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ABSTRACT

Keywords: Diffuse interface approaches for multi-phase flow such as Hohenberg-Halperin type models

Two-phase flow require the approximation of material properties in the diffuse transition region. Different

Phase'field“‘f‘eth(’d interpolation schemes achieving this are employed in literature. The present work focuses on

Jump condition o such diffuse interface approximation of viscous stress. It is shown, that a viscosity interpolation

Diffuse interface approximation . . . . . X

Viscosity interpolation based on the arithmetic mean 1ntrod1{ces large deviations from Fhe sharp interface solution for
cases, where components of the velocity gradient normal to the interface occur. In contrast, the
harmonic mean is prone to deviations for cases with a transversal velocity gradient. A diffuse
interface approximation based on a jump condition approach is introduced, which generally
exhibits higher accuracy and coincides with the arithmetic and harmonic mean in the respective
limiting case. It locally accounts for both the jump momentum balance and the Hadamard
condition at all points of the diffuse interface.

1. Introduction

For the modelling and numerical simulation of immiscible multi-phase flow, different approaches are applicable. Within a
classical continuum model, the interface between two fluid phases is represented by a singular material surface, which exhibits
a surface tension [1,2]. In contrast to such a sharp interface theory, diffuse interface approaches are commonly in use, where the
transition between two fluid phases is represented by a thin volumetric region, where a mixture of both phases occurs. Despite
this local mixture of both fluid phases, they stay macroscopically immiscible since the diffuse interface is considered to be way
smaller compared to the volume of each phase. In the limits of a vanishing interface thickness, these models coincide with the
sharp interface model cf., e.g., [3]. Phase-field methods represent a prominent class of diffuse interface models. Thereby, an order
parameter (concentration, local volume fraction), which varies smoothly between the bulk regions of two phases is used to keep
track of these. Quantities like solution fields or material properties exhibit a smooth and continuous transition within the diffuse
interface region between the phases [4,5]. For fluid flow, an advantage of phase-field based models is, that they naturally allow to
handle topological changes such as droplet breakup or merging [1] as well as contact line dynamics at solid surfaces [6-8].

In context of the phase-field method, Hohenberg-Halperin type models are widely used for treatment of two-phase flow cf.,
e.g, [9,10]. They go back to the work of Hohenberg and Halperin [11] and are based on the Navier-Stokes system combined
with a phase-field method to track interfaces and model the capillarity. Within diffuse interface approaches, such as the phase-
field method, diffuse interface approximations need to be employed to meet transition conditions. This is achieved e.g. with the
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interpolation of material parameters like density and viscosity between the bulk values of different phases. The present work focuses
on such approximations for the viscous stress within the diffuse interface. To this end, two possibilities are found in literature,
namely the arithmetic and harmonic mean of viscosity with regards to the order parameter and thus local volume fraction [9]. The
harmonic mean for viscosity interpolation is employed e.g. in the works [12-14], whereas the arithmetic mean is more widely in
use. In conjunction with level-set methods, the arithmetic mean of viscosities is used in [15-17]. Phase-field models employing it
are [4,7,18-29]. Additionally, in the field of fluid structure interaction with visco-elastic solids, the arithmetic viscosity interpolation
is typically employed, cf. [30-32] in context of phase-field as well as [33,34] in conjunction with the volume of fluid and level-set
method, respectively.

Within this work, it is shown that both interpolation variants have severe shortcomings in particular setups. In cases, where only
components of the velocity gradient normal to the interface occur, the harmonic mean is superior to the arithmetic one. In contrast,
if solely tangential components to the interface occur, the arithmetic mean yields better results. Therefore, we propose a jump
condition approach for calculation of viscous mixture stress in the diffuse interface leading to a directional split, where normal
components of the velocity gradient are treated with a harmonic viscosity mean and tangential components with an arithmetic
mean. Therefore, the jump approach coincides with the harmonic and arithmetic mean in the respective limiting case and generally
yields higher accuracy. For scalar quantities like temperature or electrical current, a similar jump condition approach was already
introduced by Nicoli et al. [35], who use a tensorial mixture conductivity with an arithmetic mean of phase-inherent values in
tangential direction and a harmonic mean in normal direction. Regarding diffuse interface approximations of stress, jump condition
approaches were already proposed in context of elastic stresses in solid mechanics cf. Schneider et al. [36-38]. It can be shown,
that such jump condition approaches for stresses fulfil the balance of linear momentum on singular surfaces as well as Hadamard’s
compatibility condition for a pair of phases locally at each point of the diffuse interface. Therefore, they yield a thermodynamically
consistent interpolation scheme. In contrast, the arithmetic and harmonic interpolation generally do only ensure one of the two
conditions. To the authors knowledge, such approaches are not yet introduced for viscous stress in two-phase flow, which is the
aim of the present work.

In context of the volume-of-fluid method [39], the issue of viscosity interpolation is discussed in [40-42]. In this context, no local
mixture of fluids is considered, but also an interpolation is required in cells, which are divided by an interface segment. In these
works, it is recognised, that the harmonic interpolation is superior for shear components and the arithmetic one for the extensional
flow direction [41]. This agrees well with the findings in the present work. Coward et al. [42] introduced a split in interface normal
and tangential direction, were an arithmetic velocity interpolation is used for diagonal components of the velocity gradient and
a harmonic mean for non-diagonal. They report better results compared to a pure arithmetic interpolation for a two-dimensional
Couette flow. This method has similarities to the proposed jump condition approach. However, their method is not feasible for
general interfaces since it does not account for the actual interface normal vector. Instead it assumes interfaces aligned with the
coordinate axis of their Cartesian grid and performs a split in the global x- and y-direction. This introduces inaccuracies when the
interface normal deviates from the coordinate y-axes and cannot handle closed interfaces e.g. in case of bubbles. In contrast, the
present model does not have such restrictions which is illustrated by applying it on a three-dimensional bubble rise setup in this
work.

The manuscript is structured as follows. Firstly, the concept of immiscible two-phase flow in a sharp interface context is
revisited and transition conditions arising at the interface are discussed. Subsequently, the corresponding phase-field modelling
is presented including diffuse interface approximations regarding the velocity gradient and viscous stresses. The origin and basic
assumptions leading to an arithmetic and harmonic viscosity interpolation are given by means of local homogenisation methods and
corresponding implications regarding transition conditions are discussed. Additionally, the jump condition approach for viscous
stresses is introduced. Finally, numerical examples are shown in order to compare the different diffuse interface approximations
quantitatively. It is shown, that while all approximations converge in the sharp interface limit, the jump condition approach thereby
yields the lowest deviations from the sharp interface solution in all considered setups.

Notation

In this manuscript, a direct tensor notation is employed. vectors are represented by lower case bold Latin letters, second order
tensors by bold Greek letters or bold upper case Latin letters. Fourth order tensors are denoted bold and calligraphic. The mapping
of a vector by a 2nd order tensor is denoted by Ab, the tensor product of two 2nd order tensors by AB and the mapping of 2nd
order tensors by a fourth order tensors is denoted as .A[B]. Additionally, the outer product is denoted by ® and the inner product
of vectors and tensors is a- b=, a;b; and A- B =3, ¥, A;; B;;, respectively. Differential operators in use are the spatial gradient
V(-) and the divergence V - ().

ij>

2. Models for immiscible flow of incompressible Newtonian fluids
2.1. Sharp interface formulation

For a two-phase problem, the domain of phase « is denoted by £, with a« € {1,2} and the corresponding boundary with 04,,.
The overall domain is given by

R=Q,UQ, @



and the interface between both phases is
I, =0Q, N0K,. )

Solution fields, like the velocity field u are given by

u(x.1) = {u](x, 1) x € 3)

u)(x,1) x € £,

with x and 7 denoting a spatial point and the time, respectively. The fields u; and u, are called phase-inherent fields of phase 1 and
2. We consider the flow of incompressible Newtonian fluids, for which the constitutive equation is

6 =—pl+2uD, (€))

where o denotes the Cauchy stress tensor, p the pressure, 1 the second order unit tensor, x4 the dynamic viscosity, L = Vu the
velocity gradient and

D=sym(L)= (L+L") 5)

1
2
its symmetric part. Incompressible flows are governed by the Navier-Stokes system
pu=-Vp+pf* +V.@2uD), (6a)
V-u=0. (6b)

Herein, p is the mass density, 2 = d,u + Lu the material time derivative of the velocity, and f*°' a body force, e.g. gravity. The
viscous stress ¥ = 2uD in incompressible flows is purely deviatoric since the trace tr(D) = V - u = 0 vanishes due to continuity.
For two-phase flow, the Navier-Stokes system holds in each subdomain and transition conditions are arising at the interface. Let
[T := (-); — (-), denote the jump of a field at an interfacial point, then these transition conditions read

