
npj | quantummaterials Article
Published in partnership with Nanjing University

https://doi.org/10.1038/s41535-024-00717-4

Pairing at a single Van Hove point
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Risto Ojajärvi 1,2, Andrey V. Chubukov 3, Yueh-Chen Lee3, Markus Garst 4,5 & Jörg Schmalian 1,5

We show that an interacting electronic system with a single ordinary or extended Van Hove point,
which crosses the Fermi energy, is unstable against triplet superconductivity. The pairingmechanism
is unconventional. There is no Cooper instability. Instead, pairing is due to the divergence of the
density of states at a Van Hove point, leading to a superconducting quantum critical point at a finite
detuning from the Van Hove point. The transition temperature is universally determined by the
exponent governing the divergence of the density of states. Enhancing this exponent drastically
increases Tc. The Cooper pair wave function has a non-monotonic momentum dependence with a
steep slope near the gap nodes. In the absence of spin–orbit coupling, pairing fluctuations suppress a
2e spin-triplet state, but allow pairs of triplets to condense into a charge-4e singlet state at a
temperature of similar order as our result.

The ability to create and manipulate two-dimensional (2D) or strongly
anisotropic 3D electronicmaterials led to an increased interest in the theory
of systems in which the Fermi energy is at or near a Van Hove (VH)
singularity of the electronic density of states1. Examples are doped
graphene2–5, a wide range of moiré materials6–12, metallic Kagome
systems13–15, as well as the ruthenate oxides Sr3Ru2O7 in an external mag-
netic field16, Sr2RuO4 under uni-axial compressive strain17–20 and twisted di-
chalcogenides21. Studies of these materials extended earlier theoretical
analysis of VH singularities in cuprate and other superconductors22–34.

In the analysis of the impact of VH singularities, two cases should be
distinguished: In the first case, illustrated in Fig. 1a, there are several
symmetry-relatedVHpoints that simultaneously cross the Fermi energy. In
this situation, scattering events with large transferred momentum that
connect different VH points are crucial. These processes often lead to
density-wave instabilities, which trigger superconductivity nearby in the
phase diagram via some version of the Kohn–Luttinger mechanism35–38. In
the second case, shown in Fig. 1b, there is a single VH point at the Fermi
level. Such a situation occurs in systems with low symmetry, including
strainedmaterials, where the application of large uni-axial stress reduces the
number of allowed symmetry operations. Aprominent example is Sr2RuO4,
where stress along the Ru-O-Ru bond directionmoves one of theVHpoints
of the tetragonal system to the Fermi energy, while the other is pushed away
from it17–20.

In addition to ordinary VH points, where the density of states in 2D
diverges like a logarithm, extended VH points have recently been discussed
extensively6–11,39. In this case, the density of states diverges by a power law
due a saddle-point that is less dispersive than the ordinary quadratic one. In
refs. 7,10 a classification of such extended singularities was given and it was
shown that some extended VH points can be reached by solely varying a

single parameter in the Hamiltonian. In ref. 39 it was argued that both
ordinary andhigher-orderVHpoints are present for amodel of fermions on
a honeycomb lattice at different dopings.

For a single, ordinary or extended VH point, a Stoner-type analysis
suggests a ferromagnetic instability at arbitrarily small interaction, due to the
divergent density of states12,30. However, no such instability was detected in
renormalization group (RG) studies8,11. A potential other instability is
towards superconductivity, but it was also not detected in RG. The authors
of ref. 8 argued, based on their RG study, that the ground state of a system
with a single extended VH point does not possess a ferromagnetic or
superconducting order, but rather is a particular non-Fermi liquid, dubbed a
supermetal, in which the quasi-particle weight vanishes by a power-law as
one approaches low energies.

In this paper, we consider the behavior of a system of fermions with
repulsive interaction and a single ordinary (extended) VH point in 2Dwith
logarithmic (power-law) divergence of the density of states by going beyond
RG.We argue that the tendency towards a ferromagnetic Stoner instability
likely remains suppressed, also the analysis becomesmore nuanced, and the
ferromagnetic susceptibility does go up with decreasing temperature, con-
sistent with Quantum Monte Carlo data40. However, a superconducting
instability does develop once we go beyond the conventional one-loop RG
treatment, which accounts for the leading logarithms, and include the
subleading ones. We argue that the superconducting order parameter is
odd-parity and spin triplet. For an ordinary VH point, we obtain for the
superconducting transition temperature

Tc ¼ T0 exp � 1þ μg
γg

� �
: ð1Þ
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Here, g is the dimensionless coupling constant to be defined below, γ and μ
are of order one, and T0 ¼ Λ2

2m, where m is the curvature of the quadratic
saddle-point dispersion around a VH point andΛ is the uppermomentum
cutoff of the theory. The functional form of Tc is the same as in BCS theory,
but the analogy is a superficial one as in our case the effective interaction and
the fermionic density of states are both logarithmically singular. The leading
logarithms (the ones capturedwithin the RG treatment) however cancel out
leading to no pairing instability within RG. Beyond the leading logarithmic
approximation, the product of the fermionic density of states and the
attractive pairing interaction reduces to a constant. This leads to BCS-like
form of Tc in Eq. (1).

For an extended VH point, we obtain

Tc � T0g
1þϵ
2ϵ ; ð2Þ

where ϵ is the exponent that determines the divergence of the density of
states, ρ(ω)∝ ∣ω∣−ϵ.We emphasize thatTc of an extendedVanHove point is
no longer exponentially small despite thatwe againneed to gobeyondRG to
obtainpairing. This is the consequenceof the fact that is that for a power-law
behavior of the density of states, the corrections to RG are of the same order
as the terms kept in the RG (see, e.g., ref. 11) and hence even beyondRG the
product of the fermionic density of states and the attractive pairing
interaction remains singular. We emphasize that Tc gets strongly enhanced
when ϵ increases and it is furthermore cutoff-independent as the
dependence on Λ cancels out between T0 and g.

With respect to supermetal of ref. 8, our result indicates that sucha state
describes system behavior over some temperature and energy range, but at
lowest temperatures or energies the system eventually becomes unstable
against triplet superconductivity.

Solving the gap equation for T ≲ Tc, we find that the pairing state is
highly non-local with an unusual momentum dependence of the Cooper-
pairwave function. It changes signunderk→−k as required for odd-parity
triplet pairing.However, themomentumregime,where the gap is linear ink,
turns out to be extremely small, of order δk ~ 2mTc/Λ in the case of an
ordinary VH point. Nodal excitations should therefore be hardly visible in
thermodynamicmeasurements such as the specific heat, the Knight shift or
the superfluid stiffness.

