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We study the joint dynamics of the phase bias φ and the propagating Majorana fermions of the edge modes 
in Josephson junctions containing two-dimensional time-reversal invariant topological superconductors (TRI-
TOPS). We consider TRITOPS-TRITOPS junctions, as well as junctions between topological and nontopological 
superconductors (TRITOPS-S). Both types of junctions are described by effective Dirac Hamiltonians with a 
φ-dependent mass. We analyze the effect of the phase fluctuations in the junction, as well as solitonic solutions 
of φ generated by fluxons trapped in the junction. We show that these solitons generate a spatial-dependent 
mass with a sign change akin to the Jackiw-Rebbi model. This enables the formation of zero-energy fermionic 
states localized at the fluxon. For the TRITOPS-TRITOPS junction these consist of a Kramers pair of Majorana 
modes, while for the TRITOPS-S one, there is a single Majorana fermion. The localized bound states hybridize 
in soliton-antisoliton configurations. Depending on the occupation state, these modes generate an effective 
attraction or repulsion in the dynamics of the soliton-antisoliton collision.

I. INTRODUCTION

The search for Majorana zero modes is one of the most
active avenues of research in condensed matter physics. This
is motivated by the relevance of topological properties of
quantum matter [1,2] and because of the potential use of these
quasiparticles as building blocks of fault-tolerant quantum
computation [3,4]. One-dimensional (1D) topological super-
conductors host these quasiparticles localized at the ends.
Several platforms to realize this phase have been proposed, in-
cluding quantum wires [5–11], magnetic impurities [12–14],
nontopological superconductors in proximity to topological
insulators [15], and planar Josephson junctions controlled by
the phase bias [16–22]. In two-dimensional (2D) systems
the topological superconductors host chiral Majorana modes
propagating along the edges. Promising signatures of these
modes have been observed in iron-based compounds [23,24]
and van der Waals heterostructures [25]. These and other
results have been reviewed in Refs. [26–29].

A different class of topological superconductors ex-
ist that preserve time-reversal symmetry. These belong to
the DIII class defined in Ref. [30] and are often re-
ferred to as TRITOPS (time-reversal invariant topological
superconductors) [31]. There are many proposals to real-
ize this topological phase in 1D and 2D systems [24,32–
49]. The edge states of these topological superconductors
appear in Kramers pairs and give rise to interesting phys-
ical properties like fractional spin densities and unusual
features in the Josephson effect [39,50–66].

Recently, Josephson junctions with two-dimensional TRI-
TOPS were studied in Ref. [67]. The edge states of 2D
TRITOPS are Kramers pairs of counterpropagating helical
Majorana modes. These modes can be effectively described
by a Dirac Hamiltonian of neutral fermions, i.e., a Majorana
Hamiltonian, where the hybridization at the Josephson junc-
tion defines, depending on the nature of the junction, up to
two masses m1(φ) and m2(φ). These mass terms depend on
the phase bias φ. Interestingly, when the junction is formed
between a TRITOPS and a time-reversal invariant nontopo-
logical superconductor (S), the behavior of m2(φ) is such that
a quantum phase transition to a state with spontaneously bro-
ken time-reversal symmetry at the junction is possible. In this
symmmetry-broken state the equilibrium value of the phase
takes values φ �= nπ with n integer. The consequence of such
an instability is a peculiar behavior of the Josephson current
J (φ) for small φ, while satisfying the condition J (0) = 0,
dictated by time-reversal symmetry. Interestingly, a similar
phenomenon takes place in the context of topological Joseph-
son junctions with an embedded magnet. Here, the mass term
is generated by the magnetization and a phase transition is
predicted to take place when the fluctuations of the magnetic
moment are taken into account [68]. One of the goals of this
paper is the analysis of the fluctuations of φ in the TRITOPS-S
junction and the stability of the state with broken time-reversal
symmetry.

The second goal is to analyze the effect of vortices in the
junction (fluxons). In S-S Josephson junctions, the dynamics
of the phase bias is described by the sine-Gordon equation of
motion and the fluxons lead to the formation of solitons (kink
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FIG. 1. Sketch of a TRITOPS-TRITOPS junction (top) with a
soliton profile for the phase φ = 2π/�0 and a TRITOPS-S junction
(bottom) with a fluxon with flux �.

solutions of this equation) where the phase changes by 2π in
the neighborhood of the fluxon [69–75]. This profile can prop-
agate along the junction and can collide with other solitons
traveling in the opposite direction. We show that the phase dy-
namics in the TRITOPS-TRITOPS junction can be described
in a similar way. Instead, the TRITOPS-S junction is governed
by a double sine-Gordon equation [76] and a double-kink
solution represents a total change of 2π in the phase. In long
Josephson junctions of 2D topological superconductors with
broken time-reversal symmetry, the coupling between the soli-
tons and the propagating Majorana edge states has been found
to localize a Majorana zero mode at the fluxon [77]. A similar
type of effect is also found to take place in planar Josephson
junctions with magnetic field and spin-orbit coupling hosting
a 1D topological superconducting phase [22].

We analyze the impact of single solitons and kink-antikink
profiles in TRITOPS-S as well as TRITOPS-TRITOPS junc-
tions. These generate sign changes in the mass terms of the
effective Hamiltonian, describing Majorana modes of these
junctions (see Fig. 1). Such a scenario defines an effective
Jackiw-Rebbi model [78,79], which is known to have a lo-
calized zero mode. We show that the nature of the zero mode
depends on the type of junction. In the TRITOPS-S junction
the solitonic solutions are consistent with fractional fluxons
that bind Majorana zero modes. The fluxons in the TRITOPS-
TRITOPS junction also bind zero modes, which appear in
Kramers pairs. In the case of kink-antikink profiles in the
phase, these localized modes hybridize when they become
sufficiently close to one another. Consequently, their energy
becomes finite and this effect plays a role in the collisions.
In fact, while ordinary kink and antikink cross one another
in a collision [69], the finite energy of the hybridized modes

generates an effective repulsion or attraction, which should
affect that behavior.

The paper is organized as follows. We present the effective
description to analyze the joint dynamics of the phase bias
and the Majorana edge modes at the different types of Joseph-
son junctions in Sec. II. Section III is devoted to analyzing
the stability of the mean-field description in the TRITOPS-S
junction. The equation of motion for the phase and the cor-
responding solitonic solutions in the different junctions are
analyzed in Sec. IV, while Sec. V is devoted to study the
type of electronic bound states which are generated by these
solitonic profiles in the phase. The impact of the electron
bound states in the collision of solitons is discussed in Sec. VI.
A summary and conclusions are presented in Sec. VII. Some
technical details are presented in the Appendixes.

II. DESCRIPTION OF THE JUNCTION

We consider the following effective action, which de-
scribes the joint dynamics of the phase bias along the junction
φ = 2π�/�0 (�0 = h/2e), and its coupling to the TRITOPS’
edge modes: S = Sφ + Sη−φ . These two components read as

Sφ =
∫

y,t

{
h̄K

2

(
1

cJ
(∂tφ)2 − cJ(∂yφ)2

)
− EJ(1 − cos φ)

}
(1)

as well as

Sη−φ = 1

2

∫
y,t

η†(ih̄∂t −H )η, (2)

with Dirac Hamiltonian

H = −ih̄vα∂y + m1(φ)β1 + m2(φ)β2. (3)

We use the notation
∫

y,t . . . = ∫
dy dt . . . . The precise expres-

sions for the matrices α and β1,2 depend on the nature of the
junction and will be given below. Sφ describes the dynamics of
the phase, taking into account the effect of the states above the
gap only. EJ is the Josephson energy density per length, which
is related to the amplitude of the Josephson current density
(per length) J (φ) = J0 sin(φ) via J0 = 2eEJ/h̄.

