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Zusammenfassung

In Formungsprozessen von faserverstarkten Kunststoffbauteilen beein-
flusst die Fasersuspensionsviskositit verschiedene Prozessparameter
und physikalische Felder, die sich wiederum auf die Eigenschaften des
fertigen Bauteils auswirken. Beispielsweise beeinflusst die Fasersuspen-
sionsviskositdt die Schneckendrehzahl beim Spritzgieflen, die Presskraft
beim Formpressen und allgemein das Stromungsfeld. Deshalb ist ein
genaues Verstdndnis der Fasersuspensionsviskositdt von entscheidender
Bedeutung fiir die Modellierung von Fertigungsprozessen und die
Vorhersagegenauigkeit von digitalen Prozessketten. Allerdings ist die
experimentelle und analytische Untersuchung der Fasersuspensionsvis-
kositat mit erheblichen Schwierigkeiten verbunden. Insbesondere ist es
wihrend rheologischer Experimente eine Herausforderung, einen be-
stimmten Orientierungszustand der Fasern zu gewéahrleisten. Aufierdem
erschweren die stark nichtlinearen Eigenschaften von Polymerschmelzen
und die komplexe Geometrie der Suspensionsmikrostruktur analytische
Bemiihungen.

In dieser Arbeit werden rechnergestiitzte Homogenisierungsansatze mit
maschinellem Lernen kombiniert, um das anisotrope, viskose Verhalten
von Fasersuspensionen zu untersuchen und zu modellieren. Genauer
gesagt werden Fast-Fourier-Transformation (FFT) basierte Methoden
verwendet, um die effektive Spannungsantwort von Fasersuspensionen
fiir ein bestimmtes Stromungsszenario zu berechnen. Anschliefsend
wird maschinelles Lernen genutzt, um rechnerisch effiziente Ersatz-
modelle fiir das Effektivverhalten der Suspensionen zu entwickeln.
Aufgrund der industriellen Relevanz von faserverstarkten Polyamid

ii



Zusammenfassung

6 (PA6) Materialsystemen, sind die Untersuchungen in dieser Arbeit
auf Fasersuspensionen mit scherverdiinnendem PA6 Matrixmaterial
fokussiert.

Eine bestehende FFT-basierte Methode fiir Suspensionen mit Newton-
schen Losungsmitteln wird auf Suspensionen mit nicht-Newtonschen
Losungsmitteln erweitert. Insbesondere wird die Legendre-Fenchel-
Transformation genutzt, um eine duale Formulierung des zugehori-
gen Variationsproblems zu erhalten, das effizient mit FFTs und einem
Newton-CG-Ansatz gelost wird.

Die FFT-basierte Methode wird mit iiberwachtem, maschinellem Ler-
nen kombiniert, um Modelle fiir das Effektivverhalten von Fasersus-
pensionen mit einem scherverdiinnenden PA6 Matrixmaterial zu ent-
wickeln. Dazu wird das anisotrope Scherverdiinnungsverhalten von
Fasersuspensionen fiir 109 verschiedene Faserorientierungszustande
untersucht. Basierend auf den Ergebnissen der Untersuchungen werden
vier Modellkandidaten fiir die effektive Viskositdt formuliert und die
Modellparameter mit tiberwachtem, maschinellem Lernen identifiziert.

Dartiber hinaus wird eine neuartige Deep Material Network (DMN)-
Architektur fir die Behandlung von Fasersuspensionen mit unendli-
chem Materialkontrast vorgeschlagen. Insbesondere werden zweiphasi-
ge, geschichtete Emulsionen als DMN-Bausteine verwendet und deren
geschlossene Homogenisierungsfunktionen hergeleitet. Um unendli-
chen Materialkontrast zu behandeln, werden zweiphasige, geschichtete
Emulsionen auf spezielle Art und Weise wiederholt geschichtet. Unter
Verwendung der abgeleiteten geschichteten Materialien wird das direct
DMN Framework auf die Flexible DMN (FDMN) Architektur erweitert.
Anschlieffend werden FDMNSs zur Vorhersage des effektiven viskosen
Verhaltens von Fasersuspensionen mit einem scherverdiinnendem PA6
Matrixmaterial verwendet.

iv



Summary

During the molding of Fiber Reinforced Polymer (FRP) components,
the fiber suspension viscosity influences various process parameters
and physical fields, which in turn impact the final part properties. For
example, the suspension viscosity influences the screw speed in injection
molding, the press force in compression molding, and generally the flow
field. Therefore, an accurate understanding of the fiber suspension vis-
cosity is essential for the modeling of manufacturing processes and the
prediction accuracy of digital process chains. However, the experimental
and analytical study of the fiber suspension viscosity is associated with
significant challenges. In particular, it is challenging to ensure a specific
fiber orientation state during rheology experiments. Additionally, the
highly non-linear nature of polymer melts and the complex geometry of
the fiber suspension microstructure complicate analytical efforts.

In this thesis, computational homogenization approaches are combined
with machine learning techniques to study and model the anisotropic
viscous behavior of fiber suspensions. More precisely, Fast Fourier Trans-
form (FFT) based computational techniques are employed to compute
the effective stress response of fiber suspensions for a given flow sce-
nario. Subsequently, machine learning is used to build computationally
efficient surrogate models for the effective suspension response. Because
of the industrial relevance of fiber reinforced polyamide 6 (PA6) material
systems, the investigations in this thesis are focused on fiber suspensions
with a shear-thinning PA6 matrix material.

An existing FFT-based method for the homogenization of suspen-
sions with Newtonian solvents is extended to suspensions with non-



Summary

Newtonian solvents. In particular, the Legendre-Fenchel transform is
leveraged to obtain a dual formulation of the associated variational
cell problem, which is solved efficiently using FFTs and a Newton-CG
approach.

The FFT-based method is combined with supervised machine learning
to develop Models for the effective behavior of fiber suspensions with
a shear-thinning PA6 matrix material. To do so, the anisotropic shear-
thinning behavior of fiber suspensions is studied for 109 different fiber
orientation states. Based on the results of the investigations, four model
candidates for the effective viscosity are formulated and the model
parameters are identified with a supervised machine learning strategy.

Furthermore, a novel Deep Material Network (DMN) architecture for
the treatment of suspensions of rigid fibers in non-Newtonian media
is proposed. In particular, two-phase layered emulsions are utilized as
DMN building blocks and their closed form homogenization functions
are derived. To treat infinite material contrast, two-phase layered emul-
sions are repeatedly layered in a specific manner. The derived layered
materials are used to extend the direct DMN framework to the Flexible
DMN (FDMN) architecture. Finally, FDMNs are used to predict the
effective viscous response of fiber suspensions with a shear-thinning
PA6 matrix material.

Vi
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Chapter 1

Introduction’

1.1 Motivation and goals

Especially because of their high specific stiffness, fiber reinforced com-
posites are widely used for lightweight design, particularly in the trans-
port and energy sectors (Swolfs, 2017; Wazeer et al., 2023). During the
design process of fiber reinforced composite components, combinations
of molding simulations and structural simulations are central to facili-
tate use case appropriate and material oriented design through digital
twins (Botin-Sanabria et al., 2022) and virtual process chains (Henning
et al.,, 2019; Gorthofer et al., 2019; Meyer et al., 2023). In molding
simulations of fiber reinforced composite parts, accurate prediction of
the local fiber suspension viscosity is vital to correctly estimate process
parameters (Castro and Tomlinson, 1990; Goodship, 2017) and other
engineering quantities. In particular, the fiber orientation and the fiber
volume distributions (Tseng et al., 2018), the flow fields, (Karl et al.,
2021), as well as the final part properties (Mortazavian and Fatemi, 2015;
Bohlke et al., 2019; Karl et al., 2021) depend on the suspension viscos-
ity. However, in component scale simulations, it is computationally

1 This chapter is based on the respective section 1 of the publications "Homogenizing the
viscosity of shear-thinning fiber suspensions with an FFT-based computational method"
(Sterr et al., 2023), "Machine learning assisted discovery of effective viscous material laws
for shear-thinning fiber suspensions” (Sterr et al., 2024b), and "Deep material networks
for fiber suspensions with infinite material contrast” (Sterr et al., 2024a)



1 Introduction

infeasible to fully resolve the microstructure of the whole domain of
interest to compute the suspension viscosity. For this purpose, analytical
and computational homogenization methods are valuable tools to pro-
vide viscosity estimates for molding simulations. However, significant
challenges arise for the holistic analytical modelling of the suspension
viscosity, because the suspension viscosity depends on the local mi-
crostructure (Karl and Bohlke, 2022), the fiber volume fraction (Sepehr
et al., 2004), and the fiber orientation state (Dinh and Armstrong, 1984).
Additionally, the flow field (Cross, 1965; Sterr et al., 2023) and the melt
temperature (Williams et al., 1955) influence the suspension viscosity
as well. Furthermore, typical matrix materials in fiber suspensions
show non-Newtonian behavior, which adds additional complexity to
the derivation of appropriate models for the suspension viscosity.

In addition to the challenging analytical treatment, the investigation of
fiber suspensions via rheological experiments is also difficult. Because
of the transient effects during fiber suspension molding, including fiber
breakage and change of orientation state, it is difficult to determine the
suspension viscosity for a particular microstructure and load case (Bind-
ing, 1991; Schelleis et al., 2023). Furthermore, interaction of fibers
with measurement devices (Eschbach, 1993) can affect the measured
quantities.

Overall, the experimental and analytical study of the viscous behav-
ior of fiber suspensions is accompanied by considerable difficulties.
Thus, computational approaches are frequently leveraged to investigate
the viscous behavior of suspensions. In the literature, a variety of
computational techniques are employed for the study of suspensions,
e.g., boundary element methods (Marin et al., 2012), finite element
methods (Domurath et al., 2015; 2020; Traxl et al., 2020), lattice Boltzmann
methods (Svec et al., 2012), and Fast-Fourier-Transform (FFT) based
methods (Bertéti et al., 2021). In particular, FFT-based methods are
established as highly efficient (Kabel et al., 2014; Wicht et al., 2020a;
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Wicht, 2022) and do not require interface conforming meshes, which
makes them widely applicable to complex synthetic or real microstruc-
tures (Schneider, 2021). So far, the study of fiber suspensions with FFT-
based methods was restricted to suspensions with Newtonian matrix
materials. Consequently, FFT-based methods could only be employed in
data based modeling approaches for suspensions with Newtonian matrix
materials. However, molding simulations of engineering components
frequently require models for the viscous behavior of fiber suspensions
with non-Newtonian matrix materials (Wittemann et al., 2019). This
serves as our motivation for the development of FFT-based techniques
to treat suspensions with non-Newtonian matrix materials, as well as
the development of computationally efficient surrogate models based
on the FFT-based computational data. Our approach to achieving these
objectives is structured as follows:

* We seek to extend FFT-based methods for the homogenization of
suspensions of rigid particles in a Newtonian matrix material to
suspensions with non-Newtonian matrix materials. In particular,
we consider non-Newtonian matrix materials whose stress response
arises as the derivative of a dissipation potential density with respect
to the strain rate tensor. We leverage the Legendre-Fenchel trans-
formation to obtain a dual formulation of the associated non-linear
homogenization problem (Bhattacharya and Suquet, 2005).

* We employ the developed FFT-based methods to study the effective
viscous behavior of fiber suspensions with a polyamide 6 (PA6) matrix
material. In particular, we investigate three dimensional representa-
tions of the effective suspension viscosity, as well as the degree of the
material anisotropy and its dependence on the shear rate. For this
purpose, we introduce a direction-dependent elongational viscosity
based on concepts by Bohlke and Briiggemann (2001).

* Based on the data and understanding obtained with the FFT-based
method, we derive models of the effective suspension viscosity for
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use in component scale molding simulations. We present four closed
form models with differing degrees of modeling complexity, and
identify the model parameters using machine learning techniques.
Moreover, we compare the accuracy of the models against the FFT-
based simulation data for a variety of fiber orientation states.

* To leverage developments in the field of deep learning, we extend
the Deep Material Network (DMN) architecture for the treatment
of fibers suspensions with non-Newtonian matrix materials. To do
so, we derive homogenization blocks that are capable of treating
two-phase layered materials with incompressible fluid phases and
infinite material contrast. Using the derived homogenization blocks,
we present the novel Flexible DMN (FDMN) architecture and train
FDMN:s to predict the effective stress response of fiber suspensions
with a shear-thinning PA6 matrix material. Finally, we compare the
FDMN surrogate models with the closed form models presented in
this thesis.

1.2 State of the art

1.2.1 Analytical modeling of the effective viscosity of
fiber suspensions

Since work by Sutherland (1905) and Einstein (1905) on the effective
scalar viscosity of dilute suspensions of spherical particles in Newtonian
fluids, a variety of analytical approaches to model the complete tensorial
viscosity of suspensions were suggested. For dilute and semidilute
suspensions of slender rods in Newtonian fluids, models were proposed
among others by Batchelor (1970; 1971), Dinh and Armstrong (1984), as
well as Shagfeh and Fredrickson (1990). For an overview of anisotropic
mean-field homogenization models of particle suspensions in Newto-
nian fluids we refer the reader to Karl and Bohlke (2022). Various other
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models are detailed by Petrie (1999).

Overall, finding analytical models for the effective viscosity of fiber
suspensions is a challenging task, partly because of the locally inhomo-
geneous flow field inside the suspension, as well as the hydrodynamic
interactions (Rahnama et al., 1995) and mechanical contacts (Sundarara-
jakumar and Koch, 1997) between the fibers. Furthermore, the sus-
pension viscosity also depends strongly on the local microstructure,
i.e., the fiber geometry (Karl and Bohlke, 2022), the fiber volume frac-
tion (Sepehr et al., 2004), and the fiber orientation state (Dinh and
Armstrong, 1984). As far as external influences are concerned, the
loading direction, the shear rate (Cross, 1965; Sterr et al., 2023), and
the melt temperature (Williams et al., 1955) also affect the suspension
viscosity. Especially for suspensions with non-Newtonian solvents
and fiber concentrations beyond the semi-dilute regime, capturing the
large variety of effects in a single analytical model is a difficult task.
Depending on the fiber concentration of the suspension and the behavior
of the matrix material, different homogenization approaches have been
proposed. According to Pipes et al. (1994, §1) the fiber concentration
regimes may be defined using the fiber volume fraction ¢f and the
fiber aspect ratio r, as follows. The dilute regime is defined through
cr < (1/r,)?, the semi-dilute regime through (1/r,)* < ¢g < 1/r,, and
the concentrated regime through 1/r, < cr. Pipes et al. (1994, §1) define
the hyperconcentrated regime for arrangements of fibers with aspect
ratios 7, > 100 through 7/16 < ¢r < 7/4 for square fiber arrays, and
through 7/(8v/3) < cr < 7/(2V/3) for hexagonal fiber arrays. Based on
the work by Batchelor (1970; 1971) on fiber suspensions with Newtonian
matrix behavior, Goddard (1976a;b) proposed self-consistent analytical
models of dilute and semi-dilute fiber suspensions with power-law
shear-thinning matrix behavior. While the model predictions agree well
with experimental results qualitatively, as found by Goddard (1978) and
Mobuchon et al. (2005), quantitative accuracy can still be improved.
Later, Souloumiac and Vincent (1998) incorporated fiber orientation
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distributions into a self-consistent modeling approach for dilute, semi-
dilute and concentrated fiber suspensions. However, in a comparison
with experimental results in a convergent channel flow, the predic-
tion accuracy of the model varies strongly with the shear rate and the
fiber volume fraction. More recently, Férec et al. (2016) proposed semi-
analytical and numerical self-consistent models for fiber suspensions
with Ellis and Carreau-type matrix behavior. Even though the semi-
analytical model was able to accurately replicate steady state solutions
of a simple shear flow simulation, the models have yet to be successfully
applied in other flow scenarios. Focusing on the concentrated and
the hyperconcentrated regime, Pipes et al. (Pipes et al., 1991; Pipes,
1992; Coffin and Pipes, 1991; Pipes et al., 1994) developed models of
collimated fiber suspensions, including uniformly distributed fiber mis-
alignments with an orientation averaging (Ericksen, 1960; Tucker III,
1991) approach. The model predictions agree well with experimental
results by Binding (1991), but the applicability of the model is restricted
to collimated fiber arrays. To improve existing molding simulation
solvers through small modifications, Favaloro et al. (2018) combined
orientation averaging with a deformation mode and microstructure
dependent informed isotropic viscosity, and successfully predicted the
shell-core effect common in fiber suspension molding. However, the
error of the model depends strongly on the applied deformation mode
and approximated anisotropic viscosity. Thus, including recent devel-
opments (Tseng, 2021; Khan et al., 2023) it proves difficult to achieve
high model prediction accuracy over the wide variety of application
requirements in engineering systems.

1.2.2 Computational study of the viscous behavior of
fiber suspensions

As discussed in the previous sections 1.1 and 1.2.1, the analytical and ex-
perimental study of the effective fiber suspension viscosity is associated
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with various difficulties. Consequently, computational techniques can
provide valuable insight into the viscous behavior of fiber suspensions
that is difficult to obtain otherwise. As fiber suspension problems often
involve Stokes flow, computational techniques focused on problems
in the Stokes flow regime are of particular interest. Marin et al. (2012)
introduced a highly accurate Boundary Element Method (BEM) to treat
confined Stokes flow and succesfully applied it to a problem with a
single sphere suspended in a Newtonian fluid. Subsequently, the BEM
based approach used by Marin et al. (2012) could also be extended to
different geometries and multiple suspended bodies. To treat complex
particle geometries suspended in Newtonian fluids, Balboa Usabiaga
et al. (2017) employed a method where particles are modeled via a rigid
collection of connected spheres called "multiblob". Balboa Usabiaga
et al. (2017) successfully applied their multiblob approach to Stokes
flow problems near walls and in channels, involving multiblobs of
different geometries such as spheres and cylinders. Furthermore, Fast
Fourier Transform (FFT) based computational techniques, that were first
popularized in solid mechanics (Moulinec and Suquet, 1994; 1998), were
also successfully applied to Stokes flow problems involving Newtonian
fluids. In combination with the RVE method (Kanit et al., 2003), the
FFT-based computational approach was used to solve problems in
porous media (Willot, 2015; Mezhoud et al., 2020; Tu et al., 2022), and
to compute the effective viscosity of fiber suspensions with Newtonian
matrix behavior (Bertéti et al., 2021). More details regarding FFT-based
techniques can be found in recent review articles (Segurado et al., 2018;
Schneider, 2021; Lucarini et al., 2021).

