]

Karlsruher Institut fur Technologie

Electromagnetic Scattering by Objects Moving at
Relativistic Speeds

Zur Erlangung des akademischen Grades eines
DOKTORS DER NATURWISSENSCHAFTEN (Dr. rer. nat.)

von der KIT-Fakultat fir Physik des
Karlsruher Instituts far Technologie (KIT)
angenommene

DISSERTATION

von

MPhys Mitchell Rhodes Whittam

am Institut fir Theoretische Festkdrperphysik

Tag der mindlichen Prufung: 31. Januar 2025
Referent: Prof. Dr. Carsten Rockstuhl
Korreferent: Prof. Dr. Thomas Pertsch



@c‘m

This work (with the exception of reprinted or adapted tables and figures for which the copy-
right is held by the respective journal: Figures4.2,4.3,4.4,4.6,4.7,4.8,4.9,4.10 and Table 4.1)
is licensed under a Creative Commons “Attribution-ShareAlike 4.0 International”| license.
To view a copy of the license, visit https://creativecommons.org/licenses/by-sa/4.0/

deed.en.


https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://creativecommons.org/licenses/by-sa/4.0/deed.en

Selbststandigkeitserklarung

Eidesstattliche Versicherung gemafs §13 Absatz 2 Ziffer 3 der Promotionsordnung des Karl-
sruher Instituts fiir Technologie (KIT) fiir die KIT-Fakultit fiir Physik:

1. Bei der eingereichten Dissertation zu dem Thema
“Electromagnetic Scattering by Objects Moving at Relativistic Speeds”

handelt es sich um meine eigenstidndig erbrachte Leistung.

2. Ich habe nur die angegebenen Quellen und Hilfsmittel benutzt und mich keiner un-
zuldssigen Hilfe Dritter bedient. Insbesondere habe ich wortlich oder sinngemafs aus
anderen Werken iibernommene Inhalte als solche kenntlich gemacht.

3. Die Arbeit oder Teile davon habe ich bislang nicht an einer Hochschule des In- oder
Auslands als Bestandteil einer Priifungs- oder Qualifikationsleistung vorgelegt.

4. Die Richtigkeit der vorstehenden Erkldarungen bestétige ich.

5. Die Bedeutung der eidesstattlichen Versicherung und die strafrechtlichen Folgen einer
unrichtigen oder unvollstindigen eidesstattlichen Versicherung sind mir bekannt.

Ich versichere an Eides statt, dass ich nach bestem Wissen die reine Wahrheit erklart und
nichts verschwiegen habe.

Ort und Datum Unterschrift






Acknowledgements

My time as a PhD student has been my greatest test of mental fortitude. Of course, physics is
a demanding discipline that requires much hard work and dedication. However, the great-
est challenge was continuing the PhD despite life’s unexpected hurdles. Put bluntly, life
doesn’t stop just so you can do a PhD. For this reason, I am very proud to have reached the
finish line, and it certainly wouldn’t have been possible without the help of many influential
people along the way.

Firstly, I would like to warmly thank my supervisor Carsten Rockstuhl. Most of all, I am
grateful for his approachability. He always made me feel comfortable to express my opinion,
even if I didn’t agree with something. This is a quality every supervisor should have, so I
feel very lucky. I also wish to thank him for his patience. The start of my PhD was a bumpy
ride, but I greatly appreciate his belief that I could reach my potential. I would also like to
thank Thomas Pertsch for taking the time to be my second examiner and for his engagement
in my many TAC meetings.

Next, my appreciation goes to the wonderful people in TFP, both past and present. It
has been the ultimate privilege to work with such intelligent and insightful people. I wish
only the best for you all. For those still on their PhD journey, please have the same belief
in yourselves as I do in you. A special thanks goes to Aristeidis Lamprianidis and Yannick
Augenstein. It's no understatement that their collaboration on my first project saved my
PhD. I learned a great deal from them both, allowing me to become a confident researcher.

Looking back on my formative years, I have realised the importance of quality teaching.
I am very fortunate to have had many encouraging and enthusiastic teachers who shaped
my life. Starting with my teachers at Bowland High School, I would like to thank my Maths
teacher, Mr Whittaker. For three years, I was performing very poorly in exams. Instead of
moving me to a lower group, he believed in me and helped me realise my potential, for
which I am forever grateful. Furthermore, I wish to thank my Biology teacher Mr Breen for
sharing his infectious enthusiasm for science. I have much admiration for his commitment
to education, and he is the embodiment of how a teacher should be. Finally, thank you
to my German teacher Mr Morrissey for nurturing my passion for foreign languages. 1
greatly appreciate his constant willingness to correct my work and challenge me further. His
contribution to my education played a significant role in my decision to come to Germany.

Going back even further, I wish to thank my Year 4 teacher at Waddington and West
Bradford Primary School, Mr Dugdale. When asked if I could miss school to go to South
Africa, he said yes, because “travelling is the best education a child can have”. Those words
always stayed with me, and also inspired my move to Germany.

On a personal note, I would like to thank my long-time friend Safdar for always making
me laugh. I'look forward to the many games of golf to come, even though you spend more
time in the sand than David Hasselhoff. Last but not least, I wish to express my deepest
gratitude to my mum Victoria, dad Jeffrey and brother James. It has been a true blessing to
grow up with such a loving and supportive family. I hope I have done you all proud.

iii






Abstract

The electromagnetic scattering of light has become cemented as a core research topic the
world over. In the context of Mie theory, for example, the focus has predominantly been
on scattering by stationary objects. With a look to the future, increasingly more research
on the effects of relativistic motion has been emerging. The main reasons for considering
relativistic effects are twofold. Firstly, of great interest is simply the fundamental question
“how does relativistic motion affect the electromagnetic scattering by different objects?”. A second
question is “how can the scattering response of an object be exploited to design spacecraft that reach
distant locations as quickly as possible?”. This thesis draws on both sources of motivation,
offering abstract insights as well as potential areas of application.

Beginning with a more abstract scenario, this thesis begins with exploring the energy
backscattered by a relativistically moving sphere as seen by an external observer. The nec-
essary calculations rely on a combination of Mie theory and special relativity, and demon-
strate the power of the frame-hopping method (FHM). The FHM allows one to apply meth-
ods from scattering theory and special relativity in a logical order. Specifically, it is shown
why one must apply Mie theory in the scatterer’s inertial reference frame and not the frame
of the observer. In addition to a general visualisation of the backscattered signal, numerical
optimisation methods are implemented to minimise it. Such a minimisation resembles a
relativistic version of the first Kerker condition.

The case of a single sphere transitions naturally to scattering by relativistically moving
arrays of spheres. The spherical arrays correspond to light sails. Using lasers, it is planned
to accelerate microsatellites equipped with light sails to 20% of the speed of light to ex-
plore neighbouring solar systems. In this thesis, the effects of relativistic motion on lattice
interactions within the light sails are investigated. Moreover, the time taken to reach the
abovementioned target speed is minimised for various sail configurations. It is also empha-
sised why one should ensure a high reflectance and low absorptance of the incident light.
A high reflectance is required for maximum momentum transfer, while a low absorptance
minimises thermal damage. An optimal light sail comprising core-shell spheres made from
silicon and silicon dioxide is found that possesses these qualities.

The investigation of interstellar chiral molecules has also gathered much attention in re-
cent years. To build on previous work, this thesis discusses the effects of relativistic motion
on the transmission circular dichroism (TCD) of three chiral biomolecules: B-DNA, chloro-
phyll a and chlorophyll b. The TCD is a function of the wavelength of the incident field and
quantifies the difference between the transmittances of right- and left-circularly polarised
light. It is described how the TCD needs to be redefined since the molecules are of finite
size. Specifically, a correction term is required to account for higher-order multipolar con-
tributions of the incoming light. Importantly, it is found that the TCD scales to shorter
wavelengths with increasing speeds.
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1 | Introduction and Thesis Structure

Introduction

Electromagnetic scattering is a phenomenon that has captured the interest of curious minds
for many centuries. On both a small and a large scale, studying the scattering of light has
significantly advanced humankind’s understanding of the universe. From natural wonders
such as a blue sky and rainbows to medical applications including cardiovascular imag-
ing [[I-5], determining the severity of burns [f—4] and cancer detection [I0-13], the versa-
tility of light scattering knows no bounds.

A widely used method to theoretically describe electromagnetic scattering is Mie theory, a
formalism devised in 1908 by Gustav Mie [[14]. Nowadays expressed using the transition or
T-matrix, which links incident to scattered electromagnetic fields [I5], Mie theory enables
one to determine the scattering response by a sphere. Most commonly, Mie theory has
been applied in a non-relativistic regime [[6-29]. With a look to the future, the addition
of motion to spherical scatterers has prompted an extension to work done on stationary
spheres, gaining a lot of popularity in the scientific community [BO-B3].

An extension to Mie theory comes in the form of scattering by arbitrary objects, includ-
ing molecules, periodic lattices and stratified media [29, B4-#4]. In a relativistic setting,
a significant source of motivation for studying more complex, relativistic systems is the
Breakthrough Starshot Initiative (BSI) announced in 2016. The aim of the BSI is to use an
Earth-based laser array to accelerate microgramme satellites equipped with a light sail to
20% of the speed of light to explore neighbouring solar systems [#5, 46]. It would take such
a system just over 20 years to carry out a flyby mission past Alpha Centauri [47]. As a com-
parison, the Voyager 1 probe launched in 1977 is the most distant human-made object ever
launched into space. However, Voyager 1 only moves at approximately 17,000 m/s with
respect to the Sun (0.006% of the speed of light) [48]. To put this in perspective, Alpha
Centauri is located approximately 4.37 light years from Earth [49], meaning it would take
Voyager 1 about 77,980 years longer than the abovementioned microgramme satellites to
undertake the journey planned in the BSI.

To ensure a light sail fit for its anticipated purpose, many engineering challenges must
be overcome, including the thermal management and stability of the light sail [60-56]. As
a result, a sensible choice of materials from which to construct the light sail is of utmost
importance. Crucially, the light sail should have a high reflectivity and a low absorptance.
The former is imperative to ensure maximum momentum transfer to the light sail, while
the latter is necessary to minimise unwanted thermal deformation in the light sail. Potential
material candidates include metals such as aluminium (Al) due to its high reflectivity [b7,
58], as well as dielectrics such as silicon dioxide (SiO2) due to its low absorptance of near-
infrared light [pY]. This is important since a near-infrared incident light source has been
proposed for the BSI [B3, 60, b1 ]. Further possibilities include combining various materials
in the form of layered slabs [b2-64], or exploiting the high reflectance that emerges from
structures such as Bragg reflectors [65-70].



1 Introduction and Thesis Structure

Also of great interest is the fundamental topic of scattering by interstellar molecules, as
evident in recent work done to detect chiral molecules in space [T, 72]. Chirality, a term
defined by Lord Kelvin describing an object that cannot be superimposed on its mirror im-
age, is a property exhibited by most molecules vital to life. Examples of such molecules in-
clude amino acids, sugars and DNA [/3-79]. After the recent discovery of the first known
interstellar chiral molecule propylene oxide (CH3CHCH,O) in 2016 [/1], the further inves-
tigation of such molecules has gained great significance.

As a contribution to this endeavour, this thesis will consider the impact of relativistic
effects on the circular dichroism, or CD, of various biomolecules. The CD is usually defined
as the difference in the absorption of left- and right-circularly polarised light [80-87]. Such
a CD will be referred to in this thesis as ACD. For practical purposes, the transmission CD
(TCD) will also be explored, defined as the difference in the transmission of left- and right-
circularly polarised light. Knowing the CD of an object is crucial in the fields of biology and
chemistry. For example, CD spectra can be used to gain more information about secondary
structures in amino acids and proteins [88-91].

Thesis structure
After this chapter, the thesis is structured as follows:

Chapter P offers an overview of the theoretical tools of electrodynamics that provide the
building blocks for future chapters. Departing from Maxwell’s equations, vector spherical
harmonics (VSHs) will be defined. The VSHs serve as elementary solutions to the vector
Helmholtz equation and are used to express an electromagnetic field in terms of spherical
waves. Specifically, an electromagnetic field can be expressed as a series of VSHs, along
with expansion coefficients that are different for an incident and scattered field.

Once the fields are defined, it will be shown how scattered and incident fields relating
to an arbitrary object are linked by the transition, or T-matrix. For spheres, the T-matrix
contains quantities known as Mie coefficients, which depend on the sphere’s geometry and
the material from which it is made. Afterwards, two transformations are discussed: the
conversion of a T-matrix from the parity to the helicity basis and how a T-matrix behaves
under rotations. Following this, Mie angles are defined, which allow one to observe the
scattered field patterns corresponding to every possible set of Mie coefficients describing a
sphere.

After discussing a single scatterer, field scattering by periodic and layered structures is
considered. Moreover, the renormalised T-matrix of an infinitely-extended lattice is defined.
The renormalised T-matrix accounts for lattice interactions and relies on the T-matrix of a
single lattice constituent. In all calculations relating to scattering by lattices, relevant func-
tions in the program treams [P2] are leveraged. Chapter P concludes with how to obtain the
ACD and TCD of an object. Importantly, it is explained how the TCD needs to be modified
when considering objects of finite size.

Chapter [ continues with the theoretical background, this time covering special relativity.
Firstly, the Lorentz boost operator will be defined. The frame-hopping method (FHM) will
also be outlined. The FHM dictates in which order Lorentz boosts and scattering calcula-
tions should occur. Next, Doppler shifting is discussed. In the context of electrodynamics,
a Doppler shift corresponds to the stretching or contraction of electromagnetic waves as



viewed by an external, moving observer. Following this, the concept of length contraction
and its effect on scattering calculations is outlined. Next, it is discussed how electromagnetic
fields behave under Lorentz boosts. Highlighted are two specific examples: the boosted
fields of a moving positive point charge and a boosted plane wave. Afterwards, it is shown
how helical fields change under Lorentz boosts. Helical fields are described by the helicity A,
where A = +1 denotes left-circularly polarised waves, while A = —1 denotes right-circularly
polarised waves. Crucially, the helicity of electromagnetic fields is invariant under Lorentz
boosts, allowing for cleaner calculations.

Chapter [ is based on the work done in Ref. [[P1]. The goal was to investigate the backscat-
tered signal from a relativistically moving, lossless sphere. In terms of the Mie angles men-
tioned above, a quantity known as the directivity is visualised. The directivity is the ratio of
the backscattered energy density to the average scattered energy per unit solid angle. Fur-
thermore, the backscattered directivity is minimised using optimisation techniques based
on gradient descent. The ability to minimise backscattered light is leveraged by some plants,
for example, to absorb as much light as possible [93].

Chapter [ is based on Ref. [[PZ] and extends the work of the previous chapter to scatter-
ing by lattices containing spherical objects. Such structures resemble light sails proposed
by the BSI mentioned before. As opposed to Chapter B, a large backscattered field is de-
sired. Recall that a high reflection corresponds to a large momentum transfer, reducing the
acceleration time. The acceleration time is the time required for a light sail to reach its tar-
get speed. Furthermore, Chapter fj considers lattices comprising multilayered spheres. An
optimal sail consisting of silicon/silicon dioxide core-shell spheres is found, which exhibits
high reflectance and low absorptance. The effects of adding an embedding to the lattice is
discussed, as well as its influence on the acceleration time.

Chapter f is based on Ref. [P3] and serves as the final results chapter. It concerns the
scattering of light by three relativistically moving biomolecules: B-DNA, chlorophyll 2 and
chlorophyll b. Specifically, the effects of relativistic motion on the resulting TCD spectra will
be observed.

In Chapter [, the work in this thesis is concluded and potential future work is suggested.






2 | Electrodynamics

Before engaging in any applications, it is important to build a theoretical framework on
which the results are based. The most logical place to start is Maxwell’s equations, the cor-
nerstone of electromagnetism. Arguably the most important application of Maxwell’s equa-
tions in the context of this thesis comes in the form of light scattering by arbitrary objects.
Here, vector spherical VSHs will be defined, which are elementary solutions to the vector
Helmholtz equation. Furthermore, VSHs allow one to represent an electromagnetic field as
an infinite series of multipolar contributions. For example, The first term in the series is the
dipole, the second is the quadrupole, and so on. For numerical purposes, it is necessary to
truncate multipolar fields up to a desired order. This maximum order depends on the ma-
terial of a scattering object, as well as its relative size to the wavelength of the incident field.
For example, for the molecules discussed in Chapter f, only dipolar components contribute
to the scattered field.

The field scattered by an object is conveniently obtained using the transition or T-matrix,
which relates the incident field to the scattered field. Firstly, the T-matrix for a dielectric
sphere will be discussed, as required in Chapter fi. Afterwards, it will be shown how one
can convert a T-matrix from the parity basis to the helicity basis, as well as how to rotate it.
Next, scattering by periodic and stratified media, like those considered in Chapter B, will be
highlighted. Finally, it will be shown how to obtain the ACD and TCD of an object.

2.1 Maxwell’s equations

2.1.1 Time domain

To begin, it is necessary to define Maxwell’s equations in their macroscopic form in the
time-domain. The macroscopic Maxwell equations describe the behaviour of fields within
a medium, and form the theoretical basis of all the work in this thesis. In the space-time
domain (r, t), these are given by [94]:

V. D(r, ) = p(r,1) 2.1)
V x H(r, ) — 8Da(§’t) — (1) (2.2)
VxEmw+ai§w—0 (2.3)
V. B(r,f) =0, (2.4)

where E(r,t) and B(r, t) represent the electric and magnetic fields, respectively, D(r,t) is
the displacement field and H(r, t) is the magnetising field. Moreover, J(r,¢) and p(r,t) are
the current and charge densities, respectively. Collectively, D(r, ) and H(r, t) are known as
auxiliary fields and allow for a large-scale consideration of the behaviour of matter. These
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auxiliary fields are related to E(r, t) and B(r, t) as follows:

D(r,t) = ¢E(r,t) + P(r,t) (2.5)
H(r,t) — :{)B(r £) — M(r, £), (2.6)

where €y and jip are the permittivity and permeability of free space, respectively, while
P(r,t) and M(r,t) are the polarisation and magnetisation fields, respectively. The fields
P(r,t) and M(r,t) depend on the electric field E(r,¢) and magnetic field B(r,t). Assum-
ing the electromagnetic field amplitudes are small enough, the polarisation P(r, ) can be
directly proportional to E(r, t), where the resulting response is said to be linear. For non-
local media, the elements P;(r,t) of P(r,¢) can be written in terms of the elements E;(r,?)
of E(r,t) as

t
r,t) = e E /R3 d3r’/ dt’Rg;)(r - t—tE;"\t), i,j€{xy, 2z} (2.7)
j —o0

where ¢ is the permittivity of free space, and RS) (r —r',t — t') is the electric response

function. The word ‘response’ is used, because the polarisation is caused by the electric
field. Similarly, the elements M;(r, t) of the magnetisation M(r, t) are related to the elements
Hi(r,t) of H(r,t) as

Z/ d3’/ dtR r =1/t —t)H;(x' 1), (2.8)
R3

where Rgn) (r —r’,t — t’) is the magnetic response function. For local media, the spatial
convolutions in Eqgs (B.7) and (E-8) produce a delta distribution é(r — r’), such that P;(r,t)
and M;(r,t) reduce to

t
rt)=c y j/ 'R (x,t — ) By (r, 1), (2.9)
I —00

and

Z/ dtR (r,t —t')Hj(r,t) . (2.10)

2.1.2 Frequency domain

It is common to study linear media in the frequency domain (r,w), where w is the temporal
frequency. Accordingly, a general field F(r, t) in Maxwell’s equations needs to be converted
via a Fourier transform to F(r,w), where

F(r,w) = / dt F(r, t)e. (2.11)
Coupled with the Fourier transform of the time differential
% T, (2.12)



2.1 Maxuwell’s equations

Maxwell’s equations in the frequency domain read

V- -D(r,w) =0 (2.13)
V x H(r,w) = —iwD(r,w) (2.14)
V x E(r,w) = iwB(r,w) (2.15)

V-B(r,w) =0, (2.16)

where there are no external charges (p = 0) or external currents (J(r,¢) = 0) exist, as is
the case in the entirety of this thesis. For completion, the Fourier transformed polarisation
P;(r,w) and magnetisation elements M;(r,w) are given by

Bi(r,w) = e y_ x5 (r.w) Ej(r,w), (217)
J
and
Mi(r,w) = 3 g (r,w) Hj(r,w). (218)
J
where XS) (r,w) and XZ(-;H) (r,w) are the electric and magnetic susceptibilities, respectively.

When discussing spherical electric fields in the next chapter, the electric field in a ho-
mogeneous and isotropic medium will be considered. The homogeneity means that the
susceptibility tensors are independent of r. Due to isotropy, the susceptibility tensors only
contain components along their leading diagonals, which are all equal. As a result, the elec-
tric and magnetic susceptibilities can be treated as scalars x(*)(w) and x(™ (w), respectively,
where

P(r,w) = EOX(e) (w)E(r,w) ) (219)

and

M(r,w) = x™) (w)H(r,w) . (2.20)
Correspondingly, one sees from Eqs (£.5) and (2.6) that the fields D(r,w) and B(r,w) sim-
plify to

D(r,w) = e(w)E(r,w) and B(r,w) = p(w)H(r,w) (2.21)

where [95]
ew) = e[l +x9 (@) and  pw) = poll + X" (w)]. (2.22)
In this section, the theoretical foundation of this thesis was laid by defining Maxwell’s
equations in the time and frequency domains. In the next section, the vector Helmholtz

equation will be discussed, paving way for the development of the T-matrix method and
Mie theory.
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2.2 T-matrix method and Mie theory

After having covered Maxwell’s equations, one can now apply them to develop the T-matrix
method and Mie theory. The T-matrix method is used to obtain an expression for the field
scattered by an object. Specifically, the T-matrix relates the incident field to the scattered
field. Before defining the T-matrix, however, it is necessary to obtain expressions for the
vector spherical harmonics (VSHs). VSHs are the elementary solutions to the spherical
Helmholtz equation, which will now be discussed.

2.2.1 The Helmholtz equation and vector spherical harmonics

Using the frequency domain Maxwell’s equations from the previous section, one can de-
rive a vector differential equation in terms of the spatial electric field E(r). Note that the
tilde ~ and frequency argument w have been dropped for brevity, and a time harmonic field
described by exp(—iwt) is assumed. Moreover, although an accompanying magnetic field
B(r) will always exist, one can obtain it from the electric field using Maxwell’s equations.
As a result, explicit reference to the magnetic field will be omitted in this section.

This required differential equation for E(r) is known as the Helmholtz equation, and is
given by [17, Eq. (C.13)]

(V2 +k*)E(r) =0, (2.23)

where k£ = w/c and 0 is the zero vector. When deriving Eq. (£.23), it is assumed that E(r)
is divergence free. This is the case for isotropic, linear and homogeneous media. In the
Cartesian basis, the elementary solutions to Eq. (2.23) are elliptically polarised plane waves,
where

E(r) = £1e*7 4 e kT, (2.24)

where k is the wave vector, and £; and £, contain the polarisation and amplitude of each
constituent solution. As mentioned, however, the elementary solutions in the spherical ba-
sis are required. In this case, a scalar field ansatz v(kr, 6, ¢) is used, which satisfies the scalar
Helmholtz equation

(V2 + k) (kr,0,0) =0, (2.25)

where 6 € [0, 7} and ¢ € [0, 27| are the polar and azimuthal angles, respectively. As shown
in Ref. [96], if ¥(kr, 0, ¢) is a solution to the scalar Helmholtz equation, then the VSHs of
well-defined parity

MY (kr) = V x 190 (r)] (2.26)
and
NG (kr) = 27 x MY (kr) (2.27)
Im k m .

are elementary solutions to the vector Helmholtz equation Eq. (£.23), where the index ¢
represents the considered multipolar order. Specifically, ¢ = 1,2, ..., 1 ax, Where the val-
ues 1,2,... correspond to dipoles, quadrupoles, and so on. Although there are infinitely
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many multipolar orders, one requires a truncation order /,,,x for numerical purposes when
describing incident and scattered fields. The expressions for said fields depend on M%)L (kr)

and Ngg( kr), and will be discussed in the following subsection.

