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Abstract
Flexoelectricity shows promising applications for self-powered devices with its
increased power density. This paper presents a second-order computational
homogenization strategy for flexoelectric composite. The macro-micro scale
transition, Hill–Mandel energy condition, periodic boundary conditions, and
macroscopic constitutive tangents for the two-scale electromechanical cou-
pling are investigated and considered in the homogenization formulation. The
macrostructure and microstructure are discretized using C1 triangular finite
elements. The second-order multiscale solution scheme is implemented using
ABAQUS with user subroutines. Finally, we present numerical examples includ-
ing parametric analysis of a square plate with holes and the design of piezoelec-
tric materials made of non-piezoelectric materials to demonstrate the numerical
implementation and the size-dependent effects of flexoelectricity.
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1 INTRODUCTION

Flexoelectricity—an electromechanical coupling between polarization and strain gradient-exists in all dielectric mate-
rials. Moreover, flexoelectricity is a size-dependent effect that becomes more significant in nanoscale systems.1 These
features make it different from piezoelectricity, which is induced polarization due to homogeneous strain. For an overview
of flexoelectricity, readers are referred to the articles.2–6

The flexoelectric effect at the microscale has been exploited to design flexoelectric composites (piezoelectric metama-
terials,7 multiferroic composites,8 etc.). The porous micro-structured materials were designed to generate an ultrahigh
flexoelectric effect.9 Moreover, the flexoelectric effect has long been regarded as a desirable property for advanced
nano-/micro-electromechanical systems (N/MEMS) due to its universality and excellent scaling effect.5 The homogenized
electromechanical properties and multiscale modeling are very important, however not sufficient, for the analysis and
design of the heterogeneous flexoelectric microstructure. A micromorphic approach for modeling the scale-dependent
effects of flexoelectricity was presented by McBride et al.10 The asymptotic expansion method was applied to derive
effective coefficients of flexoelectric rods11 and flexoelectric membranes.12 The classic Eshelby’s formalism was used for
the homogenization of piezoelectric nanocomposites without using piezoelectric materials.13 A variational approach of
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homogenization was developed towards piezoelectric and flexoelectric effective media.14 A computational homogeniza-
tion framework was proposed for the flexoelectric effect induced by heterogeneous piezoelectric phases,15 and the method
was combined with the topology optimization to enhance the flexoelectricity.16,17

The first-order computational homogenization method is a powerful approach to assess micro-macro
structure-property relations,18 where only the first gradient of the macroscopic displacement field is included. However,
the uniformity assumption and neglect of geometrical size effects are the two major disadvantages of the first-order
method, which significantly limit its applicability.19 To overcome the concerns of the first-order homogenization method,
the second-order computational homogenization method20–23 has been developed, where the gradient of the macroscopic
deformation gradient tensor is incorporated in the C1-C0 macro-micro scale transition. In this approach, C1 continuous
interpolations are applied at the macrolevel, while standard C0 continuity is used for the discretization of the representa-
tive elementary volume (RVE) at the microlevel, so an additional integral condition on the fluctuation field at microlevel
is required.22

The extension to second-order computational homogenization with the C1-C1 macro-micro scale transition has been
proposed,24,25 where the higher-order stress and strain tensors exist at both scales, and the homogenized stiffness tensors
are calculated with the static condensation procedure. Due to the influence of strain gradient on material exhibiting
flexoelectricity, the second-order homogenization method of C1-C1 macro-micro scale transition should be conducted.
However, the static condensation procedure is not suitable for the electromechanical coupling problems, so perturbation
analysis is instead used in this study. The global C1 continuity for the discretization is required, and options include
isogeometric analysis (IGA),26,27 mixed FEM,28–30 meshless methods,31 and C1 triangular elements.32,33

In this article, we develop a second-order homogenization method for flexoelectric composites accounting for
size-dependent behavior. The homogenized electromechanical properties are computed by adopting the perturbation
analysis. The C1-C1 micro-macro scale transition, periodic boundary conditions, and the Hill–Mandel energy condition
are discussed. C1 triangular element with 18 degrees of freedom per node is chosen for the discretization because of
the ease of imposing periodic boundary conditions. The second-order homogenization scheme is implemented with the
secondary development of ABAQUS.

The remainder of the article is organized as follows: Section 2 introduces the flexoelectricity theory; Section 3 presents
the formulation of second-order computational homogenization; Section 4 describes the numerical implementation;
Several numerical examples are illustrated in Section 5 and the conclusion derived from this work is presented in Section 6.

2 FLEXOELECTRICITY THEORY

The electrical enthalpy density H and the internal energy U are often used for the variational formulation of flexoelec-
tricity. The state variables and material parameters in the two formulations are discussed and compared at first.

