Whether Π̄λ,ρ(· | Dn) also behaves as
our original target distribution Πλ(· | Dn) for ρ < 1 depends on the choice of λ and ρ:

Lemma 3.1. If f and all fϑ are bounded by some constant C > 0, then we have

1

nρ
KL
(
Π̄λ,ρ(· | Dn)

∣∣Πλ(· | Dn)
)
6
( λ
nρ

)2(
64C4 +

4

n

n∑
i=1

ε4
i

)
.

For ρ < 1 and the probability distribution $λ,ρ(ϑ | Dn) :∝ exp
(
ρ
∑n

i=1 e
− λ
nρ
`i(ϑ))

Π(dϑ) we
moreover have

1

nρ
KL
(
Π̄λ,ρ(· | Dn)

∣∣$λ,ρ(· | Dn)
)
6

ρ

1− ρ
.

On the one hand, if λ
nρ is sufficiently small, then the surrogate posterior Π̄λ,ρ(· | Dn) is indeed

a good approximation for the Gibbs posterior Πλ(· | Dn). On the other hand, for ρ → 0 the
distribution Π̄λ,ρ(· | Dn) behaves as the distribution $λ,ρ(· | Dn) with density proportional
to exp

(
ρ
∑n

i=1 e
− λ
nρ
`i(ϑ))

Π(dϑ). For large λ
nρ the terms e

− λ
nρ
`i(ϑ) rapidly decay for all ϑ with

`i(ϑ) > 0, i.e. $λ,ρ(· | Dn) emphasizes interpolating parameter choices. For all ϑ where λ
nρ`i(ϑ)

is relatively large the density converges to a constant. Therefore, in the extreme case ρ→ 0 and
λ
nρ →∞ the distribution $λ,ρ(· | Dn) and thus Π̄λ,ρ(· | Dn) converge to the uninformative prior
with interpolating spikes at parameters where `i(ϑ) are zero.

We illustrate Lemma 3.1 in a simple setting where Yi = N (0, 0.5) and fϑ(x) ≡ ϑ for ϑ ∈ [−1, 1].
The densities of the measures Π(· | Dn), Π̄(· | Dn) and$(· | Dn) are shown in Fig. 3.1 for different
choices of λ and ρ. Fig. 3.1 confirms the predicted approximation properties: Π̄λ,ρ(· | Dn)

behaves similarly to Πλ(· | Dn) if λ is not too large (orange lines) or ρ is not too small (left
figure). Additionally, we observe that Π̄λ,ρ(· | Dn) is still informative if λ is in the order nρ even
if it is not close to the Gibbs posterior at all.

The scaling of the Kullback-Leibler distance with nρ in Lemma 3.1 is quite natural in this setting.
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Figure 3.1: Points: Y1, . . . , Yn ∼ N (0, 0.5) for n = 10. Solid lines: densities of Π̄λ,ρ(· | Dn) with
λ = 10n (blue) and λ = n/2 (orange) and ρ = 0.9 (left) and ρ = 0.1 (right). Dashed
lines: corresponding densities of Πλ(· | Dn). Dotted lines: corresponding densities
of $λ,ρ(· | Dn).

In particular, applying an approximation result from the variational Bayes literature by Ray &
Szabó (2022, Theorem 5) we obtain for the two reference measures Q ∈ {Πλ(· | Dn), $λ,ρ(· |
Dn)} and a high probability parameter set Θn with Q(Θc

n) 6 Ce−nρ for some constant C > 0

that
E
[
Π̄λ,ρ(Θn | Dn)

]
6

2

nρ
E
[

KL
(
Π̄λ,ρ(· | Dn)

∣∣Q)]+ Ce−nρ/2. (3.8)

Hence, for λ
nρ → 0 we could analyze the surrogate posterior via the Gibbs posterior itself at the

cost of the approximation error 1
nρ KL

(
Π̄λ,ρ(· | Dn)

∣∣Πλ(· | Dn)
)
. Instead of this route, we will

directly investigate Π̄λ,ρ(· | Dn) which especially allows for λ in the order of nρ.

3.1.3 Corrected stochastic MALA

The computational advantage of the stochastic MH algorithm due to the reduction of the in-
formation parameter from n to ρn comes at the cost of a slower convergence rate, see Theo-
rem 3.5.

To remedy this loss while retaining scalability, we define another joint target distribution as

Π̃λ,ρ(ϑ, z | Dn) ∝
n∏
i=1

(
e−

λ
n
`i(ϑ)zi(1− ρ)1−zi

)
Π(ϑ)
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3.1 Stochastic Metropolis-adjusted Langevin algorithm

∝ exp
(
− λ

n

n∑
i=1

zi`i(ϑ)− log(1− ρ)
n∑
i=1

zi

)
Π(ϑ), z ∈ {0, 1}n,

with marginal distribution in ϑ given by

Π̃λ,ρ(ϑ | Dn) =
∑

z∈{0,1}n
Π̃λ,ρ(ϑ, z | Dn) ∝

n∏
i=1

(
ρ

e−
λ
n
`i(ϑ)

ρ
+ 1− ρ

)
Π(ϑ)

= exp
(
− λR̃n,ρ(ϑ)

)
Π(ϑ) with

R̃n,ρ(ϑ) := − 1

λ

n∑
i=1

log
(
e−

λ
n
`i(ϑ) + 1− ρ

)
. (3.9)

Compared to R̄n,ρ from (3.7) there is no ρ in the first term in the logarithm. In line with (2.3)
and (2.4), we obtain the estimators

f̃λ,ρ := f
ϑ̃λ,ρ

for ϑ̃λ,ρ | Dn ∼ Π̃λ,ρ(· | Dn) (3.10)

and
f̄λ,ρ := E

[
f
ϑ̃λ,ρ

∣∣Dn] =

∫
fϑ Π̃λ,ρ(dϑ | Dn). (3.11)

To sample from Π̃λ,ρ(· | Dn) the MH algorithm with proposal density q(ϑ′, z′ | ϑ, z) = qs(ϑ
′ |

ϑ, z)
∏n
i=1 ρ

z′i(1− ρ)1−z′i as in (3.5) leads to the acceptance probabilities

α(ϑ′, z′ | ϑ, z) =
qs(ϑ | ϑ′, z′)
qs(ϑ′ | ϑ, z)

1[−B,B]P (ϑ′) exp
(
−

n∑
i=1

z′i
(
λ
n`i(ϑ

′) + log ρ
)

+

n∑
i=1

zi
(
λ
n`i(ϑ) + log ρ

))
∧ 1.

To take the randomized batches into account, we thus introduce a small correction term log ρ
λ |Z| =

OP(nλρ log ρ) in the empirical risks. The resulting surrogate posterior Π̃λ,ρ(ϑ | Dn) achieves a
considerably improved approximation of the Gibbs distribution Πλ(· | Dn):

Lemma 3.2. If f and all fϑ are bounded by some constant C > 0, then we have

1

n
KL
(
Π̃λ,ρ(· | Dn) | Πλ/(2−ρ)(· | Dn)

)
6
(λ
n

)2(
32C4 +

2

n

n∑
i=1

ε4
i

)
.

Compared to Lemma 3.1, the approximation error of Π̃λ,ρ(· | Dn) in terms of the Kullback-Leibler
distance is now determined by the full sample size n instead of the possibly much smaller batch
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3 Statistical guarantees for stochastic Metropolis-Hastings

size ρn as for the stochastic MH algorithm. The only price to pay is a reduction of the inverse
temperature parameter λ by the factor (2 − ρ)−1 ∈ [1/2, 1]. As already mentioned in (3.8), we
can conclude contraction and coverage results for Π̃λ,ρ(· | Dn) by combining Ray & Szabó (2022,
Theorem 5) with Lemma 3.2 if λ/n→ 0. A direct analysis of Π̃λ,ρ(· | Dn) will even allow for λ
of the order n in our main results and thus lead to results as good as we can hope for the Gibbs
measure itself.

The corrected stochastic MALA (csMALA) is summarized in Algorithm 3.1. The implemen-
tation omits the restriction of the proposed network weights to [−B,B]P which is practically
negligible for sufficiently large constant B and the correction term log ρ

λ |Z| = OP(nλρ log ρ) in the
empirical risk is weighted by some tuning parameter ζ > 0. For ζ = 0 we recover the uncorrected
method. In theory we always set ζ = 1, but in practice the flexibility gained from choosing ζ
was beneficial.

Algorithm 3.1 csMALA - corrected stochastic MALA
Input: inverse temperature λ > 0, learning rate γ > 0,
standard deviation s > 0, correction parameter ζ > 0,
batch size m ∈ {1, . . . , n}, burn-in time b ∈ N, gap length c ∈ N,
number of draws N ∈ N.
1. Initialize ϑ(0) ∈ RP and Z(0) ∼ Ber(mn )⊗n.

2. Calculate R
(0)
n = 1

n

∑n
i=1 Z

(0)
i `i(ϑ

(0)) + ζ log ρ
λ |Z

(0)| and
∇R(0)

n = ∇ϑRn(ϑ(0), Z(0)).
3. For k = 0, . . . , b+ cN do:

(a) Draw Z ′ ∼ Ber(mn )⊗n.

(b) Draw ϑ′ ∼ N (ϑ(k) − γ∇R(k)
n , s2) and calculate

R′n = 1
n

∑n
i=1 Z

′
i`i(ϑ

′) + ζ log ρ
λ |Z

′| and ∇R′n = ∇ϑRn(ϑ′, Z ′).
(c) Calculate acceptance probability

α(k+1) = exp
(
λR(k)

n +
1

2s2

∣∣ϑ′ − ϑ(k) + γ∇R(k)
n

∣∣2
− λR′n −

1

2s2

∣∣ϑ(k) − ϑ′ + γ∇R′n
∣∣2).

(d) Draw u ∼ U([0, 1]).
If u 6 α(k+1), then set ϑ(k+1) = ϑ′, R

(k+1)
n = R′n,∇R

(k+1)
n = ∇R′n,

else set ϑ(k+1) = ϑ(k), R
(k+1)
n = R

(k)
n ,∇R(k+1)

n = ∇R(k)
n .

Output: f̃λ,ρ = fϑ(b), f̄λ,ρ = 1
N

∑N
k=1 fϑ(b+ck)
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3.2 Application to stochastic neural networks

3.2 Application to stochastic neural networks

In this section, we apply the methodology from the previous section to neural networks and
state the resulting statistical guarantees.

It is worth noting that our analysis is independent of the choice of the proposal distribution.
We derive oracle inequalities for the estimators f̂λ,ρ (Theorem 3.5) and f̃λ,ρ (Theorem 3.3) and
as a consequence an analogous oracle inequality for f̄λ,ρ (Corollary 3.6), which verify that these
estimators are not much worse than the optimal choice for ϑ. We also discuss the properties of
credible balls.

In the sequel, the class F is chosen as a class of neural networks. More precisely, we consider
feedforward multilayer perceptrons with p ∈ N inputs, L ∈ N hidden layers and constant width
r ∈ N. The latter restriction is purely for notational convenience. The rectified linear unit
(ReLU) φ(x) := max{x, 0}, x ∈ R, is used as activation function. We write φvx :=

(
φ(xi +

vi)
)
i=1,...,d

for vectors x, v ∈ Rd. With this notation we can represent such neural networks
as

gϑ(x) := W (L+1)φv(L)W (L)φv(L−1) · · ·W (2)φv(1)W
(1)x + v(L+1), x ∈ Rp,

where the parameter vector ϑ contains all entries of the weight matrices W (1) ∈ Rr×p,
W (2), . . . ,W (L) ∈ Rr×r, W (L+1) ∈ R1×r and the shift (‘bias’) vectors v(1), . . . , v(L) ∈ Rr,
v(L+1) ∈ R. The total number of network parameters is P := (p+ 1)r+ (L− 1)(r+ 1)r+ r+ 1.

A possibly more intuitive layer-wise representation of gϑ is given by

x(0) := x ∈ Rp,

x(l) := φ(W (l)x(l−1) + v(l)), l = 1, . . . , L, (3.12)

gϑ(x) := x(L+1) := W (L+1)x(L) + v(L+1),

where the activation function is applied coordinate-wise. We denote the class of all such functions
gϑ by G(p, L, r). Note that these neural networks can be interpreted as an iterated composition
of multi-index models with matricesW (1), . . . ,W (L) and link functions φ(·+v(1)), . . . , φ(·+v(L))

with multivariate output. The term dimension reduction matrices is explicitly avoided here, as
W (2), . . . ,W (L) are square matrices and W (1) ∈ Rp×r increases the dimension if r > p.

For some C > 1, we introduce the class of clipped networks

F(p, L, r, C) :=
{
fϑ = (−C) ∨ (gϑ ∧ C)

∣∣ gϑ ∈ G(p, L, r)
}
.
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3 Statistical guarantees for stochastic Metropolis-Hastings

3.2.1 Oracle inequality

As outlined in Chapter 2, we would like to compare the performance of the estimator f̃λ,ρ from
(3.10) to the best possible network fϑ∗ for the oracle choice

ϑ∗ ∈ arg min
ϑ∈[−B,B]P

R(ϑ) = arg min
ϑ∈[−B,B]P

E(ϑ). (3.13)

A solution to the minimization problem in (3.13) always exists since [−B,B]P is compact and
ϑ 7→ R(ϑ) is continuous. Similarly to Chapter 2, we need some mild assumptions on the
regression model:

Assumption 3.A.

(a) Bounded regression function: For some constant C > 1 we have ‖f‖∞ 6 C.

(b) Second moment of inputs: For some constant K > 1 we have E[|X|2] 6 pK.

(c) Conditional sub-Gaussianity of observation noise: There are constants σ,Γ > 0

such that
E[|ε|k | X] 6

k!

2
σ2Γk−2 a.s., for all k > 2.

(d) Conditional symmetry of observation noise: ε is conditionally on X symmetric.

Note that neither the loss function nor the data are assumed to be bounded. We obtain the
following non-asymptotic oracle inequality:

Theorem 3.3 (PAC-Bayes oracle inequality for csMALA). Under Assumption 3.A there are
constants Q0, Q1 > 0 depending only on C,Γ, σ such that for λ = n/Q0 and sufficiently large n
we have for all δ ∈ (0, 1) with probability of at least 1− δ that

E(f̃λ,ρ) 6 12E(fϑ∗) +
Q1

n

(
PL log(n) + log(2/δ)

)
. (3.14)

Remark 3.4. For ρ = 1 we do not need the conditional symmetry condition in Assumption 3.A.
An explicit admissible choice for λ is λ = n/

(
25C(Γ ∨ (2C)) + 27(C2 + σ2) + 23(σC + σ2)

)
.

The dependence of Q1 on C,Γ, σ is at most quadratic and n > n0 = 2 ∨ B ∨K ∨ L ∨ r ∨ p is
sufficiently large.

Theorem 3.3 can be seen as the counterpart to Theorem 2.5 from the multi-index setting. It
is in line with classical PAC-Bayes oracle inequalities, see e.g. Guedj & Alquier (2013), Bissiri
et al. (2016). In particular, Chérief-Abdellatif (2020) has obtained a similar oracle inequality
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for a variational approximation of the Gibbs posterior distribution. A main step in the proof of
Theorem 3.3 is to verify the compatibility between the risk R̃n,ρ from (3.9) and the empirical
risk Rn as established in Proposition 3.11.

We obtain a similar result for f̂λ,ρ from (3.6). Note that here the stochastic error term is of
order O(PLnρ ) instead of O(PLn ) as in Theorem 3.3 (up to logarithms).

Theorem 3.5 (Oracle inequality for sMALA). Under Assumption 3.A there are constants
Q′0, Q

′
1 > 0 depending only on C,Γ, σ such that for λ = nρ/Q′0 and sufficiently large n we

have for all δ ∈ (0, 1) with probability of at least 1− δ that

E(f̂λ,ρ) 6 4E(fϑ∗) +
Q′1
nρ

(
PL log(n) + log(2/δ)

)
.

In view of Theorem 3.5 the following results are also true for the stochastic MH estimator if
n is replaced by nρ. However, we focus only on the analysis of Π̃λ,ρ(· | Dn) for the sake of
clarity.

Denoting

r2
n := 12‖fϑ∗ − f‖2L2(PX) +

Q1

n
PL log(n), (3.15)

we can rewrite (3.14) as

E
[
Π̃λ,ρ

({
ϑ : ‖f

ϑ̃λ,ρ
− f‖2L2(PX) > r2

n + t2
} ∣∣Dn)] 6 2e−nt

2/Q1 , t > 0,

which is a contraction rate result in terms of a frequentist analysis of the nonparametric Bayes
method. An immediate consequence is an oracle inequality for the posterior mean f̄λ,ρ from
(3.11).

Corollary 3.6 (Posterior mean). Under the conditions of Theorem 3.3 we have with probability
of at least 1− δ that

E(f̄λ,ρ) 6 12E(fϑ∗) +
Q2

n

(
PL log(n) + log(2/δ)

)
with a constant Q2 only depending on C,Γ, σ from Assumption 3.A.

Using the approximation properties of neural networks, the oracle inequality yields the opti-
mal rate of convergence (up to a logarithmic factor) over the following class of hierarchical
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functions:

H(q,d, t, β, C0) :=
{
gq ◦ · · · ◦ g0 : [0, 1]p → R

∣∣∣ gi = (gij)
>
j : [ai, bi]

di → [ai+1, bi+1]di+1 ,

gij depends on at most ti arguments, gij ∈ Cβiti ([ai, bi]
ti , C0), for some |ai|, |bi| 6 C0

}
,

(3.16)

where d := (p, d1, . . . , dq, 1) ∈ Nq+2, t := (t0, . . . , tq) ∈ Nq+1, β := (β0, ..., βq) ∈ (0,∞)q+1 and
where Cβiti ([ai, bi]

ti , C0) denote classical Hölder balls with Hölder regularity βi > 0. For a detailed
discussion of H(q,d, t, β, C0), see Schmidt-Hieber (2020). In particular, this class covers multi-
index models with Hölder regular link functions, which will later allow us to bridge the gap
between neural networks and our multi-index analysis, see Corollary 4.6.

Theorem 3.3 reveals the following convergence rate which is in line with the upper bounds by
Schmidt-Hieber (2020) and Kohler & Langer (2021):

Proposition 3.7 (Rates of convergence). Let X ∈ [0, 1]p. In the situation of Theorem 3.3, there
exists a network architecture (L, r) = (C1 log n,C2(n/(log n)3)t

∗/(4β∗+2t∗)) with C1, C2 > 0 only
depending on upper bounds for q, |d|∞, |β|∞, C0 such that the estimators f̃λ,ρ and f̄λ,ρ satisfy for
sufficiently large n uniformly over all hierarchical functions f ∈ H(q,d, t, β, C0)

E(f̃λ,ρ) 6 Q3

((log n)3

n

)2β∗/(2β∗+t∗)
+Q3

log(2/δ)

n
and

E(f̄λ,ρ) 6 Q4

((log n)3

n

)2β∗/(2β∗+t∗)
+Q4

log(2/δ)

n

with probability of at least 1− δ, respectively, where β∗ and t∗ are given by

β∗ := β∗i∗ , t∗ := t∗i∗ for i∗ ∈ arg min
i=0,...,q

2β∗i
2β∗i + t∗i

and β∗i := βi

q∏
l=i+1

(βl ∧ 1).

The constants Q3 and Q4 only depend on upper bounds for q,d, β and C0 as well as the constants
C,Γ, σ from Assumption 3.A.

Remark 3.8. One could aim for a similar result with a deep network architecture where (L, r) =

(C ′1(n/ log n)t
∗/(4β∗+2t∗), C ′2) to achieve the same rate of convergence just with log n instead

of (log n)3. This would require an approximation result for this network architecture with a
quantitative bound on the network weights. Moreover, the network depth L = O(log n) is more
suitable for deriving our uncertainty quantification results.

It has been proved by Schmidt-Hieber (2020) that this is the minimax-optimal rate of conver-
gence for the nonparametric estimation of f from this class of hierarchical functions up to loga-
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rithmic factors. Studying the special case of classical Hölder balls Cβp ([0, 1]p, C0), a contraction
rate of order n−2β/(2β+p) has been derived by Polson & Ročková (2018) and Chérief-Abdellatif
(2020).

3.2.2 Credible sets

In addition to the contraction rates, the Bayesian approach offers a possibility for uncertainty
quantification. For this, we assume that the distribution PX of X is known. We define the
credible ball

Ĉ(τα) := {h ∈ L2 : ‖h− f̄λ,ρ‖L2(PX) 6 τα}, α ∈ (0, 1),

with critical values

τα := arg min
τ>0

{
Π̃λ,ρ(ϑ : ‖fϑ − f̄λ,ρ‖L2(PX) 6 τ | Dn) > 1− α

}
.

By construction Ĉ(τα) is the smallest L2-ball around f̄λ,ρ which contains 1 − α mass of the
surrogate posterior measure. Despite the posterior belief, it is not necessarily guaranteed that the
true regression function is contained in Ĉ(τα). More precisely, the posterior distribution might
be quite certain, in the sense that the credible ball is quite narrow, but suffers from a significant
bias. In general, it might happen that P(f ∈ Ĉ(τα))→ 0, see e.g. Knapik et al. (2011, Theorem
4.2) in a Gaussian model. To circumvent this, Rousseau & Szabó (2020) have introduced inflated
credible balls where the critical value is multiplied with a slowly diverging factor. While they
proved that this method works in several classical nonparametric models with a sieve prior, our
neural network setting causes an additional problem. In order to prove coverage, we would like
to compare norms in the intrinsic parameter space, i.e. the space of the network weights, with the
norm of the resulting predicted regression function. While the fluctuation of fϑ can be controlled
via the fluctuation of ϑ, more precisely we have ‖fϑ − fϑ′‖L2(PX) = O(∆(L, r) · |ϑ − ϑ′|∞)

with ∆(L, r) := (2rB)L, see Lemma 3.14 below, the converse direction does not hold. Even
locally around an oracle choice ϑ∗ we cannot hope to control |ϑ|∞ via ‖fϑ‖L2(PX) in view of the
ambiguous network parameterization. As a consequence, we define another critical value at the
level of the parameter space

τϑα := arg min
τ>0

{
Π̃λ,ρ(ϑ : |ϑ|∞ 6 ∆(L, r)−1τ | Dn) > 1− α

}
.