The gradient contributions to Sφ originate in the ener-
gies of the electric and magnetic fields. The action assumed
here corresponds to a three-dimensional (3D) situation, i.e.,
a junction of sufficiently large height hz � λ1,2, where λ1,2

are the respective London penetration depths. In this regime
the junction forms a wave guide with most of the magnetic
and electric energies bound to its volume. The phase rigidity
K and the effective light velocity (Swihart velocity) cJ are
then determined by the geometry of the junction and given by
c2

J = c2d0/d , K = h̄chz/(16πe2
√

dd0). Here d0 is the width
of the insulating barrier separating the two superconductors
and d = d0 + λ1 + λ2 [80]. If hz becomes too small, hz �
λ1,2, stray magnetic fields extending outside of the junc-
tion need to be considered, leading to a nonlocal effective
action [81].

Although the effective models for the topological su-
perconductors considered in the present work are 2D, the
mechanisms to generate such phases are typically by proxim-
ity to 3D superconductors [24,31,32,35,38–42,44,45,49]. We
assume these 3D superconductors to provide the necessary



suppression of the stray magnetic fields through their height
hz, acting as a wave guide and allowing us to consider a purely
local theory. Note that in the usual 3D Josephson junctions the
Josephson energy density EJ per length is also proportional to
hz [80,82]. In that case, one introduces the Josephson energy
density per area so that the height hz becomes a prefactor
of the whole action Sφ , which can effectively be reformu-
lated such that K is the prefactor of Sφ . In contrast, here
the Josephson tunneling takes place only between the 2D
superconducting layers, thus, our Josephson energy density
per length EJ is completely unrelated to K .

Sη−φ describes the coupling between the Majorana edge
states and the phase. The details depend on the type of junc-
tion, which is characterized by the mass terms m1,2(φ) and
the number of Kramers pairs of counterpropagating Majorana
modes involved. The latter defines the structure of the spinor
η (see Ref. [67]). v is the velocity of the Majorana modes.

In the action introduced in Eqs. (1)–(3) we consider two
mass terms. The first one is denoted by m1(φ)β1 and corre-
sponds to a coupling between the edge modes on both sides
of the junction. Its leading contribution is of first order in the
tunneling element tJ. The second mass term in Eq. (3), denoted
by m2(φ)β2, is due to the virtual coupling of edge modes
on one side of the junction to states above the gap on the
other side. Hence, it effectively couples the edge modes within
each superconductor and is of order t2

J /
eff with 
eff being
the magnitude of the superconducting gap. Obviously, for the
TRITOPS-S junction m2 is the only possible mass term.

We now summarize the description on the basis of low-
energy Hamiltonians describing a spin-preserving tunneling
(tJ) at the Josephson junction, following the derivation pre-
sented in Ref. [67]. For the TRITOPS-S junction there is
a single pair of counterpropagating Majorana modes (see
Fig. 1). Consequently, η is a two-component spinor and we
have

α = σ z, β2 = σ y, (4)

m1(φ) = 0, m2(φ) = m(0)
2 sin(φ). (5)

(TRITOPS-S).

The Pauli matrices σ act on the two members of the Majorana
Kramers pair. The edge modes of the TRITOPS are coupled
to the supragap states of the nontopological superconductor
S. As mentioned before, the nonvanishing mass term m(0)

2 ∝
t2
J /
eff is originated in a second-order process in the tunneling

amplitude.
In distinction, for the TRITOPS-TRITOPS junction (also

sketched in Fig. 1), η is a spinor with four components cor-
responding to the two Kramers pairs associated to the two
TRITOPS (labeled by S1, S2), and we have

α = σ̃ zσ z, β1 = σ̃ yσ z, β2 = σ̃ 0σ y, (6)

m1(φ) = m(0)
1 cos(φ/2), m2(φ) = m(0)

2 sin(φ) (7)

(TRITOPS-TRITOPS).

σ̃ j are Pauli matrices acting in the S1, S2 subspace while σ j

act on the two partners of the Kramers pair. Here, the mass
term modulated by m(0)

1 ∝ tJ is generated by the hybridization
of the Majorana edge states at both sides of the junction. This

is the leading order in the tunneling tJ and it is exact when the
superconducting gap is large enough 
eff � tJ to prevent the
hybridization of the edge modes on one side of the junction
with the supragap states of the other side. The second mass
term m2(φ) is a second-order perturbation with m(0)

2 ∝ t2
J /
eff

and has to be taken into account when the edge states on one
of the TRITOPSs hybridize, not only with the edge states, but
also with the supragap states of the other TRITOPS.

To identify the 4 × 4 matrices α and β1,2 of Eq. (6)
that determine the Dirac Hamiltonian H for the TRITOPS-
TRITOPS junction, we analyze the behavior under time
reversal, charge conjugation, and under the exchange of the
two identical TRITOPSs. Time reversal corresponds to si-
multaneously transforming φ → −φ and T = iσ̃ 0σ yK in the
fermion sector. The charge-conjugation operator C = UCK
acts on the BdG Hamiltonian as UCHU −1

C = −H∗. We use
a basis with real field operators η† = η. In this basis UC = 1
and thus H = −H∗. Finally, the exchange symmetry of the
two superconductors S1 and S2 corresponds to simultaneously
transforming φ → −φ and UX = σ̃ xσ x in the fermion sec-
tor. The conditions of time reversal, charge conjugation, and
exchange symmetry uniquely determine the matrices for the
TRITOPS-TRITOPS junction. In Appendix B we give further
details on the derivation of these symmetries. The underlying
assumptions are p± type of pairing in both superconductors
and spin-preserving tunneling at the junction.

The transformation φ → −φ is necessary if the phase φ

is a genuine dynamic variable. However, if one considers the
properties of the fermionic sector for a fixed configuration
φ(y), the mass term m2(φ) breaks both the time-reversal and
the exchange symmetry. This will be important when we
analyze the fermionic spectrum near given soliton solutions
of the phase.

The distinct dependency of the edge-mode mass m1,2(φ)
for the two junctions, given in Eqs. (5) and (7), gives rise
to qualitatively distinct behavior. For the TRITOPS-TRITOPS
junction, the net mass at φ = 0 is finite while it vanishes for
the TRITOPS-S junction. This is consistent with the bulk-
boundary correspondence; see Ref. [67] for a discussion. As
we will see, a fermion zero mode will only be associated with
a phase-slip soliton if the fermion is massive at constant phase.
For the TRITOPS-S, this requires spontaneously breaking
time-reversal symmetry with an equilibrium phase φ̃ �= nπ . In
this case, the protecting symmetry of the massless edge modes
is spontaneously broken for the TRITOPS-S junction and the
bulk-boundary correspondence does not apply. We will see
below that the stability of the time-reversal symmetry-broken
state depends on the value of the rigidity K . The symmetry
is broken for large values of K and hence large values of
hz, while at small K quantum fluctuations are important and
restore the symmetry. The ordered state is characterized by
an Ising variable that describes the two states ±φ̃ mod(2π ).
The quantum phase transition is then expected to be in the
tricritical Ising universality class [83,84], the natural transition
from an Ising ordered phase to a massless, critical phase that
corresponds to the critical point in the usual Ising model. It is
described by the tricritical Ising conformal field theory with
central charge 7/10. In our analysis we are more interested
in the quantitative location and parameter dependence of this
transition and in the properties of phase slips on the ordered



side of the transition. The ordered state can be described in a
controlled fashion in the limit of large rigidity K . To estimate
the phase boundary we will then go beyond the mean-field
limit, valid at K → ∞, and include fluctuation effects; the
transition is then estimated from the parameter regime where
these fluctuations start to dominate the equation of state.

III. LARGE PHASE RIGIDITY
AND ROLE OF FLUCTUATIONS

We now consider a semiclassical approach, where the
fermionic modes are treated in a full quantum mechanical
framework, while φ(y, t ) is regarded as a classical field de-
fined by its mean value with K → ∞ in Eq. (1). Under this
assumption, we express η(y) = ∑

k eikyηk and we consider the
Hamiltonian in Eq. (3) where the masses m1,2(φ) are functions
of the classical field φ, specified in Eqs. (5) and (7). The total
energy density after integrating out all the fermionic modes
of the junction in 〈Hη−φ〉 and adding the contribution of the
supragap states reads as

E (φ) = EJ[1 − cos(φ)] − m2(φ)

8π h̄v

[
1 + log

(
4�2

m2(φ)

)]
, (8)

where m2(φ) = m2
1(φ) + m2

2(φ) is the net mass and � a high-
energy cutoff of the order of the effective superconducting
gap 
eff .