Vxelj:
[u] =0, (7a)
[olln = —yxpn, (7b)

where n is the normal vector of the surface I', pointing from phase 1 to 2, y the surface tension and « the total curvature of the
surface, cf., e.g., [30]. Note, that [6]ln = —[[plln+[c"]ln holds using the constitutive law. The underlying assumption of the transition
conditions (7) is, that the interface I';, between two phases is represented by a material singular surface, e.g., [2,43], with which
no mass is associated. Eq. (7a) is a result of employing both the no slip condition and impermeability of the interface, which both
follow as consequence of the mass balance on I';, under the given assumptions. The transition condition (7b) is derived from the
momentum balance on material singular surfaces, cf. [44, eq 2.1.6-7], with the additional assumption of the surface tension y being
constant over I'},. For tensor fields, discontinuities can generally be split into a normal and tangential part [45]. If the tangential
or the normal part of a discontinuity vanishes, it is said to be longitudinal or transversal, respectively. Eq. (7a) implies a vanishing
jump of the velocity gradient in interface tangential direction and thus a longitudinal discontinuity regarding L. Therefore,

[Llz =0 (8)

holds for all tangential vectors r at an interfacial point, i.e. 7 - n(x,t) = 0 for x € I'j,(r). Thus, the jump of the velocity gradient can
be expressed via

Vxerl,: [L1=d®n, 9)

cf. [46, theorem 2.2]. Herein, ® denotes the outer product and d := [L]n the jump vector regarding the velocity gradient. This
is known as Hadamard’s compatibility condition of rank 1 [47, Eq. (2).2.9] on material singular surfaces expressed in terms of the
velocity gradient cf., e.g., [46]. A similar expression is found for the displacement gradient and is commonly used in context of solid
mechanics [37]. Note, that the jump vector of the displacement gradient is not identical to the jump vector d with respect to the
velocity gradient. The Hadamard condition (9) is a necessary condition to meet (7a).

2.2. Diffuse interface model

The present work addresses diffuse interface models. In contrast to the sharp interface formulation, diffuse interface approaches
replace the sharp interface by a smooth transition region between different phases which is commonly referred to as diffuse interface.
Diffuse models can bee seen as an approximation of the sharp interface formulation. Consequently, in the limiting case 4 — 0, for
which the width 6, of the diffuse transition region tends to zero, the diffuse models need to be identical to the sharp interface
formulation, which can be shown by using asymptotic analysis cf., e.g., [3,30]. Subsequently, the phase-field method is considered,
but our findings can directly be transferred to other models e.g. level-set methods. If N phases are considered, a tuple of phase
variables {¢,,..., ¢y} is introduced. Thereby, ¢, is a scalar field, which represents the local volume fraction of phase a. Regions,



where phase « is not present are indicated by ¢, = 0 and a value of ¢, = 1 indicates, that only phase « is present. Within the diffuse
interface I'Y, the phase variable takes values in between 0 and 1. For all phase variables, the summation constraint

N
Vxe t20: Y xn=1 (10)
a=1
holds. In context of a phase-field method, different sub-domains can be defined. For phase «, the bulk region and the region of
occurrence are

.(2%:1(1‘) ={xeR: ¢,(x,1)=1} an
and
Q¢a>0(t) ={x€R: ¢yx,1)>0}, 12)

respectively. The diffuse interface I' ;ﬂ between two phases « and § # a is

Tgp(0) = Q4 o(1) 0 2y 50(0). 13

Note, that due to the summation constraint (10) V >0 : !24,,1:1 n Q¢,;=l = ¢ holds.

Compared to the sharp interface formulation, the domains of all phases as well as the dividing interfaces are smeared out to
the diffuse transition region I" :ﬁ within the phase-field method. Consequently, both interfacial quantities and quantities of the bulk
region from both phases coexist in the whole volumetric region of I";' . Field quantities, which are associated with a specific phase «
are subsequently labelled as phase-inherent fields and they are defined within the domain £ .. Thus, two different phase-inherent

fields of each quantity arise at points within the diffuse interface I'" jﬂ. Additionally, effective quantities of the phase mixture are

defined, which are indicated by (-). Regarding the velocity gradient and the viscous stress, the mixture quantities

L=L(L,....Ly), 3 =5"(ol.....0%) (14)
occur in the diffuse interface and need to be determined with some kind of diffuse interface approximation. Furthermore, the
constitutive equation (4) is formulated in terms of phase-inherent quantities and a constitutive equation for the mixture is defined
yielding

' =2V[D] and o' =24,D,, a=1,....N (15)

where V is a fourth order mixture viscosity tensor and [(-)] indicates the linear mapping of a second order tensor by a fourth order
tensor. In the further course of this work, two-phase flow is considered and thus N = 2. In the two-phase case, the consideration of a
single phase variable is sufficient since the second one is retrieved from ¢, = 1 — ¢, due to the summation constraint. Therefore, the
abbreviation ¢ := ¢, is used subsequently. Note, that the present model is based on the assumptions of equal phase-inherent
velocities, and thus, a single velocity field u. This is a common assumption in phase-field models cf., e.g., [18,26]. Therefore,
L = L = Vu holds for the mixture velocity gradient, and thus, it can be directly determined from the solution field.

Subsequently, the ansatz of linear interpolations is used to express the mixture quantities from Eq. (14) reading

L=¢,L,+p,L,, G =¢,0) +p0) (16)

To retrieve a viscous stress approximation, the aim is to find an expression for ', which requires knowledge of o), 6y, Ly, Ly,
and L. Since a one field formulation is used, the phase-inherent quantities are no solution variables, while the mixture velocity
gradient can be obtained via L = Vu. In addition to the definition (16) of mixture quantities, the phase-inherent constitutive law
oy = 2u,sym(L,) yields further correlations. However, these equations still need to be complemented with another condition to
close the system. Depending on the choice of this additional assumption, different viscous stress approximations are constructed,
as shown in this section. Once a proper approximation for ¢' is given, this viscous mixture stress can be used in the whole-domain
Navier-Stokes system (38) to retrieve u.

Commonly employed diffuse interface models for two-phase flow reproduce the sharp interface transition conditions (7) in the
sharp interface limit §; — 0. Thus, they account for the corresponding discontinuities, which are included in the course of the mixture
quantities in interface normal direction by means of an continuous approximation for a finite interface width. A more detailed and
illustrative discussion of this is given at the end of Section 2.2. In context of phase-field, a local “jump” [()] := (-); — (), can
be defined in the volumetric region of the diffuse interface by means of the difference between phase-inherent fields. Whether
discontinuities arising from the sharp interface transition conditions are reflected in a phase-field model by means of the local
difference of phase-inherent fields depends on the diffuse interface approximation used. Regarding the velocity gradient, the phase-
field model reflects discontinuities if locally jumps are only allowed in normal direction, i.e. V x € I'Y : [L] = d®n. If the continuum
surface force (CSF) approach [48] is used, discontinuities regarding the viscous stress are reflected if locally V x € I'Y : [¢"]]n =0,
which is subsequently justified. For diffuse interface models, CSF is commonly employed to model surface tension effects. In this
context a whole-domain formulation for the Navier-Stokes system is applied, where surface tension is taken into account by an
external volume force, representing capillary terms [27,48]. Therefore, the surface tension term on the right hand side of (7b)
does not need to be considered in the local difference of phase-inherent normal stress if a CSF is used. Furthermore, since a quasi
incompressible approach is considered, the phase-inherent pressure fields are assumed to be identical in the diffuse interface yielding



V a=1,...,N : p, = p. An extensive discussion of this is given in Appendices B.1 and B.2 and by Coward et al. [42, Sec. 3.3].
Additionally, a detailed comparison of different models used to describe interfacial regions is provided by [44,49,50].

In general, one suitable way to retrieve diffuse interface approximations is the usage of mean field homogenisation methods,
which is also possible regarding viscous stress cf. [51]. To this end, the mixture viscosity is determined by local application of a
homogenisation problem using the phase variables ¢, as local volume fractions [52]. Subsequently, such an approach is employed to
derive the two commonly used diffuse interface approximations, namely interpolation employing harmonic and arithmetic viscosity
mean values. The corresponding assumptions are given and the implications regarding jump conditions are discussed. It can be
shown, that the harmonic and arithmetic mean correspond to the lower Reuss bound and upper Voigt bound, respectively [51,53].!
In context of viscosity, these are physical bounds with regard to the local dissipation ¢"- D. Finally, a diffuse interface approximation
based on the jump condition approach for viscous stresses is introduced, which does not only account for the volume fractions ¢,
but also for the interface normal direction, and thus V¢,. In the limiting cases, the jump condition approach coincides with the
respective Voigt and Reuss bound, which is shown in this section.

