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Abstract

B mesons are bound states of a bottom antiquark and a light up, down or strange quark.
These bound states decay via the weak interaction into lighter mesons. The leading contri-
bution to such decays can be described by the free decay of the mesons bottom antiquark.
Lifetimes of weakly decaying B mesons are measured with an accuracy of the order of the
per mille level. However, the theoretical predictions can not match this precision since
only next-to-leading order QCD corrections to the free quark decay are known which lead
to a theoretical uncertainty that is much larger than the experimental uncertainty.

In this thesis, the next-to-next-to-leading order QCD corrections to the semileptonic and
nonleptonic bottom quark decays with full charm quark mass dependence are calculated,
which constitute the dominant decay channels in Standard Model predictions for B-meson
lifetimes within the Heavy Quark Expansion. These contributions will reduce the depen-
dence on the renormalization scale and therefore the theoretical uncertainty on the decay
width prediction.

The calculation of the next-to-next-to-leading order corrections requires the correct treat-
ment of y5 in d # 4 dimensions and the corresponding adoption of the evanescent operators
in the effective theory. Furthermore, the calculation of the master integrals is non-trivial
and is done using state-of-the-art techniques.

The obtained next-to-next-to-leading order result is then analyzed for different renormal-
ization schemes for the quark masses and included in the theoretical prediction of the
total decay width of B mesons.






Zusammenfassung

B Mesonen sind gebundene Zustiande, die aus einem bottom Antiquark und einem leichten
up, down oder strange Quark bestehen. Sie konnen tber die schwache Wechselwirkung
in leichtere Mesonen zerfallen. In fithrender Ordnung kann der Zerfall der B Mesonen mit
dem Zerfall eines freien bottom Antiquarks beschrieben werden. Die Lebensdauer von
B Mesonen kann mit einer Genauigkeit im Promill-Bereich gemessen werden. Das gilt
jedoch nicht fiir die theoretischen Vorhersagen, da fiir diese lediglich néchst-zu-fithrende
Ordnung QCD Korrekturen bekannt sind deren theoretische Unsicherheit grofier als die
experimentelle ist.

In dieser Arbeit werden die néchst-zu-néachst-zu-fithrende Ordnung QCD Korrekturen
zu den semileptonischen und nichtleptonischen Zerfillen mit voller Charm-Massen-
abhéngigkeit berechnet, welche den dominanten Beitrag der Standard Modell Vorhersage
in der Heavy Quark Expansion bilden. Diese Beitrage werden die Abhangigkeit von der
Renormierungsskala und damit verbunden die theoretische Unsicherheit der Zerfallsrate
reduzieren.

Die Berechnung der néchst-zu-néachst-zu-fithrende Ordnung Korrekturen setzen das ko-
rrekte Behandeln von ys in d # 4 Dimensionen und das entsprechende Anpassen der
evaneszenten Operatoren in der effektiven Theorie voraus. Des weiteren werden fir die
nicht-triviale Berechnung der Master-Integrale aktuelle Techniken angewendet.

Das berechnete Ergebnis wird zudem auf sein Verhalten unter unterschiedlichen Massen-
renormierungsschemen untersucht sowie in die theoretische Vorhersage fiir die totale
Zerfallsbreite der B Mesonen eingearbeitet.
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1. Introduction

The goal of particle physics is to study the smallest building blocks of matter and its
interactions. These smallest building blocks are described by the Standard Model of
particle physics (SM) which includes leptons, quarks, gauge bosons, gluons and the Higgs
boson. The quarks are colour-charged and can never be found as free particles, they form
bound states. This phenomenon is known as confinement. Common bound states of
quarks are the hadrons that consist of three quarks, for example the proton and neutron
with the quark content (uud) and (udd), and the mesons that consist of a quark-antiquark
pair. Most bound states of quarks are not stable and decay, for example via the weak
interaction.

In this thesis, we discuss the weak decays of one class of such bound states, the B mesons.
The B mesons consist of one bottom antiquark and one light quark. The three B mesons
B*, B; and By have the quark content (bu), (bd) and (bs) respectively. The lifetime of these
mesons have been measured very precisely with an accuracy of the order of per mille [1]:

7(B") = (1.638 + 0.004) ps,
7(By) = (1.517 + 0.004) ps,
7(Bs) = (1.520 + 0.005) ps. (1.1)

The theoretical description of such decays is carried out in the framework of the heavy
quark expansion (HQE). In this prescription, the decay width, the inverse of the lifetime,
of the mesons is described as a series of operators in Agcp/m;, and in the strong coupling
constant a;. The leading term of this expansion describes the weak decay of a free bottom
quark and is numerically the largest contribution to the total decay width. The free bottom
quark decays via the weak interaction either to an up-type quark and a lepton-neutrino
pair or an up-type quark and an additional quark-antiquark pair. These two decay modes
are called semileptonic and nonleptonic respectively. Sample Feynman diagrams for such
decays are shown in Figure 1.1.

For the semileptonic decay of the bottom quark, calculations at NLO [2] and NNLO (3, 4,
5] in QCD are known for nearly 20 years. More recently, even N’LO became available [6,
7, 8]. This is however not the case for the nonleptonic decay modes, where only the NLO
corrections were known completely before 2024 [9, 10, 11, 12, 13]. In Ref. [14], rough
approximations of the NNLO nonleptonic contributions were made, however they can not
be used for phenomenological analysis. Since the bottom quark decay is the numerically
largest contribution to the decay width of the meson, the missing knowledge of the higher
order corrections for the nonleptonic decays remains an issue.

The theoretical uncertainty is more than one order of magnitude larger than the experi-
mental precision. Considering the total decay width of the B mesons taking into account all
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Figure 1.1.: Sample Feynman diagrams for the semileptonic (a) and nonleptonic (b), (c)
and (d) decays of bottom quarks. Bottom quarks, charm quarks and massless
particles are drawn as double black, orange and single black lines respectively.

known contributions yields theoretical predictions with uncertainties of around 20% [15]:
D(B) = (0.576:51%) ps?,
T'(By) = (0.6277470) ps™,
T(Bs) = (0.625%5071) ps™" - (1.2)

The uncertainty on the total decay width is mainly dominated by the uncertainty due to
missing higher orders and is expected to be reduced once higher-order QCD corrections
are included, in particular to the free b-quark decay.

Besides the total decay rate also the lifetime ratios of B meson decays are interesting and
important observables. These ratios has the advantage that the prefactor of the total decay
width,

. Gim) |Vep |2 13)
07 T 19o43 '

cancels out, which would otherwise introduce a strong dependence on the heavy quark
mass, mZ. In addition to this, since the main contribution to the decay width induced by
the bottom quark decay contributes equally to every B meson, the lifetime ratios are more
sensitive to subleading HQE corrections.

In recent publications, the theoretical analyses mainly focused on these lifetime ratios and
very good agreement between experimental data [1]

B+
"B o76(4),
7(Bg) lexp
7(Bs)
=1.0032(32), 1.4
+(By) lexp (32) (1.4)
and theoretical prediction via the HQE [15, 17] !
B+
TBOl ) 0s6(22),
7(By) IHQE

IThe numerical values obtained for the lifetime ratios strongly depend on the non-perturbative input
parameters, for example the operator matrix element of the Darwin operator. The two scenarios A and
B show the results for two different sets of input parameters, see Ref. [15] for more details.
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is observed. The theoretical predictions for the lifetime ratios are characterized by the
higher order operator contributions in the HQE and a theoretical uncertainty of the order
of per-cent is obtained.

The next step in the analyses of B mesons is the calculation of the NNLO QCD corrections
to the nonleptonic bottom quark decays, which will reduce the theoretical uncertainty on
the total decay width significantly . This is the main goal of this thesis.

In our calculation, we take into account finite bottom and charm quark masses. We con-
sider contributions from the effective AB = 1 current-current operators. Calculating the
NNLO corrections to the nonleptonic decays introduces physical final states with up to five
particles of which up to four can be massive. Processes like these are most conveniently
calculated using the optical theorem that translates the complicated phase space integrals
into diagrams of two point functions with, in the case of these NNLO corrections, up to
four loops. The calculation of these four loop diagrams itself introduces several subtleties
that have to be addressed. In order to be consistent with operator bases used in previous
calculations, we have to use Fierz identities and adjust the evanescent operators appearing
in multiloop calculations. Furthermore, the calculation of the four loop integrals appearing
in the calculation of the Feynman diagrams is highly non-trivial and requires the usage of
modern techniques.

The structure of this thesis is as follows: First we introduce in Chapter 2 the framework
used for the calculation of the B meson decay width. In particular, we introduce in de-
tail two possible operator bases. In Chapter 3, the methods used for the calculation of
master integrals are described in detail. Afterwards, the calculation of the semileptonic
bottom quark decay is discussed in Chapter 4 and the results are compared to the litera-
ture. This calculation serves as a benchmark and cross check for our calculation setup.
Chapter 5 constitutes the main part of this thesis, where the nonleptonic bottom quark
decays are calculated. The calculations performed in this part are more involved than
the for semileptonic decays. In particular, we have to determine a consistent basis of the
evanescent operators and the corresponding renormalization constants. Further details
about the renormalization constants are also given in Appendix C. In Chapter 6, several
renormalization schemes for the charm and bottom quark masses are introduced and the
behaviour of the NNLO predictions is investigated. Finally, in Chapter 7 the new QCD
corrections are used to update the theoretical prediction of B meson observables.

1.028(11) Scenario A
= . (1.5)
HQE 1.003(6) ScenarioB






2. Heavy Quark Expansion

The decays of bottom quarks inside B mesons via the weak interaction link two energy
scales: The scale p = O(My) where the weak interaction takes place and the scale
u < O(GeV) of the strong interactions that bind the meson together. The description of
such weak decay processes are conveniently carried out in an effective theory framework,
in which we perform an Operator Produkt Expansion (OPE) [18, 19, 20, 21]. This effective
theory is matched to the Standard Model at the scale of the weak decay and is used
to do the calculation at the scale of the hadronic energy scale. The OPE splits the full
physical problem into two separated parts, the long-distance contributions described by
the operator matrix element and the short-distance contributions described by the Wilson
coefficients.

The first step towards the effective theory is to consider the decay of a quark, in this case a
bottom quark, via the weak interaction into three other quarks. As an example, the decay
into the three quarks c, u and d is considered in the following. In the Standard Model, such
a process is described by the amplitude

plllplfz
Gy — M2,

M2

A= y’ulpr)

3— o Vud (€ ) (dy“ZPLu) , (2.1)

where Py = (1—ys5)/2 is the left-handed projector, My, denotes the mass of the W-boson, p
its momentum and ¢, b, 3, u the spinors of the four different quarks. Since the momentum
transfer via the W-boson is small compared to its mass, this process can be approximately
described by expanding in p®/M;, yielding

Gr p?
A= " Vua (cy"' PLb) \dy,, Pru) + O ( ) (2.2)
V2 Ve ( . ) M2,

The same expression can also be obtained by considering the effective Hamiltonian

Her = \/_ V2 Vaa(cy™ PLb)(dymPLu) + higher order operators. (2.3)

where the higher order operators correspond to the terms in O (p?/M,). In this effective
theory, the W boson is not a physical degree of freedom anymore. Taking into account
QCD effects as illustrated in Figure 2.1, this effective Hamiltonian has to be modified to be

H, 4 [C1(1)O1 + C2(p)O2] + higher order operators, (2.4)

ff—\/—cbu



2. Heavy Quark Expansion

(a) (b) (©)

Figure 2.1.: Feynman diagrams with gluon corrections that lead to the two different effec-
tive operators.

where

01 = @y PLbP) (@ y, PLu®). (2.5)
—a N
0y = (y"PLb™)(d yy, PLul) . (2.6)

While for the diagram in Figure 2.1 (a), the colour structure is the same as for the operator
in Equation (2.3), in diagram (b) and (c) where the gluons connect both fermion lines, both
operators are needed to account for the complete colour structure. The functions C; (y) and
Cy(p) are the Wilson coefficients of the four-quark operators. The Wilson coefficients are
determined by requiring that the effective theory with the Hamiltonian given above and
the full theory with a physical W boson produce the same result for physical amplitudes
at a certain scale, in this case at y = My,. This so-called matching of effective and full
theory allows us to determine the matching coeflicients as perturbative expansions in a;
by considering the same amplitude in the effective and full theory to the same order in
QCD.

2.1. Evanescent operators

As described in Ref. [22], it is necessary to include so-called evanescent operators in loop
calculations that are performed in such an effective operator setup. The existence of these
evanescent operators stems from the fact that we work in d # 4 dimensions and therefore
the Dirac matrices are no four dimensional but d dimensional objects. In d = 4 dimensions,
it is always possible to reduce every combination of Dirac matrices to a linear combination
of 16 bilinear covariants

{Ly s, 0 ysy'} . (2.7)

However, this can not be done when working in an arbitrary dimension d. Consider for
example the insertion of the operator O, given in Equation (2.6) into a four point function
as shown in Figure 2.2 (a). This Feynman diagram consists of two separate spin lines, of
which both carry one y* from the operator insertion. Going to higher loop orders of this
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diagram, meaning adding gluons as shown in Figure 2.2 (b), increases the number of Dirac
matrices on each fermion line. For example at one loop order, one obtains

_ —p
Sy "2y S PLb) (d Yy, Yy Y PriP) - (2.8)

Considering this expression in d = 4 dimensions, it would be possible to reduce the number
of Dirac matrices to one on each spin line and the structure given above could be mapped
to the effective operator O,. However, this is not possible for arbitrary dimension d. In d
dimensions, the structure in Equation (2.8) is independent of O, and has to be treated as
part of an independent operator. This independent operator reads

_ 5 _ —p
Ep = (¢®yM 1y 2y" PLb®) (d Vi PLuP) — 16(c“y" PLb®)(d y, Pruf),  (2.9)

where the second term in its definition ensures that (E;) = 0 in the limit d — 4. This
property of the operator E, is needed in order to avoid redundancy in the operator basis in
the limit of four dimensions. Operators that are introduced in the same way as E, operator
are called evanescent operators.

The condition of vanishing matrix elements of evanescent operators in four dimensions
implies that the matrix elements of such operators are of the order of €! or higher:

(E;) = O (e) . (2.10)

It is important to note that the definition of E; in Equation (2.9) is not unique. This means
that we are free to add arbitrary terms that do not violate the condition in Equation (2.10),
for example

— —p _ -8
Ey =(@y"y"y " PLb*)(d Yj Yy Vs Pre”) = 16(€y" PLb®)(d v, Pru’)

+ > Ane @ yh Py, P, (2.11)

n>0

with arbitrary coefficients A,. As mentioned above, the need for evanescent operators
stems from the growing number of Dirac matrices that appear in higher-order loop
calculations. This also implies that the number of evanescent operators has to grow with
the number of loops.

2.2. Operator basis

The decay of B mesons are conveniently described in the framework of the HQE. The
two dominating decay modes of the meson can be classified as the semileptonic (SL)
and nonleptonic (NL) modes. Therefore the effective Hamiltonian we have to consider
reads [23]

Hor = HL + HOL + L2 (2.12)
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(a) (b)

Figure 2.2.: Sample diagrams for four-quark operator insertions at LO (a) and NLO (b). The
number of Dirac matrices y* on each spin line increases with the number of
loops.

The effective Hamiltonian for the semileptonic decay mode only consists of one four-
fermion AB = 1 operator structure that is given by

Hip= > > 0%'+he (2.13)
q1=u,c l=e,y,7
with
0% = (q,y"Pub) (ly,Prv). (2.14)

For the nonleptonic decays, the effective Hamiltonian reads

4Gp
7—{;}% =5 Z Z /1%‘12(13 (Cl(ﬂb)oihqﬂh +C2(/1b)031q2q3)
V2
q1,3=U,C ga=d,s

- > D AGim)O! | +he., (2.15)

q1=d,s i=3,4,5,6,8

where the effective four-fermion AB = 1 operators O7'*? with i € {1,2} describe the
interaction of the four quarks {b, q1, 2, g3}. The A4,4,q, = Vq*1 pVaugs and A, = V33 Vi, denote
the corresponding CKM factor. Since the quark content of these two so-called current-
current operators are always given by these four quarks, we omit the label g;¢,gs in the
definition of the operators in the following chapters and refer to them as O; and O; instead.
The operators O; with i € {3,4,5,6} denote the penguin operators that couple the b-¢q;
quark line to an arbitrary quark-antiquark pair. Note that the definition of the operators
in the effective Hamiltonian shown in Equation (2.15) is not unique but depends on the
choice of basis. The two most common operator bases are the CMM and the historical
operator basis which will be discussed in the following sections.

2.2.1. Historical basis

Throughout most parts of this thesis, the so-called historical basis for the four-quark
operators is used. The two current-current operators O; and O in this basis read [22, 23,
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24, 25]

oIt = (gt “PLbﬁ)(CIzY#Png)
Oglqz% _ (ql }’llPLba)(qz}’yPLq?,) (2.16)

while the penguin operators O3 to O¢ and the chromomagnetic operator Og are given by

0" = (gy"Pb®) ) (@ yvuPrd’),
q

0 = (y"Pib’) Z(q VuPLa®).

0" = (gy" PLb") Z(q Vi Prd’).
q

O = (giy" Prbf) Z(q Y Prg”)

bﬁG“ (2.17)

Og = ,
8 1671' i

where a and f denote SU(3) colour indices, o*¥ = i[y*, y"]/2. The QCD filed strength
tensor is defined by [26]

G, = 3,G8 — 3,G4 + g, f*° GAGY, (2.18)

With the strong coupling constant gs and the structure constants f%¢. The sum over gq
flavours. The evanescent operators of the current-current operators at first and second
order are given by

B D = (G y s PP (@) Vi PLa) — (16 = 4€)07 4%

BP0 = Gy PO (@) Vs Puas) — (16 = 46074

EP s — gayi-tsp P (Ghy,, . PLql) — (256 — 224€) 0T 4%

EP 098 = Gyt b) (@Y, s Prdh) — (256 — 224€) 0T 4% (2.19)

Where y#1-#5 = ytikeisials — ylyl2yisylayls jgused to render the expressions more compact.
It is important to note the structure of the evanescent operators. They are built out of
higher order Dirac structures and the physical operator with the corresponding colour
structure multiplied by a linear combination of powers of €. The term of the order €°
multiplied with the physical operator ensures that the evanescent operator vanishes in
d = 4 dimensions, as motivated above. Its value is fixed by this requirement and can
therefore not be changed. The remaining terms with higher powers in € are needed to
ensure special symmetry relations. The coefficients at O(¢€) are known in the literature.
However, it is in principle possible (and necessary at NNLO) to add terms of the physical
operators multiplied with higher powers of €. They are introduced as free parameters in
the definition of the evanescent operators at a later stage of this work and determined in a
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way to ensure Fierz symmetry up to NNLO. For a detailed description see Chapter 5.1.3.
For the penguin operators, the first and second order evanescent operators read

B = @y b Y @ YunPra?) - (16 - 46) OF
q

Eil)Ql (T ﬂlﬂzﬂaprﬂ) Z(q Vinpops PLq”) — (16 — 4e) ol
q

(1)% ( H1H2P3PLba) Z(q Yﬂ1ﬂ2u3PRq ) _ (4 + 46) th ,
EV M = (g pbP) Z(q Vingons PRG®) = (44 4€) OF,

BT = (giy"-HoPLb®) Z(q Vi P1g") = (256 = 224¢) O,
q

Eiz) a_ (qclx},pl...#sprﬂ) Z(qﬂYy1~~~ﬂsPan) — (256 — 224¢) o,
q

ngl) U= (ghyMH PLb®) Z@ﬁ}’ul--.mPRqﬁ) — (16 + 128¢) 02",
q

EXT = @y PbP) ) (@ i Prg®) — (16 +1286) OF. (2.20)
q

In later stages of this thesis, also the third and fourth order evanescent operators of the
current-current operators are needed. They are given by

EX 098 —(q@ym-41p bP) @8y, PLl) — (4096 — 7680€)07 %%,

E) 0985 = (@@t PLb®) (@ vy Prdh) — (4096 — 7680€)OF %%,

EW s (gayi-mp bP) Gy, uPLgl) — (65536 — 176128¢) 014,

ESD 098 gyt P b (Ghy,,  wPrdl) — (65536 — 1761286)07 %%, (2.21)

2.2.2. CMM basis

The CMM basis is constructed in a way to use anti-commuting ys consistently at any loop
order [27]. This is, however, not possible for all physical problems. In order to keep the
notation for operators and bases unambiguous, we denote all operators in the historical
basis as O; and Ei(j ) and all operators in the CMM basis as O; and E;(j ). The current-current
operators in the CMM basis read

O, %% = (G Te, " PLbP) (@ TSy, PLgs)

= (Eh T y'Prb) (quaYpPLCB) )

= (@Y PLb) (T y,Prqh)

= (q,y"PLb)(q,y,.PLq3) - (2.22)

In the following, the colour indices of the quarks are not shown explicitly for the CMM
operators. One observes that the operator O;, corresponds exactly to the operator O, given

/419293
02

10
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in Equation (2.16), whereas the operator O] now contains two generators of the SU(3), T“.
In fact, the two bases are related via linear transformations which are discussed in detail
in the following Section 2.2.3.

The penguin operators in the CMM basis are given by

0, = (3,y"Pib) ) (qr.q),
q

"= (@' TPD) ) @nTta),
q

Qo (qyy"#2#s P b) Z(ﬁyplp2y3q),
q

= (G T PLb) Z(a}’ylyzuaTaq)’

Og = bGA (2.23)

s —
1672 wve

where the sum runs over all possible quark flavours gq. Note that the definition of the
operator Og is the same in both bases. The first and second order evanescent operators for
the current-current operators are given by

BV RE (G, A TPL) (G T Prgs) — 160,707,

/(1)%‘12613 (quﬂlﬂzllsPLb) (62}//11;12/13PLQ3) _ 160;‘]1‘]2‘13,

/(2) 919293 _ (quyl...,usTaPLb) (Elz)/,ul...yg;TaPLqS) _ 2560’16116126]3 _ ZOE’I(I) q1qu3’

E;(Z) 919293 _ (qupl..,,uspr) (le)’m---usPL‘IS) _ 256O;q1qzq3 _ 20E;(Dq1q2q3 . (2.24)

The evanescent operators of first and second order for the penguin operators in Equa-
tion (2.23) read

E;(l) = (q,y" " Prb) Z@Yul.--usq) + 64O;q1 - 200;(]1 ’
q

B,V = (Guy" P TPLb) Y (.. T ) + 640," = 20047,

q
E;(z) a_ (""" PLb) Z@Y#1~-~ﬂ7q) + 12800;ql — 33605’;1l ,
q
E\®" = (@M TPLb) ) (@Y. T9) + 12800, = 3360[" . (2.25)
q

For the calculations performed in this thesis, the historical basis is used. However, the CMM
basis definition are used to determine the anomalous dimension matrix of the historical
basis by transforming its CMM counterpart from one basis to the other. For the calculation
of the two loop renormalization constants in the CMM basis and for their transformation
the the historical basis, also the evanescent operators of the current-current operators O]
and O at third and fourth order are needed

E{P 0 — (G B TPb) Gy .y TPLGs) — 40960, 14245 — 336E (D 1%

11



2. Heavy Quark Expansion

E;(3) 919293 _ (?]1)/”1"'”71’&)@2)/,11...,17PL613) _ 40960;‘11‘72% _ 336E;(1) 919243
E;(4) 919293 _ (zhy,ul...ygTaPLb)(qzy‘ulmygTaPng) _ 6553601611512613 _ 5440E,1(1) ‘hqz%,
E;(4) 919293 _ (qupl...ygpr)(qzyplmﬂgPL%) _ 6553602‘“‘]”3 _ 5440E;(1)q1qzq3 ‘ (2.26)

The two bases introduced in the last two Section are connected via linear transformations.
This procedure is described in the next section.

2.2.3. Basis change

The operator definition in the historical and the CMM basis is linked by the property of
the Gell-Mann matrices

1 1
T;zﬁT)f% = - 50(55),13 50:/35}/5 (2.27)

Inserting this relation into Eq (2.22), we obtain

0

(@ TP PLb) (G, T%YuPrgs) = (@ Tapy" PLbP) (@) Ty Prg3)

1 _ _ 1 _ —_y
S @V PLbP) (@1uPLG) ey = 5 — (@Y PLEP) (@31PLa5)Supbys

1 _ 1 _ _
E(q‘i‘y"PLbﬂ)(qf vuPrqs) — —(q‘fY”PLb“)(quuPng)
1

=lo- Lo, =10 ——o 2.28
2 1 znc 2 2 1 2 ( )

Since O, = O, we can write down the linear transformation

(G)-(3FHE)r(8) e

where the transformation matrix is introduced as R™! to be consistent with [27, 28, 29].
Inverting this relation to find the transformation from the CMM to the traditional basis

then yields
O\ _, (O1)_{(2 [ 01
(o) =r ()= )8 e

where n, = 3 is set. For the two current-current operators, the relations between the two
bases are quite simple. To obtain the full transformation for all operators defined above,
we follow the general procedure outlined in Ref. [27] which consists of several steps. Let
us first consider a basis of physical operators o; and evanescent operators e( m) (lowercase
letters are used to distinguish these toy operators from the operator deﬁmtlons above). In a
first step, the physical operators are modified by adding linear combinations of evanescent
operators:

(=)

i

0] =0; + Z W,-kelgn), e;c(n) = elin) ) (2.31)
k

12



2.2. Operator basis

In a second step, terms of physical operators multiplied with powers of € are added to the
evanescent operators. In this case, these additional terms contain up to quadratic powers
in €:

o/ = o] ”(n) ) e Z Uk]o +€ Z Vk] (2.32)

In principle, the e-power of the additional terms that are added to the evanescent operators
in Equation (2.32) can be arbitrary high. Since our calculations go up to NNLO, we have
to include terms with power of 2.

In a last step, the double primed operators are rotated to

o = R; (oj + Z ijel(cn)) , ellc"(") ( )y EZ Uljo +€ Z Vljo;. . (2.33)
k J

Following this transformation scheme, the matrices R, M, W, U and V for the transforma-
tion from CMM to the historical basis can be obtained. In this case, the CMM operators
in Equations (2.22), (2.23) and (2.24) take the role of the operators 0; and elin) while the
historical basis operators in Equations (2.16), (2.17), (2.19) correspond to the triple primed
operators in the scheme above:

5:R(5’+WE’) ,

E=M((eU0+eV) O+ (1+eUW + VW) E) . (2.34)
In the calculations outlined in the following chapters, we focus on the current-current
operators. Since the penguin operators are absent in most part of the calculation (if not
mentioned explicitly), it is useful to consider only the subset of current-current operators,
including evanescent operators of first, second and third order. This means, we consider
in the CMM basis the two current-current operators and the six corresponding evanescent
operators up to third order

0’ ={0,,04},

B = {E;(l),E;(l),E'l(z),E;(z),E;(3),E;(3)}, (2.35)
and transform to the historical basis with the operators
0 ={01,0z},
E={W,EMN E® EP E® EP)Y . (2.36)

The corresponding set of the transformation matrices R, M and U that link the operator
definitions given in Equations (2.22), (2.24), (2.26), (2.16), (2.19) and (2.21) are all obtained
by the application of Equation (2.27). They read:

4 0
0 4
2 1 144 0
= 3 =
R ( 0 1 )’ u 0 144 |’
6336 0
0 6336

13



2. Heavy Quark Expansion

2 3 0000
0 1 0000
40 2 2300
— 3 3
M 0 20 0100 (2.37)
672 112 0 0 2 3
0 33 0 0 0 1

Note that for the operators considered in this subset, all entries of W are zero. Also
the values of the matrix V are all zero here since the evanescent operators in Equa-
tions (2.24), (2.26), (2.19) and (2.21) only include terms proportional to €!. However, the
matrix V will be relevant for the calculation of NNLO corrections where the definitions of
the evanescent operators have to be redefined. The details of this calculation is outlined in
Section 5.1.3. The entries of the matrix W will remain zero for the calculations including
only current-current operators. However, we will encounter non-vanishing entries of W
once the penguin operators are included in the transformation, see Appendix C.4.

2.3. Decay width of B mesons

In the previous sections, the effective Hamiltonian Heg of the HQE was outlined and
described. Using this effective Hamiltonian, the decay width of a B meson can be obtained
by integrating the squared transition amplitude over the phase space

r(B):ﬁZ / dPS (27)" 8 (ps — px) (X (px) [Hert B(p))P . (2.38)
X

where mp and pp denote mass and four-momentum of the B meson and X all possible
final states into which the meson can decay. The calculation of the decay width using
Equation (2.38) includes the explicit calculation of the final states phase space. At NNLO,
considering massive charm quarks, this means that phase space integrals over up to five
particles, of which up to four can be massive, have to be computed. This phase space
integration can be avoided by using the optical theorem, relating the decay width to
the discontinuity of the forward scattering matrix element with the time ordered double
insertion of the effective Hamiltonian:

I'(B) = miBIm [<B| / d*xT {Heg (x), Her (0)} |B)
- LimMB o B). (239)
mp

Since the bottom quark is relatively heavy compared to the typical hadronic scale, m; >
Aqcp, this expression of the decay width can be rewritten in the HQE. In a first step, the
momentum of the bottom quark is parametrised via

pg = mpot + k¥, (2.40)

where 0¥ = pg /mp denotes the four-velocity of the meson. The remaining part of the
momentum k* oc Agcp includes non-perturbative interactions of the bottom quark with

14



2.3. Decay width of B mesons

the light particles inside the meson. By splitting the momentum of the bottom quarks, the
quark field can be reparametrised by

b(x) = exp (—impv - x) by(x), (2.41)

where the main contribution of the momentum is factored out, leaving a slowly oscillating
field b,(x). Considering the covariant derivative of the bottom quark field using the
reparametrisation above, one obtains one large term proportional to the bottom mass m;,
and an additional term proportional to k and therefore proportional to Agcp:

Dyb(x) = exp (—impv - x) (—impo, + D) by(x) . (2.42)

Using this ansatz, the expression for the decay width in Equation (2.39) can be written as

Os) O (n (©q) , 1 (00 205

F(B):F3+F5 2 + I 3
mb mb m

b b

where (O;) = (B|O;|B)/(2mg). The I; denote the short distance functions and are com-
puted perturbatively:

2
L=+ Z—;ri(l) + (Z—;) r?+0 () . (2.44)

The (O;) and ((j ) in Equation (2.43) denote the matrix elements of the effective AB = 0
operators where the two quark operators are denoted with O; and the four-quark operators
are given by O;. Since the four- -quark operators O; are induced by loop-enhanced diagrams,
it has become convention to introduce them with an additional factor of 167r%. In Figure 2.3
(adapted from Ref. [15]), a visualization of the decay width given above is shown.

In the following, the different contributions to Equation (2.43) are discussed in detail. An
overview over the current status of the calculation of the short distance effects can be
found in Table 2.1.

. I3
As can be seen in the left-most diagram in Figure 2.3, I'; only describes the decay
of the B mesons bottom quark and in contrast to the other operators, it does not
include interactions between the bottom and the spectator quark. Therefore, in
order to compute only I3, Equation (2.39) can be modified to

I, =T (b) = miblm M (b— b)] . (2.45)

which corresponds to the calculation of the imaginary part of two-point functions
with insertion of two four-quark operators. I's has no suppression of Agcp/my, and
is therefore the numerically dominant contribution to the total decay width I'(B).
For the semileptonic contributions to I's, NLO [2], NNLO [3, 4, 5] and even N3LO [6,
8] corrections are known.
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2. Heavy Quark Expansion
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Figure 2.3.: Diagrammatic visualization of the total decay width of a B meson in the
HQE. The dots denote the insertion of the AB = 1 operators of the effective
Hamiltonian given in Equation (2.15). The squares denote the AB = 0 operators
O; and O; in Equation (2.43). Bottom quarks are drawn as double black lines.
The first diagram on the left corresponds to the first term I's induced by Os.
The second diagram gives rise to Os and Os. The right-most diagram produces
the four-quark operators Oy and O;. In the case of O3, Os and Oy the spectator
quarks are not shown.

For nonleptonic decays, considering the decay of the bottom quark into three arbi-
trary quarks, b — ¢19,93, we obtain from Equation (2.45)

2
rq1qZQ3 (p) — i Z (4GF|/1q1q2q3 | )
’ Mp 32 V2

b

212
q-=my,

(2.46)

Gyt | 1 [ dxe™ @I {0] 222 ()07 )} 1)

where only the insertion of the current-current operators O; and O, are considered.
In principle we also have to include the penguin operators O3 to O¢ in addition to
the current-current operators. The decay width can then be written as

Ik = € 4 P pNLPP (2.47)

However, since the Wilson coefficients of the penguin operators are small compared
to the Wilson coefficients of O; and O,, they are often considered as higher order
corrections in the literature, meaning each insertion of a penguin operator enters
the a; power counting with an extra order [30, 31]. This means that I“3NL’ P with
no additional gluon attached would be treated as O(«;) and I‘,;\I LP=P a5 order O(a?).
In this work, we do not want to apply this counting but work with a consistent
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2.3. Decay width of B mesons

power counting in ;. However, due to the smallness of the penguin operator Wilson
coefficients and the fact that they do not contribute to all nonleptonic decays but
only to the ones where two quarks of the same flavour are produced in the final
state such as b — ccs and b — uud, we focus on the current-current operators. In
the following, if not mentioned explicitly, the penguin operators are not considered
and we assume F,DNL = I“;\IL’ €

The NLO corrections to F3NL have been obtained in Refs. [32, 9, 11, 33, 12, 13, 30,
31]. While the accuracy for the semileptonic case already reaches N°LO, for the
nonleptonic contributions only partial results at NNLO have been determined in
Ref. [14]. They are carried out in full QCD without using the effective Hamiltonian
and assuming massless quarks in the final state. Because of this, the precision of
the nonleptonic decay modes are limited by the NLO contributions [9, 10, 11, 12,
13]. The main goal of this thesis is the calculation of the NNLO corrections to the

nonleptonic decays, FgN L@ [34].

F5:
The two-quark operator contribution at order 1/ mi can be divided into two parts

T <Z%> =T [cﬂ ﬁ? +co «:1?1 , (2.48)

where O, denotes the kinetic operator
(Ox) = (Blb, (iD,)" (iD¥) by|B) = ~2mpyi(B). (2.49)

and Og the chromomagnetic operator
(Og) = (Blb, (iDy) (iDy) (=ic"") by|B) = 2mppf,(B) . (2.50)

The field b, corresponds to the field in the reparametrisation of the bottom quark
field in Equation (2.41). The coeflicient c, of the kinetic operator is related to the
coefficient I3, c,(,i) = —I‘3(i) /2. The coeflicients of the chromomagnetic operator cg
for the nonleptonic decay channels are known at LO [35, 36, 37] and also NLO are
known partially [38], however the NLO contribution for the final state including
two charm quarks is not known yet. For the semileptonic decays, the LO [39, 40] as

well as the NLO [41, 42, 43] results for these coefficients are known.

I‘6:
At order 1/ mz, the operator Og contains the Darwin operator whose matrix element
is defined in the following way:

(Os) = (B|b, (iD,) (iv - D) (iD") by|B) = 2mpp; (B) . (2.51)

For the Darwin operator, the situation is similar to the 1/ mi operators: For the
semileptonic decay width, the QCD corrections are known at LO [44] and NLO [45,
46], while for the nonleptonic decay only LO coefficients have been calculated [47,
48, 49]. It is interesting to note, that the coefficients of the Darwin operator are about
one order larger than the coefficients of the 1/ m?] operators, due to an accidental
suppression of the latter [47, 15].
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2. Heavy Quark Expansion

SO SO XX

(a) (b) (©) (d)

Figure 2.4.: Diagrams showing the three different topologies for the discontinuity: The
weak annihilation (a) and (b), the Pauli interference (c) and the weak-exchange
(d). The corresponding contributions in Equations (2.52) and (2.53) are labeled
by WA, PI and WE respectively.

o I'sand Iy
The four-quark operator contributions denoted by I; and I are not considered in
detail in this thesis, however we list them here for completeness. The corresponding
diagram that shows how to obtain these four-quark operators can be found in
Figure 2.3. The contributions to Iy can be written in the following form

4 % 42 q1 N1
21 < 6> _ WE < > PI <O > WA <O > WA <O,' >
16 Fe = Z Lq192 3 +4; .q193 3 +4, 093 3 Ai,qll 3 ’

m m m

i=1 b b b

(2.52)

WE PI : .
where A/ 0 and A; s denote the different topologies for weak exchange (WE) and

Pauli interference (PI) while AWA and A}Y]Aq represent the weak annihilation (WA).
The corresponding Feynman dlagrams can be found in Figure 2.4. The coefficients
A are known up to NLO for nonleptonic and semileptonic decays [50, 51]. Note
that these four-quark operator contributions are the first where the short distance
coeflicients depend on the spectator quark of the meson and therefore vary for
different mesons Bj,.

At order 1/ mé, the f7 contribution can be written as

167

( > - WE <qu3> PI <quz> WA <I}lql> WA <ﬁlql>
=1Io Z 8 Bi"]lqz 4 + Bi;f]llIS mt Bl 4293 4 + Bi,q1l mé
b

b i=1 b b b

(2.53)

The four-quark operators at this order can be found for example in [15]. For this
contribution, only the LO coefficients are known [52, 53, 51].

For the calculation of the contributions to the decay width starting from order 1/ mi, in
addition to the perturbative quantities I} and I}, non-perturbative input is needed for the
matrix elements (O;) and (O;). These matrix elements account for the hadronic effects.
For example, for the matrix elements involving two-quark operators the kinetic and
chromomagnetic terms, the values for these matrix elements can be extracted from global
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2.3. Decay width of B mesons

0 [2] rM | [32,9,11, 33,12, 13, 30, 31]

1‘3S L) (3, 4, 5] I“3N LG incomplete [14]

A 6,7,8] | T -

MO | 39,401 | T [35, 36, 37]

P | (41,42, 43) | TR0 b — cud [38],
b — ccs missing

-0 [44] O [47, 48, 49]

w1 [45,46] | TR0 -

(0 [61] 1P [62]

1P [51] A [63]

O | [52,53,51] | T -

rgSL,(O) [64] r;\IL,(O) -

Table 2.1.: Literature overview of the short distance contributions to semileptonic and

nonleptonic B meson decays.

fits of the B — X_.[v; decays [54, 55]. For the numerical values of the four-quark operator

matrix elements, calculations performed on the lattice [56, 57] or estimates exploiting

HQET sum rules [58, 59, 60] are used.

In the following chapters, the calculation of Is for both, semileptonic and nonleptonic
decays, up to NNLO is described. The starting point for these calculations is the optical
theorem given in Equation (2.45) which translates the phase space integration to loop
integrals. The methods that are used to calculate these loop integrals are described in the

next chapter.
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3. Calculation of loop integrals

The Feynman diagrams that have to be calculated in calculations outlined in this thesis
include integrals over several loop momenta, starting from two loop integrals at LO up
to four loops at NNLO. The number of loops is related to the fact that we use the optical
theorem in Equation (2.39). This means that the LO calculation is already a two loop
calculation. However, only the imaginary part of the corresponding loop integrals is
needed.

The occurring integrals are functions of two arguments, €, the parameter of dimensional
regularization, and the two quark masses m, and m;,. However, by dimensional analysis,
we can factor out an overall factor of m; and only use the mass ratio p = m./mj, which
reduces the number of arguments to two. Two different methods for the integral calculation
are used here, both will be described in detail in this chapter. In the first approach which
is outlined in Section 3.1, exact analytic results for the master integrals in terms of iterated
integrals are computed using the differential equation of the master integrals. This solution
provides the opportunity to evaluate the result numerically at every arbitrary value of
p. In this ansatz, there are two possible bottlenecks: Finding the solutions of the master
integrals via the differential equation and computing the boundary conditions. In the
calculations outlined here, the boundary conditions are the critical point. As it will be
shown in Section 3.2, the most simplest boundary from a computational point of view is
the limit p = 1, which implies neglecting several physical final states at NNLO. In cases like
this, the second approach, known as expand and match [65, 66, 67], turns out to be very
useful. In this method, analytic expansions of the integrals with highly precise numerical
coeflicients are obtained by solving the differential equation and matching to numerical
boundary conditions. The application of the expand and match method is possible for all
problems discussed in this thesis, while we were only able to find a fully analytic solution
in LO and NLO calculations and the NNLO semileptonic decays.