Computational methods were also employed to treat suspensions with
non-Newtonian matrix fluids. Combining a mass tracking algorithm
for the free surface representation, a lattice Boltzmann method for
fluid flow, and an immersed boundary procedure for the interaction
between fluid and rigid particles, Svec et al. (2012) studied slump tests
of rigid fibers and rigid spherical particles suspended in a Bingham-type
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fluid. They compared slump tests of the suspension with a slump test
of the pure matrix material, and observed a smaller spread and an
increased height in the test of the suspension material, which implies
an increased effective yield stress in the suspension. Domurath et al.
(2020) employed a Finite Element Method (FEM) based approach to
study the transversely isotropic fluid equation by Ericksen (1960). They
investigated the rheological coefficients and found that the model by
Souloumiac and Vincent (1998) overpredicts the orientation dependence
of a rheological coefficient. Extending work by Bertéti et al. (2021)
on suspensions with Newtonian solvents, Sterr et al. (2023) used Fast
Fourier Transform (FFT) based computational techniques (Schneider,
2021) and the RVE method (Kanit et al., 2003) to study the effective
viscosity of fiber suspensions with non-Newtonian solvents. They
investigated the effects of anisotropic shear-thinning on the effective
suspension viscosity for varying fiber volume fractions, shear rates, and

flow scenarios.

1.2.3 Data based surrogate models for the behvaior of
particle suspensions

Accurate computational predictions of the microscopic behavior of a
composite often require significant computational effort (Renard and
Marmonier, 1987; Feyel, 2003; Spahn et al., 2014; Kochmann et al., 2016;
Sori¢ et al., 2018), which motivates the use of fast data based surrogate
models for component scale simulations (Gajek et al., 2021). Ashwin et al.
(2022; 2024) trained a Multi-Layer-Perceptron, a Convolutional Neural
Network, and a U-Net (Ronneberger et al., 2015) on particle resolved
simulation data to predict fluid forces in dense ellipsoidal particle sus-
pensions. They restricted to Newtonian matrix behavior and trained the
networks on data for various Reynolds numbers and fiber volume frac-
tions. Depending on the considered combination of Reynolds number
and particle volume fraction, the prediction accuracy of the surrogate
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models varies. Boodaghidizaji et al. (2022) use a multi-fidelity approach
with neural networks and Gaussian processes to predict the steady state
viscosity of fiber suspensions with a Newtonian solvent. To form the
training data set, they combine low-fidelity estimates from constitutive
equations with high-fidelity data obtained from numerically solving the
involved partial differential equation system. The prediction accuracy
of the multi-fidelity neural network and the multi-fidelity Gaussian
process for simple shear flow depends strongly on the investigated
parameters, especially the fiber volume fraction. Sterr et al. (2024b)
derived four models for fiber suspensions with a Cross-type matrix fluid
by combining FFT-based computational homogenization techniques
with supervised machine learning. They investigated the anisotropic
shear-thinning characteristics of the suspension viscosity for a variety of
fiber orientation states via computational experiments, and formulated
model candidates based on the observed phenomena. Using supervised
machine learning techniques, they identified the model parameters
from computational data, so that three of the four models were able
to predict the fiber suspension viscosities to engineering accuracy for a
wide range of engineering load cases. Generally, in addition to accurate
estimation, extrapolation beyond the training data, as well as ensuring
thermodynamical consistency prove challenging in the construction of
surrogate models.

1.2.4 Deep material networks

In the context of solid materials without kinematic constraints, Liu
et al. (Liu et al., 2019b; Liu and Wu, 2019) proposed Deep Material
Networks (DMNSs) as surrogate models for the full-field computational
homogenization of microstructured materials. Their approach is based
on nesting rotated laminates in an N-ary tree structure of N-phase
laminates, and thus constructing a micromechanically motivated deep
learning architecture. The volume fractions and rotations of the DMN



1 Introduction

are then identified via supervised machine learning on linear elastic data.
Remarkably, even if a DMN is trained on data obtained by solving linear
homogenization problems, the predictions of the DMN for non-linear
homogenization problems are impressively accurate. Gajek et al. (2020)
further developed the DMN architecture into the rotation free direct
DMN architecture. Direct DMNs feature a faster and more robust
training process, as well as an efficient evaluation scheme for non-linear
problems. Gajek et al. (2020) also showed that the thermodynamic
consistency of the laminates is preserved in (direct) DMNSs, such that the
resulting DMN is thermodynamically consistent as well. Furthermore,
Gajek et al. (2020) proved that non-linear homogenization is determined
by linear homogenization to first order for two-phase materials. In a later
article, Gajek et al. (2021) used direct DMNs to accelerate two-scale FE
simulations of fiber reinforced composites by augmenting direct DMNs
with the fiber orientation interpolation concept introduced by Kobler
et al. (2018). Alternatively, DMN parameters may be interpolated with
regard to microstructural parameters by a posteriori interpolation as
proposed by Liu et al. (2019¢) and Huang et al. (2022), or by augmenting
DMNs with neural networks as proposed Li (2024). To leverage the
capabilities of direct DMNs in concurrent thermomechanical two-scale
simulations of composite components, Gajek et al. (2022) further ex-
tended the direct DMN architecture to incorporate thermomechani-
cal coupling. Also in a thermomechanical setting, Shin et al. (2024)
trained DMNs on linear thermoelastic data instead of linear elastic data,
which improved the quality of fit for the effective thermal expansion
properties, but only slightly affected the non-linear prediction quality
of the DMNs. Additionally, they employed DMNs for uncertainty
quantification, and for the inverse problem of optimizing a thermal
boundary condition to achieve a desired thermo-elasto-viscoplastic
response. By developing an inelastically-informed training strategy
for DMNSs, Dey et al. (2022) successfully predicted the creep behavior of
fiber reinforced thermoplastics, which involves multiple scales in both

10
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space and time. This enabled the inverse calibration of parameters for
creep and plasticity constitutive equations by using DMNs as surro-
gates for otherwise costly FFT-based computations (Dey et al., 2023).
Furthermore, Dey et al. (2024) leveraged DMNs in combination with
fiber orientation interpolation (Kobler et al., 2018) to characterize the
behavior of fiber reinforced thermoplastics including damage, plasticity,
and creep. Overall, DMNs were extended and applied to treat a wide
variety of problems, such as interface damage (Liu, 2020), the modeling
of multiscale strain localization (Liu, 2021), problems involving woven
materials (Wu et al., 2021) and porous materials (Nguyen and Noels,
2022a), as well as the architecture independent treatment of multi-phase
composites (Nguyen and Noels, 2022b).

1.3 Outline and contributions of this thesis

* In chapter 2, we summarize the fundamentals of continuum me-
chanics which underpin the investigations presented in this thesis.
Namely, we discuss kinematics and balance equations with a focus on
incompressible flow. Additionally, we briefly discuss the description
of fiber orientation states using fiber orientation tensors.

¢ In chapter 3, we present an FFT-based method for the computational
homogenization of fiber suspensions with non-Newtonian matrix
materials. Employing the presented FFI-based method, we investi-
gate the anisotropic shear-thinning behavior of suspensions of rigid
fibers in a shear-thinning PA6 matrix. More specifically, we study the
non-linear effective behavior for a particular transversely isotropic
fiber orientation state and multiple fiber volume fractions. We find
that the anisotropic shear-thinning is more pronounced for higher
fiber volume fractions, and that the degree of anisotropy decreases up
to certain shear rates.

11
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e In chapter 4, we extend the investigations of chapter 3 into the
anisotropic shear-thinning of fiber suspensions with a PA6 matrix
material to 109 different fiber orientation states. We introduce a
non-linear anisotropy measure and find that the anisotropy of the
effective viscosity and its shear rate dependence vary strongly with
the fiber orientation state. Combining our results with insight from
the literature, we formulate four model candidates for the effective
viscous behavior of shear-thinning fiber suspensions. We employ a
supervised machine learning strategy to learn the model parameters
from the data obtained with the FFT-based computational approach
presented in chapter 3. Finally, we assess the prediction accuracy of
the models for all considered fiber orientation states and a broad range
of engineering flow scenarios. Overall, three of the four presented
models predict the effective suspension behavior to engineering
accuracy, while one model does not compare favorably.

e In chapter 5, we present a novel DMN architecture for the treatment
of rigid fibers suspended in incompressible non-Newtonian media.
For this purpose, we derive closed form expressions for the linear
homogenization functions of layered emulsions with finite material
contrast. For the treatment of infinite material contrast, we rely on
a particular type of layered material, the coated layered material.
We derive necessary and sufficient conditions for which the effective
behavior of a coated layered material with incompressible phases
is non-singular, even if its core phase is rigid. Using the consid-
ered layered materials as homogenization blocks, we present the
FDMN architecture as a nested tree of layered materials. We train
FDMNs on linear homogenization data for fiber suspensions with a
shear-thinning PA6 matrix material to predict the non-linear viscous
behavior of the suspensions. Finally, we compare the prediction
accuracy and applicability of the FDMNs with the closed form models
presented in chapter 4.

12
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¢ In chapter 6 we present a summary of our most significant findings
and conclude with some closing remarks.

1.4 Notation and frequently used operations

All abbreviations are defined when they first appear in each chapter.
Likewise, for each quantity defined in this thesis, we provide a definition
when the quantity first appears in each chapter. The definition might
include properties such as the domain and codomain of a function, the
superset of a set, the vector space a quantity lives in, or the tensorial order
of a quantity. Additionally, we encode the tensor order of a quantity
through the notation. We denote scalar quantities and quantities of
variable order r € IN>( with non-bold letters or greek symbols, such
as a,b or «,f, and provide the required information to completely
define the quantity when it first occurs. Also, we denote the set of
natural numbers including zero as IN>(, and the set of natural numbers
not including zero as IN~,. For first order tensors and tensor fields, we
use bold lower-case letters, such as a or b. For second order tensors and
tensor fields we use bold upper-case letters, such as A or B, and for
fourth order tensors and tensor fields, we use blackboard bold upper-
case letters, such as A or B. For quantities of fixed order r ¢ {0,1,2,4},
we also use blackboard bold upper-case letters and additionally indicate
the order by an index, e.g., Ts for an eighth order tensor. We denote
the standard basis of d-dimensional euclidean space R? with e; for all
dimensions d € IN-(, and follow the Einstein summation convention of
summing over identical indices. Furthermore, we define the following
frequently employed operations using tensor components given in the
standard basis e;:

* The dot product of first order tensors and the Frobenius inner product
denoted by -, e.g.,a-b = a;b; and D - D = D;; D;;.

13
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* The mapping of a first order tensor by a second order tensor
Ba = B;jaj e;.
* The mapping of a second order tensor by a fourth order tensor
C[B] = CijriBrie; ® e;.
* The composition of two second order tensors
AB = A;jBje; ® ey
* The composition of two fourth tensors
AC = A1iCrimn €, @ €; @ €, @ €.
Furthermore, we denote the transposition of a quantity with ()7, the
tensor product with ®, and the direct product with x. The opera-
tor (-)®* constructs a tensor space of a-th order, e.g., R(®3) and we
define (R%)®° = R for all dimensions d € IN~o. Additionally, we
define the tensor product of a scalar a with a first order tensor v, such
that « ® v = av;e;. Finally, we denote vectors and matrices via under-

scores, e.g., a and é, respectively.
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Chapter 2

Fundamentals

2.1 Introduction

This chapter serves as a brief summary of fundamental concepts in
continuum mechanics that lay the basis for the investigations presented
in this thesis. More specifically, we discuss kinematics and balance equa-
tions governing the behavior of continua with a focus on incompressible
and isothermoal flow. Additionally, we discuss the mathematical de-
scription of fiber orientation states in fiber reinforced media, which
serves as a central quantity for the study and generation of fibrous
microstructures. For an extensive discussion of a wide range of aspects
in continuum mechanics, we refer the reader to Silhavy (1997), Haupt
(2002), Liu (2002), Steinmann (2015), and Morro and Giorgi (2023).

2.2 Kinematics

For a d-dimensional material body occupying the volume Y, C RY,
let X € Y{ denote the reference placement of the material points of
the body for d € {2,3} (Steinmann, 2015). Then, the continuously
differentiable and invertible function

x: Yo x[0,T] = RY,  (X,t) — x(X,1) (2.1)
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describes the motion of the body using the reference placement X and
the time ¢ € [0, 7] (Steinmann, 2015). Here, the time ¢ and the furthest
considered point in time 7" € (0, oo] live on the affinely extended real
number line. The current placement x is then defined as

x = x(X,1t), (22)

from which the current placement Y; of the body follows
as (Steinmann, 2015)

Yi={z=x(X,t) | Xe€Y, and t€[0,T]}. (2.3)

Consequently, a tensor field A of order n € IN>o on the material body
can be described in terms of the reference placement Y, (Haupt, 2002),
such that

ALYy % [0,T] — (RH)®™, (2.4)

as well as in terms of the current placement Y, such that
Ag 1 Y; x [0,T] — (R%)®", (2.5)

Here, the parameterizations A and Ag represent the Lagrangian and
the Eulerian description of the tensor field A, respectively. Also, using
the relations (Steinmann, 2015)

Ae(z,t) = A (x Nz, t),t) and AL(X,t) = Ae(x(X,1),1), (2.6)

one parameterization may be converted into the other. The temporal
change of a tensor A (X, t) parameterized by the reference placement X
is defined through the material time derivative (Haupt, 2002)

; OAL

(X, 1) = 5 (X 1), 2.7)
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In terms of the current placement z, the material time derivative of a
tensor Ag(x, t) is given by (Haupt, 2002)
OAE OAE

Ag(z,t) = W(w,t) + %(mvt) - ve(z, 1), (2.8)

where the Eulerian velocity ve(x, t) is related to the Lagrangian velocity

v (X,t) = a—X(X,t) (2.9)
ot

through equations (2.6). In the following, we omit the explicit declaration
of Eulerian and Lagrangian quantities, and instead define the parame-
terization through the arguments of the discussed quantities. Eulerian
quantities are defined through the argument = and Lagrangian quantities
are defined through the argument X. To capture local changes in the
motion of the material body’s points, we use the first spatial derivative
of the motion x, defined as the deformation gradient field F' (Steinmann,
2015)

F: Yy x[0,T] = (RH®?, (X,t) — %(X,t). (2.10)

Abusing notation and setting F' = F(X,t), the relations (Steinmann,
2015)

de = FdX, da=det(F)F TdA, and dv=det(F)dV, (2.11)

describe the mapping of the infinitesimal line d X, the infinitesimal
area dA, and the infinitesimal volume dV' from the reference place-
ment Yy to the current placement Y;. We may split a deformation gradi-
ent F(X,t) into the symmetric positive definite tensors
U(X,t) € Syn™(d) and V(X,t) € Sym™(d), as well as a proper or-
thogonal tensor R(X,t) € SO(d), such that (Steinmann, 2015)

F(X,t)=U(X,HR(X,t) = R(X,)V(X,1). (2.12)

17



2 Fundamentals

Here Sym™(d) denotes the space of symmetric and positive definite
second order tensors of dimension d, and SO(d) stands for the special
orthogonal group of dimension d (Steinmann, 2015). The left and right
stretch tensors U (X, t) and V(X ,t) encode the local stretch, and the
tensor R(X,t) encodes the local rotation. For improved readability, we
omit the dependence of the tensors F',U, V, and R on space and time
in the following. The deformation gradient F' may be used to express
the velocity gradient L € (R?)®? as (Haupt, 2002)

_ ov(z,t)

L ox

= FF 1, (2.13)

which may be decomposed into the symmetric part D = (L + L")/2
and the skew-symmetric part W = (L — L") /2, such that

L=D+W, and D -W =0. (2.14)

The strain rate tensor D encodes the rate of shearing and stretching, and
the spin tensor W encodes the rate of rotation.

2.3 Balance equations

2.3.1 General balance equation

Balance equations encode physical laws that govern processes of interest
in engineering and science. In this thesis, we treat purely mechanical
systems, i.e., thermal effects are not considered. For a discussion of
the balance equations of energy and entropy, as well as a comprehen-
sive description of the thermodynamics of continuous media, we refer
to Krawietz (2013). In the following, we consider an arbitrary bounded
volume 2, with boundary 012 and discuss general forms of a balance
equation, as well as the special cases of the balance of mass and the
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balance of linear momentum over the considered volume €2;. The general
balance equation of an n-th order tensor field 1 : Y; x [0,7] — (R%)®"
over the volume , reads (Liu, 2002)

4 P dQ(x) = / Dy + Sy A () +/ q, ©ndA(z), (2.15)
Q o0Q

dt Jq,

where © denotes a single order tensor contraction. The three
tensor fields py : Q x [0,7] — (RY)®", sy : Q x [0,T] — (RY)®",
and q : Q; x [0,T] — (R%)®(+1) represent the internal production field,
the external supply field, and the non-convective flux field of the
quantity 1), respectively. Using the Reynolds transport theorem and the
divergence theorem (Bertram, 2012), the local formulation of the general
balance equation (2.15) in regular points (Liu, 2002)

o .

i div (¥ ® v) = py + sy + div (q) , (2.16)
follows from equation (2.15). Here, v : Q; x [0,T] — R¢ denotes the
velocity field. If the volume §2; contains a material singular surface S;,
the jump condition for points € S, on the material singular surface S;
(Morro and Giorgi, 2023)

lay] mn=0 (2.17)

holds. Here, the jump [¢] of a quantity ¢ across a material singular
surface S; with normal vector n is

[ =q"—q, (2.18)

where we denote the left- and right hand side limits of the quantity ¢
with ¢ and ¢~, respectively.
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2.3.2 Balance of mass

We consider the mass density p : €, x [0, 7] — R as the subject ¢ of the
balance equation (2.16). Because the internal production p,, the external
supply s,, and the non-convective flux g, vanish (Morro and Giorgi,
2023), the local form of the balance of mass for regular points reads

p+ pdiv (v) = 0. (2.19)

Because we require the jump condition (2.17) to be satisfied, the balance
of mass is satisfied for singular points € S;. For incompressible flow,
the material derivative p of the mass density p vanishes and the balance
of mass simplifies to (Landau and Lifshitz, 2013)

div (v) = 0. (2.20)

In particular, incompressible flow may arise from the movement of an
incompressible material with spatially and temporally homogeneous mass
density p. However, compressible materials with spatially and tempo-
rally inhomogeneous mass density p may also undergo incompressible
flow, because the material time derivative

._Op  Op

p=ar T og (2.21)

should vanish, not only the individual summands 0p/dt and (9p/0x) - v
(Spurk and Aksel, 2007).

