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Abstract

Motivated by the cabling of solar farms, we study the

problem Constrained Layer Tree. At its core, it asks

whether there exists a tree that connects a set of sources

(the leaves) to one sink (the root) such that certain ca-

pacity constraints at the inner nodes are satisfied. Our

main algorithmic contribution is a dynamic program with

various optimizations for Constrained Layer Tree. It

outperforms the previously used MILP by multiple orders

of magnitude. Moreover, our experiments show that the

somewhat abstract problem Constrained Layer Tree

is actually the core of the cabling problem in solar farms,

i.e., the feasible solution produced by our dynamic pro-

gram can be used to bootstrap an MILP that can then

find good solutions for the original cabling problem effi-

ciently.

1 Introduction

A solar farm consists of various different compo-
nents. Besides the prominent PV1 panels, which
are mounted on racks in groups of so-called PV
strings, there are less visible components that are
vital to harvest the produced energy. To give an
example, the PV strings can be paired up using Y-
connectors. Multiple Y-connectors are connected to
combiner boxes, which in turn are grouped by recom-
biner boxes. These recombiner boxes are then con-
nected to an inverter, which transforms the direct
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1PV – short for photovoltaic

current produced by the PV strings into alternating
current. Finally, step-up transformers feed the gen-
erated electricity into the power grid. Besides the
hierarchical combination of PV strings, these compo-
nents can come with varying monitoring and safety
equipment. Beyond this example, there is a multi-
tude of components to choose from and which com-
ponents exactly are used heavily depends on the de-
cisions made in the planning process. See [11] for
more technical details. A common pattern, however,
is that PV strings, forming the basic unit, are con-
nected in a hierarchical fashion, with components al-
lowing for increasing current in the higher layers of
the hierarchy.

When considered as an algorithmic problem, the
task boils down to constructing a tree with a fixed
number of layers that has the PV strings as leaves.
As a hard-constraint, each component on a given
layer can only handle current within a certain range,
i.e., there are capacities that restrict the number of
strings in the subtree below the component. The
goal is to choose and place components on given can-
didate positions such that the total cabling cost is
minimized. This problem has been formalized by
Gritzbach, Stampa, and Wolf as the so-called Solar
Farm Cable Layout Problem (SoFaCLaP) [6].

More generally, this can be categorized as a net-
work design problem [1]. The arguably oldest and
most famous network design problem is the minimum
spanning tree (MST) problem [5]. When it comes to
practical applications, however, just computing the
MST is often not sufficient. Unfortunately, seemingly
inconspicuous additional requirements or variations
of the problem often make it hard. In fact, the book
by Garey and Johnson [4] contains a whole section on

1

ar
X

iv
:2

41
0.

15
03

1v
1 

 [
cs

.D
S]

  1
9 

O
ct

 2
02

4



spanning trees listing thirteen different NP-hard vari-
ants of the problem. This includes the Steiner tree
problem [8], where the resulting tree only needs to
contain a specified set of terminal vertices, while all
other vertices, called Steiner points, are optional [8].
Although the Steiner tree problem and its various
variants are computationally much harder than the
MST problem, efficient MST-algorithms are often a
core ingredient for (heuristically) solving the more
complicated problem; see, e.g., [10] for a recent sur-
vey on variants of the Steiner tree problem.
As pointed out by Gritzbach et al. [6], SoFaCLaP

is closely related to the Steiner tree problem. There
are, however, differences coming from the hierarchi-
cal (or multi-layer) nature of the desired trees as
well as from the capacity constraints of the connect-
ing components. Moreover, there are resemblances
to other classes of problems that have been studied
before, like multi-layer network design [9, 2], hier-
archical network design [3], and multi-level facility
location [12]. These problems are often directly mo-
tivated by applications, which results in a multitude
of variants with varying constraints and different op-
timization criteria. It is not surprising that these
problems are predominantly studied by the opera-
tions research community, where mathematical pro-
gramming formulations, often mixed integer linear
programs (MILP), can be flexibly adjusted to the spe-
cific needs and years of engineering can be utilized by
using off-the-shelf solvers like Gurobi [7]. For SoFa-
CLaP, Gritzbach et al. [6] also provide and evalu-
ate a formulation as MILP. They observe that, while
Gurobi is able to solve small and medium sized in-
stances optimally in reasonable time, it struggled on
several larger instances to even find a feasible solu-
tion satisfying all hard-constraints. Moreover, they
observe that, if Gurobi can find a feasible solution, it
is also quite good at finding a solution of good qual-
ity. This indicates that the core problem here does
not come from the optimization problem of finding a
cheap layout but from the decision problem of finding
any tree that satisfies the capacity constraints with
the given set of components.
In this paper, we study a problem that we call

Constrained Layer Tree, which captures the dif-
ficult core of the solar farm problem in isolation.

Our main contributions are as follows. We pro-
vide a dynamic program that solves Constrained
Layer Tree and devise a multitude of optimiza-
tions that improve its performance. Our evaluation
shows that our dynamic program heavily outperforms
Gurobi trying to solve the MILP formulation2 of
Constrained Layer Tree. More specifically, our
dynamic program is able to solve a multitude of in-
stances, where Gurobi fails to find a feasible solution.
Moreover, bootstrapping the MILP solver with a fea-
sible solution produced by our dynamic program lets
it quickly find good solutions for instances that were
unsolvable before, which shows that Constrained
Layer Tree is indeed the difficult core of SoFa-
CLaP. For the optimizing of a feasible solution for
SoFaCLaP, we also provide and evaluate different
heuristic solutions.

1.1 The Constrained Layer Tree
Problem

In a nutshell, Constrained Layer Tree can be
described as follows; see Section 2 for a formal defini-
tion. The goal is to build a tree with λ layers and n0

leaves on the bottom layer that satisfies the following
constraints. For each layer i, there is an upper bound
ni on the number of vertices in layer i. Additionally,
there are lower and upper capacities ℓi and ui, and
any vertex on layer i must have between ℓi and ui

leaves below it.

Relating this back to the solar farm problem, n0

is the number of PV strings we want to connect, the
layers represent the different types of components,
ni for i > 0 gives an upper bound on the number
of available components of each type, and the ca-
pacities specify how many strings can be bundled by
each of the components. Although theConstrained
Layer Tree problem is clearly motivated by the ca-
bling of solar farms, it is a quite natural problem and
we believe that it can be of independent interest as a
subproblem appearing in other applications.3

2This is the same formulation as for SoFaCLaP but with
a constant objective function since we only ask for feasibility.

3We named it Constrained Layer Tree, to reflect the
fact that it is not specific to the solar farm application.
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We note that the Constrained Layer Tree
problem is not completely new. Gritzbach et al. have
mentioned it as a subproblem of SoFaCLaP and
in fact conjectured it to be solvable in polynomial
time [6, Conjecture 1]. To the best of our knowledge,
Constrained Layer Tree has not been studied
beyond that.

1.2 Our Dynamic Program

We give a dynamic program for Constrained
Layer Tree in Section 3 that runs in O(nλ+2

0 ·
λ2 · log n0) time. We note that this partially con-
firms the conjecture by Gritzbach et al. [6, Conjec-
ture 1]; with some major caveats. Firstly, this is only
polynomial in the number of leaves n0 if the num-
ber of layers λ is constant. Secondly, an instance of
Constrained Layer Tree can be represented very
compactly. One only needs to specify n0, . . . , nλ as
well as the capacities ℓ1, . . . , ℓλ and u1, . . . , uλ, which
are just 3λ+1 numbers. Thus, unless we use a unary
encoding for the numbers, even a running time of
O(n0) is exponential in the input size. We note that,
with this perspective, it is even unclear whether the
problem is in NP, as explicitly writing down a solu-
tion uses an exponential number of bits compared to
the number of bits required to encode the instance.

Our dynamic program goes over the number of
leaves in the solution. Roughly speaking, for each
number of leaves up to n0, we compute all possible
ways a tree with that many leaves can be built. As
typical for dynamic programs, the number of these
partial solutions is kept low by viewing different trees
that share certain characteristics as equivalent. Ad-
ditionally, we provide several techniques in Section 4
that heavily improve the practical performance of our
dynamic program while not affecting its correctness.
For example, one type of optimizations reduces the
number of stored partial solutions significantly by
identifying partial solutions that do not contribute
to the full solution. Other optimizations try to com-
plete an already computed partial solution greedily to
a full solution, and terminate the dynamic program
early on success.

