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Abstract

Within Bayesian nonparametrics, dependent Dirichlet process mixture models provide a flexible approach for conducting
inference about the conditional density function. However, several formulations of this class make either restrictive modelling
assumptions or involve intricate algorithms for posterior inference. We propose a flexible and computationally convenient
approach for density regression based on a single-weights dependent Dirichlet process mixture of normal distributions model
for univariate continuous responses. We assume an additive structure for the mean of each mixture component and incorporate
the effects of continuous covariates through smooth functions. The key components of our modelling approach are penalised
B-splines and their bivariate tensor product extension. Our method also seamlessly accommodates categorical covariates,
linear effects of continuous covariates, varying coefficient terms, and random effects, which is why we refer our model as a
Dirichlet process mixture of normal structured additive regression models. A notable feature of our method is the simplicity of
posterior simulation using Gibbs sampling, as closed-form full conditional distributions for all model parameters are available.
Results from a simulation study demonstrate that our approach successfully recovers the true conditional densities and other
regression functionals in challenging scenarios. Applications to three real datasets further underpin the broad applicability of
our method. An R package, DDPstar, implementing the proposed method is provided.

Keywords Bayesian nonparametrics - Bivariate smoothing - Conditional density - Gibbs sampling - Penalised B-splines

1 Introduction

In this article we are concerned about developing a flexible
model for density regression that allows investigating how the
distribution of a univariate continuous, real-valued, response
variable y changes as a function of covariates x € X C R”.

The literature on Bayesian flexible models for mean
regression is vast and include, among others, (penalised)
splines (Gustafson 2000; Lang and Brezger 2004), Gaussian
processes (Williams and Rasmussen 2006, Chapter 2), neural

BXI Maria Xosé Rodriguez-Alvarez
mxrodriguez@uvigo.gal

Departamento de Estatistica e Investigacion Operativa,
Universidade de Vigo, 36310 Vigo, Spain

2 CITMAga, Galician Centre for Mathematical Research and
Technology, 15782 Santiago de Compostela, Spain

School of Mathematics, University of Edinburgh, Edinburgh,
Scotland, UK

Scientific Computing Center, Karlsruhe Institute of
Technology, Karlsruhe, Germany

Published online: 09 February 2025

networks (Bishop 2006, Chapter 5), and additive regression
trees (Chipman et al. 2010). These methods, although hav-
ing the potential to approximate a wide range of regression
functions, only allow for flexibility in the conditional mean
of y, assuming that the scale and higher order moments are
not affected by x. Extensions to Bayesian location-scale
regression models where both the mean and variance are
covariate-dependent and flexibly modelled have been con-
sidered as well (e.g., Rodriguez and Martinez 2014; Pratola
et al. 2020). When the goal is to extend beyond simply mod-
elling specific functionals of the response distribution, such
as the mean, variance, or even a quantile, through covariates,
Bayesian distributional regression models (Klein et al. 2015)
arise as a natural option. This class of models is able to pro-
vide a complete probabilistic characterisation of the response
distribution by making a parametric assumption on the con-
ditional density and by potentially relating each parameter of
such a density to an additive predictor. However, choosing an
appropriate parametric form for the conditional density may
not be a trivial task in many applications. Furthermore, the
underlying assumption that the same parametric distribution
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family applies over the whole covariate space may be overly
restrictive.

Within the Bayesian nonparametric literature, several
methods relying on generalisations of mixture models for
marginal density estimation have been proposed that pro-
vide flexible inference for conditional densities. This class
of models does not require a specific parametric assump-
tion about the conditional response distribution; it ‘only’
necessitates the specification of a family of distributions
for the mixture components. A key advantage is that these
methods can easily handle intricate distributional features,
such as multimodality, skewness, and/or extreme variability,
without the need to know of their existence in advance. Com-
pared to regression models that focus on specific functionals,
Bayesian nonparametric density regression yields coherent
inference and allows to derive any quantity of interest, such
as the conditional mean, variance, or quantiles.

In the context of marginal density estimation, Dirichlet
process mixture models are a highly useful tool, as they com-
bine the advantages of mixture modelling with the theoretical
properties of nonparametric priors, such as full support and
posterior consistency (see, e.g., Ghosal and Van der Vaart
2017, Chapter 7). These models are of the form

p(y1G)=ply) = /k(y | )dG(8), G ~ DP(a, Go(8)),
)]

where k(- | 0) is the density for the mixture kernel family of
distributions with parameter # and the mixing distribution G
follows a Dirichlet process (DP) prior (Ferguson 1973) with
centring distribution E(G) = G(6) and precision parameter
a > 0. The stick-breaking representation of the DP (Sethu-
raman 1994), under which G can be written as an infinite
weighted sum of point masses

n, ifl =1,
M et (L = m), if1 > 1,

n; id Beta(l, ), 6; i Gy, )

G() =212 by, (), @ =

with the collections {w;};>1 and {0,;};>1 being independent
of each other, further allows to write the density in (1) as a
countable mixture of kernel densities

PO = wk(y | 8p).

=1

When covariate information is available, a model for the col-
lection of conditional densities {p(y | x) : x € X C RP}
can be obtained by allowing the mixing distribution G in (1)
to depend on x, i.e.,
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p(y | Gy) = p(y | x) = / k(y | 0)dGi(6).

One possibility for a prior on the collection of mixing
distributions {G, : x € X} is the dependent Dirich-
let process (DDP) proposed by MacEachern (1999, 2000),
which builds upon the stick-breaking representation of the
DP in (2) and which in its full generality makes both the
weights and the atoms dependent on covariates, that is,
Gx() = Y72, @1(x)86,(x) (). Here {n;(x)};=1, the inputs
of the weights w;(x) in Gy, and {0;(x)};>1, the atoms
of the mixture model, are collections of stochastic pro-
cesses defined on X and are independent of each other.
The key idea behind the DDP construction is that at each
x € X, Gy is marginally a DP. An in-depth review of
DDPs and related models is provided in Quintana et al.
(2022) and Wade and Inacio (2025). In brief, most proposals
in the literature fall into either: (i) models with covariate-
dependent weights and atoms that are either constant across
the values of x or that rely on a linear formulation (see,
among others, Griffin and Steel 2006; Dunson et al. 2007,
Dunson and Park 2008; Chung and Dunson 2009; Antoniano-
Villalobos et al. 2014; Rigon and Durante 2021, although
we note that some of these correspond to a variation of
MacEachern’s original DDP where, marginally, G, does not
necessarily correspond to a DP), and (ii)) models with
covariate-dependent atoms but common (single) weights
across the values of x, i.e., w;(x) = w; (see, for instance,
De Iorio et al. 2004; Gelfand et al. 2005; De la Cruz-Mesia
et al. 2007; Rodriguez and Ter Horst 2008; De Iorio et al.
2009; Jara et al. 2010; Gutiérrez and Quintana 2011; Fron-
czyk and Kottas 2014; Xu et al. 2016, 2019, 2022).

Formulations that rely on covariate-dependent weights are
very flexible but computations tend to be burdensome (see,
e.g., Rigon and Durante 2021, Quintana et al. 2022, and
Wade and Inacio 2025). An exception to the issue of cumber-
some computations is the logit stick-breaking prior proposed
by Rigon and Durante (2021), which is computationally
tractable and posterior inference is available under several
computational schemes. Additionally, the stick-breaking def-
inition poses challenges in terms of the different choices that
need to be made for functional shapes and hyperparameters
when defining the weights’ inputs 7;(x). These challenges
are amplified by the lack of interpretation of the quantities
involved (Antoniano-Villalobos et al. 2014, Wade and Inacio
2025).

In contrast, the single-weights DDP model is very pop-
ular, mainly due to the ‘ease’ of prior specification and
its computational simplicity, as posterior simulation can be
implemented using the same sampling algorithms available
for DP mixtures. However, although such class of models,
under its most general formulation, has desirable theoreti-
cal properties (Barrientos et al. 2012; Pati et al. 2013), it
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may have limited flexibility in terms of the regression rela-
tionships it can capture (see more in Sect.2). Nevertheless,
quoting MacEachern (2000, p. 16): “They (single-weights
DDPs) thus provide a general framework that covers a vast
territory”.

