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ABSTRACT: We generalise the SuperEasy linear response method, originally developed to
describe massive neutrinos in cosmological N-body simulations, to any subdominant hot dark
matter (HDM) species with arbitrary momentum distributions. The method uses analytical
solutions of the HDM phase space perturbations in various limits and constructs from them a
modification factor to the gravitational potential that tricks the cold particles into trajectories
as if HDM particles were present in the simulation box. The modification factor is algebraic in
the cosmological parameters and requires no fitting. Implementing the method in a Particle-
Mesh simulation code and testing it on subdominant HDM cosmologies up to the equivalent
effect of > m, = 0.315eV-mass neutrinos, we find that the generalised SuperEasy approach is
able to predict the total matter and cold matter power spectra to < 0.1% relative to other linear
response methods and to < 0.25% relative to particle HDM simulations. Applying the method
to cosmologies with mixed neutrinos+thermal QCD axions and neutrinos+generic thermal
bosons, we find that non-standard subdominant HDM cosmologies have no intrinsically
different non-linear signature in the total matter power spectrum from standard neutrino
cosmologies. However, because they predict different time dependencies even at the linear
level and the differences are augmented by non-linear evolution, it remains a possibility that
observations at multiple redshifts may help distinguish between them.
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1 Introduction

Cosmologists have long known that precision cosmological observations can constrain the
density fraction of hot but non-relativistic neutrinos in the universe [1]. The standard
model (SM) of particle physics also makes a clear prediction of the properties of these
neutrinos [2-6] up to their absolute masses. Constraining this basic scenario — and from
which the absolute neutrino mass scale — has become a staple of modern cosmological
analyses, from probes of big bang nucleosynthesis (BBN) [7, 8] and the cosmic microwave
background (CMB) [9], to late-universe observables such as weak gravitational lensing [10]
and galaxy redshift surveys [11]. Assuming a minimal model of the dark energy, i.e., the
cosmological constant, combinations of these observations have constrained the sum of
neutrino masses to Y. m, < 0.12eV [9, 12] see also the recent [13, 14]). Over the next several
years, cosmology is expected to go beyond upper bounds to achieve a measurement of the
neutrino mass sum [15, 16].

We are thus entering an era in which cosmological data will have sufficient precision
to allow us to challenge the standard prediction itself. Indeed, physically well-motivated
non-standard subdominant hot dark matter (HDM) scenarios abound. To name but a few,
neutrinos may have non-standard interactions with dark matter [17, 18] or dark energy [19],
altering their distribution function and their late-universe clustering; One or more light
“sterile” states in addition to the three SM neutrinos might explain persistent anomalies in



short-baseline neutrino experiments and also leave observable cosmological signatures [20];
The axion [21], a light pseudoscalar particle proposed as a solution to the strong C'P problem,
may couple strongly enough to SM particles to attain thermal equilibrium after inflation,
making the axion a HDM similar to neutrinos [22-32]. Some of these scenarios have been
proposed as solutions to decade-old tensions between different cosmological probes [33-37].
Others, including the idea of non-thermal neutrino distributions [38, 39], have been explored
in the recent literature as a way to relax cosmological neutrino mass bounds.

While the same broad-brush principles apply to constraining these non-standard HDM
scenarios cosmologically as they do to standard neutrino masses, their detailed signatures
differ, which raises the possibility that these scenarios could eventually be distinguished
from each other and also from the standard neutrino HDM scenario itself. In the linear
regime of perturbation evolution, model-specific signatures can be straightforwardly modelled
following standard cosmological perturbation theory [40] and numerically solved using a linear
Boltzmann code such as camb [41, 42] or class [43, 44]. As forthcoming large-scale structure
observations move into the non-linear regime, however, the breakdown of linear perturbation
theory not only invokes the prospect of new HDM signatures on non-linear scales, but also
precipitates the need to examine how to model these effects reliably. [45-47]

On non-linear scales, the main difficulty in predicting HDM signatures lies in modelling
the gravitational clustering of HDM particles in an accurate way. Unlike photons, HDM can
make up a small (percent-level or less) but non-negligible fraction of the universe’s energy
density at late times and cluster significantly on large scales like cold dark matter (CDM) and
baryons. Unlike CDM and baryons, however, HDM particles often have thermal velocities
comparable to, or even greater than, the velocities they acquire via infall into the gravitational
potential wells of dark matter structures. This last fact necessitates that we track the full six-
dimensional phase space of HDM particles, rather than merely their three-dimensional spatial
distribution as we do for CDM, in the computation of HDM signatures in the large-scale
structure distribution.

The gold standard for the investigation of large-scale structure in the non-linear regime is
the N-body simulation, wherein a cold matter (i.e., CDM+baryon) population is represented
by a set of particles moving under their mutual gravitational forces (see, e.g., [47] for a recent
review). These simulations are however computationally expensive — and become even
more so when HDM particles are added to the mix (e.g., [46, 48-55]).! A convenient way
to circumvent this issue that has emerged in the past decade is to adopt a split approach,
which broadly consists of employing a linear response theory to track the subdominant HDM
perturbations on a Particle-Mesh (PM) grid, while retaining the cold matter population, which
supplies the external potential to which the subdominant HDM population responds, on a full
particle representation [57, 58]. Such a split, linear response approach is generally unable to
capture to full non-linear evolution of the HDM component. However, for a HDM population
that does not cluster too strongly — for SM neutrinos this normally means neutrino masses
satisfying >~ m, < 1eV [59-61] — the approach should be sufficient to compute the cold matter

~

power spectrum to percent-level accuracy. Several linear response methods/implementations

! Alternatively, instead of representing HDM with particles, one could solve the full six-dimensional Vlasov
equation for the HDM phase space density [56].



with varying degrees of complexity and accuracy have been proposed for SM neutrinos [62-65],
including the SuperEasy [66] and multi-fluid Linear Response (MFLR) [67] methods developed
by some of us. For non-standard HDM candidates, however, the non-linear aspects of their
perturbation evolution remain to be investigated in detail, from both the perspectives of
their signatures and the methodology with which to compute them.

The purpose of the present work is therefore two-fold: (i) to generalise the SuperEasy
linear response method to any subdominant HDM, and (ii) to use the method to investigate
the particular signatures of non-standard HDM on non-linear scales. In short, the SuperEasy
method consists in finding asymptotic solutions to the linearised Vlasov-Poisson system of
equations for the density perturbations of a subdominant HDM in both the clustering limit
on large length scales and the free-streaming limit on small scales. For SM neutrinos, the
limiting solutions are analytical and algebraic in the wave number k, the matter density 2,
the individual neutrino masses m,,, and the scale factor a. A rational function can be used to
interpolate between the two limits [68, 69], resulting in a simple multiplicative, k-dependent
algebraic modification to the gravitational source term in the Poisson equation that is able to
capture the effect of SM neutrino masses on the evolution of the cold matter. The method is
easy to implement in any simulation code that uses a PM gravity solver, and incurs virtually
no runtime overhead relative to a standard cold matter-only simulation [66].

Generalising the SuperEasy method beyond SM neutrinos complicates the scheme some-
what. This is because once the HDM background phase space distribution deviates from a
relativistic Fermi-Dirac form, we are no longer assured of either the existence of analytical
limiting solutions or even if these limiting solutions are finite and well-defined. Specifically,
the key quantity in the free-streaming solution is the momentum-averaged free-streaming scale
krs o< v/1/(p?), which even for the seemingly innocuous relativistic Bose-Einstein distribution
turns out to be formally infinite. However, as explored in reference [66], asymptotic solutions
and hence interpolations can nonetheless be constructed at the momentum-by-momentum
level. This opens up a new way to apply the Super-Easy approach to modelling virtually
all conceivable subdominant HDM. Finally, we note that while we focus our attention on
non-linear evolution, we anticipate that our method can work also in the context of linear
Boltzmann codes like camb and class at low redshifts to speed up calculations.

The article proceeds as follows. Section 2 introduces the linearised non-relativistic Vlasov-
Poisson system that describes the linear response of a generic HDM species to an external
potential. We construct the SuperEasy linear response method in section 3 applicable to
any subdominant HDM. This method is then applied in section 4 to N-body simulations of
several mixed HDM cosmologies and contrasted section 5 with the outcomes of (i) other linear
response simulations and (ii) particle-based simulations. Section 6 contains our conclusions.

2 Linear response of a subdominant hot dark matter

The starting point of our linear response approach for a generic subdominant HDM is the
linearised Vlasov (also called collisionless Boltzmann) equation,
dof oéf p

- = —_ . - — 2 - . —>7:
1 = os +m Vzdf —a*mVz® - Vi f =0, (2.1)



which, in this form, describes the time evolution of the phase space density contrast df =
Sf(Z,7,s) = f(Z,p,s) — f(p) of a hot dark matter species of particle mass m in the presence
of a Newtonian gravitational potential ® = ®(Z, s) in an expanding background. Here, ¥ is
the comoving spatial coordinate, s = [a~2dt is the superconformal time, p the comoving
momentum, and a = a(s) the scale factor. The equation is linearised in that the last
term contains the z-independent Vjz f instead of the more general Vi f (which necessitates a
convolution product). We do not yet specify a particular form for the homogeneous background
phase space distribution f(p), but note that after decoupling f(p) is independent of time.