The choice for /y,,x depends on the size and material of the scattering object. When
molecules are considered in Chapter B, a dipolar truncation order of ¢,,.x = 1 will be consid-
ered, due to the molecules only being of nanometre scale. The index m stands for the angu-
lar momentum along the z-axis and is related to £ as m € [—lmax, ..., =2, —1,0,1,2, ..., {inax].
The superscript j refers to the corresponding Bessel (j = 1) and Hankel (j = 3) functions of

the first kind, 21(\/]1)5 (kr). The choice of function corresponds to boundary conditions incident
and scattered fields need to obey; this aspect will be elaborated on in a later subsection.

To write the VSHs Méﬂi(kr) and Ng%(kzr) more explicitly, one requires the solution to
wéﬁ(r), which is given by
vEh (r) = 27, (k1) Y™ (6, 0), (2.28)
where Y™ (0, ¢) are the spherical harmonics
Y0, ¢) = Qup P (cosh)e™?, (2.29)

and P;"(cos#) are the associated Legendre functions. Moreover, the factor

0 \/ (20 +1)(¢ — m)! 230)

Anl(C+ 1) (€ + m)!

represents the corresponding normalisation [[17, Eq. (C.22)].
As a result, M(% (kr) and Néﬁi (kr) can be written as [9€]:

M) (k) =V x [r2{2), (k)Y (0, 0)
= 20, (k)M (), (2.31)

1 .
%M):EVXM%Mﬂ

f ¢+ j m j .
( - D) A0 (k)Y (0,0) + 2 (kr)ngm (), (2.32)
where
W (®) = Qo [0 (8) — b7 (0)] €™, (2.33)
on(®) = Qn |B7n(0) + i (6)] €. (2.34)
Moreover, the functions
; 1 d
k) = —— ) (2 ()| (2.35)
are the corresponding Riccati functions,
P (cost
Tom(0) = mfsfne) (2.36)
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and

dP]"(cosh)
Tom(0) = —4——2 0 .

Now that the VSHs have been defined in the parity basis, one can utilise the obtained
expressions to define analogous quantities in the helicity basis. This will be of great sig-
nificance in Chapters f] and f, where helicity basis is leveraged due to its invariance under
Lorentz boosts.

The VSHs A%m (kr) corresponding to a well-defined helicity A = £1 are defined in terms
of the VSHs in the parity basis as [[16]:

(2.37)

M) (k) + AN{) (kr)

AV (kr) = 7
ALU+1) ) m .
= ﬁTzI(VJM(kT)}Q (0,9)r
() e
ZM,Z(kT) + A\ ZN’E(/{T) R
+ > : By om (3)] - (2.38)
N==£1
For a helical polarisation
ax(3) = 200) —16() (2.39)

V2

described by the spherical unit vectors é(f‘) and gZA)(f"), the quantity f) 4, (r) is defined in
terms of my,,(r) and ng,, (') as

my, () + Anem(f‘)_

£y om(t) = 2.40
A (F) 7 (2.40)
Note that the vector function f} ¢,,, (') obeys the orthogonality property
2 i
/ d¢/ sin #d6 f)\’gm(f‘) : f;:’,é’m’ (f‘) = 5A,\/55m541m/. (24.1)
0 0

Importantly, the vector quantities Ay%m(kr) exhibit a useful property in that their curl is

proportional to the vectors themselves [[16]:

VX AG)

AL (k) = AT, (k). (2.42)

In other words, Ag\]}m(k‘r) are eigenstates of the helicity operator ¥* with eigenvalue \.
Such fields are known as Beltrami fields [97, 98], but will be referred to as helical fields in
this thesis.

In Chapter [, far fields will be considered. Correspondingly, one can utilise an approx-
imation to simplify the expressions for scattered fields. This simplification is achieved by
making use of the asymptotic behaviour of the Hankel functions
T —(~i)¢ for a=N (2.43)
zo(x) === ¢

Q, i

— (=) for a=M, (2.44)
xZ

D

10
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where the O(1/z?) terms are negligible and therefore ignored.
Finally, by substituting Eqs. (£43) and (Z.44) into Eq. (Z:38), one obtains the expression

ff
for the far-field helical VSHs |A{),,(kr)|  given by

elk'r'

A0 = D @) 5 (2.45)

where the “ff” superscript denotes ‘far field".
In the next subsection, the VSHs will be used to construct the incident and scattered fields.

2.2.2 The T-matrix of an arbitrary object

One is now at a point where the incident and scattered fields can be expressed in terms
of VSHs. For now, this will be done in the parity basis using MY (kr) and Ng%(kr). The

; Im
analogous treatment using the helical VSHs A%m(kzr) will be discussed in Chapter .
Consider a object of arbitrary shape illuminated by a plane wave electric field E;(r) of the
form

E;(r) = Egelfiki, (2.46)

where

~

Eo-k =0, (2.47)

ki is the wavenumber of the incident field in the embedding medium containing the object
and k; = k;/k; is the unit wave vector. The field E;(r) can be expanded in terms of the vector
spherical harmonics Mgg(k;lr) and Né}r)l(kir) defined in Eqs (£:31)) and (£.37) as follows [[17,
Eq. (5.2)]:

00 l
Er) =Y Y [amM) (kr) + b N (ki) (2.48)
=1 m=—4¢

where ag,, and by, are expansion coefficients [I7, Eqs (5.4, 5.5)]. Recall for numerical
purposes, the infinite sum needs to be capped at a maximum multipolar order ;..

Similarly, the scattered field Eg(r) can be written in terms of the scattering expansion
coefficients py,,, and ge,,, as [17, Eq. (5.3)]

0o 4
Er) =Y Y penME (ki) + aunNy (kir)], 7> 74, (2.49)
{=1 m=—¢

where r, is the radius of the smallest circumscribing sphere surrounding the object. It
should be emphasised that Eq. (£49) is only valid when r > r,, where r = |r| (c.f. Fig ).
Note that the (1) superscript in Eq. (£:4§) corresponding to the spherical Bessel function
J(kir) of the first kind is used for the incident field. Conversely, the superscript (3) in
Eq. (E49) corresponds to the spherical Hankel function of the first kind h(kir) used for
the scattered field. This correct choice of function ensures that the incident field is finite at
the origin and the scattered field obeys an outgoing radiation condition. According to the

11
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— o —

Figure 2.1: An arbitrary scatterer (blue) surrounded by the smallest circumscribing sphere
(dashed circle) with radius r,. The vector r corresponds to the point at which
the scattered field is observed.

radiation condition, the transverse component of the field decays as 1/r, while the radial
part decays even faster for large r.

Upon obtaining the scattered field Es(r), one can now relate its expansion coefficients to
those of the incident field E;(r) as [17, Eqs (5.6, 5.7) |

00 4
pen = D Tompraraem + T berm) (2.50)
P p——
0 4
dem = Z Z (T%ngm/aelm/ + T%@%m’bf'm’)a (251)
U=1m/'=—1

NN NM MN MM - - : ;
where T %1, Tyrormrr Loy @nd Ty i represent the electric-electric, electric-magnetic,

magnetic-electric and magnetic-magnetic components of the transition matrix T, commonly
known as the T-matrix, where

TN TNM>
T = 2.52
(TMN Tyvm (2.52)

and each element of T is a £iax ({max+2) X lmax (fmax+2) matrix for the considered maximum
multipolar order /;,ax. In matrix form, Eqs (£.50) and (£.51)) can be expressed as

(0)-2(0)

12
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The application of the T-matrix is presented pictorially in Fig. £.2.
From the T-matrix, one can also define the S-matrix S, which relates incoming to outgoing
fields and is defined as [[17]]

S =1+ 2T. (2.54)

The difference between incident and incoming fields is that an incident field contains both
incoming and outgoing components [99]. The incoming component is the total incoming
field, while the outgoing part combined with the scattered field form the outgoing field. For
example, in Chapter f| where scattering by molecules is considered, the incident field is a
plane wave. After converting the incident field to the spherical basis, its dipolar components
interact with the molecules to produce the scattered field. The outgoing component of the
incident field in this case contains the higher-order multipolar components that simply pass
through the molecules without interacting with them.

Figure 2.2: A visual depiction of how the T-matrix T links an incident field to a scattered
field. The incident field (blue) has expansion coefficients (a,b). The scattered
field (red) expansion coefficients (p, q) are obtained by applying T, which de-
pends on the geometry and material of the scatterer, to the incident field expan-
sion coefficients.

2.2.3 The T-matrix of a dielectric sphere

In Chapter f], electromagnetic scattering by a single dielectric sphere is explored. Here, the
Ty and Tyy components of T disappear such that

_[Txn O
TS_< ) TMM>’ (2.55)

13
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where the ‘S’ subscript stands for ‘sphere’. Moreover, the elements of Tg

ap ... 0
Tan = : (2.56)
0 ... ag,.
by ... 0
Tyv=1: "~ (2.57)
0 Urmax

are diagonal matrices and a, and b, are the electric and magnetic Mie coefficients defined
by [I0U, Eqs (4.53)]

_ s je(ma)[xje(z)) — psje(x)[maje(ma)]’

Y mmZjo(ma) [whe(@)] — pshe(@)[maje(ma)]

(2.58)

and

o HSjK(m.r)[xjg(x)]/ — Mmjé(x) [m$]g(mx)]/
= siem e — e e} 259)

In these expressions, the prime represents differentiation with respect to the argument of
the relevant function, and p,,, and pg are the magnetic permeabilities of the surrounding
medium and the sphere, respectively. Moreover, the parameters  and m are respectively
defined as

x:% €m (wo) i (w0) (2.60)
and
_ | es(wo)ps(wo)
"=\ @) pmen) (261

where R is the radius of the sphere, c is the speed of light in vacuum, wy is the frequency
of the incident field, and ey, (w) and eg(w) are the electric permittivities of the surrounding
medium and sphere, respectively.

2.2.4 The T-matrix in the helicity basis

Armed with the matrix T in the parity basis, one can obtain an analogous matrix TH in
the helicity basis. The matrix T! relates incident and scattered helical fields described by
helical VSHs defined in Eq. (2.3§). Mathematically, the transformation from the parity basis
to the helicity basis reads [[101, Eq. (2)]

T = p~ITP, (2.62)

where the ‘H’ superscript denotes the helicity basis and

P \}5 G _11> (2.63)

14
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is the transformation matrix. Explicitly, T can be written as

T T,
H_ (1++ 1+
T = <T_+ . ) (2.64)

where T, T,_, T_,, T_ represent the plus-plus, plus-minus, minus-plus and minus-
minus helicity components of TH, respectively.

In Chapter [, the helicity T-matrix of a dielectric sphere is required. In this case, T™
reduces to

o _ 1 [(TNN +Twvm) (Tnn — TMM)} (2.65)
2 [(Tnn = Tavm) (T + Tvm) | ‘
such that the components T)_ », , of T are given by
T,\S7)\i7g = ay + \iAshy . (2.66)

In the previous equation, \; and s are the helicities of the incident and scattered fields,
respectively.

2.2.5 Rotating the T-Matrix

In Chapter f necessary to rotate the T-matrix. Rotating a T-matrix corresponds to rotating
the scattering object itself, and allows one to observe the scattering pattern for an arbitrary
incident field angle. The rotated T-matrix operator Tr (¥, ©, ®) described by the three Euler
angles U € [0,27),0 € [0, 7], ® € [0, 27) is given by

Tr(¥,0,9) = R(V,0,8) TR }(¥,0,d), (2.67)

where R(¥, ©, ®) is the rotation matrix. To carry out T-matrix rotations, the program treams
was utilised [92], where the rotation follows the z — y — z convention. In other words, the
first rotation is about the z-axis, the second about the y-axis and the third about the z-axis.
Furthermore, Eq. (£:67) is also valid for the helicity T-matrix T*.

In this section, the VSHs in the parity basis and helicity basis were defined. It was then
shown how VSHs can be used to describe electromagnetic fields as a sum of constituent mul-
tipoles. The T-matrix formalism was also outlined, which links incident fields to scattered
tields. The T-matrix of a dielectric sphere required in Chapter fj was highlighted. Moreover,
it was shown how to transform a T-matrix from the parity to the helicity basis, as well as
how to rotate it. As an extension to a single scatterer, periodic and stratified media will be
discussed in the following section.

2.3 Scattering by periodic and stratified media

In addition to individual objects, the scatterer can also be a composite system. One example
is a periodic, two-dimensional array of spheres infinitely extended in the z-y plane, as will
be the case in Chapter f. To determine the scattered field by such a structure, one requires
what is known as the re-normalised T-matrix given by [102, Eq. (17)]

-1

Tien=|(I-T Z Cs(—R)eik” (W)R T. (268)
R+#0

15
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In Eq. (£:68), T is the T-matrix of a constituent sphere, R is a two-dimensional lattice vector,
Cs(—R) is a translation matrix and k| is the component of the wave vector of the incident
plane wave with frequency w parallel to the lattice. In Chapter [, only plane waves of nor-
mal incidence will be considered such that k| = 0. The re-normalised T-matrix reveals
information about the optical response of a scatterer in a two-dimensional lattice. Armed
with Ten, one can compute the scattered electric field of the lattice (cf. Egs. (21, 22) from
Ref. [I02]) and finally the S-matrix S. Recall that the S-matrix relates the incoming field to
the outgoing field.

Additionally, one can add an embedding to the spherical array. By combining the lattice
with the embedding, one forms a stacked structure that requires a new approach to deter-
mine the outgoing field. This new formalism should take into account lattice interactions
and the effects each layer in the stack has on the outgoing field. A layer can take the form of
either a homogeneous slab, a two-dimensional lattice or an interface between two materials.
A depiction of a stack is given in Fig. P.3. In Fig. P.3, the stack contains the surrounding
vacuum, two slabs forming the embedding, a two-dimensional lattice of spheres and two
interfaces.

Since the structure is infinitely extended in two dimensions, the natural way to express
the electric field E(r) leaving a given layer is as a sum of plane waves. For an electric field
with general expansion coefficients 7 ) ¢ and wave vector kg ) 4, onehas that [102, Eq. (5)]

Er)= Y Y O ngrdér(kgaa)e s (2.69)

A=tld=t| &

In the previous equation, A is the helicity of the incident plane wave and €, (kg, 5 q) is the
polarisation vector. The vectors g are reciprocal lattice vectors and represent the allowed
diffraction orders, while the quantity d =7/ denotes a plane wave propagating in the +z-
(1) or —z- (}) direction. In Chapter f, only zeroth order diffraction will be considered,
where g = 0. Furthermore, since the incident plane wave propagates along the +z-axis,
one has kg,)\,d = kO,A,T'

The expansion coefficients for a field entering or leaving the half-space above a layer (de-
noted by the subscript 2”) are related to those for a field entering or leaving the half-space
below (denoted by the subscript ‘1”) in matrix form as [[102, Eq. (6)]:

(’72,¢> _ (STT Su) <?7m) (2.70)
M, Sit Su/ \me,1) '
where S, are S-matrices linking two adjacent layers. Qualitatively, the coefficients on the
left of Eq. (£.70) represent a field outgoing from a layer, while those on the right correspond
to a field incoming on a layer.

The power of the above formalism is evident in its recursive application. To obtain the
total outgoing field leaving a stack, one can successively apply the S-matrices for each layer
in Eq. (£.70). For a more in-depth discussion about this iterative technique, one can refer to
Ref. [I03]. From the incoming and outgoing expansion coefficients, one can obtain the cor-
responding reflectance and transmittance [[[02]. The reflectance and transmittance measure
how much of an incoming wave is reflected or transmitted, respectively. In Chapter p, the
reflectance corresponding to the system shown in Fig I3 will be obtained using freams [92].
For this structure, five S-matrices are required: two for the interfaces, two for the slabs and
one for the lattice.

16
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[0 Vacuum [ Slab = = = Interface

Figure 2.3: A stack consisting of two homogeneous slabs and a lattice of spheres. The stack
is suspended in a vacuum. The dashed lines represent interfaces between two
layers, while the solid line depicts the joining point of the two slabs.

2.4 Circular dichroism (CD) and rotational averaging

Circular dichroism (CD) is a prime quantity in the that describes the difference in the ab-
sorptance or transmittance of left- and right-handed circularly-polarised waves by an ob-
ject [BU0-87, [04-107]. Circular dichroism relating to absorption is known as absorption CD
(ACD), while that relating to transmission is called transmission CD (TCD). In this section,
both types of CD will be discussed, beginning with ACD.

2.4.1 Absorption CD (ACD)

The determination of the ACD of a object reveals important details about its internal struc-
tures, an example being exploring the secondary structure of molecules such as proteins [[108].
For a given direction corresponding to a wave vector k, the ACD AA(k) is given by

AAk) = AT (k) — A (k), (2.71)
where A™ (k) and A~ (k) are the absorptances of the left- and right-handed circularly-polarised

waves with helicities A = +1 and A = —1, respectively. To obtain expressions for the ab-
sorptances, one requires the use of the S-matrix in the helicity basis S' which relates helical

17
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incoming to outgoing waves. The matrix S™ is related to T (Eq. (£-64)) as [99, Eq. (S16)]
St =14 21!, (2.72)

where I is the identity matrix with dimensions ¢max(max + 2) X fmax(fmax + 2) and lpax is
defined directly after Eq. (2.27).

As per [99, Eq. (517)], the absorptances A* (k) are defined as the difference of the mag-
nitudes squared of the corresponding incoming and outgoing field coefficients, where

A% (k) = a*T(k)a® (k) — o™ (k)STTSHa® (k). (2.73)

The vectors a* (k) contain the multipolar expansion coefficients of the incoming wave, where
the ‘+” and “—" superscripts refer to incoming waves of pure positive and negative helicity,
respectively. Explicitly, these vectors are given by

5 k
at (k) = Ul t2) () (2.74)
Ogmax (emax+2)

_ 00,10 (binax+2)
“ ( ) [aemax (Zmax+2) (k) ( )

where 0 is the zero vector. The subscript /iax(fmax + 2) represents that each subvector has
dimensions /pax (fmax + 2) X 1.

Examples of ACD spectra generated by Marjan Krsti¢ using TURBOMOLE [[I0Y] are given
in Figs P4 and . for B-DNA and two types of chlorophyll molecules (chlorophyll a and
chlorophyll b), respectively. Technically, the spectra in Figs .4 and .5 show what is known
as the rotationally averaged ACD (RAACD). The RAACD is obtained by illuminating an
object from all directions k (as done in Ref. [I10]), obtaining the ACD signals in each di-
rection and dividing the sum of every ACD value by the number of illumination directions.
The more illumination directions considered, the more accurate the result. A more detailed
treatment of rotational averaging will be given in Chapter .

2.4.2 Transmission CD (TCD)

Another type of CD is the transmission circular dichroism (TCD) A7 (k), which is the differ-
ence between the transmittances 7+ (k) of right- and left-handed circularly-polarised light.
Qualitatively, one has

AT (k) =T (k) — TT (k). (2.76)

When defining the transmittances 7+ (k), one should usually assume a periodic scatterer
to conform with the formalism described in Section P.3. In Chapter B, however, the TCD
of a molecule illuminated by a plane wave will be investigated. Due to the small size of
the molecule, only a dipolar scattering response is recorded, while the higher-order compo-
nents of the incoming field pass straight through. For this reason, one cannot simply apply
the S-matrix defined in Eq. (£.54)) to obtain the outgoing field. For dipolar scattering, the T-
matrix in Eq. (£.54) would only have dimensions of 6 x 6. By correspondingly restricting the
dimensions of the identity matrix in Eq. (£.54), one would erroneously ignore higher-order
components of the outgoing field. As a result, a correction to account for the higher-order
terms is required. A more in-depth treatment of this correction will be given in Chapter .
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Figure 2.4: In tile (a), a B-DNA molecule is depicted; tile (b) contains its RAACD spectrum.
Adapted from [[P3] under the CC BY 4.0 license.

2.5 Summary

In this chapter, the theoretical background relating to electrodynamics was covered. To
begin, Maxwell’s equations were discussed. The vector Helmholtz equation derived from
Maxwell’s equations was then outlined, and its elementary solutions were given in both the
Cartesian and spherical basis. The elementary solutions in the spherical basis are the vector
spherical harmonics (VSHs), which are used to express electromagnetic fields as a sum of
their multipolar components. Subsequently, the T-matrix formalism was introduced. The
T-matrix relates field expansion coefficients of an incident field to those of a field scattered
by an object. Although the scatterer can be arbitrarily shaped, a special case of scattering by
a single sphere was highlighted. For individual spheres, the scattering process is described
using Mie theory. Following this, it was outlined how one can transform a T-matrix from
the parity basis to the helical basis, which links incident and scattered fields described by
helical VSHs. A further transformation of a T-matrix, namely a rotation, was also discussed.
Rotating the T-matrix corresponds to rotating the scatterer itself, allowing one to observe its
scattering response from an arbitrary angle of orientation. As an extension to a single object,
the formalism describing scattering by periodic and stratified media was developed. Finally,
the concept of circular dichroism was defined. The next chapter addresses the second half
of the theoretical background: special relativity.
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2 Electrodynamics
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Figure 2.5: Tiles (a) and (b) contain depictions of a chlorophyll 2 and chlorophyll b molecule,
respectively. Tile (c¢) shows the RAACD spectra of each molecule. Adapted
from [[P3] under the CC BY 4.0 license.
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3 | Special Relativity

Arguably one of the most significant contributions to physics in the 20th century came in

the form of the theory of special relativity, devised by Albert Einstein in his 1905 paper Zur

Elektrodynamik bewegter Kérper (On the Electrodynamics of Moving Bodies) [111]. In this

third contribution to his affectionately coined annus mirabilis (miracle year) papers, Einstein

formed a comprehensive description of special relativity that generalised work done previ-

ously by Henri Poincaré and Hendrik Lorentz under the framework of electrodynamics.
As outlined by Einstein, special relativity hinges on two postulates [94]:

1. Principle of relativity
The laws of physics are identical in every inertial reference frame, where no accelera-
tion occurs.

2. Invariance of the speed of light in free space
The speed of light in free space is the same for every observer, independent of their
motion relative to the source.

The principle of relativity is of utmost importance in this thesis, as will become evident in
Chapters ff and f. This first postulate leads to great mathematical simplification by allowing
one to employ a frame-hopping method (FHM) when describing the scattering of light by a
relativistically moving object. The FHM will enable light scattering calculations in a station-
ary regime in an inertial reference frame, followed by Lorentz boosting the result back to an
external lab frame. The Lorentz boost relates how various geometric and electromagnetic
properties are observed in the inertial reference frame compared to the lab frame. It is in
the lab frame where all final measurements are observed in later chapters, such as scattered
energy and CD.

For a lab frame F' with spatial coordinates (z, y, z) and an inertial reference frame F’ with
coordinates (2, 3/, z’) (cf. Fig. B.T]), the FHM consists of the following steps [B1, P1]:

1. The incident field is Lorentz boosted from F to F".
2. The scattering problem is solved in frame F' !

3. Finally, the scattered field is Lorentz boosted from F’ back to F.

In the entire thesis, only Lorentz boosts in the z—direction will be considered. Such a
Lorentz boost L () is characterised by the transformation matrix [[[12]

v 00 —p
LB={ 0 o1 ol (31)
-8 0 0
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where
v
BZE, 1< <1, (3.2)

v is the speed of the object and c is the speed of light in vacuum. Moreover, the Lorentz
factor ~ is defined as

1

S — 3.3
y N (3.3)

14

y F y’ F

VZ
T '

> o
0 - o’ "7

Figure 3.1: The lab frame F' with coordinates (x,y, z) is shown on the left. On the right is
the boosted frame F’ that moves with velocity vz relative to F' and is described
by coordinates (2, y’, z’). Each frame has an origin O and O’, respectively.