Arithmetic mean from a Voigt ansatz

The first common diffuse interface approximation is based on the assumption of a Voigt [55] homogenisation, which is the
equality of the phase-inherent velocity gradients L, = L,. Expressing the mixture quantities with the linear interpolation (16) and
accounting for the summation constraint ¢, + ¢, = 1, this yields

Vxerll: L=L =L, A G =¢0)+dp0) 17)
Accounting for D= sym(z), Eq. (15) yields
5" =2uD =2(¢yuy + dyy) D. (18)

Therefore, the arithmetic viscosity interpolation

N
=) bakty (19)
a=1

is obtained. For any tangential vector 7, this approximation implies
Vxerlf,: [Llt=0, [c"In#0. (20)

The equality of phase-inherent velocity gradients leads to a vanishing jump of the tangential part of L, but it also implies a vanishing
jump vector [L]ln = d = 0, which is generally not the case. Thus, in presence of a viscosity contrast, [¢¥]|n = 0 cannot be realised
due to [L]ln = 0. Therefore, the Hadamard condition (9) is fulfilled point-wise, while the balance of linear momentum on the
interface (7b) is not. This can be exemplarily be seen in Fig. 4 regarding the interface normal component of L and o".

Harmonic mean from a Reuss ansatz

The second common diffuse interface approximation is based on the assumption of a Reuss [56] homogenisation as 6] = o3,
which leads to

Vxerd: L=¢L,+pL, A © =0 =0 (21
With this
D-le_ (2l )5 (22)
2u 2u 2m,y

follows from Eq. (15). This yields a harmonically interpolated effective viscosity by means of

N -1
ph:(z <i>_a> . (23)
a=1 Ha

In this case, we find
Vxerl,: [Llt#0, [c'In=0. (24)

Therefore, the balance of linear momentum on the interface (7b) is fulfilled point-wise, while the Hadamard condition (9) is not.

1 Hill [54] showed in case of elasticity, that the Voigt and ReuRansatz yield energetic bounds for elastic materials. The proof in case of Newtonian fluids is
equivalent. If the corresponding quantities are replaced, the elastic constitutive law takes the same form like the one of Newtonian fluids [51].



Jump condition approach for viscosity interpolation

The idea of the jump condition approach [36-38] is, that both the Hadamard condition and the jump momentum balance over
the interface are enforced at each point x € F;ﬁ of a diffuse interface. Thus, a longitudinal jump of the velocity gradient alongside
a transversal jump of the viscous stress is guaranteed, while surface tension is covered by the capillary term in the whole-domain
momentum equation due to the CSF model employed (cf. Appendix B.2). Note, that in context of phase-field, the jump is defined
by the local difference between phase-inherent fields. The determination of the corresponding jump vector d follows from a local
homogenisation problem for each point, which can be seen as a laminate-like structure accounting for the normal vector n and the
local volume fractions ¢, and ¢, [52]. To this end, the equation system

L=¢,L, +,L,, (25a)
[Ll=d®n, (25b)
[e'n =0, (25¢)

is used to calculate the phase-inherent velocity gradients L, and L,, as well as the jump vector d from the given mixture field L.
The derivation of the jump condition approach is subsequently given by the analytic solution of the equation system (25).
Using Egs. (25a) and (25b) the phase-inherent velocity gradients are obtained from the mixture quantity L by

Li=L+¢,d®n, (26a)
L,=L-¢,d®n, (26b)

where the jump vector d is generally unknown. It can be determined by Eq. (25c¢) and the phase-inherent constitutive law, what
results in

0= (2 Dy =2, D5)n (27a)
=2(4; — )P+ (ot + b1 i)d @n+n @ din (27b)
=204y — ) D+ (dopty + 1 1)1 + 1 @ nyd. (27¢)
Solving this equation yields the jump vector as
= G s PODR (28)
where
P,=nQ®n (29a)
P.=1-n®n (29b)

are the projectors in normal and tangential direction, respectively. For the derivation of the formula (28) the identity (1+ P,)~! =
1- %P,, = %(1 + P,) was exploited. With the known jump vector calculated via (28), the phase-inherent velocity gradients L, and L,,
and thus the corresponding symmetric velocity gradients D; and D, are obtained from the Egs. (26). Defining the viscous mixture
stress according to the ansatz from Eq. (16) as &' = ¢, 6| +¢,0) and accounting for the phase-inherent constitutive law o}, = 24,D,,

the viscous mixture stress o' is obtained via

' =20"D + 1 py(p; — )d @ n+nQd). (30)

Herein, u* = ¢, u; + ¢, is the arithmetically interpolated viscosity according to Eq. (19). The Eq. (30) can be seen as a correction
of the arithmetic interpolation scheme which takes into account the viscous stress contribution arising from the jump d ® n in the
velocity gradient. This contribution is distributed over the diffuse interface by ¢,¢, = ¢;(1 — ¢;) which is a parabolic distribution.
Using the harmonic viscosity mean ﬁh = py o /(Popy + @y 1y) it can be shown, that

—h  — My — My
‘ D12y — 12) (31

o bopy + b1ip
holds. This allows to rewrite Eq. (30) by employing the jump vector according to Eq. (28) and using the abbreviation d* := (1+P,)Dn
which yields

G =D+ -E)d @n+n®dY). (32)
Based on the viscous mixture stress of Ele Egs. (30) and (32), a fourth order tensor for the mixture viscosity can be defined which

maps the symmetric velocity gradient D of the mixture to the corresponding viscous stress o . The identity for symmetric second
order tensors reads

8= 2 (agn+agn') (33)

with the box product ] being defined, such that (AC]B)[C] = ACB and, thus, (A[]B); ik = AuBy; holds in index notation cf.,
e.g., [57,58]. Furthermore, T; and Ty denote a transposition of the left and right index pair of a fourth order tensor, respectively.
The fourth order tensors

J=A+P)OP, and J°= % (T+I™). (34)
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Fig. 1. Illustration of the jump condition approach for the derivation of the tangential velocity in normal direction L = = - Ln based on the results of Fig. 4.
Left: Course of L over a distance § in the vicinity of the interface in a sharp theory (jump and bulk course). Right: Determination of the phase-inherent values
from the mixture quantity according to Egs. (26).

are defined which yield J [Dl=d*®nand J5[D] = d* ®n+nQd") /2, respectively. Thus, considering Egs. (32) and (34), the
mixture viscosity tensor is obtained via

V=R 4@ -7, 9

In consequence, the jump condition approach yields a directional split normal and tangential to the interface, where viscosities are
interpolated via the harmonic and arithmetic mean, respectively. Thus, in the limiting cases, where only one of both contributions
occurs, the jump condition approach is identical to the interpolation with the corresponding mean value. Eq. (35) implies, that in
general the effective viscosity becomes anisotropic within the diffuse interface. The corresponding mapping for the viscous stress
tensor is?

' =2V[D]. (36)

In the limiting case of J[D] = 0, the jump condition approach coincides with the arithmetic viscosity interpolation, and thus the
upper bound for the dissipation. Analogously, for the limiting case of J[D] = D, it corresponds to the harmonic viscosity mean
and thus the lower bound for the dissipation. The normal vector n of a binary interface which is pointing outward of the domain
Q, is retrieved as n = —V¢,/||V¢, | in context of a phase-field method. Therefore, the jump condition approach yields a mixture
viscosity tensor V(¢, V¢) as a function of the phase-field and its gradient, while the simpler pure arithmetic and harmonic mean
are only depending on ¢. It is noted, that in context of solid mechanics, a similar approach is used to derive the corresponding
jump condition scheme regarding the displacement gradient and elastic stress. However, due to the differing constitutive behaviour,
the underlying equation system is typically solved numerically with a Newton method which prohibits writing the jump condition
scheme in closed form cf., e.g., [36]. In contrast, the presented approach for incompressible Newtonian fluids uses an analytical
solution and is given in an explicit form.

An illustration of the concept for the jump condition approach is given in Fig. 1 by exemplarily considering the derivation of
the tangential velocity in normal direction L = 7 - Ln over the interface normal coordinate . Regarding the sharp interface theory,
the jump of a quantity at a singular surface is defined by the limiting values from both sides of the quantity considered [45]. For
the velocity gradient, the limiting values L, and L, in normal direction from both sides of the singular surface are related by the
Hadamard condition (9). In the context of a diffuse interface method, the singular surface is replaced by a diffuse interface of finite
thickness &,4. Thereby, the jump of L at the singular surface is replaced by a smooth transition between L,(—54/2) and L,(54/2),
when fields are parametrised with 7. The course of the mixture velocity gradient L(») is a diffuse approximation of the velocity
gradient in the vicinity of the dividing surface from the sharp interface theory, which is visualised in the left of Fig. 1 over the
interval n € [-6/2,6/2]. Thus, the course of f(n) throughout the diffuse interface accounts for approximating the jump d ® n at
the singular surface but also for the course of L, and L, in the vicinity of the singular surface. Therefore, the values of L(-5,/2)
and L(5,/2) do not approximate the values of L,(0) and L,(0) at the former singular surface, but they approximate points a small
distance +6/2 away from it. It is important to note that within the diffuse interface, L, and L, are not defined as gradients of the
phase-inherent velocity fields u; and u,, while L, as interpolation of L, and L,, is the gradient of the mixture velocity field u within
the diffuse interface. Instead, L, and L, arise from local homogenisation problems and can be considered as an extension of L,
and L, from the bulk towards the diffuse interface. For the jump condition approach, the local homogenisation problem for the

2 Since V maps from the space of second order tensors to the space of symmetrlc second order tensors, ' = 2V[L] holds as well. In addition, the viscous
stress can also be obtained from " =2V [D] using the tensor V =u'101 +C -uHa+PHOP,.