Both approaches rely on the differential equation of the master integrals. These equations
are obtained by using IBP relations, in this work the program Ki ra is used for this. Since the
integrals, except for €, only depend on one variable, the mass ratio p = m./my, it is a natural
choice to set up the differential equation in this variable. The derivative of an integral
with at a charm propagator with respect to p, raises the index of the charm propagator by
one. Consider for example a loop integral with exactly one charm propagator:

d _ . d dkdk, ...
_I(n):— N
dp dpJ ...(p2-KH)" ...
dkidk, ...
:—2pn,~/ = 2l (.M L) (3.1)
(- k)
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3. Calculation of loop integrals

where we have set m; = 1. In general, the integral on the right-hand side with the raised
index n; + 1 is not a master integral but can be reduced to the set of original master
integrals by applying IBP relations. For a system of N master integrals in a vector I, we
apply the derivative d/dp to I and subsequently use IBP relations to ensure that on the
right-hand-side only elements of I appear. Then we arrive at a closed set of differential
equations of the form

-

dI -

— =A(ep) -1, (3.2)
dp

where A(e, p) is a N X N matrix. This set of differential equations serves as starting point

for the calculation of the integrals in both approaches mentioned above.

3.1. Analytic solutions with differential equations

In this section the calculation of an exact analytic solution of the master integrals is
described. The starting point is the differential equation in equation (3.2). In this equation,
the matrix A(e, p) has no specific form and can include numerators and denominators
with polynomials of arbitrary power in € and p. In a first step, the basis of master integrals
is chosen in a way that the denominators in the differential equation factorize in € and p.
This can be done using the Mathematica package ImproveMasters [68], see Appendix A.3.
In the following, we will refer to a basis of integrals that fulfil this requirement as a
good basis. After a good basis is found, it is convenient to transform the differential
equation to a special form, the so-called canonical or e-form [69, 70, 71]. Finding such
a transformation is not always possible and strongly depends on the structure of the
differential equation and the letters of the iterated integrals that solve these equations.
For a more detailed description on the algorithm to obtain the e-form, see Appendix B.2.
Assuming a transformation to e-form can be found, the integrals I are transformed by

I=T-7J, (3.3)

in a way that the differential equation takes the form

—=e-A(p)-J. (3.4)

In the basis J, the differential equation now has a form where the matrix A only depends on
the mass ratio p and € only appears as a global prefactor. This special form of the differential
equation is called e-form or canonical form. We can further rewrite Equation (3.4) in the
form

N

dj -1 -
— =€ A - T. 3.5
- LAY (35)

I=1

The functions L;(p) are called letters of the differential equation and define the class of
iterated integrals that solve the differential equation, see also Appendix B.4. To find the
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3.1. Analytic solutions with differential equations

transformation to e-form we use the Mathematica packages Libra [72] and Canonica [73]
together. In a first step, we bring the differential equation matrix to a lower block triangular
form

Ay 0 - 0
Agr Ay -+ 0

A= ) L ) , (3.6)
Anl AnZ et Ann

using Libra and its build-in functions. The A;; in Equation (3.6) are quadratic matrices.
Finding the transformation to e-form with Libra gets very tedious with growing numbers
of master integrals. Instead of Libra we use Canonica for this step and transform the
matrix given in Equation 3.6 block by block starting from the top left in the order Ay, Ay,
A21, A33, ey Ann-

After the system of differential equations is brought to e-form, it can now be solved for
the integrals jby inserting a series ansatz in € for the integrals:

+ 7+ o+ €+ 22+ O (€7) (3.7)

J=

&.1
»I

L Jo
tetate
where j; are functions of p. For our applications, the master integrals have at n-loop at
most € " poles. The integrals now have to be determined by calculating the coefficients j;.
Inserting the ansatz into the differential equation in canonical form and considering every

occurring order in € separately, the following equations are obtained:

b _

dp

djs -

d—3:A(p)-]_4,

p

djs -, . -

—=A cj_3, ... 3.8
i (p) - j-s (3.8)

These differential equations can now be solved one after the other starting with the lowest
index, in this case —4. The equation for j_4 is solved trivially by a constant vector C_4.
Because of the factor € in Equation (3.4), the derivative of j_s is proport1onal to j_4 = Gy
and therefore the solution for j_s is obtained by the integral over A-Z_, plus an integration
constant ¢_s. In the same manner, all the following j; can be expressed as integrals over
jio1 and by inserting all the previously obtained results for the lower case j’s, the solutions
are given in terms of iterated integrals over constants and the matrix A:

p . p . P .
2 =Cp+ / dp’A(p’) - c-3 + / dp’A(p’) - / dp”A(p”)-¢4, ...  (39)
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3. Calculation of loop integrals

The iterated integrals that appear in such solutions can often be expressed in terms of
special functions like Harmonic Polylogarithms [74], see Appendix B for more details.
The last step is the calculation of the integration constants. This is done by considering a
limit in which the values of the integrals are known or can be calculated. In the problems
considered in this work, the limit p = m;/m;, — 1 turns out to be a suitable point for the
calculation of asymptotic expansions of the master integrals. This procedure is outlined in
detail in the next Section 3.2. The values of the integrals in the boundary limits are then
matched to the expressions calculated above:

I(p=1) =lim,_, (:r -j(a-)) . (3.10)
These relations lead to a system of equations which can be solved for ¢;.

As an alternative approach to the e-form, we decouple the coupled system of differential
equations and then solve the higher order differential equations separately [75]. This is
done in practice using the Mathematica package OreSys [76] that depends on Sigma.m [77].
The starting point of this approach is the untransformed differential equation (3.2). We
insert an expansion in € for the master integrals I, similar to Equation (3.7):
N 3
I=—+—=+—F+—+ig+ihe+ie +0(e), (3.11)
€ € € €
where all i, are functions of p. After inserting the ansatz, we consider every e order of
the differential equation separately. Starting from the lowest € order, we decouple the
differential equation for the components of i, using OreSys. Decoupling a m-dimensional
set of first order differential equations leads to a set of uncoupled differential equations,
which can also be of higher order than one, and a set of linear equations for the m
components of in. Using the decoupled equations, we find the solution of i, as a functions
of the iterated integrals with the help of HarmonicSums [78]. These solutions include
undetermined coefficients that can be calculated by matching to boundary conditions of
the integrals, similar to the determination of the integration constants in the previous
approach. An explicit example of this procedure is shown in Appendix B.3.

3.2. Analytic boundary conditions

In the previous section it is described how the analytic solution to a differential equation of
master integrals can be found. After this procedure, the obtained result consists of iterated
integrals and undetermined integration constants. In the calculation presented in this
work, asymptotic expansions [79] of the master integrals are calculated which serve as
boundary condition to fix these integration constants. This is described in the following.
The asymptotic expansions are calculated in the limit of heavy charm masses p = m./m;, —
1. In this limit, the method of regions [79, 80] leads to two possible scalings of the loop
momenta k¥, which we name hard (h) and ultrasoft (us):

o (W) |kH] ~my
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3.2. Analytic boundary conditions

o (us): [KH| ~ 6my ,

where § = 1-m?/ mi. Since we are dealing with two, three and four loop momenta integrals
at LO, NLO and NNLO, there are four, eight and sixteen different momentum regions which
can contribute to the asymptotic expansion. The full result of the expansion is obtained
by summing the results of all regions. In principle, it would also be possible to perform
the expansion around p = 0. However, in this limit, significantly more regions contribute.
Furthermore, more complicated integrals have to be considered, see for example Ref. [3,
4], where this approach has been applied to the NNLO corrections of the semileptonic
decay rate.

In our calculation, we use the Mathematica package asy.m [81, 82]. It can be used to find
the momentum regions of an integral which have non-zero contributions (non-zero in this
case can also mean zero imaginary part and non-zero real part) and the scalings of the
propagators in this regions. However, it does not show the regions nor the corresponding
momentum routings.

asy.m is used to discard regions that are zero before expansion of regions is applied. To
use it accordingly, a proper momentum routing has to be found in a first step. This means,
that the scalings of the propagators should be unique to one of the possible regions. The
steps to achieve this are outlined in the following:

1. In a first step, one wants to ensure that all propagators with masses also include the
external momentum gq. If this is not yet the case, the corresponding loop momentum

k; is shifted by g:

1 1

—— k1 = ki1 +q, ,
(m3 - k) ——" (m2— (ki +9)?)

(3.12)

where m, can be either {my, m.}. If this shift of the loop momentum is not done,
the propagator would scale like 1/8° for both, hard and ultrasoft ki, since mj, ~ &°
would be dominating. Since asy.m shows only the leading scaling of the propagators,
this would mean that such a propagator would scale always with 1/8° no matter
the scaling of the momentum. After the momentum shift the propagators can be

expressed by
1 1
= , (3.13)
(2 - i+ q)) (K~ 2keq)
1 1
= (3.14)

(m? = (ki+q) (=6 -k —2kiq)’

for the two different masses. This leads to scalings ~ 1/8° (hard k;) and ~ 1/
(ultrasoft k;) for both mass cases.

2. The momentum routing should be unique. Therefore the case that one loop mo-
mentum only occurs in propagators where also other loop momenta are present
should be avoided. This means that there should be a propagator characterizing the
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3. Calculation of loop integrals

scaling of one loop momentum. Consider for example an integrand with the loop
momentum k; flowing through only two propagators

1
(— (ky + kz)z) (mi — (ki + k3 + Q)Z) '

(3.15)

Assuming the loop momenta k; and k3 to be hard in the following, the scalings of
these two propagators are ~ 1/8° and ~ 1/8° regardless of the scaling of k;. By
shifting k; — k; — ks, these two propagators transform to

1
(— (ki + kz)z) (mlz, — (ki + ks + Q)z)

ki — ki —k !
1 1~ A3 .
T (ke k) (m - (i +9)?)

(3.16)

Now we observe the scalings ~ 1/8° and ~ 1/8° for hard k; and ~ 1/8° and ~ 1/6"
for ultrasoft k; in the same scenario as described above are obtained.

3. The propagators should be kept as simple as possible, so we try to find possible
replacements like

1
(= (k1 — k2 + k3)?) (m2 = (k1 — k2 + 9)°) (=K?)
1
(— (ky — k3)2) (mg — (k1 + Q)z) (— (ki + kz)z) '

ki — ki +k; (3.17)
_

After a suitable momentum routing is found, asy.m is applied to every master integral
separately. As an input it needs the propagators appearing in the integral and the scaling of
the masses and external momentum. As an output it provides the scaling of the propagators
in the regions which are not zero.

For illustration, we consider the easiest integral that appears in our calculations, a two
loop sunset integral with one massive charm line, as an example:

_ dk; dk,
=/ () () (= ks~ o+ @) (.19

This integral is one of the two LO integrals of the semileptonic as well as the b — cud
decay. Giving asy.m the information about the propagators, the scaling of the masses

myp, ~ 8°, m, ~ 8! and the on-shell condition q2 = mi, we obtain the output

{{0,0,0},{0,0,1}}, (3.19)

which tells us that two regions are non-zero and their corresponding scaling. Considering
the four possible regions of the integral given in Equation (3.18), we find the scalings
shown in Table 3.1. Comparing these results to the asy.m result in Equation (3.19), we

26



3.2. Analytic boundary conditions

ki k, | propagator scaling
() | (h) {0,0,0}
(us) | (h) {-2.0,0}
(h) | (us) {0,-2,0}
(us) | (us) {-2,-2,-1}

Table 3.1.: Scalings for hard and ultrasoft loop momenta. The list in the third row shows
the scaling of the propagators of the sample LO integral in the same ordering
as in Equation (3.18).

find that the regions {h, h} and {us, us} are non-zero. Out of these two regions, only the
double ultrasoft region will produce a non-vanishing imaginary part.

In the calculation of the semileptonic decay to N3LO [6], asy.m was only used as a cross
check to make sure that all contributing regions were found. Here it is used to discard
regions which are zero before the expansion is carried out. Since asy.m is applied at the
level of the master integrals, it is manageable to apply this procedure to every separate
integral.

Expanding propagators and calculating expanded integrals

After the non-vanishing regions are found, the momenta are rescaled and the integrand is
expanded in the remaining regions. This expansion leads to new propagators and scalar
products of loop momenta and/or the external momentum in the numerator, which now
have to be calculated. The power of these denominators and numerators depend on the
expansion depth. They are raised by one in every expansion step, for example:

1 1 k?

= 1+ ! , 3.20
(-6 —k*-2q.k;) —6-2q.k -8 — k% - 2q.k; (3.20)

where k; is an ultrasoft loop momentum. The expansion is done separately for each
integral in its (according to asy.m) non-vanishing regions.

After naively expanding the propagators, new integrals remain that have to be calculated.
In order to do this, an IBP reduction to a set of master integrals is performed. This is done
with the following steps:

« First, every region ((h, h, us, us), (h, us, us, us), (us, us, us, us)) is considered separately.
Not all possible regions contribute here. For example, the loop momentum of the
lepton neutrino loop has to be ultrasoft since the Feynman diagram would have no
imaginary part in case of a hard momentum which would correspond to on-shell
integrals with no cut. For every expanded master integral, a new integral family is
defined which contains the propagators encountered in the expanded integral. As a
result of the expansion of the propagators, we also obtain scalar products of loop
momenta and the external momentum in the numerator. They are included in the
newly defined integral families as additional numerators. The integral families for
the different regions are then compared and, if possible, mapped to each other in
order to reduce the number of families that have to be considered in the next steps.
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3. Calculation of loop integrals

« Up to this point, only the occurring propagators and numerators have been included
in the integral family definitions. In a next step, massless propagators with linear
combination of loop and external momenta are added to complete the basis of
propagators.

« After completing the basis with additional massless propagators, it can happen
that these sets of propagators contain linear dependent ones. Using partial fraction
decomposition, the family definitions can be adjusted such that only linear indepen-
dent propagators appear in each family. For this step, the code LIMIT [83] has been
used. This code is based on LiteRed [84, 85]. After the partial fractioning mappings
between different families are found using the code minimizefam.nb which is also
part of LIMIT.

« After the procedure described above, a minimal set of integral families is found.
Each integral which contributes to the amplitude is part of one of these families. In a
last step, an IBP reduction to master integrals is performed using kira. All integrals
can be computed in terms of I'-functions using the following relations (¢* = mi):

) = [ ol
1\nN1, N2) =
(k4™ (= (kr + @)*)"™
_ md/zl“ (ni+ny—2+e)T(2-ny—€)T'(2—ny—¢€) (- 2)2—6+n1+nz
T (n)T ()T (4 n; -z — 26) 1

5

d?k,
I(ny,ny) = nz
/ (k)™ (2 = (ki + 9)?)

_ md/zr (I’l1 +ny — 26) r (4 —ng—2n; — 26)
F(nz)I‘(4—n1—n2—2€)
d?ky
I3(ny, n, n3) =/ 0 n
(—k%) ! (_zq‘kl)nz (—5 - 2qk1) 3

— iﬂd/z (_5)4—26—2n1—n2—n3

b

IF'(4—2e—-2n;—-n)T(2—€—ny) T (2ny +ny + n3 — 4 + 2¢)
I'(ny)T (n3) T (4 - 2e - 2ny)

) d%%,d%,
nonn= (m = G+ k) (m = ) (m = (k2 + )

2 2\% 4 ico
= (iﬂ.’d/z) mf (,u_z) —/ dz
m] 271 oJ _ico

F'(e+2)T?2(1-€e-2)T (=2)T(-1+2e+2)T (3 - 4e — 22)
I(2-2e-2z)T(3-3¢-2) ’

B

(3.21)

The relations given here for integrals I; (ny, ny), I(n1, n2) and I3(ny, ny, n3) can be
obtained using Feynman parameters, see Appendix B.5. For integral I,(1, 1, 1) which

28



3.2. Analytic boundary conditions

corresponds to the sunset diagram with three massive lines, the result is calculated
using Mellin-Barnes techniques. The integration is performed along the imaginary
axis. To calculate this integral, the integration path can be closed in the complex
plain and the value of the integral is obtained by picking up the enclosed poles, for
the explicit calculation, see Appendix B.6. The result as an expansion in € is given

by
2 1 2 (1 11x° 85 1772 3x%log2 181(3
14(1,1,1)=(i7rd/2) AT . Y L s JOAN
e e \2 12 4 24 2 12
907 3737% 167x* 37%n2 3log? 2
L2 O MR g0t a 4+ 208 24 361i,(1/2)
8 48 72 4
1577(3
—%)62+0 (63)] . (3.22)

After the calculation of the boundary conditions, the undetermined coefficients in the
analytic solution in Equation (3.9) can be determined. To do this, the iterated integrals are
expanded in the limit p — 1 and the obtained expansion is matched to the asymptotic
expansions. The expansion of the iterated integrals can be done in a convenient way using
the Mathematica package HarmonicSums [78].

The exact analytic calculation, especially the calculation of the boundary conditions, can
be very complicated and tedious. In this work, the boundary conditions are only calculated
analytically in the limit p — 1, since the expansion around the limit p — 0 is much more
involved. Since the calculation is also restricted to the imaginary part of the integrals, this
limits the solution to the contribution of only one charm quark in the final state. This
contribution is by far the dominating one in the physical region and therefore provides
a very good approximation for the total decay width in the semileptonic decay channel.
For a more detailed discussion about the separation and the calculation of the different
contributions, see, for example, Section 4.1. For the complete contribution including all
possible final states and in particular for the nonleptonic decay channels, another approach
is used. In principle, it would be possible to do the calculation with the analytic approach
outlined before, however we would have to calculate also the real part of the master
integrals that will contribute to the imaginary part once we cross physical thresholds, see
Section 3.3 for more details. A method that is capable of doing this is described in the next
section.

29



3. Calculation of loop integrals

3.3. Semianalytic results with Expand and Match

The exact analytic calculation of the master integrals as described in the previous section
highly depends on the possibility to find an e-form. Finding this transformation simplifies
the equations a lot. As an alternative to the transformation to e-form, it is also possible to
decouple the system of differential equations using packages like OreSys, as also described
above. In our case, the limiting factor of the fully analytic approach is the analytic
calculation of the boundary conditions, as described in the first part of this chapter.

In this section we describe a method to compute precise analytic expansions with numerical
coefficients [65, 66, 67]. This method, called expand and match is used for the calculation
of the master integrals in the nonleptonic decay channels. As a preparation we also apply
it to the semileptonic decay channel where it allows us to obtain results valid for p € [0, 1].
Starting point for the calculation is again Equation (3.2). In contrast to the procedures
described in the previous section, the differential equation does not have to be transformed
to a special form. The only requirement the differential equation has to fulfil is the absence
of 1/e poles on the diagonal. Nevertheless, let us stress that a suitable choice of the integral
basis and therefore the form of A(e, p) is very useful, especially the choice of an integral
basis where € and the mass ratio p factorize in the denominator. This leads to a simpler
set of linear equations and therefore reduces the needed computational resources.

Procedure

The goal is to use the differential equation to obtain precise expansions for the master
integral around properly chosen points in phase space. In a first step, an expansion point
for the integrals and a suitable ansatz corresponding to this point has to be chosen. As
a first example, consider a regular point of the differential equation where the integrals
can be approximated by a Taylor expansion. The corresponding ansatz for integral i then
reads

€max Mmax

Ii(p, € po) = Z Z ci,j,nej (p—po)" . (3.23)

J=€min n=0

The value inserted for €y, is problem depended. For all the integrals that have to be
calculated in the following, it is sufficient to set eni, = —4, since in the case of the NNLO
b-decays there are at most e~ for the individual integrals. In case enin > —4 is chosen, the
calculation will fail since inconsistent equations are generated in intermediate steps, see
the discussion below.

The values for ny,ax and epax are in principle arbitrary and depend on the needed expansion
depth, where ey is determined by the highest pole of the coefficient of integral i and the
e-poles appearing in the matrix A(e, p). The value of npy,x constrains the accuracy of the
expansion and is set to nyay = 50 for all calculations performed in this work.

Inserting the ansatz given in Equation (3.23) into the differential equation (3.2) leads to a
system of linear equations that connect the coefficients c; j ,. Consider for example the
differential equation for the two master integrals which appear at LO in the decay channel
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3.3. Semianalytic results with Expand and Match

with one charm quark in the final state:

d (I 0 2p I
d ( Il ) =1 2(2-7e+6€?) 2(e+2p%-5¢p?) |- Il . (3.24)
p A\ 2 p—p° T 2

After inserting the ansatz (3.23) into Equation (3.24), we shift p to p” = p + py and consider
the coefficients of each power of € and p’ which leads to

€1,-21 — 2poC2,—20 =0,

2¢1,-22 — 2¢2-20 — 2poC2,—21 =0,

3c1,-23 — 2¢c2-21 — 2poC2—2,-2 =0,
(3.25)

for the first row of the differential equation. Analogue equations are obtained for the
second. This set of linear equations can then be solved for a small set of c;;, which
have to be determined by a dedicated numerical evaluation. In our case we evaluate a
neighbouring expansion and evaluate both expansions at one dedicated point. In the
following this is denoted by matching. As a result, an expansion for the integrals in
the form of Equation (3.23) around the expansion point p, is obtained. Every expansion
has a limited radius of convergence that is determined by the singular points of the
differential equation. The procedure to construct expansions that cover the whole phase
space p € [0, 1] is the following:

1. As a starting point, a Taylor expansion ansatz around a regular point of the differen-
tial equation py = p; is set up.

2. The expansion of step 1 is inserted in the differential equation, the resulting linear
equations for the c; ; , are solved.

3. The remaining set of coefficients c; j , are determined by matching the expansion to
a numerical evaluation of the master integrals at p;. This is done using the program
AMFlow and is discussed in detail in Section 3.4. After this step, an expansion around
p1 with a radius of convergence R; is obtained that can be used to evaluate the
master integrals in the phase space region p € [p; — Ry, p1 + Ry].

4. Steps 1 and 2 are repeated for an expansion point py = p,, where p; # ps.

5. The remaining set of coefficients c; j , for the expansion around p, are now deter-
mined by matching the expansion around p; to the numerical evaluation of the
expansion around p; obtained in step 3 evaluated at some point ps, where p; is in
between p; and p,. It is convenient to choose

lp1 = p2l

3:—

2
6. Steps 4 and 5 are repeated until the whole phase space is covered.

Up to this point, only Taylor expansions (3.23) are discussed. When constructing expan-
sions around singular points of the differential equation, this ansatz is however not enough.
The problem of choosing the correct ansatz is addressed in the following subsection.
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3. Calculation of loop integrals

Different ansitze

For the singular points of the differential equation a Taylor expansion is not appropriate
and a more general ansatz including logarithms and square roots has to be chosen. It has
the form

€max j+|€min| Nmax

Ii(p, €, po) = Z Z Z Ci,jmn €’ (p- Po)% log™ (p — po) - (3.26)

jzemin m=0 n=nmpjn
There are two subtleties that should be noticed in this ansatz:

+ The upper limit of the index m which sets the power of the logarithms, depends on
the € order j.

+ The sum over n, the power of the square roots, starts at ny,;; which is usually chosen
to be nyin < 0.

Note that square roots are usually needed for expansions around thresholds. In Ref. [86]
it was found that the production of n, massive particles with mass m, around threshold

behaves like

3ng—>5

(s—(nqmq)z) L (3.27)

where s denotes the energy of the system. Therefore the expansion around the thresholds
of two and four charm quarks will lead to square roots whereas for the expansion around
the three charm threshold only even n terms contribute and the ansatz can be modified to

emax .j+4 nmax

Li(p, € po) = Z Z Z cijmn € (p — po)™ log™ (p — po) . (3.28)

j=—4 m=0 n=0

This simplification is in principle not necessary. The solution of the ansatz including
the square roots will produce coefficients c; j  », that are zero for uneven n and therefore
automatically reproduce the ansatz in Equation (3.28). From a computational point of view
it is advisable to directly use ansatz (3.28) to reduce the number of coefficients and linear
equations and therefore reduce the computing time.

In addition to physical thresholds with more than one massive quark in the final state, all
the differential equations considered in this work have singular points at p = 0 and p = 1.
For the expansion around p, = 0, the ansatz in Equation (3.28) with p, can be adopted

emax .j+4 nmax

Li(p,€,po =0) = Z Z Z Cijmn€ p" log™ (p) (3.29)
j=4 m=0 n=0

while for the expansion around p = 1, the sign of the argument of the logarithm is flipped
to keep the logarithm real for values p < 1:

€max Jt4 Mmax

li(pepo=1=> > > cijmne (1-p)" log™ (1-p) . (3.30)

Jj=—4 m=0 n=0
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Implementation

The generation of the linear equation for the coefficients c; j  » is done using Mathematica
code. For the NNLO calculations, the system of equations gets very large (> 10°equations)
and a solution with Mathematica can not be obtained in a reasonable time. Instead the
usage of kira [87, 88] together with firefly [89, 90] turns out to be very convenient. In
the following, a few technical remarks about the implementation are given.

« Solving the linear equations with kira requires to transform the Mathematica output
to kira notation. This means that the coefficients c; j » , are translated into numbers
that encode the indices i, j, m, n. The linear equations are arranged in a way that a
sum of the ¢; j  » with corresponding prefactors equal 0. As an example, the kira
notation for the equations given in the example above for py = 1/2 are shown:

10010300001 * (1)
C1,-2,0,1 — €2,-2,00 = 0 10000300002 * (—1)

10020300001 * (2)
2C1,_2,0,2 - 2C2,_2,0,0 —C€2-20,1= 0 10000300002 =* (—2)
10010300002 * (—1)

10030300001 = (3)
3C1’_2,0,3 - 202’_2,0,1 —C€2-202 = 0 10010300002 * (—2)
10020300002 * (—1)

Every term of a sum corresponds to one line in the kira notation. Equations are
separated by an empty line. The encoding of the coefficients works as follows:
The first three digits after the leading 1 denote the index n corresponding to the
power of (p — pg). The next two digits represent the € power j, where the index j
is shifted by 4, meaning j = —4 would correspond to 00 and j = 1 to 05. The next
index represents the power m of the logarithm (in this example this is always zero,
corresponding to 00) and the last three digits give the integral number i.

The encoding of the coefficients may look arbitrary, but it turns out that a definition
as described here is very useful. When solving a set of linear equations, kira
prefers smaller numbers as masters. In the encoding used here, this means that the
coeflicients with n = 0 are favoured to be chosen as masters, which is useful when
matching the expansions to a numerical evaluation of the master integrals.

« In case the ansatz is not sufficient to describe the behaviour of the integrals, for
example if a Taylor expansion is used at a physical threshold, the system of linear
equations is inconsistent and can not be solved. In this case kira fails and does not
produce result files. In addition to choosing the wrong ansatz, this behaviour is also
observed when choosing the wrong np;, for the ansatz with square roots around a
2-particle or 4-particle threshold, for example not allowing for negative n.

« The accuracy of the expand and match approach is limited by several factors. Of
course, the accuracy of the numerical results of the master integrals that are used to
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34

determine the coefficients of the first/starting Taylor expansion gives a limit for the
numerical coefficients of the expansion and the accuracy at the expansion point py.
The accuracy is furthermore limited by the number of terms included in the ansatz,
meaning the value of npy,y. The effect of these two limitations can be reduced by
investing more computation power.

The radius of convergence of different expansions is limited by the distance of the
expansion point to the next singular point of the differential equation. This can
impose numerical instabilities when the matching of a Taylor expansion close to a
threshold is matched to the expansion around this threshold. It is observed that the
convergence behaviour of the Taylor expansion can be improved by using Mobius
transformations [91, 67]. The procedure is as follows:

Let po be the expansion point. The radius of convergence of this expansion is
limited by the distance to the closer of the two neighbouring singular points of
the differential equation p_; and p;, where p_; < py < p;. By switching from the
variable p to

_ (p— Po) (p1 = p-1)
(p—p1) (p-1 = po) + (p = p-1) (p1 = po)

y (3.31)

the points {p_1, po, p1} are mapped to {—1,0, 1}. By applying this variable trans-
formation, the radius of convergence is expanded into the direction of the farther
singular point. This can improve the numerical stability near the closer singular
point.

For the expand and match method it is important that the diagonal entries of the
matrix A do not have poles in €. Such poles do not allow us to solve the differential
equation by an expansion in €. To avoid these poles, we modify the basis of master
integrals in the affected sector be replacing the problematic master integral I; with
an integral I] that is related to I; via an IBP relation of the form

[=e-L+... (3.32)

Exchanging I; by I] in the set of basis integrals can remove the problematic pole in
the differential equation. Defining the transformation matrix B that transforms the
original set of master integrals I to the new set of master integrals r using equations
of the form of Equation (3.32)

I'=B-1, (3.33)
we obtain for the differential equation of the new set of masters
df'

-1 dB~! 7 4
— —|B-A-B'—|B I'=A-T, (3.34)
dp dp

where A is the differential equation matrix for the integrals I as defined in Equa-
tion (3.2). Since not all relations of the form of Equation (3.32) can remove the
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problematic poles on the diagonal, we iteratively scan the reduction tables for such
relations, calculate the corresponding A and, in case there are still poles on the
diagonal, repeat the procedure for the next possible master integral candidate until
we find a suitable replacement.

Crossing thresholds

The crossing of physical thresholds is the most challenging part of the expand and match
approach. The expansion around a physical threshold has the form given in Equation (3.26)
or (3.28), depending of the number of massive particles in the final state. These ansatze
include logarithms and square roots that are real valued for positive arguments but produce
a non-vanishing imaginary part when their argument is smaller than zero.

This is illustrated by the example of the three charm quark threshold at py = 1/3 that
appears in the calculation of the semileptonic and the nonleptonic b — cud and b — ucs
decay channels. These decay channels have final states at NNLO that include one or three
massive (charm) quarks which manifest in the differential equation as singular points at
{0,1/3,1}. Let us assume the starting point of the calculation is at p = 1/2 where numerical
results for the master integrals have been calculated numerically, see Section 3.4. The next
step is to construct a Taylor expansion around this point with the ansatz

€max  "max ) 1 n
L(p,e po=1/2) = ciin€lo—-=1, 3.35

(p.€.po=1/2) ]ZZ; L (p 2) (3:35)
and determine the coefficients c; j, as described above. At this expansion point, it is
physically possible to produce one charm quark in the final state but not three of them.
Therefore the one-charm contribution of the integrals have both, real and imaginary part,
while the three-charm contribution is only real-valued at this point. Since the differential
equations are purely real, the imaginary and real parts of the master integrals completely
decouple in the region where they can be described with Taylor expansions.
The next step would be the expansion around the threshold at p = 1/3, where the ansatz

€max J+4 Nmax . 1\" 1

Li(p,€e po=1/3) = Cijmn€ |p— =] log"|p—=], 3.36

l(p Po / ) ]:2_14 mZ:O nZ:(; i,j,mn (P 3) g (,0 3) ( )
is needed. At this point, it is interesting to observe how this ansatz gives rise to the
three-charm contribution. The matching to the Taylor expansion around p = 1/2 is done
at some point ppatech € (1/3,1/2). At pmatch, the argument of the logarithm is positive.
When crossing the threshold with this expansion, the argument of the logarithm becomes
negative and produces an additional imaginary part for the master integrals via

log (x) =log (|x|) —ir forx <O0. (3.37)

The sign of the imaginary part is defined by the direction from which the branch cut of
the logarithm is approached and therefore determined by the definition of the mass in
the propagator in the Feynman prescription. This additional imaginary part originating
from the logarithms correspond to the contribution of three-charm final states that can be
produced in the phase space where p < 1/3. At p = 1/3 these contributions are exactly
zero because there is no phase space available.
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3. Calculation of loop integrals

3.4. Numerical boundary conditions

To fix the boundary constants for the expand and match approach, we use AMFlow [92] to
obtain numerical values for the master integrals at dedicated values of p with 80 digits
precision. These numerical values are then matched to Taylor expansions around regular
points obtained with the procedure described above. The numerical evaluation is done at a
regular point since AMFlow can not reproduce the power-log behaviour around thresholds
but only calculates the hard contribution of integrals.

In principle, it would be possible to use AMFlow throughout this whole thesis to calculate
all master integrals directly at the physical point. However, this would lead to a loss of
flexibility in the calculation, meaning that the masses can not be varied and especially
no changes of the mass renormalization schemes can be applied to the final result. Also
it would not be possible to reproduce the square root or log behaviour of the integrals
around thresholds. Therefore, AMFlow is only used as input for the procedure outlined
above.

In contrast to the analytic calculation, we have more freedom in choosing the kinematic
point of our boundary conditions. Two thing should be considered when choosing this
point:

« We want to choose the starting point in the physical interesting region, which means
p € [0.2,0.3]. This means that we can use the Taylor expansion that is matched
to the starting point for all or most of the phenomenological analysis. Since every
matching to a new expansion and or crossing thresholds can reduce the precision of
the expansions, the first expansion is the one with, in principle, the highest precision.

« The starting point should not be close to a physical threshold. This would reduce the
radius of convergence of the first expansion and therefore unnecessarily increase
the number of needed expansions.

Taking these considerations into account, we choose as a starting point for our expansions
po = 1/4 for the decay channel b — cud. For the decay b — ccs, where p = 1/4
corresponds to a physical threshold with four massive charm quarks, we choose py = 1/5
and py = 1/3 as independent starting points, see also discussion in Section 5.2.2. In
addition to the starting point of the expand and match method, we also compute the
master integrals numerically with AMFlow at various points in the interval p € (0, 1). These
values are used to check the convergence of the expansions of the master integrals. We
usually choose a precision of 40 digits for these control calculations.
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4. Semileptonic b decays

In this chapter, the calculation of the semileptonic decay channel b — clv is outlined. This
decay was investigated at NLO first in Ref. [2] where an analytic expression for the decay
width is obtained.

In Ref. [3, 4] and Ref. [5], NNLO results were calculated. These calculations were not done
in an exact analytical way but carried out in expansions around different limits of the
charm quark mass. In Ref. [5] an expansion around m, ~ m;, was performed while the
results in Ref. [3, 4] are obtained with an expansion around m, ~ 0. The latter approach is
much more involved since the asymptotic expansion around the zero mass limit includes
way more kinematic regions that have to be taken into account. For phenomenological
analysis, both approximations lead to good results since both expansions show a good
convergence for the physical charm and bottom quark mass.

Note however that the expansion around m, = m; does not describe correctly the contri-
bution of three charm quarks in the final state. This process is not possible at NLO, where
only one additional gluon can appear in the final state as real emission. At NNLO, this
gluon can produce a cc pair leading to three massive quarks in the physical final state. It
turns out that this contribution is numerically small for physical charm mass which leads
to good agreement of both expansions. We will elaborate on this special contribution in
detail in the following chapter. At N3LO, the expansion around m, ~ my, is done [6, 7, 8],
while no expansions for the massless limit are available.

This chapter has two purposes: We will show the calculation of the fully analytic result for
the NNLO one-charm corrections of the semileptonic decay. Furthermore we will provide
semianalytic expansions that allow us to cover the whole kinematic phase space between
m, = 0 and m, = 1 including the one and three charm final states. This calculation will
also serve as a cross check for our setup which we will use for the nonleptonic decay
channels.

4.1. Calculation

For the implementation of this calculation, the general setup as described in Appendix A is
used. We generate all Feynman diagrams with qgraf, find integral families with tapir, map
to these families with exp. The actual computation is done with FORM. Finally we reduce the
amplitude to scalar master integrals with kira. Furthermore, we apply ImproveMasters to
obtain basis master integrals such that the € and p dependence in the denominators of the
IBP relations factorize.

However, since the semileptonic decay channel is a special subclass of the nonleptonic
decays, it is possible to simplify the calculation in a few points that are outlined in the
following:
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4. Semileptonic b decays
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Figure 4.1.: Sample Feynman diagrams for the semileptonic decay channel at LO (a), NLO
(b), (c) and NNLO (d), (e), (f), (g), (h). Black double lines denote bottom quarks,
orange lines charm quarks and single black lines massless particles like lepton,
neutrino, up, down or strange quarks. The insertion of operator 4.1 is with
two black dots.

« Since lepton and neutrino do not carry any colour charge, there is only one effective
operator that has to be considered:

O = (g§y"PLb®) (Iy,PLv), (4.1)
which corresponds to O, in Equation (2.16) when replacing q,, g3 with [, v.

+ The lepton-neutrino loop does not couple to gluons. Therefore it would be possible
to integrate out this loop separately, reducing the number of loops in the remaining
integrals by one. This is done for example in the calculation of the N*LO calculation
to reduce the number of loops from five to four [6]. However, in this work, this
simplification is not exploited since we want to keep the calculation as close as
possible to the nonleptonic decay channels, where such a separate integration of
the closed loop is not possible.

« The separated lepton neutrino loop can be used to simplify the IBP reduction with
kira. Since only one lepton and one neutrino propagator appear in the definition of
each integral family, it is clear that both of them have to be cut in order to create
a physical final state. This information can be passed to kira using the option
cut_propagators|[]. This information can be helpful to reduce the complexity of the
reduction.

After assembling the bare amplitude for the semileptonic decays, there are poles up to the

power of € ! and €2 left at NLO and NNLO. To cancel these poles, the bare parameters
in the amplitude and the bottom quark wave function have to be renormalized. We
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4.1. Calculation

renormalize the strong coupling constant a; in the MS scheme:

g =an o (14 S (2 0 @) e

The quark masses m; and m, and the bottom quark wave function are renormalized in
the on-shell scheme. The renormalization constants Z5,° and Z9° up to order a? are taken
from Ref. [93].

The decay width of the semileptonic decay channel can be written in the form

2
e = Ty | Xo + Cr (%X1+(%) X2) +0 (), (4.3)
T JT
where
AewG2 |Vep|? m3
- ewr | Ve b (4‘4)

19273

The strong coupling constant is defined with five active flavours in this case a5 = as(S) (p).
The leading electroweak correction is included in the prefactor Aey, = 1.014 [94]. In the
following discussion, we divide the NNLO contribution X, into two parts

Xo = X,°(p) + X3°(p) (4.5)

denoting the contribution from one and three charm quarks in the physical final state.
Sample diagrams that have this three charm cut are shown in figure 4.2. The physical
origin of the three charm contribution X;°(p) imposes an interesting problem in the
calculation of the master integrals. For fixing the integration constants that remain after
solving the differential equation, boundary conditions of the master integrals have to
be computed, which is conveniently done by computing asymptotic expansions around
p = 1, see Section 3.2 for details. The boundary conditions are only calculated for the
imaginary part since the real part of the integrals is much more involved. In this limit,
the three-charm cut has no physical phase space and therefore zero imaginary part. The
integrals that contribute to X;°(p) generate an imaginary part only after crossing the
threshold at p = 1/3. As a consequence, we neglect the X;°(p) contribution in the analytic
approach. An alternative would be to fix the boundaries at p = 0, where both contributions
are physical. This would require a much more involved analytic expansion of the master
integrals, see for example Ref. [3]. This is not done in this thesis, instead we apply the
expand and match method described in Section 3.3 as a second approach to correctly
describe the X,¢(p) as well as the X;¢(p) contribution.

The master integral calculation is structured as follows:

« For X,¢(p) we manage to solve the differential equation analytically by fixing the
boundary conditions at p = 1, see Section 3.1. As discussed in the following Sec-
tion 4.3, this contribution is by far the dominating one in the phase space region of
the physical charm mass.
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4. Semileptonic b decays
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Figure 4.2.: Sample diagrams for the semileptonic decays that have cuts with three charm
quarks in the final state. The same colour coding as in Figure 4.1 is used. The
physical cut through three charm quarks is shown by the dashed red line. Note
that in the nonplanar diagram, the gluon lines are not cut.

« Ina second calculation, the expand and match ansatz described in Section 3.3 is used
to compute all of the master integrals including both, real and imaginary part. This
allows us to cover the whole phase space for both, X,¢(p) and X;¢(p) contributions.
These results can be used as a check of the X)¢(p) for p > 1/3 and to obtain the full
decay width for p < 1/3. Also this calculation provides a check of our setup for the
calculation of the nonleptonic decay channels in Chapter 5.2.