In the next section, the effects of Lorentz boosting are discussed. Just as frames F' and
F’ are described by different coordinate systems (cf. Fig. B.)), many quantities like the
wavelength of an electromagnetic field and the length of an object are measured differently
depending on the location of the observer. Firstly, the Doppler shift of an electromagnetic
wave will be discussed, a concept which describes how the wave is perceived depending on
the motion of an observer relative to the light source. In the language of reference frames,
the wavelength of an electromagnetic wave emitted by a source stationary in frame F' is
viewed differently in frame F’ moving at speed v relative to F. Afterwards, the concept
of length contraction will be outlined and used to justify why electromagnetic scattering
calculations should be done in frame F’ instead of F. This will lead to a discussion on
the Lorentz boost of electromagnetic fields. Afterwards, the boosted electric and magnetic
fields will be expressed in the helicity basis, as required in later chapters. Finally, the Lorentz
invariance of the helicity of an electromagnetic field will be demonstrated.
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3.1 Effects arising from Lorentz boosts

3.1 Effects arising from Lorentz boosts

3.1.1 The Doppler shift

If an observer in frame F’ moves along the z—axis with speed v away from the source field
in frame F, they will observe a stretched (redshifted) wave with a longer wavelength com-
pared to that in frame F'. Conversely, if the observer in frame F’ moves towards the source,
the wave would appear compressed (blueshifted) with a shorter wavelength compared to
that in frame F'. This concept is known as Doppler shifting and is depicted in Fig B.2. In ev-
eryday life, Doppler shifting is often heard when an ambulance with blaring sirens passes
by. As the ambulance approaches the observer, the pitch of the sound becomes higher since
its wavelength decreases and the frequency correspondingly increases. The opposite occurs
when the ambulance moves away from the observer.

Doppler shifting will be of great importance in later chapters since they concern sig-
nals sent from Earth to relativistically moving objects in outer space. In all cases, the ob-
jects scatter an incident electromagnetic field and are stationary in frame F’. Here, the ob-
jects will observe a Doppler—shifted incident wave compared to that viewed on Earth (in
frame F'). For a wave with wavelength L in frame F', the Doppler—shifted wavelength L in
frame F” is obtained by applying the Lorentz boost operator L. () to the four-wavevector
K(w, k) = (w/c, k)T in frame F to obtain that in frame F” denoted by K' (v, k') = («'/c, k)%,
where

K' (o', k) = L,(8)K(w, k). (3.4)

The T’ superscript denotes the transpose. In Eq. (B-4), w and k are the frequency and three—
dimensional wavevector of the plane-wave electromagnetic field in frame F', respectively.
The analogous quantities in frame F” are denoted by a prime.

Upon carrying out the operation in Eq. (B.4), one obtains the Doppler-shifted wavelength
L'(53) given by

, L
L'(B) = A(B.6n) (3.5)

where

A(B, bh) = (1 — § cos by) (36)

is the factor representing the Doppler shift for a plane wave with orientation 6y with re-
spect to the z-axis. In this chapter, an angle of fx = 0 will be considered for demonstration
purposes, such that Eq. (B.§) becomes

AB) =1 (3.7)

The sign of 3 dictates whether an object moves in the positive or negative z—direction. When
B > 0, the scatterer moves away from the observer. When 8 < 0, the scatterer moves
towards the observer (cf. Fig. B.2). Moreover, one sees in Eq. (B.7) that as § increases, the
perceived wavelength L’ in frame F” increases, as expected. Likewise, the opposite occurs
as 3 decreases.
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l

W :

Figure 3.2: A depiction of the Doppler shift, where the wavelength of an electromagnetic
field is L in frame F and L’ # L in frame F’. In (a), the observer in frame F’
moves away from the field source in frame F' with a speed ratio # > 0 and sees a

red-shifted wave, where L’ > L. In (b), the observer moves towards the source
(B8 < 0) and observes a blue-shifted wave (L’ < L).

In this subsection, the concept of the Doppler shift was introduced, which explains why
the position of an observer moving relative to a wave source can affect the perceived wave-
length. Both cases, i.e., where an object moves away or towards a light source, were dis-
cussed. The next subsection will concern length contraction, a phenomenon that helps one
to determine the reference frame in which Mie theory calculations should be performed.
Specifically, it will be discussed why length contraction introduces mathematical complex-
ity if the scattering calculation is carried out in frame F' instead of F".

3.1.2 Length contraction

Length contraction is the phenomenon where an object moving in frame ' is measured to
be compressed compared to its length in frame F’, where the object is assumed to be at
rest. The length in frame I is called the proper length or rest length. In any other frame,
the length will be compressed. To quantitatively describe length contraction, one needs to
consider the relationships between the coordinates (z, y, z) in frame F' and the coordinates
(«',y,7') in frame F’. For an object stationary in frame ’ moving with velocity vz relative
to ' (cf. Fig. B)), the two coordinate systems are linked via the Lorentz boost operator
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3.1 Effects arising from Lorentz boosts

L. () as follows:

ct’ ct
x - x

=L, , 3.8
y (8) y (3.8)
2! z

such that
v =z, (3.9)
v =y, (3.10)
2 =~(z — Bet), (3.11)
t' = <t — 52) : (3.12)
c

One sees from Eq. (B.17) that time also depends on the reference frame (denoted by ¢ in
frame F' and ¢’ in frame F’). However, to discuss length contraction, explicit reference to
time is omitted. The variance in time will be discussed in the next subsection.

An important property of length contraction can already be inferred from Eqgs. (BY)-
(BI0). In Egs. (B-9) and (B.10), the = and y coordinates remain unchanged after the Lorentz
boost. As shown by Eq. (B.I1]), however, the z coordinate does change. The implication of
this is that length contraction only occurs in the direction of motion, in this case along the
z—axis. For example, a sphere boosted in the z—direction would remain a sphere in frame
F’, but would be measured as an ellipsoid in frame F' due to the length contraction of its
radius along the z—axis (cf. Fig. B.3). The radii in the z and y directions remain unchanged.

To show the length contraction of a sphere’s radius along the z-axis, consider two points
givenby (0,0, z}) and (0,0, 25) in frame F’. The sphere has radius R’ in frame F’ and moves
in the +z—direction with speed v relative to . In F, the same points are described by
(0,0, z1) and (0,0, 22), where z3 > z;. In F’, the distance D’ between the points is given by
D' = 2}, — z{. From Eq. (B-IT), one can express D’ in terms of the coordinates in frame F as

D=z, — 2
= (22 — Betz) — v(z21 — Beta)
=7 [(22 — 21) — Be(ta — t1)], (3.13)

where t5 and t; are the times in frame F' at which the two respective points z; and z; are
measured. Assuming this measurement to occur simultaneously in frame F where t; = ¢,

Eq. (B-I3) becomes

D' =~[(z2 — 21) — Be(ta — t1))
= (22 — 21)
Y (3.14)

such that

: (3.15)
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where D = z; — z; is the distance between z; and 23 in frame F. In the case of a sphere
centred at the origin in frame F” and moving along the +z-axis, the radius R’ in frame F’
can be described by the distance between the points z5 = (0,0, R’) and 2| = (0,0,0). With
this in mind, Eq. (B.15) becomes

R,=—. (3.16)

Note that there is a ‘2" subscript in R, but not in R’. This signifies that the radius changes
in frame F' along the z—axis where R, # R’. Since v > 1 for a moving object, Eq. (B.16)
confirms that the sphere becomes compressed in frame F, where the observer measures it
as an ellipsoid. The different geometries can be seen in Fig. B.3.

(2) (b)

Figure 3.3: The effect of length contraction on a spherical scatterer moving along the z—axis.
As shown in (a), the scatterer remains a sphere with radius R’ in an inertial
frame F’. In (b), it is shown how the object is perceived in the lab frame F. In
F, length contraction occurs along the z—axis such that an observer in frame F
measures an ellipsoid. Along the z-axis, the radius in frame F' is reduced by a
factor of 1/v. The compressed radius is denoted by R..

The result shown in Eq. (B.1§) demonstrates that one could not directly apply Mie theory
in frame F. In F, the scatterer is measured as an ellipsoid. Since Mie theory only pertains
to spheres, one cannot implement it in frame F'. Herein lies the added mathematical com-
plexity mentioned above if one were to compute scattering calculations in frame F’ instead
of F'. In F’, the scatterer remains a sphere so Mie theory can be applied in the usual way
here.

In this subsection, the concept of length contraction was introduced, and an explanation
was given as to why Mie theory calculations should be carried out in frame F’ and not
F. Armed with this understanding, the Lorentz boost of an electromagnetic field will be
discussed in the following subsection.
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3.1 Effects arising from Lorentz boosts

3.1.3 The Lorentz boost of electromagnetic fields and energy density

Followed by justifying in the previous subsection why Mie theory calculations should be
carried out in frame F’ and not in frame F), it is necessary to determine how electric and
magnetic fields behave under Lorentz boosts from F to F”. As seen in [B1], the electric field
E'(r/,t') and magnetic field B'(r’, ') in frame F’ can be related to those in frame F as

E(r,t') = 7 [E(r,t) + vv x B(r,t)] + (1 — 1) [ - E(r, )] ¥ (3.17)

and

vv x E(r,t)

B'(r',t') =~ |B(r,t) — 5

° +(1-)[%-B(r8)]v, (3.18)

where v is the boosting direction. Moreover, the space and time coordinates r’ and ¢’ in
frame F’ are respectively given by

/

r'=r+[(y—1)V-r—qut]v (3.19)

and

t’:y(t—ﬁ'r) (3.20)

c

Note that Eq. (B-19) collapses to Eqs (B.Y)-(B.IT]) for motion along the z—axis. Furthermore,
one sees that time is measured differently depending on the reference frame. Specifically,
a clock moving with an object in frame F” relative ' would measure less elapsed time com-
pared to a clock held by an observer in frame F. The variance in time explains many ar-
guably counter-intuitive phenomena, including why muons traversing the atmosphere hit
the Earth before decaying. An observer on Earth measures the muons’ clock to be ticking
slowly, meaning the muons reach the Earth before reaching their decay time. From the
perspective of the muons, the distance between them and Earth is contracted in line with
Eq. (B.I§). This means the muons measure a shorter travel distance, thus explaining their
survival from the perspective of both reference frames.

As already mentioned, objects moving in the v=2z direction relative to an incident light
source are considered in this thesis. For this specification, Eqs (B.17) and (B.I§) become

E/, Y(Ez — BeBy)
E | = [ (B, + BeBy) (3.21)
E! E.

and
B;, v(Bz + gEy)
B, | = | v(By - 2E,) |- (3.22)
B! B.

Interestingly, Eq. (B-Z1) shows that only the components of E(r, t) and B(r, t) perpendicular
to the direction of motion are affected. Specifically, the magnitudes of the x and y compo-
nents become larger with speed, meaning an observer in frame F’ views an ever-flattening
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Figure 3.4: How the electric field line distribution of a positive point charge stationary in
frame F' changes in the y—z plane as an observer in frame F’ moves along the
+z-axis. Depictions for three speed ratios § = 0, 31 and (2 are shown, where
B2 > B1 > 0.

field as v increases. A classic example of demonstrating this flattening is to consider how
the field lines of a point charge stationary in frame F' observed from a moving frame F”
change with speed (cf. Fig. B.4). Three speeds are considered, namely 5 € {0, 51,52},
where 33 > 31 > 0. For demonstration purposes, only the y—z—plane is depicted.

Another important case is a plane-wave electromagnetic field since plane waves play an
important role in all future chapters. The variation of an incident plane-wave electric field
illuminating an object will now be examined. Firstly, the electric and magnetic fields will be
defined in frame F”, since this is the reference frame in which Mie theory calculations must
be done. Next, the fields in frame F” will be expressed in terms of the known quantities of
the incident field in frame F'. For example, the Doppler—shifted wavelength L'(3) of the inci-
dent light as observed in frame F” must be expressed in terms of the wavelength L in frame
F (cf. Eq. (B.5)). Subsequently, the properties of a plane wave will be exploited to allow
one to express the magnetic field in terms of the electric field, revealing an explicit depen-
dence of the electromagnetic field amplitudes on . From this, the Lorentz-boosted energy
density will be explored as it provides a direct visualisation of the effect of the varying field
amplitudes.

The effect of a Lorentz boost on the amplitude of the field will now be derived mathe-
matically. The focus will mainly be on the electric field during the derivation as one can
directly obtain the magnetic field from the result. For demonstration purposes, the time
dependence in both reference frames will be dropped, but the result can be extended to all
polarisations and times.

Beginning with the derivation, the spatial part of an z-polarised plane wave electric field
E'(%, B) in frame F’ with wavelength L’ and propagating in the +z—direction is given by

E'(¢,8) = Ey(B) Sin(%)

= RE.(<, ), (3.23)
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3.1 Effects arising from Lorentz boosts

where L'(3) is obtained from Eq. (B-5) and E{(5) is the electric field amplitude in frame F”.
The corresponding magnetic field B'(2/, 5) polarised in the y—direction is given by

B(,5) = By(6)sin 1
—yBi()sin( 1 )
= yB,(#,8), (3.24)

where B{(f) is the magnetic field amplitude in frame F”.
It is now necessary to obtain the fields in frame F’ in terms of the known quantities in
frame F. Beginning with determining E{,(3), one finds from Eq. (B:Z1)) that

Ey(B) = ~v(Eo — BeBo), (3.25)

where Ej and By come from the electric and magnetic fields as perceived in frame F given
by

E(z,t) = %Eosin <2”Lz> (3.26)
and
R . [ 27z
B(z,t) = yBysin <L> , (3.27)

respectively. A value of Ey will always be assumed.

Using the Maxwell equation given by Eq. (£.3), one can further simplify Eq. (B.2Z5) by
writing By in terms of Ej. As mentioned above, this is why it is initially sufficient to only
consider the Lorentz boost of the electric field. By substituting Eqs (B.26) and (B-2Z7) into
Eq. (B3), one finds that

1
By = _Eo. (3.28)

Following this, the final expression for the electric field amplitude in frame F” is obtained
upon substitution of Eq. (B.2Z§) into Eq. (B.2Z53), where

Ey(B) = EoA(B). (3.29)

One sees that the magnetic field amplitude obeys the same relation by substituting Eq. (B.2§)
into Eq. (B:29), along with the analogous expression in frame F’ given by

BY(3) = - Bb(6). (330)

Note that one is allowed to replace the field amplitudes in frame F'in Eq. (B.2§) with those
in frame F” since a plane wave in frame F' remains a plane wave when boosted to F’. Also
worth noting is the similarity of Eq. (B.29) to Eq. (B.3), where the same Doppler shift factor
A(f3) appears. As a result, both the wavelength L of an electromagnetic field and the field
amplitudes change under Lorentz boosts.
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Next, the oscillatory part of Eq. (B:2Z3) must be expressed in terms of the known wave-
length in frame F'. To do this, one can exploit Eq. (B.5) for the Doppler—shifted wavelength

and obtain
. (272 . [272 A(B)
sm<Ll> = sin [L . (3.31)
As a result, the complete electric field in frame F” is given by
/
E'(Z, 8) = xEyA(B) sin [27” LA(B )]
=xE.(, ). (3.32)

When F’ moves away from F' (5 > 0), one sees from Eq. (B:32) that the wavelength of
the electric field increases, while the amplitude of the electric field decreases. Conversely,
the wavelength decreases and the magnitude of the electric field increases when F’ moves
towards F' (8 < 0). A colour plot showing the variation of E/ (%, 3) is given in Fig. B35,
along with a graph of E,(2/, §) for fixed values of 5 € {—0.6,—0.3,0,0.3,0.6}. Recall that
the corresponding equation for the magnetic field B’(z’, §) can be obtained by substituting

Eq. (B:32) into Eq. (.3), such that

By(.0) = ~By(, ). (3.33)

A physical consequence of Eqs (B.37) and (B.33) can be found by considering the energy
density «'(2, B) of the plane wave in frame F’. The energy density is the energy per unit
volume stored in an electromagnetic field. Since the electromagnetic field in frame F” has
the same polarisations as in frame F, the equation for «'(2’, §) is given by [P4]

W(8) = 5 [lBL AF + By AP (334)

for an object moving along the z—axis.
One can simplify Eq. (B.34) by substituting Eq. (B.33) into Eq. (B.34), where

u,(zlvﬁ) = €0|E/x(2,76)|27 (335)

thus yielding the final expression for the energy density of a plane wave in frame F”.

A colour plot of u/(2’, 3) /e is given in Fig B.g (a). Graphs of v/(2', 3)/eo for fixed speed
ratios § € {—0.6,—0.3,0,0.3,0.6} are given in Fig. B.§ (b). When 8 < 0, the energy den-
sity perceived in frame F’ increases with speed. This makes sense, since the amplitude of
E! (7, B) increases by a factor of A(f) as 3 decreases (cf. Eq. (B:32)). Since a wave with a
high amplitude carries a large energy density, the energy density correspondingly increases.
When 3 > 0, the opposite is seen since a wave with a low amplitude carries a lower energy
density.

For a wave that isn’t infinitely extended in space, the total energy of an electromagnetic
field changes under Lorentz boosts [B1, P1]. This energy change will be implemented in
Chapter f. Here, the effects of an object’s speed on the scattered energy will be considered.
In this case, all fields will be expressed in the helicity basis. The reason why will be discussed
in the next subsection.
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(a) E! (arb. units)
)

(b)

(arb. units)

/
T

B=0--p3=03—p=0.6]

Figure 3.5: In (a), the electric field E, in frame F” is given as a function of the speed ratio
S and position 2. In (b), the same electric field is given as a function of 2’ for
select 5 values.

3.1.4 Lorentz boosted fields in the helicity basis

Although relativistic calculations can be carried out in the parity basis by considering trans-
verse electric (TE) and transverse magnetic (TM) modes, it is arguably more practical to
consider fields in the helicity basis. The reason for this is that the helicity of an electromag-
netic field is invariant under Lorentz boosts [I13], which makes calculations easier com-
pared to those using electromagnetic fields in the parity basis. This helicity invariance will
be explicitly demonstrated in the next subsection.

For plane waves, the incident electric field in frame F is circularly-polarised with polari-
sation &, (k) as defined in Eq. (£:39), where

E(r,t) = é)(k)Eg exp{iw[(k - r/c) — t]}. (3.36)
In the above equation, A is the helicity of the field, w is the field frequency and k is the unit
wavevector that describes the propagation direction. Note that reference to a magnetic field

is omitted at this point as the relevant expression will later be directly obtained from E(r, t)
using Maxwell’s equations.
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Figure 3.6: In (a), the energy density v’ in frame F” normalised with the permittivity of free
space ¢ is given as a function of the speed ratio 8 and position z’. In (b), the
same normalised energy density is given as a function of z for select 3 values.

Fields that take the form of Eq. (B-36) are known as Beltrami fields [97, 98]. In the optics
community, such fields are also referred to as helical fields [I14]. The latter nomenclature
will be used from here on in. A characteristic of helical plane waves is that they are eigen-
states of the helicity operator ¥* [[16, [14], which is also present in Eq. (Z42). From (ZZ42),
one finds that

V x E(r,t) = \kE(r, t). (3.37)

Qualitatively speaking, Eq. (B:37)) demonstrates that helical fields are directly proportional
and parallel to their curl.

The magnetic field B(r,t) can be obtained by substituting Eq. (B:37) into Eq. (£3). In
doing this, one obtains

B(r,t) = ~E(r,1). (3.38)
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Finally, Eq. (B-3§) can be substituted into Eq. (B.17) to obtain the Lorentz-boosted helical
electric field given by

E(r,t) =7 |E(r,t) + %’z X E(r,t)| + (1 —7) [z E(r, )] 2, (3.39)

where the following expression for the corresponding magnetic field B/(r/,¢') is obtained
via Eq. (B:38) using frame F” coordinates:

Y
B/(,t) = ZE(x,1). (3.40)
1C

It should again be emphasized that the relation between the electric and magnetic fields in
frame F' are the same as that between those in frame F’. This is because a plane wave in
frame F' remains a plane wave when boosted to F’. Due to its abovementioned invariance,
the same helicity A\ appears in the expressions for the electromagnetic fields in both frames
F and F'. Helicity invariance under Lorentz boosts will now be shown explicitly.

3.2 The invariance of helicity under Lorentz boosts
Given that the Lorentz invariance of helicity underpins the work in this thesis, it makes
sense to explicitly demonstrate it. Assume that the helicity A" of the boosted field is not

necessarily equal to the unboosted helicity \’. In this case, Eq. (B-40) relating the boosted
electric field E'(r/, ¢') to the boosted magnetic field B'(r',¢') would be written as

)\/
B'(r,¢) = SE(.1). (3.41)
1

By substituting Eq. (B:39) for E/(r/,t') into the previous equation, one has

B, 1) = ?T; {7 [E(r,t) + %v « E(r,t)] (=) [ Er,1)] v}
= ’yi)\C/E(r,t) — )\’)\W +(1—7) [\7 : i)\C/E(r,t)] v, (3.42)

where Vv is the direction of motion of the scattering object.
Immediately, one sees that Eq. (B:42) can only hold if A = )\ as this is the only way
to reproduce the well-known and general formula for the boosted magnetic field B/(r/,¢)

given in Eq. (B.18).

3.3 Summary

In this chapter, special relativity was introduced by beginning with the concept of reference
frames, where an inertial reference frame F’ moves relative to a laboratory frame F' along
the z—axis. The Doppler shift was then defined, which explains how the wavelength of
an incident electromagnetic field is measured differently depending on the frame in which
it is observed. If an object moves away from an incident electromagnetic field, a longer
wavelength is perceived. Conversely, an observer moving towards an incident field observes
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a smaller wavelength. Afterwards, the coordinates in frame F’ were related to those in frame
F’" and were used to derive the formula for length contraction. Length contraction was then
used as a justification as to why Mie theory calculations should be carried out in the inertial
frame F’ and not F. This is because an observer in frame F' measures a length contracted
radius of the spherical scatterer along the z-axis, effectively making it an ellipsoid. Mie
theory is therefore invalid in frame I’ as it only applies to spheres. Next, the Lorentz boost of
electromagnetic fields was discussed, along with visual examples of the resulting effects on
the fields of a positive point charge and plane wave. It was also seen that the energy density
of a plane-wave electromagnetic field scales with a factor represented by the Doppler shift.
Afterwards, the electric and magnetic fields were expressed in the helicity basis. Finally,
the invariance of helicity under Lorentz boosts was explicitly demonstrated, which will be
required in the following chapter.
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4 | Minimising the Backscattering by a
Relativistically Moving Sphere

This chapter is based on the work in Ref. [[P1] carried out with Aristeidis Lamprianidis and
Yannick Augenstein, where the backscattered signal from a relativistically moving sphere
was investigated. The consideration of a single sphere is an important prerequisite to study-
ing more complex systems like lattices and molecules as done in the following chapters.

The specific quantity investigated is known as the directivity. The directivity is the ratio
of the scattered energy density in a particular direction and the average scattered energy per
unit solid angle [IT5]. In this chapter, only the backscattered direction will be considered.
Due to the finite nature of the sphere, an incident field in the form of a Gaussian beam will
be considered. The interaction is achieved by the sphere moving in through one side of
the beam and out of the other, leading to a finite backscattered energy density from which
the directivity is well-defined. From the formulas derived in [B1], the FHM outlined in the
previous section can easily be applied, allowing one to implement Mie theory to determine
the scattered energy density.

A further analysis of the backscattered directivity comes in the form of its minimisation.
The minimisation of backscattering is linked to what is known as the first Kerker condi-
tion and has many practical uses. For example, minimising the backscattered signal by
an antenna ensures that as much information as possible is transmitted and not reflected
away [[I16]. The first Kerker condition is also observed in nature, where plants exploit it to
absorb as much sunlight as possible [93]. To theoretically investigate the first Kerker con-
dition, a quantity known as the directivity will be considered. The directivity serves as a
comprehensible figure of merit that relates the backscattered energy to the average scattered
energy by the sphere. Specifically, one is able to see if most of the energy is concentrated in
or away from the direction of backscattering.

