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Abstract
Theprediction of buckling loads for slender and thin-walled structures under compression loading is important for the structural
reliability assessment. The presence of random geometrical imperfections reduces the buckling load and is uncertain. In the
framework of a probabilistic buckling analysis, the geometrical imperfections are modeled as correlated random fields and
applied on the Finite-Element (FE) model. The buckling analysis is then computed by a Monte Carlo Simulation (MCS). The
probabilistic approach in structural engineering demands the assurance of a low probability of failure and thus, high accuracy
in the calculation of the probability distribution. The resulting high computational cost of the Monte Carlo Simulation can
be reduced with a surrogate model of the FE simulation. The development of an effective surrogate model for random fields
is challenging, because of the high dimensional input. In this work, an artificial neural network (ANN) surrogate model is
presented, to predict the buckling load of structures considering random fields of geometrical imperfections as input. The
training procedure is based on random field and the corresponding buckling load samples obtained from FE simulations.
The trained ANN surrogate model is finally applied within a MCS-loop, yielding the probability distribution of the buckling
load. Three numerical examples (column, plate and cylindrical shell segment) demonstrate that the ANN is able to learn
the input-output relationship for structures with different buckling behaviors. The results are compared with a reference FE
solution and the computation time shows, that the presented method is an efficient way to speedup the MCS. It is shown that
the ANNs learning ability depends on the correlation length of the random field realizations.

Keywords Artificial neural network · Surrogate model · Random field · Stochastic buckling analysis · Geometrical
imperfection · Karhunen-Loeve-Expansion

1 Introduction

Buckling failure is very critical in structural engineering. It
is well known from experiments, that buckling loads can
have large deviations from the theoretical values [1]. One
of the main reasons for this phenomenon are geometrical
imperfections of the structures surface [2, 3]. Especially
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for thin-walled shell structures, the experimental values are
significantly lower than the theoretical values. In order to
account for this buckling load reduction, the NASA SP-8007
guideline from 1968 [4] developed the "knock-down" curves
as a lower limit of the buckling load, depending on the shell’s
radius to thickness ratio. This semi-empirical approach leads
to a conservative structural design. Deterministic approaches
are in general not reliable for the buckling load prediction of
structures that are sensitive to imperfections, e.g., thin-walled
shells [5]. Since imperfections are of random nature, a more
reliablemethod to predict the buckling load, is the probabilis-
tic approach [5–8]. In [9], the measured imperfections are
transformed to a Fourier series considering random variables
as coefficients. Another method to describe random imper-
fections as random fields is the Karhunen-Loeve-Expansion
(KLE) method [10–12], which is used in this paper. Real-
izations of random field imperfections are used as inputs of
the FE model and the numerical buckling analysis yields the
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buckling load of the imperfect structure. This procedure is
repeated in a Monte Carlo Simulation (MCS) resulting in the
probability distribution of the buckling load. Imperfection
modeling with random fields in buckling analysis, especially
for shell structures, has been widely investigated in [10, 13].
Also in other engineering disciplines, the application of ran-
dom field modeling has been very useful, see, e.g.: the soil
properties in geotechnical engineering [14, 15] and the mod-
eling of spatial variability in concrete [16].

The MCS is known for its high computation time depend-
ing on the complexity of the deterministic solution (FE
model) and the required amount of samples, which depends
on the stochastic quantity of interest. The mean value and
variance, e.g., have a faster convergence, compared to low
probabilities. In the framework of a probabilistic safety
assessment in civil engineering, the stochastic quantity of
interest is the probability of failure, which must be guaran-
teed to be lower than a given threshold value. According to
the guidelineDINEN1990 [17], a reliability indexβ is given,
which can directly be translated in an accepted probability of
failure in the range of Pf = 10−5 to 10−3, dependent on the
consequence class. The calculation of such a low probabil-
ity of failure requires a very precise probability distribution,
i.e., a very high number of Monte Carlo Simulations leading
to high computation time, especially for large and complex
structures. The computation time is strongly increased by
adding more uncertain variables to the model, as for example
fuzzy or interval variables considering epistemic uncertainty.
An example are random field correlation parameters, leading
to polymorphic randomfields in numerical buckling analysis,
which has been investigated in [18–21]. Even more variables
are required in the framework of a structural design opti-
mization, see, e.g., [22–24] for a reinforced concrete bridge,
[25] for a wooden structure and [26] for a shell structure. The
combination of different types of variables (uncertain vari-
ables and design variables) increases the computation time
drastically. Therefore, efficient surrogate models are of cru-
cial importance to reduce the computation time. Surrogate
models replace the FE simulation model by approximating
the relationship between input and output variables. Some
examples for the application of surrogatemodels in structural
engineering problems are: multilevel surrogate modeling for
optimization with polymorphic uncertain parameters [22],
bounding failure probabilities in imprecise stochastic FE
models [27, 28], structural response prediction of buildings
[29, 30], uncertain pedestrian load modeling in footbridge
design [31] and control-variatesmethod in shell buckling [21,
32].

In recent publications, artificial neural networks (ANNs)
are used for the prediction of buckling loads with material
and structural parameters as input variables, see, e.g., [33–
35]. ANNs with random field inputs are already used, e.g. in
geotechnical engineering [36, 37]. In the particular case of

shell buckling problems, the application of ANNs on random
fields is very rare. One recent example is [38], where a convo-
lutional neural network is applied on a randomfield to predict
the buckling load of a cylinder with measured imperfections
in real-time. However, the training performance with respect
to the shape of the imperfections is not investigated.

This paper presents a surrogate model based on feed-
forward ANNs to predict the buckling load of structures with
random imperfections. The main goal is to speedup theMCS
to obtain the probability distribution of the buckling load,
while consuming less computation time compared to the FE
solution. The novelty of the method lies in the choice of the
input variables, which are the uncorrelated Gaussian random
numbers of the KLE series instead of the random imperfec-
tion values. The advantage of the chosen approach, is the
possibility of input reduction by truncating the KLE series.
This has significant influence on the training performance
and thus, the quality of the predicted probability distribution.
Another advantage is the possibility of analyzing the input
variables sensitivity on the buckling load. The highlights of
this paper are summarized as follows:

• Buckling load prediction of geometrically imperfect
structures with ANN

• Reduced random field input for ANN training
• Investigation of the correlation lengths influence on the
ANN training performance

• Time saving of Monte Carlo Simulations with trained
ANNs

Thebuckling analysiswith random imperfections is explained
in Sect. 2. Subsequently, the ANN training strategy is elabo-
rated in Sect. 3. In Sect. 4, the numerical examples are shown
on three different structures (column, plate and shell) with
different buckling behavior to demonstrate the method’s util-
ity. The results are compared with an FE reference solution.
The influence of the random field’s correlation and the num-
ber of samples in the training set on the model quality is
investigated. Finally, the error of the ANN is measured and
the computation time of the ANN and the FE solution is
compared. The conclusions and future research topics are
discussed in Sect. 5.

2 Buckling analysis with random
imperfections

This section contains two subsections, explaining the basic
principles for the modeling of geometrical imperfections
as random fields in buckling analysis. At first, the random
field theory and the KLE method is briefly described in
Sect. 2.1. Especially the truncated KLE is important for the
input dimension reduction. Afterwards, the basics of nonlin-
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Fig. 1 Realization of a two dimensional random field w(x, θ0) and
two generic points i and j with respective vectors xi and x j and their
distance d(xi , x j )

ear buckling analysis are introduced within the context of
stochastic buckling analysis in Sect. 2.2.