We also analyze the role of pairing fluctuations. The results Eqs. (1) and
(2)aremean-field transition temperatures. Fora spin-singlet superconductor,
the actual transition at TBKT≤Tc is of Berezinskii–Kosterlitz–Thouless (BKT)
type41,42 into a charge-2e state with algebraic order (power-law decay of

superconducting correlations). For a 2D spin-triplet state, a charge-2e order
survives in the presence of spin–orbit interaction. In its absence a spin-triplet
order is additionally suppressed by fluctuations in the spin sector of the
superconducting order parameter43,44. However, there exists a BKT transition
into toa charge-4e state, inwhich two tripletsbind intoa singlet. In either case,
the onset temperature for the algebraic superconductivity is comparable to
the mean-field Tc, given in Eqs. (1) and (2).

Results
The model
We consider a system of interacting electrons with dispersion εk and
Hubbard repulsion U:

H ¼
X
kα

εkψ
y
kαψkα þ

U
N

X
kk0qαβ

ψy
kαψ

y
k0βψk0�qβψkþqα; ð3Þ

where ψkα annihilates an electron with momentum k and spin α. We
measure themomenta relative to theVHpoint, assumed to be time-reversal
symmetric, and focus on the casewhere εk=0 = 0, i.e., theVHpoint is right at
theFermi level.We comment on thebehavior upon tuning theFermi energy
away from the VH point in Discussion.

For an ordinary VH point the electronic dispersion is

εk ¼
1
2m

k2x � k2y

� �
: ð4Þ

An anisotropy between kx and ky, expected for a VH point located away
fromthe center of theBrillouin zone, canbe eliminatedby anappropriate re-
scaling of momenta. The quadratic dispersion in Eq. (4) gives rise to a
logarithmically diverging density of states ρðωÞ � m logð Λ2

m∣ω∣Þ, where Λ is
themomentumcutoff– the highestmomentum, up towhichEq. (4) is valid.

For an extendedVHpoint, we follow earlierworks27,29,31,32 and consider
the dispersion in the form

εk ¼ A ∣kx∣
n � ∣ky∣

n
� �

; ð5Þ

where n ≥ 2. Now the density of states diverges by a power-law ρ ωð Þ �
Aϵ�1∣ω∣�ϵ with ϵ = 1− 2/n≥ 0. In this paper, we focus on the dispersionEq.
(5), but note that other extended VH singularities are possible, e.g., with
different powers for the two components of k6–11.

Fig. 1 | Fermi surface with VanHove singularities.
Fermi surface of a system with (a) two Van Hove
points, and (b) a single Van Hove point at the Fermi
energy. The shaded area shows the occupied states,
and arrows illustrate the dominant interactions.
c Iso-energy contours near the Van Hove point
described by Eq. (4). Blue (brown) color indicates
the occupied (unoccupied) states. The Fermi surface
for the extended Van Hove point of Eq. (5) is the
same, while the iso-energy contours will be different,
with flatter bands near the Fermi energy. The
coordinates k± ¼ ðkx ± kyÞ=

ffiffiffi
2

p
are extensively used

throughout the text, where we consider gap func-
tions that depend on only one of these coordinates,
i.e., Δ(k+) or Δ(k−).
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A potential Stoner instability
We begin with the discussion of a potential instability towards ferro-
magnetism. At a first glance, ferromagnetism near a single VH point is a
natural option30, as this is a q = 0 instability, and it develops for a repulsive
interaction between fermions. Within the random phase approximation
(RPA), the instability occurs when the dimensionless interaction—the
product of U and the density of states—reaches a certain finite value. In an
ordinary metal with a finite density of states, this requires that U exceeds a
threshold value. For the VH case, however, the density of states is divergent.
WithinRPA, the ferromagnetic Stoner condition is then satisfied already for
an arbitrarilyweak interaction.However, the samedivergence of the density
of states gives rise to singular corrections to RPA, which forces one to go
beyond RPA.

Whether or not a Stoner instability develops beyond RPA can be
detected by computing the static and uniformmagnetic susceptibility χ, i.e.,
the limit q→ 0 of the static susceptibility χ(q,ω = 0). This susceptibility can
be obtained by either introducing an infinitesimal magnetic field and
computing the magnetization or by introducing an infinitesimal bare fer-
romagnetic order parameter, dressing it by interactions, and computing the
ratio of the fully-dressed and the bare order parameters. In the diagram-
matic analysis, the second approach is easier to implement. The bare order
parameterM0 is represented as a two-particle vertex, and the dressed oneM
is obtained by renormalizing this vertex by interactions. This is illustrated in
Fig. 2a.

For definiteness, we consider a single ordinary VHpoint. The particle-
hole polarization bubble at a VH point is logarithmically singular: Πph ¼
m
2π2 log

T0
T with T0 given below Eq. (1).

WithinRPA, the dressedM is obtained by summing up ladder series of
particle-hole renormalizations ofM0. This summation yields

M ¼ M0 1þ UΠph þ UΠph

� �2
þ :::

� �
¼ M0

1� UΠph
: ð6Þ

The susceptibility M/M0 diverges at UΠph = 1, i.e., at T = TFM satisfying
λ0 log

T0
TFM

¼ 1, where

λ0 ¼
mU
2π2

: ð7Þ

The ferromagnetic transition temperature TFM is finite no matter how
small U is.

Beyond RPA, a simple experimentation shows that the most relevant
contributions to M come from the crossed diagrams (Fig. 2c), which
represent insertions of particle-particle renormalizations into the particle-
hole channel. At zero total momentum and zero total frequency, a particle-
particle polarization bubble Πpp ¼ m

2π2 log
2 T0

T diverges as log2 due to an
additional Cooper logarithm. In RG calculations8,11, one assumes that this
expression is still valid for the crossed diagram even though the total

momentum and the total frequency in Πpp are finite. Within this assump-
tion, one can compute the ladder series of particle-particle renormalizations
of each term in Eq. (6) and find that they effectively replace U by

Ueff ¼ U 1� UΠpp þ U2Π2
pp � � �

� �
¼ U

1þλ0log
2T0
T

:
ð8Þ

Substituting Ueff instead of U into Eq. (6), we find that the Stoner condition
becomes

λ0 log
T0
TFM

1þ λ0log
2 T0
TFM

¼ 1: ð9Þ

There is no solution of Eq. (9) at small λ0 because the suppression of λ0 by
fluctuations in the particle-particle channel is stronger than the enhance-
ment of λ0 in the particle-hole channel.