Table 1

Overview of diffuse interface approximations. It is shown for the respective approximation,
which continuity conditions are locally met by means of the point wise phase-inherent difference
[ON =) = (-

Vxery: [Llt=0 Vxery: [¢In=0
Arithmetic fulfilled not fulfilled
Harmonic not fulfilled fulfilled
Jump approach fulfilled fulfilled

determination of phase-inherent quantities is based on exploiting the Hadamard condition and the jump momentum balance, which
are therefore reflected in the viscous stress approximation. This approach may be interpreted as considering a rank-one laminate
at every point in the diffuse interface for which both the Hadamard condition and the jump momentum balance are reflected by
means of phase-inherent quantities [52]. For points with ¢ = 0.5, the difference L, — L, approximates the jump d ® n at the actual
sharp interface. This is in contrast to the arithmetic interpolation scheme, where the local homogenisation does not account for the
interface direction and implies L, = L, = L.

In summary, with this jump condition approach

Vxerl,: [Llt=0, [c'In=0 (37)

is obtained. Therefore, the discontinuities implied by the jump momentum balance (7b) and the Hadamard condition (9) from the
sharp interface theory are reflected by the diffuse jump approach model locally at each point of the diffuse interface by means of
phase-inherent quantities. An overview over the three viscous stress approximations discussed in this section is given in Table 1.

Resulting phase-field based Navier—Stokes system
Employing one of the discussed diffuse interface approximations for viscosity, the full diffuse Navier stokes system in context of
the phase-field method reads

pii=~Vp+ o 4V - (291D]) + F0() (38a)
V-u=0. (38b)

The effective dynamic viscosity is given by Eq. (35) for the jump condition approach and the capillary term f“ can be modelled
e.g. via

Caj —_—— . _V¢
F) = ~ky8 VIV <”V ¢”>V¢, (39)

for two-phase flow according to Kim [27]. Herein, 6,4 denotes the diffuse interface thickness and k is a scaling parameter depending
on the choice of the potential used for the phase-field free energy density cf., e.g., [10]. The capillary term arises exclusively in the
diffuse interface and it approximates the surface tension term yx n from Eq. (7b) at the interface [59]. Thereby, the expression
kr = V-n for the total curvature is used, cf., e.g., [60] and the surface Dirac distribution is approximated via ké,||V¢||%>. Alternative
formulations of the capillary term based on the Korteweg stress tensor or the phase-field potential can also be employed to model
the capillary term (see [61]).

Note, that the underlying assumption of the equation system (38) is the equality of phase-inherent velocities yielding V o =
1.....N : u, =u. Thus, one common pressure field p is employed and the mixture velocity gradient is determined by L = L = Vu.
Additionally, if the phases exhibit different mass densities, an arithmetic mean p = ), ¢,p, using the phase-inherent densities p, can
be employed in the Navier—Stokes equation. This implies, that the momentum density is linearly interpolated via (pu) = ', ¢,(pu),
and yields a model for density contrast according to Ding et al. [26]. An extension of this model for large density contrast may be
found in Abels et al. [3], who include momentum transport due to density changes caused by molecular diffusion arising from the
Cahn-Hilliard equation in the momentum equation. A quantitative investigation of this model is may be found in [29]. In context of
Hohenberg-Halperin type models, the (phase-field) Navier-Stokes system (38) is augmented with a phase-field evolution equation
either of Cahn-Hilliard type (cf., e.g., [3,10,26]) or a volume preserving Allen-Cahn approach (cf., e.g., [4,62—-64]). A comparison
and discussion on both alternatives can be found in Gal and Medjo [63]. As discussed in [10,19,65], velocity gradients in the diffuse
interface lead to the distortion of the equilibrium profile due to convection. Interfacial terms in the evolution equation introduce
diffuse transport to counteract interface distortion and preserve the equilibrium profile. To this end, a sufficiently high mobility is
required. In presence of high density and/or viscosity contrast, the interpolation scheme employed affects the strength of velocity
gradients in the interface and thus the required mobility.

3. Numerical examples comparing interface approximations

In the present work, two examples exhibiting a constant phase-field in time and a homogeneous mass density are considered
in order to isolate the effect of the viscosity interpolation. Additionally, the phase-field is directly prescribed using the equilibrium
profile. The first example in Section 3.1 is chosen to illustrate the difference of viscous stress approximations regarding interface
normal components of ¢¥ and L as shown in Fig. 4, while the second example (Section 3.2) focuses on the interface tangential



Fig. 2. Sketch of the considered two-phase channel flow. The interface between both phases is employed at a height #,. Both fluids differ in the viscosity.

components as shown in Fig. 7. In a third example, the bubble rise problem and thus an evolving phase-field and surface tension
effects are considered. For the numerical discretisation of the last two examples, an equidistant Cartesian grid is used employing a
staggered arrangement for the velocity components. Therefore, p, 6", and ¢ are saved on cell centres while the velocity components
are saved on the face centre in the respective direction and consequently V - ¢ is also evaluated at the corresponding face centre.
The normal vector is calculated by using n = —V¢/||V¢|| which is discretised using a central difference scheme. An explicit time
integration of first order is employed alongside a Chorin type pressure projection [66]. Details on the numerical discretisation may
be found in [8, section 3.3], where identical discretisation schemes are used.

3.1. Fully developed two-phase channel flow

Subsequently, numerical experiments are shown to illustrate the performance of different diffuse interface approximations. As a
first numerical example, the fully developed channel flow of two fluids is considered as sketched in Fig. 2. For this flow problem,
an analytical sharp interface solution can be derived as shown in the Appendix A.1. Additionally, in this case, the jump condition
approach coincides with the harmonic mean, which is also shown in the Appendix A.1. A comparison between the sharp and diffuse
interface solution with harmonic (jump) and arithmetic viscosity interpolation is given subsequently.

Analytic solution and benchmark quantities
In order to give the analytic solution, a normalisation is introduced, where

b1 H?

=ur =—0p—— 40
u.=u Xpl2;41 40)

c
is chosen as characteristic velocity, which corresponds to the bulk velocity of a channel flow with pure fluid 1. As characteristic
length, the channel height is used and thus /, = H. Introducing the quantities

D _ - .
==, h=—, =—, = —= and =j-1, 41
Y=g 7 i il ” m=ji (41)

the analytic sharp interface solution reads

Al 6 ~2 7 1) =% 72 1 2
i —(mil+1) [y (mh+ ) y(mh + )], (42a)
azz_m [ (mh+1) = 5 (mh? + 1) + mh(h — 1) . (42b)

Letub :=1/H fOH u dy be the bulk velocity yield by averaging over the wall distance, then its normalised value @’ is given as

274 73 _ 62 7
ﬁb=mh +4mh ~6mh +4mh+1' (43)
f(mh + 1)

Additionally, the dimensionless wall shear stress 7 = u/u,d;i at the lower and upper wall reads

72
HHy=0)= o =61 (44a)
mh + 1
h? —2mh — 1
H&, 5= 1) = fidyi, = 60— M= 1 (44b)
(%, y = 1) = jdyily it D)

The analytic solution is depicted in Fig. 15 of the Appendix A.1 for different heights of fluid 1.

Numerical simulations of the diffuse problem with a varying interface width are performed and compared to the analytic sharp
interface solution. Thereby, the relative error e = (¥ — wref)/pref regarding a benchmark quantity ¥ is used to quantify the
deviations. Subsequently, the interface width is given normalised via §; := 8,/ H. For details on the numerical solution we refer to
the Appendix A.1. A very high resolution is chosen in order to avoid numerical errors influencing the investigation.
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Discussion of the results

For the given flow problem, the velocity gradient exhibits non-zero components in interface normal direction only, and thus,
a longitudinal jump regarding L is ensured for all diffuse interface approximations. Therefore, the jump condition approach is
identical to the pure harmonic interpolation for the present setup. The results comparing arithmetic and harmonic interpolation is
given in Figs. 3 and 4. The deviations of diffuse interface results compared to the analytic sharp interface solution are depicted in
Fig. 5. These deviations decrease with a lower width of the diffuse interface and vanish in the sharp interface limit. As expected
for this example, the harmonic mean yields superior results compared to the arithmetic mean. The latter introduces not only sever
deviations inside the interface, but also a significantly lower velocity is obtained in the bulk region of the less viscous fluid. This
affects also the bulk velocity of the overall flow. The errors introduced depend on the diffuse interface width §,, the viscosity ratio
jii and the height , where the interface is located. If the interface is located at the middle (2 = 1/2) and a relatively small width
54 = 0.05 is considered, the errors regarding bulk velocity for harmonic and arithmetic case are 0.047% and 0.57%, respectively.
Thus, the error introduced by the arithmetic mean is an order of magnitude higher, even for a moderate viscosity ratio of ji = 1/5.