2.1 Random field modeling for geometrical
imperfections

Geometrical imperfections are deviations from the nominal
surface. They are modeled as correlated random fields and
applied on the FE model of the structure as stress-free dis-
placements. The basics of the random field theory and the
KLE method are briefly summarized based on [39, 40].

Given the surface of a structure as domain� and the loca-
tion vector x, the surface deviations w(x) are random and,
therefore, modeled as correlated random field.

A random field w(x, θ) is a scalar field that assigns a
random value at each point x ∈ � and for each event θ ∈ �,
where � is the set of possible events. Thus, a random field
is a set of random variables

{w(x, θ) | x ∈ �, θ ∈ �} . (1)

A Gaussian random field is completely defined by its
mean μ(x), variance σ 2(x) and autocorrelation coefficient
ρ(xi , x j ). Further, if the mean and variance are constant
within the domain and if ρ only depends on the difference
xi − x j , the field is called "homogeneous". In Fig. 1, a real-
ization of a two dimensional random field is presented.

For the numerical implementation into an FE model,
the random field is discretized according to the FE nodes.
The random field is modelled with the Karhunen-Loeve-
Expansion (KLE) method, introduced in [41], which is a

series expansionmethod based on the spectral decomposition
of its covariance function

C(xi , x j ) = σ 2ρ(xi , x j ) . (2)

EvaluatingC for each pair of points (xi , x j ) ∈ �, the covari-
ance matrix

CN×N =
⎡
⎢⎣

C(x1, x1) ... C(x1, xN )
...

. . .
...

C(xN , x1) ... C(xN , xN )

⎤
⎥⎦ , (3)

is obtained, where N is the total number of nodes in the
FE mesh. The deterministic functions used to expand any
realization of the field w(x, θ0), are determined by solving
the eigenvalue problem of the covariance matrix

Cϕi = λiϕi , (4)

which is symmetric and positive definite. Thus, the discrete
random field is written as

ŵ(x, θ) = μ + σ

N∑
i=1

ξi (θ)
√

λiϕi (x) , (5)

where ξi (θ) is a standard normal distributed random variable
ξi (θ) ∼ N (0, 1). As the random field is used to describe the
deviations from the reference surface, the mean value is set
to zero μ = 0 . The standard deviation is set to σ = 1 in this
paper.

For the autocorrelation function ρ(xi , x j ), a quadratic
exponential function is used

ρ(xi , x j ) = exp

(
−d2(xi , x j )

�2c

)
, (6)

with the correlation length �c and the distance between two
FE nodes

d(xi , x j ) = |xi − x j | . (7)

The quadratic exponential autocorrelation function has the
advantage, that it realizes smooth random fields and requires
less terms in the KLE series, compared to non-differentiable
autocorrelation functions and is therefore, commonly used
in random field modeling. In [18, 42], it is shown, that
correlation functions determined from measurements yield
realistic geometrical imperfections, due to the infinite differ-
entiability. The developed surrogate modeling approach is
demonstrated based on the quadratic exponential function.
However, the approach can also be applied to random fields
with other correlation functions. The use of Gaussian auto-
correlation functions is discussed in [43, 44].
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Fig. 2 Sorted eigenvalues λi of the covariance matrix via index of
eigenvalues i for one dimensional random fields of length L = 1000
with different correlation lengths �c

An important characteristic of the eigenvalues λi of the
covariance matrix according to Eq. (3) is, that they can be
sorted in a descending order converging to zero. Truncating
the series in Eq. (5) after the n-th term yields the approxi-
mated random field

ŵ(x, θ) = μ +
n∑

i=1

ξi (θ)
√

λiϕi (x). (8)

The decrease of sorted eigenvalues λi of the covariance
matrix depends on the correlation length �c. This is visual-
ized for a one dimensional random field of length L = 1000
with different correlation lengths �c in Fig. 2. The higher the
correlation length �c, the higher is the decrease rate of the
eigenvalues λi of the covariance matrix.

The required number n of considered eigenvalues in the
KLE can be determined with the quality index, given in [45]

Q = 1

tr(C)

n∑
k=1

λk . (9)

A quality index of Q = 1 means that all eigenvalues are con-
sidered. A quality index lower than one Q < 1 reduces the
required number of eigenvalues λi and thus the input vari-
ables. However, it also decreases the approximation quality
of the correlated random field. In most cases a quality index
of Q = 0.99 is used [13].

2.2 Numerical Buckling analysis of imperfect
structures

Themodeling of random imperfections leads to the stochastic
buckling analysis, where the probability distribution of the
buckling load is calculated with Monte Carlo Simulations of

random field realizations. The buckling analysis introduced
in this section is based on [32, 46].

When a structure is subjected to an incrementally increas-
ing compression load, it will reach a critical point (stability
point) and suddenly deform with a huge load bearing capac-
ity loss. This phenomenon is called buckling and the load
level at this point is called critical buckling load or buckling
load. At the critical buckling load level, the structure is in an
indifferent equilibrium state and the tangent stiffness matrix
K T is singular.

In order to find a stability point, it can be distinguished
between linear and nonlinear buckling analysis. For struc-
tures with linear pre-buckling behavior the linear buckling
analysis is sufficient, which is based on the decomposition
of the tangent stiffness matrix

K T = K lin + K nlin , (10)

where the stiffness matrix is divided into linear K lin and non-
linear K nlin parts.With an external load P0 the displacements
u0 can be calculated with the linear solution

K T (0)u0 = P0 ⇐⇒ u0 = K T (0)−1P0 , (11)

with K T (0) = K lin. The linear buckling analysis consists in
the solution of the eigenvalue problem

[K lin + �K nlin]ϕ = 0 , (12)

which leads to a critical buckling load factor �cr and the
initial postbuckling mode ϕ. The critical buckling load with
the corresponding critical displacement can be calculated by

Pcr = �crP0 , ucr = �cru0 . (13)

For thin-walled structures with nonlinear prebuckling
behavior, the linear buckling analysis can strongly differ from
the correct buckling load. In that case, a nonlinear buck-
ling analysis is required, where a complete geometrically
nonlinear path following algorithm is used. It consists in
the incremental calculation of the load-displacement curve,
while observing the diagonal signs of the tangent stiffness
matrix K T , with the following statements

∀Dii , Dii > 0 → stable
∃Dii , Dii = 0 → indifferent
∃Dii , Dii < 0 → unstable.

(14)

The load-displacement curves for three structure types (col-
umn, plate and cylindrical shell segment) investigated in this
paper are shown in Fig. 3. The load starts at zero and is
increased stepwise. The column and the plate show a linear
pre-buckling behavior. The structure without imperfections
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Fig. 3 Load-displacement curves for a column, a plate and a cylindrical shell segment with and without imperfections

Fig. 4 Stochastic buckling analysis with random imperfections

is referred to as "perfect" structure. The perfect structure fol-
lows the primary (unstable) path, shown with a linear dashed
line. A small imperfection at the stability point deflects the
structure to follow the secondary (stable) path. The imperfec-
tion is the first eigenmode, applied as geometrical deviation
on the structure at the stability point, where the equilibrium
splits into two different paths. The stability point is there-
fore called "bifurcation point". The load and displacement
values at the stability point are Pcr, perf and ucr. The structure
with geometrical imperfections is referred to as "imperfect"
structure. The imperfect structure, modeled with a correlated
random field, follows a non-linear load-displacement curve
andhas no stability point.However, large deformationswith a
noticeable load bearing capacity loss can be observed. There-
fore, the evaluation point for the critical buckling load of
the imperfect structure Pcr, imp is the load level at ucr. The
cylindrical shell segment on the other hand shows a very
particular load-displacement curve with a non-linear pre-
buckling behavior. The stability point is a limit point, where

the load-displacement curve reaches a local maximum. The
limit point does still exist for the imperfect structure.