We went beyond RG and verified the accuracy of the RG calculation.
For this, we explicitly evaluated the renormalization ofU from the two-loop
crossed diagram in Fig. 2c using the expression for Πpp at a finite total
momentum and a finite frequency.We found that the renormalization ofU
from the two-loop crossed diagram is somewhat smaller than in the RG
analysis, and the actual Ueff is

Ueff ¼ U 1� bλ0 log
T0

T

� �
; ð10Þ

where b ≈ 1.88. The details of this analysis are summarized in Supple-
mentaryNote 1,wherewedetermine the coefficient bnumerically and show
analytically that the naively expected log2 T0

T contribution vanishes due to a
cancellation of two terms that individually scale as log2 T0

T . We show that
keeping the frequency dependence of Πpp is crucial for this cancellation.

Given that the leading term inUeff cancels out, it is a-priori unclear how
to re-sumthediagrams forUeff andwhether it is even justified to restrictwith
maximally crossed diagrams. If we assume that higher-order crossed dia-
grams form a geometrical series, we find Ueff ¼ U=ð1þ bλ0 log T0=T

� �Þ,
which replaces Eq. (9) for the condition for the Stoner instability by

λ0 log
T0
T

1þ λ0b log
T0
T

¼ 1: ð11Þ

Sinceb > 1, one stillfinds that there is noStoner instability.This argument is,
however, a suggestiveone, andwhether there is a Stoner instability at a single
VHpoint remains an openquestion. Inwhat follows,wewill assume that no
ferromagnetic instability takes place and analyze a potential pairing
instability.

Pairing instability
We now show that there is a pairing instability for the cases of both, the
ordinary and the extended VH point. In order to theoretically detect it one
has to go beyond the usual one-loop renormalization group treatment and
include not only the leading logarithms, which cancel out, as wewill see, but
also the subleading ones. We will show that the pairing mechanism in our
case is of the Kohn–Luttinger type, but is nevertheless different from the
conventional Kohn–Luttinger scenario. In the latter, the screening of a
repulsive Hubbard-type interaction U generates an attractive pairing
interaction in the spin-triplet channelwith dimensionless coupling constant

g � λ20 ¼
m2U2

4π4
; ð12Þ

which gives rise to a BCS-type pairing instability. For an ordinaryVHpoint,
this would give rise to Tc � T0e

�1=
ffiffi
g

p
originating from glog2ðT0=TcÞ ¼ 1,

where one logarithm is a Cooper one and the other is due to the VH

Fig. 2 | Diagrammatic representation of the fully-dressed order parameterM in
terms of the infinitesimally small bare oneM0. a Ladder series in the particle-hole
channel [Eq. (6)]. b Series of particle-particle diagrams [Eq. (8)] which renormalize
the interaction. c A diagram, generated by inserting a particle-particle renormali-
zation into the particle-hole ladder series. At a Stoner transition, the diagrammatic
series from M/M0 must sum to infinity; see text for further details.
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singularity in the density of states; we remind that T0 was introduced below
Eq. (1). Such a result holds for a Fermi surface without VH points when the
attractive pairing interaction is a logarithmically singular function of the
frequency transfer45,46. In our case, the attraction in the spin-triplet channel
does appear due to screening by particle-hole pairs and is of order U2.
However, the effective pairing interaction Γαβγδ k;�k; p;�pð Þ, where k and
p are relative to the VH point, is strongly momentum dependent in the
triplet channel and is reduced when one momentum is much smaller than
the other one. This effectively eliminates the Cooper logarithm leaving only
the one from the density of states. As a result, we will find that Tc is given by
Eq. (1). The same holds for a higher-orderVHpoint. In this case, there is no
exponential dependence ofTc on g butTc is still reduced compared to that in
the conventional Kohn–Luttinger scenario.

A generic recipe for the analysis of potential pairing mediated by
nominally repulsive electron-electron interaction is to consider an irre-
ducible pairing vertex

Γαβγδ k; pð Þ ¼ Γαβγδ k;�k; p;�pð Þ ð13Þ

instead of the bareU because Γ rather thanU appears in the gap equation47.
The irreducible pairing vertex is the anti-symmetrized interaction with zero
total incoming and outgoing momenta, dressed by the renormalizations
outside of the particle-particle channel, i.e., by processes which in a
diagrammatic representation have no cross-sections with two fermionic
propagators with opposite momenta. To second order in U, the static
irreducible vertex takes the form48

Γαβγδ k; pð Þ ¼ U δαβδγδ � δαδδβγ

� �
þU2Πph k þ pð Þδαβδγδ
�U2Πph k � pð Þδαδδβγ:

ð14Þ

The underlying processes are shown in Fig. 3, where Πph kð Þ is the static
particle-hole polarization bubble.

The restriction to second order in Umay seem questionable as in the
previous section we argued that the coupling in the particle-hole channel is
reduced, to the extent that no Stoner instability takes place. We will show,
however, that the typical momenta k and p, responsible for pairing, are
comparable to the cutoff Λ. For such momenta, the suppression of the
coupling by crossed diagrams is small and can be neglected.

Pairing at the ordinary VH point
The gap equation for the ordinary VH point takes the conventional form

Δαβ kð Þ ¼ �
Z

p

tanh
εp

2ð1þZpÞT
� �

Γαγβδ k; pð Þ
2εp 1þ Zp

� � Δγδ pð Þ: ð15Þ

Here Zp is the inverse quasi-particle weight, related to the fermionic self-
energy by k;ωð Þ ¼ �iωZk . It is convenient to rotate the coordinate system
by π/4 and introduce k ± ¼ 1ffiffi

2
p ðkx ± kyÞ and p± ¼ 1ffiffi

2
p ðpx ± pyÞ. The Fermi

surface around aVHpoint is specified by either p+= 0 or p− = 0, see Fig. 1c.
In these notations33,34

Zp ¼ 2g logð2Þ log Λ

∣pþ∣
log

Λ

∣p�∣
; ð16Þ

The gap equation can be split into two decoupled equations for the
singlet and triplet components, respectively, by expressing the gap function
as

Δαβ kð Þ ¼ Δs kð Þiσyαβ þ Δ kð Þ � iσyσð Þαβ: ð17Þ

The bare interaction U shows up only in the singlet channel, whereas the
dressed Γαβγδ k; pð Þ of Eq. (14) contains both singlet and triplet components.
No solution for Δs kð Þ exists in the singlet channel, because the dressed
pairing vertex remains repulsive. In the triplet channel, the gap equation
takes the form

Δi kð Þ ¼ �U2

Z
p

tanh
εp

2ð1þZp ÞT

� �
2εpð1þZpÞ Δi pð Þ

× Πph k þ pð Þ � Πph k � pð Þ
� �

;

ð18Þ

with i = x, y, z. When solving the gap equation, we choose an arbitrary
quantization axis in spin space andomit the index i.Weget back to this issue
when we discuss superconducting fluctuations.