In this article, we develop a single-weights DDP mixture
of normal distributions model that overcomes the afore-
mentioned lack of flexibility while retaining computational
convenience. Specifically, we define the atoms of each nor-
mal component as 6;(x) = (u;(x), 012) and assume an
additive structure for w;(x), allowing the incorporation of
different types of covariates and effects. Examples of effect
types that can be accommodated include: (i) parametric
effects of categorical covariates and linear or parametric
effects of continuous covariates and their interactions, (ii)
smooth nonlinear effects of univariate continuous covariates,
(iii) bivariate smooth interactions, (iv) varying coefficient
terms, and (v) random effects. For the specification of uni-
variate and bivariate smooth functions, we use Bayesian
penalised B-splines (P-splines, Eilers and Marx 1996; Lang
and Brezger 2004). That is, smooth functions are repre-
sented by (the tensor-product of) B-spline basis functions,
with a random walk prior placed on the basis coefficients to
ensure smoothness. Additionally, for the other effect types,
appropriate matching prior distributions are chosen for the
respective vectors of regression coefficients. This predictor
formulation corresponds to the one employed in the so-called
structured additive regression models (STAR; Fahrmeir et al.
2022, Chapter 9). We therefore term our approach as DDP-
star.

While previous works have explored integrating smooth
effects into DP-based (or finite) mixture models using
splines, this article expands on that research in three key
ways. First, unlike prior contributions (e.g., Incio de Car-
valhoetal. 2013, 2017; In4cio and Rodri guez-Alvarez 2022),
we circumvent the critical and time-consuming task of select-
ing the optimal number (and location) of knots that define the
spline basis by employing Bayesian P-splines (see more in
Sect.2). Second, in contrast to Chib and Greenberg (2010)
and Wiesenfarth et al. (2014), who model covariate effects
through a smooth additive predictor (based on splines) and
the error distribution as a DP mixture—shifting the distri-
bution of y by the smooth predictor—we greatly enhance
flexibility, while still retaining interpretability, by addition-
ally mixing over the regression coefficients, thus allowing
for potentially different smooth covariate effects in the mean
of each mixture component. Third, our approach permits
complex and rich specifications for the components’ means,
accommodating multiple covariates and effect types. This
differs from previous research, such as that by Berrettini et al.
(2023), which is constrained to using a single continuous
covariate, thereby expanding the scope of possible mod-
els. Additionally, unlike previous approaches to STAR-based

distributional regression, our model does not require the spec-
ification of a parametric form for the conditional response
distribution, allowing the distribution to adapt flexibly across
the covariate space. All these advantages are achieved while
ensuring that all parameters of the DDPstar model have con-
jugate full conditional distributions, enabling straightforward
Gibbs sampling and eliminating the need for specialised
techniques or tuning of Metropolis—Hastings steps. Further-
more, our method is implemented in the publicly available
R package DDPstar, providing a user-friendly and ver-
satile approach. The package provides tools for assessing
model fit through posterior predictive checks and quantile
residuals (Dunn and Smyth 1996). Additionally, it includes
several information criteria—namely, the widely applicable
information criterion (WAIC; Gelman et al. 2014), the log
pseudomarginal likelihood (LPML; Geisser and Eddy 1979),
and the deviance information criterion (DIC; Celeux et al.
2006)—to facilitate model and variable selection.

The rest of the paper is structured as follows. Section 2
starts with the basics of the single-weights DDP mixture
of normals model before we detail our approach based on
a structured additive predictor for the mean of each nor-
mal component and how to conduct posterior inference. The
performance of our method is validated in Sect. 3 using simu-
lated data under a variety of challenging scenarios. In Sect. 4
we apply our approach to data from toxicology, disease diag-
nosis, and agricultural studies. We conclude in Sect.5 with
a discussion. Details on posterior inference and extra results
for both the simulation study and real data applications are
available as Supplementary Material.

2 Dirichlet process mixture of normal
structured additive regressions model

Our starting point is the single-weights DDP mixture of nor-
mal distributions model (De Iorio et al. 2009), which assumes
that the conditional density function takes the following form

p(ylx) = / ¢ | w,0%)dG (i, 0%), where

Gx() = D @18, (5,07 ). 3)

=1

with the weights {w;};>1 matching those from the standard
stick-breaking representation in (2). For simplicity, in what
follows we consider a single continuous covariate and model
its effect on the mean of each mixture component linearly

wx) =Bo+pix=x"p, ¥=0,0",
B, = B, B, 1=>1,

which leads to a Dirichlet process mixture of normal linear
(in the covariate’s effect) models
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p(y|x>=f¢<y|iTﬂ,oZ>dG<ﬂ,az>, G ~ DP(a, Go(B, o%))

o ..
=Y w12 80P (Brop) ™ Go. @)
=1

This model, by incorporating an infinite number of nor-
mal linear regression components, may seem very flexible.
However, by assuming that the mixture weights are con-
stant across x, the conditional density and its functionals are
greatly restricted. For instance, the mean regression struc-
ture is linear (see, e.g., Dunson et al. 2007, p. 165). That
is, this model is flexible in terms of non-Gaussian response,
but not in terms of regression relationships. As a concrete
example, Fig. 1, first row, shows the fit of model (4) to data
generated from a homoscedastic simple normal regression
with a nonlinear trend. As can be observed, both the regres-
sion function and several profiles of the conditional density
are poorly recovered. As noted in Wade and Inacio (2025,
p- 10), in single-weights DDPs, flexibility in the components-
specific mean functions is key to achieve flexible, nonlinear
mean regression structures. One possibility is to model the
effect of continuous covariates within each mixture compo-
nent through, for instance, B-spline basis functions (Fahrmeir
et al. 2022, Chapter 8). In Fig. 1, second row, we show the
results of fitting the model in (4) to the aforementioned sim-
ulated dataset but now considering a cubic B-spline basis
expansion with ten interior knots. The model is now able
to recover the true regression function and the profiles of
the conditional density. However, it is widely acknowledged
that the number (and location) of knots characterising the B-
spline basis functions can significantly influence inferences.
This is illustrated in the third and fourth rows of Fig. 1, which
display the results using a cubic B-spline basis expansion
with no interior knots and forty interior knots, respectively.
It is evident that employing no interior knots lacks the neces-
sary flexibility, whereas the use of 40 interior knots leads to
overfitting, especially in the case of the regression function,
and also to increased posterior uncertainty in the estimated
density profiles. This example underscores the critical impor-
tance of selecting the ‘optimal’ number of knots.

One possible approach is to use a model selection cri-
terion. This strategy, successfully applied by Indcio de
Carvalho et al. (2013, 2017) and Inacio and Rodriguez-
Alvarez (2022), is most effective when dealing with a single
continuous covariate. However, when faced with multiple
continuous covariates, it becomes, in principle, necessary to
fit the model in (4) for every conceivable combination of the
number of interior knots, a task that may prove impractical.
Another possibility would be to place a prior distribution
on the number of knots, e.g., extending the approach of
DiMatteo et al. (2001), but this would require reversible jump
Markov chain Monte Carlo techniques, which tend to be chal-
lenging to implement efficiently in practice.

@ Springer

In this work we favour the use of (Bayesian) penalised
B-splines to model the effect of continuous covariates. This
choice effectively circumvents the sensitivity of unpenalised
approaches to the number of knots (see last row of Fig. 1),
while preserving computational efficiency. The next sections
are devoted to a detailed presentation of our proposal which
is inspired by STAR models.

2.1 The DDPstar model

In its most general formulation, we write the mean of each
mixture component in (3) as follows

A
i (x) = Bio+ Y fia(a), (5)

a=1

where v, denotes subsets of the p covariates in x and
f1a(v,) defines a generic representation of different types of
functional effects depending on the covariate subset v,. As
already noted, examples of effect types that can be accom-
modated into our framework include (i) parametric effects
of categorical covariates and linear or parametric effects of
continuous covariates and their interactions, (ii) smooth non-
linear effects of continuous covariates, (iii) bivariate smooth
interactions or spatial effects, (iv) varying coefficient terms,
and (v) random effects (see, e.g, Fahrmeir et al. 2022, Chap-
ter 9). For example, for a linear effect of a continuous
covariate, we have fi,(v,) = fl““ear(v) = Bjv, where v is
a univariate continuous covariate within the vector x. In the
case of nonlinear effects, fi,(vy) = f™°°N(v), with fmeoth
being a smooth univariate function. Of particular interest here
are cases (ii) and (iii), which we thoroughly explain in the
next sections, whereas cases (iv) and (v) are detailed in Sup-
plementary Material A. For the sake of notational simplicity,
we omit the specific function index (a) in the subsequent
discussion.