In addition, the right plot of Fig. 5 shows the dependency of deviations on the viscosity ratio ranging from i = 1/5 to ji = 1/100
assuming a small interface width of §; = 0.02. The deviations are given as relative error with respect to the sharp interface analytic
solution regarding the bulk velocity. It can be seen, that generally a higher viscosity ratio leads to larger deviation. However, the
harmonic mean yields a maximum error of 0.04% in the given range of /i while the arithmetic mean yields a maximum error around
4% at a ratio g = 1/100.

As seen in Fig. 4, the mixture stress of the diffuse approach is continuous over the channel height with a linear slope, which
is in agreement with the analytic solution. Thereby, the arithmetic mean deviates more from the analytic solution compared to
the harmonic mean. While the phase-inherent viscous stresses are equal to the mixture value for the harmonic mean, they differ
for the arithmetic mean (dash-dotted lines) and their interpolation yields the mixture stress. Regarding the velocity gradient, the
arithmetic mean yields equal phase-inherent values, while the phase-inherent velocity gradients of the harmonic mean differ in the
diffuse interface. In the latter case, the phase-inherent curves agree well with the ones of the analytic solution yielding a continuation



AN}
71

Uin

[V
N

K AN |
1A} 71

2H

Fig. 6. Sketch of the considered two-phase problem of a flow towards a plate and corresponding streamlines for i = u,/u, =1/5.

T T _03 T
F ~0.35 '
3 1 £
i ~
< = 04
T =
> EE
o)
—n —0.45
—_a
j,
| | _05 |
052 0.54 046 048 0.5 052 054
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Table 2
Resolution and different interface width for the simulations. A high spatial resolution using
1280 x 640 cells is chosen in order to minimise numerical effects.
84/ H 0 0.01 0.025 0.05 0.075 0.1
5,/ 4Ax 0 32 8.0 16 24 32

of the corresponding analytic slopes beyond the sharp interface up to /+8,/2 for phase 1 and 2, respectively. Therefore, the harmonic
mean reflects the discontinuity of the normal components of L and the corresponding jump of the velocity gradient from the sharp
interface solution is well approximated by the difference of the phase-inherent velocity gradients evaluated at the iso-surface with
¢ = 1/2. This is not the case for the arithmetic mean.

Note, that the presented study was done employing the equilibrium profile of an obstacle potential reading ¢,(y) = %[1 -
sin (7r(y —h)/ 6d)] for x € I 1dz' In addition, the same investigation was performed using the equilibrium profile ¢,(y) =
% [1 - tanh (6(y — 1,)/54)] from the well potential inside the diffuse interface. We found similar results in this case. The script for
calculating the numerical solution is provided in the supplementary material of this manuscript. It allows to reproduce the presented
results and additionally switch between both equilibrium profiles.

3.2. Flow towards a plate

Simulation setup
As a second example, a two-phase flow towards a plate is considered, as sketched in Fig. 6. A viscosity ratio ji = 1/5 is considered
and the inflow velocity u;, is chosen such, that the Reynolds numbers Re; = 16 and Re, = 80 for the two fluids are obtained, where
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the height H acts as characteristic length. The mean dissipation

=L [
P=ys /Q c'-Ddv (45)

is used as benchmark quantity and it is subsequently given normalised as D = DH?/(u,(u;,,)%). Simulation studies varying the
interface width over two orders of magnitude are conducted for all three diffuse interface approximations (arithmetic, harmonic,
jump) and the phase-field equilibrium profile is prescribed at the interface. The considered widths and corresponding resolution of
the diffuse transition region is given in Table 2. A sharp interface simulation is used as reference to determine deviations arising
from the diffuse models. A high resolution is used for spatial discretisation in order to have small numerical errors compared to
model errors due to the diffuse interface. The corresponding results for the dissipation are depicted in Fig. 8.

Discussion of the results

The considered flow example exhibits a velocity gradient, which is mostly transversal to the interface. Consequently, the
arithmetic mean shows smaller errors with regard to the sharp interface solution compared to the harmonic mean. The former
slightly overestimates the total dissipation, while the latter significantly underestimates it. The jump condition approach yields
deviations, which are even a little lower, than the arithmetic mean. For the case of §; = 0.025, the respective errors are 0.01%, 0.02%
and 0.4% for the jump condition, arithmetic and harmonic approximation. It is also observed, that the dissipation from the jump
condition approach lies between harmonic and arithmetic mean, which are physical bounds for the dissipation and thus the results
are in agreement with the theory cf,, e.g., [51].

In addition, Fig. 7 depicts one of the tangential component (11-component) of both the viscous stress and the velocity gradient
near the interface. Thereby, the corresponding phase-inherent quantity are also plotted in cases, where they do not coincide with
the mixture value. It can be seen, that the jump in the viscous stress component oy, is reflected by a non-vanishing difference
in the phase-inherent value for the jump approach and the arithmetic mean, while it vanishes for the harmonic case. Regarding
the continuous component L;;, the harmonic mean yields differing phase-inherent fields, while the other approximations do not.
Therefore, the Hadamard condition is not point-wise fulfilled by the harmonic mean, which is in agreement with the theory.

Interim conclusion

The test cases in Sections 3.1 and 3.2 address the two limiting cases where only interface normal components (J[D] = D) and
only tangential components (J[D] = 0) of the velocity gradient occur. The respective simulation studies confirm the conclusion of
the theoretical deduction in Section 2.2, that in the first limiting case J[D] = D, the harmonic viscosity mean yields more accurate
results compared to the arithmetic mean, while for the second limiting case J[D] = 0 the arithmetic mean yields higher accuracy.
Therefore, the jump condition approach automatically coincides with the more favourable scheme in the respective limiting case. For
a more general two-phase flow setup including capillary effects, density contrast, and evolving interfaces, the bubble rise benchmark
is considered in the subsequent Section 3.3, where all viscous stress approximations are compared.

3.3. Bubble rise problem
Simulation setup

As a final example, the bubble rise problem from Hysing et al. [67] is considered, which was also used by Aland and Voigt [29]
to compare different phase-field models. An initially spherical bubble of fluid 2 with the radius R = 0.25m, is considered within a



Table 3
Setup for the two considered testcases of the bubble rise problem. The initial bubble radius is given by R = 0.25m. Top: Physical
and material parameters employed. Bottom: Relevant characteristic numbers according to Egs. (46).

P1 P2 Hy Hy g 14
in kgm™3 in kgm™ in kem™'s7! in kgem™'s7! in ms™2 in kgs™
Case 1 1000 100 10 1 0.98 245
Case 2 1000 1 10 0.1 0.98 1.96
Ar Bo Ca Re Mo
Case 1 1102.5 10 0.2857 35 6.6626 x 107*
Case 2 1223.8 125 3.5714 35 1.3015

denser fluid 1 and it rises under gravity. Two different parameter setups are considered, which are referred to as case 1 and case 2,
subsequently. Using the diameter as characteristic length /., = 2R, and u, = 4//_g, the Archimedes number Ar, the Bond number Bo,
the capillary number Ca and the Reynolds number Re can be defined as characteristics dimensionless numbers which are expressed
via

pilpy — p)l3g pi1l2g U, Ul
_ 171 2% Bo = 1f¢ , Ca:”l L’ and Re:ﬁl LC'

Ar > s
(1) 14 14 Hy

(46)

Additionally, the Morton number Mo := Ca*/Bo is commonly considered for rising bubbles [68]. The physical parameters used for
the simulations and the corresponding characteristic numbers are given in Table 3 for both test cases. The bubble is placed at the
location (2R,2R) in a domain with size 4R x 8R.

Phase-field evolution and numerical setup

In the solution of the Navier-Stokes system (38), an arithmetically interpolated mass density p(¢) = ¢p, + (1 — @)p, is employed.
The phase evolution is described by a volume preserving Allen—Cahn equation (cf. [4]) with an obstacle potential 4y /53¢ (1 — ¢)
which yields the pre-factor k = 85,/x* in Eq. (39) for the capillary term. This choice of potential leads to the evolution equation

9w vo+ My Bap+ VoIV m— L1 =20 ) + a7 (47a)

oat p 2 5§

under 4 / ¢ dV =0. (47b)
dr Jq

Thereby, A¥°! is a Lagrange multiplier ensuring the condition of preserved volume [63,69]. The terms proportional to My are
interfacial terms aiming to restore the phase-field equilibrium profile, and thus, they counteract interface distortion arising due to
convection. The term ||V¢||V-n=—||Vp||V-(Vd/||Ve||) cancels out the curvature minimising contribution of the Laplace term 4¢
as discussed e.g. by [23,60,70] and therefore avoids artificial curvature minimisation effects reducing the Allen—Cahn dynamics to a
relaxation towards the equilibrium profile. Note, that if the Allen—-Cahn type evolution equation (47) is replaced by a Cahn-Hilliard
equation, the model for density contrast according to Ding et al. [26] is obtained. Numerical simulations employing a Cartesian grid
with 60r x 120r cells are conducted, where the refinement factors r € {1,2,4, 8} are considered. The thickness of the diffuse interface
is six times the discretisation step size i.e. §; = 64x which is a common choice for phase-field methods cf., e.g., [29,71]. Therefore,
the thickness of the diffuse interface is reduced with higher resolution. In addition, the time step width is reduced proportional to
Ax? to meet the stability conditions of the explicit time integration. The mobility M = Mé&,/R is chosen, and thus it reduces linearly
with the interface width and vanishes in the sharp interface limit. Furthermore, the order of magnitude is chosen as O(My) = u 64
using the mobility pre-factor M = 0.00064 m?skg™! and M = 0.008m2skg™! for case 1 and case 2, respectively. This ensures the
product My = 0.01568 m?s~! being identical in both cases. Throughout the simulations, the ratio of interfacial energies arising from
the potential and gradient term stay approximately constant indicating that the mobility is high enough to preserve the phase-field
equilibrium profile cf., e.g., [72, Appendix Al.