1.3 Performance

In our experiments on randomly generated instances
of Constrained Layer Tree, our dynamic pro-
gram with the proposed optimizations solves a sig-
nificant number of instances that are not solved by
Gurobi in reasonable time. On more than 90% of
the tested instances, our dynamic program achieves
a speed-up of more than 100 compared to Gurobi and
often even reaches a much higher speed-up.4 Besides
this comparison, we make a detailed evaluation of our
dynamic program that yields interesting insights into
how and why it performs the way it does.

1.4 Optimizing SoFaCLaP

Our study of the Constrained Layer Tree prob-
lem is motivated by the application of building solar
farms. To verify that solving Constrained Layer
Tree can actually help for this kind of application,
we run Gurobi initialized with a valid solution to eval-
uate whether it can find good solutions for instances
of SoFaCLaP for which it was not able to find any
solution before. Our experiments show that this is
indeed true, confirming that Constrained Layer
Tree is the hard core of the problem. Moreover, we
provide and evaluate heuristics as an alternative to
an MILP for solving SoFaCLaP. Our heuristics yield
worse solutions than Gurobi but are slightly faster.

2 Preliminaries

Let G = (V,E) be a directed acyclic graph. Vertices
with no incoming or outgoing edge are called source
and sinks, respectively. We call G a layer graph if
every path from a source to a sink has the same length
λ. This naturally partitions the vertices into λ + 1
disjoint layers V = V0 ∪̇ · · · ∪̇Vλ such that every edge
goes from a vertex in Vi−1 to a vertex in Vi for some
i ∈ [λ], where [λ] denotes the set {1, . . . , λ}. Note
that V0 are the sources and Vλ are the sinks. We
denote with ni = |Vi| the number of vertices in layer

4In fact, there are multiple instances that we solve in 2ms
for which Gurobi runs in the timeout of 1 h; a speed-up of six
orders of magnitude.
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i. A layer graph is complete if all possible edges exist,
i.e., E =

⋃
i∈[λ] Vi−1 × Vi.

A layer tree is a layer graph that is also a rooted
tree, i.e., the leaves (sources) are in layer 0, there is
exactly one root (sink) in layer λ, the distance from
every leaf to the root is λ, and each vertex except
the root has exactly one parent. The weight of a
vertex v in a layer tree is the number of leaves in the
subtree below v, i.e., the number of leaves that have a
directed path to v. We denote the weight with w(v).

The input of the Constrained Layer Tree
problem is a complete layer graph G with layers
0, . . . , λ together with a pair of lower and upper ca-
pacity (ℓi, ui) for each i ∈ [λ]. The problem Con-
strained Layer Tree then asks whether G has a
layer tree containing all n0 sinks as subgraph such
that the weight of each vertex lies between the lower
and upper capacity in the corresponding layer, i.e.,
for v ∈ Vi it holds that ℓi ≤ w(v) ≤ ui. We call such
a layer tree valid.

We note that an instance of Constrained Layer
Tree is completely determined by specifying the
numbers n0 and (ni, ℓi, ui)i∈[λ]. Although layer 0 has
no capacities, it is sometimes convenient to assume
that ℓ0 = u0 = 1.

Multiple Sinks When coming from the solar farm
application, it often makes sense to have not just one
but multiple transformers as sinks. In this case, the
solution should not be a tree but a forest. We note
that this case is already covered by our definition
of Constrained Layer Tree, as one can always
insert an additional top layer with just one vertex.
Thus, the requirement of having just one sink is with-
out loss of generality.

Normalization We call an instance of Con-
strained Layer Tree normalized if, with increas-
ing layer, the number of vertices is decreasing and the
capacities are increasing, i.e., ni ≤ ni−1, ℓi ≥ ℓi−1,
and ui ≥ ui−1 for i ∈ [λ]. It is easy to verify that
any instance can be transformed into an equivalent
normalized instance in O(λ). We assume for the re-
mainder of the paper that all instances are normal-
ized.

Lemma 2.1. Any instance of Constrained Layer
Tree can be transformed into an equivalent normal-
ized instance in O(λ).

Proof. Given an instance determined by the values n0

and (ni, ℓi, ui)i∈[λ], we construct an equivalent nor-

malized instance (ñi, ℓ̃i, ũi)i∈[λ] as follows.

For every layer i ∈ [λ], set ñi = min(ni, ñi−1), ℓ̃i =
max(ℓi, ℓ̃i−1), and ũi−1 = min(ui−1, ũi). Clearly, the
resulting instance is normalized.

Going from the original to the normalized instance,
the number of vertices in non-source layers is only
decreased and the capacity intervals are only made
smaller. Thus, if the original instance was a no-
instance, it remains a no-instances after the nor-
malization. Moreover, any solution of the original
instance remains a solution of the normalized in-
stance: In the solution, the number of vertices in each
layer decreases with increasing layers. Moreover, the
weight of any vertex is at least the weight of its chil-
dren. Thus, increasing the lower bound of the parent
to the lower bound of the child and decreasing the
upper bound of the child to the upper bound of the
parent keeps the weight in the solution between the
upper and lower bound.

Solar Farm Cabling With the above formaliza-
tion, we can also define the SoFaCLaP problem
studied by Gritzbach et al. [6] as follows. As for
the Constrained Layer Tree problem, the input
consists of a complete layer graph G = (V,E) to-
gether with the capacities. Additionally, every edge
of G has a length len : E → R indicating the dis-
tance between the corresponding components in the
solar farm.5 Moreover, there is a cable cost function
cost : N → R that indicates how expensive the re-
quired cable is for a given load, i.e., if the vertex u
in a layer tree has weight w(u), then the edge to its
parent costs cost(w(u)) per unit of length. Thus, the
cost of the edge e = (u, v) is cost(w(u)) · len(e). The
goal of SoFaCLaP is to find a valid layer tree with
minimum total edge cost.

5The len function is usually compactly represented by spec-
ifying geometric positions of the vertices.
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3 DP Algorithm for Con-
strained Layer Tree

In this section, we first describe a basic dynamic pro-
gram that solves Constrained Layer Tree. We
propose further optimizations in Section 4.

The main idea of the DP is to obtain valid layer
trees with a higher number of leaves by combining
two valid layer trees with fewer leaves. However,
to obtain a solution for a given instance of Con-
strained Layer Tree, it is not necessary to ac-
tually compute all possible trees explicitly, and much
less information is needed to be able to reconstruct
such a solution. In fact, it is sufficient to know
how many vertices are in each layer, regardless of
the actual topology. Thus, we consider two layer
trees to be equivalent if they have the same num-
ber of vertices in each layer. More formally, let
a := (a0, . . . , aλ) ∈ Nλ+1 be a vector where the num-
ber ai describes the number of vertices in layer i. We
call such a vector a a partial solution with a0 leaves if
there exists a valid layer tree with ai vertices in layer
i ∈ {0, . . . , λ}. Observe that, by definition, there is
a partial solution with a0 = n0 leaves if and only if
there is a valid layer tree that connects all sources,
i.e., if the given instance is a yes-instance.

3.1 Ignoring Lower Capacities

For now, we assume that the given instance of Con-
strained Layer Tree has no lower capacities, i.e.,
ℓi = 0 for every layer i ∈ {0, . . . , λ}. This simplifies
the description of the dynamic program, and we will
later see that it can be slightly adapted to also work
with lower capacities.

Once we know all partial solutions with fewer
leaves, we can combine these to obtain all partial so-
lutions for more leaves. Combining two partial solu-
tions is roughly the sum of the number of vertices in
each layer, with the exception that in a layer, where
both solutions only have one single vertex, it is pos-
sible to merge these two vertices into one. As such
a merging of two vertices is optional, we may obtain
multiple new partial solutions by combining two par-
tial solutions.

k + 1

kb + 1

ka + 1
Tb

Ta

Figure 1: The k-combination of two trees Ta and Tb

with branching layer ka and kb, respectively.

More formally, we define the combination of two
partial solutions as follows. Given a partial solution
a = (a0, . . . , aλ), we refer to the highest layer i with
ai > 1 as the branching layer of a. Observe that in
a corresponding tree, the branching layer consists of
multiple vertices, and the tree forms a path above the
branching layer.