Remark 3.9. The factor ∆(L, r) in the definition of τϑα could be improved by a different geometry
in the parameter space at the cost of a different approximation theory for the resulting network

51



3 Statistical guarantees for stochastic Metropolis-Hastings

classes. For instance, we may assume that all weight matrices are bounded by B in the `2-
operator norm ‖ · ‖2, which is in line with the weight scaling employed in the theory of neural
tangent spaces, cf. Jacot et al. (2018). In this case a minor modification of Lemma 3.14 yields
‖fϑ − fϑ′‖L2(PX) = O((2B)L) · ‖ϑ − ϑ′‖ where ‖ϑ‖ is defined as the maximal ‖ · ‖2-norm of
all weight matrices and all | · |2-norms of the biases. The resulting critical value is given by
arg minτ>0

{
Π̃λ,ρ(ϑ : ‖ϑ‖ 6 (2B)−Lτ | Dn) > 1 − α

}
avoiding the undesirable dependence on

the network width r.

Both critical values measure the fluctuation of the posterior. The theoretical properties of the
credible ball are summarized in the following theorem:

Theorem 3.10 (Credible balls). Under Assumption 3.A and with constants Q0, Q1, Q2 > 0

from above we have for λ = n/(2Q0), r2
n from (3.15) and sufficiently large n that

P
(

diam
(
Ĉ(τα)

)
6 4

√
2r2
n +

4(Q1 ∨Q2)

n
log

2

α

)
> 1− α.

If the depth L and the width r are chosen such that L log(n)E(fϑ∗) = O(PL log(n)/λ), then we
have for some constant ξ >

√
L log n depending on K, p and α that

P
(
f ∈ Ĉ(ξτϑα )

)
> 1− α.

Therefore, the order of the diameter of Ĉ(τα) is of the best possible size if L and r are chosen as in
Proposition 3.7. On the other hand, the larger credible set Ĉ(ξτϑα ) defines an honest confidence
set for a fixed class H(q,d, t, β, C0) of the regression function if ξ is chosen sufficiently large
depending on the class parameters. That is, f ∈ H(q,d, t, β, C0) is contained in Ĉ(ξτϑα ) with
probability of at least 1− α. In that sense ξ is a non-asymptotic version of the inflation factor
by Rousseau & Szabó (2020). To circumvent the unknown constant ξ, we can conclude from
Theorem 3.10 that for any sequence an ↑ ∞, e.g. an = log n, we have

P
(
f ∈ Ĉ(anτ

ϑ
α )
)
> 1− α for sufficiently large n.

The condition L log(n)E(fϑ∗) = O(PL log(n)/λ) for the coverage result means that the rate
is dominated by the stochastic error term and can be achieved with a slightly larger network
compared to Proposition 3.7. This guarantees that the posterior is not underfitting and that
the posterior’s bias is covered by its dispersal.
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Figure 3.2: 100 samples drawn from the different MALA chains, given a training sample (black
markers) of 10000 points. Random variables are drawn for ρ = 0.1. The dashed line
shows the corresponding posterior mean f̄λ.

Section 3.1.3 introduces a correction to the batch-wise approximation of the empirical risk when
calculating the MH step. In the following, we show the merit of this correction for learning a
regression function using a feed-forward neural network of L = 2 layers of r = 100 nodes each
and ReLU activation. To simplify the description of the experimental setup and to allow for
a transparent graphical illustration of the method, see Fig. 3.2, we focus on the case of a one-
dimensional regression function. The neural network has a total number of 10401 parameters.
The training sample of size 10000 consist of two equally populated intervals [−0.8,−0.2] and
[0.2, 0.8] with Xi ∼ U([−0.8,−0.2] ∪ [0.2, 0.8]). The true regression function is f(x) = 1.5(x +

0.5)2
1{x<0}+(0.3 sin(10x−2)+0.5)1{x>0}. We generate Y = f(X)+ε by adding an observation

error ε ∼ N (0, 0.022). In the interval between −0.2 and 0.2 no data is produced in order to
illustrate whether the methods recover the resulting large uncertainty due to missing data. For
a sufficiently flexible model we expect a large spread between samples from each Markov chain
in this region. Fig. 3.2 depicts exactly this behavior, as well as the training sample.

To compare the convergence of MALA, stochastic MALA (sMALA), and our corrected stochas-
tic MALA (csMALA) within reasonable computation time, we initialize the chains with network
parameters obtained through optimization of the empirical risk with stochastic gradient descent
for 2000 steps. For this pre-training, we use a learning rate of 10−3. The hyperparameters of

53



3 Statistical guarantees for stochastic Metropolis-Hastings

MALA sMALA csMALA
λ n n · ρ n · (2− ρ)
γ 10−4 10−4 10−4/ρ

s 0.2/
√
P

b 100000/ρ
c 5000
N 20

Table 3.1: Parameter choice for the
different MALA chains. For
ρ = 0.1, we chose a burn-in
of b = 50000 to keep com-
putation costs low.
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Figure 3.3: Histogram of the summed auxiliary vari-
ables, that is the number of training sam-
ples contributing to the stochastic risk, for
all accepted steps. For MALA the MH ac-
ceptance step is calculated on the full sam-
ple and the distribution of the samples con-
tribution to the risk gradients is thus unbi-
ased by the batch size.

the subsequent chains are listed in Table 3.1. The inverse temperature is chosen to counteract
the different normalization terms of the risk for (s)MALA and csMALA, as well as the reduction
of the learning rate by (2 − ρ) through the correction term from Section 3.1.3. The proposal
noise level per parameter dimension is normalized with respect to the number of network pa-
rameters such that the total length of the noise vector is independent of the parameter space
dimension.

To further improve the efficiency of the sampling, we restart Algorithm 3.1 with ϑ(0) set to
the last accepted parameters whenever no proposal has been accepted for 100 steps. Especially
for small ρ and large ε, the stochastic MH algorithms exhibit the tendency to get stuck after
accepting an outlier batch with low risk.

It is also important to adapt ζ such that ζ log ρ
λ ≈ 1

n

∑n
i=1 `i(ϑ

(k)). For ζ lower than this, a bias is
introduced towards accepting updates where many points of the data sample contributed to the
stochastic risk approximation due to the Bernoulli distributed auxiliary variables. Conversely,
for higher values, updates are preferably accepted for low amounts of points in the risk approxi-
mation. This bias towards small batches, note the minus sign due to log ρ, can also be observed
for the uncorrected sMALA. It arises from the dependence of Rn on the sum of the drawn
auxiliary variables Zi. Fig. 3.3 shows a histogram of this sum for all accepted steps. A clear
bias for sMALA towards small batches can be seen. To achieve a good correction, we update
ζ every 100 steps to fulfill the preceding correspondence. Over the chain, the correction factor
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3.3 Numerical examples

Figure 3.4: Average empirical risk on a validation set of 10000 points during running of the
MALA chains. We show different batch probabilities ρ, as well as the values of
the posterior mean (dashed lines). Uncertainties correspond to the minimum and
maximum values of 10 identical chains. For clarity, as simple moving average over
1501 steps is plotted. In the legend, the average acceptance probability over all 10
chains is given. For easier interpretation of the risk values, we also show the behavior
of a gradient-based optimization using ADAM.

thus decreases like the empirical risk with ζ close to 0 due to the proportionality to n−1.

We quantify the performance of the estimators gathered from the different chains with an inde-
pendent validation sample Dval

nval
:= (Xval

i , Y val
i )i=1,...,nval ⊂ Rp × R of size nval = 10000 drawn

from the same intervals as the training sample and calculate the empirical validation risk

Rn(f̂) =
1

nval

nval∑
i=1

(
Y val
i − f̂(Xval

i )
)2

during running of the chain. Fig. 3.4 illustrates the behavior of the empirical validation risk for
the different MALA algorithms, as well as for a simple inference fit using ADAM (Kingma & Ba,
2014) with a learning rate of 10−3. For a fair comparison, we calculate the gradient updates
for all algorithms, including MALA and ADAM, from Bernoulli drawn batches, and only calculate
the MH step for MALA using the full training sample. We can obverse that the individual
samples of MALA outperform those of the sMALA chains, while the samples from the corrected
chain achieve substantially better values than those of the uncorrected stochastic algorithm. On
a level of individual samples, all chains are outperformed by the gradient-based optimization
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3 Statistical guarantees for stochastic Metropolis-Hastings

using ADAM. Investigating the posterior means, MALA outperforms ADAM for small values of ρ
where our corrected algorithm reaches similar risk values as the gradient-based optimization.
For moderate values of ρ the corrected stochastic MALA restores the performance of the full
MH step for both, posterior samples and posterior means, at a level similar to ADAM. While the
acceptance rates of MALA decrease for low ρ and those of sMALA increase, the acceptance rates
of the corrected algorithm are stable under variation of the average batch size.

To study the empirical coverage properties, we calculate 10 individual chains per algorithm
and ρ, and estimate the credible sets and their average radii. As radius of our credible balls,
we approximate the 99.5% quantile q1−α of the mean squared distance to the posterior mean
via

τα,n = q1−α
(
(h1, ..., hN )

)
with hk =

1

nval

nval∑
i=1

∣∣fϑ(b+ck)(Xval
i )− f̄λ,ρ(Xval

i )
∣∣2 .

To determine the coverage probability, we then calculate the number of chains with a mean
squared distance of the posterior mean to the true regression function not exceeding this ra-
dius. The results are shown in Table 3.2. While the uncertainty estimates of all algorithms
remain conservative, we find that the correction term leads to considerably more precise credi-
ble sets.

To illustrate Theorem 3.3 and Theorem 3.5, we also investigate the scaling behavior of the
empirical validation risk of the posterior means with the training sample size n while keeping
nρ constant. We expect the risk of MALA to decrease with growing n, while sMALA should
not decay due to the constant nρ. The numerical simulation of Fig. 3.5 is in line with our
theoretical results. For our corrected algorithm, we recover the scaling behavior of MALA as
expected.
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Figure 3.5: Scaling of the empirical risk of the pos-
terior mean f̄ on a 10000 point vali-
dation set with the size of the training
sample. We scale ρ to keep the average
batch size nρ = 1000 constant. Error
bars report the standard deviation of
10 identical chains.

ρ MALA sMALA csMALA
0.1 1.42± 0.16 13.5± 1.4 7.72± 0.82

0.3 1.10± 0.15 3.70± 0.51 2.15± 0.23

0.5 1.28± 0.11 2.76± 0.19 1.91± 0.36

Table 3.2: Average radii τα · 103 of credi-
ble sets for α = 0.005 calculated
from 10 Monte Carlo chains. All
sets show a coverage probability
Ĉ(τα) of 100%.

3.4 Proofs

We will start by proving the main theorems. Additional proofs of auxiliary results are postponed
to Section 3.4.6 and Section 3.4.7.

3.4.1 Compatibility between R̃n,ρ and the excess risk

As outlined in Section 2.1, a key ingredient to PAC-Bayes oracle inequalities is a concentration
inequality. The main difference now is that the modified empirical risk R̃n,ρ arises from the
stochastic MH step, but we would still like to quantify the performance of the estimator in
terms of its excess risk E(ϑ) = E

[(
f(X1) − fϑ(X1)

)2]. Therefore, the first step in our analysis
is to verify the compatibility of these risks leading to the following concentration inequality,
which acts as a counterpart to Lemma 2.4. A concentration inequality for the empirical risk
Rn(ϑ)−Rn(f) follows as the special case where ρ = 1.

Proposition 3.11. Grant Assumption 3.A. Define

Ẽn(ϑ) := R̃n,ρ(ϑ)− R̃n,ρ(f).

and set Cn,λ := λ
n

8(C2+σ2)
1−V λ/n , V := 16C(Γ∨2C). Then for all λ ∈ [0, n/V )∩

[
0, n log 2

8(C2+σ2)

]
, ρ ∈ (0, 1]
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and n ∈ N we have

E
[

exp
(
λ
(
Ẽn(ϑ)− E(ϑ)

))]
6 exp

((
Cn,λ + λ

n(σC + σ2)
)
λE(ϑ)

)
and

E
[

exp
(
− λ
(
Ẽn(ϑ)− E(ϑ)

))]
6 exp

((
Cn,λ + 3

4 + λ
n(σC + σ2)

)
λE(ϑ)

)
.

Proof. Define ψρ(x) := − log
(
e−x + 1− ρ

)
such that

Ẽn(ϑ) =
1

λ

n∑
i=1

(
ψρ
(
λ
n`i(ϑ)

)
− ψρ

(
λ
n`i(f)

))
with `i(f) = (Yi − f(Xi))

2.

We have

Ẽn(ϑ) =
1

n

n∑
i=1

(
`i(ϑ)− `i(f)

)
ψ′ρ
(
ξi
λ
n`i(ϑ) + (1− ξi)λn`i(f)

)
(3.17)

with some random variables ξi ∈ [0, 1]. Using `1(ϑ)− `1(f) =
(
f(X1)−fϑ(X1)

)2
+ 2ε1

(
f(X1)−

fϑ(X1)
)
, we can decompose the expectation of (3.17) into

E
[
Ẽn(ϑ)

]
= E

[(
f(X1)− fϑ(X1)

)2
ψ′ρ
(
ξ1
λ
n`1(ϑ) + (1− ξ1)λn`1(f)

)]
+ 2E

[
ε1

(
f(X1)− fϑ(X1)

)
ψ′ρ
(
ξ1
λ
n`1(ϑ) + (1− ξ1)λn`1(f)

)]
=: E1 + E2.

We treat both terms separately. We have

1 > ψ′ρ(x) = (1 + (1− ρ)ex)−1

>
1

1 + 2(1− ρ)
>

1

3
for x ∈ [0, log 2]

and ψ′ρ(x) ∈ (0, 1] for all x > 0. In particular, we observe

E1 6 E
[(
fϑ(X1)− f(X1)

)2]
= E(ϑ).

If |ε1| 6 2σ, we have λ
n`1(·) 6 λ

n8(C2 + σ2) 6 log 2 for λ
n 6

log 2
8(C2+σ2)

. Thus,

E1 > E
[(
f(X1)− fϑ(X1)

)2
ψ′ρ
(
ξ1
λ
n`1(ϑ) + (1− ξ1)λn`1(f)

)
1{|ε1|62σ}

]
>

1

3
E
[(
f(X1)− fϑ(X1)

)2P(|ε1| 6 2σ | X1)
]

=
1

3
E
[(
f(X1)− fϑ(X1)

)2(
1− P(|ε1| > 2σ | X1)

)]
>

1

4
E
[(
f(X1)− fϑ(X1)

)2]
,
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where we used Chebyshev’s inequality in the last step. Hence, 1
4E(ϑ) 6 E1 6 E(ϑ). For E2 we

use E[ε1ψ
′
ρ(
λ
nε

2
1) | X1] = 0 by symmetry together with `1(f) = ε2

1 to obtain for some random
ξ′1 ∈ [0, 1] that

E2 = 2E
[
ε1

(
f(X1)− fϑ(X1)

)(
ψ′ρ
(
λ
n`1(f) + ξ1

λ
n

(
`1(ϑ)− `1(f)

))
− ψ′ρ

(
λ
n`1(f)

))]
=

2λ

n
E
[
ε1

(
f(X1)− fϑ(X1)

)
ξ1

(
`1(ϑ)− `1(f)

)
ψ′′ρ
(
ξ′1
λ
n`1(ϑ) + (1− ξ′1)λn`1(f)

)]
=
λ

n
E
[
2ξ1

(
ε1

(
f(X1)− fϑ(X1)

)3
+ 2ε2

1

(
f(X1)− fϑ(X1)

)2)
· ψ′′ρ

(
ξ′1
λ
n`1(ϑ) + (1− ξ′1)λn`1(f)

)]
.

Since maxy>0
y

(1+y)2
= 1

4 , we have

|ψ′′ρ(x)| = (1− ρ)ex

(1 + (1− ρ)ex)2
6

1

4
for x > 0.

Therefore,

|E2| 6
λ

n

(
1
2E
[
|ε1||fϑ(X1)− f(X1)|3 + 2ε2

1

(
f(X1)− fϑ(X1)

)2])
6
λ

n

(
σC + σ2

)
E(ϑ).

In combination with the bounds for E1, we obtain

(
1
4 −

λ
n(σC + σ2)

)
E(ϑ) 6 E

[
Ẽn(ϑ)

]
6
(
1 + λ

n(σC + σ2)
)
E(ϑ).

Define Zi(ϑ) := n
λ

(
ψρ
(
λ
n`i(ϑ)

)
− ψρ

(
λ
n`i(f)

))
such that Ẽn(ϑ) = 1

n

∑n
i=1 Zi(ϑ). The previous

bounds for E[Ẽn(ϑ)] yield

E
[

exp
(
λẼn(ϑ)− λE(ϑ)

)]
= E

[
e
λ
n

∑n
i=1(Zi(ϑ)−E[Zi(ϑ)])

]
eλ(E[Ẽn(ϑ)]−E(ϑ))

6 E
[
e
λ
n

∑n
i=1(Zi(ϑ)−E[Zi(ϑ)])

]
e
λ2

n
(σC+σ2)E(ϑ) and

E
[

exp
(
− λẼn(ϑ) + λE(ϑ)

)]
= E

[
e
λ
n

∑n
i=1(−Zi(ϑ)−E[−Zi(ϑ)])

]
eλ(E(ϑ)−E[Ẽn(ϑ)])

6 E
[
e
λ
n

∑n
i=1(−Zi(ϑ)−E[−Zi(ϑ)])

]
e( 3λ

4
+λ2

n
(σC+σ2))E(ϑ).

To bound the centered exponential moments, we use a variant of Bernstein’s inequality, see
Massart (2007, inequality (2.21)) similarly to the proof of Lemma 2.4. The second moments are
bounded by

E[Z2
i ] = E

[(
n
λ

(
ψρ
(
λ
n`1(ϑ)

)
− ψρ

(
λ
n`1(f)

)))2]
= E

[((
`1(ϑ)− `1(f)

)
ψ′ρ
(
ξ1
λ
n`1(ϑ) + (1− ξ1)λn`1(f)

))2]
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= E
[(

(fϑ(X1)− f(X1))2 + 2ε1(fϑ(X1)− f(X1))
)2

(ψ′ρ)
2
(
ξ1
λ
n`1(ϑ) + (1− ξ1)λn`1(f)

)]
6 2E

[(
fϑ(X1)− f(X1)

)4
+ 4ε2

1

(
fϑ(X1)− f(X1)

)2]
6 8
(
C2 + σ2

)
E(ϑ) =: U.

Moreover, we have for k > 3

E
[
(Zi)

k
+

]
6 E

[∣∣`1(ϑ)− `1(f)
∣∣k∣∣ψ′ρ(ξ1

λ
n`1(ϑ) + (1− ξ1)λn`1(f)

)∣∣k]
6 E

[∣∣`1(ϑ)− `1(f)
∣∣k]

= E[|f(X1)− fϑ(X1) + 2ε1|k|f(X1)− fϑ(X1)|k−2(f(X1)− fϑ(X1))2]

6 (2C)k−2E[|f(X1)− fϑ(X1) + 2ε1|k(f(X1)− fϑ(X1))2]

6 (2C)k−22k−1((2C)k + k!2k−1σ2Γk−2)E(ϑ)

6 (2C)k−2k!8k−2
(
(2C)k−2 ∨ Γk−2

)
U

= k!UV k−2.

Hence, the aforementioned variant of Bernstein’s inequality yields

E
[
e
λ
n

∑n
i=1(Zi(ϑ)−E[Zi(ϑ)])

]
6 exp

( Uλ2

n(1− V λ/n)

)
= exp

(
Cn,λλE(ϑ)

)
for Cn,λ as defined in Proposition 3.11. The same bound remains true if we replace Zi by −Zi.
We conclude

E
[

exp
(
λẼn(ϑ)− λE(ϑ)

)]
6 exp

((
Cn,λ + λ

n(σC + σ2)
)
λE(ϑ)

)
and

E
[

exp
(
− λẼn(ϑ) + λE(ϑ)

)]
6 exp

((
Cn,λ + 3

4 + λ
n(σC + σ2)

)
λE(ϑ)

)
.

Remark 3.12. Replacing ψρ by ψ̄ρ(x) := − log
(
ρe−x/ρ + 1− ρ

)
, x > 0, and using

1 > ψ̄′ρ(x) = (ρ+ (1− ρ)ex/ρ)−1

>
1

ρ+ 3(1− ρ)
>

1

3
for x ∈ [0, ρ log 3],

we can analogously prove under Assumption 3.A that Ēn(ϑ) := R̄n,ρ(ϑ)−R̄n,ρ(f) with R̄n,ρ from
(3.7) satisfies for all λ ∈ [0, n/V ) ∩

[
0, n log 3

8(C2+σ2)

]
, ρ ∈ (0, 1] and n ∈ N:

E
[

exp
(
λ
(
Ēn(ϑ)− E(ϑ)

))]
6 exp

((
Cn,λ + λ

nρ4(σC + σ2)
)
λE(ϑ)

)
and

E
[

exp
(
− λ
(
Ēn(ϑ)− E(ϑ)

))]
6 exp

((
Cn,λ + 1

4 + λ
nρ4(σC + σ2)

)
λE(ϑ)

)
.
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3.4.2 A PAC-Bayes bound for csMALA

In combination with Proposition 3.11, we can verify a PAC-Bayes bound for the excess risk. The
basic proof strategy is in line with the PAC-Bayes literature as outlined in Section 2.1.