An important value for the structural stability assessment
is the critical buckling load factor αcr, which is the ratio
between the buckling loads with and without imperfections

αcr = Pcr, imp

Pcr, perf
. (15)

The load-displacement curves are computed with an iterative
path-following algorithm. Awell known algorithm is the arc-
length-method [47, 48]. The displacement controlled arc-
length method is used for the nonlinear buckling analysis
in the Finite Element Analysis Program (FEAP) [49].

Because the imperfections are random, multiple random
field realizations are applied on the structure in aMonteCarlo
Simulation. For each random field sample, the numerical
nonlinear buckling analysis is carried out on the imperfect
structure until a stability point is found, yielding the buckling
load samples. The stochastic buckling analysis is represented
in Fig. 4. The inputs are the random field samples computed
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Fig. 5 Signal processing of one neuron with weighted connections and
bias neuron

with the KLE and the output is the probability distribution
of the critical buckling load factor αcr. The probabilistic
approach in civil engineeringdemands the guarantee of a very
low probability of failure Pf = 10−5−10−3 [17]. Therefore,
theMCS requires a very high number of samples Nmcs,which
is highly time consuming. The computation time increases
even more with the complexity of the structure. Therefore,
a time saving surrogate model is of crucial importance to
enhance the overall modeling capacity. In the following sec-
tion, a new artificial neural network (ANN) surrogate model
is developed to speedup the MCS in the context of structural
stability analysis.

3 ANN training with random field input

In this section, the ANN surrogate modeling strategy is intro-
duced. The aim is to predict the buckling load of a structure
with a random geometrical imperfection. The trained ANN
is used as surrogate model in the stochastic buckling analysis
to predict the probability distribution of the buckling load.

In general, a surrogate model M̂(x) is an approximation
of a functional operator M(x). Surrogate models are used
when the analytical solution is not available and the numer-
ical computation is too expensive, see, e.g., [22]. Artificial
neural networks are often used in machine learning applica-
tions and have shown over the years to be effective surrogate
models to solve engineering problems, especially when deal-
ing with a high dimensional input [50, 51].

ANNs consist of connected layers of nodes called neurons.
Themost common type of anANN is the feed-forward neural
network where the information flows in one direction from
the input to the output layer.

The signal processing of one arbitrary neuron y[ j+1]
m is

depicted in Fig. 5, where the neurons are represented as cir-
cles and the weights as arrows. In each layer j there is one

bias neuronwith value−1 connected to each neuron y[ j]
m with

the weight w[ j]
m0. The output of a neuron is the weighted sum

of all inputs passed through an activation function according
to the following equation

y[ j+1]
m = f

( n j∑
i=0

wmi · y[ j]
i

)
, (16)

where f (x) is the activation function andwmi are theweights
between neuron m and i . Here, the activation function is the
hyperbolic tangent function tanh(x). The output of one neu-
ron is processed forward as weighted input in the connected
neurons of the next layer. In this way the information propa-
gates forward layer by layer until the output layer is reached.

The unknown weights of the ANN are adjusted during
the ANN training. The set of all available samples Ntrain

(training set) is split randomly in training (70%), valida-
tion (15%) and testing (15%) samples. For the computational
implementation,MATLAB [52] has been used. The complete
propagation of all samples from the input to the output layer,
is called epoch. After one epoch, the weights are adjusted
to minimize the loss function error of the output through
a backpropagation algorithm, which is here selected as the
Levenberg-Marquardt backpropagation [53, 54]. The mean
square error (MSE)

MSE = 1

Ntr

Ntr∑
i=1

(αcr,i − α̂cr,i )
2 (17)

of the training samples Ntr is selected as loss function, where
αcr is the reference (FE) solution and α̂cr is the predicted
solution, i.e. the ANN solution. The MSE of the validation
samples is used to stop the training process (minimal valida-
tion error) and the generalization performance of the ANN
is evaluated based on the MSE of the testing samples.

For the choice of theANN input variables in this particular
application, there are two options: the random field itself
ŵ(x, θ), i.e. the random geometrical deviations of the FE
nodes or the random numbers ξi (θ) in the KLE (8), which
are each one affiliated to an eigenvalue λi and eigenvector
ϕi (x). The two options are represented in Eqs. (18) and (19)

M̂(ŵ(x, θ)) 	→ αcr , (18)

M̂(ξ(θ)) 	→ αcr , (19)

where ξ(θ) is the vector of random numbers: ξ = [ξ1(θ)

ξ2(θ) ... ξn(θ)]. In Eq. (18), the number of inputs is constant
and equal to the number of FE nodes. In Eq. (19), it is possible
to reduce the number of inputs by truncating the series with
a quality index Q < 1. The number of input neurons has a
significant influence on theANN training process, where less
neurons leads to less training data and training time needed.
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Therefore, the second option with the random numbers ξi (θ)

as input, according toEq. (19), is proposed as novel approach.
The particular characteristic of this ANN is, that the num-

ber of input neurons is variable, depending on the random
field’s correlation length �c and quality index Q. There is
only one output neuron, which is the critical buckling load
factor αcr. The ANN surrogate model strategy is visualized
in Fig. 6. Firstly, for a given correlation length �c the eigen-
value problem of the covariance matrix C is solved. The
eigenvalues λi and eigenvectors ϕi are required for the KLE.
Subsequently, the training, validation and testing samples,
which consist of input ξ and output αcr pairs, are generated
with the FE solutions to compute Pcr,perf and Pcr,imp.

Each sample ξ is inserted in the KLE and yields one real-
ization of the random field, which is applied on the FEmodel
as geometrical imperfection. Then, the nonlinear FEbuckling
analysis is computed on the imperfect structure, the load-
displacement curve is calculated and Pcr,imp is determined.

The buckling load factor αcr is saved and the procedure is
repeated Ntrain times with Ntrain different samples of ξ . After
successful training, the ANN surrogate model is used to gen-
erate the desired number Nmcs of Monte Carlo Simulations,
and thus the probability distribution of αcr is obtained.

The required amount of samples in the training set Ntrain

depends on the total number of training parameters, i.e. the
weights, and can be calculated as follows

Npara =
N−1∑
i=1

(ni + 1) · ni+1 , (20)

where N = 5 is the total number of layers including input
and output layer and ni is the number of neurons in the i th

layer. For a given quality index Q, the number of input vari-
ables n and thus the number of input neurons depends on the
random field’s correlation length �c. Therefore, the influence
of the correlation length �c on the ANN training quality is
investigated in the next section.