In terms of k± and p±, the pairing vertex is the sum of two terms

Πph k þ pð Þ � Πph k � pð Þ
¼ m

2π2 log jkþ�pþj
jkþþpþj þ log jk��p�j

jk�þp�j

� �
:

ð19Þ

We see that one of the terms vanishes when either k+ = 0 or k− = 0. This
allows to search for Δ(k) which depends only on one of the coordinates, i.e.,
Δ kþ
� �

or Δ k�
� �

. Even if there exist more complicated solutions, finding a
solution of this kind is enough to establish a lower bound for the super-
conducting Tc. For definiteness, below we consider ΔðkÞ ¼ Δ kþ

� �
and

ΔðpÞ ¼ Δ pþ
� �

. Under this assumption, we can perform the integration
over p− at the outset and obtain

ZΛ
�Λ

dp�
2π

tanh pþp�
2mT

� �
2pþp�
m 1þ Zp

� � ¼ m
2π∣pþ∣

K pþ
� �

: ð20Þ

Fig. 3 | Pairing interaction. a Interaction vertex
Γαβγδ k; pð Þ of Eq. (14) at second order in U, dressed
by particle-hole excitations. Solid lines stand for
fermions, which give rise to the bubble Πph. The
wiggly line stands for the local interaction U. b The
function log∣ kþþpþ

kþ�pþ
∣, which determines the triplet

component of Γαβγδ(k, p) for k− = p− = 0, as a
function of k+/p+. The interaction gets weak
whenever one of the twomomenta is small. The blue
solid line is the actual function, while the orange
dashed line is an approximate expression based on
Eq. (47).
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The function

K pþ
� � �

log 1þ2g logð2Þ log Λ
pþ log

pþΛ
2mT

� �
2g logð2Þ log Λ

pþ

ð21Þ

determines the effective density of states for momenta transverse to the
Fermi surface. The expression is valid when pþΛ

2mT ≫ 1, setting the tempera-
ture dependent lower cutoff for p+ at 2mT/Λ. The upper cutoff is at p+ =Λ.
For g→ 0, K pþ

� �! log pþΛ
2mT.

It is convenient to introduce dimensionless variables �p ¼ Λpþ
2mT and

similar for�k, and �Λ ¼ Λ2

2mT. In these variables, the gap equation takes the form

Δ �k
� � ¼ �g

Z �Λ

1

d�p
�p
K �p
� �

log
�k� �p
�kþ �p

				
				Δ �p
� �

; ð22Þ

with

K �p
� � ¼ log 1þ 2g logð2Þ log �Λ=�p

� �
log �p

� �
2g logð2Þ log �Λ=�p

� � : ð23Þ

We solved this equation numerically and obtained Tc(g) and Δð�kÞ. In Fig. 4
we plot gY g

� �
with

Y g
� � � log

T0

Tc
ð24Þ

as function of the coupling constant g.We find that at small g the behavior is
well described by a linear relation g log T0

Tc
¼ ð1þ μgÞ=γ with

γ � 2:197

μ � 3:515:
ð25Þ

This yields the transition temperature given in Eq. (1). In Fig. 5, we show the
momentum dependence of the gap function Δð�kÞ extracted from the
numerical solution. Δð�kÞ is odd under �k ! ��k as required for an odd-
parity triplet state. The momentum dependence is non-monotonic with a
maximum at an intermediate momentum, which scales with Λ but
numerically is much smaller than Λ. The linear dependence of Δð�kÞ on �k
holds at even smaller momenta below the maximum.

Analytical treatment at the ordinary VH point
We also analyzed the gap equation analytically. The analysis is somewhat
involved, particularly when we include fermionic self-energy. Yet, the full
analytical consideration yields the same expression for Tc as Eq. (1) with
quite similar values of γ and μ. To gain physical insight into the origin of the
pairing beyond RG, below we present the results of an approximate ana-
lytical treatment, in whichwe approximateK �p

� �
in (21) by a constant log �Λ

and pull it out of the integral over �p in Eq. (22). This approximation holds
when we expand the logarithmic term in the r.h.s. of (22) to first order in g
(which effectively amounts to neglecting the fermionic self-energy) and
approximate �p by �Λ. The gap equation then reduces to

Δ �k
� � ¼ g�

Z �Λ

1

d�p
�p
log

�kþ �p
�k� �p

				
				Δ �p
� �

; ð26Þ

where g� ¼ g log �Λ is the effective coupling constant.
The solution procedure for Eq. (26) is described in Methods section.

We find the critical temperature

Tc � T0e
�1=ð4gÞ; ð27Þ

which is shown as the orange line in Fig. 4. We emphasize that the solution
captures the two key features of the pairing in our case. First, the Cooper
logarithm is suppressed because the pairing interaction in Eq. (19) gets
suppressed when an internal momentum is larger than an external one and
vice versa. Takenalone, this suppressionwould impose a threshold value for
pairing, i.e., Tc would be nonzero only for g larger than some critical value.
Second, the large density of states, encoded in the phase space of transverse
momenta that determine the functionKð�kÞ in Eq. (23), compensates for the
weak pairing: it is the effective coupling constant g� ¼ g log Λ2=ð2mTÞ
 �
that must reach a threshold. Because g*(T → 0) → ∞, the threshold con-
dition is satisfied at a finite Tc for any g. The combination of the two effects
yields Tc, which has the same form as the BCS expression, albeit for a
different reason.