Proposition 3.13 (PAC-Bayes bound). Grant Assumption 3.A. For any sample-dependent (in
a measurable way) probability measure % � Π, any λ ∈ (0, n/V ), and ρ ∈ (0, 1] such that
Cn,λ + λ

n(σC + σ2) 6 1
8 , we have

E(ϑ̃λ,ρ) 6 9

∫
E d%+

16

λ

(
KL(% | Π) + log(2/δ)

)
(3.18)

with probability of at least 1− δ.

Proof. Proposition 3.11 yields

E
[

exp
(
λẼn(ϑ)−

(
1 + Cn,λ + λ

n(σC + σ2)
)
λE(ϑ)− log(δ−1)

)]
6 δ,

E
[

exp
(
λ
(

1
4 − Cn,λ −

λ
n(σC + σ2)

)
E(ϑ)− λẼn(ϑ)− log(δ−1)

)]
6 δ.

Integrating in ϑ with respect to the prior probability measure Π and applying Fubini’s theorem,
we conclude

E
[ ∫

exp
(
λẼn(ϑ)−

(
1 + Cn,λ + λ

n(σC + σ2)
)
λE(ϑ)− log(δ−1)

)
dΠ(ϑ)

]
6 δ and (3.19)

E
[ ∫

exp
(
λ
(

1
4 − Cn,λ −

λ
n(σC + σ2)

)
E(ϑ)− λẼn(ϑ)− log(δ−1)

)
dΠ(ϑ)

]
6 δ.

The Radon-Nikodym derivative of the posterior distribution Π̃λ,ρ(· | Dn) � Π with respect to
Π is given by

dΠ̃λ,ρ(ϑ | Dn)

dΠ
= D̃−1

λ exp
(
−

n∑
i=1

ψρ
(
λ
n`i(ϑ)

))
with

D̃λ :=

∫
e−λR̃n,ρ(ϑ) Π(dϑ) =

∫
exp

(
−

n∑
i=1

ψρ
(
λ
n`i(ϑ)

))
Π(dϑ). (3.20)

We obtain

δ > EDn
[ ∫

exp
(
λ
(

1
4 − Cn,λ −

λ
n(σC + σ2)

)
E(ϑ)− λẼn(ϑ)− log(δ−1)

)
dΠ(ϑ)

]
= EDn,ϑ̃∼Π̃λ,ρ(·|Dn)

[
exp

(
λ
(

1
4 − Cn,λ −

λ
n(σC + σ2)

)
E(ϑ̃)− λẼn(ϑ̃)

− log(δ−1)− log
(dΠ̃λ,ρ(ϑ̃ | Dn)

dΠ

))]
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= EDn,ϑ̃∼Π̃λ,ρ(·|Dn)

[
exp

(
λ
(

1
4 − Cn,λ −

λ
n(σC + σ2)

)
E(ϑ̃)− λẼn(ϑ̃)

− log(δ−1) +

n∑
i=1

ψρ
(
λ
n`i(ϑ̃)

)
+ log D̃λ

)]
.

Since 1[0,∞)(x) 6 eλx for all x ∈ R, we deduce with probability not larger than δ that

(
1
4 − Cn,λ −

λ
n(σC + σ2)

)
E(ϑ̃)− Ẽn(ϑ̃) +

1

λ

n∑
i=1

ψρ
(
λ
n`i(ϑ̃)

)
− 1

λ

(
log(δ−1)− log D̃λ

)
> 0.

Provided Cn,λ + λ
n(σC + σ2) 6 1

8 , we thus have for ϑ̃ ∼ Π̃λ,ρ(· | Dn) with probability of at least
1− δ:

E(ϑ̃) 6 8
(
Ẽn(ϑ̃)− 1

λ

n∑
i=1

ψρ
(
λ
n`i(ϑ̃)

)
+

1

λ

(
log(δ−1)− log D̃λ

))
6 8
(
− 1

λ

n∑
i=1

ψρ
(
λ
n`i(f)

)
+

1

λ

(
log(δ−1)− log D̃λ

))
.

Lemma 2.1 with h = −
∑n

i=1 ψρ(
λ
n`i(ϑ)) yields

log D̃λ = − inf
%�Π

(
KL(% | Π) +

∫ n∑
i=1

ψρ
(
λ
n`i(ϑ)

)
d%(ϑ)

)
. (3.21)

Therefore, we have with probability of at least 1− δ:

E(ϑ̃) 6 8 inf
%�Π

(∫ 1

λ

n∑
i=1

(
ψρ
(
λ
n`i(ϑ)

)
− ψρ

(
λ
n`i(f)

))
d%(ϑ) +

1

λ

(
log(δ−1) + KL(% | Π)

))
6 8 inf

%�Π

(∫
Ẽn(ϑ) d%(ϑ) +

1

λ

(
log(δ−1) + KL(% | Π)

))
.

In order to reduce the integral
∫
Ẽn(ϑ) d%(ϑ) to

∫
E(ϑ) d%(ϑ), we use Cn,λ + λ

n(σC + σ2) 6 1
8 ,

Jensen’s inequality, and (3.19) to obtain for any probability measure %� Π (which may depend
on Dn)

EDn
[

exp
(∫ (

λẼn(ϑ)− 9
8λE(ϑ)

)
d%(ϑ)−KL(% | Π)− log(δ−1)

)]
= EDn

[
exp

(∫ (
λẼn(ϑ)− 9

8λE(ϑ)− log
( d%

dΠ
(ϑ)
)
− log(δ−1)

)
d%(ϑ)

)]
6 EDn,ϑ∼%

[
exp

(
λẼn(ϑ)− 9

8λE(ϑ)− log
( d%

dΠ
(ϑ)
)
− log(δ−1)

)]
6 EDn

[ ∫
exp

(
λẼn(ϑ)−

(
1 + Cn,λ + λ

n(σC + σ2)
)
λE(ϑ)− log(δ−1)

)
dΠ(ϑ)

]
6 δ.

62



3.4 Proofs

Using 1[0,∞)(x) 6 eλx again, we conclude with probability of at least 1− δ:∫
Ẽn(ϑ) d%(ϑ) 6

9

8

∫
E(ϑ) d%(ϑ) + λ−1

(
KL(% | Π) + log(δ−1)

)
.

Therefore, we conclude with probability of at least 1− 2δ

E(ϑ̃) 6 9

∫
E(ϑ) d%(ϑ) +

16

λ

(
KL(% | Π) + log(δ−1)

)
.

3.4.3 Proof of Theorem 3.3

We fix a radius η ∈ (0, 1] and apply Proposition 3.13 with % = %η defined via

d%η
dΠ

(ϑ) ∝ 1{|ϑ−ϑ∗|∞6η}

with ϑ∗ from (3.13). Note that indeed Cn,λ + λ
n(σC + σ2) 6 1

8 for Q0 sufficiently large. In order
to control the integral term, we decompose∫

E d%η = E(ϑ∗) +

∫
E
[
(fϑ(X)− f(X))2 − (fϑ∗(X)− f(X))2

]
d%η(ϑ)

= E(ϑ∗) +

∫
E
[
(fϑ∗(X)− fϑ(X))2

]
d%η(ϑ)

+ 2

∫
E
[
(f(X)− fϑ∗(X))(fϑ∗(X)− fϑ(X))

]
d%η(ϑ)

6 E(ϑ∗) +

∫
E
[
(fϑ∗(X)− fϑ(X))2

]
d%η(ϑ)

+ 2

∫
E
[
(f(X)− fϑ∗(X))2

]1/2E[(fϑ∗(X)− fϑ(X))2
]1/2

d%η(ϑ)

6
4

3
E(ϑ∗) + 4

∫
E
[
(fϑ∗(X)− fϑ(X))2

]
d%η(ϑ), (3.22)

using 2ab 6 a2

3 + 3b2 in the last step. To bound the remainder, we use the Lipschitz continuity
of the map ϑ 7→ fϑ(x) for fixed x ∈ Rp:

Lemma 3.14. Let ϑ, ϑ̃ ∈ [−B,B]P . Then we have for x ∈ Rp that

|fϑ(x)− f
ϑ̃
(x)| 6 4(2rB)L(|x|1 ∨ 1)|ϑ− ϑ̃|∞.

We obtain ∫
E d%η 6

4

3
E(ϑ∗) +

4

n2
for η =

1

8K(2rB)Lp n
. (3.23)
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It remains to bound the Kullback-Leibler term in (3.18) which can be done with the following
lemma.

Lemma 3.15. We have KL(%η | Π) 6 P log(2B/η).

Inserting (3.23) and the bound from Lemma 3.15 into the PAC-Bayes bound (3.18), we con-
clude

E(ϑ̃λ,ρ) 6 12E(ϑ∗) +
36

n2
+

16

λ

(
P log

(
16BK(2rB)Lpn

)
+ log(2/δ)

)
6 12E(ϑ∗) +

Q1

n

(
PL log(n) + log(2/δ)

)
for some constant Q1 only depending on C, σ,Γ. �

3.4.4 Proof of Theorem 3.5

Due to Remark 3.12, we can prove the following PAC-Bayes bound under Assumption 3.A
analogously to Proposition 3.13: For any sample-dependent (in a measurable way) probability
measure % � Π and any λ ∈ (0, n/V ) and ρ ∈ (0, 1] such that Cn,λ + λ

nρ4(σC + σ2) 6 1
4 , we

have
E(ϑ̂λ) 6

5

2

∫
E d%+

4

λ

(
KL(% | Π) + log(2/δ)

)
with probability of at least 1− δ. From here, we can continue as in Section 3.4.3. �

3.4.5 Proof of Theorem 3.10

Choosing λ = n
2Q0

, Theorem 3.3 and Corollary 3.6 yield

min
{
E[Π̃λ,ρ({ϑ : ‖fϑ − f‖L2(PX) 6 sn} | Dn)],P(‖f − f̄λ,ρ‖L2(PX) 6 sn)

}
> 1− α2

2

with s2
n := 2r2

n + 4(Q1∨Q2)
n log 2

α . We conclude

P
(

diam(Ĉ(τα)) 6 4sn
)

= P
(

sup
g,h∈Ĉ(τα)

‖g − h‖L2(PX) 6 4sn

)
> P

(
sup

g,h∈Ĉ(τα)

‖g − f̄λ,ρ‖L2(PX) + ‖f̄λ,ρ − h‖L2(PX) 6 4sn

)
> P

(
τα 6 2sn

)
= P

(
Π̃λ,ρ({ϑ : ‖fϑ − f̄λ,ρ‖L2(PX) 6 2sn} | Dn) > 1− α

)
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> P
(
Π̃λ,ρ({ϑ : ‖fϑ − f̄λ,ρ‖L2(PX) > 2sn} | Dn) < α

)
= 1− P

(
Π̃λ,ρ({ϑ : ‖fϑ − f̄λ,ρ‖L2(PX) > 2sn} | Dn) > α

)
> 1− α−1E

[
Π̃λ,ρ({ϑ : ‖fϑ − f̄λ,ρ‖L2(PX) > 2sn} | Dn)

]
> 1− α−1

(
E
[
Π̃λ,ρ({ϑ : ‖fϑ − f‖L2(PX) > sn} | Dn)

]
+ P

(
‖f̄λ,ρ − f‖L2(PX) > sn

))
> 1− α.

The first statement in Theorem 3.10 is thus verified.

For the coverage statement, we denote ξ̄ := ξ∆(L, r) = ξ(2rB)L and bound

P
(
f ∈ Ĉ(ξτϑα )

)
= P

(
‖f − f̄λ,ρ‖L2(PX) 6 ξτ

ϑ
α

)
> P

(
Π̃λ,ρ({ϑ : |ϑ|∞ 6 ξ̄−1‖f − f̄λ,ρ‖L2(PX)} | Dn) < 1− α

)
> P

(
Π̃λ,ρ({ϑ : |ϑ|∞ 6 ξ̄−1sn} | Dn) < 1− α

)
− α2

= 1− α2 − P
(
Π̃λ,ρ({ϑ : |ϑ|∞ 6 ξ̄−1sn} | Dn) > 1− α

)
> 1− α2 − (1− α)−1E

[
Π̃λ,ρ(Bn | Dn)

]
with

Bn :=
{
ϑ : |ϑ|∞ 6 ξ̄−1sn

}
.

In terms of Ẽn(ϑ) = R̃n,ρ(ϑ)− R̃n,ρ(f) and D̃λ =
∫

exp
(
− λR̃n,ρ(ϑ)

)
Π(dϑ) the inequalities by

Cauchy-Schwarz and Jensen imply

E
[
Π̃λ,ρ(Bn | Dn)

]
= E

[
D̃−1
λ

∫
Bn

e−λR̃n,ρ(ϑ) Π(dϑ)
]

= E
[
D̃−1
λ e−λR̃n,ρ(f)

∫
Bn

e−λẼn(ϑ) Π(dϑ)
]

6 E
[
D̃−2
λ e−2λR̃n,ρ(f)

]1/2E[( ∫
Bn

e−λẼn(ϑ) Π(dϑ)
)2]1/2

6 E
[
D̃−2
λ e−2λR̃n,ρ(f)

]1/2E[Π(Bn)

∫
Bn

e−2λẼn(ϑ) Π(dϑ)
]1/2

.

The smaller choice of λ = n/(2Q0) instead of n/Q0 ensures Cn,2λ + 2λ
n (σC + σ2) 6 1

8 allowing
us to apply Proposition 3.11 with 2λ. With Fubini’s theorem and the uniform distribution of
the prior, the second factor can thus be bounded using

E
[ ∫

Bn

e−2λẼn(ϑ) Π(dϑ)
]

=

∫
Bn

E
[
e−2λẼn(ϑ)

]
Π(dϑ)

6
∫
Bn

exp
(
2
(
Cn,2λ + 3

4 + 2λ
n (σC + σ2)− 1

)
λE(ϑ)

)
Π(dϑ)
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6 Π(Bn)

6 exp
(
P log

sn
Bξ̄

)
.

Based on (3.21), we conclude

E
[
Π̃λ,ρ(Bn | Dn)

]
6 exp

(
P log

sn
Bξ̄

)
E
[
D̃−2
λ e−2λR̃n,ρ(f)

]1/2
= exp

(
P log

sn
Bξ̄

)
E
[

exp
(

inf
%�Π

(
2 KL(% | Π) + 2

∫
λR̃n,ρ(ϑ) d%(ϑ)

)
− 2λR̃n,ρ(f)

)]1/2

= exp
(
P log

sn
Bξ̄

)
E
[

exp
(

inf
%�Π

(
2 KL(% | Π) +

∫
2λẼn(ϑ) d%(ϑ)

))]1/2
.

For %η′ defined via

d%η′

dΠ
(ϑ) ∝ 1{|ϑ−ϑ∗|∞6η′}, η′ =

sn

8K∆(L, r)p
√
L log n

,

we can use (3.22), Lemma 3.14, and Lemma 3.15 to obtain

inf
%�Π

(
KL(% | Π) +

∫
λẼn(ϑ) d%(ϑ)

)
6 KL(%η′ | Π) +

4

3
λE(ϑ∗) + 3λ

∫
E
[(
fϑ∗(X)− fϑ(X)

)2]
d%η′(ϑ)

+ λ

∫ (
Ẽn(ϑ)− E(ϑ)

)
d%η′(ϑ)

6 P log
2B

η′
+

4

3
λE(ϑ∗) + 3L−1λs2

n + λ

∫ (
Ẽn(ϑ)− E(ϑ)

)
d%η′(ϑ).

In the sequel, Q10, Q11 > 0 are numerical constants which may depend on C,Γ, σ,K, p, and α.
Since L log(n)E(ϑ∗) 6 s2

n 6 Q10PL log(n)/λ by assumption, we obtain

E
[
Π̃λ,ρ(Bn | Dn)

]
6 exp

(
− P log ξ̄ + P log

(
16K∆(L, r)p

√
L log n

)
+ 5Q10P

)
· E
[

exp
(

2λ

∫ (
Ẽn(ϑ)− E(ϑ)

)
d%η′(ϑ)

)]1/2

6 exp
(
− P log ξ + P (Q11 + log

√
L log n)

)
· E
[ ∫

exp
(
2λ
(
Ẽn(ϑ)− E(ϑ)

))
d%η′(ϑ)

]1/2
,

applying Jensen’s inequality in the last line. To bound the expectation in the previous line, we
apply Fubini’s theorem, Proposition 3.11 with Cn,2λ + 2λ

n (σC + σ2) 6 1
8 , and Lemma 3.14 to
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obtain

E
[ ∫

exp
(
2λ
(
Ẽn(ϑ)− E(ϑ)

))
d%η′(ϑ)

]
=

∫
E
[

exp
(
2λ
(
Ẽn(ϑ)− E(ϑ)

))]
d%η′(ϑ)

6
∫

exp
(
2λ
(
Cn,2λ + 2λ

n (σC + σ2)
)
E(ϑ)

)
d%η′(ϑ)

6
∫

exp
(

1
2λE(ϑ)

)
d%η′(ϑ)

6
∫

exp
(
λ
(
E(ϑ∗) + ‖fϑ − fϑ∗‖2L2(PX)

))
d%η′(ϑ)

6
∫

exp
(
λ
(
E(ϑ∗) + s2

n/L
))

d%η′(ϑ)

6 e2Q10P logn.

We conclude

E
[
Π̃λ,ρ(Bn | Dn)

]
6 exp

(
− P

(
log ξ −Q11 −Q10 log n− log

√
L log n

))
.

For a sufficiently large ξ >
√
L log n, we obtain E

[
Π̃λ,ρ(Bn | Dn)

]
6 α(1− α)2 and thus

P
(
f ∈ Ĉ(ξrϑα)

)
> 1− α2 − α(1− α) > 1− α. �

3.4.6 Remaining proofs for Section 3.2

3.4.6.1 Proof of Lemma 3.1

Define
Dλ :=

∫
exp

(
− λRn(ϑ)

)
Π(dϑ), D̄λ :=

∫
exp

(
− λR̄n,ρ(ϑ)

)
Π(dϑ).

For the first part of the lemma, we write

KL
(
Π̄λ,ρ(· | Dn)

∣∣Πλ(· | Dn)
)

=

∫
log

dΠ̄λ,ρ(ϑ | Dn)

dΠλ(· | Dn)
Π̄λ,ρ(dϑ | Dn)

= λ

∫
Sn(ϑ) Π̄λ,ρ(dϑ | Dn) + log

Dλ

D̄λ
with

Sn(ϑ):= Rn(ϑ)− R̄n,ρ(ϑ).

By concavity of the logarithm we have

1

λ

n∑
i=1

log
(
ρe
− λ
nρ
`i(ϑ)

+ 1− ρ
)
>

1

λ

n∑
i=1

ρ log e
− λ
nρ
`i(ϑ)

+ (1− ρ) log 1 = − 1

n

n∑
i=1

`i(ϑ) = −Rn(ϑ).
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Hence, Sn(ϑ) > 0 and Dλ 6 D̄λ. We conclude

KL
(
Π̄λ,ρ(· | Dn)

∣∣Πλ(· | Dn)
)
6 λ

∫
Sn(ϑ) Π̄λ,ρ(dϑ | Dn).

Moreover, log(x + 1) 6 x for all x > −1 and a second order Taylor expansion of x 7→ ex

yield

Sn(ϑ) =
1

λ

n∑
i=1

(
log
(
ρ(e
− λ
nρ
`i(ϑ) − 1) + 1

)
+ λ

n`i(ϑ)
)

6
ρ

λ

n∑
i=1

(
e
− λ
nρ
`i(ϑ) − 1 + λ

nρ`i(ϑ)
)

6
ρ

2λ

n∑
i=1

(
λ
nρ`i(ϑ)

)2
e
− λ
nρ
`i(ϑ)

6
λ

nρ
· 1

2n

n∑
i=1

|`i(ϑ)|2.

For `i(ϑ) = |Yi − fϑ(Xi)|2 6 2|f(Xi)− fϑ(Xi)|2 + 2ε2
i 6 8C2 + 2ε2

i , we obtain

Sn(ϑ) 6
λ

nρ

(
64C4 +

4

n

n∑
i=1

ε4
i

)
and thus,

1

λ
KL
(
Π̄λ,ρ(· | Dn)

∣∣Πλ(· | Dn)
)
6

λ

nρ

(
64C4 +

4

n

n∑
i=1

ε4
i

)∫
Π̄(dϑ | Dn)

=
λ

nρ

(
64C4 +

4

n

n∑
i=1

ε4
i

)
.

In the regime ρ→ 0, define

Tn(ϑ) := −ρn · 1

n

n∑
i=1

e
− λ
nρ
`i(ϑ) and D$,λ :=

∫
exp

(
− Tn(ϑ)

)
Π(dϑ),

such that

KL
(
Π̄λ,ρ(· | Dn)

∣∣$λ,ρ(· | Dn)
)

=

∫ (
Tn(ϑ)− λR̄n,ρ(ϑ)

)
Π̄λ,ρ(dϑ | Dn) + log

(D$,λ

D̄λ

)
.
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We have

λR̄n,ρ(ϑ)− Tn(ϑ) = −
n∑
i=1

log
(
ρe
− λ
nρ
`i(ϑ)

+ 1− ρ
)
− Tn(ϑ)

= −n log(1− ρ)−
n∑
i=1

(
log
(
ρe
− λ
nρ
`i(ϑ)

+ 1− ρ
)
− log(1− ρ)

)
− Tn(ϑ)

= −n log(1− ρ)−
n∑
i=1

ρe
− λ
nρ
`i(ϑ)

∫ 1

0

(
tρe
− λ
nρ
`i(ϑ)

+ 1− ρ
)−1

dt− Tn(ϑ)

= −n log(1− ρ)−
n∑
i=1

ρe
− λ
nρ
`i(ϑ)

∫ 1

0

( 1

tρe
− λ
nρ
`i(ϑ)

+ 1− ρ
− 1
)

dt,

where (tρe
− λ
nρ
`i(ϑ)

+ 1− ρ)−1 − 1 ∈ [0, ρ
1−ρ ]. Therefore,

− ρ2

(1− ρ)

n∑
i=1

e
− λ
nρ
`i(ϑ) 6 λR̄n,ρ(ϑ)− Tn(ϑ) + n log(1− ρ) 6 0.

