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¢4-norm of vectors for g € [1, ]
Euclidean norm |- | = - |2
LP-norm of functions restricted to a set U C R? for p € [1, o0]

27-norm |- oo = || - || ogas)

supremum norm of functions, i.e. || ||oc = - || Lo

standard vector product, i.e. (x,y) = ZZ:I zryy for z,y € R and

(f,g9) = [ fgdx for square integrable functions f,g: R — R

defined by z? = HZ:I xf’“ for z € R? and a multi-index 3 € N¢

defined by |z|? == H‘;le |z for x € R? and a multi-index 8 € Nd
mixed partial derivative of a sufficiently differentiable function ¢g: R — R
in the direction of a multi-index 3 € Ng

smallest integer greater or equal to a

largest integer less or equal to a

largest integer strictly less than a

maximum of two real numbers a, b

minimum of two real numbers a, b

proportional to

less or equal up to a multiplicative constant independent of the
parameters involved

greater or equal up to a multiplicative constant independent of the
parameters involved

equal in distribution

absolute continuity

linear span

Kullback-Leibler divergence, see [(2.5)

Dirac measure in x

Lebesgue measure on R and R?, respectively

complement of a set A

indicator function of a set A, defined by 14(z) =1 if z € A and
Ta(z)=0ifx ¢ A

X
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C;(U,C),c*(U,0)

Bgg-(€)
H(Q? da ta B? CO)

gradient of a function f
Laplacian of a function f
Fourier transform of g € L'(R?) defined by Fg(u) = [ e/{»?)g(z) dx
Fourier transform of a measure p defined by Zpu(u) = [ & y(dz)
support of a function f

transpose of a matrix A

trace of a matrix A

d x d identity matrix

Landau notation

stochastic Landau notation

class of functions f: R? — R which are differentiable arbitrarily often
class of s-Holder regular functions f: U — R, for an open subset U C R?,
with finite Holder norm

1 flles@y =
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ball of s-Holder regular functions f: U — R, for an open subset U C R,
with Hélder norm || f|¢sry < C

Besov-ellipsoid, see|(2.11)

class of hierarchical functions, see |(3.16)




1 Introduction

Essential features in modern data science, especially in machine learning and high-dimensional
statistics, are large sample sizes and large parameter space dimensions. In recent years, the
flexibility and empirical capabilities of complex models have attracted practitioners, but the
training of such models often comes at immense computational costs due to large samples and the
large number of parameters. Moreover, a lot of training methods, while strong in practice, cannot
statistically guarantee their performance in terms of risk bounds. As a consequence, the design
of cutting edge methods is characterized by a tension between numerically feasible and efficient

algorithms, and approaches which also satisfy theoretically justified statistical properties.

This thesis contributes solutions to two quite disjoint problems showcasing the wide spectrum of
fields where nonparametric statistics can provide answers to the challenges presented by mod-
ern applications while also admitting statistical guarantees. First, we consider the classical
nonparametric problem of estimating a regression function based on independent noisy observa-
tions. Second, there are multivariate time-dependent random phenomena which can be modeled
using stochastic processes. Lévy processes serve as a cornerstone for models of such phenomena
whenever jumps are involved, but the calibration of the jump behavior in particular presents an

ambitious nonparametric problem.

A key tool for analyzing the regression problem will be the so-called Gibbs posterior, which allows
for oracle inequalities in rather general settings. As a first step, we construct an estimator for
high-dimensional multi-index models with unknown active dimension. Motivated by the rising
relevance of uncertainty quantification in deep learning, we then turn our attention to stochastic
neural networks, where we can access the Gibbs posterior through Markov chain Monte Carlo
(MCMC) methods. To reduce the computational costs associated with such methods for large
samples, a naive approach of incorporating stochastic (mini-)batches proves futile as the resulting
algorithm yields less accurate estimates. However, it turns out that this drawback can be fixed
with a simple correction term allowing for a fully scalable algorithm. Based on this scalable
method and using our insights from multi-index models, we provide theoretical extensions to
choose the network architecture in a data-driven way and to deal with high-dimensional data.

Regarding the calibration of multivariate Lévy processes, we provide a nonparametric estimator
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for the jump density which is applicable to fairly general classes of Lévy processes and robust

across sampling frequencies.

Related literature

We first provide an overview of the literature related to this thesis.

Stochastic neural networks

For an introduction to neural networks, see e.g. |Goodfellow et al| (2016) and |Schmidhuber
(2015). While early theoretical foundations for neural nets are summarized by |Anthony &
Bartlett| (1999)), the excellent approximation properties of deep neural nets, especially with the
ReLU activation function, have been discovered in recent years, see e.g. Yarotsky| (2017) and the
review paper |DeVore et al.| (2021). In addition to these approximation properties, an explanation
of the empirical capabilities of neural networks has recently been given by |Schmidt-Hieber| (2020)
as well as [Bauer & Kohler| (2019): While classical regression methods suffer from the curse of
dimensionality, deep neural network estimators can profit from a hierarchical structure of the

regression function and a possibly much smaller intrinsic dimension.

In addition to theoretical guarantees, uncertainty quantification is an important and challenging
problem for neural networks. A widely used gateway to uncertainty quantification is the Bayesian
approach. It led to the introduction of stochastic neural networks, where a distribution over
the network weights is learned, see |Graves (2011) and |Blundell et al.| (2015) and numerous
subsequent articles. These Bayes-type methods present two main challenges: the derivation of

statistical guarantees and the development of algorithms to sample from the posterior.

Theoretical guarantees through PAC-Bayes bounds

Bayesian methods enjoy high popularity for quantifying uncertainties in complex models. The
general approach is to impose a prior distribution on the parameter class and use the Bayes
formula to compute the posterior distribution of the parameters given the data. Since this com-
putation requires the unknown distribution of the data given the parameters, restrictive model
assumptions are needed. To circumvent this, the probably approximately correct (PAC-)Bayes
approach replaces the posterior distribution with an approximation, the Gibbs posterior. An es-
timator drawn from the Gibbs posterior can then be analyzed from a frequentist perspective. In

particular, the literature aims for PAC-Bayes bounds, see the review papers by |Guedj (2019)) and



(2021)). Such bounds are divided into empirical PAC-Bayes bounds, see e.g. McAllester
(19994b), and oracle PAC-Bayes bounds, see e.g. [Catoni (2004} 2007). Both types of bounds

control the error of an estimator based on the Gibbs posterior with a high probability and can

be derived in quite general settings. Empirical PAC-Bayes bounds are in terms of the empirical
risk, whereas oracle PAC-Bayes bounds are in terms of the oracle, that is, the theoretical risk

minimizer over a class of parameters.

In a regression setting, PAC-Bayes bounds have been studied for instance by |Audibert| (2004,

2009); |Audibert & Catoni (2011)) and the references therein. In a high-dimensional regression,

sparsity can be used to reduce the effective dimension of the model. In the context of oracle
PAC-Bayes bounds this has been done through additive models by (Guedj & Alquier (2013)), as
well as through single-index models by Alquier & Biau| (2013). Similar ideas have been used by

|Castillo et al.| (2015) in a Bayesian sparse linear regression. Empirical PAC-Bayes bounds are

investigated intensively for (deep) neural nets, see |Dziugaite & Roy| (2017); Pérez-Ortiz et al,

(2021) and further references in (2021}, Section 3.3).

The analysis of the Bayesian procedure from a frequentist point of view embeds into the non-

parametric Bayesian inference, see Ghosal & van der Vaart| (2017). Coverage of credible sets has
been studied, for instance, by [Szabo et al| (2015 and [Rousseau & Szabd| (2020) and based on
the Bernstein-von Mises theorem by |Castillo & Nickl (2014)) among others.

While contraction rates for Bayesian neural networks have been studied by [Polson & Rockové
(2018) and |Chérief-Abdellatif (2020), the theoretical properties of credible sets are not well

understood so far. |Franssen & Szabd| (2022)) have studied an empirical Bayesian approach,

where only the last layer of the network is Bayesian while the remainder of the network remains
fixed.

Sampling via MCMC methods

In order to apply Bayesian estimators in practice, we need to sample from the posterior distribu-
tion. The classical approach are MCMC methods. For large parameter spaces, gradient-based
Monte Carlo methods are particularly useful, with e.g. Langevin dynamics serving as a proto-
typical example. Advanced methods such as Metropolis adjusted Langevin (MALA), see e.g.
Besag| (1994); Roberts & Tweedie| (1996al), and Hamiltonian Monte Carlo, see e.g.
(1987); Neal (2011), equip the Markov chain with a Metropolis-Hastings (MH) step to accept

or reject the proposed next state of the chain. From the practical point of view, the MH step

improves robustness with respect to the choice of the tuning parameters and, in theory MH

speeds up the convergence of the Markov chain.
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If the sample size is large, the computational cost of gradient-based MCMC methods can be
reduced by replacing the gradient of the full loss over all observations by a stochastic gradient.
This is a standard approach in empirical risk minimization and has been applied successfully to
Langevin dynamics as well, see |Alexos et al.| (2022); |Li et al. (2016)); Patterson & Teh| (2013);
Welling & Teh (2011). In this case, the MH steps remain as a computational bottleneck: Since
the target distribution depends on the full data set, we have to compute the loss on the full
sample to calculate the acceptance probabilities. Among the approaches to circumvent this
problem, see Bardenet et al.| (2017) for a review, a stochastic MH step is presumably the most
natural one. There, the full loss in the acceptance probability is replaced by a (mini-)batch

approximation which reduces the computational cost considerably, see Wu et al.| (2022).

Tailoring Markov chains to the needs of current neural network applications is a field of ongoing
investigation. Different efforts were made to improve efficiency by mixing, that is transitioning
between modes of the posterior landscape. Zhang et al. (2020) employ a scheduled step-size
to help the algorithm move between different modes of the posterior, while contour stochastic
gradient MCMC, see Deng et al.| (2020b}, 2022)), use a piece-wise continuous function to flatten
the posterior landscape which is itself determined through MCMC sampling or from parallel
chains. Parallel chains of different temperature are employed by Deng et al. (2020a) at the
cost of memory space during computation. Only limited research on scaling MCMC for large
data has been done. Most recently, Cobb & Jalaian| (2021) introduced a splitting scheme for

Hamiltonian Monte Carlo maintaining the full Hamiltonian.

In view of possibly better scaling properties, variational Bayes methods have been studied in-
tensively in recent years. Variational Bayes methods also do not sample from the posterior
distribution itself, but approximate the posterior within a parametric distribution class which
can be easily sampled from, see Blei et al. (2017) for a review. The theoretical understanding of
variational Bayes methods is a current research topic, see [Zhang & Zhou| (2020)); |Zhang & Gao
(2020); Ray & Szabo| (2022), and references therein.

Statistics for Lévy processes

Lévy processes are a staple to model continuous-time phenomena involving jumps, for instance in
physics and finance, see Woyczynski (2001) and (Cont & Tankov| (2004), respectively. Naturally,
many of these applications call for multivariate processes which significantly complicates the
estimation problem compared to the one-dimensional case. Matters worsen as practitioners
often only have time-discrete data at their disposal which obstructs the identification of the
jumps and hence the calibration of such models. Statistical results in this setting are typically

limited to the one-dimensional case or omit the estimation of the jump distribution, despite the



practical relevance.

On a theoretical level, the distribution of the Lévy process is uniquely determined by its char-
acteristic triplet, that is, the volatility matrix, the drift and the Lévy measure. The former
two characterize the Gaussian component of the process, while the latter characterizes the jump
distribution. From a statistical point of view, the estimation of the Lévy measure is most

challenging as we are faced with a nonparametric problem.

The literature commonly distinguishes between the following two observation regimes for a Lévy
process observed at equidistant time points 0 < §,24,...,nd =t T: Under the low-frequency
regime, § is fixed as n — oo, whereas § \, 0 under the high-frequency regime. illustrates

the estimation problem.

Motivated by the clearer separation between the jumps themselves and the Gaussian component
as 6 \, 0 under the high-frequency regime, threshold-based estimators have been applied ex-
tensively. Beyond the overview given by |Ait-Sahalia & Jacod| (2012)), Duval & Mariucci| (2021)
apply such an approach to the estimation of the Lévy measure, Gegler & Stadtmiiller| (2010))
study the estimation of the entire Lévy triplet, and Mies (2020)) estimates the Blumenthal-Getoor
index. An alternative approach under the high-frequency regime is the use of sieve estimators,
see e.g. [Figueroa-Lopez| (2011). However, these references are restricted to the one-dimensional
case and multidimensional extensions seem intricate due to the multitude of directions in which
the process can jump. A notable exception is the work by [Biicher & Vetter| (2013)), who estimate

the tail-integrals of a multivariate Lévy process.

Under the low-frequency regime, we cannot identify the intermittent jumps even in the absence
of a Gaussian component resulting in an ill-posed inverse problem, see Neumann & Reifs| (2009)).
A popular way out is the spectral method, see Belomestny & Reifs (2015)), which leverages the
relationship of the Lévy triplet with the characteristic function of the process at any time point.
Turning the observations of the process into increments, this characteristic function is estimated
and then used to draw inference on parts of the Lévy triplet. The method was first considered by
Belomestny & Reifs (2006) in the context of exponential Lévy models and has since been applied
extensively, see Belomestny| (2010)), Gugushvili| (2012)), Nickl & Reify| (2012), [Reifs| (2013), |Trabs
(2015)).

The estimation of the volatility matrix itself has previously been studied by [Papagiannouli (2020,
high-frequency) and |Belomestny & Trabs| (2018, low-frequency). A related issue is the estimation

of the covariance matrix in deconvolution problems, see |[Belomestny et al.| (2019).

An effect emerging for multivariate processes is the possibility of different dependence structures

between the components which can be in disagreement with the existence of a Lévy density in
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the form of a Lebesgue density on the whole state space. Nonparametric statistical results in
such settings are even rarer. Belomestny| (2011) estimates the Lévy density for a time changed
Lévy process with independent components. An alternative approach is to characterize the
dependence structure with Lévy copulas, see |Cont & Tankov| (2004) for an introduction and
the aforementioned Biicher & Vetter| (2013) for the estimation of the Lévy copula under a high-

frequency regime.

Additionally, there is an active field of research on Bayesian inference for stochastic processes in

general and Lévy processes in particular, see Belomestny et al.| (2022) for an overview.
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Figure 1.1: Illustration of a trajectory of a two-dimensional pure jump Lévy process (in orange).
The jumps are indicated by the dashed gray lines, but we only observe the black
dots. For a narrower time grid, i.e., with 0/2, fewer jumps are missed as we now
additionally observe the green dots.

Own contributions

In the following, the main contributions of this thesis are outlined in the context of the related
literature. A central model under investigation in this thesis is the nonparametric regression
model

Y=fX)+e

with a random pair (X,Y) € RP x R, an observation error ¢ satisfying E[e | X] = 0 almost
surely (a.s.) and an unknown regression function f: R? — R. The aim is to estimate the

regression function based on a training sample D,, = (X;, Yg)lzln given by n i.i.d. copies of



(X,Y). To model time-dependent random phenomena, we consider Lévy processes. The aim is
to estimate the multivariate Lévy density v of a Lévy process L = (L;)¢>o based on observations

Ly, Los, ..., Lys on a time grid with time difference § > 0.

High-dimensional multi-index models with unknown active dimension

A popular approach to reduce the effective dimension of nonparametric regression models is to
impose a multi-index structure on the regression function (Li, |1991). While we do not assume
that the observations exactly follow a multi-index model, our method builds upon an approxi-

mation of the regression function of the form
f(x) = g*(W*x), x € RP, (1.1)

for some active dimension d* substantially smaller than p, a sparse dimension reduction matriz
W* € RY*P_ and a (measurable) link function g*: R? — R. Following the aforementioned [Li
(1991), the estimation of the space spanned by the rows of W* has been studied extensively
in the literature, see e.g. |[Hristache et al| (2001)), Xia/ (2007), and Dalalyan et al. (2008), but
under the assumption of a known active dimension d*. While some research has been done on
the estimation of d* itself, see Xia et al| (2002) and |Zhu et al. (2006), the estimation of the
overall model has relied on estimating W* and ¢g* separately to then analyze the propagation
error, see |[Klock et al.| (2021)). If the dimension p is large, the estimation problem suffers from
the well-known curse of dimensionality. This is of particular importance in numerous recent
applications where p may exceed the sample size n. The existing analysis of high-dimensional
multi-index models in this setting is rather limited. A notable exception is [Yang et al. (2017)
who recover the dimension reduction matrix under the assumption that the distribution of the

covariates is known.

As our first application of the estimation approach via the Gibbs posterior and to demonstrate
its potential, we consider multi-index models. Such an estimator has been applied successfully
to the single-index model (i.e. d* = 1) without miss-specification by |Alquier & Biau (2013). We
generalize the estimation method for single-index models to the more flexible class of multi-index
models. In particular, we aim for a method which adapts to the unknown active dimension d*,
the sparsity of W* and the regularity of g* to achieve a good approximation of the form

based on the given data.

Our method allows for a fully data driven complete calibration of the high-dimensional multi-
index model with unknown active dimension. The estimator achieves the minimax-optimal rate

of convergence (up to a logarithmic factor) for such estimation problems and no additional price
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is paid for the unknown active dimension.

Statistical guarantees for stochastic Metropolis-Hastings

Approaching the same nonparametric regression with neural networks introduces a new focus on
algorithmic aspects. We demonstrate that an MCMC based method with a stochastic MH step is
computationally feasible for large samples and we can prove an optimal bound for the prediction
risk as well as uncertainty statements for the underlying posterior distribution. [Fig. 1.2illustrates

the quantification of uncertainty with stochastic neural networks.

-
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Figure 1.2: Illustration of uncertainty quantification in nonparametric regression via stochastic
neural networks. Noisy data (black dots) of true regression function is only available
in the intervals [—0.8, —0.2] and [0.2,0.8]. The thin green lines show samples drawn
from the surrogate posterior of our corrected stochastic MALA (csMALA) method,
which incorporates a corrected stochastic MH step. The dashed green line shows the
corresponding posterior mean. Note how the spread of the green lines increases in
the areas where no data is available resulting in higher uncertainty.

Bardenet et al.| (2017, Section 6.1) have argued heuristically that the naive stochastic MH step
reduces the effective sample size, which determines, for instance, contraction rates of the poste-
rior distribution, to the size of the batch. To rigorously understand the statistical consequences
of a stochastic MH step, we apply the pseudo-marginal MH perspective by |Andrieu & Roberts
(2009) and Maclaurin & Adams (2014). It turns out that a Markov chain with a stochastic MH
step does not converge to the original target posterior distribution, but a different distribution,
which we call surrogate posterior and whose statistical performance is indeed determined by
the batch size only. However, we show that there is a simple correction term in the risk such
that the resulting stochastic MH chain converges to a surrogate posterior which achieves the full

statistical power in terms of optimal contraction rates.

We investigate the distance of the surrogate posteriors associated with the stochastic MH algo-
rithm and the corrected stochastic MH algorithm to the original posterior distribution in terms

of the Kullback-Leibler divergence. While these approximation results could be used to analyze



the surrogate posteriors based on properties of the original posterior as done for variational
Bayes methods, see Ray & Szabo| (2022), we instead investigate the surrogate posteriors directly

which allows for sharp results.

We prove PAC-Bayes oracle inequalities for the surrogate posteriors of the stochastic MH method
and its corrected modification in the context of deep neural networks. Based on that, we can
conclude contraction rates as well as rates of convergence for the surrogate posterior mean.
Applied to Holder regular hierarchical regression functions, the contraction rate of the corrected
stochastic MH procedure coincides with the minimax-optimal rate by [Schmidt-Hieber, (2020)
(up to a logarithmic factor). The network estimator achieves this upper bound without prior
knowledge of the hierarchical structure and the regularity of the regression function. While the
aforementioned paper has analyzed sparse deep neural networks with ReLLU activation function,
similar results for fully connected networks are given by |Kohler & Langer| (2021)), and we exploit
their main approximation theorem. Moreover, we investigate size and coverage of credible balls

from the surrogate posterior.

A simulation study demonstrates the merit of the correction term for sampling from a 10401
dimensional parameter space for a low-dimensional regression task. The samples from the surro-
gate posterior of our corrected stochastic MH algorithm, as well as their mean, show a significant
improvement in terms of the empirical prediction risk and the size of credible balls over those
taken from the surrogate posterior of the naive stochastic MH algorithm. The correction term
cancels the bias on the size of accepted batches introduced by the stochastic setting. The Python

code of the implementation is available, see Bieringer et al.| (2023).

Stochastic neural networks with mixing priors

An advantage of estimators based on the Gibbs posterior is that modifications to the prior can
allow the estimator to adapt to various structural properties of the model as we have seen in
our analysis of multi-index model as well as in the literature, see the aforementioned [Alquier &
Biau| (2013)); Guedj & Alquier| (2013]). We apply this approach to the stochastic MH leading to

the following two contributions.

The first concerns the choice of the network architecture. We demonstrate that a mixing prior
over network architectures of varying size allows the stochastic MH to choose the optimal archi-
tecture in a fully data driven way. We suffer no additional loss in the rate of convergence. In
particular, we still achieve the minimax-optimal rate of convergence (up to a logarithmic factor)

over the class of hierarchical functions.



1 Introduction

The second extension leads to an algorithm which can handle high-dimensional data by incor-
porating sparsity. The training of sparse neural networks with a Bayesian approach to estimate
a Holder regular regression function has been studied by the aforementioned |Polson & Rockova
(2018). We prove a PAC-Bayes oracle inequality which does not depend on the total number of
weights of the neural network, but only the number of nonzero weights. This allows us to employ
the approximation properties of sparse neural networks demonstrated by |[Schmidt-Hieber| (2020)).
Again, we attain the minimax-optimal rate of convergence (up to a logarithmic factor). As an
immediate consequence, this stochastic neural network offers an alternative to our approach for
estimating high-dimensional multi-index models, which solidifies the connection between these

models, hierarchical functions, and neural networks.

Estimating a multivariate Lévy density

As a contribution to statistics for Lévy processes, we provide an estimator for the multivariate
Lévy density based on discrete observations of the Lévy process. More specifically, we adapt the
spectral method to the multivariate setting by constructing a nonparametric estimator for the
Lévy density v, assuming that it exists. Our estimator requires no knowledge of the volatility and
drift parameters and works uniformly over fully nonparametric classes of Lévy processes under
mild assumptions. In particular, Lévy processes with infinite jump activity are allowed. The
uniform rates we achieve naturally extend those from the one-dimensional case and optimality

in our setting is discussed. Our estimation method is robust across sampling frequencies.

When estimating the Lévy density close to the origin, we enhance our method with an estima-
tor for the volatility. However, even the proved minimax-optimal rates of convergence in the
literature are too slow as to not affect our overall rates under the low-frequency regime. It is
sufficient to estimate the trace of the volatility matrix and we show that this can be done with a
much faster rate. With this enhancement, there is no additional loss for the unknown volatility

in the rate for the estimation of the Lévy density.

Regarding the various possible dependence structures of multivariate Lévy processes, we propose
a quantification of the estimation error when integrating against regular test functions without

modifications to our method.

A key contribution in our proofs is to develop a generalization of a uniform risk bound for the
empirical characteristic function to the multivariate case. We illustrate our estimation method

with three simulation examples.

Additionally, we provide an outlook on how the spectral method could be extended to the es-

timation of the jump density of a high-dimensional Lévy process by incorporating our results

10



regarding nonparametric regression. For instance, | Xu & Darve| (2020) have proposed an estima-
tion scheme based on neural networks in the one-dimensional case. While their empirical results

look promising, they do not provide a theoretical analysis of their method.

Organization of the thesis

The dissertation is structured as follows: In we introduce a general approach for
deriving PAC-Bayes oracle inequalities in nonparametric regression models and apply the ap-
proach to high-dimensional multi-index models. Building on this methodology, in
we first focus on algorithmic aspects which provide computationally feasible access to the Gibbs
posterior. Then, we apply these algorithmic concepts to the training of neural networks leading
to statistical guarantees in the form of oracle inequalities and credible sets. Extensions of the
algorithm are constructed in There, we incorporate mixing priors to choose the
network architecture in a data driven way and handle high-dimensional data. In we
focus on the second main problem of estimating the multivariate Lévy density based on discrete
observations of a Lévy process. For readability, the proofs have been postponed to the end
of their respective chapter. In we provide an outlook on how our results could be
combined to construct a nonparametric estimator for the Lévy density of a high-dimensional

Lévy process.

11
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2 A PAC-Bayes oracle inequality for

high-dimensional multi-index models

In this chapter, we outline a general approach for deriving PAC-Bayes oracle inequalities using
high-dimensional multi-index models as a guiding example. First, we introduce the estimation

principle along with some notation. The strategy for deriving general PAC-Bayes oracle in-

equalities is presented in [Section 2.1} In [Section 2.2] we demonstrate how this strategy can be

applied to high-dimensional multi-index models with unknown active dimension. In particular,
this will allow us to circumvent the curse of dimensionality in a high-dimensional regression

setting.

The general approach is well established in the literature, see the review paper |Alquier| (2021)),

and is introduced in the following for a self-contained presentation.

The aim is to estimate a regression function f: RP — R, p € N based on a training sam-
ple D, = (X;,Y;)i=1,..n» CRP xR given by n € N ii.d. copies of generic random variables
(X,Y) € RP x R on some probability space (2, A, P) with

Y=fX)+e (2.1)

and observation noise ¢ satisfying Ele | X] = 0 almost surely (a.s.). Equivalently,
f(X) =E[Y | X] a.s. For any estimator F, the prediction risk and its empirical counterpart

are given by

~

R(f) =Exy)[(Y - [(X)’] and  R.(f)=

respectively, where E denotes the expectation under P and Ey is the expectation only with
respect to a random variable Z. The accuracy of the estimation procedure will be quantified in

terms of the excess risk

~ ~ ~

E(f) = R(f) = R(f) = Ex[(F(X) = £(X))*] = IIf = FIF2x);

13



2 A PAC-Bayes oracle inequality for high-dimensional multi-index models

where PX denotes the distribution of X.

We consider a parametric class of potential estimators F = {fy : ¥ € O} for some parameter
space © with a potentially large parameter dimension P € N. For fy € F we abbreviate
R(¥) = R(fy) and

n

1 .