The gravitational potential ® is sourced by fluctuations in the total matter density

according to the Poisson equation,
" 3 "
V2B(Z,5) = SH(S) D(5) G (7. 9), (2.2)

where H = aH is the conformal Hubble expansion rate, Qy,(s) = pm(s)/pait(s) the time-
dependent reduced matter density, and we take the total matter density pn = peb + Phdm
to comprise a dominant cold component (subscript “cb” for cold dark matter and baryons)
and a subdominant hot component (subscript “hdm”). It follows that

Om = febOch + fudmOhdm (2.3)

defines the total matter density contrast, where the hot component’s density contrast can
be constructed from the solution to equation (2.1) via

Phdm (T, 8) — Phdm(s) _ [ d3pof(Z,p,s)
Phdm (8) J&Bpflp)
and fcb = peb/Pms fhdm = Phdm/Pm are time-independent weights.

Shdm (T 8) (2.4)

To implement linear response, we switch to Fourier space. Defining the Fourier transform
to be A(k) = F[AT)] = [° A(F) e *Td3r, equations (2.1) and (2.2) can be recast
respectively into [70]

%ﬂk'p&f—ima?%@-vﬁf:o, (2.5)
and 3
k2 ok, s) = —5}12(3) Qun () 6 (K, ). (2.6)

Given that the gravitational potential is sourced predominantly by cold matter, we could
effectively treat (I’(E, s) as an external potential. This is a reasonable approximation because
current cosmological observations already constrain the HDM fraction fhqm, to the percent-
level; at large wave numbers the condition of HDM subdominance is even more easily
satisfied, as HDM free-streaming will generally lead to dpgm < dcp on these scales, such
that fhamOhdm < febOch even for larger values of fham < fen [68]. Then, equation (2.5)
admits a formal solution

5f(E, p, §) = 5f(E, 7, Si) exp(—ikﬂ;ﬁ(s — si)>
(2.7)

. s . .5
+imk-Vﬁf/ ds' a?(s") ®(k, s) exp(—Z p(s—s’)> ,
Ch m



where the subscript “i” denotes the initial state. As in [66], neglecting at late times (i.e.,
s > s;) the initial space density contrast 6 f(k,p,si) < df(k,p,s) yields

5f(k,p,s) = imk - Vi f/ ds’a ®(k, s)exp<—ikn;bﬁ(s—s')> . (2.8)

This is the linear response solution at the level of the individual HDM momentum p. It is
possible to further integrate this expression in p’ to yield a linear response solution for the
total HDM density contrast 5hdm(E, s) itself — this has been done many times in, e.g., [66, 68],
for SM neutrinos. For the purpose of this work, however, we shall defer the p-integration
to a later stage in our calculation.

3 Generalised SuperEasy linear response

The strategy of the generalised SuperEasy linear response method is to manipulate the
linear response solution (2.8) into a simple algebraic form. To do so, we first average the
expression (2.8) over = k- p, i.e., <5f>M(E,p, s)=(1/2) f_ll dpdf(k, P, s), to obtain?

(6f), (Fp,s) = mkaf/ ds'a®(s)B(E, s )W [kp(s_sl)} (3.1)

m

with W(q) = sin(q)/q*> — cos(q)/q. For a late-time ACDM universe, equation (3.1) can also
be written in the form

3 of kpspm(aA )3/25 w(k, 5)
20lnp k a(s) (k,s)

/a(S)/aAd yg(E,s/( ) / a(s)/an /
X
ai/ap Y \ 1+y kFS,p \l ap !Jap /3 1+y’3)

where g(k,s) = D(k, s)/a(s) is the reduced linear growth factor normalised to g = 1 in the

(81),, (k.p,5) =—
(3.2)

matter-domination era if the matter is entirely cold, krg, is the p-dependent free-streaming
scale defined as®

3mal(s m
kpsp(s) = 3 p() $)Q (s \/7 Ho a(s) Qo (3.3)

and ap corresponds to the epoch of matter-A equality.
Expressing equation (3.1) (and hence (3.2)) in the form

OPuE.p5) = ~5 510 F (b0, 9o (E.5), (3.4
reference [66] showed that the function F(k,p, s) has the asymptotic behaviours
k’2
Fk/kpspy —0) =1,  F(k/kps,p — 00) — 3 Zip (3.5)

2We note that this averaging procedure is not equivalent to averaging @(E, s) over the direction k.
3The definition of kps, here differs from that in reference [66] by a factor v/3, but is consistent with the
definition in reference [67].
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Figure 1. Left: Exact solution of equation (3.1) at a = 1,0.5,0.1 (grey, blue, brown), expressed
in terms of the function F(k,p,s) defined in equation (3.4). Here we have assumed an external
potential of the form ®(s) = g(s)®P(si), where g(s) is the standard ACDM growth factor for a reference
cosmology with wy, = 0.1424 and h = 0.6766, and we have neglected HDM feedback on & (see also
footnote 4). Right: The interpolation function (3.6) normalised to the exact solution at the same set
of scale factors.

In the region between k/kps, — 0 and k/kpsp, — 00, no simple analytical solution exists for
F(k,p,s). Reference [66] used for simplicity an algebraic interpolation function

3 kl%&p
(ki + \/g kFS,p) ’

to connect the two limits. Figure 1 shows this interpolation function juxtaposed with the

F(k,p,s) = (3.6)

exact solution assuming a k-independent external potential given by ®(s) = g(s)®(s;), where
g(s(a)) = (5/2)(H(a)/a) Qnp [y da’/(a’H(a’))? is the ACDM linear growth factor.! We note
however any other monotonically decreasing function in k/kpg, that reproduces the correct
asymptotic behaviours will work to varying degrees of accuracy.

Using equation (3.4) we can construct a linear response solution for the total HDM
density contrast by a simple momentum integration,

San(E.9) = 5 [ s G1)(Fepes) = ?;[/jdppsggm,p,@] (o). (37)

where C = [ dp p? f(p). With a suitable choice of interpolation function F(k, p, s), equa-
tion (3.7) suffices in principle as a generalised SuperEasy linear response solution of 5hdm(E, s).
In practice, however, we find it convenient to further manipulate the expression by way
of integration by parts, to obtain

Suin(E.5) = & | [ 4P F(0) 60,1, )| G ), (33
with | oF
g(k,p, 3) = ]:(k,p, ) + gm (3.9)

10f course, in a realistic situation ® is not external and receives feedback from the HDM density fluctuations
themselves. A consistent linear growth factor therefore must depend on k. This k-dependence can be expected
to impact on the rate of change of g(k, s) at order Qndm/Qm around the free-streaming scale kps p.



In comparison with (3.7), the new linear response solution (3.8) has the advantage that
the quantity dp p?f /C has a clear physical interpretation: it is the fractional HDM number
density in the momentum bin (p,p + dp). In fact, this last step allows us to formally connect
the standard, Eulerian formulation of cosmological perturbations (represented by the Vlasov
equation) to the semi-Lagrangian multi-fluid linear response (MFLR) approach of [67], where
the relation (3.9) provides the transformation between the solutions of the two approaches.
See appendix A for more details on this correspondence.

Observe also that, given the limiting solutions of F(k, p, s) in equation (3.5), the function G
must always have the asymptotic behaviours

k‘2
Glk/krsp —0) = 1, G(k/kps,y — 00) — ZSQ»P, (3.10)

independently of exactly how we interpolate the two limits of F(k,p, s). Thus, at a practical

level, we could equally interpolate G itself between these limits, without reference to F (as
would be the case had we adopted the MFLR approach from the start). Indeed, figure 2
shows that the interpolation function

k2
g(k,p, 8) - 5 5 5 (3.11)
k% + Bkkrs p + ki

where 5 = 1, in conjunction with equation (3.8) reproduces the exact HDM density contrast
Ohdm for a m = 0.31eV SM neutrino to better than 10% accuracy over all wave numbers k of
interest in the scale factor range 0.1 < a < 1. At wave numbers below which free-streaming
effects kick in, i.e., & < 0.007 h/Mpc, the agreement is better than 3%, outperforming the F
interpolation construction (3.6) and (3.7). Similar comparisons can also be seen for a bosonic
HDM of the same mass and temperature (figure 3). We shall therefore use the scheme (3.8)
and its associated interpolation function (3.11) in the rest of the paper to construct dnqm.