Within the assumption of the linearized theory for dielectric solid, the electrical enthalpy density H can be
written as.34–37

H = 1
2

cijkl𝜀ij𝜀kl +
1
2

bijklmngijkglmn − eijkEi𝜀jk − fijklEigjkl −
1
2
𝜅ijEiEj, (1)

where 𝜀ij, gjkl, Ei are the strain, strain-gradient, and electric field, respectively. They are defined as 𝜀ij = 1
2
(ui,j + uj,i), gjkl =

uj,kl, and Ei = −𝜙,i, where u and 𝜙 are displacement vector and electric potential, respectively. cijkl, bijklmn, eijk, fijkl and 𝜅ij
are the elastic, strain-gradient elastic, piezoelectric, flexoelectric and dielectric tensors, respectively.

While for the internal energy U based formulation for flexoelectricity, it is the function of strain, strain gradient, and
polarization,29

U = 1
2

cijkl𝜀ij𝜀kl +
1
2

bijklmngijkglmn + dijkPi𝜀jk + hijklPi𝜀jk,l +
1
2
𝛼ijPiPj, (2)

where U = H + EiDi, dijk, hijkl and 𝛼ij are the piezoelectric, flexoelectric, and reciprocal dielectric susceptibility tensors,
respectively. The electric polarization P is introduced via the constitutive equation as4

Pi = 𝜒ijEj + eijk𝜀jk + 𝜇ijkl𝜀jk,l = 𝜒ijEj + eijk𝜀jk + fijkluj,kl, (3)
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where 𝝌 = 𝜖0𝝌 e, 𝝌 , 𝝌 e and 𝜖0 are the clamped dielectric susceptibility, electric susceptibility tensor and the permittivity of
a vacuum, respectively. f and 𝝁 are the flexoelectric coefficients corresponding to different descriptions of strain-gradient,
and these two tensors are indirectly related due to the symmetry of the strain tensor.

It is worth noting that e and𝝁 are the coupling between the polarization and the strain and strain gradient, respectively,
while d and h links the electric field to the strain and strain gradient, respectively.34 The tensor e, 𝝁 and 𝜿 in Equations (1)
and (3) are related to the tensor d, h and 𝜶 of Equation (2) as29,35

dijk = 𝛼imemjk, hijkl = 𝛼im𝜇mjkl, 𝜅ij = 𝜒ij + 𝜖0𝛿ij = 1∕𝛼ij + 𝜖0𝛿ij. (4)

In this study, the electrical enthalpy density is adopted due to ease of application. For isotropic materials, the electrical
enthalpy density can be written as29

H = 1
2
𝜆𝜀ii𝜀jj + G𝜀ij𝜀ij +

1
2

l2[𝜆gjijgkik + G(gijkgijk + gijkgjik)] − eijkEi𝜀jk

− (f1𝛿ij𝛿kl + f2(𝛿ik𝛿jl + 𝛿il𝛿jk))Eigjkl −
1
2
𝜅ijEiEj,

(5)

where 𝜆 and G are the Lamé parameters, l is the intrinsic length of material, f1 and f2 are the two independent flexoelectric
constants of flexoelectric coefficient fijkl.

The corresponding constitutive equations are

𝜎ij =
𝜕H
𝜕𝜀ij

= 2G𝜀ij + 𝜆𝜀kk𝛿ij − ekijEk, (6)

𝜏ijk =
1
2

(
𝜕H
𝜕gijk

+ 𝜕H
𝜕gikj

)
= 1

2
l2[𝜆(gnjn𝛿ik + gnkn𝛿ij) + G(2gijk + gjik + gkij)]

+ f1𝛿jk(−Ei) + f2(𝛿ij(−Ek) + 𝛿ik(−Ej)),
(7)

Di = −
𝜕H
𝜕Ei

= 𝜅ijEj + eijk𝜀jk + f1gijj + f2(gjij + gjji) = Pi + 𝜖0Ei, (8)

where 𝜎ij, 𝜏ijk and Di are the stress, higher-order stress, and electric displacement, respectively.
The governing equations are given as29,38

(𝜎ij − 𝜏ijk,k),j + f b
i = 0 in Ω, (9)

Di,i = 𝜌f in Ω, (10)

where electrostatic stress and higher-order electric displacement are neglected, and f b
i and 𝜌f are body force and free

charge on the solid body.
The boundary conditions are obtained as28,29,38

ui = ūi on Γu, (11)

𝜙 = 𝜙 on Γ𝜙, (12)

(𝜎ij − 𝜏ijk,k)nj + (Dlnl)𝜏ijknknj − Dj(𝜏ijknk) = ti on Γt, (13)

𝜏ijknjnk = ri on Γr, (14)

ui,knk = vi on Γv, (15)