4 Numerical examples

In this section, the presented method is investigated for three
different structure types: a column, a plate and a cylin-
drical shell segment. The range of the correlation lengths
is chosen with respect to the structural dimensions in the
interval �c ∈ [0.2L, 0.5L], based on investigations from a
preliminary work [18]. The structures show different buck-
ling behavior, which has an influence on the ANN training
performance. The sensitivity of the input variables ξi (θ) is
investigated comparing FE and ANN solutions. The ANN
training is carried out for different correlation lengths and
different amount of samples in the training set. For each

Fig. 6 Representation of the ANN surrogate modeling strategy

training setting, the ANN training process is repeated 5 times
with new realizations of imperfections to observe the train-
ing robustness. The presented surrogate model is a simple
feed-forward ANN with three fully connected hidden lay-
ers with 10 neurons in each one. Because the number of
input variables differs for each correlation length �c, theANN
architecture is calibrated with the maximal number of input
variables, i.e. the lowest investigated correlation length �c
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Fig. 7 Euler column case 2 without and with imperfection for a random
field realization with �c = 200mm

for each example. It has been found, that three hidden layers
with 10 neurons in each one are sufficient for all presented
examples.

The results are compared with an FE reference solution of
5000MCS samples. Of course, the required number of MCS
samples can be higher, dependent on the stochastic quantity
of interest. The ANN performance is measured with the root
mean squared error (RMSE) summarized in a box-plot dia-
gram and the ANN computation time is compared with the
computation time for the FE-MCS. In order to demonstrate
the ANNs benefit, a low probability of failure is calculated
for the last example, thus requiring a very high number of
MCS.

4.1 Euler column

The first example, serving as a proof of concept, is a two
dimensional simply supported Bernoulli beam. The struc-
ture without and with imperfection with �c = 200mm is
shown in Fig. 7. The buckling load of the column without
imperfections is given by Euler’s formula [55]

Pcr,perf = π2E I

L2 = 1727.18N . (21)

The same value is calculated with the numerical buck-
ling analysis. The load-displacement curve in Fig. 8 shows a
linear pre-buckling behavior for the structure without imper-
fections with a critical displacement of ucr = 0.0824mm.
The type of stability point is a bifurcation point. In order
to follow the post-buckling path, the first eigenmode with
an amplitude of 1mm is applied on the structure at the
bifurcation point. In the post-buckling path, the column is
subject to large displacements with negligible load increase,
which almost corresponds to a horizontal line. The load-
displacement curve for the imperfect structure is computed
with a one dimensional randomfieldwith a correlation length
of �c = 200mm and a quality index of Q = 0.99. This com-
putation is repeated multiple times to show the randomness
of the load-displacement curves.With geometrical imperfec-

Fig. 8 Loaddisplacement curves of the columnwithout andwith imper-
fections for �c = 200mm

Fig. 9 CDFs for the critical buckling load factor αcr with 5000 samples,
�c = 200mm and different quality indices Q

tions, the bifurcation point disappears. Therefore, the critical
buckling load for the imperfect structure Pcr,imp is defined as
the load at ucr. The critical buckling load of the structure with
geometrical imperfections is lower than the critical buckling
load of the structure without imperfections. Thus, the critical
buckling load factor αcr is lower than 1.

The load-displacement curves are computed in a Monte
Carlo Simulation, yielding Nmcs = 5000 samples of the crit-
ical buckling load factor αcr. The same MCS is repeated for
different quality indices Q and the cumulative distribution
functions (CDFs) are shown in Fig. 9. The corresponding
number of input variables Ninput is calculated according to
Eq.9 and given in Table 1. The aim is to minimize the input
variables, while still ensuring an accurate approximation of
the complete quality of the KLE series. The CDFs in Fig. 9
with Q = 0.99 and Q = 0.90 show a good approximation
of Q = 1. The quality index of Q = 0.99 is chosen for all
further examples because it offers the most significant input
reduction factor.
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Fig. 10 CDFs with 500 and 5000 FE samples for the column with
�c = 200mm

Fig. 11 Loss function evolution via training epochs of one ANN train-
ing process for the column with �c = 200mm and a training set with
500 samples

Fig. 12 Regression plot for training, testing and validation samples for
one ANN training process for the column with �c = 200mm and a
training set with 500 samples

Table 1 Quality index Q and number of input variables Ninput for the
column with �c = 200mm

Q 1 0.99 0.9 0.6 0.3

Ninput 21 7 5 3 1

Fig. 13 Three random samples of the imperfect column with �c =
200mm and the corresponding FE and ANN solutions for the critical
buckling load factor based on a training set with 500 samples

By truncating the KLE with a quality index of Q = 0.99,
the random field has Ninput = 7 input variables. Thus, the
number of training parameters are calculated to Npara = 311
according to Eq. (20). This number is used as an estimation of
the lower limit for the required number of training samples.

The first ANN training procedure is carried out with a
training set with Ntrain = 500 samples. The CDFs with
500 and 5000 FE samples are depicted in Fig. 10, to show
the scattering of 500 MCS samples compared to the refer-
ence solution. Instead of computing 5000 MCS samples, the
500 available samples are utilized to train the ANN function,
enabling it to generate more samples with reduced computa-
tional effort.

The training loss function, depicted in Fig. 11, shows the
MSEof the training, validation and testing sets in each epoch.
The best validation performance is 3.74 · 10−5 at epoch 35.
The regression plot for training, validation and testing sam-
ples, depicted in Fig. 12, shows each output and target value
as one point on the graph. The points lie on the angle bisector,
which indicates a successful training process. Three exem-
plary samples of imperfections ξ and output αcr are depicted
in Fig. 13 with FE and ANN solutions. The predicted values
are accurate up to the second decimal place.

With the ANN function, 5000 MCS are carried out to
obtain the probability distribution of the buckling load. The
ANN training is repeated five times with five independent
sets of samples in order to test the training robustness. In
Fig. 14, the CDFs of 5000MCS samples of the ANN solution
are compared with the FE solution. The five CDFs in Fig. 14
are almost indistinguishable. A zoom in the range of αcr =
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Fig. 14 CDFs of 5000 MCS samples with �c = 200mm. Comparison
between the FE solution and five ANN solutions based on five training
repetitions with a training set with 500 samples

Table 2 Meanvalueμ and coefficient of variationCV [%]of the critical
buckling load factor and percentage error ε [%] of the five ANN-CDFs
compared with the FE-CDF with 5000 Monte Carlo samples of the
trained ANN with �c = 200mm and a training set with 500 samples

μ ε(μ) [%] CV [%] ε(CV ) [%]
FE 0.7329 – 16.80 –

ANN1 0.7349 0.27 16.57 1.39

ANN2 0.7354 0.33 16.66 0.85

ANN3 0.7353 0.32 16.69 0.64

ANN4 0.7350 0.28 16.75 0.29

ANN5 0.7353 0.32 16.62 1.04

[0.39, 0.43] shows the scattering of the five CDFs. The mean
valueμ, coefficient of variationCV and respective errors ε of
the five ANN solutions are given in Table 2. It is shown, that
the surrogate model is robust and able to predict the buckling
load samples and to yield the correct probability distribution
with an error of approximately 1% for the chosen training
setting.

The Comparison in Fig. 14 is, in the general case, very
time consuming because it requires the computation of 5000
FE solutions and thus, it would be obsolete in a practi-
cal application. Therefore, an alternative plausibility control
is proposed requiring less computation time, based on the
input variables ξi (θ). After the training process, the influ-
ence of the single input variables ξi (θ) is evaluated with the
ANNfunction and comparedwith theFE solution. Therefore,
only one random number ξi is considered in the KLE from
Eq. (8), while the remaining random numbers are set to zero
ξ j = 0, ∀ j 
= i . Thus, the randomfield fromEq. (8) reduces
to

ŵ(x, θ) = ξi (θ) · √λi · ϕi (x) . (22)

Starting with the first random number, ξ1 is sampled on
13 equidistant sample points from -3 to 3 and the remaining
random numbers are set constantly to zero ξ j = 0, ∀ j 
= 1.
The first eigenvector ϕ1(x) is applied on the structure scaled
with ξ1 ·√λ1 resulting in the response function for the critical
buckling load factor, which is shown in Fig. 15 (left). The
second response function is shown in Fig. 15 (right).