Ry(9) = Ru(fo) = ~ D 4(9)  with  6(9) = (Y~ fy(Xy)"
i=1

Fixing a prior probability measure II on O, the corresponding Gibbs posterior II\(- | D) is

defined as the solution to the minimization problem

v

inf (/Rn(ﬂ) v(dv) + %KL(V | H)),

where the infimum is taken over all probability distributions v on ©. Hence, II\(- | D)) will
concentrate at parameters ¢ with a small empirical risk R, (¢), but it takes into account a
regularization term determined by the Kullback-Leibler divergence (denoted by KL, see
for a definition) to the prior distribution IT and weighted via the inverse temperature parameter

A > 0. This optimization problem has a unique solution given by
TA(dd | D) o exp ( — AR (9))T(d), (2.2)

see below. While coincides with the classical Bayesian posterior distribution if
Y = fo(X;) +¢&; with i.i.d. g; ~ N(0,n/(2))), the so-called tempered likelihood exp(—AR, (1)),
see e.g. |Guedj (2019)), serves as a proxy for the unknown distribution of the observations given
. As we will see, the method is indeed applicable under quite general assumptions on the

regression model.

Based on the Gibbs posterior distribution the regression function can be estimated via a random

draw from the posterior
Po=1f5  for Oy Dy ~T(- | Dn), (2.3)
or via the posterior mean
I =Elf; [Dn] = /fﬁ II\(dY | Dy). (2.4)

Another popular approach is to use the maximum a posteriori (MAP) estimator, but we focus

on the previous two estimators.

14



2.1 A general PAC-Bayes bound

As a benchmark for our estimators, we define the oracle choice for ¥ as

¥ € argmin R(¥) = argmin £(¥),
Y€ veEO
assuming that the minimization problem admits a solution, which will be the case in all settings
that we consider. The minimization problem may have multiple solutions, in which case we
simply choose one of them. This causes no issues as we are only interested in the corresponding
risk R(¥*) = R(fy+). The oracle 9* is not available to the practitioner, as it depends on the
unknown distribution of (X,Y’), but we will show that the performance of our estimators is

almost as good as that of the oracle.

2.1 A general PAC-Bayes bound

Let u, v be probability measures on a measurable space (F, «7). The Kullback-Leibler divergence

of . with respect to v is defined via

[ log (3—5) du, if p<u,

00, otherwise.

KL(p | v) = (2.5)

The following classical lemma is a key ingredient for PAC-Bayes bounds, cf. |Catoni (2004, p.
159) or Alquier| (2021)). We include the short proof for the sake of completeness.

Lemma 2.1. Let h: E — R be a measurable function such that [expohdu < co. With the

convention oo — oo = —oo it then holds that

log (/eh du) = —V1£1<f;L <KL(V | 1) — /hdu), (2.6)

where the infimum is taken over all probability measures v < pu on (E, o). If additionally, h is

bounded from above on the support of i, then the infimum in|(2.6)|is attained for v = o with the

Gibbs distribution o, i.e. g—z o el

Proof. For D == [ e dp, we have do = D~ 'e"dy and obtain for all v < u:

0<KL(v|o) = /log (%) dv = /log (76}1;:/[)) dv

:KL(Z/|p)—/hd1/+log</ehdp). O

15



2 A PAC-Bayes oracle inequality for high-dimensional multi-index models

With this lemma at hand, we can derive a general PAC-Bayes bound. The basic proof strategy
is standard in the PAC-Bayes literature, see e.g. Alquier & Biau| (2013]). However, the variant we
present here allows for a more transparent view of an underlying concentration-type condition,

instead of direct assumptions on the regression model.

Proposition 2.2 (PAC-Bayes bound). Set &,(9) = R,(9) — R, (f). Assume that
max {E[exp (AE(V) — Ex(0)))], Elexp (A(En (V) — E(V)))] } < exp (CraAE(D)) (2.7)

for some A > 0 and a constant C,, x € (0,1/2]. Then, we have for any D,-dependent (in a
measurable way) probability measure o < II that

E(Dy) < 3/5dg—|— %(KL(Q | II) + log(2/9))

with probability of at least 1 — 6.

Remark 2.3. Here and in the following, the 1—§ probability in takes into account the randomness
of the data and of the estimate. For smaller (), , the 3 in front of the integrated excess risk can
be improved to 1+ 7 for any 7 > 0 at the cost of a larger multiplicative constant in front of the

remaining terms.

The proof uses neither the independence of the data D,,, nor the explicit form of the risk R and

the empirical risk R,,. In particular, the same result holds for a sample with dependent data

points and generic R and R,,, where R,, is bounded from below. Therefore, [Proposition 2.2| can

be used as a general tool for proving PAC-Bayes oracle inequalities by verifying [(2.7) and then
choosing o to balance [ €dp and KL(p | II). The trade-off here is that the integrated excess
risk is small if ¢ has most of its mass around the oracle ¥*, whereas the Kullback-Leibler term

is small if p is similar to the prior II.

To verify the concentration inequality we need some assumption on the dependence struc-
ture of the data D,,. In particular, it holds in our setting of an i.i.d. sample under rather mild

conditions on the model and the parameter class:

Assumption 2.A.
(a) Bounded regression function: For some constant C > 1, we have || f|loc < C.
(b) Bounded estimators: For some constant C > 1, we have || fy||oo < C for all ¥ € ©.

(¢) Conditional sub-Gaussianity of observation noise: There are constants o,I' > 0

16



2.2 Application to high-dimensional multi-index models

such that .
E[le|* | X] < E'UQFH a.s.,  Vk=2.

Lemma 2.4. Grant [Assumption 2.A| and set V = 8(C + C)(T'V (C + C)) and Cp =

%%w. Then, we have for all A € [0,n/V) that

max {E[exp (AE(V) — En(0)))],E[exp (A(En(P) — E£(V9)))] } < exp (CraAE(D)).

2.2 Application to high-dimensional multi-index models

In this section, we demonstrate how the methodology related to |[Proposition 2.2 can be applied

to high-dimensional multi-index models. In particular, we extend the analysis for single-index
models by |Alquier & Biaul (2013). The results in this section are based on |Steffen| (2023b)).

While we do not assume that the observations exactly follow a multi-index model, our method

builds upon an approximation of the regression function of the form
fx)=g(W'x),  VxeRP,

for some active dimension d* substantially smaller than p, a sparse dimension reduction ma-
triv W* € RY>*P and a (measurable) link function g*: R — R. As a standard assump-
tion in the theory of multi-index models, we suppose that the dimension reduction matrix is
(semi-)orthogonal, i.e., W*(W*)T = Ey is the identity matrix, see Xia| (2008, Proposition 1.1).
Indeed, this allows for the interpretation of W*X as a rotation of the covariates, projected onto

the first d* coordinates followed by another rotation.

With a prior II for the parameters (W, g), the II-density of Gibbs posterior distribution ITy (- | Dy,)

in the multi-index setting reads as (up to normalization)

dII(W, g | Dn)

i X exp ( — )\Rn(W,g))

with a tuning parameter A > 0 and empirical prediction risk
1< 2
R, (W* g%) = p Z (Y — g*(W*X;))".

i=1

For clarity in this first application, we focus on the estimator obtained from drawing

A=0Wx)  with  (Wy,G\) | Dn ~IL(- | Dy). (2.8)
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2 A PAC-Bayes oracle inequality for high-dimensional multi-index models

In [Chapter 3| we will demonstrate that the extension of our results to the posterior mean ((2.4)]
is feasible.

We will choose a sieve prior that prefers models with a low active dimension, sparse dimension
reduction matrices and regular link functions. Let II be supported on Uszl Syq X Gy for some
classes Sg and G, for W and g, respectively. For S; we will study a class of sparse matrices
while G4 will be given by finite wavelet approximations. The prior is uniform for a given sparsity
and a wavelet projection level. The posterior weights each tuple of parameters (W, g) based on
its empirical performance (with respect to the empirical loss function) on the data, where the

tuning parameter A determines the impact of R, (W, g) in comparison to the prior beliefs.

We will prove an oracle inequality verifying our estimator is not worse than the optimal choices
for W € §; and g € G4 for any d. In particular, the overall quality of the method depends on

the approximation properties of the spaces Sy and Gg.

2.2.1 Construction of the prior

To construct the prior, we will introduce for any dimension d = 1,...,p classes Sg and Gy
together with priors ug and v4 for the dimension reduction matrix W and the link function g,

respectively. Based on that we can then define the prior I on ngl Sq % Gg.

We start with a fixed active dimension d € {1,...,p}. While it is common in the literature to
assume that the dimension reduction matrix W* is (semi-)orthogonal, we will not impose this
restriction for the estimation method. Instead, we only require that the candidate matrices have
(?-standardized rows, i.e. for W = (w, ... ,wd)—r € R¥*P with row vectors w; = (Wit,...,wip) €

RP we impose |w;| = 1. To encode sparsity, let
Lo={I|0#T =1L x---x1Iq I,.... IgC{1,...,p}}

contain all potential sets of active coordinates, that is I; describes the active coordinates in the
i-th argument of the link function. For I = I; x --- x I; € Z; the number of active coordinates
is ||I|| = Z?:l |I;|, where |I;| denotes the cardinality of I;. Note that ) # 1 =11 x --- x I
already implies Iy,...,I; # (). The parameter set Sq(I) of sparse dimension reduction matrices

is given by

Sa(I) = {W = (wy,... Jwg)! € RVP | w; € S(I), i =1,... ,d}, where
S(IZ) = {U}Z = (wil,. . 'awi,p) € RP | ]wl| = 1,VJ Qf IZ W45 = 0}

18



2.2 Application to high-dimensional multi-index models
Finally, we define Sq = {U;cz, Sa(I). Note that Sq(1) 2 Sa(I) for
Sa(I) =AW = (w1,...,wg) " € RYP | |wy| =+ = Jwg| = Lwi; #0iff j € [, j=1,...,p}.

In §d(I ) the index set I exactly describes the sparsity of W. However, we consider the prior on
the compact set Sy(I) to ensure the existence of solutions to minimization problems over Sy(I)

and thus the existence of an oracle dimension reduction matrix.

To construct a prior measure pg on Sg, we use the uniform distribution on the set of dimension
reduction matrices with a given active dimension d and with sparsity ¢ = ||I||. These uniform
distributions are then weighted geometrically such that sparse dimension reduction matrices are
preferred by the prior. Denoting the uniform distribution on Sq(I) by g4 7, the prior measure

on &y is thus given by the mixture

dp

. 1 .

o= 32 3 [0 where = {T€ T, 1) = i)
i=d ez,

Here and in the following two analogous constructions, the basis 2 of the geometric weights
can be replaced by an arbitrary fixed @ > 1. The theoretical results remain unchanged up to

constants.

To define a class G; and a prior v, for the link function, we will use a multivariate tensor
product wavelet basis on R?, see e.g. Daubechies (1992); (Giné & Nickl (2016)). Let ¢ and 1 be
a continuously differentiable scaling and wavelet function on R, respectively, and write g = ¢,
1 = 1. We will use compactly supported regular Daubechies wavelets. For M € Ng, N € N

we define the index set

2y ={1=(0,12,0) | 2 € Z7, |lz2]c < N}
U {l = (l1,l2,13) € Ng x Z% x {0,1}% | I; < M, |la]oc < 2""N, 13 # 0},

where [; is the approximation level, 5 is a shift parameter and I3 is due to the tensor structure.

The system (V));cze _ with

d
Uy (x) =202 T, , (20 — o), x €R% 1= (Il I3) € 22, .,
=1

is an orthonormal basis of L*(R?). In particular, each g € L*(R%) admits a wavelet series

representation g = > ;.24 (g, ¥;)¥;. Throughout, we fix a sufficiently large constant N € N
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2 A PAC-Bayes oracle inequality for high-dimensional multi-index models

and abbreviate Zj‘\l/[ = Zj‘& n- For & > 0 we define the compact wavelet coefficient ball

Bam(€) = {8 eRZ |||Blls <€}, where
1Bl =L S 25 @215 with L= [[9llso V l@lloe VI lloo V 1 llo V 1,

lezg,

which determines the finite dimensional approximation space

Gam(€) ={g=Pam(B)|BE€Banm(§)} via  Pgu(B)= > BT, B€ R,

lezg,

For any g = ®4 /() we write ||g||5 := ||||s which corresponds to the Besov norm with regularity
1 + d and integrability parameter 1 on span{¥; : [ € Z](@}. In particular, we have for any

g€ Gam(§)
lglle < llglls <€ and  [[(Vg)illoo < lglls <&, Vie{l,...,d}. (2.9)

For C' > 0 we set Gg == Jy;_o Ga,m(C + 1).

The prior v4 on G, is defined as a random coefficient prior with uniformly distributed coefficients
on Gy (C'+1) and geometrically decreasing weights in the approximation level M. To this end,
let g ps be the uniform distribution on By (C + 1) and let vy = Zd,M(CI);}V[(-)) denote the

push-forward measure of 4 3y under ®,4 7. Then, we set

n
Vg = Z 2_Mud7M/(2 —27").
M=0

We can now define the prior for a fixed active dimension d as the product measure 74 = pq®vy.
Finally, we mix over all possible active dimensions to account for the fact that d* is unknown.
Encoding a preference for simple models, i.e. small active dimensions, via weights 2-¢, the final

prior on J5_; 84 x Gg is given by

= Zp: 2*d7rd/(1 _97P),

d=1

Note that the structure of the prior ensures that drawing from II will yield a link function and

a dimension reduction matrix with matching active dimension.
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2.2 Application to high-dimensional multi-index models
2.2.2 Oracle inequalities

For an active dimension d € {1,...,p}, an active index set I € Z; of the dimension reduction
matrix and an approximation level M € {0,...,n} of the link function, we define the oracle
choice on Sq(I) x Ggm(C) as

War ganm) = arg min R(W, g). (2.10)

(W,9)€Sa(1)xGa,m(C)
Note that the minimization in g is over Gg /(C), whereas the prior is defined on Gy (C + 1)
which ensures that a small neighborhood of g} ;, is contained in the support of the prior. A

solution to the minimization problem in |(2.10)| always exists since we have equivalently

WinBi) =  argmin  E[(Y — &40 (8)(WX))’]
(W,8)eSa(I)xBa,a (C)

with compact S4(I) x Ba(C) and continuous (W, 8) — E[(Y — <I>d7M(ﬁ)(WX))2]. Our main
result in this section gives a theoretical guarantee that the estimator (WA,/g\)\) from is
almost as good as the best oracle (W}, g ,,) for all possible active dimensions in terms of the

excess risk. To this end, we need some mild assumptions on the regression model.

Assumption 2.B.
(a) Bounded regression function: For some constant C' > 1 we have || f|loc < C.
(b) Bounded inputs: For some constant K > 1 we have |X|o < K a.s.

(¢) Conditional sub-Gaussianity of observation moise: There are constants o,I' > 0
such that

k!
E[le|®|X] < EUZFH a.s.,  Vk=2.

We obtain the following non-asymptotic oracle inequality. It generalizes |Alquier & Biau| (2013,
Theorem 2) not only with respect to the multi-index approach with unknown active dimen-
sion, but also with respect to some technical but practically relevant aspects such as the ¢2-

normalization of W and the wavelet basis.

Theorem 2.5 (PAC-Bayes oracle inequality). Under [Assumption 2.B| there are constants
Qo,Q1 > 0 depending only on C,T';o > 0 such that for A = n/Qo and sufficiently large n
we have for all 6 € (0,1) with a probability of at least 1 — § that

£(Wh,3) < min (3E0V3 1, g300) + 22 (1] lo(p v m) + 16/N2 log(n) +108(2/9)) ).
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2 A PAC-Bayes oracle inequality for high-dimensional multi-index models

where the minimum is taken over all triplets (d, I, M) with d € {1,...,p}, I € Z; and M €

{0,...,n}.

Remark 2.6. An explicit admissible choice for X is A = n/((2C + 1)(I' v (2C + 1)) + 4((2C +
1)2 +40?)). The dependence of Q1 on C,T', ¢ is at most quadratic and n > ng =5V (C+1)V K

is sufficiently large.

The right-hand side of the oracle inequality can be interpreted similarly to the classical bias-

variance decomposition in non-parametric statistics. The first term

EW g1 9am) = El(g5 Wy X) — F(X))?]

quantifies the approximation error while second term is an upper bound for the stochastic
error. In particular, we recover ||I]|log(p V n)/n (or ||I]|log(p)/n if p > n) as the typical error
term for estimating sparse matrices with sparsity ||I]|, see van de Geer et al| (2011), while
162N92¢M Jog(n)/n is due to the estimation of O(169N929M) many wavelet coefficients each

with (squared) accuracy log(n)/n paying a logarithmic price for adaptivity.

The minimum over all (d, I, M) in the upper bound shows that the estimator adapts to the active
dimension, the sparsity of the dimension reduction matrix and the regularity of the link function.
One can show the same result in a multi-index model with a known active dimension d* by using
g+ as a prior instead of II. The only difference (up to a different constant (1) in the result is
that the minimum in the upper bound is only taken over all pairs (I, M) € Zy- x {0,...,n}.
Consequently, no additional price is paid for not knowing the true active dimension of the

model.

In the well-specified setting and under assumptions on the distribution of W*X as well as a

Besov-type regularity assumption on the link function, we derive explicit convergence rates from

Theorem 2.5
Assumption 2.C.

(a) Multi-index model: There exist d* € {1,...,p}, W* € ST and g*: RY — R such that
f =g W),

(b) Bounded dimension reduced inputs: For By > 1, we have |W*X| < Bj.

(c) Lebesgue density of dimension reduced inputs: W*X has a Lebesgue density on R

bounded by a constant By > 1.

For the true dimension reduction matrix W* we write ||W*||p := ||[I*| for the minimal (with
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2.3 Proofs

respect to || - ||) I* € Zg« such that W* € Sy« (I*). The regularity of g* will be measured in terms
of its Besov norm. We recover Sobolev balls for ¢ = 2, cf. |Giné & Nickl (2016| (4.164)).

Definition 2.7. The Besov ellipsoid in R?" with regularity o > 0 and integrability parameter
q € [0,00) is given by

Bog- (€)= {g e FRT)| Y 2mey(gwp < 7} (2.11)

ez
for a radius & > 0.

Corollary 2.8 (Convergence rate). Let the assumptions of|Theorem 2.5 be fulfilled in addition
to |Assumption 2. C] Take A = n/Qqy with Qu from , Suppose that g* € BS ;.(§)

with & = C’(Ld*2Nd*/216d*/2)*1 for some a > 2+ d*. Then, for sufficiently large n and with a
probability of at least 1 — §, we have

W d log n\ 7o W*lolog(pvn)  log(2/s
g(WwAK%( i )z+d +Q2(II llo ng(p ) 4 g(n/)),

where Q2 is a constant only depending on C,I',0, N, By, By and d*.

Remark 2.9. If W* is sparse (i.e. |W*||o is small), then the dominating term in the upper bound

of the excess risk of the PAC-Bayesian estimator is of order

9

log 1\ saias
(5)
which is the usual minimax-optimal rate (up to a logarithmic factor) for such estimation prob-
lems, see e.g. Tsybakov (2009). Note that if d* is substantially smaller than p, then we have
successfully circumvented the curse of dimensionality, since the dimension which appears in the
rate is now only d*. As an alternative to the wavelet construction, one can use the multivari-
ate trigonometric system on [—1,1]?", assume X € [~1,1]? and ¢'-standardized rows of W*
(which ensures W*X € [~1,1]?") leading to a more direct generalization of Alquier & Biau
(2013). However, the orthogonality assumption on W* seems more natural and is in line with

the literature.

2.3 Proofs

We begin with the proofs of the general PAC-Bayes bound and the concentration inequality.
Then, we apply them to prove the results from
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2 A PAC-Bayes oracle inequality for high-dimensional multi-index models

2.3.1 Proof of [Proposition 2.2|

The concentration inequality from the assumption gives
E[exp (A(1—Cp2)E () —AEn () —log(671))] V E[exp (A&, (9) —A(14+Cpn)E(9) —log(671))] < 6.

Integrating in ¥ with respect to the prior probability measure II and applying Fubini’s theorem,

we conclude
E| / exp (ML~ G )E() ~ A&x(9) — log(d™) dII(9)] <5 and
E[/exp (A (9) = A1 + C)E(W) — log(671)) dH(ﬁ)] <. (2.12)

For the posterior distribution IT)(- | D,) < II with corresponding Radon-Nikodym density

dH}\ (79 ’ Dn)

P = Dlexp(-ARW(9), Dy = / exp(— ARy () dTI(9)

with respect to II, we obtain

D511, (o) LOXP (M1 = Co ) )EWD) = An (D) — log(57") + ARn(9) + log D))]

dH,\(a\ Dn)))}

= Ep 5oty [exp ()\(1 — a2 )EWD) — (D) — log(671) — log ( g

~ Ep,| / exp (A1 — 2 )E(9) — A&u(0) — log(6™) dII(9)] < &

Since 100y (7) < M for all z € R, we deduce for U ~ II5(- | Dy) with a probability not larger
than ¢ that

(1= Cpr)EW) — En(D) + Ry(9) — A" (log(67") — log Dy) > 0.
As 1 —Cp x> 0, we thus have with a probability of at least 1 — § that
EW) < (1 - Cup) ™ (= Rulf) + A~ (log(6™") ~ log Dy)).
[Cemma 2.1] yields

“log Dy = —log ( / exp(—ARnw))dnw)) (KL(Q | I0) + / AR (0) dg(ﬁ)).

= inf
oIl
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Therefore, for any ¢ < 11, it holds with probability of at least 1 — § that
&) < (1= Coa) ([ £a9)de®) + A (log(6™) + KL(o | ) ).

In order to reduce the integral [ &,(9)do(9) to [E(¥)de(¥), we use Jensen’s inequality and

to obtain
Ep, [exp ( / AEn(9) — M1 + Cp 2)E(0) do(9) — KL(o | TT) — 1og(5*1))]
— Ep, [exp (/)\En(ﬁ) — AL+ Cpn)E() — log <§—§(ﬁ)) ~log(67Y) dg(z?))}

< Ep, 9mp [exp ()\En(ﬁ) — A1+ Co)E®W) — log (%(0)) _ log(é_l))}

— Ep, [ / exp (AEn (1) — A(1 + Cp2)E(W) — log(671)) dnw)] <.
Using 1jg,o0)(7) < e’ again, we deduce that with probability of at least 1 — §

/ £4(9) do(9) < (1+ Cp) / £(9) do(¥) + A1 (KL(o | I1) + log(57 ).

Therefore, we conclude that with probability of at least 1 — 2§

~

E0) < (1= Co) (14 Cu) [ £0)de®) + 3 (KL(e | 1) + log(371) ).

which yields the claimed bound since Cj, y < 1/2. U

2.3.2 Proof of Lemma 2.4!
We can rewrite &,(9) = 2 3" | Z; with centered and independent random variables
Zi = (Yi = f9(X0))* = (Vi — [(Xq))? = = (25 + f(Xi) — fo(X0)) (fo(Xs) = f(X0)).
Since f and fy are bounded by C and C, respectively, and &; is sub-Gaussian we have
E[Z}] = E[(2& + f(Xi) — fﬂ(Xi))z(fﬁ(Xi) - f(Xi))z] <2(40? + (C+ CPEW) = U
and for k > 3

E[(Z:)5] < E[|2e: + f(Xi) = fo(Xa)[*|fo(Xa) — F(X)[F2(fo(Xs) — F(Xa))?]

<
< (C+ OV 2E[|2; + £(Xi) — fo(Xi)[F(fo(X) — £(X))?]
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2 A PAC-Bayes oracle inequality for high-dimensional multi-index models

(C + C)F=228= 1 (k12F 162052 1 (C + C)F) E(9)
(C+ C)F2RI8E=2 (T2 v (C + C)FHU
= kKIUVF2,

In view of E[£,(0)] = £(1J), a variant of Bernstein’s inequality, see |Massart| (2007, inequality
(2.21)), yields for A € (0,n/V) that

2
E[exp (A(Ex(9) — E(V)))] < exp (n(lij)‘\/)\/n)) = exp (CppAE(D)). O

2.3.3 Proof of [Theorem 2.5

We extend the proof strategy by [Alquier & Biau (2013) to the multi-index setting with unknown

active dimension.

[Assumption 2.B| together with |(2.9) ensures that we can apply with V = 8(2C +
1)(P'V (2C + 1)) to obtain for A = n/(V +4((2C + 1)? 4 40?)) and o < II that

E(.2) <3 [ £0W.g)da(iV.g) + L (KL(g | 1) +log(2/5) (2.13)

with a probability of at least 1 — §, where the constant ()3 only depends on C,I" and o.
To choose g, we fix some triplet (d,I,M) with d € {1,...,p}, [ =11 X ---x Ig € Iy, M €
{0,...,n} as well as 0,y € (0, 1] and set

Q = Qd,I,M,T],’)’ = Q}l,[,n ® Qz,Mﬂm (214)

where g}j I and Q?l My A€ the uniform distribution with respect to pq 7 and v4 s on a ball of
radius 7 and 7 around the oracle Wj,; = (w}) ;... ,w(’gld)—r € RYP and 95 v respectively.
Specifically, we set

doy
ddh7 = H ddh7 ), VW = (w1,...,wg)",  where (2.15)
Hd,1 Pty
dogy do?
» 45T d,M
dpu, (wi) o Lfjuy—wy , J<ny and TM(Q) X Lijlg—gs \lls<n}s

where p7, denotes the uniform distribution on S(I;). To complete the proof, we need to bound
the terms on the right hand side of |(2.13) for this choice of p.

First, we deal with the Kullback-Leibler divergence term using the following two lemmas:
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2.3 Proofs
Lemma 2.10. For 0 = 04,1,M,n, from and with 7q 1 v = pa,r & Vam, we have
KL(o [ II) < [[I]|log(ep) + (I I[| + M + 2)1og(2) + KL (o | 7q,r,0r) = Ty + KL(e | 7a,r,m)-
Lemma 2.11. For 0 = 04,10, from and with mq 1 v = a1 @ Vg, we have

KL(o | ma,1,m) < ||I]|1og(5/n) + 16°N92% log((C' + 1) /) =

Thus,
S(WA,g,\ /5 (W, g)do(W,g) + Qs (T1 + Ty + log(2/6)) (2.16)
with a probability of at least 1 — 6.

Second, we control the integral term in [(2.16)| by splitting it into

)

/ E(W, g) do(W, g) = EW3 1. gins)
+ [ El(gg,m (W X) — (W:{,IX))Z] do(W, g)

E[(9(W;,X) — g(WX))?] de(W, g)

+

\\\\\

+ [ ER2(Y — g p (W3 1 X)) (gan (Wi 1 X) — g(W5 X)) do(W, g)

+ [ ER(Y — g5 (Wg 1 X)) (g(Wg ;1 X) — g(WX))] do(W, g)

E[2(g4, 0 (Wq 1 X) — g(Wg ;X)) (9g(WgX) — g(WX))]do(W, g)
=EWgrgam) + U1 + U2+ Us +Us + Us (2.17)

and treating the terms Uy, ..., Us sequentially.