4.2. LOand NLO

At LO, only one Feynman diagram contributes, it is shown in Figure 4.1a. After IBP
reduction, two master integrals are found. We calculate them analytically by transforming
their corresponding differential equation into e-form and solving them order by order in €.
This procedure is described in detail in Section 3.1 and partly shown in the example in
Appendix B.2. We obtain the well known analytic result for the decay width [2]

Xo=1-8p*+8p° — p® —24p*log (p). (4.6)

For the NLO contribution, four diagrams have to be considered which lead to 10 master
integrals. As for the LO calculation, the differential equation is set up in the mass ratio
p = m./my and can be solved analytically after transforming to e-form. The boundary
conditions are obtained by calculating asymptotic expansions of the master integrals
around p = 1 and matching them to the analytic solutions of the differential equation.
The semileptonic NLO amplitude is renormalized by including counterterms coming from
the wave function renormalization of the bottom quark and the renormalization of the
charm quark mass. Both renormalizations are carried out in the on-shell scheme. The
following analytic expression for the renormalized NLO amplitude is obtained:
25 7* 239 239 ( 25 :rz) N
+ P

Xi == - — - ==p*+162°p° - 8n°p* + 167°p° + —
1= T T P p p pit—=p

17 32 , 32, 17 4
3 6"

+(=72p" = 20") (Ho(p)) + (—; +p- e

17 32, 32 17)

+ (=24 24p* — 2p%) Hy(p)H_1(p) + | — — =p* + =p° — —p®
( p* = 2p°) Ho(p)H-1(p) (6 AR s
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4.3. Decay width b — clv at NNLO

4 17
+[=20p% — 90p* + gp6 -~ ?pg Hy(p) + (6 + 64p° + 96p* + 64p° + 6p°) H_1(p)
+ (4 +64p> — 120p* + 64p° — 4p®) Hy(p)Ho(p)
+ (6 — 64p> +96p* — 64p° + 6p°) Hy1(p), (4.7)
which agrees with the results known from the literature [2]. The functions H denote

the Harmonic Polylogarithms [95], for a detailed description of this set of functions, see
Appendix B.4.1. The expansions of X; around p = 0 and p =1 yield

25 7 273
Xl) == — — +(-34-241,) p* + 167°p” + |- —= — 8% + 361, — 721%| p*
p—0 8 2 2 P
526 1521, 8857 w8l
+167%p° + |- — + b l—— -+ L 22 +0(p°), (48
P ( 9 3 3600 2 5 p|P (b). (43)
and
48 72 158152 512 79496 256
Xi =— =8 +—=8+|- +—Is5| 8" + | —— - —I5| &
50 5 5 11025 = 105 11025 105

( 125299 128 ) 9 ( 44659

64
— — —Is) 8" st 4.9
"\ o0225 T 3157 ¥ 5) +0(07). @9

198450 © 315
where [, = log p and [s = log 25 with § = 1 — p. The expansions of the analytic result in
Equation (4.7) are carried out using the Mathematica package HarmonicSums [78].

4.3. Decay widthb — clv at NNLO

At NNLO, 129 master integrals remain in eight families after IBP reduction. As described
above, the NNLO contribution originates from two sorts of physical final states that differ
in the number of charm quarks. For the dominant contribution with one charm quark
in the final state, X,°, an exact analytic calculation is performed. Out of the 129 master
integrals, only 95 contribute to X;°. This can be seen by checking the behaviour in the
limit p — 1: If the imaginary part of an integral is zero in this limit, the integral does not
have a physical cut through one charm line. This check can be done when calculating
the boundary conditions. Since the goal is to obtain a fully analytic result here, the
boundary conditions of the integrals are calculated as an asymptotic expansion as outlined
in Section 3.2. Already at the stage of using asy.m it is possible to separate the integrals
with non-vanishing imaginary part from the purely real ones, since in order to produce an
imaginary part, at least one region with at least two ultrasoft momenta has to be present.
Another way would be to calculate the master integrals numerically with AMFlow at some
point p € (1/3,1) and check whether the imaginary part is different from zero.

For the 95 integrals, the differential equation is set up in p. However, a transformation to
canonical form of the differential equation in this variable can not be found, since square
root letters appear and therefore a variable transformation is needed. It turns out that the
transformation

1-—1t?

P=1ve
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4. Semileptonic b decays

I-p

V1i+p ’
rationalizes all the square root letters. After transformation to the variable ¢, the differential
equation for a subset of 91 master integrals can be brought to e-form. The remaining
four integrals are in top-level sectors and can be decomposed into one 3 X 3 subblock
and one uncoupled integral. These four integrals can then be solved as described in
Section 3.1. We decouple the differential equations with 0reSys and find solutions in terms
of iterated integrals using HarmonicSums. An example for this procedure can be found in

Appendix B.3.
The solution of the master integrals can be expressed in terms of iterated integrals with

the alphabet
1 1 1 t t?
3_5 3 3 . 4.11

{1+tt1—t1+t21+t4} (411)

t = (4.10)

The analytic results for X,¢ are not shown here explicitly but can be found in electronic
form in [96]. The expression contains 313 different iterated integrals up to weight five.
For numerical evaluation of these function, the program ginac [97, 98] can be used.
The analytic solution can be expanded around different limits using HarmonicSums [78].
Expanding around § = 1 — p = 0 yields

[( 46 327°  327°ly . 4853)55 (69 487 . 487l 7243)56

ol

5 5 5 5 5 5 5
39329 30447%  4967%l, 35215 2484\
+ + - - + é
3675 945 105 105 35
286 8m% 1672, 24 99 127% 247%l, 36
+Col|-—-—=—+ 2 _ 246 S+ =+ -~ 2 + £ 5
15 5 5 5 5 5 5 5
99547507 . 6220677° . 248721, . 1333376ls 2567215
1157625 33075 105 33075 315
140812 132
_ L 1326 éé 57
315
56 12 25577548 51272 417664l 51212
+ Trny 55 g + g 57
15 1157625 945 33075 315
184 3272 2 107444 3848
+ Trny, 5 + 12+——-56 - 5’
5 2835 945
184 3272 828 88n2
+ Trn, S+ |-—+ 8¢
3 5 5 5
108580 189682
- s +0 (8%, (4.12)
567 945

for the X)¢ contribution. Since there is no phase space for the three charm quark final
state in this limit, the corresponding quantity X3¢ is trivially zero

‘X?XS)L_M:ZO‘ (4.13)
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4.3. Decay width b — clv at NNLO

In addition to the expansion around p = 1, also the expansion around p = 0 of X,¢ can be
computed:

25775 133392% 177t 172%, 131, 7°l, 101
lec(p)‘ =CF - + + 2y —PL_"*r_ £ +1,0(3)
p—0 5184 2592 120 3 8 4 72
57 45323 40372 991x* 20m%l, 6631, 527%l, 290l
—-——p+ |- + + - - + -
3 162 54 540 3 54 9 9
ar’ly 14l 205 599, 35972 3 1247
p P “p 3 2 " 56 T\ 3
+ -——-— + 601 + - +
3 3 3 pls| P ( 9 3 3 )7
75623 1017° 1iz*  177%L, 131, 7%, 11114 LG
+Ca - + - - + - -
5184 5184 240 6 16 8 144 2
5 56207 7457° 331x*  107%l, 56991, 26x%l, 181l
+—p+ |- - — + - - +
6 648 108 1080 3 108 9 9

272 3 4
27 lp 7lp lp ~ 59903

+——+L - 301 2
3 3 3 6 ”g‘?’)p

124372 287% 113672 2 3
+ + — — 6271 lP p

6 3 3

20063 6172 4151, mPl, 512 2D 4r 1372
+Tyn, + + LAy A A — é - p
5184 216 72 9 3 9 3 8
1475 10672 1841, 4413 929772
+|- + S A —_ [ +167°L, | p°
162 27 9 3 72
16987  857m%  64(; 1198 87%\
+Tfnh - — + | — —|p
576 216 3 45 3
1009 777% 8 118  4x* 521
+ Ty | — + +é+ Ty P8R P
288 216 3 3 3 3 P
11272 64r%l, 327°1
(— 5t 3 2+ 3 2103 + 0 (p*) . (4.14)

As described above, this expression is only one part of the NNLO contribution and therefore
does not agree with what is obtained in Refs. [3, 4]. Even more, the expansion of X,(p)
diverges logarithmically in the limit p — 0 for the colour factors Cr, C4 and Trn,. Since
the calculation in Ref. [3, 4] provides the sum of both contributions X,¢(p) and X;¢(p), it
is possible to extract the expansion of the three charm contribution X;¢(p) around p = 0
by taking the difference of the expressions given in Refs. [3, 4] and X;°(p). We obtain

409 3497% 7x* 197%, 131, 1x%l, 115
Tt - + - —1p(3
576 288 144 6 8 4 24
57 .\ (12083 10372 297 47l .\ 961l, 527°l,

648 36 18 3 54 9
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4. Semileptonic b decays

2 272 3 4
_34lp _ 4r°l; .\ 1417 .\ % _ 34173 o,z 2
9 3 3 3 p3
1317°  56x°  1247°1,\
+ - - p
3 3 3
409 34972 77 192%, 131, Pl 11505 I
+Cp|—+ + — - T s §3+p§3
1152 576 288 12 16 8 48 2
5 12083 10372 297* 2xl, 961, 267°l,
——p+ |- + + + - +
6 1296 72 36 3 108 9
172 2722 73 I 3417
P p p P 3 2
+—Ly—L£__2_Z + 301
9 3 3 3 o6 P
. 1317? . 2873  6271°l,\ |
6 3 3 )P
38225 27 4151, %, 5L 20 ar 3x
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5184 27 72 9 3 9 3 8
9305 38x% 3401, 200 20972 167l
" A +——|p*| +0 (")
162 27 9 3 72

(4.15)

The two different contributions as well as their sum are shown in Figure 4.3. We observe
that X2¢(p) is non-negligible only close to p = 0 where it develops a logarithmic singularity,
which can be also seen from the expansion given in Equation (4.15). This singularity cancels
the singular behaviour of X,(p) in the limit p — 0 which renders the total decay width
finite at p = 0.

As a cross check of our result as well as a preparation for the nonleptonic decay channel, the
calculation of the master integrals are repeated using the semianalytic method described
in Section 3.3. In this approach, the differential equation including all the 129 master
integrals is considered. The singular points of the differential equation are

psing = {0, 1/3, 1} .

The ansitze needed for expansions around these points are already introduced in the
previous chapter and can be found in Equation (3.29) for py = 0, in Equation (3.28) for
po = 1/3 and in Equation (3.30) for py = 1. In between these singular expansion points,
additional Taylor expansions are calculate to transport the expansions over the whole
phase space p € [0, 1] with a suitable precision. Altogether the following points are chosen
for expansions of the integrals:

po=1{0,1/12,1/6,1/4,1/3,1/2,1} . (4.16)

Note that the convergence of the expansions is always limited by the distance to the next
singular point. Because of this, it is sufficient to choose only one point py = 1/2 between
po = 1/3 and py = 1, but more expansions are needed to cover the region between py = 1/3
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4.3. Decay width b — clv at NNLO
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Figure 4.3.: The NNLO contributions for the semileptonic decay channel as a function of
p = m¢/my. The orange line shows the contribution X,¢(p) that is calculated
analytically in this thesis. The green line shows the contribution X;¢(p) that
is obtained by comparing to Refs. [3, 4]. The purple line gives the complete
decay width, the sum of X)(p) and X;¢(p).

and py = 0.

As a starting point, the integrals are calculated at py = 1/2 numerically with AMFlow and
matched to the Taylor expansion. From a precision point of view, this is not the most
obvious choice. The physical point of p = m./my is in the region p € [0.2,0.3] and
therefore on the other side of the three charm threshold. To obtain an expansion that
describes the physically interesting region, one thus has to cross the three-charm threshold
which implies a loss of precision, as it will be shown in the following paragraphs. However,
this calculation serves as an proof of concept and shows that, with suitable choices of
expansion points and expansion depths, the whole phase space can be covered using only
one numerical calculation as starting point.

For the expansion around p, = 1, instead of matching to the expansion around p, = 1/2,
we use the analytic boundary conditions obtained from the asymptotic expansion to fix
the expansion coefficients.

In order to estimate the precision of the expand and match expansions of the master inte-
grals, the cancellation of the poles in the renormalized amplitude provides a suitable check.
The counterterms obtained from the LO and NLO calculations are known analytically
and are therefore exact. The cancellation of the pole at order €” between the analytical
counterterms and the numerical poles of the NNLO bare amplitude

X 4 X

XET|en

5(Xel¢) = (4.17)

gives a good estimate on the precision of the e-finite result. We plot the results in Figure 4.4.
We observe that the cancellation around py = 1/2 is of the order of the precision of the
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Figure 4.4.: Relative cancellation of poles between analytic counterterms and the
bare NNLO amplitude obtained with expand and match according to Equa-
tion (4.17). The green and purple dots show the cancellation using the expand
and match results where the boundary conditions are fixed at py = 1/2. The
red and orange dots show the cancellation for the high precision expansion
around p = 0 that is matched to numerical results at p = 1/100.

numerical boundary condition. When matching to the threshold expansion, the following
Taylor expansions and finally to the power log expansion around py = 0 we loose further
precision and observe a relative pole cancellation of the order of ~ 1071% at €' and ~ 1071°
at e 2. As mentioned above, this calculation serves as a showcase for the expand and
match procedure and the choice of the point where the numerical boundary conditions
are computed is not optimal for phenomenological analysis of the results in the region
p € [0,0.3], since we loose precision by the several matching steps. One way to improve
our precision in this case would be to compute numerical boundary conditions on the
other side of the threshold. As an example on how the choice of the boundary conditions
can lead to higher precision, Figure 4.4 also shows the pole cancellation for a set of master
integral expansions where we matched the expansion around py = 0 to AMFlow results
obtained at p = 1/100. We labelled the corresponding datapoints with ,hp“ for ,high
precision”. We observe that this leads to significantly better pole cancellations compared
to previous approach.

Since the expand and match approach covers both X)¢ and X¢, we can compare the
numerical expansion of the renormalized amplitude with the analytic expansion obtained
in Refs. [3, 4] term by term. Using our expansion around p,, we can reproduce the all
terms with at least eight digits precision. Using the ,high precision® expansion, we find
even 50 digits agreement between our numerical and the analytic expansion terms.
Another cross check for our result is the relative difference between the expand and match

46



4.4. Decay width b — ulv at NNLO

'''''
oocne
10- 151 e
'*00e,
seons
%000q,,
.

_ Xnum
ana
X3
—
<
w
[$;]
T

10—45 L

ana

=
|

o 1075 *
10—65# .. .. ° o= 1/2

10—75 L

.....

0.4 0.6 0.8

Figure 4.5.: The relative difference between analytic result and expansion results according
to Equation (4.18). The plot is shown for the region p > 1/3, where X;¢ = 0
and therefore both approaches should produce the same numbers.

result and the analytic expression obtained for X,°

ana __ ynum
XZ XZ

(4.18)
X;il’la

In Figure 4.5, we consider the relative difference of the analytic result and the expansion
around py = 1/2 and py = 1 in the region p > 1/3. In this region, the three charm
contribution is zero and therefore both results should agree. We observe that we can
reproduce the fully analytic results by using the expansions with a precision of > 20 digits.

4.4. Decay width b — ulv at NNLO

The CKM suppressed decay channel b — ulv can be obtained from the p — 0 limit of the
b — clv result. This limit yields the complete result up to NLO, however at NNLO the
contribution with two massive charm quarks are not covered and a dedicated calculation
is necessary. We denote the additional contribution by XZC and write the decay rate as

ulv _ pclv % 2 C 3
0" =T +T, CrTrXy | +O (o)) . (4.19)
p—0 T

In total, there are four Feynman diagrams contributing to XS, corresponding to the
semileptonic NLO diagrams with the insertion of a charm loop in the gluon propagator.
They are shown in Figure 4.6. After integration-by-parts reduction, we find 16 master
integrals which are computed with the expand and match approach as described before in
Chap. 3. In contrast to b — clv, the physical cuts are no longer located at p = 1 and p = 1/3
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Figure 4.6.: The four Feynman diagrams contributing to the NNLO correction to b — ulv
with two charm quarks in the final state. Double black lines, orange lines and
single black lines denote bottom quarks, charm quarks and massless particles
respetively.

but at p = 1/2 which can also be observed in the singular points of the corresponding
differential equation:

psing € {0,1/2} . (4.20)

Because of the singular point induced by the two charm cut, the situation for the calculation
of the master integrals is comparable to the b — clv case and an analytic solution with
boundary conditions around p = 1 is not suitable in this case, which is why expand
and match is used again for this decay. For the expansion around p, = 0 the ansatz in
Equation (3.29) can be used. For the second singular point py = 1/2, which corresponds to
the two charm threshold, the solution of the differential equation includes square roots
and therefore the ansatz given in Equation (3.26) is chosen.

This ansatz allows also for negative powers of the square roots, however the solution
of the differential equation yields n > 0. For all other points it is safe to use the Taylor
ansatz given in Equation (3.23). As a boundary condition, an AMFlow calculation t p = 0.95
is performed and matched to a Taylor expansion around the same point. Starting from
there, the whole phase space between p € [0, 1] is covered using appropriate expansions.
The expansion around the two charm threshold at py = 1/2 is the most complicated and
expensive expansion in this case and also the expansion where most precision is lost in
the matching.

The counterterms that are needed to renormalize the X contribution are obtained by
renormalization of the strong coupling constants a; in the NLO b — ulv diagrams. The
strong coupling constant is renormalized in the MS scheme as given in Equation (4.2).
After renormalization, the finite result can be compared to Ref. [3], where the expansion
terms up to p’ for an expansion around the massless limit are calculated analytically. The
expansion coefficients given there can be compared separately for every power in p to
the coefficients of the semianalytic expansion around py = 0 that is obtained as the last
expand and match step. The semianalytic expansion reads

X$ =3.220344021 — 12.33700550p + 47.31894507p* + (119.8984347 + 105.27577971,) p°
+ (—104.9523986 +120.05095971, — 8.00000000015) p* — 73.69304592p°

+ (34.95609932 +1.6000000017, — 7.11111111315) p6 - 33.83864354p7
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4.4. Decay width b — ulv at NNLO

0.0 0.2 0.4 0.6 0.8 1.0

p

Figure 4.7.: The XZC contribution for the decay channel b — ulv as a function of the mass
ratio p. The green, orange and purple lines show the result using the master
integral expansions around py = 0, pp = 1/2 and p, = 1.

+ (8.629463297 — 18.079790001, — 1.9000000172 + 1.33333333412) P2+ (p?), (4.21)

where [, = log p. The agreement with the results given in Ref. [3] is of the order of at
least 9 significant digits, which confirms that the crossing of the two charm threshold with
ansatz (3.26) is correct.

Other cross checks for the X term can be obtained by taking different limits for p. The
limit p — 1 of I’ (B — X,,Iv) reproduces to the nj, part of the I' (B — X_.[v) result in the
limit p — 0, while the limit p — 0 of I' (B — X,,Iv) corresponds to the n; part of the
I' (B — X Iv) result in the limit p — 0. Figure 4.8 shows these cross checks schematically.
For the cross check in the p — 1 limit, the agreement is of the order of 30 digits, while
at p — 0 the first 9 digits agree. This can be explained by the fact that the expansion
around p = 1 is close to the AMFlow starting point of the expand and match method while
for the expansion around zero, several expansions have to be matched and the two charm
threshold has to be crossed, which leads to a loss of accuracy. However, the accuracy
could be improved by adding more intermediate steps, increasing the expansion depth or
moving the AMFlow point. The finite result for X{ as a function of p is shown in Fig. 4.7.
When setting p1 = m;, we obtain for the decay width

Tilv =T

T

a 25 12 s\ 2 11047 51572 67n* 537%l, 223
l+_SCF( )+(s)(2( _ + 2_ év3
T

8 2 2592 81 720 6 36

154927 9572 101x* 5372, 383
+CACF( - 2— é(3)

+ +
10368 162 1440 12 72

1009 777% 8
+CFTFn1 (—— + + é

288 216 3

576 216 3

16987 857% 64
)+CFTpnh( — il - §3)

49



4. Semileptonic b decays
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Figure 4.8.: Possible cross checks for the contribution XZC . On the left hand side, the ch
contribution is shown, on the right hand side the corresponding diagram of
the contribution X2lc of the b — clv decay channel is shown. Double black
lines, orange lines and single black lines denote bottom quarks, charm quarks
and massless quarks, leptons and neutrinos respectively.

1009 777% 8
+CpTrn, (——+ dd +é+ch)) , (4.22)

288 216 3

where I, = log 2. The first expansion terms of the expression for ch is given in Equa-
tion (4.21). The prefactor I is similar to Equation (4.4) I, = ACWG%|Vub|2mZ /192/73. For
the on-shell values mbOS = 4.7GeV and m?s = 1.3GeV, we obtain

ulv Us Us 2
F3 =Ip|1—-2413— +|-21.295+ 0'929X2C — . (4.23)
J JT

The NNLO correction from secondary charm production is labelled with the subscript X,
it contributes to around ~ 5% of the NNLO contribution.
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5. Nonleptonic b decays in the on-shell
mass scheme

In this chapter, we consider nonleptonic decays of B mesons. In contrast to the semileptonic
decay, we now face various channels with different numbers of massive quarks in the final
state. We can group them into three classes:

« Two charm quarks in the final state: b — ccs, b — ccd
« One charm quark in the final state: b — cud, b — cus, b — ucd, b — ucs
« No charm quark in the final state: b — uud, b — uus

At NNLO we can have two additional charm quarks from the splitting of a gluon into
a cc pair which leads to two, three and four charms in the physical final state. This is
in analogy to the semileptonic decay rate discussed in Chapter 4. In Figure 5.1 NNLO
Feynman diagrams for the different decay channels are shown.

In the following, we will focus on the four channels b — cud, b — ccs, b — ucs and
b — uud. The results for all the other channels listed above can be obtained from these
four channels by adapting the CKM matrix elements in the prefactor accordingly.

In comparison to the semileptonic decays, we find more Feynman diagrams since the
quark pair produced by the W-boson can couple to gluons, which is not the case for the
lepton neutrino pair that is produced in the semileptonic decay. The semileptonic diagrams
form a subset of the nonleptonic diagrams and we check explicitly that our nonleptonic
calculation correctly reproduces this contribution by comparing to the results in
Chapter 4.

The calculation is structured in a similar way as the calculation of the semileptonic decay
and follows the general setup described in Appendix A and Chapter 3. However, it involves
additional subtleties in the treatment of y5 and the renormalization of the four-quark
operators introduced in Chapter 2. The y5 problem is addressed using Fierz identities
as discussed in detail in the following Section 5.1. The calculation of the corresponding
operator renormalization constants is presented in Appendix C.
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5. Nonleptonic b decays in the on-shell mass scheme
(a) (b) (©) (d)
(e) (f) ®) (h)

Figure 5.1.: Sample diagrams for the nonleptonic decay modes with zero (g), one (a), (e),
two (c), (h), three (b), (f) and four (d) massive charm quarks in the final state at
NNLO. Double black, orange and single black lines denote bottom, charm and
massless quarks respectively.

5.1. Fierzidentites and evanescent operators

In the calculation of the nonleptonic decay channels, problems with the treatment of y;
arise starting from NLO. This chapter will explain how these problems can be solved and
how the calculation of quantities including traces of y5 can be carried out consistently in d
dimensions using Fierz identities.

5.1.1. y5ind = 4 — 2e dimensions
The effective operators defined in Chapter 2 include chirality projectors P, that consist of
terms with ys. The matrix ys is defined in four dimensions as

Ys = iYoY1y2Yss (5.1)

and has three basic properties: the anti-commutativity with other Dirac matrices y*, the
cyclicity of traces and the non-vanishing trace of y; multiplied by four different Dirac
matrices

{ys,y'} =0,
Tr [ysy"y vy = Te [y*y"yPy%ys]
Tr [ysy!y"y?y?] = —4ie""P?.
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5.1. Fierz identites and evanescent operators
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Figure 5.2.: The LO diagram for the decay b — cud with explicit momentum flow is shown
in (a). Double black, orange and single black lines denote bottom, charm and
massless quarks respectively. The two fermion traces for this diagram are
shown in (b) with the same colour coding as in Equation (5.6).

Furthermore, ys fulfils the equations

Tr[ys] =0,
Tr[y*y"ys] = 0. (5.5)

However, ys5 is by definition a four-dimensional quantity, which makes its treatment in
multiloop calculations with dimensional regularization tricky. There are different schemes
that address this problem. One of them is the scheme used in this thesis, the naive dimen-
sional regularization scheme (NDR) with anti-commuting ys. This scheme is also used
for the calculation of the anomalous dimension and the operator renormalization con-
stants [22, 28] and to be consistent with these calculations, it is also chosen here. Working
in NDR means that we only use the anti-commutativity of y; given in Equation (5.2) in
our calculation and never exploit Equation (5.3) and (5.4).

To see the consequence of this, the structure of the Feynman diagrams has to be investi-
gated in detail. In a first step, the LO diagram shown in Figure 5.2 is considered. After
inserting an arbitrary combination of effective operators, the fermion line flow in the
diagram looks as shown in Figure 5.2. This structure of one external fermion line and one
separated loop is the same for every diagram and does not depend on the operators since
these only affect the colour flow through the diagram.

From a calculation point of view, by multiplying a projector (¢ + m;) where q is the
external momentum of the bottom quark and taking the trace, two separate traces over
Dirac matrices have to be calculated

Tr [(¢ + mp) (yoPr) (g2 + me) (v P) | - Tr [ (Y 'PL) (g2 + 1) ('PL)]. (5.6)

where the momentum labelling of Figure 5.2 (b) is adapted. The two traces are shown with
the same colour coding as in Equation (5.6). In both traces, the left handed projector in
the effective operator produces the factor (1 — ys5) twice, leading to terms with zero, one
and two appearances of y; in each trace. Using anti-commutativity of ys, two y5 in one
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5. Nonleptonic b decays in the on-shell mass scheme

Figure 5.3.: Sample diagram that develops a problematic trace over Driac matrices.

trace can be reduced to zero, which leads to an expression with at most one ys per trace.
The traces with no ys can be calculated without any problems in d dimensions. For the
traces with one ys, we focus on the internal loop that corresponds to the trace

Te (9 + 1) vudhvoys) = (05 + %) pUTr [yavuvproys) (5.7)

with loop momentum p; and momentum p, which is a linear combination of the external
momentum q and other loop momenta. In principle this trace has four open indices, two
of them contracted with the two momenta p; and p,. However, since the whole diagram
itself only has one external momentum, tensor reduction will reduce this to a prefactor
proportional to g*#¢? or ¢%q” which will reduce the trace given above to

Tr [yurvys] » (5.8)

which vanishes in any dimension. For the semileptonic decay channel, the argument
described above always holds since lepton and neutrino do not couple to gluons and the
trace given in Equation (5.7) appears in every diagram. Therefore, applying NDR with
anti-commuting y5 does not lead to any problems in this decay channel at all orders in a;
since all traces with one remaining ys can be discarded.

However, the situation changes when the nonleptonic decay channels are considered. At
LO, the situation is the same as for the semileptonic case, but starting from NLO, traces
over Dirac matrices that are ill-defined in d dimensions arise from diagrams where the
two fermion lines are connected by gluons. A sample Feynman diagram for this case is
shown in Figure 5.3. Here, the Trace over the massless loop reads

Tr |V PLohyu PLifeyotps] (5.9)

where the Lorentz indices of the four fermion operators are denoted with 4, i, and the
coupling to the gluon with the index v. Even after applying the argument above that
reduces the number of open indices in the trace by two, we are left with traces like

Tr [V Y5V Yoal - (5.10)
A possible way out of this problem, as already introduced in the NLO calculations in

Ref. [11], is the use of Fierz identities. For a detailed overview over such identities, see
Appendix B.7.
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5.1. Fierz identites and evanescent operators

5.1.2. Fierzidentities for nonleptonic b decays

The application of Fierz identities in the calculation of the nonleptonic decay channels
allows us to employ NDR scheme for ys. The decay width can be written as

2
[9%%(p) = i Z (4GF|/1q1q2q3|)
M ;552 V2

Clm)Ci () Tm | i / dxe ™ (bIT {0] 11 (001 ) )| | (5.11)

2—1n2
_mb

q

which leads to two fermion traces and therefore introduces the problems with ys that are
outlined above. Following Ref. [11], instead of '7'%% (p) in Equation (5.11), we consider
the same expression where one of the operators is replaced by its fierzed counterpart. For
the operators O; and O,

O‘lilqzq3 = (q‘lxyllPLb‘B) (z]éi)/llPng) ’

the fierzed counterparts, denoted by a tilde, read

O0%1% = (" PbP) (@Y, PLad)
0% = (P b®) (§y,PLdl) . (5.13)

We find that the colour structures are flipped between fierzed and unfierzed operators.
Comparing the operator definitions in Equations (5.12) and (5.13), we find:

O”quh% OqICIZQS Oqlqz%

éilqu% ) - ( (1) (1) ) ' Ollll‘h% ) = ( Of211<IZf]3 ) : (5-14)
2 2 1

We want to use this symmetry of the current-current operators to replace one operator in

Equation (5.11) by its fierzed counterpart. In Ref. [22], it is shown that this is achieved by

choosing a specific form of the anomalous dimension matrix.

To do such a replacement, we have to ensure that the Wilson coefficients of the unfierzed

and fierzed operators are the same. For this, we require the initial condition and the

running of the operators to be the same [22]. It turns out that it is sufficient to fix the
running given by the anomalous dimension. We demand:

761, 62) £ y(04,0,) = ( e ) , (5.15)
Y21 Y22

with the ADM 7 of the fierzed operators O; and O, and the ADM y of the operators O; and
O;. Using the relation between fierzed and unfierzed operators given in Equation (5.14),
we find the following equation that relates y and y:

LA A Y Y2 0 1 Yir Y2 01 Y22 Yo
0,0;) = ~ ~ = . . = . 5.16
7(01.02) ( Yiz Vo2 ) ( 10 ) ( Y21 Va2 ) ( 10 ) ( Yiz Yu ) (5.16)
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5. Nonleptonic b decays in the on-shell mass scheme

Combining Equation (5.16) and (5.15), we find that the anomalous dimension has to be of
the form

Y11 Y12
= . 5.17
Y ( Y12 Y ) ( )

Note that an ADM of this form becomes diagonal when going to the basis O, = O; + O,
and therefore in this case the two operators O, and O_ do not mix under renormalization.
The anomalous dimension can be written as expansion in o

o o\ 2
Y= }/(0) + ;y(l) + (;) Y(Z) +0 (O{S) > (518)

and the requirement in Equation (5.17) holds for every y?. The y for i > 1 depends on the
choice of the evanescent operators. We can construct an ADM that fulfils Equation (5.17) by
an appropriate choice of evanescent operators. This is discussed in detail in Section 5.1.3.
After defining such a set of physical and evanescent operators that leads to an ADM in
the required form, we are allowed to replace Oj N%% iy Equation (5.11) by its fierzed
counterpart and obtain

2
[049:05 (p) = 1 Z (4GF|/1q1q2q3|)
M ;53 V2

Cl () () T | i / d*xe ™ (b|T {6] %% (x)00 % (0)} |b) (5.19)

212
q=my

Note that the different ordering of the quarks in éj compared to Equation (5.11). The
quantity I'7192%3(p) leads to only one fermion trace involving ys as illustrated in Figure 5.4.
Instead of the two traces in Equation (5.6), we obtain only one trace

Tr [ (¢ + mp) (yoPr) (2 + me) (v P (Y 'PL) (2 + 1) (YPPL)] - (5.20)

Here it is possible to use anti-commuting ys to obtain traces with no or one ys. The latter
can be discarded since the decay width is a parity even quantity. Note that this argument
can not be applied at the level of two remaining traces in Equation (5.6) since the product of
two parity odd traces can produce a parity even contribution that should not be discarded.
In a final step we obtain [%%%(p) from I'1'%% (p) via

919293 = 719293 .
(p) Pla e 6e

(5.21)
The considerations above suggest the following procedure to avoid problems with y5: We
replace in each diagram the second operator by its fierzed counterpart, meaning we go
from ['919293 to ['19293, After this, all diagrams only have one fermion line and therefore
only one trace that has to be evaluated. This allows us to use anti-commuting ys. [%%%
is related to I'?'%2%* via Equation (5.21). Note that the evanescent operators have to be
modified to preserve the symmetry in Equation (5.21) and Equation (5.17) up to order
O(a?). This is described in the next section.
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5.1. Fierz identites and evanescent operators

Figure 5.4.: The LO diagram for the decay b — cud before and after the application of Fierz
identities. The left diagram corresponds to I'"'%2% (p) in Equation (5.11) and
leads to two traces that are visualized by red and green dots. On the right-hand
side, the same diagram with the insertion of one fierzed and one un-fierzed
operator is shown. This diagram corresponds to ['#'%% given in Equation (5.19)
and only leads to one trace, shown by the green dots. Double black, orange
and single black lines denote bottom, charm and massless quarks respectively.

5.1.3. Evanescent operators

The feasibility of the calculation of the nonleptonic decay rate depends on whether or not
we can use Fierz transformations. Since Fierz identities are four-dimensional relations (for
a more detailed description of Fierz identities, see Appendix B.7), the two quantities in
Equation (5.21) only agree at leading € order. However, the Fierz symmetry can be restored
order by order in o, by adjusting the evanescent operators in a way that the anomalous
dimension is of the form given in Equation (5.17) [22]. In this section, we outline how the
evanescent operators enter the definition of the ADM and how they can be determined in
order to meet the requirement of Equation (5.17).

As a starting point, we have to obtain the ADM for the current-current operators in the
historical basis and the corresponding evanescent operators with general coefficients
of higher order € terms. Since our calculation is done up to NNLO, we also need the
anomalous dimension up to and including y(?. Calculating this quantity directly would
mean to calculate three loop renormalization constants in the historical basis, which can
be avoided. In Chapter 2, the transformation from CMM to the historical basis and vice
versa is introduced. With the same transformation matrices, it is possible to also transform
the anomalous dimensions from the CMM (where all orders up to y(? are known from
Ref. [28]) to the historical basis. The transformation rules only include the ADM in the
CMM basis, the QCD beta function and renormalization constants up to order 0552 [27, 28]

},(0) — Ry'(O)R—l ’
P =Ry VR = [ 250" 0| - 2z

QQ
2) _ p,/@p-1_ |20 (f _ [-(10) (1) (1,0) _ (0) [ ~(1.0)
yo =Ry ™R [ZQQ’Y ] [ZQQ’Y ]+[ZQQ’Y ]ZQQ
2,0 1,0 1,0
—4poZy) = 2P 2y + 2Bo(Z50)* (5.22)

57



5. Nonleptonic b decays in the on-shell mass scheme

The anomalous dimension ") in the CMM basis is denoted by a prime as introduced in
Chapter 2. The matrix R gives the rotation of the physical operators from CMM to the
historical basis and is defined in Equation (2.37). The matrices Z (1) and 229 result from
the basis transformation of the renormalization constants. After their transformation from
CMM to historical basis, a non-vanishing finite part remains which has to be removed in
order to obtain MS renormalization constants in the historical basis. The sub block of this
scheme change including the physical operators defines the two matrices Z(Qléo) and Zgéo).
They are obtained by [28]

Z89 = Rz YVURT,

00 OF
@0 _ o[ _ Sen;; e WD)y, (L)) et
z5) =R| = 253"U = 2,00V + 2 Vv iz 3V (R (5.23)

where U and V are the transformation matrices of the evanescent operators as introduced
in Chapter 2. For a detailed derivation of Z (1(,20) and Zgéo), see Appendix C. Via these two
matrices, the entries of U and V enter the anomalous dimension in the historical basis in
our approach.

To demonstrate the procedure of calculating the evanescent operators, we first consider
the calculation at NLO, where the first order evanescent operators are needed. They are

given by

Eil)’qlqzqa = (qllx)’ylyzySPLbﬁ) (qg)/ﬂlﬂZﬂSPng) - (16 - 46)0?1%% )
DD = (G P (&) e PLd) - (16— 40000, (5.24)

where the terms 4e07'*? are defined in a way that they exactly restore the Fierz symmetry

at order O(a;). This is the usual definition of the first order evanescent operators which
can be found in the literature [22, 23, 24].

However, to demonstrate the procedure shown above, let us be agnostic about the el-terms
of the evanescent operators and introduce them as two undetermined coefficients ay, a,:

E D = (LB (@) Vs Pra) — (16 + a1 )07,
BT = (PP (@) Vi Prds) — (16 + az€) OF 2. (5.25)

Note that the 16 O7***% are fixed in order to ensure the vanishing matrix element of the
evanescent operators in four dimensions, see Equation (2.10). The transformation for the
evanescent operators from CMM to the traditional basis, considering only the first order
evanescent operators, is in this case given by

E(l),qm% E (1),919293 0919293
= 1 _ 1 1 _ i ~
= - M reu| _M[E +er], (5.26)
E(l),fhlhéh E’U)J]lqz(h O/
2 2 2
with
2 Ui Un
M = e U = . 52
( 0 1 )’ ( Uy Uy (5.27)
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5.1. Fierz identites and evanescent operators

The operator definitions of the current-current operators and their corresponding first
order evanescent operators are given in Equation (2.16) and (2.19). In a first step, all
elements of U are introduced as undetermined constants. The first constraint to impose

is that Eil)’qlqm only includes higher order e-terms proportional to operator O'** and

similar for E;l)’qlqm and O'**®_ This yields two equations which reduces the degrees of

freedom in the matrix U from four to two:
U Un—Up
U= ( 81 (2};2 ) ) (5.28)

In a next step, the anomalous dimension y(!) is considered in the historical basis. We use
the transformation given in Equation (5.22) to transform the anomalous dimension in the
CMM bas1s taken from Ref. [28]. For the transformation, we need the finite renormalization
matrix Z O that is obtained by inserting Equation (5.28) into Equation (5.23):

(1L,0) _ 108 Ull t3 U22 324 Ull 1U22
ZQQ = (5.29)
—§U11 Uy
The ADM in the historical basis reads:
},(1) B —@ + @Un + U22 - + Ull + < 796
-2+ mUll + 2U22 —g + _Ull - —Uzz
26
= — —U + 37 U 2+ 22U 1487,
i 9 11 22 243 1~ 2 243 22 (5.30)
3 —U11 —3 +35Un

Following Equation (5.17), we impose that the elements of y(!) fulfil y(l) = yz(;) nd

)/2(;) yl(;), which yields the unique solution U;; = Us; = 4 and therefore

40
U:(O 4). (5.31)

With these entries of the matrix U, we find

> 2 4 0 04
/_ ne 1
o= s 1) 53

20 + L0 =
= 4e ( 17 he ) = 4e ( O ) = 4€0, (5.32)
OZ

and therefore
a = —4, ay) = —4. (533)

The finite renormalization matrix is obtained by

I -1
Z(“’)_( R ) (5.34)
3
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5. Nonleptonic b decays in the on-shell mass scheme

Let us stress, that all quantities that are needed for the calculation of y(!) are know with
exact dependence on n. and the calculation demonstrated above is carried out for arbitrary
values of n.. The result for U is however independent of n,.

When going to NNLO, also the evanescent operators of second order have to be included.
In addition, the prefactor of the physical operators in the definition of the evanescent
operators are extended by additional terms proportional to €. They are introduced with
undetermined coefficients A,, By, B:

By = (g PLOP) (8] Vg PLS) — (16 = de + Age)OF 2,
BT = (G PLb) (8] Vi PLd) — (16 = de + Age”) OF' 7
By (gt PO () Yypeps PLGS) — (256 — 224€ + Bie®) OF %

EP 08 — (qaymrepsisisp by (qhy, o Prgl) — (256 — 224€ + B,e?)OT PP | (5.35)
We choose a set of evanescent operators where the €2 term of Eil)’qlqm and Eél)’qlqz‘h is
the same (A;). This is a particular choice that is not necessary. In principle we could also
introduce two independent coefficients A; and A,. However, since the set of equations
to determine the €? coefficients is underdetermined and therefore has infinitely many
solutions, we do not loose generality by assuming A; = A;.

With this definition of the operator, the order €! terms are fixed, see the operator definitions
in Equation (5.35), and therefore the matrix U reads

4 0
0 4
144 0
U= o 4 |- (5.36)
6336 0
0 6336

where we also included the third generation evanescent operators. The €? terms are
described by the matrix V that is introduced in this case with eight arbitrary parameters
for the evanescent operators at first and second order

Vin Vi2
Vo Voo
V34 Vaz
V= 5.37
VeV (5:37)
—1344 0
0 —1344

The corresponding matrices R and M are given in Equation (2.37). The procedure is the
same as outlined above at NLO.

Four equations are obtained from imposing that only physical operators with the same
colour structure as the operator structure with three or five Dirac matrices on each fermion
line appear in the definition of the evanescent operators.