The contribution of the states above the superconducting
gap, i.e., all states except for the edge modes, is given by
the first term of Eq. (8) which has a minimum at φ = 0.
As discussed above, the effect of the edge modes given
by the second term does not affect this minimum in the
TRITOPS-TRITOPS junction since m(φ) ∝ m0 at small φ,
while a competing minimum may develop for the TRITOPS-S
junction [67]. In what follows we analyze the stability of this
time-reversal symmetry-breaking solution in the TRITOPS-S
junction against the effect of the phase fluctuations introduced
by a finite K in Eq. (1).

Under the assumption φ � 1, one finds the minima of the
ground-state energy density (8) to be

φ(1/2)
eq = ±2�

m0
exp

(
−π h̄vEJ

m2
0

)
�= 0, (9)

hinting, as discussed, at a spontaneous symmetry breaking.
However, one has to keep in mind the possibility of quantum
fluctuations of φ destroying the phase with φeq �= 0. This is
exemplified by expanding the action in Eq. (1) up to second
order in φ, which yields the Gross-Neveu-Yukawa (GNY)
model in 1+1 dimensions, a bosonized version of the Gross-
Neveu model [85] S ≈ S(0)

φ + Sη−φ with

S(0)
φ =

∫
y,t

{
h̄K

2

(
1

cJ
(∂tφ)2 − cJ

(
∂yφ

)2
)

− EJ

2
φ2

}
. (10)

In the limit K → 0, integrating out φ results in a local 4-
Majorana interaction which is renormalization-group (RG)
irrelevant and thus no symmetry breaking takes place: in this
limit, the mean-field approach is invalidated by fluctuations.
Since the stiffness K suppresses the fluctuations (and renders
the effective 4-Majorana interaction nonlocal), we expect a

quantum phase transition at some positive value of K , beyond
which the nonzero expectation value of φ is stabilized.

While in the GNY model the question regarding a
symmetry-broken phase poses a strong-coupling problem, for-
mally not accessible via perturbative methods, it has been
shown in Ref. [68] that one can derive an estimate for
the parameter regime in which symmetry breaking is al-
lowed by analyzing the corrections to the equation of state
dE (φ)/d (φ2) = 0 due to Gaussian fluctuations.

Following the reasoning of Ref. [68], we expand the GNY
action up to second order in the fluctuations δφ around
some assumed minimum 〈φ〉 = φ̃ of the ground-state energy
φ(x, t ) = φ̃ + δφ(x, t ). After integrating out δφ, we derive
the equation of state for φ̃ and examine whether it allows
for solutions φ̃ �= 0, i.e., whether the mean-field solution is
consistent and only weakly affected by fluctuations. If this
is the case, we conclude that fluctuations are small and the
treatment in the limit of large rigidity therefore justified. If
not, fluctuations are large, suppress long-range order, and the
symmetry remains unbroken.

The fluctuation-corrected equation of state determining the
gap in the Majorana spectrum, the derivation of which is
sketched in Appendix C, reads as

dE

d (φ̃2)
= 0 ⇔ log

∣∣∣∣ φ̃

φeq

∣∣∣∣ + χφ̃ = 0, (11)

with

χφ̃ = 4

π

∫ π/2

0
dθ

∫ ∞

0
dr

Arsinh(r)√
1 + r2

×
[

8πKφ̃2r2

(
v

cJ
sin2 θ + cJ

v
cos2 θ

)

+ log

∣∣∣∣ φ̃

φeq

∣∣∣∣ +
√

1 + r2

r
Arsinh(r)

]−1

. (12)

Here, (r, θ ) are polar coordinates in the ( h̄ω

2m0φ̃
,

h̄vq
2m0φ̃

) plane.
We calculate the integral numerically for different values of
v/cJ and find the curve of critical values �c(v/cJ ) depicted in
Fig. 2, representing the minimum value Kφ2

eq needs to take
on in order for solutions to Eq. (11) to exist and thus the
symmetry breaking to be stable against Gaussian fluctuations.
The relevant experimental scenario corresponds to small val-
ues of v/cJ � 1 (� 10−4–10−3), in which case a small value
of Kφ2

eq is enough to guarantee the stability of the mean-field
solution. The precise value of K should anyway depend on the
geometric details of the junction.

Within the Gaussian fluctuation framework, the quantum
phase transition is of first order. However, there is no reason
to expect that the employed approximation properly describes
the critical fluctuations at this transition correctly. As stated
above, the quantum phase transition is expected to be in the
tricritical Ising universality class, where all exponents are ex-
actly known. Our approach is, however, very useful in getting
an estimate of the phase boundary as function of the system
parameters.



FIG. 2. Phase diagram of the TRITOPS-S junction with the
boundary �c between symmetry-broken (red) and -unbroken (blue)
phase determined from Eq. (11) for v/cJ ∈ [0, 1] (inset: v/cJ ∈
[0, 5]).

IV. EQUATION OF MOTION FOR THE PHASE
BIAS AND SOLITONIC SOLUTIONS

We now focus on the regime of large K of Fig. 2, where the
fluctuations of the phase bias are not dominant so that we can
regard φ(y, t ) as a classical variable leading to a current-phase
relation (CPR) J (φ). We assume that the length of the junction
is significantly larger than the Josephson penetration depth of
the two superconductors λ1, λ2. Hence, the phase may have
a spatial dependence along the junction which is represented
by φ(y, t ), whose dynamics is described by the following
equation of motion:

h̄

2e
C∂2

t φ − h̄

2e

1

L
∂2

y φ + J (φ) = − h̄GN

2e
∂tφ + Jext. (13)

Here, C = hz/(4πd0) and L = 4πd/(hzc)2 are the capac-
itance per length and the inductance per length of the
wave guide, respectively. The right-hand side of the equa-
tion describes the dissipation due to the normal conductance
(per length) GN and the driving with an external current
density Jext.

The homogeneous equation corresponding to Eq. (13) with
the right-hand side equal to zero defines the sine-Gordon
equation [69] for J (φ) = J0 sin(φ). This is the equation of
motion derived from the action Sφ of Eq. (1). In fact, one
can introduce new length scales and timescales, λJ and ω−1

J ,
and redefine y/λJ → y, tωJ → t , such that the homogeneous
equation simply reads as

φtt − φyy + sin φ = 0. (14)

It admits soliton, or kink, solutions associated to fluxons
trapped in the junction [69]. These solutions have the follow-
ing structure:

φ(y, t ) = 4 arctan
(
e

y−ut√
1−u2

)
, (15)

being u the velocity at which the soliton propagates. Its precise
value is determined by considering the full Eq. (13), including
the right-hand side.

We now focus on the static limit of Eq. (13) in the ho-
mogeneous case (u = 0) and we defer the discussion of the
dynamical effects to Sec. VI. Expressing the CPR as J (φ) =
EJ∂φε(φ), this equation can be written as

1

2

d

dy

(
dφ

dy

)2

= dε(φ)

dy
. (16)

Taking into account the boundary conditions dφ(y)/dy =
0, y → −∞ and φ(y) = φeq, y → −∞, being φeq the phase
corresponding to the minimum of ε(φ), Eq. (16) can be also
expressed as

dφ

dy
= ±

√
2δε(φ), δε(φ) = ε(φ) − ε(φeq ). (17)

It is easy to verify that for ε(φ) = 1 − cos(φ), we recover the
stationary sine-Gordon equation with the solution given by
Eq. (15).

Our aim is to solve Eq. (16) for different configurations of
Josephson junctions containing one or two TRITOPSs.

A. TRITOPS-S junction

The remarkable feature of this junction is the fact that
the phase corresponding to the minimum energy, φeq, has a
finite value 0 < φeq � π/2, meaning a spontaneous symmetry
breaking for arbitrarily small values of the phase bias.