Let a = (a0, . . . , aλ) and b = (b0, . . . , bλ) be par-
tial solutions, and let ka and kb be the branch-
ing layer of a and b, respectively. For some k ∈
{max{ka, kb}, . . . , λ}, the k-combination of a and b
is the vector (a0+b0, . . . , ak+bk, 1, . . . , 1). Note that
the branching layer of a k-combination is layer k by
definition.

Observe that combining partial solutions has a
correspondence on trees. Let Ta and Tb be layer
trees with branching layers ka and kb, respectively.
For some k ∈ {max{ka, kb}, . . . , λ}, we define the
k-combination of Ta and Tb as follows. We take
the disjoint union of Ta and Tb, and for every i ∈
{k+1, . . . , λ}, we contract the two vertices in layer i
into one. Figure 1 shows such a k-combination. For
k-combinations of layer trees, we observe that the
weight of vertices only change in layers above k.

Observation 3.1. Let T be the k-combination of two
layer trees Ta and Tb. For every vertex in some layer
at most k in T , the weight is equal to its correspond-
ing vertex in Ta or Tb.

With this, we can show the following lemma. It
essentially states that it can be easily checked which
combinations of partial solutions are partial solutions
themselves.
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Lemma 3.2. Let a and b be partial solutions with a0
and b0 leaves, respectively. The k-combination c =
(c0, . . . , cλ) of a and b for some k yields a partial
solution with a0 + b0 leaves if and only if

• ci is at most ni for every i ∈ {0, . . . , λ}, and

• c0 ≤ uk+1.

Proof. Let a = (a0, . . . , aλ) and b = (b0, . . . , bλ). As
c is their k-combination, it holds that ci = ai + bi if
i ≤ k and ci = 1 if i > k.
If ci > ni, then c is not a partial solution by defini-

tion. The same is true if there is a layer that consists
of a single vertex whose upper capacity is not large
enough to connect all leaves.
Now, assume c satisfies the conditions from the

lemma, i.e., ci ≤ ni for all i ∈ {0, . . . , λ} and
c0 ≤ uk+1. We prove that c is a partial solution.
As a and b are partial solutions, there are two valid
layer trees Ta and Tb that correspond to a and b, re-
spectively. Consider the k-combination Tc of Ta and
Tb. By definition, Tc corresponds to the vector c, and
each layer i ∈ {0, . . . , λ} in Tc consists of at mosts ni

vertices. For the capacity constraint, we consider the
layers at most k and the layers above k separately. In
the layers at most k, the weight of a vertex in Tc is
equal to the weight of its corresponding vertex in Ta

or Tb by Observation 3.1. Since Ta and Tb are valid,
the capacity constraints in the layers at most k in Tc

are satisfied. In every layer above k, Tc consists of a
single vertex and all leaves in Tc are connected to this
vertex. As we assumed that the upper capacity of a
higher layers is at least the upper capacity of a lower
layer, the capacity constraint is satsified for all layers
above k. Thus, Tc is a valid layer tree and by that, c
a partial solution which concludes the proof.

Conversely, we prove that we can obtain any par-
tial solution by combining partial solutions for fewer
leaves.

Lemma 3.3. Let c ∈ Nλ+1 be a partial solution with
c0 > 1 leaves. There exist two partial solutions a, b ∈
Nλ+1 with a0 and b0 leaves, respectively, with a0 < c0
and b0 < c0 such that c is the k-combination of a and
b for some k.

k + 1
u

v
k

TbTa

Figure 2: Any valid tree Tc is a k-combination of two
valid trees Ta and Tb.

Proof. Let c = (c0, . . . , cλ) be a partial solution for
more than one leaf, and Tc a corresponding valid
layer tree. Further, let k be the branching layer of
c. We construct two layer trees Ta and Tb whose
k-combination gives us Tc as follows. Let u be the
vertex in layer k+1 of Tc. As it is above the branch-
ing layer, u has at least two children. Let v be a child
of u in layer k. We obtain the layer tree Ta by delet-
ing v and the subtree rooted in v from Tc. Similarly,
Tb is constructed by deleting all children of u except
for v and their subtrees in Tc. An example can be
seen in Figure 2.

Observe that c is the k-combination of a and b
where a and b are the corresponding vectors to Ta

and Tb, respectively. As both Ta and Tb are subtrees
of Tc, they both have at most as many vertices as Tc

in each layer, and the weight of each vertex is at most
the weight of its corresponding vertex in Tc. Thus,
we can obtain c by combining two partial solutions a
and b.

We can now formulate the dynamic program. For
one leaf, there is only one partial solution (1, . . . , 1).
For every i ∈ {2, . . . , n0}, we obtain all partial solu-
tions with i leaves by combining all pairs of partial
solutions where the total number of leaves add up
to i, and keeping only vectors that satisfy the condi-
tions in Lemma 3.2. Lemma 3.2 states that we only
get partial solutions this way, and Lemma 3.3 proves
that any partial solution is generated. Thus, the cor-
rectness of this DP follows directly from the previous
two lemmas.

6



3.2 Adding Lower Capacity Con-
straints

By additionally introducing a lower capacity ℓi for
each layer, we need to slightly change the dynamic
program. While a tree that violates the upper ca-
pacity constraint cannot be made valid by combining
it with another tree, a violation of the lower capac-
ity constraint may be fixed for vertices above the
branching layer since the weight of these may in-
crease. Thus, we are also interested in layer trees
where the lower capacity is relaxed for vertices above
the branching layer.
Formally, we say that a layer tree T with branching

layer k is almost valid if it is valid in each layer i ∈ [k],
and if the number of leaves does not exceed the upper
capacity of layer i ∈ {k + 1, . . . , λ}. A vector is a
relaxed partial solution if it corresponds to an almost-
valid tree.
In a similar fashion as in the case without lower

capacity constraints, we show that by combining re-
laxed partial solutions for fewer leaves, we can obtain
all relaxed partial solutions.

Lemma 3.4. Let a and b be relaxed partial solu-
tions with a0 and b0 leaves, respectively. The k-
combination c = (c0, . . . , cλ) of a and b for some k is
a relaxed partial solution with a0 + b0 leaves if

• ci is at most ni for every i ∈ {0, . . . , λ},
• c0 ≤ uk+1, and

• a0 ≥ ℓk, and b0 ≥ ℓk.

Proof. Let a = (a0, . . . , aλ) and b = (b0, . . . , bλ)
be relaxed partial solutions, and let c be the k-
combination of a and b and properties as stated in
the lemma. Moreover, let Ta and Tb be almost-valid
trees that correspond to a and b with branching layers
ka ≤ k and kb ≤ k, respectively.
We prove that c is a partial relaxed solution if the

conditions from the lemma are satisfied. Let Tc be
the k-combination of Ta and Tb. By definition, Tc

corresponds to c, and each layer i ∈ {0, . . . , λ} in Tc

consists of at most ni vertices. Further, the weight
of the vertex in Tc in the layer directly above the
branching layer does not exceed their upper capac-
ities by assumption. Since we assume that the in-

stance is normalized, the capacity of a higher layer is
at least the capacity of a lower layer. Thus, the upper
capacity constraint is satisfied for all layers above the
branching layers.

Recall that the weights of vertices in the layers at
most k do not change in Tc compared to the corre-
sponding vertices in Ta and Tb by Observation 3.1.
Thus, it is sufficient to show that each vertex in the
layers at most k in Ta and Tb satisfy all capacity
constraints. As Ta and Tb are almost valid, upper
capacity constraints are satisfied in all layers in both
trees, and lower capacity constraints are satisfied in
the layers at most ka and kb respectively. In each
layer i ∈ {ka + 1, . . . , k}, Ta only has one vertex to
which all leaves are connected. As we assume that
we have a normalized instance, the lower capacity of
a lower layer is at most the lower capacity of a higher
layer. Since a0 ≥ ℓk, the lower capacity constraint is
also satisfied in Ta for the layers above its branching
layer and at most k. The symmetrical result holds
for Tb.
Thus, Tc is an almost-valid tree, and c a partial

relaxed solution.

On the other hand, we prove that every relaxed
partial solution can be obtained by combining two
relaxed partial solutions for fewer leaves. Observe
that the proof of this lemma mostly follows the proof
for Lemma 3.3.