Therefore we are left with four coefficients V;;. We rotate the anomalous dimension
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5.1. Fierz identites and evanescent operators

according to Equation (5.22). Next, we require for the anomalous dimension yéf) = yl(g)
and yl(f) = Yz(?’ which provides two additional equations. The remaining solution space is
two dimensional. We give the general solution parametrized by the constants entering the

definition of the evanescent operators

L 30
115 5 115 5
By= M 2 A (19028 - §nf) . (5.39)
115 5 115 5
If we require B; = B,, we obtain
A, =4, Blszzli;—lﬁ—%nf, (5.40)

and observe that B; and B; depend on the number of active flavours ny. If we require that
the coefficients A,, B; and B; do not depend on ny, we obtain to two additional equations

(2) (2) @ _ (2

since the assumptions y,,” = y;,’ and y;;" =¥,,” are now considered for the entries of a2
proportional to n’

i and n} separately. The coefficients obtained with this ansatz are
45936 115096

Ay=—-4, B =-—" B,=
2 ! 115 2 115

In the following, we will use the constants given in Equation (5.41) for the evanescent
operators. The matrix V corresponding to the nyg-independent constants reads

(5.41)

Vi1 Via 4 0
0 VH - 6V12 36(7)63 2%504
vl Vi Va2 _| s Tz (5.42)
0 Vi1 — 6V 0 101518556
—1344 0 -1344 0
0 —1344 0 —1344

The relation between the entries of V and the constants A,, B; and B, can be found from
the transformation of the evanescent operators given in Equation (2.34)

—A201

—A20,

—-B,04

2 _ 2 =y
€ _B,0, =e“MVO

2V110’1 + %Ozl
(Vi1 — 6V12) O,

(40Viq +2V3;)0] + (% + %)O;
(20Vy1 — 120Vi9 + V3q — 6‘/32)()?Z

nNo
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5. Nonleptonic b decays in the on-shell mass scheme

V1104
(Vi1 = V12) O,
o (20V11 + V31) Oy
¢ (20Vy1 — 120Vip + V31 — 6V32) Oy |’ (5:43)
which yields
B, - By
Vi1 = —A,, Via=0, V31 = —=B1 + 20A;, Vip = 6 (5'44)

The numerical values given in Equation (5.41) are functions of n., and a n.-independent
solution for these €? coefficients does not exist here, in contrast to the €! terms given in
Equation (5.33).

The finite renormalization constant at two loop order for the n¢-independent constants
reads

200 , 45 9 68 , 25 33

7(20) _ -5 +3Vi—3Vi2 — 288V31 FT+HeVu -5V - V31 + Vsz
- 7,23 397 .3 27

Q0 -1+ 5V +3- 4—8V31 SctsVu+ 5V - 144‘/31 + 23 Va2

Vi 1 1‘7 V-
g__ll E_ﬁ11+§12
1 1 1
___‘/11 __+1_‘/11__‘/2

200 185 68 7 7 1 1
_ ( 9 A2 + 288B1 3 A2 + B2 ) + ( 53 T 36A2 ig T 1342
- 7 119 397 137 1,1 1 1
1~ 24 Az + 48B1 36 AZ + 14432 5t 6A2 27 18A2
153257 _ 35 _ues _ 5,
2070 54 f 138~ 18f (5.45)
_6493 _ 5, _ 239239 | 5 :
276 9''f 4140 T 27"f

As presented in this chapter, the definitions of the evanescent operators are not unique and
there are infinitely many different solutions that will lead to different numerical values for
the renormalized Feynman diagrams at NNLO, which may seem confusing at first glance.
However, the renormalized diagrams are no physical quantities but have to be considered
together with the matching coefficients of the four-quark operators. The definition of
the operator basis, including physical and evanescent operators, enters the anomalous
dimension and therefore the running of the matching coefficients. By considering the
renormalized amplitude at renormalization scale yp, multiplied with the corresponding
matching coeflicients at the same scale, the dependence on A;, By and B; in in the definition
of the evanescent operators cancel exactly and the total decay rate does not depend on
the definition of any evanescent operators any more. This can be checked explicitly after
the NNLO corrections are calculated and the running of the operators is implemented for
general coefficients A,, By and B,. These calculations are done in the next chapter and the
cancellation of the evanescent operator coeflicients is shown explicitly in Section 5.2.1.
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5.2. Nonleptonic decay width

5.2. Nonleptonic decay width

The decay width of the nonleptonic decay channels is obtained by insertion of two four-
fermion operators and has the following structure:

+0 (o)

Gim|A K
 SRARELCR - Lk L + —X + ( ) X
: L X (p) + X (p) ()

— FO CZ(’US)GCIICIZ‘IS +C1(,lls)C2(}ls)quq2q3 +C2(IUS)G‘ZI;72% , (5.46)

with the normalization of the decay width Ty = Gzm, |Vg,p|*|Vg,q, 1%/ (1927°). The functions
Gi; denote the contribution of diagrams with the insertion of operator O; and O;. The G;;
depend on the mass ratio p and the renormalization scale y; and can be expressed as a
perturbative expansion in a5 by

[0 As 2
Gij = GI(JO) (p, ,Us) + ;Gl(}) (P, ,us) + (;) GZ(JZ) (P’ ,us) + O((X?) s (547)

where a; = 0(3(5) (ps) is the strong coupling constant with ny = 5 active quarks at the
renormalization scale ys. Note that the matching coefficients C; in Equation (5.46) are
functions of the renormalization scale y;. At the matching scale of the effective theory pyy,
the matching coefficients in the traditional basis for anti-commuting ys are given by [99,
28]

as (11 as\2 [14565 972 205 27
Ci(pw) =— (= +3L +(—s) Sy ) 5
Ar Arr 4 2

2 368 2
55 % 10 m?
—nf(—+ﬂ—+—L+L2)——T( +0(a?),

3 3 2" | M2

w
11 a\2 [ 1409251 72 85 L2
C SN L +(—) 8Pl T Sy
2(pw) 4n(6 ) 4rr 16560 6 12 2

+0(c), (5.48)

where the function T(m?/ Mﬁ,) includes the effects of the top quark mass and

= log(pé,/MZ,). As given in Equation (5.46), the matching coefficients are needed at the
scale y;. The running of the Wilson coefficients from the scale pyy to the scale g can be
obtained from the renormalization group equation [100, 101]

d > -
HgC) = Y (9)C(p) . (5.49)
To perform the running up to NNLO in QCD, the ADM y is needed up to y®. It is
important to note that the definitions of the evanescent operators in Equation (5.35) and

the coefficients in (5.39) enter the ADM. For implementation of the running, we used two
different methods that both yield the same results:
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5. Nonleptonic b decays in the on-shell mass scheme

0, 0, 05, 0, 05 O
c® |-0251 1109 0011 -0.026 0007 -0.032
cV | 4382 -2016
c? | 3663 -82.19

Table 5.1.: Numerical values for the matching coefficients C;(ys) in the historical basis at
LO, NLO and NNLO at the scale y; = 4.7 GeV. The matching scale is uy = Myy.
For completeness, we also show the coefficients of the penguin operators Os_¢
at LO. They are numerically small compared to the current-current operators
O; and Os.

« In a first approach, we used already available code from Ref. [102] that performs the
running of the Wilson coefficients in the CMM basis. The CMM Wilson coefficients at
the scale i are then transformed to the traditional basis according to Equation (C.29).
The choice of the evanescent operator coefficients enters the finite renormalization
constant Zgéo) and therefore affects the numerical value of the matching coefficients

at order a?. The numerical values for Z (19 and 2% with the evanescent operators

definition of Equation (5.41) are given in Equation (C.27).

« In a second approach, the running is implemented in the historical basis. To obtain
the ADM in this basis, we transform the ADM in the CMM basis to the historical
basis following Equation (C.30). Again the evanescent operator choice enters via
Zgéo). The ADM in the historical basis with the evanescent operators definition of
Equation (5.41) is given in Equation (C.36). For a more detailed discussion of the
basis transformation of renormalization constants and anomalous dimensions, see
Appendix C.2.

We checked explicitly that both approaches yield the same results for the C; and C;, at the
scale ps ~ my. In Table 5.1, we summarize their numerical values at the scale p; = 4.7GeV.
In the following sections, the calculation of the four different nonleptonic decay channels
b — cud, b — ccs, b — ucs and b — uud up to NNLO in the on-shell mass scheme are
discussed in detail.

5.2.1. b — cud

The decay channel b — cud is the dominant one since it is proportional to the CKM-matrix
elements V., and V4. At leading order, there are four contributing Feynman diagrams,
which only differ by the insertion of the effective operators. Since the four-quark operators
only change the colour structure of the diagrams, we can reduce the LO contributions to
the same set of master integrals that appear in the semileptonic case. The LO contributions
of the functions G;; in Equation (5.46) are obtained by

3
¢ =gl = EGS) = 3(1 —8p% +8p° — p* - 24p4H0(p)) , (5.50)
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5.2. Nonleptonic decay width

where we set y; = my. Note that
G\ =G =3X,, (5.51)

with Xj given in Equation (4.6) denoting the LO contribution of the semileptonic decay
width b — clv. The factor three accounts for the three possible colours of the colour
singlet gq which only appear in the nonleptonic decay channel.

There are 12 possibilities to attach a gluon to the LO diagram. Multiplied by the factor
four to account for all the possible combinations of current-current operators, there are
48 contributing NLO diagrams.These diagrams can be reduced to 18 master integrals.
Out of these 18 integrals, 10 correspond to exactly the same master integrals of the
semileptonic subset and have already been calculated in Chapter 4. The additional master
integrals are introduced by diagrams where gluons couple to the massless quarks u and
d. Also for this additional set of NLO integrals we find analytic solutions expressed in
terms of harmonic polylogarithms. For the renormalization at NLO, the counterterms
coming from the LO diagram with the insertion of one physical and one first order
evanescent operator have to be taken into account. The corresponding renormalization
constants that mix the evanescent and physical operators are given in Appendix C. In
addition to the renormalization of the four-quark operators, at NLO we obtain counterterms
from the renormalization of the charm quark mass and the bottom quark wave function
renormalization. They are both renormalized in the on-shell scheme. Since all master
integrals can be calculated analytically, the G;; for this decay can be expressed in terms of
Harmonic Polylogarithms:

31  554p? 554p° 31p8 16p° 2p®
Gl =2 _ Py 2P 2P 2o 16p? +48pt — L2 4 2P
2 3 3 2 3 3
62  640p% 640p° 62p® 62  640p? 640p°  62p8
+|——+ - + H_ +|— - + - H
( 2 O SO0 SN o)+ (2 S ) )
992p°  124p8
+ (—96p2 —120p* + 327%p* + Tp - 3p ) Hoy(p) — (288p* + 64p°—
8p°) (Ho(p))? + (8 — 64p” — 576p" — 64p° +8p°) [HO,I(P) - HO,—I(P)] , (5.52)
31  550p% 550p% 31p®
G = ~ - 3p + 3p - zp + 7% (=2 +64p> — 32p* + 64p° — 2p%)
34 128p> 128p% 34p
+ (~288p* — 8p%) (Ho(p)2+ -2 + —2- - 2+ 2 K (p)
3 3 3 3
34 128p* 128p%  34p® ) . 16p°  68p®
+|—= - + - H +|—=80p” —432p" + —— — H,
(3 2030 ) by + (800 - 320 + 1L - B ) )
+ (16 + 256p° + 480p* + 256p° + 16p®) Hy(p)H-1(p) — (16 — 256p° + 480p*
—256p° + 16p8)H0(p)H1 (p) — (24 +256p° + 384p* + 256p° + 24p°) Hy_1(p)
+ (24 — 256p> + 384p* — 256p° + 24p®) Hy 1 (p) (5.53)
1828p%  1828p° 4 32p% 128p> 160p* 128p° 32p°
G =17+ P p +17p% — %= + o R i il A
9 9 3 3 3 3 3 3
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5. Nonleptonic b decays in the on-shell mass scheme

4p8 160p? 1504p® 376p® 116 1088p* 1088p°
+ 2P p —352p* + P 2P Hy(p) + | — + P _ P
3 3 9 9 9 9 9
116p8 116 1088p% 1088p% 116p8 32 512p°
- H +|-—— - + + H_ + =+
: ) () ( o108y A T e+ (24 22
512p°  32p% 16p8
+320pt 4+ 220 4 T”)How)H_l(p) - (192p4 ~ 128p° + Tp) (Ho(p))?
32 512p° 512p°  32p% 512p°
F =224 2P 300t 4 2P 2P N () Hy(p) + | - 16 — 128p7 — 22
3 3 3 3
512 3 512 3 512 5
- 640p* — Tp - 128p° — 16p8)H0,_1(p) + (16 +128p* — P, 640p* — p
+128p° + 16p8)H0,1(p), (5.54)

where p = m./m; and H_(p) denote the Harmonic Polylogarithms. These results can be
compared to the literature, where we find agreement with Ref. [11].

At NNLO we find 1308 diagrams which can be reduced to a set of 385 master integrals.
For this set of integrals, the expand and match ansatz described in Chapter 3 is used. The
singular points of the differential equation are

Psingular € {0,1/3,1}, (5.55)

where pgingular = 1/3 corresponds to the physical three charm quark threshold. The
expansion points that we choose for the master integrals of this decay channel are

po=1{0,1/4,1/3,1/2,7/10,1}, (5.56)

which allows us to cover the complete phase space p € [0, 1]. For phenomenological
applications, the expansion around p = 1/4 is the most convenient one, since it covers the
physical interesting region p € [0.2,0.3] and uses a Taylor ansatz which makes it easy to
evaluate numerically.

For the renormalization of the NNLO bare amplitude, we have to include evanescent
operators up to second order in the LO diagrams and evanescent operators of first order in
the NLO diagrams. The four-quark operator renormalization constants at two-loop order
depend on the choice of the evanescent operator definition and are calculated in order to
preserve Fierz symmetry at NNLO, following the method outlined in Chapter 5.1. They
are given explicitly in Appendix C.

The charm and bottom quark masses, the bottom quark wave function are renormalized
in the on-shell scheme. The strong coupling constant is renormalized in the MS scheme,
analogue to the semileptonic decay channel. The counterterms can be calculated in a fully
analytic form from LO and NLO diagrams. Since the NNLO master integrals are calculated
with the expand and match method, the bare NNLO amplitude is obtained as an expansion
around the different points listed in Equation (5.56). For simplicity, only the result of the
renormalized amplitude for the expansion around p = 0 is given here explicitly. The G;; at
two loop order read

G'®) =13.4947 — 24.6740p + (115.542 — 625.6791, + 81,3) p® + (~76.2198 + 210.5521,) p°
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Figure 5.5.: The NLO and NNLO G;; for the decay channel b — cud as functions of the
mass ratio p.

+ (1829.82 +2820.101, — 1058.3712 + 3213) p* + (~74.0184 + 574.6301,) p°

2 3 6
+ (—2197.51 — 12.15311, + 89293312 — 257.1851p) p
+ (—371.871 + 433.6781,) p” + O(p®), (5.57)

G\Y =13.4947 — 24.6740p + (—2647.00 —1257.331, + 815) p’ + (—2883.63 — 3842.571,) p°
+ (3403.78 — 4764.591, — 777.272[7 + 3213) p* + (—601.507 — 2397.661,)p

2 3 6
+ (2833.10 — 559.7761,, + 264.9581) — 21.3333lp) p
+ (—440.110 + 57.85991,) p” + O(p°?), (5.58)

G2 = — 72.8420 — 16.4493p + (—279.953 +63.34131, + 5.333331,3) p°
3 2 3 4
+(—3707.85 — 2702.081,) p> + (2164.12 — 2197.001, + 2041.822 + 21.3333lp) p

+ (—888.121 — 1177.331,) p° + (1987.97 — 4886.671, — 174.13112 + 632.88913) p°
+ (846.185 — 66.70251,) p” + O(p®), (5.59)

where [, = log p. We compute the expansion up to order p*® but only show the first
expansion terms here. It should be stressed here again, that these expressions for G;; are
functions of the constants Ay, B; and B, that appear in the definition of the evanescent
operators.

In Figure 5.5, the NLO and NNLO contributions Gl.(jl) and Gl.(jz) are shown as a function of
the mass ratio p.

To get an estimate of the size of the perturbative corrections to the decay width, we evaluate
our result for numerical values of the quark masses in the on-shell scheme ml?s = 4.7 GeV,
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mPS = 4.7 GeV,mP = 1.3 GeV
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Figure 5.6.: The nonleptonic decay width I\ for b — cud as a function of y for the quark
masses m,?s = 4.7GeV, m?s = 1.3GeV in the on-shell scheme. The LO, NLO
and NNLO results are shown in green, orange and purple respectively.

mS = 1.3 GeV and obtain

cdu s Us 2
I3 =1 |1.89907 + 1.77538 — + 14.1081 ( — , (5.60)
T JT

with Ty = Glz,milvcblleudl2 /(1927%). In this result for the decay width, the dependence on
the evanescent operator constants A,, B; and B, drops out, which is demonstrated in the
following:

For simplicity, we consider the same numerical values of the mass ratio p and the renormal-
ization scale y; as in Equation (5.60). Note that the cancellation of the constants happens
for arbitrary values of these parameters, we set them to numerical values only to keep the
expressions compact. The constants A,, B and B, in the evanescent operators enter the

Gl.(jz). We replace B; and B, with A, using the relation given in Equation (5.39) and obtain

G (p =13/4.7, ys = 4.7GeV) = 38.4337 — 2.43076A,,
G2 (p =1.3/4.7, s = 4.7GeV) = 16.2384 — 2.43076A,,
G2 (p =1.3/47, ys = 4.7GeV) = —69.9077 — 3.31798A, .
(5.61)

This dependence should cancel against the A, terms that are introduced by the running
of the matching coefficients. We perform the running of the matching coefficients in
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5.2. Nonleptonic decay width

the CMM basis and transform them via Equation (C.29) with the finite renormalization
constants given in Equation (5.34) and (5.45) to the historical basis, where we again replace
B and B, with A, using Equation (5.39). At y; = 4.7 GeV we then obtain the A,-dependent
matching coefficients

a o\ 2
C1(us = 4.7GeV) = —0.251101 + 1.09544= + (2.90481 + 0.153875A,) (—s) + O(af) ,
T T

a o\ 2
Co(us = 4.7GeV) = 1.10867 — 0.503959— + (—2.68677 + 0.61251A,) (—s) + O(af) .
s s
(5.62)

The A; dependent terms that appear in the NNLO contributions in Equation (5.60) are
introduced by the LO matching coefficients Cl.(o) multiplied by the NNLO Gi(jz)

s\ 2 (0)2 ~(2) (0) ~(0) ~(2) (0)2 ~(2)
(;) (Cl Gll +C1 Cz Glz +C2 Gzz)

o\ 2
- (—S) (--- —3.8752199158834914,) , (5.63)
T

and by the LO function Gl.(;)) multiplied by NNLO matching coefficients Cl.(z)

2
(%) (P06 + (P + PR + Pl

= (%)2 (-+-+3.875219915883492A,) . (5.64)
Adding the two contributions in Equation (5.63) and Equation (5.64), we observe a can-
cellation of the A,-terms with an accuracy of sixteen digits. The small remainder can be
traced back to the precision of the semianalytic results that are used for the Gl.(.z).

The result we obtain here for the decay width is expressed in terms of on-shell quark
masses. The perturbative series of the on-shell mass shows a bad convergence behaviour
and therefore the numerical value of the on-shell mass is not well-defined. Furthermore,
the decay width is proportional to mz, the results in the on-shell scheme has a large uncer-
tainty induced by the quark masses m, and my,. A detailed discussion of more practical
mass schemes and an analysis of the NNLO corrections in other mass schemes can be
found in Chapter 6.

In Figure 5.6, the decay width as a function of the renormalization scale p; is shown for
numerical values of the quark masses given above. The line colours denote the different
orders of perturbation theory. Comparing the three lines shows a significant reduction
of the scale uncertainty of the decay width. We estimate this uncertainty by dividing
the difference between the minimal and maximal value in the interval {y/2, 245} around
the central value p; = m; = 4.7 GeV by two. With this ansatz, we obtain a relative scale
uncertainty of ~ 7% at LO, ~ 6.5% at NLO, and ~ 3.5% at NNLO compared to the central
value at p; = my. It is interesting to see that the NNLO corrections vanish at roughly
Us ~ myp/2. In the region p; < 1.75GeV, the breakdown of perturbation theory can be
observed.
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(@) (b) (©

Figure 5.7.: Sample Feynman diagrams for the three different diagram classes defined in
Ref. [14]. The first class (a) denotes the semileptonic subset where gluons only
couple to the external quark line. The second class (b) includes all diagrams
where gluons are exchanged between internal quark lines. These contributions
can be extracted from 7-lepton decays. The third class (c) includes all diagrams
where the external and internal quark lines are connected by gluons.

Comparison to previous NNLO calculation of Ref. [14]

In Ref. [14], a first estimate of the nonleptonic decay width was made. The authors of
Ref. [14] define three different sets of Feynman diagrams that contribute to the nonleptonic
decay width:

« The semileptonic subset, shown in Figure 5.7 (a), where gluons are only attached to
the bottom and charm quark propagators. This subset cancels in their result since
they consider the ratio of nonleptonic and semileptonic decay width, so it is not
given explicitly.

+ The diagram subset where gluons are only exchanged inside the internal quark loop
is shown in Figure 5.7 (b). This contribution corresponds to §; in Equation (5.65).
In Ref. [14] it is extracted directly from 7 decays by using the R-ratio taken from
Ref. [103]. Note that this is given as an expansion in a; with three active flavours at
the scale s = m,.

« The third class includes all diagrams in which at least one gluon is exchanged between
the internal quark loop and the external quark line. In the ansatz of Ref. [14],
these diagrams only contribute starting from NNLO. Since they work with the
Standard Model W-Boson, only the colour structure corresponding to the operator
combination O,-O; is present in their approach and therefore the corresponding
NLO diagrams vanish by colour, which is not the case in our calculation.

The authors obtain a result for the decay width %

semileptonic decay width I'/":

which they give as a ratio to the

cdu
r3

1
3Tl

: 15 \2

—1+8 44 (log2 (m—W) + —log (m—w) +6 + 52) (ﬁ) +0 (a?), (5.65)
. T myp 8 mp T

p—
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5.2. Nonleptonic decay width

where §; ~ 1.3 and 6, ~ 1.3 1. §; corresponds to the diagram class shown in Figure 5.7
(b), 8, gives the contribution of the diagram class in Figure 5.7 (c). The NNLO result is
calculated under the assumption of massless quarks in the final state, meaning p = 0. It
is interesting to see whether the calculation outlined in this thesis can reproduce these
numbers.

As a first input, the semileptonic decay width is needed. Since the final state is considered
to be massless, the semileptonic decay width is needed up to NNLO for p = 0, which
can be extracted from our analytical results obtained in Chapter 4 or from any of the
References [3, 4]. We obtain

as (25 27 as\2 (226475  241137% 2897* 5372
F§’V =h|1+=|=- = +(—s) - + - L
p—0 s 3 T 2916 2916 648 27
6383 575  2371° e
- ——I3)+ [= - log | = ||| +0 (a3 5.66
162 ¢@3) (72 18 ) g(mi (@) (5.66)

2 2
=T [—2.41307% + (—21.29552 — 4.62505 log (”—SZ)) (%) ] +0 (a) (5.67)
/4 mb T

For the nonleptonic decay width, which has the form

5% = Ty [CH(ps) G + Ci () Co(pt5) Gz + Co (15) Gz (5.68)

the expression for the matching coefficients C; and the G;;, which are both functions of
the renormalization scale ys, are given in Equations (5.48) and (5.57), (5.58), (5.59). The
limit p — 0 for the G;; is obtained trivially from these expressions and reads

Gll = GZZ
p—0 p—0
31
=3+ & (— - 27r2)
T \2
a2 1 2 [ 15
+ (—) 13.4947 + 14.1248log | =5 | +3log® | 5 | | + O («7) . (5.69)
T mb mb
a ( 4712)
G| =2+—(-17-—
p—0 T 3
o\ 2 #2 2 #2 3
+(—) —72.8419 — 61.2788 log [ = | — 9.66666 log™ | = | | + O (&) .
T mb mb

(5.70)

With this information at hand, it is possible to reproduce the numbers in Equation (5.65). In
order to reproduce the logarithms in Equation (5.65) one has to identify both the matching

!Note that there is an uncorrected typo in the arXiv version of Ref. [14] in the analytic expression for
d,. In both, the arXiv and the published version, the numerical value of this contribution is given with
d2 = 1.8. However, evaluating the analytic expression for §, in the published version yields §; ~ 1.3.
One of the authors of Ref. [14] confirmed that this is the correct numerical value.
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5. Nonleptonic b decays in the on-shell mass scheme

scale and the low scale with the bottom mass p,, = pi; = my,. Identifying these scales means
that the running of the Wilson coefficients is turned off which translates to ignoring the
summation of large logarithms log(uw /ps) in our result. This ansatz yields for the ratio
between the nonleptonic and semileptonic decay using our result for the nonleptonic
decay width

cdu
r3

)
3Tt

: 1
= 1+OC—+4(log2 (m_w) +—510g(m—w)
T my

p—0
o\ 2 3
+2.87734 — 0.094796n, + 0.005895n, — 0.094796n)) (—) +0 ()
T

1424y (1og2 (m—w) 2 log (m—w) + 2.50405) (%)2 +0 (o)), (5.71)
T myp 8 mp T
which shows the same logarithmic behaviour as in Equation (5.65) and a non-logarithmic
contribution which is close to §; + d; ~ 2.6. Since this previous calculation uses a different
ansatz, the comparison of the final result is of limited use. However, it possible to cross-
check different subsets of the calculation.
For cross-checks of Ref. [14], we consider the three diagram classes as defined before:

« The semileptonic subset, shown in Figure 5.7 (a):
In our calculation ansatz, it is possible to extract this set of diagrams from the
renormalized results and comparison to the literature [3, 5, 104] shows the expected
agreement.

+ The diagram subset where gluons are only exchanged inside the internal quark loop
is shown in Figure 5.7 (b):
In our approach, the separation of this diagram class is only possible for the operator
combination O;-O; at the level of the renormalized amplitude. For the other operator
combinations, there are counterterms that contribute to both this class of diagrams
and the third class. Therefore it is not possible to extract the renormalized expression
for this set of diagrams in the ansatz presented in this work. However, a possible
cross-check can be done using the 7 decay R-ratio and the renormalized LO and NLO
results. Using 0,-O, LO and NLO results given in Equations (5.50) and (5.53) and
converting to the same scheme of active flavours as used in [103], we find agreement
with our O5-O, NNLO result.

« The third diagram class in which at least one gluon is exchanged between the internal
quark loop and the external fermion line:
Similar to the previous class of diagrams, it is not possible to extract the contribution
of this class from the renormalized results because of the counterterms introduced
by operator renormalization that contribute to both the second and third class.

Furthermore, we can compare the numerical values obtained in our calculation and Ref. [14].
We find

[04 o \2
redu g = o [3 — 4.2392;5 + (12L2 +22.5L + 1261 + 126, — 71.12579) (;s) ]
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5.2. Nonleptonic decay width

o o\ 2
=TI [3 —4.2392— +121.118 (—) ] , (5.72)
T T
where L = log(my /my) and the values m, = 4.7 GeV and My, = 81 GeV have been used
to obtain the numerical result in the second line. Since the authors of Ref. [14] assume
massless charm quarks, these number should be compared to the massless limit of 1"3“1”,
where we find

cdu
I‘l3

As s\ 2
=1Tp [3.31981 + 0.597456 — — 25.645 (—) , (5.73)
p—0 T /
We observe that the NNLO contributions of both approaches differ by about a factor five
and have different signs. Also the NNLO contribution for finite charm mass in Equation
(5.60) differs by a factor of ten from the corresponding term in Equation (5.65). This shows
the importance of the resummation of the logs.

5.2.2. b — ccs

The calculation of the decay width b — ccs is from a computational point of view the
most challenging one of the nonleptonic decays since the two charm quarks in the final
state lead to more massive propagators in the loop integrals. An additional subtlety in this
decay channel is the occurrence of diagrams where a charm quark line is connected to the
same four-quark operator twice. These penguin-like topologies appear via the insertion
of current-current operators starting from NLO, see Figure 5.8 (c), (g) and (h) for sample
Feynman diagrams. They form a finite gauge invariant subset which we will discuss
separately in Section 5.3.2.

In this section we concentrate on the contribution where the charm quark lines of O;
and O; do not form a closed loop. Sample Feynman diagrams for this contribution at
NLO are shown in Figure 5.8 (a) and (b) and at NNLO in Figure 5.8 (d), (¢) and (f). The
b — ccs decay channel always contains at least two massive charm quarks in the physical
final state. Therefore, the phase space for this decay is zero for p > 1/2 in contrast
to b — cud. Furthermore, because of more massive propagators, the structure of the
differential equations for the master integrals is way more complicated compared to the
b — cud decay channel. For example, already at LO the solution of the differential equation
for the master integrals contains square root letters which means that the solution cannot
be expressed in terms of HPLs only. This makes the calculation of analytic solutions at LO
and NLO more involved since we have to find a suitable variable transformation first in
order to rationalize these letters. As outlined in Ref. [34], at LO and NLO level the variable
transformation

x
1+x2

p (5.74)

allows us to bring the differential equations of the master integrals into € form. The
analytic solution consists of iterated integrals over the alphabet

{1 1 1 1 1 1 } (5.75)

X1+x 1=-x"1+x1—x+x2" 1+x+x2
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5. Nonleptonic b decays in the on-shell mass scheme

% %
(a) (b) (c) (d)

bSO T

(e) (f) ©) (h)

Figure 5.8.: Sample Feynman diagrams for the decay channel b — ccs at NLO (a), (b), (c)
and NNLO (d), (e), (f), (g), (h). Examples for the penguin-like topologies are
shown in (c), (g) and (h). Double black, orange and single black lines denote
bottom, charm and massless quarks, respectively.

which correspond to cyclotomic harmonic polylogarithms [105], see Appendix B.4.2.

In addition to the analytic solution of the LO and NLO master integrals, the expand and
match ansatz is used for all master integrals at all orders in the b — ccs decay channel. At
LO and NLO, the singular points of the differential equation are

psingular € {0, 1/2} 5 (5.76)

which correspond to the upper and lower bound of the considered values of p. As expansion
points, we choose

po={0,1/5,1/4,1/3,1/2} , (5.77)

where the expansion around p, = 0 has the structure of usual expansion ansatz around
zero given in Equation (3.29) and the expansion around py = 1/2 requires a square root
ansatz given in Equation (3.26). For the other expansion points, a Taylor expansion is
sufficient. We calculate the boundary conditions of the master integrals numerically with
AMFlow at p = 1/4.

At LO, there are, similar to b — cud, four diagrams which can be reduced to three master
integrals and we obtain for the expansion around p = 0

= 3(1 —16p” +24p* — 32p° +2p® +32p'% + (-48p* + 48)°) lp) +0 (p*%) . (5.78)

This result is obtained with the expand and match method. Nevertheless we give the
expansion coeflicients here as integers since the numerical precision is sufficiently high
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5.2. Nonleptonic decay width

(about 30 digits) to reconstruct the integer coefficients. This expression agrees with the
results known in the literature [11, 106] and the limit p — 0 agrees with the corresponding
limit of the b — cud decay.

The analytic LO result reads:

G =G = >G\Y
_3(1-x%) (x'? - 8x"% — 43x® — 80x°® — 43x* — 8x" + 1)
- (x2+1)7
144 (x®* —x+ 1) (x* +x + 1) (x* +3x% + 1) x* log(x)
(x2+1)° ’

(5.79)

which perfectly agrees with the expand and match result in Equation (5.78).

At NLO, we find 48 contributing diagrams that can be reduced to 26 master integrals. Note
that the number of diagrams are the same as for the b — cud decay channel. However,
the number of master integrals is larger which can be explained by the higher numbers of
massive propagators appearing in the b — ccs channel and the therefore more complex
integral families, leading to more complicated IBP reductions and more master integrals.
As mentioned above, the singular points of the differential equation do not change com-
pared to LO and the same expansion points are chosen. The expansion around p = 0
yields

(1) _ 2 2) 4
G,, = —4.23920 — (4.17265 + 192.0001,) p* + (355.654 +967.6541, — 576.000lp) p
+ (9.04556 —1066.661, — 128.ooolf,) p°
- (723.224 +602.3211, — 1264.0015) p¥+0 (p),

G\ = - 4.23920 + (~162.0863 — 192.0001,) p? + 631.654p°

+ (—478.086 +843.8271, — 576.00015) p*+ (246.917 —1770.661, — 64.000015) p®
— 631.654p" + (—1207.13 +190.2271, + 1440.0013) p®+0 (p%),

G')) = —30.1594 + (493.913 — 128.0001,) p? — 421.103p°
+ (—328.000 +1541.101, — 384.0001/2,) p* +842.206p°

+ (646.319 — 406.8801, + 64.00001,3) p® —1263.30p7

+ (468.362 — 1468.921, + 458.66615) p®+0 (p°) . (5.80)

with yg = my,. Again, the limit p — 0 agrees with the other decay channels. Furthermore,
the result can be checked against Refs. [12, 11] where we find agreement. The analytic
expressions are rather lengthy and therefore not shown here but can be found in computer
readable form in the ancillary files of Ref. [34].

The NNLO contribution of the b — ccs channel is the most complicated one concerning
the IBP reduction and the calculation of the master integrals. For the 1308 diagrams,
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5. Nonleptonic b decays in the on-shell mass scheme

we find 644 master integrals after IBP reduction. For the IBP reduction, kira together
with fermat was used in a first approach. This attempt was however not successful for
reducing all of the 49 integral families, especially some of the families with six massive
propagators could not be reduced with fermat. Also a second approach where sectors with
vanishing imaginary part were excluded from the reduction process was not successful.
However, when using kira with firefly instead of fermat, the problematic families could
be reduced within a couple of days.

At NNLO, in addition to the two massive particle cut at p = 1/2, there are physical
final states with four charm quarks, see Figure 5.1 (d). This can be also observed when
considering the singular points of the NNLO differential equation

Psingular € {0; 1/4; 1/2} s (5~81)

where the pole at at p = 1/4 stems from the four charm threshold. Since this threshold has
an even number of massive particles, the master integral expansion around this point would
require an expansion ansatz including square roots as given in Equation (3.26). Because
of the relatively big number of master integrals and because we were not successful
finding a good basis for these integrals, this expansion around the threshold would be a
very expensive calculation requiring a large amount of computing resources. We try to
avoid this by producing AMFlow results both above and below this threshold, at p = 1/5
and p = 1/3 and match them directly to Taylor expansions around these two expansion
points independently. In addition, we compute the expansion around p = 0, which is also
expensive but still cheap compared to the square root ansatz. In total, the expansion points
are

po ={0,1/5,1/3} . (5.82)

The expansion around zero is then matched to the expansion around py = 1/5. With these
expansions at hand, it is not possible to describe the exact physical behaviour including
square roots and logs around the threshold. However, the four charm contribution is
expected to be relatively small and therefore the convergence of the Taylor expansions near
the threshold should be quite good. To check this, we assemble the renormalized amplitude
with the integrals expanded around py = 1/3 and p; = 1/5 and take the difference of
these results in the range p € [1/5,1/3]. In Figure 5.9, we show the renormalized NNLO
amplitude for b — ccs assembled with the master integral expansions around the expansion
points pg = 0, pp = 1/5 and py = 1/3. The relative differences of these three expansions
are shown in Figure 5.9 in the lower plots. We observe that the relative difference of the
Taylor expansions around py = 1/5 and py = 1/3 is of the order of < 1071 at the four
particle threshold p = 1/4. Because of the good agreement there is no need for a threshold
expansion around p = 1/4 and it is sufficient to use the expansion around p = 1/3 below
and p = 1/5 above the threshold for phenomenological analyses.

For convenience we give the results for Gl.(jz) around p = 0. They read:

2
G\? =13.4947 — 24.6740p + (—533.154 ~ 1251.351, + 16.000015) p?

+(2998.33 + 210.5511,) p* + (116.662 +10686.61, — 628.27815 + 64.000012) p?
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Figure 5.9.: The renormalized NNLO amplitude of the decay width b — ccs using three
different sets of master integral expansions shown in green, orange and purple
in the top plot. The three lower panels show the relative difference between
the three expressions obtained with the three different expansions. We observe
good agreement in the physical interesting region around the four-charm
threshold at p = 1/4.

77



5. Nonleptonic b decays in the on-shell mass scheme

b — ccs

b — ccs
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Figure 5.10.: The NLO and NNLO G;; for the decay channel b — ccs as functions of the
mass ratio p.

5 2 3\ 6
+ (—2364.37 + 903.617lp) P+ (5409.89 - 6392.161, — 5833.181p - 507.259lp) P

7 2 3 8
+ (~135.120 + 3582.301,) p” + (—2320.40 — 15254.61, + 6047.291 + 2654.911p) p
+0(p°), (5.83)
c;? =13.4947 — 24.6740p + (—3295.69 — 1883.011, + 16.000015) p?

3 2 3 4
+(190.918 — 3842.561,) p° + (4770.24 +5244.571, — 347.1781 + 64.00001p) p

5 2 3 6
+(1299.89 — 542.1701,) p° + (5832.60 — 7262.421, — 10760.917 — 271.407lp) p

7 2 3 8
+ (1667.93 + 1806.311,) p” + (—30465.4 — 19154.51, + 9435.2812 + 4491.9olp) p
+0(p%), (5.84)

G\Y =~ 72.8419 — 16.4493p + (3160.66 +1152.541, + 10.666613) p°

+(3980.72 + 2702.071,) p° + (—5915.68 +8133.911, +3393.240 + 42.666612) p*
)’

5 2 3
+ (—8194.22 + 5070.781p) P+ (18013.7 +3710.591, + 1222.251p + 278.5181p

7 2 3 8
+(184.414 + 7746.341,) p” + (7997.58 +2111.251, — 9970.1415 — 773.168lp) p
+0(p°). (5.85)

In Figure 5.10, the NLO and NNLO corrections to different combinations of operator
insertions are shown as functions of p. Note that we only plot the interval p € [0, 1/2]
here since the phase space of this decay channel is zero for p > 1/2. Again, the limit
p — 0 is the same as for the other decay channels.

Evaluating the renormalized amplitude for the on-shell masses m9° = 1.3 GeV and ml?s =
4.7 GeV at g = mgs, yields

a o5\ 2
I =T, |0.86706 + 3.15768— + 37.3426 (—s) ] , (5.86)
T
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5.2. Nonleptonic decay width

mPS = 4.7 GeV ,mP% = 1.3 GeV
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Figure 5.11.: The nonleptonic decay width TN" for b — cCs as a function of y; in the on-
shell mass scheme. In this plot, neither contributions from penguin operators
nor contributions from penguin-like topologies are included.

with I = Gl%_mZ|VC;,|2|V;c|2 /(1927%) In Figure 5.11, the LO, NLO and NNLO contributions
are shown as a function of the renormalization scale y;. As it was already observed in
previous works [11, 13, 33], the NLO corrections in this decay channel are quite large,
which is also true for the NNLO corrections. For p; = mjthe NLO and NNLO corrections
are of the order of about 25% and 16% of the LO result, respectively.

5.2.3. b = ucs

The decay channel b — ucs is very similar to b — cud since it has the same number of
massive and massless quarks in the final state. In fact, it is possible to map the Feynman
diagrams of the b — ucs channel to the same scalar integral families that were defined
for b — cud, and we can reduce all occurring loop integrals to the same set of master
integrals. From a practical point of view, the calculation of the bare amplitude of this decay
channel therefore only requires a new IBP redcution of a integrals that did not appear in
the b — cud amplitude. After IBP reduction, we insert the previously calculated analytic
master integrals at LO and NLO and the expand and match expansions at NNLO for the
master integrals.