In order to address the related properties of the junction,
we focus on specific parameters in Eq. (8), which lead to
an integrable double sine-Gordon equation [76] for the phase
bias. This corresponds to assuming � � m0 in Eq. (8), so that
we can substitute the term with the logarithm function by a
constant. The result is

E (φ) � EJ[1 − cos(φ)] − E0[1 − cos(2φ)]. (18)

This energy has two minima at

φ(1)
eq = φ0, φ(2)

eq = 2π − φ0, φ0 = arccos

(
EJ

4E0

)
. (19)

We see from the definition of φ0 that the two solutions,
φ

( j)
eq , j = 1, 2, exist provided that 4E0 > EJ. Otherwise, we

get the single (usual) solution φeq = 0, mod[2π ]. We bench-
mark this description against the numerical solution of a
lattice model, where E (φ) is calculated in a junction between
two BCS Hamiltonians defined in a square lattice connected
in a Josephson arrangement following Ref. [67] (see details
in Appendix A). One of the Hamiltonians (corresponding
to the superconductor S1) is a TRITOPS with p-wave and
s-wave pairing, respectively. 
(1)

p , 
(1)
s , and chemical po-

tential μ within the topological phase, where this system
has propagating Majorana modes at the edges. The moti-
vation for considering these two components of the pairing
is the fact that many proposals for achieving the TRITOPS
phase in real materials rely on a combination of s-wave su-
perconductivity with spin-orbit coupling (see, for instance,
Refs. [24,31,32,49,67]), which effectively induces p-wave and
s-wave pairing. The model for the nontopological Hamil-
tonian has only s-wave pairing 
(2)

s . In order to minimize
finite-size effects, periodic boundary conditions are imple-
mented along the direction y, parallel to the junction. The
dimension of the lattice is Nx = Ny = 300 sites for each of
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FIG. 3. Plot in continuous lines: Energy vs phase for a junc-
tion S1-S2 ≡ TRITOPS-S calculated in the lattice model defined
in Appendix A with Nx = Ny = 300 sites and periodic boundary
conditions along the junction. Parameters are the tunneling hopping
at the junction tJ = w/5, the amplitude of the pairing potentials
of the two superconductors, 
(2)

s = 
(1)
p = 4
(1)

s = w/5, and the
chemical potential μ = −2w, being w the hopping parameter of the
square lattice. Plot in dashed lines: Eq. (18) with E0 = 0.006 and
EJ = 0.014.

the superconductors. The ground-state energy shown in Fig. 3
is calculated by adding all the negative single-particle ener-
gies of the Bogoliubov–de Gennes Hamiltonian. We clearly
see two minima corresponding to φ0 �= 0. The precise value
depends on the model parameters, mainly on 
(1)

p , 
(1)
s . We

compare these numerical results with those calculated from
Eq. (18) with parameters E0 and EJ optimized to fit the nu-
merical data. A good agreement is found in the results shown
in the figure. This supports Eq. (18) as a representative limit
to analyze the phase dynamics of the TRITOPS-S junction.

We now turn to discuss the possibility of having solitonic
solutions to Eq. (17) in this peculiar junction. We focus on the
situation where we get the two minima given by Eq. (19) and
we express δε(φ) = [E (φ) − E (φ0)]/EJ as

δε(φ) = − cos(φ) + 1

2 cos(φ0)
[cos2(φ) + cos2(φ0)]. (20)

This defines an integrable double sine-Gordon equation [76].
It has two solitonic solutions, which correspond to solving

s
∫ φ j

φ j

dϕ
1√

2δε(ϕ)
= y − y0, (21)

with s = ±, φ1(y0) = φ1 = 0, and φ2(y0) = φ2 = π . They
read as

φ1(y) = 2 arctan

[
tan

(
φ0

2

)
tanh

( | sin φ0|
2
√

cos(φ0)
s(y − y0)

)]
, −φ0 � φ � φ0

φ2(y) = π − 2 arctan

[
tan

(
φ0 − π

2

)
tanh

( | sin φ0|
2
√

cos(φ0)
s(y − y0)

)]
, φ0 � φ � 2π − φ0. (22)

Both solutions evolve between the two equilibrium phases and
are shown in Fig. 4(a). Recalling that a change of 2π in the
phase is associated to a flux quantum h/(2e), we see that each
of these solitons is associated to a fraction of the flux quantum.

Interestingly, the spatial dependence of the phase in these
two solutions of the double sine-Gordon equation for the
junction introduces important changes in the mass term of
Eq. (3). In fact, substituting the functions φ j (y) in m2(φ), we
find its dependence with the position along the junction. The
results are shown in Fig. 4(b).

B. TRITOPS-TRITOPS junction

The equilibrium phase in this case is φeq = 0. As be-
fore, we approximate Eq. (8) by substituting the logarithm
by a constant, which results in E (φ) � EJ − E0/2 − (EJ +
E0/2) cos(φ). Therefore, δε(φ) = E (φ)−E (0)

EJ
� (1 + E0

2EJ
)[1 −

cos(φ)] and Eq. (16) reads as

∫ φ

π

dϕ
1√

2δε(ϕ)
= y − y0, (23)

being φ(y0) = π . The solution for a kink is

φ(y) = 4 arctan
(
e
√

E0
2EJ

+1(y−y0 ))
, (24)

and it is shown in Fig. 5(a). We see that this kink solution
is very similar to Eq. (15) but with a soliton width given by
a−1 = ( E0

2EJ
+ 1)−1/2.

Substituting in the mass from Eq. (6), we find the following
behavior for its variation as a function of the position:

m1(y) = −m(0)
1 tanh [a(y − y0)],

m2(y) = −2m(0)
2 tanh [a(y − y0)]

√
1 − tanh2 [a(y − y0)].

(25)

For an antisoliton, the overall minus sign for both masses
is replaced by a plus sign. The masses m1,2(y) as function
of position are shown in Fig. 5. Both masses are odd under
y → −y, i.e., m1,2(−y) = −m1,2(y). While m1(y → ±∞) →
∓m(0)

1 , the mass m2(y) has support only near the soliton, i.e.,
m2(y → ±∞) → 0.

V. ELECTRON BOUND STATES AT THE FLUXON

We now analyze the coupling between the phase and the
fermions in the edge states when the junction has trapped flux-
ons, leading to the solitonic profiles discussed in the previous
section, using the Hamiltonian in Eq. (3), where we recall that
η(y) are spinors collecting the members of the Kramers pair
of the counterpropagating Majorana modes.
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For the TRITOPS-S junction there is a single pair of Ma-
jorana modes (see Fig. 1) and we have

η(y) = (η↑(y), η↓(y))T (TRITOPS-S). (26)

Instead, in the TRITOPS-TRITOPS junction this spinor has
four components corresponding to the two Kramers pairs as-
sociated to the two TRITOPS (labeled by j = 1, 2), and we
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FIG. 5. Profile for a soliton of the phase (a) and the masses m1(φ)
(b) and m2(φ) (c), respectively, for the TRITOPS-TRITOPS junction
with φ0 = 0.12 × 2π .

have

η(y) = (η1,↑(y), η1,↓(y), η2,↑(y), η2,↓(y))T (27)

(TRITOPS-TRITOPS).

Each of these operators is real, η†(y) = η(y) as a consequence
of the Majorana property η

†
k, j,σ = η−k, j,σ being η j,σ (y) =∑

k e−ikyηk, j,σ [43,67]. These operators can be expressed in
terms of the operators that describe the microscopic properties
of the TRITOPS. For a two-dimensional system described by
a Bogoliubov–de Gennes Hamiltonian in which up and down
electrons form px + ipy and px − ipy pairing (see A1/2u and
B1/2u representations of the pairing in Ref. [67]) they read as

η j,σ (y) = e−is j sσ π/4

√
2

(c j,σ (y) + is jsσ c†
j,σ (y)), (28)

where s j = ± for the TRITOPS 1, 2, respectively, and s↑ =
−s↓ = 1. Here, the operators c j,σ (y) [c†

j,σ (y)] destroy (create)
an electron at the coordinate y along the edge in the TRITOPS
j with spin σ . In the TRITOPS-S case we omit the label j.