2.3.3 Balance of linear and angular momentum

Considering the linear momentum density pv as the subject ¢ of the
balance equation (2.16), the local balance of the linear momentum den-
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sity pv for regular points reads (Morro and Giorgi, 2023)
pv =div (o) + b, (2.22)

where o : Q; x [0,T] — Sym(d) denotes the Cauchy stress tensor field,
Sym(d) stands for the space of symmetric second order tensors of dimen-
sion d, and b : ; x [0,T] — R is the volume force density field. The
traction field

t=on (2.23)

is continuous on the material singular surface S; by virtue of the jump
condition (2.17), because it holds that

+

[cln=0 <= o nm=0 n. (2.24)

In this thesis we consider stationary processes without volume force
densities, hence the supply term b and the material derivative © of the
velocity vanish, and the balance of linear momentum simplifies to

div (o) = 0. (2.25)

To separate spherical and deviatoric contributions to the stress field o,
we introduce the additive split

o=71—pl, (2.26)

into the viscous stress field 7 : Q; x [0,T] — Symg(d) and the pressure
field p : ©; x [0,T] — R. Here, I denotes the second order unit tensor
and Symg(d) denotes the space of traceless symmetric second order
tensors of dimension d. Thus, inserting the additive split (2.26) into the
balance of linear momentum (2.25) yields

div (1) = Vp. (2.27)
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Furthermore, for a reference point x, € ;, we consider the angular
momentum density (& — xy) X pv as the subject ¢ of the balance equa-
tion (2.16). Then, the balance of angular momentum reduces to (Liu,
2002)

oc=o0', (2.28)

if the balance of linear momentum (2.22) is satisfied. Thus, the symmetry
of the Cauchy stress tensor guarantees the conservation of angular
momentum for non-polar materials, i.e., for the case that no momentum
densities act on the volume €.

2.4 Description of fiber orientation states’

Since the effective behavior of a fiber suspension depends on the fiber
orientation statistics in the suspension, a mathematical description of
the orientation state is essential to the study of fiber suspensions. In
the following, we use a fiber orientation distribution function (Kanatani,
1984)

p:S? =R, n—pn), (2.29)

to encode the probability that fibers are oriented in direction n on the
2-sphere 52, and thus describe the orientation state of a fiber suspension.
The temporal and spatial evolution of the orientation distribution func-
tion p is governed by a partial differential equation, the Fokker-Planck
equation (Fokker, 1914). However, in component scale molding simula-
tions, computing the evolution of the orientation distribution function p
using the Fokker-Planck equation requires huge computational effort.
Instead, it is common (Kennedy and Zheng, 2013) to use the second
order fiber orientation tensor (Kanatani, 1984; Advani and Tucker III,

1 This section is based on the section 2.1 of the publication "Machine learning assisted
discovery of effective viscous material laws for shear-thinning fiber suspensions" Sterr
et al. (2024b).
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1987)

N = n@np(n) dS(n), (2.30)
S2
as a measure for the fiber orientation state. The tensor IV is symmetric,
positive semi-definite, and has unit trace, such that

Nii=M+Xd+ A =1, (2.31)

where A;, A2, and A3 denote the eigenvalues of the tensor IN. By sorting

the eigenvalues
AL > Ao > Az, (2.32)

and considering equation (2.31), the bounds for the largest eigenvalue A\,

are found as )
1>M> 3 (2.33)

Additionally, an upper bound for the eigenvalue A5 follows from positive
semi-definiteness of the tensor IN, and a lower bound may be derived
by eliminating A3 from equation (2.32) using equation (2.31), such that

11—\

min()\l,l—)\l)Z)\gz B)

(2.34)

Thus, we may parametrize the tensor IV by its two eigenvalues A; and Az,
and the rotation @ in terms of an eigendecomposition

N = Qdiag(\1, A2, 2\3) Q" (2.35)

where the diag operator constructs a second order tensor in the standard
basis of R3. By objectivity, the results of this thesis generalize to all
rotations @, and for simplicity we choose

Q=1 (2.36)
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Consequently, any second order fiber orientation tensor N may be
encoded by a vector A = (A, A2)T, and represents a point in the fiber
orientation triangle St defined through equations (2.33) and (2.34), such
that

st{A:<A1,A2)T ‘ 1>M>% and

Wl =

1—
min ()\17 1-— )\1) Z )\2 Z 2A1 } . (237)

For an in-depth discussion on the description of fiber orientation states,
we refer the reader to Kanatani (1984), Bauer and Bohlke (2022), and
Bauer et al. (2023).
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Chapter 3

Homogenizing the viscosity of
shear-thinning fiber suspensions
with an FFT-based computational
method’

3.1 Introduction

Even though the suspension viscosity is a quantity of direct engineering
interest, it is difficult to determine the full viscosity tensor by exper-
imental methods. This is partly because it is challenging to ensure a
specific fiber orientation state during rheology experiments (Binding,
1991), and the suspension viscosity depends strongly on the fiber orien-
tation(Poslinski et al., 1988). Furthermore, fibers break during rheometer
studies, which also affects the suspension viscosity (Binding, 1991). Last
but not least, the dependence of the suspension viscosity on shear rate
and temperature (Krishnan et al., 2010) further complicates matters. As
a result, tensorial and scalar analytical homogenization methods are
commonly used in conjunction with scalar experiments to understand
and predict the local suspension viscosity.

1 This chapter is based on the sections 1 to 5 of the publication "Homogenizing the
viscosity of shear-thinning fiber suspensions with an FFT-based computational method"
(Sterr et al., 2023).
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In the case of suspensions with non-Newtonian matrix behavior, mul-
tiple models (Leal, 1975; Kaloni and Stastna, 1983; Brunn, 1977; 1980)
were developed based on second order fluid theory. However, these
models are restricted to a single suspended particle. Brunn (1980) also
applied his single particle model to dilute suspensions and found that
the model could not capture hydrodynamic particle-particle interactions.
In a shear-thinning power law setting, Goddard (1976b;a) developed
a model for dilute suspensions, which was found to be qualitatively
promising but quantitatively inaccurate by himself (Goddard, 1978) and
Mobuchon et al. (2005). Later, Pipes et al. (1991; 1994) proposed a model
for the concentrated and hyperconcentrated regime in a power law
setting. Even though the results agree well with experimental data by
Binding (1991), the model is limited by its assumption of unidirectional
and fixed fiber arrays. The prediction accuracy of another power-law
model by Souloumiac and Vincent (1998) varies strongly with the shear
rate and fiber volume fraction, making it difficult to apply appropriately.
Also, more recent models (Férec et al., 2016; Tseng, 2021; Férec et al.,
2017; Favaloro et al., 2018) have yet to be established as valid over a
wide range of temperatures, shear rates, fiber-orientation states and fiber
aspect ratios. Overall, holistic theoretical treatment of all physical effects
in fiber suspensions proves to be a difficult task.

Consequently, computational methods were also employed to treat
suspensions with non-Newtonian matrix fluids. Domurath et al. (2015)
used the Finite Element Method (FEM) to study the effective viscosity
of a dilute suspension with a single spherical particle suspended in
a Bird-Carreau fluid. For non-dilute suspensions, Traxl et al. (2020)
used a FEM-based approach to investigate the effective viscosity of
suspensions with noncolloidal angular, as well as spherical pores and
particles in generalized-Newtonian fluids. The investigations of TraxI
et al. (2020) consider suspensions with spherical, hexahedral, and tetra-
hedral particles, as well as matrix fluids with Newtonian, Power-law,
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Cross-type, and von Mises-type behavior. Svec et al. (2012) studied
rheological properties of suspensions with rigid spherical particles and
fibers suspended in Newtonian and non-Newtonian matrix fluids. To
do so, Svec et al. (2012) used a computational framework combining
the lattice Boltzmann method for fluid flow, a mass tracking algorithm
for free surface representation, and an immersed boundary approach to
consider interactions between the fluid and the particles.

In this chapter, with regard to the difficult experimental and theoretical
treatment of fiber suspensions with non-Newtonian matrix behavior,
we apply FFT-based computational methods to study the viscosity of
such suspensions. Using FFT-based computational methods allows
us to leverage highly efficient implementations of the FFT, powerful
non-linear equation solvers, and discretizations with regular grids. This
enables the study of fiber suspensions with microstructures that are oth-
erwise difficult to discretize and investigate using interface-conforming
mesh based approaches. Thus, we extend the approach for suspensions
with Newtonian matrix behavior detailed by Bertéti et al. (2021) to
suspensions with non-Newtonian, Cross-type (Cross, 1965; 1970) shear-
thinning fluids. In section 3.2, we approach the effective suspension
viscosity from a theoretical and a computational perspective, and make
use of an interpolation based matrix equation to estimate the anisotropic,
non-Newtonian suspension viscosity from a limited number of computa-
tional experiments. As the physical basis for our investigations, we use
a Cross-type material law to model the viscosity behavior of a commer-
cially available PA6, and study suspension microstructures with fibers of
aspect ratio ten. In preliminary investigations to identify the resolution
of the discretized suspension microstructure, we find that the resolution
error of the effective stresses can depend favorably on the shear rate,
see section 3.3.2. Through a volume element size study, we find that the
necessary volume element size for engineering considerations are highly

similar in a specific Newtonian case and the investigated non-Newtonian
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3 Homogenizing the viscosity of fiber suspensions with an FFT-based method

case, see section 3.3.3. As our main contribution, we visualize and
discuss in section 3.4 how the shear rate and fiber volume fraction
influence the magnitude and degree of anisotropy of the suspension
viscosity. We observe that the viscosity magnitude decreases with the
shear rate until a Cross-type model intrinsic, minimum viscosity is
reached. In contrast, the degree of anisotropy depends on the degree
to which the matrix behaves nonlinearly. Additionally, we find that the
dependence of both the magnitude and the degree of anisotropy on the
shear rate is increased for higher fiber volume fractions. In a comparison
between an analytical mean-field model and our computational results,
we observe large discrepancies in the predicted viscosities.

3.2 Computing the effective viscosity of
particles suspended in a non-linear vis-
cous medium

3.2.1 The non-linear viscosity tensor

For an incompressible Newtonian fluid, the strain rate tensor D ¢
Symy(3) and the non-equilibrium viscous stress tensor 7 € Symg(3)
are related by the constitutive law

T =2nD, (3.1)

involving a shear viscosity 7. Here, Sym(3) denotes the vector space
of symmetric and traceless second-order tensors. More generally, non-
Newtonian models (Krishnan et al., 2010) may be considered where the
viscosity depends on the scalar shear rate ¥ = v/2 || D|| with the norm
|D|=vD - D.

Cross-type (Cross, 1965; 1970) material models are able to predict the
shear-thinning rheology of polymers accurately (Krishnan et al., 2010).
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3.2 Computing the effective of particles suspended in a non-linear viscous medium

Their viscosity is governed by an expression of the form

19) = e + T (3.2)
with positive material parameters 7y > 7, k, and m.
For the shear rate limits ¥ — 0 and 4§ — oo, the scalar viscosity 7(¥)
approaches the initial viscosity 79 and the asymptotic viscosity 7,
respectively. The two material parameters £ and m control the transition
region between the viscosities 79 and 7.
To describe suspensions of non-spherical particles, it is convenient to
consider more general, anisotropic viscosity tensors V € L(Symy(3)) and
constitutive relations of the form (Ericksen, 1959; 1960)

T =V[D], (3.3)

where L refers to the linear transformations on a given vector space, and
the viscosity tensor V depends on the fiber arrangement and the fiber
orientation distribution. If the suspending fluid is itself non-Newtonian,
the suspension will, in general, be governed by a constitutive relation of
the form

T =V(D)[D] (3.4)

with a viscosity tensor V that additionally depends on the shear-rate
tensor D. By the dissipation inequality, the viscosity tensor V(D) must
be positive semi-definite for all shear rates D, while the major symmetry
of the viscosity tensor V(D) is required in the linear case for Onsager’s
relations to be satisfied (Silhavy, 1997). Existence of a dissipation po-
tential is sufficient for the major symmetry of the viscosity tensor V(D)
in the non-linear case, see éilhavy (1997, Sec. 12.3.1). For the general
formulation of a dissipation potential with temperature and mass density
dependence, also see Silhavy (1997, Sec. 12.3.1).

For the subsequent derivations, we will look at a special case that is
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3 Homogenizing the viscosity of fiber suspensions with an FFT-based method

sufficient for our purposes. Assume that for constant temperature and
density a twice continuously differentiable dissipation potential density
U : Symy(3) — R is given, which furthermore satisfies the condition

ov
8—D(O) =0. (3.5)
Then, the non-equilibrium viscous stress T is governed by the relation-
ship
ov
T = @(D)a (3.6)

and by the fundamental theorem of calculus, we may write

1 1 2
g%(p): /O (i[gf’)(sp)} ds = /O %(sD)ds (D] = V(D)[D).
3.7)

Thus, the viscosity tensor

1 52
V(D) = /0 %(SD) ds 3.8)
has major symmetries, as a consequence of Schwarz’ theorem on the
commutativity of the second partial derivatives of a twice continuously
differentiable function. Thus, for any given dissipation potential density,
the associated viscosity tensor (3.8) automatically has the major sym-
metry. For compactness, we will refer to dissipation potential densities as
dissipation potentials throughout this thesis. It is not difficult to construct
dissipation potentials both for the Newtonian (3.1) and the Cross model
(3.2), ie.,

(2
V(D) = (noo + (10 — 1s0) 2 FY (1, % Q:;Lm,—(m)m> ) % (3.9)
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3.2 Computing the effective of particles suspended in a non-linear viscous medium

involving the hypergeometric function 3 F. In the Newtonian case, it
holds that n = 79 = 1+, and thus

U(D)=nD D (3.10)

The advantage of using the representation by a dissipation potential is
that this potential form is preserved under a change of scales, i.e., by
homogenization (Suquet, 1985; 1987). Subsequently, the viscosity tensor
is accessible via a postprocessing step, see equation (3.8).

Actually, due to the presence of infinitely viscous inclusions, it is more
convenient to work with the complementary potential ¢ which arises as
the Legendre-Fenchel dual

®(7):=sup{7T D —V¥(D)|D € Symy(3)} (3.11)

of the dissipation potential ¥. The potential ¥ must grow superlinearly
and be non-negative for ¢ to be a proper function, i.e., not infinite every-
where. Then, as a consequence of the Fenchel-Moreau identity (Cham-
bolle and Pock, 2016, Eq. (3.8)), the constitutive law (3.6) may be written
in dual form 5%
D= E(T)' (3.12)
From this, similar to the viscosity V, the fluidity tensor F follows as
1

F(r)= ; %(ST) ds. (3.13)
In the Newtonian case, the viscosity V and the fluidity F constitute
the kinetic coefficients (éilhavy, 1997). In addition to the presented
context, the aforementioned potential framework can also be applied
in the context of the rigid-viscoplastic modeling of polycrystals. See,
e.g., Bohlke and Bertram (2003) and Bohlke (2004), where the viscoplastic
behavior of single crystals and polycrystals is modeled via a non-linear
viscous approach.
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3.2.2 Scale transition in non-linear viscosity
Locally, the balance of linear momentum
div(t)—Vp=0 (3.14)

results from a split of the stress o inside the material into an unknown,
periodic pressure field p : Y — R and the local viscous stress field

T=T(,D+ V), (3.15)

and needs to be satisfied. Here, the pressure p acts as a reaction stress due
to incompressibility. We consider a rectangular volume Y C R3, and sup-
pose that a heterogeneous dissipation potential ¥ : ¥ x Sym((3) — R is
given which satisfies the conditions discussed in the previous section
pointwise. The associated stress operator reads

T Y x Symy(3) — Symq(3), (3.16)
(z,D) — g%(m,D). (3.17)

The effective dissipation potential is defined as
(D) = inf (U(-,D + V°v)),, for D € Symy(3), (3.18)

where the infimum is taken over all periodic velocity fields v : Y — R3
with vanishing divergence and the operator (-),- denotes the spatial
average

1 . _
<->Y5m/y(-)dY(w) with |V :/YdY(:c). (3.19)
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3.2 Computing the effective of particles suspended in a non-linear viscous medium

The effective shear stress 7 € Sym(3) then arises from the relationship

_ ov  _
(D) = —= (D), 3.20
#(D) = S=(D) (320
which is similar to equation (3.6). Equivalently, the effective stress may
be computed by averaging the local shear stress

7(D) =(T(-,D + V°v)),., (3.21)

where the periodic velocity field v solves the Euler-Lagrange equation
of the variational problem (3.18)

div () = Vp=0, (3.22)

which equals the balance of linear momentum (3.14). The described
procedure permits to compute the effective viscosity of a mixture of
viscous materials. However, we are interested in the effective viscosity
of a suspension, i.e., of a mixture involving rigid inclusions. Because the
viscosity inside these inclusions is infinite, the differential equation (3.14)
is not, constitutively, well-defined. To handle this issue, we transfer to
a dual formulation. Inside the infinitely viscous inclusions, the fluidity,
i.e., the inverse of the viscosity, vanishes identically. Consequently, the
associated equations are, constitutively, well-defined.
Instead of the effective dissipation potential (3.18) one may consider the
effective complementary potential ®, a function of the effective shear
stress T, from which the constitutive law

D(7) = g—q;(%), (3.23)
arises dual to the primal relationship (3.20). To obtain the effective
viscosity, a strategy based on the effective complementary potential
requires to invert the effective law (3.23). To avoid this difficulty, we use
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3 Homogenizing the viscosity of fiber suspensions with an FFT-based method

mixed "boundary conditions" (Kabel et al., 2016a), i.e., we consider the
dual variational principle, but prescribe the effective shear rate tensor
D. The convex dual of the variational problem (3.18) reads

(®(-,7) —7-D), —> inf, (3.24)

where the infimum is taken over all stress fields 7 : Y — Sym(3)
which satisfy the equilibrium equation (3.14) for a suitable pressure field,
see Wicht et al. (2020b, §4 and Appendix B).