At LO, the result is identical to the one of b — cud in Equation (5.50). Starting from NLO,
the results differ from the b — ciid case. We obtain

31 554 554 31 16 2
ﬁ) =~ 7,02 + Tpé - ?pg + % =2+ 16p* + 48p* — ?p6 + gpg +32p*Hy(p)
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5. Nonleptonic b decays in the on-shell mass scheme

62 640 640 62
+ (—g + TPZ - Tpé + ?PB) H-1(p) + (=288p" — 64p° + 8p°) (Hy(p))”
( 992 . 124 62 640 , 640 , 62

96p° — 120p" + S P TP )Ho(p) + (; — Pt gpS)Hl(p)

+ (8 = 64p” = 576p" — 64p° +8p°) [Ho1(p) — Ho-1(p)] (5.87)
G =g (5.88)

11 °
932 932 224 2048 4384 344
Gy =-17+ P TGP T+ (——pz — P 5P - —ps) Ho(p)

4 80 256 256 16 20 28
2 (_§ + ?pz 3 ,03 + 96,04 - TPS - 3,06 P + _P4H0(P))

9 3 3

100 1952 , 1952 ( 100 4 ( 32 128 , 1024 ,
—p

1024 , 128

6__p)

+(—— —p t5 P | 5’ - 5T6p

AT HO(P)) H-1(p) + (=192p* - 64p° + 16p°) (Ho(p))°*

100 1952 , 1952 , 100 5 (32 128 , 1024
+ — —T + 3 +Tp 3 p +576p

9 9 p 9

1024 . 128 . 32
—TP5 + Tpé + —,08) Ho(/?)) Hi(p)
16 448 , 1024 1024 . 448 , 16
Hl3tr3P ——p° +1152p" + — Pt P +gp Hy-1(p)
16 448 , 1024 1024 . 448 16
+ (—? - —p2 —p —1152p* + —p5 - Tp6 - ?pg) Hoi(p).  (5.89)

One observes that the coefficients Gé;) and Gﬁ) are the same in this decay channel.

At NNLO, we use the expansions for the master integrals obtained with the expand and
match approach and obtain a piecewise defined solution. The renormalized NNLO result
expanded around p = 0 up to order p® reads

(2) _ 2\ 2
G,| =13.4947 — 24.6740p + (—552.675 - 591.0lllp - 8.000001p) p
3 2 3\ 4
+ (3314.34 + 210.551lp) p+ (—1000.88 + 5447.49lp - 505.906lp - 64.0000lp) P
5 2 3\ 6
+ (387.348 + 328.986lp) p>+ (—2248.02 + 240.114lp + 1066.0llp — 264.2961p) p

+(—159.907 + 306.1771,) p” + (306.693 — 508.1641, + 133.5631% — 66.370313) p®

+0(p°), (5.90)

(2) (2)
Gy, =G, (5.91)

G(z) —72.8419 — 16.4493p + (3424 97 + 1112311, +5.3333300+ )
+(7782.51 + 5404.151,) p° + (—72.4205 +15986.631, + 727.42617 — 42.666613) p*

+(—2108.79 + 9301.111,) p° + (—8020.41 +2479.561, + 1176.6117 - 311.70313) p°
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5.2. Nonleptonic decay width

b — ucs
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Figure 5.12.: The NLO and NNLO G;; for the decay channel b — ucs as functions of the

mass ratio p. Since Gf;l) and Gég) have the same value in this decay channel,
they are shown as dashed lines.

7 2 3 8
+(629.490 + 1924.621,) p” + (—1269.71 — 34.14281, — 26.63291% + 81.3497lp) p
+0(p°). (5.92)

Again we find agreement with the other decay channels in the massless limit p — 0. In
Figure 5.13, the LO, NLO and NNLO decay width for b — ucs is shown as a function of the
renormalization scale in the pole mass scheme. One observes a similar behaviour of the
Us dependence compared to the b — cud decay. Note the scaling of the y-axis compared
to the analogue plots of b — cud and b — ccs in Figure 5.6 and 5.11. The absolute value
of I3 is much smaller than the previously discussed decay widths since its prefactor
I includes the CKM suppressed matrix element V,;, instead of V,;. At the central scale
Us = my, we obtain for the decay rate

a o\ 2
3¢ = T | 1.89907 + 4.39458 — + 23.7335 (—s) ] , (5.93)
JT

with Ty = Gam3 |V, |*[Ves|? / (1927°).

5.2.4. b — uud

Note that, similar to b — ucs, also the b — uud decay channel comes with a CKM
suppression compared to the dominant b — cud and b — ccs decay channels and
therefore only contributes to the total decay width of the B mesons at the order of 1%
or less. At LO and NLO, all physical final states of the b — uud decay channel include
only massless particles. At NNLO, there are contributions from secondary charm quark
production, similar to b — ulv discussed in Section 4.4. We proceed in a similar manner
here. For the charm mass independent contribution of massless particle final states, we
consider the limit p — 0 limit of any of the three previously described decay modes. For
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mPS = 4.7 GeV,mP = 1.3 GeV
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Figure 5.13.: The nonleptonic decay width I;\" for b — ucs as a function of .

the charm quark mass dependent contribution at NNLO, an additional calculation has to
be performed. We parametrize the decay width as follows:

G}27m2|vub|2|Vud|2
19273

rpde = +0 (a2) . (5.94)

o o5\ 2
[Xo + =X+ (—) (X2 +Uc(p))
T T
The LO result, obtained by taking the limit p — 0 of Equation (5.50) yields
0 _ ~0) _ 30 _
Gy =Gy =Gy =3. (5.95)
whereas at NLO, we obtain
31
e
4
G =17 - 37 (5.96)

from Equations (5.52), (5.53), (5.54).

AtNNLO, diagrams with cuts through five quarks including two massive charm quarks have
to be considered, see Figure 5.14 (c). As given in Equation (5.94), the NNLO contributions
split into a charm mass independent part and the contribution coming from these massive
charms in the final state, which is labelled by Uc. The charm mass independent terms
can be extracted from the decay width I‘,J,Cd“ by taking the limit p — 0 and setting nj, = 1,
n.=0,n=3:

@ _ 5@ _
G\Y =Gy =8.19157,
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5.2. Nonleptonic decay width

(a) (b) (© (d)

Figure 5.14.: Four sample Feynman diagrams for the b — uud decay channel at LO, NLO
and NNLO. At NNLO, diagrams like (c) can produce final states with two
charm quarks. Double black lines, orange lines and single black lines denote
bottom quarks, charm quarks and massless quarks, respectively.

G\? = —85.6741. (5.97)

The U contribution is calculated separately. We find 48 contributing diagrams that can
be reduced to 21 master integrals. The differential equation for these integrals has the
singular points

,Dsingular € {O’ 1/2} 5 (5'98)

where p = 1/2 corresponds to the physical two charm threshold. We solve this differential
equation by using the expand and match approach. As an AMFlow starting point, we choose
p = 1/3 and construct expansions around the points

po={0,1/3,1/2,7/10,1} . (5.99)

For the expansion around py = 0, we find for the Uc contribution the following expressions
for the renormalized amplitude:

G s, = 530314~ 24.6740p + 100.939p% + (239.797 + 210.5521,) p°

+ (—192.357 +276.1021, — 161,3) p* —147.386p°

+ (72.5468 +54.88451, — 14.222213) p® —67.773p"

- (—5.14049 —10.90091, + 8.2[7 — 2.6666712) p®+0 (p), (5.100)
Gy, o G . (5.101)

GP|  =12.8321 - 16.4493p — 12.3713p? + 93.9440p° + (75.3569 + 136.0681,
U

C

—10.666715) pt—449177p° + (—59.7255 — 440.5771, + 40.29631 + 42.666712) p°

+481.261p" + (4.80436 — 0.07008061,3.333331 + 12.444412) p®+0 (p°) . (5.102)

Inserting the numerical values for the matching coefficients, setting the renormalization
scale p = m[?S, the decay width is obtained to be

udu s a5\ 2
[} = Tj |3.31981 + 0.597456 — + (—25.645 + 0.254978y,.) (— ) |, (5.103)
T T
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Figure 5.15.: The NLO and NNLO G;; for the decay channel b — uud as functions of the

mass ratio p. Similar to the b — ucs decay, we show Gl.(l.") as dashed lines to
make both of them visible. Note that the NLO functions are constant in p and
charm quark mass effects only appear at NNLO.

for the numerical values m® = 1.3 GeV and m®® = 4.7 GeV for the quark masses in the
on-shell scheme, where Iy = Gim; |Vyp|?|Vial?/(1927%). The Uc contribution is flagged
separately here and amounts to around 1% of the NNLO contribution. The nonleptonic
decay width b — wud as a function of ys is shown in Figure 5.16. Note that this plot
only includes the non-penguin contributions. One observes that the NNLO corrections
are very small for large values of yi; > 8 GeV and negative for small values of ;. The
dependence on i is reduced significantly when going from LO to NLO and NNLO in the
region 2 GeV < iy < 10 GeV.

Similar to the b — ccs decay channel, the final states of the decay b — uud include
two quarks of the same type and therefore obtain additional contributions from penguin
operators and penguin-like topologies to the standard contributions. The calculation of
such contributions are outlined in the next Section 5.3.
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mPS = 4.7 GeV ,m9% = 1.3 GeV
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Figure 5.16.: The nonleptonic decay width for b — uud as a function of ;.

5.3. Penguin-like topology contributions

In this Section, the calculation of the penguin-like topologies with the insertion of current-
current operators is outlined. This special class of topologies only contributes in decay
channels with quark and antiquark of the same flavour in the final state, for example
b — ccs and b — uud. Sample diagrams for the Penguin topologies at NLO and NNLO
are shown in Figure 5.17.

In order to renormalize these topologies up to NNLO, we need counterterms from LO
and NLO diagrams with the insertion of current-current operators O;, O, the penguin
operators Os, Oy, Os, O¢ and Os, since these operators mix with the current-current opera-
tors under renormalization. For the counterterms introduced by the penguin operators
Os3_¢ we need LO diagrams with up to two penguin operator insertions and NLO diagrams
with one penguin and one current-current operator insertion. Sample diagrams for such
counterterms are shown in Figure 5.18 (a) - (f).

In the calculations of diagrams with double insertions of current-current operators dis-
cussed in Chapter 5, a problem with closed fermion lines that lead to undefined traces
over y5 was encountered. This problem was solved using Fierz identities which reduced
the number of fermion lines from two to one. However, this procedure is not necessary
when considering the insertion of one penguin and one current-current operator since
such an operator combination leads to only on fermion trace in the non-penguin-like
topologies, see for example Figure 5.18 (c) and (d). Therefore the usage of Fierz identities
is not necessary here.

Since the chromomagnetic operator Og is proportional to the strong coupling g, diagrams
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Figure 5.17.: Sample diagrams for the penguin-like topologies with the insertion of two
current-current operators at NLO and NNLO. The penguin-like topology
diagrams contribute to the decay width b — ccs and b — uud. Double black,
orange and single black lines denote bottom, charm and massless quarks
respectively.

with the insertion of one operator Og are already of the order of a!. Therefore, the only
diagrams that we need for the counterterms including this operator is the order ! diagram
with the insertion of one operator Og and one current-current operator.

We parametrize the nonleptonic decay width for decays b — ¢1¢5g, that receive contribu-
tions from penguin-like topologies as follows:

2.5 2
G} | Aqig.;

) a
g = IR 13 () 4 X50(p) + 2 (Xi() + XEO(p) + XS ()

+ (%)2 (Xz(p) +X§T(p)) +0 ()

=Ty |C}(15)Gi1 + C1 (pts)Ca(pts) Gz + C5 (115) Gz

+

a as )\ 2
EXIT(p)+ (2) XET(p)
/A /A

+ X000 + 2XTp)] | (5.104)

where the functions Gy, G and G, are already calculated in the previous Sections 5.2.2
and 5.2.4. The contributions of penguin-like topology diagrams are denoted by X} *. For
completeness we also include the contributions with penguin operators (PO) that are
needed for the renormalization of the penguin-like topologies. These contributions include
operator insertions 01_2 — 03—6 and 03—6 - 03—6 at LO and 01_2 — 03—6 at NLO.
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Figure 5.18.: Sample diagrams for the counterterms that are needed to renormalize the
penguin-like topology diagrams shown in Figure 5.17. LO diagrams are
needed with the insertion of one (a) or two (b) penguin operators O3_s. At
order a;, diagrams with the insertion of one current-current operator and
one penguin operator Os;_¢ (c), (d), (e), (f) or one operator Og (g), (h) are
needed. Double black, orange and single black lines denote bottom, charm
and massless quarks respectively.

5.3.1. Penguin operator insertions at LO

In a first step, we consider the contributions with the insertions of penguin operators X} ©
at LO.

We perform the calculation for the decay width b — ccs and obtain the corresponding
b — uud contribution by taking the massless limit.

At order @, there is only the LO topology with 32 possible operator combinations con-
tributing: The operator insertions O3_¢ — Os_¢ yield 4 X 4 = 16 combinations while we
obtain another 2 X (2 X 4) = 16 combinations for the insertions O;_, — O3_¢. The number of
separated fermion lines in the diagrams differ, depending on the operator combination. In-
serting two penguin operators leads to two separated fermion lines as shown in Figure 5.18
(b), while the insertion of one penguin and one current-current operator introduces only
one fermion line, see Figure 5.18 (a).

The calculation of the LO diagrams is straightforward. The definition of the penguin
operators in the historical basis are given in Equation (2.17). The LO diagrams can be
reduced to the same set of three LO master integrals obtained in Section 5.2.2. We use the
expansions calculated with the expand and match method and obtain a finite result

X3°(p)

=T [—2R6[VcbV§;thV}’§] (3C1Cs + C1Cy +3C2C4 + C2C3) G (p)
ccs 5

—2Re[ Vi ViaVipVii] (3C1Cs + C1Cs + 3C2Cs + C2Cs) G (p)
+ [Vip|? [Vis|? (3C2 + 3C2 + 2C5C4 + 3CE + 2C5Co + 3C2) GY) (p)
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+2 |V 2 [Visl? (3C5Cs + CaCo #3CiCo + CiC) G (p)| . (5.109)

where G(O) (p) and G(O) (p) are functions of the mass ratio p and I, = Glz:mg /(19273). Their
expansion around p = 0 reads

Géol) =1-16p* + 24p* — 32p° + 2p® — 48p*l, + 48p°1, + O (p°) ,
Gy) = 4p* +12p" — 24p° — 329" + 48p"1, — 96p°1, +96p°1, + O (p°) . (5.106)

The precision of the numerical expansion coeflicients is high enough to reconstruct the
integer coefficients in Equation (5.106).

The first two lines in Equation (5.105) are obtained by diagrams with one penguin operator
and one current-current operator, the third and fourth line of Equation (5.105) show the
results for the double insertion of penguin operators. We can compare Equation (5.105) to
the analytic results given in Refs. [13, 23, 107] and find agreement.

The penguin operator contributions to the decay width b — uud at LO is obtained by
taking the massless limit of Xpolccs given in Equation (5.105). The massless limit of the

phase space functions G (p) and G (p) yield

PO
XO

uu

=TI [_ZRe[[’ub[’ [’tb ] (3C1C3 + C1Cy +3C,Cy + C2C3) GI(JOI) (p)‘ o
’ p—
—ZRE[[/ub [/ud[/tb ] (3C1C5 + C1Cg +3C,C + C2C5) G(O) (p)‘

+[Vigl? [Vial? (3C3 +3C2 +2C5Cy + 3C% + 2C5Co + 3C2) G (p)‘

#2|Vig [Vel” (3C5Cs + CCo + 3C1Co + CiCs) Gy ()] 0]

=To [—2Re[Vip V5, Vip V] (3C1C3 + C1Cy + 3C2Cy + CoC5)
+|Vip|? [Vial® (3C3 + 3C5 + 2C3Cy + 3C% + 2C5C +3C7) | (5.107)

where we have used G}(>(,)1) (p)|p—o = 1 and Gg)z) (p)|p—o = 0 and Iy = Gim; /(1927°).

5.3.2. Current-current operators in penguin-like topologies at NLO

With the LO contributions calculated in the previous section, we are able to renormalize
the insertion of current-current operators into the penguin-like topologies at NLO.

At order a! there are four different non-vanishing diagrams with current-current operators
in penguin-like topologies, sample diagrams are shown in Figure 5.17. They only differ by
the flavour of the quarks that couple twice to the current-current operators. The diagrams
with two charm quark loops and two massless quark loops shown in Figure 5.17 (a) and (c)
contribute to the decay width of b — ccs and b — uud respectively, while the diagram
with one charm and one massless quark loop in in Figure 5.17 (b) contributes to both
channels. This can be seen in Figure 5.19 (a) and (b), where the two three-quark cuts of
the mixed NLO diagram are shown.
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Figure 5.19.: The three different cuts through the penguin-like topologies at NLO. The
diagrams (a) and (b) show the physical final states with three quarks. The cut
shown in (a) contributes to the decay width b — ccs, the cut shown in (b)
contributes to b — uud. The cut through massless quark and gluon shown in
(c) vanishes in these types of diagrams at NLO.

The penguin topology diagrams at NLO are only non-zero if both current-current operators
are O, operators. All insertions of O; in these kind of diagrams vanish by colour. The
operator definition of O; in the historical basis is given in Equation (2.16) and reads for
the insertion of a penguin-like topology with a charm quark loop

Oiqzc = (c“y'”PLbﬂ) (a'gnyLc“) . (5.108)

We observe that the colour structure of O; introduces the same colour index for both
charm quark lines. Taking into account the coupling of the gluon to this charm quark line,
we obtain the colour factor

T =Tr[T% =0, (5.109)

for the penguin-like topologies. However for the insertion of two operators O;, the NLO
diagram has the colour factor

T2 T 5 Sae Oppr = Tr [TT?] # 0, (5.110)

and therefore the penguin-like topologies are non-zero for this operator combination.

In addition to the diagram in which the gluon connects the two quark loops, it is also
possible to attach the gluon to only one of the quark bubbles. The insertion of the four-
quark operator with a quark loop that does not couple to the gluon would then act as a
flavour changing self-energy correction that transforms a bottom quark into a massless
down-type quark. Two examples for such diagrams are shown in Figure 5.20. However,
diagrams of this class are all zero individually since the flavour changing self-energy
correction leads to a Dirac structure of the form

p+mc

2 2
me—p

y'PL YuPrL, (5.111)

where the mass term in the numerator vanishes because of Pry, P = y,PrP; = 0. The re-
maining term is proportional to § and vanishes since the integral over the loop momentum
p is odd and therefore zero. The vanishing of diagrams with flavour-changing self-energy
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[

Figure 5.20.: Sample diagrams for the insertion of a four fermion operator into a quark
line, acting as a flavour changing self-energy correction.

corrections is checked explicitly in our NLO calculation.

We can reduce the NLO penguin-like topology diagrams to eight master integrals with non-
vanishing imaginary part. For the calculation of these master integrals, we use the expand
and match method described in Chapter 3.3. In a first step, we set up the differential
equation which has the singular points

Psingular € {Os 1/2} . (5.112)

These singularities are expected since the diagrams with a charm quark loop has a two
charm threshold. As expansion points, we choose

po € {0,1/5,1/3,1/2} . (5.113)

As boundary conditions for the expansions, we evaluate the integrals with AMFlow at
p = 1/5. When calculating the boundary conditions, we have to be careful to separate the
possible cuts of the diagrams. In this calculation, we only want to include final states with
three quarks as visualized in Figure 5.19 (a) and (b). In principle also the cut through a
massless quark and a gluon is possible as shown in Figure 5.19 (c). However, at NLO, this
additional cut turns out to be zero. This can be seen from the structure of the corresponding
master integrals, they are shown in Figure 5.21. For all eight master integrals, there is no
possible cut through two massless lines that would correspond to the cut through gluon
and massless quark in Figure 5.19 (c). This observation is in agreement with Ref. [13],
where the penguin-like topology contributions to the decay width b — ccs are calculated.
Furthermore, we want to distinguish the ccs and uud final state to be able to compare with
the literature. This means that we have to calculate the possible cuts shown in Figure 5.19
(a) and (b) separately. We separate the two cuts by calculating them individually with
AMFLow using the option AMFlowInfo[“Cut“].

For the renormalization of the NLO penguin-like topology diagrams, we need counterterms
from LO diagrams with the insertion of one current-current operator and one penguin
operator. These diagrams are calculated in Section 5.3.1. The renormalization constants
for the four-quark operators including the penguin operators are obtained by transform-
ing their counterparts from the CMM basis to the traditional basis, see Appendix C for
more details and the exact expressions. Under renormalization, the penguin operators
in the historical basis mix with O,, see the one-loop renormalization constant given in
Equation (C.44), and in this way, the LO diagrams with insertions of one current-current
operator O, and one penguin operator generate counterterms for the penguin-like topol-
ogy contributions with insertions of two O, operators at NLO.
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Figure 5.21.: The master integrals with non-vanishing imaginary part for the NLO penguin-
like topologies. Black, orange and dashed lines denote bottom, charm and
massless lines respectively. The integrals (a), (b), (c) and (d) contribute to
the diagram with two charm quark bubbles in Figure 5.17 (a). All possible
cuts in these integrals include two charm quark lines and one massless quark
line. There are no cuts through two massless lines. The integrals shown in
(e), (f), (g) and (h) contribute to the CKM suppressed diagrams with one or
two up quark bubbles shown in Figure 5.17 (b) and (c). The integrals (f) and
(g) appear in the calculation of both decay channels b — ccs and b — uud,
while (e) and (h) only contribute to b — uud.

We split the result in two parts according to their final states. We obtain for the expansion
around p = 0 for the b — ccs final state

4
X7 (p) :§F0C§|Vcb|2|Vcs|2( —1.00000 + 8.00000p* + (—18.6667 — 32.0000) p*
+ (—14.4801 + 241.7771,) p° + (155.555 — 362.6661, + 128.0001,3) P
+ (—121.066 + 64.0000) p“’)
4 2 * Y7k 2
+3ToCoRe [Veo Ves V5, Vi | ( —1.00000 + (=1.77777 — 10.66661,) p
—18.6667p* + (93.7589 - 42.666615) p°® + (—126.637 + 16.00001,

+64.00001§) o+ 34.6666,010) +0(p™), (5.114)

with Ty = Gim? /(1927%). The contribution of the diagram with two charm bubbles is
given in Ref. [13] in terms of two analytically calculated phase space functions. Expanding
these functions around m./mj, = 0, we find agreement with our result in Equation (5.114).
The CKM suppressed contribution for the ccs final state is a new result.

For the b — uud decay channel, we obtain the expansion

4
XPTudu( ) :groc§|vub|2|vud|2( —~ 1.00000)
4 .
+ groche \AZAM ( —1.00000 + (9.77777 + 10.66661,) p*

~ 32.0000,p* + (—108.238 ~49.77771, + 42.66661,3) p° + (187.469
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+26.66661, — 64.000015) p® + (22.9333 — 64.00001, ) p“’) +0(p™). (5.115)

This expression is in agreement with the result obtained in Ref. [30] for the uud final state.
We also checked explicitly that the sum Xf Tese(p) + Xf Tudu () is equal to a calculation
where we do not separate the different final states in the calculation of the master integrals.

5.3.3. Penguin operator insertions at NLO

In order to renormalize the NNLO penguin-like topology diagrams with two current-
current operators, we need counterterms generated by the LO diagrams discussed in
Section 5.3.1 and in addition counterterms that are generated by NLO diagrams with
one current-current operator and one penguin operator. The calculation of these NLO
diagrams is outlined in the following. Sample diagrams are shown in Figure 5.18 (c)-(f).
In addition to these standard NLO topologies, we also obtain contributions with one
current-current operator and one penguin operator in penguin-like topologies. Sample
diagrams are shown in Figure 5.18 (e) and (f). For such diagrams we obtain two fermion
lines. However, the internal fermion line carries at most four gamma matrices that can be
reduced to two, see the discussion around Equation (5.7) in Section 5.1. Therefore these
diagrams also do not require the usage of Fierz identities since

Tr [ys] = Tr [y"y"ys] = 0. (5.116)

We are therefore able to calculate all NLO diagrams with one penguin operator and one
current-current operator using anti-commuting ys without further problems.

In addition to the diagram classes described above, we find diagrams with insertions of
penguin operators that act as flavour changing self-energy corrections, see Figure 5.22.
For the insertion of current-current operators in diagrams of such topology, we observed
that all such diagrams are zero individually, see discussion in Section 5.3.2. This can be
seen from the Dirac structure of the flavour changing loop that reads in the case of a
current-current operator insertions

pp, P p (5.117)
Ve - P’ Pt '
Here the mass term vanishes because of Pry,P; = 0 and the remaining term including
the p is zero when integrating over the loop momentum p. The same Dirac structure as
given in Equation (5.117) is obtained for an insertion of the penguin operators O3 and Oy.
However, for insertions of Os or Oy into the diagrams shown in Figure 5.17, we find

p p+m
y PL—m2 _pzprR. (5.118)

The term proportional to p still cancels due to the same argument as before, but for the
mass term in the numerator we now obtain y#Pry,Pr # 0 and therefore non-vanishing
contributions from diagrams with massive loops of this kind. Since the flavour changing
self-energy has to transform a strange quark to a bottom quark or vice versa, the only
possible insertions of penguin operators are the ones with q € {s, b}, where q is defined as
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Figure 5.22.: Sample NLO diagrams for the insertion of a penguin operator that acts as
flavour changing self-energy correction.

in Equation (2.17). Since the strange quark is massless, the only non-vanishing diagrams
with these flavour changing self-energies are the diagrams shown in Figure 5.22 (a) and
(b) with the penguin operator coupling three bottom quarks and one strange quark. It
turns out that these two diagrams exactly cancel and therefore the sum over all flavour
changing self-energy corrections with the insertion of penguin operators vanishes.
Some of the master integrals that appear in the calculations of the three loop diagrams have
been already calculated in Section 5.2.2 and Section 5.3.2. The penguin-like topologies with
penguin operators introduce 11 additional master integrals. They are calculated with the
expand and match method around the same expansion points as given in Equation (5.113).
In contrast to the NLO calculation for the current-current operators in penguin-like
topologies, we now do not distinguish different final states anymore but sum over all
occurring cuts.
The sum of all three-loop diagrams contributing to X1 °(p) is divergent and has to be
renormalized. Since we do not separate the different final states but sum over all cuts, we
also include cuts that are not ccs or uud. One example is shown in Figure 5.23 (a) where
we consider the insertion of one current-current operator and a penguin operator coupling
to three strange quarks. This diagram obtains a non-vanishing contribution from the cut
through ccs but also a contribution from the cut through sss.
The counterterms for the NLO diagrams are generated from LO diagrams with one or two
penguin operator insertions. We renormalize the charm quark mass, the bottom quark
wave function and take into account the operator mixing. We now also include insertions
of the first order evanescent operators given in Equation (2.19) and (2.20). In addition to
the LO diagrams calculated in Section 5.3.1, we also need counterterms generated by LO
diagrams with two penguin operator insertions that have cuts through three quarks of the
same flavour in order to renormalize diagrams like Figure 5.23 (a).

The renormalization constants are obtained by transforming their counterparts in the
CMM basis to the historical basis and are given explicitly in Appendix C.
To keep the NLO result organized, we split it into different parts. We first consider the
group of diagrams with a penguin operator Os_¢ in a penguin-like topology that has a
closed quark loop. We obtain six different topologies that differ by the quark-flavour of the
penguin-like topology loop, up or charm, and the quark flavour of the closed quark loop
induced by the penguin operator which can be bottom, charm or massless. Six sample
diagrams for these classes are shown in Figure 5.24.
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s

(a) (b)

Figure 5.23.: (a) shows a possible cut through three quarks of the same flavour in a NLO
diagram with one penguin operator (left) and one current-current operator
(right). The LO diagram with two penguin operator insertions and three
strange quark propagators that yields the corresponding counterterm to
renormalize the three-strange cut of the NLO diagram is shown in (b).

OO DT

(a) (b) (© (d)

O

(e) (f)

Figure 5.24.: The NLO diagrams with closed quark loops and insertions of one penguin
(left) and one current-current (right) operator. Double black, orange and
single black lines denote bottom, charm and massless quarks respectively.
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We obtain for the renormalized result the expansion around p = 0
X7 OO0 (p)‘ =TC2(Cy + Co)ne [Re[thW;Vc*chs] (11.7777 —113.7777p*
ng

4 2 6
+(202.6666 + 64.00001,) p* + (356.9496 — 810.66661, + 170.6666lp) p
+ (—1462.6506 +768.00001, — 512.000015) p8)
+Re[Vip ViV, Vis] (11.7777 — 59.5555p"
+(109.3333 + 32.00001,) p* + (166.0303 — 234.66661, + 85.333315) p°
+ (—643.2678 +10.66661, — 128.000015) pf‘)]
+TyCy(Cy + Colny [Re[thst‘VC’;%S] (11.7777 _ 54.2222°
+(93.3333 + 32.00001,) p* + (190.9192 — 192.00001, + 85.3333[2) p°
+ (—629.9344 —53.33331, — 128.000012) ps)
+Re[V ViV, us](11.7777)]
+ FOC2(C4 + Cé)nh [Re[Vvthtz‘/zZV;s] (42502 - 408888p2
+(58.9623 +2.13331,) p* + (205.8113 —99.25071, + 85.333315) p°

2 8

+ (—568.2569 — 93.76501, — 128.00001p) p )
+Re[Vip ViV, Vis] (4.2502)] +0(p°), (5.119)

where g = mp and I = G%mi/(1927[3). The flags ny, = 1, n. = 1, n; = 3 denote the
contributions from the diagrams with closed bottom quark, charm quark and massless
quark loops, see Figure 5.24 (a) and (b), Figure 5.24 (c) and (d) and Figure 5.24 (e) and (f)
respectively. The result in Equation (5.119) has no contributions from O3, Os. Diagrams
with such operator insertions vanish by the same color-argument that can be applied for
the insertion of O; in penguin-like topologies.

The next class of diagrams includes all NLO diagrams with one penguin operator Os_¢ and
one current-current operator that have no closed quark loops. We show sample diagrams
for this group in Figure 5.25. This includes the standard topologies that also appeared in
the calculation with two current-current operator insertions, see for example Figure 5.25
(a) and (b), but also penguin-like topologies as shown in Figure 5.25 (c) and (d).

We obtain for the expansion around p = 0:

X[ O (p)| = ToRe[Vip ViV Vis] Cy [Cg( — 8.4784 + (—8.3453 — 384.00001,) p*

ng=0
+ (711.3093 +1935.30931, — 1152.000015) p* + (18.0911 — 2133.33331,

2\ 6 2\ 8
—256.00001p) P+ (—1446.4497 — 1204.64261, + 2528.00001p) P )
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Figure 5.25.: Sample diagrams for the NLO contribution with one current-current and one
penguin operator insertion that have no closed internal quark loop.

+ C4( —30.1594 + (493.9136 — 128.00001,) p* — 421.1031p°
+ (—328.0000 +1541.10311, — 384.00001,3) p* +842.2062p°
+ (646.3190 — 406.88081, + 64.ooool§) p® —1263.3093p"
+ (468.3624 — 1468.92531, + 458.666615) pg)
+ C5( (84.1726 + 96.00001,) p* + (—1010.7913 + 80.69061,,
+1152.oooolf,) pt+ (2554.4918 — 481.3812l, — 3072.ooool§) p°
+ (—1120.9187 — 3411.95201, + 3584.00001;) pg)

2 2 4
+ Cﬁ( (—3.9424 + 32.00001,) p* + (—432.9304 —357.10311, + 384.00001p) p
+ (1043.4972 +607.53951, — 1024.000015) p°
+ (—117.6395 —1905.31731, + 1194.666615) pg)]
+ LoRe[Vip ViV Ves 1Co [Cg( — 26.8261 + (463.6914 — 128.0001,) p*
—421.1031p° + (—301.3333 +1541.10311, — 384.13) p* +842.2062p°
+ (897.4248 —421.10311, + 149.333315) p% —1263.3093p’

8

+ (—60.7406 — 1671.59201, + 330.66661,) p )

+ c4( — 8.4784 + (324.1726 — 384.00001,) p* + 1263.3093p°

+ (—956.1726 + 1687.6546l, — 1152.00001,) p* + (493.8353
—3541.33331, — 128.00001,2) p® — 1263.3093p’

+ (—2414.2776 + 380.45461,, + 2880.00001,) p8)
+ Cs( (—3.9424 + 32.00001,) p® + (—432.9304 — 357.1031,

2\ 4 2\ 6
+384.0000lp) p + (1043.4972 +607.53951, — 1024.00001p) P
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+ (—117.6395 —1905.31731, + 1194.666615) p8)

+ Cé( (219.1294p” + 96.00001,) p* + (292.8632 + 2248.34531,
+1152.00001§) p* —1263.3093p° + (3161.0970 — 4128.00001,
—3744.00001,3) p® —2526.6187p" + (—5611.1468 — 2294.02391,
+6336.oooolj) pg)]

+ ToRe[Vip ViV, us]cl[ — 8.4784C; — 30.159404]

+ I‘ORe[thVt’;Vu*qus]Cg[ — 26.8261C5 — 8.4784C4] +0(). (5.120)

Note that this result includes all possible three-quark final states.

To complete the NLO contributions contributions with one penguin operator, we also
consider the diagrams with the insertion of one current-current operator and one operator
Og. The two different diagrams for this contribution are shown in Figure 5.18 (g) and (h).
For these diagrams, we find in total four master integrals that are not part of the NLO
master integral basis calculated before since they are only two loop integrals. Three of
them can be obtained from the LO master integrals calculated in Section 5.2.2, the fourth
master integral (massless bubble multiplied by charm mass tadpole) can be calculated
using Feynman parameters or can be obtained from Ref. [108].

For the expansion around p = 0 we obtain the result:

X7 %% (p) =LyRe[Vip ViV Ves] C2Cs [10.6666 — 192.00000° + (192.0000 — 768.00001,) p*
+(—213.3333 + 512.00001,) p°® + 192.0000p° + 128.0000p"°]
+ ToRe[Vip ViV, Vs 1 C2Cs (10.6666) + O (p') | (5.121)

with I = G%mz /(1927%). This result is in agreement with Ref. [13].
We finally obtain the NLO contribution with one penguin operator insertion by adding
the three separately discussed parts:

PO, O PO, 05— PO, 03—
X170 =X, 0% (p) + X, 36(p)n +X, 36(p)n . (5.122)
f f=

5.3.4. Current-current operators in penguin-like topologies at NNLO

The next step would be the calculation of the NNLO diagrams with the insertion of two
current-current operators in penguin-like topologies. The counterterms for such diagrams
are generated by the diagrams that have been calculated in the previous subsections to
obtain the three contributions Xf T Xg’ O and Xf 0,

We find 208 NNLO diagrams which can be reduced to 265 master integrals. We calculate
the master integrals with expand and match for the expansion points

po = {0,1/5,1/3} , (5.123)
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5. Nonleptonic b decays in the on-shell mass scheme

and obtain the boundary conditions with AMFlow at p = 1/5. Again, we do not distinguish
the different final states in the calculation of the master integrals but sum over all possible
cuts.

The next step would be to fully assemble the renormalized NNLO amplitude . This
calculation was not completed in this thesis.
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6. Nonleptonic b-decays in the MS and
kinetic mass scheme

The decay width has a strong dependence on the mass of the heavy quark, in the case
of the B meson decays the bottom quark mass m;. It is therefore necessary to choose
an appropriate renormalization scheme for the quark mass. In the calculations carried
out in the previous chapters, the on-shell or pole mass scheme was used for both charm
and bottom quark mass. However, the pole mass scheme has the problem of renormalon
ambiguities, which lead to a bad convergence behaviour of the perturbative series. Using
the pole scheme is therefore a bad choice for a phenomenological analysis of our results.
An alternative renormalization scheme is the (modified) minimal subtraction scheme, the
MS-scheme, which subtracts the divergent contributions of the quantum corrections to
the quark two-point function. This mass scheme is especially appropriate for high-energy
applications. For processes like the B meson decays, the so-called short-distance mass
schemes that are free of renormalon ambiguities, like the kinetic mass scheme, are a good
choice. The kinetic mass scheme relates the mass of the bottom quark directly to the mass
of the B meson. In this chapter, we first introduce the MS-scheme and investigate the
behaviour of the NNLO results of the nonleptonic b-decay in this scheme. Afterwards the
bottom quark mass is transformed into the kinetic mass scheme, where the best behaviour
is expected.

Note that in this chapter, we focus on the nonleptonic decay width I"- and therefore the
numerical values and plots are not directly comparable to Ref. [109]. The plots in Ref. [109]
show I3 = T;L + I?IL where also the semileptonic decay is included.

6.1. Input parameters

In this chapter, the perturbative corrections are evaluated numerically. Before this is done,
let us specify the numerical input values that will be used throughout the next sections.

Bottom and charm quark masses

In order to have consistent input values for the quark masses in the different schemes we
use the MS mass for the charm quark and the kinetic mass for the bottom quark

e (pte = 2GeV) = 1.090 + 0.010 GeV, (6.1)

M (tin = 1GeV) = 4.573 £ 0.012 GeV . (6.2)
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6. Nonleptonic b-decays in the MS and kinetic mass scheme

obtained in Ref. [55] as starting point for the mass values in other schemes. Note that
precise values for the charm and bottom quark masses are also obtained from other
methods, see e.g. Ref. [1, 110].

The value for the charm quark mass at 1. = 2 GeV given in Equation (6.1) is used to calculate
the MS charm quark mass for arbitrary g, using the Mathematica package RunDec [111].
We find

e(pte = 3GeV) = 0.984 + 0.0090 GeV,
e (pe = ) = 0.918 + 0.008 GeV,

e (fte = me™) = 0.904 + 0.008 GeV . (6.3)

The uncertainties on these numbers are obtained by using the upper and lower bounds
of the charm mass at y1, = 2 GeV given in Equation (6.1) and recalculating the MS charm
mass at g, € {3 GeV, my, kin} with RunDec.

The bottom quark mass in Equation (6.2) is obtained for the Wilsonian cut-off yyi, = 1 GeV.
Using RunDec, the bottom mass in the MS scheme can be calculated from the bottom mass
in the kinetic scheme, where we obtain

my, (mp) = 4.216*99126 Gev (6.4)

The uncertainties are obtained by variation of the bottom quark mass in the kinetic scheme
according to the uncertainties in Equation (6.2) and recomputing the corresponding MS
mass with RunDec.

For the calculation of the matching coeflicients up to NNLO, the top quark mass is also
needed. We take the numerical value of the pole mass from Ref. [1], see Table 6.1.

For the analysis in the on-shell mass scheme, we use the quark masses in the MS scheme
in Equations (6.1) and Equation (6.4) and transform them to the on-shell scheme using
RunDec. Since the perturbative expansion that relates the on-shell mass scheme and the
MS mass scheme shows a bad convergence behaviour, the numerical value of the on-shell
masses strongly depends on the used loop order. To demonstrate this issue, the conversion
is first done using two loop relations between on-shell and MS masses, where we obtain

mOS 200 _ 1 553 GeV
m.> PP = 4.839 GeV . (6.5)

The four loop relation that is implemented in RunDec yields

mO> 40P — 9 040 GeV,
my> 1% = 5,091 GeV, (6.6)

which shows a big difference to the numbers obtained with the two loop relation. To
account for this large difference, we assign the on-shell masses an uncertainty of +0.3 GeV
in the following analyses.
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6.2. MS-scheme

mz my o (myz) m;
91.1880 GeV | 80.3692 GeV | 0.1180 + 0.0010 | 172.57 GeV

Table 6.1.: Input parameters for Standard Model quantities, taken from Ref. [1]

Strong coupling constant

One of the input parameters is the strong coupling constant a; with four active flavours,
which has to be evaluated at different scales y;. This is done again using RunDec with
the mass of the Z-Boson m  and the value of the strong coupling constant at the scale
Us = myz as input parameters. Their numerical values are given in Table 6.1. The value of
as at the scale y; is then obtained by running with five active flavours from y = my to
u = 2my(my), decoupling the bottom quark and then running with four active flavours
from pu = 2my(my) to the scale p = ;. With this procedure, we obtain

ol (mki) = 0.2183. (6.7)

Matching coefficients

The matching coefficients for the effective operators O; and O, are given in Equation (5.48)
as an expansion in the strong coupling constant o, with five active flavours. They include
corrections from top quark masses. For these contributions, the numerical values for the
top quark mass and the W boson mass given in Table 6.1 are used.