Dini = −𝜔 on ΓD, (16)

where Dj = (𝛿jk − njnk)𝜕k is the tangent gradient operator, and ti, ri, vi and 𝜔 are surface traction, double traction, normal
derivative of displacement, and surface charge density, respectively.
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3 SECOND- ORDER COMPUTATIONAL HOMOGENIZATION

3.1 Macro-micro scale transition

The displacement and electric potential field are represented by a Taylor series expansion.20

um = 𝜺M ⋅ x + 1
2
[
gM ∶ (x⊗ x)

]
+ ru, (17)

𝜙m = (−EM) ⋅ x + r𝜙, (18)

where 𝜺 = (u ⊗ ∇ + ∇⊗ u)∕2, g = (u ⊗ ∇⊗ ∇), and E = (−𝜙∇). The subscript M denotes a macroscale quantity, while
the subscript m denotes a microscale quantity. x, ru, and r𝜙 are the microlevel spatial coordinate, the displacement
microfluctuation field, and electric potential microfluctuation field, and the gradient of the electric field is ignored.
The volume average of the strain and electric field at the microlevel are equal to the corresponding quantity at the
macrostructural material point, as follows.

1
V ∫v

𝜺mdv = 1
V ∫v

(um ⊗ ∇)dv = 𝜺M + 1
V ∫v

(gM ⋅ x)dv + 1
V ∫V

(ru ⊗ ∇)dv, (19)

1
V ∫v

gmdv = 1
V ∫v

(um ⊗ ∇⊗ ∇)dv = gM + 1
V ∫v

((ru ⊗ ∇)⊗ ∇)dv, (20)

1
V ∫v

(−Em)dv = 1
V ∫v

(𝜙m∇)dv = (−EM) +
1
V ∫v

(r𝜙∇)dv, (21)

where the symmetric operator for computation of 𝜺m is dropped since it has been assumed according to Reference 20, and
the minor symmetry (gM)ijk = (gM)ikj has been used in Equation (19). The second term on the right side of Equation (19)
1
V
∫v(gM ⋅ x)dv should be zero, which indicates that the centroid of the RVE is at the origin of the coordinates. Thereby,

the following equations can be obtained naturally from Equations (19)–(21).

1
V ∫v

(ru ⊗ ∇)dv = 1
V ∫Γ(ru ⊗ n)dΓ = 0, (22)

1
V ∫v

((ru ⊗ ∇)⊗ ∇))dv = 1
V ∫Γ((ru ⊗ ∇)⊗ n)dΓ = 0, (23)

1
V ∫v

(r𝜙∇)dv = 1
V ∫Γ(r𝜙n)dΓ = 0. (24)

Therefore, due to the periodicity of RVE, the following boundary conditions can be obtained:

ruR = ruL, ruT = ruB, (25)

ruR ⊗ ∇ = ruL ⊗ ∇, ruT ⊗ ∇ = ruB ⊗ ∇, (26)

r𝜙R = r𝜙L, r𝜙T = r𝜙B. (27)

where R, L, T, and B represent right, left, top, and bottom boundary of RVE, respectively.

3.2 The Hill–Mandel energy condition

Without considering the electric field gradient, the Hill–Mandel energy condition39 can be expressed as

1
V ∫v

(𝝈m ∶ 𝛿𝜺m + 𝝉m ⋮ 𝛿gm −Dm ⋅ 𝛿Em)dv = 𝝈M ∶ 𝛿𝜺M + 𝝉M ⋮ 𝛿gM −DM ⋅ 𝛿EM , (28)
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ZHUANG et al. 5 of 19

where 𝝈, 𝝉 , and D are the stress tensor, higher-order stress tensor, and electric displacement vector, respectively.
This condition can be subdivided into a mechanical and an electrical part as40

1
V ∫v

(𝝈m ∶ 𝛿𝜺m + 𝝉m ⋮ 𝛿gm)dv = 𝝈M ∶ 𝛿𝜺M + 𝝉M ⋮ 𝛿gM , (29)

1
V ∫v

(−Dm ⋅ 𝛿Em)dv = −DM ⋅ 𝛿EM . (30)

Substituting Equations (19) and (20) into the left side of Equation (29), we get

1
V ∫v

(𝝈m ∶ (𝛿𝜺M + 𝛿gM ⋅ x + 𝛿ru ⊗ ∇) + 𝝉m ⋮ (𝛿gM + (𝛿ru ⊗ ∇)⊗ ∇))dv

=
(

1
V ∫v

𝝈mdv
)
∶ 𝛿𝜺M + 1

V ∫v
(𝝈m ∶ (𝛿ru ⊗ ∇))dv

+
(

1
V ∫v

(𝝉m + 𝝈m ⊗ x)dv
)
⋮ 𝛿gM + 1

V ∫v
(𝝉m ⋮ ((𝛿ru ⊗ ∇)⊗ ∇))dv.