In what follows, we analyze the existence of bound states
by solving the Dirac equation

[m1(y)β1 + m2(y)β2 − ih̄vα∂y]�(y) = E�(y), (29)

with the matrices α and β1,2 depending on the type of junction
and with the mass terms m1,2(y) defined by the soliton profile.

A. Single soliton

The single-soliton case defines the celebrated Jackiw-
Rebbi model for a one-dimensional Dirac system with a
spatially dependent mass term. This problem is known to have
a zero mode localized at the point where the mass changes
sign. For simplicity, we consider y0 = 0 and we approximate
the y dependence of the mass shown in Figs. 4 and 5 by the
function sgn(y). Given our results of the previous section, we
consider mstep = m2 in the case of TRITOPS-S and mstep = m1

for the TRITOPS-TRITOPS junction, with

mstep = ±m0 sgn(y), m0 > 0 (30)

for the antisoliton and soliton, respectively. For simplicity
we neglect for now the smaller mass m2 for the TRITOPS-
TRITOPS junction. Below we will include this mass and avoid
the approximation (30) for the shape of the mass.

The zero mode is found by solving Eq. (29) with E = 0.
The result is

� (±)(y) = C �
(±)
0 e−κ|y| (31)

with C being a normalization factor, κ = m0/h̄v defines the
inverse of the localization length of the zero mode, and �

(±)
0

satisfies α0α1�
(±)
0 = ±i� (±)

0 . The spatial dependence of the
wave functions is the same for both kinds of junctions and is
illustrated in Fig. 6(a). However, the structure of the spinor is
different in the two types of junctions. We now show that this
implies a different nature of the bound states.

For the TRITOPS-S junction there is a single solution to
Eq. (29), while the TRITOPS-TRITOPS one is doubly degen-
erate. This reflects the fact that in the latter case time-reversal
symmetry is not broken in the equilibrium phase (φeq = 0),
hence, there are two localized zero modes that form a Kramers
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FIG. 6. (a) Probability density of the bound states of the
TRITOPS-S and TRITOPS-TRITOPS junctions described by
Eq. (31). (b) Probability density of the bound states of the same
junctions for a soliton-antisoliton profile.

pair. In the TRITOPS-S case, time-reversal symmetry is bro-
ken (φeq �= 0), hence, it is possible to have a single solution
for a given mass profile. In fact, the solution for a soliton
(antisoliton) phase of type φ1 is equal to the solution for an
antisoliton (soliton) in the phase type φ2. The corresponding
spinors are

TRITOPS-S �
(±)
0 = (1,±1)T /

√
2, (32)

TRITOPS-TRITOPS

{
�

(±)
0,↑ = (1, 0,±1, 0)T /

√
2,

�
(±)
0,↓ = (0, 1, 0,±1)T /

√
2.

(33)

Taking into account Eq. (26), the resulting Bogoliubov opera-
tor in the TRITOPS-S case can be found to be

TRITOPS-S η
(±)
0 =

∫
dy (� (±)(y))†η(y)

= η̃↑(0) ± η̃↓(0)√
2

, (34)

where we have defined

η̃σ (x) = C
∫

dy e−κ|y−x|ησ (y). (35)

This zero mode η0 is described by a Majorana operator, which
can be expressed in terms of a spin- 1

2 fermionic operator as
follows:

η0 = ( f †
0 + f0)√

2
, f0 = eiπ/4

√
2

(c0,↑ + ic0,↓). (36)

The two degenerate zero modes of the TRITOPS-
TRITOPS junction have the same weight at each side of the
junction and, using Eq. (27), can be combined to form the two
Bogoliubov operators

TRITOPS-TRITOPS

{
γ0,+ = η̃1,↑(0)±η̃2,↑(0)+i[η̃1,↓(0)±η̃2,↓(0)]

2 ,

γ0,− = η̃1,↑(0)±η̃2,↑(0)−i[η̃1,↓(0)±η̃2,↓(0)]
2 .

(37)

These operators satisfy γ0,+ = γ
†
0,−, which is typical of zero

modes associated to a Kramers pair of Majorana fermions
[36,50,52].

Notice that these zero-energy bound states are very lo-
calized. Hence, they are not expected to play a role in
the tunneling processes connecting the edge modes through
the junction, which generates the effective mass m(φ) [67].
In configurations of many solitons in the junction, they
could play some role and m(φ) should be calculated self-
consistently.

Finally, we discuss the impact of the mass m2(φ) on the
edge-state spectrum with soliton in the TRITOPS-TRITOPS
junction. As discussed, for a generic but fixed configuration
this mass term breaks time-reversal symmetry. Hence, one ex-
pects the Kramers degeneracy to be lifted. However, as long as
both mass terms have a well-defined parity under y → −y the
spectrum continues to be doubly degenerate. For the soliton
solutions discussed above, both mass terms are odd under
y → −y. In this case one can identify two “pseudoparity”
operators

P1 = σ̃ 0σ x p, (38)

P2 = σ̃ xσ z p, (39)

with p f (y) = f (−y). Both commute with the Hamiltonian
H of Eq. (3), but do not commute with each other. More
generally, P1 and P2 commute with H if φ → 2π − φ under
y → −y. Hence, the spectrum of H with masses that are odd
under y → −y is doubly degenerate: let �1 be a simultane-
ous eigenstate of H and P1, then �2 = P2�1 is a distinct
eigenstate with the same energy; the only alternative would be
�2 = 0, which is not allowed since P2�2 = �1 due to P2

2 = 1.
For m2 = 0 we have exactly one pair of Kramers degener-
ate normalizable zero modes. As charge conjugacy requires
eigenstates to occur in pairs of opposite energy, the pair must
remain at zero energy, i.e., the pair of zero modes cannot be
split by the mass term m2β2. Notice �2 �= T�1, i.e., the two
zero modes are not Kramers pairs, but protected by the fact
that both masses are odd in y. They do adiabatically connect to
Kramers pairs at m2 → 0 though. In Appendix D we explicitly
demonstrate the existence of doubly degenerate normalizable
zero modes for given antisymmetric mass profiles m1(y) and
m2(y), with m2(y) vanishing for y → ±∞.

B. Soliton-antisoliton

Next, we analyze configurations leading to two sign
changes in the mass profile. This corresponds to a
soliton-antisoliton (kink-antikink) in the case of TRITOPS-
TRITOPS. For the TRITOPS-S case, this can be achieved by
means of a fractional soliton-antisoliton or by two fractional
kinks completing the total change from 0 to 2π in the phase
profile (see Fig. 4).

We consider here the following function for the mass pro-
file, assuming abrupt changes of the mass sign at y = 0 and L:

m(y) = m0 − 2m0[θ (y) − θ (y − L)]. (40)

The new feature in this case is the possibility of hybridization
between the bound states of the single soliton when the
distance between the walls is comparable with the localization
length L < 2κ−1. In such a scenario, we expect the energy of



these bound states to be different from zero [50,86]. Hence,
we search for solutions of Eq. (29) with E �= 0.

We now briefly discuss the solution of the bound states
with finite energy in the case of the TRITOPS-S junction.
To this end, we consider Eq. (29) with α = σ z, β2 = σ y, and
m2(y) being the mass profile of Eq. (40). It is convenient
to perform the rotation U = eiπ/4σy = (σ0 + iσ y)/

√
2 so that

Eq. (29) is transformed to

[ih̄v∂yσ
x + m(y)σ y]�̃ = E�̃, (41)

where �̃ = U� = (ψ̃1, ψ̃2)T . After some algebra, we get

ψ̃2 = i

E
[h̄v∂y + m(y)]ψ̃1,[

m2(y) − h̄2v2∂2
y − h̄vm′(y)

]
ψ̃1 = E2ψ̃1. (42)

Given the profile of Eq. (40), the solutions are

ψ̃1(y) =

⎧⎪⎨
⎪⎩

−Cχeκ (y−L), y � 0

C[−(χ + 1)eκ (y−L) + e−κ (y+L)], 0 < y � L

C[−(χ + 1)eκL + e−κL]e−κy, y > L

ψ̃2,±(y) = ±iψ̃1(−y + L), (43)

with χ = κ h̄v/m0 and

C =
√

κ

2{χ (χ + 1) − e−2κL[χ + (χ + 1)κL]} . (44)

The energies of the bound states as well as the localization
length κ−1 of these modes are given by E± = ±E (L) with

E (L) = m0e−κL, h̄2v2κ2 = m2
0 − E2. (45)

Notice that |χ | � 1 and it can be verified that the solution
is always normalizable. Examples of the spatial dependence
of the square of the absolute value of the wave function are
shown in Fig. 6(b).