CKM matrix elements

For the CKM matrix elements we take the value of V,;, from the semileptonic fit [55]
|Vp| = (41.97 £0.48) x 107>, (6.8)
Furthermore, we use the results of the global CKM fit given in Ref. [112]:
|Vas| = 02249865005,

|Vub|
[Vep|

0.00141
= 0.088877) 00154 »

5 = (66.2319%9)° . (6.9)

6.2. MS-scheme

In this section we consider the MS mass scheme for both the charm and bottom mass. The
relation between the on-shell and the MS mass is different for these two masses starting
from order @?. In the following, we derive the relations for the transformation of both the
charm and bottom mass from the on-shell mass to the MS as an expansion in a; with four
active flavours.
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6. Nonleptonic b-decays in the MS and kinetic mass scheme

Charm mass

The relation between the on-shell the MS mass as an expansion in a, with four active

flavours can be obtained from Ref. [93]

me® =T (pe) |1+

o (1) (ai‘” (1)
E— Y
s a

+n.Ap

x—0

+ nhAm‘
X

x—1

+CFTF (TllAm
with

3
y1:CF 1+£—le S

71 3 n2(5—8l) 9
FF 2
= |-+ -+ — = | +
Y2 ( 128 4§3 16 32"
1111 3 71'2(31 -1) 185

FA 2

- _ _ 4+ —" 4+ —1 +
Y2 (384 8§3 12 96 "

_mp

2
—) (Chuf” + CrCagt?

g

+0 (o), (6.10)

9
Z2 ,
32 ’")

Elz
32 ™"
(6.11)

where I, = log(u?/m?) and I, = log 2. There are three different fermionic contributions at
order  in Equation (6.10) that are labelled by n;, n. and ny,. They are expressed by the
general function A,, for fermionic contributions that is taken from Ref. [114] and reads

1
Ay = % [48x4 log® x + 48x°* log x + 72x* + 41, (31, + 13)

+871° (x4 —3x% —3x + 1) +71

—48(x +1)* (x2 —x+1) (logxlog(1 + x) + Liz(—x))
—48(x —1)? (x2 +x+1) (logxlog(1—x) + Liz(X))] , (6.12)

with I, = log(y?/m>) as defined above and the mass ratio x = m,/m; between internal
and external quark with masses m; and m; respectively. Since we consider the relation for

the charm quark mass, we set m; = m, in this case. Therefore,

Am|x—1 is the contribution

where a charm quark runs in the fermionic loop, while A, |7, /m, denotes the diagram
where a bottom quark runs in the loop, as shown in Figure 6.1. The limits of this function

needed in the MS mass relation read

Aplrso = —— — — — - =12,

mbx—o 9 12 24™ g™
143 7% 13 1

Amlx—1 = Y3 + o ilm - glz

m*

(6.13)

Up, down and strange quarks are considered massless in our calculation and therefore
we set n; = 3. The corrections of top quarks are not considered since they are highly

suppressed by the mass ratio.
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£ N Oy

(©)

rON FON N

(d) (@) (f)

Figure 6.1.: The diagrams corresponding to (a) Ay |x—0, (b) Aplx—1 and (¢) Aply—m,/m, in

the relation between charm quark on-shell and MS mass. The diagrams in
(d), (e) and (f) show the corresponding diagrams for the analogous relation of
the bottom quark. Double black, orange and single black lines denote bottom,
charm and massless quarks respectively.

The expression in Equation (6.10) relates the on-shell mass to the MS-mass at the scale
Us = pie. To obtain an expansion in as at the scale ys # p., the running of a; has to be
included using the one-loop relation

(4) 2
(2 ( s) c
o (o) = al? (o) [1 -2 1og(”—z)

T s

+0 (a?) (6.14)

with fy = 11C4 /12 = Tp(n; + n. + n;L/B In a last step, the MS mass defined with five active
flavours has to be replaced by the MS mass with four active flavours [116]

e (pe) = Gme? (pe)

4\ ol
s —
=1+ | G | e (pe) + O ()

(N s s () 1 ()] ew s
=1+ =] |-—= + = log | =2 | - —log? [ =5 | || LY (e .
| 132 36 °8 m2] " 12 %8 \m2 )| ™ (e) + O ()

b

(6.15)

The complete relation to transform the charm mass from on-shell to MS mass scheme with
four active flavours therefore reads

m

0S _ —(4) “s(4)(lls) Ofs(4)(lls) ’ 2 FF FA
= (pe) |1+ ———yi+ | — Cryy +CrCay,

c
+n.Ap + nhAm‘ —
x—1 x:H—g

x—0

+CFTF (nlAm

103



6. Nonleptonic b-decays in the MS and kinetic mass scheme

(4) 2 2
aS S C
+( (y)) [—ylﬁolog(”—Z)+ @

ﬂ' s

+0 () . (6.16)

Bottom mass

In an analogous way to the transformation of the charm mass, we can transform the
bottom mass from on-shell into the MS scheme. However, there are some small differences.
The starting point is the relation:

(4 (4)
m?S — ml(f) (,Ub) 1+ e (ﬂb) U + (as (ﬂb)
T

2
) (C%ygF + CrCays”

+0 () . (6.17)

S

+CrTF (nlAm

_ +nyAp ))
x:LrZ—Z x—1

Note that the terms introduced by closed massive fermion loops now have the inverted
mass ratio compared to Equation 6.10. The corresponding Feynman diagrams are shown in
Figure 6.1 (d), (e) and (f). When deriving the relation for the charm mass, the next step was
to run the scale of the mass from p, to y;. This is not done for the bottom mass relation.
Instead, the two scales y;, and s are identified with each other which yields log( ,uZ /p?) =o.

+ n.Ap,
0

Xx—

In contrast to the MS charm mass 7., the MS bottom mass my is considered with five
active flavours and therefore there is no additional contribution similar to Equation (6.15).

6.3. Kinetic mass scheme

The kinetic mass scheme, introduced in Refs. [117, 118], is a short distance mass scheme
that is expected to show good behaviour in applications like the B meson decay. This
scheme relates the mass of the quark directly to the mass of the meson by

— 2 + dB 2
Mp = my, +A+u+O(AQCD) s (6.18)
2my
where dy = 3 for a pseudoscalar and dg = —1 for vector mesons. Note that A as well as U

are functions of the Wilsonian cutoff s, where Agcp < piin < Mp. Equation (6.18) can
be inverted to obtain an cutoff-dependent equation for the heavy quark mass as a function
of the meson mass:

1% (piin) + derpi, (fiin)
2my (;ukin)

My (Hiin) = Mp — A(Hiin) — +0 (Agcp) - (6.19)

Averaging over vector and pseudoscalar mesons B* and B and taking into account that

dp = 3 and dg = —1 respectively, the yi; terms cancel and we obtain
mp (ftin) = Me — A( ~)—M+O(A ) (6.20)
b Hkin B Hkin 2my (ﬂkin) QCD) » .
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where

Mg + 3Mp-
M- = 2BT27B

. 4 (6.21)

The relation between the quark mass in the kinetic and the on-shell scheme is then obtained
with

l’llzf(/‘lkin) ert
P +0 (AQCD) . (6.22)

kin 0S _ A
) = mQ° = R(an)| = e
mQ (ﬂkln) mQ (,Ukm) pert 2m1§n (llkin)

The advantage of this mass definition is the fact that the renormalon ambiguity present in
m®S now cancels against the ones in A(in) |pert and pZ (fixin) |pert. The relation between
the on-shell and kinetic mass up to two loop order is given by [119]

0s [ 2
mb _ 0(3(3) (;us) 4 Hkin 1 Hkin
kin =1- T _ch kin - ECF kin
m, i m, m,
a® (u)\” oo (25, 2t 2z (64 8 )|
- | — ——+t— +— nTp|— — = .
T F\MA\ 727 779 T g ) T g7 T g ki

2
91 % 11 13 1 Hiin
+CrlCal-=+ =+ —L,| +nTr | = - =L : +0 (a3), (623
F(A(% 12 12 ") ’F(18 3“))(m1;m (). (623

where n; = 3 and L, = log(2puin/pis) with the Wilsonian cutoff j, and g the renormal-
ization scale of the strong coupling constant.

Since this relation is given as an expansion in a; with three active flavours, the decoupling
relation [115] has to be applied to couple the charm quark to the running of the strong
coupling constant:

)
3 mg

(4) 2
o () = a® (1) (1 DL ( A )) +0 () . (624

The relation between on-shell and kinetic bottom quark mass with four active flavours is
then obtained by

my, - =m, - |73

(4) 2 2
o (s) 215 272 22 64 8 \\ fin
—~ CrlCal-—+—+—=L,| +mTr | = - =L, || ——
( T )(F(A( 27 " g T g m) TP Gy T gk ki

4) 2
oS _ mkin 1— as( (.us) 4C Hkin 1CF (,Ukin )
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c

0) 2 2 2
npTr | o (.us) 4 Hiin 1 Hiin Hs 3
‘T(T jera —jor| ) () vote) . 029

Furthermore, when switching to the kinetic mass scheme, the operators at higher orders
in 1/my, also have to be transformed according to

2(0) = g (piin) — M2 (fhcin)

3
pert

(6.26)

P2 (0) = p (piin) — P (Hicin) e

The perturbative contributions 1 (pikin) |pert and p?) (fiiin) |pert are calculated up to N°LO in
Ref. [113]. In our calculation, only the contributions up to NNLO are needed; they read

(3)
a5 (ps)
M ()| = =——>Crp,
pert T
(3)
as” (us) (Ca 5 nTp 3
[1 + ST (E (91 —37% —33L,) — —~ (13—6L,) ||+ O (a]) ,
(3)
as” (ps)
p3D(:ukin) == - CF'ulim
pert JT
(3)
2 «a (/1 ) Cy 4n;Tr
[g_'_ s” s (E(57_27T2_22Lﬂ)_—9 (Z—L#) +O(0(3);
(6.27)

where L, = log(2pxin/pis) with pis the scale of the strong coupling constant oy with three
active flavours and the Wilsonian cutoff yy;,. These relations are given as expansions in
as with three active flavours, so again the decoupling relation given in Equation (6.24) is
applied to go to four active flavours. This yields an additional term for both 2 (piin) |pert
and p? (fiin) Ipert, and we obtain

(®) (@)
C T,
7 (fiin) :as—wcwﬁin [1 Lo ) (—A (91— 3% = 33L,) — 2L (13 - 6L,)
pert T 18 9
T 2
_Ih Flog A +0 (o),
3 mg
) (4)
s (ps) 2 s (ps) (Ca 4n;Tr
PP (man)| = a Crpi:. [— + a (— (57 — 2n* - 22L,) - (2-1L,)
pert T 3 18
2n,T, 2
T g [E )| +0 (o) - (6.28)
9 m?

These perturbative terms ,u,z, (Hin) [pert and P]23 (Hkin) | pert are taken into account as correc-
tions to I3 when doing the analysis in the kinetic mass scheme.
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6.3. Kinetic mass scheme

Decay width in the kinetic mass scheme
Let us consider the nonleptonic decay width of the B-meson including operators up to

order 1/ mz is given in Equation (2.43). We write the decay width as a perturbative series
in ag, obtaining

2.5 2
Grmy | Ag1445]
19273

2 3
Hg (O‘s)” G Pp (as)” D
+—= =) X + —= =) X
i §n - 7 (p) ; §n — 2 (p)

_ ui(O))

I(B) =

+0 (%)
m,

(Cqu + C1CGr2 + CSGZZ) 2
Zmb
115,(0)
m;

pp(0)
m;

+(3C2Gg 11 + 2C1C2Gg 12 + 3C2GG 22)

+(3C1Gp1 +2C1C2Gp 1z +3C3Gp22) ——5—

+0 (14) . (6.29)
m

b

The functions G;; which enter the computation of I's and the yi; operator are calculated
for the different decay channels in Chapter 5.2 and are known up to NNLO. The functions
Gg,ij and Gp,; are the corresponding coefficients for the chromo-magnetic operator yg
and the Darwin operator pp. These coefficients are known at LO [47]. Their explicit
expressions for all four partonic decay channels can be found in Appendix D.

When going to the kinetic scheme, the operators 42 (0) and p? (0) have to be replaced
according to Equation (6.26) and the perturbative corrections are considered as corrections
to the decay width I3. In the following, these contributions will be labelled by 6,,. and 6,
respectively. Note that the functions Gp;; are functions of the mass ratio and therefore
also obtain corrections from the mass renormalization scheme conversion.

Note that the prefactors of y,; are the same G;; as for I's and are therefore known up to
NNLO, while for the Gp ;;, only the LO contributions Gl )] are known. To be consistent
with the order of Gp;;, we consider the Wilson coefﬁments to the same order in these
terms. This means that for the last line in Equation (6.29), we obtain

(0)2 ~(0) (0) ~(0) ~(0) 2(0) ~(0) | PD(0)
(3c”%af), + 206y, + 3¢5 VG, ) P2 — (6.30)
b

Furthermore, we set the log(y2/ mi) terms that appear in the Darwin operator coefficients
Gp,ij to zero in our analysis of I3. They will eventually cancel against the logarithms in
the T, contribution once the complete decay width is considered. The same convention
has been used in the phenomenological analysis discussed in Chapter 7.
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6. Nonleptonic b-decays in the MS and kinetic mass scheme

6.4. Comparison of different quark mass renormalization
schemes

In this Section, the decay width I3 is analyzed and compared for different mass schemes.
For this analysis, the numerical values listed in Section 6.1 are used. There are different
mass schemes considered in the following:

+ On-shell scheme for bottom and charm quark.
« MS scheme for bottom and charm quark.

« MS scheme for charm quark, kinetic mass scheme for bottom quark.

For all of these schemes, the decay width I3 is considered as an expansion in a5 up to
NNLO, and its behaviour as a function of the renormalization scale y; is investigated. The
decay width is assembled by adding up the contributing channels b — cud, b — cus,
b — ccs, b — ccd and the CKM suppressed channels b — ucs, b — ucd, b — uud and
b — uud. Higher order operators in 1/m; are not included here, for a more detailed
analysis see Ref. [109].

For the uncertainty estimate of the numerical values obtained for the decay width, we vary
the renormalization scale y; between my,/2 < s < 2my,. For the strong coupling constant
we consider the uncertainty shown in Table 6.1 and for the quark masses the uncertainties
given in Equation (6.1) and (6.2) are assumed.

On-shell scheme for bottom and charm quark

As a starting point we consider the on-shell mass scheme in which the calculation of the
NNLO contributions in Chapter 5.2 is carried out. As already stated above, the on-shell
scheme is not suitable for phenomenological analysis of the B decays; however, it serves as
a reference point for the other schemes. Note that the calculation in the on-shell scheme
performed in the previous chapters uses the strong coupling constant with five active
flavours, see Chapter 5.2.

0s

The decay width I at the scale s = m;” as a sum over all possible nonleptonic final states

reads
(4) 42
L =1{l0.254 256815 + 2.4 %
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mg my T JT _
b—cux
o® 2@\
S S
0.07752 + 0.34686 +4.64997
JT JT
b—ccx
(4) 4)\?
0.00200 + 0.00549—— + 0.03514 | =
JT JT
b—ucx
(4) (4)\?
A A 1
0.00424 + 0.00065 —0.03307 ps
4 T b—uux

108




6.4. Comparison of different quark mass renormalization schemes

m® = 4.839 GeV,m> = 1.553 GeV
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Figure 6.2.: The decay width for all nonleptonic decay channels combined in the on-shell
mass scheme for both quark masses. The numerical values given in Equa-
tion (6.5) are used as input parameters for the masses.

(4) (4)\2
foN a; 1
=10.33827 + 0.60982—=— + 7.13744 ps !, (6.31)
Jr JT

where the contributions of the different decay channels are flagged separately. We observe
that the CKM enhanced decay channels b — cud and b — ccs contribute ~ 65% and ~ 29%
to the total decay width. The remaining contributions come from the CKM suppressed
channels. Variation of the input parameters yield the theoretical uncertainties

NL _ +0.18815 +0.21878 +0.00176 / , |+0.02895 -1
I3 ,05.2loop 05,2lo0p 0.4131375 15513 (M) 20 15517 (M) Zg 00171 (5) T 02505 (Hs) PS™ - (6.32)
C > b

The uncertainty induced by the renormalization scale is obtained by the variation of p;
between my/2 < p; < 2my and is of the order of 7% of the total result. The dependence on
the renormalization scale is shown in Figure 6.2. The uncertainty induced by the variation
of the strong coupling constant «; is below the per cent level.

For the variation of the masses, we obtain rather large uncertainties. We vary both quark
masses by +0.3 GeV to account for the bad convergence of the perturbative series relating
the on-shell and the MS mass. Considering the set of on-shell masses calculated with
two and four loop relations in Equation (6.5) and (6.6), 0.3 GeV is a small variation. The
on-shell mass of the charm quarks differs by ~ 0.5 GeV between Equation (6.5) and (6.6).
Nevertheless, the theoretical uncertainties induced by the variation of 0.3 GeV is of the
order of 40% to even 50% of the central value and assuming a variation of 0.5 GeV would
introduce an even larger uncertainty.
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6. Nonleptonic b-decays in the MS and kinetic mass scheme

The strong dependence of our result on the quark masses combined with the large uncer-
tainties of their numerical values makes the on-shell inadequate for a phenomenological
analysis of B meson decays.

MS scheme for bottom and charm quark

In this scenario, both quark masses are transformed to the MS mass scheme. For the
bottom quark mass, the value given in Equation (6.4) is used. The charm quark mass is
evaluated with RunDec at the scale p, = 3GeV. The decay width at the scale y; = my(my)
as the sum of the different decay channels reads

Ne (4
N = ([ 0.18301 + 1.07443=— + 8.34064 | =
m.(3GeV),mp (myp) T T
b—cux
@ 2@\
S S
+10.10943 + 0.56524—— + 3.88935
T JT
b—cex
@ a9\
S S
+10.00144 + 0.00998 —— + 0.08257
T I
b—ucx
(4) (9)\*
s A -1
+10.00216 + 0.01502=— + 0.12696 ps
& T b—uux
(4
(4
= 10.29604 + (0.50257 + 2.459235,,, — 1.2971268,,,) —
JT
+(4.37949 + 28.812445,,, — 13.401445,,,
2@\’
—7.350968m, 6, ) ( ; ) ps™*
@ 2@\’
=T} [0.29604 + 1.66467—— + 12.43953 [ —=— | | ps™*. (6.33)
T T

As outlined in the first part of this chapter, the mass scheme transformation yields addi-
tional NLO and NNLO corrections to the decay width. These contributions are marked
by the labels 6,,, and 6,,,. The sum of the additional terms is positive and even is the
dominates the NLO and NNLO corrections.

The LO, NLO and NNLO curves as functions of the renormalization scale are shown in
Figure 6.3. We observe that both the NLO and the NNLO corrections are relatively large
compared to the LO contribution due to the large corrections induced by the mass scheme
change. This does not only hold for y; = m;(m;), where they contribute with roughly
~ 30% (NLO) and ~ 20% (NNLO), see Equation (6.33), but also in the whole physically
interesting region of y;.
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my(my) = 4.216 GeV, m.(3GeV) = 0.984 GeV
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Figure 6.3.: The decay width for all nonleptonic channels combined and both quark masses
renormalized in the MS scheme. The scales of the masses are fixed at p, =
my = 4.216 GeV and . = 3 GeV.

The uncertainties induced by the different input parameters are calculated as follows:
For the renormalization scale s, the variation between my(my)/2 < ps < 2mp(my) is
considered. For the renormalization scale of the charm quark mass p., we consider the
variation in the interval 2GeV < p. < 6 GeV. Furthermore we take into account the
parameter variation of the charm quark mass given by the uncertainty in Equation (6.3).
For the bottom quark mass, we vary its numerical value in MS scheme according to the
uncertainty given in Equation (6.4) . The strong coupling constant is varied according to
its uncertainty given in Table 6.1. We obtain for the nonleptonic decay width

NL _ +0.02468 +0.00591 +0.00072 +0.00421 +0.05354 -1
I __=0.4783170 0709 (1) Z0.00393 (Me) Z0 00071 (M) Zg 00410 (%) Zg 02373 (Hs) PS™ -
m¢(3GeV),my, (mp)

(6.34)

The uncertainty induced by the renormalization scale ys is about ~ 13% at NLO and
~ 10% at NNLO which can be seen in Figure 6.3. Comparing the NNLO curve to the other
scenarios shown for example in Figure 6.2 or 6.5. A much larger yi; dependence is observed
here.

Because of the large QCD corrections and strong dependence on the renormalization scale
compared to other mass scheme choices, the scenario with both quark masses in the MS
scheme turns out to be not a suitable choice for applications like the B meson decays.

MS scheme for bottom and charm quark with p. =

In the following, we consider a special case of the analysis in the MS mass scheme. In
contrast to the previous subsection, we identify the scale of the charm quark mass y. with
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6. Nonleptonic b-decays in the MS and kinetic mass scheme

the scale of the strong coupling constant, y, = yi5. For the decay width at the central scale
Us = my(myp), we obtain slightly different numbers. The difference is due to the fact that
the numerical value of the charm quark mass changes from m,(y. = 3 GeV) = 0.984 GeV
to mc(u, = mp GeV) = 0.918 GeV, see also Equation (6.3). We refrain from showing the
explicit expressions for the NLO and NNLO corrections of the different decay modes and
only give the sum of all nonleptonic channels:

NL “s(4)
M =T [0.32074 + 1.60764—— + 11.01604
me (ps),mp (my,) T

(4)\?
0[5 -1
) ps (6.35)
Jr

As for the previous scenario, the corrections at NLO an NNLO that arise from the mass
scheme change are relatively large.

To estimate the theoretical uncertainties, we perform the same parameter variation as
before. However, since we identified the scales of the strong coupling constant and the
charm quark mass here, there are only four different sources of uncertainties. We obtain

NL _ +0.00591 +0.00064 +0.00389 ( . 1+0.02789 -1
= 049168700585 (1) 000065 (16) 000379 (%) 002034 (Hs) P~ - (6.36)
e (pts),mp (M)

The uncertainties induced by the bottom quark mass and the strong coupling constant
variation are again below the per cent level. For the parameter variation of the charm
mass at the scale p. = my(m;), we find uncertainties of the order of ~ 1%.

It is interesting to observe that the uncertainty induced by the renormalization scale is of
the order of ~ 5%, which is roughly only half as big as in the previous scenario with fixed
charm quark mass scale.

MS scheme for charm quark, kinetic mass scheme for bottom quark

In this scheme, the bottom quark mass is transformed to the kinetic mass scheme according
to Equation (6.25) while the charm quark is transformed to the MS mass scheme again. The
scale of the charm quark mass is fixed at y, = 3 GeV. For the bottom quark, the numerical
value given in Equation (6.2) for i, = 1 GeV is used. As already explained in Section 6.3,
when going to the kinetic mass scheme, I';s gets additional corrections from the higher
order operators pp and . These corrections are also included in the following. The decay

width obtained with this ansatz at the central scale g = mlgin is given by

(4 (42
NL s o
I - =1[0.28881 + 0.28415 +3.21301
m¢(3GeV), mlgm T v/ _
b—cux
e 2@\’
+10.18894 — 0.02645—— + 0.19220 | =
Vs Jr
b—cex
o® 2@\’
+10.00228 + 0.00399—=— + 0.03764 | =
4 4 b—ucx
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m;,(mb) =4.216 GeV, mc(/ubs)
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Figure 6.4.: The decay width for all nonleptonic channels combined and both quark masses
in the MS scheme. The scales of the bottom mass is fixed at y, = m;, = 4.216 GeV
while the scale of the charm mass is identified with the renormalization scale
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(4) 9))\?
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S

= 10.48324 + (0.73419 + 1.229168,,, — 1.801956,,,,)

S

(4))?
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mE™ = 4.573 GeV, T.(3GeV) = 0.984 GeV
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Figure 6.5.: The decay width for all channels combined with the bottom mass in the kinetic
mass scheme and the charm mass in the MS scheme. The scale of the MS mass
is set to p. = 3 GeV.

where the contributions of the different decay channels are labelled separately. Also in
this mass scheme, the CKM favoured decay channels with one-charm final states b — cud
and b — ccs contribute the most to the total decay width; they amount up to ~ 59% and
~ 35% of the total result. We observe that the relative contribution of b — ccs is larger
than for the pole scheme analysis. This can be explained by the numerical smaller value
of the mass ratio m.(3GeV)/ ml;in =0.215 < m9%/ ml?s = 0.321, which allows for a larger
phase space for the decay channels with two charm quarks in the final state.

It is also interesting to split the higher order corrections into terms from purely NLO
and NNLO diagrams, the additional terms induced by the mass scheme changes and the
contributions from higher order operators: In contrast to the MS mass scheme for the
bottom quarks, we observe large cancellations of the contributions introduced by the mass
scheme changes. Their sum is negative at NLO and NNLO and reduces the size of the
perturbative corrections.

The theoretical uncertainties induced by the renormalization scale and the strong coupling
constant are obtained in the same way as described in the previous scenarios. For the
quark mass uncertainties, the scale y, = 3 GeV is varied in the range 2 GeV < p. < 6 GeV.
The parameter variation of the charm quark mass is done according to Equation (6.3). For
the bottom quark mass, we vary the central value according to Equation (6.18). As an
additional input parameter that appears in the kinetic mass scheme, we vary the Wilsonian
cutoff in the range 0.7 GeV < py, < 1.3 GeV. We obtain
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NL
I3 ‘
mc(3GeV) ,mlgm

= 051890753011 (Hkin) %5.02101 (He) 70 00636 () 000142 (m0) T 00085 ()5 02062 (1) P
(6.38)
In Figure 6.5, the decay width is shown as a function of the renormalization scale y;. The
uncertainty on the decay width induced by the renormalization scale is of the order of
~ 5%. The NNLO corrections are sizeable; however, they are not as big as for the scenario
with both masses in the MS scheme. At yi; = my, they are of the order of ~ 3.5% of the LO
contribution whereas the NLO corrections are ~ 4%. At ps ~ 2.5 GeV, the NLO and NNLO
corrections vanish completely.
We observe that the uncertainty on our result in Equation (6.38) is dominated by the
uncertainty induced by the Wilsonian cutoff jy,. This is due to the fact that the pertur-
bative contributions fi2|pert and p?) |pert are included in the definition of T3 when going
to the kinetic mass scheme. The pyi,-dependence partially cancels for the total decay
width where also p2 and p% contributions are taken into account. As a consequence, the
uncertainty on the total decay width induced by pyi, is significantly smaller than the
uncertainty on FSNL, for more details, see Ref. [109].
For further analysis in Chapter 7, we also want to consider the uncertainties for lg\m at

NLO in this scenario. With the same parameter and scale variation as outlined above, we
find

NL,NLO
I |
me (?:GeV),ml,;ln

_ +0.02821 ,  \+0.03720 +0.00581 +0.00143 +0.00031 +0.03099 -1
= 0.501947 57970 (Hkin) Zg 03543 (e) 2000379 (M) T 00142 (M6) 0 00030 (%) 9 02763 (Hs) PS™ -

(6.39)

MS scheme for charm quark with g, = g, kinetic mass scheme for bottom
quark

In the previous subsection, the kinetic scheme for the bottom quark mass was considered
in combination with the MS scheme for the charm quark mass where the scale of 7, was
fixed at pi = 3 GeV. Similar to the discussion of the bottom and charm quark mass in the
MS scheme, we also consider the special case where we identify the two renormalization

scales y5 = pi.. The decay width at the scale y5 = mlgin is then obtained with
@ 2@\’
| ~=10.52441 + 0.03672—— + 1.11034 | = pst, (6.40)
ﬁc(,us),m];‘“ T T

We again observe a large cancellation of the terms introduced by the mass scheme change.
The remaining contributions are negative and reduce the seize of the NLO and NNLO
corrections significantly, which can be observed in Figure 6.6, where the decay width as a
function of ys is shown. For the theoretical uncertainties, we obtain

NL
r3

_ +0.05315 +0.00643 +0.00137 +0.00022 ¢ \+0.00730
e (m = 0.532327 0u27 (Hkin) (my
C S)>

-1
-0.00641\"Mc) 0 00138 -0.00021 \&s —0.00303(ﬂs) ps

(6.41)

kin
b
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mE™ = 4.573 GeV, Tie(jus)
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Figure 6.6.: The decay width for all channels combined with the bottom mass in the kinetic
mass scheme and the charm mass in the MS scheme. The scale of the MS mass
is identified with the scale of the strong coupling constant p. = y.

where the parameter and scale variations are done in the same way as in the previous
subsection. The uncertainty induced by the renormalization scale is relatively small, of
the order of ~ 1%. As it was also observed in the previous scenario, the dependence on the
bottom quark mass is rather small, which can be explained by the small uncertainty on
the value of mlgi“. The theoretical uncertainty is dominated by the variation of Wilsonian
cutoff pyin. As discussed in the previous section, this large uncertainty will reduce when
considering the total decay width including contributions from z2 and p?.

It is interesting to note that the total theoretical uncertainty of the decay width is reduced
when the charm mass in the MS scheme is identified with the scale of the strong coupling
constant y. = s instead of a fixed y.. This leads to a sizeable reduction of the renormaliza-
tion scale induced uncertainty, both in the scenario with the bottom quark mass in the
kinetic as well as in the MS scheme.

Conclusion

Considering the findings above, we can exclude several mass schemes for further phe-
nomenological analysis of the decay rate. As already mentioned, the scheme where both
masses are renormalized on-shell should not be considered for phenomenological predic-
tions even if its renormalization scale dependence is small. The fact that the perturbative
series of the on-shell mass shows a bad convergence behaviour results in large uncertain-
ties of the decay width.

The analysis of the results applying the MS scheme, which is usually used for high energy
processes, for both quark masses leads to large corrections at NLO and NNLO and a
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6.4. Comparison of different quark mass renormalization schemes

bad convergence of the perturbative series of the decay width. For this reason it is not
considered for the phenomenological application.

The scheme that shows the best behaviour is the kinetic mass scheme for the bottom quark
mass and the MS mass scheme. In this scheme, the j; dependence of the NNLO decay
width is significantly reduced, especially in the case where we identify p. = p; = p. We
observe that the scheme conversion leads to large cancellations of higher order corrections
which results in a good convergence of the perturbative series. In total the perturbative
corrections are of the order of per cent for the schemes with the kinetic bottom mass.
Because of the good behaviour of F,JNL in this scheme and also because many other quanti-
ties that enter the decay rate of the B mesons, as, e.g., the parameters ,ui, ,ué and p%, have
been extracted in this scheme [55], we will use the the kinetic mass for the bottom quark
and the MS mass as the default mass scheme for further analysis.
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7. Decay width of B mesons

In this chapter, the NNLO corrections for the nonleptonic b-quark decay I'}"" that are calcu-
lated in this thesis and published in Ref. [34] are included in the analysis of the full decay
width of B mesons. The explicit calculations in this Chapter are done in collaboration with
Matteo Fael, Alexander Lenz, Maria Laura Psicopo, Aleksey Rusov, Kay Schonwald and
Matthias Steinhauser. The results discussed in this Chapter can also be found in Ref. [109].

7.1. Decay width of B, B; and B*

In this section, we use the NNLO results for I's to update the theoretical predictions of B
meson decay widths. The decay width of B mesons in the HQE as an operator expansion
in Agcp/my is given in Equation (2.43).

For the input parameters, the numerical values and corresponding uncertainties given in
Section 6.1 are used. For the mass renormalization scheme of this calculation, we choose
the MS mass scheme for the charm quark and the kinetic mass scheme for the bottom
quark. For this scheme choice, we observe a good behaviour of I3, as outlined in Chapter
6. Furthermore, the same scheme has been used also in previous publications, see for
example Ref. [15], and the values of many parameters in the HQE i.e. my, y2 and p% are
extracted in this scheme [55].

In the following analysis, we fix the scale of the charm mass at p. = ml;in and vary it

between mlgin /2 < pe < 2m1;in. For the renormalization scale of the strong coupling con-

stant y1; we choose the same central scale y; = mlljin and vary it independently of y, in the

range mlgin /2 < ps < 2mlgin. For the renormalization scale of the AB = 0 operators, 1, we
choose the same central value and the same variation range as for y and .. The kinetic
mass of the bottom quark is given in Equation (6.2) as a function of the Wilsonian cutoff
Hkin = 1 GeV. We vary this cutoff scale, similar to the analysis in the previous chapter, in
the interval 0.7 GeV < i, < 1.3 GeV.

The parameter and scale variation is done similar to Chapter 6. After variation of the
individual parameters and scales, all uncertainties are added in quadrature.

The total decay width of B mesons includes both semileptonic and nonleptonic decay
channels. For consistency, we use the same order of accuracy for all contributions of the
semileptonic and nonleptonic decays. This means for example that we consider 1"3SL as
well as )" up to order a? and do not include the N®LO correction to the semileptonic
decay channel. The same holds for the NLO corrections to the 1/ mi and 1/ mg suppressed
operators that are known for the semileptonic decay but not for the nonleptonic channels.

For the B* meson, the following values for the decay width are obtained at different

119



7. Decay width of B mesons

orders in perturbation theory:
I'(B) - 0.666701% ps~!

0.047  —1
=0.5937) 61 PS

NLO
0.025 _ —1
= 0.5877 03 DS LD (7.1)
whereas the experimental value is given by [16]
I'(B")| =0.6105+0.0015 ps~'. (7.2)
exp
The same analysis for the B; meson yields
I'(B ‘ = 0.688%0 15 ps "
(Ba) HOE -0.128 P Lo
0.049 1
= 0.6427 ) 0¢s PS o
_ 0.028 _ —1
= 0.636"03; DS LD (7.3)
which should be compared to the experimental value [16]
I'(By)| =0.6592+0.0017ps™". (7.4)
exp
For the remaining meson Bs, we find
I'(B = 0.68070 155 ps~!
(B) HOE —0.127 P Lo
0.048 _ —1
= 0.6337)0¢s PS o
=0.628M927 ps! N (7.5)
where the experimental value reads [16]
I'(Bs) " 0.6579 + 0.0022 ps ™. (7.6)

The central value and its theoretical uncertainty at LO, NLO and NNLO for all three B
mesons is shown in Figure 7.1. For comparison we also plot the experimental values
and their uncertainties. Going from LO to NLO and NNLO, we observe a significant
reduction of the uncertainty bands. This is due to the expected effect of the decreasing
renormalization scale dependence when including higher orders in perturbation theory.
From NLO to NNLO, the uncertainty reduction is roughly of the order of ~ 50% for the
total decay width. This uncertainty reduction is mainly due to the NNLO contributions
of I3, which can be seen by considering the uncertainty estimates at NLO and NNLO
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Figure 7.1.: The decay width of the mesons B*, B; and Bs at LO, NLO and NNLO accuracy
compared to the experimental value. The error bars include the uncertainties
induced by the renormalization scale p;, the scale of the charm quark mass,
the Wilsonian cut-off 45 and yq as well as the parameter variation of masses
and CKM matrix elements.
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for I“;‘IL given in Equations (6.39) and (6.38). Adding the uncertainties in quadrature and
comparing NLO and NNLO results, we find

NLNLO B 0.04878 . —1
P =0.501947 0455, PS™

me( fiGeV),mlljin

rNL, NNLO

! — 0.51890%305% ps°1, 77)

me( ?:GeV),ml;in

which is an uncertainty reduction of similar size as in Equations (7.1), (7.3) and (7.5). Note
that we neglected the uncertainty contribution induced by the scale p, in Equation (7.7)
since the dependence on this scale drops out nearly completely when including higher
order 1/my-suppressed operators, see Ref. [109].

Comparing experiment and theory, we observe that the central value of the theoretical
predictions underestimates the experimental values for all three mesons. However, theory
and experiment are compatible within the 10 range. The remaining uncertainty of the
theoretical decay rate prediction is dominated by the uncertainty on the value of the
bottom quark mass, which enters the prefactor I, with mg, and the renormalization scale
variation, although the latter is significantly reduced.

As mentioned before, the numbers presented for the theoretical predictions do not include
all available contributions. For example the third order QCD corrections to IS the
QED contributions to F3SL and the NLO corrections to ,ué of the b — cud are not taken
into account in order to treat semileptonic and nonleptonic decay channels consistently.
Including these contributions would lead to a shift of ~ +0.7% [109] of the total decay which
would further reduce the discrepancy between experiment and theoretical prediction.
On top of that, there are corrections that are not known yet but might yield a sizeable
correction to the total decay width. For example, the QED effects to the semileptonic
decays b — clv; with [ € {e, u} is of the order of ~ +2% of the LO QCD contribution. It
is possible that the corresponding contributions to b — c7v, and the nonleptonic decay
channels are of the same size and could lead to an additional shift of the total decay width
of the order of ~ 1 — 2%.

Furthermore, the NLO corrections to the dimension-five operators of the decay channel
b — ccs might be of the order of the corresponding b — cud which is of the order of
~ 0.5% of the total result. Including the total NLO contributions may therefore yield a shift
of +1% of the total result which would move the theoretical prediction further towards the
experimental value.

7.2. Lifetime ratios

In addition to the total decay width, it is also interesting to consider the lifetime ratios of B
mesons. They have the advantage that the leading contribution of the bottom quark decay
cancels out. The lifetime ratios are therefore independent of the relative large uncertainties
induced by I3 and the prefactor containing mz. Writing schematically the decay width of
B mesons as

I'(Bg) =T + 6T, (7.8)
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with the decay width of the bottom quark I and higher order 1/m;, suppressed corrections
oI'g . WE find for the lifetime ratio of two B mesons B, and By

T(Bq) 3 I3+ 5FBq/ B F(Bq) - 5qu + (3qu,
7(By) T3+6Tp, T3 + 6T,

— 1+ (5qu, - 5qu) t(By).  (7.9)

This expression can be used to make predictions for lifetime ratios that are independent
of T3 by using the theoretical results of the 1/m,, suppressed contributions 5FBq, and 5FBq
together with the experimental value of T'(B,). For the two lifetime ratios 7(B*)/7(By)
and 7(B;)/7(By) the contributions of two-quark and four-quark operators read

(B _ - (O6) _ - (Or) - (Os) _ - (O7) 1 +
T(Bd) HOE =1+ 1671'2 |:(F6 mb F7 mb ) N - (F6 mi’ F7 ) +0 (—Z) T(B ),
“(B) R0 O (00 L) o1
HQE > mb 6 mb 5, ° mb ¥ m
+16,,z[(f6<03>+f7<o;>) s <o7>) ol
m, "My ) 1s, m, m,
(7.10)

Note that for the ratio between B* and By, the contributions of two-quark operators vanish
due to the isospin symmetry of the matrix elements (O;)|, = (O;)|p+. This is not the case
for the ratio of B; and By.

With these equations, we obtain for the lifetime ratios 7(B*)/7(By) and 7(B;)/7(By) the
following theoretical predictions:

T(B+) _ 1.03610-036
t(Bg)lnoe T %0710
= 1.081+O'014‘ , 7.11
0016+ (7.11)
T(Bs) — 1.0132+0-0070
r(Bg)lmQe T 7000724

— 0.0073
= 1.0131t0,0074)NLO. (7.12)

Note that only partial results can be obtained at NLO for 7(Bs)/7(By) since the complete
order a corrections to the two-quark operator contributions are not known. These missing
contributions are expected to yield a dominating effect on the lifetime ratio.

To obtain the numbers that are given in Equation (7.11) and (7.12), we use the experimental
results for the decay width of B* and B; given in Equations (7.2) and (7.6). The experimental
measurements of these ratios are very precise and reach per mille accuracy [16]:

7(B*)
=1.076 % 0.004,
7(Bg) lexp
(B
(B _ 1.0032 + 0.0032 . (7.13)
7(By) lexp
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Figure 7.2.: LO and NLO predictions for the lifetime ratios of B mesons compared to the
experimental value. For 7(B;)/7(By) only partial NLO results are available.

We observe for 7(B*)/7(B;) that the NLO QCD corrections yield a positive shift of the
central value. The theoretical prediction is in very good agreement with the experimental
value. For 7(B;)/7(By), we observe only minor changes when including the partially
known NLO corrections. This might be due to more significant unknown contributions.
As shown in Equation (7.10), not only the four-quark but also the two-quark operators
enter this ratio. Since the NLO contributions to these two-quark operator coeflicients are
known b — cud but not for b — ccs, we can only obtain a partial NLO prediction for this
lifetime ratio.

For both lifetime ratios, the theoretical predictions and the experimental results are in
agreement within their uncertainties.

7.3. The semileptonic branching fraction purely from theory
In addition to the total decay width of B mesons, another interesting observable is the

semileptonic branching fraction that gives that is defined by the ratio of the semileptonic
decay width into electron-neutrino or muon-neutrino pair and the total decay width

B3(B,) = L - = ! 7.14
(Bo) = fiot = oTSL 4+ TSL(7) + TNL | TSH(n) | N 714
TSL TSL

where ISt = I'(B; — Xceve) = I'(By — X.uv,) denotes the semileptonic decay width.
For the total decay width, we use the NNLO predictions obtained in Section 7.1. for the
semileptonic decay width we use the implementation of the package kolya [120] that
includes also the terms that were neglected in the calculation of the total decay width
before.