Similarly to 9= 24,m(B) € Gam(C +1) with || — 5] [l8 < v implies

lg = gamlloo < lg = ganmlls =118 = Bamlls <~

As a consequence, we obtain

01 = [ Bl (W30 = a0V3 0 s (0) < [ b (03000 = 960 dedaro0) < 7%
bS]

(2.18)

Any g € G4 v (C+1) is differentiable as a linear combination of only finitely many basis elements.
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2 A PAC-Bayes oracle inequality for high-dimensional multi-index models
Therefore, applying the fundamental theorem of calculus to the mapping
h: [-1,1] = R, s = g(W +s(Wg; — W))X(w))

with a fixed w €  (which we omit from here on) yields

1 1
oWirX) =g W) = [ W()as = (Wi = WX, [ 0a((W + (Wi, = W))X)ds)

and combined with |(2.9)| we obtain
1
9(W3.X) = gV X)| = (Wi = WX, [ Va0 + s(0W5, = W)X) ds)
1
< | Wi = W)X| [ Va0 +s(0Wi, = W)X d
d
. 1/2
< XIS lwig —wif?) Ve
i=1
d N\ 1/2
< pK(Z lwg 1 — wil ) VdC P-as. (2.19)
i=1
Using the above, we deduce
U= [ Bllg(W3,X) ~ g(VX)?] ol @ 6 ar (Vo)
d
< d(pKC)? / . / Z lwy i — w;|? dgé’}m(wl) e dgé’f;m(wd)
i=1
< (dpKCn)*. (2.20)
By construction, Q?L Mo 18 centered around g(’;’ a and thus

/ 9(x) g2 vr,(9) = ging (%), Vx € RP. (2.21)

In particular, we have
Us =0. (2.22)

Using Fubini’s theorem together with [(2.21)] and applying the Cauchy-Schwarz inequality, we

obtain

Ul = 2[B[( = g Wi X0) | [ 905X~ oW X) e (9) el (V)|
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2.3 Proofs

= 2‘E[(Y = 9o (Wq X)) /Q(W;,IX) — ggm(WX) nglJﬂ?(W)] ‘

* * * * * 1 2 1/2
< 2(B0Vi 103008 [ 0iarWir) - g WX del, ) ) " 229)
Repeating the argument from treating Us, but now with g = 93 01> We have
* * * 1 2 2
E[( [ 930 (WirX) = g (WX) dol ., (W) | < (dpKCop)?. (2:24)

Clearly, g = 0 € G4 1 (C) and thus we get by definition of (W;‘J,g;,M) that

R(Wj 1, 95.0) < RWjr,9) = E[Y?] = E[f(X)?] + 2E[f(X)E[¢[X]] + E[?] < C* + 0*. (2.25)

Plugging |(2.24)[ and |(2.25)| into |(2.23) we have

Us| < 2dpKCnv/C2 + o2. (2.26)
Finally, applying again yields
03] <2 [ BllginW5X) = a0V 0llg(W3X) - (W[} deW. )
d 1/2
< 2VpKCE [ 19700 WiX) = oW X013 s~ wil?) " do((wn, - wa) )]
=1
= 2VapKC [ lgi s (Wi X(w) — (Wi X()
(S s - ) P & ol w00 0)
=1
< 2V C( [ (G50 (W3 X)) — 9 X()” 4B & oo, (wn. . owa)o9))
(/ S s - wiffdPe oo, (wn.....wq)T.g)) (2.27)
=1

< 2vipi ([ Ella(W3,X) - o5 X0 ek, (9))

’ 211 T\ /2
([ X g = il del (w0 )

i=1
< 2dpK Chyy, (2.28)

where |(2.27)| follows from the Cauchy-Schwarz inequality for integration with respect to the

product measure P ® Q}l In & Q?l My
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2 A PAC-Bayes oracle inequality for high-dimensional multi-index models

Choosing 7 = (2dpKCv/C? 4 62n)~', 4 = n~! when summarizing [(2.17)} [(2.18)} [(2.20)} |(2.22)}
[(2.26) and |(2.28) we have

/E(W,g) do(W,9) < EWj 1, gia) +7° + (dpKCn)? + 2dpKCnv/ C? + 02 + 2dpK Cryy
* * 4
<EWar gam) + o
With these choices for  and v, we get for sufficiently large n that

Ty + Ty = ||| log(ep) + (J|I|| + M + 2)log(2) + ||I|| log(5dpn) + 16 N2 log((C + 1)n)
< Q4(||| log(p V n) + 164 Nd2dM log(n))
with a constant @4 independent of the parameters involved.

Summarizing the above, we arrive at
Fr TN * * Q
E(Wx,G2) < 3EWir gin) + = (1] log(p v m) +16“N"2"" log(n) + log(2/8))  (2:29)

with a probability of at least 1 — §, where Q5 is a constant only depending on C,I' and o.
Note that the upper bound in|(2.29)|is deterministic. Choosing a triplet (d, I, M) such that this

upper bound is minimized (which is always possible, since there are only finitely many choices

for (d,I,M)) completes the proof of [Theorem 2.5 O

2.3.4 Proof of |Corollary 2.8

Plugging in d* and I* in the minimum in we obtain that

£, 52) < min (3EWi 1. Fiar) + 2 (1] los(p v m) + 16'N“2 log(n) + lox(2/5)) )

[E)

: . Q1 . d npdodM
< =
S pdnin <3€(W . 9) + - (JIW*[|o log(p V n) + 16“N“2 log(n)+log(2/5))>
9€Gax ,m(C)

(2.30)

with a probability of at least 1 — §. The rest of the proof consists of choosing M to balance the
terms on the right hand side of |(2.30)| by using an approximation of g*, namely

g =Y (g, W)y,

lezd;
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and then determining the projection level M. To do this, we have to verify that g,s is a valid
choice for g in the sense that gas € Gg- v (C). Indeed, the Cauchy-Schwarz inequality ensures
that

1
L4 N @R g )| < Ld*( > 2%(1_&”*/2))2( > 22’1“|<g*,\1n>\2)1/2
lezd; lezg; lezd;

1ezZ%

1/2

<C.

Using [Assumption 2.C] we see that gps admits an excess risk of

EW*, gar) = El(gar(W*X) — g (W*X))?
= [ @)~ g @)X (d)
[~ B1,B1]¢
<Bo [ (o) - g (@)AT (do)
[~B1,B1]¢

<B: Y g o))

1ez8 24
< 32272aM § : 22lla|<g*,\l’l>|2
€28 N\Z5;

< By27 M (oNT" /21647 /2y 1oL~ (2.31)

Applying [(2.31)| to |(2.30), we see for sufficiently large n and with a probability of at least 1 —
that

Wh.G 3 —2 * l W* 1 V 1 2 6
E(Wx,9x) < Q¢ _min (2 2aM | od"M 08T | [W*]lo log(p V n) N og(2/ )>

0<M<n n n n

with a constant Qg only depending on C,I',0, N, B1, Bs and d*. To balance the order of the

terms depending on M, we choose

M= [1og(

)/((m +d¥) log(2))-‘,

logn

which completes the proof. U
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2 A PAC-Bayes oracle inequality for high-dimensional multi-index models
2.3.5 Proofs of auxiliary lemmas

2.3.5.1 Proof of Lemma 2.10|

We employ another auxiliary lemma:

Lemma 2.12. It holds that

KL(0d,1,mmy | 1) =log(G(d, I, M)) + KL(0d 1My | ®agm),  where
G(d, I, M) =1 — 277)(1 — 2071y (3 — p=myallIFMH Y 7,

. . . . I
Now, we can combine |Zg | < (”de”) with the basic inequality (”dﬁ') < (ﬁ%ﬁ)” I and ||| > d to

obtain

KL(Qd,I,M,n,’y | H) = log(G(dv I, M)) + KL(Qd,I,M,n,v ’ Trd:IvM)
d
< log <2|IIH+M+2(“IPH)) + KL(Qd,LMﬂL'V | Ta.1.01)

< [[I][Tog(ep) + (1]l + M + 2)log(2) + KL(¢d,1,0.n.~ | 7a,1,01)- .

2.3.5.2 Proof of Lemma 2.11]

We split the proof into two further auxiliary lemmas:

Lemma 2.13. For Qéln from|((2.15), we have

KL (04,1, | pra.r) < |IT]10g(5/1).
Lemma 2.14. For Q?lMV from|((2.15), we have

KL(07 31 | vaar) < 16°N2% log((C +1) /7).

The assertion then follows directly via

KL(o | ma10) = KL(04 1.y © 05 nr sy | 1d,1 ® Va )
= KL(0}1 | ta1) + KL(0G 01~ | var)
< ||| log(5/n) + 169 NdodM log((C' + 1) /7). O
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2.3.5.3 Proof of Lemma 2.12|

To simplify the notation we write 0 = 0471,m, and 7gr v = par @ vgr- We will show
that

do do
— =G, I,M 2.32
dIT ( T )dﬂ’dJ,M’ ( )
from which we can deduce
KL(o | TT) = /log (@)dgzlog(a(d I M))+/log( do )dg
dI1 T dma 1, m
= log(G(d,I, M)) + KL(Q | Wd,I,M)-
For|(2.32), we need to show that
d
o(A) = / G(d, 1, M)flﬁ dma,r,m (2.33)
A

holds for all Borel-measurable sets A = A1 x Ay C Uszlsd X Gg. Observe that for

Sae(J) = {W=(wy,...,wg)" €Sq| (wij#0sjcJ)Viec{l,...,d},je{l,...,p}}
Gui7(CH+1) = {g=2,5(8) € G, 57(C+1) |3 € ZL : |la]oo = 2" M, B # 0}

with J = Jy X --- X Jg € Iy and M € {0,...,n}, we have
/‘d,J(Sd,@(J)) = Vd7M(gd7ﬂ7¢(C + 1)) =1 (2'34)

In particular, [(2.34)[ holds for J = I and M = M. Since also 0(Sae(I) x G 2(C+1)) =1,
no generality is lost in additionally assuming that

A C Sd’@(f) and Ay C Qd,Mﬁé(C + 1).
Note that

Sd,@(e]) ﬂ8d7<:>(1) =0VJ #1 and gd’M’#(C +1)N gd,Mﬁf(C +1) = @VH# M. (2.35)

Combining |(2.34)| with |(2.35) we find

do

/A (TH(W, 9)dpa s (W) =0
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2 A PAC-Bayes oracle inequality for high-dimensional multi-index models

for any g € Ay and J # I. Similarly, we have for any W € A; and M # M that

do
W,g)dv, ~(g) = 0.
/9 a0

Therefore, repeated application of Fubini’s theorem yields

/ dIl = ZQ_C/ —dwc/(l—T”)
/ —dud@”/d (2d(1_27p))
- /Alez cCllIQI(W g) dug @ va(W, 9)/( (1-277))

_ do
—G@rmy [ g dpas v (W)
A1><A2

do
:G(dvlaM)_ /dl—Idﬂ-dIM

Thus, we have shown [(2.33)] U

2.3.5.4 Proof of Lemma 2.13|

We will show that
KL(oy7, | 1) < |Tllog(5/m),  Vi=1,....d. (2.36)

The assertion follows immediately via

d d
KL(o | pas) = KL (® 0t | @) = S KLofy, | 1) < I111og(5/m),
=1 =1

where the first equality holds barring a slight breach of conventions for product measures. To
show |(2.36), we fix ¢ € {1,...,d} and for simplicity of the notation, we set ¢ := Qé’z ,and J = I,
Plugging the uj-density of ¢ into the definition of the Kullback-Leibler divergence, we easily

obtain
KL(o | j12) = ~108 [ Lju-ug, emps(de)) = ~log(Gil{w € BV | o= @*| <)), (237)

where w* is the projection of w} ; ; onto the coordinates whose indices are elements of J and iz

denotes the uniform distribution on the unit sphere in R!”I.

We want to show a lower bound for fi({w € R | jw — @*| < n}), which is the proportion of the
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surface of the unit sphere in R!/I covered by the n-ball around @* to the surface of the entire
unit sphere. By rotational symmetry of the uniform distribution on this sphere, no generality is
lost by assuming @* = (1,0,...,0)" € R,

For any w = (wy,... ,w‘J‘)T # 0 with |w| < 1, the n-ball around w* covers the same part

of the surface of the unit sphere as the 7-ball around w, where 7j = /n2[w| — 2[w| + |@] + 1.
Using this dependence between w,n and 7, it is easily checked that |w| = m is solved for
0<n= \/m < 1. Henceforth, we fix this 7. Suppose that Ny is the smallest number
of n-balls with centers in the unit ball that suffice to cover the entire unit ball. Denote their
centers by ¢1,...,tn;. In particular, these balls cover the entire unit sphere and therefore, at
least one of them covers at least Nﬁ_1 of the surface of the unit sphere. This can only be the case
for ¢; # 0, because otherwise 7j < 1 implies {w € RVI | |w —t;| <7} N {w € RYI | |w| = 1} = 0.
If we now change the length of such a w = t; # 0 (without changing its orientation and
without changing 7)), the coverage of the unit sphere provided by the corresponding 7-ball also
changes. In particular, we will show that if [w| # /1 — 72, then decreasing (or increasing) |wl|
towards W, enlarges the coverage of the corresponding ball on the unit sphere. Thus,
the proportional coverage of the 7-ball around \w]*1Mw (which has, as we showed above,
the same proportional coverage of the unit sphere as the n-ball around w* that we are actually
trying to control) is bounded from below by the proportional coverage of the 7-ball around w,
which in turn is bounded from below by Nﬁ*l. Using the fact that N5 < (3/ M)’ combined with
7> n/ﬂ, we have
NZL > @/ > 32/ > (5/m)

and therefore |(2.36)| follows from |(2.37)| with
KL(o | p17) = —log(({w € RY | |w — @*| < })) < —log(N;; ') < |J|log(5/n).

It remains to show that changing the length of w # 0 towards /1 — 72 increases the pro-
portional coverage of the corresponding n-ball. By rotational symmetry, we can assume w =
(w1,0,... ,0)T € RIYI with some 0 < wy < 1 at no loss of generality. Now, it is sufficient to show
that

{yeRV [y =1, ly—w| <F} C{y e R ||yl =1, |y — @] < 7},

where @ = (/1 —72,0,...,0)T € RY|. In this setting, and as 1,7 > 0, the relationship
7= nPlw] = 2@] + o] +1

is equivalent to
n? = (2w — @ — 14 7%) /@1
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2 A PAC-Bayes oracle inequality for high-dimensional multi-index models

Using elementary calculus together with the fact that 77 < 1, it is straightforward to see

(2w —w? —1+7%) /w1 < 2(1 — /1 —72).

In combination with the relationship between 7 and 77, we obtain

{yeRVI [ Jy—w| <7, [yl =1} ={y e RVI | |y| = 1, |y — &"]” < Qw1 — w] — 1+ 7%)/w1}
Cl{yeR |y =1, ly-a"*<20-V1-7)}
={yeRVI ||y =1, ly— o <’}
={yeRVI ||y =1, [y —a| <7} O

2.3.5.5 Proof of Lemma 2.14

To simplify the notation, we write g* = g ,, and E* = 33 v~ We will show that

_|zd
/ L{jig—g*s<r}dvan (9) = ((C + 1) /7) %3, (2.38)
The assertion follows directly with
KL(g a1 | var) = = los / Ljg-ge <y dvani(9)) = |25 10g((C +1)/7)
< 164N2M 1og((C' 4 1) /7).

We now verify |(2.38)[ using the definition of vy 5. If we let Mir denote the Lebesgue measure
on RZH , it holds that

/ Lyjg—gs<yy am(9) = / L{)g 0 (8) -7+ |5y} AV, (B)

- / Liis-3 |s<yy WVam (B)
d
o f]]'{HﬁHBgC-I—l}]]-{||6_E*”B<,y} d)\ZM(ﬁ)
— ol
J V=5 s<crry DM ()

_ zd
S sy (D)
_ - _
S L5 s<cny WM ()

d
= (+ )lz%ﬂ“{ﬁﬁ*sgl}d)\z“l(ﬁ)

1 ~ z4d
¢+ J V6= ety M (B)
_ (C’ + 1>|ZXZ
’)/ )
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where we have used that

18lls < [1B°lls + 18 = B*lls < C+7 < C+1

on {|| — B*||z < 7} in the fourth equality. This implies that if the second indicator in the

integral in the numerator is 1, so is the first. U

37



2 A PAC-Bayes oracle inequality for high-dimensional multi-index models

38



3 Statistical guarantees for stochastic

Metropolis-Hastings

In the previous chapter we demonstrated statistical properties of an estimator based on the
Gibbs posterior in multi-index models. In this chapter we extend the methodology to the more
flexible class of hierarchical functions by harnessing the approximation properties of neural

networks.

The large number of parameters involved in the training of such networks necessitates a new
focus on algorithmic aspects. In particular, we develop an algorithm which allows us to access
the Gibbs posterior in a way that scales with the sample size. In [Section 3.1} we use a fairly
general setting to explain this algorithm, which is then applied to neural networks in
We illustrate our method with a numerical example in The results are based on
Bieringer et al.| (2023).

For a streamlined presentation of the results and proofs, we reset the constants Qq, Q1, ... from

the previous chapter.

3.1 Stochastic Metropolis-adjusted Langevin algorithm

Throughout, we consider the regression setting from the introduction of As the
parameter set, we fix © = [B, B]P for some B > 1 and a potentially large number of parameters
P € N. We choose a uniform prior IT = U(©). In particular the prior and the posterior
distribution have Lebesgue densities which we denote by the same symbols as the distributions

themselves. For a more concise presentation, we postpone the specification of the class F =

(4] € ©} o Beciion 33
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3 Statistical guarantees for stochastic Metropolis-Hastings
3.1.1 Metropolis-adjusted Langevin algorithm

To apply the estimators j/’:\ and fy from and in practice, we need to sample from the
Gibbs posterior
H)\(’l9 | Dn) X exp ( - )‘Rn(ﬂ))n(ﬂ)

from |(2.2)l The MCMC approach is to construct a Markov chain (ﬁ(k))keNO with stationary
distribution II\(- | D), see Robert & Casellal (2004). In particular, the Langevin MCMC
sampler is given by

I = 9®) _ 4y R, () + Wy, (3.1)

where Vy R, (¥) denotes the gradient of R, (1)) with respect to 9. Moreover, v > 0 is the learning
rate and sWj ~ N(0,s?Ep) is i.i.d. white noise with noise level s > 0. This approach can also
be interpreted as a noisy version of the gradient descent method commonly used to train neural
networks. In practice this approach requires careful tuning of the procedural parameters and
Langevin-MCMC suffers from relatively slow polynomial convergence rates of the distribution
of 9%) to the target distribution IIy(- | D,,), see Nickl & Wang (2022); Cheng & Bartlett| (2018).
Only in special cases, the convergence rates are faster, see e.g. Freund et al.| (2022) for an overview
and [Dalalyan & Riou-Durand| (2020) for the case of log-concave densities. This convergence
rate can be considerably improved by adding an MH step resulting in the Metropolis-adjusted
Langevin algorithm (MALA), see [Roberts & Tweedie (1996a).

Applying the generic MH algorithm to II\(- | D,,) and taking into account that the prior II is
uniform, we obtain the following iterative method: Starting with some initial choice 9(©) € R?,

we successively generate 91 given 9¥), k € Ny, by

¥ with probability a(9’ | 9*))

ﬁ(k+1) —
9*)  with probability 1 — a(¢’ | 9(F)

where 1 is a random variable drawn from some conditional proposal density (- | ¥*)) and the

acceptance probability is chosen as

!/ / / 19 19/
(¥ | 9) =exp (— ARn(¢') + )\Rn(ﬁ))ll[,BvB}p(ﬂ )W Al (3.2)

In view of |(3.1)| the probability density ¢ of the proposal distribution is given by

1 1
q(9' | 9) = 75 XD ( — 5V v+ wanw)E). (3.3)

(2ms?)

The standard deviation s should not be too large as otherwise the acceptance probability might
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3.1 Stochastic Metropolis-adjusted Langevin algorithm

be too small. As a result the proposal would rarely be accepted, the chain might not be suffi-
ciently randomized and the convergence to the invariant target distribution would be too slow in
practice. On the other hand, s should not be smaller than the shift YV yR,,(¢) in the mean, since
otherwise ¢(¢ | ') might be too small. The MH step ensures that (ﬂ(k))keNO is a Markov chain
with invariant distribution IIx(- | D,) (under rather mild conditions on ¢). The convergence to
the invariant distribution follows from |[Roberts & Tweedie| (1996b, Theorem 2.2) with geometric

rate.

To calculate the estimators fA and fy, one chooses a burn-in time b € N to let the distribution

of the Markov chain stabilize at its invariant distribution and then sets
1 N
Hh= fﬁ(b) and H= N Z fﬂ(b+ck).
k=1

A sufficiently large gap length ¢ € N ensures the necessary variability and reduced dependence
between 9(01¢k) and Yb+ek+1) whereas N € N has to be large enough for a good approximation

of the expectation by the empirical mean.

3.1.2 Stochastic MALA

The gradient has to be calculated only once in each MALA iteration. Hence, using the full
gradient VyR,,(9) = 23" | Vy/;(9), the additional computational price of MALA compared
to training a standard neural network by empirical risk minimization only comes from a larger
number of necessary iterations due to the rejection with probability 1 — a/(¢9' | 9(®). For large
data sets however the standard training of a neural network would rely on a stochastic gradient
method, where the gradient L 5.2 V¢;(¥9) is only calculated on (mini-)batches B C {1,...,n}
of size m < n. While we could replace Vy R, () in by a stochastic approximation without
any additional obstacle, the MH step still requires the calculation of the loss ¢;(¢) for all

1<i<nin|(3.2)

To avoid a full evaluation of the empirical risk R, (¥), a natural approach is to replace the
empirical risks in (9 | ¢) by a batch-wise approximation, too. To study the consequences of
this approximation we follow a pseudo-marginal MH approach, see |Andrieu & Roberts| (2009);
Maclaurin & Adams) (2014); [Bardenet et al.| (2017); |[Wu et al.| (2022)).

We augment our target distribution by a set of auxiliary random variables 71, ..., Z, L Ber(p)

with some p € (0,1] and aim for a reduction of the empirical risk R, (¢) to the stochastic
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3 Statistical guarantees for stochastic Metropolis-Hastings

approximation
1 n
Rn(9,2) = w > Ziti(9)
i=1

in the algorithm. Hence, we define the joint target distribution by

n

(0,2 | Do) o [[ 07 (1 = p)' % exp (= ARy (9, 2)) TI(¥)

i=1
P VN n
o<exp( /\Rn(ﬁ,z)—i—log(l_p);zz>ﬂ(ﬁ), z € {0,1}".
The marginal distribution in 1 is then given by
_ _ - _Ay
M@ D) = > T2 Do) o [ (pe " 1 p)1i(0). (3.4)
z€{0,1}" i=1
As proposal for the MH algorithm we use
a2 19,2) = a0 19, 2) [ p*(1 = 95 with (3.5)

i=1

1
as(0 | 9, 2) = exp(—@w’—quwwn(ﬁ,z)}z).

(2ms2)P/2
Hence, the proposed Z' = 2’ is indeed a vector of independent Ber(p)-random variables and
gs(¢¥' | 9, 2) is the stochastic analogue to g from with a stochastic gradient. The resulting

acceptance probabilities are given by

g,z | 9, ) ,(¢', 2" | D)
g0, 2" | 9, 2)IL) , (9, 2 | Dy)
gs(V | V', 2') AR (9,2 )+ AR (9,2

= W:ﬂ_[iB’B]P(ﬂ/)e ( ) ( ) A\ 1

a(@, | 9,2) = A1

We observe that (¢, 2’ | ¥, z) corresponds to a stochastic MH step where we have to evaluate
the loss 4;(¢) for the new proposal ¢ only if z/ = Z] ~ Ber(p) is one, i.e. with probability p.
Calculating o (¢, 2’ | ¥, z) thus requires only few evaluations of ¢;(1}) for small values of p. The
expected number of data points on which the gradient and the loss have to be evaluated is np

and corresponds to a batch size of m = np.

Generalizing |(2.3)| we define the stochastic MH estimator

Puo=15  for  Oap| D~ T, | Da). (3.6)
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3.1 Stochastic Metropolis-adjusted Langevin algorithm

For p = 1 we recover the standard MALA.

As discussed by |Bardenet et al.| (2017)), the previous derivation reveals that the stochastic MH
step leads to a different invariant distribution of the Markov chain, namely |(3.4)| instead of the
Gibbs posterior from |(2.2)] Writing

_ _ _ 1 & g
Ty (0 | D) o< exp (= ARy ,(9))T(d0)  with Ry, () = —XZIOg (e m D 41-p), (3.7)
=1

we observe that l:I,\,p(- | D,) is itself a Gibbs posterior distribution, the surrogate posterior,
corresponding to the modified risk R, ,(¥). Note that IIy ,(- | D,,) coincides with II,(- | D,,) for
p = 1 and thus f)\ = ]‘/’\)\71 and fy = fi1 in distribution. Whether IL, ,(- | Dy) also behaves as
our original target distribution IT)(- | D,,) for p < 1 depends on the choice of A and p:

Lemma 3.1. If f and all fy are bounded by some constant C > 0, then we have
1 _ A2 L A=
— . : < (= = AR
o KL (T | Dy) | TIA(- | D)) < (np) (640 +- ;leaz)

For p < 1 and the probability distribution wy (¥ | Dp) o< exp (p S e—,%péi(ﬁ))n(dﬁ) we
moreover have .
! p
’I’Lip KL (H)\ap(' ‘ Dn) ’w)\,p(' | Dn)) < ?p

On the one hand, if nip is sufficiently small, then the surrogate posterior II, ,(- | D) is indeed
a good approximation for the Gibbs posterior II\(- | D). On the other hand, for p — 0 the
distribution II, ,(- | D,) behaves as the distribution wy ,(- | D,) with density proportional
to exp (p Y1, e_%ﬂeiw))ﬂ(dﬁ). For large nip the terms ¢ wrti(?) rapidly decay for all ¥ with
l;(¥) > 0, i.e. wy ,(- | Dp) emphasizes interpolating parameter choices. For all ¥ where nip&(’ﬂ)
is relatively large the density converges to a constant. Therefore, in the extreme case p — 0 and
nip — oo the distribution @) ,(- | D) and thus II, ,(- | D) converge to the uninformative prior

with interpolating spikes at parameters where ¢;(1}) are zero.