The same procedure is repeated for the first six eigen-
vectors ϕi (x) of the covariance matrix. The ANN and FE
solutions for the first six response functions and the cor-

Fig. 15 First (left) and second
(right) response function of the
critical buckling factor αcr of the
column with �c = 200mm
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responding eigenvectors are depicted in Figs. 16 and 17,
respectively.

For the column, the application of an eigenvector as imper-
fection with positive or negative amplitude is equivalent.
Therefore, all the response functions αcr(ξi ) are symmet-
ric. For ξi = 0, the structure has no imperfections and
thus, the response functions have the global maximum at
αcr(ξi = 0) = 1. The characteristics can be further distin-
guished between even and odd numbered response functions:

αcr(ξ2k) and αcr(ξ2k−1) , k ∈ N . (23)

It stands out, that the odd numbered response functions
αcr(ξ2k−1) in Fig16 (left) have a sharp kink at the origin
and higher influence on the critical buckling load factor αcr.
The even numbered response functions αcr(ξ2k), k ∈ N in
Fig16 (right) correspond to a smooth curve and have low
influence.

The reason for these particular characteristics of the
response functions, is the shape of the eigenvectors of the
covariance matrix ϕi (x). Each eigenvector ϕi (x) is multi-
plied with its affiliated random number ξi (θ) in the KLE,
which are the input variables of the ANN. They have a sinu-
soidal shape and a number of local extrema equal to the
number of eigenvalues i . The odd numbered eigenvectors
have a local extremum in the middle of the column, which is
unfavorable and therefore leads to a higher decrease of the
buckling load.

This plausibility control is very simple, because in this
example, the first eigenvector has the highest influence on the
buckling load. In the following examples, the most important
eigenvectors are within the first six eigenvectors. However,
the plausibility control can be complex, e.g., in case of axial
compressed cylinders, where it is not straight forward which
eigenvector has the largest influence. In that case, the plau-
sibility control has to be extended.

The computation of the response functions in Fig. 16 is
very cheap. Considering the first six eigenvectors and eval-
uating each response function on 13 sample points, it costs
Ntest = 6 · 13 = 117 FE solutions in total. This effort is neg-
ligible in comparison with a MCS of 5000 FE samples. This
enables an efficient plausibility control of the trained ANN
in practical applications. In Fig. 16, it is clearly visible, that
the ANN function is able to learn the relationship between
the single input variables ξi from the KLE and the buckling
load.

4.2 Axially loaded plate

This example is a simply supported quadratic steel plate.
The plate, shown in Fig. 18, has the thickness t = 10mm,
Young’s modulus E = 210000N/mm2 and Poisson’s ratio
ν = 0.3. The FE model consists of a 30 × 30 mesh, using 4

Fig. 16 ANNand FE solution for the first six response functionsαcr(ξi )

of the column with �c = 200mm and a training set with 500 samples

node nonlinear shell elements with moderate rotations. All
four edges are fixed perpendicular to the plane (BC 3 = u3 =
0) in x3-direction. At x1 = 0, the boundary condition (BC
1 = u1 = 0) is fixed in x1-direction. The node at position
(x1,x2) = (0,0) is fixed in x2-direction (BC 2 = u2 = 0).
The plate is incrementally loaded with a distributed load p
at x1 = 1000mm.

The buckling load of a quadratic plate without imperfec-
tions is given in [55]

pcr,perf,analyt = 4π2D

L2 = 759.2N/mm , (24)

where L is the length of the plate and D is the flexural rigidity

D = E · t3
12(1 − ν2)

. (25)

The numerical buckling analysis of the structure with-
out imperfections results in a critical load of pcr,perf =
758.73N/mmanda critical displacement ofucr = 0.361mm.
The critical buckling load factor αcr is based on the numeri-
cal result of pcr,perf . The load-displacement curves in Fig. 19
show a linear pre-buckling behavior and a bifurcation point
for the plate without imperfection.
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Fig. 17 First six eigenvectors of the covariance matrix of the column
with �c = 200mm

Fig. 18 FE mesh of the plate with 30 × 30 elements

In order to compute the post-buckling path, the first eigen-
mode with an amplitude of 1mm is applied on the structure
at the bifurcation point. The load-displacement curves for the
imperfect structure are computed with a correlation length of
�c = 500mm. Two realizations of random geometric imper-
fections ŵ that are applied on the plate are depicted in Fig. 20.

Fig. 19 Load displacement curves of the plate without and with imper-
fections for �c = 500mm

Fig. 20 Two exemplary realizations of random fields of the plate with
�c = 100mm (top) and �c = 500mm (bottom)

With geometrical imperfections the bifurcation point disap-
pears. Because the structure with geometrical imperfections
has lower buckling loads, compared to the structure without
imperfections, the critical buckling load factor αcr is lower
than 1, see Fig. 19. The KLE is truncated with a quality index
of Q = 0.99. The number of investigated input variables
Ninput and training parameters Npara is summarized in Table
3.

The ANN training is carried out five times with five train-
ing sets of 500 samples. The training loss function, depicted
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Table 3 Correlation lengths �c, number of input variables Ninput and
training parameters Npara for the plate

�c [mm] 100 200 300 400 500

Ninput 177 51 26 17 12

Npara 2011 751 501 411 361

Fig. 21 Loss function evolution via training epochs of one ANN train-
ing process for the plate with �c = 500mm and a training set with 500
samples

Fig. 22 Regression plot for training, testing and validation samples of
oneANN training process for the platewith �c = 500mmand a training
set with 500 samples

in Fig. 21, shows the MSE of the training, validation and
testing sets in each epoch. The best validation performance
is 4.65 · 10−5 at epoch 8. The regression plot for training,
validation and testing samples, is depicted in Fig. 22. The
output-target points are scattering near the angle bisector,
which means the ANN learned to predict the critical buck-
ling load approximately.

Afterwards, the ANN function is tested on the first six
response functions αcr (ξi ), shown in Fig. 23. Here, simi-
lar characteristics to the column example from the previous
section are clearly visible. There are some response func-
tions with a sharp kink and higher influence and some others
resemble a smooth curve and have low influence.

The difference is, that in this example the characteristics
does not alter between even andoddnumbered response func-
tions. The reason once again is the shape of the eigenvectors
ϕi (x) of the covariance matrix, which are depicted in Fig. 24.

The first, fifth and sixth eigenvector is symmetrical to
the two center lines and thus, are favorable for the buckle
formation. The second, third and fourth eigenvectors are
symmetrical to the diagonals, which has negligible influ-
ence on the bucking load. The response functions with higher
influence are also easier to train, because the neural network
recognizes the higher importance of certain input variables.
For the first, fifth and sixth response functions, the ANN
solution does accurately approximate the FE solution. But
for the second, third and fourth response functions, the ANN
solution does not match the FE solution very well, see Fig23.