The spinors in the original basis are

�±(y) = 1

2

(
ψ̃1(y) ∓ iψ̃1(−y + L)
ψ̃1(y) ± iψ̃1(−y + L)

)
. (46)

In terms of operators these bound states can be expressed as
follows:

� = 1√
2

∫
dy[ψ̃1(y)η+(y) + iψ̃1(−y + L)η−(y)], (47)

where η±(y) = 1√
2
[η↑(y) ± η↓(y)], while �†, � is a Bogoli-

ubov operator that creates or annihilates a fermionic excitation
with energy E+ given by Eq. (45).

The TRITOPS-TRITOPS case is similar, but with two
degenerate states corresponding to combinations of the zero
modes localized at y = 0, L, with the energy given by
Eq. (45). These degenerate bound states for positive energy
can be described with the following Bogoliubov operators:

�↑,+ = 1√
2

∫
dy[ψ̃1(y)η↑,+(y) + iψ̃1(−y + L)η↑,−(y)],

(48)

�↓,+ = 1√
2

∫
dy[ψ̃1(y)η↓,+(y) + iψ̃1(−y + L)η↓,−(y)],

(49)
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FIG. 7. Local particle density ρ+
Nx ,l plotted against the sites of the

topological edge of the junction calculated with respect to an E+ lo-
calized mode for a kink-antikink profile φ� in a S1-S2 ≡ TRITOPS-S
junction with φ0 = 0.12 × π . Parameters are μ = −2w, tJ = 
(1)

p =

(2)

s = 4
(1)
s = w/5, N1 = 100, N2 = 200, and Nx = Ny = 300. The

line corresponds to Eq. (46) with m0 = 0.0037 and v = 0.088.

where ησ,±(y) = 1√
2
[ησ,↑(y) ± ησ,↓(y)], while those corre-

sponding to the negative-energy states are described with

�σ,− = �
†
σ,+, σ = ↑,↓, (50)

with ↑ = ↓ and ↓ = ↑.

C. Numerical benchmark

We now compare the solutions obtained on the basis of
the effective Hamiltonian with numerical results calculated
with the Hamiltonians described in Appendix A, which are
defined in finite lattices with Nx = 300 sites in the x direction
and Ny = 300 sites along the junction. In the present case we
consider open boundary conditions along both directions.

We diagonalize the Hamiltonian in Eq. (A1) and calcu-
late the local particle density at the topological side of the
TRITOPS-S junction corresponding to the two states |±〉,
which are identified as those associated to the bound states
at the kink and antikink, with energy E±,

ρ±
Nx,�

=
∑

σ=↑,↓
〈±|c†

Nx,�,σ
cNx,�,σ |±〉 = 1

2
〈s|c†

Nx,�
τ zcNx,�|s〉,

(51)

being cNx,� = (cNx,�↑, cNx,�,↓, c†
Nx,�,↓,−c†

Nx,�,↑)T .

Results for the local particle density ρ
(+)
�,Nx

illustrating the
case of a kink-antikink profile in a TRITOPS-S junction are
shown in Fig. 7. These are calculated with the following
profile for the phase bias:

φ� =
⎧⎨
⎩

φ0, � = 1, . . . , N1 − 1, N2 + 1, . . . , Ny

π, � = N1, � = N2

2π − φ0, � = N1, . . . , N2

(52)
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where N1 and N2 are the positions of the kink and antikink, re-
spectively. The results of Fig. 7 correspond to φ0 = 0.12 × π .
The energy of this bound state is very small (∼10−4), in con-
sistency with the limit L = N2 − N1 = 100 � 1 of Eq. (45).
In the figure we also show a fit with a function of the form
given by Eq. (46), indicating the considered values of m0 and
v, while κ has been calculated by solving Eq. (45).

As the distance between solitons gets shorter, the energy
increases exponentially following Eq. (45). This behavior is
illustrated in Fig. 8 for the two types of junctions and consid-
ering the profile of Eq. (52) with φ0 = 0.12 × π in the case
of the TRITOPS-S junction and φ0 = 0 for the TRITOPS-
TRITOPS one. Assuming that the separation between kink
and antikink is still large, one can approximate κ ≈ m0/v in
Eq. (45). From there we can get an estimation of the mass m0

and the velocity v as indicated in the caption of Fig. 8. We
recall that the relation between the parameters of the effective
continuum model and the lattice Hamiltonian is as follows:
m0 < |tJ |2/
eff for the TRITOPS-S junction and m0 < |tJ |
for the TRITOPS-TRITOPS one, while the velocity of the
edge modes is v < 
eff [67]. Therefore, we find a perfect
consistency between the description of the bound states in
terms of the effective continuum model introduced in Sec. V
and the exact numerical results.

VI. DYNAMICS OF THE SOLITON-ANTISOLITON
WITH THE BOUND STATES

In the previous sections, the focus was on the description of
the static problem of the phase bias along the junction defined
by the effect of the CPR, as well as the description of the
electron bound states enabled by the phase profile. The aim
of this section is to discuss the expected dynamics for the
coupled system.

The problem of kink-antikink collisions vs the formation of
an oscillating breather bound state in the context of the usual
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FIG. 9. Energy density for a collision between a kink and an
antikink pair with initial velocity Vk = 0.1 with κ = m0/h̄v = 1.
Black lines correspond to soliton trajectories corresponding to the
maximum of the energy density at each given time. Notice that
energy is conserved.

sine-Gordon equation has a long story [76]. The different
scenarios can be analyzed by investigating the time-dependent
energy density of the Hamiltonian leading to Eq. (14),

Hφ =
∫

dy

[
1

2
φ2

t + 1

2
φ2

y + ε(φ)

]
, (53)

with

ε(φ) ≡ εsG = 1 − cos(φ). (54)

This equation is valid for the TRITOPS-TRITOPS junction.
For the integrable case of the TRITOPS-S junction, we have
Eq. (20) instead of Eq. (54). In what follows we focus on the
TRITOPS-TRITOPS case, and we rely on known analytical
results of the dynamics of the usual sine-Gordon model [69].
The conclusions will be similar for the other junction.

In the framework of the usual sine-Gordon Hamiltonian,
kink and antikink solutions traveling in opposite directions
with initial velocities ±Vk are described by the following
expression:

φsG(y, t ) = 4 arctan

[
Vk cosh(δky)

sinh(δkVkt )

]
, (55)

with δk = 1/
√

1 − V 2
k . The energy density corresponding

to the traveling solitons without taking into account the
fermionic states is

e(y, t ) = 1
2φ2

t + 1
2φ2

y + ε(φ). (56)

The behavior of this function is illustrated in Fig. 9 for a given
value of the initial velocity. The total energy is conserved. In
particular, we see that by adding the maxima of e(y, t ) for the
two separate solitons we get the maximum at the collision,
reflecting the fact that the collision is perfectly elastic. The
trajectory defined by these maxima as functions of time is
plotted in the horizontal plane. The kink and antikink preserve
their shape thereafter and, as they approach, they accelerate.



The result is a shift in the trajectories of each soliton with
respect to the trajectory without collision [76].

The aim of the present section is to discuss the behavior
of the joint time-dependent energy density corresponding to
the Hamiltonian (53) for the phase as well the time-dependent
energy of the bound states. We consider the case of a slow mo-
tion of the phase profile, so that we can describe the dynamics
of the hybridized fermionic modes as a sequence of snapshots
where the states have energy E [L(t )] given by Eq. (45).