3.2.3 Computational aspects and setup

After discussing theoretical aspects in the previous section, this section
is dedicated to selected computational aspects concerning the fiber
suspension microstructure and FFT-based procedure, starting with a
solution scheme for the convex dual variatonal problem (3.24). The
Euler-Lagrange equation of the convex dual variational problem (3.24)
reads

Pe Bi(m) - D} =0, (3.25)

where P¢ denotes the L2-projector onto the shear stresses satisfying
the equilibrium equation (3.14). In terms of an arbitrary stepsize «,
minimizers of the Euler-Lagrange equation (3.25) are fixed points of the
gradient descent scheme

0P _
Tip1 = Tr —alPg [87'(”) - D] , (3.26)

which has a unique fixed point, provided the optimization problem (3.24)
is strictly convex. For a closed form expression of the action of P¢ in
Fourier space, and an analogous derivation of a fixed point scheme in
the linear case, we refer to Bert6ti et al. (2021). Numerical schemes based
on the gradient descent iteration (3.26) require computing a strain rate
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D resulting from a shear stress T at every continuum point  and for
every iteration. Treating fibers is particularly simple: the strain rate D
vanishes since the inclusions are rigid.
To solve the equation

T =2n(%) D (3.27)

for the strain rate D, compare equation (3.1), we first take norms on both
sides to arrive at the equation

Il = 2n(3) |1DI| = V2n(3)5- (3.28)
We use Newton’s method to find a root of the function
9(%) = ITll = V2n(3)%, (329)

and thus compute iteratively

. . 9(9n)
n =Y — Sn T - 3.30
T 9 (%) (330

Using backtracking for the step size s, to ensure that the Armijo-

Goldstein inequality(Armijo, 1966; Goldstein, 1965) holds. For the Cross
fluid (3.2), the derivative of the function g computes as

I : m(no — noo)(k;y)m)
g =-v2 (n i) — ; : (331)
v R
Once the scalar shear rate ¥ is identified, we compute the strain rate

tensor D via
-

~ 2(9)

The fiber suspension microstructures were generated with the sequen-

. (3.32)

tial addition and migration method (Schneider, 2017), and discretized
on a staggered grid (Harlow and Welch, 1965) to ensure stability for
incompressible material models. The resulting equation system was
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3 Homogenizing the viscosity of fiber suspensions with an FFT-based method

solved with the Barzilai-Borwein method (Barzilai and Borwein, 1988;
Bertoti et al., 2021) in the Newtonian case, while a non-linear Newton-CG
approach (Dembo et al., 1982; Schneider, 2020a) was used in the Cross-
type case. For validation purposes, we compared computational results
of the presented FFT-based approach with computational results from
literature (Traxl et al., 2020), see section 3.3.1. For a detailed overview on
solvers for the non-linear Lippmann-Schwinger equation in the closely
related case of solid mechanics (3.26), see Schneider (2020b). For proofs
on the existence and uniqueness of solutions to the considered non-linear
homogenization problem (3.24), we refer to Schneider (2016). Further
details on the employed FFT-based homogenization approach including
solvers and discretization, we refer to Bertéti et al. (2021) and Schneider
(2020a).

To numerically obtain an effective viscosity or fluidity with the integral
equations (3.8) and (3.13), the respective integral, and the derivatives
occurring in the integrand need to be discretized. In combination
with the costly computation of the effective stresses or strains this
renders the required computational effort to obtain an effective viscosity
prohibitively large. Instead, we employ equation (3.7) to estimate an
effective, viscosity-like quantity solely from computationally obtained
effective stresses 7, by using the following equation in Mandel’s nota-
tion (Bertoti et al., 2021)

ie., D" (3.33)

1191
Il
lI<n
il
<

1121
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Here, (-)! denotes the Moore-Penrose pseudoinverse which is equal to
an inversion on Symg(3), 7 collects the computed effective stresses

=(6) 7

T11 T11 T11 7'1413 T11 T11
_(1 (2 (3 _ (5 (6
e A S A
P f‘s:i %3:; T33 ?33 Ts3 T33 (3.34)
N O
VD VD VED VD Vi e
| vary varly vaD vl Vel vand |
and D collects the investigated load cases
1 -3 -2 0 0 0
1 1
-1 1 =L 0 0o o
B 5 -1 -1 1 0 0 0
D=4 3 0 0 0 \/g 0 ol- (3.35)
0 0 0 0 /2 0
00 0 0 0,3

The i-th column in the matrix 7 contains the effective shear stress cor-
responding to the particular applied shear rate that is listed in the i-th
column of the matrix 2 In the Newtonian case, the matrix Z encodes
the components of the viscosity tensor because of superposition. Since
superposition is not generally valid in the non-Newtonian case, the
matrix V acts as an interpolation between the six calculated effective
stresses 7. Additionally, the load cases D are not uniquely defined and
interpolation between the effective stresses T is qualitative in nature.
However, the matrix V provides quantitatively robust information in the
load cases collected in D, and its interpolating property allows us to draw
intuition for the results in between. Thus, even in the non-Newtonian
case, the matrix V may be used to investigate the viscous suspension
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3 Homogenizing the viscosity of fiber suspensions with an FFT-based method

behavior. We will refer to V as the suspension viscosity throughout the
article.

3.2.4 A model for the fiber suspension viscosity

Typically, it is not feasible to take the large amount of information
contained in the fiber orientation distribution function (2.29) into account
at every spatial element of component-scale simulations. To reduce the
necessary computational effort in treating fiber orientation states, it
is common to use the fiber orientation tensors of second and fourth
order (Advani and Tucker III, 1987; Kanatani, 1984)

N :/ n@np(n) dS(n), (3.36)
S2

N:/ nenenonpn)dsSn). (3.37)
52

Both tensors IV and N are completely symmetric, positive semi-definite,
and contract with the second-order unity tensor 1 such that

N-1=1, (3.38)
N[1] = N. (3.39)
With these two descriptors at hand, a large variety of anisotropic mean-
field models has been built to model material behavior (Karl and Bohlke,

2022). In the case of a transversely isotropic fluid with constant viscos-
ity, a convenient approximation of the popular Mori-Tanaka model is
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available with (Bert6ti, 2021)

Vit = 2nue (P2 + NY'F P NPy)
1+cr

7, (3.40)

2
MF CF Ta

P T4er2(in(2r) —3/2)°

TIMF =

Here, 7 is the effective scalar viscosity, and NMF is the particle num-
ber. This model is derived by decomposing the microstructure into m
transversely isotropic pseudo domains containing a single fiber and the
matrix material. In a first step, the unidirectional effective viscosities V{j,
of these m pseudodomains are approximated with the Mori-Tanaka
method by

VL =2 Py + ILP;J, (3.41)

.

where P,,, is the polarization tensor depending on the matrix material
properties and the fiber geometry. The expression (3.41) equals the lower
Hashin-Shtrikman bound (Willis, 1977). In a second step, the effective
viscosity of the volume element is calculated by orientation averaging

the unidirectional effective viscosities V{ji, via

| M
Vur = Vi mzz:l UD- (3.42)

The Voigt-type average (3.42) yields an upper bound on the dissipa-
tion (Bert6ti and Bohlke, 2017). However, this model is only applicable
for fluids with constant viscosity, since it does not depend on the shear
rate 4. One possible extension to incorporate shear rate dependency in
the case of rigid fibers is (Karl and Bohlke, 2022)

1+¢ )
NMFE = 1 F77 <'y > , (3.43)
— CF 1—C|:
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which recovers the Newtonian case for the shear rate limits 4 — 0
and 4 — oo in the considered Cross-type case. In section 3.4.3, results
obtained with both the Newtonian (3.40) and Cross-type (3.43) Mori-
Tanaka model are compared to results of the FFI-based computational
approach presented in section 3.2.3.

3.2.5 Material parameters

In the previous sections 3.2.2 and 3.2.4, we discussed some aspects of
FFT-based homogenization and analytical modeling of fiber suspensions.
In this section, we describe the material and microstructure proper-
ties considered in this chapter. In the following, we are concerned
with microstructures of fiber polymer suspensions, and we consider
a commercially available polyamide 6 (PA6) (BASF, 2020) as matrix
material in all computational studies. A Cross-type material law (3.2)
was fitted to PA6 material data available for shear rates # in the inter-
val [1.7,16300] s~ for a temperature of 250°C. The available material
data as well as the fit are visualized in Figure 3.1, and the resulting
model parameters are 7y = 288.9 Pas, 1, = 15.0 Pas, k=10.9- 1074,
and m = 1.1. For all studied cases with Newtonian matrix behavior, the
shear rate dependent matrix viscosity 1 was chosen as 1 = 7.

Typical shear rates 4 in compression molding processes are below
5-10' s71, while the shear rates in injection molding processes are
typically kept below 1 - 10° s=! for most materials (Valero, 2020,
Sec. 21.6.8), but can go above 1 - 10° s7! in thin-wall and micro
molding (Friesenbichler et al., 2011). To cover some of the process-
relevant shear rate intervals for both compression and injection molding
processes, computational investigations were conducted for the macro-
scopic scalar shear rates

y€8y={a-10"s7 a=1,2,5; b=1,2,3,4} U{10°}. (3.44)
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Because the Cross-type matrix viscosity changes only slightly for shear
rates 7 larger than 1 - 10° s~!, shear rates above 1 - 10° s~! were not
investigated.
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Figure 3.1: Material data and Cross-type fit for Ultramid®B3K. Figure adapted from Sterr
et al. (2023, Figure 1).

Overall, a thorough orientation state dependent investigation of the
suspension viscosity takes a large amount of computational resources.
Since the focus of this chapter lies in identifying the underlying effects of
shear-thinning rheology on the fiber suspension viscosity, one particular
orientation state was considered for our investigations. Because strongly
oriented fiber orientation states are very common in injection and com-
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pression molding (Vincent et al., 2005; Park et al., 2001), the second order
fiber orientation tensor N of the considered microstructure was chosen
to be transversely isotropic such that

0.8 0 0
N = 0 0.1 0 . (3.45)
0 0 0.1

{e:ze;}

While this particular choice of fiber orientation state is strongly oriented,
other fiber orientation states are of research and engineering interest
as well. However, to focus on the particularities and influence of the
Cross-type matrix material on the non-Newtonian fiber suspension vis-
cosity, we restrict the scope of this chapter to the given orientation state.
The symmetry of the underlying microstructure is also reflected in the
suspension viscosity V. Hence, if the computational volume element was
chosen sufficiently large, we expect the computed suspension viscosity V.
to be transversely isotropic as well. We use this fact in section 3.4 to
complement the volume element study detailed in section 3.3.3.

3.3 Preliminary studies

3.3.1 Validation against computational results from
literature

Traxl et al. (2020) investigated the suspension viscosity of rigid spheres
suspended in a non-Newtonian matrix fluid using the finite element
method. For validation purposes, we compare results obtained with the
presented FFT-based homogenization approach to results from Traxl et al.
(2020). The microstructures of interest include twenty spheres, contain
a sphere volume fraction of ¢s = 10%, and were generated based on
the mechanical contraction method of Williams-Philipse (Williams and
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Philipse, 2003). The spheres are suspended in a Cross-type (3.2) matrix
fluid with the same parameters as in Traxl et al. (2020): 7o = 1.5 Pas,
Moo = 0.5 Pas, k = 2,n = 0.8. Toreplicate the procedure detailed in Traxl
et al. (2020), five different realizations of the microstructure were gen-
erated and resolved with 256% voxels, see Figure 3.2. As effective loads,

A U
m*:'

Figure 3.2: Five microstructures with a sphere volume fraction of ¢g = 10%. Figure
adapted from Sterr et al. (2023, Figure 2).

twenty-one effective stresses T of the form 7 = [0, 0, 0, 0, 0, 7] were
applied to each microstructure, with the effective stress components 7,
being linearly spaced on the interval [0.089, 0.914]Pa. Here, the interval
bounds of the effective stress components 71, were extracted from the
results of Traxl et al. (2020). For each microstructure m, the resulting

FFT(

effective shear rate T12) in response to the loads T was measured,

and then used to calculate an average effective shear rate 457" (712) via

FFT (T12) ZW’FFT T12). (3.46)
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Subsequently, the average effective shear rate 45" ' (712) was compared
to the average effective shear rate 4}it(712) given in Traxl et al. (2020) via
the deviation d,,,m, which we define as

L Bl) — 4T (7o)
num — < lit

3.47
Ta (7_'12) ( )

The resulting effective shear rate-stress curves for the FFT-based method
is in very good agreement with the results from Traxl et al. (2020),
see Figure 3.3a. This is emphasized by the deviation dn,m, which lies
below 2.3% for all investigated effective loads 7, see Figure 3.3b.
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Figure 3.3: Comparison of the effective shear rate-stress curves given in Traxl et al. (2020)
and the effective shear rate-stress curves obtained from FFT-based simulations, as well as
their deviation dnum for effective stress components 71» € [0.089, 0.914]Pa. Figure adapted
from Sterr et al. (2023, Figure 3).
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3.3.2 Resolution Study

The resolution of the microstructure discretization is limited by com-
putational resources, namely memory and runtime. To determine a
suitable resolution that accommodates limited resources, and allows for
an appropriately small error, we conducted a resolution study for the
cases of Newtonian and Cross-type (3.2) matrix behavior. We conducted
the study for a fixed fiber aspect ratio r, = 10 and for fiber volume
fractions c¢ € {5%, 10%, 15%, 20%, 25%}. Since the inter fiber distance
decreases with increasing volume fraction cf, the effective stress 7 of
the suspension is expected to be more sensitive to resolution effects for
higher fiber volume fractions cr. Consequently, we chose the maximum
considered volume fraction cg = 25% for all volume elements in the
resolution study. To reduce the amount of necessary voxels, we investi-
gated two types of voxel discretizations, namely binary and composite
voxels (Kabel et al., 2017). For the composite voxels, we used the general
dual mixing rule

Tv=cut™m+ (1 —em)TE (3.48)

where Ty, cm, ™M, and T¢ are the effective stress, the matrix volume
fraction, the matrix stress, and the fiber stress inside the composite voxel,
respectively. In the special case of rigid fibers, the fiber stress T is zero.
Hence, the general composite voxel mixing rule (3.48) simplifies to

"7'V = CMTM- (349)

Like in Bert6ti et al. (2021), we increased the number of voxels per
fiber diameter v/d in dyadic steps for the binary voxels, such that
v/d € {5,10, 20,40}, see Figure 3.4.

Hence, a single microstructure was discretized with the resolutions
v/d € {5,10, 20,40} for binary voxels and v/d € {5, 10,20} for composite
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Figure 3.4: Microstructure where four differently colored segments are shown with varying
voxels per fiber diameter v/d. Segments from left to right: gray (v/d = 5), orange (v/d =
10), blue (v/d = 20), green (v/d = 40). Figure adapted from Sterr et al. (2023, Figure 4).

voxels, and the effective stress T was calculated for all considered shear
rates and loading directions.

We define the relative error caused by the resolution as

7T
eres = N7 = Tiinelly. (3.50)
||7'fine||2

where T is the effective stress for an arbitrary resolution v/d < 40
and Tine is the binary voxel result for a resolution of v/d = 40. Therefore,
the effective stress T for each resolution, voxel type, and load case is
compared to the load specific reference stress Tine. For a particular voxel
type and a given resolution v/d, we define the set S, that collects the
resolution errors e, for all investigated load cases as

Se = {eres (%‘i) (%), 74 (ﬁ)) |i=1,2,3,4,5,6, 4 € Sﬁ}, (3.51)
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where 7V (%) is the material response to the load case collected in the i-th
column of D(%), see equation (3.35), and ?Eii)e(f'y) is the corresponding
reference stress. Additionally, we define the minimum, maximum, and
mean error for a particular voxel type and a particular resolution as

€min = Min Sea €max — Max Se7 €mean = Z eres/|Se|7 (352)

€res €Se
where |Se| denotes the cardinality of the set Se. The quantitative values
for the error measures emin, €max, and €mean are visualized in Figure 3.5 for
binary and composite voxels and for the resolutions v/d € {5, 10, 20, 40}.
For all resolutions, the minimum, maximum and mean errors €min, €max,

—— Binary emin 0r emax -~ -- Composite emin O €max
- €mean e 5%

100

100

50

—_
o

€res i %

ot

€res i %

0.5 | |

v/d

v/d

(a) Newtonian case (b) Cross-type case

Figure 3.5: Convergence of the relative resolution error (3.50) for the Newtonian case (a)
and the Cross-type case (b). Figure adapted from Sterr et al. (2023, Figure 5).

and enmean decrease with the resolution v/d. In both the Newtonian
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and Cross-type case, and for all resolutions v/d, the values of the three
errors (3.52) are lower for the composite voxels than for the binary
voxels. Most notably, the maximum error ema« falls below 5% at a
resolution v/d = 20 for the binary voxel model, but already does so at a
resolution v/d = 10 when using composite voxels.

Intriguingly, the minimum errors emi, are consistently lower in the
Cross-type case than in the Newtonian case, while the maximum
eITrors emax remain on a similar level. We note that the lowest errors emin
occur, independent of the resolution v/d, for the pure shear load
case D =4[000010] at a shear rate ¥ = 2-10%s~'. The maximum
ITOrS emax Occur at the lowest investigated shear rate of 4 = 10s™! for
the elongational load cases which are collected in the 1st, 2nd, and 3rd
column of D, see equation (3.35). Thus, some of the investigated load
cases lead to a reduced resolution requirement or the reference solution
is less accurate, which is an effect also observed in elastoplastic material
models in solid mechanics (Schneider and Wicht, 2023). To ensure a
resolution error e, below 5% for all load cases, a resolution of v/d = 15
was chosen for all following computations.

3.3.3 Volume element size

Like the resolution of the microstructure discretization, the size of
the volume element under investigation is limited by computational
resources. Appropriate volume element sizes for fiber suspensions
with Newtonian matrix behavior with aspect ratios 7, = 10 and fiber
volume fractions cr up to 25% were investigated by Bertéti et al. (2021).
Depending on the fiber orientation, different representative volume
element sizes were identified by Bertéti et al. (2021), and in the case
of aligned fibers, a volume element of the form 2.2¢ x 20d x 20d was
identified as sufficiently representative. Adding to these insights,
we conducted a study to determine a suitable size of the volume
element for the considered transversely isotropic orientation state in
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the Cross-type case, with a fiber aspect ratio 7, = 10, and fiber volume
fractions cr € {56%, 10%, 15%, 20%, 25% }. Because the necessary volume
element size grows with the fiber volume fraction cg, we chose ¢r = 25%
for the volume element study. We investigated volume elements of the
form L x W x W, where L € {1.1¢,2.2¢,3.2¢} and W € {5d, 10d, 20d}
with fiber length ¢ and the fiber diameter d, see Figure 3.6. To dis-
cretize the microstructures, we employed composite voxels and used a
resolution of v/d = 15, as identified in the previous section.