In Section 7], the nature of the incident Gaussian beam will be explained along with how
to best represent it to apply the FHM. The chosen method is the angular spectrum represen-
tation, which expresses the beam as a sum of its constituent plane waves. In doing this, one
is able to apply the formulas for Lorentz-boosting plane waves derived in the previous chap-
ter. Subsequently in Section f.2, the scattering scenario will be outlined and all necessary
reference frames will be defined. In Section f.3 the first step of the FHM will then be carried
out, where the incident field is boosted from the lab frame F' to the sphere’s frame F”. Itis in
frame I’ where the directivity is observed. Section .4 concerns itself with the second step
of the FHM, where the scattered energy density is obtained in frame F’. Here, one applies
the T-matrix formalism from Mie theory to obtain the scattered field and, consequently,
the scattered energy density. Afterwards, the final step of the FHM is implemented in Sec-
tion E.5, and the backscattered energy density is Lorentz-boosted from frame F’ to frame
F'. The final expression for the backscattered directivity is also given, and the backscatter-
ing is explored by varying a wide range of parameters. An example of such parameters
are Mie angles, which parametrise Mie coefficients in an abstract way such that one can in-
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4 Minimising the Backscattering by a Relativistically Moving Sphere

vestigate the directivity of any possible spherical scatterer. Finally, the directivity will be
minimised in Section .6, where a relativistic Kerker condition is devised. Specifically, the
minimisation is carried out with respect to the Mie angles describing the sphere.

Note: in Ref. [P1], a different convention for the spherical harmonics was implemented. Specifi-
cally, a modified normalisation factor Q,,, was used, which will be used in this chapter and is related

to Qyyy, defined in Eq. (B30) as
Qo = 1" Q.- (4.1)

The original normalisation 2y, will be used in subsequent chapters.

4.1 Angular spectrum representation of a monochromatic
Gaussian beam

To describe the incident field in this chapter, the angular spectrum representation (ASR)
will the implemented. The ASR is a technique that allows one to conveniently describe elec-
tromagnetic fields in homogeneous, isotropic, linear and sourceless media. In this chapter,
the homogeneous medium is a vacuum. By employing the ASR, processes such as the fo-
cusing of light and propagation of laser beams is elegantly described [117].

The ASR hinges on expanding electromagnetic fields in terms of their constituent plane
wave contributions. Each plane wave exhibits different polarisations and directions of prop-
agation k = (k;, ky, k.). As mentioned above, an incident monochromatic Gaussian beam
will be considered in this chapter. Considering the spatial part E(r) of the beam’s electric
field E(r, t) spanning the z—y—plane and propagating along the z-axis, one can expand an
arbitrary field in the z—y—plane at a given coordinate z into a superposition of plane waves
as [[117, Eq. (2.119)]

E(z,y,2) = / dk, / dky B(ky, ky; 2)el ket tkoy) (4.2)

where k, and k, are respectively the « and y wave vector components of each constituent
plane wave, and E(k,, ky; z) is the two dimensional Fourier transform of E(z, y, z) given by

_ 1 0o oo )
E(ky, ky; 2) = 47r2/ dx/ dyE(x,y,z)e_l(kwm+kyy). (4.3)

When substituted into Eq. (E-7), one obtains the ASR [I17, Eq. (2.124)]

E(r) = / dk, / dky E(ky, ky; 0)e™® T (4.4)

Note that the presence of the elk*
agates into the z > 0 half-plane. If the propagation occurred in the —z—direction, the e
term would become el(Feo+kyy—k=2),

For the specific case of a monochromatic Gaussian beam, E(k,, k,;0) is given by [I17,
Eq. (3.9)]

in the previous equation implies that the beam prop-
ik-r

~ ~ 2 U]2
E(ky, ky; 0) = Eo(k) 726+ (545, (4.5)
T
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4.1 Angular spectrum representation of a monochromatic Gaussian beam

~

where Eq(k) is a vector that contains information about the polarisation of the beam and
its amplitude. Moreover, wy is the beam waist, which represents the size of the beam at its
focus point z = 0. From wy, one can obtain the beam radius w(z), which is the radius at
which the intensity of the beam falls to 1/e? of its axial value at z. In this chapter, the paraxial
approximation will be implemented. The paraxial approximation is used to describe a beam
with a large waist and narrow angular spectrum about the optical axis (in this section, the
z—axis) [[[17, 118]. Correspondingly, the explicit expression for w(z) obtained using the
paraxial approximation is given by [[117, Eq. (3.14) ]

2
w(z) = wp (1 + 22) ; (4.6)
0
where
2
20 = % (4.7)

is the Rayleigh length and & = |k|. For a monochromatic Gaussian beam, each constituent
plane wave has the same wavenumber k but different k,, k, and k. components. More-
over, one sees from Eq. (£.§) that the beam waist is given by wg = w(z = 0). A pictorial
representation of the beam radius and waist is given in Fig. E.1].

Figure 4.1: The outline of a Gaussian beam (red) with beam radius w(z) and waist wg prop-
agating along the z-axis.

In this chapter, Eq. (E-4) will be expressed in terms of the polar and azimuthal angles 6y
and ¢y, respectively, which relate to the wavevector k of each constituent plane wave. This
is achieved upon substitution of the relations

k., = ksin(0x) cos(¢x), (4.8)
ky = ksin(fx) sin(¢k), (4.9)
and the Jacobian transformation
Ok,  Oky
dkgdky, = [ "% 7%
Yook ok
Ogx Ok
k
= 5 sin(20k)d0kd¢k (4.10)
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4 Minimising the Backscattering by a Relativistically Moving Sphere

into Eq. (£4). Finally, one obtains the expression for the electric field E(r) of a Gaussian
beam given by

k T ) 2T w2 ) U]ZOJQ .
E(r) = 2/0 dby Sln(29k)/0 doy E04—; exp (u\gf)k - 4002 Sm2(9k)>
™ .
‘H (5 - ek) exp(ik - 1), (4.11)

where the Heaviside function H (5 — i) ensures the exclusion of plane wave components
moving away from the illuminated object. Note the exp(i\¢y) that appears in the previous
equation to ensure that the angular momentum in the z—direction m, has a value m, = J,
where ) is the beam’s helicity. This is required for a circularly polarised beam with a large
beam waist wy, as considered in this chapter. An explanation for the large waist will be
given in the following section.

In this chapter, Dirac notation will be implemented such that Eq in Eq. (EI1)) is repre-
sented by the following ket:

B = £ ‘Af(w> , (4.12)
where

’Af{w> = &) (k) exp[iw(f{-r/c)}, (4.13)

Ej is the field amplitude, and &, (k) is defined in Eq. (£:39).
Succinctly, the total electric field of the beam |E) given in Eq. (E11)) can be written in
Dirac notation as

2 T %)
E)= > / dcbk/ d9k/ dwg,\(tdﬂk,gbk)‘)\kw>+c.c., (4.14)
A=+170 0 0
where
wiw?
Gx(w, Ok, k) = Eosin(26x) exp (i)\ﬁbk - 4062 Sin2(9k)> §(w — wo) (4.15)

and ‘c.c.” denotes the complex conjugate of |E). Note the appearance of the §(w—wy) term in
Eq. (E13), where wy denotes the frequency of a non-transformed beam. In the next section,
rotations and Lorentz-boosts of the beam will be considered, and the 6 (w —wy) term ensures
the correct transformed frequency w is considered.

In this section, the angular spectrum representation of a monochromatic Gaussian beam
was discussed. Such abeam will be used as the incident field in this chapter. In the following
section, the complete scattering scenario will be outlined.

4.2 Outlining the setup and scattering scenario

After having discussed the nature of the incident field, one can now build a picture of the
scattering scenario. The considered scatterer is a lossless, dielectric sphere that moves with
velocity v = vz through an incident electric field E;(r, t) represented by a Gaussian beam
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4.2 Outlining the setup and scattering scenario

described by Eq. (E14) (c.f. Fig. E2). In this chapter, a beam with helicity \; = +1 and
waist wy = 10L is considered, where L is the stationary wavelength of the beam. For such
a large waist, the beam is approximately a plane wave but is finite in space. As a result, one
can determine the total energy of the scattered field instead of an energy density, allowing
one to determine the directivity later on. Another reason for considering a spatially-finite
beam is that the interaction between the beam and the sphere would also be finite, where
the sphere enters through one side of the beam and exits the other (c.f. Fig. E2 (b)). This
would not be case for an infinitely extended plane wave, where the interaction would be
incessant and the radiated field intensity would only vary azimuthally. In short, a localised
interaction leads to the scattering of spherical waves, allowing one to consider the spherical
basis in the upcoming scattering calculations.

Since the Gaussian beam can be represented as a sum of helical plane waves, only the elec-
tric field will be referenced in this chapter. The reason for this is that the boosted electromag-
netic field can be fully expressed in terms of the electric field in line with Eqs (B-39) and (B-40).
As a result, explicit reference to the magnetic field is not necessary.

(a) (b)

20L 6 Sphere exits (/ F\
beam \\/
10L -k
. =
B = ) FinitG.:
B 0 3 S‘ interaction
o
5 .
2 & Beam spatially
—10L ~ , finite but infinitely
1 . extended in time.
—20L
20L  —10L 0 10L 20L Observer <® [ Sphere enters
\ eam
zl

Figure 4.2: In (a), the magnitude of the incident Gaussian beam is depicted in the beam’s
zl—yl plane. The beam has a large waist wy = 10L, where L is the incident
wavelength of the beam. The red arrows depict the circular polarisation of the
beam. In (b), the interaction process between the sphere and the incident beam
is shown. Adapted from [P1]]. Copyright © 2023 American Physical Society.

The Gaussian beam is oriented at an angle ©; to the sphere’s direction of motion as seen
in the lab frame F'. Physically speaking, ©; is the angle between the beam’s propagation
direction and velocity of the sphere. Since the beam orientation can change, one requires
an additional reference frame Fl. In Fll, the corresponding 2!l axis aligns with the direction
of propagation of the beam k;. Consequently, an observer in frame F observes a beam
rotated with angle ©; with respect to its own z—axis.

Of course, a boosted inertial reference frame F” in which the sphere is stationary is also
required. As mentioned in Chapter B, all scattering calculations need to be carried out in F”
since Mie theory is only valid in this frame. Recall the invalidity of Mie theory in frame F'.
Here, an observer would measure a sphere undergoing length contraction along the z—axis,
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4 Minimising the Backscattering by a Relativistically Moving Sphere

essentially making it an ellipsoid (c.f. Fig. B.3). As Mie theory only applies to spheres, one
can therefore only apply it in F’ to obtain the scattered field.

A depiction of each reference frame is given in Fig. .3. Note that terms with a prime per-
tain to frame F”, while those without a prime relate to frame F. Terms with a *||” superscript
denote quantities in frame FIl. Note also that the propagation direction k; of the incident
field in F is not the same as that in F” denoted by k/. This is because there exist components
of k; in the z—y—plane that affect its component in the z—direction. Explicitly, one finds from
Eq. (B4) for a general direction of propagation k = (k, k,, k.)T in F that

K v 0 0 —p k
Kl | o 10 o k.
Kl“l o o1 o0 ky
K 8 0 0 v ) \k
’Y(k_ﬁkz)
_ Zi . (4.16)
(k. — Bk)
!
| z
i CI?I
yl
=

Figure 4.3: Tllustration of the sphere in a) the beam’s frame Fl and the rotated frame F,
which includes an external observer (indicated by the eye), and b) the sphere’s
own inertial frame F’. In frame F, the sphere appears to move with velocity vz.
The wave vector k; is incident on the sphere at an angle ©;. In a), the backscat-
tering direction kpg (marked by the red arrow) is directly opposite to k;, and
this direction will be used to establish a relativistic Kerker condition. In b), the
sphereis atrest (v = 0) in F”, and the incident field’s Lorentz-transformed wave
vector is k!, incident with angle ©/ # ©; when ©; ¢ {0,7} and ©/ = ©; when
6; € {0 7}. In F’, the backscattering direction kj is generally not opposite to
k; or k{. Adapted from [P1]. Copyright © 2023 American Physical Society.
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4.3 Lorentz boosting the incident field into the scatterer’s reference frame

Upon determining the scattered electric field and the resulting directivity in F”, the result
must then be inverse Lorentz-boosted to frame F. In other words, the FHM outlined in
Chapter B is applied.

Worth noting is that the azimuthal incidence angle of the beam @; is set to ®; = 0. How-
ever, one could assign ®; an arbitrary value. The reason for such freedom is due to the
spherical symmetry of the system. As the Lorentz boost occurs along the z—axis, the scat-
tering pattern will therefore be invariant with respect to the orientation of the incident field
in the z—y—plane.

In this section, the scattering setup was discussed and all necessary reference frames were
defined. In the following section, the first step of the FHM will be implemented, where the
incident field is boosted to frame F".

4.3 Lorentz boosting the incident field into the scatterer’s
reference frame

In this section, the first step of the FHM will be carried out. Firstly, however, the incident
beam needs to be rotated in frame F by the angle of incidence ©;. Such a rotation is applied
to quantities in the beam’s reference frame Fl, where the electric field is given by Eq. (E14)
in Fll coordinates:

Bl = %dgb{'( “aol [T awl gl bl ey AR Wl £ cee. (4.17)
2
0 0 0

A==%1

In Eq. (B17), the subscript ‘i’ refers to the incident field
To obtain the rotated field in F', the following rotation operation is applied:

[E) = Ry(0) |E]), (4.18)
where
. R 21 T 00 I I R
Ry(Gi)‘)\H Kl w”> :Z/ dgbk/ dek/ dw Ry (w8, 6l w, b1, i ©3) )\kw>
+ Jo 0 0
(4.19)
with transformation coefficients
R)\H)\(w”?H]H@ ¢>{|@UJ7 9k7 (bk; 61) = P(GIHU ‘1‘{7 @1)5((4.) - OJ”)
-0 Olll - arccos(l%z)} o [ ‘1‘( — atan2(l§:y, ks)| . (4.20)

In Eq. (B20), the Cartesian components (k,, &y, k.) of the unit vector k in F are related to
those in F!l via a three-dimensional rotation matrix, where

]%w cos®; 0 sin®; l%lc‘
Bbl=] o 1 o0 i)
/;:Z —sin®; 0 cosB; l;:ﬂ

sin 01|L cos c;ﬁy( cos ©; + cos GIH( sin ©;
= sin 91[ sin gb{'{ . (4.21)

gl Il [
— sin 0)_cos ¢, sin ©; + cos O cos 6;
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4 Minimising the Backscattering by a Relativistically Moving Sphere

In Eq. (BZ0) is the phase term P(GIH(, {'{, ©;) that appears when rotating helical plane waves
is included. This phase term is discussed in Ref. [I13] and is given by

POk o4 1) = exp ip(0), o], ©3)] (4.22)
with
p(Glll, gf){'{, ©;) = atan2 [ — Asin(6;) sin( l'() , COS <91|l) sin(©j) cos (gf){'{) + sin (91“() cos(@i)}.
(4.23)

The function atan2(z, y) in Eq. (E23) refers to the two-argument inverse tangent function
that ensures the output lies in the correct Cartesian quadrant.

With the rotated field |E;) in F' at hand, one can now implement step 1 of the FHM. To do
this, another operator is required to boost the incident electric field from F' to F”'. Since Dirac
notation is used, the boosting operator must be expressed using a compatible representation.
However, the operation is the same as that described by Eq. (B.1]), so the symbol L (3) will
be retained. For this chapter, L, (3) is written as

2 ™ e}
L.(8) Mkw) = [ ddh [ b [ dw'La(w, Bk dre e B, i B)
bV 0 0 0

N K w'> | (4.24)

where

Lo (w, b, P, ', Oy, di; B) = A(B,0x) - Ox - 6 [w' — A (B, 0y) w]

, cosby —
-0 [Qk — arccos (1—Bcos0k>}
5 (6 — 1), (425)

and A(f, fx) is the angle-dependent Doppler factor defined in Eq. (B.§). Note that the ar-
guments in each é—distribution are drawn from Eq. (B-4) representing the Lorentz boost of
the four-wavevector K(w, k). Explicitly, the boosted polar angle 6, and azimuthal angle ¢}

are obtained via
k’/
0 = arccos(ﬁ)

<kz - Bk>
= arccos

k — Bk,
_ cosby —
= arccos <1—IBCOSQk> (4:.26)
and
kJ
by = arctan(i)
k
= arctan y)
(5
= ¢k- (4.27)
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4.3 Lorentz boosting the incident field into the scatterer’s reference frame

The Lorentz invariance of the azimuthal angle ¢ comes at no surprise. As mentioned in
Chapter [, k, and k, are invariant under boosts in the z—direction, so the same must apply
to ¢x. Also included in Eq. (E:25) is the boosted frequency w’, which is likewise obtained
from Eq. (B-4) and is given by

W= A(B, Ok )w. (4.28)

To help conceptualise the boosted angle 0} and normalised frequency «’, colour plots of
their dependence on 6y are given in Figs 4 (a) and (b), respectively. The boosted frequency
W' is normalised with respect to yw to avoid saturation of the data as § — 1 and 6 — .
Note that it is only necessary to consider 3 > 0, since the 3 < 0 values are accounted for by
the 7/2 < 0x < 7 values. In this range for 6y, the wave propagates into the —z half-plane
when 8 > 0. This would be equivalent to considering the ranges 0 < fx < m/2 and 5 < 0.
Figure .4 offers an extension to Chapter [ since an arbitrary wave propagation direction is
now considered instead of just along the z—axis.

(a)

T vis
0 0
T 2
00 0.5 1 0

g

vl
rol3)
/

rol3)

mk/,m

Figure 4.4: In (a), the incident field angle ©! as viewed in frame F” is plotted as a function of
the sphere’s speed 3 and incident field angle ©; in frame F'. The analogous plotis
given in (b) for the normalised boosted frequency of the incident field w’/yw for
a fixed w. This normalisation ensures that the data as § — 1 and ©; — m doesn’t
overpower that for lower speeds and incident field angles. Adapted from [PT].
Copyright © 2023 American Physical Society.

Noteworthy features can be observed by considering the behaviour of # and w’ at limiting
values of 3 and 6. Beginning with 6, , one sees that it is invariant for 6 € {0, 7}. The reason
for this is that waves moving in the £z—direction simply experience a Doppler shift along
the same axis without a change in propagation direction. For this specific case, the Doppler
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4 Minimising the Backscattering by a Relativistically Moving Sphere

shift can be seen by considering Eq. (B-3) for the Doppler—shifted wavelength L', where

;2w
K, = 57
=k, A(B). (4.29)

Recall that A(B) = A(B,0).

Perhaps the most obvious quality of Fig. 4 (a), however, is that an increasing speed
causes non-zero values of 6 to have boosted propagation directions ¢;_that approach ¢, = 7
more rapidly. This is comprehensible upon consideration of the &, component of Eq. (E18)

k. = (k. — Bk) (4.30)

and the fact that k, and k, are Lorentz invariant. One sees in Eq. (£:30) that every £/, value
(except when k = k) becomes infinitely negative as 5 — 1, which corresponds to fx — 7.
Such a behaviour is depicted in Fig. .3 for the range k. € [4.19um ™!, 6.28um™!].

kL (pm~")
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0
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55
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3
=
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-25
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g

Figure 4.5: The boosted z-component %/, of the wave vector k' in F” as a function of the
sphere’s speed /5 and the z-component k, of the wave vector k in F.. As § — 1,
all £/, values (except when k. = k) approach £, = —oo.

Concerning the boosted frequency w’ shown in Fig. 4, the induced red- and blue-shifting
isevidentas  — 1. When 6y = 0, the object is moving directly away from the incident field,
thus observing an ever-increasing red-shift as 3 — 1 where the frequency perceived in F’
virtually disappears. Conversely, an infinitely increasing frequency is observed in F’ when
Ok =  as this corresponds to the object moving directly towards the incident field source. In
this case, a complete blue-shift occurs. Also notable is the case where 6 = 7, where w’ = w.
Here, the sphere moves perpendicularly to the direction of propagation of the incident field,
where the incident field has no k. component. As k, and k, are Lorentz invariant, ¥ and
therefore w must also be invariant.
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4.3 Lorentz boosting the incident field into the scatterer’s reference frame

A final element of Eq. (E:25) to mention is the Kronecker delta d,,, which takes into
account the helicity preservation under Lorentz boosts by ensuring non-zero values for the
boosting coefficients only when A = X

At this point one can form a comprehensive description of the boosted incident field |E;)
in F for an arbitrary angle of incidence ©;. Combining the rotation and the boost, |E{) can

now be related to the unrotated beam’s electric field ‘E!l> in Fll as follows:

El)

|E!) = L.(5)R,(6))

2m ™ o)
=Y / e, / ;. / dw'Gl (W', 0, &) [N K w’> tee, (4.31)
IARAL 0 0+ ’
where k' is obtained using Eq. (B4) and is given by
L k+[(y—1)cosby — 3]z (4.32)

A(B,0k)

Furthermore, the coefficient describing the Gaussian profile G, (', 0y, ¢} ) in F" is given
by

G 1 (W, O, $1) = T (B, Bl ©1)GL,

’i{A[B ol &, )}’el'k%wi(),qzb{'((ei{,asi{)}, (433)
» Yk\Vkr Pk

where
91[( I, @) = arccos { ! — [sin 6 cos ¢ sin © + y(cos Oy + ) cos O] } , (4.34)
A(—IB’ ek)
and
gbl'((ﬂ{(, ¢} ) = atan2[sin 0} sin ¢}, sin O cos ¢y cos © — y(cos . + 3) sin O] (4.35)

represent Glll and ¢{|( as viewed from F”.

Finally, the Jacobian [J (6}, ¢}, ©;) in Eq. (E33) converts the differential element dﬂl“{dqby{
to that needed in F’ given by d¢;, d¢; , where

o0l o0l 0]
a0, 99, o
I I I

0. #L.0;) = |9 99 9%
I (; 1 ©1) 90,  0g), o

ol awl  uwll
a0, d¢r O

. ool a6l
- | % 9% 4.36
NERTCR] M )
a0, 9,

and 6(0} ) expresses 6 from frame F in terms of frame F’ coordinates. Specifically, §(0} ) is
obtained by taking the inverse of Eq. (.2§), which is achieved upon substitution of 5 — —f.
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4 Minimising the Backscattering by a Relativistically Moving Sphere

In this section, the first step of the FHM was completed, where the incident field was
boosted to frame F’. Moreover, the effects of Lorentz boosting on the angle of incidence
and frequency of the incident field were discussed and visualised. In the next section, step
2 of the FHM will be carried out, where the scattering problem will be solved using Mie
theory in the sphere’s frame F.

4.4 Solving the scattering problem in the sphere’s reference
frame

To start obtaining the scattered field in F’, a spherical basis formulation will now be em-
ployed for |E!). This basis change allows one to implement the T-matrix method from Mie
theory, which is used here since the scattering object is a sphere. The reason why the plane-
wave basis was used until now is because one retains all information about the incident field
this way. When converting to spherical waves, the incident field is expressed as a sum of its
multipolar components represented by ¢ and m (c.f. Section £.2). This multipolar sum is in-
finitely long and must be truncated at some point, thus leading to information loss. For the
scattered field, this truncation isn’t a problem if the scatterer is small enough. In this case,
one can often find a multipolar order ¢ at which the scattered field converges. Of course,
the truncation order also depends on the material from which the scatterer is made.

A further reason why the plane-wave basis was important for the incident field is due to
the behaviour of multipoles under Lorentz boosts. As shown in [119], a boosted multipole
generates infinitely many higher order terms, meaning a dipole in F is not a dipole in F’,
for example. A more in-depth comparison of boosting plane waves and multipoles will be
presented in the following chapter.

Returning to the task at hand, the spherical-basis representation of the incident field |E{)
in F’ takes the form

‘Ei> == Z / dw/A/)\/glm/ (o.)/) ‘w/ XN/ m/>(1) +c.c., (437)
Alf/ml 0+

where the ket [’ X ¢/ m’)!) represents the helical VSH AE\l,) o (K'T") given in Eq. (2:38) in
Dirac notation. Recall that the ‘(1)” superscript in Eq. (E37) denotes that the VSH is de-
scribed by the first-order spherical Bessel function jy (k'r’).