3.1 Comparison with the original SuperEasy linear response for SM neutrinos

Before proceeding further with the generalised SuperEasy linear response approach (3.8), let
us also contrast the approach with the original SuperEasy linear response model [66, 68, 69]
for SM massive neutrinos. Relative to the generalised SuperEasy approach presented in
this work, the original SuperEasy linear response interpolates approximate solutions of the
momentum-integrated, total neutrino density contrast (51,(E, s), in the clustering and the
free-streaming limits. That is, momentum-integration takes places before interpolation. From
equations (3.8) and (3.10), we find the momentum-integrated limiting solutions

ks = 0,9) = & [ dpi? 7o) =

o
(3.12)

3y 1 2 7 s p(s)  Kkig(s)

Sk ks = 00,9) = & [ dop? Fip) 5 = T

where, for a relativistic Fermi-Dirac distribution f, the integrated free-streaming scale kps
has an exact analytical solution

&) = n2 m, QL/2(s ln2 m,,
krs(s) = ”C(?)) Tl,(s)H 1/ Hy/a(s)Qmo, (3.13)
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Figure 2. Left: Exact solution of dham (solid) from equation (3.1) and the SuperEasy interpolation
(dashed), where the HDM is taken to be a m = 0.31eV SM neutrino. The exact solutions assume an
external potential ®(s) = g(s)®(s;), where g(s) is the ACDM growth factor for a reference cosmology
with wy, = 0.1424 and h = 0.6766, and we have neglected HDM feedback on ®. The wave number &
is normalised to the p-dependent free-streaming scale krs ,, evaluated at p = 1/3/2 (¢(3)/1n2) T}, 0,
where T}, o = 1.95 K is the present-day SM neutrino temperature. Right: dupm constructed from
equation (3.7) using the F interpolation function (3.6) (solid) and from equation (3.8) using the G
interpolation function (3.11) (dashed), normalised to the exact solution at the same scale factors. For
completeness we also show the original integrated SuperEasy solution [66] (dotted). Other choices of
m yield quantitatively similar results, but with the features shifted to the left (i.e., to lower k values)
for m < 0.31eV and to the right for m > 0.31eV.
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Figure 3. Same as figure 2, but for a boson of mass m = 0.31 following a relativistic Bose-Einstein
distribution of present-day temperature 7, 9 = 1.95 K.

with Riemann zeta function ((3) ~ 1.202, and 7, is the neutrino temperature. A simple
function kg/(k + krs)? interpolates between the two limits.

The right panel of figure 2 shows this interpolation function next to the generalised
SuperEasy models of this work. Clearly, while the original SuperEasy approach is also able
to reproduce the exact dpgm to better than 10% at k& < 0.007 h/Mpc and better than 20%
across all wave numbers for 0.1 < a < 1, overall the generalised SuperEasy interpolation
function (3.11) is superior. The price we pay, of course, is an additional momentum-integration
that must be performed numerically. We stress however that the applicability of the original
SuperEasy approach is limited: it works only in those cases where the integrated free-



streaming scale kpg can be defined and/or has an analytical solution. For f(p) equal to the
relativistic Bose-Einstein distribution, for example, kpg as defined by the second integral
in equation (3.12) is formally infinite. For arbitrary forms of f(p), numerical methods are
always necessary to evaluate kpg.

3.2 Generalised SuperEasy linear response to the cold matter density

Returning now to the generalised SuperEasy approach, we note that equation (3.8) represents
the linear response of 5hdm(E, s) to the total matter density contrast 5m(/2, s). The next step
is to recast it as a linear response to the cold matter density contrast 5cb(]27 s), since it is
normally 5Cb(E, s) that is readily calculable (using, e.g., N-body simulations or higher-order
perturbation theory). To do so, we discretise the integral (3.8) and rewrite it as a sum over
N momentum bins in the following manner:

(e%e] _ N o _
/ dpp?f(p)g(k,p,S)%Z[/ dpp* f(p) wi(p)| Gi(k, s), (3.14)
0 — Lo

where w;(p) is the weight of the i-th momentum-bin, and G;(k, s) = G(k, p;, s) is the interpola-
tion function of that bin whose free-streaming scale ks ; is to be evaluated at a representative
momentum p;. The weight function w;(p) is user-defined and can be as simple as a top hat
wi(p) = O(P — Pmin,i)©(Pmax,i — p), with ©(x) the Heaviside function.

Discretising as per equation (3.14) is akin to having N different types of HDM, each
defined by its representative free-streaming scale kg, and has a density contrast dy,. Then,
defining the i-th HDM fraction as

(o]
o= 20 [ 412 ) ), (3.15)
which satisfies the normalisation condition fiqmohdm = Z?Ll fn,;0n,;, the density contrast of
the i-th HDM is now formally given by

N
On: (K, 8) = Gi(k, $)0m(F, 5) = Gi(k, 5) [fcbacbu%, )+ 3 finy0n, (F, s)] (3.16)

j=1
in the linear response solution.
Next, we isolate the i-th density contrast oy, in equation (3.16) by writing Z;-V:l Jh;0n; =
Jn;On, + Z;\;l fn;0n,;. Rearranging (3.16) in favour of &y, then yields

N
on, (k,s) = Li(k, s) [fcb6cb(k,s) + > fu,6n, (K, s)] , (3.17)
J#i
where Li(k,s) = Gi(k, s)/[1 — Gi(k, s) fu,]. Following [66], we define 8 = (8, ,0hy,s -+ 0hy ) s
I_; = (Ll,LQ, cee ,LN)T, and

0 Lifn, Lifog - Lifuy
Lofn, 0 Lofu, ... Lafuy
M=|Lsfu, Lafu, 0 ... Lafuy |. (3.18)

Lnfuy LNfuy LN fug - 0



Then, equation (3.17) can be equivalently expressed in matrix notation
- o . N -1 -
Su(k,s) = [In = M (k, )] Lk, ) fenden (E, ), (3.19)

where N is the N x N identity matrix, and the total HDM density contrast dpgm can be
constructed from the normalisation condition fhgmOhdm = Zij\il fn,;0n, to give

Fuamdnam(F,5) = T [Iy = I(k,9)] " E(k, ) fenden(F, 5), (3.20)

with fi, = (foys fhgy - ,th)T. Equation (3.20) is thus the generalised SuperEasy linear
response of the total HDM density contrast 5hdm(k s) to a dominant cold matter density
contrast (5Cb(k s) at the same wave vector k and time s.

3.3 Generalised SuperEasy gravitational potential

Substituting the linear response solution (3.20) for dnqp, into the Poisson equation (2.2), we
can immediately write down the k-space Poisson equation in the linear response regime,

K20(k, 5) ~ _g# Qe (s) {1 + ful [Ty — NIk, 5)] Lk, 5)} Sen(kys),  (3.21)

which features 5Cb(E, s) as the only real-time variable, and is correct to all order in f,,. Note
that it is the background cold matter density Q,(s) that appears in the prefactor, as would
be the case in, e.g., an N-body simulation code.

Formally, equation (3.21) is a closed-form expression that can be immediately evaluated
upon specifying a value for 6Cb(E, s) (e.g., from an N-body simulation). In practice, however,
its evaluation involves a matrix inversion that needs in principle to be performed at every
time step and at every wave number k of interest. This can be resource-intensive, particularly
if the number of momentum bins N is large. Fortunately, however, all non-zero entries in
the matrix M are at most O(fn,;) and as a subdominant HDM component, fham < 1 is
guaranteed. We can therefore expand around the small parameters f,, to obtain

[fN — M(k, s)] ~ I + N (k, s) + N (k, )M (k, s) + O(f2), (3.22)

and thereby circumvent the need for a matrix inversion operation at every k and s.

Then, to arrive at a simplified gravitational potential we need simply to substitute the
approximation (3.22) into the Poisson equation (3.21). The details of the calculation can be
found in appendix B. Here, we present the leading-order result in fi,;:

N
kZ(I)(Ev S) = _gH2 Qm(s) {1 + Z fhi [gz(ka 5) - 1} + O(fli)} 5cb(Ev 5) (3 23)

=1

3 B -
_57'[2 ch(s) g(k’ S) 6Cb(k7 8)'
Equation (3.23) is the centrepiece of the generalised SuperEasy linear response approach,

where Q, = Qcp/feb, and we observe that the modification factor {---} = fo, g(k,s) —
corresponding to the SuperEasy prediction of dy,/dc, — modulates from unity as k — 0 to
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Figure 4. Total matter density contrast 6$5F at 0 < z < 9 computed using the generalised
SuperEasy method (equation (3.23)) from a given d.p,, compared to the prediction of class 65125 =
Jeb05G2%% + fram0ries® for the same dq, = 052°5. The HDM is taken to be three degenerate SM
neutrinos with > m, = 0.465eV. The class run has been performed at high accuracy and without
fluid approximations, while the generalised SuperEasy computation uses N = 15 Gauss-Laguerre
momentum bins. The wave number k is normalised to the integrated free-streaming scale kps(a)
defined in equation (3.13).

1— Z?;l fo, =1 — fham as k — oo as required. As already discussed in section 3.1, relative to
the original SuperEasy linear response, the generalised SuperEasy approach incurs an extra
summation over the HDM momentum. However, with a judicious choice of weights w;(p) and
hence HDM fractions fy,, the number of momentum bins required to capture the modification
factor to sub-0.2% accuracy can be kept to no more than 10 to 20, as can be seen in figure 4
where we compare fcp g(k, s) with the prediction of d,,/dcp, from class at 0.1 < a < 1, using
15 momentum bins in the Gauss-Laguerre quadrature scheme (see section 4.2 for details).
The errors also generally decrease with time (note that kpg(a) o< v/a).