Lemma 3.5. Let c ∈ Nλ+1 be a relaxed partial solu-
tion with c0 > 2 leaves with branching layer k. There
exist two relaxed partial solutions a, b ∈ Nλ+1 with
a0 < c0 and b0 < c0 leaves such that

• it is a0 ≥ ℓk, and b0 ≥ ℓk.

• c is the k-combination of a and b.

Proof. Let c = (c0, . . . , cλ) be a relaxed partial solu-
tion, and let Tc be a corresponding almost-valid layer
tree. We construct two layer trees Ta and Tb as fol-
lows. Let u be a vertex in layer k + 1 of Tc. As it
is above the branching layer, u has at least two chil-
dren. Let v be a child of u in layer k. We obtain the
layer tree Ta by deleting v and the subtree rooted in
v from Tc. Similarly, Tb is constructed by deleting all
children of u except for v and their subtrees in Tc.

7



By construction, Tc is the k-combination of Ta and
Tb.

We prove that both Ta and Tb are almost-valid
layer trees. Each layer in Ta and Tb consists of at
most as many vertices as the corresponding layer in
Tc. Since k is the branching layer of Tc, vertices in
layers at most k in Tc satisfy all capacity constraints.
The same holds for vertices in layers at most k in Ta

and Tb since the weight of such a vertex is equal to
the weight of its corresponding vertex in Tc. Since
it is k ≥ ka and k ≥ kb, Ta and Tb are almost-valid
layer trees. Moreover, the lower capacity constraint
is also satisfied in layer k in both Ta and Tb.

If an instance also contains lower capacity con-
straints, we modify the previously proposed dynamic
program as follows. Instead of only storing partial
solutions, we store all relaxed partial solutions. New
relaxed partial solutions for i ∈ {2, . . . , n0} leaves
are obtained by combining all pairs of relaxed partial
solutions where the total number of leaves add up
to i. Additionally, we only keep the generated solu-
tions that satisfy the conditions stated in Lemma 3.4,
which tells us that only relaxed partial solutions are
generated in this case. Lemma 3.5 proves that any
relaxed partial solution is generated this way.

If the lower capacity of some layer is higher than
the total number of leaves to connect, then the in-
stance trivially is a no-instance. Assuming there is
no such layer, each relaxed partial solution with n0

leaves is a partial solution as well.

3.3 Complexity

The running time of the algorithm heavily depends
on the number of relaxed partial solutions that are
stored for each number of leaves. We denote the num-
ber of relaxed partial solutions for c ∈ [n0] leaves by
Sc. Further, let Smax be the maximum over all Sc,
i.e., for each number of leaves, we store at most Smax

relaxed partial solutions.

To generate the set of relaxed partial solutions with
c ∈ [n0] leaves, we consider all pairs of relaxed partial
solutions with a and b leaves where a+b = c. For each
pair of relaxed partial solutions, there are at most λ

possible k-combinations. Thus, we have∑
a+b=c
a,b≤c

λ · Sa · Sb

combinations that need to be considered for c leaves.
These combinations need to be filtered in accordance
to Lemma 3.4 which can be naively done in O(λ)
time for each combination along with the combining.
Further, we use an ordered set for each number of
leaves to make sure each relaxed partial solution is
only stored once.

This gives us the running time

O
( n0∑

c=2

(log(Sc) + λ) ·
∑

a+b=c
a,b≤c

λ · Sa · Sb

)

⊆ O
( n0∑

c=2

(λ · log(Smax) + λ2) ·
∑

a+b=c
a,b≤c

S2
max

)

⊆ O
(
S2
max · (λ · log(Smax) + λ2) ·

n0∑
c=2

c

)
⊆ O

(
n2
0 · S2

max · (λ · log(Smax) + λ2)

)
.

Since at most n0 vertices are needed in each layer,
we get a trivial bound of Smax ≤ nλ

0 , which yields the
following theorem.

Theorem 3.1. The Constrained Layer Tree
problem with n0 leaves and λ layers can be solved in
O
(
n2λ+2
0 · λ2 · log n0

)
time.

If we assume λ to be a fixed constant, then the run-
ning time of the proposed algorithm is polynomial in
n0, the number of sources to connect. However, as
already mentioned in the introduction, instances of
Constrained Layer Tree can be compactly rep-
resented by encoding the numbers in binary. Thus,
the DP is a pseudo-polynomial algorithm for Con-
strained Layer Tree, assuming λ is constant.
This partially confirms the conjecture by Gritzbach
et al. [6, Conjecture 1].
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4 Optimizations for the DP Al-
gorithm

We propose two types of optimizations for our DP.
First, we show that some partial solutions can be
ignored without violating the correctness of the al-
gorithm. Secondly, one can sometimes stop the DP
early by completing one of the partial solutions to a
full solution.

4.1 Reducing Stored Solutions

We provide three ways to reduce the set of partial
solutions that needs to be computed. First, we show
that it suffices to consider Pareto-optimal solutions,
i.e., it is always better to connect the same number of
leaves with fewer vertices in higher levels. Secondly,
we provide a way of computing upper bounds on how
many sources can be at most connected when using
a given partial solution. If this upper bound is below
the number of sources we need to connect, we can
prune the partial solution. Thirdly, we prove that
any partial solution can be assumed to be balanced
in the sense that it is composed of two smaller partial
solutions with roughly the same number of leaves.

4.1.1 Pareto-Optimal Solutions

Consider two different relaxed partial solutions a =
(a0, . . . , aλ) and b = (b0, b1, . . . , bλ) with the same
number of leaves a0 = b0. We say that a dominates b
if ai ≤ bi for all i ∈ [λ]. We say that a relaxed partial
solution is Pareto optimal if it is not dominated by
any relaxed partial solution.
Recall that for the correctness of our dynamic pro-

gram, we showed in Lemma 3.5 that we can obtain
any relaxed partial solution as the k-combination of
two partial solutions with fewer leaves. The next
lemma strengthens this result by stating the same
result for Pareto-optimal partial solutions. This di-
rectly implies that restricting the dynamic program
to only include Pareto-optimal partial solutions is
correct.

Lemma 4.1. Let c ∈ Nλ+1 be a Pareto-optimal re-
laxed partial solution for c0 > 2 leaves with branching

layer k. There exist two Pareto-optimal relaxed par-
tial solutions a, b ∈ Nλ+1 for a0 < c0 and b0 < c0
leaves such that

• it is a0 ≥ ℓk and b0 ≥ ℓk, and

• c is the k-combination of a and b.

Proof. Let c be a Pareto-optimal relaxed partial so-
lution for c0 leaves with branching layer k. By
Lemma 3.5, there are two relaxed partial solutions
a and b that satisfy all conditions above apart from
being Pareto optimal. We show that a and b are in-
deed Pareto optimal. Assume that a is not Pareto
optimal, and that it is dominated by some relaxed
partial solution a′ with the same number of leaves.
Observe that a′ and b together satisfy all conditions
from Lemma 3.4. This directly implies that the k-
combination of a′ and b is a relaxed partial solution
with c0 leaves as well. Moreover, the k-combination
of a′ and b dominates c since a′ has at most as many
vertices as a in each layer. Thus, c is not Pareto op-
timal which contradicts the assumption. Using the
symmetrical argument for b, we showed that both
a and b are Pareto-optimal relaxed partial solutions
which concludes the proof.

4.1.2 Pruning

The following lemma provides an upper bound on the
number of leaves in a valid layer tree that depends on
the number of vertices and the upper bounds given
for a pair of layers.

Lemma 4.2. Let 0 < i < j be two layers in an in-
stance of Constrained Layer Tree with ni and
nj vertices and upper capacities ui and uj, respec-
tively. Then the maximum number of leaves in a valid
layer tree is upper bounded by niui, njuj, and⌊

uj

ui

⌋
uinj + (uj mod ui) ·max

{
0, ni − nj ·

⌊
uj

ui

⌋}
.

Proof. The upper bounds of niui and njuj are obvi-
ous. For the remaining upper bound, we optimisti-
cally assume that we can choose the weight of each
vertex in layer i arbitrarily (i.e., the number of leaves
below this vertex) and that we can arbitrarily choose
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which vertices in layer i are descendants of which
vertices in layer j, i.e., how the weights in layer i are
grouped to form the weights in layer j.