This implies log
(D$,λ
D̄λ

)
6 −n log(1− ρ) and thus,

KL
(
Π̄λ,ρ(· | Dn)

∣∣$λ,ρ(· | Dn)
)
6

ρ2

1− ρ

∫ n∑
i=1

e
− λ
nρ
`i(ϑ)

Π̄λ,ρ(dϑ | Dn) 6
ρ2n

1− ρ
. �

3.4.6.2 Proof of Lemma 3.2

Recall ψρ(x) = − log(e−x + 1 − ρ), ψ′ρ(x) = 1
1+(1−ρ)ex , and ψ

′′
ρ(x) = − (1−ρ)ex

(1+(1−ρ)ex)2
∈ [−1/4, 0].

Since

R̃n,ρ(ϑ) =
1

λ

n∑
i=1

ψρ
(
λ
n`i(ϑ)

)
=
n

λ
ψρ(0) +

1

λ

n∑
i=1

λ
n`i(ϑ)ψ′ρ

(
ξi
λ
n`i(ϑ)

)
=
n

λ
ψρ(0) +

ψ′ρ(0)

n

n∑
i=1

`i(ϑ) +
1

n

n∑
i=1

`i(ϑ)
(
ψ′ρ(ξi

λ
n`i(ϑ))− ψ′ρ(0)

)
= −n

λ
log(2− ρ) +

1

2− ρ
Rn(ϑ) +

λ

n2

n∑
i=1

`i(ϑ)2ξiψ
′′
ρ

(
ξ′i
λ
n`i(ϑ)

)
,

we have

− λ2

4n2

n∑
i=1

`i(ϑ)2 6 λR̃n,ρ(ϑ)− λ

2− ρ
Rn(ϑ) + n log(2− ρ) 6 0.
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Therefore, we have with D̃λ from (3.20) that

KL
(
Π̃λ,ρ(· | Dn)

∣∣Πλ/(2−ρ)(· | Dn)
)

=

∫ ( λ

2− ρ
Rn(ϑ)− λR̃n,ρ(ϑ)

)
Π̃λ,ρ(dϑ | Dn) + log

(Dλ/(2−ρ)

D̃λ

)
6
∫ ( λ

2− ρ
Rn(ϑ)− λR̃n,ρ(ϑ)− n log(2− ρ)

)
Π̃λ,ρ(dϑ | Dn)

6
λ2

4n

∫
1

n

n∑
i=1

`i(ϑ)2 Π̃λ,ρ(dϑ | Dn)

6
λ2

n

(
32C4 +

2

n

n∑
i=1

ε4
i

)
. �

3.4.6.3 Proof of Corollary 3.6

Jensen’s and Markov’s inequality yield for r2
n from (3.15) that

P
(
E(f̄λ,ρ) > r2

n +
Q1

n
+
Q1

n
log(2/δ)

)
= P

(
‖E[f

ϑ̃λ,ρ
| Dn]− f‖2L2(PX) > r2

n +
Q1

n
+
Q1

n
log(2/δ)

)
6 P

(
E
[
‖f
ϑ̃λ,ρ
− f‖2L2(PX)

∣∣Dn] > r2
n +

Q1

n
+
Q1

n
log(2/δ)

)
= P

(∫ ∞
Q1
n

log(2/δ)
Π̃λ,ρ

(
‖f
ϑ̃λ,ρ
− f‖2L2(PX) > r2

n + t
∣∣Dn) dt >

Q1

n

)
6

n

Q1

∫ ∞
Q1
n

log(2/δ)
E
[
Π̃λ,ρ

(
‖f
ϑ̃λ
− f‖2L2(PX) > r2

n + t
∣∣Dn)] dt.

Using Theorem 3.3, we thus obtain

P
(
E(f̄λ,ρ) > r2

n +
Q1

n
+
Q1

n
log(2/δ)

)
6

2n

Q1

∫ ∞
Q1
n

log(2/δ)
e−nt/Q1 dt = δ. �

3.4.6.4 Proof of Proposition 3.7

We combine arguments from Schmidt-Hieber (2020) with the approximation results from Kohler
& Langer (2021). By rescaling, we can rewrite

f = fq ◦ · · · ◦ f0 = hq ◦ · · · ◦ h0
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with hi = (hij)j=1,...,di+1
, where h̃0j ∈ Cβ0t0 ([0, 1]t0 , 1), h̃ij ∈ Cβiti

(
[0, 1]ti , (2C0)βi

)
for i = 1, . . . , q−

1 and h̃qj ∈ C
βq
tq

(
[0, 1]tq , C0(2C0)βq

)
and hij is h̃ij understood as a function in di instead of ti

arguments.

We want to show that there exists a constant Ci such that for anyMi ∈ N we can find sufficiently
large Li, ri ∈ N and a neural network g̃ij ∈ G(ti, Li, ri) with PLi,ri = ciM

ti parameters and

‖h̃ij − g̃ij‖L∞([0,1]ti ) 6 CiM
−2βi
i . (3.24)

To construct such gij , we use Theorem 2(a) from Kohler & Langer (2021). Their conditions

(a) Li > 5 + dlog4(M2βi)e
(
dlog2(max{bβic, ti}+ 1)e+ 1

)
and

(b) ri > 2ti+6
(
ti+bβic
ti

)
t2i (bβic+ 1)M ti

i

can be satisfied for Li = Ci log(Mi), ri = CiM
ti
i , where Ci only depends on upper bounds for ti

and βi. Hence, there exists a neural network g̃ij ∈ G(ti, Li, ri) with (3.24). Careful inspection of
the proof of this theorem reveals that the weights and shifts of g̃ij grow at most polynomially in
M . Since ti 6 di, ri, we can easily embed g̃ij into the class G(di, Li, ri) by setting gij = g̃ij(Wij ·),
where the matrix Wij ∈ Rti×di is chosen such that gij depends on the same ti many arguments
as hij . Note that the approximation accuracy of g̃ij carries over to gij , that is

‖hij − gij‖L∞([0,1]di ) 6 ‖h̃ij − g̃ij‖L∞([0,1]ti ) 6 CiM
−2βi
i . (3.25)

Setting g = gq ◦ · · · ◦ g0 with gi = (gij)j , we obtain a neural network g ∈ G(p, L, r) with
r = maxi=0,...,q, ridi+1 and L =

∑q
i=0 Li.

Counting the number of parameters of g and using Li = CiM
ti
i , we get PL,r 6 Q12

∑q
i=0 Lir

2
i

for some Q12 > 0.

It follows from Schmidt-Hieber (2020, Lemma 3) and (3.25) that

‖f − g‖L∞([0,1]p) 6 C0

q−1∏
l=0

(2C0)βl+1

q∑
i=0

∥∥|hi − gi|∞∥∥∏q
l=i+1 βl∧1

L∞([0,1]di )
6 Q13

q∑
i=0

M−2βi
i ,

for some Q13 > 0.

Applying Theorem 3.3 together with E(fϑ∗) 6 ‖f − g‖2L∞([0,1]p), we now obtain for some Q14

that

E(f̃λ,ρ) 6 Q14

q∑
i=0

M−4βi
i +

Q14

n

q∑
i=0

M2ti
i (log n)3 +Q14

log(2/δ)

n
(3.26)
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with probability of at least 1 − δ. Choosing Mi = d(n/(log n)3)1/(4βi+2ti)e ensures L, r 6 n for
sufficiently large n, balances the first two terms in the upper bound (3.26) and thus yields the
asserted convergence rate for f̃λ,ρ.

The convergence rate for the posterior mean is proved analogously using Corollary 3.6. �

3.4.7 Proofs of the auxiliary results

3.4.7.1 Proof of Lemma 3.14

Set η := |ϑ − ϑ̃|∞ and let W (1), . . . ,W (L+1), v(1), . . . , v(L+1) and W̃ (1), . . . , W̃ (L+1),
ṽ(1), . . . , ṽ(L+1) be the weights and shifts associated with ϑ and ϑ̃, respectively. Define
x̃(0), . . . , x̃(L+1) analogously to (3.12). We can recursively deduce from the Lipschitz continuity
of ϕ that for l = 2, . . . , L:

|x(1)|1 6 |W (1)x|1 + |v(1)|1 6 2rB(|x|1 ∨ 1),

|x(1) − x̃(1)|1 6 |W (1)x(0) + v(1) − W̃ (1)x̃(0) − ṽ(1)|1 6 η2r(|x|1 ∨ 1),

|x(l)|1 6 |W (l)x(l−1)|1 + |v(l)|1 6 2rB(|x(l−1)|1 ∨ 1) and

|x(l) − x̃(l)|1 6 |W (l)x(l−1) + v(l) − W̃ (l)x̃(l−1) − ṽ(l)|1
6 |(W (l) − W̃ (l))x(l−1)|1 + |W̃ (l)(x(l−1) − x̃(l−1))|1 + |v(l) − ṽ(l)|1
6 η2r(|x(l−1)|1 ∨ 1) + rB|x(l−1) − x̃(l−1)|1.

Therefore,

|x(L)|1 6 (2rB)L−1(|x(1)|1 ∨ 1) 6 (2rB)L(|x|1 ∨ 1) and

|x(L) − x̃(L)|1 6 η2r

L−1∑
k=1

(rB)k−1(|x(L−k)|1 ∨ 1) + (rB)L−1|x(1) − x̃(1)|1

6 η2(L+1)r(|x|1 ∨ 1)(rB)L−1.

Since the clipping function y 7→ (−C) ∨ (y ∧ C) has Lipschitz constant 1, we conclude

|fϑ(x)− f
ϑ̃
(x)| 6 |gϑ(x)− g

ϑ̃
(x)|

= |x(L+1) − x̃(L+1)|

= |W (L+1)x(L) + v(L+1) − W̃ (L+1)x̃(L) − ṽ(L+1)|

6 |(W (L+1) − W̃ (L+1))x(L)|+ |W̃ (L+1)(x(L) − x̃(L))|+ |v(L+1) − ṽ(L+1)|

6 r|W (L+1) − W̃ (L+1)|∞|x(L)|1 + r|W̃ (L+1)|∞|x(L) − x̃(L)|1 + η
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6 ηr(2rB)L(|x|1 ∨ 1) + η(rB)L2L+1(|x|1 ∨ 1) + η

6 η4(2rB)L(|x|1 ∨ 1). �

3.4.7.2 Proof of Lemma 3.15

Since %η and Π are product measures, their KL-divergence is equal to the sum of the KL-
divergences in each of the P factors. For each such factor, we compare

U([(ϑ∗)i − η, (ϑ∗)i + η] ∩ [−B,B]) with U([−B,B]),

where (ϑ∗)i denotes the i-th entry of ϑ∗. The KL-divergence of these distributions is equal
to

log
( λλ([−B,B])

λλ([(ϑ∗)i − η, (ϑ∗)i + η] ∩ [−B,B])

)
6 log

(λλ([−B,B])

λλ([0, η])

)
= log(2B/η).

Thus,

KL(%η | Π) =

P∑
i=1

KL
(
U([(ϑ∗)i − η, (ϑ∗)i + η] ∩ [−B,B])

∣∣U([−B,B])
)
6 P log(2B/η). �
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4 Stochastic neural networks with mixing
priors

In this chapter, we combine our insights from the multi-index analysis and with the stochastic
neural networks from the previous chapter. In Chapter 2, we have seen that an estimator based
on the Gibbs posterior with respect to a mixing prior can adapt to various structural properties
of multi-index models. In Chapter 3, we have demonstrated that a stochastic neural network
based on the Gibbs posterior with respect to a uniform prior allows us to estimate hierarchical
regression functions with the minimax-optimal rate (up to a logarithmic factor). Now, we will
merge these ideas by considering stochastic neural networks based on the Gibbs posterior with
respect to mixing priors. In Section 4.1, we construct a prior which allows the Gibbs posterior
to adaptively choose the optimal network architecture. In Section 4.2, we demonstrate how
we can use the concept of sparsity as in Section 2.2 to apply stochastic neural networks to
high-dimensional regression problems.

While these methods have strong theoretical properties, an efficient implementation is challeng-
ing and left for future research.

These extensions are based on Bieringer et al. (2023, Section 4) and Steffen & Trabs (2023).

Throughout this chapter, we again consider the regression setting from the introduction of
Chapter 2.

4.1 Learning the width

To balance the approximation error term and the stochastic error term in (3.15), we have to
choose an optimal network width. In this section we present a fully data-driven approach to this
hyperparameter optimization problem which avoids evaluating competing network architectures
on a validation set. To account for the model selection problem, we augment the approach
with a mixing prior, which prefers narrower neural networks. Equivalently, this approach can
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4 Stochastic neural networks with mixing priors

be understood as a hierarchical Bayes method where we put a geometric distribution on the
hyperparameter r.

We set
qΠ =

n∑
r=1

2−rΠr

/
(1− 2−n),

where Πr = U([−B,B]Pr) with Pr := (p+1)r+(L−1)(r+1)r+r+1. As in Section 2.2, the basis
2 of the geometric weights is arbitrary. It can be replaced by a larger constant to assign even
less weight to wide networks, but the theoretical results remain the same up to constants.

We obtain our adaptive estimator qfλ,ρ by drawing a parameter ϑ from the surrogate-posterior
distribution with respect to this prior, i.e.

qfλ,ρ := f
qϑλ,ρ

for qϑλ,ρ | Dn ∼ qΠλ,ρ(· | Dn) with qΠλ,ρ(ϑ | Dn) ∝ exp
(
− λR̃n,ρ(ϑ)

)
qΠ(dϑ)

where R̃n,ρ is from (3.9). It should be noted that our results extend to the estimator based on
the posterior mean as in Chapter 3 and are only omitted for the sake of conciseness.

This modification of the prior allows the estimator to adapt to the optimal network width and
we can compare its performance with that of the network corresponding the oracle choice of the
parameter

ϑ∗r ∈ arg min
ϑ∈[−B,B]Pr

R(ϑ) (4.1)

given any width r. We obtain the following adaptive version of Theorem 3.3:

Theorem 4.1 (Width-adaptive oracle inequality). Under Assumption 3.A there is a constant
Q5 > 0 depending only on C,Γ, σ such that for λ = n/Q0 (with Q0 from Theorem 3.3) and
sufficiently large n we have for all δ ∈ (0, 1) with probability of at least 1− δ that

E( qfλ,ρ) 6 min
r=1,...,n

(
12E(fϑ∗r ) +

Q5

n

(
PrL log(n) + log(2/δ)

))
.

Since the modified estimator mimics the performance of the optimal network choice regardless
of width, we obtain the following width-adaptive version of Proposition 3.7 with no additional
loss in the convergence rate:

Corollary 4.2 (Width-adaptive rates of convergence). Let X ∈ [0, 1]p. In the situation of
Theorem 4.1, there exists a network depth L = C3 log n with C3 > 0 only depending on upper
bounds for q, |d|∞, |β|∞, C0 such that the estimator qfλ,ρ satisfies for sufficiently large n uniformly
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4.2 High-dimensional regression using sparse neural networks

over all hierarchical functions f ∈ H(q,d, t, β, C0)

E( qfλ,ρ) 6 Q6

((log n)3

n

)2β∗/(2β∗+t∗)
+Q6

log(2/δ)

n

with probability of at least 1 − δ, where β∗ and t∗ are as in Proposition 3.7. The constant Q6

only depends on upper bounds for q, |d|∞, |β|∞ and C0 as well as the constants C,Γ, σ from
Assumption 3.A.

It has to be noted that we cannot hope to construct credible sets with coverage as in Theorem 3.10
based on the adaptive posterior distribution. It is well known that adaptive honest confidence
sets are only possible under additional assumptions on the regularity of the regression function,
e.g. self-similarity or polished tail conditions, see Hoffmann & Nickl (2011) and we remark that
such conditions with respect to the network parameterization seem infeasible.

4.2 High-dimensional regression using sparse neural networks

While the rate in Proposition 3.7 only depends on the intrinsic dimension of the hierarchical
regression function, the constants Q3, Q4 depend on the dimension p of the data. To circumvent
this, we consider sparse neural networks.

A network is sparse, or more precisely connection sparse, if many weights in the network are
zero and thus some links between nodes are inactive. For some active set I ⊂ {1, . . . , P}, the
corresponding class of sparse networks is defined by

G(p, L, r, I) := {gϑ ∈ G(p, L, r) : ϑi = 0 if i /∈ I}.

We denote by |I| the cardinality of a set I, which is useful for quantifying the sparsity of a
neural network in G(p, L, r, I).

For some C > 1, we also introduce the class of clipped networks

F(p, L, r, C) :=
{
fϑ := (−C) ∨ (gϑ ∧ C)

∣∣ gϑ ∈ G(p, L, r)
}

and similarly we denote clipped networks with active set I by F(p, L, r, I, C).

In order to adopt csMALA to sparse neural networks, we again modify the prior. For a given
active set I the prior ΠI on the parameter set of the class G(p, L, r, I) is defined as the uniform
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4 Stochastic neural networks with mixing priors

distribution on
SI := {ϑ ∈ [−B,B]P | ϑi = 0 if i /∈ I} (4.2)

for some B > 1. To allow for a data-driven choice of the active set, we define the prior
◦
Π as a

mixture of the uniform priors ΠI :

◦
Π :=

P∑
i=1

2−i
∑

I⊆{1,...,P},
|I|=i

(
P

i

)−1

ΠI

/
CP with CP := (1− 2−P ).

Similarly to Section 2.2, the basis 2 of the geometric weights is arbitrary and can be replaced
by a larger constant leading to a stronger preference of sparse networks. The theoretical results
remain unchanged up to constants. The prior

◦
Π can be understood as a hierarchical prior, where

we first draw a geometrically distributed sparsity i, given i we uniformly choose an active set
I ⊂ {1, . . . , P} with |I| = i and on I the uniform prior ΠI is applied. We define our estimator
via

◦
fλ,ρ := f ◦

ϑλ,ρ
for

◦
ϑλ,ρ | Dn ∼

◦
Πλ,ρ(· | Dn) with

◦
Πλ,ρ(ϑ | Dn) ∝ exp

(
− λR̃n,ρ(ϑ)

) ◦
Π(dϑ).

(4.3)

As a benchmark for the performance of the method, we define the oracle choice on SI from (4.2)
for some active set I as

ϑ∗I ∈ arg min
ϑ∈SI

R(ϑ). (4.4)

The oracle is not accessible to the practitioner because R(ϑ) depends on the unknown distribu-
tion of (X, Y ). A solution to the minimization problem in (4.4) always exists since SI is compact
and ϑ 7→ R(fϑ) is continuous. If there is more than one solution, we choose one of them. Our
main result gives a theoretical guarantee that the PAC-Bayes estimator

◦
fλ,ρ from (4.3) is almost

as good as the oracle ϑ∗I in terms of the excess risk.

We obtain the following non-asymptotic oracle inequality:

Theorem 4.3 (PAC-Bayes oracle inequality). Under Assumption 3.A there is a constant Q7 > 0

only depending on C,Γ, σ such that for λ = n/Q0 (with Q0 from Theorem 3.5) and sufficiently
large n, we have with probability of at least 1− δ that

E(
◦
fλ,ρ) 6 min

I

(
12E(fϑ∗I ) +

Q7

n

(
|I|L log(p ∨ n) + log(2/δ)

))
.

Remark 4.4. The dependence of Q7 on C,Γ, σ is at most quadratic and n > n0 := 2∨ r ∨ b∨K
is sufficiently large.
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The benefit of this theorem over Theorem 3.3 is that the terms in the upper bound only depend
on the number of nonzero weights of the oracle and that we take the minimum over all possible
sets of nonzero weights. In particular, we recover |I|n log p as the typical error term for estimating
high-dimensional vectors with sparsity |I| similarly to Theorem 2.5.

Theorem 4.3 is in line with classical PAC-Bayes oracle inequalities, see Alquier (2021). Chérief-
Abdellatif (2020) has obtained a similar oracle inequality for a variational approximation of
the Gibbs posterior distribution, but without the minimum over the active sets. For penalized
empirical risk minimization, Taheri et al. (2021) have obtained another oracle inequality with a
different dependence on the depth L.

Corollary 4.5 (Rates of convergence). Let log p 6 n/(log2 n) and X ∈ [0, 1]p. In the situation
of Theorem 4.3, there exists a network architecture (L, r) = (C1dlog2 ne, C2n) with C1 and C2

only depending on upper bounds for q, |(d1, . . . , dq)|∞, |t|∞, |β|∞ and C0 such that for sufficiently
large n, the estimator

◦
fλ,ρ yields an excess risk of at most

E(
◦
fλ,ρ) 6 Q8

( log(p ∨ n) log2(n)

n

)2β∗/(2β∗+t∗)
+Q8

log(2/δ)

n

with probability of at least 1− δ, where β∗ and t∗ are given by

β∗ := β∗i∗ , t∗ := t∗i∗ for i∗ ∈ arg min
i=0,...,q

2β∗i
2β∗i + t∗i

and β∗i := βi

q∏
l=i+1

(βl ∧ 1).

The constant Q8 only depends on q, (d1, . . . , dq), t, β and C0 and C,Γ, σ.

Since the class of multi-index models can be embedded into the class of hierarchical functions,
we recover the same rate of convergence (up to a logarithmic factor) when applying

◦
fλ,ρ to data

generated from a multi-index model, cf. Corollary 2.8.