Finally, while we have presented the generalised SuperEasy linear response in these
sections as though there was only one HDM species (albeit with a non-trivial phase space
distribution), extending the method to include multiple HDM species of different masses,
temperatures, and/or statistics in a “mixed HDM” setting is straightforward. At the most
basic level one could simply add any extra species to the sum in the generalised SuperEasy
gravitational potential (3.23) with the appropriate weight fi,,. We note however that it is
also possible to exploit overlapping kinematic properties of the different HDM species to
combine them into one single effective HDM species for a more efficient numerical evaluation;
see section 4 and the companion paper [71] for details.

4 Application to subdominant mixed HDM in N-body simulations
We demonstrate in this section how to use the generalised SuperEasy method in N-body
simulations. Since the method is entirely agnostic of the HDM phase space distribution, we

apply it to simulate several subdominant mixed HDM cosmologies. In particular, we consider
cases wherein the HDM component always comprises three normally-ordered SM neutrinos

— 11 —



Model Content > m,,/eV mhdm/e\/ Thdm,O/K thm,O ANg
El SM neutrinos+axions 0.059 0.048 1.88 0.0025  0.19
E2 SM neutrinos 0.161 0.054 1.95 0.0038 /
E3 SM neutrinos+BE 0.059 0.074 1.88 0.0045  0.48
E4 SM neutrinos 0.315 0.105 1.95 0.0074 /

Table 1. The four subdominant mixed HDM models considered in this work and their respective energy
content. All four models contain three normally-ordered SM neutrinos with total mass »_ m,,. Model
E1 contains in addition a QCD axion of mass m, = 0.23eV and temperature T, o = 1.86 K following
the calculation of [29], while E3 has a generic thermal boson of the same mass and temperature. These
models predict a radiation excess at early times specified by a non-zero ANgg. The neutrino-only
models E2 and E4 have been chosen by matching their the small-scale linear matter power spectra to
those of E1 and E3, such that og = 0.75 for E1/E2 and o5 = 0.79 for E3/E4. Within the effective
HDM description (see section 4.1), these models are specified by the effective HDM mass mndm,
effective HDM temperature Thqam, and the present-day reduced total HDM energy density {2ndm,o-

and may include in addition a thermally-produced QCD axion as computed in reference [29]°
or a generic thermal boson. The specifics of the HDM sectors of these cosmologies are given
in table 1, to be discussed in more detail below in section 4.1. As usual we hold all non-HDM
parameters and particularly the total matter density €2, fixed across cosmologies, i.e., an
increase in Quqm is compensated for by a decrease in €)¢p, to ensure all models have matching
power spectra on large scales. Specifically, we used the Planck 2018 values [9]

QY =0.311, QY =0.049, A,=21x10"7 n,=0.966, h=0.6766, (4.1

for the baryon density ()}, the primordial fluctuation amplitude As and spectral index ng,
and the reduced Hubble parameter h.

In the following we describe first in section 4.1 how we combine the mixed HDM into a
single effective HDM, before detailing our simulations and results in sections 4.2-5.2.

4.1 Effective HDM

Conventionally, tracking multiple HDM species with different particle masses requires that
we solve multiple Vlasov equations, each with a specific particle mass and homogeneous
background phase space distribution. In the non-relativistic Newtonian framework, the total
HDM energy density at any time is then given by

phdm(x S 27m o3 Z aga/ d3pf(13) T, ﬁ,S)
- (4.2)

271'@ ZmagaTao/ d3(]a q 1‘ (Tous)v

where T, o is the present-day temperature of the a-th HDM species, g, its internal degrees
of freedom, and we have defined an a-dependent dimensionless momentum ¢, = p/Ta0

5In order to generate a thermal relic abundance of QCD axions substantial enough to be observed as a hot
dark matter, the axion mass needs to exceed meV values. In such cases, the QCD axion cannot simultaneously
explain the cold dark matter content of the universe.
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in the second line, a quantity commonly used in linear Boltzmann codes like camb and
class. The superscripts (p) and (g) have been inserted to highlight that f(gp ) and féq) have
different functional forms.

However, as discussed in the companion paper [71], because free-streaming is a kinematic
effect dependent only on the HDM particle velocity rather than its momentum, it is convenient
to express the HDM phase space densities in terms of the Lagrangian velocity ¢ = p/m, in
lieu of the comoving momentum p, i.e., (p) (Z,p,s) — fév) (Z,7,s). Then, with {Z, 7, s} as
independent variables, all dependencies on the particle mass m,, in the Vlasov equation (2.1)
must immediately drop out, and multiple (non-relativistic) HDM phase space distributions
can be equivalently combined via

. 1 00 5 Nq . ()~ = 1 /oo 3 L
= E o fLY = — F®) 4.
phdm(xa S) (27‘('0,)3 /O d’v ~ Ma 9 fa (.’L’,U, S) (27’['0,)3 0 d’v (iL’,’U, 3)7 ( 3)

where the grand distribution F®) (%, 7, s) can be tracked using a single Vlasov equation.’
In practical applications, however, rather than integrating in v it is useful to retain an a-
independent dimensionless momentum ¢ = (Mhdm/Thdm,0) v = (Ma/Ta,0) v as the integration
variable (because this is how linear Boltzmann codes are written), normalised to an effective
HDM temperature Tham,o and an effective HDM mass mpdm, such that equation (4.3) can

also be written as

. Mhdm T Bqmo [ Noo /g \4 . Ma Thamo -
Pham (7, 5) = 730/ d’q Z < - ) 9o £ 7,2l s
(27‘(‘(1) 0 a=1 \hdm Mhdm Ta,O (4 4)
_ mhmehdmO / Bq F9 (7, 5)
— (2ma)? e

The choices of Thqm,0 and mpqm are arbitrary. We find it convenient to use an effective HDM

mass defined via the homogeneous background phase space distributions ﬁ&q),

Phdm Yaeima ga Tao Jo° dga 42 £2(q0)
Mhdm = = - ; (4.5)

Nhdm Egil Yo To%,o Jo~ dga 42 frgcq) (4a)

and a mass-weighted average effective HDM temperature

N,
1 «
Mhdm Thdm,0 = N > Mo Tayp. (4.6)
* a=1
We refer to reference [71] for further details on the effective HDM treatment.
Applied to our mixed HDM cosmologies listed in table 1, we first of all remind the reader

that our models always contain three SM neutrinos with normally-ordered masses constrained

5These statements remain generally true also in the fully relativistic case, with the important feature that
the correct velocity variable is still the Lagrangian velocity v = p/ma and not the physical particle speed

p/\/P? + a?m? [71].
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by neutrino oscillation experiments. These neutrinos always have the same temperature
T, ~ 1.95 K. Details of the individual model and their motivation are as follows.

e E1. This model contains normally-ordered SM neutrino held at their minimum allowed
masses, m3 2,1 = 50,9,0 meV,” plus a QCD axion of mass m, = 0.23 eV (corresponding to
an axion decay constant f, = 2.5x 107 GeV). The production of these axions in the early
universe has been computed in reference [29] using the momentum-dependent collisional
Boltzmann equation and incorporating model-independent thermal production rates
derived from phenomenological data.

Because the universe’s entropy g.«s varies greatly across the axion production epoch and
high-momentum axions decouple later than low-momentum ones, the authors of [29]
find significant deviations in the homogeneous axion phase space distribution from
a pure Bose-Einstein distribution (see figure 5). They further find an upper limit of
ma S 0.24€V [29] from cosmological data; our choice of m, = 0.23 €V sits just within
the allowed range. Then, together with an axion temperature of 7,0 = 1.86 K, we
determine the scenario’s effective HDM temperature and effective HDM mass to be

Tham,o = 1.88 K and mpam = 48 meV respectively.®

e E2. This model comprises only normally-ordered SM neutrinos totalling Y m, =
0.161 eV, where the masses have been tuned (while respecting oscillation constraints)
such that at z = 0 the model’s linear total matter power spectrum on small scales
matches that of E1. The effective HDM mass of this scenario is myugqm = 54 meV.

Enforcing the same small-scale suppression across different HDM cosmologies generally
leads to a mismatch in the present-day total HDM density Q2hdm,0, which indicates,
unsurprisingly, that the parameter Qgm0 alone does not fully capture the impact of
HDM even at the linear level. Additionally, matching the linear suppression as we have
done here has the benefit of isolating the effects of non-linear evolution.

e E3. Given the axion distribution’s departure from pure Bose-Einstein statistics — as
shown in figure 5, the slope in the low-p regime is in fact closer to the relativistic
Fermi-Dirac form — we consider also the case of a generic thermal boson (referred to as
“boson” in the following) of the same mass and temperature as in E1 (mpg = 0.23 €V,
TgE,o = 1.86 K), whose homogeneous phase space density follows the relativistic Bose-
Einstein distribution. The model has in addition three normally-ordered SM neutrinos
with the minimum mass sum > m, = 59 meV, giving an effective HDM mass and
temperature of mygm, = 74 meV and Tham,o = 1.88 K.