Benchmark quantities
The quantities considered for comparison are the barycentre velocity and circularity of the bubble. The bubble rise velocity u is
given normalised as u/+/Rg and the circularity is defined as Sy, /S, where S denotes the bubble surface and Sgp, the surface of a

volume equivalent sphere. In the 2D case, this yields Sg,p =24/7 Jo dV. The present simulation results of the arithmetic, harmonic
and jump approach for viscosity interpolation are compared to the results of Hysing et al. [67], whereby the finest grid solution of
the model group 3 is used as reference. To quantify the deviations, a relative deviation based on the L,-norm is defined as

,end -1
0= /0 (v -y dz< /0 e dr) 48)

for a time dependent quantity y (7).

send
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Fig. 9. Test case 1: Normalised bubble rise velocity u/4/gR over the dimensionless time t* = t4/g/R for different refinement r. Results for the arithmetic,
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Fig. 10. Test case 1: Circularity over the dimensionless time * = t1/g/R for different refinement r. Results for the arithmetic, harmonic and jump approach

from left to right.
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Table 4

t*

Test case 1: Comparison of bubble rise velocity u/y/Rg and circularity for the bubble rise
simulation by means of relative L,-deviation (48) using the reference solution [67, model 3].
Different grid refinement factors r and viscous stress approximations are compared.

Rise velocity u/v/Rg

r=1 r=2 r=4 r=38
Jump 2.0478% 0.6806% 0.4727% 0.5082%
Arithmetic 1.7994% 0.5228% 0.5979% 0.6775%
Harmonic 1.3493% 0.6134% 0.4756% 0.4870%
Circularity

r=1 r=2 r=4 r=38
Jump 0.4491% 0.1398% 0.0581% 0.0568%
Arithmetic 0.7550% 0.1370% 0.0802% 0.0711%
Harmonic 0.1974% 0.0826% 0.0640% 0.0563%

t*

Discussion of the results for case 1
For case 1, Figs. 9 and 10 show the time development of the bubble rise velocity and the circularity, respectively. Thereby, the

four grid refinement levels are compared to the reference solution (model 3 from [67]) for all the three viscous stress approximations
(arithmetic, harmonic, and jump approach). The corresponding L,-deviations are given in Table 4. For all models, good agreement
with the reference solution is obtained. In particular, the three higher resolutions yield deviations below 1% for all models. Regarding
the circularity, monotone convergence towards the reference solution is observed for all viscous stress approximations. Thereby,
the harmonic mean yields the lowest deviations, followed by the jump approach and, finally, the arithmetic mean shows highest
deviations. With respect to the bubble rise velocity, monotone convergence is observed for r € {1,2,4}, while the finest grid r = 8
yields slightly higher deviation compared to r = 4. The deviations arise from an underestimation of the rise velocity for approximately
t* < 2.5 and an overestimation at later times. However, the deviations are around 0.5% regarding the L,-norm and thus very small.
For the test case 1, the three viscous stress approximations show relatively small differences. This is due to the surface tension being
the more dominant effect compared to the viscous forces, which is indicated by the small capillary number.

Discussion of the results for case 2
In comparison to case 1, the second test case is characterised by a larger ratio between both density and viscosity of the fluids

as well as a lower surface tension. Therefore, the bubble forms a more non-convex shape and thin filaments arise where breakup
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Fig. 11. Test case 2: Normalised bubble rise velocity u/1/gR over the dimensionless time ¢* = r1/g/R for different refinement r. Results for the arithmetic,
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Fig. 12. Test case 2: Circularity over the dimensionless time t* = r4/g/R for different refinement r. Results for the arithmetic, harmonic and jump approach
from left to right. The reference solution of model group 3 from [67] does not model breakup, which is predicted by harmonic and jump approach at 1* = 4.
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Fig. 13. Contour lines with ¢ = 0.5 for the three different viscous stress approximations in the middle and at the end of the simulation for the refinement of
r = 2. Comparing results given in Hysing et al. [67, figure 1], the arithmetic mean yields shapes similar to the results of Fluent, while the shape predicted by
the jump approach is similar to the TP2D model.



Table 5

Test case 2: Comparison of bubble rise velocity u//Rg and circularity for the bubble rise
simulation by means of relative L,-deviation (48) using the reference solution [67, model 3].
Different grid refinement factors r and viscous stress approximations are compared. For the
circularity, only the time interval before breakup 0 < r* <4 is considered.

Rise velocity u/v/Rg

r=1 r=2 r=4 r=38
Jump 2.0402% 1.8891% 1.6556% 1.7284%
Arithmetic 5.9155% 5.1842% 3.4349% 2.2169%
Harmonic 2.5612% 2.0391% 3.5175% 4.2341%
Circularity

r=1 r=2 r=4 r=38
Jump 2.2343% 0.66751% 0.23442% 0.42895%
Arithmetic 0.57956% 0.40154% 0.37566% 0.44402%
Harmonic 3.6209% 1.0201% 0.24064% 0.32268%
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Fig. 14. 3D setup of test case 2: Bubble shapes and velocity course. Top: Iso-surface with ¢ = 0.5 of the bubble at time r* = 4.6 for all three interpolation
schemes. Bottom: Normalised bubble rise velocity over time and comparison of the bubbles 2D-slices at the middle (z = 2R).

can happen. In the work of Hysing et al. [67], the model group 1 and 2 predict breakup of the filaments, while the group 3 uses
a Lagrangian framework for interface tracking and is not able to treat breakup. Within the work of Aland et al. [29], all three
different phase-field models did not predict breakup for the investigated resolution. Additionally, the isogeometric finite element
implementation of the phase-field model [26] presented by Hosseini et al. [73] does not predict breakup to occur for this parameter
setup. A comparison of the present results with the phase-field results of [29] is given in Appendix A.2. Regarding the present study,
the benchmark quantities are plotted in Figs. 11 and 12 and the deviations are given in Table 5. The model using an arithmetic
viscosity interpolation does not predict a breakup of filaments for all considered refinements, which is in agreement with [29,73].
In contrast, both the harmonic interpolation and the jump approach yield a breakup. This is visible in Fig. 13, where the contour
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Normalised velocity profile with the reference u™' = —d_pH?/(12u,). Bottom: Normalised velocity gradient in xy-direction (left) and normalised shear stress in
xy-direction (right). The velocity gradient exhibits a jump in normal direction, whereas the shear stress does not.

lines are depicted. After the breakup, no convergence behaviour is observed regarding the circularity, which is due to insufficient
resolution of the forming satellite droplets, which requires way smaller interface widths. Note, that also in the model group 1 and 2
in [67], no convergence regarding the shape of filaments and satellite droplets, and thus the circularity, could be reported. Therefore,
following [29], the L,-deviation of the circularity given in Table 5 is only performed in a time interval * = #4/g/R < 4. For the
harmonic interpolation and the two fine resolutions (» = 4 and r = 8), instabilities in the interface occur at approximately * = 2.4
leading to oscillation patterns in the phase-field. Therefore, the results are not meaningful and the deviations are greyed in Table 5.
The reason might be, that the harmonic mean favours the smaller viscosity and thus leads to less damping of velocity gradients in
the interface compared to the other approaches, making it more sensitive to perturbations. Regarding the bubble rise velocity, the
jump approach yields the lowest deviations for all refinement levels. With respect to the circularity, the coarse simulations with
r € {1,2} are closest to the reference for the arithmetic mean, while for the two higher resolutions with r € {4, 8}, the jump approach
yields the smallest deviation. The main difference of the three considered viscous stress approximations is, that for the investigated
resolution, breakup is only predicted for the jump and harmonic scheme, while it is not the case for the arithmetic mean.

Three dimensional setup of test case 2

As a final example, test case 2 is adapted to a three dimensional setup in order to show the feasibility of the jump condition
approach also for 3D problems. To this end, the domain 4R x 8R X 4R is considered, and thus, the z-direction is treated similar to
the x-direction of the 2D case. The corresponding resolution is chosen as 120 x 240 x 120 corresponding to the refinement r = 2 of
the 2D setup. The results are depicted in Fig. 14.