The procedure is repeated for different amounts of sam-
ples in the training set and different correlation lengths.
The cumulative distribution functions (CDFs) computedwith
5000 MCS are presented in Fig. 25 for two different cor-
relation lengths: �c = 200mm and �c = 500mm. The
ANN solutions are produced with training sets of Ntrain =
100, 500 and 1000 samples. The ANN-CDFs are compared
with the FE-CDFs with the same 5000 Monte Carlo sam-
ples. The trained ANN surrogate model shows a very good
approximation for a correlation length of �c = 500mm
and a training set with 500 samples. By using less samples
Ntrain = 100 in the training set, the ANN approximation
quality decreases, of course, especially because Ntrain =
100 < Npara = 361. At a lower correlation length of
�c = 200mm the ANN has Npara = 751 training parameters
but even with a training set with Ntrain = 1000 samples, one
of the five ANN solutions does strongly diverge from the FE
solution, which means that the ANN training is not robust.

For a more detailed comparison, the mean values μ, coef-
ficient of variation CV and relative errors ε of the five ANN
solutions are presented in Tables 4 and 5. The error does not
decrease monotonically with the increase of samples in the
training set Ntrain but fluctuates. In general, the ANN train-
ing is subject to a random weight initialization and thus, the
predictions always inherit fluctuations. Therefore, increasing
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Fig. 23 First six response functions αcr(ξi ) of the plate with �c = 500mm. Comparison between FE solution and five ANN solutions for five
different training sets of 500 samples

Fig. 24 First six eigenvectors of the covariance matrix of the plate for �c = 500mm
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Fig. 25 Cumulative distribution functions for the plate with �c = 200 and 500mm, and Ntrain = 100, 500 and 1000. Comparison between FE
solution and five ANN training sets

the samples in the training set Ntrain, will decrease the error
with fluctuation. In order to measure the error of the ANN
function and to summarize all results in one graph, the root
mean square error (RMSE) is used.

RMSE =
√√√√ 1

Nmcs

Nmcs∑
i=1

(αcr,i − α̂cr,i )2 , (26)

where αcr is the FE solution and α̂cr is the approximated solu-
tion, i.e. the ANN solution. Because each training procedure
is repeated five times, the RMSE is represented as box-plot
diagram in Fig. 26. The median of the box-plot is a mea-
sure for the accuracy, while the box-width and whiskers of
the box-plot are measures for the robustness, where smaller
boxes and whiskers means higher robustness. With increas-
ing training set Ntrain, both the accuracy and the robustness
tend to increase with possible fluctuations.

For higher correlation lengths, the error decrease is also
higher. For low correlation lengths, the KLE requires more
input variables and thus more input neurons in the ANN.
Therefore, if the samples in the training set are kept con-
stant, the ANN error increases for lower correlation lengths.
For a given accuracy, the ANN of a lower correlation length
requires more samples in the training set, compared to a
higher correlation length. In order to compare the ANN and
FE computation time, an error tolerance of tol = 0.015 has
been chosen, which is depicted in Fig. 26 as dashed line. For
each correlation length �c the best ANN training settings for

Fig. 26 RMSE and selected tolerance value of the ANN for different
correlation lengths �c [mm] in a box plot diagram for the plate

RMSE < tol = 0.015 are used to calculate the required
ANN computation time tANN. The total ANN computation
time consists of the training time and the time for generat-
ing the training, testing and validation samples with the FE
buckling analysis.

The ratio betweenFEandANNcomputation time tFE/tANN,
i.e. the speedup factor, is depicted in Fig27. The total FE
computation time consists of 5000 FE-MCS samples. For
the correlation length of �c = 100mm the RMSE is higher
than the error tolerance for all investigated training sets and
therefore, it is not included in Fig. 27.
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Table 4 Mean value μ of the critical buckling load factor αcr for the plate. Reference FE solution μFE, five ANN training results μANN,i and
corresponding percentage errors εi [%]
�c [mm] μFE Ntrain μANN,1 ε1[%] μANN,2 ε2[%] μANN,3 ε3[%] μANN,4 ε4[%] μANN,5 ε5[%]
200 0.9168 100 0.9242 0.80 0.9306 1.50 0.9219 0.56 0.9232 0.70 0.9393 2.46

500 0.9127 0.45 0.9174 0.06 0.9168 0.00 0.9106 0.68 0.9122 0.50

1000 0.9163 0.06 0.9168 0.00 0.9184 0.17 0.9164 0.05 0.9173 0.05

2000 0.9156 0.14 0.9160 0.09 0.9169 0.01 0.9171 0.03 0.9170 0.02

500 0.9184 100 0.9214 0.32 0.9130 0.59 0.9167 0.19 0.9150 0.37 0.9221 0.41

500 0.9187 0.03 0.9189 0.06 0.9185 0.01 0.9187 0.03 0.9189 0.05

1000 0.9186 0.02 0.9186 0.02 0.9186 0.02 0.9186 0.02 0.9186 0.02

2000 0.9185 0.02 0.9185 0.01 0.9186 0.02 0.9186 0.02 0.9186 0.02

Table 5 Coefficient of variation CV [%] of the critical buckling load factor αcr for the plate. Reference FE solution CVFE [%], five ANN training
results CVANN,i [%] and corresponding percentage errors εi [%]
�c [mm] CVFE Ntrain CVANN,1 ε1 CVANN,2 ε2 CVANN,3 ε3 CVANN,4 ε4 CVANN,5 ε5

200 4.18 100 3.62 13.23 1.67 60.09 2.20 47.19 1.30 68.78 3.21 22.93

500 2.12 49.16 3.80 8.94 0.82 80.37 0.98 76.61 0.96 76.90

1000 4.04 3.15 3.83 8.19 3.87 7.25 4.15 0.50 4.14 0.87

2000 4.02 3.75 4.16 0.30 4.12 1.35 4.16 0.43 4.21 0.75

500 0.0466 100 3.95 15.22 4.22 9.51 2.24 51.88 4.14 11.16 3.06 34.33

500 4.64 0.37 4.63 0.53 4.61 1.06 4.61 1.01 4.67 0.19

1000 4.63 0.70 4.61 1.01 4.63 0.60 4.61 0.97 4.62 0.79

2000 4.63 0.63 4.63 0.63 4.63 0.68 4.62 0.80 4.62 0.74

Fig. 27 Speedup factor for the plate: ratio between FE and ANN com-
putation time tFE/tANN via correlation length �c

This example shows, that the ANN is able to predict the
probability distribution for the plate with significant time
saving, which will further increase if more than 5000 MCS
samples are required to access the probabilistic quantity of
interest, e.g., low failure probabilities. However, the correla-
tion length �c has an important influence on the number of
input variables and thus, on the training performance. Low
correlation lengths lead to a very difficult training process
and even insufficient results for the presented training sets.

Table 6 Correlation lengths �c,
number of input variables Ninput
and training parameters Npara of
the cylindrical shell segment

�c [mm] 100 150 200 250

Ninput 52 26 17 12

Npara 761 501 411 361

For the same correlation length �c = 200mm, the CV of
the buckling load of the plate is much smaller, compared to
the column example, even though all random fields are mod-
elledwith the samemean valueμ = 0 and standard deviation
σ = 1. This shows, that the variation of the buckling load
depends on the structure type and boundary conditions.

4.3 Cylindrical shell segment

A more particular structure with different buckling behavior
is presented in the next example, where a cylindrical shell
segment is investigated. It is taken from [46] and depicted in
Fig. 28. The shell is loaded in the center in the negative z-
directionwith the load P and the displacementwc in negative
z-direction is measured for the load-displacement curve. The
shell is simply supported on the two lateral edges. The FE
model consists of a 30 × 30 mesh, using 4 node nonlinear
shell elements with moderate rotations.