Note that this model is in fact already disfavoured by cosmological data [29]: the boson
population leads to an excess of relativistic energy at CMB times, or, equivalently,
ANy = 0.48 in terms of change in the effective number of neutrinos. However, because

"These mass values follow from the squared mass splittings obtained from three-flavour global fits of recent
neutrino oscillation data: Am3; = m3 —mi ~ (7.57022) x 107° eV? and Am3; = mi — m? ~ (2.57902) x
1073 eV? [72-74].

8We thank the authors of reference [29] for providing us with their numerical evaluations of the f, = 2.5 x
107 GeV axion momentum distribution.
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Figure 5. The effective homogeneous phase space distributions F(q) of the four HDM models
(solid lines) summarised in table 1. For reference we also show alongside a relativistic Fermi-Dirac
(dotted) and a relativistic Bose-Einstein (dashed) distribution. As explained in the text, while the
low-momentum tail of E3 (green; neutrinos+BE) is consistent with a pure Bose-Einstein distribution,
the E1 model (blue; neutrinos+axion [29]) is distorted in the same regime and in fact more closely
resembles the Fermi-Dirac form. On the other hand, the two neutrino-only models E2 and E4 (red
and yellow) have distributions highly consistent with the Fermi-Dirac form (because of their relatively
large > m, values, such that the neutrino mass spectra approach the degenerate limit).

the Bose-Einstein distribution has a stronger contribution from the small-velocity tail
(see figure 5), the model will have stronger non-linearities in the HDM sector. This
makes for an interesting validity test of linear response methods.

e E4. The counterpart of E3, this model comprises three normally-ordered SM neutrinos
of mass sum > m, = 0.315eV tuned to match the small-scale linear total matter power
spectrum of E3 at z = 0. The effective HDM mass of the model is mypgm = 0.105€V.

Figure 5 shows the combined homogeneous background phase space distributions of these
four HDM models.

4.2 Generalised SuperEasy linear response simulations

As with the original SuperEasy approach [66], the generalised SuperEasy linear response
method of this work can be easily incorporated into any cosmological N-body simulation
code that employs a PM gravity solver, by replacing on the Fourier grid the standard k-space
Poisson equation with equation (3.23) and identifying o (k, s) with the k-space cold matter
density contrast smoothed onto the PM-grid points. We have carried out this implementation
in the TreePM code gadget-4 [75].°

Our HDM momentum bin weights w; (see equations (3.14) and (3.15)) are set following
the Gauss-Laguerre quadrature scheme, in which the homogeneous background number

?Our modified version of gadget-4 is publicly available at github.com/cppccosmo/gadget-4-cppe.
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Figure 6. Partitioning of the effective HDM of the four models in table 1 into N; = 15 momentum
bins in the Gauss-Laguerre scheme. The binning applies both to the generalised SuperEasy simulations
of section 4.2 and to the flows of the MFLR/Hybrid simulations discussed in sections 5.1 and 5.2.
We plot the HDM fraction fn, = €;/Qhdm in each bin/flow in terms of the present-day bin velocity
v = p/Mhdm = ¢ (Thdm/Mndm) instead of the bin’s dimensionless momentum ¢, because the conversion
of MFLR flows to particles in the Hybrid approach is based on velocity and applies to flows with
v < 600 km/s as established in [61]. This conversion criterion is indicated by the vertical dotted line.

density integral is approximated as
0 _ n _
/0 dgq® F(q) = > Wiq e® F(g), (4.7)
i=1

where n is the number of Gauss-Laguerre points, g; the i-th root of the n-th Laguerre
polynomial £,,(q), F the effective HDM distribution, and the weights are given by

di

W e L @ 4
In general, the number of Gauss-Laguerre points n and the number of momentum bins
used INV; need not coincide, as long as n > N;. However, we find that N; = n = 15 suffices
to approximate the background number density integral to sub-0.01% for models E2 and
E4; for models E1 and E3, the corresponding errors are within 0.6% and 0.3%, respectively.
We therefore use these settings throughout this work. In this binning scheme the HDM
fraction fy,, in the Poisson equation (3.23) is given by

Wi q? e% F(q;)
Y Wiqk et Fg;)

Figure 6 shows the momentum bins of the four HDM models of table 1, expressed in terms

Jo; = fhdm (4.9)

of the present-day bin velocity v; = p;/Mnhdm = ¢ (Thdm/Mhdm) — for this reason the bins
do not appear to coincide across cosmologies.

We perform simulations using N, = 5123 particles to represent the cold matter, in a box
of size length L = 256 Mpc/h and a PM grid of Npy; = 10242 cells. The cold particles are
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Figure 7. Total matter power spectrum at z = 0 of the subdominant mixed HDM models of
table 1, normalised to a reference ACDM cosmology with the same cosmological parameters (4.1)
and Qpam,0 = 0. Thick lines depict results from the generalised SuperEasy linear response N-body
simulations of this work, while thin lines represent the linear theory predictions from class.

initialised at z = 99 using the Zel’dovich approximation and the same back-scaling method
as in [66], where the z = 0 linear matter spectrum is computed using class. The softening
length is set in units of the mean particle separation, namely,

L
Esoft - Csoft 172 (4 10)
N1/3

PM
with Cyor = 0.04, leading to lsf, = 10 kpe/h for L = 256 Mpc/h. The cold matter power
spectrum Py (k) is a standard output of gadget-4; To construct the total matter power
spectrum Py, (k) within the generalised SuperEasy approach, we simply multiply P, (k) by the
modification factor g(k, s) introduced in the generalised SuperEasy Poisson equation (3.23)
(see also equation (5.1)), i.e.,

Pu(k,s) = f3 3°(k,s) Pay(k, ), (4.11)

where g(k, s) and P.p(k, s) are, as usual, evaluated at the same wave number k£ and time s.

Figure 7 displays the z = 0 matter power spectra of our four models normalised to a
ACDM reference specified by the same base cosmological parameters (4.1) but with Qyam,0 = 0.
The thick and thin lines represent, respectively, results from the generalised SuperEasy N-
body simulations of this work and linear predictions from class. We remind the reader
that the models E2 and E4 have been designed such that their z = 0 linear total matter
power spectra match those of E1 and E3, respectively, on both the large and small scales (the
intermediate linear scales cannot be matched because of the different effective free-streaming
scales induced by the different effective HDM velocity distributions). Evidently, once this
linear matching is in place, non-linear dynamics at k 2 0.2 h/Mpc also appears to evolve the
total matter power spectra of two different cosmologies to largely the same form at z = 0. This
apparent lack of intrinsic non-linear signature immediately suggests that emulators and fitting
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functions originally designed/calibrated for generating non-linear matter power spectrum
corrections for SM neutrino cosmologies can be straightforwardly repurposed for non-standard
subdominant HDM cosmologies simply by demanding linear matching on non-linear scales. In
the same vein, this result also suggests that back-scaling a z = 0 linear matter power spectrum
using CDM-only growth functions and forwarding it in a CDM-only N-body simulation may
suffice to capture the non-linearities in Py (k) at z = 0.

We stop short, however, of claiming that non-standard HDM cosmologies are indistin-
guishable from SM neutrino cosmologies on non-linear scales. Figure 8 shows the total matter
spectrum ratios at z = 0,1, 3 between models E1 and E2, and between models E3 and E4,
computed using both linear perturbation theory (dashed) and generalised SuperEasy linear
response simulations (solid). To begin with, we note that there is no simultaneous small-scale
linear matching across all redshifts: linear evolution of the total matter density alone, which
scales like 0, (k) o a!=(3/5)fadm in the HDM free-streaming limit during matter domination,'?
must lead to different power spectra for different HDM fractions fhqm. In fact, once matched
at z = 0, the small-scale mismatches engendered between models E1 and E2 and between
models E3 and E4 at higher redshifts can be as large as the mismatches on the intermediate
scales. Furthermore, non-linear evolution enhances the mismatch at k > 0.2 h/Mpc. In fact,
the same argument can also be made against using back-scaling/CDM-only simulations to
mimic subdominant HDM cosmologies (which amounts to setting fham = 0) alluded to at
the end of the previous paragraph. Such simulations can only be correct at the matching
redshift and not at any other time, which makes them a less-than-perfect substitute for
subdominant HDM cosmologies across the board.

Thus, we conlcude that non-standard subdominant HDM cosmologies appear to be in
principle distinguishable from SM neutrino cosmologies if we are able to measure Py, (k) at
multiple redshifts. How well they can be distinguished, however, will depend ultimately on
the sensitivity of an observation to small differences.

5 Comparison with other HDM simulation methods

References [66] and [61] have previously demonstrated the efficacy of (integrated) SuperEasy
linear response, relative to other linear response methods as well as to particle HDM simula-
tions, in standard massive neutrino cosmologies. To verify that the generalised SuperEasy
approach is similarly valid for subdominant mixed HDM cosmologies — especially in cases
where the HDM may be significantly colder than SM neutrinos — we perform in this section
additional simulations of the same four cosmologies of table 1, using other linear response
methods in the literature (section 5.1), as well as a particle-based method that goes beyond
linearisation (section 5.2).