(31)

To meet the Hill–Mandel condition (29), the integral terms containing microfluctuations should vanish:

1
V ∫v

(𝝈m ∶ (𝛿ru ⊗ ∇))dv + 1
V ∫v

(𝝉m ⋮ ((𝛿ru ⊗ ∇)⊗ ∇))dv = 0. (32)

The second term of Equation (32) can be written as

1
V ∫v

(𝝉m ⋮ ((𝛿ru ⊗ ∇)⊗ ∇))dv = 1
V ∫v

((𝝉m ∶ (𝛿ru ⊗ ∇)) ⋅ ∇)dv − 1
V ∫v

((𝝉m ⋅ ∇) ∶ (𝛿ru ⊗ ∇))dv. (33)

Therefore, substituting Equation (33) into Equation (32), we obtain:

1
V ∫v

((𝝈m − 𝝉m ⋅ ∇) ∶ (𝛿ru ⊗ ∇))dv + 1
V ∫v

((𝝉m ∶ (𝛿ru ⊗ ∇)) ⋅ ∇)dv = 0. (34)

Using Gauss theorem, Equation (34) can be transformed into the following form containing the integral over the
boundary of RVE,

1
V ∫

𝛤

((𝝈m − 𝝉m ⋅ ∇) ⋅ 𝛿ru ⋅ n)d𝛤 + 1
V ∫

𝛤

((𝝉m ∶ (𝛿ru ⊗ ∇)) ⋅ n)d𝛤 = 0, (35)

where Equation (35) can be approximately satisfied by applying the periodic conditions which will be discussed in
Section 4.2 due to the periodicity assumption and the suppression of the corner microfluctuations.24

Similarly, the electrical part for the Hill–Mandel energy condition can be derived as follows. Substituting Equation (21)
into the left side of Equation (30), we get

1
V ∫v

(Dm ⋅ (𝛿(−EM) + (𝛿r𝜙∇))dv =
(

1
V ∫v

Dmdv
)
⋅ 𝛿(−EM) +

1
V ∫v

(Dm ⋅ (𝛿r𝜙∇))dv. (36)

The second term on the right-hand side of Equation (36) should be zero:

1
V ∫v

(Dm ⋅ (𝛿r𝜙∇))dv = 1
V ∫v

((𝛿r𝜙Dm) ⋅ ∇)dv − 1
V ∫v

(𝛿r𝜙(Dm ⋅ ∇)) =
1
V ∫Γ((𝛿r𝜙Dm) ⋅ n)dΓ = 0, (37)

where (Dm ⋅ ∇) = 0, as the free charge on the solid body is not considered in microscale. Equation (37) can also be satisfied
due to the periodicity assumption.

According to Equations (31) and (36), the homogenized stresses and electric displacement can be derived as

𝝈M = 1
V ∫v

𝝈mdv, (38)
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T A B L E 1 Loading cases for macroscopic constitutive tangents calculation.
Loading
cases S-1 S-2 S-3 S-4 S-5 S-6 S-7 S-8 S-9 S-10 S-11

𝜀11 1 0 0 0 0 0 0 0 0 0 0

𝜀22 0 1 0 0 0 0 0 0 0 0 0

𝜀12 0 0 1 0 0 0 0 0 0 0 0

g111 0 0 0 1 0 0 0 0 0 0 0

g112 0 0 0 0 1 0 0 0 0 0 0

g122 0 0 0 0 0 1 0 0 0 0 0

g211 0 0 0 0 0 0 1 0 0 0 0

g212 0 0 0 0 0 0 0 1 0 0 0

g222 0 0 0 0 0 0 0 0 1 0 0

−E1 0 0 0 0 0 0 0 0 0 1 0

−E2 0 0 0 0 0 0 0 0 0 0 1

𝝉M = 1
V ∫v

(𝝉m + 𝝈m ⊗ x)dv, (39)

DM = 1
V ∫v

Dmdv. (40)

3.3 Macroscopic constitutive relations

In this work, we focus on the linear problem, and the macroscopic constitutive relations are given in incremental form
from a general perspective. The updates of the macrolevel stress and electric displacement are performed by the following
incremental relations

Δ𝝈M=4C𝜎𝜀 ∶ Δ𝜺M+5C𝜎g ⋮ ΔgM+3C𝜎E ⋅ Δ(−EM), (41)

Δ𝝉M=5C𝜏𝜀 ∶ Δ𝜺M+6C𝜏g ⋮ ΔgM+4C𝜏E ⋅ Δ(−EM), (42)