We illustrate in a simple setting where Y; = N (0,0.5) and fy(x) =0 for ¢ € [—1,1].
The densities of the measures I1(- | Dy,), TI(- | D,,) and (- | D) are shown in[Fig. 3.1]for different
choices of A and p. confirms the predicted approximation properties: ﬁx’p(~ | D)
behaves similarly to IT)(- | D,) if A is not too large (orange lines) or p is not too small (left
figure). Additionally, we observe that Iy ,(- | D,,) is still informative if X is in the order np even

if it is not close to the Gibbs posterior at all.

The scaling of the Kullback-Leibler distance with np in[Lemma 3.1]is quite natural in this setting.
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Figure 3.1: Points: Y1,...,Y, ~ N(0,0.5) for n = 10. Solid lines: densities of ITy ,(- | D,,) with
A = 10n (blue) and A = n/2 (orange) and p = 0.9 (left) and p = 0.1 (right). Dashed
lines: corresponding densities of II\(- | D,). Dotted lines: corresponding densities
of @y ,(- | Dn).

In particular, applying an approximation result from the variational Bayes literature by [Ray &
Szabo| (2022, Theorem 5) we obtain for the two reference measures Q € {II\(- | Dy), @ p( |
D,)} and a high probability parameter set 0,, with Q(0%) < Ce " for some constant C' > 0
that

E[II\ (0, | D)) < ipE[KL (T, (- | Dn) | Q)] + Ce /2. (3.8)

Hence, for nip — 0 we could analyze the surrogate posterior via the Gibbs posterior itself at the
cost of the approximation error nip KL (ILy ,(- | Dp) } IL\(- | Dy)). Instead of this route, we will
directly investigate II, ,(- | D,,) which especially allows for X in the order of np.

3.1.3 Corrected stochastic MALA

The computational advantage of the stochastic MH algorithm due to the reduction of the in-
formation parameter from n to pn comes at the cost of a slower convergence rate, see

em 5.0l

To remedy this loss while retaining scalability, we define another joint target distribution as

n

(9,2 | Dy) o [ (e 2402 (1 - p) =) 11(9)
=1
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3.1 Stochastic Metropolis-adjusted Langevin algorithm
)\ n n
cexp (= 5D whi(0) —log(1—p) Yo )UW). =z e{0,1)",
i=1 i=1

with marginal distribution in 9 given by

A0 (9)

M@ D) = . T2 | Do) o [ (0= +1 - p)TI(9)
z€{0,1}" i=1
=exp (- )\Rn,p(ﬁ))ﬂ(ﬁ) with
—% Y log (e 11— p). (3.9)
=1

Compared to Ry, , from[(3.7)| there is no p in the first term in the logarithm. In line with |(2.3)
and [(2.4), we obtain the estimators

P = I3 for 9y, | Dn ~Tx,(-| Dn) (3.10)

Ap

and

P =E[f3, |Dn] = / folly,(dY | Dy). (3.11)

To sample from ﬁAp( | Dy,) the MH algorithm with proposal density (¥, 2" | ¥,2) = ¢s(¢' |
9, 2) T[]0, p% (1 — p)'=% as in|(3.5)| leads to the acceptance probabilities

QS(ﬁ | 19/7 Z/) - A
a2 ]9, 2) = WHPB,B]P(W) exp ( - Zzz/‘(ﬁéi(ﬁ/) + log p)

i=1
+ Z 2 (24;(9) + logp)) Al

i=1

To take the randomized batches into account, we thus introduce a small correction term 10% |Z| =
Op(%plogp) in the empirical risks. The resulting surrogate posterior ﬁA,p(ﬂ | D,,) achieves a
considerably improved approximation of the Gibbs distribution Iy (- | D,,):

Lemma 3.2. If f and all fy are bounded by some constant C' > 0, then we have

%KL (Iap(- | Du) | Tajap) (- | D)) < (%)2 (320 + % >oel).

1=

Compared to the approximation error of II Ap(* | Drn) in terms of the Kullback-Leibler

distance is now determined by the full sample size n instead of the possibly much smaller batch
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3 Statistical guarantees for stochastic Metropolis-Hastings

size pn as for the stochastic MH algorithm. The only price to pay is a reduction of the inverse
temperature parameter A by the factor (2 — p)~! € [1/2,1]. As already mentioned in we
can conclude contraction and coverage results for ﬁ/\m(' | Dy,) by combining Ray & Szabd| (2022],
Theorem 5) with if A/n — 0. A direct analysis of ﬁA7p(- | Dy,) will even allow for A
of the order n in our main results and thus lead to results as good as we can hope for the Gibbs

measure itself.

The corrected stochastic MALA (csMALA) is summarized in [Algorithm 3.1} The implemen-
tation omits the restriction of the proposed network weights to [—B, B]¥ which is practically
negligible for sufficiently large constant B and the correction term lo%|Z | = Op(}plogp) in the
empirical risk is weighted by some tuning parameter ¢ > 0. For ( = 0 we recover the uncorrected
method. In theory we always set ( = 1, but in practice the flexibility gained from choosing ¢

was beneficial.

Algorithm 3.1 csMALA - corrected stochastic MALA
Input: inverse temperature A\ >0, learning rate 7 >0,
standard deviation s > (0, correction parameter ( >0,
batch size m € {1,...,n}, burn-in time b € N, gap length c€ N,
number of draws N € N.
1. Initialize ¥(® € RF and Z(®) ~ Ber(Z)®".
2. Calculate R\ = LS Zfo)fi(ﬁ(o)) + Cb%|Z(O)| and
VRY = VyR, (9, ().
3. For k=0,...,b+cN do:
(a) Draw Z' ~ Ber(%)®".
(b) Draw ¢ ~ N (9%) —’yVR;k),SQ) and calculate
R, =15 Z00,(0") + ¢'%82|Z'| and VR, = VyR, (¢, Z).
(c) Calculate acceptance probability

o) = exp (ARE) 4 [ — 9 4 VRO
1 2
— AR, = 5500 = VR, ).

(d) Draw u ~ U([0,1]).
If u < a1, then set vk+) = ¢/ RF) = g VR = VR |
else set Ykt = ﬂ(k),R%kH) = Rﬁl’“), VR%’H_I) = VR&’“).
Output: fi, = fy0r, Fap = 5 Sore fowieh
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3.2 Application to stochastic neural networks

3.2 Application to stochastic neural networks

In this section, we apply the methodology from the previous section to neural networks and

state the resulting statistical guarantees.

It is worth noting that our analysis is independent of the choice of the proposal distribution.

We derive oracle inequalities for the estimators J/”;\,p (Theorem 3.5) and ]7,\"0 (Theorem 3.3) and
as a consequence an analogous oracle inequality for f/\,p (Corollary 3.6[), which verify that these
estimators are not much worse than the optimal choice for ¥). We also discuss the properties of

credible balls.

In the sequel, the class F is chosen as a class of neural networks. More precisely, we consider
feedforward multilayer perceptrons with p € N inputs, L € N hidden layers and constant width
r € N. The latter restriction is purely for notational convenience. The rectified linear unit
(ReLU) ¢(z) = max{z,0},z € R, is used as activation function. We write ¢z = (d(z; +
Ui))i:l,..., d for vectors z,v € R% With this notation we can represent such neural networks

as

go(x) = WEg W oy W oy Whx 40D x e RP,

where the parameter vector ¢ contains all entries of the weight matrices W) e R7*?,
w@, . wE e R WEHD ¢ RIXT and the shift (‘bias’) vectors oM, ... o) € R,
v+ € R. The total number of network parameters is P == (p+ 1)r + (L — 1)(r + 1)r + 7 + 1.

A possibly more intuitive layer-wise representation of gy is given by

x© :=x e R?,
x = oW OxE=D 4 oWy 1 =1,... L, (3.12)

go(x) == xTHD) = AN (L) 4o (L41)

where the activation function is applied coordinate-wise. We denote the class of all such functions
g9 by G(p, L,r). Note that these neural networks can be interpreted as an iterated composition
of multi-index models with matrices W), ... W) and link functions ¢(- +v™M), ..., ¢(-4+v®)
with multivariate output. The term dimension reduction matrices is explicitly avoided here, as

W@, .. WE) are square matrices and W) € RP*" increases the dimension if 7 > p.

For some C' > 1, we introduce the class of clipped networks

Fp, L,r,C) = {fs = (=C)V (g9 ANC)| g9 € G(p, L, 7)}.
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3 Statistical guarantees for stochastic Metropolis-Hastings
3.2.1 Oracle inequality

As outlined in [Chapter 2 we would like to compare the performance of the estimator fk,p from
(3.10)| to the best possible network fy+« for the oracle choice

v* € argmin R(J) = argmin &(V)). (3.13)
9€[—-B,B]P ¥€[-B,B]P

A solution to the minimization problem in always exists since [—B, B]"' is compact and
¥ +— R(¥) is continuous. Similarly to [Chapter 2| we need some mild assumptions on the

regression model:

Assumption 3.A.
(a) Bounded regression function: For some constant C > 1 we have || f|lco < C.
(b) Second moment of inputs: For some constant K > 1 we have E[|X|*] < pK.
(¢) Conditional sub-Gaussianity of observation noise: There are constants o,I' > 0
such that
k!

E[le|* | X] < §U2Fk_2 a.s., for all k > 2.

(d) Conditional symmetry of observation noise: ¢ is conditionally on X symmetric.

Note that neither the loss function nor the data are assumed to be bounded. We obtain the

following non-asymptotic oracle inequality:

Theorem 3.3 (PAC-Bayes oracle inequality for csMALA). Under |[Assumption 3.4| there are
constants Qp, Q1 > 0 depending only on C,T',o such that for A = n/Qq and sufficiently large n
we have for all 6 € (0,1) with probability of at least 1 — § that

E(fap) < 12E(fo+) + % (PLlog(n) +log(2/4)). (3.14)

Remark 3.4. For p =1 we do not need the conditional symmetry condition in [Assumption 3.A|
An explicit admissible choice for A is A = n/(2°C(T' V (20)) + 27(C? + 62) + 23(cC + 5?)).
The dependence of Q1 on C,I',o is at most quadratic and n > ng =2VBV KV LVrVpis
sufficiently large.

can be seen as the counterpart to from the multi-index setting. It
is in line with classical PAC-Bayes oracle inequalities, see e.g. |(Guedj & Alquier (2013)), Bissiri

et al| (2016). In particular, Chérief-Abdellatif (2020)) has obtained a similar oracle inequality
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3.2 Application to stochastic neural networks

for a variational approximation of the Gibbs posterior distribution. A main step in the proof of

Theorem 3.3|is to verify the compatibility between the risk fimp from [(3.9) and the empirical
risk R, as established in [Proposition 3.11|

We obtain a similar result for .]/c\)\’p from |(3.6), Note that here the stochastic error term is of
PLY i PLY . : .
order (’)(n—p) instead of O(~*) as in Theorem 3.3f (up to logarithms).

Theorem 3.5 (Oracle inequality for sMALA). Under [Assumption 3.A| there are constants

Qp, Q) > 0 depending only on C,T',o such that for X = np/Qf and sufficiently large n we
have for all 6 € (0,1) with probability of at least 1 — § that

E(ﬁ\,p) < 4E(fo+) + %(PL log(n) + log(2/4)).

In view of the following results are also true for the stochastic MH estimator if
n is replaced by np. However, we focus only on the analysis of ﬁ,\yp(- | D) for the sake of

clarity.

Denoting

ri = 12| for — [l Z2px) + %PL log(n), (3.15)

we can rewrite as
E[ﬁk,l)({ﬂ : Hfﬁ)\’p - f||%2(pX) > 7“721 + t2} ‘ ’Dn)] < 26—nt2/Q1’ t>0,

which is a contraction rate result in terms of a frequentist analysis of the nonparametric Bayes
method. An immediate consequence is an oracle inequality for the posterior mean fA,p from
(3.11)}

Corollary 3.6 (Posterior mean). Under the conditions of|Theorem 3.3 we have with probability
of at least 1 — § that

E(frp) < 126(f0r) + L2 (PLIog(n) +10s(2/5))

with a constant Qo only depending on C,I', o from[Assumption 3.A]

Using the approximation properties of neural networks, the oracle inequality yields the opti-

mal rate of convergence (up to a logarithmic factor) over the following class of hierarchical
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3 Statistical guarantees for stochastic Metropolis-Hastings

functions:

H(q) d7 ta B) CO) = {gq O0--+04go- [05 ]-]p —R g9i = (gl]);— [aia bl]dz — [ai-i-ly bi—i—l]dH—lu
gi; depends on at most ¢; arguments, g;; € Cgi([ai, b;]", Cy), for some |a;, |b;] < C’o},
(3.16)

where d == (p,di,...,d;, 1) € NIT2 ¢t == (tg,...,t,) € N1 B := (B, ..., 3,) € (0,00)7"! and
where Cg “([ai, bi], Cp) denote classical Holder balls with Holder regularity 8; > 0. For a detailed
discussion of H(q,d, t, 3, Cy), see Schmidt-Hieber| (2020)). In particular, this class covers multi-

index models with Holder regular link functions, which will later allow us to bridge the gap
between neural networks and our multi-index analysis, see

reveals the following convergence rate which is in line with the upper bounds by
Schmidt-Hieber| (2020)) and |[Kohler & Langer (2021):

Proposition 3.7 (Rates of convergence). Let X € [0,1]P. In the situation of[Theorem 3.3, there
exists a network architecture (L,r) = (Cylogn, Co(n/(logn)3)t" /(48 +2)) with Cy, Cy > 0 only
depending on upper bounds for q,|d|so, |Bloo, Co such that the estimators fN}\Vp and fy, satisfy for
sufficiently large n uniformly over all hierarchical functions f € H(q,d,t, 3,Cp)

3\ 28*/(28*+t*
(logn) ) /( )+Q310g(j/5) and

5(?)\,/)) < QS(T
(logn)3\267/(26"+t%) log(2/6)
=)

5(JF)\,p) < Q4 +Q4T

with probability of at least 1 — §, respectively, where 8* and t* are given by

23" .
B* = B, t* =t for i* € argmin % and B =B H (BN 1).
i=0,...q 287 +1; l=it1

The constants Q3 and Q4 only depend on upper bounds for q,d, 8 and Cy as well as the constants
C.T', o0 from|Assumption 3. A

Remark 3.8. One could aim for a similar result with a deep network architecture where (L,7) =
(C1(n/logn)t" /(48" +2t") \C1) to achieve the same rate of convergence just with logn instead
of (logn)3. This would require an approximation result for this network architecture with a
quantitative bound on the network weights. Moreover, the network depth L = O(logn) is more

suitable for deriving our uncertainty quantification results.

It has been proved by |[Schmidt-Hieber| (2020) that this is the minimax-optimal rate of conver-

gence for the nonparametric estimation of f from this class of hierarchical functions up to loga-
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rithmic factors. Studying the special case of classical Holder balls Cﬁ ([0,1]P, Cp), a contraction
rate of order n~28/(2847) has been derived by Polson & Rockoval (2018) and |Chérief-Abdellatif
(2020).

3.2.2 Credible sets

In addition to the contraction rates, the Bayesian approach offers a possibility for uncertainty
quantification. For this, we assume that the distribution P* of X is known. We define the
credible ball

Clra) ={h € L*: |h— Ppleexy <7a},  a€(0,1),
with critical values
Ta = argngin {ﬁk,p(l9 I fo — fA,pHLQ(PX) ST[Dy)>1- a}’
T>

By construction C (7o) is the smallest L2-ball around f,\,p which contains 1 — a mass of the
surrogate posterior measure. Despite the posterior belief, it is not necessarily guaranteed that the
true regression function is contained in C (Ta)- More precisely, the posterior distribution might
be quite certain, in the sense that the credible ball is quite narrow, but suffers from a significant
bias. In general, it might happen that P(f € 6(7,1)) — 0, see e.g. Knapik et al| (2011, Theorem
4.2) in a Gaussian model. To circumvent this, Rousseau & Szabd (2020)) have introduced inflated
credible balls where the critical value is multiplied with a slowly diverging factor. While they
proved that this method works in several classical nonparametric models with a sieve prior, our
neural network setting causes an additional problem. In order to prove coverage, we would like
to compare norms in the intrinsic parameter space, i.e. the space of the network weights, with the
norm of the resulting predicted regression function. While the fluctuation of fy can be controlled
via the fluctuation of ), more precisely we have | fg — follp2pxy = O(A(L,7) - [0 — ¥']e0)
with A(L,r) = (2rB)¥, see below, the converse direction does not hold. Even
locally around an oracle choice ¥* we cannot hope to control || via || fy |l r2(px) in view of the
ambiguous network parameterization. As a consequence, we define another critical value at the
level of the parameter space

"

= argmin{ﬁ)\7p(19 oo KAL) 7| D) > 11— al.
7>0

Remark 3.9. The factor A(L, ) in the definition of 7¥ could be improved by a different geometry

in the parameter space at the cost of a different approximation theory for the resulting network
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3 Statistical guarantees for stochastic Metropolis-Hastings

classes. For instance, we may assume that all weight matrices are bounded by B in the ¢3-
operator norm || - ||2, which is in line with the weight scaling employed in the theory of neural
tangent spaces, cf. |Jacot et al. (2018). In this case a minor modification of yields
Ifo — foll2@x) = O((2B)F) - [|[¥ — 9’| where [[0]| is defined as the maximal | - ||a-norm of
all weight matrices and all | - |2-norms of the biases. The resulting critical value is given by
argmin, . {ﬁ)\,p(ﬁ 9| < 2B)"F7r | Dy) > 1 — a} avoiding the undesirable dependence on
the network width 7.

Both critical values measure the fluctuation of the posterior. The theoretical properties of the

credible ball are summarized in the following theorem:

Theorem 3.10 (Credible balls). Under |Assumption 3.A| and with constants Qo, Q1,Q2 > 0
from above we have for A = n/(2Qo), r2 from and sufficiently large n that

P(diam (C(ra)) < 4\/27'% + Mlog %) >1-o.

n

If the depth L and the width r are chosen such that Llog(n)E(fy«) = O(PLlog(n)/\), then we
have for some constant € > /Llogn depending on K,p and « that

P(feC(erd)) 21— a.

Therefore, the order of the diameter of C (7o) is of the best possible size if L and r are chosen as in
|Proposition 3.71 On the other hand, the larger credible set C (¢77) defines an honest confidence
set for a fixed class H(q,d,t, 3, Cp) of the regression function if £ is chosen sufficiently large
depending on the class parameters. That is, f € H(q,d,t,3,Co) is contained in 6({7&9) with

probability of at least 1 — . In that sense £ is a non-asymptotic version of the inflation factor

by |[Rousseau & Szabo| (2020)). To circumvent the unknown constant &, we can conclude from

that for any sequence a, T oo, e.g. a, = logn, we have

P(f € é(anTg)) >1l—a for sufficiently large n.

The condition Llog(n)E(fy«) = O(PLlog(n)/\) for the coverage result means that the rate

is dominated by the stochastic error term and can be achieved with a slightly larger network

compared to [Proposition 3.7 This guarantees that the posterior is not underfitting and that

the posterior’s bias is covered by its dispersal.
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Figure 3.2: 100 samples drawn from the different MALA chains, given a training sample (black
markers) of 10000 points. Random variables are drawn for p = 0.1. The dashed line
shows the corresponding posterior mean f.

introduces a correction to the batch-wise approximation of the empirical risk when
calculating the MH step. In the following, we show the merit of this correction for learning a
regression function using a feed-forward neural network of L = 2 layers of r = 100 nodes each
and ReLU activation. To simplify the description of the experimental setup and to allow for
a transparent graphical illustration of the method, see we focus on the case of a one-
dimensional regression function. The neural network has a total number of 10401 parameters.
The training sample of size 10000 consist of two equally populated intervals [—0.8, —0.2] and
[0.2,0.8] with X; ~ U([—0.8,—0.2] U [0.2,0.8]). The true regression function is f(x) = 1.5(x +
0.5)2]1{x<0} +(0.3sin(10x—2) +0.5) 1 x>0y We generate Y = f(X)+e¢ by adding an observation
error ¢ ~ N(0,0.02%). In the interval between —0.2 and 0.2 no data is produced in order to
illustrate whether the methods recover the resulting large uncertainty due to missing data. For
a sufficiently flexible model we expect a large spread between samples from each Markov chain
in this region. depicts exactly this behavior, as well as the training sample.

To compare the convergence of MALA, stochastic MALA (sMALA), and our corrected stochas-
tic MALA (csMALA) within reasonable computation time, we initialize the chains with network
parameters obtained through optimization of the empirical risk with stochastic gradient descent

for 2000 steps. For this pre-training, we use a learning rate of 1072. The hyperparameters of
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3 Statistical guarantees for stochastic Metropolis-Hastings

p=0.1
° MALA
2 SMALA
MALA sMALA  c¢sMALA £l 0010 =1 osMALA

A n n-p  n-(2-p) 8
v | 1074 104 10-4/p 2| oos
5 0.2/VP gl
b 100000/p =
¢ 5000 9é0 91IlO 9é0 9EI30 1OI00 10I20 10I40 10I60 10I80
N 20 batchsize for accepted MH steps

Table 3.1: Parameter choice for the Figure 3.3: Histogram of the summed auxiliary vari-

different MALA chains. For ables, that is the number of training sam-
p = 0.1, we chose a burn-in ples contributing to the stochastic risk, for
of b = 50000 to keep com- all accepted steps. For MALA the MH ac-
putation costs low. ceptance step is calculated on the full sam-

ple and the distribution of the samples con-
tribution to the risk gradients is thus unbi-
ased by the batch size.

the subsequent chains are listed in The inverse temperature is chosen to counteract
the different normalization terms of the risk for (s)MALA and csMALA, as well as the reduction
of the learning rate by (2 — p) through the correction term from The proposal
noise level per parameter dimension is normalized with respect to the number of network pa-
rameters such that the total length of the noise vector is independent of the parameter space

dimension.

To further improve the efficiency of the sampling, we restart [Algorithm 3.1 with 9(®) set to
the last accepted parameters whenever no proposal has been accepted for 100 steps. Especially

for small p and large ¢, the stochastic MH algorithms exhibit the tendency to get stuck after

accepting an outlier batch with low risk.

It is also important to adapt ¢ such that Clo% ~ % Yoy Ei(ﬁ(k)). For ¢ lower than this, a bias is
introduced towards accepting updates where many points of the data sample contributed to the
stochastic risk approximation due to the Bernoulli distributed auxiliary variables. Conversely,
for higher values, updates are preferably accepted for low amounts of points in the risk approxi-
mation. This bias towards small batches, note the minus sign due to log p, can also be observed
for the uncorrected sMALA. It arises from the dependence of R, on the sum of the drawn
auxiliary variables Z;. shows a histogram of this sum for all accepted steps. A clear
bias for SMALA towards small batches can be seen. To achieve a good correction, we update

¢ every 100 steps to fulfill the preceding correspondence. Over the chain, the correction factor
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p=0.1 0.5

MALA (13.4 %)
sMALA (18.8 %)
csMALA (15.0 %)
ADAM

0.3 p

MALA (11.3 %)

SMALA (19.7 %)
CSMALA (14.2 %)
ADAM

°
1

empirical validation risk

—— MALA (8.94 %)

| —— SMALA (24.8 %)
1073 cSMALA (13.0 %)
— ADAM

0 1-10° 0 1-10° 0 1-10°
steps k steps k steps k

Figure 3.4: Average empirical risk on a validation set of 10000 points during running of the
MALA chains. We show different batch probabilities p, as well as the values of
the posterior mean (dashed lines). Uncertainties correspond to the minimum and
maximum values of 10 identical chains. For clarity, as simple moving average over
1501 steps is plotted. In the legend, the average acceptance probability over all 10
chains is given. For easier interpretation of the risk values, we also show the behavior
of a gradient-based optimization using ADAM.

thus decreases like the empirical risk with ¢ close to 0 due to the proportionality to n~!.

We quantify the performance of the estimators gathered from the different chains with an inde-
pendent validation sample DY = (X;’al, Yval)izl,...,nval C RP x R of size ny, = 10000 drawn

Tyval 7

from the same intervals as the training sample and calculate the empirical validation risk

Ro(f) = -3 (v - Fx)?
val ;T

during running of the chain. illustrates the behavior of the empirical validation risk for
the different MALA algorithms, as well as for a simple inference fit using ADAM ,
with a learning rate of 1073. For a fair comparison, we calculate the gradient updates
for all algorithms, including MALA and ADAM, from Bernoulli drawn batches, and only calculate
the MH step for MALA using the full training sample. We can obverse that the individual
samples of MALA outperform those of the SsMALA chains, while the samples from the corrected
chain achieve substantially better values than those of the uncorrected stochastic algorithm. On

a level of individual samples, all chains are outperformed by the gradient-based optimization
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3 Statistical guarantees for stochastic Metropolis-Hastings

using ADAM. Investigating the posterior means, MALA outperforms ADAM for small values of p
where our corrected algorithm reaches similar risk values as the gradient-based optimization.
For moderate values of p the corrected stochastic MALA restores the performance of the full
MH step for both, posterior samples and posterior means, at a level similar to ADAM. While the
acceptance rates of MALA decrease for low p and those of SMALA increase, the acceptance rates

of the corrected algorithm are stable under variation of the average batch size.

To study the empirical coverage properties, we calculate 10 individual chains per algorithm
and p, and estimate the credible sets and their average radii. As radius of our credible balls,

we approximate the 99.5% quantile ¢;_, of the mean squared distance to the posterior mean

via
1 Nval _
Tam = @i—a((h1, ..., hy)) with hy, = e Z | Fotwrem (XP21) — fA,p(Xzyal)\2 :
val i=1

To determine the coverage probability, we then calculate the number of chains with a mean
squared distance of the posterior mean to the true regression function not exceeding this ra-
dius. The results are shown in While the uncertainty estimates of all algorithms
remain conservative, we find that the correction term leads to considerably more precise credi-

ble sets.

To illustrate [Theorem 3.3 and [Theorem 3.5, we also investigate the scaling behavior of the

empirical validation risk of the posterior means with the training sample size n while keeping
np constant. We expect the risk of MALA to decrease with growing n, while SMALA should
not decay due to the constant mp. The numerical simulation of is in line with our
theoretical results. For our corrected algorithm, we recover the scaling behavior of MALA as

expected.
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p
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Figure 3.5: Scaling of the empirical risk of the pos- Table 3.2: Average radii 7, - 10® of credi-

terior mean f on a 10000 point vali- ble sets for o = 0.005 calculated
dation set with the size of the training from 10 Monte Carlo chains. All
sample. We scale p to keep the average sets show a coverage probability
batch size np = 1000 constant. Error C(7a) of 100%.

bars report the standard deviation of
10 identical chains.