We obtain for the three B mesons

B(B*) = (11.46709)%,
B3 (By) = (10.57547) %,
B3 (B) = (10.52%539)% . (7.15)
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To compare these predictions with experiment, we consider the experimental average
B (B*/B® averaged) = (10.48 + 0.13)% (7.16)

given in Ref. [121]. This value is obtained by an extrapolation to the full phase space
of the branching ratio measurements of CLEO [122], Babar [123, 124] and Belle [125].
Furthermore, the semileptonic branching ratio can be extrapolated from the global fit in
Ref. [55] which yields

Bq(B*/B® averaged) = (10.63 + 0.15)%. (7.17)

In Ref. [125] the branching ratio is also given for the mesons B" and B, separately, however
only for electron energies greater than E,; = 0.4 GeV. Extrapolating these measurements
to the full phase space

BBelle(B*) = (10.95 + 0.37)%, (7.18)
BBelle(By) = (10.23 + 0.38)%. (7.19)

The theoretical predictions are in agreement with the experimental results within the
uncertainties. Remarkably, the accuracy of both the theoretical and experimental numbers
are of the same order for this observable.

7.4. Discussion of results

In the analysis above, we find that the central values obtained for the decay widths of the
B mesons are roughly ~ 4% smaller than the experimental determinations. The theoretical
uncertainties are significantly reduced when NNLO corrections to I'; are included com-
pared to previous analyses. The obtained theoretical central value is in agreement with
experiment within the theoretical 10 uncertainties.

Similar results are found for the semileptonic branching fractions of B* and By, where also
the central value of our calculation and the experimental value differ by roughly ~ 4% and
are in agreement within the 1o uncertainties. Considering the semileptonic branching
fraction instead of the total decay width has the advantage that the decay width prefactor
I including the CKM matrix element V,; and mg cancel out and therefore the result is not
effected by possible uncertainties induced by these parameters.

We find also very good agreement between experimental data and theoretical predictions
for the lifetime ratios in Equation (7.12) and (7.13). In the lifetime ratios, the contributions
of the free b-quark decay drop out since they contribute equally to all B mesons. The
ratios are therefore determined by 1/my suppressed operator contributions and in the case
of 7(B")/t(By) only by the four-quark operator contributions.

Missing contributions that are needed to achieve a higher precision for the B meson decay
widths are:

« Missing penguin operator contributions to Fé\IL up to NNLO. This includes diagrams
with double insertions of penguin operators as well as mixed contributions of
penguin and current-current operators at NLO and NNLO. However, the calculation
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7. Decay width of B mesons

of these contribution will be very challenging and the effect on the nonleptonic
NNLO contribution will be subleading. Furthermore the NNLO contributions of
current-current operators in penguin-like topologies are not known up to now.

+ QED corrections to the nonleptonic b-quark decays and the decay channel b — c7v;.
« Complete NLO QCD corrections for Os and Oy for all nonleptonic decay channels.

For further improvement of the lifetime ratio predictions, the calculation of the nonleptonic
decay modes to the O; contribution would be a logical next step since this correction is
only known for the semileptonic decay.

To conclude this analysis: We find very good agreement between experiment and theory
for the total decay width of B mesons as well as for the lifetime ratios and the semileptonic
branching fraction. Including the nonleptonic NNLO corrections to I's leads to a significant
reduction of the theoretical uncertainties.
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8. Conclusion

We revisited the semileptonic bottom-quark decays and obtained for the first time exact
analytic results for the leading one-charm final state contribution. This result allows us to
extract the subleading three-charm contribution from previous calculations in the limit
m. — 0. Our analytic results are confirmed by a further calculation using the expand and
match method which includes both contributions. The NNLO results for the semileptonic
decay channel are published in Ref. [104] and can be obtained in computer readable form
from Ref. [96].

The main achievement of this thesis is the calculation of the NNLO QCD corrections to
the nonleptonic bottom-quark decay, which includes all four relevant partonic channels
b— cud,b — ccs,b — ucs and b — uud.

For practical purposes it is necessary to apply Fierz identities in this calculation, which
requires that the current-current operators are accompanied with appropriate evanescent
operators. This allows us to work with anti-commuting ys. Our results contain the full
charm quark mass dependence. To achieve this, we use the expand and match method
for the calculation of loop integrals which yields piecewise defined analytic expansions
with numeric coefficients that allow us to cross several physical thresholds correctly. The
results of the nonleptonic decay width calculation up to NNLO for all four partonic decay
channels are published in Ref. [34] and can be obtained in computer readable form from
Ref. [126].

The calculation of the NNLO nonleptonic contribution is conveniently carried out in the
on-shell mass scheme which is not a suitable scheme for phenomenological analysis. To
translate our results into reliable theoretical predictions, we transform the final expressions
to different mass renormalization schemes. We find a choice of schemes, where the bottom
and charm quark masses are transformed to the kinetic mass and the MS mass scheme
respectively, in which the dependence on the renormalization scale is small and the
perturbative series shows a good convergence behaviour. This scheme choice, which
is also standard for similar phenomenological analysis in the literature, should be the
preferred one when working with B meson decays.

Finally, the new NNLO nonleptonic results are used to improve the theoretical predictions
for the B meson decay width. The phenomenological discussion is outlined in Chapter 7 and
also published in Ref. [109]. We observe that the uncertainty of theoretical predictions for
the B meson observables decreases significantly when including the NNLO contributions
calculated in this thesis. For the total decay width, this reduction is of the order of up to
~ 50% compared to the NLO prediction uncertainty. We find that the theoretical predictions
of the decay widths are systematically below the experimental values for all three B mesons
but in agreement with the experimental data within their uncertainties. The remaining
theoretical uncertainty is mainly dominated by the uncertainty on the values of the bottom
quark mass m; and the CKM matrix element V,;, that both enter the overall prefactor
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I of the decay width, and the renormalization scale uncertainty, however the latter is
significantly reduced by including NNLO corrections.

We furthermore consider the lifetime ratios of the B meson decays where good agreement
between experimental measurements and theoretical prediction is found. This analysis is
not directly improved by including the NNLO corrections calculated in this work, however
it serves as a strong cross check of the validity of the application of the HQE in the analysis
of B meson decays.

To summarize, the results obtained in this thesis provide an important contribution to the
theoretical description of B meson decays. With the NNLO corrections to the leading term
I3 at hand, the focus for further improvement should be on the perturbative corrections of
higher order operators in A/my,.
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A. Calculation setup

The process of generating Feynman diagrams up to the point of bare amplitudes expressed
in terms of master integrals is highly automated. In the following section, the used pro-
grams and some occurring subtleties are outlined.

A.1. QGRAF

The first step is the generation of all contributing diagrams, which is done with the pro-
gram QGRAF [127]. QGRAF needs as input the information about all particles and all possible
interaction terms in the considered theory. In order to produce the diagrams needed for the
optical theorem, we define one ingoing bottom and one ingoing anti-bottom quark. In our
setup used for the calculations with effective four fermion operators, for every operator a
separate W particle is introduced that connects two vertices with two fermions each. This
is done for all operators and their fierzed counterparts separately. QGRAF offers the option
to restrict the number of propagators of several particles. By restricting the numbers of
propagators of these W particles, we are able to control the insertion of operators. Let us
consider for example a diagram for the decay b — cud with the insertion of two operators,
one as defined in the effective Hamiltonian and one fierzed counterpart of O;. In this
minimal example, the .lag file reads

* propagator

[WimO1,W1p01,+]
[W2m01,W2p01,+]

[fU, fu, -]
[fD,fd, -]
[fC,fc, -]
[fB,fb, -]

* vertices

[fC,fb,W1p01]
[fD, fu,W1mO1]
[fU, fc,W2p01]
[fB, fd,W2m01]

where the particle in the first propagator denotes the operator O; and the particle in
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A. Calculation setup

the second propagator its fierzed version. In an analogue way, all other effective operators,
physical and evanescent, are implemented with additional W particles. For the generation
of the diagrams, the combination of one fierzed and one unfierzed operator is requested.
In our minimal example, this would correspond to

true
true

iprop[W1lm01l,1,1];
iprop[W2m01,1,1];

in the qgraf.dat. Furthermore we use the QGRAF option
options = onshell;

that excludes all possible diagrams with self-energy corrections on the external legs.
In addition to this, the options nosnail and notadpole are used. The W particles that are
used here for the construction of the four fermion operators are not physical and should be
treated as point interactions in the following. However, implemented in the way showed
above, QGRAF interprets them as a standard particles and also assigns momenta to them.
This issue can be solved in the next step of the calculation when the diagrams generated
by QGRAF are processed using tapir.

A.2. Tapir and exp

To proceed the output of qgraf, the program tapir [128] is used. Tapir translates the files
produced by QGRAF to FORM [129] code including all Feynman rules specified before. In
addition to this, tapir generates all scalar integral families that are needed to map all
Feynman diagrams. This set of families is however not minimal. Thus it is advisable to use
a program like exp [130, 131] to map the diagrams to integral families and find additional
symmetries.

tapir comes with a lot of functions that are helpful in our calculations regarding the four
fermion operators. They are briefly outlined in the following:

« In the config file of tapir, there is the option do define particles as so-called sigma
particles. This means, that these particles still get assigned a momentum but are
not treated as physical particles and never appear in the list of propagators in the
definition of integral families nor the final expression for the diagram. We use this
option to model the four fermion vertices that appear in the effective theory with
W particles as already described above. The W particles are then defined as sigma
particles in tapir. Let us again consider the example of the decay b — cud with
double insertion of the effective operator Oy, one time fierzed and one time unfierzed.
In the tapir.conf, we add

* tapir.sigma_particles WlmO1l,wW2m01l

while in the .vrtx file the interactions of the W-particles are defined as

130



A.2. Tapir and exp

{fC,fb,Wlp0l:*fvertO(<lorentz_index_particle_3>,
<spinor_index_particle_1>,<spinor_index particle_2>) |...||}

{fD, fu,W1lm01l:«fvertO(<lorentz_index_particle_ 3>,
<spinor_index_particle_1>,<spinor_index_particle_2>) |...||}

{fU, fc,W2p0l:*fvertO(<lorentz_index_particle_3>,
<spinor_index_particle_1>,<spinor_index_particle_2>) |...||}

{fB, fd,W2m01:«fvertO(<lorentz_index_particle_3>,
<spinor_index_particle_1>,<spinor_index_particle_2>) |...||}

In the . prop file, we define the propagators of W particles as delta functions that con-
tract the colour and Lorentz indices of the three particle vertices in the correct order:
{W1m01,W1p01:+d_(<lorentz_index_vertex_1>,<lorentz_index_vertex_2>)|...||}

{W2m01,W2p01:*d_(<lorentz_index_vertex_1>,<lorentz_index_vertex_2>)|...||}

Combining all these rules for the vertices and propagators, the Feynman rules
for the operator O; and its fierzed counterpart are obtained.

tapir offers the possibility to filter the Feynman diagrams provided by QGRAF for
specific cuts. In our calculation setup, this is not necessary at LO and NLO, however
starting from NNLO, diagrams are generated that do not have the structure that has
to be considered for the nonleptonic decays. They can be excluded using the tapir
command

tapir.filter cuts : true : gl : fb : 0,0

which means that only diagrams that have exactly zero cuts through bottom quark
lines are considered, where q1 is the external momentum. This means that diagrams
in which the physical cut includes bottom quarks are excluded.

For the calculation of the decay channel b — ucs, the family definitions and topology
files that are generated in the b — cud calculation can be used since both decay
channels develop the same diagramatic structure. The mapping of the b — ucs
diagrams to the b — cud topsel file is however only possible if the sigma particles
are explicitly excluded not only from the .topsel and .dia but also from the .edia
file that is generated by tapir. This can be done by including the relatively new
option

* tapir.edia_no_sigma

in the tapir.conf file.
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« Since the IBP reduction of the integral families at NNLO can be quite challenging as
described in the next Section, it is helpful to reduce the number of integral families
to a minimal number. tapir offers two useful options to modify the .topsel file
that includes the information about the integral families:

* tapir.ordertopsel
* tapir.topo_allow_absent_massive_lines

Including tapir.ordertopsel, the integral families are listed by complexity in the
.topsel file, starting with the most complicated ones on top. Since the mapping
process tries to map diagrams to topologies starting from the top of the .topsel
file, the more complex families are preferred over easy families. This means that
integrals of a simple family A that lives in a subsector of a more complex family
B are mapped to B instead of A, reducing the number of families that have to be
considered.

The option tapir.topo_allow_absent_massive_lines includes all mass combina-
tions where one or more massive lines are absent in the generation of the . topsel
file. This allows for mappings of simpler families to more complex families that
would otherwise differ by the number of massive propagators.

After defining all needed topologies with tapir and generating the corresponding . topsel
file, we us exp to map the amplitudes for the diagrams to the list of integral families. Since
tapir does not find a minimal set of families, this step reduces the number of families
again, which in general saves a lot of CPU time deriving the IBP reduction to master
integrals.

The output of exp and the tapir topology files are processable FORM [129] code that is
embedded in the following manipulation of the amplitudes.

A.3. Integral reduction

After the procedures outlined above, we obtain the physical amplitude in terms of scalar
loop integrals that can be parametrized as

# ML, dik,
I(n) = - , (A.1)
DFD™ DI
where D; = m? - pjz., j=1,...,N are N propagators with mass m; and momentum p;. The

pj are linear combinations of the L loop momenta k; and external momenta gi. The n; are
the powers of the propagators, also called indices.
Each integral we can assign a sector

N
S= Z 21Q(n; — 1/2), (A.2)
i=1

where ©(n; — 1/2) is the Heaviside function. We call an sector S subsector of sector S’ if
S < & and all indices n; < n} fori =1,..., N. The sector that is not subsector of any other
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A.3. Integral reduction

sector is the top-level sector of a family.
For the generation of the IBP reduction table, it is furthermore useful to define the sum of
all positive indices

N
r=> n®n-1/2), (A.3)
i=1
and negative indices
N
5= Z(—n,)@(l /2 —n). (A.4)
i=1

These two quantities are measures for the complexity of integrals and the r and s values
of the occurring integrals are needed as input parameters for the following IBP reduction
procedure.

The reduction of the integrals appearing in the physical amplitude to a minimal set of
master integrals is done with the program kira [87, 88]. kira relies on the usage of
Integration-by-parts relations, which are discussed in Section B.1.

The reduction at LO and NLO are computationally relatively cheap and can be run on
a normal desktop computer within minutes. However this does not hold for the NNLO
families which have top-level sectors of 9 propagators and are more challenging. In order
to save time and resources, it is therefore advisable to split the IBP reduction process into
several steps, which are outlined in the following.

1. After running exp, every amplitude in the problem is mapped to a specific integral
family. The first step of the IBP reduction is to find a good basis of master integrals
for each individual family. A good basis in this context means, that there is a
factorization of the d = 4 — 2€ and p = m./my, dependence in all IBP entries [68, 132].
An algorithm that tries to find such a good basis is implemented in the Mathematica
package ImproveMasters [68]. Asan input, ImproveMasters requires a test reduction
that covers all relevant sectors of the integral family. Using the linear equations of
integrals in this table, the program tries to find a set of basis integrals that do not
develop bad denominators as described above.

2. As a second step, this table is fed to ImproveMasters. If a good basis can be found or
not depends on the size of the input table and the complexity of the integral family.
Increasing the set of linear equations by choosing larger values of r, s and d includes
more linear relations with more master integral candidates and therefore increases
the possibility of finding a good basis. However, increasing the size reduction table
means that the reduction itself becomes more complicated and therefore increases
the computing time.

3. After step 2, a set of good master integrals is found for every integral family sep-
arately. At this stage, it is possible that master integrals of different families are
linearly dependent. Therefore, the set containing all good master integrals of all
families can be overdetermined and is therefore not necessarily a basis. To eliminate
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the linear dependent integrals, an IBP reduction including all integral families is
performed to reduce all good master integrals to in minimal set of masters. To save
time in this calculation step, the reduction is performed only over the list of good
master integrals of step 2, and does not cover all top level sectors of all families
necessarily.

4. In parallel to all the steps outlined before, the reduction of the integrals appearing in
the physical amplitude are computed. The master integrals in this IBP reduction are
the same that are found in step 1. The difference compared to the reduction in step
1 are the values of r, s and d. When calculating the input table for ImproveMasters,
this values are set to be as small as possible, while here they are fixed by the integrals
appearing in the amplitude which can produce high values of s and d that make the
reduction more expensive. Therefore this step may take a lot of time and resources
for complicated families.

After these steps, all relations to express the amplitude in terms of master integrals are
known. In a first step the reduction tables obtained in step 4 are applied which reduces all
integrals to the master integrals of the respective family. Afterwards we use the reduction
table from step 3 to map the master integrals to a minimal set of master integrals. As a
result, the amplitude is expressed in terms only containing linear independent integrals of
the good basis that then have to be computed. This is described in the next section.
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B. Mathematical tools

B.1. Integration by parts relations

The calculation of Feynman diagrams at higher loop order strongly depends on the usage
of Integration by parts relations, short IBPs. They were introduced in Ref. [133] and relate
loop integrals with different propagator powers via linear equations. The IBP relations are
used to reduce the loop integrals appearing in the calculation of a Feynman diagram to a
minimal set of independent integrals, so-called master integrals, see also Appendix A.3.
Furthermore, they can be used to establish a differential equation for these master integrals
that is used for the calculations outlined in Chapter 3.

The IBP relations rely on the fact that the integral over a total derivative vanishes in
dimensional regularization. This means that

d?k, / d%, o
e ki, i, M; :0, B.1
/ 20 (2! 3Ky, quf (ki, pi, m;) (B.1)

where the k; denote the n loop momenta and p; and m; the external momenta and masses
of the physical problem. The momentum g can be both loop or external momentum.
Evaluating Equation (B.1) for different ¢ € {p;, k;}, we obtain linear equations of integrals
with different powers of propagators that add up to zero.

Let us consider the one loop integral family

[ A% 1
o ma) = / (2m) (K™ (m? — (ky — )" (52

with one loop momentum k; and one external momentum q. We find two IBP relations

0 / d’%k; 9 1
2y Oy P R (ni2 = (ke — D)™

d
0:/ dkld 9 ky, - ! —, (B.3)
(27)? Ok, (—kf) (m? — (ky — q)?)™

that yield the relations

I(ny,ny) = n I(ny—1,ny—1),
d— 2711 — Ny
2 - 2 2
I(ny,ny +1) = (’11—2’12)1(n1, ny) — lel(nl +1,n2-1)+—=I(ni—Lny+1). (B4)
nzq q
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Applying the relations given in Equation (B.4) iteratively and using the on-shell relation
q* = m?, we can express every integral I(ny, n,) with arbitrary n; and n; with the corre-
sponding master integral 1(0, 1).

One algorithm that performs the reduction to master integrals using IBP relations is
Laporta’s algorithm [134]. This algorithm became standard for modern IBP reduction
programs. In the calculations performed in this work, we use the program kira [87, 88] to
find the IBP relations. The general procedure is outlined in Appendix A.3.

B.2. Differential equationsin e-form

In Chapter 3, two methods to calculate the master integrals with differential equations are
described. In the analytic approach in Section 3.1, the differential equation of the master
integrals is transformed to e-form in which the analytic solution can be obtained in a
simple way. In this Appendix, we give an example for this procedure for the LO master
integrals with two massless and one charm quark in the final state. The corresponding
integral family

o dk; dk;
d2l =
0= [ T T T

. (B5)

has two master integrals: d211(1, 1,1,0,0) and d211(1, 1,2,0,0). In a first step, we set up
the differential equation for the two master integrals in the form of Equation (3.2). Using
IBP relations we obtain:

d ( d211(1, 1, 1, 0, 0) ) ~ 0 2p d211(1,1,1,0,0)
dp \ d211(1,1,2,0,0) | ~ | 2@=7erse®)  2(e+2p’-5¢pY) || d211(1,1,2,0,0
P ( ) p(1-p?) p(p*=1) ( )
= A(p,e) - 1. (B.6)

in a next step, we want to transform this differential equation to e-form, see Equation (3.4).
The corresponding transformation matrix T that transforms the integrals according to

7o d211(1,1,1,0,0)
~\ da2l1(1,1,2,0,0) |’

=TJ, (B.7)

can be found using the Mathematica package Canonica [73]. We obtain

= e(pt-1)  pr-zmd)
! ((36—2)6(1—p2) 1_%64'2662 : (B.8)

The matrix T consists of polynomials in p and €. To obtain the differential equation in the
transformed integral basis, we insert Equation (B.7) into Equation (B.6) and obtain

d - d -
—J=|(T'AT -T'—A]-
3’ ( 3 ) /
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2e(1+2p2—3¢(143p?))  2p*-15ep®—6€> (p*—1)+€*(—2+30p?)

_ (3e-1)p(p?-1) e(—1+3€) p(—1+p?)* . j’
B 4e(—1+3e+p?) 2(2p*+e(2-9p%)+6€* (—1+p?))
T p(=143e) - (=143€) p(—1+p?)
_ 2ep (—1+4€)p(—2+7¢)
(=143€)(=1+p?)  ¢(=143€)(~1+p?)* f
4ep 2p(—2+7¢)
1-3¢ (—1+3¢€) (—1+p?)
2(1+3p?) 2
. p(l_—épz) p(l_—épz) -J=€A(p)-J. (B.9)
p p

We observe that the differential equation for the integrals J is in e-form and we can now
solve for the integrals as outlined in Section 3.1. We can rewrite the matrix A in the
following way

d - 1 -4 -1 1 2 2 1 4 1 =

—J=€|— + = +— -7, B.10

ap’ 61+p(0 0) p(—4 —4) 1—p(0 o)]f (8.10)
where we observe that the alphabet of the differential equation consists of the letters
{1/(1 + p),1/p,1/(1 — p)}, the letters of the Harmonic Polylogarithms. We choose the
ansatz

J=L2+Bifisferierol@), (B.1)
€ €
where J; are functions of p. We insert this ansatz into Equation (B.10) and consider each €
order:

Ga_,
dp
dj)_l ~ -
1l _A .7
dp (p) - j-2,
diy - .
% :A(p) 'j—ls
D

(B.12)

The first equation is solved trivially by a constant j_; = ¢_,. Integrating over the second
line in Equation (B.12) yields

- Podp (-4 -1\ . Pdp" ([ 2 2 .
J‘l_/ 1+p’( 0 0 )'c‘2+/ 7(—4 —4)'6‘2
Podp” (4 1) o .
+/ l—p’(O 0)-_2+c_1. (B.13)

Using the definition in Section B.4.1 and writing ¢; = (c;iy,ci2)T, We can express the
occurring integrals in terms of Harmonic Polylogarithms:

- — (4c_g1 + c_a2) Ho1(p) + 2 (c—21 + c—22) Ho(p) + (4c_p1 + c—22) Hi(p) + c_11
J-1= .
—42 (c_1 + c—22) Ho(p) + c_12

o

(B.14)
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In the same way, we can find the solutions for j, and all other j; recursively. With every
order in €, the weight of the iterated integrals appearing in the solutions increase by one.
In the calculation of the semileptonic decay rate, we calculate asymptotic expansions of the
master integrals I around p = 1 as boundary conditions, see Section 3.2. We then expand
the analytic solution of I obtained by transforming the solution of J in Equation (B.11)
with Equation (B.7) around p = 1 using HarmonicSums [78] and fix the undetermined ¢; by
comparison of coeflicients.

Algorithm to obtain a canonical form

In the following, a brief description of the algorithm to obtain the transformation to
canonical or e-form given in [71] is outlined. Similar Algorithms are described in Refs. [69,
70].

In the following, N master integrals depending on € and a set of invariants {x;} are
considered. The master integrals are given by the vector I and fulfil the differential
equation

df = A (e, {x;}) - L. (B.15)

Here the matrix A (¢, {x;}) is required to be rational in € and the invariants {x;}. If this
is not the case, it is not possible to find a transformation to e-form. However, in some
applications, it is possible to perform a variable transformation that rationalizes the matrix
A. Whether or not such a transformation can be found strongly depends on the physical
problem and the structure of the differential equation. In cases where it is not possible to
rationalize the differential equation, one has to consider other approaches, for example
the expand and match approach outlined in detail in Section 3.3

Assuming the differential equation was rationalized successfully, it can be brought to
e-form by performing the transformation

I=T-7J, (B.16)
which yields
dj = eA({x)) - J. (B.17)
The matrix A is then given by
€A =T AT - T74dT, (B.18)
and can be written in the form
~ N ~
eA({xi}) = e Y Ardlog (L ({x:})) . (B.19)
I=1

Here the A; are N x N matrices with constant entries. The L; ({x;}) are functions of the
invariants {x;}, called letters and correspond to the set of irreducible denominator factors
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of the matrix A. This shape of the differential equation simplifies the calculation of the
master integrals a lot, see Section 3.1, so the main goal is to find this transformation T.
The starting point is given in Equation (B.18). Multiplying this equation by T from the left
yields

eTA—- AT +dT =0. (B.20)

This equation can now be expanded in €. First, the matrix A is considered. Since A is
rational in € and {x;}, it is possible to find a Taylor series in € such that

Mmax

Ah = Z (Ah)(m em (B.21)
m=0

where h (€, {x;}) is a polynomial of € and {x;}. The polynomial h can also be expanded in
€:

lmax

he{x}) = ), en ({x}) . (B.22)

I=lpin
In a next step, Equation (B.18) is rewritten in terms of T = (Th) which yields
€TA — AT + hdT — Tdh = €ThA — ATh + hd(Th) — Thdh = 0. (B.23)

Following Ref. [71], this equation can be solved by expanding T as a finite series in e,
if Equation (B.19) can be solved by T composed of rational functions. Therefore, the
following ansatz is made:

T = Z T (B.24)

where now all T have to be determined. This is done by inserting this ansatz into
Equation (B.23) and solving for each order in € separately. The only unknown quantity
except for the T in this equation is A, for which the ansatz

N
A=) Adlog (L ({x:}) (B.25)
I=1

is made, where L; ({x;}) are the letters of the considered system and A, are unknown
constant matrices. For the T(", the ansatz

kmax

Fn) = Z o re({xi}) (B.26)
k=1
is chosen. Here the {r;({x;}), ..., ({xi})} are rational functions in the invariants {x;}.

The T]E") are constant matrices which have to be determined. Inserting all these expansions
into Equation (B.23), the equations necessary to determine all free parameters are obtained.
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B.3. Decoupling differential equations

In this section, we give an example for the solution of differential equations by decoupling
using the Mathematica package OreSys [76] that relies on Sigma.m [77]. We again consider
the LO differential equation given in Equation (B.6). In a first step, similar to the approach
shown before, we expand the integrals in e:

L b ' B.27
Ly | I + IZ,O + 12)16 + 12,262 + 0(63) ( )

€ €

I _ I _
( L2 g bl +Il,0 +Il)1€ +Il,2€2 + 0(63)

We insert this expansion into Equation (B.6) and consider the highest pole in € on both
sides of the differential equation, which is in this case e2. The differential equation at this
€ order gives two coupled differential equations in p for the functions I; _,(p) and I, _,(p)

and reads:
d _ 0 2 B
_( ha(p) ):( 0 2 )(f 2(p) ) 5.2
dp 2-2(p) p(1-p2)  (—1+pd) 2—2(p)

We now use the 0reSys function UncoupleDifferentialSystem. This function finds a

transformation that transforms the functions I; _»(p) and I _,(p) thereby decouples the
differential equations in (B.28). In the example shown here, this transformation is given by

Li2(p) \ _ (1 0\ [ J-2(p)
(12,_2(p) )—(o —p) (JH(p))' (529

Using the new set of functions, J; _2(p) and Jo_2(p), OreSys finds one differential equation
of second order for J; _,(p)

d? 50°-1 d 8
d—p2]1,—2(/)) = mﬁh,—z(m - Ts p2]1,—2(P), (B.30)
and the relation
d
Jo—2(p) = d—fl,—z(P) . (B.31)
D

The differential equation for J; _»(p) can be solved in terms of iterated integrals using the
function SolveDE which is implemented in the Mathematica package HarmonicSums [78].
The solution of the second order DEQ reads

1
Ji2(p) = —c1p* + e (1= p*+4p°Hy(p)) , (B.32)
which yields

1
Jo—2(p) = —2c1p + CZE (4p - 4p° + 8pHo(p)) . (B.33)

Now that the functions J; _2(p) and J,_2(p) are determined, we can find the expressions for
I —2(p) and I, _,(p) via Equation (B.29) as functions of p and the undetermined coefficients

140



B.4. Iterated integrals

c¢; and c,. These coeflicients can now be calculated by comparing the obtained solutions
with boundary conditions of the master integrals, similar to the procedure outlined before.
After we found the solution for the differential equation at order €72, we consider the
differential equation in (B.28) at the order ¢!, which not only depends on I; _;(p) and
I,_1(p) but also on I _»(p) and I, _,(p). We insert the solution for I _»(p) and I, _»(p)
that we found before and repeat the steps outlined above. This procedure is repeated
iteratively up to the needed € order.

The final result obtained with this approach is identical to the result obtained in Section B.2.

B.4. Iterated integrals

In the caclulation of the semileptonic decays up to NNLO and the nonleptonic decays
up to NLO, analytic expressions for the master integrals are obtained via differential
equations. These analytic expressions consist of iterated integrals which can be expressed
as Harmonic Polylogarithms and Cyclotomic Harmonic Polylogarithms. In this appendix,
the definition of these functions is briefly outlined.

B.4.1. Harmonic Polylogarithms

The Harmonic Polylogarithms (HPL) [95] are defined by their argument and w indices
{i1,...,iw}, where w denotes the weight of the HPL and the indices can take the values
{—1,0,1}. The notation used in this work is

H;, i (x), (B.34)

where x is the argument of the HPL. Starting at weight w = 1, the HPLs are defined by

|
H {(x) = / dx’ = —log(1 —x),
0

1+ x’
Hy(x) = log(x),
Hi(x) = ‘/0 N _lx, dx’ =log(1+x). (B.35)

For higher weights w > 1, the definition is given iteratively. For this definition, we first
have to specify the three letters

fi=——  h@=1.  fim=—, (B.36)

of the HPLs. Starting from the functions given above for weight one, these letters can be
used to obtain the HPLs at weight two by

* ’ ’ ’ * 1 ’ /
Han() = [ £100H, () = [ =, ) av
%logz(x) ifi; =0

S hGOH () dd’ = [F LH, (¢) d' ifip £0

X

Hp;, (x) = {
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Hyy (x) = /0 AGH, (x) dx’ = /0 1_;leil(x’) dx’ (B.37)

With exception of the case of all indices being zero, the Harmonic Polylogarithm of weight
w with the indices {iy, ..., i, } and argument x is defined via the Harmonic Polylogarithm
of weight w — 1 with the indices {iy,...,i,—1} by

Hii0) = [ () & (B.35)
0
The definition of the HPL with weight w where all indices are zero is given by
1 w
Ho...o(x) = —10g" (x). (B.39)

With the definition of the Harmonic Polylogarithms via the iterated integrals given in
Equation (B.38), the derivative of the HPLs is obtained trivially by

dH;,, i, (x)

ix = fi, ) Hi, . i (x). (B.40)

B.4.2. Cyclotomic Harmonic Polylogarithms

For the LO and NLO calculation, the function class of the HPLs is sufficient to describe
the solution of all master integrals. However, at for the calculation of the NNLO semilep-
tonic decay rate, see Chapter 4, the alphabet of letters that appear in the solution of the
differential equation have to be extended to

{ 1 1 1 t t3 } (BA1)

1+t 1=t 1412 1+t

including two new letters. Therefore, the solution exceeds the function class of the HPLs.
The two additional letters produce iterated integrals that can be expressed by Cyclotomic
Harmonic Polylogarithms. In this class of functions the alphabet of letters is extended
by the cyclotomic polynomials [105]. The nth cyclotomic polynomial is the irreducible
polynomial that is a divisor of " — 1 and is not a divisor of t9 — 1, where d and n are
positive integer numbers and d < n [135]:

t" -1
Hd|n,d<n ¢d(t) ‘
The roots of the cyclotomic polynomial ¢, (t) are all the nth roots of unity exp(2rid/n),

with d running over all positive integers coprime to n and d < n [135]. The first eight
cyclotomic polynomials are given by

Pn(t) = (B.42)

$i1(t) =t-1, Go(t) =t +1,
¢3(t) =12 +1+1, pa(t) =2 +1,
ps() =t + 2 +t2+t+1, do(t) =2 —t+1,
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dr(t) =t + P+t + P+ P+t +1, da(t) =t*+1, (B.43)

The letters of the Cyclotomic Harmonic Polylogarithms are then constructed by

Xl

Jea(x) = (B.44)
(%)’
Considering for example the Harmonic Polylogarithms discussed in section B.4.1, their
alphabet can be written as {2, —fi0(x), f2,0(x)}.
In the case of the semileptonic NNLO master integrals discussed in chapter 4, the two
additional letter in the alphabet can be identified as

3

(B.45)

faa(t) = faa(t) =

t2’ 14+t4°

The definition of the Cyclotomic Harmonic Polylogarithms via iterated integrals is, analo-
gous to the Harmonic Polylogarithms, given iteratively via

Higo (x) = / foun () dx,
0

X
Hik,1},... 0k 1y (X) = / Sewt CVH ey 1ol (x7) A (B.46)
0
In the special case, when all pair of indices {ky, Iy}, ..., {k1,[;} are {0, 0}, one obtains
1
Hio}....100y (%) = Jlogw(x). (B.47)

B.5. Feynman parameters

The calculation of Feynman diagrams includes integrals over loop momenta. The integrand
of such integrals typically consists of a product of propagators depending on momenta
and masses. One way to calculate such Feynman integrals is to use Feynman parameters,
which is outlined in the following. Feynamn parameters can be used to rewrite terms

like [26]
19} -1
/ dx, / d, L H X2 2), (B.48)
A-B (x1A + x2B)

or in a more generalized form

S (ixi— D" T (Zmy)
dx dx, , .
AT AT / v / SoaApEm L my O

ml

where the x; are the Feynman parameters. This relation allows for the following strategy
when calculating loop integrals: The starting point is a integral over a loop momentum with
an integrand consisting of propagators to arbitrary powers. In a first step, the integrand is
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rewritten in the form of Equation (B.49). After that, a substitution of the loop momentum
is performed in order to obtain an integral of the form [26]

44 I(n-4 n-d/2
/@TPA)n = (—1)”md/2% (%) . (B.50)

After the integration of the loop momentum, the integration over the Feynman parameters
remain. In some cases, these integrals can be identified as Beta functions, which are defined

by

1
- (@I (h)
B(a, ):/ dx x* (1 —x)ft = L2 (B.51)
=, Tt p)

and can therefore be rewritten in terms of I' functions. If this is not the case, it is often
useful to use Mellin-Barnes representation, which is outlined in the next section B.6.
As an example for the application of Feynman parameters, the calculation of a simple loop
integral with one massive and one massless propagator is outlined in detail:

ddkl
I = . B.52
/(%QMW?%M—@ﬂ” (552

We denote the external momentum with g and the finite mass with m;, Furthermore, we
apply the on-shell condition g* = m?. In a first step, Equation (B.49) is applied and the
Feynman parameters a and b are introduced:

d?k,
I =
/ (=k3)™ (m} = (k1 = @)™

1 1 _ ny—1gn1—1
- / dk, / da/ ST Chl 1)5 b nlfnz("l + ) (B.53)
0 0 (am? — a (k; — q)* — bk?) I'(n)T (ny)

In a next step, we exchange the order of integration and substitute p = k; — ag, which
yields

1 1 _ ny—1pn—1 d
1:/ da/ 1 8(a+b=1)a" b (ny 4 o) dép  ®s9
0 0

Fm)Tm) (~ (p? ~ ami))"™

Now the integral over the loop momentum can be evaluated using Equation (B.50). In
a last step, the integrals over the Feynman parameters are calculated by first using the
delta function to eliminate the Feynman parameter a and then identifying the remaining
b-integral with Equation (B.51):

I'(ny) T (nz) I' (ny +ny) a’m?

1 1 _ ny—1pni—1 T ni+ny— d ni+ny—d/2
I:/ da/ db5(a+b 1)a™ 'b I“(n1+n2)l_”d/2 ( 2) ( 1 )
0 0

1 m+ny—d/2 T (nl +ny; — g) 1
:iﬂ'd/z (—) / db bnl_l (1 _ b)—nz—2n1—1+d
0

m? ['(n) T (n2)
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- (B.55)

=177 -
m;

['(n2) T (=ny —nz+4d)

The result obtained in Equation (B.55) gives the expression of the loop integral in terms of
Gamma functions depending on the indices n;, n; and the dimension d = 4 — 2e.
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B.6. Mellin-Barnes representation

In the previous section, the calculation of loop integrals by using Feynman parameters is
outlined. In this procedure, the integral over the Feynman parameter is evaluated using
the relation for the Beta-function given in Equation (B.51). However, this is not possible
for all integrals. As an example, consider the integral

1 1
/0 da T ala D) (B.56)

with the Feynman parameter a, arbitrary propagator power n and a linear combination
of momenta p. This integral can not be brought to the form of the Beta-function. One
possibility to solve this integral is the Mellin-Barnes representation [136, 137], where the
relation

z

11
(X +Y) 2l

B /_ioo dzT (A+2)T (-z2) (B.57)

X)L+z

is applied to rewrite integrands of the form given in Equation (B.56). The integration
contour along the complex axis is chosen in a way that the poles of the I (- - - + z) and the
poles of the T (- - - — z) are separated. The complex integral can then be evaluated in some
cases by Barnes Lemma [138]

+ico
1

P dzI' (a1 —2) T (a2 —2) T (B1+2) T (B2 +2)

271 J o
_ T+ p)T (e +f) T (e + )T (a2 + )
I'(og+fr+az+ Po)

or by closing the contour in the complex plane at +co or —co and summing up the enclosed
poles according to the residue theorem.

To demonstrate this procedure, we consider the massive sunset integral that is needed for
the analytic boundary conditions for the NNLO semileptonic master integrals. Its result
is given in Equation (3.21). We will outline the explicit calculation of this integral in the
following. We start with

(B.58)

I =1,(1,1,1) = / d?k; dk,
[~ 0] (i~ ) [~ b 0]

, (B.59)

with mi = ¢°. Performing the integration over k; by introducing Feynman parameters, we
obtain

_ dk, Lk,
w-f (m2 o 07 / (5 = G+ 0)?) (m - 1)

_ d’k, i i 1
_ / (m? — (ko + 9)?) @ /0 v (m2+b®-1) kg)e | e
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At this point, the application of Equation (B.57) is useful to get rid of the mi term in the
denominator. We find

_ d’k, ) ! 1
L /(mz—(k2+q)2) (m z)r(e)/0 db (m;+b(b—1)k§)e

d% ) 1 +ieo T (¢+2)T (—z) m#
:/ (mlz)—(k22+q)2) (1nd/2)r(e)/0 dbm[w dz (Z(bz_ . k;)::b .