ΔDM=3CD𝜀 ∶ Δ𝜺M+4CDg ⋮ ΔgM+2CDE ⋅ Δ(−EM). (43)

The homogenized stiffness matrices can be calculated with the perturbation analysis by solving linear equations for
RVE, associated with incremental changes of macroscopic strains, strain gradients, and electric fields.20 The multiple
load cases for macroscopic constitutive relations are shown in Table 1. The load case is applied to the RVE with periodic
boundary conditions, which will be illustrated in Section 4.2. Subsequently, we can compute the homogenized stresses
and electric displacement according to Equations (38)–(40), and then obtain the macroscale constitutive relations with
perturbation analysis. The so-called two-index notation is introduced to represent the homogenized constitutive tangents.

4 NUMERICAL IMPLEMENTATION

4.1 C1 finite elements

C1 finite elements, that were initially developed for modeling plate structures, are well suited to second-order homoge-
nization of flexoelectricity. It is easier to impose the periodic boundary conditions due to the presence of displacement
derivatives in the nodal degrees of freedom. A review and catalog of the C1 finite elements can be found in Reference 41.
The Argyris triangle42 is a well-known h-version C1 conforming element. The degrees of freedom include all second-order
derivatives on vertices and normal derivatives at mid-side nodes (Figure 1), with complete fifth-order polynomial inter-
polation functions. However, the normal derivatives at midsides are undesirable and are eliminated by interpolating the

 10970207, 2025, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.7598 by K
arlsruher Institut F., W

iley O
nline L

ibrary on [14/02/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



ZHUANG et al. 7 of 19

F I G U R E 1 Argyris triangle.

F I G U R E 2 Bell triangle.

normal derivative at the mid-side nodes from the derivatives at the corner nodes, resulting in the C1 Bell triangle ele-
ment.43 The displacement field still varies as a complete quintic inside the element, and the normal derivative along the
edges of the element is constrained to be cubic.44 The governing equation of flexoelectricity is a fourth-order partial dif-
ferential equation, so the Bell triangle element satisfies the requirements of completeness and compatibility. The shape
functions for the Bell triangle were given by Dasgupta and Sengupta.33 The utility of the Bell triangle was proven in a
series of studies on gradient elasticity problems.44–46

The Bell triangle is applied here as shown in Figure 2. Each node has eighteen degrees of freedom, which are dis-
placement and electric potential and their first and second-order derivatives. The number of degrees of freedom for each
element is 54, which is comparable to that in the mixed FEM method.28,47 However, the Bell triangle eliminates the need
for introducing Lagrange multipliers. Compared to the IGA method, there are significantly more degrees of freedom per
node, but the IGA method faces challenges in establishing complex C1 continuity models. Furthermore, the Bell triangle
is more easily scalable in commercial software and offers convenience in imposing periodic boundary conditions.

In the absence of Ei,j, ri and vi, the weak form of formulation for flexoelectricity is written as

∫v
(𝝈 ∶ 𝛿𝜺 + 𝝉 ⋮ 𝛿g −D ⋅ 𝛿E)dv = ∫v

(fb ⋅ 𝛿u)dv + ∫
𝛤t

(t ⋅ 𝛿u)d𝛤 − ∫v
𝜌

f
𝛿𝜙dv − ∫

𝛤D

𝜔𝛿𝜙d𝛤 . (44)

The displacement u and electric potential 𝜙 fields, as well as their derivatives, can be approximated according to

u = Nuve
, 𝜙 = N𝜙𝝋

e
, (45)
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8 of 19 ZHUANG et al.

𝜺 = Buve
, g = Huve

,−E = B𝜙𝝋
e
, (46)

where 𝜺 = (𝜀11, 𝜀22, 𝜀12)T , g = (g111, g112, g122, g211, g212, g222)T , −E = (−E1,−E2)T . Nu, N𝜙 are the shape function matrix,
and ve and 𝝋e are the nodal degrees of freedom. Bu, B𝜙, and Hu are matrices containing the gradient and Hessian of the
corresponding shape functions.

Substituting Equations (45) and (46) into Equation (44) yields
[

Kuu Ku𝜙

K𝜙u K𝜙𝜙

] [
v
𝝋

]
=

[
Fv

F𝜑

]
, (47)

where

Kuu =
∑

e ∫ve

(BT
u CBu + l2HT

u QHu)dv, (48)

Ku𝜙 =
∑

e ∫ve

(BT
u eB𝜙 +HT

u fTB𝜙)dv, (49)

K𝜙u =
∑

e ∫ve

(BT
𝜙

eTBu + BT
𝜙

fHu)dv, (50)

K𝜙𝜙 =
∑

e ∫ve

(BT
𝜙
(−𝜿)B𝜙)dv, (51)