There is a certain analogy between the solution for Tc and the gap
function in our model and in the model with the singular dynamical
interaction between fermions, χ(Ωm) ∝ 1/∣Ωm∣γ (the γ model)49–53. In
both cases, the integral equation for the gap function can be reduced to
the differential equation with amarginal kernel, whose solution yields a
power-law dependence of the gap function x±a (x is a momentum in our
case and a frequency in the γmodel), where a depends on T in our case
(a ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 4g�
p

) and on γ in the γ−model. As long as the exponent a is
real the potential solution Δ (x) = xa + bx−a does not satisfy the two
boundary conditions, hence there is no superconductivity. A non-zero

Fig. 4 |Variation of gY g
� � ¼ g log T0

Tc ðgÞwith the dimensionless coupling constant
g. Blue curves are the full solution of the linearized gap equation (22) with self-
energy included. The blue dashed line is a fit to (1+ μg)/γ with γ and μ given in Eq.
(25). This dependence of gY(g) leads to Eq. (1) for Tc(g). The green lines are the
solutions of the gap equation without self-energy, which we discuss in Supple-
mentaryNote 2. The solid green line is the full numeric solutionwhile the dashed line
is the approximate analytic solution. The orange line is the zero-order approximate
result, Eq. (27). Recall that larger Y(g) correspond to smaller Tc.

Fig. 5 | Momentum dependence of the super-
conducting gap function, obtained from the
solution of the linearized gap Eq. (22) with effec-
tive density of statesK

--
p
� �

given by Eq. (23). Such a
gap function develops infinitesimally below Tc. The
gap function is normalized to its maximal value. Left
panel: Δ(x) as a function of x/Y(g), where x ¼
log Λkþ

2mT

� �
and YðgÞ ¼ logT0=TcðgÞ. Right panel:

Δ(k+) as function of k+/Λ. Notice the non-
monotonic behavior of the gap function with a steep
slope at small momenta.
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solution develops when the exponents ± amerge. In this case, besides a
constant, there appears the second solution log x. The candidate solu-
tion ΔðxÞ ¼ 1þ b log x satisfies the two boundary conditions, which fix
the value of b, and hence is the actual solution of the linearized gap
equation. This implies that a = 0 is the condition for Tc Also, in both
cases the solution of the linearized gap equation exists even at 4g* > 1, as
the end point of the infinite set of solutions of the non-linear gap
equation.

In a more accurate analytical treatment in Supplementary Note 2, we
expanded to second order in g in Eq. (21) and obtained a bit more complex
differential gap equation, from which we extracted

Tc ¼ T0e
1þμr g
γr g ; ð28Þ

with γr = 1.7544 and μr = 2.092 The functional form of (28) is the same as
extracted from the numerical solution of the gap equation, and the values of
γr and μr are reasonably close to numerical values in Eq. (25).

Comparison with Son’s model
It is also instructive to compare our result for Tc with the one for fermions
away from VH singularity, but with an attractive logarithmic interaction.
Such a model was originally solved by Son in the frequency domain45, see
also ref. 46. In momentum space, the corresponding gap equation in our
notations �k ¼ k=Λ has the form

Δ �k
� � ¼ g

2

Z �Λ

1

d�p
�p
log

�Λ
2

∣�k2 � �p2∣
Δ �p
� �

: ð29Þ

where �Λ ¼ Λ2=ð2mTÞ, as before. We also keep the notation g for the
dimensionless coupling constant. At a first glance, the effect of logarithmic
interaction is the same as from logarithmic density of states at the VHpoint
(Eq. (22)). We show, however, that these two problems are rather distinct,
because inour case the effective interaction log∣

�kþ�p
�k��p

∣, while generally of order
O(1), is strongly reducedwhenonemomenta ismuch smaller than theother
one. This effectively eliminates the Cooper logarithm that emerges through
d�p=�p in both Eqs. (22) and (29).

We find the transition temperature (see Methods)

Tc ¼
Λ2
0

2m
e�

π
2
ffiffi
g

p
: ð30Þ

Comparing this with Eq. (1), we find that Tc for the single VH point is
smaller as it contains 1/g in the exponent as opposed to 1=

ffiffiffi
g

p
in Eq. (30).

The distinction is due to the form of the pairing interaction in the triplet
channel. In the case of pairing at the VH point, the pairing strength alone is
too weak to give rise to a Cooper instability. However, the enhanced phase
space for scattering, which is a consequence of the logarithmic density of
states, compensates for the weak interaction and yields, in the end, a BCS-
type expression of the transition temperature.

Pairing at the extended VH point
Next, we analyze extendedVHpoints with a dispersion relation given in Eq.
(5) for small but finite power-law exponent ϵ that determines the density of
states. We show in Supplementary Note 3 that the inverse quasi-particle
weight in this case is given by

Zk ¼
2 log 2
4ϵ2

g
Λ

kþ

� �2ϵ

� 1

 !
Λ

k�

� �2ϵ

� 1

 !
; ð31Þ

where the dimensionless coupling constant is now

g ¼ U2Λ�4ϵ

4π2Að Þ2 : ð32Þ

Note that this g explicitly depends on the cutoffΛ. This will play a role when
we consider the limit where g≪ ϵ.

The gap equation can be written as

Δ kþ
� � ¼ � U2Λ�4ϵ

4πAp1�2ϵ
þ

Z Λ

p0

dpþ
π K pþ

� �
Δi pþ
� �

× Πph kþ þ pþ
� ��Π kþ � pþ

� �� �
:

ð33Þ

For the particle-hole bubble at small ϵ we find

ΠphðkþÞ ¼
∣kþ∣

�2ϵ

8π2Aϵ
; ð34Þ

and we introduced the function

K pþ
� � ¼ 4πAp1�2ϵ

þ
Λ�4ϵ

Z Λ

�Λ

dp�
2π

tanh
εp

2 1þZpð ÞT
� �

2εp 1þ Zp

� � : ð35Þ

Here, p0 ¼ T
AΛ1þ2ϵ is the temperature-dependent lower cutoff of the theory.

We transform the gap equation into a differential equation as described
inMethods, and solve the resulting equation in the limits where the ratio of
the small dimensionless constants g and ϵ is either large or small.We express
the critical temperatures using the logarithmic variable YðϵÞ ¼ log T0

TcðϵÞ,
where T0 = AΛ2+2ϵ. In each case, we compare the analytical results with the
numerical solution of the gap equation.