2.1.1 Smooth nonlinear effects

We start with the case where v in (5) is constituted by a
single continuous covariate, say v. To model smooth nonlin-
ear effects, we consider the Bayesian analogue to P-splines
(Eilers and Marx 1996) as introduced by Lang and Brezger
(2004). In particular, the smooth function is approximated by
a linear combination of J (cubic) B-spline basis functions on
equidistant knots, i.e.,

J
flsmooth(v) — Zé:lij(v) = b(U)Tgp 6)
=1

where b(v) = (B (v), ..., By(v)) is the vector of B-spline
basis functions evaluated at v and &; = (&1, ..., & )7 is the
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Fig. 1 Data were simulated from p(y | x) = ¢(y | sin(27x3)? +
1,0.2%), where x ~ U(0, 0.8). Row 1: Linear DDP (LDDP). Row 2:
B-splines LDDP with 10 internal knots at quantiles. Row 3: B-splines
LDDP with no internal knots. Row 4: B-splines LDDP with 40 internal

vector of corresponding basis coefficients for the /th mix-
ture component. P-splines rely on using a moderate to large
number of basis functions, usually between 20 and 40, in
combination with a penalty that enforces a smooth func-
tion estimation. Within a frequentist context, Eilers and Marx

knots at quantiles. Row 5: proposed DDPstar model with 40 equidistant
internal knots. Sample size: 1000. In all cases, the infinite mixture was
truncated to a finite number of components, with L = 20 (details are
given in Sect.2.2)

(1996) proposed to penalise the squared ¢th order differences
of adjacent basis coefficients. In the Bayesian framework, the
gth order difference penalty is replaced by its stochastic ana-
logue, i.e., a ¢gth order random walk is used as a prior for
the basis coefficients (Lang and Brezger 2004). The second-
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order random walk —the most popular in the literature and
our choice here— is defined by

Ej =281 — & j—2+ej, e ~NO,), [>1,
J=3...,J. (7

Usually, & and &, are assigned noninformative priors, such
that, p(&1) o const and p(§») o const. The random
walk prior distribution variance, rlz, controls the amount
of smoothing, with small values corresponding to heavy
smoothness and large values allowing considerable variation
in the estimated smooth function. Note that we allow for a
different amount of smoothing for each mixture component.

The second-order random walk prior in (7) induces the
following joint Gaussian prior distribution for the vectors of
basis coefficients &

1 1
p@,|¥)a|Kufniwp<—557Kub§O
rank(P) ®)

1 : 1
0 (t_zz) exp <—5§1TK(1'12)§1> ,

where the precision matrix K(‘L’lz) = TLZP e R/*/ with
!

P=D'Dand D being a second-order difference matrix,
and |A|4 denotes the pseudo-determinant of the matrix A
(i.e., the product of the non-zero eigenvalues). Because the
penalty matrix P is rank deficient, rank(P) = J —2, the prior
in (8) is partially improper. This implies that there is a part
of ffmoorh that is not penalised by the prior precision matrix.

To better understand the unpenalised part of flsmo"‘h as
well as to make the mean function specification per com-
ponent in (5) identifiable, ffm"Oth is decomposed into two
parts: a penalised and an unpenalised part. There are differ-
ent ways to obtain such a decomposition; we follow Currie
et al. (2006) and use the eigendecomposition of the penalty
matrix P. Let P = UAUT be the eigendecomposition of P,
where U is the matrix of eigenvectors and A is the diagonal
matrix of eigenvalues (with eigenvalues arranged in order
of increasing magnitude down the diagonal). Further denote
by U+ (A4) and Up (Ag) the sub-matrices corresponding to
the non-zero and zero eigenvalues, respectively, such that
U = [Up,Uy] and A = blockdiag (Ag, A+). As noted
before, for second-order random walk priors there are two
zero eigenvalues (rank(P) = J — 2). As such, Agisa2 x 2
matrix of zeroes, while Ay is a full-rank, (J —2) x (J —2),
diagonal matrix. It is easy to show that (6) can then be repa-
rameterised as

7m0y = bw)Tg; =b) TUUTE, = x(0) T8, +2(0) Ty,

@ Springer

where

x()" =b@) "V, z()" =b) Uy,
Bi=Ug&. vy, =Ul§.

‘We note that ,BIT and le are vectors of length 2 and J — 2,
. T
respectively. Furthermore, &, = [Uo, U+] (ﬂl—r, le) , and
thus the joint prior distribution in (8) can be rewritten, in
. T
terms of the new vector of coefficients, (;31—r yl—r) , as
rank(lN’)

() [)(3)
1
X exp (—2—;2 <,31T )’IT) A (ﬂz—r )’IT)T> ,

In other words, the joint prior distribution in (9) implies
that B, correspond to the unpenalised coefficients (with
p(Bi) o constand p(fj2) o const), while y; is the vector of
penalised coefficients with proper Gaussian prior distribution
given by

©))

I=2
2 1y ° I T
Pyl ) x| —= exp| —z=vY Ay - (10)
T 27

Note that although based on the eigendecomposition we
have that x(v) T = b;(v) " Uy, this is equivalent to consider
x(v)" = (1, v) (see, e.g., Lee 2010). As such, in P-splines
with second-order random walk priors, the space of func-
tions that are not penalised corresponds to the polynomials
of degree 1. This implies that when rlz — 0, the estimated
function approaches a linear effect in that component. More-
over, this reparametrisation makes clear that the B-spline
basis expansion of flsmomh in (6) includes an intercept (con-
stant term). Given that there is already an intercept in the
model for the mean of each component (see Eq. (5)), when
constructing univariate smooth functions using P-splines, the
intercept is removed to avoid identifiability issues (i.e., we
consider x(v) " = v). Note that this approach also permits
the incorporation of univariate smooth effects for multiple
continuous covariates in (5), effectively circumventing iden-
tifiability issues.

2.1.2 Bivariate smooth surfaces

We now move onto the case where v in (5) is constituted
by two continuous covariates, say v; and vy, and we are
interested in modelling a smooth bivariate surface jointly
defined over v; and v,. In the case of a spatial effect, v;
and vy typically represent coordinate information about the
spatial location.
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When extending the principles of P-splines to the bivari-
ate case, one first approximates the smooth bivariate surface
using the tensor-product of two marginal B-splines bases,
1.e.,

J1 )
bivariat
fVEE (g, 1) = Z Z &1j, j» B1j, (v1) B2, (v2)
J1=1 ja=1

= (bl(vl)T ® bz(vz)T> &,

where b (v1) and bs(v) are the vectors containing the B-
spline basis functions evaluations, ® denotes the Kronecker
product, and f;'[ = (5111, ey %’11]2, ey Eljll, ey E[jljz)—r
is the vector of coefficients. Smoothness is achieved by
penalising (the sum of squares of) second-order coefficient
differences along vy and v, (for details, see, Eilers and Marx
2003), which translates into the following partially improper
Gaussian prior distribution

~ - ~ ~ 1/2
P& | 2. 73) o KGR, 73)1Y

1 (1D
x exp (—557 K(@h, f,%)&;) :

where

1 1
K(~1217 ) = 2 (Pl by 112) + = (Ijl ®P2),
11 2

with P; = D/ D; and P, = D, D>. We note that by using
two prior variances, flzl and ffz, the prior distribution in (11)
permits a different amount of smoothing for v; and v;.

As for the univariate case, the penalty matrix P =
(P1 ® 1 12) + (I 5 ® P2) is rank deficient, with rank(P) =
J1J2 — 4. We proceed similarly and decompose the tensor-
product P-spline smooth bivariate surface into a penalised
and an unpenalised part using the eigendecomposition of the
marginal penalties P; = UlTlUIr and P, = U2T2U;r LIt
can be shown that (for details, see Lee 2010)

flbivariate(v17 ) = (bl(Ul)T ® bz(v2)T> &

= (xl(vl)T ® Xz(vz)T> B

n (m )T ®x2(02) L x1 ()T @ ()7,

u(v)' ® Uz(vz)T) Vi

=x(vi, 1) "B, +u, )y,

where the symbol = is used to indicate that the design vectors
in the second and third rows have the same elements but in a

different order,

x(v) " = (1, v), w()" =bi) Uy,

(12)
)" =, 1), W) =byw) U,
and
x(v1,v2) " = (1, v1, v2, V1 V1),
u(v;,v) = (ul(vl)T, ww)',
(13)

T T
vouy(vy) ,viap(v2)

w @) @w)").