Corollary 4.6 (Sparse neural networks applied to multi-index models). Grant Assumption 2.B
and Assumption 2.C with g∗ ∈ Cβd∗([−B1, B1]p, C0). In the situation of Theorem 4.3, there
exists a network architecture (L, r) = (C ′1dlog2 ne, C ′2n) with C ′1 and C ′2 only depending on upper
bounds for d∗, β and C0 such that the estimator

◦
fλ,ρ yields an excess risk for sufficiently large n

uniformly over all hierarchical functions f ∈ H(q,d, t, β, C0) of at most

E(
◦
fλ,ρ) 6 Q9

( log(p ∨ n) log2(n)

n

)2β/(2β+d∗)
+Q9

log(2/δ)

n

with a probability of at least 1− δ.
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4.3 Proofs

The proofs of Theorem 4.1 and Theorem 4.3 are structurally similar to that of Theorem 3.3.
Note that the only property of the prior that we used in the proof of Proposition 3.13 is that Π

is a probability measure on the space of network weights. Hence, it is straightforward to see that
the analogous statement still holds when replacing Π with qΠ and

◦
Π, respectively. To account for

the change in the prior, we also choose a different probability measure % in the resulting upper
bound and modify Lemma 3.15 accordingly.

4.3.1 Proof of Theorem 4.1

As outlined in the previous paragraph, we have for any sample-dependent probability measure
%� qΠ with probability of at least 1− δ

E(qϑλ,ρ) 6 9

∫
E d%+

16

λ

(
KL(% | qΠ) + log(2/δ)

)
. (4.5)

For a width r ∈ N and some radius η ∈ (0, 1], we now choose % = %r,η defined via

d%r,η
dΠr

(ϑ) ∝ 1{|ϑ−ϑ∗r |∞6η}

with ϑ∗r from (4.1). Replacing ϑ∗ with ϑ∗r in the arguments from the proof of Theorem 3.3, we
find ∫

E d%r,η 6
4

3
E(ϑ∗r) +

4

n2
for η =

1

8K(2rB)Lp n
.

To bound the Kullback-Leibler term in (4.5), we employ the following modification of
Lemma 3.15:

Lemma 4.7. We have KL(%r,η | qΠ) 6 Pr log(2B/η) + r.

Therefore, we have with probability of at least 1− δ that

E(qϑλ,ρ) 6 12E(fϑ∗r ) +
Q5

n

(
PrL log(n) + log(2/δ)

)
,

for some Q5 > 0 only depending on C,Γ, σ. Choosing r to minimize the upper bound in the last
display yields the assertion. �
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4.3.2 Proof of Theorem 4.3

The arguments analogous to the proof of Theorem 4.1 yield with probability of at least 1−δ

E(
◦
ϑλ,ρ) 6 9

∫
E d%+

16

λ

(
KL(% |

◦
Π) + log(2/δ)

)
. (4.6)

Now, for some fixed index set I, a radius η ∈ (0, 1] and % = %I,η defined via

d%I,η

d
◦
Π

(ϑ) ∝ 1{|ϑ−ϑ∗I |∞6η}

with ϑ∗I from (4.4), we deduce∫
E d%I,η 6

4

3
E(ϑ∗I) +

4

n2
for η =

1

8K(2rB)Lp n
.

The Kullback-Leibler term in (4.6) is controlled with the following further modification of
Lemma 3.15:

Lemma 4.8. We have

(i) KL(ρI,η | Π) = KL(ρI,η | ΠI) + log(CI) where CI := CP 2|I|
(
P

|I|

)
,

(ii) KL(ρI,η | ΠI) 6 |I| log(2B/η).

In particular,
KL(ρI,η | Π) 6 |I| log(2B/η) + log(CI).

Together with
(
P
|I|
)
6 P |I|

(|I|)! 6 (eP )|I|, the previous lemma yields

KL(ρ | Π) 6 |I| log
(
4CPBP e/η

)
. (4.7)

Plugging (4.6) and (4.7) into the PAC-Bayes bound (4.6), we conclude

E(
◦
ϑλ,ρ) 6 12E(ϑ∗I) +

4

n2
+

4

λ

(
|I| log

(
32BP e(2rB)LpKn

)
+ log(2/δ)

)
6 12E(ϑ∗I) +

Q7

n

(
|I|L log(p ∨ n) + log(2/δ)

)
(4.8)

for n > n0 := 2 ∨ r ∨ B ∨K and some constant Q7 only depending on C,Γ, σ. Note that the
upper bound in (4.8) is deterministic and I is arbitrary. Therefore, we can choose I such that
this bound is minimized, which completes the proof. �
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4.3.3 Proof of Corollary 4.2

The statement follows by choosing r in the upper bound from Theorem 4.1 as in the statement
of Proposition 3.7 and then using the same approximation result to control the excess-risk of
the corresponding oracle choice ϑ∗r . �

4.3.4 Proof of Corollary 4.5

Throughout, denote by Ci, i = 1, 2, . . . constants only depending on upper bounds for q,
|(d1, . . . , dq)|∞, |t|∞, |β|∞ and C0.

We will verify that for any sufficiently large n,M ∈ N there exists a sparse ReLU neural network
g = gϑ ∈ G(p, C1dlog2 ne, C2M, I) with |I| 6 C3Mdlog2 ne and |ϑ|∞ 6 1 6 B such that

‖g − f‖L∞([0,1]p) 6 C4M
−β∗/t∗ . (4.9)

Careful inspection of the proof of Schmidt-Hieber (2020, Theorem 1) reveals that there exists a
sparse ReLU neural network g ∈ G(p, L, r,J ) with weights and shifts absolutely bounded by 1

and

L = 3(q − 1) +

q∑
i=0

(
8 + (dlog2 ne+ 5)(1 + dlog2(ti ∨ βi)e)

)
,

r = 6M max
i=0,...,q

di+1(ti + dβie) and

|J | 6
q∑
i=0

di+1

(
141(ti + βi + 1)3+tiM(dlog2 ne+ 6) + 4

)
such that (4.9) holds with

M =
⌈( n

log2(n) log(p ∨ n)

)t∗/(2β∗+t∗)⌉
6 n,

provided M > maxi=0,...,q(βi + 1)ti ∨ (C0(2C0)βi + 1)eti . Hence, it remains to show that g can
also be represented as a ReLU neural network in

G(p, C1dlog2 ne, C2n, I). (4.10)

To do this, we employ the embedding properties of network function classes from Schmidt-Hieber
(2020, Section 7.1).
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Note that L, r and the upper bound for |J | are independent of d0 = p and monotonically
increasing in q, |(d1, . . . , dq)|∞, |t|∞ and |β|∞. Also, r is of order M , L is of order dlog2 ne and
the upper bound for |J | is of orderMdlog2 ne. Using the enlarging and the depth synchronization
properties, g can indeed be written as a ReLU neural network in (4.10). Note that to ensure
the depth of the network, we added additional layers after the last hidden layer, instead of right
after the input to preserve the order of the sparsity.

Theorem 4.3 together with E(fϑ∗I ) 6 ‖gϑ − f‖
2
L∞([0,1]p) now yields

E(ϑ̂λ) 6 4C4M
−2β∗/t∗ +

Q7C3

n
Mdlog2 ne2 log(p ∨ n) +Q7

log(2/δ)

n

with probability of at least 1− δ. �

4.3.5 Proof of Corollary 4.6

The idea of the proof is similar to that of Corollary 4.5: we construct a sparse neural network
which approximates the true regression function f = g∗(W ∗·). We treat g∗ and W ∗ separately.
x 7→ W ∗x can be replicated exactly by W ∗x = W (2)φ(W (1)x) with W (1) = (W ∗,−W ∗)>,
W (2) = (Ed∗ ,−Ed∗). The corresponding network has LW ∗ = 1 hidden layer, a width of rW ∗ = d∗

and sparsity level |J | = 2‖W ∗‖0 + 2d∗ 6 4‖W ∗‖0. Since the rows of W ∗ are `2-standardized,
all weights are absolutely bounded by 1.

To approximate the link function, we write g∗(W ∗x) = g(W ∗x/(2B1) + v) for v =

(1/2, . . . , 1/2)> ∈ Rd∗ and g = g∗(2B1(· − v)). As in the proof of Corollary 4.5, there exists for
any sufficiently large n,M ∈ N a sparse ReLU neural network gϑ with |ϑ|∞ 6 1, Lg∗ . log2 n

hidden layers, width rg∗ .M and sparsity Jg∗ . log2 n such that

‖g − gϑ‖L∞([0,1]d∗ ) 6 cM
−β/d∗

for some c > 0 only depending on upper bounds for d∗, β and C0. Using the embedding properties
of network function classes from Schmidt-Hieber (2020, Section 7.1), we can also write gϑ(2B1(·−
v)) as a ReLU neural network g

ϑ̃
with architecture and sparsity of the same order as for gϑ and

with |ϑ̃|∞ 6 B1. The composition of g
ϑ̃
with the network which replicates x 7→ W ∗x is a

ReLU neural network with architecture and sparsity of the same order as for g
ϑ̃
. Its weights are

absolutely bounded by B1. Since |W ∗X|∞ 6 B1, we obtain

E(fϑ∗I ) 6 ‖g
∗ − g

ϑ̃
‖2
L∞([−B1,B1]d∗ )

= ‖g − gϑ‖2L∞([0,1]d∗ )
6 cM−2β/d∗ .

Using Theorem 4.3 yields for some c > 0 only depending on upper bounds for d∗, β and C0
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that
E(ϑ̂λ) 6 4c′M−2β/d∗ +

c′Q7

n
Mdlog2 ne2 log(p ∨ n) +Q7

log(2/δ)

n

with a probability of at least 1− δ. Choosing

M =
⌈( n

log2(n) log(p ∨ n)

)d∗/(2β+d∗)⌉
6 n

yields the assertion. �

4.3.6 Proofs of the auxiliary results

The proofs of the auxiliary results in this section use similar arguments to the proofs of
Lemma 2.12 and Lemma 3.15, see Section 2.3.5.3 and Section 3.4.7.2, respectively.

4.3.6.1 Proof of Lemma 4.7

The key step is to verify
d%r,η

dqΠ
= 2r(1− 2−n)

d%r,η
dΠr

, (4.11)

from which we can deduce

KL(%r,η | qΠ) =

∫
log
(d%r,η

dqΠ

)
d%r,η =

∫
log
(d%r,η

dΠr

)
d%r,η + log(2r(1− 2−n))

6 KL(%L,η | ΠL) + r.

Since the arguments from the proof of Lemma 3.15, yield KL(%r,η | Πr) 6 Pr log(2B/η), the
lemma follows.

For (4.11), note how %r,η only assigns positive probability to sets A ⊆ [−B,B]Pr . Hence,

%r,η(A) =

∫
A

d%r,η

dqΠ
dqΠ = (1− 2−n)−1

n∑
l=1

2−l
∫
A

d%r,η

dqΠ
dΠl = (1− 2−n)−12−r

∫
A

d%r,η

dqΠ
dΠr. �

4.3.6.2 Proof of Lemma 4.8

(i) We will show that
dρI,η
dΠ

= CI
dρI,η
dΠI

(4.12)
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to deduce

KL(ρI,η | Π) =

∫
log
(dρI,η

dΠ

)
dρI,η =

∫
log
(dρI,η

dΠI

)
dρI,η+log(CI) = KL(ρI,η | ΠI)+log(CI).

For (4.12), we need to check

ρI,η(A) =

∫
A
C−1
I

dρI,η
dΠ

dΠI

for all Borel-measurable set A ⊆ Rp. Observe that for the sets SJ ,⇔ := {ϑ ∈ SJ | ϑi 6= 0⇔ i ∈
J } with ∅ 6= J ⊆ {1, . . . , P}, we have

ΠJ (SJ ,⇔) = 1. (4.13)

In particular, (4.13) holds for J = I. Since also ρI,η(SI,⇔) = 1, no generality is lost in
additionally assuming A ⊆ SI,⇔. Note how

SJ ,⇔ ∩ SI,⇔ = ∅ ∀J 6= I. (4.14)

Combining (4.13) with (4.14), we see that∫
A

dρI,η
dΠ

dΠJ = 0 ∀J 6= I.

Therefore,

ρI,η(A) =

∫
A

dρI,η
dΠ

dΠ =

∫
A
C−1
I

dρI,η
dΠ

dΠI .

(ii) ρI,η and ΠI are product measures and thus their KL-divergence is equal to the sum of
the KL-divergences in each of the P factors. For terms with index i ∈ I, the corresponding
KL-divergence can be bounded by log(2B/η) as in the proof of Lemma 3.15. For terms with
index i /∈ I, the corresponding KL-divergence is zero, as both factors have all their mass in 0.
Thus,

KL(ρI,η | ΠI) =
∑
i∈I

KL
(
U([(ϑ∗I)i−η, (ϑ∗I)i+η]∩[−B,B]) | U([−B,B])

)
6 |I| log(2B/η).

85



4 Stochastic neural networks with mixing priors

86



5 Estimating a multivariate Lévy density

In this chapter, we present our results on the estimation of a multivariate Lévy density based on
Steffen (2023a). The estimator is based on the spectral method, see Belomestny & Reiß (2015)
for an introduction and Trabs (2015) for the one-dimensional case.

Let us recall that a Lévy process (Lt)t>0 is an Rd-valued stochastically continuous stochastic
process in continuous time with independent and stationary increments, (a.s.) càdlàg paths and
L0 = 0. The distribution of the entire process is characterized by its Lévy triplet (Σ, γ, ν) with a
drift parameter γ ∈ Rd, a positive semi-definite volatility matrix Σ ∈ Rd×d and a Lévy measure
ν. The aim of this chapter is to estimate the density of the Lévy measure, called the Lévy
density, which we also denote by ν assuming that it exists. Throughout, the Lévy process is
observed in the form of n ∈ N increments at equidistant time points with time difference δ > 0

and overall time horizon T := nδ:

Yk := Lδk − Lδ(k−1), k = 1, . . . , n.

Since, by definition, (Lt)t>0 has independent and stationary increments, Y1, . . . Yn are i.i.d.

The Lévy-Khinchine formula, see e.g. Sato (1999), allows for an explicit representation of the
characteristic function of the process at any time point. If

∫
|x|2 ν(dx) <∞, this representation

reads

ϕt(u) := E[ei〈u,Lt〉] = etψ(u) with ψ(u) := i〈γ, u〉 − 1

2
〈u,Σu〉+

∫ (
ei〈u,x〉 − 1− i〈u, x〉

)
ν(dx).

(5.1)
Denote the gradient and the Laplacian of a function g : Rd → C by ∇g and ∆g, respectively,
assuming they exist. We have

∇ψ(u) = iγ − Σu+ i

∫
x
(
ei〈u,x〉 − 1

)
ν(dx), (5.2)

∆ψ(u) = − tr(Σ)−
∫
|x|2ei〈u,x〉 ν(dx) = − tr(Σ)−F [|x|2ν](u) =

ϕt(u)∆ϕt(u)− (∇ϕt(u))2

tϕ2
t (u)

,

(5.3)

87



5 Estimating a multivariate Lévy density

where the integral in the first line is component-wise, F [|x|2ν] :=
∫

ei〈·,x〉|x|2 ν(dx) and for
vectors x, y ∈ Cd, we set x · y =

∑d
k=1 xkyk and then x2 = x · x. In particular, (∇ϕt(u))2 =∑d

k=1

( ∂ϕt
∂uk

(u)
)2.

The chapter is organized as follows. In Section 5.1, we introduce the estimation method and
state our main results along with a short outline of the proof and the key tools used. The
empirical performance of our estimator is illustrated in simulation examples in Section 5.2. The
full proofs are postponed to Section 5.3.

5.1 Estimation method and main results

Just to motivate our estimator for ν, suppose Σ = 0. In view of (5.3), we then have ν =

−| · |−2F−1[∆ψ] and ∆ψ can naturally be estimated using the empirical characteristic function
ϕ̂δ,n(u) := 1

n

∑n
k=1 ei〈u,Yk〉 leading to

∆̂ψn(u) :=
ϕ̂δ,n(u)∆ϕ̂δ,n(u)− (∇ϕ̂δ,n(u))2

δϕ̂δ,n(u)
1{|ϕ̂δ,n(u)|>T−1/2} (5.4)

with the indicator ensuring a well-defined expression. Therefore, granted ν has a Lévy density
also denoted by ν, it is reasonable to propose the estimator

ν̂h(x) := −|x|−2F−1
[
FKh∆̂ψn

]
(x), x ∈ Rd \ {0}, (5.5)

where K is bandwidth limited kernel with bandwidth h > 0 (Kh := h−dK(·/h)). We assume
that the kernel satisfies, for some order p ∈ N, that for any multi-index 0 6= β ∈ Nd0 with |β|1 6 p
we have ∫

Rd
K(x) dx = 1,

∫
Rd
xβK(x) dx = 0 and supp FK ⊆ [−1, 1]d. (5.6)

For d = 1, we recover the jump density estimator by Trabs (2015) to estimate quantiles of Lévy
measures.

A suitable kernel can be constructed as K := (F−1g)/g(0) from an integrable even function
g : C∞(Rd) → R with support contained in [−1, 1]d, g(0) 6= 0, and vanishing mixed partial
derivatives of order up to p at 0. For the theoretical analysis, it is useful to consider a kernel
with product structure K(x) =

∏d
j=1K

j(xj) for kernels Kj on R, each with order p, i.e. for all
q ∈ N, q 6 p∫

R
Kj(xj) dxj = 1,

∫
xqjK

j(xj) dxj = 0, and supp FKj ⊆ [−1, 1].
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5.1 Estimation method and main results

Obviously, such a product kernel also fulfills (5.6).

5.1.1 Convergence rates

To control the estimation error, we need to impose smoothness and moment conditions on the
Lévy density. To this end, we introduce for a number of moments m > 0, a regularity index
s > 0, an open subset U ⊆ Rd, and a universal constant C > 0,

J s(m,U,C) :=
{

(Σ, γ, ν)
∣∣∣Σ ∈ Rd×d positive-semidefinite, tr(Σ) 6 C, γ ∈ Rd,∫
|x|mν(dx) 6 C, ν has a Lebesgue density with | · |2ν ∈ Cs(U,C)

}
,

where Cs(U,C) denotes the ball of all Hölder regular functions on U with regularity index
s > 0.

Since we require regularity of the Lévy density in a small ζ-neighborhood beyond U for a uniform
rate, we set Uζ := {x ∈ Rd | ∃u ∈ U : |x− u| < ζ} for some radius ζ > 0.

In view of (5.4) it is natural that the estimation error also depends on the decay behavior of
the characteristic function, which in turn, is affected by the presence of a Gaussian component.
Therefore, we distinguish between the following two classes of Lévy processes. First, is the
so-called mildly ill-posed case for a decay exponent α > 0

Ds(α,m,U,C, ζ) :=
{

(0, γ, ν) ∈ J s(m,Uζ , C)
∣∣ ‖(1 + | · |∞)−α/ϕ1‖∞ 6 C, ‖|x|ν‖∞ 6 C

}
.

As alluded to in the introduction, a Gaussian component overclouds the jumps in addition to the
discrete observations and is therefore treated as the severely ill-posed case for α, r, η > 0

Gs(α,m,U, r, C, ζ, η) :=
{

(Σ, γ, ν) ∈ J s(m,Uζ , C)
∣∣ ‖ exp(−r| · |α∞)/ϕ1‖∞ 6 C,

|x|3−ην(x) 6 C ∀|x| 6 1
}
.

The parameters α and r control the exponential decay of the characteristic function. Note that
Σ 6= 0 already implies α = 2. In this case, the assumption |x|3−ην(x) 6 C for |x| 6 1 allows us
to control the behavior of the small jumps.

In the mildly ill-posed case, the Blumenthal-Getoor index of the Lévy process is at most 1,
whereas in the severely ill-posed case it is at most

(
(3−η)∧2

)
∨0, where we set a∧b := min{a, b}

and a ∨ b := max{a, b} for a, b ∈ R.

For these regularity classes, we are able to quantify the estimation error as follows.
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5 Estimating a multivariate Lévy density

Theorem 5.1. Let α, r, C, ζ > 0, s > 1,m > 4, and let the kernel satisfy | · |p+dK ∈ L1(Rd) and
(5.6) with order p > s. Let U ⊆ Rd be an open set which is bounded away from 0. We have for
0 < δ 6 C, n→∞:

(M) If U is bounded and h = hδ,n = (log(T )/T )1/(2s+2δα+d), then uniformly in (Σ, γ, ν) ∈
Ds(α,m,U,C, ζ)

sup
x∗∈U

|ν̂h(x∗)− ν(x∗)| = OP

(( log T

T

)s/(2s+2δα+d))
.

If δ = n−ε with ε ∈ (0, 1), the choice h = (log(T )/T )1/(2s+d) yields the rate
(log(T )/T )s/(2s+d).

(S) If | · |p+dK ∈ L1(Rd), η > 0 and h = hδ,n = (log(T )/(4rδ))−1/α, then uniformly in
(Σ, γ, ν) ∈ Gs(α,m,U, r, C, ζ, η)

sup
x∗∈U

|ν̂h(x∗)− ν(x∗)| = OP

(( log T

4rδ

)−s/α)
.

If δ = n−ε with 3
2(s+d)+1 ∨

α
2(s+d)+α < ε < 1, the choice h = T−1/(2(s+d)) yields the rate

T−s/(2(s+d)).

This theorem generalizes Trabs (2015, Proposition 2) to the multivariate case and additionally
allows for high-frequency observations. Figs. 5.1 and 5.2 illustrate a simulation example of the
estimation method.

Figure 5.1: 3D plot of | · |2ν (left) and its estimate (right) for a two-dimensional compound
Poisson process with Gaussian jumps.
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5.1 Estimation method and main results

Figure 5.2: Heatmap of | · |2ν (left) and its estimate (right) for a two-dimensional compound
Poisson process with Gaussian jumps.

In the mildly ill-posed case, one can easily attain the same rates without the logarithm when
considering the pointwise loss.