The limit ϵ≪ g
In this limit, we compute the leading correction in ϵ/g to the expression for
Tc for an ordinary VH point from first order perturbation theory for the
Schrödinger equation, expanding the equation, theboundary condition, and
the potentialV xð Þ to linear order in ϵ. The resulting set of equations is then
solved numerically and determines the correction δY defined as

YðϵÞ ¼ Yðϵ ¼ 0Þ þ ϵδY : ð36Þ

The result for δY is shown in Fig. 6. When g is larger than g* ≈ 0.013, δY is
negative, hence the superconducting transition temperature increases with
ϵ. At smaller g < g*, δY > 0 and scales with g as 1/g2. The superconducting
transition temperature decreases with ϵ as

TcðϵÞ ¼ Tcðϵ ¼ 0Þe�aϵ=g2 ð37Þ

Fig. 6 | The dependence of δY from Eq. (36) on the dimensionless coupling g,
obtained from the numerical solution of the gap equation at an extended VH
point, expanded to first order in ϵ. The sign of δY determines whether Tc for an
extendedVHpoint increases or decreases with ϵ. For a negative δY,Tc increases, for a
positive δY it decreases.We see that δY is positive at very small small g and negative at
larger g. The sign change occurs at g* ≈ 0.013. For small g, δY scales as 1/g2.
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wherea=O(1).We emphasize that thisTc(ϵ) smoothly connects toTc(ϵ=0)
at the ordinary VH point.

The limit ϵ≫ g
Wenowshowhow the result forTc getsmodified in the opposite limit ϵ≫ g.
We set ϵ to be anumber of order one and computeTcbyorderofmagnitude,
keeping the explicit dependence on ϵ in the exponent, but neglecting the
dependenceon ϵ in the prefactor. For ϵ≫ g, we can safely take the limitΛ→

∞ as all integrals areUVconvergent. Evaluating the integral forK(p+) in Eq.
(35) in infinite limits, we obtain

λϵ � 2gKðpþÞ

¼ 4ϵ2
log 2

Z 1

xmin

dx
j1þxj2ð1þϵÞ�j1�xj2ð1þϵÞ ;

ð38Þ

where x = p−/p+ and xmin � T=Tϵ, where Tϵ ¼ AðpþÞ2ð1þϵÞ. Next, we
assumed and verified that the relevant p+ in the equation for the pairing
vertex are of order Λg1/(4ϵ). This allows us to express Tϵ ~ T0g

(1+ϵ)/(2ϵ).
The integral over x in Eq. (38) converges in the UV limit, which allows

us to set the upper limit of the integration over x to infinity. It is logarith-
mically singular in the IR limit and with logarithmic accuracy we obtain
λϵ � logTϵ=T ¼ logTϵ=TcðϵÞ. In the differential gap Eq. (61), we now
have VðxÞ � ð1þ ϵÞð1þ ϵ� 2λϵÞ ¼ β2ϵ . The solution of Eq. (61) with
such V is �Δ xð Þ � e ± βϵx .

A similar power-law solution (as a function of frequency) holds for a
number of quantum-critical systems49 and Yukawa SYK-type models50–52.
We verified that, like there, the solution, that satisfies boundary conditions,
does not exist when βϵ is real, but emerges when βϵ becomes complex, and
the onset of complex βϵ sets the value ofTc. In our case, βϵ becomes complex
at λϵ = (1 + ϵ)/2, which for a generic ϵ is a number of order one. Using
λϵ � logTϵ=TcðϵÞ, we then find that

TcðϵÞ � Tϵ � T0g
ð1þϵÞ=ð2ϵÞ; ð39Þ

We see thatTc(ϵ) is not exponentially small in g.We also notice that Eq. (39)
can be re-expressed, using (32), as

TcðϵÞ � A�1=ϵU
1þϵ
ϵ : ð40Þ

This last expression shows thatTc(ϵ) does not depend on the upper cutoffΛ
(theΛ−dependencies inT0 and g cancel out) and in this respect is universal.

At a qualitative level, we found that the crossover from Tc for an
ordinary VH point to the one for an extended VH point is captured by the
interpolation formula

1þ ϵ

2ϵ
T0

TcðϵÞ

� � 2ϵ
1þϵ

� 1

 !
¼ 1

γg
: ð41Þ

In the limit ϵ≪ g, this reduces to logT0=Tcðϵ ! 0Þ ¼ 1=γg, in theopposite
limit ϵ ≫ g, one recovers the universal power-law expression Tc(ϵ) ~
T0g

(1+ϵ)/(2ϵ).

Numerical solution for extended saddle points
We also performed the integration over the transverse momenta in the
function K(p+) in Eq. (35) numerically and solved numerically the gap Eq.
(33) with thisK(p+).We show the results in Figs. 7 and 8. In Fig. 7 we show
the dependence of Yðg; ϵÞ ¼ logð T0

TcðϵÞÞ on the coupling constant g. The
distinct behavior for ϵ smaller and larger g is clearly visible. For ϵ > g the
linear dependence of Y on log g demonstrates that the transition tempera-
ture Tc(ϵ) has the power law form Tc(ϵ) ∝ gα. The value of α is determined
from the slope. The data are best described by TcðϵÞ / g

1
2ϵ, consistent with

Eq. (39). For ϵ < g the behavior deviates from the power law. In Fig. 8, we
showhow the small ϵbehavior ofTc(ϵ) fromFig. 6 interpolates to thepower-

law behavior at larger ϵ. For g < g* = 0.013, the dependence of Tc(ϵ) on ϵ is
non-monotonic, in agreement with our analytic findings.

Pairing fluctuations, BKT transition and charge-4e
superconductivity
Wenext discuss the statisticalmechanics that we expect to emerge fromour
analysis.

The solutions discussed in the previous section formally belong to a
two-dimensional irreducible representation Δ kþ

� �
;Δ k�
� �� �

of the point
group.Hence,fluctuations of the orderparametermight give rise to vestigial
order with symmetry breaking of composite order parameters like nematic
or time-reversal symmetry breaking states54. This is a consequence of the
four-fold symmetric dispersions of Eqs. (4) and (5).However, the symmetry
of a single VH point is usually lower and Eqs. (4) and (5) are the result of an
anisotropic rescaling of momenta. This will lift the degeneracy of the two
solutions and the triplet order parameter belongs to a one-dimensional
representation of the point group.

For a 2Dsystem,oneusually expects aBerezinskii–Kosterlitz–Thouless
(BKT) transition41,42 to a state with algebraic order andwith finite superfluid
stiffness. As discussed by Halperin and Nelson55, the resulting BKT tran-
sition temperature is very close to themeanfield transition temperature that
one obtains from the solution of the gap equation. The reason is that the
threshold stiffness of the BKT transition is much smaller than the low-T
stiffness of a weakly coupled superconductor. Hence vortex proliferation
sets in only very near the mean field transition temperature. However, the
BKT physics does not hold for a triplet superconductor without spin–orbit
interaction. Fluctuations of such a state are governed by the three-
component complex coordinate-dependent field ψðxÞ ¼
ψ1ðxÞ;ψ2ðxÞ;ψ3ðxÞ
� �T

that describes long-wavelength variations of the

Fig. 7 | Dependence ofY g; ϵ
� � ¼ log T0

Tc ðϵÞ on the coupling constant g, obtained by
solving the gap equation numerically. For ϵ > gwe find power-law behaviorTc∝ gα.
The exponent α is determined from the slope of Y g; ϵ

� �
vs log g and with high

accuracy is α � 1
2ϵ, consistent with our analytical analysis. For ϵ < g the behavior

deviates from the power-law dependence.