In this case, ﬂlT and y;'— are vectors of length 4 and
J1J2 — 4, respectively, with B; corresponding to the unpe-
nalised coefficients (with p(B;x) o const,k = 1,...,4),and
y, to the penalised coefficients, with proper Gaussian prior
distribution given by

22 - & 0 . I 1o o .
prs | 7.7 o RGR. 1 2o (-7 R 7w

(14)

where the precision matrix is

- 1
K(73,%5) = blockdiag(f—zTH,
1
! T ! T ! T
3 24, 7 14> 7 24,
2p) T )
1
jTH—@IJz—Z
T
1

+‘EL2111—2®T2+>~ (15)
2

A technical note is in order here. For notational conve-
nience and simplicity, in (12) we have considered x;(vy) | =
(1,vq), d = 1,2. However, to ensure that the precision
matrix associated with y; matches the one presented in (15),
certain adjustments are required. One possibility is to sub-
stitute vy with a centred version based on the covariate
observations. Another, more comprehensive method is dis-
cussed in Wood et al. (2013, p. 346), and this is the one we
have used in our implementation.

Note that u(vy, v2) " in (13), related to the penalised part
of the tensor-product P-spline smooth bivariate surface, is
composed by 5 building blocks (subvectors), and so le can
be seen as the concatenation of five subvectors of penalised
coefficients, ie., y/ = (y;; yl—g, yl—g, Y yl—g) In fact,
each block in the precision matrix (15) corresponds to one
of these coefficients subvectors. Moreover, the block struc-
ture of u(vy, v2) " also leads to an interesting ANOVA-type
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decomposition of the penalised part of the bivariate surface
in five different smooth terms

flbivariate(v17 v2) = P11 + Biavi + Bizva + Biaviva
+ M) + frr(v)
— —_

u () Ty

+ vahy(v1) + vihp(v2) (16)
——— ——

w(2) Ty

viu(v2) Ty
+  fiaz (i, v)
~——— ————

()T () T)ys

vour(v) Ty 3

In other words, there are two main pure smooth effects
along vy and vy, fi1(v1) and f12(v2), two varying-coefficient
terms, vphy1(vy) and vih;p(v2), and a pure nonlinear-by-
nonlinear interaction term, f(1,2)(v, v2). For further details
and insights we refer the reader to Lee et al. (2013) and
Rodn’guez-AlvaIez et al. (2018).

Examining the precision matrix (15) reveals that, despite
the five smooth terms, only two prior variances control their
smoothness, flzl and flzz, and the same prior variances apply
to both main effects and interaction terms. Moreover, the
last block in (15) depends on both prior variances. As dis-
cussed in Kneib et al. (2019) and Bach and Klein (2022), this
has important implications for posterior simulation. The full
conditional posterior distribution of flzl and flzz involves the
determinant |I?(ffl , flzz) |, and this precludes the use of Gibbs
sampling for posterior simulation. To circumvent this prob-
lem and enable posterior simulation through Gibbs sampling,
we extend here the so-called PS-ANOVA model proposed by
Lee et al. (2013) to the Bayesian setting (BPS-ANOVA). The
idea underlying BPS-ANOVA is to use a different prior vari-
ance for each smooth term in (16), i.e., each block in the
prior precision matrix for y;, see Eq. (15), will have its own
prior variance. That is, under the BPS-ANOVA approach, the
penalised part of the tensor-product P-spline smooth bivari-
ate surface is represented as the sum of five sets of mutually
independent coefficients y;;, (k = 1,...,5), each with a
proper Gaussian prior distribution and a different prior vari-
ance, say rﬁ( (k =1,...,5). To make things concrete, we
first need to introduce further notation. Let

21(v) =u(v1), z(v) =uw(v2), z3(v) = vouy(vy),
z4(v) = viup(v2), 25(v) = uy(v)) ® u2(v2)
(see Eqgs. (13) and (16)),

and

Ay = Az =14, Axp = Agq = Toy,
Asy =T+ @12+ 15,-2Q® Yot (see Eq. (15)).

Therefore, the tensor-product P-spline smooth bivariate sur-
face in Eq. (16) can be expressed, excluding the intercept,
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as

5

SPNEE (o) vg) = Bovy + Bi3va + Baviva + Dz (0) | vy
k=1

and, under the BPS-ANOVA model, the prior Gaussian distributions
foryu,k=1,...,5, are given by
rank (Ag )
1\ 1
2 T
P I Tjg) < | — exp | ——5 Yy Ak+Vik |-
Tk 2t
(17)

2.2 Prior specification and posterior inference

Using the elements introduced in Sect. 2.1, we can compactly
write the mean of each normal component as

R
wE = x'B + Y 7))y, . (18)
—~ . r=1
Parametric
Smooth/Random

Here x' B, contains all parametric effects, including, by
default, the intercept, parametric effects of categorical covari-
ates and linear or parametric effects of continuous covari-
ates and their interactions, as well as, the unpenalised
terms associated with the P-splines formulation, whereas
Zf;] zr(v,)Tyl, contains the P-splines’ penalised terms
and the random effects (for details on random effects, see
Supplementary Material A). Our model for the conditional
density can therefore be written as

R
P10 = [ 001X+ Y 80Ty

r=I1

dG(B,yy, ..., ¥, 07, with (19)

=1

where the weights {w;};>1 match those from the standard
stick-breaking representation in (2). The model is completed
with the prior specification and we specify a conditionally
conjugate centring distribution

N
B, | mg, Hg~ N(mg, Hp),

dd
012 < 1G(ay2, b,2),

ind —
YVir | ler ~ N(O’ tlerr 1)’
with conjugate hyperpriors

(mg, Hy") ~ N(mo, Ho) x W(v, w¥) ™",
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5 iid
7. ~ 1G(a,z2, b,2),

where 1G(a, b) denotes an inverse gamma distribution with
shape parameter a and scale parameter b and W (v, CL )
denotes a Wishart distribution with v degrees of freedom
and expectation W', The specific forms of K, in the prior
distribution for y,;. can be seen in (10) and (17) (and in
Egs. (A2)-(A4) of Supplementary Material A for the case
of varying coefficient terms and random effects). The preci-
sion parameter « (see Eq. (2)) can either be fixed or assigned
aprior distribution. In this work, we adopt the latter approach
and, for conjugacy reasons, let « ~ Gamma(ay, by)-

For posterior inference, we use the blocked Gibbs sampler
of Ishwaran and James (2001), which relies on truncating
the stick-breaking representation to a finite number of com-
ponents, say L. Hence the mixing distribution G in (19)
is replaced by G () = Y, w18g, y]R’glz)('), with
nr = 1 to ensure that the weights sum up to one. We shall
emphasise that L is not the exact number of mixture com-
ponents expected to be observed, but rather an upper bound
on it, as some of the components may not be occupied. We
favour the use of the blocked Gibbs sampler, over other pos-
terior sampling algorithms, due to its ease of implementation
and because it allows for straightforward full posterior infer-
ence for general regression functionals.

We further note an interplay between L and the precision
parameter «. The value of L can be chosen by consider-
ing distributional properties of the tail of the stick-breaking
weights, Uy = Zf’i L1 @I Ishwaran and Zarepour (2000)
showed E(Ur | «) = {a/(a 4+ 1)}£. This expression can
be averaged over the prior for « to estimate £(Ur). Given
a tolerance level for the approximation, the equation can
be solved numerically to obtain the corresponding value
of L. Furthermore, denoting by n the sample size and by
L*(< L < n) the number of occupied mixture compo-
nents, we have that E(L* | o) =~ «alog((a + n)/«) and
var(L* | o) ~ a{log((« + n)/a) — 1} (see, e.g., Liu 1996).
Although expressions exist for the case where « is assigned a
Gamma(ay, by ) prior distribution (Kottas et al. 2005), these
can be averaged over the prior to obtain E(L*) and var(L*).
This information can be useful for determining an appro-
priate value of L. For instance, it may be reasonable to set
L > E(L*) + 2+/var(L*). In the posterior samples, it is
also possible to check the maximum index of the number of
occupied components. If this value is close to or equal to L
for most iterations, the analysis should be repeated with a
larger L. Supplementary Material D provides further guid-
ance on other key decisions for our proposed approach (e.g.,
the choice of a, and b, ) and includes a recommended work-
flow for applying our method.

Upon the introduction of latent variables that identify the
mixture component to which each observation belongs to,

the model for the data can be written hierarchically. From
this hierarchical representation, it is straightforward to derive
the full conditional distributions of all model parameters,
which are available in closed form, thus allowing for ready
posterior simulation through Gibbs sampling. All details are
available in Supplementary Material B. Each posterior sam-
ple for {(&r, By, ¥11»---» Yir» 0/)}E, provides a posterior
realisation for G* directly through its definition and there-
fore for any point of interest, say (yp, Xo), we can obtain
posterior realisations of the predictive conditional density,
p(o | Xo). Moreover, posterior realisations of the predictive
conditional mean, variance, and quantiles can also be easily
obtained (detailed expressions are given in Supplementary
Material C).