3.4 Proofs

We will start by proving the main theorems. Additional proofs of auxiliary results are postponed

to [Section 3.4.6| and [Section 3.4.7l

3.4.1 Compatibility between ﬁw and the excess risk

As outlined in a key ingredient to PAC-Bayes oracle inequalities is a concentration
inequality. The main difference now is that the modified empirical risk En,p arises from the
stochastic MH step, but we would still like to quantify the performance of the estimator in
terms of its excess risk £(¢) = E[(f(X1) — fﬁ(Xl))Q]. Therefore, the first step in our analysis
is to verify the compatibility of these risks leading to the following concentration inequality,
which acts as a counterpart to A concentration inequality for the empirical risk
R, (V) — R, (f) follows as the special case where p = 1.

Proposition 3.11. Grant|Assumption 3.Al Define

6n(19) = Rn,p(ﬂ) - Rn,p(f)'

and set Cy, ) = %%‘sz), V :=16C(I'V2C). Then for all X € [0,n/V)N]0, %}, p € (0,1]
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3 Statistical guarantees for stochastic Metropolis-Hastings

and n € N we have

&=
@
4
o]
—
>
™
™
=
|
tn

(9)))] < exp ((Cap+ 2(cC +0)AEW))  and
(9)))] < exp ((Cop + 3+ 2(0C + %)) AEW)).

&
@
]
T
—~
|
>
™
™
N
|
5]

Proof. Define ¢,(x) := —log (e*x +1-— p) such that
&) = 3 37 (Wo(36) — b, (36:(1)))
i=1

with £(f) = (Y; — f(Xi))2.

We have

n

D (6(0) = G(F)) Y, (Ga60) + (1 - &)AL(f)) (3.17)

i=1
with some random variables & € [0,1]. Using ¢1(9) —61(f) = (f(X1) — fﬁ<X1>)2 +2e1 (f(Xy) -
f9(X1)), we can decompose the expectation of |(3.17)| into

En(0) =

1
n

E[€,(9)] = E[(f(X1) — fo(X1)) ) (6120(0) + (1 — &) 24(f))]
+ 2E[e1 (f(X1) — fo(X0)) 0, (&1201(9) + (1 = &) 201 (f))]
= ki + Fs.

We treat both terms separately. We have

12 l(e) = (1+ (1 - p)e”) ™
1

Z Y 2
1+2(1—-p)

1
3 for x € [0,1og 2]

and ¢ (z) € (0,1] for all z > 0. In particular, we observe
By <E[(£5(X1) = £(X1))"] = £(0).

If |e1] < 20, we have %61(-) < %8(6’2 +0?%) < log 2 for % < 8((133202). Thus,

[(F(X1) = fo(X0)) 0 (61201 (0) + (1 — €0)24(F)) Ly <20]
F(X1) = fo(X0))*P(le1| < 20 | X)]

&
\Y

WV
=

|
Bl wl—=wl— &=

F(X1) = fo(X0))* (1 = P(le1| > 20 | X1))]

F(X1) = f9(X1))7],

— o
—_ o~ o~

WV
&=
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3.4 Proofs

where we used Chebyshev’s inequality in the last step. Hence, 1£(9) < Ey < £(0). For Ey we
use E[alwl’o(%ﬁ) | X1] = 0 by symmetry together with ¢1(f) = 2 to obtain for some random
& € [0,1] that

Ey =2E[e1 (f(X1) = fo(X1)) (¥, (200(f) + &2 (6 (9) — () — ¥, (20())))]
%E[ﬁ(f(xl) — fo(X ))51( ) — 0 (f ”(51251 +(1-€&)2a()]
SE[26 (61 (F(X1) — fo(X1))” + 263 (F(X1) = f3(X1))?)

(ERL ) + (1= 2(h)].

(41
()

Since maxy>o (% = %, we have

1+y)
(1—p)e” 1
|¢ (z)] = 1+ (1— p)ev)? éz for x > 0.
Therefore,
|| < %(%E[\smmxl) — PP 4261 (£(X0) = fo(X1))°]) < %(00 +0°)E().

In combination with the bounds for Fy, we obtain

(L= 2(cC +0%))EW) <E[E:(0)] < (1+ 2(0C +0%))EW).

(o (20:(9)) — ¥, (24:(f))) such that En(V) = LS 1 Zi(9). The previous

n

Define Z;(09) == %
bounds for E[E,(1)] yield

E[exp (An(9) — AE(D))] = E[en Zima (Z0)-EIZi(0)])] AELER ()] -£(9)
< Efer ZtaZ@O)-BZ D) 5 2(oCroaE®)  ang
Elexp (- AL (V) + ()] = E[e% Z?zl(—Zi(ﬂ)—E[—Ziwm] AEWD)—EE,(9)))
< Efeh S~ Z@O)-E-Zi0)] o+ 22 (0C+02)EW)

To bound the centered exponential moments, we use a variant of Bernstein’s inequality, see
Massart| (2007, inequality (2.21)) similarly to the proof of The second moments are
bounded by
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3 Statistical guarantees for stochastic Metropolis-Hastings

= E[((f9(X1) — £(X1))? + 2e1(fo(X1) — F(X0))) ()2 (E1201(0) + (1 — &) 2641(f))]
<2E[(f5(X1) — f( X1>)4 42 (f9(X1) — £(X1))?]
<8(C*+0%)EW) =

E[(Z)%] <E[Je(9) — ()] [ (& 26.9) + (1 = €)20(H) "]
<E[|6(9) — ()]
=E[If(X1) = fo(X1) + 21 || F(X1) = fo(X)[F2(f(X1) = f3(X1))?)
< (20)"2E[|£(X1) = fo(Xa) + 261" (f(X1) = fo(X1))?]
< (20)F 22k 1((20)F + k128 162TF2) £ (0)
< (20)F2RIgE 2 ((20)F 2 v U

= kKUVF2.
Hence, the aforementioned variant of Bernstein’s inequality yields

2
E[e% ?:1(Zi(19)—1E[Zi(19)})] <exp ( UA )) = exp (CpaAE(D))

n(l—VA/n

for C), ) as defined in [Proposition 3.11] The same bound remains true if we replace Z; by —Z;.

We conclude

E[exp (A, (9) — AE(9))]
Elexp (= An(9) + AE®W))]

exp ((Cpp + 2(0C +0))AEW))  and
p((Cop+ 2+ 2(0C +0%))AE()). O

Remark 3.12. Replacing ¢, by ¢,(z) :== —log ( —w/p 41— p), x > 0, and using
1> (x) = (p+ (1 p)e™?)~"
1 1

z—0—2;5 | 0, plog 3],
ST30-p) 3 or z € [0, plog 3]

we can analogously prove under [Assumption 3.A|that &, (9) == R, ,(¥) — Ry, ,(f) with R,, , from

(3.7)| satisfies for all X € [0,n/V) N [0, %],p € (0,1] and n € N:

E[exp (A(Ex(¥) — E(V)))] < exp ((Cpp + %4(00 +0))AEW)) and
E[exp (= A(En(9) = €(9)))] < exp ((Cup + § + 254(0C + 0%))AE()).

N
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3.4 Proofs

3.4.2 A PAC-Bayes bound for csMALA

In combination with [Proposition 3.11] we can verify a PAC-Bayes bound for the excess risk. The

basic proof strategy is in line with the PAC-Bayes literature as outlined in

Proposition 3.13 (PAC-Bayes bound). Grant|Assumption 3.A| For any sample-dependent (in

a measurable way) probabilz’ty measure 0 < II, any A € (0,n/V), and p € (0,1] such that
Cap+ 2(0C + 0%) < &, we have

E(Wy,) < /Ed@ - 1)\6(KL(Q | II) + log(2/6)) (3.18)

with probability of at least 1 — 6.

Proof. [Proposition 3.11] yields

E[exp (A&n(9) — (1+ Cop + 2(0C + 02))AE(W) — log(671))]
E[exp (A(2 = Cop — 2(0C + 02))E(W) — AEL (D) —log(67))]

9

o
o

NN

Integrating in 9 with respect to the prior probability measure II and applying Fubini’s theorem,

we conclude
E| / exp (A (9) — (1+ Con + A0+ 0) AE(W) — log(5™)) dII(9)] <& and (3.19)

E[/exp (AL = Cpx = 2(0C +0))EW) — An(9) —log(67h)) dH(f})} < 6.

The Radon-Nikodym derivative of the posterior distribution ﬁ>\7p(- | D) < II with respect to
IT is given by

d ) ~ -
sl Do) _ e - ACE)

with

Dy = / oMo (0) () = / exp (- pr (A(9))) 11(dv). (3.20)

We obtain

1
4
Do Gy (D) [exp (A(i O — 20C + 02))EW@) — A ()

dﬁ)\7p(1§ ] D,J))}

—log(67 1) —log ( I
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3 Statistical guarantees for stochastic Metropolis-Hastings

=Ep tis(1pny | &P (MG = Can = 2(0C + 0)E(0) — A&, (D)

— log(é —|—pr —i—logD)\>]
Since Ljg o) (z) < e for all z € R, we deduce with probability not larger than ¢ that
[0,00)
-~~~ 1 ~ 1 3 ~
(3 = Cop — 2(0C +02)EW) — E.(9) + 3 > b (2:(9)) — X(1og(5 1 —log D,) > 0.

Provided Cy, » + 2 (O'C +02) < L, we thus have for J ~ fIA,p(- | D,,) with probability of at least

1—6:

87

- O ~ 1 _ ~
£ < 8(€n(79) -5 Zw,,(%&(ﬁ)) + 5 (log(571) - logDA))
( pr (log(6 1 —log 15)\)>
with b = — Y7 9,(24;(9)) yields
log Dy = —Qigg(KL 0|10 /Z¢p do(¥ )). (3.21)
Therefore, we have with probability of at least 1 — §:

Smf / pr — (24 (f)))dg(ﬂ)+§(10g(5_1)+KL(9|H)))

oIl

891<gf /gnw) do(¥) + X(1og(5*1) +KL(o | H))).

In order to reduce the integral fgn(ﬁ) do(9) to [E(V)do(?), we use Cy, \ + %(O’C +0?) < %,
Jensen’s inequality, and [(3.19) to obtain for any probability measure ¢ < IT (which may depend
on D,)

Ep, [exp( / (AE,(9) — 2AE(W)) do(¥) — KL (g | TI) —1og(5*1))}
—Ep, [exp (/ ()\gn(ﬁ) — 9AE(W) — log (%w)) - 1og(5*1)) dg(ﬁ))}

< Ep, gme| exp (AEn(9) = $AE(W) — log (d—(ﬁ)> ~1og(67))]

< Ep, [ / exp (An(9) — (1+ Cpx + 2(0C + o)) AEW) — log(671)) dH(ﬁ)} <.
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A

Using Ljp o) (z) < e again, we conclude with probability of at least 1 — ¢:

[ dow) < { [ £@)datd) + A7 (KLie | 1D + log(6 ™))

Therefore, we conclude with probability of at least 1 — 2§

W) < 9/5(19) do(V) + 176(KL(Q | II) + log (6 1)). O

3.4.3 Proof of [Theorem 3.3

We fix a radius 7 € (0, 1] and apply [Proposition 3.13| with ¢ = g, defined via

do
dT—?(ﬁ) X 19—+ o<}

with 9* from|(3.13)| Note that indeed C,, » + %(aC’—i— 0?) < 3§ for Qo sufficiently large. In order

to control the integral term, we decompose

[ Eday =)+ [BL50X0 - )P = (10 (X) - £X0)] don(0)
=)+ [ B[4 (0 ~ £2(X))] dey (0)
+2 [ B[00 ~ fr () (for (X) = £o(X))] dey(0)
<)+ [ B[ (X) - (X)) doy()
+2 / E[(f(X) = fo- (X)) B[ (fo+(X) = £o(X))?] " dgy (9)

< GE0) +4 [ B[ (X) = fo(X)7] doy0). (322)

using 2ab < %2 + 3b? in the last step. To bound the remainder, we use the Lipschitz continuity
of the map ¥ — fy(x) for fixed x € RP:

Lemma 3.14. Let 9,9 € [-B, B|F. Then we have for x € R? that

[fo(x) = f300| < 42rB)"(Ix| v )]0 = Jcc

We obtain

44
/Edgn < §5(19 )+ 3 for n= (3.23)

8K (2rB)tpn’
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3 Statistical guarantees for stochastic Metropolis-Hastings

It remains to bound the Kullback-Leibler term in |(3.18)| which can be done with the following

lemma.

Lemma 3.15. We have KL(p, | II) < Plog(2B/n).

Inserting |(3.23)| and the bound from |[Lemma 3.15| into the PAC-Bayes bound |(3.18)| we con-

clude

~ 1
E(Wy,) < 128(0%) + % + 76(P log (L6BK (2rB)"pn) + log(2/9))
Q1

< 12E(9%) + ?(PL log(n) + log(2/6))

for some constant )1 only depending on C, o, T O

3.4.4 Proof of [Theorem 3.5

Due to we can prove the following PAC-Bayes bound under [Assumption 3.A]
analogously to [Proposition 3.13} For any sample-dependent (in a measurable way) probability
measure ¢ < II and any A € (0,n/V) and p € (0,1] such that C,, » + %4(00 +0?%) < %, we

have

E@) < 5 [ Edo+ (KLl | TD +log(2/9)

with probability of at least 1 — §. From here, we can continue as in [Section 3.4.3 O

3.4.5 Proof of [Theorem 3.10|

Choosing A = ﬁ, |The0rem 3.3| and |Corollary 3.6| yield

~ _ 2
min {E[IT, ({0« [|fo = fllz2@x) < su} | Du)lPUS = e %

L2(]P’X) < Sn)} } 1-—
with s2 = 272 + W log % We conclude
P(diam(a(ﬂl)) <dsp) = IP’( sup  |lg — hll2ex) < 4sn)
g,hea(Ta)

>P( sw g = Fupllzaes) + 15— Allieex) < 4s0)
gvaC(Ta)

> ]P)(Ta < 2sn)
= P(ﬁ)wp({ﬁ [ fo — fA,pHB(PX) <28} | Dp) >1— a)

64



3.4 Proofs

> P(T ({02 1fo = Frpllzzex) > 250} | D) < @)

=1-P(I, ({0 : [1fs — Fapllz@x) > 250} | D) > @)
>1—a 'E[I,({0 : Ifo — Fapllzeex) > 250} | Dn)]
>1-a '(E [ﬁA,p({ﬂ S fo = fllzzexy > sn} | D,)]

+ P(”fk,p - f||L2(JP>X) > Sn))
>1-—a.

The first statement in [Theorem 3.10lis thus verified.

For the coverage statement, we denote & :== EA(L,r) = £(2rB)* and bound

P(f € Cerd))

P(Ilf = Puopllreex) < €72)
> P(I, ({0 1 oo < ENF = Fapllzex)} | Do) < 1-a)
> P(T,({9: [Ieo <E 150} [ Dy) <1—a) —a?
=1—0a?—P(IL,,({0 : [9]oc < E 180} | Do) > 1—aq)
>1-a’—(1—a) 'E[l\,(B, | D,)]

with
B, = {79 Yoo < f_lsn}.

In terms of &,(9) = Ry, () — Ry p(f) and Dy = [exp (— ARy, ,(9)) TI(d¥) the inequalities by
Cauchy-Schwarz and Jensen imply

E[Tiy,(By | Da)] = E[ D} /B o) 11(d)|

= B[ Dy e s ) /B ¢ ) 11(a)

< B[ By Pt g [ 12

B

< E[Dy2e Mo ()Y 2E[H(Bn) /
B’IL

e AEn () H(cw)) 2}

= 1/2
o= 22En () H(dﬂ)} /

The smaller choice of A = n/(2Qo) instead of n/Qq ensures Cy, o) + %(O‘C +0?) < £ allowing

us to apply [Proposition 3.11] with 2. With Fubini’s theorem and the uniform distribution of

the prior, the second factor can thus be bounded using

E| / =2 11(av)| - / E[e= 2] T1(dv)

n n

< [ e (2(Comn+ 4+ B0+ o) - DA(D) (@)
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3 Statistical guarantees for stochastic Metropolis-Hastings

Based on [(3.21) we conclude

E[I,(Bn | Dy)] < exp (P log i)E[ﬁ;2e*2A§n,p(f)} 1/2

B¢
— exp (Plog ;—%)E[exp (;2% (2KL(o | D) +2 / ARy 09) do(9) ) — 27T o f))]l/ ’

~ exp (Plog ;—%)E[exp (nt (2KL(e |+ / 2AE, () dg(ﬂ)))]l/ g

For g,/ defined via

dg"]/ (79) XX ]]_ 19 ,(9* <n’ ’[7/ = sn
dil {[=0"leo <’} 8SKA(L,r)py/Ilogn

we can use |(3.22)} [Lemma 3.14] and [Lemma 3.15(to obtain

int (KLe | T+ [ A,(0) de0))
< KL(gy |10+ A0 + 33 [ B[(1-(X) — fo(X))"] dey (0)
+ A / (En(9) — £(0)) doy (9)
< Plog Qf + gxs(ﬁ*) 4302 )\/ (E.(9) — £(9)) doy (9).

In the sequel, Q19, Q11 > 0 are numerical constants which may depend on C,I', o, K, p, and «.
Since Llog(n)&(¥*) < s2 < QioPLlog(n)/\ by assumption, we obtain

E[TTy,(Bn | Da)] < exp (= Plog + Plog (16K A(L, r)py/Llogn) + 5Q10P)
E exp (2/\/ (En() — £(9)) dgnf(ﬁ))}m
<exp (— Plogé + P(Qu1 + log /Llogn))
.E[ / exp (2X(E.(9) — £(1))) dgnf(ﬁ)] 1/2’

applying Jensen’s inequality in the last line. To bound the expectation in the previous line, we

apply Fubini’s theorem, |Proposition 3.11| with Cy, 2\ + %(0’0 +0?) < é, and [Lemma 3.14| to
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Elexp (2A(E,(9) — £(9)))] doy (9)

exp (2A(Crox + 2(0C + 02))E(9)) doyy (9)
exp (3AE(9)) doy (9)

<

exXp ()‘(5(19*) + Hf’& - f'ﬂ*H%2(PX))) dgn/(ﬁ)

< [ exp (MEW*) + s2/L)) doy (V)

/N
—

2 Pl
<e QioPlogn

We conclude

E[TIx (Bn | Dn)] < exp (= P(logé — Qi — Qiologn —log v/Llogn)).

For a sufficiently large £ > v/Llogn, we obtain E[ﬁA,p(Bn | D)] < (1l —a)? and thus

P(feé’(&“g))21—042—04(1—(1)21—04. O

3.4.6 Remaining proofs for

3.4.6.1 Proof of Lemma 3.1

Define

Dy = / exp (— ARu(9)) I(d9), Dy = / exp (= AR ,(9)) TI(d9).

For the first part of the lemma, we write

KL (ILy (- | Dp) [TIx(- | Dy)) = /1ogWHm(dﬂ | D)

_ D
— A / Sp(9) Ty ,(dd | D,,) —}—logD—)‘ with
A

S (9):= Ry (1) — R p(0).

By concavity of the logarithm we have

1 — — 2 0,(9) 1 & — 2 0,(9) 1 —
=N np b 1—p) >~ loge o't 1—p)logl=—=3"£4(9) = —R,(9).
5 ;:1 og (pe” m " +1 - p) 3 ;:1 ploge " 4 (1 — p)log - ;:1 4i(0) = —Rn ()
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3 Statistical guarantees for stochastic Metropolis-Hastings
Hence, S, () = 0 and Dy < D). We conclude
KL (ILyy(- | Do) [T [ D) <A [ $,(0) (a0 | D),

Moreover, log(z + 1) < z for all x > —1 and a second order Taylor expansion of z — e

yield

4 A g (9
<SED (e W14 2u))
=1
PN “ 2 )
< — AN n
= 2)\ =1 (npgl(ﬁ)) ¢ g

For £;(9) = |Y; — f9(X;)|? < 2|f(X;) — fo(Xi)[? + 27 < 8C? + 262, we obtain

S(9) < (6404 L2 Zn: a;*)

n n
P i=1

and thus,

%KL (T, (- | Do) | TA(- | D)) < :;)(6404 + izg;*) /ﬁ(dﬂ | Dy)

i=1
= :p (6404 + ii}sﬁ)

In the regime p — 0, define

1 & —20,(0) /
T, (9) = —pn - — d Dy = —T,(9)) TI(dY),
0)= =23 ai= [ e (= Tu) Ta0)

such that

KL (Tly (- | Do) | @apl- | Dn)) = / (Tn(0) — AR p(0)) IIy ,(d | Dn)+10g<ng>.
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We have

ARy p(0) — To(9) = — 3 log (pe™ 7" 11— p) — T3,(0)

i=1
= —nlog(1—p) — Y _ (log (pe” ) 1= p) —log(1 = p)) = Tu(¥)
i=1
= —nlog(l—p Zpe aplil )/ tpe” npli? +1—p)_1dt—Tn(19)
= —nlog(l—p Zpe apls 19)/1( L —1>dt
0 tpe_%pei(ﬂ) +1—p
where (tpefnipeiw) +1-p)t-1€]0, fpp]. Therefore,
p? = —20,(9) 5
T > e m Y AR, ,(3) — T (9) + nlog(1 — p) < 0.
=

This implies log (DEA‘A) < —nlog(1 — p) and thus,

KL (I ,(- | Dn) | (- | Dn)) /Ze WO, (dd | D) <

3.4.6.2 Proof of Lemma 3.2

Recall 1,(z) = —log(e™ + 1 — p), 7!1;;@) = m, and ¢Z($) = % € [-1/4,0].
Since

Rup®) = 3 3 6, (30:(9))
= 20,(0) + 1 30 26000 (6 360)

= 20,0+ 2 S )+ S w@) wedem) - vy 0)
=1 =1

=~ F 1082 =) + 5 Ral0) + 23 YLV G (),

=1

we have

—pRn(ﬁ) +nlog(2 - p) < 0.
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3 Statistical guarantees for stochastic Metropolis-Hastings

Therefore, we have with D) from that

KL (T, (- | Dn) [ Thj2-p) (- | D))
A

- (=)o 0 (24

2—p

A

S / <2 i pR”(ﬂ) — ARp p(#) = nlog(2 — P)) I, ,(d9 | D)

N

RS ~
ol SIS WCEN

N
3| >
—
w
[\V]
Q
=
+
S
[]=
m
SIS
~—

3.4.6.3 Proof of [Corollary 3.6
Jensen’s and Markov’s inequality yield for r2 from that

P(S(f,\,p) > 72 4 % + % 10g(2/5)>
Q1

= P(HE[ng’p | Dn] - f“iz(px) > 7“72I + y + n log(2/6)>

Q
<P(E[lf5,, = MMz | D] > 72+ -+ L log(2/9))

().
( 1 10g(2/5)

n

W, (15, , = Flie@x) > i+t |Dn) dt > ==

n [ ~ 2 2

Using we thus obtain

_ 2 o0
P(g(fA,p) > 72 4 % + % 1og(2/5)) < c;/

3.4.6.4 Proof of [Proposition 3.7|

Q1
Q1
Q1>
e /@1 qt = 4, O

A 1og(2/6)

We combine arguments from Schmidt-Hieber| (2020) with the approximation results from Kohler

& Langer (2021). By rescaling, we can rewrite

f=1fq0-o0fo=hgo---ohg

70



3.4 Proofs

with h; = (hij)j=1,....d;,,» Where E(]j € Cf(;o([(), 1], 1), %ij € Cgi (10,1]%, (2Co)%) fori =1,...,q—
1 and qu € Ciq ([0, 1]ta, CO(QCO)5Q) and h;; is ?Lij understood as a function in d; instead of ¢;

arguments.

We want to show that there exists a constant Cj; such that for any M; € N we can find sufficiently
large L;,7; € N and a neural network g;; € G(¢;, L;, r;) with Pp, ,, = ¢; M parameters and

1hij = Gijll Loo (0,17) < Cz‘Mfzﬁi. (3.24)

To construct such g;;, we use Theorem 2(a) from Kohler & Langer| (2021)). Their conditions
(a) L; =5+ [log,(M?%)]([logy(max{|B;],t;} +1)] + 1) and
(b) r; > 2ti+6 (tﬂrtEﬁzJ)t?(md + I)M/Ltz

can be satisfied for L; = C;log(M;),r; = C’Z-Mf", where C; only depends on upper bounds for ¢;
and f;. Hence, there exists a neural network g;; € G(¢;, L;, ;) with . Careful inspection of
the proof of this theorem reveals that the weights and shifts of g;; grow at most polynomially in
M. Since t; < d;, 73, we can easily embed g;; into the class G(d;, Li, ;) by setting g;; = gi5(Wi; -,
where the matrix W;; € R**% is chosen such that gij depends on the same #; many arguments

as h;j. Note that the approximation accuracy of g;; carries over to g;;, that is

~ ~ o,
[[hij — ginLw([O,l}di) < lhij — ginLOO([OJ}ti) < CiM; & (3.25)

Setting g = gq 0 --- 0 go with g; = (gi;);, we obtain a neural network g € G(p,L,r) with

7 = max;—o, g Tidit1 and L =>"7 L;.

Counting the number of parameters of g and using L; = CZ-Mfi, we get Pr, < Q2 iy Lir?

for some Q12 > 0.

It follows from |Schmidt-Hieber| (2020, Lemma 3) and |(3.25)| that

q—1 q q

MLy, AiAL Y

1f = gl o,17) < Co l_[(2CO)Bl+1 § ||| —gz’|ooHL(fo([$’11];i) < Q13 E M
1=0 =0 i=0

for some ()13 > 0.

Applying [Theorem 3.3| together with E(fy+) < || f — gH%w([O 1Jp)» We now obtain for some Q14

that
4q q
~ 48, _ log(2/6
£(Fg) < Qu Y. M 4 A0S 02 o) 4 1y B

i=0 i=0

(3.26)
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3 Statistical guarantees for stochastic Metropolis-Hastings

with probability of at least 1 — §. Choosing M; = [(n/(logn)3)'/48:+24)] ensures L,r < n for
sufficiently large n, balances the first two terms in the upper bound |(3.26)[ and thus yields the

asserted convergence rate for f) ,.