Consider one vertex x in layer j that has descen-
dants v1, . . . , vk in layer i. Then, when maximizing
the number of leaves, we can assume without loss of
generality that w(vi) = ui except for at most one
i ∈ [k]. This is true as we can otherwise shift weight
between the vi, which can only free up vertices on
layer i. Now we count the total weight in layer j by
separately counting descendants in layer i that have
weight ui and those that have lower weight.

Clearly, vertex x in layer j can have at most ⌊uj

ui
⌋

descendants with the full weight of ui, which together
contribute a weight of at most ⌊uj

ui
⌋ · ui per vertex.

As there are at most nj vertices in layer j, this gives
the first term in the claimed bound.

Note that if there are also descendants with weight
less than ui, then every vertex in layer j actually has
⌊uj

ui
⌋ descendants with full weight. Thus, there are

at most max{0, ni−nj · ⌊uj

ui
⌋} descendants that have

weight less than ui. Each of them contributes at most
(uj mod ui) to the weight its corresponding vertex
in layer j, which concludes the proof.

We use this lemma as follows. Let a = (a0, . . . , aλ)
be a relaxed partial solution. One can observe that
the problem of extending a to a full solution is again
an instance of Constrained Layer Tree, where
we reduce the number of vertices ni available on each
layer by ai if ai > 1. We then test whether the upper
bound from Lemma 4.2 is below n0−a0 in which case
the partial solution a can be discarded as it cannot be
extended to a full solution with n0 leaves. We com-
pute this upper bound for every pair of consecutive
layers, i.e., for layers i and j = i+ 1 for i ∈ [λ− 1].

We note that this upper bound does not use the
lower capacities. We get an additional upper bound
if ⌊uj

ui
⌋ · ui < ℓj . In this case, the lower bound ℓj

on layer j is so high that only having descendants
on layer i with weight ui is not sufficient to reach
ℓj . In this case, we additionally get the upper bound
uj · ⌊ni/⌈uj

ui
⌉⌋.

4.1.3 Balanced Solutions

To obtain all relaxed partial solutions with c0 sources,
the dynamic program combines all pairs of relaxed
partial solutions with a0 and b0 sources such that
c0 = a0 + b0. Here we show that it is sufficient to
consider only combinations that are balanced in the
sense that a0, b0 ≥ c0

3 .

Lemma 4.3. For every Pareto-optimal relaxed par-
tial solution c with c0 > 1 leaves with branching layer
k, there are two Pareto-optimal relaxed partial solu-
tions a and b with a0 and b0 leaves, respectively, such
that

• a0 ≥ c0
3 and b0 ≥ c0

3 ,

• c is the k-combination of a and b.

Proof. We prove the lemma by induction on the num-
ber of sources c0 to connect. For c0 = 2, there is at
most one relaxed partial solution (2, 1, . . . , 1), which
can be partitioned into two relaxed partial solutions
(1, 1, . . . , 1). Such a partition is obviously balanced.
Let c0 > 2 and c be a Pareto-optimal relaxed

partial solution for c0 sources with branching layer
k. By Lemma 4.1, there are two Pareto-optimal re-
laxed partial solutions a and b for a0 and b0 leaves,
respectively, and a0, b0 ≥ ℓk such that c is the k-
combination of a and b. If both a and b connect at
least c0

3 sources, then we are done. Thus, we assume

without loss of generality that a0 < c0
3 and b0 > 2c0

3 .
The main idea is to rebalance a and b by removing

a part of b and combining it with a. By induction,
b has a balanced partition into two Pareto-optimal
relaxed partial solutions d and e with d0 and e0 leaves,
respectively, such that d0, e0 ≥ b0

3 and d0, e0 ≥ ℓkb
,

where kb is the branching layer of b. Without loss of
generality, we assume that d0 ≤ e0. Let ad be the
kb-combination of a and d with ad0 leaves. We argue
that the k-combination of ad and e equals c and is
balanced. Because of ka, kd ≤ kb ≤ k and ke ≤ k
(all inequalities follow from Pareto-optimality), both
combinations are well defined. Figure 3 depicts a
layer tree corresponding to the described setting.

We first prove that this partition is indeed bal-
anced, i.e., e0 ≥ c0

3 and ad0 ≥ c0
3 . By assumption, it
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a0 < c0
3

b0 > 2c0
3

k + 1

kb + 1

ka + 1

Tb

Ta

Td Te

d0 ≤ c0
3

e0 ≥ c0
3

a0 < c0
3

Ta

Td Te

d0 ≤ c0
3

e0 ≥ c0
3

ad0 ≥ c0
3

Tad

Figure 3: The setting before and after rebalancing.
We kb-combine Ta and Td first, before k-combining
the result with Te.

is d0 ≤ e0 which directly implies e0 ≥ b0
2 > c0

3 . Fur-

ther, we have ad0 = a0+d0 ≥ a0+
b0
3 = a0+

c0−a0

3 =
c0
3 + 2a0

3 ≥ c0
3 for the number of leaves of ad0.

Further, we show that both ad and e relaxed par-
tial solutions. For e, this is true by definition. As
ad is the combination of two relaxed partial solu-
tions, it is sufficient to show that the conditions
from Lemma 3.4 are satsified. First, observe that
ad consists of at most as many vertices in each layer
as c. For the upper capacity constraint, we show
that ukb+1 ≥ ad0 = a0 + d0. Since b is a re-
laxed partial solution with branching layer kb, it is
ukb+1 ≥ b0 = d0 + e0 ≥ d0 + c0

3 ≥ d0 + a0. Fur-
ther, note that a0 ≥ ℓk ≥ ℓkb

and d0 ≥ ℓkb
hold by

construction. By Lemma 3.4, ad is a relaxed partial
solution since a and d are relaxed partial solutions.
Now, we consider the k-combination c′ of ad and

e with a0 + d0 + e0 leaves. It remains to show that
c′ is equal to c. For the layers above k, both c′ and
c only have one vertex by definition. In the layers
i ∈ {kb + 1, . . . , k}, c has two vertices because ka ≤
kb. The same holds for c′ since ad consists of one
vertex above its branching layer kb, as does e whose
branching layer is at most kb. For the layers i ∈
{0, . . . , kb}, both c and c′ have the sum of the number
of vertices in a, d and e in this layer.
To conclude, the relaxed partial solutions ad and e

are a balanced partition of c.

This lemma has two main algorithmic conse-

quences. First, we never need to combine partial
solutions with a0 and b0 leaves if a0 ≤ a0+b0

3 or

b0 ≤ a0+b0
3 . Moreover, the full solution with n0 leaves

can be obtained by combining two partial solutions
with at least n0

3 leaves and thus we do not need to

compute partial solutions with more than 2n0

3 leaves.

4.2 Completing a Partial Solution

Here we present two different ways in which we try
to stop the dynamic program prematurely by finding
a full solution before the dynamic program actually
reaches n0 leaves.

4.2.1 Checking Counterparts

For a relaxed partial solution a with a0 > n0

2 leaves,
we have already generated all relevant counterparts
with b0 = n0−a0 < n0

2 leaves that could be composed
with a to form a full solution. Thus, we can check
for each of these relaxed partial solutions if the con-
ditions from Lemma 3.4 are fulfilled. If yes, then we
can stop and output the solution. If there is no such
counterpart for a, then a is not part of a full solution,
and we can discard a. In any case, this means that
we do not need to store any relaxed partial solutions
for more than n0

2 leaves.