3 Simulation study

This section reports the results of a simulation study con-
ducted to evaluate the empirical performance of the proposed
model, DDPstar, for conducting inference about different
functionals of the conditional response distribution, namely
the conditional densities, which are our key inferential
objects, the conditional mean and variance, and the three
conditional quartiles. We do not include comparisons against
other methods as our goal is not to claim superior per-
formance of DDPstar over competing covariate-dependent
Dirichlet process mixture models. Instead, we reiterate that
our aim is to provide a computationally convenient density
regression model that performs well across various scenarios,
whose performance can be readily assessed through model
fitting checks, and for which posterior inference is straight-
forward to implement. Additional simulations are included in
Supplementary Material E, where we (1) examine the impact
of the number of B-spline basis functions J and the choice of
hyperparameter b2, and (2) evaluate the computational time
required by our approach in a model incorporating up to ten
univariate smooth functions. Simulations are performed in
the R environment (R Core Team 2023), using the R package
DDPstar that accompanies this paper. Plots are generated
using the R package ggplot2 (Wickham 2016).

3.1 Simulation scenarios and implementation
details

We explore a wide range of simulation scenarios, including
cases with a single continuous covariate as well as two contin-
uous covariates. For the latter, both additive and interaction
structures are examined. For each scenario, 100 datasets are
generated with sample sizes n € {300, 500, 1000}. The sce-
narios considered are as follows.
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Scenario I. Heteroscedastic nonlinear normal regression
ind. iid
i xRN (3 = 4, (L x)?) L xS U, D

Scenario II. Mixture of nonlinear non-normal regressions

vi |2 " 0.5SN(E = x%, 0 = 0.25,a =2)
4+0.5t(n = sin(wx;), 0 = 0.25, v =5),

where x; S U(, 1), SN(¢, w, @) denotes a skew normal
distribution with location &, scale w, and skewness parameter
o, and t(u, o, v) denotes a (scaled and shifted) ¢ distribution
with mean u, scale parameter o, and degrees of freedom v.
Scenario III. Covariate-dependent mixture of normal
homoscedastic regressions

vi | % ™ exp(=2x) N(x;, 0.01)
HI — exp(—2x) )NG4, 0.04),  x: U, 1.

This scenario has been considered in previous studies, includ-
ing Dunson et al. (2007) and Dunson and Park (2008), and
it poses a challenge for our model due to our assumption of
covariate-independent weights.

Scenario IV. Nonstationary mean function and covariate-
dependent variance

ind.
yi | xi "~ Nm(xi), 02(x:)),

0, if —2<x;, <2,
m(x;) = {2x; —4, if2 <x; <35,
6, if 5 < x; <10,
0.22, if —2<x <2,
o(x;) = {0.052, if2 <x; <5,

(x; —5)2/1540.01, if5 < x; <10,

and x; X U(—2, 10). This scenario has been used by Wade
and Inacio (2025) to illustrate drawbacks of single-weights
DDPs.

Scenario V. Mixture of nonlinear normal regressions (two
continuous covariates)

ind.
vi | x1i,xi ™~ 0.5N(g1 (x17) + g12(x27), 0.25%)
+0.5N(1 = g21(x17) + 822(x27), 0.252).

Scenario VI. Mixture of nonlinear non-normal regressions
(two continuous covariates)

ind.
yi | X1, %20 " 0.5SN(E = g1 (x17) + g12(x21), @ = 0.25, 0 = 2)
+0.5t(n = gar(x1;) + g2(x2i), 0 = 0.25,v =5).
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For Scenarios V and VI, we consider xi;, xp; S u(, 1),
grx) = (x1 — 0.5)% g(x2) = (x2 — 0.5, ga1(x1) =
exp(x) sin (13(x; —0.6)?), and gn(x2) = exp(—x2)
sin(7x7). Note that these two scenarios correspond to the
case of two continuous covariates and an additive structure.
Scenario VII. Mixture of nonlinear normal regressions
(interaction between two continuous covariates)

ind.
Vi | X1i %2~ 0.5N(gi (x1, x21), 0.25%)
+0.5N(ga(x17, x2i), 0.25%).

Scenario VIII. Mixture of nonlinear non-normal regressions
(interaction between two continuous covariates)

ind.
Vi | x1i, x2i "~ 0.5SN(E = g1 (x14, x21), 0 = 0.25, @ = 2)
+0.5t(n = ga(x14,x2i),0 =0.25, v =15).

For Scenarios VII and VIII, we consider xy;, x2; S u(@, 1),
g1 (61, x2)=cos (27y/(x1=0.5)7+(2-05)) ), and g (x1,
x2) = 1.9exp(xy)sin (13(x1 —0.6)2) exp(—x2) sin(7x2).
Both scenarios involve two continuous covariates with and
an interaction structure.

For scenarios involving a single continuous covariate, Sce-
narios I-IV, the mean of each component is specified as
w1 (x) = fi(x),and f; is approximated using a cubic B-spline
basis of dimension J = 23. For Scenarios V and VI we con-
sider w;(x1, x2) = fi1(x1) + fi2(x2), whereas in Scenarios
VII and VIII we consider w;(x1, x2) = fi(x1, x2) and rep-
resent the bivariate function using the tensor product of two
marginal cubic B-splines bases; in both cases J; = J, = 23.
In all cases, we use second-order random walks.

To facilitate prior specification, we standardise the respon-
ses and covariates and use the prior distributions outlined
in Sect.2.2. Following Lang and Brezger (2004), for the
penalised or nonlinear part of our P-splines specification,
weseta,2 = 1 and b2 = 0.005, which is a common default
choice and has demonstrated good performance in the sim-
ulation study presented in Supplementary Material E. For
B, the vector containing the coefficients associated to the
unpenalised or linear terms, we use mg = 0p, Hy = 10/,
v=0+2 and ¥ = g, where Q is the length of vec-
tor B, (including the intercept). Regarding the prior for crlz,
we choose a,> = 2 and b > = 0.5. Selecting a,> = 2
results in a prior distribution with infinite variance centred
around a finite mean (b2 = 0.5), thereby favouring within-
component variances smaller than one. Given that responses
are standardised, and thus have a marginal variance of one,
it is reasonable to expect the within-component variances
to be smaller than the marginal variance. We further set
ay = by = 2 and L = 20, resulting in a truncation error of
E(Uyp) ~ 0.0002. For the largest sample size (n = 1000),
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these choices yield an expected number of occupied compo-
nents of 7 (with a standard deviation of 3), suggesting that
L = 201is appropriate a priori (see Sect. 2.2). Lastly, for each
scenario and simulated dataset, posterior inference is based
on 6000 samples, following the discard of a 2000 iteration
burn-in period of the Gibbs sampler.

3.2 Results

For brevity, most graphical results are provided in Supple-
mentary Material E, while we focus here on the main findings.
For Scenarios I to IV, Fig. 2 presents the average of the pos-
terior medians of the predictive conditional density over the
100 simulated datasets, for x € {0.1, 0.2, 0.4, 0.6, 0.8, 0.9},
along with the pointwise 2.5% and 97.5% quantiles of the
ensemble of these posterior medians. Results for Scenarios V
to VIII are shown in Fig. 3. For these four scenarios, which
involve two continuous covariates, we consider (x, x2) €
{(0.1,0.1), (0.4, 0.6), (0.6, 0.6), (0.6,0.4), (0.8, 0.2),
(0.9,0.9)}.