123



Computational Mechanics

Fig. 28 Cylindrical shell segment with 30 × 30 elements

Fig. 29 Two exemplary unrolled randomfield realizations for the cylin-
drical shell segment with �c = 100mm (top) and �c = 200mm
(bottom)

Because the cylindrical shell segment is a curved structure,
the radial imperfections are realized on the unrolled surface.
Two examples of unrolled random field realizations ŵ for
the cylindrical shell segment with �c = 100mm and �c =
200mm are shown in Fig. 29.

The KLE is truncated with a quality index of Q = 0.99.
The number of input variables Ninput and the number of train-

Fig. 30 Loaddisplacement curves of the cylindrical shell segmentwith-
out and with imperfections for �c = 200mm

Fig. 31 Loss function evolution of one ANN training process for the
cylindrical shell segment with �c = 200mm and a training set of 500
samples

ing parameters Npara used in this example are summarized in
Table 6.

The load-displacement curve in Fig. 30 is non-linear and
has a limit point at Pcr,perf = 2249.79N for the structure
without imperfections. The load-displacement curves with
geometrical imperfections calculated for �c = 200mm are
shown in Fig. 30. Despite imperfections they still have a limit
point, beyond which two consecutive load decreases occur.
Then, the load-displacement curves of the structure with and
without imperfections continue approximately parallel. The
buckling load of the imperfect structure can even be higher
than without imperfections, which means the critical buck-
ling load factor can be higher than one.

The ANN training is carried out five times with a random
field with �c = 200mm and a training set with Ntrain = 500
samples. The training loss function, depicted in Fig. 31,
shows the MSE of the training, validation and testing sets in
each epoch. The best validation performance is 7.13 ·10−5 at
epoch 12. The regression plot for training, validation and test-
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Fig. 32 Regression plot for training, testing and validation samples
of one ANN training process for the cylindrical shell segment with
�c = 200mm and a training set with 500 samples

ing samples, is depicted in Fig. 32. The output-target points
are very close to the angle bisector, which means that the
ANN learned to predict the critical buckling load accurately.

After the ANN training with the training set with Ntrain =
500 samples, the ANN surrogate model is tested on the
first six response functions αcr (ξi ), shown in Fig. 33. The
affiliated eigenvectors ϕi (x) of the covariance matrix are
presented in Fig. 34. The first and the fifth eigenvector are
able to enforce the upward curvature of the shell without
imperfection, which offers a higher arch support effect for
the downward load and therefore leads to higher buckling
loads.

The corresponding response functions αcr (ξi ) are almost
linear with a positive gradient reaching values greater than
one. The second, third, fourth and sixth eigenvectors are
not able to offer this effect and therefore the correspond-
ing response function graphs αcr (ξi ) are almost a horizontal
line at the value of αcr = 1, which means they have nearly
no influence on the buckling load. Compared to the previous
examples, not all response functions are symmetrical, some
of them are monotonous and also none of them has a kink.

The MCS is performed with Nmcs = 5000 samples of the
ANN solution. The procedure is repeated investigating dif-
ferent correlation lengths and different training sets with five
training process repetitions. The resulting CDFs are depicted
in Fig. 35. For the correlation length of �c = 200mm and
training sets of 500 to 1000 samples, the probability distribu-
tion computed by theANNsurrogatemodel is a very accurate
approximation of the FE solution, as there is no visible error.
Lowering the training set to Ntrain = 100 < Npara = 411,
the ANN error is clearly visible.

Fig. 33 First six response functions αcr(ξi ) of the cylindrical shell segment with �c = 200mm. Comparison between FE solution and five ANN
solutions for five different training sets of 500 samples
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Fig. 34 First six eigenvectors of the covariance matrix of the cylindrical shell segment for �c = 200mm

Fig. 35 Cumulative distribution functions for the cylindrical shell segment with �c = 100 and 200mm and Ntrain = 100, 500 and 1000 training
sets. Comparison between FE solution and five ANN training sets
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Fig. 36 RMSE and selected tolerance value of the ANN for different
correlation lengths �c [mm] in a box plot diagram for the cylindrical
shell segment

Fig. 37 Speedup factor for the cylindrical shell segment: ratio between
FE and ANN computation time tFE/tANN via correlation length �c

For a lower correlation length of �c = 100mm the
ANN training becomes highly demanding. Even at Ntrain =
1000 > Npara = 761 the surrogate model shows significant
errors.

The mean values μ, coefficient of variation CV and rel-
ative errors ε of the five ANN solutions are presented in
Tables 7 and 8. The error measurement is summarized with
the RMSE in a box-plot diagram in Fig. 36.

The RMSE of the ANN for all investigated correlation
lengths have a noticeable decrease with increasing number
of samples of the training set Ntrain. However, with lower
correlation lengths �c the training is more difficult and the
error is higher.

In order to compare the ANN and FE computation time,
an error tolerance of tol = 0.035 has been chosen, which is
depicted in Fig. 36 as dashed line. For each correlation length
�c, the best ANN training settings for RMSE < tol = 0.035
are used to calculate the required ANN computation time
tANN.

Fig. 38 PDF of the buckling load of the cylindrical shell segment based
on 105 FE-MCSwith �c = 250mm and PDF of a variable external load
of P ∼ N (1.4, 0.4) kN

Fig. 39 FE and ANN solution of the probability of failure with increas-
ing amount of Monte Carlo samples for the cylindrical shell segment
with �c = 250mm, a training set of 2000 samples and an external load
of P ∼ N (1.4, 0.4) kN

The ratio betweenFEandANNcomputation time tFE/tANN,
i.e. the speedup factor, is depicted in Fig. 37. The total FE
computation time consists of 5000 FE-MCS samples.

The shell structure shows similar results compared to the
plate example. The training performance depends not only
on the training set, but also on the correlation length.

In order to further demonstrate the computational benefit,
the probability of failure Pf is calculated as stochastic quan-
tity of interest for a given external load P ∼ N (1.4, 0.4) kN.
The probability of failure is defined as the probability that
the buckling load is smaller than the external load: Pf =
Prob.(Pcr < P). For the correlation length �c = 250mm
an MCS with 105 simulations is computed for the buckling
load Pcr and the external load P . The corresponding PDFs
are plotted in Fig. 38. For a gradually increasing number of
simulations, the probability of failure is calculated with the
FE andANN solution based on a training set of 2000 samples
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Table 7 Mean value μ of the critical buckling load factor αcr for the cylindrical shell segment. Reference FE solution μFE, five ANN training
results μANN,i and corresponding percentage errors εi [%]
�c [mm] μFE Ntrain μANN,1 ε1[%] μANN,2 ε2[%] μANN,3 ε3[%] μANN,4 ε4[%] μANN,5 ε5[%]
100 0.9530 100 0.9749 2.30 0.9606 0.80 0.9604 0.77 0.9236 3.08 0.9548 0.19

500 0.9511 0.20 0.9679 1.56 0.9527 0.03 0.9506 0.25 0.9408 1.27

1000 0.9534 0.04 0.9460 0.73 0.9703 1.82 0.9428 1.07 0.9633 1.09

2000 0.9535 0.05 0.9493 0.39 0.9530 0.00 0.9526 0.04 0.9531 0.01

200 0.9909 100 0.9894 0.15 0.9886 0.23 0.9706 2.05 1.0057 1.50 0.9826 0.84

500 0.9899 0.10 0.9902 0.08 0.9903 0.07 0.9882 0.27 0.9910 0.01

1000 0.9889 0.20 0.9897 0.12 0.9896 0.13 0.9893 0.16 0.9898 0.11

2000 0.9891 0.18 0.9895 0.14 0.9893 0.16 0.9895 0.14 0.9894 0.15

Table 8 Coefficient of variation CV [%] of the critical buckling load factor αcr for the cylindrical shell segment. Reference FE solution CVFE [%],
five ANN training results CVANN,i [%] and corresponding percentage errors εi [%]
�c [mm] CVFE Ntrain CVANN,1 ε1 CVANN,2 ε2 CVANN,3 ε3 CVANN,4 ε4 CVANN,5 ε5