The convergence rate for the posterior mean is proved analogously using O

3.4.7 Proofs of the auxiliary results

3.4.7.1 Proof of [Lemma 3.14

Set n = [0 — J|eo and let WO . WEHD @) HE+D) ang wo, . .. W+,
oW, 9@+ be the weights and shifts associated with ¢ and 5, respectively.  Define
%O %L+ analogously to We can recursively deduce from the Lipschitz continuity
of ¢ that for [ =2,...,L:

IxW) < WOk + [vW]|; < 2rB(|x|1 V 1),
xM — W) < whHx© 4 — w0z — 50|y < p2r(jx); v 1),
xO < WOV 4+ 100 < 2rB(Ix"Vpvi1)  and

x —x® W x4y Ox=1) _ 50,
WO — WwOxED 4 O (xD — gDy 4 (@ — 50

n2r(JxV] v 1)+ rBlxY - xU=D),

1

NN NN IN N

Therefore,

xP)y < @2rB)F 1 (xM v < 2rB) (][ v1)  and
L—1
xB) —x By <2y (B (xEH | v 1) + (rB)E M — 2D
k=1

< 2 (1x]; v 1) (rB)E L
Since the clipping function y — (—C) V (y A C) has Lipschitz constant 1, we conclude

| fo(x) = f3(x)] < g9(x) — g5(x)]
_ ’X(L—i-l) _ §(L+l)‘

_ ’W(L-‘rl)x(L) + U(L+1) N W(L-ﬁ-l)i(L) . :J(L—I—l)‘

’(W(L-H) . W(L+1))X(L)| + ‘W(L_H)(X(L) - i(L))’ + |,U(L+1) - 5(L+1)’

rW D WD) x B |y 4 WD | x B — D))y 4
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r(2rB)"(Ix)1 v 1) + n(rB)" 2" ([x[1 vV 1) 41
4(2rB)E(|x| Vv 1). O

NN

n
n
3.4.7.2 Proof of Lemma 3.15

Since g, and II are product measures, their KL-divergence is equal to the sum of the KL-

divergences in each of the P factors. For each such factor, we compare
U((9)i =n, (9")i +n]N[-B,B])  with  U([-B,B]),

where (9*); denotes the i-th entry of ¢*. The KL-divergence of these distributions is equal

v N[-B.B)) N[-B.B))

ot (i@ = e ) < Cxp )

) = log(2B/n).

Thus,

P
KL(oy | T1) = Y KL U([(9"); — n,(9"); + n] N [=B, B]) [U([~B, B))) < Plog(2B/n). O
i=1
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4 Stochastic neural networks with mixing

priors

In this chapter, we combine our insights from the multi-index analysis and with the stochastic
neural networks from the previous chapter. In we have seen that an estimator based
on the Gibbs posterior with respect to a mixing prior can adapt to various structural properties
of multi-index models. In we have demonstrated that a stochastic neural network
based on the Gibbs posterior with respect to a uniform prior allows us to estimate hierarchical
regression functions with the minimax-optimal rate (up to a logarithmic factor). Now, we will
merge these ideas by considering stochastic neural networks based on the Gibbs posterior with
respect to mixing priors. In we construct a prior which allows the Gibbs posterior
to adaptively choose the optimal network architecture. In we demonstrate how
we can use the concept of sparsity as in to apply stochastic neural networks to

high-dimensional regression problems.

While these methods have strong theoretical properties, an efficient implementation is challeng-

ing and left for future research.
These extensions are based on Bieringer et al.| (2023], Section 4) and |Steffen & Trabs) (2023)).

Throughout this chapter, we again consider the regression setting from the introduction of

4.1 Learning the width

To balance the approximation error term and the stochastic error term in , we have to
choose an optimal network width. In this section we present a fully data-driven approach to this
hyperparameter optimization problem which avoids evaluating competing network architectures
on a validation set. To account for the model selection problem, we augment the approach

with a mixing prior, which prefers narrower neural networks. Equivalently, this approach can
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4 Stochastic neural networks with mixing priors

be understood as a hierarchical Bayes method where we put a geometric distribution on the

hyperparameter r.

We set .
=y 2"HT/(1 — 9,
r=1

where II, = U([-B, B]f") with P, := (p+1)r+(L—1)(r+1)r+7+1. As in|Section 2.2} the basis
2 of the geometric weights is arbitrary. It can be replaced by a larger constant to assign even

less weight to wide networks, but the theoretical results remain the same up to constants.

We obtain our adaptive estimator JF)\,p by drawing a parameter 9 from the surrogate-posterior

distribution with respect to this prior, i.e.
Py = f5,, for Orp | Do ~ Ty p(- | Dy)  with 1oy (9 | D) o< exp (= ARy, (9))T1(d9)

where En,p is from |(3.9)} It should be noted that our results extend to the estimator based on
the posterior mean as in and are only omitted for the sake of conciseness.

This modification of the prior allows the estimator to adapt to the optimal network width and
we can compare its performance with that of the network corresponding the oracle choice of the
parameter

Uy € argmin R(V) (4.1)
J€[—B,B]Pr

given any width r. We obtain the following adaptive version of

Theorem 4.1 (Width-adaptive oracle inequality). Under |Assumption 3.A| there is a constant

Q5 > 0 depending only on C,T';0 such that for A = n/Qqy (with Qo from and
sufficiently large n we have for all 6 € (0,1) with probability of at least 1 — § that

~

£(fr,) < min (125(]”19:)—i—%(PTLlog(n)—i—log(Z/(S))).

r=1,...,n

Since the modified estimator mimics the performance of the optimal network choice regardless

of width, we obtain the following width-adaptive version of [Proposition 3.7 with no additional

loss in the convergence rate:

Corollary 4.2 (Width-adaptive rates of convergence). Let X € [0,1]P. In the situation of

there exists a network depth L = C3logn with C3 > 0 only depending on upper
bounds for q, |d|eo, | B|oc, Co such that the estimator f,\,p satisfies for sufficiently large n uniformly
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4.2 High-dimensional regression using sparse neural networks

over all hierarchical functions f € H(q,d,t,,Co)

1 0,052/)

(logn)? ) 287 /(287 +t")
n

n

E(fap) < Qs

with probability of at least 1 — §, where B* and t* are as in |Proposition 3.7 The constant Qg

only depends on upper bounds for q,|d|s,|Blec and Cy as well as the constants C,T';o from

[Assumption 5.A|

It has to be noted that we cannot hope to construct credible sets with coverage as in
based on the adaptive posterior distribution. It is well known that adaptive honest confidence
sets are only possible under additional assumptions on the regularity of the regression function,
e.g. self-similarity or polished tail conditions, see Hoffmann & Nickl (2011) and we remark that

such conditions with respect to the network parameterization seem infeasible.

4.2 High-dimensional regression using sparse neural networks

While the rate in [Proposition 3.7] only depends on the intrinsic dimension of the hierarchical

regression function, the constants @3, Q4 depend on the dimension p of the data. To circumvent

this, we consider sparse neural networks.

A network is sparse, or more precisely connection sparse, if many weights in the network are
zero and thus some links between nodes are inactive. For some active set Z C {1,..., P}, the

corresponding class of sparse networks is defined by

g(p,L,r,I) = {919 € g(p,L,T) : 191 =0if4 ¢ I}

We denote by |Z| the cardinality of a set Z, which is useful for quantifying the sparsity of a
neural network in G(p, L,r,T).

For some C' > 1, we also introduce the class of clipped networks
f(vaaT> C) = {fﬁ = (_C) v (919 A C) ‘gﬂ € g(p,L,?”)}

and similarly we denote clipped networks with active set Z by F(p, L,r,Z,C).

In order to adopt csMALA to sparse neural networks, we again modify the prior. For a given

active set Z the prior II7 on the parameter set of the class G(p, L, r,Z) is defined as the uniform
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4 Stochastic neural networks with mixing priors

distribution on

Sr={9ec[-B,B)Y|9;=0ifi¢ T} (4.2)

for some B > 1. To allow for a data-driven choice of the active set, we define the prior I as a

mixture of the uniform priors Ilz:
o . P\ ! p
=S 27 /¢ ith  COp=(1-27F).
Yoo ¥ () mjor e comu-rn

Similarly to [Section 2.2] the basis 2 of the geometric weights is arbitrary and can be replaced
by a larger constant leading to a stronger preference of sparse networks. The theoretical results
remain unchanged up to constants. The prior 1T can be understood as a hierarchical prior, where
we first draw a geometrically distributed sparsity ¢, given ¢ we uniformly choose an active set
Z cC{1,...,P} with |Z| =i and on Z the uniform prior II7 is applied. We define our estimator

via

Frp = f5 for Dyp | Do~ Ty (| Do) with Ty (0 | Dp) o< exp (— ARy ,(9))T1(d0).
P
(4.3)

As a benchmark for the performance of the method, we define the oracle choice on St from|(4.2)]
for some active set Z as

U7 € arg min R(¥). (4.4)
YEST

The oracle is not accessible to the practitioner because R(v) depends on the unknown distribu-
tion of (X,Y"). A solution to the minimization problem in always exists since S7 is compact
and ¥ — R(fy) is continuous. If there is more than one solution, we choose one of them. Our
main result gives a theoretical guarantee that the PAC-Bayes estimator ](‘)A’ p from is almost

as good as the oracle 97 in terms of the excess risk.

We obtain the following non-asymptotic oracle inequality:

Theorem 4.3 (PAC-Bayes oracle inequality). Under|Assumption 3.A|there is a constant Q7 > 0

only depending on C,T',o such that for A = n/Qq (with Qo from and sufficiently
large n, we have with probability of at least 1 — & that

Q7

n

o

E(frp) < min (126 (fo3) + =L (1ZIL1og(p v m) +10g(2/9))).

Remark 4.4. The dependence of Q7 on C,T', o is at most quadraticand n > ng:=2VrVvVbVv K

is sufficiently large.
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The benefit of this theorem over is that the terms in the upper bound only depend
on the number of nonzero weights of the oracle and that we take the minimum over all possible

sets of nonzero weights. In particular, we recover % log p as the typical error term for estimating

high-dimensional vectors with sparsity |Z| similarly to [Theorem 2.5|

is in line with classical PAC-Bayes oracle inequalities, see |Alquier| (2021)). |Chérief-
Abdellatif| (2020) has obtained a similar oracle inequality for a variational approximation of
the Gibbs posterior distribution, but without the minimum over the active sets. For penalized
empirical risk minimization, [Taheri et al. (2021) have obtained another oracle inequality with a

different dependence on the depth L.

Corollary 4.5 (Rates of convergence). Let logp < n/(log>n) and X € [0,1]P. In the situation
of [Theorem 4.3, there exists a network architecture (L,r) = (Cy[logyn],Con) with C1 and Co
only depending on upper bounds for q,|(d1, ... ,dq)|so, [t|cos | Bloe and Co such that for sufficiently

large n, the estimator fy , yields an excess risk of at most

logQ(n))2B*/(2B*+t*) O log(2/9)

£ < Qs (1280 C

n
with probability of at least 1 — §, where B* and t* are given by
¥ q

243
* = B%, tt =t or t* € argmin ——— and =0 A1).
B =B b g N 5o ;=6 [ Bir)

The constant Qg only depends on q, (d1,...,dy),t, 5 and Cy and C,I', 0.

Since the class of multi-index models can be embedded into the class of hierarchical functions,

we recover the same rate of convergence (up to a logarithmic factor) when applying j?,\yp to data

generated from a multi-index model, cf.

Corollary 4.6 (Sparse neural networks applied to multi-index models). Grant|Assumption 2.5
and |Assumpti0n 2(51 with g* € Cg*([—Bl,Bl]p,Co). In the situation of |Theorem 4.5, there
exists a network architecture (L,r) = (C[logy n], Chn) with C] and C4 only depending on upper

bounds for d*, 5 and Cy such that the estimator J?A,p yields an excess risk for sufficiently large n
uniformly over all hierarchical functions f € H(q,d,t,3,Co) of at most

o 2 "
E(frp) < Q9<10g(l? vV n)log (n)>2ﬁ/(26+d ) p log(2/6)

9
n n

with a probability of at least 1 — 9.
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4.3 Proofs

The proofs of [Theorem 4.1] and [Theorem 4.3] are structurally similar to that of
Note that the only property of the prior that we used in the proof of |Proposition 3.13|is that II

is a probability measure on the space of network weights. Hence, it is straightforward to see that
the analogous statement still holds when replacing II with IT and 12[, respectively. To account for

the change in the prior, we also choose a different probability measure o in the resulting upper

bound and modify accordingly.

4.3.1 Proof of [Theorem 4.1

As outlined in the previous paragraph, we have for any sample-dependent probability measure
0K 1T with probability of at least 1 — ¢

E(y,) < 9/5019 + %(KL(@ | 1) + log(2/9)). (4.5)

For a width 7 € N and some radius 7 € (0, 1], we now choose ¢ = ¢y, defined via

dor,
art, (@) o Lozl

with 97 from|(4.1)} Replacing ¥* with ¥ in the arguments from the proof of [Theorem 3.3, we

find
4 1

4
Edory < =EW) + — fi =— .
/ orn S 3EWD) + 25 v = e B n
To bound the Kullback-Leibler term in [(4.5), we employ the following modification of
Lemma 315

Lemma 4.7. We have KL(o,,, | IT) < P.log(2B/n) + 7.

Therefore, we have with probability of at least 1 — ¢ that

Qs

EWap) < 126(fo;) + = (PrLlog(n) +log(2/9)).

for some @5 > 0 only depending on C,I', o. Choosing r to minimize the upper bound in the last

display yields the assertion. O
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4.3.2 Proof of [Theorem 4.3

The arguments analogous to the proof of yield with probability of at least 1—4
. 16 .
£(in,) <9 [ £do+ 3 (KL(e| D) +1og(2/6). (46)

Now, for some fixed index set Z, a radius n € (0, 1] and ¢ = gz, defined via

dozy
pre (9) o L{jv—v5 |o<n}
with 97 from we deduce
4 4 1
/gdgz’” PV o = R e BT

The Kullback-Leibler term in |(4.6) is controlled with the following further modification of
Lemma 3.15

Lemma 4.8. We have

P
(i) KL(pz, | 1) = KL(pz,, | Tlz) +10g(Cs) where Cr = Cﬁz'(m)’

(ii) KL(pz,y | Hz) < |Z|log(2B/n).

In particular,
KL(pz,y | 1) < |Z]1og(2B/n) + log(Cz).

Together with (IIIDI) < Pm. < (eP)|I|, the previous lemma yields
KL(p | ) < |Z|log (4CpBPe/n). (4.7)
Plugging |(4.6)[ and [(4.7)| into the PAC-Bayes bound |(4.6), we conclude

o 4 4
EWnp) S126(07) + — + (1Z)1og (32BPe(2rB) pKn) + log(2/9))
Q7

< 128(97) + W(II\Llog(p Vv n) +log(2/6)) (4.8)

forn 2 ng=2VrVv BV K and some constant Q)7 only depending on C,I',o. Note that the
upper bound in [(4.8)|is deterministic and Z is arbitrary. Therefore, we can choose Z such that

this bound is minimized, which completes the proof. U

81



4 Stochastic neural networks with mixing priors

4.3.3 Proof of |[Corollary 4.2|

The statement follows by choosing r in the upper bound from as in the statement

of [Proposition 3.7 and then using the same approximation result to control the excess-risk of

the corresponding oracle choice ¥;. O

4.3.4 Proof of [Corollary 4.5|

Throughout, denote by C;,i = 1,2,... constants only depending on upper bounds for g,
|(di,...,dg)]sos [t]oos |Bloc and Co.

We will verify that for any sufficiently large n, M € N there exists a sparse ReLLU neural network

g =gy € G(p,C1[logyn],CoM,T) with |Z| < C3M[logyn] and |¥|s < 1 < B such that

lg = fllpe(oapy < CaM =7 /7 (4.9)

Careful inspection of the proof of Schmidt-Hieber| (2020, Theorem 1) reveals that there exists a
sparse ReL.U neural network g € G(p, L,r, J) with weights and shifts absolutely bounded by 1

and

L=3(q—1) +Z (Mogg ] +5)(1 + [logs(t: V 5)1)),

r=6M Iax i+1(ti + [8i1) and
1=V;...,.q

q
T <Y digr (141(t; + B; + 1)* M ([logy n] + 6) + 4)
=0

such that [(4.9)[ holds with

P84
M= KlogQ(n) IZg(p\/n)> S

provided M > max;—q,. (8 + 1)t Vv (Co(2C0)P% + 1)eti. Hence, it remains to show that g can

also be represented as a ReLLU neural network in
G(p,Ci[logyn],Con,T). (4.10)

To do this, we employ the embedding properties of network function classes from[Schmidt-Hieber
(2020l Section 7.1).
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Note that L, r and the upper bound for |J| are independent of dy = p and monotonically
increasing in ¢, |(d1,...,dq)|oc, |t|oo and |B]ss. Also, 7 is of order M, L is of order [log, n] and
the upper bound for | 7| is of order M [logy, n]. Using the enlarging and the depth synchronization
properties, g can indeed be written as a ReLLU neural network in Note that to ensure
the depth of the network, we added additional layers after the last hidden layer, instead of right

after the input to preserve the order of the sparsity.

Theorem 4.3 together with £(fyx) < |lgo — fH%oo([O 1Jp) DOW yields

E(0y) <AC M2/ 4 %Mﬂogg n]*log(p vV n) + Q710g(s/6)

with probability of at least 1 — 6. O

4.3.5 Proof of |Corollary 4.6|

The idea of the proof is similar to that of we construct a sparse neural network
which approximates the true regression function f = g*(W*.). We treat g* and W* separately.
x + W*x can be replicated exactly by W*x = W®¢(WWx) with W = (W* —Ww*)T,
W®) = (Ey.,—FE4). The corresponding network has Ly« = 1 hidden layer, a width of ry« = d*
and sparsity level | 7| = 2||W*||o + 2d* < 4||W*||o. Since the rows of W* are ¢?-standardized,
all weights are absolutely bounded by 1.

To approximate the link function, we write ¢*(W*x) = g(W*x/(2B1) + v) for v =

(1/2,...,1/2)T € R and g = g*(2B1(- — v)). As in the proof of |Corollary 4.5 there exists for
any sufficiently large n, M € N a sparse ReLU neural network gy with |J|oc < 1, Lg= S logyn
hidden layers, width 74« < M and sparsity J,+ < logyn such that

lg = goll o= 0,110y < M~/

for some ¢ > 0 only depending on upper bounds for d*, 8 and Cy. Using the embedding properties
of network function classes from Schmidt-Hieber| (2020, Section 7.1), we can also write gg(2B1(-—
v)) as a ReLU neural network g5 with architecture and sparsity of the same order as for gy and
with ]5\00 < Bi. The composition of g5 with the network which replicates x — W*x is a
ReLU neural network with architecture and sparsity of the same order as for gg. Its weights are
absolutely bounded by Bj. Since [W*X|. < Bj, we obtain

g(fﬂ%) < lg* - gEH%‘X’([*BhBl]d*) = Hg - gﬂ”%oo([oﬂd*) < M2/

Using yields for some ¢ > 0 only depending on upper bounds for d*, 8 and Cy
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4 Stochastic neural networks with mixing priors

that

~ . / log(2/0
E(Dy) < 4dMTB/ 4 C—g?M[logQ n)?log(p vV n) + Q7Og(n/)
with a probability of at least 1 — §. Choosing
n d* /(26+d*)
=[5 ) e
log®(n)log(p V n)
yields the assertion. U

4.3.6 Proofs of the auxiliary results

The proofs of the auxiliary results in this section use similar arguments to the proofs of
[Lemma 2.12| and [Lemma 3.15] see [Section 2.3.5.3| and [Section 3.4.7.2] respectively.

4.3.6.1 Proof of [Lemma 4.7

The key step is to verify

ern — ern
— =2"(1-2"" —, 4.11
2 (1 - g (a.11)

from which we can deduce

~ szr
KL(o,., | TI :/10 ( 8
(orm | 1) e\

) dony = [1og (257} dgvy +log(' (1~ 27)

< KL(QL,n | HL) +7r

Since the arguments from the proof of [Lemma 3.15, yield KL(o,, | II,) < P.log(2B/n), the

lemma follows.

For |(4.11)} note how g,.,, only assigns positive probability to sets A C [-B, B]f". Hence,

do, dor. - do,
Qr,n(A)Z/ S git = 22 / Q”dH—(l—Q )127“/ SO gmn.. O
A dIlI 1 dll

4.3.6.2 Proof of Lemma 4.8l

(i) We will show that
dIOI,n o de,n

4.12
dII T an; (4.12)
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to deduce

dp dpz,
KL(pz,, | ) = / log (£22) dpr., = / tog (") oz Hos(Cr) = KL(pr | I1z)+log(Cx).

For|(4.12) we need to check
d
Pz, 7] / CZ ! PI 77 dIlz

for all Borel-measurable set A C RP. Observe that for the sets Sy o ={0 €Sy |V #0& i€
J} with 0 #J C{1,..., P}, we have

M7(S7e)=1. (4.13)

In particular, holds for J = Z. Since also pz,(Sz«) = 1, no generality is lost in
additionally assuming A C Sz .. Note how

S7NS1e=0 VI #I. (4.14)

Combining |(4.13)| with |(4.14)| we see that

de YPLn
dll; =0 VJ £1.
/A oL T4

Therefore,

d d
prn(A) = /A PLn i1 = / Cy 1 ELn pI’” dIly.

(ii) pz, and IIz are product measures and thus their KL-divergence is equal to the sum of
the KL-divergences in each of the P factors. For terms with index ¢ € Z, the corresponding
KL-divergence can be bounded by log(2B/n) as in the proof of [Lemma 3.15 For terms with
index i ¢ Z, the corresponding KL-divergence is zero, as both factors have all their mass in 0.
Thus,

KL(pz, | Tz) = ) KL (U —n, (97)i+nN[=B, B]) | U([-B, B])) < |Z|log(2B/n). O
1€L
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5 Estimating a multivariate Lévy density

In this chapter, we present our results on the estimation of a multivariate Lévy density based on
Steffen| (2023a). The estimator is based on the spectral method, see Belomestny & Reif| (2015)

for an introduction and [Trabs| (2015) for the one-dimensional case.

Let us recall that a Lévy process (Lg)sso is an R%valued stochastically continuous stochastic
process in continuous time with independent and stationary increments, (a.s.) cadlag paths and
Lo = 0. The distribution of the entire process is characterized by its Lévy triplet (X, v, ) with a
drift parameter v € R?, a positive semi-definite volatility matrix ¥ € R%*¢ and a Lévy measure
v. The aim of this chapter is to estimate the density of the Lévy measure, called the Lévy
density, which we also denote by v assuming that it exists. Throughout, the Lévy process is
observed in the form of n € N increments at equidistant time points with time difference 6 > 0

and overall time horizon T := nd:
Yk = L(Sk_Lé(k:—l)7 k= 1,...,TL.

Since, by definition, (L;)¢>o has independent and stationary increments, Y7, ...Y,, arei.i.d.

The Lévy-Khinchine formula, see e.g. [Sato| (1999), allows for an explicit representation of the
characteristic function of the process at any time point. If [ |z|? v(dz) < oo, this representation

reads

. 1 .
prlu) = E) = 0 with () = iy — g (0, + [ (@0 <1~ iu,)) v(do).
(5.1)
Denote the gradient and the Laplacian of a function g: R — C by Vg and Ag, respectively,

assuming they exist. We have

Vi(u) =iy — Zu +i/x(ei<“’x> — 1) v(dz), (5.2)
_ i(u _ _ pr(w)Api(u) — (Ve (u))?
Ap(u) = — tr(E) — / 2% y(de) = = tx(8) = F[2[*v](u) = 12 :
(5.3)
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5 Estimating a multivariate Lévy density

where the integral in the first line is component-wise, Z[z|?v] = [e!(:®)|z|2v(dz) and for

vectors x,y € C%, we set z -y = Zk:l Ty and then 22 = x - x. In particular, (Vg (u))? =
o 2

>k (i (w)™

The chapter is organized as follows. In we introduce the estimation method and

state our main results along with a short outline of the proof and the key tools used. The

empirical performance of our estimator is illustrated in simulation examples in The
full proofs are postponed to

5.1 Estimation method and main results

Just to motivate our estimator for v, suppose ¥ = 0. In view of we then have v =

—|- |27 [Aw] and At can naturally be estimated using the empirical characteristic function

Pon(u) =L 37 el(w¥k) leading to

~x ﬁé,n(u)Aﬁé,n(u) — (V(ﬁé,n(u)y
Avnlu) = 0ps.n(u) L@snwlzT-1/2} (54)

with the indicator ensuring a well-defined expression. Therefore, granted v has a Lévy density

also denoted by v, it is reasonable to propose the estimator
On(x) = —|2| 2F T KA (x),  x e R\ {0}, (5.5)

where K is bandwidth limited kernel with bandwidth h > 0 (K = h=%K(-/h)). We assume
that the kernel satisfies, for some order p € N, that for any multi-index 0 # 3 € N& with |8]; < p

we have
K(x)dx =1, / 2PK(z)dz =0 and supp. Z K C [-1,1]. (5.6)
Rd Rd
For d = 1, we recover the jump density estimator by [Trabs| (2015)) to estimate quantiles of Lévy

measures.

A suitable kernel can be constructed as K = (% 1g)/g(0) from an integrable even function
g: C®(R?) — R with support contained in [~1,1]¢, g(0) # 0, and vanishing mixed partial
derivatives of order up to p at 0. For the theoretical analysis, it is useful to consider a kernel
with product structure K(z) = H?:l KI(z;) for kernels K7 on R, each with order p, i.e. for all
geN,¢g<p

/ K (zj)dz; =1, /CE?Kj(l‘j)dﬂjj =0, and supp ZF K7 C [—1,1].
R
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5.1 Estimation method and main results

Obviously, such a product kernel also fulfills |(5.6)

5.1.1 Convergence rates

To control the estimation error, we need to impose smoothness and moment conditions on the
Lévy density. To this end, we introduce for a number of moments m > 0, a regularity index

s> 0, an open subset U C R%, and a universal constant C' > 0,

J*(m,U,C) = {(Z,fy, v) ’ ¥ e R4 positive-semidefinite, tr(X) < C, v € RY,

/|a:|m1/(d:v) < C,v has a Lebesgue density with | - [*v € C3(U, C’)},
where C*(U,C) denotes the ball of all Holder regular functions on U with regularity index
s> 0.

Since we require regularity of the Lévy density in a small (-neighborhood beyond U for a uniform
rate, we set Us = {z € R? | Ju € U : |z — u| < ¢} for some radius ¢ > 0.