We begin with the results for Scenarios I to III, which
all involve a single continuous covariate. Scenario IV, also
involving a single continuous covariate, is discussed after-
wards. We first note that, as depicted in Fig. 2, the conditional
densities vary in shape depending on the covariate value,
exhibiting features such as one or two modes and differ-
ing degrees of asymmetry. Similar patterns are observed for
the other scenarios, as illustrated in Fig.3. Figure 2 shows
that our model effectively reconstructs the true profiles of
the conditional densities, particularly in Scenarios I and II.
In Scenario III, which features covariate-dependent weights,
the reconstruction of the profiles of the conditional density is
slightly less accurate than in Scenarios I and II, but remains
highly satisfactory. As expected, across all three scenarios
and for all covariates values, the estimates of the conditional
density profiles become increasingly concentrated around the
true conditional density profiles as the sample size grows.
The results for the conditional mean, conditional variance,
and the three conditional quartiles are presented in Web Fig-
ures 1, 6, and 10 of the Supplementary Material, respectively.
These figures show that our proposed model successfully
recovers the true shape of these functionals. However, some
discrepancies are observed in the estimates of the condi-
tional variance at the boundaries, particularly for smaller
sample sizes. Notably, in our model, the variance of each
component is independent of the covariates. Nevertheless,
the variance of the mixture model as a whole depends on
covariates indirectly, through their effect on the mean of each
component (see Supplementary Material C). As such, accu-
rately estimating the conditional variance poses a challenge
to our approach. We now turn to Scenario IV, which involves
a nonstationary mean function and a variance function that
is nearly zero for all covariate values between —2 and 5, and

beyond this range, it has a quadratic form that increases quite
rapidly. As shown in Fig. 2, some conditional density profiles,
particularly the most peaked ones, are not well recovered.
The conditional mean function, shown in Web Figure 1 of
the Supplementary Material, is reasonably well recovered.
However, the true functional shapes of the variance function
and the conditional quartiles are not accurately reconstructed,
as shown in Web Figures 6 and 10. In this scenario, flexibil-
ity in the mean function alone is insufficient to capture the
covariate-dependent variance, which also affects the estima-
tion of other functionals. It is important to note that model
checking procedures can be used to evaluate the performance
of our DDPstar model. This is illustrated in Web Figures 17
and 18 of the Supplementary Material, which show posterior
predictive checks and quantile residuals, respectively, for a
single generated dataset under Scenario I'V. As these figures
reveal, the DDPstar is not suitable for this particular scenario.

‘We now turn to scenarios involving two continuous covari-
ates, Scenarios V-VIII. The results shown in Fig.3 indicate
that our model successfully recovers the true conditional
densities. The performance is slightly better for Scenarios
V and VII, which involve a mixture of two normal regres-
sions and more closely align with our model specification.
Results for the other functionals are presented in Web Fig-
ures 2, 3 and 4 (conditional mean), Web Figures 7, 8 and 9
(conditional variance), and Web Figures 11, 12, 13, 14, 15
and 16 (conditional quartiles) of the Supplementary Mate-
rial. These figures demonstrate that our method consistently
performs satisfactorily in reconstructing the true functionals
for these scenarios. In Scenarios VII and VIII, which involve
an interaction structure, the influence of sample size is more
pronounced, requiring larger sample sizes to achieve satis-
factory results. This is expected, as modelling interactions
between smooth functions of continuous covariates gener-
ally demands substantial data.

4 Real data illustrations

This section demonstrates the broad applicability of the DDP-
star model by applying it to three studies in different fields:
toxicology, disease diagnosis, and agriculture. For each of
these applications, comparative assessments are provided
against alternative methods that have been applied to the
same datasets. We employ, for the standardised data, the
same hyperparameter values used in the Simulation Study
(see Sect.3.1). In all cases, the following workflow is fol-
lowed:

1. The model is fitted.
2. Convergence checks are performed on label-invariant
quantities (with the conditional density being the natural
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Figd. 2 For.the. simlul.ation study Scenario |
and scenarios involving one
continuous covariate (gcenarios n =300 n= 50_0 n= 10?0
I, I, TIT and IV): True (solid T / \
black line) and average across @ =01 N s _—’/\ ——/\
the 100 simulated datasets (blue % .
dashed lines) of the posterior > x=02 —_—/\_ ____/\ —_/\
median of the conditional T X=04 ‘_/\‘ ‘_/\— —_/\
density for § x=0.6-
x €{0.1,0.2,0.4,0.6,0.8,0.9} gxw&__,///}\\\\h_ AN AN
and different sample sizes (n). ’/\_ '/\_ /\\_
The shaded areas are bands x=08] | | ‘ | | L | | | | L ‘ | | ‘ ‘
constructed using the pointwise -75 -50 -25 00 25 50-75 -50 -25 00 25 50-7.5 -50 -25 00 25 50
2.5% and 97.5% quantiles of the y .
100 posterior medians Scenario Il

n = 300 n = 500 n = 1000

choice in most applications). These checks are conducted
through the inspection of traceplots and Geweke statistics.
3. The effective sample size of label-invariant quantities is

inspected.

4. Model checking is conducted via quantile residuals and
posterior predictive checks.
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For brevity, only some of these results are presented here.
However, all necessary R code and datasets to reproduce
the analyses are provided in the Supplementary Materials.

Posterior inference for all three applications is based on

20000 iterations, with the first 5000 discarded as burn-in. We

provide the computational times obtained using a computer
equipped with an Intel® Core™ i9—14900x 32 processor, 64
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Fig.3 For the simulation study

Scenario V

and scenarios involving two

n = 500 n = 1000

continuous covariates and an
additive (Scenarios V and VI) or
an interaction structure
(Scenarios VII and VIII): True
(solid black lines) and average
across the 100 simulated
datasets (blue dashed lines) of
the posterior median of the
conditional density for (x1, x2) €
{(0.1,0.1), (0.4, 0.6), (0.6, 0.6), (0.6, 0.4), (0.8, 0.
and different sample sizes ().
The shaded areas are bands
constructed using the pointwise
2.5% and 97.5% quantiles of the

Covariate values
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Scenario VI

n = 500 n = 1000

100 posterior medians

4 r
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x1=0.6;x2=0.4-

x1=0.8;x2=0.2-

x1=0.9;x2=0.9-

-1 0 1 2 3 -1 0 1 2 3 -1 0 1 2 3
y
Scenario VII
n =300 n =500 n = 1000

Y o W
D _en. GHE

Ve - YV - " YR Y . s W
-1 0 1 2 -1 0 1 2 -1 0 1 2
y
Scenario VIII
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x1=0.6;x2=0.4-

x1=0.8;x2=0.2-
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GiB of RAM, and running the Ubuntu 22.04 LTS operating
system.

4.1 Toxicology study
This first study is rooted in epidemiology and has become

a benchmark for validating Bayesian nonparametric density
regression models (see, e.g., Dunson and Park 2008; Canale

et al. 2018; Rigon and Durante 2021). Its primary objective
is to explore the relationship between the concentration of
Dichlorodiphenyldichloroethylene (DDE) in maternal serum
during the third trimester of pregnancy and the risk of prema-
ture delivery (Longnecker et al. 2001). DDE is a metabolite
of the pesticide DDT. Despite its potential adverse health
effects, DDT is still used to combat malaria-transmitting
mosquitoes in areas where malaria is endemic. The dataset
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consists of 2312 women and the response variable is the ges-
tational age at delivery (GAD), in weeks, and deliveries prior
to 37 weeks of gestation are considered as preterm. Interest
lies in investigating how the GAD distribution changes with
increasing DDE levels, with a particular focus placed on the
left tail of the distribution in order to assess the DDE effect
on preterm deliveries.

We apply the DDPstar model to the data (y;, x;) =
(GAD;, DDE;), fori = 1,...,2312, and consider the fol-
lowing model for the mean of each mixture component (for
simplicity, the dependence on the component is omitted)

p(x;) = Bo + f5"°°" (DDE),

where the smooth effect of DDE is approximated using a
cubic B-spline basis of dimension J = 23 (we exclude
the intercept). Traceplots and Geweke statistics for the con-
ditional density, mean and variance do not show any lack
of convergence of the MCMC chains and effective sample
sizes are satisfactory (for details, see the accompanying R
code). Posterior predictive checks and quantile residuals are
provided in Web Figures 29 and 30 in the Supplementary
Material, respectively, and confirm an accurate fit to the data.