Compared to the two-dimensional setup, the rise velocity is significantly higher in the three-dimensional case by almost a factor
of 2. In addition, the second velocity maximum is less pronounced. Regarding the shape, a skirted bubble forms with the skirt
being way less elongated compared to the filament in the 2D case. For all three models, the skirt stays stable, whereas in the 2D
case breakup was predicted by the jump and harmonic scheme. Altogether, the three-dimensionality has significant effect on the



solution. This is due to the fact, that a 2D setup employing Cartesian coordinates cannot mimic axis-symmetric problems, which
would require cylindrical co-ordinates.

The three viscous stress approximations yield differences in the temporal course of the velocity. The jump approach predicts
higher velocities compared to the arithmetic mean, and the harmonic mean even somewhat higher velocities than the jump approach.
This is an expected behaviour since the arithmetic mean is the upper bound for mixture viscosity inducing higher drag and lower
velocities while the harmonic mean is the lower bound for the mixture viscosity. The skirt predicted by the arithmetic mean is the
most pronounced with a length of 0.64R at t* = 4.6 followed by the one of the jump approach (0.26R) and the harmonic mean
(0.20R). Additionally, it is also visible by the bubble contour, that the harmonic mean does not yield a completely smooth interface
at the backside of the bubble. This effect is also observed for the 2D simulations using this parameter set as discussed in the previous
section.

The three-dimensional results qualitatively agree with the findings of Legendre [68] who investigated the bubble shape for
different combinations of Bond and Molton numbers. The present combination of Bo = 125 and Mo =~ 1.3 lies in the regime, where
skirted bubbles with a stable skirt are predicted according to [68,74]. The most comparable setup in that work is Bo = 100 and
Mo =1 (the Bond number is therein labelled as E6tvos number Eo), which yields the shape depicted in top left of figure 4 in [68]
with a skirt of length of approximately 0.28 R. The shape predicted by the jump condition approach in the present work is closest to
that of Legendre [68]. However, it is noted that the results cannot be quantitatively compared, since [68] uses a cylindrical setup
with larger distance of the boundary, and thus different boundary effects. Additionally the resolution of the present work is rather
small (interface thickness §; = 0.2R) due to restrictions regarding computational cost since full 3D simulations are conducted.

Remark regarding the computational cost

The computational cost for the simulations using the jump approach was increased moderately by up to 2% compared to the
arithmetic scheme. The additional cost is due to the evaluation of the additional term in Eq. (30). However, since the normal vector
needs to be already calculated for the capillary force in Eq. (39), this can directly employed in the calculation of the tangential
projector for the jump approach without additional cost.

4. Concluding remarks

The present work addresses the viscosity interpolation for diffuse interface models in context of two-phase flow. The two
commonly used diffuse interface approximations based on an arithmetic and harmonic viscosity interpolation are revisited. Their
corresponding consequences on transition conditions at an interface are discussed and both schemes are investigated via numerical
simulations. Additionally, the jump condition approach introduced by Schneider et al. [36-38] in context of solid mechanics is
adopted to two-phase flow models regarding the viscous stress. Based on numerical benchmark examples, it is shown that all three
considered approximation schemes converge and coincide in the sharp interface limit. However, depending on the problem setup,
the arithmetic and harmonic interpolation show significantly different errors being introduced at finite interface thickness. The
harmonic mean is superior in cases, where only non-vanishing components of the velocity gradient normal to the interface occur,
while the arithmetic mean is more favourable for setups with a transversal velocity gradient. In both limiting cases, the jump
condition approach coincides with the respective favourable scheme. Additionally, in a mixed case, the error with respect to the
sharp interface solution introduced by the jump approach is found to be smaller than both arithmetic and harmonic interpolation,
which indicates a better convergence behaviour of the approximation according to the jump condition approach.
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Appendix A. Additional information regarding the numerical examples
A.1. Details on the solution for fully developed two-phase channel flow

For the derivation of the analytical solution, the following assumptions are made:

» Two dimensional flow i.e. d,u=0,u-e, =0
» Stationary flow 9,(-) =0
+ Fully developed flow d,u =0

From the continuity equation we obtain d,u, = 0 and thus the x-component of the Navier-Stokes equation simplifies to

J ou
0=-0p+— (uZ 49
P+ dy <M ay> 49
with u := u;. The velocity obeys the piece-wise definition
u(y) y<h
u(y) = 1y 1 (50)
w() y>hy.

Using the abbreviation g := d,p, equation (49) yields

{uldyul =gy+a y<h (51)
HaOyuiy =gy +ay y>hy,
{Illul =gyz/2+aly+b1 y<h (52)
Hotty = gy~ [2+ayy+ by y>hy,
with the integral constants {a;,a,, b, b,} and the conditions
u(y=0=0 (53a)
um(y=H)=0 (53b)
u(y=hy) =uy(y=hy) (530)
u0yuy (y = hy) = pp0,uy(y = hy). (53d)

The integral constants can be determined with these boundary and transition conditions, which yields equation (42) as solution
after corresponding normalisation.

For the diffuse interface solution, the domains Qp-1=f{xeQ: y<h- 84/2}, Ry ={x€eQ: yxh+ 64/2} and
r 1“2 ={xe€QR: h —63/2<y<hy+64/2} are defined, where §,/2 < h; holds. The analytic profile of an obstacle potential reading
1 . [ 7(y—hy)
¢l(y):§[1—sm(T . x€eTy (54)
is prescribed at the interface (cf., e.g., [75]). This yields the function for viscosity
M X €8y
uy) =qu x €T}, (55)
Hy XELy .

with the interpolated viscosity y; by means of the arithmetic or harmonic interpolation reading

¢ 1-¢ )\
pi= i +(1=@uy, and ;= (—‘+—1 : (56)
Hi Hy
respectively. Abbreviating i = u/u!, the ordinary differential equation (ODE)
127 +
o= HYTa (57)
u

under the boundary conditions
W(y=0)=0, (y=1=0 (58)

is solved. Thereby a varying width &, of the diffuse interface is considered and it is given normalised by means of §; := &,/H. The
ODE is solved numerically with a spatial resolution of 1000 grid nodes and the linear equation system is solved directly, which leads
to negligibly small numerical errors. In fact, for vanishing interface thickness &; = 0, the numerical solution differs by a relative error
less than 0.1% with regards to the L,-norm of the velocity (see also Fig. 5). The solution of this problem is realised in a Matlab/GNU
Octave script, which is provided as supplementary material of this paper.
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Fig. 16. Comparison of results regarding the bubble rise velocity for case 2 at different resolutions. Left: Results from [29, cf. Fig 9, left] using the model
of [26]. Right: Present simulation results employing an arithmetic viscosity mean. Similar slopes and convergence behaviour is observed.

Subsequently it is shown, that for the fully developed channel flow, the jump condition approach is equivalent to the harmonic
mean for the viscosity. In the special case of a 2D problem and an interface with normal n = e, the jump vector according to Eq. (28)

reads
- L,+L
d= Hy — M 12_ 21 ) (59)
oty + d1ip L,,

For the fully developed channel flow L,; = L,, = 0 holds. According to Eq. (30), the effective viscous stress is given by

HiHy
(P e
oy + Piin
Due to the summation constraint, we have ¢, + ¢, = 1 and thus

(1 +)". (60)

=V _ =V =0 = _ 7
01 =0p=Y 0=

' =2u"D, (61)

with the harmonically interpolated viscosity .
A.2. Additional details regarding the bubble rise problem

In this section, a brief comparison of the phase-field results from the work of Aland et al. [29] with the present results for the
bubble rise test case 2 is given in Fig. 16. Note, that from [29] only the simulation results using the model of Ding et al. [26] are
depicted, which is a similar model to the one employed in the present work if an arithmetic viscosity mean is used. In contrast to
the present simulations, the results of [29] are retrieved using a Cahn-Hilliard equation instead of the volume preserving Allen—
Cahn (47) and the double-well potential ¢?(1 — ¢)? instead of the double-obstacle potential ¢(1 — ¢). Additionally, they use a finite
element discretisation with local mesh refinement. Nevertheless, the models show very similar results. Both do not predict filament
breakup and the temporal development of the bubble rise velocity shows the similar slope and convergence behaviour. For ¢* < 2,
the velocity is underestimated and the time, where the maximum velocity arises is predicted later compared to the reference. For
the time interval ¢* > 3, the velocity is underestimated and the second velocity maximum is less pronounced. The underestimation
of the velocity becomes smaller with higher resolution (and thus smaller interface width). These tendencies are seen in both results,
implying that replacing the phase-field evolution equation does not lead to fundamentally different convergence or model behaviour.
Therefore, the findings regarding the viscosity interpolation can be transferred to the model of Ding et al. with a Cahn-Hilliard type
phase-evolution.