5.1 Other linear response simulations

We consider two linear response approaches, the original SuperEasy linear response [66] and
the multi-fluid linear response (MFLR) [67]. These differ from the generalised SuperEasy
method of this work only in the modification factor g(k, s) applied to the Poisson equation,

9This solution comes from solving d2dy, /ds® — (3/2)(1 — fudm)a*H?6m = 0 assuming matter domination.
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Figure 8. Time evolution of the total matter power spectrum ratios between the models E1 and E2
(top panel) and between the models E3 and E4 (bottom panel). Solid lines show the linear theory
output of class, while dashed lines represent our results from the linear response N-body simulations.

k20(k, s) = —(3/2)H2(s)Qep ()G (k, 5)0an (K, 5), to accommodate the presence of HDM:

N;
1+ Z I, 1Gi(k, s) — 1] fc_bl, Generalised SuperEasy, any HDM,

2
g(k,s) = [k + I;Fs(sg] , Original SuperEasy [66], Fermi-Dirac only,
[k+kFS( )] — kg (5) fudm
zf 0 k S) . .
1+ Multi-fluid [67], any HDM,
ZZI cb 5Cb(k 5) [ ] Y

(5.1)
where the various quantities are defined below. Our modified version of gadget-4 incorporates
all of the above three options.!! We note that there exist also other linear response methods
in the literature not considered in this work, such as the method presented in reference [57],
which is equivalent to the MFLR approach of reference [67] when the latter is run with

sufficient momentum resolution.

Original SuperEasy. We have already discussed the original SuperEasy method in sec-
tion 3.1, where the integrated free-streaming scale kpg(s) is given in equation (3.13), and
fhdm is simply the total HDM fraction. Strictly speaking, the expression (3.13) applies only
to an effective HDM whose homogeneous background phase space density is described by
a relativistic Fermi-Dirac distribution. This condition is certainly not borne out by mod-
els E1 and E3 (which contain QCD axions and thermal bosons, respectively), but can be
reasonably satisfied by the neutrino-only models E2 and E4 according to figure 5, despite
their non-degenerate particle mass spectra.

A runtime option can be specified in the param.txt file to choose between the three linear repsonse
methods: NLR=1,2,3 for original SuperEasy, MFLR, and generalised SuperEasy, respectively.
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We therefore apply the original SuperEasy linear response only to models E2 and E4,
using the integrated free-streaming scale of equation (3.13) with m, = mpdm and T, 0 = Thdm
given in table 1. The simulations are then conducted in the same way as in reference [66]
but with an initialisation redshift of z = 99.

Multi-fluid linear response (MFLR). The MFLR approach [67], itself based upon the
perturbation theory developed in [76, 77], partitions an HDM fluid into N; flows, each labelled
by the flow’s initial comoving momentum magnitude 7; and weighted by its reduced energy
density Q;(s). Each flow is further decomposed into Legendre multipole moments at multipoles
¢=0,---N, — 1, according to the alignment of the flow momentum to the wave vector,
0= k-#;. The fluid density and velocity perturbations {0; ¢, 6; ¢} are then tracked by N; x N,
sets of continuity and Euler equations. Only the density monopole of each flow, d; ¢, contributes
to the total HDM energy density perturbation, i.e., dham = (1/Qhdm) ZZN:il € 6 p—0. Since it
involves no interpolation, MFLR might be considered “exact” in comparison with SuperEasy
methods. In practice, however, to minimise computational cost some approximation must be
invoked in the method’s actual implementation in an N-body code (see below).

As in reference [67] we have interfaced our MFLR module with gadget-4.'2 After an
initialisation phase between z = 999 and z = 99, in which the MFLR module is run for purely
linear perturbations in order to find the attractor solutions for the fluid perturbations, N-body
evolution is switched on for the cold matter at z = 99. From this point onwards, at each time
step the MFLR module takes as an input from gadget-4 a directionally-averaged k-space
gravitational potential ®(k, s) = (®(k, 5));, and returns as output the HDM-to-cold matter
density perturbation ratio, QpdmOhdm/2eh0chb. In other words, the MFLR module tracks only
the directionally-averaged HDM perturbations and discards some phase information in the pro-
cess. Nonetheless, the MFLR has the advantage that it otherwise solves the HDM equations
of motion as they are without other approximations, and hence avoids the 10% error in the Su-
perEasy interpolation function around the free-streaming scale at any one time and any subse-
quent error accumulation. The ratio goes in turn into the factor g(k, s) of equation (5.1), which
modifies the k-space Poisson equation on the gadget-4 PM grid, assuming the directionally-
averaged HDM perturbation to be locally in phase with the cold matter perturbations at k.

The implementation [67] partitioned the HDM fluids into 50 equal-number density bins.
Here, as in the companion paper [71], we improve upon the binning scheme by adopting
the method of Gauss-Laguerre quadrature. Because of the correspondence between Eulerian
and the semi-Lagrangian MFLR (see appendix A), the same Gauss-Laguerre momentum
binning strategy discussed in section 4.2 and displayed in figure 6 applies to the MFLR
flow discretisation, and we again adopt N; = 15. Reference [67] showed that the truncation
error in the Legendre expansion scales as N, 2 which motivates us to choose N, = 10 for
percent-level accuracy in the angular expansion.

Figure 9 compares the ratio of the each MFLR flow’s monopole density perturbations
to the total matter perturbation, i.e., d; ¢—o/dm, with the corresponding prediction of the
generalised SuperEasy approach, namely, 6;/0,, = G;, where G;(k,s) = G(k,p;, s) is the
interpolation function (3.11) evaluated at the momentum of bin . We show results for models

2A stand-alone version of our MFLR code is publicly available at github.com/upadhye/MuFLR-HDM.
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Figure 9. Comparison from N-body simulations of the generalised SuperEasy approach and the
MFLR approach in their predictions of the ratio d;/d,,, where ¢; is the HDM density contrast in the
momentum bin 4, and §y, is the total matter density contrast. In the generalised SuperEasy method,
this ratio is simply given by the interpolation function (3.11), i.e., G;(k) = G(k,p;), evaluated the
bin momentum p;. Left: The MFLR-to-SuperEasy prediction of §;/dy, at z = 0 for model E1. Right:
Same as left but for model E3.

E1l and E3 at z = 0, both of which have non-standard HDM contents. Clearly, the agreement
between the generalised SuperEasy approach and the MFLR method is very good especially
for the faster flows, where sub-10% concordance is seen across the entire simulated k-range,
consistent with the estimates of section 3. In both models the slowest flow shows the largest
discrepancy: a maximum of around 30% centred, interestingly, on the flow’s free-streaming
scale kg ;. Notwithstanding the approximations employed in the MFLR computation (such
that its results are strictly not “exact” within the linear response class of methods), this
discrepancy trend strongly suggests that the interpolation function (3.11) itself may be in
need of further refinement, a subject we leave for future work.

In terms of predictions of the cold matter power spectrum, the top row of figure 10
shows P, (k) at z = 0 of models E1-E4 computed with the generalised SuperEasy method, in
comparison with the predictions of MFLR and, in the case of models E2 and E4, the predictions
of the original SuperEasy linear response as well (left panel). On the bottom row we show the
same ratios but for the total matter power spectrum Py, (k). Evidently, for both observables,
variations between methods are typically within ~ 0.1% across the whole simulation k-range,
with the smaller HDM masses (or, equivalently, smaller HDM energy fractions fydm) exhibiting
better agreement at k < 1h/Mpc. We have also checked that the variations do not change
substantially across different redshifts. Notably, the comparison between the generalised
SuperEasy method and the more “exact” MFLR approach for P.p(k) in models E1 and E3 at
z = 1 (right panel) suggests that there may be some degree of error accumulation because of
the 10% inaccuracy in the SuperEasy interpolation function around the (time-dependent)
free-streaming scale. However, at < 0.1% this error accumulation is negligible. Considering
the excellent concordance — and in spite of the different approximations inherent in them —
we can conclude that, within the linear response class of subdominant HDM simulations, the
generalised SuperEasy method of this work is an extremely simple and efficient way to model
a non-standard or effective HDM population that also comes with essentially no runtime
penalties compared to a standard ACDM simulation.
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Figure 10. Top: Comparison of the generalised SuperEasy linear response simulation of the z = 0
cold matter power spectrum P$SE (k) to its MFLR counterpart PM¥ (k) and, where applicable, the
original SuperEasy linear response (shaded lines). On the left panel we show power spectrum ratios
for models E2 and E4, which contain only three SM neutrinos and whose effective distribution can be
approximated as a relativistic Fermi-Dirac distribution (see figure 6) such that the original SuperEasy
method [66] applies, while on the right panel we display ratios for models E1 and E3 containing an
admixture of axions/bosons and SM neutrinos. The original SuperEasy method does not apply to
models E1 and E3 (right panel); instead, we show in addition the generalised SuperEasy/MFLR
comparison for P.p(k) at z = 1 to highlight how small errors accumulate with time. In all four
cosmologies, we find ~ 0.1% agreement between all three linear response methods across the whole
simulation k-range. Bottom: Same as the top row, but for the total matter power spectrum P, (k),
constructed from P, (k) via the relation 6y, (k) = fen, (k) den (k).