——

”Vﬁ/ > - . /7‘
P //2 = 0l =
> we A

() W=5d, L=11¢ (b) W=5d, L=22(

() W=20d, L=1.1¢ (h) W =20d, L =2.2¢ (i) W =20d, L =3.2¢

Figure 3.6: Comparison of microstructures with dimensions L x W x W,
lengths L € {1.1¢,2.2¢,3.2¢}, and widths W € {5d, 10d, 20d}. Figure adapted from Sterr
et al. (2023, Figure 6).

For every combination of length L and width IV, ten different microstruc-
tures were generated, and their effective stresses T were calculated for
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3 Homogenizing the viscosity of fiber suspensions with an FFT-based method

all considered shear rates (3.44) and loading directions (3.35). We define
the relative error caused by the volume element size as

evE = |7 — TrefHQ

(3.53)

||%ref“2

For each individual load case, the effective stress T of the ten largest
microstructures with length L = 3.2¢ and width W = 20d was averaged
and chosen as the reference stress T,.¢. Thus, for each volume element
size, the effective stress T of each of the ten realizations is compared to
the average reference stress 7. This allows us to calculate the means
and standard deviations of the relative error eyve for each combination of
length L and width W, which are collected in Table 3.1.

First, we note that the mean and standard deviation of the relative
error eve decrease faster with the width W than with the length L. The
largest decrease in the mean and standard deviation of eye occurred
when the width W was increased from W =5 to W = 10. Thus, an
appropriate choice of the volume width is essential to obtain robust
results. Overall, we observe that the maximum value of the error eye
falls below the engineering bound of 5% for the sizes L = 2.2¢, W = 20d
and L = 3.2¢, W = 20d, where the maximum of the error eyg is 4.06%
and 3.05%, respectively.

With mean errors of 1.75% and 1.14%, and error standard deviations of
0.82% and 0.51%, both sizes L = 2.2¢, W = 20d and L = 3.2¢, W = 20d
show similar error characteristics. Consequently, we consider the size of
the volume element L = 2.2¢, W = 20d as sufficient, which aligns with
the results for aligned fibers in the Newtonian case of Bert6ti et al. (2021).
Accordingly, we choose L = 2.2¢, W = 20d for all further investigations.
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L W Mean =+ std Max L W  Mean =+ std Max
1.2¢ 5d 37484+19.0 106.21 22¢ 5d 29.76+15.68 78.97
10d  5.06 +4.03 23.89 10d 3.75+25 11.11
20d 3.62+2.28 10.96 20d 1.754+0.82 4.06

L W  Mean +std Max

32¢ 5d 971+552 2773

10d  3.28 £ 1.68 8.55

20d 1.14 £0.51 3.05

Table 3.1: Mean, standard deviation, and maximum value of the relative error eyg (3.53) in
%, computed with ten realizations per combination of length factor / and width factor w.
Table adapted from Sterr et al. (2023, Table 1).

3.4 Computational investigations

3.4.1 Spatial representation of the suspension viscosity
through a scalar elongational viscosity

Bohlke and Briiggemann (2001) introduced a simple method to visualize
an anisotropic stiffness tensor. We modify this approach to calculate
the fiber polymer suspension’s resistance to elongational flow in a
particular direction via an elongational viscosity 7,pp. In the general
non-Newtonian case, we define a direction-dependent, elongational

Viscosity 1app
Napp (1 cr, d) = a(d) 'V (3, cf) a(d) = V(3. cp)-(dwd@d®d), (3.54)

where a(d) denotes the components of d @ d in Mandel notation, d
is the elongation direction, and the suspension viscosity V (¥, cf) is
calculated via equation (3.33) as an approximation of the true suspension
viscosity tensor V(¥, cg). Since the true suspension viscosity tensor V
has the minor and major symmetries, it is defined by 21 components.
As a consequence, the suspension viscosity V (¥, cg) can be completely
described by a scalar elongational viscosity and a scalar dilatational
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3 Homogenizing the viscosity of fiber suspensions with an FFT-based method

viscosity, see He and Curnier (1995, Sec. 4.3). The elongational and
dilatational viscosity then contain the information of 15 and 6 compo-
nents of the suspension viscosity V (¥, cr), respectively. However, due
to incompressibility, all information contained in the suspension viscos-
ity V (¥, c¢) is completely and uniquely encoded via the elongational
Viscosity 7app (¥, cF, d) (He and Curnier, 1995, Sec. 4.3). This holds in
both the Newtonian and Cross-type case. Thus, in the following, we
use the elongational viscosity 7.pp (¥, ¢F) as a tool to completely visualize
and qualitatively understand the suspension viscosity V (¥, cf).

3000 | / 3000 | |
1500 | > 1500 E

1500 : 1500 >
3000 , 3000
-3000 4 1500 -3000 1500
: 0
. , -3000
30001500 : 1500 5
% 1500 -1500 1500 y
* 3000 -3000 ’ o 3000 -3000
500 600 700 2,000 3,000
(a) CF = 5% (b) CF = 25%

Figure 3.7: Apparent viscosity 7app in the Newtonian case for fiber volume frac-
tions cp = 5% (a) and cg = 25% (b). Figure adapted from Sterr et al. (2023, Figure 7).

For the special case of an isotropic suspension viscosity, and a uniaxial
elongation direction d, the elongational viscosity 7app (7, d) is related to
the shear viscosity n(¥) (3.2) such that 7,5, (%, d) = 41(¥)/3. In the New-
tonian case, the viscosity tensor components Z(*’y, cr) are independent
of the shear rate +.
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Figure 3.8: Apparent viscosity napp in the Cross-type case for combinations of fiber
volume fractions cg and shear rate 4: cg = 5%, = 10s~! (a), ¢ = 5%,y = 500s~!
(b), cg = 25%,4 = 10s~1 (c), and cf = 25%,+ = 5005~ (d). Figure adapted from Sterr
et al. (2023, Figure 8).

The dependence of the elongational viscosity 7.pp (7, cr, d) and the sus-
pension viscosity z(’y, cg) on the shear rate 7, fiber volume fraction c,
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3 Homogenizing the viscosity of fiber suspensions with an FFT-based method

and elongation direction d will be omitted for notational clarity. Note
that the colormap limits in Figures 3.7 and 3.8 are chosen to highlight the
respective extrema of the elongational viscosity 7,55, and that differences
in magnitude are visualized by the size of the viscosity bodies. In
Figures 3.7 and 3.8, we observe that for both the Newtonian and Cross-
type case, the elongational viscosity 7,pp is large when the direction d
is aligned with the principal fiber orientation axis. This is expected,
since flow resistance along the cylindrical fibers is higher than in other
flow directions. Furthermore, the elongational viscosity 7,p, for both
cases increases with growing fiber volume fraction cr in all directions d.
However, in the Cross-type case, the elongational viscosity 7.p, decreases
with the shear rate + in all directions d. Depending on the value of the
shear rate 7, one effect outweighs the other. Note that the minimum
value of the elongational viscosity 7,5, does not occur perpendicular to
the principal fiber orientation axis « in both cases, because of incom-
pressibility.

3.4.2 Polar representation and material anisotropy

While spatial representations of the elongational viscosity 7,p, provide
intuition and qualitative understanding of the underlying viscosity
matrix V, cuts through the viscosity bodies shown in the previous
section allow for a more focused discussion of the occurring effects. As
noted in the previous section, the fiber volume fraction ¢ has a strong
influence on the suspension viscosity V. Because the matrix V should
be transversely isotropic, see section 3.2.5, we will discuss the effect
of the fiber volume fraction c¢r and the shear rate 4 on the suspension
viscosity V by focusing on the elongational viscosities 7%,, and n¥,
in z and y direction. In section 3.4.1 we noted that the elongational
viscosity 7.pp increases with the fiber volume fraction cf in all direc-
tions d. Additionally, as shown in Figures 3.9 and 3.10, the changes of
the elongational viscosities 1)}, and 75, with the fiber volume fraction c¢
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increase with the fiber volume fraction cf itself. In the Newtonian case,
the viscosity 74, increases from 530 Pas to 1581 Pas as the fiber volume
fraction cr changes from 5% to 25%. In contrast, the elongational viscos-
ity 73, increases from 769 Pas to 3468 Pas as the fiber volume fraction
cr increases from 5% to 25%. Thus, the elongational viscosities 7,
and 73, increase by 198% and 351%, respectively.

Tapp in kPas 0 1 2 3 4 Napp inkPas 0 1 2 3 4
(a) Napp in the z-y plane (b) Napp Y-z plane
Tapp Yyp Tapp Y-% P

Figure 3.9: Apparent viscosity napp in the z-y and y-z plane, for fiber volume frac-
tions ¢ € {5, 10, 15,20,25}% in the Newtonian case. Figure adapted from Sterr et al.
(2023, Figure 9).

crin % 5 10 15 20 25
nYp inPas 530 726 964 1243 1581
Mapp I Pas 769 1258 1872 2615 3468

Table 3.2: Apparent viscosities n3p, and 7%, in the Newtonian case for fiber volume
fractions cf € {5, 10, 15, 20, 25}%. Table adapted from Sterr et al. (2023, Table 2).
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3 Homogenizing the viscosity of fiber suspensions with an FFT-based method

In the Cross-type case, the elongational viscosity 7,5, depends on
the shear rate 4, as highlighted by Figure 3.10 and Table 3.3. At a
fiber volume fraction c¢ = 5%, the elongational viscosity 7%,, decreases
from 529 Pas to 30 Pas as the shear rate 4 changes from 10s™! to 105 s~ 1.

240° 300° 300°

Tapp in Pas 10t 107 10° 10* Tapp i Pas 100 102 10% 10*
(@) Mapp in the z-y plane (b) Napp in the y-z plane

Figure 3.10: z-y and y-z plane cuts of the Cross-type, elongational viscosity bodies for
fiber volume fractions cg = 25% and shear rates 4 € {10%, 102,103, 10%,10%} s—!. Figure
adapted from Sterr et al. (2023, Figure 10).

CE in % 5 15 25

4in s71 100 10* 10° 10f 10® 10° 10" 10° 10°
ndpinPas 529 226 30 939 295 52 1515 379 84
nipinPas 759 287 43 1818 494 101 3336 729 185

Table 3.3: Apparent viscosities 73y, and 7%, in the Cross-type case for fiber volume

fractions cg € {5, 10, 15,20, 25}% and shear rates 4 € {10, 103,10°} s~!. Table adapted
from Sterr et al. (2023, Table 3).
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In contrast, the elongational viscosity 73,, decreases from 759 Pas

to 43 Pas as the shear rate 4 changes from 10s™! to 105s7'.

Hence,
both elongational viscosities 7}, and 73, decrease by the same factor
of around 94%. However, for a lower shear rate ¥ = 10% Pas, the
elongational viscosities n,, and 73, decrease differently by the factors
57% and 62%, respectively. We observe a similar change for the
higher fiber volume fraction ¢g = 25%. In this case, the elongational
viscosities 1%,, and 73, also decrease by around 94% as the shear rate
changes from 105! to 10° s~ 1. Again, for a lower shear rate ¥ = 103 Pas,
the elongational viscosities 7},, and 7;,, decrease differently by the
factors 75% and 78%, respectively. As a result, we conclude that for shear
rates iy where the matrix behavior is non-Newtonian the elongational
viscosities 773,, and n{,, vary stronger with the shear rate for higher fiber
volume fraction cg. Also, since the elongational viscosities 7%,, and 73,
change by different factors in both the Newtonian and Cross-type
case for a shear rate 4 = 10® s!, the material anisotropy changes with
varying fiber volume fraction cr and shear rate ¥, see Figure 3.11. We
discuss these changes in the following.

For the transversely isotropic symmetry of the suspension viscosity V, its
anisotropy is characterized by the elongational viscosities 73, and n,,.
For further investigation we also use a third elongational viscosity 73,
in z direction. Each parameter represents the value of the elongational
viscosity napp for an elongation direction d in z-, y-, and z-direction,
respectively. Thus, the fractions

_ Mapp _ Mapp
fi=——, and fo=—"— (3.55)
Tapp napp

serve as a measure of directional anisotropy. For a theoretical, perfectly
transversely isotropic suspension viscosity, both fractions f; and f>
assume the same value. As described in section 3.2.5, we prescribed a
transversely isotropic, second order orientation tensor (3.45) for all con-
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sidered microstructures. Hence, we also expect a transversely isotropic
suspension viscosity V if the volume element size for the computational
investigations was chosen sufficiently large.

—fi—f> no mark f o f e =5%
-------- g =10%---cg =15 %= cp = 20 %
— g=25%
221 1 22f -
20 1 2 .
1.8 1181 i
1.6 116t i
14+ 114 i
“.‘_._.r"
| | | | | 1.2t — ol ol
12 5 10 15 20 25 10! 10? 103 10* 10°
cF in % 4 in st
(a) f1 and fo for the Newtonian case (b) f1 and f5 for the Cross-type case

Figure 3.11: Anisotropy fractions f1 and f2 (3.55) for the Newtonian and the Cross-type
case, cf € {5,10,15,20,25}%, 4 € [10,10%]s~!. Figure adapted from Sterr et al. (2023,
Figure 11).

To test if the volume element size was chosen appropriately, we define
the relative deviation

eser = T2l (3.56)

|f1]

and evaluate the relative deviation ey, for both the Newtonian and
Cross-type case. For all considered shear rates 4 and volume fractions cf,
the deviation eg, is smaller than 2% in both the Newtonian and the
Cross-type case. Therefore, the values of the fractions f; and f, differ
only slightly from each other, and the expected symmetry of the mate-
rial is captured with an error that is sufficiently small for engineering
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purposes. The elongational viscosity 7,pp in the y-z plane, as shown in
Figures 3.9b and 3.10b, illustrate the material symmetry further, since
the polar plots of the elongational viscosity 7,pp are circular for all fiber
volume fractions ¢ and shear rates 4. Since we consider the volume
elements as representative, we will discuss the dependence of both
fractions f; and f; on the fiber volume fraction cg and the shear rate %
as shown in Figure 3.11.

In the Newtonian case, both fractions f; and f> grow significantly from
1.45 at a volume fraction cg = 5% to 2.19 at a volume fraction cg = 25%.
Because the matrix behavior in the Cross-type case is approximately
Newtonian for low shear rates 4, the values of the fractions f; and f5 in
the Cross-type case for a shear rate ¥ = 10s™! are similar to those in the
Newtonian case. As the shear rate 4 grows, the values of the fractions f;
and f, decrease up to a shear rate ymin ~ 10%s~!, where they reach their
respective minima. Because more fibers are likely to be packed close
to each other for higher volume fractions cr, higher velocity gradients
occur at lower macroscopic shear rates 4. This, in turn, decreases the
local matrix viscosity. Consequently, the minimum of the fractions f;
and f, occurs at lower shear rates as the fiber volume fraction grows.
For a fiber volume fraction ¢ = 25%, the minimum of the fractions f;
and f is attained at a shear rate 4 = 10% s~!, whereas, for a fiber volume
fraction cp = 5%, the minimum is attained at a shear rate ¥ = 2 - 103 s~ 1.

Also, the maximum absolute changes

Af(ce) = flep, 10571 — f(ck, Hmin) (3.57)

increase with the fiber volume fraction cf, e.g., Af(cp) = 17% and
Af(cr) = 28% for fiber volume fractions cr of 5% and 25%, respectively.
In contrast, the maximum relative changes
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f(CF, 10 S_l) - f(CF;;Ymin)

Af(cr) = Fler 105 1)

(3.58)

lie between 12% to 14% for all investigated fiber volume fractions.

3.4.3 Comparison to mean-field results

In the following, we compare the computational results with mean-field

estimates. In the Newtonian and Cross-type cases, we use the Mori-

MF

Tanaka model (3.40) to calculate the apparent mean-field viscosity 7,5,

Then, we compare the apparent mean-field viscosity n)f with the appar-
ent computational viscosity 75} T via the deviation
MF _ FFT
Mapp — 71
v = M (3.59)
Napp

To reduce dimensional complexity, and to avoid compromising the com-
parison with potential interpolation errors, as discussed in section 3.4.1,
we focus our discussion on the two scalar quantities 7;,, and 74,
The results for the Newtonian and the Cross-type case are shown in
Figures 3.12 and 3.13, as well as Figure 3.14. In the Newtonian case, the

elongational viscosities 73, and n4,, obtained via the mean-field method

y
a

are lower than the ones obtaine?l) via the FFT-based computational
method. Also, for a fiber volume fraction c¢g = 5%, the mean-field and
FFT-based results for 73, and 7}, can still be considered similar for
engineering purposes, as the deviation emr is below 5.7%. However,
for increasing fiber volume fractions cf, the deviation ewr increases
monotonically up to 26.8% for the elongational viscosity 73, and 23.5%

for the elongational viscosity 74,
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(a) Apparent viscosities 3, and n%’pp (b) Deviation epp

Figure 3.12: Apparent viscosities 1%,, and 73, for the mean-field model and the
FFT-based computational method, and deviation emr (3.56) for fiber volume frac-
tions cr € {5, 10,15, 20,25}% in the Newtonian case. Figure adapted from Sterr et al.
(2023, Figure 12).

In the Cross-type case, for shear rates 4 ~ 10s~1,% ~ 10° s~!, we observe
the same results for the deviation emf as in the Newtonian case. This is
a direct result of the two Newtonian regions of the Cross-type matrix
viscosity 7 at the shear rate limits ¥ — 0s~! and ¥ — cos™!. The largest
deviation eyr occurs for a shear rate 4 = 103s~!, where the matrix
nonlinearity is highest. As we already observed for the anisotropy
measures f; and f5 in section 3.4.1, the fiber volume fraction cg
influences the shear rate 4 at which the maximum deviation eyr
occurs. In particular, for both elongational viscosities 75, and 7%,
the maximum observed deviation for a fiber volume fraction cg = 25%
occurs at a lower shear rate 4 = 10%s~!, whereas it occurs at a shear rate
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4 = 2-10%s7! for a fiber volume fraction cg = 5%.
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Figure 3.13: Apparent viscosities n3,, and nipp for the mean-field model and the
FFT-based computational method for fiber volume fractions cr € {5,25}% and shear
rates ¥ € [10,10%] s~! in the Cross-type case. Figure adapted from Sterr et al. (2023, Figure
13).