Appendix B. Theory of the whole-domain formulation

B.1. Derivation of the sharp interface whole-domain formulation

In this section, the whole-domain formulation of the Navier-Stokes system for two-phase flow is derived, which is used as basis
of this paper. This formulation reproduces the equation system (6) in the domain of each phase and the transition condition (7) at
the interface by the single set of equations

pu=pfl4+V.(cH, V-(c)=fP4+V.o0, (62)
V-u=0, (63)



if the arising fields are expressed correspondingly. Therefore, the indicator function 1,(x, ) of phase « is used. It corresponds to the
Heaviside function H(—7) with respect to the negative interface normal coordinate 5. The identities I, 1, = I, and I,I, = 0 hold by
definition. Let ,(x, ) be the surface Dirac distribution, then

VI, =—6;n=-VI, (64)

holds with n being the surface normal pointing outwards of the domain £, [76]. Both velocity and density are piece-wise defined
and can be expressed via u = Y Iu, and p = Y, I,p,, respectively. With the former definition, the whole-domain continuity
equation yields

2 2
Veu= V- (u,)=—[ul-nép+ Y 1,V -u, =0. (65)
a=1 a=1
The term of the singular surface (the one proportional to ) yields the no-penetration condition on I', while from the volume terms
the phase-wise continuity equation in the respective domain £, and , are obtained.® The surface stress tensor can be written as
o =y P, according to [44]. Furthermore, a spatially constant surface tension y is assumed subsequently. The representation of the
total stress tensor ¢' in a whole-domain formulation can be expressed as
2
O't=6r§r+0'=}’P.[5r+zo'aIa (66)
a=1
according to Lowengrub and Truskinovsky [59]. This stress tensor contains the stress contribution of the volume ¢ and the
contribution 66, of the singular surface. Its divergence is
2
V-o'=y(P.(Vér)+6rV-P) +[6IVI, + Y V-0,l, (67)
a=1
2
== (ykpn+loln) ép + Y, 1,(V-0,) (68)

a=1
This is derived using the identities V- P, = —2(V-n)n = —xn and P_ (V) = 0. The latter holds because the gradient of the surface
Dirac distribution vanishes in tangential direction by definition. Using the given expressions, the momentum balance yields

2 2
z Ipaity = — (vxpn+[oln) 5y + Z I (po ' + V- 6,). (69)
a=1

a=1
Collecting the terms arising at the singular surface retrieves the jump momentum balance by means of Eq. (7b). The volume
terms proportional to I, reproduce the momentum balance in the respective domain of each phase. Therefore, the whole-domain
momentum balance

pu=fP 44 vV.g, f®=V.(yP,8p)=—ykrnéy (70)

implicitly includes the jump condition regarding stresses, as already shown e.g. in [77].
B.2. Diffuse interface whole-domain formulation

Within diffuse interface models, the indicator function and Dirac distribution need to be replaced with diffuse approximations,
which are typically I, ~ ¢, and 6 = ké,||V¢]||> in context of phase-field models. Note, that in contrast to the sharp interface where
1,1, = I, holds, in the diffuse case ¢,¢, # ¢,. The consequences regarding diffuse approximations are subsequently discussed. Let
A and B denote two tensor fields and ¢ a scalar field. Within a sharp interface model, the fields can be expressed as

2

2 2
A=Y 1A, B=Y 1B, c=)Y Iz, (71)
a=1 a=1 a=1

using the indicator function I. Furthermore, if constitutive equations of the formV x € Q, : A, = ¢, B, are considered, this implies
A = ¢B yielding the constitutive relations

A =c B, A,=c,B,, A=cB. (72)

Note, that due to the idem potency 1,1, = I, and bi-orthogonality V « # § : I,I5 =0 we have

¢B= (Z Iaca> <Z IaBa> =Y B, =) I, A, = A (73)

3 This results from the corresponding weak form of the equation, which is obtained by multiplication of Eq. (65) with a test function, taking the volume
integral over £ and by using fﬂ I1,()dv = /Q (-) dV and fg Sp()dv = f].(-) dS. With this weak form, the fundamental lemma of variational calculus demands
the named terms to vanish independently.



Since both the idem potency and bi-orthogonality do not hold in respect to the phase variables ¢,, the Egs. (71) and (72) are
in general not fulfilled simultaneously, if I, is simply replaced by a diffuse approximation e.g. ¢,. They are only fulfilled for
special cases. The first special case is ¢; = c,. Alternatively, either A; = A, or B, = B, must hold.* If A, B and c are identified
with the momentum density p := pu, the velocity u and the density p, respectively, the assumption regarding which quantity
allows for differing phase-inherent fields in the diffuse interface determines the mixture density. Thereby, u; = u, implies that the
mixture density p = ¢,p; + ¢,p, is the arithmetic mean of the phase-inherent densities, while p, = p, leads to the harmonic mean
p=(d pl‘l + ¢, p;' )y~!. The viscosity interpolation discussed in Section 2.2 is addressed, if A, B and ¢ are identified with ¢¥, D and
u, respectively.

In context of diffuse interface methods, capillary effects are typically considered using a continuum surface force (CSF)
model [48]. To this end, the capillary term yxné arising in the whole-domain momentum equation (70) is replaced by a diffuse
approximation. In consequence, surface tension is not considered by the jump momentum balance of the singular surface, but by
using a smeared volume force f“? in the whole-domain momentum equation, which covers surface tension effects [9,41,48]. The
diffuse approximation of the whole-domain momentum equation (70) is then given as

2 2
D ubatte = S0+ Y (bapaf ' + V- ($,0,)). 74)
a=1 a=1

Regarding the modelling of the capillary term f°, multiple different formulations exist cf., e.g., [9]. The stress formulation of the
capillary term is based on an approximation of the surface Dirac distribution for the surface term yP_ 6 in Eq. (66) yielding the
capillary term [10]

TP =V - (kydglIVOIPP,) = =V - (kysy(Vo ® Vo — IV IP1)) (75)

which approximates V - (yP,6). In contrast, the approach of [27] is to approximate the Dirac distribution in the term —yx nép
of Eq. (68) representing the divergence of the surface stress contribution. This yields equation (39). Irrespective of the choice of
approximation for f or the viscous mixture stress, the stress jump condition (7b) is fulfilled by the diffuse equation (74) in the
sharp interface limit 5; — 0. For finite interface widths, the mixture stress in the diffuse interface accounts for approximating the
course of phase-inherent stresses in the vicinity of the singular surface but also for the stress jump at the singular surface. However,
for CSF models, the accuracy of a viscous stress approximation is affected by the assumptions made for the local homogenisation
problem used to derive the approximation. A higher accuracy is reached, if discontinuities from the sharp interface model are
considered in the local homogenisation, and thus, they are reflected in the diffuse approximation also by means of a local “jump” in
the sense of differing phase-inherent quantities V. x € I'd : [()] = (-);(x,?) = (-),(x, ). It was recognised in the works e.g. of Coward
et al. [42] as well as Kothe [41], that in a CSF model the phase-inherent viscous stress vector should coincide for both phases and
thus [6¢¥n] = 0, which is equation (25c), and that the tangential components of the velocity gradient should vanish i.e. [Lz] = 0.

Enforcing [[6Vn]] = 0 locally is also in agreement with the continuum modelling via the correction approach found in Slattery
et al. (¢f. [49] and [44, sec. 2.2.2]). Thereby, a dividing surface that has no excess properties is employed alongside a correction
for long-range intermolecular interaction forces in the vicinity of the interface within in a distance typically in the range of nano-
metres [49, (view c)]. In consequence, a correction body force in the momentum balance is added yielding pu = V-(o-b““‘)+p f vol 4 peorr
while the jump momentum balance reads [eP"kn] = 0 since the interface has no excess property cf. [49, egs. (9) and (10)]. Herein,
Pk are the stresses of the bulk material behaviour. The interaction correction can be obtained e.g. from a Lifshitz-type potential
@< [78] leading to the correction body force b;°" = —V@®S'™ in the respective domain of phase a. It can be shown, that this
model macroscopically reproduces the classical continuum theory where excess properties are assigned to the dividing surface
and the jump momentum balance reads [¢""n]] = —yxn (Eq. (7b)) regarding the uncorrected stresses ci" = o";“lk - @71 cf.,
e.g., [50] or [49, egs. (18) and (19)]. In this light, the modelling within a CSF framework can be seen as an approximation of
the correction approach [49,50], where the interfacial width is extended to the length scale of the numerical discretisation and
f€* approximates the macroscopically observed intermolecular interaction forces b*°" in the momentum balance by distributing
the surface tension over the broadened interface. Therefore, the jump condition for an interface without excess property [on] = 0
regarding the corrected stress is considered for the phase-inherent quantities, which is enforced locally for each point of the diffuse
interface using the jump condition approach. Additionally, due to incompressibility and since the phase-inherent velocities are
identical, the phase-inherent pressure is also identical yieldingV a« =1,....N : p, = p and thusV x € I}, : [6"n]] = 0 remains
locally, which is used for the present jump condition approach.
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