In view of |(5.4)| it is natural that the estimation error also depends on the decay behavior of
the characteristic function, which in turn, is affected by the presence of a Gaussian component.
Therefore, we distinguish between the following two classes of Lévy processes. First, is the

so-called mildly ill-posed case for a decay exponent o > 0
D*(a,m, U, C,¢) = {(0,7,v) € T*(m, U, O) | [(1+ | [o) ™ /p1llo0 < C, |l]z|v]|oc < C}-

As alluded to in the introduction, a Gaussian component overclouds the jumps in addition to the

discrete observations and is therefore treated as the severely ill-posed case for a,r,n > 0

gs(aama U,r, Cann) = {(E”Y’ V) € js(m’ UC,C) ‘ || eXp(7T| : ‘go)/Splnoo <0,
237 y(z) < C Vx| < 1}.

The parameters o and 7 control the exponential decay of the characteristic function. Note that
¥ # 0 already implies o = 2. In this case, the assumption |z|>~"v(z) < C for |z| < 1 allows us

to control the behavior of the small jumps.

In the mildly ill-posed case, the Blumenthal-Getoor index of the Lévy process is at most 1,
whereas in the severely ill-posed case it is at most ((3—n)A2) V0, where we set aAb := min{a, b}
and a V b := max{a, b} for a,b € R.

For these regularity classes, we are able to quantify the estimation error as follows.
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5 Estimating a multivariate Lévy density

Theorem 5.1. Let a,r,C,( > 0,5 > 1,m > 4, and let the kernel satisfy |- [PT4K € L'(R?) and
with order p > s. Let U C R% be an open set which is bounded away from 0. We have for
0<o0<C,n— oco:

15 bounded an = hsy = (log , then uniformly in (X,v,v) €
M) If U is bounded and h = hs,, = (log(T)/T)"/ (2s+2%a+d) forml X
Ds(a, m? U’ C? C)

( (log T) s/(2s+26a+d)) .

sup [v5,(27) — v(2")| = Op( ( —5

z*elU

If 6 = n~° with ¢ € (0,1), the choice h = (log(T)/T)"/?+d yiclds the rate
(log(T))/T)*/ s+

(S) If | - |PYK € LYR?Y), n > 0 and h = hs, = (log(T)/(4r8))~Y/, then uniformly in
(27’.)/7 V) E gs(a7 m7 U7 T’ C’ C: n)

s ) =00 = 0n((555) ™),

If 6 = n™° with 5 < e < 1, the choice h = T—YQ6+d) yields the rate

s/ 2(s+d))

\

3 a
(s+d)+1 " 2(s+d)+a

This theorem generalizes (2015, Proposition 2) to the multivariate case and additionally
allows for high-frequency observations. and [5.2] illustrate a simulation example of the

estimation method.

Figure 5.1: 3D plot of | - |?v (left) and its estimate (right) for a two-dimensional compound
Poisson process with Gaussian jumps.
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o2 (x) [T CON
10.5 10.5

9.0 9.0

7.5 7.5
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1.5 1.5

0.0 0.0

Figure 5.2: Heatmap of | - [*v (left) and its estimate (right) for a two-dimensional compound
Poisson process with Gaussian jumps.

In the mildly ill-posed case, one can easily attain the same rates without the logarithm when

considering the pointwise loss.

We first discuss the low-frequency regime: For d = 1, our rates coincide with the proved minimax-
optimal rates in the corresponding nonparametric deconvolution problems, see (1991). In

the mildly ill-posed case with d = 1, the pointwise variant of our rate has been shown to be

minimax-optimal under the assumption that xv is s-Sobolev regular, see (2012)). In
the severely ill-posed case with d = 1 and a = {1,2}, our rates coincide with the minimax-

optimal rates of Neumann & Reifs (2009), who consider the integrated risk in the estimation of

Yoo(dx) + |2*(1 + |z*)"tv(dx) against test functions with Sobolev regularity s. This measure
has an atom in 0 and is therefore not smooth. Hence, the regularity in the rate comes purely
from the test function. By considering U bounded away from 0, we can profit from the regularity
of the Lévy density outside the origin. We do not even suffer an additional loss for the dimension

in the rate, only in the constant. Therefore, the above suggests its optimality.

One sees that the rates improve as the time grid narrows. If this refinement happens at an
appropriate order compared to the growth of the sample, the ill-posedness vanishes completely
in the mildly ill-posed case and the rate becomes polynomial in the severely ill-posed case. In
the mildly ill-posed case with high-frequency observations, the rate corresponds to the minimax-

optimal rate in a nonparametric regression.

It is straightforward to see from our proof that when estimating |-|>v , we can forgo the exclusion
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5 Estimating a multivariate Lévy density

of the origin from U while achieving the same rates in the mildly ill-posed case. In the severely
ill-posed case, the unknown volatility of the Brownian component of the Lévy process obstructs
the observation of the small jumps. Hence, we can benefit from a pilot estimator for X. As
discussed earlier, even with a minimax-optimal estimator for X, we would suffer a loss in the
overall rate. However, in view of it suffices to estimate the one-dimensional parameter
tr(X) which is easier compared to the d x d-matrix . Following the spectral approach again,

we propose the estimator

—_——

(E) = (1), = — / W () A (u) du, (5.7)

where W}, = h?W (h-) for a bandwidth h > 0 (corresponding to the threshold h~') and a weight
function W: R? — R with

/W(u) du=1  and supp W C [-1,1]%

This estimator achieves a rate of (logT)~(*4/® and is incorporated into the estimator for |- |?v
via
| vy, = —F T Ky (A, + t2(8),,)]

leading to the following extension of

Proposition 5.2. Let a,r,C,(,n > 0,1 < s € N,m > 4, and let the kernel satisfy | - [PTYK €
LY(R?) and |(5.6)| with order p > s. Assume ||.Z W (z)/zi]|;1 < oo for some k. Choosing
h = (log(T)/(4r8))~'/*, we have uniformly in (X,7,v) € G*(a,m,R% r,C,(,n)

sup [([7 P @) — laua™)| = 0 ((51) 7).

z*€R4 4rd

5.1.2 Independent components

Compared to the one-dimensional case, we need to take the dependence structure of the com-
ponents of the process into account. In particular, our previous assumption about v having
a Lebesgue density on R?, rules out Lévy processes where all components are independent,
since the corresponding Lévy measure would only have mass on the coordinate cross. Similarly,
Lévy processes consisting of multiple mutually independent blocks of components, where the
components within the same block depend on each other, are not covered. For the sake of nota-
tional simplicity, we focus on the case of two equisized independent blocks: Let d be even and
L= (L(l), L(Q)), where LW and L are two independent Lévy processes on R%/2 with charac-
teristic triplets (X1,7v1,v1) and (32, v2, v2), respectively. Denoting by dp the Dirac measure in
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0 € R%2, it holds that
v(dz) = v1(dzM) @60 (dz®) +6o(dzM) @ vy (dz®), z = (M, 22), 2 22 e RY2 (5.8)
We summarize the class of such Lévy processes as

J(m,C) = {(E,'y, v) ‘ Y= (%1 202),tr(2) < C, %1, %y € RY2%4/2 hositive-semidefinite, v € RY,

/ |z|™ v(dz) < C,v has the form|(5.8) and vy, v have Lebesgue densities}

for m,C" > 0. A simple example of such a Lévy measure and its estimate are illustrated in
ig. 5.3

As before, we distinguish between the mildly ill-posed case with a > 0

D(a,m,C) = {(0777 v) € j(m,C) | H(l + ’ : |OO)7Q/901HOO <0, H’xk‘VkHOO <Ck= 172}
and the severely ill-posed case with a,r,n > 0

Glo,m,r,Com) = {(Z,7,v) € T(m, O] | exp(=r] - %)l < C.
‘xk‘?)—’?l/k(xk) < CV|zg| <1,k = 172}

based on the decay behavior of the characteristic function and the presence of a Gaussian

component.

If the dependence structure were known, we could separate the blocks in the observations, apply
our method to each block, and obtain an estimator for the overall Lévy measure. Since this is
not the case, we are left with applying our initial method. In spite of the unknown dependence
structure, we are able to quantify the estimation error. Due to the structure of the Lévy measure,
we cannot hope for a pointwise quantitative bound. Instead, we consider the error in a functional

sense. To this end, we introduce the following class of test functions for o > 0 and U C R¢

Fy(U,C) = {f: RY 5 R | f € CORY, | fllceqga: £l ey < C, supp £ € U,

Theorem 5.3. Let a,r,C > 0,0 > 1,m > 4, let the kernel have product structure and satisfy
|- |PTK € LY(RY) and with order p > 0. Then, we have for 0 < § < C,n — oo:

(M) If U C R? is bounded and h = (log(T)/T)"/(2e+200+3d/2) " then wniformly in (X,7,v) €
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|z v ()

Figure 5.3: 3D plot of | - [?v (left) and its estimate (right) for a Lévy process where both com-
ponents are independent compound Poisson processes with Gaussian jumps.

D(a,m, C)

0 | / (@) (v(dz) — Br(dx) (—@P((loiT )@/<2e+26a+3d/2>)‘

(S) If U C R? is bounded away from 0, |- [Pt K € LY(R?), n > 0 and h = (log(T)/(4r6)) =/,
then uniformly in (X,v,v) € Q~(a, m,r,C,n)

sup ‘/f )|z (v(dz) — D (dz) ’_OP«lzg;/’) g/a>.

FEF,(U,C)

Note that the regularity parameter g in the rates comes from the smoothness of the test functions
as compared to the smoothness s of the Lévy measure in In the severely ill-posed
case, the result is analogous to the well-specified. In the mildly ill-posed case, we pay for the
dependence structure with an d/2 in the rate. Morally, one can interpret this as the model

dimension being 3d/2 instead of d.

Remark 5.4. The product kernel is compatible with any dependence structure of blocks, regard-
less of their size. For instance, if all components of the process are independent, one still obtains
the analogous result in the severely ill-posed case. In the mildly ill-posed case, the dimension
appearing in the rate is 2d — 1 instead of 3d/2. Comparing the dependence structures, one
finds that the two independent blocks are an in-between case of no independent blocks and fully

independent components.
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5.1.3 A uniform risk-bound for the characteristic function and linearization

A key ingredient in the proofs of our preceding results is the following moment-uniform risk
bound for the multivariate characteristic function and its partial derivatives. It generalizes the
existing results in the univariate case (see Kappus & Reif||2010, Theorem 1) and the multivariate

non-uniform case (see Belomestny & Trabs| 2018, Proposition A.1).

Proposition 5.5. Let X1, Xo,... be R-valued i.i.d. random variables with characteristic
function ¢ and empirical characteristic function @, such that E[|X,|*?|X1|7] < plfhA and
E[|X1|?%] < plBhAL for some multi-index B € Nd and 7,p > 0. For the inverse softplus-type
weight function w(u) = log(e 4 |u])~0+X)/2 with x > 0, we have

E[|lw(u)(@n — )P (u)| ] < pUPD/2n=12,

As a direct consequence of [Proposition 5.5, the indicator in the definition |(5.4)[ equals 1 on the
support of .# K}, with probability converging to 1 for the bandwidths we consider.

To prove our rates for Uy, we decompose the error into

Op(z*) —v(a*) = |z |2 ((Kn* (|- Pv) = | - [Pv) (z¥)
— FUF K, (D, — AY)] (2*) + tr(Z) Ky (7))
= 22 ((Kn* (|- Pv) = |- Pv) (2¥)
=B (x*)
— FTFKR ' A((Bon — 05)/95) ] (2%) + R + tr(Z) Kp(z*)) (5.9)
=L%, ()

into a bias term BY, the linearized stochastic error Lgn, the error tr(X) K}, due to the volatility,

and a remainder term Rs . [Proposition 5.5 applied to the increments of the Lévy process leads

to the following linearization.

Lemma 5.6. Let [ |z|**" v(dz) < C for some 7 > 0. If n=1/2(log h™1)+/2|| o5t oo (7,) — 0
asmn — oo for h € (0,1),x > 0, it holds

sup | Adpy (u) = Ap(w) = 6 A((Bsn — 05)/05) ()| = Op(an),  where

[uloo<h™t

an =0t (log A=) X 05 17 1,082 (BIV | oo 1,y + 82 NIV g,y + 1)-
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As a direct consequence, the remainder term is of the order
|Rs.n| = Op(h™%ay). (5.10)

After treating the four terms in|(5.9)| the asserted rates follow from our bandwidth choices. The
full proofs are postponed to

5.2 Simulation examples

We demonstrate the estimation of the Lévy density for d = 2 with three examples: a com-
pound Poisson process, a variance gamma process and two independent compound Poisson

processes.

A challenge is to find examples of multivariate Lévy processes for which paths can be simulated
and the true Lévy measure is accessible (at least numerically). To compensate for the possible
singularity of the Lévy density at the origin, we plot |- |2~ and its estimate. Throughout, we use
the flat-top-kernel K, see McMurry & Politis (2004)), as defined by its Fourier transform

L lu| < ¢,
FK(u) = { exp ( - W) c<lul <1,
0, Jul > 1,

whose decay behavior is controlled by b > 0 and 0 < ¢ < 1. In our simulations, b = 1, ¢ = 1/50
deliver stable results. While a product kernel is convenient for theoretical reasons in[Section 5.1.2]
it does not seem necessary in practice. Throughout, we simulate increments of the processes
with a time difference of § = 0.001 and fix the bandwidth at A = 472, To conquer this
ill-posed problem, we use large samples of n = 500000 increments. From the definition of
the estimator, it is not guaranteed that 7 > 0, and for numerical reasons even v(zx) € C\ R
is possible for some z € R? in practice. Therefore, we consider the estimator Re(?) v 0 in our

simulations.

The most straightforward example under consideration is the compound Poisson process with
intensity A = 100 and two-dimensional standard-Gaussian jumps. In this case, the Lévy density
is just the standard normal density, rescaled with the intensity \. illustrates that the
method captures the overall shape of the density. The heatmap in provides a more
detailed view especially around the origin. We observe that the decay for |x| — oo and |z| \, 0

is well-estimated, with slight problems only arising on an annulus around the origin.
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5.2 Simulation examples

A practical way to construct easy-to-simulate multivariate Lévy processes is to subordinate
multivariate Brownian motion. In particular, we use a gamma process with variance Kk = 1
to subordinate a two-dimensional standard Brownian motion. To access the Lévy measure of
the resulting variance gamma process, we approximate the theoretical expression from
Theorem 4.2) numerically. The results are again illustrated in a 3D plot
and as a heatmap . In this example, the estimator suffers from oscillations around the

true density which are to be expected from spectral-based methods.

To demonstrate the method under the dependence structure discussed in we con-
sider a Lévy process comprised of two independent compound Poisson processes, each with inten-
sity A = 100 and one-dimensional standard-Gaussian jumps. In contrast to the two-dimensional
compound Poisson process considered at the beginning of this section, the jumps in both com-
ponents are driven by independent Poisson processes. The corresponding Lévy measure takes
the form where v and v, are one-dimensional standard-Gaussian densities, rescaled with
A, as illustrated on the left-hand side of It is important to emphasize that the blue
and the orange line represent the Lebesgue densities of both components on R, not R%. The
right-hand side of the aforementioned figure reveals a strong performance of the estimator on
the coordinate cross. Around the axes, we observe a smearing effect due to the singularity of
the true Lévy measure on the coordinate cross before the estimate drops off farther away from

the origin.

|z [*v(2)

Figure 5.4: 3D plot of |- |?v (left) and its estimate (right) for a two-dimensional variance gamma
process.
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5 Estimating a multivariate Lévy density

l 0.40 2 PP(a) l 0.40
0.35 0.35

|z (x)

F0.30 F0.30
r0.25 F0.25
r0.20 r0.20
0.15 0.15
0.10 0.10
0.05 0.05
0.00 0.00

Figure 5.5: Heatmap of |-|?v (left) and its estimate (right) for a two-dimensional variance gamma

process.
5.3 Proofs
Throughout, set Iy, == [-h~',h71]? for h > 0. Note that X,v, At) and Kd)\n do not change if

we consider increments based on the Lévy process (L; — t7yp)i>0 for some 7g € R?. Hence, no

generality is lost if we choose 7 such that in the mildly ill-posed case

Vi = iF[zv] and Ay = —F[|z*V] (5.11)

and in the severely ill-posed case v = 0, see Nickl et al.| (2016, Lemma 12) for a similar argument

in the one-dimensional case.

Further, due to the infinite divisibility of v, the decay behavior of ¢; governs that of ¢s. In
particular, we have for 0 < § < C

I+ Joo) 7 slloo < AV O)T and  lexp(—rd] - %)/ @sllee < (1V O)°

in the mildly and the severely ill-posed case, respectively.

5.3.1 Proof of [Theorem 5.1

We extend the proof strategy by (2015)) to accommodate for the multivariate setting. To
allow for the application to high-frequency observations, we carefully keep track of § throughout.
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5.3 Proofs

Subsequently, we will analyze the four terms in|(5.9)]

5.3.1.1 Controlling the linearized stochastic error

To control

= F T K0 A((Ban — 95)/5)],

we need to get a grip on the partial derivatives of @5, — ¢s in the Laplacian of (@5, — ©s)/¥s.

In particular, we show that

o o 12 L
e EHW(%’" - 905)(“)H < sup EHW(%’” - %)(U)’ } <p 1250020 = 0,1,2.
u€R4 Uy, uweR? uy, (5 12)
Since l }
o 2 . o Y )
B[ 57 Pon = ws)w)| | < B =07 Jhes0)]  VueR,

where Y7 j, denotes the k-th entry of Y7, the case [ = 0 is obvious and for [ = 1,2 it remains to

show that
82[
‘8 21905 ) 0.

In the mildly ill-posed case, we have

‘8uw ’N/|:ck|l/dx /|x (dz)

and in the severely ill-posed case

0
87%1?(0) =0.

The product rule for higher order derivatives yields

%2125(0)’ = ‘(5@6(1&)(5((9?% (u))2 2¢( )) /]:1:\2 dx < and
4 2
) = \auk(%f w)(©)

+ ajfzq/’(())‘) <5

S 52 (j)\E[Yf,:ju(\a (32 w)”

where all emerging partial derivatives can again be absolutely and uniformly bounded using our

assumptions on v.

To simplify the notation, set msp = .# K} /ps and recall z -y = Zi:l zryy for z,y € CY.

99



5 Estimating a multivariate Lévy density

For the severely ill-posed case, we have |Ay(u)| < 1 and that [e€*® — 1| < |z|ju| implies

|[Vi(u)| < |u|. Together with [(5.12)] we obtain

E sup. ]L(’in(x*)\} < ST'E[||F T ImsnA@sn — 0a)l|| ] + 2E[||F " ms M Bon — 05) V|| ]
x*eR

+E[[|F 7 [msn(@sn — 05)(6(Ve)* — AY)]|| ]
< (@2m)~? /Ih (5*1E[\A(@a,n —@5)(W)|] +E[|V(@sn — w5)(u) - Vi (u)]]
+E[[(85,0 — 05)(w)|] (1A% ()| + 6!Vw(u)l2)) exp(réfulg,) du
< podr1/? /Ih (1+ 8lu| + 62 + 532 |u)?) exp(ré|ul%) du

ST V2 (A4 4 6h™0 1 4 63207972) exp(réh ™), (5.13)

which is dominated by the bias.

In the mildly ill-posed case, the stochastic error needs to be decomposed further into the main

stochastic error

n

1

My, = ~7
f—

F1 [mg,h(|Yk\Qei<“’Y’“> —E UYk|2ei<“’Y’“>] )} and
1

M5V,n - Lg,n = 29_1 [mé,hv({a&n - 905) : VQ[)] + y—l [mﬁ,h(a&n - 905) (A¢ - 5(V¢)2)] . (514)

To control the difference |(5.14)] note that [||z|v|w < C and |||z|™v||;r < C imply |||z|v|| 11,
x|Vl g2, ll|z?v]| 2 < 1. Further, the support of .# K and the decay behavior of o5 ensure

sl 5 [ IFRGOPQ+ ) du S (14 bR S H (55)

Hence, [(5.12)[ and the Cauchy-Schwarz inequality together with |(5.11), and the Plancherel the-

orem lead to

E| sup [M,, (") = L§ ,(a")|
z*eU

< (QW)id(QE[Hmé,hv(@&n - @5) : V1/1||L1] + E[Hmé,h(@&n - 905)(A1/] - 6(v¢)2) HLI])
ST s 2 (82|l 2 + 2wl g2 + 6d?|[|2lv | g2 |l 1)
< pl/2pToemd/2, (5.16)

Being the sum of centered i.i.d. random variables, the main stochastic error for fixed z is con-

trolled by Bernstein’s inequality, as summarized in the following lemma.
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5.3 Proofs

Lemma 5.7. Let a, C,¢ > 0,m > 4 and x € R? and let the kernel satisfy |-|PT¢K € LY(R?) and
(5.6)| forp = 1. If (3,7,v) € D%(ar,m, U, C, (), then there exists some constant ¢ > 0 depending
only on C, v and d such that for any ko >0 and anyn € N0 <6 < C,h € (0,1)

2
Y _ S CK
P(|M6,n(x)‘ > roT /2070 d/Q) < Zexp ( B (1+ |z]3) (1 + ,:O(th)IM))'

To establish a uniform bound for * € U, a union bound extends this lemma to a discretization of
the bounded set U and Lipschitz continuity of x — My, (z) allows us to control the discretization
error. In particular, a standard covering argument yields a discretization zy,...,xN, € R? of U
such that supg.cpy min_y__n, |[2* — 2] < T7% N, < T2 and max;—1,.n, |z < Q with some
@ > 0 independent of n. Since

Mg,n = Kh *g with g = 571971 [ﬂfhgo(s_lA(@é,n - 805)]7
the fundamental theorem of calculus together with the order of the kernel ensures the Lipschitz
continuity of My via
1
| M5 () = My, (y)| = ‘ /0 (z—y) - V(Ep*g)(y + (@ —y)dr| < |z = yllglloc||[VER] | 11

S lz = ylh ™ glloo-
Therefore, the discretization error is upper bounded by

]E{ sup  min |My, (z*) — Mé’n(xm] < T7-5/2p-1 ’Sf’(s_l(u)\ du < T-5/2p~8a—d-1
z*elU l:17'--7Nn ? ’ Ih

Combining the above with Markov’s inequality yields for any kg such that 2d < %H% /(1+Q3?)

with ¢ from and T with x2log(T)/(Th?) < 1

log T\ 1/2
IP( sup | Mg, (z%)] > no( o8 ) h*‘so‘*dﬂ)
x*elU ’ T

log T\ 1/2
<P(,mas (Mg, ()| + sup min|M (2%) = M, (en)| > ro(<5) T hT0?)
—Ly.e5 iV x*eU =1..,4Vn

2 rlogTN—1/2
< 7(&) h5o¢+d/2E[ sup min |M5V7n(x*) — Mgn($l)|:|

NS 0 T x*EUlZl""’Nn
ck3log T
2N, - ’
T 20Nn exp ( 2(1+ Q%) (2 + no(log(T)/(Thd))l/z))
2 (logT\=1/2 45 1, il
< 2 (logT /2—17—5/2 -
< HO( g ) h T +2exp(<2d 6(1+Q3)>logT)' (5.17)

101



5 Estimating a multivariate Lévy density

The second term obviously converges to 0 as T' — oo. For the first term, 3d/2 > d/2 + 1

implies

2 (logT\N=12 4o 150 _ 2 (logT\=12 340 50 2 (logT\3/2_ 4, -2
- < — =

Ho( T ) h r \H()( T ) h r K (Thd> T (IOgT)

and the right-hand side converges to 0 by our choice of bandwidth.

Overall, [(5.16)| and |(5.17)| show

L%, = Op((loiT) 1/2h—6a—d/2> ’

which our bandwidths balance with the bias.

5.3.1.2 Controlling the error due to the volatility

We now consider the last term in|(5.9)} The mildly ill-posed case is trivial since ¥ = 0. Turning

to the severely ill-posed case, we first aim to bound |z[P*¥| K (z)|. To this end, consider

1

- ) K ()22 dz| du < 1.
Ly (2m)e Jp ¢ (=) e

ok K ()] <

1 OPTIZK
| |

It follows from the equivalence of norms |z| < |z|,+q that

d
je[PHK (2)] S 2T K (@) = D kP K ()] S 1 (5.18)
k=1
Thus,
p+d
K@) <hd sup K@ <h™ swp K (@) S Bl |
|| >|a*|/h \z|>[e|/h [T* /PP

and since U is bounded away from 0, this gives a uniform bound in z* of the order h® as

D= Ss.
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5.3 Proofs
5.3.1.3 Controlling the bias

For 2* € U and h|z| < ¢, we use a multivariate Taylor expansion of g := | - [*v € C*(U;) around

z* to obtain

. . B) (g* B (x* — Ty _pohz
oo =) —g@) = Y L chay e Y TRy,
0<|Bl1<ls< ' Bli=1s]< '

for some 7« _p, € [0, 1]. The order of the kernel and the Holder regularity of ¢ yield
|BY ()] = |(Kn * (|- [Pv) = | - Pv) (z7))|
= ‘/ (g(m* — hz) — g(m*))K(:E) dx‘

‘/|z></h 9(=" = ha) Z Z 5v _hx)ﬂ>K(ﬂf)dx‘

1Bl1<]s]<
W[ T e ) - ) K0
lal<¢/h gy, —LJ< &
Bl 00 BS
5/ g(2" — ha)K (@) dz + 3 lo Hf ©@) Sml/ jo]*| K ()| dz
le2¢/h 1Bl <Ls)< pro ¢ [#>C/h
+ |ha | < | e _ppha)* < | K ()| da.
Z B |z|<¢/h

1Blhi=s]<

The second and the third term are clearly of the order h®. To establish the same for the first

term, we proceed slightly differently for the two cases of ill-posedness.

In the severely ill-posed case, we separate the behavior of the small and the large jumps. On
the one hand, |(5.18)| yields

* hptd . .
/Iml></h7 l9(a” — ha) K (@)l dv < g /lx|></h, 2" = halv(a" — ha)le P K (@)] do
|x* —hz|>1 |x*—hxz|>1

< hs/ |z|?v(x) dz.
|z|>1

On the other hand, the assumption |y|>~"v(y) < C for |y| < 1 and gives

m,(ﬁd) / 2% — x‘f(p+d)
* _ < . < hP L S
Jiase, lote —mr@la s | et Jor— R S fo e, e

|lz*—hz|<1 |z*—hz|<1 lz|<1

5h5¢—<1’+d>/ |27 da.
|z|<1
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5 Estimating a multivariate Lévy density

In the mildly ill-posed case, one uses |||z|v|sx < C and the triangle inequality to find

1
/ 9" — ha)K (2)| dz < C 2* — ha|K (2)| de S Bo 1S / 2| K ()] da.
la|>¢/h j21>¢/h G

5.3.1.4 Controlling the remainder term

To bound Rs,, in we first show that, with a, from
g=F FK,(Ay, — A — 5 A(Bsn — 05)/95))] = Op(h™%an).