We first discuss the low-frequency regime: For d = 1, our rates coincide with the proved minimax-
optimal rates in the corresponding nonparametric deconvolution problems, see Fan (1991). In
the mildly ill-posed case with d = 1, the pointwise variant of our rate has been shown to be
minimax-optimal under the assumption that xν is s-Sobolev regular, see Kappus (2012). In
the severely ill-posed case with d = 1 and α = {1, 2}, our rates coincide with the minimax-
optimal rates of Neumann & Reiß (2009), who consider the integrated risk in the estimation of
Σδ0(dx) + |x|2(1 + |x|2)−1ν(dx) against test functions with Sobolev regularity s. This measure
has an atom in 0 and is therefore not smooth. Hence, the regularity in the rate comes purely
from the test function. By considering U bounded away from 0, we can profit from the regularity
of the Lévy density outside the origin. We do not even suffer an additional loss for the dimension
in the rate, only in the constant. Therefore, the above suggests its optimality.

One sees that the rates improve as the time grid narrows. If this refinement happens at an
appropriate order compared to the growth of the sample, the ill-posedness vanishes completely
in the mildly ill-posed case and the rate becomes polynomial in the severely ill-posed case. In
the mildly ill-posed case with high-frequency observations, the rate corresponds to the minimax-
optimal rate in a nonparametric regression.

It is straightforward to see from our proof that when estimating |·|2ν , we can forgo the exclusion
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5 Estimating a multivariate Lévy density

of the origin from U while achieving the same rates in the mildly ill-posed case. In the severely
ill-posed case, the unknown volatility of the Brownian component of the Lévy process obstructs
the observation of the small jumps. Hence, we can benefit from a pilot estimator for Σ. As
discussed earlier, even with a minimax-optimal estimator for Σ, we would suffer a loss in the
overall rate. However, in view of (5.3), it suffices to estimate the one-dimensional parameter
tr(Σ) which is easier compared to the d × d-matrix Σ. Following the spectral approach again,
we propose the estimator

t̂r(Σ) := t̂r(Σ)h := −
∫
Wh(u)∆̂ψn(u) du, (5.7)

where Wh = hdW (h·) for a bandwidth h > 0 (corresponding to the threshold h−1) and a weight
function W : Rd → R with∫

W (u) du = 1 and suppW ⊆ [−1, 1]d.

This estimator achieves a rate of (log T )−(s+d)/α and is incorporated into the estimator for | · |2ν
via

|̂ · |2νh := −F−1
[
FKh

(
∆̂ψn + t̂r(Σ)h

)]
leading to the following extension of Theorem 5.1.

Proposition 5.2. Let α, r, C, ζ, η > 0, 1 < s ∈ N,m > 4, and let the kernel satisfy | · |p+dK ∈
L1(Rd) and (5.6) with order p > s. Assume ‖F−1[W (x)/xsk]‖L1 < ∞ for some k. Choosing
h = (log(T )/(4rδ))−1/α, we have uniformly in (Σ, γ, ν) ∈ Gs(α,m,Rd, r, C, ζ, η)

sup
x∗∈Rd

∣∣(|̂ · |2νh)(x∗)− |x∗|2ν(x∗)
∣∣ = OP

(( log T

4rδ

)−s/α)
.

5.1.2 Independent components

Compared to the one-dimensional case, we need to take the dependence structure of the com-
ponents of the process into account. In particular, our previous assumption about ν having
a Lebesgue density on Rd, rules out Lévy processes where all components are independent,
since the corresponding Lévy measure would only have mass on the coordinate cross. Similarly,
Lévy processes consisting of multiple mutually independent blocks of components, where the
components within the same block depend on each other, are not covered. For the sake of nota-
tional simplicity, we focus on the case of two equisized independent blocks: Let d be even and
L = (L(1), L(2)), where L(1) and L(2) are two independent Lévy processes on Rd/2 with charac-
teristic triplets (Σ1, γ1, ν1) and (Σ2, γ2, ν2), respectively. Denoting by δ0 the Dirac measure in
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0 ∈ Rd/2, it holds that

ν(dx) = ν1(dx(1))⊗δ0(dx(2))+δ0(dx(1))⊗ν2(dx(2)), x = (x(1), x(2)), x(1), x(2) ∈ Rd/2. (5.8)

We summarize the class of such Lévy processes as

J̃ (m,C) :=
{

(Σ, γ, ν)
∣∣∣Σ =

(
Σ1 0
0 Σ2

)
, tr(Σ) 6 C,Σ1,Σ2 ∈ Rd/2×d/2 positive-semidefinite, γ ∈ Rd,∫

|x|m ν(dx) 6 C, ν has the form (5.8), and ν1, ν2 have Lebesgue densities
}

for m,C > 0. A simple example of such a Lévy measure and its estimate are illustrated in
Fig. 5.3.

As before, we distinguish between the mildly ill-posed case with α > 0

D̃(α,m,C) :=
{

(0, γ, ν) ∈ J̃ (m,C)
∣∣ ‖(1 + | · |∞)−α/ϕ1‖∞ 6 C, ‖|xk|νk‖∞ 6 C, k = 1, 2

}
and the severely ill-posed case with α, r, η > 0

G̃(α,m, r, C, η) :=
{

(Σ, γ, ν) ∈ J̃ (m,C)
∣∣ ‖ exp(−r| · |α∞)/ϕ1‖∞ 6 C,

|xk|3−ηνk(xk) 6 C ∀|xk| 6 1, k = 1, 2
}

based on the decay behavior of the characteristic function and the presence of a Gaussian
component.

If the dependence structure were known, we could separate the blocks in the observations, apply
our method to each block, and obtain an estimator for the overall Lévy measure. Since this is
not the case, we are left with applying our initial method. In spite of the unknown dependence
structure, we are able to quantify the estimation error. Due to the structure of the Lévy measure,
we cannot hope for a pointwise quantitative bound. Instead, we consider the error in a functional
sense. To this end, we introduce the following class of test functions for % > 0 and U ⊆ Rd

F%(U,C) := {f : Rd → R | f ∈ C%(Rd), ‖f‖C%(Rd), ‖f‖L1(Rd) 6 C, supp f ⊆ U}.

Theorem 5.3. Let α, r, C > 0, % > 1,m > 4, let the kernel have product structure and satisfy
| · |p+dK ∈ L1(Rd) and (5.6) with order p > %. Then, we have for 0 < δ 6 C, n→∞:

(M) If U ⊆ Rd is bounded and h = (log(T )/T )1/(2%+2δα+3d/2), then uniformly in (Σ, γ, ν) ∈
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Figure 5.3: 3D plot of | · |2ν (left) and its estimate (right) for a Lévy process where both com-
ponents are independent compound Poisson processes with Gaussian jumps.

D̃(α,m,C)

sup
f∈F%(U,C)

∣∣∣ ∫
U
f(x)|x|2

(
ν(dx)− ν̂h(dx)

)∣∣∣ = OP

(( log T

T

)%/(2%+2δα+3d/2))
.

(S) If U ⊆ Rd is bounded away from 0, | · |p+dK ∈ L1(Rd), η > 0 and h = (log(T )/(4rδ))−1/α,
then uniformly in (Σ, γ, ν) ∈ G̃(α,m, r, C, η)

sup
f∈F%(U,C)

∣∣∣ ∫
U
f(x)|x|2

(
ν(dx)− ν̂h(dx)

)∣∣∣ = OP

(( log T

4rδ

)−%/α)
.

Note that the regularity parameter % in the rates comes from the smoothness of the test functions
as compared to the smoothness s of the Lévy measure in Theorem 5.1. In the severely ill-posed
case, the result is analogous to the well-specified. In the mildly ill-posed case, we pay for the
dependence structure with an d/2 in the rate. Morally, one can interpret this as the model
dimension being 3d/2 instead of d.

Remark 5.4. The product kernel is compatible with any dependence structure of blocks, regard-
less of their size. For instance, if all components of the process are independent, one still obtains
the analogous result in the severely ill-posed case. In the mildly ill-posed case, the dimension
appearing in the rate is 2d − 1 instead of 3d/2. Comparing the dependence structures, one
finds that the two independent blocks are an in-between case of no independent blocks and fully
independent components.
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5.1.3 A uniform risk-bound for the characteristic function and linearization

A key ingredient in the proofs of our preceding results is the following moment-uniform risk
bound for the multivariate characteristic function and its partial derivatives. It generalizes the
existing results in the univariate case (see Kappus & Reiß 2010, Theorem 1) and the multivariate
non-uniform case (see Belomestny & Trabs 2018, Proposition A.1).

Proposition 5.5. Let X1, X2, . . . be Rd-valued i.i.d. random variables with characteristic
function ϕ and empirical characteristic function ϕ̂n such that E[|X1|2β|X1|τ ] . ρ|β|1∧1 and
E[|X1|2β] . ρ|β|1∧1 for some multi-index β ∈ Nd0 and τ, ρ > 0. For the inverse softplus-type
weight function w(u) = log(e + |u|)−(1+χ)/2 with χ > 0, we have

E
[∥∥w(u)(ϕ̂n − ϕ)(β)(u)

∥∥
∞
]
. ρ(|β|1∧1)/2n−1/2.

As a direct consequence of Proposition 5.5, the indicator in the definition (5.4) equals 1 on the
support of FKh, with probability converging to 1 for the bandwidths we consider.

To prove our rates for ν̂h, we decompose the error into

ν̂h(x∗)− ν(x∗) = |x∗|−2
((
Kh ∗ (| · |2ν)− | · |2ν

)
(x∗)

−F−1
[
FKh

(
∆̂ψn −∆ψ

)]
(x∗) + tr(Σ)Kh(x∗)

)
= |x∗|−2

( (
Kh ∗ (| · |2ν)− | · |2ν

)
(x∗)︸ ︷︷ ︸

=:Bν(x∗)

−F−1
[
FKhδ

−1∆
(
(ϕ̂δ,n − ϕδ)/ϕδ

)]
(x∗)︸ ︷︷ ︸

=:Lνδ,n(x∗)

+Rδ,n + tr(Σ)Kh(x∗)
)

(5.9)

into a bias term Bν , the linearized stochastic error Lνδ,n, the error tr(Σ)Kh due to the volatility,
and a remainder term Rδ,n. Proposition 5.5 applied to the increments of the Lévy process leads
to the following linearization.

Lemma 5.6. Let
∫
|x|4+τ ν(dx) 6 C for some τ > 0. If n−1/2(log h−1)(1+χ)/2‖ϕ−1

δ ‖L∞(Ih) → 0

as n→∞ for h ∈ (0, 1), χ > 0, it holds

sup
|u|∞6h−1

∣∣∆̂ψn(u)−∆ψ(u)− δ−1∆
(
(ϕ̂δ,n − ϕδ)/ϕδ

)
(u)
∣∣ = OP(an), where

an := n−1(log h−1)1+χ‖ϕ−1
δ ‖

2
L∞(Ih)δ

−1/2
(
δ
∥∥|∇ψ|∥∥

L∞(Ih)
+ δ3/2

∥∥|∇ψ|∥∥2

L∞(Ih)
+ 1
)
.
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5 Estimating a multivariate Lévy density

As a direct consequence, the remainder term is of the order

|Rδ,n| = OP
(
h−dan

)
. (5.10)

After treating the four terms in (5.9), the asserted rates follow from our bandwidth choices. The
full proofs are postponed to Section 5.3.

5.2 Simulation examples

We demonstrate the estimation of the Lévy density for d = 2 with three examples: a com-
pound Poisson process, a variance gamma process and two independent compound Poisson
processes.

A challenge is to find examples of multivariate Lévy processes for which paths can be simulated
and the true Lévy measure is accessible (at least numerically). To compensate for the possible
singularity of the Lévy density at the origin, we plot | · |2ν and its estimate. Throughout, we use
the flat-top-kernel K, see McMurry & Politis (2004), as defined by its Fourier transform

FK(u) :=


1, |u| 6 c,

exp
(
− b exp(−b/(|u|−c))2

(|u|−1)2

)
, c < |u| < 1,

0, |u| > 1,

whose decay behavior is controlled by b > 0 and 0 < c < 1. In our simulations, b = 1, c = 1/50

deliver stable results. While a product kernel is convenient for theoretical reasons in Section 5.1.2,
it does not seem necessary in practice. Throughout, we simulate increments of the processes
with a time difference of δ = 0.001 and fix the bandwidth at h = 4T−1/2. To conquer this
ill-posed problem, we use large samples of n = 500000 increments. From the definition (5.5) of
the estimator, it is not guaranteed that ν̂ > 0, and for numerical reasons even ν̂(x) ∈ C \ R
is possible for some x ∈ Rd in practice. Therefore, we consider the estimator Re(ν̂) ∨ 0 in our
simulations.

The most straightforward example under consideration is the compound Poisson process with
intensity λ = 100 and two-dimensional standard-Gaussian jumps. In this case, the Lévy density
is just the standard normal density, rescaled with the intensity λ. Fig. 5.1 illustrates that the
method captures the overall shape of the density. The heatmap in Fig. 5.2 provides a more
detailed view especially around the origin. We observe that the decay for |x| → ∞ and |x| ↘ 0

is well-estimated, with slight problems only arising on an annulus around the origin.
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5.2 Simulation examples

A practical way to construct easy-to-simulate multivariate Lévy processes is to subordinate
multivariate Brownian motion. In particular, we use a gamma process with variance κ = 1

to subordinate a two-dimensional standard Brownian motion. To access the Lévy measure of
the resulting variance gamma process, we approximate the theoretical expression from Cont &
Tankov (2004, Theorem 4.2) numerically. The results are again illustrated in a 3D plot (Fig. 5.4)
and as a heatmap (Fig. 5.5). In this example, the estimator suffers from oscillations around the
true density which are to be expected from spectral-based methods.

To demonstrate the method under the dependence structure discussed in Section 5.1.2, we con-
sider a Lévy process comprised of two independent compound Poisson processes, each with inten-
sity λ = 100 and one-dimensional standard-Gaussian jumps. In contrast to the two-dimensional
compound Poisson process considered at the beginning of this section, the jumps in both com-
ponents are driven by independent Poisson processes. The corresponding Lévy measure takes
the form (5.8), where ν1 and ν2 are one-dimensional standard-Gaussian densities, rescaled with
λ, as illustrated on the left-hand side of Fig. 5.3. It is important to emphasize that the blue
and the orange line represent the Lebesgue densities of both components on R, not R2. The
right-hand side of the aforementioned figure reveals a strong performance of the estimator on
the coordinate cross. Around the axes, we observe a smearing effect due to the singularity of
the true Lévy measure on the coordinate cross before the estimate drops off farther away from
the origin.

Figure 5.4: 3D plot of | · |2ν (left) and its estimate (right) for a two-dimensional variance gamma
process.
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5 Estimating a multivariate Lévy density

Figure 5.5: Heatmap of |·|2ν (left) and its estimate (right) for a two-dimensional variance gamma
process.

5.3 Proofs

Throughout, set Ih := [−h−1, h−1]d for h > 0. Note that Σ, ν,∆ψ and ∆̂ψn do not change if
we consider increments based on the Lévy process (Lt − tγ0)t>0 for some γ0 ∈ Rd. Hence, no
generality is lost if we choose γ0 such that in the mildly ill-posed case

∇ψ = iF [xν] and ∆ψ = −F [|x|2ν] (5.11)

and in the severely ill-posed case γ = 0, see Nickl et al. (2016, Lemma 12) for a similar argument
in the one-dimensional case.

Further, due to the infinite divisibility of ν, the decay behavior of ϕ1 governs that of ϕδ. In
particular, we have for 0 < δ 6 C

‖(1 + | · |∞)−δα/ϕδ‖∞ 6 (1 ∨ C)C and ‖ exp(−rδ| · |α∞)/ϕδ‖∞ 6 (1 ∨ C)C

in the mildly and the severely ill-posed case, respectively.

5.3.1 Proof of Theorem 5.1

We extend the proof strategy by Trabs (2015) to accommodate for the multivariate setting. To
allow for the application to high-frequency observations, we carefully keep track of δ throughout.
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5.3 Proofs

Subsequently, we will analyze the four terms in (5.9).

5.3.1.1 Controlling the linearized stochastic error

To control
Lνδ,n := F−1

[
FKhδ

−1∆
(
(ϕ̂δ,n − ϕδ)/ϕδ

)]
,

we need to get a grip on the partial derivatives of ϕ̂δ,n − ϕδ in the Laplacian of (ϕ̂δ,n − ϕδ)/ϕδ.
In particular, we show that

sup
u∈Rd

E
[∣∣∣ ∂l
∂ulk

(ϕ̂δ,n − ϕδ)(u)
∣∣∣] 6 sup

u∈Rd
E
[∣∣∣ ∂l
∂ulk

(ϕ̂δ,n − ϕδ)(u)
∣∣∣2]1/2 !

. n−1/2δ(l∧1)/2, l = 0, 1, 2.

(5.12)
Since

E
[∣∣∣ ∂l
∂ulk

(ϕ̂δ,n − ϕδ)(u)
∣∣∣2] 6 n−1E[Y 2l

1,k] = n−1
∣∣∣ ∂2l

∂u2l
k

ϕδ(0)
∣∣∣ ∀u ∈ Rd,

where Y1,k denotes the k-th entry of Y1, the case l = 0 is obvious and for l = 1, 2 it remains to
show that ∣∣∣ ∂2l

∂u2l
k

ϕδ(0)
∣∣∣ . δ.

In the mildly ill-posed case, we have∣∣∣ ∂
∂uk

ψ(0)
∣∣∣ . ∫ |xk| ν(dx) 6

∫
|x| ν(dx) . 1

and in the severely ill-posed case
∂

∂uk
ψ(0) = 0.

The product rule for higher order derivatives yields∣∣∣∂2ϕδ
∂u2

k

(0)
∣∣∣ =

∣∣∣δϕδ(u)
(
δ
( ∂

∂uk
ψ(u)

)2
+

∂2

∂u2
k

ψ(u)
)∣∣∣
u=0
. δ
(

1 +

∫
|x|2 ν(dx)

)
. δ and∣∣∣∂4ϕδ

∂u4
k

(0)
∣∣∣ =

∣∣∣ ∂2

∂u2
k

(∂2ϕδ
∂u2

k

(u)
)

(0)
∣∣∣

. δ
2∑
j=0

(
2

j

)
|E[Y 2−j

1,k ]|
(∣∣∣ ∂j
∂ujk

( ∂ψ
∂uk

(u)
)2∣∣∣

u=0
+
∣∣∣∂j+2ψ

∂uj+2
k

(0)
∣∣∣) . δ,

where all emerging partial derivatives can again be absolutely and uniformly bounded using our
assumptions on ν.

To simplify the notation, set mδ,h := FKh/ϕδ and recall x ·y :=
∑d

k=1 xkyk for x, y ∈ Cd.
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5 Estimating a multivariate Lévy density

For the severely ill-posed case, we have |∆ψ(u)| . 1 and that |ei〈u,x〉 − 1| 6 |x||u| implies
|∇ψ(u)| . |u|. Together with (5.12), we obtain

E
[

sup
x∗∈Rd

|Lνδ,n(x∗)|
]
6 δ−1E

[∥∥F−1[mδ,h∆(ϕ̂δ,n − ϕδ)]
∥∥
∞
]

+ 2E
[∥∥F−1[mδ,h∇(ϕ̂δ,n − ϕδ)·∇ψ]

∥∥
∞
]

+ E
[∥∥F−1[mδ,h(ϕ̂δ,n − ϕδ)(δ(∇ψ)2 −∆ψ)]

∥∥
∞
]

. (2π)−d
∫
Ih

(
δ−1E

[∣∣∆(ϕ̂δ,n − ϕδ)(u)
∣∣]+ E

[∣∣∇(ϕ̂δ,n − ϕδ)(u) · ∇ψ(u)
∣∣]

+ E
[∣∣(ϕ̂δ,n − ϕδ)(u)

∣∣](|∆ψ(u)|+ δ|∇ψ(u)|2
))

exp(rδ|u|α∞) du

. π−dT−1/2

∫
Ih

(
1 + δ|u|+ δ1/2 + δ3/2|u|2

)
exp(rδ|u|α∞) du

. T−1/2
(
h−d + δh−d−1 + δ3/2h−d−2

)
exp(rδh−α), (5.13)

which is dominated by the bias.