Moreover, the spherical expansion coefficients A’y (w’) are related to the plane-wave
expansion coefficients G, (w’, 0} , ¢}) via a transformation function Sy ¢,y (0}, #}.) given by
(120, Eq. (9)]

S/\/ o' m! (9{(, gbi() = 47Tiél+2m/71 Qf’m’Tﬁ(’/)vll)/ (91{) eiim/d)i‘, (438)
such that
2 T
Ay (W) = /0 dgic /0 dbic G (W', Ohcs D) Sxrorme (Bics Bic)- (4.39)

The quantity Qy1,,,s is the adjusted normalisation defined in Eq. (&), and TZ(,AWI,L), (6;.) is defined
as

T (03) = ~ T (03) — Atgr (6, (4.40)
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4.4 Solving the scattering problem in the sphere’s reference frame

where 7y, (0}, ) and 7y, (6} ) are defined in Eqs (2.37) and (£36), respectively.
Fully simplified, the coefficients A’ y/p,,,/ (w') take the form

A[B,0(0y)]
Byw' A(—p, 0;) sin 6;,

2 Y
- /0 d¢i<{ e AP 06, 0h). D6, 6h). 1| T (0%, i, ©3)

! /_1 = 2\
A,)\/g/m/ (w’) = 47T1£ +2m ng/m/T@(/m),(G())

§(w')

U0 1016, 61, kwa,qs;c)]}, (4.41)

where the term

) =00 e [t s ) (+42)

ensures the correct range of values for the boosted frequency «'. This range is found by
considering Eq. (E:28) when 6 = ©;. Specifically, the minimum value of w’ corresponds to
©; = 0 since this corresponds to the object moving directly away from the incident field, thus
maximising the red-shift for a given 3. Conversely, the maximum value of w’ corresponds
to ©; = 7. Here, the object moves directly towards the incident field, which maximises the
blue-shift.

Also present in Eq. (E4])) is G ‘)‘\}?i obtained from the equation for the Gaussian profile as

viewed in FI
G 1@ 00, 0l) = G (04, 3! — i) (443)

in terms of the F’ quantities.
Worth noting in Eq. (E41) is the parameter 6, given by

/
0o(6,w") = arccos(wlﬁjyzlw ) : (4.44)
The behaviour of 6(8,w’) in the limit of 3 — 0 demonstrates the validity of the derivations
so far. As 5 — 0, the expansion coefficients of the incident field A’ /¢,y (w') tend to resemble
a 6—distribution. This is to be expected, since the corresponding unboosted Gaussian beam
has a very large waist and is approximately a monochromatic plane wave. Due to the fact
that such a plane wave only has incident field coefficients at one frequency, the appearance
of the §—distribution provides a useful sanity check.

A plot of a dipolar coefficient |A’y19(w’)| is provided in Fig. g for 5 € {0.1,0.2,0.5,0.9}
and ©; = 7/4 as a function of the normalised frequency (wi—w’) /wi. Here, the d—distribution
behaviour is evident. Also expected is the decrease in |A’y19(w’)| as the speed increases.
The reason for this decrease is, as shown in Eq. (B-32) in Chapter B, the amplitude of an
electric field is perceived to decrease by an object moving away from it. Armed with the
incident field coefficients, the scattered field |Es) can now be determined, where the ‘s’ sub-
script stands for ‘scattered’. As was the case with the incident field, the scattered field can
be expressed as a sum of its multipolar contributions as follows:

|E) = Z / dw' Bl grypr (W) [ AL € m'>(3) +c.c., (4.45)
X 70" )
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Figure 4.6: The magnitude of a dipolar incident field expansion coefficient | A y1o(w’)| as a
function of the normalised boosted frequency (w; — w’)/wi, where w; is the un-
boosted frequency and N = +1. Four speeds 5 € {0.1,0.2,0.5,0.9} are consid-
ered. As 3 — 0, | A’ y10(w’)| approaches a d-function-like peak, characteristic of a
beam with a very large waist. Adapted from [P1]. Copyright © 2023 American
Physical Society.

where the ‘(3)” superscript denotes that the corresponding VSH is described by the third-
order spherical Bessel function (also referred to as the first-order spherical Hankel function)
ho (K'r").

At this point, the T-matrix formalism can now be implemented. Since the incident and
scattered fields are expressed in the helicity basis, one requires the helicity T-matrix T de-
fined in Eq. (Z64). In matrix notation, the scattered field coefficients B}, ., (') are related
to those of the incident field A’Ag o (W) @s

B =THA’, (4.46)

where

A+ B+
! _ !
wo(A) e (B 47)

are 20max(fmax + 2) x 1 vectors and fr,ax is the maximum considered multipolar order. The
inax (Pmax +2) % 1 vectors A"+ and A’ contain the positive and negative helicity incident
field expansion coefficients, respectively. The vectors B'™ and B'~ contain the analogous in-
formation but for the scattered field. For example, an incident and scattered field expressed
up to quadrupolar order (/;ax = 2) is described by 16 x 1 vectors with the following expan-
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4.4 Solving the scattering problem in the sphere’s reference frame

sion coefficients:

/

/I /— I—__ /
A= =l mi=— N=£1,0/=1,m'=—1

/
N==%1,0/=1,m'=0 By 41,01, m=0

4 /
MN=+1,0/=1,m'=1 M=+1,0=1,m'=1

/ /
/ N=+1,0=2,m'=—2 / = =2, m/=—

Ai: ,1 s ,m ’ Bi: /)\s +1,0=2,m 2 ) (44:8)

N=+1,0=2,m'=—1 AM==%1,0/=2,m'=-1

/ /
N==£1,0'=2,m'=0 Ag=%1,£/=2,m'=0

/
/A{:i1,£':2,m/:1 As=£1, £=2,m'=1

/
B)\g::tl,ﬁ’:2,m’:2

/
N=+1, /=2, m'=2

Recall that the incident field only contains positive helicity components (A; = +1) such that
A = Ogmax (Zmax+2) and

A= ( E AT ) , (4.49)

O max (émax +2)

where Oy (/,...+2) is the lnax(Umax +2) % 1 zero vector. Important to note is that, although
the incident field only has positive helicity components, the same does not necessarily apply
to the scattered field. In general, the scattered field can contain components of both positive
and negative helicity. In special cases, the scattered and incident field helicities can indeed
be equal, where the scatterer is said to be ‘dual’ [121]. A dual scatterer is characterised by
equal electric and magnetic Mie coefficients, where a; = b;. Recall that the expressions for
ay and b, are given by Eqs (£:58) and (£.59), respectively.

In this chapter, it is assumed that T! is frequency-independent (non-dispersive). One
can make this assumption due to the large waist of the incident Gaussian beam. A large
waist implies a narrow angular spectrum. In other words, the angles of orientation of the
constituent plane waves are approximately equal to each other. Consequently, the Doppler
shifts of each plane wave are very similar, which especially holds if 3 is not too large. As
seen in Fig. f.§, a speed corresponding to 5 = 0.2 still gives rise to a small range of Doppler-
shifted frequencies, making a non-dispersive T-matrix a fair approximation. As the speed
increases, the assumption of a non-dispersive T-matrix becomes less favourable. For ex-
ample, one also sees in Fig. f.§ that the range of boosted frequencies becomes quite broad
when 3 = 0.9. For large speeds, dispersion effects should ideally be taken into account. A
frequency dependent T-matrix will be considered in all future chapters.

Upon obtaining the scattered field |E.), a further assumption is made that the sphere is far
away from the observer in frame F. Accordingly, only the far field needs to be considered.
To obtain the far field, one takes the limit of ' — oo, where ' = |r'| is distance from the
sphere perceived in F”’ at which the scattered field signal is recorded. Recall thatr’ is defined
in Eq. (B.19).

In the far field limit, the ket |w’ X, ¢/ m/)®) describing the scattered field takes the form of
Eq. (Z45), where

iw’(r' Je—t")
. (3) o N R €
7ﬁ/lgnoo W' N m/ €’> = (—) f/\',ﬁfm’(r/) T’/c

, (4.50)
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4 Minimising the Backscattering by a Relativistically Moving Sphere

and the expressions for fy p,, (') and ¢’ are given in Eq. (£40) and Eq. (B:20), respectively.
Upon substitution of Eq. (E:50) into Eq. (E43), one readily obtains the final required form
of the scattered electric field Eff (', #'):
- o p eiw’(r’/c—t’)
E,; (I‘/,t/) = Z / dw/B’,\/g/m/(w’)(—i) fA/,g/m/(f‘/) —F + C.C., (451)
,J0

It
wr/jc
ANl'm /

where the superscript ‘ft’ stands for ‘far field".

With the far field scattered electric field at hand, one is now able to form an expression
for the scattered energy density U’(¢', ¢') in frame F” in a direction defined by the polar and
azimuthal angles 0" and ¢/, respectively. Explicitly, one has

00 HE (1 41
U/(0/7¢/> :/ (7,/)2‘Es (I‘ 7t )|2

” d, (4.52)

where 7y denotes the impedance of free space.

To summarise this section, the second step of the FHM was carried out, where the scat-
tered energy density U’(#', ¢') in a particular direction ¢’ and ¢’ was determined in frame F".
In the following section, the final step of the FHM will be executed, and the directivity will
be determined and minimised in frame F'. In other words, a relativistic Kerker condition
will be devised.

4.5 Obtaining the backscattered energy in the lab frame

In this section, the third and final step of the FHM will be carried out, where the angular
scattered energy density will be inverse Lorentz boosted from frame F’ to frame F'. It is in
frame F where the directivity will be observed.

4.5.1 Defining the directivity

As mentioned, the quantity that will be explored is the directivity D(0, ¢, §) in frame F,
which is defined as [[115]

U(o
D(0,¢,8) = m (4.53)

where 6 and ¢ denote the polar and azimuthal angles at which the directivity is observed
in frame F, respectively. The total angular scattered energy density U(, ¢, 3) in frame F is
the sum of its As = +1 and A\s = —1 components U)_(0, ¢, ), such that

U0,9,8) =Y Ux(0,9,8). (4.54)
As

The quantity W in Eq. (£53) is the total scattered energy and is determined by integrating
U(0, ¢, B) over all scattering directions:

2r pm
Wit = /O /O U(8, 6, B) sin 0d0ds. (4.55)
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4.5 Obtaining the backscattered energy in the lab frame

Important to mention is the 47 that appears in the denominator of Eq. (£:53)), which serves
as a normalisation factor for W;.. Physically speaking, the normalised quantity Wi /47
resembles the average scattered energy per unit solid angle by the sphere. The advantage
of considering the directivity is that it allows one to easily conceptualise how much of the
scattered energy is concentrated in a particular direction. For example, when D(6,¢) > 1,
scattering in the (6, ¢) direction dominates scattering in other directions. On the other hand,
a directivity of D(6, ¢) < 1 means that the scattered signal is more strongly concentrated in
directions away from that described by ¢ and ¢. Since backscattering is considered in this
chapter, the corresponding polar and azimuthal scattering angles are

GBS =T — 91 and (I)BS =T, (4.56)

respectively, where the subscript ‘BS” stands for ‘backscattered’.

To carry out the final step of the FHM, one needs to inverse Lorentz boost the angular scat-
tered energy density U’(#', ¢') in frame F’ to the corresponding quantity U (6, ¢) in frame
F'. The equation to do this is given in [BU, Eq. (21)] and reads

U(9.9,8) = [A(=8,0 U0, ¢, (4.57)

where A(—43, ¢') is obtained using Eq. (B-6), and § and ¢ are related to 6’ and ¢’ via Eqs (E.26)
and (E.27), respectively.

Since this chapter is concerned with minimising the backscattered signal, it makes sense
to separately define the backscattered directivity Dps, where

Dgs(B) = D(Ogs, Prs, f). (4.58)

The backscattered directivity Dpgs(/3) in Eq. (E:58) is the quantity to be investigated later in
this chapter. At this point, the final step of the FHM is complete.

To explore how the directivity changes depending on the geometric nature of the sphere,
one can consider the variation of the Mie coefficients a; and b, defined in Egs. (£.5§) and
(E59), respectively. Although one could correspondingly vary the radius of the sphere,
a more abstract approach is possible in the form of Mie angles. Mie angles represent all
possible Mie coefficients an object could have and allow for a comprehensive visualisation
of the directivity for different spherical objects. Mie angles will be discussed in depth in the
next subsection.

4.5.2 Mie angles

Although the Mie coefficients a, and b, can be expressed explicitly in terms of the frequency
of the incoming light and the radius of the sphere, it can also be useful to form a more ab-
stract picture using what are known as Mie angles [[22]. Mie angles allow one to visualise
via a parametrisation the scattering response for every possible combination of Mie coeffi-
cients up to any multipolar order. This paremetrisation can be derived from the scattering,
extinction and absorption cross sections Csca, Cext and Chays, respectively, which are given
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as [123]:

L& 2 2

Csca - % 2(25 + 1)(’(18’ + ’bf‘ )7 (459)

=1

2 &

Cext = % ;(2€ + 1)Re(af + bZ)a (460)
L& 2 2

Cabs = o ;(25 +1) [Re(ag + be) — (|ae|* + |be?)] (4.61)

where L is the wavelength of the incident field. To derive Mie angle parametrisation, one
only needs to consider either the electric or magnetic components of Egs. (£.59, E.60, E.61))
since both yield the same parametrisation. Considering only the electric part, one obtains
for a given multipolar order ¢

2

L

Cocair = 5 (20+ 1)]ag|?, (4.62)
2T
L2

Cext,E@ = %(26 + 1)Re(af)7 (463)
L2 9

Cabs,Eé = %(26 + 1)[Re(a@) - ’CL@| ]7 (464)

where
Cext,it = Cabs5e + Csca,Er- (4.65)

Armed with Eq. (E:63), one can now determine the Mie angle parametrisation. In this chap-
ter, only Mie angles for a non-absorbing sphere are implemented. Accordingly, one has that
Coabs, B¢ = 0 such that Cext 5¢ = Csca,re. From Eqgs.(B.62, E.63), one therefore finds that

Re(ag) = |ag, (4.66)
which means that [[22, Eq. (8)]
ay = cos(fge) exp(ifgy), (4.67)

where —7/2 < fg; < 7/2 is the electric Mie angle. Recall that the equation for the magnetic
Mie coefficients b, with Mie angles 6y, takes the same form as Eq. (£.67).

Particular values for the Mie angles represent noteworthy features. For example, when
fx¢ = 0 (where X € {E, M}) the corresponding Mie coefficient has a resonance. When
Ox¢ = £m/2, the corresponding Mie coefficient becomes zero. Physically speaking, all Mie
angles having a value of 7 /2 is equivalent to a vanishing scatterer.

4.5.3 Visualising the directivity - varying Mie angles

After having introduced Mie angles as a means to investigate the directivity of a wide range
of possible spheres, one is now in a position to visualise the resulting scattering responses.
Various directivity patterns will now be explored to aid physical understanding.
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4.5 Obtaining the backscattered energy in the lab frame

One is now free to choose Mie angles up to any multipolar order as the independent
variables of the directivity. In this subsection, the electric fgp and magnetic 6yp dipolar
Mie angles will be held constant, where fgp = 61 and Ovp = 6\, respectively. The
parameters to be varied are the quadrupolar Mie angles 0rq = 02 and Oy = Ovo.

Colour plots of the Ay = +1 and Ay = —1 of log;y(Dpgs) are shown in Figs. 7 (a) and
(b), respectively, where § = 0.2, ©; = 7/4 and 0gp = Oup = 7/3. In Fig. E7 (c), the
corresponding plot for the total directivity is given.

In Fig. £7 (b) where Ay = —\; = —1, one sees an example of the previously mentioned
duality. Recall that duality occurs when the electric and magnetic Mie angles are equal for
each multipolar order /. In Fig. .7 (b), duality manifests itself as the dark blue diagonal line
where 0gq = fvq and logo(Dps) = —oo. In other words, the Ay = —1 component of Dgg
expectedly vanishes. Such a feature serves as a useful sanity check that Dpg was correctly
derived. Correspondingly, only the A; = 41 components of Dpg survive in the dual case,
as shown in Fig. 7 (a).

For completion, a non-trivial backscattered directivity pattern is given in Fig. f7 (d),
where 0gp = 7/9 and 6yip = —n/4. The appearance of local minima indicate exotic com-
binations of Mie angles that yield little backscattering, serving as a motivation to devise a
relativistic Kerker condition in the following section. However, the directivity will firstly be
investigated for a varying object speed and incident field angle. Afterwards, one will have
obtained a comprehensive understanding of how the directivity behaves in many settings.

4.5.4 Visualising the directivity — varying speed and angle of incidence

As well as employing Mie angles as independent variables for the backscattered directivity,
one is also able to vary the speed parameter 3 and angle of incidence ©;. For a fixed set of
Mie angles 0gp = 7/4, 0pq = —7/9, Oup = 7/3 and Oyiq = 7/7, the corresponding colour
plot of log;((Dgg) is presented in Fig. E.8. Here, another sanity check is evident for the case
of a stationary sphere (8 = 0), where Dgg is invariant with respect to ©;. Such an invariance
is expected since the scatterer is viewed as a sphere in frame F in the stationary case as
opposed to an ellipsoid when moving (c.f. Fig. B.3). Owing to the spherical symmetry, the
directivity should not and does not depend on the angle of incidence.

The other extreme of 3 — 1 is also worth commenting on, where the exact same be-
haviour is observed as in Fig. B.§ showing the boosted energy density «'(/3,2’) of a plane
wave. This is expected, since the incident Gaussian beam comprises many plane waves
whose energy densities vary in accordance with Eq. (B:34) for «/(8, 2). Specifically, when
©; = 0, the sphere moves away from the incident field. As a result, the sphere observes
an incident field with vanishing amplitude, leading to a vanishing backscattered energy
density and directivity. Conversely, the sphere observes an infinitely large field amplitude
when it moves directly towards from the incident field (©; = ), thus giving rise to an
ever-increasing backscattered energy density and directivity.

Although Mie angles allow one to explore the directivity relating to all possible spheri-
cal scatterers, the method used in this chapter can also be applied to known materials. In
the following subsection, the backscattered directivity of a silicon carbide sphere will be
investigated as a function of its radius.
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Figure 4.7:In (a) and (b) are the \; = +1 and A = —1 components of the backscattered
directivity Dgg (in log;q scale) as a function of the quadrupolar Mie angles 0gq
and 6\iq. The speed of the sphere and incident field angle are fixed at 3 = 0.2
and ©; = 7/4, respectively. The sum of both components of Dgg is given in (c).
In (a), (b) and (c), the dipolar Mie angles are fixed at fgp = 6yp = 7/3. In (d),
log,o(Dgs) is plotted for fixed dipolar Mie angles 6gp = 7/9 and Oyip = —7/4.
Adapted from [[PT]. Copyright © 2023 American Physical Society.

4.5.5 The directivity of a silicon carbide (SiC) sphere

Although Mie angles have been implemented until now, the method in this chapter also has
practical applications. Here, the backscattered directivity of a sphere made out of silicon-
carbide (SiC) with refractive index ngic = 2.59 is considered. This value for ngic was ob-
tained from the high-frequency-limit permittivity e, = 6.7 [100]. Accordingly, the wave-
length of the incident beam in frame F is taken to be L = 1um. Furthermore, the angle
of incidence has a value ©; = 7 /4. Plots of Dgg are given in Fig. Y as a function of the
sphere radius R for three speeds 5 € {1 x 107%,0.2,0.5}. Just like before, Dpg decreases
as 8 — 1 due to the induced red-shift and corresponding decreasing backscattered energy
density. Note that the corresponding Mie coefficients were obtained using Eqs (£.5§) and
(E59). Moreover, Mie coefficients up to octupolar order were considered to ensure conver-
gence of the results in the given range for R. If one were to consider even larger radii, higher
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Figure 4.8: The backscattered directivity Dpg (in log;, scale) as a function of the speed /3 of
the sphere and the incident field angle ©;. The Mie angles describing the sphere
are fixed at fgp = 7/4, bpq = —7/9, Oup = 7/3 and bnq = 7/7. Reprinted
from [PT]. Copyright © 2023 American Physical Society.

multipolar orders would be required as the radius becomes more and more comparable to
the wavelength L.

In this section, the final step of the FHM was carried out, and an expression for the
backscattered directivity of a sphere was obtained in frame F'. The backscattered directivity
was also investigated by varying many different parameters. These parameters included
the incident field angle, the sphere’s speed and its Mie coefficients. Now that a physical
intuition for the directivity has been developed, its minimisation can commence and a rela-
tivistic Kerker condition can be found.

4.6 Minimising the backscattering - relativistic Kerker condition

4.6.1 Fixed speed and angle of incidence

To begin, the Kerker condition will be formulated for a fixed speed 3 = 0.2 and angle of inci-
dence ©; = 7/4. The corresponding directivity minimisation was carried out using the Julia
programming language owing to its efficient numerical integration functions. Specifically,
the minimisation was done using automatic differentiation, a gradient descent method pro-
vided in the toolkit JuMP [124]. The power of automatic differentiation allows one to min-
imise the backscattered directivity Dpg up to any multipolar order. For demonstration pur-
poses, the minimisations in this chapter were carried out up to octupolar order.

To set up the optimisation problem, it was important to avoid finding trivial solutions.
Accordingly, the optimisation algorithm excluded the Mie angles —7 /2 and 7/2. The reason
for this is that the optimiser would automatically allocate —7/2 or 7/2 to all Mie angles,
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Figure 4.9: The backscattered directivity Dgg of a silicon carbide sphere as a function of
its radius R for three different speeds 8 € {1 x 107%,0.2,0.5}. The incident
tield wavelength in frame F' is L = 1pm, and convergence of Dpg occurs with a
scattered field expanded up to octupolar order. Reprinted from [P1]. Copyright
© 2023 American Physical Society.

which corresponds to a vanishing scatterer. Of course, the backscattered energy density
would always be zero if no scatterer were present.

Due to the complex nature of the equation defining the directivity, it would be impos-
sible to find a conventional Kerker condition where the backscattered signal completely
disappears. A near-zero solution is possible, however, and the considered directivity cut-
off D¢ in this chapter is D¢ = 1073, In other words, a backscattered energy density that
comprises 0.1% or less of the average scattered energy per unit solid angle satisfies the rela-
tivistic Kerker condition. A set of Mie angles corresponding to the minimised backscattered
directivity are given in Table f.. In Table .1, one sees that the optimiser was able to find
Mie angles that yield a value of Dgg = 1.09 x 10~8, way below the cut-off Dc. Moreover,
the Mie angles describe an approximately dual scatterer. However, duality is not necessary
to devise a relativistic Kerker condition and there exist many suitable non-dual systems.

The suitability of the optimised Mie angles in Table. f.T will now be tested for different
speeds and angles of incidence.

4.6.2 Varying speed and angle of incidence

To build on the results from the previous sub-section, it will now be seen how the optimised
Mie angles from Table £.T vary with respect to 3 and ©;. The reason for this is to check if the
optimised Mie angles always lead to a Kerker condition, or if new Mie angles would need
to be found. In Figs B.10 (a) and (b), the angle of incidence has a value ©; = /4 while 3 is
varied incrementally to ensure continuous curves for each Mie angle. Large step sizes for
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4.7 Summary

Table 4.1: The optimised electric and magnetic Mie angles that lead to a minimised backscat-
tered directivity Dgs. In other words, the backscattered energy density comprises
only 1.09 x 107%% of the average scattered energy per unit solid angle. Such a low
Dgg satisfies the relativistic Kerker condition. Adapted from [P1]. Copyright ©
2023 American Physical Society.

0ep Ovp O Mo Or0 Omo  10® x Dgs
0.33 0.32 1.07 106 144 1.43 1.09

would not reveal much information about the influence of the Mie angles in Table .1 since
the optimiser would erratically jump between unrelated Mie angle combinations.