Figure4 shows the scatterplot of the data along with the
regression function (posterior median) and its pointwise 95%
credible band. As can be observed, there is a slight decrease in
the mean GAD as the DDE levels increase, although for DDE
levels above 100 mg/L posterior uncertainty is quite substan-
tial due to data scarcity. In the same figure, we also show the
variance function and the three conditional quartiles. Figure 5
presents ‘conditional histograms’ for a range of DDE lev-
els, with the estimated conditional densities superimposed.
Similarly to Dunson and Park (2008) and Rigon and Durante
(2021), we consider the 0.1, 0.6, 0.9, and 0.99 quantiles of the
DDE. Following Rigon and Durante (2021), the conditional
histograms are obtained by grouping the GAD values accord-
ing to a binning of the DDE with cutoffs at the central values
of subsequent quantiles. The estimated conditional densities
closely follow the histogram, further indicating a good fit to
the data. This figure suggests an increasing left tail of the
GAD distribution, which is associated with preterm deliv-
eries, as DDE levels increase. In addition, in Fig.5 we also
display the posterior inferences obtained using the approach
of Rigon and Durante (2021), which allows for covariate-
dependent weights. As is apparent, the posterior medians
of the two methods are almost indistinguishable. For the
0.9 and 0.99 quantiles of the DDE, posterior uncertainty
is notably higher with the DDPstar approach, especially
for the 0.99 quantile. This is attributed to: (i) sparsity of
the data in this region of the covariate space, and (ii) our
model using a significantly larger number of parameters com-
pared to that of Rigon and Durante (2021). To explore how
to use the conditional density to infer conditional preterm
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probabilities, and following what previous authors did, we
compute the following four covariate-specific probabilities:
Pr(GAD < y* | DDE), for y* € {33, 35, 37, 40}. Results for
both our model and the one from Rigon and Durante (2021)
are depicted in Web Figure 31 in the Supplementary Material.
Once again, apart from some relatively minor differences at
extreme DDE levels, the two approaches yield similar results.
Finally, in terms of computing times, both approaches also
perform similarly: for 20,000 Gibbs iterations, our approach
takes approximately 855, compared to 80s for the method
proposed by Rigon and Durante (2021).

4.2 Disease diagnosis study

The receiver operating characteristic (ROC) curve stands as
the preeminent tool in evaluating the ability of continuous-
outcome diagnostic tests to distinguish between individuals
with and without a well-defined condition (disease). It is
recognised that in many instances, the test outcome and
potentially its discriminatory capacity can be affected by
covariates (e.g., age, gender, variations in testing condi-
tions). In such cases, it is advisable to use the conditional
or covariate-specific ROC curve, which is an ROC curve
that is tailored to a specific covariate value, providing an
assessment of the accuracy of the test within the particular
subgroup defined by that value (see Indcio et al. 2021 and ref-
erences therein). The covariate-specific ROC curve is defined
as {(t, ROC(¢ | x)),t € [0, 1]}, where

ROC(t | x) =1 — Fp{F;' (1—1]x)|x}, (20)

and Fp(y|x) =Pr(Y <y|x,D=1)and F5(y | x) =
Pr(Y <y|x,D =0), with D being the binary variable
indicating the presence (D = 1) or absence (D = 0)
of disease. Related to the ROC curve, various summary
indices serve as measures of a diagnostic test’s accuracy.
The most commonly used one is the area under the ROC
curve (AUC), which, in the conditional context, is defined as
AUC(x) = fol ROC(z | x)dt. An AUC of 1 indicates a test
that can perfectly distinguish between diseased and nondis-
eased individuals, while an AUC of 0.5 signifies a test with
no discriminatory ability.

Our goal is to assess the utility of the body mass index
(BMI) as a diagnostic tool for distinguishing individuals with
two or more cardiovascular disease (CVD) risk factors (clas-
sified as ‘diseased’) from those with none or just one CVD
risk factor (classified as ‘nondiseased’). Since anthropomet-
ric measures, including BMI, vary with age and sex, we
focus here on estimating age- and sex-specific ROC curves.
The dataset comes from a cross-sectional study conducted
by the Galician Endocrinology and Nutrition Foundation,
consisting of 2840 individuals aged 18-85 years, with 691
classified as diseased (273 women and 418 men) and 2149 as
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for selected percentiles of DDE. LSBP stands for the proposal of Rigon

nondiseased (1250 women and 899 men). A detailed descrip-
tion can be found in Tomé et al. (2009).

From Eq. (20), itis evident that the estimation of covariate-
specific ROC curves can be approached through density
regression, i.e., through the estimation of the conditional
density function of the diagnostic test (in our case BMI)
separately in the diseased and nondiseased population. Here
we use the DDPstar model for that purpose. In particu-
lar, the following factor-by-smooth interaction models (see
Supplementary Material A) are assumed for the mean of
each mixture component in, respectively, the diseased and
nondiseased populations (again here the dependence on the
component is omitted)

1 (xi) = Bop + BipL{sexi=omen) + frzy, (age;).
i=1,...,691,

15 ) = Bop + Bl (sexj=iiomen) + foix,; (age)),
j=1,...,2149,

and Durante (2021). The shaded grey areas correspond to ‘conditional
histograms’ (details are given in the text)

where sex; (the same applies to sex;) denotes the sex of
the ith diseased individual (either Men or Women), and 1,
is the indicator function. Note that in our mean formulation,
we allow the smooth function of age to be different in men
and women and we approximate them using cubic B-spline
bases of dimension J = 23 (we exclude the intercept). The
Gibbs sampler takes around 63 and 1305 in the diseased and
nondiseased populations, respectively. The posterior predic-
tive checks and quantile residuals shown in Web Figures 32
and 33 of the Supplementary Material, respectively, indicate
a good fit of DDPstar to the data in both populations.
Figure 6 presents the estimated age- and sex-specific
AUCs. For men, BMI accuracy remains relatively stable
across age. In contrast, for women, age has a marked nonlin-
ear influence: accuracy declines until around 70 years, then
stabilises and remains steady until age 85. To provide fur-
ther insights, Web Figure 34 in the Supplementary Material
depicts the estimated conditional density functions of BMI
for diseased and nondiseased individuals at different ages,

@ Springer
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for both men and women. These plots show that the degree
of separation between the BMI distributions in diseased
and nondiseased individuals—which is what the ROC curve
measures—varies with age and sex, explaining the changes in
accuracy across these characteristics.

For comparison, we also obtain age- and sex-specific ROC
curves using the proposal described in Indcio de Carvalho
et al. (2013). The same models as for DDPstar are assumed
for the mean of each component in the diseased and nondis-
eased populations, and the smooth functions of age are also
approximated using cubic B-spline bases. However, in this
approach, results depend heavily on the number of B-spline
basis functions (knots are located at the quantiles of the age
covariate) since no penalisation is considered. As such, we
evaluate, separately for diseased and nondiseased individu-
als and for men and women, different numbers of B-spline
basis functions (J € {3,4,5,6,7}), and select the ones
that provide the lowest widely applicable information cri-
terion. Note that this implies estimating a total of 20 ( =
2 x 2 x 5) models. For that purpose, the R package ROCnReg
(Rodriguez-Alvarez and Inacio 2021) is used and we consider
prior distributions that align with those from the DDPstar
models. As can be seen from Fig. 6, which also shows the
age and gender-specific AUCs obtained through this unpe-
nalised approach, both DDPstar and ROCnReg approaches
yield similar results except for individuals aged 70 or older.
However, uncertainty becomes substantial beyond this age
threshold due to limited available data.

In this application, the primary benefit of DDPstar is that
it eliminates the need to examine or assess various B-spline
basis dimensions. This leads to a substantial reduction in
computational workload, as we only need to fit one model
instead of the 20 considered in the case of ROCnReg.

4.3 Agricultural study

Field trial experiments typically aim to assess the influence
of specific genotypes on a targeted trait, which can include
crop yield, resistance to pests, or quality measures. These
trials often serve commercial purposes, identifying superior
genotypes for future commercialisation. However, it is well-
known that environmental conditions have a strong influence
on trait or phenotype expression. For instance, soil fertility
can greatly affect crop yield, independent of genotype per-
formance. Therefore, in analysing field trials, it is crucial
to effectively separate between environmental and genetic
influences on phenotypic expression.

As an illustrative example, we examine a Chilean wheat
trial described in Lado et al. (2013). In this study, 384
diverse wheat genotypes were planted in an 800-plot field
arranged in a 40-row by 20-column grid. Genotypes were
randomly assigned to plots using an alpha-lattice design with
20 incomplete blocks, each block containing 20 genotypes.

@ Springer

Two replicates were planted for each genotype. The primary
focus here is on grain yield as the trait of interest. The left-
hand panel of Fig. 7 depicts the observed grain yield in each
plot, revealing a pronounced spatial pattern. Because of the
randomisation process and the inclusion of replicates, this
pattern cannot be attributed to genetics, and it likely arises
from environmental factors. Unfortunately, in many cases,
there are no covariates available to relate to this effect, lead-
ing modelling strategies to depend on the position or spatial
coordinates of the plots in the field only.