As an additional consequence of the Cross-type material law (3.2), the
curves of the elongational viscosities 73, and 74, for the two calcula-
tion methods intersect twice. For the fiber volume fractions c¢r = 5%
and cf = 25%, the first intersection occurs at shear rates 4 ~ 10%s~!
while the second intersection occurs in the shear rate interval
(10,5 - 10%] s7!, depending on the fiber volume fraction cg. For higher
fiber volume fractions ¢ the second intersection occurs at lower
macroscopic shear rates 7, because the decreased fiber to fiber distance
leads to higher microscopic shear rates. Consequently, we observe
an earlier transition into the second Newtonian regime at the shear
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rate limit ¥ — cos™!. In between the intersections of the elongational
viscosity curves, the elongational viscosity 17,,, obtained via the
mean-field model is higher than for the computational approach.
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Figure 3.14: Deviation emr (3.56) of the elongational viscosities 73, and ngp for fiber

volume fractions cg € {5, 10, 15, 20, 25}% and shear rates ¥ € [10,10°] s~ ! in the Cross-
type case. Figure adapted from Sterr et al. (2023, Figure 14).

3.5 Conclusions

This chapter was devoted to study the effect of shear-thinning matrix
behavior on the effective viscosity of fiber suspensions. We focused
our considerations on shear rates of interest for engineering manu-
facturing processes, like injection and compression molding. For our
investigations, we made use of a Cross-type viscosity model and an
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FFT-based computational method to determine the effective viscosity
of fiber suspensions over a wide range of shear rates. We found the
resolution error of the microstructure discretization to be dependent on
the shear rate and load direction, with the minimum resolution error
occurring at medium shear rates and pure shear loads. To our surprise,
we found the representative volume element size to be highly similar
in a Newtonian case with aligned microstructure and a Cross-type
case with transversely isotropic microstructure. Over the considered
shear rate interval, we found the Cross-type suspension viscosity to
vary strongly in magnitude and in degree of anisotropy. Finally, we
observed substantial deviations between the computational estimates
and Mori-Tanaka type mean-field estimates for the suspension viscosity.
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Chapter 4

Machine learning assisted
discovery of effective viscous
material laws for shear-thinning
fiber suspensions’

4.1 Introduction

Viscosity models for fiber polymer suspensions are widely used in mold-
ing process simulations of composite parts (Kennedy and Zheng, 2013),
which play a major role in the lightweight design of engineering systems,
i.e., in the automotive, aerospace, and energy sectors (Henning et al.,
2019; Qureshi, 2022). Molding process simulations are an established
tool in composite part engineering, partly because of the industrial
benefits of digital twins (Botin-Sanabria et al., 2022) and virtual process
chains (Henning et al., 2019; Gorthofer et al., 2019; Meyer et al., 2023).
In molding simulations for fiber reinforced plastics, accurate modeling
of the suspension viscosity is crucial to predict various parameters of
engineering interest. The suspension viscosity influences manufacturing
process parameters (Castro and Tomlinson, 1990; Goodship, 2017), as

1 This chapter is based on the sections 1 to 5 of the publication "Machine learning assisted
discovery of effective viscous material laws for shear-thinning fiber suspensions" (Sterr
et al., 2024b).
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well as fiber orientation and fiber volume distributions (Tseng et al.,
2018). Consequently, flow fields (Karl et al., 2021) and final part prop-
erties (Bohlke et al., 2019; Karl et al., 2021) are also affected by the
suspension viscosity. In light of the analytical and experimental dif-
ficulties involved when studying the viscosity of fiber suspensions with
non-Newtonian solvents, computational approaches provide insights
and observations that are otherwise hard to obtain. Svec et al. (2012)
combined the lattice Boltzmann method for fluid flow, an immersed
boundary procedure for the interaction between fluid and rigid particles,
and a mass tracking algorithm for the free surface representation to sim-
ulate slump tests of a suspension of rigid spherical particles and fibers
suspended in a Bingham-type fluid. In comparison with a slump test
of pure matrix material, they observed a smaller spread and increased
height in the slump test of the suspension, suggesting an increased effec-
tive yield stress. Using a Finite Element Method (FEM) based approach,
Domurath et al. (2020) investigated the rheological coefficients of the
transversely isotropic fluid equation by Ericksen (1960) in the context
of rigid fibers suspended in a power-law fluid. In a simple shear flow,
they found the model by Souloumiac and Vincent (1998) to overpredict
the orientation dependence of a rheological coefficient. Combining
the RVE method (Kanit et al., 2003) and Fast Fourier Transform (FFT)
based computational techniques (Schneider, 2021), Sterr et al. (2023)
extended work by Bertéti et al. (2021) on Newtonian fiber suspensions
to suspensions with non-Newtonian solvents. They visualized the
anisotropic viscosity tensor in the case of a Cross-type matrix fluid
and studied the effects of fiber volume fraction and shear rate on the

suspension viscosity.
In this chapter, we combine high fidelity, FFT-based computational meth-

ods and a supervised machine learning strategy to discover material
models for the effective viscosity of shear-thinning fiber suspensions.
To do so, we study the anisotropic and shear rate dependent effective
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viscosity of fiber suspensions with a Cross-type matrix behavior and
a fiber volume fraction of 25%. In section 4.2 we outline the setup
for the FFT-based computational investigations, where we compute
the effective material response for 109 different fiber orientation states
and a variety of loading states. In terms of computational scope, this
constitutes a significant extension to previous FFT-based work on shear-
thinning fiber suspensions, in which a single fiber orientation state
was considered (Sterr et al., 2023). Based on the computational data,
we visualize the suspension viscosity tensor in three dimensions and
formulate an anisotropy criterion applicable in a non-linear setting
using a loading direction and shear rate dependent scalar viscosity,
see section 4.3. We find that the anisotropy of the suspension viscosity
shows a significantly different shear rate dependence for different fiber
orientation states. Also, for all investigated microstructures, we confirm
that the anisotropy of the suspension viscosity depends on the degree
of non-linearity of the matrix material, which was previously only
studied for a transversely isotropic microstructure (Sterr et al., 2023). In
section 4.4, based on the insights into the shear rate and orientation state
dependence of the suspension viscosity, we formulate requirements
a model of the suspension viscosity needs to fulfill. According to
the formulated requirements we propose four models with different
numbers of parameters, as well as different phenomenological and theo-
retical motivations. Using the ADAM algorithm, we employ supervised
machine learning techniques for non-convex optimization to learn the
parameters of the model candidates. Overall, three models achieve
similar maximum validation errors below 5.15 %, while one model based
on superposition and orientation averaging performs unfavorably.
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4.2 A computational study of the effective
behavior of shear-thinning fiber
suspensions

4.2.1 Computational homogenization procedure

In this chapter, we consider incompressible, shear-thinning fiber sus-
pensions, occupying a rectangular volume Y C R3. First, we give a
short summary of the numerical procedure for the homogenization of
shear-thinning fiber suspensions detailed in section 3.2. We are interested
in computing the effective viscous stress 7 € Symg(3) of the suspen-
sion in response to an applied, effective shear rate tensor D € Symq(3),
where Sym,(3) denotes the vector space of symmetric and traceless
second-order tensors. For a pressure field p : ¥ — R, a solenoidal
velocity field v : Y — R? and a local viscous stress field

T=T(,D+ V), 4.1)

with associated stress operator

T :Y x Symy(3) = Symq(3), (4.2)
(x,D) — g%(a:,D), (4.3)

and dissipation potential ¥ : Y x Symy(3) — R, the local balance of

linear momentum without inertial effects
div(t) = Vp =0, (4.4)

needs to be fulfilled. In the context of suspensions with rigid inclusions,
the local viscous stress T in equation (4.4) is, constitutively, not well-
defined inside the rigid inclusions. We address this issue by changing
to a dual formulation as follows. With the complementary dissipation
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potential
®(7):=sup {7 D — V(D) |D € Symy(3)}, (4.5)

arising as the Legendre-Fenchel dual of the dissipation potential ¥, we
search for minimizers of the variational problem

<<I>(~,T) —T- D>Y — inf . (4.6)

Here, (-),- denotes the spatial average

— 1 . — m
Oy =137 /Y ()dY(x) with [Y]= /Y a¥(z),  @47)

and the infimum is taken over all stress fields 7 satisfying the equilibrium
equation (4.4). Minimizers of the variational problem (4.6) satisfy the
Euler-Lagrange equation

Pe [g‘fm - D} —o, 48)

where P¢ refers to the L?-projector onto the shear stresses satisfying
the equilibrium equation (4.4). We refer to Bert6ti et al. (2021, §2) for a
closed form expression of the action of P¢ in Fourier space. In case of
suspensions with rigid particles the shear rate tensor D and hence the
derivative 9®/01 vanishes inside the particles. Thus, the formulation
of the optimization problem (4.6) in terms of the complementary dis-
sipation potential ® is advantageous for numerical schemes based on
the Euler-Lagrange equation (4.8). If the optimization problem (4.6) is
convex, a minimizer can be found with, e.g., gradient descent (Sterr et al.,
2023), the Barzilai-Borwein method (Barzilai and Borwein, 1988), or
Newton-CG (Dembo et al., 1982; Schneider, 2020a) approaches. Finally,
the effective viscous stress 7 can be computed by spatial averaging, such
that

T=(T)y. 4.9)
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4.2.2 Computational study setup and material
parameters

To study the material response of shear-thinning fiber suspensions
with a variety of microstructures, we generated fiber suspension mi-
crostructures for 109 points of the fiber orientation triangle St (2.37),
see Figs. 4.1a and 4.2, using the sequential addition and migration
method (Schneider, 2017). Following Kobler et al. (2018), we use a
CMYK coloring scheme to visualize the fiber orientation state within the
fiber orientation triangle St. The isotropic, unidirectional, and planar
isotropic orientation states represent the corners of the fiber orienta-
tion triangle and are colored cyan, magenta, and yellow, respectively.
Building upon the investigations in Sterr et al. (2023), a commercially
available polyamide 6 (BASF, 2020) was chosen as the matrix material,
and a Cross-type material law (3.2) was fitted to the available material
data for shear rates 4 in the interval [1.7,16300] s~ ! at a temperature of
250°C. The resulting model parameters are collected in Table 4.1, and
equal the parameters presented in section 3.2.1.

7o Moo k m
2889 Pas 15.0Pas 10.9-107% 1.1

Table 4.1: Parameters of the Cross-type material law (3.2) for a commercially available
polyamide 6 (BASF, 2020). Table adapted from Sterr et al. (2024b, Table 1).

The viscosities 7y and 7., define the material behavior for shear rates
4 = 0and 4 — oo, respectively, while the parameters k£ and m control the
non-linear transition between the viscosities 79 and 7. The suspension
microstructures were discretized on a staggered grid (Harlow and Welch,
1965) using composite voxels (Kabel et al., 2017) with a general dual
mixing rule for the special case of rigid particles (Sterr et al., 2023). The
resulting non-linear system of equations was solved with a Newton-CG
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—— Data - - = Fit sssees Last data point

o Evaluation: 109 points ‘

7 in Pas
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1
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(a) Fiber orientation triangle St (b) Cross-type fit
Figure 4.1: Fiber orientation triangle St in CMYK coloring with 109 evaluation points (a),

and material data with Cross-type fit for Ultramid®B3K (b). Figure adapted from Sterr
et al. (2024b, Figure 1).

approach. To limit the required computational effort, we restricted to
microstructures with a fiber volume fraction cg = 25%, where all fibers
have equal length ¢ and diameter d. More precisely, we prescribed an as-
pect ratio 7, = £/d of 10. The resolutions and sizes of the microstructure
volume elements were chosen according to the investigations in Sterr
etal. (2023), such that the number of voxels per fiber diameteris v/d = 15
and the edge length of the cubic volume elements is L = 2.2¢.

Furthermore, we consider the same flow scenarios as in the previous
chapter 3. More specifically, for each macroscopic scalar shear rate ~
in the set of studied shear rates S (3.44) we investigate the six load
cases collected in the matrix 2 (3.35). The set of studied shear rates S is
intended to cover a broad variety of engineering process shear rates, and
is motivated by the typical shear rates in compression molding, standard
injection molding, as well as thin-wall and micro molding (Valero, 2020;
Friesenbichler et al., 2011). For shear rates +, where the matrix behavior
is mostly Newtonian and the superposition of material responses is
valid, we compute and collect the components of the effective viscosity
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tensor V in a matrix K with

[1:
I
=i
il
H<'
\H\

. e, Q (4.10)

Here, (-)' stands for the Moore-Penrose pseudoinverse, and 7 collects

the computed effective stresses

B U O O O
WA 0 A A
I G O .
S| Ve Ve VEmy) VIng Ve Vg
\[T(l) \[7(2) \f7'13 V27 1(;4;) \[ (5) \[713
L very veRg veRy Verhy) VeE 1(3) vary) |

4.3 Spatial representation and anisotropy of
the effective suspension viscosity

With the goal of modeling the effective behavior of shear-thinning
fiber suspensions in mind, it is essential to understand the anisotropic
effective viscosity of such suspensions, as well as its dependence on the
fiber orientation state A and the shear rate ¥ first. Accordingly, we begin
by visualizing the effective viscosity and studying its anisotropy for low
shear rates 7 in the following, before studying the effects of non-linear
shear-thinning. To reduce the dimensional complexity when studying
the effective viscosity, we use a scalar elongational viscosity 7).pp. Follow-
ing Sterr et al. (2023, §4), we define the viscosity n,pp, based on a modified
approach by Bohlke and Briiggemann (2001), such that

Napp (3, A, d) = V(4,1) - (d@d®d®d), (4.12)
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(C) )\1 = 0.5, )\2 =0.5

Figure 4.2: Investigated microstructures for isotropic (a), unidirectional (b), and planar
isotropic (c) fiber orientation states. Figure adapted from Sterr et al. (2024b, Figure 2).

where d € 5% denotes the direction of elongation, A € St refers to the
fiber orientation state, and St is the fiber orientation triangle defined
in equation (2.37). We use equation (4.10) to approximate the effective
viscosity V and thus the elongational viscosity 7,p, with

Napp (1, A, d) & a(d) V(%)) a(d), (4.13)

where a(d) denotes the components of d ® d in Mandel notation. In
addition to the elongational viscosity 7.pp, the bulk viscosity

m(1,A,d) =T-V(3,))(d®d) = (d®d) - V[I], (4.14)
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is required to capture all information contained in the effective viscos-
ity V (He and Curnier, 1995, Sec. 4.3) if the effective material is com-
pressible. However, as we consider incompressible material behavior,
the bulk viscosity 7, vanishes, since

V[I] = 0. (4.15)

Hence, the elongational viscosity 7., encodes all information contained
in the matrix V(¥, ), and allows us to study the anisotropic flow re-
sistance of the suspension in a complete manner. For the elongational
viscosity and related quantities we omit denoting the dependence on the
shear rate , the fiber orientation state ), and the direction of elongation d
explicitly. Because of the interpolating property of equation (4.10), we
may visualize the direction-dependent material behavior for load cases
not collected in D, and develop intuition for the influence of different
fiber orientation states on the elongational viscosity 7,pp. For a discussion
on the applicability of equation (4.10) in the case of non-linear material
behavior, we Sterr et al. (2023, §2.3, §4). For the visualization of the
elongational viscosity 7.,p, We restrict to a shear rate ¥ = 10s~!, where
the material behavior is mostly linear and the superposition principle
encoded in equation (4.10) holds. The elongational viscosity bodies for
the isotropic, the planar isotropic, the transversely isotropic, and the
unidirectional fiber orientation states are visualized in Figure 4.3 for a
shear rate 4 = 10 s~!. To study the suspension anisotropy at the same
shear rate 4 = 10s~!, for each orientation state and over all directions d,
we compute the range An,,, and the ratio r,,p,

max(17app) (4.16)

Anapp = Max(Napp) — Min(Napp),  Tapp = i (70ng)
app

and collect the results in Table 4.2.

For the isotropic state, the elongational viscosity 7.p, lies between
1513 Pas to 1576 Pas, resulting in a range A7,,, = 63Pas and a
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4.3 Spatial representation and anisotropy of the effective suspension viscosity

ratio r,pp = 1.04. Because there is no principal fiber orientation axis in
the isotropic state, the maximum viscosity 7,pp, the range An,pp, and
the ratio r,p, are lower than in the more strongly oriented states, see
Figure 4.3a. In contrast, the maxima of the elongational viscosity 7.pp
occur in the principal fiber orientation axes clearly visible in Figures 4.3b
to 4.3d. For the planar isotropic state, the maximum of the elongational
viscosity 7.pp Occurs in the z-y plane with 1947 Pas, and for the
transversely isotropic and unidirectional cases, the maxima occur in
the = direction with 2973 Pas and 4845 Pas, respectively. Also, with
increasing degree of orientation, the range An,,, and ratio r,,, grow
from 977 Pas and 2.01 in the planar isotropic state, 1810 Pas and 2.56
in the transversely isotropic state, and up to 4130 Pas and 6.78 in
the unidirectional state. The strong dependence of the maximum
elongational viscosity, the range Amn,p,, and the ratio 7,5, on the
orientation state highlights the influence of the fibers on the anisotropy
and magnitude of the effective viscous material behavior. Furthermore,
the location and magnitude of the minimum elongational viscosity 7.pp
depend on the orientation state as well.

Iso Piso Tiso UD
ATapp 63 977 1810 4130
Tapp  1.04 201 256 6.78

Table 4.2: Range Anapp (4.16) and ratio rapp (4.16) of the elongational viscosity napp at a
shear rate 4 = 10 s~! for isotropic (Iso), planar isotropic (Piso), transversely isotropic
(Tiso), and unidirectional (UD) fiber orientation states. Table adapted from Sterr et al.
(2024b, Table 2).
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(a) )\1 = O.ﬁ, )\2 = 0.@ (b) )\1 = 0.5, )\2 =0.5
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1,513 1,544 1,576 970 1458 1,047
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1,163 2,068 2,973 715 2,780 4,845

Figure 4.3: Elongational viscosity napp at a shear rate 4 = 10 1/s for isotropic (a), planar
isotropic (b), transversely isotropic (c), and unidirectional (d) fiber orientation states.
Figure adapted from Sterr et al. (2024b, Figure 3).

In an isotropic volume element, the fibers increase the elongational
viscosity 7.pp uniformly across orientation space. Consequently, with
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4.3 Spatial representation and anisotropy of the effective suspension viscosity

a magnitude of 1513 Pas, the minimum of the effective viscosity 7app
in the isotropic state is larger than in the other orientation states. In
comparison, the minima of the effective viscosity 7,,, are 970 Pas in
the planar isotropic state, 1163 Pas in the transversely isotropic state,
and 715 Pass in the unidirectional state. Interestingly, the minima of the
elongational viscosity 7.p, 0ccur in directions where there is the least flow
along the main fiber orientation directions. Because of incompressibility,
the direction with the least flow in fiber direction is not perpendicular to
the principal fiber orientation axis. Rather, it occurs at a specific angle
which depends on the orientation state.