One sees in Fig. £.10 (a) that the Mie angles show a non-negligible variation as 3 increases.
Moreover, the optimised Mie angles from Table .1 become unfavourable at 3 ~ 0.8, as can
be seen in Fig. E.10 (b). For lower values of 3, a Kerker condition is obtained as Dgs < D¢
(log1o(Dps) < —3in Fig. 10 (b)). However, at 5 ~ 0.8, the cut-off D¢ is surpassed, where
log,o(Dps) =~ —2. In this case, a new optimisation should be done to find more suitable Mie
angles. Also notable in Fig. E.I{ (b) is the suddenly decreasing backscattered directivity as
B — 1. This decrease is again due the strong red-shift of the scattered field, which leads to
a reduced backscattered energy density.

InFigs .10 (c) and (d), the speed is fixed at 8 = 0.2 and the angle of incidence ©; is varied.
One notices in Fig. E.I0 (c) that the optimised Mie angles remain almost unchanged as ©;
increases, implying that a varying incident field angle has less impact on the optimised Mie
angles than a varying object speed. Furthermore, the Kerker condition is retained for all ©;,
where log;,(Dpg) < —3. Note that values of 8 < 0.2 and ©; < 7/4 were not considered, as
the optimiser would trivially locate Mie angles corresponding to a dual object. In any case,
all necessary conclusions can be drawn from the considered ranges for /5 and ©; in Fig. E.10.

4.7 Summary

To summarise, the backscattered signal from a relativistically moving sphere was visualised
and minimised using gradient descent methods to find a relativistic Kerker condition. The
parameters varied for the optimisation included the Mie angles that describe the geometry
of the sphere, the speed of the sphere and the incident field angle. The scattered energy was
a result of the sphere interacting with an incident Gaussian beam described using the angu-
lar spectrum representation. The backscattered energy density was normalised with respect
to the average scattered energy by the sphere per unit solid angle, where the resulting figure
of merit is known as the backscattered directivity Dgg. To obtain Dgg, the frame-hopping
method (FHM) outlined in the previous chapter was relied upon. The FHM method was
easily implemented due to the finite interaction between the sphere and the beam, allowing
one to Lorentz-boost the scattered energy directly from frame F” to frame F. It was in frame
F where the minimised directivity was observed and a relativistic Kerker condition was de-
vised. Specifically, a sphere was devised that leads to a minimised backscattered energy
density that makes up just 1.09 x 1075% of the average scattered energy per unit solid angle.
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4 Minimising the Backscattering by a Relativistically Moving Sphere

The work done in this chapter serves as a vital prerequisite to more complex systems, such
as scattering by a relativistically moving, periodic structure as considered in the following
chapter.
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Figure 4.10: In (a), the variation of the optimised Mie angles from Table §.1] is shown as a
function of speed 3 for a fixed incident field angle ©; = 7 /4. The corresponding
backscattered directivity variation (in log, scale) is givenin (b). In (c) and (d)
are the analogous plots but for varying incident field angle ©; and fixed speed
B = 0.2. Adapted from [PT]. Copyright © 2023 American Physical Society.
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5 | Analysing the Acceleration Time and
Reflectance of Spherical-Array Light
Sails

This chapter is based on work done in Ref. [P2] with Lukas Rebholz and Benedikt Zerulla
and serves as an extension to the previous chapter. Specifically, scattering by relativistically
moving lattices of homogenous or core-(multi-)shell spheres will be considered instead of a
single sphere. The consideration of a lattice serves as a more direct comparison to light sails
proposed in the Breakthrough Starshot Initiative (BSI). With the BSI in mind, the lattice is
illuminated by a plane wave with constant intensity. This incident field resembles the lasers
that will be used in the BSI to propel the light sail.
When designing a light sail, there are three important aspects to consider.

1. Theresulting reflectance from the sail should be as high as possible. A high reflectance
corresponds to a large momentum transfer to the sail, thus increasing its acceleration.

2. The corresponding absorptance should be as low as possible to avoid unwanted tem-
perature increases in the sail. A large increase in temperature would lead to thermal
damage.

3. The time taken to accelerate the light sail to its target speed should be as small as
possible. Accordingly, materials should be chosen that minimise the sail mass while
also considering the previous two constraints.

The time taken to accelerate the light sail is known as the acceleration time and will be
the figure of merit to be optimised. Two methods of optimisation will be carried out. Firstly,
the acceleration time will be minimised without any prior constraints on the reflectance
and absorptance. Secondly, the acceleration time will be optimised while ensuring a high
reflectance and low absorptance. In a later section, it will be argued why the second method
may be more favourable.

The structure of this chapter is as follows. In Section p.]], the scattering setup will be out-
lined and all necessary parameters will be defined. in Section p.2, the acceleration times of
three light sail configurations will be investigated. Each light sail consists of periodically
arranged homogeneous spheres made from either silicon (Si), silicon dioxide (S5iO2) or alu-
minium (Al). These three materials have low densities, which is conducive to a reduced
acceleration time. In Section p.3, the same analysis is done for light sails made from core-
(multi-)shell spheres. A promising combination of Si and SiOs is found that fulfils the three
conditions above. In Section p.4, the multipolar contributions of the scattered field by the
light sail made from core-shell Si/SiO, spheres are explored. Specifically, the resulting lat-
tice interactions create a high reflectance. Finally, the effects of adding an embedding to the
sail are investigated in Section p.5.
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5 Analysing the Acceleration Time and Reflectance of Spherical-Array Light Sails

5.1 Description of the scattering scenario

To begin, the scattering scenario will now be outlined. The considered scatterer is a meta-
surface made up of periodically arranged homogeneous or core-(multi-)shell spheres. The
spheres form an infinitely large square lattice that spans the z-y plane. Accordingly, the
lattice is characterised by a single lattice constant A. Moreover, the light sail is propelled by
a linearly-polarised plane-wave electromagnetic field with wavelength L in frame F. More-
over, the light sail moves with velocity vz, where 0 < v < ¢. Unlike in the previous chapter,
the incident field only propagates in the +z-direction, such that it is always at normal in-
cidence to the light sail. Consequently, the light sail always observes a Doppler-shifted
wavelength L' that satisfies Eq. (B-5). Of course, different angles of incidence would be
possible but would require considerations of stability. Stability is not considered in this
chapter, however, as the focus is on investigating the motion solely due to the effects of lat-
tice interactions. To this end, the sail is firstly assumed to be suspended in a vacuum. Once
investigated, the effects of a supporting embedding will be considered in a later section.

The setup described above is depicted in Fig. p.J. Note that only the subwavelength
regime is considered, where A < L. As a result, only zeroth-order reflection occurs, where
all reflected light propagates in the —z-direction. Furthermore, one can be certain that the
lattice always observes an incident wavelength greater than its lattice constant. This condi-
tion is justified in two ways: firstly, A remains invariant as per Eqs (B.9) and (B.10), which
show that no length contraction occurs in the z-y plane for motion purely in the z-direction.
Secondly, the Doppler-shifted wavelength observed by the sail in frame F” is always longer
than in frame F (L’ > L), meaning L’ > A. The value for the initial propulsion wavelength
is L = 1.0pum to conform with the range L = 1.0um — 1.5um proposed in the literature [B3,
61]. Additionally, the target speed of the sail is given by vf = ¢c, where ¢ = 0.2. This value
for B¢ corresponds to 20% of the speed of light, which is the proposed maximum speed in
the BSI [45, #6]. Consequently, the Doppler-shifted wavelengths observed by the sail fall
within the range L' € [1.0L, 1.225L].

In this chapter, three important quantities will be investigated: the reflectance R(f3), ab-
sorptance A(/3) and acceleration time 7 defined as the time required to accelerate the light
sail to the target speed v¢. Quantitatively, the acceleration time is related to R(/5) and A(f)
as [p2, Eq. (1)]

@ P VA4 )
S IN )y A(B)+2R(B)  (1-5)

where I is the intensity of the incident field, j, = m,A%/a is the mass of the payload m,, per
unit cell for a given reference sail area a, and p; and V} are the density and volume of the j’th
section of each sphere, respectively. For example, homogeneous spheres would correspond
to a maximum j value of jax = 1, while core-double shell spheres correspond to jmax = 3.
Asevident by the A% term in Eq. (B-1)), the acceleration time 7 is based on a unit cell, which is
depicted in Fig. p.2 for spheres of radius r. For core-(multi-)shell spheres, r corresponds to
the radius of the outermost shell. A unit cell is considered since the metasurface is infinitely
extended, so one must consider a portion of it. Furthermore, the nga" p;V;termin Eq. (B.1))
is the mass of one sphere, which is equal to the mass of the unit cell (cf. Fig. p.2).

The acceleration time 7 is the figure of merit to be minimised. Furthermore, the re-
flectance and absorptance are obtained via treams [92] using the renormalised T-matrix de-
fined in Eq. (P.6§) and methods outlined in Section 2.3

T

s, (5.1)
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5.1 Description of the scattering scenario

Incident field Reflected field
é)— x

v

Figure 5.1: A light sail, infinitely extended in the -y plane and travelling along the +z-axis
at a velocity v. The sail is illuminated by an incident, linearly polarised plane
wave propagating in the 4z direction and reflected along the —z direction. The
sail consists of spheres, modelled here as having a core surrounded by two con-
centric shells. The spheres are arranged periodically in a square lattice with a
lattice constant A. The lattice constant is always smaller than the wavelength
L of the incident wave as measured in the Earth’s reference frame. Adapted
from [P2] under the CC BY 4.0 license.
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5 Analysing the Acceleration Time and Reflectance of Spherical-Array Light Sails

> U C
DA A

Figure 5.2: A square unit cell (black box) corresponding to light sails made of periodically
arranged spheres of radius r. The associated lattice constant is denoted by A. For
core-(multi-)shell spheres,  denotes the radius of the outermost shell.

Important to note is the dependence of the reflectance and absorptance on 5. This is
expected since these quantities both depend on L', which is dependent on 3. Moreover,
7 is not dependent on the temperature of the sail, and all material properties in Eq. (b))
correspond to room temperature. In reality, the temperature would be different due to the
coldness of outer space. However, the temperature independence of the acceleration time
does not present any problems, as the methods used in this chapter could just as easily be
applied with temperature-dependent quantities. Of course, one would need to re-optimise
T.

In this chapter, the methods of optimising the acceleration time are twofold. Firstly, 7 is
numerically minimised without any restrictions placed on the reflectance or absorptance.
Secondly, 7 is optimised by ensuring high reflectance and low absorptance for every /5 and
hence L' value. There are a couple of reasons why one may want to apply the latter method.
Crucially, a high reflectance would correspond to a large momentum transfer from the inci-
dent field to the sail. Also, alow absorptance would minimise any potential thermal damage
to the sail. As mentioned above, 7 has no dependence on the sail’s temperature, providing
yet another reason why the first optimisation may be unfavourable. Specifically, a numeri-
cally minimised acceleration time could be low for spheres with little mass, but the absorp-
tance could still be very high. Consequently, an acceleration time minimised in this way
could correspond to an unfavourable scenario. An example of such a configuration will
be seen in Section p.3 for a sail comprising spheres with an SiO; core, Si central shell and
Al outer shell. For all considered light sail configurations, the acceleration time using both
optimisation methods will be given.

62



5.2 Light sails made from homogeneous spheres

Table 5.1: The densities of SiO», Si and Al [12€]. Reprinted from [P2] under the CC BY 4.0
license.

Material ‘ SiO9 Si Al
Density (kg m~2) | 2196 2330 2700

In this section, the scattering setup was outlined, and all relevant parameters that opti-
mise the acceleration time 7 were defined. These parameters include the intensity of the
incident light, the mass of each constituent sphere, the reflectance R(/5) and absorptance
A(B). In the following section, R(f3), A(3) and 7 will be explored for light sails comprising
homogeneous spheres made from Si, SiO, and Al.

5.2 Light sails made from homogeneous spheres

After having outlined the system in the previous section, one can now begin to optimise the
acceleration times of various light sails. In this section, light sails made up of homogeneous
Si, SiO2 and Al spheres will be examined. The consideration of these three materials is based
on their inclusion in works already done relating to the BSI [62, 125]. An important quality
of SiOy is that it is virtually non-absorbing at the considered wavelengths L', while Al is
highly reflective due to it being a metal. As mentioned, a high reflectance is important to
maximise momentum transfer to the sail, and a low absorptance minimises thermal damage.
While Si also has a near-vanishing absorptance in the desired wavelength range, one would
in reality have to be careful. A property of Si is that its absorptance is highly temperature
dependent [b2]. To account for this, it was suggested to add a layer of SiO2, which has a
much more temperature-resistant absorptance. The addition of SiO; to Si will be considered
in a later section, which will serve as the most optimal structure. It should be reiterated that
the purpose of this chapter is to develop a method to optimise the acceleration time of light
sails, which can be applied in the same way with temperature-dependent quantities.

A favourable quality shared among all three materials is that they have low densities (cf.
Table p.1)). A low density is crucial since it corresponds to a lower sail mass and a resulting
higher acceleration. The reflectivity R(3) and absorptance A(3) values for each material
were determined in accordance with Section .3 using treams [92]. For the optimisation
process, R() and A(3) were discretised with respect to the lattice constant A, sphere radius
r and speed factor 5. The chosen number of values for each parameter were Ny = 120,
N, =110 and Ng = 50, respectively. The optimisation method used was a parameter sweep
over each A, r and § value. Due to the speed and efficiency of treams [92], a parameter sweep
was chosen in preference to a more complicated algorithm like in the previous chapter.

An important condition is that neighbouring spheres do not touch, so the radii obey the
constraint » < A/2. Also note that, since a conversion to the spherical basis is required to
use the renormalised T-matrix, the incident field must be truncated. A truncation order of
lmax = 4 was considered to ensure convergence of R(3), A(5) and 7. In some cases, a lower
value for /.y is suitable. This will be seen later for ¢,,,x = 2 when considering the optimal
light sails made from Si/SiO; core-shell spheres.

63


https://creativecommons.org/licenses/by/4.0/

5 Analysing the Acceleration Time and Reflectance of Spherical-Array Light Sails

As pointed out in the previous section, two methods of optimisation will be implemented.
Firstly, the numerically minimised acceleration time 7,,;, will be determined without any
prior constraints on the reflectance or absorptance. Afterwards, the acceleration time 7,
corresponding to a high broadband reflectance will be obtained, where the subscript ‘bb’
stands for ‘broadband’. To ensure a high broadband reflectance, the average reflectance R
is firstly maximised, where

QL
R= N, ; R(B;). (5.2)

By maximising R, one is conveniently able to locate where the reflectance is high and absorp-
tance is low across all wavelengths L. It should be emphasised that the maximum average
reflectance Ry,.x serves as a starting point and is not necessarily the value on which 7,
should be based. This is because lattice resonances can still arise at particular wavelengths,
where the reflectance suddenly becomes very low. This will be seen later when considering
an embedding. When later examining the optimal Si/SiO; structure, however, Rnax can be
used. This is because no lattice resonances appear in the desired wavelength range.

Colour plots of the average reflectance R, average absorptance A and acceleration time
7 are given in Figs (p.3) (a), (b) and (c), respectively, as a function of /A and A for each
material. The required refractive indices were taken from experimental data in Refs [127-
129] available on refractiveindex.info. Moreover, the numerical values of the parame-
ters used in Eq. (b.I]) to determine 7 were taken from Ref. [p0]. These are given by I =
10 GWm~2, m;, = 0.1 gand a = 10 m2. The considered ranges for r and A were

0.01 < — < 0.49, (5.3)

Homogeneous spheres:
0.01 < — <0.99. (5.4)

Sl =l

One should again bear in mind that the radius of each sphere must be less than half of the
lattice constant to avoid neighbouring spheres touching. Moreover, the lattice constant must
always be less than the wavelength L to obtain pure zeroth-order reflection.

In Fig. p.3, it is clear that Si yields the most favourable combination of values for R, A and
7. For Si, the maximum average reflectance is given by Rpax = 0.989. This high reflectance
implies a light sail made of pure Si spheres would experience a high gain in momentum,
contributing to the low broadband acceleration time of 7,;, = 326.7 s. Furthermore, the
corresponding average absorptance A is very low at A = 4.7 x 10~*. Note that a periodic
array of Si spheres was examined in Ref. [130].

Recall that the absorptance of Si is highly temperature-dependent in reality. To remedy
this, it has been suggested to add a layer of SiO; [p2, I[31]. Such a configuration will be
considered in the next section.

The data for each material is given in Table p.3. One sees that light sails made from pure
SiO2 have a low maximum average reflectance of Ryax = 0.136. The corresponding accel-
eration time is 7,;, = 5.0 x 10* s, about 153 x longer than for the sail made from Si spheres.
Additionally, an aluminium light sail exhibits a high maximum reflectance of Ry,ax = 0.810,
but also a high average absorptance of Apnax = 0.058 due to its large extinction coefficient.
Such a high absorptance may cause a pure Al light sail to fall foul to thermal damage.
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Figure 5.3: In (a), the average reflectance R is shown for lattices comprising spheres made of
silicon (Si), aluminium (Al) and silicon dioxide (SiO2) as functions of the sphere
radius r and lattice constant A. In (b), the equivalent plots are presented for the
average absorptance A, whereas (c) illustrates the corresponding acceleration
times 7 for each lattice configuration. Reprinted from [P2] under the CC BY 4.0
license.
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5 Analysing the Acceleration Time and Reflectance of Spherical-Array Light Sails

In this section, the reflectance, absorptance and acceleration time of light sails comprising
homogeneous Si, SiO, and Al spheres were investigated. In the next section, the work done
until now will be extended to light sails made from core-(multi-)shell spheres.

Table 5.2: The numerically minimised acceleration times 7,,i,, obtained without any prior
assumptions about reflectance or absorptance, are presented alongside the values
of 7,1, which correspond to maximum broadband reflectance. The corresponding
values for the average reflectance R, average absorptance A, sphere radii r and
lattice constants A are also provided for each material. Reprinted from [P2] under
the CC BY 4.0 license.

Material 7 (nm) A (nm) T (s) R A
Si  164.6 952.0 Tmin = 212.7 0419 4.2 x 1074

187.0 481.0 T = 326.7 0.989 4.7 x 107%

Al 40.1 81.8 Tmin = 275.8  0.480 0.031

153.6 313.4 Tp = 575.9  0.810 0.058

SiOy 106.6 217.6  Tyin = 6.6 x 10> 0.051 0.001
368.9 960.0 7 = 5.0 x 10* 0.136 0.020

5.3 Light sails made from core-(multi-)shell spheres

After having analysed light sails made from homogeneous spheres, one can go a step fur-
ther and consider core-(multi-)shell spheres. In this section, the effects of combining the
three abovementioned materials (Si, SiO2 and Al) to create core-shell and core-double-shell
spheres are explored. As a result, extra degrees of freedom are introduced in the form of
the radius (radii) of the added shell(s). For a core-shell system, each sphere has a core
radius r; and shell radius 75, both of which are measured from the centre of the core. The
same applies for core-double-shell spheres but with an additional radius r3. A core-shell
and core-double-shell sphere are depicted in Fig. .4.

With additional radii come additional constraints. Of course, an inner radius must be
smaller than an outer radius. Accordingly, the radii satisfy the inequalities

0.01 < %2 <0.49, (5.5)
Core-shell: ,
0.01 < X <0.99, (5.6)
T2
0.01 < %” <0.49, (5.7)
T
Core-double-shell: ¢ 0.01 < i <0.99, (5.8)
0.01 < L <0.99, (5.9)
T2
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5.3 Light sails made from core-(multi-)shell spheres

Figure 5.4: A schematic of (a) a constituent core-shell sphere characterised by inner and
outer radii r and ry, respectively. In (b), a similar representation is provided
for a core-double-shell sphere, defined by inner, central and outer radii r;, 2
and r3, respectively. Reprinted from [PZ] under the CC BY 4.0 license.

where inequalities (b.5) and (p.7) ensure separation of neighbouring spheres. Moreover,
the sub-wavelength constraint on the lattice constant A still applies, where A < L.

The same optimisation procedure used in the previous section was applied to the core-
(multi-)shell light sails. As a reminder, the average reflectance R is first maximised as a
reference to determine material parameters that lead to high broadband reflectance and
low broadband absorptance. The corresponding broadband acceleration time 7y, is then
determined, along with the numerically minimised acceleration time 7,,;,. The data for R,
A, Tpp, and Ty is given in Table B.3 for five combinations of some or all of the considered
materials. The highlight is the 5i/SiO2 combination, which exhibits a maximum average re-
flectance Ryax = 0.988, corresponding average absorptance A = 9.2 x 10~% and broadband
acceleration time 7,;, = 395.3. The low 7}, value is also attributed to the low densities of Si
and SiO; (cf. Table p.T) and consequent low masses. Compared to the light sail made from
pure Si considered in the previous section, the broadband acceleration time of the Si/SiO,
sail is only 68.6 s slower. The high performance of the 5i/SiO; structure serves as a prime ex-
ample of how two dielectrics with distinct permittivities can be combined to yield a higher
reflectance than a metal. Such a scenario has also been observed in works relating to Bragg
reflectors [65-70].

For the 5i/SiO; light sail, R, Aand 7 are plotted with respect to 71 /r2 and A/rg in Figs b5
(a), (b) and (c), respectively, where the outer radius is fixed at the optimised value r, =
204.3 nm. A red cross marks the location of the radii and lattice constant given in Table p.3
that produce the optimised broadband acceleration time 7,;, = 395.3 s. In Fig. p.5 (d), the
spectra for R and A are shown that produce the optimised broadband acceleration time. The
region of interest is marked in white, while data relating to other wavelengths are marked
in grey.

In other works, the acceleration distance d was considered instead of the acceleration
time 7 [pU, [32-134]. Choosing between these two figures of merit is a matter of preference,
but can be nicely linked for the Si/SiO; light sail. Since the reflectance is almost perfect,
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Figure 5.5: In (a), (b) and (c), the plots depict the average reflectance R, average absorp-
tance A and acceleration time 7, respectively, as functions of r1/r2 and A/rs,
where r; = 204.3 nm for a light sail composed of Si/SiO2 spheres. The red
cross in all three plots marks the position of the maximum average reflectance
Ruax = 0.988, A = 9.2 x 1074 and 7,,, = 395.3 s, as listed in Table 5.3. Tile (d)
shows the reflectance R and absorptance A corresponding to Rmax. The region of
interest L' € [1.0L, 1.225L] is highlighted between the two grey areas. Adapted
from [[P2] under the CC BY 4.0 license.
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5.3 Light sails made from core-(multi-)shell spheres

Table 5.3: The numerically minimised acceleration times 7,,;, and those corresponding to
maximum broadband reflectance (7y,1,), alongside the average reflectance R, av-
erage absorptance 4, radii r1, r2 and r3 (for spheres with two shells) and lattice
constants A. These results are presented for lattices of spheres comprising Si and
SiOy, as well as for four combinations containing some or all of the materials Al,
Si and SiO;. Reprinted from [P2] under the CC BY 4.0 license.