4.2.2 Greedy Completion

If we have a relaxed partial solution a with a0 < n0

2
leaves, then we do not know any possible counter-
parts yet, other than in the previous case. However,
as already mentioned in Section 4.1.2 on pruning, the
problem of extending a to a full solution is again an
instance of Constrained Layer Tree. We use a
greedy heuristic to search for a solution of this re-
maining instance.
The idea here is to construct a layer tree using

on the remaining vertices connecting b0 = n0 − a0
leaves. Our greedy approach is aimed at constructing
almost valid solutions. We ignore the lower capacity
constraints for now and assume that ℓi = 0 for all
i ∈ {0, . . . , λ}. For better intuition of our greedy ap-
proach, we introduce a different view on the problem:
The leaves are units of flow and the vertices can hold
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a certain amount of incoming flow – their capacity.
Further flow that cannot be pushed to a higher layer
is wasted. The goal is to push as much flow from
layer one to the highest layer which is equivalent to
connecting as many leaves as possible. Starting with
layer 1 where we assume every vertex is completely
saturated, we push flow upwards as follows. Assume
that we have already pushed the flow to layer i − 1
with i ∈ {2, . . . , λ}. Pushing flow from layer i− 1 to
layer i is a bin-packing problem where each vertex in
layer i has capacity ui and the weight of each vertex
in layer i − 1 is its incoming flow. We sort the ver-
tices in layer i−1 by their incoming flow in increasing
order and assign each vertex greedily to a vertex in
layer i with the currently lowest incoming flow. This
is repeated for each layer and the incoming flow at
the root equals the maximum number of leaves we
can connect using this greedy approach.
Observe that without lower capacity constraints,

it is also possible to connect any number of leaves
lower than that since in this case any layer sub-tree is
also valid. Thus, without lower capacity constraints,
we know that a vector b is a partial solution if the
incoming flow at the root of a greedily constructed
layer tree using the vertices in b is at least b0. In
particular, we can easily construct a valid layer tree
with exactly b0 leaves in this case.
However, this greedy construction takes linear time

and can be very time consuming if done for every
relaxed partial solution. Determining the incoming
flow at the root can be sped up by not construct-
ing the entire tree explicitly. Instead, we only keep
track of how many vertices in each layer hold a given
amount of flow and process vertices with the same
amount of flow together as one batch. In particular,
it can be shown that using our greedy approach, there
are at most i vertices with pairwise distinct amounts
of incoming flow in layer i ∈ [λ]. Using this optimiza-
tion, the amount of flow that reaches the highest layer
can be computed in O(λ2 · log(λ)).
If we have additional lower constraints, then not

every layer sub-tree of a greedily constructed layer
tree T is necessarily almost valid itself. Thus, in this
case, we want to find an almost-valid layer sub-tree
of T connecting exactly b0 leaves. Note that we do
not change the topology of the greedily constructed

tree after its construction.
The idea here is to distribute exactly b0 units of

flow from the highest to the lowest layer in T such
that no flow is wasted and all capacity constraints are
satisfied. How much flow can be distributed within
a sub-tree rooted at some vertex depends on the
topology of its sub-tree. The minimum and maxi-
mum number of flow units that can be distributed in
the sub-tree of a vertex v is captured in fmin(v) and
fmax(v), respectively. Each vertex needs to satisfy its
own capacity constraints on the minimum and maxi-
mum flow units of its children. For a vertex v in layer
i > 1, fmin(v) is the maximum of its lower capacity
and the sum of fmin over its children. Analogously,
fmax(v) is the minimum of its upper capacity and the
sum of fmax over its children.
Observe that if a vertex v is assigned flow in

{0} ∪ [fmin(v), fmax(v)], then it is possible to dis-
tribute the flow within the sub-tree of v such that
each vertex in the sub-tree satisfies all constraints.
Further note that if some vertex v is assigned more
than fmax(v), then v immediately violates the upper
capacity constraint. However, v max be assigned less
than fmin(v) if fmin(v) is more than its lower capac-
ity and if some vertex in the sub-tree is not used at
all. We distribute the units of flow greedily from top
to bottom such that all vertices are assigned at most
fmax(v) flow and in each layer the number of vertices
with at least fmin(v) flow is at high as possible. The
flow units assigned to a vertex in layer 1 correspond
to the number of leaves that we connect to it. If the
capacity constraints of all vertices are satisfied, we
obtain an almost-valid layer tree with the remaining
vertices and exactly b0 leaves. This takes linear time
in the size of the constructed tree.

4.2.3 Estimating the Greedy Heuristic

The running time of this greedy heuristic is linear in
the number of vertices, which tends to be too expen-
sive to be run for every partial solution. However, we
have two ways to predict whether running the greedy
heuristic is promising. A first optimization is to only
greedily construct a tree if we reach the required num-
ber of leaves while ignoring the lower capacities. This
can be done in O(λ2 · log(λ)), as stated above. If this
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does not yield a tree connecting all sources, then the
greedy heuristic that respects the lower bound can-
not find a valid solution and we can skip it. This
approach will never discard a feasible completion.

Secondly, we observe that consecutive runs of the
greedy heuristic are often on somewhat similar in-
stances, i.e. they contain a similar number of sources.
Thus we remember the result of the previous run (in
terms of how many vertices were used on which layer)
and then use this as the basis for a heuristic to decide
whether the greedy algorithm should be run. More
specifically, each time we greedily construct a layer
tree T from some vector b, we store both a and the
number of leaves connected by T . Using this infor-
mation and the capacity constraints of each layer, we
estimate for further vectors how many leaves they
connect using the greedy heuristic. If this number is
lower than the number of leaves to connect, we do
not try to construct a corresponding tree. This es-
timation is determined in O(λ). In contrast to the
first predictor, this estimate may prune vectors for
which the greedy construction would succeed. This
does, however, not affect the validity of the dynamic
program as the greedy completion is only a shortcut
and the partial solution can still be competed by the
dynamic program.

5 Heuristic Optimization

As mentioned in the introduction, studying the ab-
stract problem Constrained Layer Tree is mo-
tivated by the fact that it appears to be the hard
core of SoFaCLaP (and potentially other related
network design problems). To justify this motiva-
tion, we evaluate how solving Constrained Layer
Tree with our dynamic program can bootstrap the
MILP formulation of SoFaCLaP to find a good so-
lution in Section 6. In this section, we additionally
provide heuristics that aim to find a good solution for
SoFaCLaP, given a solution for the corresponding
Constrained Layer Tree problem. We evaluate
them in comparison to the MILP in Section 6.

Recall that for SoFaCLaP, we are given a layer
graph with edge lengths and a solution consists of
a layer tree that is a subgraph of the layer graph.

Being a subgraph can be expressed with an injec-
tive function that maps each vertex of the layer tree
to a vertex in the corresponding layer of the layer
graph. We call this function an embedding and we
call the vertices of the layer graph positions to which
the vertices in the layer tree are mapped. This makes
it easier to distinguish between the vertices in these
different graphs. We prove that this embedding prob-
lem alone is already NP-hard in Section 5.1. Instead
of computing an optimal embedding, we thus propose
several simple heuristics in Section 5.2

5.1 Optimal Embedding is Hard

Our dynamic program produces the tree structure of
a feasible solution for a fully connected SoFaCLaP
instance. It does, however, not take into account the
given edge weights. We show that finding an opti-
mum mapping from a λ-forest to the vertices of the
SoFaCLaP layer graph is strongly NP-hard.
Given a SoFaCLaP instance S = (G =

(V,EG), l1, u1, . . . , lλ, uλ, cost, len) and a valid layer
tree F = (F0 ∪̇ · · · ∪̇Fλ, E) for that instance, we want
to find a set of mappings τi : Fi → Vi for each layer
i ∈ [λ] to obtain a cable layout with minimum weight.
A mapping is an injective function, i.e., vertices in F
are mapped to distinct vertices. In this setting, s(u)
and thus cost(s(u)) is a fixed number for each edge
(u, v) ∈ E.
The corresponding decision problem is defined as

follows:

Definition 5.1 (SoFaCLaP Embedding). Given a
solar farm instance S, a layer tree F and a number
k, is there a set of mappings τi for each i ∈ [λ] with
total weight

λ∑
i=1

∑
(u,v)∈Ei(F )

cost(s(u)) · len(τ(u), τ(v)) ≤ k ?

This problem is strongly NP-hard, even if vertices
are assigned positions in the Euclidean plane and the
length of an edge is the Euclidean distance between
the two incident vertices. We show this by using
a reduction from 3-Partition, a strongly NP-hard
problem that is defined as follows. Let m,T ∈ N and
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let A = {a1, . . . , a3m} be a set of 3m numbers with
T
4 < a < T

2 for all a ∈ A and
∑

a∈A a = mT . Is
there a partition of A into m sets S1, . . . , Sm such
that |Si| = 3 and

∑
a∈Si

a = T for each i ∈ [m]?

Lemma 5.1. SoFaCLaP Embedding is strongly
NP-hard, even when len is the Euclidean distance
between the edge endpoints and cost(k) = 1 for all
k ∈ N.