Fu =
∑

e ∫ve

(NT
u fb)dv +

∑
e ∫𝛤t

(NT
u t)d𝛤 , (52)

F𝜙 = −
∑

e ∫ve

(NT
𝜙
𝜌

f )dv −
∑

e ∫𝛤D

(NT
𝜙
𝜔)d𝛤 . (53)

Moreover, C, Q, 𝜿, e, and f can be written in matrix format as

C =
⎡⎢⎢⎢⎣

𝜆 + 2G 𝜆 0
𝜆 𝜆 + 2G 0
0 0 4G

⎤⎥⎥⎥⎦
,𝜿 =

[
𝜅11 0
0 𝜅33

]
, (54)

eT =

[
0 0 2e15

e31 e33 0

]
, f =

[
f1 + 2f2 0 f1 0 2f2 0

0 2f2 0 f1 0 f1 + 2f2

]
, (55)

Q =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜆 + 2G 0 0 0 𝜆 0
0 𝜆 + 3G 0 G 0 𝜆

0 0 G 0 G 0
0 G 0 G 0 0
𝜆 0 G 0 𝜆 + 3G 0
0 𝜆 0 0 0 𝜆 + 2G

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (56)

4.2 Periodic boundary conditions

The twelve displacement-related degrees of freedom per node are expressed as ug and the six electric potential-related
degrees of freedom are denoted as 𝝓g. ug, and 𝝓g of nodes on the RVE boundary can be rewritten into the matrix form as

ug = W𝜺M + SgM + ru, (57)

𝝓g = L(−EM) + r𝜙, (58)
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ZHUANG et al. 9 of 19

where

W =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x1 0 x2

1 0 0
0 0 1
0 0 0
0 0 0
0 0 0
0 x2 x1

0 0 1
0 1 0
0 0 0
0 0 0
0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,S =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

x2
1 x1x2

1
2

x2
2 0 0 0

x1 x2 0 0 0 0
0 x1 x2 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1

2
x2

1 x1x2
1
2

x2
2

0 0 0 x1 x2 0
0 0 0 0 x1 x2

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,L =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x1 x2

1 0
0 1
0 0
0 0
0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (59)

Here x1 and x2 denote the coordinates of the node. Using the periodicity according to relations (25)–(27) leads to the
equations

ugR − ugL = (WR −WL)𝜺M + (SR − SL)gM ,ugT − ugB = (WT −WB)𝜺M + (ST − SB)gM , (60)

𝝓gR − 𝝓gL = (LR − LL)(−EM),𝝓gT − 𝝓gB = (LT − LB)(−EM). (61)

The above periodic condition can be called the gradient generalized periodic condition (PBC).24 There is another
boundary condition-gradient displacement periodic condition (DBC), where microfluctuations on the RVE boundaries
are suppressed, so the displacement and electric potential field of nodes on the RVE boundary are then written as

ug = W𝜺M + SgM , (62)

𝝓g = L(−EM). (63)

4.3 The second-order multiscale solution scheme

The second-order multiscale solution scheme is shown in Figure 3. The second-order homogenization procedure for
flexoelectricity is implemented with ABAQUS. C1 triangular finite element is realized using the user element subroutine
UEL, and user subroutine UVARM with “dummy” elements are used for postprocessing the field results of user-defined
elements. The field results are obtained as output in TECPLOT format for visualization. As user subroutine UVARM
cannot be used with linear perturbation procedure in ABAQUS, the macroscopic constitutive tangents are calculated with
perturbation analysis in the general step. The periodic boundary conditions are imposed with linear constraint equations
in ABAQUS. As this study is on flexoelectric structures under small elastic deformation, the macro-micro scale transition
(Figure 4) is carried out only once.

5 NUMERICAL EXAMPLES

5.1 Material equivalent parameter analysis of a square plate with holes

For the sake of comparison, only the representative material equivalent parameters of the flexoelectric microstructure are
analyzed, and the equivalent parameters in the following examples are all expressed by the two-index notation. Taking the
square plate with holes as an example, the effects of intrinsic length, microscale model size, porosity, and void distribution
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10 of 19 ZHUANG et al.

F I G U R E 3 The second-order multiscale solution scheme.

F I G U R E 4 The macro-micro scale transition.

T A B L E 2 Material properties ([𝜆,G] = GPa, [e] = C∕m2, [𝜅] = nC∕Vm, [f ] = 𝜇C∕m).

𝝀 G e31 e33 e15 k11 k33 f1 f2

179 54 −2.7 3.65 21.3 12.5 14.4 1 1

on the equivalent parameters are investigated. Furthermore, two different boundary conditions (PBC and DBC) are also
compared. The material properties of microscale structure are listed in Table 2 based on.27,28

5.1.1 The effects of intrinsic length and microscale model size

The expression of intrinsic length can be given by the self-consistent estimate48 and its calculation is beyond the scope of
this article. The intrinsic length in flexoelectricity analysis is taken as the model size multiplied by a factor smaller than
one,28,29 but the value of the factor is not definite.