Let € > 0. Owing to we can choose N, M > 0 (w.l.o.g. M > ||K|;1) such that the
probability of the event A, :== {supy,__<j-1 [g(u)| > an M} with g == Kq/)\n —AY— 6T A((Bsm —
©s)/ps) is less than e for n > N. Due to the support of .# K, we have on AS,

lg(2*)] = (271T)d( /I T ZK (b)) du| <

nM _
(6‘2 )d/ |7 K (hu)| du < h™%a, M| K]| 1.
m I,

For M’ .= M||K||11, we obtain

P( sup |g(a*)| > h™%a, M) <,
z*eU

whereby the remainder term has the order proposed in |(5.10)

~

~

In the mildly ill-posed case, we have HgongLoo(Ih) < h7% and |(5.11

implies [|[Vo[| o)) S 1.

Thus, we have
|R5,n‘ = Op (n_15_1/2(10g h—l)l—i—xh—%a—d)'

~

In the severely ill-posed case, [|¢;* oo (1) S exp(réh™<) holds and (5.2

h~!. Hence,

implies HNWHLW(M) S

|[Rsn| = Op(n~ 1672 (log ™)X (b= 4 6h™971 4+ 6%/2h~472) exp(2r6h™)).

In both cases, the remainder term is dominated by the linearized stochastic error.

This completes the proof of O
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5.3 Proofs

5.3.2 Proof of [Proposition 5.2|

For the modified estimator, we have to replace tr(X)Kj with (tr(X) — t?(g))Kh in the decom-
position All other terms are treated as before. Since we can bound |Kp(x*)| by h™¢

uniformly in x* and § < C' is fixed, we only need to prove
|tr(2) — tr(%)| = Op ((log n)~ (/).

Similarly to|(5.9)] the error for estimating the trace of ¥ can be decomposed into

(%) — (D) /Wh (B — A (u du+/Wh ) (A(u) + tr(E)) du
-1 %n( ) — ps(u) 2
/ Wi( A o) )(u) du+Rspn — / Wi (u).Z [|2|2V] (u) du

7.~V — 14
*'La,n =By

/

with the linearized stochastic error Eg ., the bias EZ and a remainder term ﬁg,n. Using the

techniques from it is straightforward to see
E(|Z5,.] S5_1n_1/2/|Wh(u)||¢31(u)|(51/2+53/2!V¢(U)|+52\V¢(U)|2+5) du
<6 Y2 o5 oo (1) (617 + 632071 4 620 )/yWh( )| du
< n Y2 exp(réh™® /W )| du,

which is of the order n~/4(logn)?/® by our choice of h and will be dominated by the bias.

Using the Plancherel theorem in a similar fashion to Belomestny & Reifs (2015, Section 4.2.1),
we have for g == | - |2v and 8 € N& with 8, = sly—py

B 5| [ 77 @)/} 2 017 9(0)] (0 du] $ 19 el W2

By substitution

T Wa(@) /23] (u) = ) FHW (2) /23] (u/h)

and therefore

1BE1 S R llgPlocll 2 W (@) /230 /1)l S WD gD || F 7MW (2) /] 1 S HOH.

105



5 Estimating a multivariate Lévy density

Together with [Lemma 5.6 we have

Rsnl S sup | Dt (u) — Ag(u) — 5 A((Bsn — s)/s) (u)] / Wi (u)| du

[u]oo <h™1

= Op(n " (log ™)™ Xlo5 M |70 1,02 ),

which is dominated by the linearized stochastic error. U

5.3.3 Proof of [Theorem 5.3

The distributional analogon to [(5.9)|is

[ t@ o)~ [ @)lal (o
— [ 1@ @ Pr)@)ds - [ f@)afr(az)
+ / f(@)F HF KAy — AY,)] (2) dz + / f(2) tr(2) Ky (z) dz
— [ f@ &0+ (- Pr) @ do ~ [ wlafriay
+/f(:c)L6”7n(x) dm+/f(:v)R57ndm+/f(x)tr(E)Kh(x) dz

with the same LY, and Rj ,,, for which we will derive uniform upper bounds on U which directly
translate into bounds when integrating against test functions due to their regularity. For the

integrated bias, we use Fubini’s theorem to obtain

By = [ f@)(Kn+ (|- Pr)@)d — [ fwluPr(dy)
= [1@( [ Bae = wlsP o)) do ~ [ sl vidy)
— [ (7 + Kal=) @) = £0) o v(d)
= [ (0= @)~ F0) o vidy)

((Kn(=-) * f)(y) — f(y)) is of the order (|y| V 1)h? which follows from the arguments in |(5.9)
with g = f, o and Kj(—) instead of | - |?v, s and K}, respectively. Therefore,

\BY| < he / (| v lyl? v(dy) < he / Iyl v(dy) < Re.
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5.3 Proofs

A key tool to control the linearized stochastic error L, in|Section 5.3.1.1) was |(5.12)} which we

can still establish here by bounding the first four partial derivatives of 1 at the origin. Indeed,
by |(5.3)| we have %(0) = 0 and similarly

(9@!)( /|x|J (dx) = tr(2 —l—Z/\aleVl (dx;) <1, j=2,3,4,k=1,...,d.
ouj,

(5.19)
Hence, |(5.12)| holds. Additionally, [(5.19)| implies |Ay(u)] <1

In the severely ill-posed case, we can still bound the gradient of 1 by

V()| < Sul + / 2] 1] p(da) < Ju] + / [ 2|2 w(da) < Jul,

and then apply the arguments from |(5.13)l Hence, the linearized stochastic error is of the same

order as before.

In the severely ill-posed case, [(5.19)| holds even for j = 1 and therefore |V (u)| < 1. Continuing
from |(5.12)| in the mildly ill-posed case requires the most significant changes. |(5.11)| now reads

as

Vip(u) = (iﬂ[ﬂc(l)m] (uM), 1.7 [zP 1y (u(2))) T

and the main crux is that
/ (et 1Oy (d2®), Gk =1,2

are constant in half of their arguments. Therefore, they cannot be finitely integrable as functions

on R?. In a way out is to consider
2
lmonlVelll e < D man()lZ [ v (@] 1 (5.20)
k=1

Then, we apply the Cauchy-Schwarz inequality and Plancherel’s theorem only on L2 (Rd/ ) to

obtain

6, ()| Z [V 1r] (wD)]|| 2

//‘QK (hu) FleWin](u |’du(1 du®@

ws(u)

<NF Dl [ (/ o () du0) " au®
h L (R ) [_hfl’h—l}d/Q [_hfl’hfl}d/2 J

S h—éa—3d/4‘ (5'21)
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5 Estimating a multivariate Lévy density

Analogously, the second summand in [(5.20)| has the same order. As a direct consequence,

2
[masnl V2|0 < ZH\x ll o1 ||msn | V|| 0 S B da—3d/4
k=1

and similarly to |(5.20)[ and |(5.21) the same holds for |mgspA| 1. Recalling we

have

B[ sup [MF, (") = L5, ()] < @m) (B[ msnV (B - 95) - V| 1]

z*elU
+ E[||msn(@sn — @5) (A0 = 6(VY)?) || 11])
< n—1/2h—5a—3d/4‘

Note that we pay for the dependence structure with an additional h~%* compared to
The same occurs when applying Bernstein’s inequality to obtain the following adaptation of
Lemma, 5.7l

Lemma 5.8. Let o, C,( > 0,m > 4,U C R? and x € R%, let the kernel have product structure
and satisfy | - [PYYK € L'(RY) andfor p =1 If (2,7,v) € Dla,m,C), then there
exists some constant ¢ > 0 depending only on C,a and d such that for any kg > 0 and any
neN,0<I<C,he(0,1)

2

v — —da—3d CK
B(M (@) 2 0T 200 <2050 (= oy 7))

Carrying out the discretization argument from before, the linearized stochastic error in the

mildly ill-posed case is of the order

25,1 = 0p ((1281) 1 pmsoaara),

The term tr(X) K} is treated as in [Section 5.3.1.2| just with o instead of s. No changes are
necessary to treat the remainder term compared to This is because when treating

the linearized stochastic error, we already showed that still |V (u)|, |[AY(u)| < 1 in the mildly
ill-posed case and |Vi(u)| < |ul,|[A¢(u)| < 1 in the severely ill-posed case. This concludes the

proof of [TTieoren 5.3 0
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5.3.4 Remaining proofs

5.3.4.1 Proof of |Proposition 5.5

The proof uses empirical process theory and is a combination of Kappus & Reif (2010 and
Belomestny & Trabs| (2018]).

To simplify the notation, write
n .
CP . (u) = n~1/2p=(FhAL/2 E 8u5 el Xk) _ RellmXn])

so that the assertion reads
sup E[Hw C'B n(u )H

n=l1,
0<p<C

]<oo.

oo

We decompose C’g n into its real and its imaginary part to obtain

E[[lw()Cpa(w)] o] < Efllw(u)Re (Cpa(w) o] + E[[Jw(w) m (CF,(w) | (5.22)

As both parts can be treated analogously, we focus on the real part. To this end, introduce the
class of

8
Gpp = 1{gu:uecRY where  g,: R? = R, x w(u)p_(wl/\l)éiﬁ cos({u, x)).

Since G = p~(BLAD/2] |8 is an envelope function for G,.3, Corollary 19.35 in [van der Vaart
(1998)) yields

911/2 [G(X1)2]1/2
E[||w(u)Re (CF, ()] ] £ Jy(EGX1))Y2,Gpp) = /O log Njj(e,G,,5) de
(5.23)
where Nj(¢,G, ) is the minimal number of e-brackets (with respect to the distribution of X1)

needed to cover G, 3.
Since |gu(z)| < w(u)p~FI1AD/2)2|8 the set {g, : |u| > B} is covered by the bracket
95, 95) = {g9: R" = R | g (z) < g(z) < g (z) Ve € R} for

g5 = +ep~ (BLAD/2| 8 and B:=B(e) =inf {b>0: sup w(u) < e}.

|ul>b
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5 Estimating a multivariate Lévy density

To cover {gy : |u| < B}, we use for some grid (u,;);>1 C R? the functions

. 98
-—p“m”””(wﬁmﬁggTwa@mpO)id-W)HHKM}ip(Wh““ﬂ RUnE

9pj =
P
where M := inf{q : p*(‘f@h/\l)EﬂXl|2f8]l{‘X1|>q}] < €2}, Owing to E[|X1|?%] < plfhM) we
have
E[‘gj_(Xl) _gJ_(Xl)|2] < 452(p—(|6‘1/\1)E[|X1|25] + 1) < 662

for some ¢ > 0. Denote by @ the Lipschitz constant of w and use the triangle inequality to

see

()25 cos((,2)) = (1) 2 cos( (o)) | < [ol (@ + el —
oup ) J 8u§7j pJ> x 0.l

Thus, gu € [9; gj] as soon as (Q+M)u—u, ;| < e. It takes at most ([ B/eo])? £2-balls of radius
d'/?eq to cover the £2-ball of radius B around 0. For gy = ed~%/2/(Q + M), denote their centers
by (up,;);. To translate this into a cover of {g, : |u| < B}, we fix some g, with |u| < B. By
construction, we can pick j such that [u—u, ;| < d"/?cg = ¢/(Q+M). The previous calculations

1/2

show that [g 959, *]is a c!/2e-bracket containing g, and therefore

Ny(e,Gp8) < ([eHed) /> B(@Q + M)])" + 1

It is straightforward to see that B <  exp(e2/(+x), Further, ¢ =
(e=2p~UBADE[| X1|?8| X1 |T])Y/7 is sufficient for

p~ AV X P21 x5 qy] < @ TEIX PP 1X0 ] < €2
and thus M < (e 2p~UBRADE[ X, 128| X1 | )Y < (e72dd/)Y/7 for some ¢ > 0. Hence,

log Nj(e,Gp5) S 1+log(e /™7 1) 472/ (147 <1 4 g72/(147)

implying
(o~ UPAVE[ X, *9])/2
Jy(E[G(X1))2,G,5) = / \/1og Nj(e,G,.5) de < oc.
0
In view of |(5.22)| and [(5.23)] the assertion follows. O
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5.3.4.2 Proof of Lemma 5.6

Setting g(y) = log(1 +y) for y > —1 (ie. ¢'(y) = A +y) L ¢"(y) = —(1 +y)72) and ¢ =
(@s.n — 0s)/ s, we use

Vigo&)(u) = ¢'((w)VE(w),  Algo&)(u) = g"((w))(VE)*(u) + g’ (€(w)) A&(u)

and |(VE)?(u)| < |VE&(u)|? to obtain for |£(u)| < 1/2 that

|A(g 0 &) (u) = A&(u)| < |g" (ENIIVEW) + |g'(€(w) = 1AL ()] S [VEW)[* + [€(w)||A¢(w)],
(5.24)
because
g'(y) -1 <2yl and  |g"(y)| <4 VyeC:ly<1/2

The latter statement holds, since 1/2 < |1 4 y|. For the former statement, consider the expan-

sion

J)=—— =3 (-p* VyeC:ly <1/

to see

9'(y) — 1| = ‘i(—y)’“( = ) —yi(—y)k‘ = ‘ﬁ‘ < 2ly|.

Note that if the indicator ]l{le?a W (w)|>T-1/2} in the definition of @ equals 1, then @ — Ay =
6§ LAlog(Psn/ps). Therefore, [(5.24)] implies on the event Q, = Q1 N Qo with Q,; =
{inf|u‘m<h71 |@s.n(u)] > T_1/2} and 9 = {Sup‘u‘mgh—l |¢(u)| < 1/2} that

sup |68t — AG) (W) — A((Bsn — 5)/95)W)] S NVEN w9 + 1€l oo () 1A e (11

fuloc <h1

To control the &-terms, we invoke [Proposition 5.5| applied to the increments of the Lévy pro-

cess with p = ¢ after verifying that the moments are of the appropriate order. Owing to the

equivalence of norms, it is sufficient to show that with r=m —4 >0
E|Yix[*T <o and B[Vl <o, k=1,...,d,1=0,1,2, (5.25)

where Y7 j is the k-th entry of Y7 and thus an increment with time difference 6 based on the

Lévy process (Ly j)¢>0 with Lévy measure v;,. For I = 1,2, it follows from Figueroa-Lopez| (2008,
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5 Estimating a multivariate Lévy density
Theorem 1.1) that

lim 6 ~'E[|Y;
lim [1Y1,k

)=l B Louf ) = [ fon wida) < [ o v(do) 5

For I =0, E[|Y14]"] S E[|Y1,£]™] < 1 holds by our moment assumptions. The second condition

in [(5.25)| was already checked at the beginning of [Section 5.3.1.1

Therefore, |Ay(u)| S 1 yields

€]l oo (1) = Or (R 72 (log h™H) 02 o | Lo 1) (5.26)
I1VE oo 1,y = Or(n ™ Qog B X5 7o (1,1 (8 + SV 170 (1))
AL oo (1) = OP<n71/2(10gh D02 o oo 1,

(2 PN gy + NI ms,)

Combining |(5.26)| with n=1/2(log hil)(HX)pHnglHLoo([h) — 0 gives P(Qy,2) — 1. As discussed
after [Proposition 5.5, we also have P(€, 1) — 1 and therefore P(€,,) — 1, which completes the

)

proof. O

5.3.4.3 Proof of Lemma 5.7

For fixed z € R?, we want to apply Bernstein’s inequality to

n

My, (x)==> (4-E[g) with  &=T""F mau(u)|yy?e](2).

=1

Similar arguments to |(5.15)| reveal ng n(u H n ShT da=d and with the quotient rule one finds

the same order for ||Am5 n(u HLI and H |V bl HLl paving a deterministic bound of & via
&l =T YPF ! [ma h( Je ] (—yy)| (5.27)
=T 77 A (ms(we D) (-Y))]

(

<T 1HA(méh(u)e )

<T™ (HAm‘syh(u)HLl +2‘LIT| va5h|HL1 +|CL" Hm(thL1)
ST 11+ faf o
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5.3 Proofs

To bound the variance of &, note that for the distribution Ps of Y7, we have

FlizyPs) = gzz = dips gf 5T lizpv)ps = F[F 6T [izpvps]] = F[(Sizpr) + Py]

and therefore z;Ps = dp * Ps with pu(dz) = zxv(z)dz. It follows that

/g(Z)IZkI Ps(dz) < 8llzevllocllglipr, Vg € L'(RY).

Again, wusing similar arguments to [(5.15) and the quotient rule, we also have
HAméh |Vm5h\HL2 < p9%a=d/2 Thys, the Cauchy-Schwarz inequality and the

~

) 2
Plancherel theorem imply

Var() < Ella] = T2E|[Yi*| 2" [msa(u)e =] (-1 ]
d
<72 Z / W3] g n(w)e ™92 (=) P | Ps(dy)
25" lzuzkunw / P Z man(w)e 2] ()| dy

Sn’25’1\}|y| F 7 msp(w)e ] ()| g2 |yl Z 7 [msp(w)e ] ()] 1.

< 251 )| 0 —i(u,z) |0 —i{u,z)
£ (3 [ tmanwre )] ) (3 o st )] )

S n—25—1h—26a—d(1 + ‘ZL'|3)

Now, Bernstein’s inequality, e.g. van der Vaart (1998, Lemma 19.32) yields for a constant ¢’ > 0
and any x > 0 that

P(|M§,(z)] > k) < 2ex (— Ler” )
N2 RS IR W B ) R (L [aP)h5 )

which reads as the assertion if we choose k = koT~Y2h=99=4/2 for any kg > 0 and set ¢ = d/2.0

5.3.4.4 Proof of Lemma 5.8

Fix z = (¢, 2?)) for (M, 22 € R%?2 and analogously split Y; into its first and last d/2 entries
Yl(l) and Yl(2) with characteristic functions ¢s 1 and @52, respectively. Due to the product kernel,

we obtain

=Ty PF [m(g,h(u)e ] V)| =T " (A1B;y + A2 By)
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5 Estimating a multivariate Lévy density
with

Ak — |}/l(k)|2ﬁ—1 |:m((§k;z (U(k))ei<u<k)’yl(k)>] (.’E(k)), Bk — {g-_l m((;kiz(u(k))ei<“(k)’yl(k)> (x(k))’ and
kd/2
m$)(@®) =5 tw®) [ FEm), k=12
j=1+(k—1)d/2

A; and As are the same terms that appeared in the proof of [Lemma 5.7, see |(5.27)] just with

half the dimension and therefore

Akl S N5l oo ((on—1 p1jarzy =72 (1 |2 ),
E[’Ak’ | < 5”905k [~ h717h71]d/2)h7d/2(1 + |x(k)‘3)~

(1 ) 2)

In a similar vein, ms and m 5.h Can be treated like mg 5 with half the dimension leading to

k —d
1Bil < lmillagearsy S 105t oeqonrp-rjarzy b~ 42,

Note that
H H‘P ||L°°[ h—1,h—1]d/2) = HS% | oo (1)

Together, we have the deterministic bound || < T7'h=9¢74(1 4 |2|?). Further, since A; and

By as well as As and B; are independent, we obtain

Var(§) S T2 (Var(A1 Ba) + Var(A2B1)) < T2 (E[| A1 PJE[| B [?] + E[| A2[*JE[| B [?])
5 725 1h 26— 3d/2(1+‘x| )

Overall, Bernstein’s inequality, see e.g. the aforementioned van der Vaart| (1998, Lemma 19.32),

gives for a constant ¢ > 0 and any x > 0 that

Tc
P(|Mg,(2)] > k) < 2exp ( — ).
(1M, (2)] 2 1) < 2exp h—200=d(1 + |23) + #(L + |z[2)h 0o~

1/2},—6a—3d/4

The assertion follows by choosing x = kT~ for any ko > 0 and setting ¢ = ¢//2.0
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6 Outlook

Before providing an outlook on future research, we present a short summary of the thesis.

Whenever the evolution of a time dependent system is influenced by random phenomena, stochas-
tic processes are used for mathematical modeling. Since an important feature of data sets in
modern applications is high dimensionality, statistical methods for stochastic processes are re-
quired which are custom-tailored for high-dimensional data. Moreover, it is of utmost impor-
tance to be able to estimate the underlying uncertainties especially in applications from natural
science. In this thesis, we presented novel regression approaches which allow us to circumvent
the curse of dimensionality via dimension reduction techniques in general, and via deep neural
networks in particular. A focus was on Bayes-type methods which also allow for uncertainty
quantification. To achieve a scalable MCMC method, a corrected stochastic MH algorithm was
proposed. This method is computationally feasible for large samples and it satisfies an optimal

bound for the prediction risk as well as uncertainty guarantees.

Additionally, the estimation of the jump distribution of multi-dimensional Lévy process was
studied. Based on discrete observations the so-called Lévy density was estimated via a spectral
approach. Allowing for low- and high-frequency observations, rates of convergence were proved
and numerical experiments confirmed the theoretical findings. The proposed method is robust

to various dependence structures which may lead to singular jump distributions.

A relevant question for future research is whether the developed regression methods can be
combined with the spectral method to estimate the Lévy density of a multivariate, or even
a high-dimensional, Lévy process. We provide an outlook on how to possibly approach this

question.

By the Lévy-Itdo decomposition, see Sato| (1999)), we can rewrite any Lévy process (X;)i>o0
as
X, =tyw+3?B,+ L, t=0

with vy € RP, positive semi-definite ¥ € RP*P | a standard Brownian motion (By)¢>o in RP, and
a pure jump Lévy process (L;)i>0 with Lévy measure vy. The Lévy process (X;)i>0 is observed

on an equidistant time grid 0,20,...,nd = T with time difference § > 0. Equivalently, we
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6 Outlook
observe i.i.d. data D, = (Yj);=1,.., n of increments
Yj = Xjs - X(ons = Xs =00+ 22Bs+ Ly, j=1,...,n.

Recall from |(5.1)| that, under the assumption [ |z|? v (dz) < oo, the characteristic function of
Y; is given by

os(u) == E[e™X0)] = ™ with  (u) = i(u,7) — %(u, Yu) —l—/ (ei<“’m> —1—i{u,z)) v (dz),

where v = vy + flz\>1 xvr(dx). As in [Chapter 5L we can estimate s with the empirical charac-
teristic function @5, (u) = %Z?:l e®Y5) In view of (5.3)|7 we again estimate At by

AT . ﬁé,n(u)Ag’B&,n(u) - (V(ﬁé,n(u))Q
Atp(u) = 5Po.n (1) L35, (w) =112}

As discussed after [Proposition 5.5 and in the proof of [Lemma 5.6 see [Section 5.3.4.2] the

indicator equals 1 with probability converging to 1, and if the indicator equals 1, we have

@ — A =6t log (Psn/¢s). Therefore,

Agn(u) = — t2() — Z| - Prr](w) + ~Alog (@5,n(7~6)>

0 "N ()
~ = Z | P (u) — t(2) + EA(Q‘S’"(ZL v )%W)
= f(u) —tr(¥) + (ISA(G&H(Z)(S(:L;O&(U)»

where we linearized the logarithm as in This formula can be interpreted as a regression
model with the following differences to the nonparametric regression considered in this
thesis: First, instead of observing an i.i.d. sample of size n, we have observations for every
u € RP. Second, there is an additional nuisance term — tr(3). Third, the estimation problem is
ill-posed because the stochastic error will explode for large frequencies owing to ps(u) — 0 for
|u| — oco. Since the linearization and the stochastic error are as in We can use our
insights from the application of the spectral method.

In order to apply our regression techniques, we have to treat the nuisance term — tr(X), which
can be done as proposed in |(5.7)l With this in mind, we now omit the nuisance term, i.e., we

consider a pure jump Lévy process for clarity in the following arguments.

To estimate f, we introduce a class F = {fy : ¥ € ©} of parameterized functions with parameter
set ©. Under the additional assumption [ |z[***vr(dz) < oo for some s > 0, the function

f = —Z[ - PvL] is s-Holder regular. Hence, we could choose F as the class of ReLU neural
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networks from |Chapter 3| and again use approximation results by Schmidt-Hieber| (2020) or
Kohler & Langer (2021). Imposing a prior II on O, we would then consider the Gibbs posterior
distribution with II-density

dH/\ (19 ‘ Dn)

i o exp (— AR (9)),

where the empirical risk is defined as R, () = HK@D\n — follz2) with a compact set U C RY.
The set U can be chosen to cut off the problematic large frequencies in a way which depends
on the sample size, similarly to a bandwidth limited kernel. This choice of the risk is similar to
the empirical study by Xu & Darve, (2020) in the one-dimensional case. The differences are that
they estimate the characteristic exponent v instead of its Laplacian, and they evaluate the risk

on random frequencies uniformly drawn from some bounded interval.

A main challenge in applying the methodology from will be the derivation of a
concentration-type inequality since the empirical risk is no longer an average of i.i.d. random

variables. Based on the resulting estimator

~

A=1f;, where  0)| D, ~TI\(-| Dy)

for f, we would then need to recover the corresponding estimator of the Lévy measure vy, which
can be done similarly to Cutting off the high-frequencies, we propose to estimate vy,
by

vp(x) = 2|27 A o] (x), = eRP\ {0}

To adapt the overall approach to high-dimensional Lévy processes, we could introduce a notion
of sparsity into the model by assuming that L, = ATZ, with an R%valued pure jump Lévy
process (Z;)i>0, for d substantially smaller than p, and a sparse matrix A € R¥*P_ Denote the
Lévy measure of Z by v. Using the explicit relationship between v and vr, see |Cont & Tankowv

(2004, Theorem 4.1), we recover a multi-index structure

flu) = —/ |26l yp (dz) = —/ |22y (de) = g(Aw), u e RP
RP R4

with dimension reduction matrix A and link function g(u) = — [pa |7|?e!®® v(dz), u € R%

Hence, it is evident that we can exploit the reduced effective dimension of the model by estimating

this multi-index model, either directly, or, in view of with a sparse stochastic

neural network using the methodology developed in this thesis. Overall, the combination of our

regression techniques with our spectral based estimator for a multivariate Lévy density looks

like a promising approach to the estimation of a high-dimensional Lévy density.
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