Materials 7, (nm) 79 (nm) 73 (nm) A (nm) 7 (s) R A
Si/S5i09 163.6 172.1 — 941.4  Toin =211.9 0.455 9.6 x 1074
186.2 204.3 — 494.3  7pp =395.3 0.988 9.2 x 10~*

Si0O,/5i/S5i0, 122.8 176.4 253.4 941.4  Tyin = 400.5 0.575 0.005
147.4 206.0 287.9 587.5 T, =791.4 0.938 0.005

Al/Si04/Si 89.3 132.1 195.3 922.7  Tmin = 213.8  0.494 0.120
4.1 27.6 187.4 475.7 T =335.8 0.991 4.4 x 1074

Si/Al/SiOq 11.7 12.8 14.0 28.6  Tmin = 210.1  0.077 0.329
200.2 202.2 204.3 494.3 1 =435.0 0.848 0.131

Si0O4/Si/Al 12.4 13.1 13.8 28.6  Tmin = 102.2  0.224 0.449
0.02 1.5 150.9 308.0 T, =566.6 0.810 0.057

and a constant incident field intensity I is assumed, one can use the fact that the force on
an approximately perfect reflector is almost constant [95, Eq. (9.64)]. As a result, the cor-
responding acceleration is also almost constant. The broadband acceleration distance dy,,
therefore, is simply the area under a triangular speed-time graph (cf. Fig. p.¢). Explicitly,
dyy, is given by

dpp ~ JVETbb

= 5.9 x 1019 m. (5.10)

An example of a light sail with a low acceleration time 7,,;, but low average reflectance
and high average absorptance obtained upon numerical minimisation is that made from
SiO,/Si/ Al spheres. For this combination, 7, = 102.2 s with corresponding values of
R = 0224 and A = 0.449. In reality, such a low reflectance may not transfer enough
momentum to the sail, and such a high absorptance could lead to thermal damage. The
Si0O,/Si/ Al light sail therefore serves as a good example of why one may wish to first en-
sure a high broadband reflectance and low broadband absorptance. The low 7, value for
the 510, /Si/ Al light sail is attributed to the small total radius of each sphere (r3 = 13.8 nm).
Correspondingly, the mass of each sphere is small, thus leading to a faster acceleration. In-
terestingly, the maximum average reflectance Rax = 0.810 for the SiO5/Si/ Al combination
is the same as that for a light sail made from homogeneous Al spheres. Moreover, the radii
of the SiO5 core and Si inner shell are virtually negligible, implying they are ineffective and
shielded by the outer Al layer.
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Figure 5.6: A speed time graph for a light sail moving with constant acceleration to a target
speed of v¢ = 0.2cin time 7 = 7,;,. The blue triangle is the area under the graph in

theinterval 7 € [0, 7). This area represents the broadband acceleration distance
dph-

In summary, the reflectance, absorptance and acceleration time of light sails made from
core-(multi-)shell spheres were determined and optimised. A promising Si/SiO, core-shell
configuration was found, which exhibits high broadband reflectance, low broadband ab-
sorptance and a low corresponding acceleration time. In the next section, the high re-
flectance of the Si/SiO; light sail will be explained by considering the multipolar contri-
butions of the outgoing field.

5.4 Analysing the high broadband reflectance of a core-shell
Si/SiO, light sail

To see why a light sail made of Si/SiO; core-shell spheres yields a high broadband re-
flectance, one can examine the effects of lattice interactions on the Mie coefficients linking
the incoming and outgoing fields. Just like how a single sphere can be described by Mie
coefficients, one can extend this to a lattice comprising of spheres by defining effective Mie
coefficients [[[35]. Upon determining the effective Mie coefficients, one gains clarity on the
effects of lattice interactions.

As previously mentioned, only a zeroth diffraction order exists. In other words, the in-
cident wavelength of the light is always greater than the lattice spacing. Moreover, coef-
ficients up to quadrupolar order are considered as the relevant data converges with this
approximation. This section therefore provides an extension to work done in Ref. [I30],
where only the dipolar order was considered.
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The relevant effective Mie coefficients up to quadrupolar order are given by [135, Eqs (19a-
19d) |

1 _ 1+ CgQal,mode,mOd (5 11)
Aleff a1 mod(1+1v/5/3Caqb2,mod) |
1 _ 1+ Cngl,modaZmod (5 12)
bl,ei‘f bl,mod(l + i\/%CdQQQ,mod)
1 _ 1+ CngLmoda’?,mOd (5 13)
Q2 eff a2,mod(1 + i\/?%Cdel,mod)
1 1 + C3401.moab2,mod (5.14)
b27eff b2,mod(1 + i\/%Canl,Inod) ’ .
where [[I35, Eqs (20a-20Db) ]
1 1
=— < + iCdd) (5-15)
Q1,mod ai
1 1
(Y 5.16
bl,mod <bl dd) ( )
1 1
_ (1 ) 5.17
a2, mod (a2 . ( )
1 1
o ( N iCQQ> (5.18)
b2,m0d bg

are the modified Mie coefficients and Cqq4, Cqq and Cyq are the Cartesian dipole-dipole,
quadrupole-quadrupole and dipole-quadrupole coupling coefficients, respectively. Note
that Eqs. (b.15-p.18) differ from the original equations (20a-20b) in [I35] by a minus sign
in front of the spherical Mie coefficients a;, b1, az and be. This is due to Ref. [I35] and
treams [P2] using different conventions. Since treams [92] is implemented in this thesis, its
convention is used.

The coupling coefficients can be determined by transforming the 16 x 16 spherical cou-
pling matrix Cg present in Eq. (£.68) to the Cartesian basis using the transformation

C =iF,C,;F, !, (e {1,2}, (5.19)

where C is the 16 x 16 Cartesian coupling matrix and F are transformation matrices given
by [135]

A
Fir=—|-i 0 —i (5.20)
V2 1\ V2 0
and
—-i 0 0 0 1
T U R B
Fo=—|0 0 v2 0 0 (5.21)
V210 1 0 -1 0
1 0 0 0 1
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In Fig. p.7, it is demonstrated how F; and F; are implemented. The locations of Cyq, Caq
and Cqq in C are shown in Fig. p.8.

ee ee em em ee ee em em
CS,11 Cs,12 Cs,ll Cs,12 Cll ClZ Cll 12
ee ee em em ee ee em
Cs,21 Cs,22 Cs,2l Cs,22 P 5 1 CQl 022 21 ngl
af _ ; a —
C;w - IFNCS,[U/FV
me me mim mim me me mm mm
Cs,ll Cs,12 Cs,ll Cs,12 Cll ClQ Cll Cl2
e e mm mim me me mm mm
CISI,121 CISI,122 (js7 21 Cs, 22 C21 022 CZI C22

Figure 5.7: A diagram showing the transformation of the spherical coupling matrix Cj (left)
to the Cartesian coupling matrix C (right) via the matrices F; and F defined in
Egs. (p:20) and (p.ZT)), respectively. Both matrices are of quadrupolar order and
contain 16 x 16 elements. Highlighted in blue are the matrix blocks important
for this chapter, from which one obtains the coupling coefficients Cqq4, Cqq and
Caq-

The effects of lattice interactions are visible upon consideration of the transmission .7,
where [[35, Eq. (23a)]

T =1 — (3101 + 3b1eff + BAgerr + 5baefr) (5.22)

and ay of, b:;f, ag,efr and b/;;-f are the normalised effective electric dipole, magnetic dipole,
electric quadrupole and magnetic quadrupole Mie coefficients, respectively. The normali-
sation is with respect to the normalised lattice constant A = A/L’, where

— O,l’eff

a1 off = il ete. (5.23)
For brevity, Eq. (p.22) can be rewritten as
T=1-%, (5.24)
where
S = 31,0t + 3b1 eff + 5azeft + Hboeff - (5.25)

From the previous equation, one can now appreciate the usefulness of considering the trans-
mission .7. Since the absorptance of the Si/SiO; light sail is almost vanishing, one sees that
a perfect broadband reflectance corresponds to y =1 By seeing how close S is to 1, one
can readily observe how the effective Mie coefficients combine to produce a high broadband
reflectance. The dispersion of each effective Mie coefficient and how they sum together is de-
picted in Fig. p.9. In Figs p.9 (a) and (b), the real and imaginary components of the effective
Mie coefficients are plotted with their corresponding prefactors. The analogous plots for ¥
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W Caqg Ml Cqq Caq

Figure 5.8: The locations of the coupling coefficients Cyqq, Cqq and Cyq in the Cartesian
coupling matrix C.

are given in Fig. p.9 (c), where the intersecting red lines show the points of maximum re-
flectance. The corresponding reflectance R = |%|? and transmittance 7 = |7 |> =1-R— A
spectra are given in Fig. p.9 (d), where the vertical red lines mark the points of maximum
reflectance.

Note that the transmission .7 was considered instead of the reflection # [[I35, Eq. (23b)]

R = 301 o — 3b1cft — Dzt + Bbaeff- (5.26)

In Eq. (p-26), one sees that many combinations of the real and imaginary parts of % could
yield a perfect reflectance R = |#|?> = 1. For .7, however, one requires strictly that Re(3) = 1.
Considering the transmission, therefore, allows one to better distinguish the necessary re-
lationship between the real and imaginary parts of the effective Mie coefficients.

For comparison, the analogous plots to those in Figs p.9 (a), (b) are given in Figs p.1{
(a) and (b) for the Mie coefficients a; at, bl, as and bg of a single sphere. Moreover, the plot
for Xg is given in Fig. 5.10 (c), where Y is the single-sphere version of 3. Note that the ‘S’
subscript stands for ‘sphere’, and the same normalisation factor 4w A2 as before was used for
consistency. One sees that the lattice interactions greatly change the spectra compared to a
single sphere. Specifically, coupling between different multipolar responses is introduced
through the Cyq term in Eqs (p.11))-(p.14)) describing the effective Mie coefficients.

In this section, the dispersion of the multipoles describing the outgoing field was exam-
ined. Moreover, the multipolar interactions for an Si/SiO; light sail were compared to those
of a single sphere. In doing this, a high broadband reflectance arising from an Si/SiO; light
sail was explained with reference to lattice interactions and the resulting coupling of differ-
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ent multipole moments. In the following section, the effects of adding an embedding to the
Si/Si0; light sail will be discussed.
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Figure 5.9: Tiles (a) and (b) illustrate the real and imaginary parts of the normalised ef-
fective Mie coefficients up to quadrupolar order, incorporating the prefactors
described in Eq. (p-25), as functions of the Doppler-shifted wavelength L’. Tile
(c) displays the summed contributions of the coefficients from (a) and (b), with
red vertical and horizontal lines marking the intersection points that correspond
to the multipole combinations yielding maximum reflectance. Tile (d) presents
the reflectance R and transmittance 7" spectra, with red vertical lines indicating
the wavelengths associated with maximum reflectance. Adapted from [P2] un-
der the CC BY 4.0 license.
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Figure 5.10: Similar plots to those shown in Figs. p.9 (a), (b) and (c) are provided for an in-
dividual sphere. In (c), the subscript ‘S’ stands for ‘sphere’. Adapted from [P2]
under the CC BY 4.0 license.
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5.5 The effects of an embedding surrounding the Si/SiO, lattice

Up until now, the light sails were square lattices containing spheres suspended in a vac-
uum. This was done to examine purely the effects of lattice interactions on the reflectance,
absorptance and acceleration time. In reality, a light sail would need structural support.
By leveraging the capabilities of treams [92], one can add an embedding (cf. Fig. p.I7] (a),
where the embedding has a thickness of depp, = 3r2). At the same time, one is still able
to use the methods described in this chapter. Considering again the Si/SiO2 configuration,
one can observe the effects of embeddings with varying refractive indices nepp, on the re-
flectance R. In doing this, one finds that the embedding can have a refractive index up to
Nemb ~ 1.13 before the average reflectance drops below 90% (cf. Fig. p.11)). To apply an em-
bedding with a higher refractive index, a re-optimisation of the light sail would be required.
Of course, one would also have to be careful that the embedding is not too dense. A high
density would correspond to a high mass, thus increasing acceleration time (cf. Eq. (b.1])).
Specifically, Eq. (b.1)) for the acceleration time 7 would acquire an extra term representing
the mass memp Of the unit cell embedding, where

Memb = Pemb (dembA2 - V). (5.27)

In the above equation, Vg = ng" Vj is the total volume of the sphere occupying the unit
cell embedding. Accordingly, the modified acceleration time ey, is given by

dB. (5.28)

- _ C2 /ﬁf :U'p+zgmax pjvj + Memb 73(1"’_/6)
b T TA? A(B) + 2R(B) (1-5)

As considered in Refs [[130, 136], an example of a light embedding would be polydimethyl-
siloxane (PDMS). PDMS has a refractive index of nppys = 1.45 and very low density
ppDMS = 965 kgm_3. For an Si/SiO; light sail with a PDMS embedding, the analogous plots
to those in Fig. p.5 are given in Fig. p.17, this time with ro = 221.8 nm. In Fig. p.12 (d), it is
clear why using the maximum average reflectance to optimise the acceleration time is a start-
ing point as opposed to the only value one should consider. Specifically, a lattice resonance
appears at L' = 1158 nm, where the reflectance drops to R = 0.21. Such a low reflectance,
albeit in a very narrow spectral region, may not be conducive to an efficient acceleration.
With the lattice resonance, the broadband acceleration time is 7,;, = 1.0 x 10% s. However,
one can adjust the parameters corresponding to the maximum average reflectance to shift
the resonance outside of the desired wavelength range. This shift can be accomplished by
decreasing the outer radius r3. An example of data corresponding to ro = 180.8 nm and
an average reflectance of R = 0.887 without resonances in the desired wavelength range
is given in Fig. p.I3. Here, the acceleration time has a value of 7 = 867.1 s. This is 471.8 s
slower than 7, for the Si/SiO; sail without an embedding (cf. Table p.3). Note that the
red cross in Figs p.13 (a)-(c) now corresponds to R = 0.887 as opposed to the maximum
average reflectance.

In this section, the effects of adding an embedding to an Si/SiO, light sail were discussed.
Furthermore, an example PDMS polymer embedding was examined, which introduced a
lattice resonance in the reflectance spectrum. To circumvent this, the radii of the constituent
spheres were reduced to move the resonance outside the desired wavelength range.
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Figure 5.11: Tile (a) illustrates a schematic of a core-shell Si/SiO spherical array travelling
at speed v along the +z-axis, embedded within a medium of thickness dep, =
372, where rj is the radius of each outer shell. In (b), the colour map depicts the
reflectance R for the optimised Si/SiO, array as a function of the refractive index
of the embedding medium ney, and the Doppler-shifted wavelength L’. The
red horizontal line indicates the refractive index threshold ney;, = 1.13, above
which the minimum reflectance falls below 90%. Adapted from [P2] under the
CCBY 4.0 license

5.6 Summary

In this chapter, the reflectance R, absorptance A and acceleration time 7 of various light
sails were explored. The acceleration time is the time required for the sail to reach its final
speed vy = 0.2c. The light sails comprised periodically arranged spheres in a square lattice
moving in the z-direction at speed v. The incident field was a linearly polarised plane wave
and met the light sails at normal incidence. The aim was to observe the effects of relativistic
motion on R, A and 7, with the final goal of optimising the acceleration time 7. To begin, the
constituent spheres were homogeneous and made from either silicon (Si), silicon dioxide
(SiOz2) or aluminium (Al). These three materials are favourable due to their low densities,
another aspect that reduces the acceleration time. After analysing each material separately,
they were combined to form core-(multi-)shell spheres. A promising combination of an Si
core and SiO, outer shell was found, which gave rise to a high broadband reflection and
low broadband absorptance over the Doppler-shifted wavelengths observed by the sail. A
high reflectance allows for high momentum transfer to the sail, while a low absorptance
minimises thermal damage. Subsequently, the high broadband reflectance of the Si/SiO,
sail was explained by examining the relationships between each multipolar contribution of
the outgoing field up to quadrupolar order. Finally, the effects of adding an embedding to
the Si/SiO, sail were investigated. It was emphasised that one should be careful of lattice
resonances and shown how they can be avoided.

In the next chapter, more complex, non-symmetric structures will be examined, where
the influence of relativistic effects on the circular dichroism of chiral biomolecules will be
investigated.
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Figure 5.12: The analogous plots to those in Fig. p.3 for an Si/SiO, light sail with a poly-
dimethylsiloxane (PDMS) embedding. In tile (d), the reflectance suddenly
drops to R = 0.21 at L' = 1158 nm owing to a lattice resonance. This time,
the radius of each outer shell is 7, = 221.8 nm. Adapted from [P2] under the
CC BY 4.0 license.
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Figure 5.13: The analogous plots to those in Figs p.5 and but for an average reflectance
of R = 0.887. With the lower radii, there is no longer a lattice resonance in the
desired wavelength range marked in white. Here, the radius of each outer shell
is ro = 180.8 nm. Adapted from [P2] under the CC BY 4.0 license.

79


https://creativecommons.org/licenses/by/4.0/




6 | Circular Dichroism of Relativistic Chiral
Biomolecules

Introduction

The work discussed in this chapter is based on Ref. [[P3], and was carried out with Benedikt
Zerulla, Marjan Krsti¢, Maxim Vavilin, Christof Holzer, Markus Nyman, Lukas Rebholz and
Ivan Fernandez-Corbaton. Specifically, the transmission circular dichroism (TCD) of rela-
tivistically moving chiral biomolecules will be investigated, and the effect of the molecules’
speed on the TCD will be visualised. As a result, this chapter explores the fundamental
problem of how non-symmetric, relativistically moving structures scatter light. The find-
ings serve as an extension to the symmetric or periodic structures considered in the previous
two chapters.

Recently, the study of interstellar chiral molecules has attracted a great deal of interest in
the scientific community [[37-146]. Arguably the most notable contribution in this field is
that published by McGuire et al. in 2016, where the first known chiral molecule in space,
propylene oxide (CH3CHCH-O), was discovered [/1]. In Ref. [/1], the propylene oxide
molecules were found by studying their absorption towards the Galactic Centre. The source
of the incident light was the giant molecular gas cloud Sagittarius B2 (Sgr B2). In this chap-
ter, an analogous setup will be considered, where a backlit molecule moves towards an
observer. As mentioned, the quantity to be investigated is the TCD discussed in Section 2.4.
Recall that the TCD is the difference between the transmittances due to incident light with
positive and negative helicities. Given that molecules are very likely to be found in ran-
domly oriented clusters, the specific quantity of interest is the rotationally averaged TCD
(RATCD). The RATCD is a suitable quantity to explore since illuminating molecular clus-
ters corresponds to illuminating one molecule from all angles. To obtain the RATCD, the
T-matrix method discussed in Section .2 will be applied.

This chapter is structured as follows. Firstly, the scattering setup is outlined in Section .7},
and the expression used to obtain the required T-matrices is defined. The considered T-
matrices were computed by Marjan Krsti¢ and Christof Holzer using quantum chemistry
methods as implemented in TURBOMOLE [109]. Furthermore, the method used to rota-
tionally average the molecules will be visualised and explained. Subsequently, the frame-
hopping method (FHM) discussed in Chapter [ will be implemented, beginning with the
first step in Section p.2. Here, the incident field will be boosted from the light source’s frame
F to the molecules’ frame F’. Next, the spherical field expansion coefficients of the scattered
field will be obtained in frame F” in line with the second step of the FHM. The third step of
the FHM is then carried out in Section p.3, where the RATCD is determined as seen by an
observer in frame F'. It is also explained why one should convert the expansion coefficients
from the spherical basis to the plane-wave basis. Moreover, the outgoing field will be deter-
mined in frame F from the scattered field by incorporating a correction to account for the
incoming field. The reason for considering the outgoing field is that it contains the incoming
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and scattered fields in the forward direction, which is exactly what is required to determine
the RATCD. Finally, the resulting RATCD spectra will be visualised in Section p.4, where
the effects due to Doppler shifts of the incident field become apparent.

6.1 Description of the scattering scenario

In this chapter, an observer in frame F' observes molecules moving towards them with ve-
locity —vz, where 0 < v < ¢. The molecules move in an inertial reference frame F”, and the
source of the incident field is located behind the molecules on the z-axis (cf. Fig. p.1)).

—VZ

h

Frame I Frame F’ Frame F'

Outgoing field
_

Incident field
_

Scattered field

Figure 6.1: A visualisation of the scattering scenario. The molecules (chlorophyll 4 in this
case) move in the —z-direction at speed v in frame F'. The molecules are back-
lit by an incident field propagating in the —z-direction. The scattered field is
obtained in frame F” and boosted to frame F. In frame F, the outgoing field
is observed by combining the scattered and incoming fields, and the RATCD is
determined. The depiction of the chlorophyll 2 molecule was created by Marjan
Krsti¢, and was taken from [P3] under the CC BY 4.0 license.

Just like in Chapter [, the incident field is expressed in the helicity basis and has a pure
helicity. Recall the practicality of using the helicity basis due to the invariance of the helicity
of an electromagnetic field under Lorentz boosts. Since the TCD is measured in frame F, the
FHM outlined in Chapter § will be implemented. Specifically, the TCD will be determined
in frame F’, and the result is inverse Lorentz boosted back to frame F. It is in frame F
where the TCD is observed. To obtain the TCD, the outgoing field will be considered as
opposed to the scattered field. The reason for this is that the CD of an object is usually
defined with respect to the outgoing field [99]. Also, the TCD is measured in the forward
direction, meaning both the incident and scattered fields contribute to it. As a result, it is
precisely the outgoing field that is received by the observer.

Typically, one can use the helical S-matrix defined in Eq. (£.72) to determine the outgoing
tield. However, one would have to either assume an infinitely extended, periodic scatterer
(like in the previous chapter) or consider an incident wave truncated at a maximum multi-
polar order /,,,«. Since the incident field is a plane wave, and the scatterer is now finite in
space, a modification needs to be made. Specifically, the dipolar T-matrix (¢max = 1) of a
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molecule

T — iChth:l:}l U (aee) Uil U (_iaem/Zh) Uil (6 1)
mol 67T U (iame/ch) U_l U (amm/ChZh) U_l .

is used, along with a correction to account for higher-order terms. The exact nature of this
correction will be discussed in a later section. In Eq. (pb-1]), o,y represent the 3x3 complex
dynamic polarisability tensors of the molecules. These polarisability tensors were deter-
mined via quantum chemistry calculations by Marjan Krsti¢ and Christof Holzer. Moreover,
the unitary translation matrix

1 1 i 0
U=— 0 0 2 6.2
Al (62

transforms a T-matrix from the Cartesian basis to the spherical basis. The term ¢;, = 1/,/ep i
generally denotes the speed of light in the medium surrounding the object, and 7}, =
V/ In/en is the wave impedance [99]. It is important to note that the quantum chemistry
calculations account for the surrounding medium. Therefore, c¢;, = ¢y was used to ensure
consistency. In this chapter, the entire surrounding medium is water. This is a good ap-
proximation since many water molecules surround each biomolecule in reality.

It is important to emphasise that a T-matrix approximated up to dipolar order is sufficient
due to the molecules only being of nanometre scale. In other words, T\, has dimensions
6 x 6. Since a molecule is so small, it does not make sense to consider just one as the scatterer.
It is much more likely for molecules to be found in clusters, as is the case with DNA in living
beings. In these clusters, the molecules are randomly oriented. To this end, the rotationally
averaged TCD (RATCD) will be considered in this chapter. The RATCD can be determined
in two ways:

1. The incident light is rotated by n,. angles of orientation around the scatterer and the
TCD in these directions is simulated. Then, all TCD signals are summed, and the
result is divided by 1.

2. The same process as in 1., but the incident light propagates in one direction and the
molecule itself is rotated. Here, one generally needs to consider the three Euler angles
of rotation (¥, ©, ®) defined in Section P.Z.5. It will later be demonstrated, however,
that only © and ¥ are needed in this chapter.

Note that both methods are mathematically equivalent, but the second is preferred since,
from a conceptual point of view, it is unlikely that the molecules would be illuminated from
all directions in outer space. The second method is also favourable, since a molecule rotated
many times is essentially the same as the abovementioned cluster. A pictorial representa-
tion of the previous two methods for rotations © € {6,...,6,,,} for a given ¥ and ® is
presented in Fig. p.2.