So far, we investigated the effective viscosity of selected fiber suspen-
sions for a relatively low shear rate ¥ = 10s~! using the elongational
Viscosity 1.pp, the range A1,pp, and the ratio 7,,,. However, the ratio r,pp
or popular anisotropy measures used in crystal elasticity (Kube, 2016;
Ranganathan and Ostoja-Starzewski, 2008; Zener and Siegel, 1949) rely
on the existence of load independent stiffness and compliance tensors.
To model the effective suspension viscosity, we want to study its load
dependence for all shear rates 4 € S, in the set S, which includes shear
rates where the effective material behavior is non-linear. Thus, a way of
computing the suspension anisotropy without relying on the interpola-
tive properties of equation (4.10) is necessary and is introduced in the
following. A convenient expression for the elongational viscosity 7app
in terms of the investigated load cases collected in the matrix D follows
from equation (4.12) with D = 4/v/2d ® d and 7 = V[D], such that

oy D7
Napp (V> A, D) = 2D D (4.17)

We use this expression (4.17) to define a vector 7 for all studied shear
rates y

77(77 A) = (napp('ya A7 Dl)a naPP(;Ya Av DQ)» (XX3) naPP(;Ya Av DG))Tv (418)
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which contains the elongational viscosity 7,p, for each load case D;
collected in the columns of the matrix D. To measure the average magni-
tude and the dispersion of the elongational viscosities 7,p, collected in
the vector 1, we compute the mean 41, and the standard deviation s,

6

ﬂn(’ya A) = % Z napp,i(;%A)a (419)
=1
. 1 . . 2
Sn (7, A) = 6 Z (napp,i(%A) — My (9, )" (4.20)

i=1

The standard deviation s,, is not a dimensionless quantity and its magni-
tude is a nominal measure of dispersion. Thus, the standard deviation s,,
is unsuitable to interpret the dispersion of the values collected in the
vector 7 in relation to their magnitude. Instead, we use the coefficient of
variation (), defined by the equation

Co3,2) = S8 A (4.21)

to relate the standard deviation s,, to the mean 1,, and thus compute
a dimensionless anisotropy measure of the suspension viscosity for a
given fiber orientation state.

Also, the coefficient of variation C), is a useful quantity to compare the
anisotropy of fiber orientation states with elongational viscosities 7app
of varying magnitudes. To study the maximum load dependent change
of the anisotropy for a given fiber orientation state, we define the range
over all shear rates AC),

ACy(A) = m_f?‘x(cn (:4)) — m;n(cn('%ﬁ)) (4.22)

The development of the coefficient of variation C;, for selected orien-
tation states over the shear rate 4, and the range AC, for all fiber
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orientation states are shown in Figure 4.4. For all investigated shear rates
and orientation states, the coefficient of variation C,, is largest in the
unidirectional state, and smallest in the isotropic state, see Figure 4.4(a).
The coefficient of variation C, for all other investigated orientation states
lies between these bounds. Qualitatively, the coefficient of variation C,,,
and hence, the degree of anisotropy at a given shear rate, decreases up
to a shear rate ¥ ~ 10%s~! for all orientation states. This decrease in
the coefficient C), suggests increased local velocity gradients, and thus
stronger shear-thinning in the matrix, during flow along the fiber orienta-
tion directions. Quantitatively the range AC,, depends on the orientation
state, and is largest in the unidirectional state, see Figure 4.4(b).

‘—O—Iso-o--Piso @ UD Other ‘ ‘o Evaluation: 109 points
0.8 ®-o. _.0=® |
g, & 0.24
., »
0.6/ ... = 2
5 0..0-® 0.16
04 @-g-- o0 |
oo o
“o-o-0--® 0.08
0.2} =
O 0.0 & . 6.0 & . 0.6 o . o .0 v
R 102 10° 0t 10° 03 04 05 06 07 08 09 1o 000
4in s~ At
(a) Cy (b) ACH,

Figure 4.4: Coefficient of variation C;, for shear rates % € [10,105]s™! (a), and range of
the coefficient of variation AC, (b) over the fiber orientation triangle St. Figure adapted
from Sterr et al. (2024b, Figure 4).

In the isotropic state, the coefficient of variation C;, and its range AC),
are close to zero for all investigated shear rates, showing that non-linear
shear thinning effects occur at equivalent strengths, independent of the
load direction. With increasing degree of orientation, the coefficient
of variation C, and its range AC; grow. In the planar isotropic
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state, the coefficient of variation C,, varies with a range AC;, = 0.13
between C,, = 0.38 at a shear rate ¥ = 10s™! and C,, = 0.25 at a
shear rate 4 = 10° s~'. The range AC,, is largest in the unidirectional
state, where the coefficient of variation C,, varies strongly with a
range AC, = 0.32 between C,, = 0.82 at a shear rate ¥ = 10s™! and
C, = 0.50 at a shear rate 4 = 10%s~*. The distinct differences in the
coefficient of variation C,, and the range AC, between the studied fiber
orientation states highlight the strong influence of the fiber orientation
on the magnitude and anisotropy of the effective material behavior.
As a consequence of the Cross-type material law (3.2) and increasing
velocity gradients in the polymer matrix, the coefficient of variation C,

3

increases for shear rates 4 larger than 10°s™! up to similar values as

observed for a shear rate 4 = 10s~!.

The results discussed in this
section thus underline the need to account for the shear rate and load
direction dependent shear thinning behavior of the suspension when
modeling the suspension viscosity. This is in line with findings in the
literature (Koch, 1995; Favaloro et al., 2018; Pipes, 1992; Pipes et al.,
1994), where the effect of the suspended fibers on the matrix shear rate
is estimated using fiber orientation statistics. In the next section we
will use a different approach, and discuss how the anisotropic shear
thinning effect can be characterized with supervised machine learning
based on the computational results of the FFT-based homogenization

and knowledge of the local Cross-type material law.

4.4 Modeling the effective suspension
viscosity

4.4.1 Model requirements

With the results presented in the previous section 4.3 at hand, we wish
to model the effective viscosity of shear-thinning fiber suspensions with
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analytical means and identify the model parameters using supervised

machine learning. To do so, we first summarize the key criteria a model

of the effective viscous behavior should fulfill. The model should

D

(I1)

(1T

(IV)

be tensorial, i.e., capture shear rate and load direction dependence
objectively.

replicate the local Cross-type material behavior on the macro-scale,
i.e., the model should show Newtonian behavior in the shear rate
limits 4 — 0s~! and ¥ — cos™!, and capture the shear rate and
load direction dependent, non-linear transition between the two
Newtonian limits. This requirement is based on the investigations
in Sterr et al. (2023, §4), the results of the anisotropy investigation
in the previous section 4.3, and considerations in literature (Koch,
1995; Favaloro et al., 2018; Pipes, 1992; Pipes et al., 1994).

yield an incompressible and orthotropic effective viscosity V.
Because the fourth order fiber orientation tensors of the gener-
ated microstructures are orthotropic, see Schneider (2017) and
Montgomery-Smith et al. (2011), the effective viscosity V of the
suspensions is orthotropic as well.

be applicable on the whole fiber orientation triangle ST, as defined
in equation (2.37).

In accordance with requirements (I) and (II), we restrict our investiga-

tions to tensorial models of the type

V(D,a) = Voo(a) + Ts(D, a) [Vo(a) — Vo (a)] (4.23)

where ¢ € R™, m € N, is the vector of model parameters,
Tg : Symy(3) x R™ — (R3)®® stands for an eighth order tensor function,
and Vo : R™ — Symy(3) as well as V, : R™ — Symg(3) denote
fourth order tensor functions. The functions V, and V., are used to

construct the Newtonian viscosity tensors Vo (a) and V. (a) in the shear

rate limits ¥ — 0s™! and ¥ — ocos™!, respectively. Equation (4.23)
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is a tensor-valued generalization of the Cross-type material law (3.2),
where the scalar Newtonian viscosities are replaced by the viscosity
tensors Vj(a) and V. (a), and the function Tg is introduced to model the
non-linear transition between the two Newtonian viscosity tensors Vo (a)
and V. (a). The function Tg varies between the individual models, and
encodes the direction dependent non-linearity of the models as stated in
requirement (II). In summary, three objects in the Ansatz (4.23) need to
be modeled: the Newtonian viscosity tensors Vi (a) and V. (a), as well
as the eighth order tensor function Tg controlling the anisotropic and
non-linear shear rate dependence. In the following sections, we discuss
the respective modeling approaches for these three objects.

4.4.2 Modeling the Newtonian limits of the effective
suspension viscosity

To integrate orthotropic symmetry and incompressibility according to
requirement (III) into the models, we first consider the vector space V, of
fourth order incompressible tensors with minor and major symmetries

Vo={X | Xe(®)»*, and X[I]=0
and X™=X" =X =X}, (4.24)
where ()™, ()T, and (-)T* stand for major transposition, left transpo-

sition, and right transposition, respectively. Second, we then define a
basis B of the space V,

_03—2000'
;—%%000
G| v v 000 (4.25)
= 0 010 0
0 00 1 0
0 000 1
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such that the columns of the matrix B represent the basis vectors of B in
Mandel notation. Finally, using the basis 13, we define a function

A:R® — V{(3), (4.26)
ai ays 0 0 O
a az3 0 0 O
a—PiM@) =PL| 0 0 ag 0 0| , (4.27)
0 0 as O
0 0 0 ag

which constructs an orthotropic fourth order tensor using the compo-
nents a; of the model parameter vector ¢, and the non-unique projec-
tor P} into the space V{ of fourth order tensors that are positive definite
on the space spanned by the basis B. Employing eigendecomposition,
we define the action of the projector P} as

5
= Z max()\i, 6) P; ® Pi, (428)
=0

5
> Aip; @p;

=0

PE[X] = Py

where \; and p, denote eigenvalue eigentensor pairs of a fourth order
tensor X on the space spanned by the basis B, and § € R+ is a small
positive and real constant. The definition of the projection operator Py
involves a tunable constant 3, which is required for numerical purposes.
In fact, formally setting 5 to zero leads to the projector onto positive
semi-definite tensors, i.e., those which may be degenerate. However,
positive definiteness on the incompressible subspace B is preferred
over positive semi-definiteness, because of the following physical and
numerical reasons. We wish to use the tensor function A to build fourth
order tensors X € V7 from six model parameters, i.e., the viscosity ten-
sors Vo(a) and V., (a). Therefore, encoding a vanishing stress response
through vanishing eigenvalues would not adhere to the physical model
considered in the context of this thesis.
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4.4.3 Modeling the anisotropic and non-linear shear rate
dependence of the effective suspension viscosity

To capture the anisotropic and non-linear viscous behavior in accordance
with requirement (II), we incorporate a generalized distance g from zero
load

g:Symy(3) x R = R, (4.29)
(D, a) — (D - A(a)[D])", (4.30)

into the models, which is similar to the Mahalanobis distance (Maha-
lanobis, 1936) popular in statistics. The generalized distance g depends
on the components a; collected in the model parameter vector ¢, as well
as the magnitude and direction of the shear rate tensor D. Because of
these properties, we use the generalized distance g as a model building
block to encode the fiber orientation state specific, anisotropic shear
rate dependence of the effective suspension viscosity. However, for an
exponent ay < 1 the gradient of this generalized distance g is singular
whenever D - A(a)[D] vanishes, posing a problem during gradient based
learning of the model parameters a. This singularity is circumvented
by the enforced positive definiteness of the tensors constructed by the
function A and non-vanishing load D. Here, the constant 8 acts as
a lower bound on the eigenvalues of the tensor A(a), as can be seen
from equations (4.26) and (4.28), and restricts the space of possible
tensors A(a) that can be constructed from the model parameters a.
Improper choice of the constant 3, such that /3 is greater than the smallest
eigenvalue of the optimal tensor A(a), could therefore influence the
quality of fit. However, because we wish to learn the model parameters a
from homogenization data, the optimal tensor A(a) and its smallest
eigenvalue are not known a priori. Therefore, the constant 5 should be
chosen to be a small number, and we nominally select 5 = 1076 in the
unit of the associated eigenvalue A;. To model the anisotropic Cross-type
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non-linearity using the generalized distance ¢, we define two non-linear
eighth order tensor functions Tgl) and Téz) through their actions on an

orthotropic tensor X € Sym,. We define the function ’]I‘gl) through

X

Te(;l)(D7Q> [X] = m’

acRT, (4.31)

such that the scalar shear rate dependence of the Cross-type model (3.2)
is replaced by the generalized distance g (4.29). Thus, the function ’]Tél)
scales all the components of the orthotropic tensor X equally, depending
on the load D and the model parameter vector a. Because all components
of the tensor X are scaled equally, the anisotropy of the tensor X remains
unchanged under the function Tél). However, the non-linear shear
rate dependence encoded in the function ’]l‘él) may be anisotropic since
the magnitude of the scaling depends on the function g, and hence
on a possibly anisotropic tensor A(a) and the load D. Of the seven
model parameters collected in the model parameter vector a, six model
parameters control the influence of the direction of the load D on the
scaling, and one parameter controls the rate of transition between the
Newtonian limits for shear rates ¥ — 0 and 4 — oc.

To allow for greater flexibility in the scaling of the orthotropic tensor X,
we also define the tensor function ']Téz) through

211 212 0 0 0
212 299 0 0 0
TP (D,a)[X]=| 0 0 23 0 0| , acR®2 (4.32)
0 0 0 244 0
0 0 0 0 255 5
z11 = hi(D,a) X1, z12 = ha(D, a) X2, (4.33)
222 = h3(D, a) X2z, z33 = ha(D, a) X33, (4.34)
244 = h5(D, a) X 44, z55 = he(D, a) X5, (4.35)
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such that the six components of the tensor X are scaled individually by
ascalar h;(D,a), i € {1,2,3,4,5,6}, defined as

1
hi(DvQ) = TD,L)’ ii = (a7(i—1)+17 ...,aﬁ') S ]R7. (436)

Like the scaling factor in the function ']I‘él), the scalars h;(D, a) are each
computed from seven model parameters, the shear rate tensor D, and
the function g. Therefore, the tensor X is not only scaled under the
function ']Tff), but the anisotropy of the tensor X may also change under
the function Tf(f). In this sense, the function Tél) is a special case of
the function ’}I‘g), where all scalars h;(D,a) are equal. The increased
flexibility in the scaling of the tensor X with function ’JI‘E(;Q) requires 36
parameters to control the influence of the direction of the load D, and six
parameters to control the rate of transition between the Newtonian limits
for shear rates ¥ — 0 and ¥ — oo. This results in a total of 42 parameters

for the function ’]I‘éz).

4.4.4 Definitions of effective suspension viscosity
models

In the following, we combine the definitions of the previous sections 4.4.2
and 4.4.3 with the Ansatz (4.23) to build four models for the effective
suspension viscosity. With the symbol # denoting concatenation of vec-
tors the four models presented in Table 4.3 are considered and described
in the following.

Model 1

In Model 1, we use the function A (4.26) to construct the Newtonian vis-
cosity tensors Vy(b) and V4 (c) from twelve model parameters collected
in the vectors b € RS and ¢ € RS. Also, we use the function ’]I‘gl) (4.31)
with seven parameters collected in the vector d € R” to model the
anisotropic and non-linear shear rate dependence of the effective sus-
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pension viscosity. Overall, Model 1 has 19 parameters and is the most

general considered model that uses the function Tgl).

Model 2

Like in Model 1, we use the function A to construct the Newtonian
viscosity tensor Vo (b) in the shear rate limit 4 — oo s™! from six model
parameters, and the non-linear function ']I‘él) to model the non-linear
transition between the Newtonian limits with seven model parame-
ters. These 13 parameters are collected in the vectors ¢ € Rf and d €
R”. However, in Model 1, the viscosity tensor Vo (b) in the shear rate
limit 4 — 0s™! is also constructed with the function A (4.26), using six
model parameters. In Model 2, we exploit the fact that the viscosity
tensors V (b) and Vo (¢) share the same anisotropy in the shear rate
limits ¥ — 0s~!and 4 — cos™!, see Figure 4.4 and Sterr et al. (2023), and
express the viscosity tensor Vo(b) as a scalar multiple of the tensor Voo (o),
such that the condition

Vo(b) = b1 Voo (0), (4.37)
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4.4 Modeling the effective suspension viscosity

is satisfied. This relation reduces the number of parameters from 19
in Model 1 to 14 in Model 2. We found that this adaption introduces
only small errors, as we discuss in section 4.4.6 in more detail, and use
equation (4.37) in Model 3 and Model 4 as well.

Model 3

In Model 3, like in Model 1 and Model 2, we use the function Tél)
to model the non-linear transition between the Newtonian limits with
seven model parameters collected in the vector d € R”. Also, as in
Model 2, we use equation (4.37) to relate the viscosity tensors Vo (b)
and V. (c) via a scalar coefficient collected in the vector b € R!. To
further reduce the number of model parameters through physical consid-
erations motivated by superposition and orientation averaging (Ericksen,
1960; Tucker III, 1991; Bert6ti et al., 2021), we introduce the equation

Veol(c) =Ps (c1 P2 + co IOGN + c3N) Py, (4.38)

for the viscosity tensor Voo (¢), where P, denotes the identity on the
space Symg(3). The operator O, stands for the symmetrized box product,
which, for the second order tensors A, B,C < (R?) #? is defined as

AO,B = %(ADB + BOA), where(AOB)[C] = ACB.  (4.39)

Overall, this reduces the number of parameters from 14 in Model 2 to 11
in Model 3.

Model 4
(2)

In Model 4, in contrast to the Models 1, 2, and 3, we use the function Tg
instead of the function 'I[‘él) to model the non-linear transition between
the Newtonian limits. As discussed in the previous section 4.4.3, this
allows for greater flexibility in exchange for more model parameters,
making Model 4 the most general of the considered models. Like in
Model 2 and Model 3, we use seven parameters collected in the vec-

tors b € R! and ¢ € R to model the viscosity tensors V(b) and V. (c).
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In combination with the 42 input parameters of the function Tg), which
we collect in the vector d, this leads to a total of 49 model parameters
for Model 4. Overall, each model parameter controls a distinct effect or
quantity of the model. In other words, Model 4 could not be expressed
with fewer parameters while maintaining the same type of non-linearity
and the same degree of modeling flexibility.