Fig. 8 | Dependence of g log Tcðϵ ¼ 0Þ=TcðϵÞ

 �

on ϵ for different values of g,
obtained by solving the gap equation numerically. For g < g* = 0.013, the
dependence is non-monotonic, consistent with our analytical results. For larger g,
Tc(ϵ) monotonically increases with ϵ.
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pairing wave function

Ψαβ k; xð Þ ¼
X3
i¼1

ψi xð ÞΔi kð Þ σ iiσy
� �

αβ
ð42Þ

where Δi kð Þ is the gap function discussed in the previous section. Fluctua-
tions between components of ψ, i.e., fluctuations in the spin sector of the
triplet state, destroy even an algebraic order due to the
Hohenberg–Mermin–Wagner theorem56,57. In thenotationψ=ψ0ne

iθwhere
θ is the U(1) phase of the superconductor while the unit vector n describes
spin fluctuations of the triplet state, algebraic order of ψ is suppressed by
fluctuations of n.

The situation is different for a composite order parameter

ϕ xð Þ ¼ ψ xð Þ � ψ xð Þ; ð43Þ

which describes a charge-4e superconductor, in which two triplets form a
singlet in spin space43,44. Since n2 = 1 it follows that

ϕ� xð Þ ϕ x0ð Þ� 
 ¼ ψ4
0 e�2i θ xð Þ�θ x0ð Þð Þ� 


; ð44Þ

i.e., ϕ possesses only phase fluctuations, which allow a BKT transition. The
extra factor 2 in the exponent in Eq. (44) allows for fractionalized vortices of
the primary superconducting order parameter (the spin field heals the
mismatch that forms at a fractional vortex, see ref. 58). The threshold
stiffness for the BKT transition in a charge-4e superconductor is four times
larger than that for a charge-2e superconductor, yet it is still much smaller
than the zero temperature stiffness.Hence, the 4eBKT transition still occurs
e very near mean-field Tc for the primary 2e order parameter. If spin–orbit
interaction is present, the anisotropy in spin space suppresses fluctuations
and allows charge-2e superconductivity with an algebraic order.

Discussion
In this work, we analyzed low-temperature instabilities of a system of fer-
mions with a single ordinary or extendedVHpoint at the Fermi level, in the
limit of small electron-electron interactions.

We first considered the possibility of ferromagnetic order and argued
that it likely does not develop because of strong reduction of particle-hole
response in the q→ 0 limit by particle-particle fluctuations.

We then analyzed pairing instabilities and explicitly demonstrated
both, analytically and numerically, that a system with a single VH point at
the Fermi level is unstable towards triplet superconductivity. The instability
develops for both a conventional and a higher-order VH point, but Tc is
muchhigher for a higher-orderVHpoint in the regime ϵ > g, where it varies
with the coupling constant g in a power-law fashion, as Tc ∝ g(1+ϵ)/(2ϵ). We
showed that this Tc is a universal, cutoff independent quantity, determined
by the band curvature and the local interaction.

The attractive triplet component of the pairing vertex comes from the
Kohn–Luttinger type dressing of the pairing interaction by particle-hole
fluctuations. Yet, we demonstrated that the mechanism for super-
conductivity is distinct from the usual Kohn–Luttinger one. In our problem,
the attractive component of the vertex function is weak and, on its own,
would not lead to a Cooper instability. However, the enhancement of the
density of states near a VH point overcomes the smallness of the pairing
vertex andgives rise toaBCS-like expression forTc for anordinaryVHpoint
and to power-law dependence of Tc on the coupling for an extended
VH point.

As a consequence of this fundamentally non-BCS pairingmechanism,
the transition temperature is expected to rapidly drop once the system
moves away from a VH singularity under, e.g., a change of the chemical
potential. Given the absence of a Cooper phenomenon, we expect that away
from a VH singularity, superconductivity will develop only if the coupling
exceeds a certain threshold. For any given g, there will be then a super-
conducting quantum critical point at some detuning. Similar behavior

occurs for pairing at a critical point towards density-wave order and in SYK
models49–53.

To illustrate this effect we compare Tc(μ) for our system and for a
system with a constant attraction g and a logarithmic density of states,
detuned by μ (a detuned version of the model discussed by Son). In the last
case, the transition temperature is determined by

1 ¼ 4
π2

g log
T0

Tc

� �
log

T0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
c þ μ2

q
0
B@

1
CA; ð45Þ

where Tcðμ ¼ 0Þ / e�π=ð2 ffiffigp Þ, see Eq. (30). For ∣μ∣ >Tc μ ¼ 0
� �

, the effec-
tive coupling constant is reduced, yet Tc(μ) remains finite. For our problem,
Tc(μ) is determined by

1 ¼ γg log
T0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T2
c þ μ2

q
0
B@

1
CA ð46Þ

and remains non-zero only at ∣μ∣<Tc μ ¼ 0
� �

. For larger detuning from a
VHpoint,Tc=0. This sets a superconducting quantumcritical point at ∣μ∣~
Tc(μ = 0). We illustrate this in Fig. 9.

We also discussed the role of critical fluctuations and argued that the
transition temperature that we derived from the linearized gap equation is
close to a BKT transition into an algebraic superconductor, which in the
absence of spin–orbit interaction is a charge-4e superconductormade up of
singlet bound states of triplet pairs, and in the presence of spin–orbit
interaction is a charge-2e superconductor.

In our analysis, we concentrate on processes that are exclusively due to
interactions between fermions at or near a VHpoint. It is important to keep
in mind that some crucial physical processes may come from electronic
states away from a VH point, particularly for transport phenomena20. For
thermodynamic instabilities, the instability that we found here is, however,
the leading one in the pairing channel in the limit of weak coupling.

A final note. In our analysis, we assumed that the dimensionless
coupling g is small.HowTc evolveswith gonce gbecomesO(1) is an issue for
further study.We emphasize, however, that themost relevant effect of larger
g is larger fermionic incoherence measured via the self-energy. Our results
for Tc include the self-energy, both for ordinary and higher-order VH sin-
gularity. From this perspective, we expect that our formulas remain quali-
tatively valid even at g =O(1).