When the soliton and antisoliton are far apart, the electron
states have zero energy, hence, we expect that their prop-
agation takes place following the description of Eq. (56).
However, as they approach, the bound states hybridize. We
calculate L(t ) from the distance between the maxima of the
energy density as a function of time predicted by Eq. (56).
This approach is valid as long the soliton shape is well defined
(before and after the collision). For sufficiently large L, we can
approximate Eq. (45) by E±(L) ≈ ±m0e− m0

h̄v
L. In this regime,

we express the Hamiltonian for the subgap fermionic modes
as follows:

Hf (L) = 1

2

∑
s=±

∑
σ=↑,↓

Es(L)�†
σ,s�σ,s, (57)

with �σ,s, σ = ↑,↓, s = ± given by Eq. (49). Using the
relations obeyed by the operators describing the positive- and
negative-energy states, Eq. (50), we can also express this
Hamiltonian as follows:

Hf (L) = E+(L)
∑

σ

�
†
σ,+�σ,+ − E+(L). (58)

The extra contribution to the total energy originated in the
subgap fermionic states depends on the nature and the evolu-
tion of the many-body state. If the zero modes of the large-L
configuration are occupied by two fermions, the traveling kink
and antikink experience an effective attraction of amplitude
−E+(L) as L overcomes the critical length ξc � h̄v/m0. In-
stead, if the zero modes are occupied by four fermions in the
separated solitons, they experience a repulsion of amplitude
E+(L) as they approach. Furthermore, it is possible to have a
change in the parity of the ground state because of excitations
of single quasiparticles near defects. In such a case, it is also
possible to have a single occupied state with positive energy,
and the fermionic states are neutral regarding the soliton
dynamics. The behavior of E+[L(t )] as a function of time
is shown in Fig. 10. Interestingly, a very similar discussion
was earlier presented in the context of fermionic energies in a
multisoliton background [87].

In the case of the TRITOPS-S junction, we can follow
a similar reasoning by assuming that the soliton-antisoliton
dynamics is also described by Eq. (55) and by the following
Hamiltonian:

Hf (L) = E+(L)�†
+�+ − E+(L)/2. (59)

In this junction, the two Majorana fermions localized at the
kink and at the antikink combine in a fermionic mode as they
approach one another. This results in an attraction equal to
−E+(L)/2. In the presence of poisoning corresponding to
a change in the parity of the many-body ground state, the
positive-energy state is occupied, which generates a repulsion
of amplitude E+(L)/2.
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FIG. 10. Energy as a function of the distance of the fermionic
bound-state repulsion, being κ = m0/h̄v = 1.

VII. SUMMARY AND CONCLUSIONS

We have analyzed the joint dynamics of the phase bias
φ and the Majorana edge modes at the different types of
Josephson junctions formed with two-dimensional (2D) time-
reversal invariant topological superconductors (TRITOPS).
In particular, we have considered TRITOPS-TRITOPS and
junctions between a TRITOPS and a nontopological super-
conductor (TRITOPS-S). The analysis is mainly based on
effective models for the junctions, which consist of Dirac
Hamiltonians with mass depending on the phase bias and
the results are contrasted against the numerical solutions of
lattice models. We have extended the study of Ref. [77], which
focused on junctions of 2D topological superconductors with
broken time-reversal symmetry (class D) in two main direc-
tions. In the case of the TRITOPS-TRITOPS junction we have
considered both the direct hybridization between the topo-
logical edge modes and the hybridization between these
modes, and the supragap states of the superconductor at the
other side of the junction. The latter is a second-order process
that generates an extra effective mass, which couples the two
partners of the edge Kramers’ pair of each TRITOPS. In the
case of the TRITOPS-S junctions this is the only massive term
playing a role.

We have first analyzed the effect of the phase fluctuations.
These may play a critical role in the case of TRITOPS-S
junctions and may destroy the stability of a state with bro-
ken time-reversal symmetry. We have shown that the phase
stiffness must overcome a critical value for the mean-field
description to be stable.

As a second step, assuming the stability of the mean-field
description for the phase, we have analyzed the effect of
fluxons in the junction. This defines a sine-Gordon model (for
the TRITOPS-TRITOPS) and a double sine-Gordon model
(for the TRITOPS-S case). We have calculated the solitonic
profiles of the kink and antikink solutions of these models.
These generate changes in the sign of the mass term of the
Dirac Hamiltonians describing the coupling of the Majorana
edge states.



Therefore, the third step was to study the impact of the
solitonic profiles on the fermionic states. We have shown the
existence of zero modes localized at the fluxons. These are
Majorana zero modes in the case of a TRITOPS-S junction
and a Kramers pair of Majorana modes in the case of the
TRITOPS-TRITOPS junction. In the latter case, we have
shown that these zero modes remain robust against the effect
of the second-order mass term, in spite of the fact that this
term breaks time-reversal symmetry. This property is due to
extra symmetries of the junction, assuming spin-preserving
tunneling processes. The existence of such localized zero
modes is very interesting in view of potential applications
since they can be manipulated and moved in these systems
by the motions of the fluxons at the junction.

Finally, we have analyzed the effect of the localized
fermionic modes in the collision dynamics of solitons and
antisolitons. While such a collision is perfectly elastic in
nontopological junctions, the hybridized zero modes of the
junctions studied in this paper originate an effective attrac-
tive or repulsive interaction, depending on the occupation of
these modes. These properties should be very useful for the
experimental detection of these states.
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APPENDIX A: LATTICE MODEL FOR THE JUNCTION

We consider the Hamiltonian

H =
Ny∑

�=1

H�, H� =
∑

α=S1,S2

Hα,� + HJ,�. (A1)

The Hamiltonian Hα,� corresponds to the TRITOPS Hamil-
tonian expressed in a ribbon with Ny sites along the junction
and Nx sites in the other direction. The Hamiltonian for the
tunneling junction is HJ = ∑

� HJ,�, with

HJ,� = tJ
∑

σ

(eiφ�/2c†
�,1σ c�,2,σ + H.c.), (A2)

where c†
�,1,σ (c†

�,2,σ ) creates an electron with spin σ in the
superconductor S1 (S2) at the site located at the boundary
contacting the junction. The phase bias at the junction con-
tains the information of the soliton profile.
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FIG. 11. Energy for the states with ky = 0 vs μ for a TRITOPS
superconductor periodic in the y direction with 
p = 4
s = w/5
and w = 1. The topological phase corresponds to the values of μ

with double-degenerate zero-energy states (depicted in red).

The Hamiltonian for the TRITOPS formulated in
the reciprocal space reads as H = 1

2

∑
k c†

kHkck, with
ck = (ck,↑, ck,↓, c†

−k,↓,−c†
−k,↑)T and k = (kx, ky), while the

Bogoliubov–de Gennes Hamiltonian matrix reads as

Hk = ξkτ
zS0 + τ xS · �

x,y
k + τ xS0
s. (A3)

The Pauli matrices τ x,y,z and S = (Sx, Sy, Sz ) act, respectively,
on the particle hole and spin degrees of freedom, while τ 0, S0

are 2 × 2 identity matrices. The dispersion relation is de-
fined in terms of a hopping element w as εk = −2w(cos kx +
cos ky), hence ξk = εk − μ, being μ the chemical potential.
For simplicity, we consider only nearest-neighbor hopping
in εk. For the TRITOPS we consider a p-wave pairing term
defined by

�
x,y
k = 
p(sin kx nx + sin ky ny), (A4)

with nx,y being unit vectors along the x, y directions along
with a local s-wave component modulated by 
s. We choose
the values of the parameters corresponding to the topological
phase. To verify this property we confirm the existence of
Kramers pairs of topological edge states as shown in Figs. 11
and 12. The nontopological superconductor (S) is modeled
with 
p = 0, 
s �= 0.