Proof. We use a reduction from 3-Partition. Given
a 3-Partition-instance I = (m,X,A), we construct
an instance I ′ = (S, F, k) of SoFaCLaP Embed-
ding. The solar farm S with two layers V0 and V1,
which represents the triplets Si, is constructed as fol-
lows. Layer 1 consists of 3m vertices

⋃
1≤i≤m Wi,

where Wi = {wi,1, wi,2, wi,3}, with upper capacity T
2

and lower capacity T
4 . Layer 0 consists ofmT vertices⋃

1≤i≤m Ui, where Ui = {ui,1, . . . , ui,X}. Further, we
implicitly define the length of each edge by assigning
a position pos(u) in the Euclidean plane to each ver-
tex u ∈ V0 ∪ V1. Vertices in layer 0 are distributed
along the line y = 0, starting with x = 1. Vertices
of the same group are assigned consecutive, distinct
x-coordinates, and we leave a space of m · T · (T +1)
between the last vertex and the first vertex of consec-
utive groups. The vertices in layer 1 are distributed
along the line y = 1, and the first vertex of each group
in V1 aligns with the first vertex of each group in V0.
More formally, it is

pos(ui,j) = ((X +m · T · (T + 1)) · i+ j, 0) and

pos(wi,j) = ((X +m · T · (T + 1)) · i+ j, 1) .

Further, we construct a forest F = ((F0, F1), E)
that is to be embedded in I. As for the solar farm
S, the layer F0 consists of mX vertices and the layer
F1 consists of 3m vertices, we denote by f1, . . . , f3m.
Each vertex fi ∈ F1 represents a distinct number in
the set of the 3-Partition-problem, and is connected
to exactly ai vertices in F0. Note that since each ai
is at most X, F is a feasible solution for the given
instance.
Finally, let k := m ·T · (T +1). An example of such

an instance I ′ with am embedding of length at most
k is seen in Figure 4.

y = 0

y = 1
W1 W2

m · T · (T + 1)U1 U2

Wm

Um

. . .

. . .

Figure 4: A possible solar farm S of an instance I ′

of SoFaCLaP Embedding with an embedding of
some forest F . Since the embedding has total length
of at most k = mT (T +1), the depicted instance is a
YES-instance of SoFaCLaP Embedding.

We now show that I ′ is a yes-instance, i.e., there is
a mapping τ between the vertices of S and F , if and
only if I is a yes-instance.
If I is a yes-instance, A can be partitioned into m

triplets Si with
∑

a∈Si
a = F . For each aj ∈ Si, we

map the vertex fj ∈ F1 to a distinct vertex in V1.
The children of fj are mapped to distinct vertices in
Ui. Since each Si consists of exactly three elements
and since

∑
aj∈Si

s(fj) =
∑

aj∈Si
aj = F , such a

mapping exists. Note that vertices in Ui are now only
connected to vertices in Wi. The distance between
any vertex in Ui and any vertex in Wi is less than F
by construction, thus the weight of the edges between
Ui and Wi is less than T · (T +1). This yields a total
weight of at most m · T · (T + 1), and it follows that
the defined embedding is a solution.

On the other hand, if I ′ is a yes-instance, then
there is an embedding of F such that the weight does
not exceed m ·T ·(T +1). Let Si = {aj | τ(fj) ∈ Wi}.
Note that the upper capacity and lower capacity con-
straints of the vertices in V1 enforce that each vertex
in V1 is used, i.e., |Si| = 3 for each i. Further, we
observe that the distance between any vertex in Ui

and any vertex in Wj with i ̸= j is greater than
k by construction. Thus, vertices in Ui are only
connected to vertices in Wi, and vertices in Wi are
only connected to vertices in Ui. As a consequence,∑

aj∈Si
aj =

∑
τ(fj)∈Wi

s(τ(fj)) = T holds, and the
Si form a solution for I.

5.2 Heuristic Embedding

While computing a globally optimal embedding is
NP-hard, we can make local improvements to find
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a good embedding. Our heuristics for SoFaCLaP
start with a valid layer tree by our DP together with
an arbitrary embedding into the layer graph. We
then iteratively try to improve the solution. Our first
heuristic does not change the structure of the tree it-
self but just improves the embedding. Our other two
heuristics also make improvements by changing the
structure of the graph. We apply the heuristics one
after the other exhaustively in the order they appear
here and iterate until no more changes occur.

Layer-Wise Embedding Optimizing the embed-
ding for just one layer while keeping all other layers
fixed boils down to a bipartite matching problem.
Each vertex of the layer tree, has to be matched to
one position and the choices for different vertices have
no influence on each other, despite occupying their
assigned position. We solve this matching problem
for each layer individually (without actually chang-
ing the embedding) and then adjust the layer that
yields the biggest reduction in cost. This is repeated
until no further improvement is possible. Note that
a minimum cost bipartite matching can be computed
efficiently, for example using the Hungarian algo-
rithm [13].

Equal-Weight Edge Swaps Let v1, . . . , vk be the
vertices of the layer tree in one fixed layer that have
the same weight, i.e., the vertices vi for i ∈ [k] are all
in the same layer and they each have the same num-
ber of leaves in their subtree. Moreover, for every
i ∈ [k], let pi be the parent of vi. Then any matching
between the children vj and their parents pj , where
parents are allowed to appear multiple times, yields
a valid layer tree. Moreover, when fixing the em-
bedding, the cost of each matching edge is clear and
independent of the other choices in this matching.
Thus, an optimal rewiring (conditioned on no addi-
tional changes, e.g., to the embedding) again boils
down to computing a bipartite matching. We do this
once for all layers, starting at the leaves.

General Edge Swaps Here, we allow two vertices
v1 and v2 on the same layer with parents p1 and p2,
respectively, to swap their parents if this keeps the

tree valid. This can be checked by walking up the
path from p1 and p2 to their lowest common ancestor.
We note that in this case, we cannot use a matching
algorithm as the validity of a swap may depend on
other swaps. Our heuristic goes through the layers
bottom up. In each layer, we iteratively perform the
swap that yields the biggest improvement, until no
more improvements are possible.

6 Evaluation

We start by evaluating the performance of our dy-
namic program in comparison to Gurobi for Con-
strained Layer Tree in Section 6.2. In Section 6.3
we evaluate the impact of the optimizations described
in Section 4 on the running time of our dynamic
program. Afterwards, in Section 6.4, we study how
the running time scales with growing input size. Al-
though there is some dependence on the input size,
we identify other factors that more strongly deter-
mine the difficulty of instances than their sheer size
in Section 6.5. Finally, in Section 6.6, we consider
the impact of our dynamic program on solving the
SoFaCLaP problem and evaluate our heuristics.

6.1 Setup

Test Data We use the data set provided in [6].
These instances have been generated to match real-
world solar farms and are grouped into three size cat-
egories and come with positions. We use only the
largest instances with between 1200 and 1500 strings.

We generate additional randomized test data pa-
rameterized by the number of layers λ, the allowed in-
terval for the number of sources [nℓ, nh] and a scaling
factor for adjacent layers in the interval [fℓ, fh]. The
latter influences the number of vertices in the higher
layers. We first draw the number of sources n0 from
the from {nℓ, . . . , nh}. For each higher layer i > 0
we draw the layer size ni from {⌊ni−1

fh
⌋, . . . , ⌊ni−1

fℓ
⌋}

The upper capacity ui of each layer i > 0 is chosen
uniformly from {⌈n0

ni
⌉, . . . , 2⌈n0

ni
⌉}. The lower capac-

ity li is chosen uniformly at random between 0 and
2
3ui and it limited to the number of sources.
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Figure 5: A comparison of the running times between
Gurobi and our dynamic program. The instances are
separated by feasibility and sorted by the running
time of Gurobi.

Environment Our experiments were run on a
server with an Intel® Xeon® Gold 6144 8 core
CPU clocked at 3.5GHz and 192GB DDR4 mem-
ory running Ubuntu 22.04.4 LTS. The implementa-
tion is written in C++ 23 and were compiled with
gcc 14.1.0. We solve the MILP formulations using
Gurobi 11.0.2 restricted to a single thread. If not
stated otherwise, we use a time limit of one hour.
Both the source code of our implementation (DOI
10.5281/zenodo.13868979) and the evaluated data set
(DOI 10.5281/zenodo.13807817.) are available on
Zenodo.