5.2 Hybrid multi-fluid+particle simulations

Having tested generalised SuperEasy linear response against other linear response methods,
we now turn to the next question: is linear response, which explicitly linearises the HDM
equation of motion, adequate for the modelling of HDM in the non-linear regime? This
question has been addressed in the context of degenerate SM neutrinos in references [60, 61].
As a rule of thumb, linear response methods can predict the total HDM density contrast
at k < 0.5h/Mpc to < 5% accuracy, if the particles’ Lagrangian velocities v do not exceed
~ 600 km/s. If, however, we are only interested in the clustering statistics of the cold matter
and the total matter, then linear response can be accurate to < 0.5% across the whole k-range
of interest for neutrino mass sums not exceeding > m, =~ 0.5€V.

We expect these conditions to largely hold for the subdominant mixed HDM scenarios
considered in this work. Nonetheless, because models E1 and E3 contain bosonic HDM
components that are (i) colder and (ii) skewed towards the low-p tail (see figures 5 and 6), one
would generically expect these cosmologies to develop more non-linearities in the HDM sector
than SM neutrinos. To study how these non-linearities develop and what kind of impact
they have on the cold matter and total matter spectra, we adapt the Hybrid MFLR+particle
N-body approach of reference [61] to simulate the mixed HDM models of this work.

The Hybrid approach extends MFLR. by systematically converting HDM flows in the
low-velocity tail to a particle representation, while retaining the high-velocity flows on the
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linear response description [61]. A converted flow ¢ with an energy density of €; is represented
by ngfrrtn N-body particles placed on real-space grid sites . Each particle has a mass

M (Z) determined by

 3HZLRQ,

~ 8TGNbdm

M(Z) = (M) [L+6(Z, z)], (M) (5.2)

at the conversion redshift z., where (M) is the average N-body particle mass, and 0;(Z, z.) is
the real-space density fluctuation at the grid site.!® In turn, the real-space density fluctuation
0i(Z, z.) at the grid sites are constructed from

85i(T, z¢) = F V[Bip—o(k, zc)e 7)) (5.3)

in the monopole (¢ = 0) approximation,'* where .# denotes the Fourier transform operator,
di0=0(k, z¢) is the £ = 0 MFLR solutions at the conversion redshift z., and the phase,

@(E, Zc)

einp(/;,zc) _
(|@(k, 20)[?)

) (5.4)

is formed from the gravitational potential <I>(IZ, zc) due to all particles — cold ones and any
previously converted hot ones — already in the simulation at the time of conversion. In
addition, each HDM N-body particle receives a velocity kick ; (%, 75, z.) at conversion given by

Do N 1 N ip(k,z)
uz(:r,TZ,zc)—a(zc>mhdm (TZ 1 F leHl’gzo(k,zc)e , (5.5)

with 7; = |7;|7; determined from the flow speed |7;|/muam and a random direction 7; sampled
from 47 solid angle. We implement this HDM particle initialisation procedure in our version
of gadget-4 using ngenic, the built-in initial condition generator module. Note that because
the procedure computes the phases of the existing potentials on the Fourier grid, it is necessary
that CDM particles be present in the snapshot prior to placing HDM particles.
Following the v < 600 km/s guideline [60, 61], we convert the i = 1,2 flows for models
E1-E3 and the i = 1,2, 3 flows for model E4 (see also figure 6). Each converted flow is

represented by Ngg;gl =

5123 N-body particles. To avoid transients [61], the first conversion
is performed directly after the initialisation of the cold particles, i.e, at z = 99, while the last
conversion occurs at z. = 89. Figure 11 shows the 3D-to-2D projections of the cold matter
and converted HDM (flows ¢ = 1,2, 3) density contrast fields of model E4 at z = 0 from a
Hybrid simulation. The difference in clustering between the different flows is immediately
evident, with the structure of the ¢ = 1 strongly resembling the clustering of the CDM, i = 3

being much more diffuse, and ¢ = 2 somewhere in-between.

13Using different particle masses to represent the initial HDM fluctuations bypasses the need to displace
particles from grid sites at initialisation, in contrast to what is commonly done to (equal-mass) cold particles.
MRemoving the ¢ > 0 multipoles simplifies the picture purely for computational reasons. As discussed
in [61], this simplification can lead to substantial unphysical transients around the HDM free-streaming scale
if the simulation is initialised very late. To limit this issue we initialise the HDM particles as early as possible.
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Figure 11. 3D-to-2D projection of the density contrast field § at redshift z = 0 from a Hybrid
simulation of model E4, obtained from a 20 Mpc/h-thick slice of the simulation box integrated along

the thickness. We show the density contrast in the cold particles (CDM) and in the HDM particles
from the converted flows i = 1,2, 3.
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Figure 12. Total HDM power spectrum estimated from the Hybrid approach PILY (k) relative to its
MFLR counterpart PME (k). The ratio shows the non-linear enhancement arising from conversion of a
subset of flows to a particle representation. Left: Non-linear enhancement seen in the four cosmological
models E1-E4 of table 1. Right: Non-linear enhancement in a model consisting of three degenerate
SM neutrinos with Y m, = 0.465€V considered in reference [61]. The equal-number density binning
scheme used [61] (2022, dashed line) visibly underestimates the enhancement on scales k = 0.5 h/Mpc
relative to the Gauss-Laguerre scheme (solid line) advocated in this work.
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The left panel of figure 12 shows the total HDM power spectra of models E1-E4 from
the Hybrid simulations, defined as

2

N;
P (k) = | fiim/ Pt (k) + D fuibie=o| (5.6)

where Pghfdrget(k) is the power spectrum of all HDM particles (i.e., the converted flows) in
the simulation box, which have total a density fraction f&ﬁl = ;*:_11 fn,, and ¢* is the first

unconverted flow. This expression carries the assumption that the unconverted flows are
in phase with the sum of the converted flows, which should be a reasonable approximation.
As in [61], we compare these Hybrid HDM power spectra with their counterparts obtained
from MFLR simulations, given by

2
N;

Prim(k) = > fu0ie=o| - (5.7)
i=1

Evidently, all four models see significant non-linear enhancement in the total HDM power at
k > 10~'h/Mpc. At k ~ 1 h/Mpc, the minimum enhancement across the four mixed HDM
cosmologies is a factor of ~ 3. In particular, model E3, which contains a thermal boson,
shows the largest increase in power — a factor of ~ 13 — because of the dominant low-p
tail of the effective HDM distribution (see figure 6).

Before moving on, let us also comment on the Gauss-Laguerre binning scheme of this
work versus the equal-number density bins used in reference [61]. The right panel of figure 12
shows the total HDM power spectrum ratio Pﬁfn / Pﬁ\gi for an HDM model consisting of three
degenerate SM neutrinos of total mass > m, = 0.465eV computed in reference [61] using the
equal-number density binning scheme, versus a new hybrid simulation using Gauss-Laguerre
quadrature. Firstly, because the slowest particle speed in the Gauss-Laguerre scheme is a
factor of ~ 7.5 smaller than in the equal-number scheme, the former is more able at capturing
the non-linearites in the low-p tail of the neutrino distribution, resulting in ~ 40% more total
HDM power at k ~ 1h/Mpc (and bringing the prediction more in line with the estimates
of, e.g., [46]). Secondly, the Gauss-Laguerre scheme requires only three (out of 15) MFLR
flows to be converted to a particle representation, in contrast to six (out of 20) flows in the
equal-number scheme — which turns out to underestimate the power anyway. The companion
paper [71] discusses this issue in more detail, but suffice it to say here that the Gauss-Laguerre
binning scheme is clearly the more efficient of the two.

Lastly, we consider the impact of HDM non-linearities on the total matter spectrum,
computed from a Hybrid simulation as

i*—1 2

N;
P (k) = (fcb +) fhi> v/ Peadget () + > fn,0i0=0| (5.8)
=1 =

where Pyadget (k) is the power spectrum of all particles, both cold and hot. Figure 13 shows
the total matter power spectra constructed in this manner for the four models E1-E4 under
consideration, normalised to their corresponding MFLR estimates. Evidently, because of the

,25,



1.0050

= E1, MF === El, GSE — 2 MF === E2 GSE
1.002f
=F
& M““‘W
~>~1.000 .
=E
A
0.998}
0.9950 ; 1.01 f
1.01f m— F3, MF === E3 GSE E4, MF === E4 GSE y

s
'vO‘
=P -~ J"A\AVW‘WWWWGI' i

] —
AW
1077 107 T 107 10!
k [h/Mpc] k [h/Mpc]

Figure 13. Hybrid to linear response total matter power spectrum ratio for our four HDM models at
z = 0. We consider MFLR (coloured solid) and generalised SuperEasy linear response (GSE; black
dashed lines), both of which show a sub-percent level accuracy relative to the Hybrid runs. The
Hybrid and the linear response power spectra have been estimated from the relations (5.8) and (4.11),
respectively, using in the latter case the §(k, s) functions (5.1) and P, (k) extracted from gadget-4.
We highlight in grey the +0.25% region around unity.

subdominant nature of HDM, the difference between the two estimates of Py (k) is small
across the four models: in the case of models E3 and E4, the maximum discrepancy at
kE < O(1) h/Mpc is of order 0.25%; for E1 and E2, the discrepancy is sub-0.25%. Thus, while
the HDM non-linearities do have a strong impact on the HDM clustering itself, ultimately
these non-linearities translate only into a small effect in the total matter density perturbations.
We conclude on this basis that HDM linear response is a sufficient method for estimating the
total matter density perturbations in subdominant HDM cosmologies to sub-1% accuracy
— even for those colder HDM variants that are already disfavoured by current cosmological
data (e.g., E3 and E4).