In the mildly ill-posed case, the stochastic error needs to be decomposed further into the main
stochastic error

Mν
δ,n := − 1

T

n∑
k=1

F−1
[
mδ,h

(
|Yk|2ei〈u,Yk〉 − E

[
|Yk|2ei〈u,Yk〉

])]
and

Mν
δ,n − Lνδ,n = 2F−1

[
mδ,h∇(ϕ̂δ,n − ϕδ) · ∇ψ

]
+ F−1

[
mδ,h(ϕ̂δ,n − ϕδ)

(
∆ψ − δ(∇ψ)2

)]
. (5.14)

To control the difference (5.14), note that ‖|x|ν‖∞ 6 C and ‖|x|mν‖L1 6 C imply ‖|x|ν‖L1 ,
‖|x|ν‖L2 , ‖|x|2ν‖L2 . 1. Further, the support of FK and the decay behavior of ϕδ ensure

‖mδ,h‖2L2 .
∫
|FK(hu)|2(1 + |u|)2δα du . (1 + h−1)2δαh−d . h−2δα−d. (5.15)

Hence, (5.12) and the Cauchy-Schwarz inequality together with (5.11), and the Plancherel the-
orem lead to

E
[

sup
x∗∈U

∣∣Mν
δ,n(x∗)− Lνδ,n(x∗)

∣∣]
6 (2π)−d

(
2E
[∥∥mδ,h∇(ϕ̂δ,n − ϕδ) · ∇ψ

∥∥
L1

]
+ E

[∥∥mδ,h(ϕ̂δ,n − ϕδ)
(
∆ψ − δ(∇ψ)2

)∥∥
L1

])
. n−1/2‖mδ,h‖L2

(
δ1/2‖|x|ν‖L2 + ‖|x|2ν‖L2 + δd2‖|x|ν‖L2‖|x|ν‖L1

)
. n−1/2h−δα−d/2. (5.16)

Being the sum of centered i.i.d. random variables, the main stochastic error for fixed x is con-
trolled by Bernstein’s inequality, as summarized in the following lemma.
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Lemma 5.7. Let α,C, ζ > 0,m > 4 and x ∈ Rd and let the kernel satisfy | · |p+dK ∈ L1(Rd) and
(5.6) for p > 1. If (Σ, γ, ν) ∈ Ds(α,m,U,C, ζ), then there exists some constant c > 0 depending
only on C,α and d such that for any κ0 > 0 and any n ∈ N, 0 < δ 6 C, h ∈ (0, 1)

P
(
|Mν

δ,n(x)| > κ0T
−1/2h−δα−d/2

)
6 2 exp

(
− cκ2

0

(1 + |x|3)
(
1 + κ0(hdT )−1/2

)).
To establish a uniform bound for x∗ ∈ U , a union bound extends this lemma to a discretization of
the bounded set U and Lipschitz continuity of x 7→Mν

δ,n(x) allows us to control the discretization
error. In particular, a standard covering argument yields a discretization x1, . . . , xNn ∈ Rd of U
such that supx∗∈U minl=1,...,Nn |x∗ − xl| 6 T−2, Nn . T 2d and maxl=1,...,Nn |xl| 6 Q with some
Q > 0 independent of n. Since

Mν
δ,n = Kh ∗ g with g := δ−1F−1

[
1Ihϕ

−1
δ ∆(ϕ̂δ,n − ϕδ)

]
,

the fundamental theorem of calculus together with the order of the kernel ensures the Lipschitz
continuity of Mν

δ,n via

|Mν
δ,n(x)−Mν

δ,n(y)| =
∣∣∣ ∫ 1

0
(x− y) · ∇(Kh ∗ g)(y + τ(x− y)) dτ

∣∣∣ 6 |x− y|‖g‖∞∥∥|∇Kh|1
∥∥
L1

. |x− y|h−1‖g‖∞.

Therefore, the discretization error is upper bounded by

E
[

sup
x∗∈U

min
l=1,...,Nn

|Mν
δ,n(x∗)−Mν

δ,n(xl)|
]
. T−5/2h−1

∫
Ih

|ϕ−1
δ (u)|du . T−5/2h−δα−d−1.

Combining the above with Markov’s inequality yields for any κ0 such that 2d < c
6κ

2
0/(1 + Q3)

with c from Lemma 5.7 and T with κ2
0 log(T )/(Thd) 6 1

P
(

sup
x∗∈U
|Mν

δ,n(x∗)| > κ0

( log T

T

)1/2
h−δα−d/2

)
6 P

(
max

l=1,...,Nn
|Mν

δ,n(xl)|+ sup
x∗∈U

min
l=1,...,Nn

|Mν
δ,n(x∗)−Mν

δ,n(xl)| > κ0

( log T

T

)1/2
h−δα−d/2

)
6

2

κ0

( log T

T

)−1/2
hδα+d/2E

[
sup
x∗∈U

min
l=1,...,Nn

|Mν
δ,n(x∗)−Mν

δ,n(xl)|
]

+ 2Nn exp
(
− cκ2

0 log T

2(1 +Q3)
(
2 + κ0(log(T )/(Thd))1/2

))
.

2

κ0

( log T

T

)−1/2
h−d/2−1T−5/2 + 2 exp

((
2d− cκ2

0

6(1 +Q3)

)
log T

)
. (5.17)
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5 Estimating a multivariate Lévy density

The second term obviously converges to 0 as T → ∞. For the first term, 3d/2 > d/2 + 1

implies

2

κ0

( log T

T

)−1/2
h−d/2−1T−5/2 6

2

κ0

( log T

T

)−1/2
h−3d/2T−5/2 =

2

κ0

( log T

Thd

)3/2
T−1/2(log T )−2

and the right-hand side converges to 0 by our choice of bandwidth.

Overall, (5.16) and (5.17) show

|Lνδ,n| = OP

(( log T

T

)1/2
h−δα−d/2

)
,

which our bandwidths balance with the bias.

5.3.1.2 Controlling the error due to the volatility

We now consider the last term in (5.9). The mildly ill-posed case is trivial since Σ = 0. Turning
to the severely ill-posed case, we first aim to bound |x|p+d|K(x)|. To this end, consider

|xk|p+d|K(x)| 6 1

(2π)d

∥∥∥∂p+dFK

∂up+dk

∥∥∥
L1(I1)

=
1

(2π)d

∫
I1

∣∣∣ ∫ ei〈u,z〉K(z)zp+dk dz
∣∣∣du . 1.

It follows from the equivalence of norms |x| . |x|p+d that

|x|p+d|K(x)| . |x|p+dp+d|K(x)| =
d∑

k=1

|xk|p+d|K(x)| . 1. (5.18)

Thus,

|Kh(x∗)| 6 h−d sup
|x|>|x∗|/h

|K(x)| 6 h−d sup
|x|>|x∗|/h

|x|p+d

|x∗/h|p+d
|K(x)| . hp|x∗|−p−d

and since U is bounded away from 0, this gives a uniform bound in x∗ of the order hs as
p > s.
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5.3.1.3 Controlling the bias

For x∗ ∈ U and h|x| < ζ, we use a multivariate Taylor expansion of g := | · |2ν ∈ Cs(Uζ) around
x∗ to obtain

g(x∗ − hx)− g(x∗) =
∑

0<|β|1<bsc<

g(β)(x∗)

β!
(−hx)β +

∑
|β|1=bsc<

g(β)(x∗ − τx∗−hxhx)

β!
(−hx)β,

for some τx∗−hx ∈ [0, 1]. The order of the kernel and the Hölder regularity of g yield

|Bν(x∗)| =
∣∣(Kh ∗ (| · |2ν)− | · |2ν

)
(x∗)

∣∣
=
∣∣∣ ∫ (g(x∗ − hx)− g(x∗)

)
K(x) dx

∣∣∣
6
∣∣∣ ∫
|x|>ζ/h

(
g(x∗ − hx)−

∑
|β|16bsc<

g(β)(x∗)

β!
(−hx)β

)
K(x) dx

∣∣∣
+
∣∣∣ ∫
|x|<ζ/h

∑
|β|1=bsc<

(−hx)β

β!

(
g(β)(x∗ − τx∗−hxhx)− g(β)(x∗)

)
K(x) dx

∣∣∣
.
∫
|x|>ζ/h

|g(x∗ − hx)K(x)| dx+
∑

|β|16bsc<

‖g(β)‖L∞(U)

β!

hs

ζs−|β|1

∫
|x|>ζ/h

|x|s|K(x)| dx

+
∑

|β|1=bsc<

1

β!

∫
|x|<ζ/h

|hx|bsc< |τx∗−hxhx|s−bsc< |K(x)|dx.

The second and the third term are clearly of the order hs. To establish the same for the first
term, we proceed slightly differently for the two cases of ill-posedness.

In the severely ill-posed case, we separate the behavior of the small and the large jumps. On
the one hand, (5.18) yields∫

|x|>ζ/h,
|x∗−hx|>1

|g(x∗ − hx)K(x)| dx 6 hp+d

ζp+d

∫
|x|>ζ/h,
|x∗−hx|>1

|x∗ − hx|2ν(x∗ − hx)|x|p+d|K(x)| dx

. hs
∫
|x|>1

|x|2ν(x) dx.

On the other hand, the assumption |y|3−ην(y) 6 C for |y| 6 1 and (5.18) gives∫
|x|>ζ/h,
|x∗−hx|61

|g(x∗ − hx)K(x)| dx .
∫
|x|>ζ/h,
|x∗−hx|61

|x|−(p+d)

|x∗ − hx|1−η
dx . hp

∫
|x∗−x|>ζ,
|x|61

|x∗ − x|−(p+d)

|x|1−η
dx

. hsζ−(p+d)

∫
|x|61

|x|η−1 dx.
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5 Estimating a multivariate Lévy density

In the mildly ill-posed case, one uses ‖|x|ν‖∞ 6 C and the triangle inequality to find∫
|x|>ζ/h

|g(x∗ − hx)K(x)|dx 6 C
∫
|x|>ζ/h

|x∗ − hx||K(x)|dx . hs 1 + ζ

ζs

∫
|x|s|K(x)| dx.

5.3.1.4 Controlling the remainder term

To bound Rδ,n in (5.9), we first show that, with an from Lemma 5.6,

g := F−1
[
FKh

(
∆̂ψn −∆ψ − δ−1∆((ϕ̂δ,n − ϕδ)/ϕδ)

)]
= OP

(
h−dan

)
.

Let ε > 0. Owing to Lemma 5.6 we can choose N,M > 0 (w.l.o.g. M > ‖K‖L1) such that the
probability of the event An := {sup|u|∞6h−1 |g̃(u)| > anM} with g̃ := ∆̂ψn−∆ψ− δ−1∆((ϕ̂δ,n−
ϕδ)/ϕδ) is less than ε for n > N . Due to the support of FK, we have on Ac

n

|g(x∗)| = 1

(2π)d

∣∣∣ ∫
Ih

e−i〈u,x∗〉FK(hu)g̃(u) du
∣∣∣ 6 anM

(2π)d

∫
Ih

|FK(hu)| du 6 h−danM‖K‖L1 .

For M ′ := M‖K‖L1 , we obtain

P
(

sup
x∗∈U

|g(x∗)| > h−danM
′
)
6 ε,

whereby the remainder term has the order proposed in (5.10).

In the mildly ill-posed case, we have ‖ϕ−1
δ ‖L∞(Ih) . h

−δα and (5.11) implies
∥∥|∇ψ|∥∥

L∞(Ih)
. 1.

Thus, we have
|Rδ,n| = OP

(
n−1δ−1/2(log h−1)1+χh−2δα−d).

In the severely ill-posed case, ‖ϕ−1
δ ‖L∞(Ih) . exp(rδh−α) holds and (5.2) implies

∥∥|∇ψ|∥∥
L∞(Ih)

.

h−1. Hence,

|Rδ,n| = OP
(
n−1δ−1/2(log h−1)1+χ

(
h−d + δh−d−1 + δ3/2h−d−2

)
exp(2rδh−α)

)
.

In both cases, the remainder term is dominated by the linearized stochastic error.

This completes the proof of Theorem 5.1. �
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5.3.2 Proof of Proposition 5.2

For the modified estimator, we have to replace tr(Σ)Kh with
(

tr(Σ)− t̂r(Σ)
)
Kh in the decom-

position (5.9). All other terms are treated as before. Since we can bound |Kh(x∗)| by h−d

uniformly in x∗ and δ 6 C is fixed, we only need to prove

∣∣t̂r(Σ)− tr(Σ)
∣∣ = OP

(
(log n)−(s+d)/α

)
.

Similarly to (5.9), the error for estimating the trace of Σ can be decomposed into

tr(Σ)− t̂r(Σ) =

∫
Wh(u)

(
∆̂ψn −∆ψ

)
(u) du+

∫
Wh(u)

(
∆ψ(u) + tr(Σ)

)
du

=

∫
Wh(u)δ−1∆

( ϕ̂δ,n(u)− ϕδ(u)

ϕδ(u)

)
(u) du︸ ︷︷ ︸

=:L̃νδ,n

+R̃δ,n −
∫
Wh(u)F [|x|2ν](u) du︸ ︷︷ ︸

=:B̃νh

with the linearized stochastic error L̃νδ,n, the bias B̃ν
h and a remainder term R̃δ,n. Using the

techniques from Section 5.3.1.1, it is straightforward to see

E[|L̃νδ,n|] . δ−1n−1/2

∫
|Wh(u)||ϕ−1

δ (u)|
(
δ1/2 + δ3/2|∇ψ(u)|+ δ2|∇ψ(u)|2 + δ

)
du

. δ−1n−1/2‖ϕ−1
δ ‖L∞(Ih)

(
δ1/2 + δ3/2h−1 + δ2h−2

) ∫
|Wh(u)|du

. n−1/2 exp(rδh−α)h−2

∫
|W (u)| du,

which is of the order n−1/4(log n)2/α by our choice of h and will be dominated by the bias.

Using the Plancherel theorem in a similar fashion to Belomestny & Reiß (2015, Section 4.2.1),
we have for g := | · |2ν and β ∈ Nd0 with βl = s1{l=k}

|B̃ν
h| .

∣∣∣ ∫ F−1[Wh(x)/xsk]F
−1
[
xskFg(x)

]
(u) du

∣∣∣ . ‖g(β)‖∞‖F−1[Wh(x)/xsk]‖L1 .

By substitution

F−1[Wh(x)/xsk](u) =
hs

(2π)d
F−1

[
W (x)/xsk

]
(u/h)

and therefore

|B̃ν
h| . hs‖g(β)‖∞‖F−1[W (x)/xsk](·/h)‖L1 . h(s+d)‖g(β)‖∞‖F−1[W (x)/xsk]‖L1 . h(s+d).
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5 Estimating a multivariate Lévy density

Together with Lemma 5.6, we have

|R̃δ,n| . sup
|u|∞6h−1

∣∣∆̂ψn(u)−∆ψ(u)− δ−1∆
(
(ϕ̂δ,n − ϕδ)/ϕδ

)
(u)
∣∣ ∫ |Wh(u)|du

= OP
(
n−1(log h−1)1+χ‖ϕ−1

δ ‖
2
L∞(Ih)h

−2
)
,

which is dominated by the linearized stochastic error. �

5.3.3 Proof of Theorem 5.3

The distributional analogon to (5.9) is∫
f(x)|x|2ν̂h(dx)−

∫
f(x)|x|2 ν(dx)

=

∫
f(x)

(
Kh ∗ (| · |2ν)

)
(x) dx−

∫
f(x)|x|2ν(dx)

+

∫
f(x)F−1

[
FKh(∆ψ − ∆̂ψn)

]
(x) dx+

∫
f(x) tr(Σ)Kh(x) dx

=

∫
f(x)

(
Kh ∗ (| · |2ν)

)
(x) dx−

∫
f(y)|y|2ν(dy)

+

∫
f(x)Lνδ,n(x) dx+

∫
f(x)Rδ,n dx+

∫
f(x) tr(Σ)Kh(x) dx

with the same Lνδ,n and Rδ,n, for which we will derive uniform upper bounds on U which directly
translate into bounds when integrating against test functions due to their regularity. For the
integrated bias, we use Fubini’s theorem to obtain

Bν
I =

∫
f(x)

(
Kh ∗ (| · |2ν)

)
(x) dx−

∫
f(y)|y|2ν(dy)

=

∫
f(x)

(∫
Kh(x− y)|y|2 ν(dy)

)
dx−

∫
f(y)|y|2 ν(dy)

=

∫ ((
f ∗Kh(−·)

)
(y)− f(y)

)
|y|2 ν(dy)

=

∫ ((
Kh(−·) ∗ f

)
(y)− f(y)

)
|y|2 ν(dy).

((
Kh(−·) ∗ f

)
(y) − f(y)

)
is of the order (|y| ∨ 1)h% which follows from the arguments in (5.9)

with g = f , % and Kh(−·) instead of | · |2ν, s and Kh, respectively. Therefore,

|Bν
I | . h%

∫
(|y| ∨ 1)|y|2 ν(dy) . h%

∫
|y|3 ν(dy) . h%.
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A key tool to control the linearized stochastic error Lνδ,n in Section 5.3.1.1 was (5.12), which we
can still establish here by bounding the first four partial derivatives of ψ at the origin. Indeed,
by (5.3) we have ∂ψ

∂uk
(0) = 0 and similarly

∣∣∣ ∂ψ
∂ujk

(u)
∣∣∣ 6 tr(Σ) +

∫
|x|j ν(dx) = tr(Σ) +

2∑
l=1

∫
|xl|j νl(dxl) . 1, j = 2, 3, 4, k = 1, . . . , d.

(5.19)
Hence, (5.12) holds. Additionally, (5.19) implies |∆ψ(u)| . 1.

In the severely ill-posed case, we can still bound the gradient of ψ by

|∇ψ(u)| . |Σu|+
∫
|x||ei〈u,x〉 − 1| ν(dx) 6 |u|+

∫
|〈u, x〉||x| ν(dx) . |u|,

and then apply the arguments from (5.13). Hence, the linearized stochastic error is of the same
order as before.

In the severely ill-posed case, (5.19) holds even for j = 1 and therefore |∇ψ(u)| . 1. Continuing
from (5.12) in the mildly ill-posed case requires the most significant changes. (5.11) now reads
as

∇ψ(u) =
(
iF [x(1)ν1](u(1)), iF [x(2)ν2](u(2))

)>
and the main crux is that ∫

ei〈u(k),x(k)〉|x(k)|j νk(dx(k)), j, k = 1, 2

are constant in half of their arguments. Therefore, they cannot be finitely integrable as functions
on Rd. In (5.14), a way out is to consider

∥∥mδ,h|∇ψ|
∥∥
L1 6

2∑
k=1

∥∥mδ,h(u)|F [x(k)νk](u
(k))|

∥∥
L1 . (5.20)

Then, we apply the Cauchy-Schwarz inequality and Plancherel’s theorem only on L2(Rd/2) to
obtain

∥∥mδ,h(u)|F [x(1)ν1](u(1))|
∥∥
L1

=

∫ ∫ ∣∣∣FK(hu)

ϕδ(u)
|F [x(1)ν1](u(1))|

∣∣∣du(1) du(2)

6 ‖|F [x(1)ν1]|‖L2(Rd/2)

∫
[−h−1,h−1]d/2

(∫
[−h−1,h−1]d/2

∣∣ϕ−1
δ (u)

∣∣2 du(1)
)1/2

du(2)

. h−δα−3d/4. (5.21)
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5 Estimating a multivariate Lévy density

Analogously, the second summand in (5.20) has the same order. As a direct consequence,

∥∥mδ,h|∇ψ|2
∥∥
L1 6

2∑
k=1

‖|x(k)|νk‖L1

∥∥mδ,h|∇ψ|
∥∥
L1 . h

−δα−3d/4

and similarly to (5.20) and (5.21) the same holds for ‖mδ,h∆ψ‖L1 . Recalling (5.14), we
have

E
[

sup
x∗∈U

∣∣Mν
δ,n(x∗)− Lνδ,n(x∗)

∣∣] 6 (2π)−d
(
2E
[∥∥mδ,h∇(ϕ̂δ,n − ϕδ) · ∇ψ

∥∥
L1

]
+ E

[∥∥mδ,h(ϕ̂δ,n − ϕδ)
(
∆ψ − δ(∇ψ)2

)∥∥
L1

])
. n−1/2h−δα−3d/4.

Note that we pay for the dependence structure with an additional h−d/4 compared to (5.16).
The same occurs when applying Bernstein’s inequality to obtain the following adaptation of
Lemma 5.7.

Lemma 5.8. Let α,C, ζ > 0,m > 4, U ⊆ Rd and x ∈ Rd, let the kernel have product structure
and satisfy | · |p+dK ∈ L1(Rd) and (5.6) for p > 1. If (Σ, γ, ν) ∈ D̃(α,m,C), then there
exists some constant c > 0 depending only on C,α and d such that for any κ0 > 0 and any
n ∈ N, 0 < δ 6 C, h ∈ (0, 1)

P
(
|Mν

δ,n(x)| > κ0T
−1/2h−δα−3d/4

)
6 2 exp

(
− cκ2

0

(1 + |x|3)(1 + κ0(Thd/2)−1/2)

)
.

Carrying out the discretization argument from before, the linearized stochastic error in the
mildly ill-posed case is of the order

|Lνδ,n| = OP

(( log T

T

)1/2
h−δα−3d/4

)
.

The term tr(Σ)Kh is treated as in Section 5.3.1.2 just with % instead of s. No changes are
necessary to treat the remainder term compared to Section 5.3.1.4. This is because when treating
the linearized stochastic error, we already showed that still |∇ψ(u)|, |∆ψ(u)| . 1 in the mildly
ill-posed case and |∇ψ(u)| . |u|, |∆ψ(u)| . 1 in the severely ill-posed case. This concludes the
proof of Theorem 5.3. �
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5.3.4 Remaining proofs

5.3.4.1 Proof of Proposition 5.5

The proof uses empirical process theory and is a combination of Kappus & Reiß (2010) and
Belomestny & Trabs (2018).

To simplify the notation, write

Cβρ,n(u) := n−1/2ρ−(|β|1∧1)/2
n∑
k=1

∂β

∂uβ
(
ei〈u,Xk〉 − E[ei〈u,Xk〉]

)
so that the assertion reads

sup
n>1,

0<ρ6C

E
[∥∥w(u)Cβρ,n(u)

∥∥
∞
]
<∞.

We decompose Cβρ,n into its real and its imaginary part to obtain

E
[∥∥w(u)Cβρ,n(u)

∥∥
∞
]
6 E

[∥∥w(u) Re
(
Cβρ,n(u)

)∥∥
∞
]

+ E
[∥∥w(u) Im

(
Cβρ,n(u)

)∥∥
∞
]
. (5.22)

As both parts can be treated analogously, we focus on the real part. To this end, introduce the
class of

Gρ,β := {gu : u ∈ Rd} where gu : Rd → R, x 7→ w(u)ρ−(|β|1∧1) ∂
β

∂uβ
cos(〈u, x〉).

Since G = ρ−(|β|1∧1)/2| · |β is an envelope function for Gρ,β , Corollary 19.35 in van der Vaart
(1998) yields

E
[∥∥w(u) Re

(
Cβρ,n(u)

)∥∥
∞
]
. J[]

(
E[G(X1)2]1/2,Gρ,β

)
:=

∫ E[G(X1)2]1/2

0

√
logN[](ε,Gρ,β) dε,

(5.23)
where N[](ε,Gρ,β) is the minimal number of ε-brackets (with respect to the distribution of X1)
needed to cover Gρ,β .