Fig. 9 | A schematic plot of the dependence of Tc on detuning from the VH point
by a parameter μ (e.g., a non-zero chemical potential) In our case (red curve), the
transition temperature, determined by Eq. (46), vanishes when detuning exceeds
Tc(μ= 0). In the case of a constant attraction (green curve), the transition tem-
perature, determined by Eq. (45), gets reduced upon detuning from the VH point,
but remains finite.
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Methods
Analytical approximation for the ordinary VH point
To extractTc in the approximation of Eq. (26), we follow refs. 46,49 and split
the integral over �p into the regimes �p < �k and �p >�k and in each regime use

log
�k� �p
�kþ �p

				
				 � �2 �p

�k
if �p≪�k

�2
�k
�p if �k≪�p

(
: ð47Þ

We then obtain

Δ �k
� � ¼ 2g� 1

�k

Z �k

1
d�pΔ �p

� �þ �k
Z �Λ

�k

d�p
�p2 Δ �p
� �" #

: ð48Þ

Differentiating w.r.t. �k we reduce Eq. (48) to a second order differential
equation

�k
2
Δ00 �k
� �þ �kΔ0 �k

� �þ ð4g� � 1ÞΔ �k
� � ¼ 0; ð49Þ

with UV and IR boundary conditions

�ΛΔ0 �Λ
� � ¼ �Δ �Λ

� �
; ð50Þ

Δ0 1ð Þ ¼ Δ 1ð Þ; ð51Þ

imposed by the original integral equation. For 4g* < 1 (i.e., at higher tem-
peratures), the trial solution of Eq. (49) is

Δ �k
� � ¼ Δ0

�k
ffiffiffiffiffiffiffiffiffi
1�4g�

p
þ e�k

�
ffiffiffiffiffiffiffiffiffi
1�4g�

p� �
; ð52Þ

where e is a free parameter. However, we verified that one cannot find e that
would satisfy both boundary conditions. Hence, the gap equation has no
solution for g* < 1/4. For 4g* > 1 the trial solution is

Δ kð Þ ¼ Δ0 cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4g� � 1

p
log kþ ϕ

� �
; ð53Þ

whereϕ is a free parameter. The IRboundary conditionnowspecifiesϕ tobe
the solution of tan ϕ ¼ � 4g� � 1

� ��1=2
, while theUVboundary condition

yields

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4g� � 1

p
log �Λ ¼ lπ � 2 arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4g� � 1

p� �
; ð54Þ

with integer l. Using �Λ ¼ Λ2=ð2mTÞ, we find that this equation determines
a discrete set of critical temperaturesTc(l). The largestTc corresponds to l=1
and is the solution of

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4g� � 1

p � π= log �Λ. Solving at small g, we obtain
the critical temperature (27).

Solution of Son’s model
To solve Eq. (29), we split the integral over �p in the r.h.s of (29) into regions
�p < �k and �p > �k, as we did before, introduce logarithmic variables x ¼ log �k,
y ¼ log �p as well as Y ¼ log �Λ, and convert (29) into the the differential
equation

Δ00 xð Þ ¼ �gΔ xð Þ ð55Þ

with boundary conditions Δ0 0ð Þ ¼ 0 and Δ Yð Þ ¼ 0. The solution in terms
of the original variable �k is

Δð�kÞ ¼ cos
ffiffiffi
g

p
log�kþ ϕ

� �
: ð56Þ

We see that Δð�kÞ oscillates as a function of log �k for any value of g, even
infinitesimally small ones. This is in contrast to our earlier discussion, where
anoscillating solutionholdsonly forλ above the threshold.The IRboundary

condition yields ϕ = lπ, with integer l, while the UV condition yields
cos

ffiffiffi
g

p
Y

� � ¼ 0, i.e.,
ffiffiffi
g

p
Y ¼ 2l þ 1ð Þ π2. The transition temperature corre-

sponding for each l is

T ðlÞ
c ¼ Λ2

0

2m
e�

ð2lþ1Þπ
2
ffiffi
g

p
: ð57Þ

The highest transition temperature is for l = 0, given in Eq. (30).

Differential gap equation at the extended VH point
The gap Eq. (33) for the extended saddle point can be transformed into a
differential equation using a procedure analogous to that for the ordinary
saddle point. The pairing kernel in Eq. (33) can be approximated as

Πphðkþ þ pþÞ �Πphðkþ � pþÞ ¼
2Π0

phðkþÞpþ if pþ≪kþ
2Π0

phðpþ Þ kþ if kþ ≪pþ

(
ð58Þ

with Π0
phðkþÞ ¼ � 1

4π2A ∣kþ∣
�ð1þ2ϵÞ:

Re-expressing the coupling in (33) in termsof thedimensionless g from
(32), splitting the integration over p+ in into the ranges p+< k+ and p+> k+
and using Eq. (58), we re-express the gap equation as

Δ kþ
� � ¼ 2g

Z kþ

k0

dpþ
p2ϵþ
k1þ2ϵ
þ

K pþ
� �

Δi pþ
� �

þ2g
Z Λ

kþ

dpþ
kþ
p2þ
K pþ
� �

Δi pþ
� �

:

ð59Þ

Rescaling the gap function as

Δ kþ
� � ¼ �Δ log

kþ
p0

� �
kþ
Λ

� ��ϵ

and introducing again the logarithmic variable

x ¼ log
kþ
p0

; ð60Þ

we obtain a Schrödinger-type differential equation

� d2�Δ
dx2

þ V xð Þ�Δ ¼ 0; ð61Þ

with potential

V xð Þ ¼ 1þ ϵð Þ 1þ ϵ� 4gK p0e
x

� �� �
: ð62Þ

The boundary conditions are now given as

�Δ
0 0ð Þ ¼ 1þ ϵð Þ�Δ 0ð Þ;

�Δ
0 Yð Þ ¼ � 1þ ϵð Þ�Δ Yð Þ; ð63Þ

where Y ¼ log Λ
p0
¼ log AΛ2þ2ϵ

T and T = Tc(ϵ). We study this equation ana-
lytically when ϵ≪ g or ϵ≫ g and solve it numerically for general ϵ and g.

Data availability
The data that support the findings of this study are available from the
corresponding authors upon reasonable request.

Code availability
All numerical codes in this paper are available from the corresponding
authors upon reasonable request.
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