6 Conclusions

We have investigated in this work analytical and numerical techniques to account for the
presence of subdominant hot dark matter in cosmological N-body simulations. Specifically,
we have generalised the titular SuperEasy linear response method, developed originally
for standard-model neutrinos [66], to arbitrary momentum distributions, including models
with non-degenerate neutrino masses as well as mixed HDM models containing additional
non-standard thermal relics such as thermally-produced QCD axions. The method employs
approximate analytic solutions of the HDM phase space perturbation in response to a CDM
density field in the clustering limit (k < kpgjp) and the free-streaming limit (k > krs,),
and interpolates between them using a simple rational function in k/kpg), that does not
require any fitting. Integration over momentum p, weighted by the effective HDM momentum
distribution, then completes the estimate of the HDM density fluctuation. Because the
free-streaming wave number kgs , is algebraic in the effective HDM mass, the total matter
density, and the scale factor of interest, the method can be immediately and very simply
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implemented into any Particle-Mesh simulation code as a modification to the Fourier-space
gravitational potential. This in turn tricks the cold particles into trajectories as if HDM
particles were present in the simulation box.

We have tested this generalised SuperEasy linear response approach against existing
linear response methods: the original SuperEasy method [66] which applies only to relics
following a relativistic Fermi-Dirac distribution, and the multi-fluid linear response [67] which
partitions the HDM into multiple flows and evolves a set of fluid equations for each flow. We
find better than 0.1% agreement across all three methods in their predictions of the total
matter and cold matter power spectra for a range of subdominant mixed HDM cosmologies
specified in table 1 across the whole simulated k-range. This indicates that the generalised
SuperEasy linear response approach is at least as accurate as any other linear response
method, and is extremely fast and simple to implement to boot.

In addition, we have tested the validity of linear response methods themselves, by
performing Hybrid multi-fluid+particle simulations [61] of the same cosmologies, which give
the slowest fraction of the HDM population a particle realisation — to capture the full extent
of non-linearities — while retaining the rest on multi-fluid linear response. Following [61]
we convert to a particle representation the section of HDM population with present-day
velocities satisfying v < 600 km/s. But, improving upon [61], we use the Gauss-Laguerre
binning scheme to better sample the low-p tail of the HDM distributions (instead of the
equal-number density binning scheme of [61], which turns out to underestimate the total
HDM power by ~ 40%). We find that non-linear HDM clustering enhances the total HDM
power spectrum at k ~ 1 h/Mpc by factors between ~ 3 — 13 relative to the linear response
prediction. However, owing to the small HDM energy density relative to the total matter
density, this non-linear enhancement ultimately does not translate to more than a ~ 0.25%
increase in the total matter power spectrum. We can therefore conclude linear response
methods suffice to model subdominant HDM cosmologies to sub-1% accuracy, even for
those non-standard, colder relics like QCD axions that are already disfavoured by current
cosmological data.

Finally, we have examined the non-linear signatures of non-standard subdominant HDM
cosmologies. Comparing a mixed neutrino+axion model to a pure neutrino model tuned
to match the z = 0 total linear matter power spectrum on the very large and very small
scales, we find that non-linear evolution preserves the matching at z = 0. The same trend
is also seen for the mixed neutrino+boson model. This indicates that there is no intrinsically
different non-linear signature between HDM cosmologies. However, matching cannot be
simultaneously achieved across all redshifts, because matching small-scale suppression of
two subdominant HDM cosmologies generally leads to a mismatch in the HDM fractions.
This in turn leads to different redshift evolution between different HDM cosmologies even
in linear perturbation theory, and non-linear evolution serves to augment the difference. We
therefore conclude that observations of the large-scale structure distribution at multiple
redshifts will be necessary to distinguish a standard neutrino HDM cosmology from a
non-standard one.
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A Connection to multi-fluid linear response

The semi-Lagrangian, multi-fluid formulation [76, 77] partitions a hot dark matter population
into multiple flows, where the a-th flow is labelled by its initial comoving momentum 7,, also
called the Lagrangian momentum. A set of fluid equations is used to describe the density
perturbation 8, (k, 7, s) and momentum divergence 6L (k, 7, s) of the a-th flow. In the
non-relativistic, sub-horizon limit, the fluid equations take the form [67]

—d(f“ SRS RS
S m m

Al
dor kuty (A1)

. P
PR . 0F + a®>m k*®
where p1 = k-7,. Decomposing X (1) = 322 (—i)! Py(1) Xy, where Py is a Legendre polynomial
of degree ¢, it was previously shown in reference [61] that 0, has a formal solution

Sue(Rys) = —(20 4+ 1) &2 / CAs () (s — ) B(F. ) e [brals — ) /m] . (A2)

with spherical Bessel function jy(q).

We are interested in the monopole ¢ = 0, as only the monopole contributes to the
gravitational potential ®. Specifically, k2® = —(3/2)H2(5)[Qecb (5)dcr, + Zg;l Qa(5)da,e=0),
where €2, is the reduced energy density in the a-th flow. Writing out the spherical Bessel
function jo(q) = sin(q)/q explicitly, we find the total HDM density in this picture to be

ol (s) =~ sin(ga)
FrdmOnam (K, s) Z / ds’ (s =) ®(k,s) ; (A.3)

(s) da

where g, = k7o(s — §')/m, and the ratio Q4(s)/Qm(s) is time-independent in the non-
relativistic limit.

Consider now the equivalent expression in the Eulerian formulation, i.e., equation (3.7),
rewritten here in terms of the full solution to (§f), (equation (3.1), slightly recast):

FodmOndm (K, 8) = fhgf”/oo dpp® (5f)u(k,p, s)
0 (A.4)

k2 m =
:thTd [~y f/ ds'a®(s')(s — $)O(K, &' )W(q),
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with W(q) = 3W(q)/q = 3sin(q)/¢* — 3cos(q)/¢* C = [5° dpp® f(p), and q = kp(s — &') /m.
Integrating the second line by parts, we find

1 ow

Fumbian(Fo) = 12792 [Zappf [ asta () = )00, ) W) + g 500 | (A5)
It is straightforward to verify that
W(q) + % aal)l/lv .= qu((J) = Jo(a)- (A.6)
Then, identifying 7, < p, and
%T: Qa(s) ¢ Qnam(s / ot (A.7)
a1 Joo dpp? f’

we see that multi-fluid formulation (A.3) and the standard Eulerian formulation (A.4) yield the
same result in the limit of large N,. The mapping (A.6) between W(q) and jo(q) is the origin
of the relation (3.9) between the linear response functions F and G of the two formulations.

B Derivation of the SuperEasy gravitational potential

We begin with the Poisson equation (3.21), and define a modification factor g(k, s) via
B0(F,5) = — S H () 3k, 5) B (F ), (B.1)

where .
glk,s) = 14+ fi7 [Ty + M (k,5)] Lk, ), (B.2)

and we remind the reader that it is Qcp(s), not €, that appears in the prefactor. In
the limit & — 0, we require § — 1/f,, while § — 1 as k& — oo. It is therefore more
convenient to work with

- A N -1 5 N
fonglh,) = {14 R [Ix + M1(k,9)] " L) (1 = fhi> , (B.3)
i=1

in order to recover the limiting behaviours exactly.
To obtain fu, §(k,s) to O(fZ), we expand [In — M(k,s)]"" as per equation (3.22)
to O(fhi)a

Jev 3k, 5) = {1+ [T [T + NI (k, 5) + O(f2)] Lk }(1—th>

N
:{1+th (K, s) [1+th )}Jr@(f}i)} (1—thk> (B.4)
k=1

JF#i

N N N N
~1+ thi [Li =1 = >3 fofu,Li+ > > fuLifu, L + O(f2),

i=1 i=1j=1 i=1 j#i
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where we have used the definition (3.18) of the matrix M. Rewriting L;(k, s) = Gi(k,s)/[1 —
Gi(k, s) fn,] in terms of the interpolation function G;(k, s), we find to O(f{)

N N
foo gk, s) =1+ fu,[Gi— 1] + > fu, fu,Gi[G — 1] + O(£), (B.5)

i=1 ij=1

and subsequently the Poisson equation

N N
k2@ (k,s) ~ _gqﬂ QCb(S)flb LY (G =1+ Y fuifn,GilG; — 1] ¢ den(k. ). (B.6)
¢ =1

i,j=1

This is the centrepiece of the generalised SuperEasy approach. The modification factor
depends only on the magnitude k = |E! As k — 0,G — 1, and we recover fop,g={--} — L
Similarly, as k — oo, G — 0, from which we find fo, g ={---} = 1 — fuam = feb. The choice
of N and the momentum-binning scheme are defined by the user, guided by convergence
tests. Equation (3.23) shows the leading-order result.
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