Since |gu(x)| 6 w(u)ρ−(|β|1∧1)/2|x|β , the set {gu : |u| > B} is covered by the bracket

[g−0 , g
+
0 ] := {g : Rd → R | g−0 (x) 6 g(x) 6 g+

0 (x) ∀x ∈ Rd} for

g±0 := ±ερ−(|β|1∧1)/2| · |β and B := B(ε) := inf
{
b > 0 : sup

|u|>b
w(u) 6 ε

}
.
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5 Estimating a multivariate Lévy density

To cover {gu : |u| 6 B}, we use for some grid (uρ,j)j>1 ⊆ Rd the functions

g±ρ,j := ρ−(|β|1∧1)/2
(
w(uρ,j)

∂β

∂uβρ,j
cos(〈uρ,j , ·〉)± ε| · |β

)
1{|·|6M} ± ρ−(|β|1∧1)/2| · |β1{|·|>M},

where M := inf{q : ρ−(|β|1∧1)E[|X1|2β1{|X1|>q}] 6 ε2}. Owing to E[|X1|2β] . ρ|β|1∧1, we
have

E
[
|g+
j (X1)− g−j (X1)|2

]
6 4ε2

(
ρ−(|β|1∧1)E[|X1|2β] + 1

)
6 cε2

for some c > 0. Denote by Q the Lipschitz constant of w and use the triangle inequality to
see ∣∣∣w(u)

∂β

∂uβ
cos(〈u, x〉)− w(uj)

∂β

∂uβρ,j
cos(〈uρ,j , x〉)

∣∣∣ 6 |x|β(Q+ |x|)|u− uρ,j |.

Thus, gu ∈ [g−j , g
+
j ] as soon as (Q+M)|u−uρ,j | 6 ε. It takes at most (dB/ε0e)d `2-balls of radius

d1/2ε0 to cover the `2-ball of radius B around 0. For ε0 = εd−1/2/(Q+M), denote their centers
by (uρ,j)j . To translate this into a cover of {gu : |u| 6 B}, we fix some gu with |u| 6 B. By
construction, we can pick j such that |u−uρ,j | 6 d1/2ε0 = ε/(Q+M). The previous calculations
show that [g−j , g

+
j ] is a c1/2ε-bracket containing gu and therefore

N[](ε,Gρ,β) 6
(⌈
ε−1(cd)1/2B(Q+M)

⌉)d
+ 1.

It is straightforward to see that B 6 exp(ε−2/(1+χ)). Further, q =

(ε−2ρ−(|β|1∧1)E[|X1|2β|X1|τ ])1/τ is sufficient for

ρ−(|β|1∧1)E[|X1|2β1{|X1|>q}] 6 q
−τE[|X1|2β|X1|τ ] 6 ε2

and thus M 6 (ε−2ρ−(|β|1∧1)E[|X1|2β|X1|τ ])1/τ 6 (ε−2dc′)1/τ for some c′ > 0. Hence,

logN[](ε,Gρ,β) . 1 + log(ε−2/τ−1) + ε−2/(1+τ) . 1 + ε−2/(1+τ)

implying

J[]

(
E[G(X1)2]1/2,Gρ,β

)
=

∫ (ρ−(|β|1∧1)E[|X1|2β ])1/2

0

√
logN[](ε,Gρ,β) dε <∞.

In view of (5.22) and (5.23), the assertion follows. �
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5.3.4.2 Proof of Lemma 5.6

Setting g(y) = log(1 + y) for y > −1 (i.e. g′(y) = (1 + y)−1, g′′(y) = −(1 + y)−2) and ξ =

(ϕ̂δ,n − ϕδ)/ϕδ, we use

∇(g ◦ ξ)(u) = g′(ξ(u))∇ξ(u), ∆(g ◦ ξ)(u) = g′′(ξ(u))(∇ξ)2(u) + g′(ξ(u))∆ξ(u)

and |(∇ξ)2(u)| 6 |∇ξ(u)|2 to obtain for |ξ(u)| 6 1/2 that

∣∣∆(g ◦ ξ)(u)−∆ξ(u)
∣∣ 6 |g′′(ξ(u))||∇ξ(u)|2 + |g′(ξ(u))− 1||∆ξ(u)| . |∇ξ(u)|2 + |ξ(u)||∆ξ(u)|,

(5.24)
because

|g′(y)− 1| 6 2|y| and |g′′(y)| 6 4 ∀y ∈ C : |y| 6 1/2.

The latter statement holds, since 1/2 6 |1 + y|. For the former statement, consider the expan-
sion

g′(y) =
1

1 + y
=
∞∑
k=0

(−y)k ∀y ∈ C : |y| 6 1/2

to see

|g′(y)− 1| =
∣∣∣ ∞∑
k=1

(−y)k
∣∣∣ =

∣∣∣− y ∞∑
k=0

(−y)k
∣∣∣ =

∣∣∣ y

1 + y

∣∣∣ 6 2|y|.

Note that if the indicator 1{|ϕ̂δ,n(u)|>T−1/2} in the definition of ∆̂ψn equals 1, then ∆̂ψn−∆ψ =

δ−1∆ log(ϕ̂δ,n/ϕδ). Therefore, (5.24) implies on the event Ωn := Ωn,1 ∩ Ωn,2 with Ωn,1 :={
inf |u|∞6h−1 |ϕ̂δ,n(u)| > T−1/2

}
and Ωn,2 :=

{
sup|u|∞6h−1 |ξ(u)| 6 1/2

}
that

sup
|u|∞6h−1

∣∣δ(∆̂ψn −∆ψ)(u)−∆((ϕ̂δ,n − ϕδ)/ϕδ)(u)
∣∣ . ‖|∇ξ|‖2L∞(Ih) + ‖ξ‖L∞(Ih)‖∆ξ‖L∞(Ih).

To control the ξ-terms, we invoke Proposition 5.5 applied to the increments of the Lévy pro-
cess with ρ = δ after verifying that the moments are of the appropriate order. Owing to the
equivalence of norms, it is sufficient to show that with τ = m− 4 > 0

E[|Y1,k|2l+τ ] . δl∧1 and E[|Y1,k|2l] . δl∧1, k = 1, . . . , d, l = 0, 1, 2, (5.25)

where Y1,k is the k-th entry of Y1 and thus an increment with time difference δ based on the
Lévy process (Lt,k)t>0 with Lévy measure νk. For l = 1, 2, it follows from Figueroa-López (2008,
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Theorem 1.1) that

lim
δ↘0

δ−1E[|Y1,k|2l+τ ] = lim
δ↘0

δ−1E[|Lδ,k|2l+τ ] =

∫
|xk|2l+τ νk(dxk) 6

∫
|x|2l+τ ν(dx) . C.

For l = 0, E[|Y1,k|τ ] . E[|Y1,k|m] . 1 holds by our moment assumptions. The second condition
in (5.25) was already checked at the beginning of Section 5.3.1.1.

Therefore, |∆ψ(u)| . 1 yields

‖ξ‖L∞(Ih) = OP
(
n−1/2(log h−1)(1+χ)/2‖ϕ−1

δ ‖L∞(Ih)

)
, (5.26)

‖|∇ξ|‖2L∞(Ih) = OP
(
n−1(log h−1)1+χ‖ϕ−1

δ ‖
2
L∞(Ih)

(
δ + δ2‖|∇ψ|‖2L∞(Ih)

))
,

‖∆ξ‖L∞(Ih) = OP

(
n−1/2(log h−1)(1+χ)/2‖ϕ−1

δ ‖L∞(Ih)

·
(
δ1/2 + δ3/2

∥∥|∇ψ|∥∥
L∞(Ih)

+ δ2
∥∥|∇ψ|∥∥2

L∞(Ih)

))
.

Combining (5.26) with n−1/2(log h−1)(1+χ)/2‖ϕ−1
δ ‖L∞(Ih) → 0 gives P(Ωn,2) → 1. As discussed

after Proposition 5.5, we also have P(Ωn,1)→ 1 and therefore P(Ωn)→ 1, which completes the
proof. �

5.3.4.3 Proof of Lemma 5.7

For fixed x ∈ Rd, we want to apply Bernstein’s inequality to

Mν
δ,n(x) = −

n∑
l=1

(
ξl − E[ξl]

)
with ξl := T−1F−1

[
mδ,h(u)|Yl|2ei〈u,Yl〉

]
(x).

Similar arguments to (5.15) reveal
∥∥mδ,h(u)

∥∥
L1 . h

−δα−d, and with the quotient rule one finds
the same order for

∥∥∆mδ,h(u)
∥∥
L1 and

∥∥|∇mδ,h|
∥∥
L1 paving a deterministic bound of ξl via

|ξl| = T−1|Yl|2
∣∣F−1

[
mδ,h(u)e−i〈u,x〉](−Yl)∣∣ (5.27)

= T−1
∣∣F−1

[
∆
(
mδ,h(u)e−i〈u,x〉)](−Yl)∣∣

6 T−1
∥∥∆
(
mδ,h(u)e−i〈u,x〉)∥∥

L1

6 T−1
(∥∥∆mδ,h(u)

∥∥
L1 + 2|x|1

∥∥|∇mδ,h|
∥∥
L1 + |x|2‖mδ,h‖L1

)
. T−1(1 + |x|2)h−δα−d.
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To bound the variance of ξl, note that for the distribution Pδ of Y1, we have

F [izkPδ] =
∂ϕδ
∂uk

= δϕδ
∂ψ

∂uk
= δF [izkν]ϕδ = F [F−1[δF [izkν]ϕδ]] = F [(δizkν) ∗ Pδ]

and therefore zkPδ = δµ ∗ Pδ with µ(dz) = zkν(z)dz. It follows that∫
g(z)|zk|Pδ(dz) 6 δ‖zkν‖∞‖g‖L1 , ∀g ∈ L1(Rd).

Again, using similar arguments to (5.15) and the quotient rule, we also have∥∥∆mδ,h(u)
∥∥
L2 ,
∥∥|∇mδ,h|

∥∥
L2 . h−δα−d/2. Thus, the Cauchy-Schwarz inequality and the

Plancherel theorem imply

Var(ξl) 6 E[|ξl|2] = T−2E
[
|Yl|4

∣∣F−1
[
mδ,h(u)e−i〈u,x〉](−Yl)∣∣2]

. T−2
d∑

k=1

∫
|y|3
∣∣F−1

[
mδ,h(u)e−i〈u,x〉](−y)

∣∣2|yk|Pδ(dy)

6 n−2δ−1
d∑

k=1

‖zkν‖∞
∫
|y|3
∣∣F−1

[
mδ,h(u)e−i〈u,x〉](y)

∣∣2 dy

. n−2δ−1
∥∥|y|2F−1

[
mδ,h(u)e−i〈u,x〉](y)

∥∥
L2

∥∥|y|1F−1
[
mδ,h(u)e−i〈u,x〉](y)

∥∥
L2

. n−2δ−1
( d∑
k=1

∥∥∥ ∂2

∂u2
k

(
mδ,h(u)e−i〈u,x〉)∥∥∥

L2

)( d∑
k=1

∥∥∥ ∂

∂uk

(
mδ,h(u)e−i〈u,x〉)∥∥∥

L2

)
. n−2δ−1h−2δα−d(1 + |x|3).

Now, Bernstein’s inequality, e.g. van der Vaart (1998, Lemma 19.32) yields for a constant c′ > 0

and any κ > 0 that

P
(
|Mν

δ,n(x)| > κ
)
6 2 exp

(
− Tc′κ2

h−2δα−d(1 + |x|3) + κ(1 + |x|2)h−δα−d

)
,

which reads as the assertion if we choose κ = κ0T
−1/2h−δα−d/2 for any κ0 > 0 and set c = c′/2.�

5.3.4.4 Proof of Lemma 5.8

Fix x = (x(1), x(2)) for x(1), x(2) ∈ Rd/2 and analogously split Yl into its first and last d/2 entries
Y

(1)
l and Y (2)

l with characteristic functions ϕδ,1 and ϕδ,2, respectively. Due to the product kernel,
we obtain

ξl = T−1|Yl|2
∣∣F−1

[
mδ,h(u)e−i〈u,x〉](−Yl)∣∣ = T−1(A1B2 +A2B1)
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with

Ak := |Y (k)
l |

2F−1
[
m

(k)
δ,h(u(k))ei〈u(k),Y (k)

l 〉
]
(x(k)), Bk := F−1

[
m

(k)
δ,h(u(k))ei〈u(k),Y (k)

l 〉
]
(x(k)), and

m
(k)
δ,h(u(k)) := ϕ−1

δ,k(u(k))

kd/2∏
j=1+(k−1)d/2

FKj(hu
(k)
j ), k = 1, 2.

A1 and A2 are the same terms that appeared in the proof of Lemma 5.7, see (5.27), just with
half the dimension and therefore

|Ak| . ‖ϕ−1
δ,k‖L∞([−h−1,h−1]d/2)h

−d/2(1 + |x(k)|2),

E[|Ak|2] . δ‖ϕ−1
δ,k‖

2
L∞([−h−1,h−1]d/2)

h−d/2(1 + |x(k)|3).

In a similar vein, m(1)
δ,h and m(2)

δ,h can be treated like mδ,h with half the dimension leading to

|Bk| . ‖m
(k)
δ,h‖L1(Rd/2) . ‖ϕ

−1
δ,k‖L∞([−h−1,h−1]d/2)h

−d/2.

Note that
2∏

k=1

‖ϕ−1
δ,k‖L∞([−h−1,h−1]d/2) = ‖ϕ−1

δ ‖L∞(Ih).

Together, we have the deterministic bound |ξl| . T−1h−δα−d(1 + |x|2). Further, since A1 and
B2 as well as A2 and B1 are independent, we obtain

Var(ξl) . T
−2(Var(A1B2) + Var(A2B1)) 6 T−2

(
E[|A1|2]E[|B2|2] + E[|A2|2]E[|B1|2]

)
. n−2δ−1h−2δα−3d/2(1 + |x|3).

Overall, Bernstein’s inequality, see e.g. the aforementioned van der Vaart (1998, Lemma 19.32),
gives for a constant c′ > 0 and any κ > 0 that

P
(
|Mν

δ,n(x)| > κ
)
6 2 exp

(
− Tc′κ2

h−2δα−d(1 + |x|3) + κ(1 + |x|2)h−δα−d

)
.

The assertion follows by choosing κ = κ0T
−1/2h−δα−3d/4 for any κ0 > 0 and setting c = c′/2.�
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Before providing an outlook on future research, we present a short summary of the thesis.

Whenever the evolution of a time dependent system is influenced by random phenomena, stochas-
tic processes are used for mathematical modeling. Since an important feature of data sets in
modern applications is high dimensionality, statistical methods for stochastic processes are re-
quired which are custom-tailored for high-dimensional data. Moreover, it is of utmost impor-
tance to be able to estimate the underlying uncertainties especially in applications from natural
science. In this thesis, we presented novel regression approaches which allow us to circumvent
the curse of dimensionality via dimension reduction techniques in general, and via deep neural
networks in particular. A focus was on Bayes-type methods which also allow for uncertainty
quantification. To achieve a scalable MCMC method, a corrected stochastic MH algorithm was
proposed. This method is computationally feasible for large samples and it satisfies an optimal
bound for the prediction risk as well as uncertainty guarantees.

Additionally, the estimation of the jump distribution of multi-dimensional Lévy process was
studied. Based on discrete observations the so-called Lévy density was estimated via a spectral
approach. Allowing for low- and high-frequency observations, rates of convergence were proved
and numerical experiments confirmed the theoretical findings. The proposed method is robust
to various dependence structures which may lead to singular jump distributions.

A relevant question for future research is whether the developed regression methods can be
combined with the spectral method to estimate the Lévy density of a multivariate, or even
a high-dimensional, Lévy process. We provide an outlook on how to possibly approach this
question.

By the Lévy-Itô decomposition, see Sato (1999), we can rewrite any Lévy process (Xt)t>0

as
Xt = tγ0 + Σ1/2Bt + Lt, t > 0

with γ0 ∈ Rp, positive semi-definite Σ ∈ Rp×p , a standard Brownian motion (Bt)t>0 in Rp, and
a pure jump Lévy process (Lt)t>0 with Lévy measure νL. The Lévy process (Xt)t>0 is observed
on an equidistant time grid δ, 2δ, . . . , nδ =: T with time difference δ > 0. Equivalently, we
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observe i.i.d. data Dn := (Yj)j=1,...,,n of increments

Yj = Xjδ −X(j−1)δ
d
= Xδ = δγ0 + Σ1/2Bδ + Lδ, j = 1, . . . , n.

Recall from (5.1) that, under the assumption
∫
|x|2 νL(dx) < ∞, the characteristic function of

Yj is given by

ϕδ(u) := E[ei〈u,Xδ〉] = eδψ(u) with ψ(u) = i〈u, γ〉 − 1

2
〈u,Σu〉+

∫ (
ei〈u,x〉− 1− i〈u, x〉

)
νL(dx),

where γ = γ0 +
∫
|x|>1 x νL(dx). As in Chapter 5, we can estimate ϕδ with the empirical charac-

teristic function ϕ̂δ,n(u) = 1
n

∑n
j=1 ei〈u,Yj〉. In view of (5.3), we again estimate ∆ψ by

∆̂ψ(u) :=
ϕ̂δ,n(u)∆ϕ̂δ,n(u)− (∇ϕ̂δ,n(u))2

δϕ̂δ,n(u)
1{|ϕ̂δ,n(u)|>T−1/2}.

As discussed after Proposition 5.5 and in the proof of Lemma 5.6, see Section 5.3.4.2, the
indicator equals 1 with probability converging to 1, and if the indicator equals 1, we have
∆̂ψn −∆ψ = δ−1 log

(
ϕ̂δ,n/ϕδ

)
. Therefore,

∆̂ψn(u) = − tr(Σ)−F [| · |2νL](u) +
1

δ
∆ log

( ϕ̂δ,n(u)

ϕδ(u)

)
≈ −F [| · |2νL](u)− tr(Σ) +

1

δ
∆
( ϕ̂δ,n(u)− ϕδ(u)

ϕδ(u)

)
=: f(u)− tr(Σ) +

1

δ
∆
( ϕ̂δ,n(u)− ϕδ(u)

ϕδ(u)

)
,

where we linearized the logarithm as in (5.9). This formula can be interpreted as a regression
model with the following differences to the nonparametric regression (2.1) considered in this
thesis: First, instead of observing an i.i.d. sample of size n, we have observations for every
u ∈ Rp. Second, there is an additional nuisance term − tr(Σ). Third, the estimation problem is
ill-posed because the stochastic error will explode for large frequencies owing to ϕδ(u) → 0 for
|u| → ∞. Since the linearization and the stochastic error are as in Chapter 5, we can use our
insights from the application of the spectral method.

In order to apply our regression techniques, we have to treat the nuisance term − tr(Σ), which
can be done as proposed in (5.7). With this in mind, we now omit the nuisance term, i.e., we
consider a pure jump Lévy process for clarity in the following arguments.

To estimate f , we introduce a class F = {fϑ : ϑ ∈ Θ} of parameterized functions with parameter
set Θ. Under the additional assumption

∫
|x|2+s νL(dx) < ∞ for some s > 0, the function

f = −F [| · |2νL] is s-Hölder regular. Hence, we could choose F as the class of ReLU neural
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networks from Chapter 3 and again use approximation results by Schmidt-Hieber (2020) or
Kohler & Langer (2021). Imposing a prior Π on Θ, we would then consider the Gibbs posterior
distribution with Π-density

dΠλ(ϑ | Dn)

dΠ
∝ exp

(
− λRn(ϑ)

)
,

where the empirical risk is defined as Rn(ϑ) := ‖∆̂ψn − fϑ‖L2(U) with a compact set U ⊆ Rd.
The set U can be chosen to cut off the problematic large frequencies in a way which depends
on the sample size, similarly to a bandwidth limited kernel. This choice of the risk is similar to
the empirical study by Xu & Darve (2020) in the one-dimensional case. The differences are that
they estimate the characteristic exponent ψ instead of its Laplacian, and they evaluate the risk
on random frequencies uniformly drawn from some bounded interval.

A main challenge in applying the methodology from Section 2.1 will be the derivation of a
concentration-type inequality since the empirical risk is no longer an average of i.i.d. random
variables. Based on the resulting estimator

f̂λ = f
ϑ̂λ
, where ϑ̂λ | Dn ∼ Πλ(· | Dn)

for f , we would then need to recover the corresponding estimator of the Lévy measure νL, which
can be done similarly to Chapter 5. Cutting off the high-frequencies, we propose to estimate νL
by

ν̂L(x) = |x|−2F−1
[
f̂λ1U

]
(x), x ∈ Rp \ {0}.

To adapt the overall approach to high-dimensional Lévy processes, we could introduce a notion
of sparsity into the model by assuming that Lt = Λ>Zt with an Rd-valued pure jump Lévy
process (Zt)t>0, for d substantially smaller than p, and a sparse matrix Λ ∈ Rd×p. Denote the
Lévy measure of Z by ν. Using the explicit relationship between ν and νL, see Cont & Tankov
(2004, Theorem 4.1), we recover a multi-index structure

f(u) = −
∫
Rp
|x|2ei〈u,x〉 νL(dx) = −

∫
Rd
|x|2ei〈Λu,x〉 ν(dx) = g(Λu), u ∈ Rp

with dimension reduction matrix Λ and link function g(u) = −
∫
Rd |x|

2ei〈u,x〉 ν(dx), u ∈ Rd.
Hence, it is evident that we can exploit the reduced effective dimension of the model by estimating
this multi-index model, either directly, or, in view of Corollary 4.6, with a sparse stochastic
neural network using the methodology developed in this thesis. Overall, the combination of our
regression techniques with our spectral based estimator for a multivariate Lévy density looks
like a promising approach to the estimation of a high-dimensional Lévy density.
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