(B.61)

After the Mellin-Barnes representation is applied, the integral over the Feynman parameter
can be evaluated by using Equation (B.51) and the result of the k; integration can be written
as

dk . ! tio T (e+2)T (-z) m7
o e [ [

mlz, — (k2 + CI)Z

5

B / d?k, (i”d/z) /”“’ iz m? F'(e+2)T (-2)T?(1-€—-2)
- (mi ~ (ky + q)z) 2mi oo (= (kp)R) T (2 - 2€e - 2z)
(B.62)

including a massless propagator with the momentum k; and the non-integer power € + z.
The remaining k; integral can be written after exchanging the integration order

/ &', . (B.63)
(m? = (ko + @)2) (-k2)

We can evaluate this expression without any further problems using Feynman parameters:

/ d?k,
(m2 = Gz + ) (~KE) ™

1-z-2¢
2
I'(-1+2e+2z)T(e+2)T (3—4e - 2z2) (mb)

= (i 2) B.64
(”T IF'(e+2z)T(3—-3e-2) (B.64)
As a result, for the integral I, we obtain a complex integral over z that is given by
2 2\ 2€
I = (md/z) m? (%)
. 1
1 +’°°dzr(e+z)r2 (1—-e=-2)T(=2)T (-1+2e+2)T (3 — 4e — 22) . (B65)

271 J _joo r2-2¢-22)T(3-3e-2)

The evaluation of this integral is now done by closing the integration contour in the
complex plane. The value of the integral is then evaluated by summing all residues of the
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enclosed poles. The only functions in the integrand that develop poles are the Gamma
functions. The poles of the general Gamma function I'(x) are located at x = —n, where
n € {0,1,2,...}. We set the integration contour along the complex axis such that the
poles of Gamma functions of the form I (- - - + z) are located to the left while the poles
of T' (- - — z) are to the right of the contour. The next step is to close the contour and
evaluate the integral with the residue theorem. In the particular case of Equation (B.65),
closing the contour at Re (z) — —oo is a suitable choice, since in this case only the poles
of I' (—1 + 2¢€ + z) are enclosed. The poles of the integrand given in Equation (B.65) are
therefore located at z = 1 — 2¢ — n, with n € {0,1,2,...}. The residue of the Gamma
function I'(x) at x = —n is given by (—1)"/(n!), so summing up all residues starting from
n = 0, we obtain

N 4"T (1—€)T(1+n) (T (e+n))*T (-1 +2¢+n) B.66
HZ:;E T (2—e+n)T (2€+2n) ' (B.66)

The sum over the Gamma functions can now be expressed in terms of generalized hyper-
geometric functions which are defined by

co P ) q T(b; n
»Fy (al,...,ap;bl,...bq;z) :Zﬂriﬂn(:;l) l—[I‘( ( ]). Z— (B.67)

In order to identify this pattern in Equation (B.66), the Gamma function I' (2€ + 2n) is
replaced using the relation

217%\nT (22) =T (2) T (z + %) . (B.68)

We finally obtain the result for I, expressed in terms of hypergeometric functions by

I4:(i7[d/2)2m2 (ﬂ_z)Ze - V22T (1-e)T(1+n) T (e+n)T (-1+2e+n)

! mi) &4 nl F(2-e+n)T(e+n+3)

_ (md/z)z 2 (u_z)ze 2VaAT (1-€)T ()T (2¢ — 1)
- 1

2 4¢ F(Z—e)r(e+%)

1
sFy[1,6,2e — 1,2 —€,—+€;1] .
m] 2

(B.69)

In order to express this result as a series in €, this hypergeometric function has to be
expanded around € = 0. This can be done with the Mathematica package HypExp [139, 140].
The final result as expansion in € is given in Equation (3.22).
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B.7. Fierz identities

B.7. Fierzidentities

In this section we consider general Fierz transformation and show how they can be
derived. This procedure can be found in most quantum field theory textbooks, for example
in Ref. [26].

We write the general Fierz identity in the form

— A (=B, \_ —C, \ (= 1D
(ulI‘ uz) (u3r u4) = ;’;C[A, B,C, D] (ugr uz) (ulr u4) , (B.70)

with unknown coefficients c[A, B, C, D] and IV the elements of the basis

{1, ¢*, o, y*ys, v5} - (B.71)

The minus sign in Equation (B.70) accounts for the Grassmann nature of the fermion fields
u;. To prove this relation, Equation (B.70) is multiplied from the left by (#,T"Fu3) (usIFu;)
which leads to the left hand side

(ﬁngL%) (E4PEU1) (aerug) (ﬁ3I‘Bu4) = (H4I‘Eu1) (ﬁlI‘Aug) (ﬁszLB) (ﬁgFBu4)
= Tr [P*TAT'TP] | (B.72)

while the right hand side can be written as

> c[4.B.C.D] (aszug) (a4rEu1) (agrcuz) (aeru4)
C,D

C[A, B, C, D] (HZFFug) (E4FEu1) (aerUA;) (H3FDUZ)

C[A, B, C, D] (HJEuI) (aerU4) (ﬂszug) (ngDuz)

21 80

c[A B,C,D]Tr [T*T€]| Tr [I'TP] . (B.73)

o
v}

Using the relation
Tr [PATP] = 467, (B.74)

we then obtain for the coefficients c[A, B, C, D] in Equation (B.70) the relation

Tr [TCTATPT|

c[A,B,C,D] = - (B.75)
16
Let us now consider the Fierz identity for the quantity
(1Y (1 = ys)uz) (usy"(1 - ys)ua) , (B.76)
where all traces
Tr [Tp*(1 = y)IPy(1 = 1) (B.77)
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for all possible I'C and I'® have to be computed. All terms with TP € {1, 0*”, y5} evaluates
to zero since in these cases

Ty"(1 = ys)TPyu(1 = y5) = TSP (1 = y5)yu(1 — ys)IP
= TPp#(1 - y5) (1 + y5)y, [P
—0, (B.78)

where {y*,y5} = 0 and ysys = 1 is used. The same argument holds for I'C € {1, 0", ys}
because of the cyclicity of the trace. The traces over the remaining combinations of basis
elements can be evaluated to

Trly"y" (1 = ys)yvyu(1 = ys)] = —64,
Tr[y"ysy" (1 = ys)yvyu(1 = ys)] = —64,
Tr[y"y" (1 = ys)yvysyu(1 - ys)] = —64,
Try"ysy" (1 = ys)yvysyu(1 —ys)] = —64. (B.79)

This leads to c[A, B,C,D] = 4 for T* = T8 = y#(1 — y5) and T, TP € {y*, y*ys} while we
obtain
¢c[A,B,C,D] =0forT4 =T5 = yY*(1—ys) and re,rP e {1, 0", ¥5}. Finally, we obtain

(u1y"Pruz) (usy,Prus) = (usy!Prug) (dry,Prus) (B.80)

with the left-handed projector P, = (1 — y5)/2. This relation corresponds to the Fierz
identity that is introduced in Chapter 5.1 in order to rewrite the AB = 1 operators.
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As described in Chapter 5.1, the usage of Fierz identities leads to a redefinitions of the
evanescent operators, which mix via renormalization into the physical operators. This
chapter describes the procedure to obtain the corresponding renormalization constants.
For the NNLO calculations performed in this thesis, the renormalization constants for the
current-current operators and their corresponding evanescent operators are needed up
to order ? in the historical basis. The renormalization constants for the current-current
operators are known in the literature [27, 101, 24, 141], however, they are only available
for fixed number of colours n. = 3. To obtain expressions for general n., we decided to
repeat the calculation which also serves as a cross check on the implementation of the
four-quark operators. The calculation procedure to obtain these constants is outlined in
Section C.1. In addition to the historical basis, we also perform the explicit calculation in
the CMM basis as a cross check of our setup.

As introduced in Section 2.2.3, the operators of both bases can be transformed into each
other via linear relations and so can be the renormalization constants. In Section C.2, we
discuss the basis transformation of the renormalization constants in detail. The relations
between the renormalization constants in both bases serve as a strong cross-check of our
results. Furthermore, we use the this ansatz to obtain the renormalization constants in the
historical basis including the penguin operators.

C.1. Calculation of renormalization constants

The calculation setup is the following: We consider diagrams with four external quarks
and the insertion of one effective operator as shown in Figure C.1. Since we are only
interested in the ultraviolet divergences we can assign the same mass m, to all quark lines
and can set all external momenta to zero. The gluons can be kept massless since this does
not introduce any infrared divergences.

In amplitudes like this we have to renormalize the wave function, the masses and the
coupling constants, and in addition, the effective four-quark operator O;. The operators
can mix under renormalization into another four fermion operator O; and we therefore
consider renormalized expressions like

Aer = Cij(1) Zji{Z(0:))r, (C.1)

where C; is a Wilson coefficient and (Z(O;))r describes the expectation value of the opera-
tor O;, where wave function, masses and coupling constants are all renormalized. At higher
orders in ag, (Z(0;))p still contains UV poles that must be cancelled by the renormalization
constant Z;;. The Wilson coefficients therefore behave under renormalization according to

Ci(p) = Ci(1)Zj;. (C.2)
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(a) (b) (© (d)
(e) (®)

Figure C.1.: Sample diagrams for the calculation of the operator renormalization constants.
The two dots denote the insertion of a four-quark operator. All quark lines
are massive and have the mass m, and all external momenta are zero.

The quantities we have to calculate are the renormalization constants Z;; which we
decompose in the following way:

Ziy=by+ (Z—;)kzi(j"), (C.3)
k=1
where
k7D
z = Z ﬁ (C.4)
1=0

We work in the MS renormalization scheme, which implies [ > 0. This is however not the
case if i is the coefficient of an evanescent operator, while j corresponds to a physical one.
In these cases, the renormalization constant includes e-finite terms that ensure that the
matrix elements of evanescent operators vanish in four dimensions. In this setup for the
calculation of the renormalization constants, we consider all the quarks to be massive and
having the same mass m,. For the renormalization of this mass we introduce counterterms
in the propagator of all the quarks. The external momenta of the quarks are set to zero
from the beginning. Let us give a few remarks about the implementation of the calculation:

« As mentioned above, the momenta of the external quarks are set to zero. This can
be done easily be using the tapir [128] option
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* tapir.external_momentum ql:0

The quark masses are all set to m; # 0. The renormalization of this mass is done
by introducing mass counterterms in the quark propagator in the same way as
described in Chapter 4 and 5.2.

The loop integrals occurring in the calculation of the NLO and NNLO diagrams can
be reduced to massive tadpole integrals, which are implemented in the program
MATAD [142]. In our case, we can map to the topologies tad1ll and tad2lt. This
simplifies our calculation significantly.

The numerators of the loop integrals contain terms with powers of slashed loop
momenta. The topology files of MATAD can deal with tensor integrals containing
strings of gamma matrices in the numerator. Therefore, we replace all the slashed
momenta with replacement rules like

id once g_(1,p°k”) = g_(1,rho"j k™ )xp k' (sig j "k’);

where the indices rho*j "k’ and sig'j "k’ are independent at this step of the
calculation. The momentum is therefore stripped off the integral and only gamma
matrices remain. After the integration routine successfully calculated the integral, we
contract rho”j “k” and sig'j "k~ again and obtain our final result for the integral.

After the calculation of the loop integrals, the result contains effective operators
with up to nine gamma matrices and different colour structures. To map these
structures of Dirac matrices to physical and evanescent operators, one does not only
need the definition of the ones appearing in the calculation of the physical process
that are introduced in Chapter 2 for the historical and the CMM basis, but also the
evanescent operators at third and fourth order, which then introduce structures with
seven and nine gamma matrices. In the historical basis, they read

E\W %% _(gaymtop pPy gy, . Prqh) — (65536 — 176128¢)07 %%,

ESD 0@ Gyt P b (Ghy,, . wPLdl) — (65536 — 176128¢)08 % (C.5)
For the CMM basis, they are given by

E'l(3) 9019293 _ (@™ T*PLb) (qz)/pl...mTaPLQB») _ 409601(“"2"3 _ 336E;(1)‘“q2q3,
E;(3) 9019295 _ (@ " PLb) (Gy ¥y PLG3) — 4096O;qlqzqs _ 336E;(1) 919243

E;(4) 919293 _ (q,y" " TPLb) (qZYyl...ygTaPLq3) _ 6553601‘”2% _ 5440E1(1) 919243
E,\D 105 (g M PLb) (oY PLqs) — 655360, %% — 5440E, N 1% - (C 6)
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Figure C.2.: Sample diagram for the calculation of the renormalization constant of an
evanescent operator Egz)‘ The evanescent operator introduces five gamma
matrices on every fermion line. The number of gamma matrices is on each
spin line are visualized by the coloured numbers.

As mentioned before, for our calculation, the evanescent operators only up to the
second order are relevant, meaning we are only interested in the coefficients of
{Ol,Oz,Eil),Eél),Eiz),Egz)}. However, since we calculate 0(32 corrections also to
the evanescent operators, we produce structures of at most nine gamma matrices,
which can be seen in Figure C.2. There we consider the insertion of a second order
evanescent operator E;z) which introduces five gamma matrices per fermion line,
see Equation (2.19) for its definition. In addition to these five gamma matrices, one
additional gamma matrix is introduced for every quark propagator and every quark-
gluon coupling. Therefore we add up to at most nine gamma matrices per fermion
line. Using Equation (C.5) to map this structure to an fourth order evanescent
operator El.(4), we also obtain a contribution with an physical operator O;.

« The mapping of the terms in our result to the set of effective operators could in
principle be done by constructing projectors for Lorentz and colour structures.
However, in this special case, the identification of the operators in the result is quite
simple and straightforward so we do not use projectors here, but just identify the
operators directly.

Let us have a look at the explicit calculation of the renormalization matrix in more detail.
As an example we consider calculation of the one loop renormalization constant of operator
O;. For this renormalization constant, have to calculate the one loop correction to the four
point function with insertion of O;, see for example Figure C.1 (b). At NLO, there are six
six diagrams of this form. We consider Equation (C.1) up to order ! and obtain

Aa=Ci() (2 + =20 ) (@(00) + T42(00)) +O ()
= (2O + 0w (2 Z©Op) + ZO)) +0 (@) . (©7)
Since Ae must have no UV poles at any order in as, we find that
2z (00)y) = =20y + 0(e, (C3)

at any order of €* with k < 0. Let us recall that (Z(O; ))(") denotes the matrix element of
operator O; with renormalized quark wave function, masses and strong coupling constant
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C.2. Basis transformation for renormalization constants

at order n. We rewrite Equation (C.8) and obtain
z(0py = =00y - zW(0) + 0(), (C.9)

where (Oi)g)) denotes the bare LO matrix element of operator O;, (Oi)g) the bare NLO

matrix element. The term Z(M(0;) 1(30) denotes the contributions obtained from LO matrix
elements with one loop renormalization of quark wave function, quark mass and strong
coupling constant. In the case of Equation (C.9), only the quark wave function contributes
to this term since there are no diagrams with mass counterterms and no factor of «; in
the LO diagram. Requiring Equation (C.9) for every i € {1,...,6} and j € {1,...,6} for all
poles in €, we can determine Zl.(jl) and obtain for the MS renormalization constant

-1 3 L 1 0 0
3 -1 3 -1 0 0
59 7 1
Z(11) _ 2 2 :1?3 _1_5 Tf _11 , (C.10)
3 2 6
0 o B8 96 24 9
0 0 -288 1% 3 _&

where we have set n, = 3. For the complete result of the renormalization constant expressed
in general n,, see Section C.3.
At NNLO the procedure is similar. The equation analogous to (C.9) at two loop order reads

2200 = ~(09? - 20y - 200 - 202V 0 - 2P (0P +0(e"),
(C.11)

where we now find contributions from terms up to order a? in the renormalization con-
stants. The last two terms contain the NLO operator renormalization matrix Zi(.1 ) which
was calculated already using Equation (C.9). These terms now also introduce matrix
elements of the operator O; with j # i.

For the NNLO poles, there are several cross checks which show that the obtained result is
reasonable. One of them is to check that all of the log(y?/ mfl) factors that are introduced
by the NLO and NNLO matrix elements cancel in the e-pole terms on the right hand side of
equation (C.11). Furthermore we can predict the 1/€? poles of the NNLO renormalization
constant from the 1/¢e pole of the NLO renormalization constant [143]:

#(22) _ 2(2(11)) zﬂOZ(l,l). (C.12)

The explicit results for the renormalization constants of the current-current operators in
the historical basis and the CMM basis are given explicitly in Section C.3 and C.5.

C.2. Basis transformation for renormalization constants

The operator bases introduced in Section 2.2.1 and 2.2.2 are related by linear transforma-
tions as described in Section 2.2.3. The physical and evanescent operators of CMM basis
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C. Renormalization constants

are related to its counterparts in the historical basis via the relations

-

0=R(0'+WE),
E=M((U+€V) 0 + (1+eUW + VW) B, (C.13)

with the transformation matrices R, M, W, U and V. Defining the transformation matrices

R 0 1 0 1 w
() selwter t) (3]
we can rewrite Equation (C.13) as
((Z):ABc(Q, ) (C.15)
E E

Using these transformation matrices it is also possible to transform the renormalization
constants of the different bases. Requiring that the renormalized quantities of the form of
Equation (C.1) stays the same under the basis transformation, we obtain !

Z = (ABC)Z'(C™'B'A™Y), (C.16)

where Z and Z’ denote the renormalization matrix for the operators in the historical and
in the CMM basis respectively. Note that these matrices are given in the space of {O, E}.
For the transformation matrices A, B and C, we obtain

R 0 1 o) (1w
(ABC):(O M)'(6U+62V 1)'(0 ]1)

~ R RW c17)
| eMU + MV M+ eMUW + €MUW | '

and

(C'B1A™

w ! . 1 0o\ (R 0 !
1 eU+e2V 1 0o M
-w\ 1 0 Rt 0
1 —eU-€2Vv 1 0o M1
R+ eWUR™ +WVR! —WM!
- —eUR! — e2VR™! Mt (C.18)

(=l

We devide the renormalization matrices into subblocks for physical and evanescent opera-
tors:

Zoo Zgk
Z = . C.19
( Zpo Zrk ) (C19)

INote that Equation (C.16) leads to e-finite terms in renormalization constants which have to be subtracted
in order to obtain MS renormalization constants, see also Ref. [27, 28]. The contributions that are needed
to subtract the e-finite parts are discussed in Equation (C.26).
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C.2. Basis transformation for renormalization constants

Inserting this ansatz into Equation (C.16) yields
Zl 2
(‘?Q gQE ): (ABC) ( ZQQ ZQE )-(C‘lB'lA'l), (C.20)
EQ EE EQ EE

which allows us to extract the most general expressions in terms of the transformation
matrices:

Zoo = RZ\poR™" + RZ(, W (€U + €’V)R ™" = RZ(); (U + €’V)R™' + RW Z,,R™"
+RWZp, W (eU + V)R = RWZj;(eU + €’V)R™,

Zor = —RZpoWM ™' + RZ,pM ™' = RWZpsWM™ + RWZp, M

Zpg = M(eU + V) ZpoR™' + M(eU + V) Z,, W (eU + €’V)R™ + MZ,R™!
— M(eU +€°V)Z,(eU + V)R + M(eU + €’V)WZ R
— M(eU +€°V)Z,(eU + V)R + M(eU + € V)W Z W (eU + *V)R™
+MZp oW (eU + €*V)R™ = M(eU + €’V)WZp(eU + €’V)R™
— MZ,.(eU + V)R,

Zgp = M(eU + €°V) Zpo WM™ + M(eU + €°V) Zj M~ = M(eU + V)W Zp WM™
+M(eU + V)W Zp M~ = MZp o WM™ + MZp M~ (C.21)

Let us again consider the calculation including the current-current operators and their first,
second and third order evanescent operators. In this case, the transformation matrices can
be found in Equations (2.37), (5.36) and (5.42). We repeat them here for convenience:

2 3 0000
1 0000
1 20 1
ro (2?3 Mol 0 F 2300
0 1] 0 20 010 0]
672 112 0 0 2 3
0 33 0 0 0 1
4 0 4 0
0 4 0 4
36736 2304
_| 144 0 _ 115 T 23
U= 0 144 |’ V= 0 105856 (C.22)
115
6336 0 —-1344 0
0 6336 0 —1344

Note that for this set of operators, all entries of the matrix W are zero. Rewriting the
renormalization constants using the convention

_ as\" 1 (nm)
Zij_ZZ(E) =z, (C.23)
n m

this means for the order «, contributions:

(LD) _ p/ (L1 p1
Zog' = RZgg R
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C. Renormalization constants

(L1 _ "(11) 5 —1
z5 = Rz, M,
(LD) _ g7 (D) p 1
zZoh =Mz M,

700 _ g7 (et

00 OF
10 _ a0 L g/ _ 0] g
Zyy = M| 2" +UZ,5" - 2P VU R (C.24)

At order a? we obtain

Z(z:z) — RZ/(Z’Z)R—I ,

00 00
(22) _ p/(22) -1
75 = RZgpI M,

(22) _ 3/ (22) ) -1
72D = Mz P M,
21 _ pl @) _ @2 p-1
o) = R|lz2g5" - 233U R,
(21) _ p7/(21) ;-1
zo) =RZyp"M ™,

21 _ o1 (2,2) ] 5 -1
ZEE _R_ZEE —-UZ ]M ’

OE
@0 _ oyl /e,y ed ey
s = M|z 50 v uz 3 - 2P u R,

20) _ p[ _ ;@0 _ (22 ‘(L) (L) ] p-1
25 = R| - 233U - 23 + 2 vz 50 R

(20) _ "(2,0) "(2.1) '(2.2) "(2.1) "(2,2) '(2,2) -1
28 =M|Z,0 +uz S vz 5P - 20U - 28y vz P u|RT . (c2s)

For simplicity, we refrain from giving the corresponding relations for non-zero W. They
can be obtained straight forward from Equation (C.21).

After rotating the CMM basis into the historical basis, the € finite elements Z&QO) and
Zgéo) are different from zero and therefore the obtained renormalization constants do not

correspond to MS renormalization constants. Such finite contributions must be removed
by a suitable change of scheme. For the renormalization constants this corresponds to the
transformation

as s \? 2
Zas= 1= Bn (&) (oo 2 cax
MS [ JPLE R Py (2 rl)] (C.26)
where for the sub block including only the physical current-current operators we obtain
7
_ 00 _ 73 1
(rl)QQ_ZQQ _( _; % )’
0 _1S25T %5, 16 5
(oo =2 20) _ ( 2070~ 54 138 18 ) ’ (C.27)
Q0 6493 _ 5 239239 |, 5
276 9" Taao T alf

from Equation (C.24) and Equation (C.25). Note that the two loop constant depends on
the choice of the evanescent operators. Keeping the €? coefficients general, we obtain

288

7, 23 5 397 , 3 27 11 11
st 8V11+3 48V31 36 +8V11+ 4Vlz 144V31+24V32

= Z(Z,O) =

200 , 45 9 67 68 , 25 33 5 5
(r2) 5 eV —3Vie— 55V 3TV - Vi — 56V + 5 Va2
2)Q0 = %90
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C.3. Historical basis

7 _ 7 11 1
7731 13- pvutiViz

; 54
n 1 _ 1y L, 1y Ly ’
9 11 27 T 1Vl T 312

(C.28)

where V;; denote the entries of the matrix V as discussed in Section 5.1. The matrix
elements of V are related to the € terms in the definition of the evanescent operators via

Equation (5.41).
The transformation rule for the Wilson coeflicients is obtained by the rotation matrix R of
the physical operators and the finite renormalization matrices Z gg):

2N 1|y % (10 ﬁ)z (20)

Cls) = C ()R |14 2258 + (4” z&0 (C.29)

while the ADMs transform in the following way [28]

Y(O) — Ryl(O)R_l ’
y(l) _ Ry/(l)R_l _ [Z&)O)’Y(O)] _ 2[)’02(1’0),

@ _ /@ p-1_ [0 ] _[,00 1) 10) ()] (1.0
y7 =Ry R [ZQQ’Y ] [ZQQ’Y ]+[ZQQ’Y ]ZQQ

2
—4p7y) 2575 + 260 (25)) (C.30)

The transformation of the ADM is needed in Chapter 5.1 where the higher order € coeffi-
cients of the evanescent operators of the historical basis are determined.

C.3. Historical basis

The following renormalization matrices are given as 6 X 6 matrices for the set of operators
{04, 0s, Eil),Egl),E?),Eéz)} where the physical operators O; and O, are defined in the
usual way in the historical basis as given in Equation (2.16). The evanescent operators of
first and second order are given in Equation (5.35) with the coefficients A,, B; and B, of
Equation (5.41). For convenience we provide results both for generic number of colours n,
and for n. = 3. The corresponding renormalization constants read at one loop level:

-3 3 4 : 0 0
3 -2 : ST 0
13 1 ne 1
Z(l,l) B 0 0 n 8nc -5 o, + T 1
1 o o ~13 13 1 L
ne 2 2nc
0 0 1B_224p 96 > +dn, -9
0 0 —288 24 160n, 3 > —8n,
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C. Renormalization constants

7 1
-1 3 L 1 0 o0
1 1
3 -1 3 -1 0 o
59 7 1
N e S T R
- 13 1 1 ’
o o -13 B 1 1
1888 41
0 o0 -8 95 4 9
1568 67
0 0 -288 L8 3 _
0 0 0 0 0O
0 0 0 0 0O
48
T 48 000 0
24 B-24n, 00 0 0
1236 -1536 0 0 0 0
~768 136 _768n, 0 0 0 0
0 0 0 0 0O
0 0 0 0 0O
16 —-48 0 0 0 O
| —24 -5 0 00 0
512 —=1536 0 0 0 O
=768 —=1792 0 0 0 O
At two loop level we obtain:
9 9 _ 1lng 79 5 35n;
0+55 —w~72 W - u
9 lin, 9 5 6lng
“ne T2 045 e T 2k
178 , 105 , 6ng
722 _ 0 0 EEET A
= 65 ne
0 0 . + ra
3392 , 640 , 848n2
0 0 -—=3" + n_g + 3
0 0 —L12 4 304n,
1 1, n 1, n
1 + % + 35 8. + 35
1 ne 1 1
Tt 16 T 82
79 9 23n§ 23 43n
24 " o2 T T4 an, ~ 12
7 _37n _23_ 9
ne 24 24~ op2
364 _ 39 166n§ __109 125n,
3 2n? 3 ne 2
175 _ 127n, 416 _ 39 140n2
ne 2 3 2ng 3

160

(C.31)

(C.32)

7 13n.
4n, 12
1_ 5
24 2n?
_73 + 367n,
ne 6
22 105
3 + 2n?

—% + 624n,

3904 , 640 2800n§
3 n’ 3



C.3. Historical basis

_1 1 ne 1
Ne 11 6ncl+ 12 12l 0 0
13 _ 8nc _3 S S 1
-y 0 0 Bne 3 3 6ncl+ 12 1z
° ° __224 3ne 6 4 -~ one
0 0 G- 82 goefe 3
C C
_ 128 | 160n, 5 _ gn
0 0 96 3, += 1 s 3
20 39 _91  _8 61 5
2 2 9 3 288 96
3 21 _143  _17 5 11
2 2 24 72 48 144
229 955 35 53
|0 0 2 6 6 6
- 227 3 55 35
0 0 6 2 24 24
13360 5200 2273 907
0 0 9 3 6 6
1424 63248 793 1675
0 0 3 9 6 6
1 7 1
3 1 36 z 0 0
1 1 1
1 3 6 s 0 0
59 50 7 1
+n 0 0 9 3 36 12 (C.33)
Mo o -1 1B 1 _1 '
3 9 6 18
o o -1 3 4 _3
_ 1568 67
0 0 -9¢ 68 1 _¢
7_ 153 111 _ 235n, _430 39 47ng _1 ., ln
6  8n? 4n, 24 144 © 1602 " 36 ne ' 36
11 _ 1%n _47 _ 153 _ 53  103n 191 39
an, ~ 24 6 8n2 8ne 36 144 T Ten?
144 288 197 |, 47 43n} 175 _ 2441n
—196 - 2 Se +o2nc BRI ol
Z(Z)l) — ne ¢ fe ¢ 22 2
216 _ _ 144 2 153 _ 1657n, 865 , 47 ne
16 1 8n, 124 — 12 + 44n] 135 _ 16 Bt an 3
14564 , 1296 , 5084n? 912 |, 2008n,
~3968 3968n _las6d | 1296 4 0%AM 91z ) 2008
c 9 n2 9 e 3 )
10280n
20 +1408n,  —6272 + 2560n —2128 _ 1180n, 7828 4 13126 + =
c c ¢
71 _m 7 _ 3ne
128~ 64n? 128 64n, 64
7 _Tne 7 _ 7
32n. 128 128 64n?
_205 | 31 29n _9 4 67n
144 T 62 T 36 . T2
_ 37 215n, _ 43 31
8nc 72 144 * 16n2
_1430 | 79 1087n¢{18 927 _ 1145n,
9 T 8n? 4n, 8
_ 985 | 995n 1036 , 79 _ 28n
an, 8 9 T 8n? 9
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+ ryf

—212

+nf

7(20) _

+nf

162

1 1 _ I 1 0
6 36n, 72 72
1 _L1 1 0
6n, 36 9 36n,
— 43 ne _L 1 _
16 Ten, ¥ 79 18 36n,
16 _gp 67 _43 _ 4ne L
e ¢ 520 18n, 3
_ _ 400 ne _40 _.23
12 In. 9 3320 18nc+
512 _400 _ 320n A
. 256n, 80 o, 9 3
_lel 323 A S S
8 36 12 36 48
_239 51 us - _ 3 _ 77
24 8 72 384 1152
1279 697 145 49
252 24 8 24 24
1963 2753 89 1
256 24 24 12 12
32488 9257 2817
11904 5 1704 51 3
_ 12748 101644 6985 2117
16768 3 9 24 24
1 7 1
6 216 72 0 0
1 1 1
18 36 108 0 0
353 1 7 1
16 54 18 216 72
36 67 -2 _1 1 ’
3 18 54 36 108
— 4280 40 427 _3
512 27 3 54 2
_ 1792 _ 3280 7 _ 383
3 80 27 2 54
0 0
0 0
_ 201038 259746 1164n? _ 804348 | 1305248n,
345 115n2 5 115n, 345
_ 4560  134944n, 568318 , 674466 _ 188n%
e 345 345 115n2 3
_ 24124528 | 896 942832n; 2878976 _ 12555488n,

345 n’ 115 23n, 345
706880 _ 10386928n, 61042928 | 896 _ 3448256n2
23n, 345 345 n? 69

0 0 0 0 0O
0 0 0 0 0O
15608 _ 2448n. _ 25544
345n, 115 3454 0000
_ 15148 50168 _ 4nc
34542848 345n, 3 0000
_ 404288 _ ne 1154912
345n, 115 345883648 0000
36192 957248 , 3836d3nc
69 345n, T 345 0000

ne
72

25n,
9

S O o o o o

S o©O o o o o

S O O o o o

S O O o o o

(C.34)



C.4. Historical basis with penguin operators

0 0 0 0 0O
0 0 0 0 0O
202796 _ 50488nys 1037132 _ 2%4ny 0 g
115 1035 115 345
= 15148ny 39856 46028ny | 39904 (C.35)
T35 T 115 1035 1 723 0000
4098848 _ 1561184nf 1154912nf _ 1011808 O O 0 0
1035 1035 345 15
S6192n; 34695184  6995%84ny 282282736 v o
69 345 1035 1035
For n, = 3 the corresponding anomalous dimension matrix reads
o_[-2 6
Y 6 -2 )°
21 7 _2 2
(1) _ 2 2 9 3
e T D IR
2 2 3 9
1340209 401635 1190291 , 804 16657
(2) _ 460 276 67283 +n 6210 T3 atq — 8083
yo= 201635 _ g797, 1340209 16657 _ g 1190291 8083
276 460 414 3 6210 3
130 _130
2 81 27
el s 1m0 (C.36)
27 81

C.4. Historical basis with penguin operators

In the calculation of the penguin like topology contributions to the decay channels b — ccs
and b — uud, also the renormalization constants including penguin operators and their
evanescent operators in the historical basis are needed. We obtain the needed renormaliza-
tion constants by transforming their counterparts in the CMM basis to the historical basis
with an appropriate choice of transformation constants as introduced in Section 2.2.3.

It turns out, that for the transformation including the penguin operators, we have to
introduce four additional evanescent operators in the CMM basis at one-loop level [28]

) _ _ 5 01,
EY = @y Pib) ) @ravse) - 505+ 205,
q

/ - - S) / 1 /
Y = @y TPLb) ) (Gvu T ysq) = 504+ 20,

q
/(1 — — 32 ’ 5 ,
E7( ) = (qu/hpszLb) ;(CIYM,UZ/JSYSCI) - ?03 + 505 >
7 (1) = yH1HsTa = a 32 / ) ’
Eg " = (qvy T®P.b) Z(CIYyluzuaT Y5q) — ?04 + 506’ (C.37)
q
and two-loop level:
, _ _ 320 , 68
E® = (" PLb) > (G pis¥sq) — =05+ 05,

q
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o _ 320 , 68

Eé(z) = (q,y" - TPLb) Z(q}/ﬂlmﬂSTaysq) - TO‘* + ?Oé’
q

1) _ = .. = 4352, 1040,
E7( ) — (quﬂl /17PLb) Z(q}/ﬂl---ﬂ7y5q) — TOB + 3 05 s
q
_ _ 4352 , 1040 _,

E;(z) — (qul—’1~»~ll7Tapr) Z(CIYyl..~#7TaY5CI) - 704 + TOG > (C38)

q

These additional evanescent operators are not needed as counterterms in the basis of
operators defined in Section 2.2.2. However, linear combinations of them will be part of
the physical and evanescent operators in the historical basis after the transformation. The
operator basis in the CMM basis then reads

0’ = {0}, 05,04, 0}, 05,04},
E=E"Y,. BV ED B} (C.39)

In the historical basis we have the the set of operators [28]

é = {017 OZ’ 035 049 059 06} 5

/ 1 1 2 2 /(2 /(2 /(2 7 (2
E =", BV E® E? E® E® @ e, (C.40)

with the un-primed operators defined in Equations (2.16), (2.17), (2.19) and (2.20). The
operators {E;(z), E;(Z), E;(Z), Eé(z)} are in principle not necessary in the historical basis but
kept here for completeness.

The transformation matrices that transform the operators of the CMM basis given in
Equation (C.39) to the operators in the historical basis given in Equation (C.40) are extracted
from Ref. [28] and read

2 0 0 0 0
01 0 0 0 0
1 1
00 -1 0o L o0
R = i 2 1 1 1,
00 -5 =5 3% 3
4 1
o0 % 0o -% o
4 8 1 1
00 5 3 -3 ~%
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0
0

0
0

0 0 0O

0 0 0O

0
0

0
0

0
0

0
0

0 0 0O

0
1

0 0 0 =2
0 0 O
20

3

0
0

40

0 0 0O

0
0

0 0

S O o O O o
S O o O o O
—

01 0O

0

0 20 0 O

0

256 0
0 0
0

0

128

S N B

— S — O

—o —HN—H|Oo O

0
0

0 0 01

0
0
0

0
0

0 0 0O
0 0 0O

o Y o-coSeo o o o Yoo
L oo oo © © o Zloeo ©
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o I clcdls o o OMTO
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™ o <«
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= clofle o o OMT,O S
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] , (C.41)

00 O0O0OO0OOO0OTO0OTU OO
00O0O0OO0OOO0OOTG OO
00O0O0OO0OOO0OOTG OO
00O0O0OO0OOO0OOTG OO
00 O0O0OO0OOO0OOTG OO
-6 0 00000 O0O0O0TO
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0
0
0
0

0
0
0
0
-6
0

0 00O
0 00O
0 00O
0 00O
0 00O
0 00O
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With these transformation matrices we can now transform the renormalization constants
given in the CMM basis, taken from Ref. [28], to the historical basis according to Equa-
tion (C.21). Note that at NNLO we only want to consider current-current operators. In
order to renormalize such diagrams, we need the renormalization constants that mix
penguin and evanescent operators to current-current operators to two-loop order. This
corresponds to the first two lines of Zgé") and Zgé").

The mixing matrix for physical operators read (for n, = 3)

-1 3 0 0 0 0
1 1 1 1
3 -1 =35 3 ~3 3
11 11 2 2
w_[ 00 -5 % -5 4
7LD _ 9 3 9 3 ’ (C.42)
o0 0 0 3-4¥ 4¥ ¥ ¥
9 3 9 3
0 0 0 0 1 -3
_nr ny o ny
0 0 / / L -8+
21 _Nf 39 -1 1 _1 1
2 3 2 tTnf 6 2 6 2
_39 21 _Mf 100 _ 2F 64 2y o101 _ 2nf 173, 2p
2 +nf 2 3 81 27 27 + 9 162 27 54 + 9
2,2
ES %k ES % ES ES
*k * ES £ * *
ES ES kS k ES 3k
_13_ M _20 7 88 11 _el _11
8 18 8 6 36 12 36 12
8 L _133 _ My _137 713 _316 244
8 6 8 18 486 162 243 81
721 _ * * s * * * (C.44)
QQ k k ES k k ES
%k k ES % ES ES
%k ES ES % %k ES

In addition we need the renormalization constants that mix evanescent operators and
physical operators which are given by

L i 00 0000000O0O0O0O0O
5 -+ 0 0 0 0 00000O0O0O0O0O
1 1

Ly _[ 0 0 g 3 0 00000000000 -
QE 17 , (C.45)

0 0 7 % 0 0 0000000000

0O 0 0 0 -1 5 0000000000

o 0 0 0 % Z 0000000000
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) L BLC)
9 36 3 + 12
_43 " 17 _If
24 6 72 18 2
Z(Z,Z) _ * *
) =
Q k ES
% £
%k £
64 _Tnp 1 my 1
9 216 6 3
B3 _too71 M 77
24 36 72 108 648
Z(2,1) _ * * *
QE *k % %k
ES ES ES
k %k %k

—_
—_

* ¥ % %o o
Do

* K X K=
[*)}

0

35
216

*

*
*
*

- o

* ¥ % %o o

* K ¥ K=
(e}

RNy
* * * * B|JWI=
%)

(=

35
216

* % %

67

The quantity (r1)go (see Equation (C.26)) is given by

(rl)QQ - ZQQ -

OOOON
S o o O

6 —

5
S 2 00000000
5 11
2 AL 00000000
%k *k %k %k %k %k % % %k %k
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Since we also need counterterms introduced by diagrams of the order a! with one insertion
of the operator Og, the first order renormalization constant for the physical operators
including Oy is also required. We obtain for the set of operators {Oy, Oz, O3, Oy, Os, Og, Os }:
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For completeness, we also provide the renormalization constants for the current-current op-
erators and their first and second order evanescent operators {0}, 0}, E; O E;(l), E] @) E;(Z) }.
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C. Renormalization constants

For n. = 3 the one- and two-loop results are given by
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D. 1/my-suppressed operators

In this Appendix, we list the functions Gg)?. and Gg)?j for the 1/my,-suppressed operators

introduced in Equation (6.29). The followiflg expressions are taken from Ref. [47]. The LO
coefficients of the chromo-magnetic operator y; read

1
GO cud _ - (3—8p* +24p*log p + 24p* — 24p° + 5p°)

G,11
a =y,
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Gg?hccs = —% [\/1 —4p? (3 —10p* + 10p* + 60p°)

bl
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—24p* (1 -5p*) log (
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1
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5
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I
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For the Darwin operator, they are given by

0),cud _ 2
Gy = 5 (17 +24log p — 16p* = 12p" + 16p° - 5p°),

Gy = ; (_9 +24(1-3p" +p°) log p + 24 (1 - p?)’ log (1 — p?) +50p”

—90p* +54p° — 5p°)
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3 llz
-8(1-p%) " log| =],
(1-p7) og(mi)

Ggf}f“d = g (1-p%) (9+11p? - 24p*log p — 24 (1 — p*) log (1 — p?) — 25p* +5p°%)

2
+8(1-p?)° (1+p?) log (P_oz) :
My

Oces 2
Gops = 3 [\/1 — 4p (17 + 8p* — 22p* — 60p°)

1++/1 — 4p?
~12 (1= p? — 2p* +2p° + 10p") log | — |l
1—+/1-4p?
2
Gl()(?)l,lccs — g [ /1 _ 4P2 (_3 + 22,02 _ 34P4 _ 6()p6)
1++/1—4p2
—24,02 (1 + p2 + 2p4 + 5p6) log #
1—+/1—4p?

2
+8y1—4p?log (%) +8 (Muz(P’ n) —1—4p?log n) ‘ -
b

I]—)
Gz()(ﬂ’zccs = g [\/1 — 4p? (—45 + 46p° — 106p* — 60p°)
144/1—4p?
1—+/1—4p2

2
+ 841 —4p?log (,u_) +8 (Mm(p, n) —+1—4p?log 17) ‘ ,

mi n—0

+12 (1 +4p* — 16p° — 10p°) log (

G = 2 [_9 +24(1-3p" + p°) log p + 24 (1 - p*) log (1 - p?) + 50p* — 90p*

2
+54p° = 5p°] = 8 (1 - p?)’ log (ﬂ_OZ) ’
m,
(0),ucs _ ~(0),ucs
GD,ZZ - GD,ll ’

G(D(?)l’zucs = g [—41 — 24 (2+5p* +2p* —2p®) log p — 48 (1 - pz)2 (1+p%) log (1 - p?)

2
+26p° — 18p* +38p° — 5p°] +16 (1 - p?)* (1 + p?) log (u—"z) :
m
b

(0), uud Ho

LUl 0

Gpyy =6+8log 2),
b

G(O), uud — G(0), uud

D,22 D,11 >
o) uud _ 34
Gprp = -3 D.2)

172



with

(1-yP)? (-2t (1+p)+(1-p)*) (t=n+p) dt

Muz(p,n) =~
. /<«//3+\/ﬁ>2 t\/(tz =2t (1+p)+ (1= p)) (2 =2t (n+p) + (1= p)°)
(D.3)

In Ref. [48] the relation

1++/1—4p?
Miz(p, 1) — N1 —4p?log ’7] |}7 02 (1~ p?) log (ﬁ)
- - —ap

+4/1 —4p? (1 +4logp —4log1 - 4p2) , (D.4)

is given, which is used for the implementation of M;12(p, 1).
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