The microscale model with a side length of 1 𝜇m is shown in Figure 5. The effects of intrinsic length on the equiv-
alent parameters of microstructure under PBC are shown in Figure 6. The parameters are normalized by dividing the
corresponding material property in Table 2 to aid comparison. One can observe that the dielectric and flexoelectric coef-
ficients decrease and the elastic and piezoelectric coefficients increase with the increase of intrinsic length, while all
the coefficients remain unchanged when the intrinsic length is over 0.5 𝜇m. The effects of boundary conditions, that is
PBC and DBC, on the results are shown in Figure 7. The equivalent elastic coefficients remain quite similar irrespective
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ZHUANG et al. 11 of 19

F I G U R E 5 The mircroscale model with holes.

F I G U R E 6 Material parameters of different intrinsic length l.

F I G U R E 7 Material parameters of different intrinsic length l with different boundary conditions.
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12 of 19 ZHUANG et al.

F I G U R E 8 Material parameters of different microscopic model sizes.

F I G U R E 9 Material parameters of different microscopic model sizes with different boundary conditions.

of the considered boundary conditions, while the dielectric, piezoelectric, and flexoelectric coefficients differ noticeably
under DBC.

Keeping the intrinsic length constant (1𝜇m), the effects of microscale model size under PBC are shown in Figure 8.
The elastic and piezoelectric coefficients decrease, while the dielectric and flexoelectric coefficients increase with the
increase of microscale model size. It is noted that the effective elastic coefficients C11 and C33 decrease as the RVE size
increases, which is consistent with the “smaller is stronger” phenomenon. On the other hand, the dielectric, piezoelectric,
and flexoelectric coefficients are also larger under DBC compared to PBC, as in Figure 9.

5.1.2 The effects of porosity and void distribution

The side length of the model and intrinsic length are 1 𝜇m, and PBC is set as the boundary condition. The variation of
the equivalent material parameters is linearly related to the porosity as shown in Figure 10. As the porosity increases, the
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ZHUANG et al. 13 of 19

F I G U R E 10 Material parameters of different porosities.

F I G U R E 11 Material parameters of different distribution of holes.

dielectric, piezoelectric and flexoelectric coefficients decrease, and the elastic coefficient C33 increases, while the elastic
coefficient C11 remains almost unchanged. It should be noted that when the porosity is zero, the equivalent material
parameters are the same as the microscopic material, which is consistent with intuition. According to Figure 11, the
equivalent flexoelectric parameter is more obviously impacted by the void distribution than other parameters. Compared
with void distribution, the influence of shape and topology of microstructure on the equivalent material parameters will
be greater, which needs further study.

5.2 Creating materials with piezoelectric behavior without using piezoelectric
materials

Flexoelectricity can be exploited to design piezoelectric effects without using piezoelectric materials by seeking to induce
strain gradients.7,49,50 One method is to introduce a triangular hole in a sheet, then a net nonzero polarization exists under
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14 of 19 ZHUANG et al.

F I G U R E 12 Piezoelectric nanocomposites without using piezoelectric materials.49

F I G U R E 13 Macroscopic and microscopic models.

uniform stretching. It is to be noted that, the average polarization remains zero if the shape of the hole is circular, as
shown in Figure 12. In this article, similar methods are applied in the microscale model to create equivalent piezoelectric
coefficients in the absence of piezoelectric materials.

5.2.1 Two-scale linear analysis of a uniaxial tensioned square plate

The macroscale model is a square plate subjected to uniaxial tension, and the microscale model is a square with a triangu-
lar hole in the center (Figure 13). The material properties are similar to the ones used in the previous examples as listed in
Table 2, except that the values of piezoelectric coefficients are considered to be zero. The intrinsic length is set to be 1 𝜇m.

The two-scale linear analysis is illustrated in Figure 14. The C1 discretization scheme is used at both scales. The
homogenization is performed at the microscale, where the equivalent material coefficients are set as the constitutive
model for the macroscopic model. After solving the boundary value problems (BVP), the strain, strain gradient, and
electric field of an integration point are applied on the RVE through the periodic boundary condition. The response of
the RVE can be obtained by solving the BVP at the microscale.

Figure 15 gives piezoelectric coefficients with different hole sizes measured by the radius r of the inscribed circle of a
triangle. The piezoelectric coefficients e11, e12, e23 generally increase as r increases, while e13, e21, e22 are almost zero. It is
noteworthy that the equivalent piezoelectric coefficients are calculated to be zero when the hole is a circle, regardless of
the hole size, which is consistent with the discussion in Reference 49.
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ZHUANG et al. 15 of 19

F I G U R E 14 The procedures for the two-scale linear analysis.