100 10.45 100 8.35 20.08 10.34 1.07 9.62 7.94 9.18 12.19 6.87 34.27

500 10.22 2.25 7.45 28.66 9.51 9.01 10.42 0.28 8.85 15.33

1000 10.12 3.20 9.61 8.09 8.42 19.43 9.75 6.76 8.87 15.14

2000 10.53 0.69 10.31 1.35 10.25 1.99 10.63 1.68 10.56 1.00

200 11.62 100 11.16 4.03 9.91 14.72 11.25 3.21 9.73 16.34 9.99 14.06

500 11.81 1.62 11.50 1.07 11.74 0.99 11.59 0.26 11.68 0.48

1000 11.73 0.87 11.68 0.52 11.63 0.03 11.67 0.41 11.64 0.11

2000 11.71 0.75 11.71 0.76 11.69 0.59 11.72 0.81 11.72 0.82

Fig. 40 PDF of the shells buckling load of the cylindrical shell segment
based on105 FE-MCSwith �c = 250mmandPDFof a variable external
load of P ∼ N (1.0, 0.25) kN

and is plotted in Fig. 39. The FE-MCS is computed with 105

simulations and the ANN-MCS is computed with up to 107

simulations to show the convergence (Fig. 39). It is visible,
that the probability of failure is stabilized at Pf = 0.035.
In order to show the convergence for a lower probability
of failure, the same calculation is repeated for an exter-
nal load of P ∼ N (1.0, 0.25) kN, with the corresponding

Fig. 41 FE and ANN solution of the probability of failure with increas-
ing amount of Monte Carlo samples for the cylindrical shell segment
with �c = 250mm, a training set of 2000 samples and an external load
of P ∼ N (1.0, 0.25) kN

PDFs presented in Fig. 40. The probability of failure with
up to 108 ANN-MCS samples and 105 FE-MCS samples is
depicted in Fig. 41 and is stabilized at Pf = 9.50 · 10−5.
Compared to the previous calculation, the convergence is
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Fig. 42 ANN time saving factor based on the number of Monte Carlo
samples for the cylindrical shell segment with �c = 250mm and a
training set of 2000 samples

slower, because the probability of failure is lower. This shows
how the Monte Carlo convergence depends on the stochas-
tic quantity of interest. The advantage in using the ANN,
provided a successful training process, is that any desired
amount of samples can be produced without further compu-
tational effort. This means, that the ANN benefit increases
with increasing number of simulations. The ANN results in
Figs. 39 and 41 are plotted for five training process repeti-
tions, showing that the ANN surrogate model is not only
very accurate, but also robust.

For the last example of the shell with �c = 250mm and
a training set of 2000 samples, the time saving factor with
respect to the number of simulations is plotted in Fig. 42.
Based on how many samples are used, the time saving factor
can be determined from Fig. 42. The calculation of the time
saving factor includes the computation time of the samples
in the training set. Thus, for a number of Monte Carlo sam-
ples lower than the number of samples used in the training
set, the time saving factor is lower than one. The calculation
with 108 samples yields a time saving factor ≈ 46577. It is
evident, that the calculation of a low probability demands
high numbers of Monte Carlo samples. The reliability anal-
ysis in civil engineering requests the probability of failure
to be lower than 10−5 − 10−3 depending on the structures
consequence class [17]. In this context, the presentedmethod
offers significant time savings.

5 Conclusion and outlook

A new approach of ANN surrogate modeling for geometri-
cal imperfections with random fields in buckling analysis has
been presented. The aim of this method is the reduction of
the Monte Carlo Simulations computation time. The novelty

of this work is the use of the random field’s variables ξi (θ)

as ANN input. The method has been applied to three differ-
ent structures in order to demonstrate that the ANN is able to
learn different relationships between the input variables ξi (θ)

and the buckling load. It has been shown, that the surrogate
model can efficiently predict the buckling loads of imperfect
structures with significant time savings. The eigenvectors
ϕi of the covariance matrix have different sensitivities on
the buckling load depending on their shape. Some of them
have almost no influence on the output and can potentially be
neglected. Therefore, the presented method can be enhanced
in future studieswith a sensitivity analysis of single eigenvec-
tors of the covariance matrix on the buckling load. The idea
is to eliminate nonsensitive eigenvectors, in order to reduce
the number of input variables.

In general, the ANN time saving factor varies depend-
ing on the stochastic quantity of interest and the correlation
length. If one is only interested in mean value and variance
of the buckling load, few samples can be enough and the
ANN benefit is negligible. However, in a probabilistic safety
assessment, a low probability of failure must be guaranteed,
which requires a very high number of samples. In that case,
the ANN benefit becomes even more significant.

It is important to notice, that the performance of the
presented surrogatemodel depends on the randomfield’s cor-
relation length �c. In order to further validate the presented
method with realistic correlation lengths, real measurements
are of crucial importance. Future works will aim on the ANN
training on realistic random fields derived from surface mea-
surements, which are very rare to find in literature. Often, the
available data is insufficient because only a small number of
specimens are measured. In this case the correlation length
�c can be interpreted as interval or fuzzy variable considering
epistemic uncertainty. In that case, the computation proce-
dure consists of a two loops algorithm, where the inner loop
is theMCS and the outer loop is the interval or fuzzy analysis.
Therefore, the ANN training procedure has to be enhanced
including the correlation length �c as input variable in the
ANN. One of the problems in this intent, is that the number
of input neurons may vary during one training process which
is not possible in common neural networks. One obviousway
to avoid this issue, is to use random fields with quality index
Q = 1 so that the number of input variables is constantly
equal to the random field nodes. However, this comes with
a high number of input variables and can decrease the ANN
training performance, which has to be investigated.

The authors main project is the design optimization of
shell structures with geometrical imperfections. This intro-
duces design variables to the calculation process, which can
be, for example, the fiber angles in layered composite struc-
tures or stringers for stiffened shells. Together with fuzzy or
interval variables, as for example the correlation length, the
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complete computation model consists of the following three
levels with different input variable types:

• Stochastic analysis: random numbers ξi (θ)

• Interval/fuzzy analysis: correlation length �c
• Design optimization: fiber angles, stringer setup

The variables in this list are only a possible example. Even
more variables can be added. In future works, the surrogate
model will include these three different variable types in a
multi-loop algorithm.

In the framework of artificial intelligencemethods, a large
variety of different neural networks are established as sur-
rogate models. The presented method can be applied on
alternative neural network types.

In further studies, the whole concept shall be tested on
other structure types. Especially full cylindrical shells are of
particular interest because of their high sensitivity to buckling
failure under geometrical imperfections. The high number of
required FE nodes, and thus the high number of input vari-
ables ξi (θ) for cylinders are challenging in computation time,
both for the FE solution and theANN training. Therefore, the
development of an efficient surrogatemodel for randomfields
in buckling analysis of cylindrical shells is still demanding.
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