APPENDIX B: SYMMETRIES OF THE TRITOPS-
TRITOPS JUNCTION

Consider the continuum limit of the Hamiltonian in (A3),
modeling a TRITOPS with p-wave pairing, which up to lead-
ing order in the momenta and with 
s = 0 reads as

H (±) = −μ(±)(x)τ zS0 + vτ x(pxSx + pySy). (B1)

μ(x) is assumed to change sign at the edge of a given sample
and the topological phase corresponds to μ/v > 0. Thus, we
distinguish μ(+)(x ≷ 0) ≶ 0 and μ(−)(x ≷ 0) ≷ 0 describing
right and left edges, respectively. For py = 0, we find in each
case two normalizable zero modes bound to the respective
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FIG. 12. Energy for the states with μ = −2w vs ky for a TRI-
TOPS superconductor periodic in the y direction with 
p = 4
s =
w/5 and w = 1. The topological edge states correspond to the
double-degenerate states inside the gap (depicted in light blue).

edge satisfyingH�0(x) = 0 given by

�
(±)
0,↑ (x) = N

2
e± ∫ x

0 dx′μ(x′ )/v (1 ± i, 0, 0,−1 ± i)T ,

�
(±)
0,↓ (x) = N

2
e± ∫ x

0 dx′μ(x′ )/v (0, 1 ∓ i, 1 ± i, 0)T .

(B2)

Note that the solutions are chosen such that they are orthonor-
mal and are invariant under charge conjugation C�(±)

0,σ (0) =
�

(±)
0,σ (0), where the charge-conjugation operator is given by
C = τ ySyK ≡ UCK . Additionally, it is worth noting that the
two respective solutions are Kramer’s pairs T�

(±)
0,↓ = �

(±)
0,↑ ,

with the time-reversal operator T = iSyK . Including finite
momenta py entails projecting the corresponding term in the
Hamiltonian onto this basis, which yields

(
�

(τ )
0,σ (0)

)†
τ xSy�

(τ ′ )
0,σ ′ (0) = (σ̃ z )τ,τ

′
(σ z )σ,σ ′

, (B3)

as given in Eq. (6). Transforming the antiunitary operators C
and T to this basis, one finds C = K and T = iσ yK .

Additionally, we can identify the symmetry corresponding
to exchanging the right and the left edge with each other. On
the level of the Hamiltonian in (B1), this is achieved by simul-
taneous inversion along the x axis Px, i.e., Px f (x) = f (−x),
and rotating with UX = τ zSx:

(UX Px )H (±) (PxUX ) = −μ(±)(−x)τ z + vτ x(pxSx + pySy).
(B4)

This is the same Hamiltonian as (B1) only with the direction
of the sign change of μ, which determined whether we called
it a right or left edge, reversed. UX connects the right and left
edge modes in (B2) with each other

UX �
(+)
0,↑ = �

(−)
0,↓, UX �

(−)
0,↑ = �

(+)
0,↓ . (B5)

Expressed in the new basis, it therefore holds

UX = σ̃ xσ x. (B6)

APPENDIX C: DERIVATION OF THE
FLUCTUATION-CORRECTED EQUATION OF STATE

In order to derive the fluctuation-corrected equation of
state in (11), following Ref. [68], we expand the action in
Eq. (10) up to second order in the fluctuations δφ around
some assumed minimum 〈φ〉 = φ̃ of the ground-state energy
φ(x, t ) = φ̃ + δφ(x, t ). After a Wick rotation to Euclidean
time and integrating out the fermions, we find the effective
action at some temperature T and length of the system L to
read as

Seff = 1

2

T

L

∑
q,ωm

D−1(q, ωm)|δφ(q, ωm)|2

+ 1

2

L

T
EJφ̃

2 − 1

2
tr logG−1

0 , (C1)

where

D−1(q, ωm) = h̄K

(
ω2

m

cJ
+ cJq

2

)
+ EJ + �(q, ωm), (C2)

with

�(q, ωm) = m2
0

4

T

L

∑
k,εn

tr2×2[G0(k, εn) α0

×G0(k + q, εn + ωm) α0] (C3)

and

G−1
0 =

(
h̄(∂τ − iv∂y) −im0φ̃

im0φ̃ h̄(∂τ + iv∂y)

)
. (C4)

ωm and εn are the bosonic and fermionic Matsubara fre-
quencies, respectively. The ground-state energy density
in terms of φ̃ can now be determined from E (φ̃) =
(− T

L log
∫
D(δφ)e−Seff )T →0. Differentiating this expression

with respect to φ̃2 finally results in Eq. (11) of the main text,
where we used [88] that for T → 0

�(q, ω) = m2
0

4π h̄v

[
1

2
log

(
m2

0φ̃
2

4�2

)
+

√
1 + r2

r
Arsinh(r)

]

(C5)

with r = h̄
√

ω2 + v2q2/(2m0φ̃).

APPENDIX D: ZERO-ENERGY SOLUTIONS
TO DOUBLE MASS DIRAC EQUATION

The Dirac equation for zero modes in the TRITOPS-
TRITOPS junction in the presence of a phase slip soliton reads
as

(−ih̄v∂yσ̃
zσ z + m1(y)σ̃ yσ z + m2(y)σ̃ 0σ y)ψ (y) = 0 (D1)

⇔ (h̄v∂y + m1(y)σ̃ xσ 0 + m2(y)σ̃ zσ x )ψ (y) = 0, (D2)

where asymptotically m1(y → ±∞) = ±m(0)
1 and m2(y →

±∞) = 0 with both mass terms antisymmetric m1,2(y) =
−m1,2(−y). Note that m2 �= 0 breaks time-reversal symmetry
and one would thus expect the Kramers degeneracy to be
lifted in its presence. However, as argued in the main text, this
turns out not to be the case if both masses have well-defined



parity, due to the existence of the two noncommuting “pseu-
doparities” P1 = σ̃ 0σ x p and P2 = σ̃ xσ z p (see the discussion
in Sec. V A). As a consequence, the twofold degeneracy of the
zero modes bound to the soliton also persists. Here, in order to
demonstrate this, we will explicitly derive the two zero-mode
solutions to Eq. (D2) in the simple case of the soliton profile
being given by

m1(y) = m(0)
1 sgn(y), (D3)

m2(y) = m(0)
2 sgn(y) �(W/2 − |y|). (D4)

We start by looking for a solution |ψ1〉 to (D2) which
is simultaneously an eigenvector of P1 and make the
ansatz

|ψ1〉 = |ξ1〉 ⊗ |+〉, (D5)

where σx|±〉 = ±|±〉. Equation (D2) then reduces to

(ih̄v∂y + m1(y)σ̃x + m2(y)σ̃z )ξ1 = 0, (D6)

to which the normalizable solution can be found to read as

ξ1(y) ∝

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1

1

)
em(0)

1 (y+W/2), y < −W/2

(
1

1

)
cosh

( y+W/2
λ

) + λ

(
m(0)

1 + m(0)
2

m(0)
1 − m(0)

2

)
sinh

( y+W/2
λ

)
, −W/2 < y < 0

(
1

1

)
cosh

( y−W/2
λ

) − λ

(
m(0)

1 + m(0)
2

m(0)
1 − m(0)

2

)
sinh

( y−W/2
λ

)
, 0 < y < W/2

(
1

1

)
e−m(0)

1 (y−W/2), y > W/2

(D7)

where we introduced (m(0)
1 )2 + (m(0)

2 )2 ≡ λ−2. The second, degenerate zero mode |ψ2〉 is then found by application of P2 to the
first solution

|ψ2〉 = P2|ψ1〉 = σ̃ x|ξ1〉 ⊗ |−〉. (D8)

Note that for m(0)
2 → 0, |ψ1〉 and |ψ2〉 are indeed transformed

into one another by the time-reversal operator T .
It is easy to check that for mass profiles of the form as

given in (D3) and (D4), but with an added asymmetry of some

sort, in general no nontrivial solutions to Eq. (D2) and thus
no zero modes exist. Their degeneracy and thus existence are
dependent on the parity and with that also sensitive to any
impurities or inhomogeneities.
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