F I G U R E 15 Equivalent piezoelectric coefficients (C∕m2) of different hole sizes.

The electric displacement field D1 of the macro model with r = 0.4 𝜇m in the microstructure is shown in Figure 16.
The macroscale model is a square plate subjected to uniaxial tension, resulting in a small strain gradient, and the piezo-
electric coefficients are zero. In the Figure 16, D1 is quite evident, indicating the apparent piezoelectric effect. The electric
displacement field D1 of the microstructure which corresponds to one integration point of element 1 in the macro model
is also given in the figure. The calculation procedure has been described in Figure 3, and the macro-micro scale transition
is carried out only once because of the linear elastic analysis.
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16 of 19 ZHUANG et al.

F I G U R E 16 D1 of the macroscale and microscale model (C∕m2).

F I G U R E 17 Flexoelectric composites.

5.2.2 Creating piezoelectric materials with flexoelectric composites

Similarly, we can design piezoelectric materials with flexoelectric composites by distributing flexoelectric inclusions (B)
in the dielectric matrix (M), as shown in Figure 17. The material properties of the inclusions are listed in Table 2, the
side length lm is 1 𝜇m, and the intrinsic length is ignored. The dielectric coefficients of the matrix are the same as the
inclusions, but the flexoelectric coefficients are zero. To induce the strain gradients, the elastic tensor of the matrix is
adjusted and set to be the inclusions’ elastic tensor multiplied by a factor less than 1. As the factor varies between 0 and
1, the homogenized piezoelectric coefficients vary as shown in Figure 18. when the factor is 1 or 0, the homogenized
piezoelectric coefficients are nearly zero because the strain gradient is too small (factor = 1) or the connection between
the inclusions is extremely weak (factor = 0). The ideal factor is around 0.2.

Moreover, the size-dependent behavior of flexoelectricity can be used to enhance the homogenized piezoelectric
coefficients. By reducing the size of the microscale composite structure, from the micron-scale to the nanoscale, the
homogenized piezoelectric coefficients increase significantly even though the elastic tensor factor is 1 (Figure 19). Inter-
estingly, we can get similar results by increasing the flexoelectric coefficients of the inclusions without shrinking the
microstructure size. The same homogenized piezoelectric coefficients can be obtained simply by increasing the flex-
oelectric coefficients of the inclusions by a factor of fk (Figure 19), instead of scaling the microstructure down when
regardless of the intrinsic length, which are consistent with the dimensional analysis. The results in Figure 19 illustrate
the size-dependent behaviour of flexoelectricity in another way.

Remark: The self-consistency of the proposed method is reflected in four aspects: 1. The equivalent material param-
eters are the same as the microscopic material when the porosity is zero (Figure 11); 2. The equivalent piezoelectric
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ZHUANG et al. 17 of 19

F I G U R E 18 Homogenized piezoelectric coefficients (C∕m2) of different factors.

F I G U R E 19 Homogenized piezoelectric coefficients (C∕m2) of different micromodel sizes l and factors fk.

coefficients are calculated to be zero when the hole is a circle; 3. The homogenized piezoelectric coefficients are nearly zero
when the elastic tensor factor of the matrix is 1 or 0 (Figure 18); 4. The same homogenized piezoelectric coefficients can
be obtained by increasing the flexoelectric coefficients of the inclusions or shrinking the microstructure size (Figure 19).

6 CONCLUSION

The computational second-order homogenization strategy of flexoelectric composites has been presented. The framework
was implemented with C1 triangular finite elements based on the secondary development of ABAQUS via user subrou-
tines UEL and UVARM. Compared to the asymptotic expansion method, the homogenized electromechanical properties
can be computed using perturbation analysis without complicated mathematical derivations. The influence of intrinsic
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18 of 19 ZHUANG et al.

length, micromodel size, and the two boundary conditions on the effective coefficients of flexoelectric microstructure are
discussed. The influence of porosity and void distribution in the microstructure on the equivalent piezoelectric coefficients
are also studied. The homogenized piezoelectric coefficients by introducing triangular voids or flexoelectric inclusions
in the microstructure are determined. In this work, we restrict the computational second-order homogenization scheme
to the linear two-dimensional analysis of the direct flexoelectricity. The Bell triangle element suffers from computational
inefficiency and its extension to three-dimensional (3D) problems is cumbersome, while the IGA method is more suitable
for solving 3D problems for flexoelectricity. Multiscale nonlinear and 3D problems with the IGA method will be explored
in future research.
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