To capture the RATCD properly, the molecules need to be rotated such that they are ex-
posed as much as possible to the incident light. Accordingly, a sample of 50 equally spaced
rotation angles was used. To ensure this equal spacing, the angles were obtained using a gra-
dient descent optimisation algorithm [[I47]. For reference, all steps required to determine
the rotationally-averaged TCD are depicted in Fig. p.3.
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(a) (b)

’ } Nrot times

ko ko

Figure 6.2: A pictorial representation of two methods to determine the rotationally-averaged
transmission circular dichroism (RATCD) of an arbitrary object for one of the
rotation parameters © € {61,...,60,,,}, where n, is the number of rotation
angles. Firstly, as shown in (a), the incident light can be rotated by n,. angles
of orientation around the scatterer, where the TCD in all directions is recorded.
Then, all TCD signals are summed, and the result is divided by n,.¢. The second
method is shown in (b). Here, the incident light propagates in one direction k;
and the molecule itself is rotated. Again, the TCD for each rotation angle © is
recorded. Then, all TCD signals are summed, and the result is divided by n;qs.
For conceptual reasons, the approach shown in (b) is chosen in this work.
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Figure 6.3: The process for determining the RATCD in the reference frame F involves several
steps. Firstly, the molecular structures are generated, and their T-matrices are
calculated using TURBOMOLE. To describe the scattering process, the incident
plane wave propagating in the —z-direction is boosted to frame F’. In frame
F’, the outgoing field is determined by combining the scattered field with the
incoming field, as shown in Eqs (b.20) and (b.Z1]). Finally, the outgoing field
is boosted back to the original frame F'. It is in frame F' where the RATCD is
measured. Adapted from [P3] under the CC BY 4.0 license.
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6 Circular Dichroism of Relativistic Chiral Biomolecules

In this section, the scattering setup was outlined, and the necessary expression for the
T-matrices used to determine the outgoing field was defined. It was also explained why a
rotational average of the TCD should be done instead of determining the TCD for just one
molecule. In the next section, the first step of the FHM described in Chapter f will be carried
out.

6.2 Boosting the incident field into the molecules’ frame

After having outlined the scattering scenario, one can now implement the FHM. To begin,
an incident electric field E;(r,t) in frame F' must be defined. Note that the ‘i’ subscript
stands for “incident’. Of course, there will always be an accompanying magnetic field, but
explicit reference to it will be omitted. Recall that the incident field takes the form of a plane
wave of pure helicity denoted by \;. As such, E;(r, t) is given by

Z El A e)\ —l(ck’t k-r)
N==t1
3
> %m ), (1) ke ikt e
N==t1
d3k
=) /afx ) [Aik)
N==t1
= [E), (6.3)

where E; \, = 1, and &), (k) is defined in Eq. (239). For a plane wave with a given orienta-
tion described by the angles 6 and ¢, the expansion coefficient fy, (k) takes the form

k) = ﬁé(k k;)d(cos O — cos 6;)d(¢p — i) , (6.4)

where 6; = mand ¢; = 0 for a field propagating in the —z-direction. In the previous equation,
d(z) represents the Dirac delta distribution. Furthermore, the ket

A K) = ke, (k)e{ekt—kr) (6.5)

represents the plane wave using Dirac notation. Note the appearance of the Lorentz invari-
ant integration measure d*k/k in Eq. p-3 to conform with the convention used in Ref. [ITY].
The same convention was used in Ref. [P3] and is also implemented in this chapter. To
compensate for the abovementioned integration measure, the unconventional prefactor & is
present in (p.5).

To boost the incident field | E;) from frame F to frame F”, the Lorentz boost operator L. ()
defined in Eq. (B-T) can be implemented as follows [IT19]:

|Ef) = L.(8) [E)

4’k .
= Z 5)\1)\; /R3 Tf)\i(k) Ai Lz(ﬁ)k>
N=+1
1 .
== 2 [N L(B)k). (6.6)
PN =+1
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6.2 Boosting the incident field into the molecules’ frame

where the Kronecker delta 9, captures helicity conservation under the Lorentz boost.
The first step of the FHM is now complete, and the incident field has been expressed in
the molecules’ frame F’. In the next section, the second step of the FHM will be imple-
mented, where the dipolar scattered field is obtained. Recall that the outgoing field will be
determined from the scattered field via a correction accounting for higher-order multipoles.

Solving the scattering problem in the molecules’ frame

Armed with Eq. (p-6) for the incident field in F”, the scattered field can now be determined.
As always, the T-matrix method will be implemented, this time using T, from Eq. (b.1)).
To this end, |E!) needs to be expressed in the spherical basis as

00 [e%S) 4
\Eg>:/0 AR Y D Y A (K)o, [K € m X)) (6.7)
N=410=1m/=—1'

Note again the unconventional prefactor £’. For a plane wave moving in the —z-direction
(0" = mand ¢’ = 0), the expansion coefficients A, , X(kz’ ) are expressed as [[[19]

/ 27
%H d¢/ (cos #') DLy, (¢1,6.0) fy (K)
21, 1
= = D! o (0.7, )k,Q(s(/-c’—ki’), (6.8)

where the multipolar indices ¢’ and m' were defined in Section 2.2
Moreover, for a general helicity A and Euler angles ¥, © and ®, D! ,(¥,©, ®) is the
Wigner-D matrix element, where [[17]
Dy (1,0, ) = e Vdl , (©)e™ 1, (6.9)

and d’ , (©) are the Wigner d-functions defined in [[[48, Section 7.3.].
Finally, the basis ket |k’ ¢/ m’ X{) is related to the boosted plane wave ket
as [149]

X L (8)ki )

2
W ) = 2£'+1

d¢/ (cos 0D o (¢,67,0)"

X L.(8)k > (6.10)

Recall that only dipolar terms need to be considered as the molecules are only of nanometre
scale.

Analogous to the incident field, the scattered field with expansion coefficients By, .., (k')
can be written as )

E)) = / dK' k' Z Z Z By (K'Y [K €' m! XL (6.11)

=+10=1m'=-¢

where the ‘s’ superscript stands for ‘scattered’. The scattered and incident expansion coef-
ficients are connected via the helicity T-matrix TH . obtained from T\, using treams [92].
In matrix form, the expansion coefficients are related as

& , 0
B+ =1l <%?; > and B~ =Tl | ( Ai‘) , (6.12)
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where the ‘+” and ‘-" superscripts refer to the terms corresponding to the positive and neg-
ative helicity components of the incident field, respectively. The ‘3" subscript in Eq. (b.12)
denotes a vector with dimension 3 x 1 required for dipoles. Accordingly, 05 is the 3 x 1 zero
vector. Recall from Chapter [ that, even though the incident field has either a positive or
negative helicity, the scattered field can have a combination of both.

As mentioned above, the goal is to obtain the RATCD. Correspondingly, the matrix T |
is also rotationally averaged for 50 orientations ©’ and ®’. Recall the orientation angles need
to be equally-spaced to ensure full coverage of the molecules. Specifically, the equal spacing
needs to occur in frame F’ since it is here where the scattered field is initially determined.
Note that 50 orientation angles were deemed sufficient to ensure convergence of the RATCD
spectra. This convergence was found by testing increasing numbers of orientation angles.

Using the rotated T-matrix defined in Eq. (£.67), the scattered field expansion coefficients
B'*(0',®'; k') for each angle ©" and &’ are obtained from

B (0, k') = T 1 (0, ')A (), (6.13)

where TEIOL r(©’, ®') is the rotated molecule T-matrix. Note that only two Euler angles are
considered in the previous equation instead of the usual three. For the case of a circularly

polarised plane wave ‘)\ k = —i> of well-defined helicity A propagating along the —z-axis,
the first rotation about the z-axis by angle ¥ simply gives rise to a phase term that ultimately
cancels. When the helicity of the incident and scattered fields are the same (A = A\ = ),
the cancellation can be seen by applying a general T-matrix TH (O, ®) to ‘/\ k = —2> in the
following way:

<)\ k = -z TH(O,d) ‘)\ k= —z> - </\ k= (¥,0,3)THR (T, 6, 3) ‘)\ k= —z>
- <)\ k= —z|VR(0,3)THR (O, ®)e ¥ ’)\ k= —z>
= (\k= (0,3)T'R1(0, 3) ‘)\ k=-2).
(6.14)

Qualitatively, the phase term e'¥ in Eq. (b-14) cancels upon multiplication with its complex
conjugate e 717,

On the other hand, when the helicities of the incident and scattered fields are different
(As = —=A; = =), one has

(X k= -z )‘)\f{:—i>:< Ak (7,0, )THR( \I/@@)‘ k=-2)
- “P< AR:—Z’R@ o)THR( @cb( :—z>
(6.15)

When determining the TCD in the next section, the magnitude squared of Eq. (b.15) will be
required. Since |e?'¥|? = 1, the phase term also vanishes for different helicities, demonstrat-
ing why the first Euler angle ¥ can be ignored.

In this section, the scattered field was obtained in frame F’ using the T-matrix of a molecule.
The process of rotationally averaging the T-matrix was also outlined, serving as preparation
for determining the RATCD in the next section.
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6.3 Obtaining the rotationally averaged TCD (RATCD) in the lab
frame

Having obtained an expression for the spherical scattered field coefficients B'*(©’, ®'; k')
in frame F’, one can now begin with the TCD calculations. Recall that the goal is to derive
an expression for the RATCD in frame F'. As a result, the third step of the FHM will now
be carried out. The incident field propagates along the —z-axis, so only the scattered field
component in the same direction should be considered. This is because the TCD is measured
in the forward direction.

As will become clear, it is wise to convert the spherical field coefficients B'*(0’, ®'; k')
to those in the plane wave basis. The scattered plane wave coefficients are denoted by
E;,iks:il (©,®'; k"), where

B (0, 5k = —V2E ) 0 (0, & F). (6.16)

The equation for the coefficients E;ft/\sz 11,0/—- (0, ®'; k') was derived in the supplementary
information of Ref. [P3], and corresponds to the polar (¢,) components of the scattered field.
Note that the ‘+” superscript has the same meaning as in the previous section.

The next step is to inverse Lorentz boost the coefficients EQ—L)\S: 41(©', @ k') from frame
F' to frame F, where the RATCD is observed. From [I19, Eq. (24)], one finds that

LU (A)EL iy (0,0 K) = BE, _,,(8) [0, &5 L1 (5)W
=EX _,, [0, KA(-B)], 0<8<1, (6.17)

where L () is the inverse of the operator L. () defined in Eq. (B.1)). Moreover, the func-
tion A(f) is defined in Eq. (B.7) and represents a Doppler shift along the z-axis. Note that
A(—p) represents the inverse of A(3) such that

A(-B) =A71(B). (6.18)
The RATCD will be visualised as a function of the wavelength L in frame F'. Accordingly,
the coefficients E:E a—t1 0, @ K A(—p)] can be written as

E{EAS:ﬂ [0/, 2" K A(-B)] = E:As:ﬂ [0, @"; L'A(B)]

=E5y 4 (0,951) (6.19)
where k' = 27 /L' was used, and L' is the wavelength in frame F’. Note that the values for L’
are always constant, so the wavelengths in frame L must change with speed. Specifically, the
wavelengths in frame F' simply scale as L = L'A(3). Equation (p.19), therefore, shows that
a Lorentz boost has no effect on the magnitude of each plane wave expansion coefficient and
only makes their spectra more narrow in frame F'. Recall that this Doppler shift is depicted
in Fig. B.2 (b). Note that the light source now moves towards the observer as opposed to
the other way around as shown in Fig. B.2 (b). Both scenarios are physically equivalent,
however, so the same Doppler shift is observed.

Recall the practicality of boosting plane wave coefficients as opposed to those in the spher-
ical basis described by multipoles. Boosting plane wave coefficients retains all information
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6 Circular Dichroism of Relativistic Chiral Biomolecules

about the relevant field, while boosting multipoles gives rise to infinitely many higher-order
terms. In this chapter, for example, the dipolar scattered field in frame F” is not dipolar in
frame F. As a result, one would have to find where the multipolar expansion converges in
frame F', which can be difficult. This acquisition of higher-order multipoles is demonstrated
in [149, Fig. (1)] for a boosted quadrupole.

Returning to determining the RATCD in frame F, one must first compute the relevant
transmittances 7% (0, ®’; L), where

2 2
THO', 9, L) = E;Aszl(@’,é’;L)+Em,Ai:1‘ +‘E§/\s:_1(@’,<l>’;L) : (6.20)

T(0,9,L) = |E_, (6, ®; L)* +|E, __,(6/,®;L) + Eiy x =1, (6.21)

and the plane wave coefficients Ei, y,—+1 = 1 belong to the incoming field. The incoming
tield coefficients serve as the correction terms mentioned in Section p.1. These correction
terms ensure the inclusion of higher-order components of the incoming field in the outgoing
field. These higher-order contributions simply pass through the molecules without any
interaction.

With the transmittances at hand, one can now define the RATCD A7, (L), where

1 Nrot

ATovg(L) = — > [T (05, ¢3 L) — T (0, 65 L)] (6.22)

n
rot i=1

and n,o; = 50 is the number of angles used for the rotational average (cf. Fig. p.2). Since
only the sign of the RATCD is of interest, one can normalise the RATCD as:

T 1 [T (6, ¢i L) — TH(0;, 655 L)
ATave(L) = Nrot ; |:T_(6ia¢i§L) +T+(0i, 055 L) ]’ (623)

where 6; and ¢; correspond to different values of © and ®, respectively. Moreover, the
normalisation with respect to T~ (L) + T (L) is represented by the tilde ~. It is this unitless
normalised RATCD that will be visualised in the next section.

In this section, the spherical scattered field expansion coefficients were converted to the
plane wave basis. The plane wave coefficients were then inverse Lorenz boosted from frame
F’ to frame F, allowing one to derive an expression for the RATCD in frame F'. In the next
section, the normalised RATCD spectra in frame F' will be analysed as a function of the
wavelength L of the incident field and speed parameter 3.

6.4 Visualising the boosted RATCD

The normalised RATCD AT, avg(L) will now be visualised as a function of the incident
field wavelength L in frame F' and speed factor 3 for each molecule. The normalised
RATCD spectra for a B-DNA molecule are given in Fig. p.4, while those for chlorophyll a
and chlorophyll b are given in Fig. p.5. In Fig. b4 (a), the normalised RATCD is shown for
every [ value and Doppler-shifted wavelength range in F'; the data for select speed factors
B € {0,0.2,0.4,0.6,0.8,0.99} are given in Fig. b4 (b). The analogous data for chlorophyll a
and chlorophyll b are given in the left and right columns of Fig. p.5, respectively.
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6.5 Summary

One notices the scaling along the L-axis induced by the Doppler shift as mentioned in
the previous section. Specifically, the spectra become infinitely narrow as 3 — 1. This
spectral compression makes sense since a constant spectral range is viewed in Frame F’. As
aresult, the incident field wavelengths in /' must be adapted to each speed. The quicker the
molecules, the greater the effect of the Doppler shift, and the narrower the spectrum needs
to be in frame F'.

(a) (b) — B=0 — =02 — =04
N — 5=06 — =08 — B=0.99
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4
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Figure 6.4: (a) The normalised RATCD for the B-DNA molecule as a function of the speed
factor 8 and the incident field wavelengths L in frame F'. (b) The TCD at speeds
B € {0,0.2,0.4,0.6,0.8,0.99}, highlighting the spectral shift. Adapted from [P3]
under the CC BY 4.0 license.

6.5 Summary

To summarise, the rotationally averaged transmission circular dichroism (RATCD) of three
relativistically moving chiral biomolecules, B-DNA, chlorophyll 2 and chlorophyll b was
investigated. The method to obtain the expression for RATCD was reliant on the frame-
hopping method (FHM) outlined in Chapter . After outlining the scattering setup and the
method of rotational averaging, the incident field illuminating the molecules was boosted
from its frame F to the molecules’ frame F”. In frame F”, the scattered field was determined
using dipolar T-matrices obtained by Marjan Krsti¢ and Christof Holzer using quantum
chemistry methods as implemented in TURBOMOLE [[109]. Subsequently, the spherical
scattered field coefficients were converted to those in the plane wave basis. Expressing the
scattered field in the plane wave basis is very favourable since all information about the scat-
tered field is retained upon boosting. Were one to boost the dipolar scattered field directly,
infinitely many multipolar orders would be acquired in frame F' [I19, I49]. As a result, one
would always lose information by truncating the scattered field. Finally, the RATCD spectra
were visualised as a function of the incident field wavelength L in frame F’ and the speed
factor 3 of the molecules. The effects of Doppler shifting were observed, where the RATCD
shifts to smaller wavelengths in F' as /3 increases. Interestingly, the signs of the RATCD re-
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main unaffected under Lorentz boosts, and the spectra simply compress on the L-axis with

increasing speed.
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Figure 6.5: The top row shows the analogous plots for chlorophyll a to those in Fig. p.4. The
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bottom row contains the corresponding information for chlorophyll b. Adapted
from [[P3] under the CC BY 4.0 license.
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7 | Conclusions and Outlook

This thesis is concerned with the study of how relativistic motion affects the electromagnetic
scattering of light by different objects. The work presented discusses systems of increasing
complexity. Firstly, electromagnetic scattering by a single, relativistically moving sphere is
explored. Afterwards, the study of a single sphere is extended to that of a periodic array of
spheres. Such a system serves as a model for a light sail that could be used to explore neigh-
bouring solar systems. Finally, the circular dichroism of biomolecules is explored under
the influence of relativistic effects.

Conclusions

In Chapter P, the first half of the theoretical groundwork is laid, beginning with Maxwell’s
equations in their macroscopic form. From Maxwell’s equations, the vector Helmholtz equa-
tion and vector spherical harmonics (VSHs) are obtained. Importantly, VSHs serve as a
foundation for describing electromagnetic fields in the spherical basis. Using VSHs, ex-
pressions for incident and scattered spherical electric fields are constructed, and the parity
T-matrix, linking these fields, is defined. For a spherical object, the T-matrix contains Mie
coefficients, which encode geometric information about the sphere. The conversion of the
parity T-matrix to the helicity basis and its rotation, enabling analysis of arbitrarily oriented
objects, are detailed. Extending to periodic structures, the formalism for scattering by such
systems was described and is utilised in Chapter . Finally, the absorption and transmis-
sion circular dichroism (CD) of an object was defined. The transmission CD (TCD) was
investigated in Chapter f for molecular scatterers. Crucially, it was explained at the end of
Chapter P how the TCD should be modified to account for finite scatterers.

Chapter J completes the theoretical background with methods from special relativity.
The Lorentz boost, relating stationary lab frame F to the co-moving frame F’, was intro-
duced. The frame-hopping method (FHM) was also outlined, which dictates the order in
which Lorentz boosts and scattering calculations should take place. Moreover, key effects
like the Doppler shift and length contraction are described. Length contraction explains
why scattering calculations are carried out in F” for simplicity, as Mie theory only applies
to spheres, which appear distorted in F'. This principle is applied in Chapter f]. Next the
electromagnetic field behaviour under Lorentz boosts was illustrated with examples: the
flattening of point charge field lines and the energy density change of a plane wave due to
motion relative to an external observer. Finally, the Lorentz boost of helical fields is shown,
along with the invariance of their helicity under Lorentz boosts, a crucial aspect in subse-
quent chapters.

In Chapter f, the backscattered signal by a relativistically moving, dielectric and lossless
sphere moving along the z-axis was investigated. The scattering setup comprised an ar-
bitrarily oriented Gaussian beam finite in space, allowing for a finite interaction between
the beam and the sphere. After discussing the nature of the incident field, the necessary
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reference frames were outlined. Due to the arbitrary orientation of the beam, an additional
reference frame Fl was defined. In frame F!l, the propagation of the beam is always parallel
to its local 2!l axis (cf. Fig. 3). As a result, the abovementioned frame F' corresponds to
where an external observer views the rotated beam. Moreover, it is in frame F' where the
backscattered signal is observed.

Following the definition of all reference frames, it was explained how the FHM should be
applied. Inline with the first step of the FHM, the incident Gaussian beam was subsequently
rotated and boosted to frame F’. Importantly, the beam was described as a superposition of
helical plane waves since the helicity of an electromagnetic field is invariant under Lorentz
boosts. Considering helicity invariance decreases the mathematical complexity of the nec-
essary calculations. After obtaining the incident field in frame F”, the scattered field and
backscattered energy density were obtained in frame F”’ using Mie theory. Afterwards, the
backscattered energy density was inverse Lorentz boosted to frame F', completing the final
step of the FHM. From the backscattered energy density in F), the directivity was defined.
The directivity is the ratio of the backscattered energy density to the average scattered en-
ergy by the sphere per unit solid angle. The directivity was then visualised as a function of
Mie angles. Mie angles are an abstract representation of Mie coefficients, which describe all
possible configurations a sphere could have.

Subsequently, the directivity was explored for fixed Mie angles and varying sphere
speeds and incident field angle. It was found that Doppler shifts cause the directivity to
become increasingly large when the incident field propagates antiparallel to the motion of
the sphere for increasing speeds. The opposite occurs when the sphere’s motion and beam
propagation are in the same direction. The directivity was also minimised, leading to a rel-
ativistic Kerker condition. Specifically, a combination of Mie angles was found that yield a
directivity of 1.09 x 108, In other words, the backscattered energy density comprises only
1.09 x 1075% of the average scattered energy per unit solid angle.

Chapter B offered an extension to Chapter @, where arrays of spheres were considered
instead of a single sphere. The figure of merit to minimise was the acceleration time 7,
which measures how long it takes to accelerate the array to a target speed of 20% of the
speed of light. The acceleration time depends on the intensity of the incident light, the area
of the light sail, the sail’s speed, the mass of each constituent sphere, the payload mass, the
reflectance and absorptance of the sail. The spherical arrays serve as models for light sails
that could be used to explore neighbouring solar systems. The first type of array consisted
of homogeneous Si, SiO, and Al spheres. Moreover, the acceleration time was numerically
minimised for each material without making any assumptions about their reflectance or
absorptance. It was argued why one should, in fact, firstly ensure a high reflectance and low
absorptance. A high reflectance corresponds to a high momentum transfer to the sail, while
a low absorptance reduces thermal damage. After considering homogeneous spheres, core-
shell spheres were investigated. It was found that a sail made from spheres with an Si core
and 5iO; shell produced the most favourable acceleration time of 7 = 395.3 s. Afterwards,
the effects of lattice interactions were leveraged to explain why an Si/SiO; light sail yields
a high broadband reflectance. Next, the effects of an embedding surrounding the spheres
was investigated. It was shown that the embedding can have a refractive index nemp up to
Nemb = 1.13 without having to re-optimise the Si/SiO; array. Finally, a new optimisation
was carried out with a polydimethyl- siloxane (PDMS) embedding with a refractive index
nppms = 1.45, showing the wide applicability of the methods in this chapter.
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In Chapter f, arguably the most complex system in this thesis was considered - relativistic
scattering by non-symmetric, chiral biomolecules. Specifically, the effects of relativistic mo-
tion on the molecules’ transmission circular dichroism (TCD) was investigated. The consid-
ered molecules were B-DNA, chlorophyll 2 and chlorophyll b. Since molecules are typically
found in clusters, the method of rotational averaging was implemented to obtain the rota-
tionally averaged TCD (RATCD). The RATCD was obtained by rotating the molecules 50
times, determining the TCD for each angle of orientation, summing all TCD signals and di-
viding by the number of rotation angles. Using the FHM, the RATCD was observed in frame
F'. Interestingly, it was found that the RATCD simply contracts to shorter wavelengths in
frame F as the speeds of the molecules increase. This contraction is due to the Doppler shift
of the incident field.

Outlook

Owing to the futuristic nature of the work in this thesis, opportunities for further research
are plentiful. Beginning with Chapter f, a frequency-dependent T-matrix could be used
instead of one that is dispersionless. Although the dispersionless T-matrix provided good
approximations for lower speeds, the inclusion of dispersion would lead to a more compre-
hensive treatment for faster spheres. The work in Chapter f could be extended to include
temperature dependence of the sail’s absorptance. As mentioned, Si has a very temperature-
dependent absorptance. To account for this, an acceleration time that incorporates temper-
ature could be implemented. Of course, a model for the temperature changes would have
to incorporate both heating by the incident laser and cooling due to the frigidity of outer
space. A further extension to Chapter ff would be the implementation of inverse design.
Specifically, one could use inverse design to create core-shell spheres that have predefined,
desired parameters for the corresponding light sail. Furthermore, the stability of the core-
shell light sails could be investigated by implementing techniques from previous work done
on other light sail models [56, 150, I51]. It is important to develop models that are as com-
prehensive as possible to ensure success of the BSI. Finally, the findings in Chapter f also
provide promising avenues for future research. An example would be the consideration of
arbitrary directions of motion of the molecules. This more general approach would involve
using angle-dependent expressions for plane wave expansion coefficients given in Refs [119,
149].
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