6.2 Solving Constrained Layer Tree

We compare the running time of our DP and the
MILP for Constrained Layer Tree on 200 in-
stances with exactly six layers, 1000 sources and scal-
ing factors between 1.7 and 2.3, generated as in Sec-
tion 6.1. We use the basic dynamic program with all
optimizations as described in Section 4. We see in
Figure 5 that Gurobi only solved less than half the
instances within the time limit. It struggles, in par-
ticular, with infeasible instances where it only solves
14 instances out of 47, needing at least 500 seconds
for 12 of them. Gurobi performed better on the fea-
sible instances, solving 62 out of 153 instances in one

hour. On the contrary, our algorithm solves all fea-
sible instances except one (which Gurobi does not
solve as well) and all infeasible instances. In fact,
many instances are solved in less than 0.002 seconds,
giving us a speed-up of several magnitudes for these
instances. More specifically, we achieve a speed-up
of more than six magnitudes on almost 90% of the
infeasible instances and at least a speed-up of 100 on
almost 90% of the feasible instances.

6.3 Optimizations

As seen in the previous section, our dynamic program
heavily outperforms the MILP solver. This is largely
due to the proposed heuristics pruning, greedy, es-
timating, completing, and balancing (see Section 4).
To investigate the effect of each optimization, we use
the same data set as in the previous section. Each
instance in the data set is evaluated using seven dif-
ferent optimization sets: all optimizations, none of
them and optimization sets where one optimization
is missing. The time limit is set to 500 seconds.

We see in Figure 6, that the dynamic program
without any optimizations does not perform well, and
that the pruning and the greedy heuristic have a large
impact on the solvability and the running time. In
fact, the pruning heuristic solves around 85% of the
infeasible instances directly while the greedy heuris-
tic solves around 80% of the feasible instances di-
rectly. Without any of these two heuristics, signif-
icantly fewer instances are solved within the given
time frame. Although the pruning heuristic does not
change the solvability of feasible instances, some of
them are solved more quickly. It is also apparent
that the greedy heuristic poses no significant over-
head, even on infeasible instances where it never suc-
ceeds.

The other optimizations do not have such high im-
pact in general, but contribute to a better running
time in specific instances, as can be seen on the right
side of Figure 6. The balancing heuristic yields a con-
sistent speed-up of 4

3 apart from a few outliers, and
the complementing heuristic solves many instances
more quickly without posing an overhead on the oth-
ers.

More ambiguous is estimating the success of the

16

https://doi.org/10.5281/zenodo.13868979
https://doi.org/10.5281/zenodo.13868979
https://doi.org/10.5281/zenodo.13807817


0 1

0 100 200 300 400 500 0 100 200 300 400 500

0.00

0.25

0.50

0.75

1.00

Time

P
er

ce
nt

ag
e 

so
lv

ed

all no pruning no greedy none

0

100

200

300

400

500

0 100 200 300 400 500
Time with all optimizations

T
im

e

no estimating no balancing no completing

Figure 6: A comparison of the running times with selected optimization sets. The left plot shows the
percentage of instances solved within a certain amount of time. The right plot compares the running times
of some optimization set to the running times of the DP with all optimizations

greedy heuristic which solves several instances faster.
However, two instances, where the estimation is too
pessimistic, are solved faster without this heuristic.

6.4 Scalability

We evaluate how our DP performs with a larger
number of sources. For this, we generated 300 in-
stances as described in Section 6.1 with six layers
and between 100 and 10000 sources and scaling fac-
tors [log2λ(n0) − 0.3, log2λ(n0) + 0.3] depending on
the number of sources n0. We present the results in
Figure 7. Similarly to previously seen results, most
instances (230 out of 300) were solved directly by
the pruning and the greedy heuristics. In general,
the running time of the worst case instances tends to
increase for instances with more sources. However,
there is a high variance and no clear trend in the in-
stances that are not directly solved by the pruning or
the greedy heuristic. We thus suspect that the hard-
ness of solving an instance is not primarily dictated
by its size, and we investigate this further in the next
section.
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Figure 7: The running time of our DP over the num-
ber of sources.
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minutes for each data set.

6.5 Difficult Instances

We suspect that the ratio of the sizes of adjacent lay-
ers plays a major role for the effort our algorithm
has to spend on solving an instance. To further in-
vestigate, we generated three tests sets with differ-
ent combinations of size and scaling factor. Small
instances have 1000–1500, medium instances 2000–
2500, and large instances 4000–5000 sources, and we
use 10 fixed scaling factors spaced equally from 1.15
to 2.5. We generated 100 instances for each combina-
tion of size and scaling factor and solved them with
a time limit of 5 minutes. In addition, we evaluate
the large instances using the dynamic program with-
out the greedy heuristic. The results are shown in
Figure 8.

It is apparent that the scaling factor has a high
impact on the hardness of an instance. Over all in-
stance sizes, the number of unsolved instances peaks
around a scaling factor of 1.9 and decreases for both
smaller and larger factors. Clearly, larger instance
sizes even increase this effect. We suspect this is due
to the decreasing capacities in each layer for smaller
factors and the decreasing layer sizes for larger fac-
tors. In both cases, there there are fewer possibilities
to connect vertices which leads to fewer partial solu-
tions and also benefits the greedy heuristic. In fact,

Table 1: Number of instances by proximity to the
optimal solution, proven infeasible or unsolved. We
stopped the optimization when the cost is within
0.01% of the lower bound found by the MILP solver.

<0.01% <1% <2% Feas. Infeas. n.a.

MILP 51 90 95 97 14 39
DP+MILP 52 98 105 109 41 0

we observe that the greedy heuristic is most effective
towards the higher and lower scaling factors.

6.6 Optimizing SoFaCLaP

As outlined before, we can obtain a feasible solu-
tion for SoFaCLaP by choosing an arbitrary em-
bedding of a valid layer tree into the layer graph. We
evaluate the performance of the MILP solver with
and without providing such a feasible solution found
by our dynamic program. We performed this ex-
periment on the 200 instances from the dataset by
Gritzbach et. al. [6]. We measured the total time to
find a solution within 0.01% of the optimal solution.
Note that finding a feasible solution takes less than
25ms for each instance.

A summary of the results is given in Table 1. We
found that, if Gurobi found a feasible solution on its
own, the impact of the initial solution on the final
solution quality is minuscule. However, if Gurobi is
provided a feasible solution for an instance it did not
solve on its own, it could obtain a high-quality solu-
tion within the time frame. This supports the claim
that finding a feasible solution is actually the hardest
part in optimizing SoFaCLaP.

In addition, we evaluate how our heuristic opti-
mizations perform compared to the MILP solver by
optimizing an initial solution with our local search
heuristics. We found that, on average, the heuristic
solutions were 2.2 times more expensive than the ones
found by Gurobi, in some cases up to three times.
However, the heuristics reached this solution qual-
ity considerably faster; on average it took Gurobi 2.5
times longer to reach the same solution quality. The
mean heuristic run took less than 27 seconds while
Gurobi took 87 seconds.

18



7 Conclusion

Motivated by the SoFaCLaP problem, we formu-
lated the Constrained Layer Tree problem. We
designed a dynamic program with various optimiza-
tions for efficiently solving Constrained Layer
Tree. Our algorithm outperforms Gurobi by several
orders of magnitude and also helps finding good solu-
tions for SoFaCLaP, overcoming the hurdle of find-
ing a feasible solution. A set of local search heuris-
tics for SoFaCLaP that operate on feasible solutions
complements our dynamic program.
One open question we could not answer in this

work is the complexity of Constrained Layer
Tree. Further investigation could also help fine-tune
the optimizations used in our dynamic program and
lead to an even better solution technique. It might
also be possible to extend the dynamic program it-
self to a heuristic solver for the SoFaCLaP problem
by incorporating edge weights in the reconstruction
process. This would complement future work on the
embedding heuristics, which still leave plenty of room
for improvement.
Further research is also needed on the relation of

SoFaCLaP and other problems. For example, allow-
ing the layer graph vertices to be placed arbitrarily
leads to a problem resembling the geometric Steiner
tree problem. Moreover, we believe that our dynamic
program can also be helpful in situations that involve
not only cabling but also component cost. Other
problem classes, like hierarchical facility planning and
transport problems could also benefit from insights
into their relation to Constrained Layer Tree.
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