Recently, Rodriguez—Alvarez etal. (2018) proposed a new
spatial model, called SpATS, for the analysis of field tri-
als based on using tensor product P-splines to model spatial
trends. Here, we adapt the original proposal to our DDPstar
model, and specify the mean of each mixture component as
a function of available covariates. These are the genotypes
(gen), where the interest is focused, the spatial coordinates
of the plots in the field (x; and x» for rows and columns,
respectively) as well as the row (row) and column (col)
position of the plots. The model for the mean of each mix-
ture component follows (the dependence on the component’s
index is omitted)

gen

1xi) = Bo+ Coq) + G+ f i x),
i=1,...,800,

where f(x1,x2) is a smooth bivariate function, jointly
defined over x; and x>, that models the spatial effect/trend.
We use indices g, r, and c to refer to genotype, row and col-
umn positions, respectively (g = 1, ...,384;r = 1,...,40;
¢ =1,...,20). Accordingly, {7 " represents the genotypic
effect for the gth genotype (similarly for row and col;
these effects are typically incorporated to account for the
way machines work before and during sowing or planting).
To denote the genotype, row and column positions of the ith
plot, we use g(i), r (i), and c(i), respectively.

Following Rodriguez-Alvarez et al. (2018), the spatial
effect f(x1,x2) is modelled by the tensor product of two
marginal cubic B-splines bases (excluding the intercept).
Since there are twice as many rows (x; values) as columns (x7
values), we use bases of varying dimensions, with J; = 23
for x; and J» = 13 for x;. Furthermore, we consider g <" X

N, 02,), ¢ % N0, 02,,), ¢t % N(0,02,,) as
prior distributions, i.e., these correspond to random effects,
with 02, 02, and o2 ; ~ IG (1, 0.005) (see Supplemen-
tary Material A). In contrast to the previous studies, here we
optfor L = 5 components to reduce computational complex-
ity. The Gibbs sampler takes approximately 20 min, which is
substantially longer than in the other applications. Posterior
predictive checks and quantile residuals, shown in Web Fig-
ures 35 and 36 of the Supplementary Material, respectively,

indicate an exceptionally accurate fit of DDPstar to the data.
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Fig.6 Disease diagnosis study:
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Fig. 7 Agricultural study: raw data (left), posterior median of the bivariate spatial trend using DDPstar (middle), and estimated spatial trend by

means of SpATS (right)

The central panel of Fig. 7 displays the posterior median of
the bivariate spatial surface. As can be seen, the spatial trend
effectively captures the intricate spatial pattern observed in
the raw data (left-hand panel of Fig. 7). For comparison pur-
poses, we also fit the model using SpATS. In the context
of this paper, a SpATS model corresponds to a model with
only one component, estimated through an empirical Bayes
approach (for details, see Rodriguez-Alvarez et al. 2018).
Figure 7 also depicts the estimated spatial trend using SpATS,
revealing minimal differences between both approaches. Fig-
ure 8 presents a comparison between the predicted genotypic
effects obtained through our approach and SpATS. Over-
all, there is strong agreement in the genotypic predictions
obtained by both methods, and this extends to the widths of
the 95% credible and confidence intervals (see Web Figure
37 in the Supplementary Material).

Overall, in this specific application, employing a more
intricate model, such as the DDPstar approach, does not
appear to offer any clear advantage compared to SpATS,
which is also much faster, taking only about three seconds.
In fact, the results show that only one component of the

mixture is predominantly occupied, receiving the majority
of the weighting (see Web Figure 38 in the Supplementary
Material). Nevertheless, these findings are significant as they
demonstrate our approach’s ability to handle complex anal-
yses effectively.

5 Discussion

This paper introduced a novel density regression model,
DDPstar, which harnesses the flexibility of (i) single-weights
DDP mixture models, allowing for a broad class of response
distributions and enabling the entire density to smoothly
change with covariates; and (i) structured additive regression
models, allowing the accommodation of a variety of covariate
effects. Through an extensive simulation study we demon-
strated that DDPstar performs effectively even in scenarios
where it is misspecified (e.g., in a scenario involving mixture
models where the weights of each component depend on
covariates). We also provided an example, involving a non-
stationary mean function and covariate dependent variance,

@ Springer



47  Page 180f 20

Statistics and Computing (2025) 35:47

Genotype predictions

2000

1000

SpATS

-1000

-2000

-1000 0 1000 2000
DDPstar

-2000

Fig.8 Agricultural study: scatter plot of the predicted genotypic effects
using SpATS (y-axis) against the posterior median of the genotypic
effects using DDPstar (x-axis)

where our DDPstar model did not perform well. Although
allowing the variance of each normal component to depend
on covariates has been shown to be valuable (Villani et al.
2009), assuming a similar additive structure for the vari-
ance as for the mean would lead to a model with practically
twice the number of parameters per normal component. We
further illustrated the broad applicability of DDPstar using
three real datasets, and its performance was on par with
the state-of-the-art approach for each application considered.
Our model is implemented in the publicly available R pack-
age DDPstar thereby providing a user-friendly and broadly
applicable novel approach, and whose performance can be
easily assessed through model checking procedures.

It is reasonable to inquire about the advantages of assum-
ing an additive structure based on P-splines compared to a
Gaussian process (MacEachern 2000; Xu et al. 2016, 2019,
2022). First, there is no closed form expression for the pos-
terior distribution of the hyperparameters of the covariance
function of the Gaussian process. These hyperparameters,
along with the chosen forms for the covariance and mean
functions, are crucial in determining the behaviour of the
functionals of interest. Second, if we denote the total number
of observations in each mixture component by n;, Gaus-
sian processes require the inversion of a n; X n; matrix in
each component, which is computational expensive. In con-
trast, our model requires only the inversion of a block matrix,
which does not depend on the sample size per component,
but instead on the number of total B-splines basis functions
(see Supplementary Material B). We also note that, although
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our discussion has focused on the Bayesian nonparametric
literature, there are closely related models in the machine
learning literature known as ‘mixture of experts’ (see, e.g.,
Fruhwirth-Schnatter et al. 2019, Chapter 12, and references
there in).

There are a few limitations to mention. First, in our DDP-
star model, allocation to a specific mixture component is
independent of the covariates. Therefore, if the focus is on
clustering, formulations that allow for covariate-dependent
weights should be preferred. Second, except for the agricul-
tural example, our MCMC scheme was quite fast. However,
our approach does not scale well with increasing sample size
or number of covariates. While we do not anticipate the DDP-
star model being used in applications with a moderate to large
number of covariates, variational inference (see, e.g., Blei
and Jordan 2006, for DPMs) could be implemented for appli-
cations with large sample sizes. Third, although DDPstar
provides a flexible formulation for density regression when
the response variable is continuous and supported on the real
line, it is clearly not suitable for count responses. However,
we could easily adapt the proposal of Canale and Dunson
(2011), based on DP mixtures of rounded Gaussian kernels,
to our case. This extension would only involve an addi-
tional data augmentation step in our Gibbs sampler scheme.
Alternatively, in the spirit of generalised linear and additive
models, extending our modelling framework to incorporate
discrete kernels (e.g., Poisson and binomial), along with
developing computationally convenient posterior samplers
for such kernels, represents a promising direction for future
research.

A further interesting application of the DDPstar model
is that of survival analysis. In this case, considering the
logarithm of the event times, and handling right-censored
times through a data augmentation step in the Gibbs sam-
pler scheme, DDPstar can be interpreted as a mixture of
lognormal accelerated failure time models. In contrast to
accelerated failure time and Cox proportional hazards mod-
els, the survival curves from different covariate levels would
be allowed to cross, a feature that is often appealing in prac-
tice. Furthermore, because DDPstar can deal with random
effects, the potential inclusion of frailty terms in the afore-
mentioned model would also be interesting to explore.

Another avenue for future research involves the choice
of the prior distribution for the variance parameters within
the DDPstar model framework. While this paper focused on
the inverse gamma prior due to its conjugacy properties, we
recognise the importance of exploring alternative prior distri-
butions, such as those discussed in Klein and Kneib (2016).

Lastly, a generalisation of the DDPstar model could
involve replacing the DP prior on the random mixing mea-
sure with a Pitman—Yor process (Pitman 1995), of which the
DP is a particular case. Compared to the DP, the Pitman—Yor
process, enables more robust inference regarding the num-
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ber of components characterising the distribution of the data
(Canaleetal. 2022) and is particularly advantageous for mod-
elling heavy-tailed distributions (Ramirez et al. 2024).

The DDPstar package and the R-codes and datasets
needed to reproduce the results of the simulation study
and applications can be freely downloaded from https://
bitbucket.org/mxrodriguez/ddpstar.
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