4.4.5 Supervised learning of model parameters

In the previous sections 4.4.1 and 4.4.4, we described the requirements for
models of the effective suspension viscosity and presented four model
candidates satisfying these requirements. In this section, we discuss
the supervised machine learning strategy we use to identify the model
parameters. To learn the model parameters from the data obtained
with FFT-based computational homogenization, we first construct a loss
function £ measuring the difference between the model predictions and
the FFT-based computational results, and then minimize the loss £ using
the ADAM (Kingma and Ba, 2014) optimization algorithm. We consider
all fiber orientation states A € S1% in the set St C St of 109 points of
the discretized fiber orientation triangle shown in Figures 4.1a and 4.4(b).
For every load case D, fiber orientation state )\, and parameter vector a,
we define the loss £

%FFT(D,A) _ ‘T'MOdeI(D,A,Q)HQ
177D, A2

L(D,),a) = | : (4.40)
where - stands  for the  Euclidean norm,
7model . Symg(3) x R? x R™ — Symy(3) refers to the effective stress
predicted by a particular model, and 77" : Sym,(3) x R? — Sym,(3)
refers to the effective stress obtained with FFT-based computational
homogenization. Similar to section 4.3, we omit the dependence of the
loss £ and the derived quantities on various variables for improved
readability and compactness. For each model and fiber orientation
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state \, we wish to identify the model parameters ¢ minimizing the
worst case loss L for the set of investigated load cases D, such that

a(}) = argmin, .. Inax L(D, )\, a). (4.41)
¥

Here, the set of investigated load cases D is defined via equations (3.44)
and (3.35). However, since the models described in the previous section
are not convex in the model parameters ¢ and have multiple local
minima, the exact minimizer a is difficult to determine. We wish to
start our investigations with a word of warning: identifying the model
parameters from computational multiscale simulations does not qual-
ify as a mathematically well-posed problem (Kabanikhin, 2008), for a
number of reasons. For a start, there might not be a unique solution, and
the outcome of the learning process, i.e., the model parameters, might
change drastically for small variations in the data. Also, depending on
the optimization algorithm and the optimization hyperparameters, the
learned model parameters can vary as well. Accordingly, the model
parameters obtained with the supervised learning procedure we present
in this chapter are possibly not the global minimizers of the optimization
problem (4.41). However, as we show in the next section 4.4.6, the pre-
sented supervised learning procedure can be employed to successfully
identify model parameters which result in model predictions with engi-
neering accuracy. To capitalize on the advances in the field of non-convex
optimization and machine learning, we use the Python programming
language and the machine learning framework PyTorch (Paszke et al.,
2019) with version 1.12 to identify the model parameters a. When this
chapter was written, more recent PyTorch versions were available that
feature Just In Time (JIT) compilation, which could possibly increase
the performance of custom code modules. However, for compatibility
with existing code, we use version 1.12. For each model and fiber
orientation state )\, we randomly initialized 5000 realizations of the
parameter vector ¢ and then used the field-tested ADAM (Kingma and
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Ba, 2014) algorithm to improve the initial guesses, thus generating the
set Smin of minimizing parameter vectors a. We selected the ADAM
algorithm from the optimization algorithms available in the PyTorch
framework, since the ADAM algorithm combines an adaptive learning
rate with a classical momentum (Polyak, 1964) based approach. This
provides advantages over the standard gradient descent method (Kabel
et al.,, 2014; Ruder, 2016), and algorithms relying on adaptive learning
rates alone, such as AdaGrad (Duchi et al., 2011), AdaDelta (Zeiler, 2012)
and RMSprop (Tieleman et al., 2012). For a detailed discussion on the
convergence properties of the ADAM algorithm and its variants, we
refer the reader to an article by Chen et al. (2018). Also, for an overview
on a variety of other optimization algorithms in machine learning, we
refer the reader to a review by Sun et al. (2019). Conveniently, the
ADAM algorithm’s learning rate hyperparameters are approximate
bounds of the optimization step size. Exploiting this feature, we use
PyTorch’s option to define parameter groups with individually varying
learning options for parameters with different magnitudes, such that
the step sizes for nominally large parameters are not bounded by the
step sizes for nominally small ones. As a viable alternative to first-order
optimization techniques, PyTorch also offers the powerful second-order
optimization algorithm L-BFGS (Liu and Nocedal, 1989). However,
when this chapter was written, the PyTorch L-BFGS algorithm did
not support multiple learning rates and parameter groups, which we
have found to be valuable in accelerating convergence. Therefore, we
opted to use the first-order optimization algorithm ADAM. Overall,
we use four parameter groups, with one group each for the param-
eters of the functions V, and V., as well as one group each for the
parameters associated with the anisotropy and the rate of non-linear
transition encoded in the tensor function Tg, see equations (4.31), (4.32)
and (4.36). We distinguish the two parameter groups associated with
the tensor function Tg with the symbols G2"=°, which contains six
parameters in case of the function Tgl) and 36 parameters in the case
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of the function T(”, as well as the group GS®° containing one and

six parameters for the functions ’]I‘él) and ']I‘é?), respectively. Except for
Model 1, the learning rates for the respective parameter groups were
chosen as shown in Table 4.4. For Model 1 in particular, the learning
rate for the parameters associated with the function V, was chosen
as 0.5, because Model 1 does not use the scalar relationship (4.37). We
determined the numerical values of the learning rates for each parameter
group by trial and error. To improve convergence towards minima as
the learning process proceeds (Darken and Moody, 1990; Darken et al.,
1992), we used PyTorch’s ReduceLROnPlateau learning rate scheduler
to half the learning rates if the loss £ has not improved for 200 epochs.
This rule was applied with a cooldown of 400 epochs and all other
options were kept standard. For the ADAM algorithm, other than the
learning rates, standard hyperparameters were used such that the two
momentum coefficients 3, and (3 are set to 5; = 0.9 and 3, = 0.999,
and the stabilization constant ¢ is set to e = 10~®. Finally, we consider
the learning process to be finished when the loss £ has not improved for
2000 epochs.

VO Voo ngiso GZXPO
Learningrate 5-10~% 5-1071 5.107 5.1072

Table 4.4: Learning rate hyperparameter by parameter group for use with the ADAM
algorithm. Table adapted from Sterr et al. (2024b, Table 4).

4.4.6 Model accuracy

To compare the accuracy of the presented models, we define error mea-
sures and describe a validation procedure in the following. Since finding
a global minimum for the problem (4.41) is hard, we restrict to the set
of minimizing parameters Smin, and identify the parameters a™™ € Spin
minimizing the worst case loss £ over the set of investigated load
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cases D, such that

a™"()) = argmin g Jnax L(D,) a). (4.42)
The minimizing parameters ¢™" are only available on the given dis-
cretization points A where homogenization data is available as well. Yet,
in accordance with requirement (IV), we are interested in generalizing a
given model for fiber orientation states A where no minimizing parame-
ters a™" are available. For this purpose, we follow Kébler et al. (2018)
and use a convex linear combination to interpolate stresses as follows.
Suppose the nodes A, A,, and A; form a triangle and the minimizing
parameters ¢™" are known in those nodes. Then we compute the
effective stresses 7¢ at some point A

3
TUDN) =) s ™D, AL a™M(,)),  (449)

i=1

3
3:51&14’52&24’53&33 5i207i€17273325i:17 (444)

i=1

through interpolation of the model stresses 7™°%! at the points \;, Ay,

and ). In addition to generalizing the models over the entire fiber orien-
tation triangle St, we use equation (4.43) to validate the models against
the data obtained with FFT-based computational homogenization. For
this purpose, we define the validation error ey similarly to the loss £,
i.e., we define

_IFTTD, ) — 79D, V)2

ev(D,}) = D : (4.45)

for each considered model. Of the 109 triangulation points A contained
in the set S1% we designate 45 points as the set S& C S1% of fitting
points A", see Figure 4.5. For validation purposes, we designate the
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centroids of the triangles formed by the fitting points A" as validation
points, defining the set SY ¢ S1%9 of 64 validation points AY. By defini-
tion of the interpolation (4.43), the loss L coincides with the validation
error ey at the fitting points A™. To study the quality of fit and the quality
of the stress interpolation, we define the largest loss £L™* and the largest
validation error e{}®

L™ = max max L(D,\,a™(})), ey = max max ey(D,)).
109 e 1 1= ’ v 109 e 1 ’
A€St” DeD,, A€S1%? DeD,,

(4.46)

Furthermore, we define the mean validation error e}**" and the maxi-
mum validation error e\? over the set of investigated load cases D,
g = oo Y max ev(D,3), P (N) = max e(D.)), @447)
09 aesion DEDs DeD;
that occurred for a given model on the discretized fiber orientation
triangle. Before discussing the prediction accuracy of the presented mod-
els in detail, we briefly summarize the supervised learning procedure
presented in the previous section 4.4.5, and the validation approach for
the stress interpolation (4.43) discussed above. For each model, and in
each of the 109 investigated triangulation points A € S1°%, we conducted
5000 optimization runs for the minimization problem (4.41) and thus
obtained the set Smin of minimizing parameter vectors a. From this
set Smin, we identified the single best parameter vector a™" € S, (4.42),
which is associated with the smallest worst case loss of a model in a fixed
triangulation point A. To study whether stress interpolation (4.43) can
be used to generalize a model beyond points where the parameters a™"
are available, we designated the 45 points A" € SF as fitting points
and the 64 points \Y € SY as validation points. On these points A"
and )Y, we compute the validation error ey (4.45) using the stress

interpolation procedure defined through the equations (4.43) and (4.44),
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such that only the parameter vectors a™" in the fitting points are used.
Finally, to investigate whether a model captures the underlying material
behavior appropriately, how stress interpolation affects the prediction
quality, and how the prediction quality varies over the fiber orientation
triangle St, we are interested in the error measures LM, e()®*, e(}¢",
and el. Thus, we list the largest Loss £™, as well as the validation

errors ey, and e*®" in Table 4.5, visualize the validation error e\’? over

the fiber orientation triangle St in Figure 4.5, and discuss the errors in
the following.

o Fitting: 45 points e Validation: 64 points

505% . 5.15%
406% 04 1.13%
0.3
s0r% 3.12%
02
200% o1 2.10%
i 0.0
07 07,
03 04 05 06 07 08 09 Lo 08% 0. 1.08%
15.36% 5.00%
11.96% 4.01%
8.57% 3.02%
5.17% 2.03%
‘ G : 497
03 04 05 06 07 08 09 1o 4 03 04 05 06 07 08 09 1o 0%
A %
(c) el of Model 3 (d) €D of Model 4
v v

Figure 4.5: Validation error e\’? over the fiber orientation triangle St for Models 1 to 4.
Figure adapted from Sterr et al. (2024b, Figure 5).
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Model1l Model2 Model3 Model 4

L™ 4n % 5.00 5.00 15.36 5.00
ey in % 5.05 5.15 15.36 5.00
ey in % 2.65 2.73 7.76 2.28

Table 4.5: Largest loss LM%, as well as validation errors ey, and ey for the Models 1
to 4. Table adapted from Sterr et al. (2024b, Table 5).

Model 1 and Model 2 differ only in their modeling approach for the
viscosity tensor Vo(b), where the parameter based construction of an
orthogonal tensor V(b) = A(b) in Model 1 is replaced by the scalar
relationship (4.37) in Model 2. This reduction in dimensionality does not
increase the loss £, as the largest loss £L™* for both Model 1 and
Model 2 is 5.00%. Also, the largest validation error e(® = 5.15%
and mean validation error eJ**" = 2.73% of Model 2 are only 0.10%
and 0.08% larger than the errors el)® = 5.05% and eJ**" = 2.65% of
Model 1. Hence, the scalar relationship defined by equation (4.37)
appears to be a valid assumption in the context of the investigated
physics and microstructures. The largest loss £L™* occurred for the
orientation state A = (0.83,0.08)" for both Model 1 and Model 2. In
contrast, the largest validation errors e{}>* occurred at orientation
states A = (0.90,0.07)T for Model 1 and A = (0.59,0.38)" for Model 2.
For the chosen discretization of the fiber orientation triangle St, a
small additional error is introduced by stress interpolation, as shown
by the slight differences between the largest losses £™* and the
largest validation errors e{}>* for Model 1 and Model 2. Among the
investigated models, Model 3 shows the largest loss and the largest
validation error with £™* = 15.36% and e} = 15.36%, occurring at
the orientation state A\ = (0.69,0.31)7. For orientation states towards
the lower and left edges of the fiber orientation triangle St, the
magnitude of the validation error el’ for Model 3 is comparable to
that of the other models, see Figure 4.5. However, a mean validation
error e)}*®" = 7.76% in combination with the relatively large validation
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errors e occurring at orientation states towards the upper edge of

the fiber orientation triangle St indicate that equation (4.38) is not a
sufficiently accurate approximation over the whole fiber orientation
triangle St. For the most general model, Model 4, the largest loss £™**
and the largest validation error e}** are both 5.00% for the orientation
state A = (0.83,0.08)T. Hence, the increased anisotropic capability
of Model 4 improves the quality of fit and prediction only slightly
compared to Models 1 and 2, albeit Model 4 uses more parameters. The
mean validation error eJ**" = 2.28% of Model 4 is also only 0.37% and
0.45% lower than for Models 1 and 2. In summary, Model 3 performed
the worst among the investigated models and Model 4 performed
the best. The orientation averaging incorporated in Model 3 reduced
the prediction accuracy, while the anisotropic function T improved
the prediction accuracy of Model 4. However, Models 1 and 2 use
fewer parameters than Model 4 and show rather similar prediction
accuracy. Consequently, the degree of anisotropic non-linearity encoded
in Model 1 and Model 2 seems to be sufficient to capture the effective
viscous behavior to engineering accuracy in the investigated load cases.
In terms of practical implementation, computational efficiency and
balanced prediction accuracy we consider Model 2 the best of the
investigated models, since it uses a moderate amount of parameters and
yields accuracy comparable to Model 4.

4.5 Conclusions

In this chapter, we used supervised machine learning and FFT-based
computational techniques to discover models for the effective suspen-
sion viscosity of fiber suspensions with shear-thinning matrix behavior.
We first extended the computational investigations of previous work to
a broad variety of fiber orientation states. For all considered orientation
states, we studied the anisotropy and shear rate dependence of the
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suspension viscosity over a wide range of shear rates of engineering
interest. Confirming previous observations in the case of a transversely
isotropic orientation state, we found that the anisotropy of the sus-
pension viscosity for a particular orientation state varies substantially
depending on the load direction and shear rate. Furthermore, the degree
of non-linearity of the matrix material in the studied volume elements
influences the anisotropy of the suspension viscosity strongly. Based
on the observed material behavior, we introduced four requirements a
model of the suspension viscosity should satisfy, and formulated four
model candidates according to these requirements. Using supervised
machine learning techniques for non-convex optimization, we identified
the model parameters based on the high-fidelity FFT-based computa-
tional results, and found that three of the four presented models achieve
validation errors below 5.15 %. One model containing an approximation
of the suspension viscosity based on superposition and orientation
averaging did not perform favorably when compared with the other
presented models.
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Chapter 5

Deep material networks for fiber
suspensions with infinite material
contrast’

5.1 Introduction

For composites with kinematically unconstrained solid phases, the
literature presented in section 1.2.4 provides compelling evidence for
the accuracy and versatility of (direct) DMNs. However, the (direct)
DMN architecture has yet to be applied to composites involving fluids
or infinite material contrast, which is required for suspensions of rigid
fibers. Because (direct) DMNs are based on laminates of solids, the
treatment of fluids with a DMN architecture requires a different type of
building block. Additionally, treatment of infinite material contrast with
DMN:s is challenging, because the rank-one laminates of a DMN have
singular effective properties if one of the phases is singular, i.e., rigid.
Therefore, the singular effective properties of the rank-one laminates may
propagate through the whole DMN during the training and evaluation
processes, rendering the effective properties of the DMN singular as

! This chapter is based on the sections 1 to 5 of the publication "Deep material networks
for fiber suspensions with infinite material contrast” (Sterr et al., 2024b).
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well. In this chapter we address these issues and propose an architecture
to treat suspensions of rigid fibers.

We extend the direct DMN architecture for kinematically unconstrained
solid phases with finite material contrast to an architecture that is able
to treat suspensions of rigid fibers. In particular, this task requires
the treatment of fluid phases and infinite material contrast. We name
this architecture the Flexible DMN (FDMN) architecture. To treat fluid
materials with FDMNs, we derive homogenization blocks for layered
emulsions that are governed by Stokes flow, and consist of possibly
incompressible phases with finite material contrast. In section 5.2.1, we
establish that the velocity field in this type of layered material is phase-
wise affine, if the dissipation potentials of the phases are strictly rank-one
convex. We use this result and follow an analytical procedure described
by Milton (2002, §9) to derive the closed form linear homogenization
function of the considered layered emulsions in section 5.2.2. To treat
infinite material contrast, we study a particular type of layered material,
namely, coated layered materials (CLMs), in section 5.2.3. We obtain
closed form homogenization functions for CLMs with kinematically
unconstrained or incompressible phases. With the objective of using
CLMs as FDMN building blocks in the presence of rigid fibers, we derive
conditions for the required number of layering directions and their
orientation, such that the effective properties of CLM are non-singular.
We do so for CLMs with incompressible and rigid phases.

In section 5.3, we present the FDMN architecture as an extension of the
(direct) DMN architecture. An FDMN arises by replacing the rank-one
laminates of a (direct) DMN with rank-one layered materials capable
of treating fluids, and non-singular CLMs capable of treating infinite
material contrast. Also, we discuss the material sampling, the offline
training procedure, as well as the online evaluation of FDMNs in the
context of incompressible rigid fiber suspensions. We apply FDMNs to
predict the viscous response of fiber polymer suspensions in section 5.4,
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demonstrating both the ability to handle incompressible fluid phases and
infinite material contrast. We use FFT-based computational homogeniza-
tion techniques to generate linear training data and non-linear validation
data for shear-thinning fiber suspensions with a Cross-type matrix
behavior, and a fiber volume fraction of 25%. We consider 31 different
fiber orientation states and a variety of incompressible elongational and
shear flows. Using the computational data, we train FDMN:ss for all fiber
orientation states, and study the prediction accuracy of the FDMNs in
the non-linear case. For all investigated load cases and microstructures,
the FDMNSs achieve validation errors below 4.31% over a wide range
of shear rates relevant to engineering processes. Not considering the
time required to generate the training data and to train an FDMN, the
FDMN:Ss achieve speedup factors between 11785 and 17225 compared to
FFT-based computations. Finally, we compare the prediction accuracy of
the FDMN based approach with a different machine learning approach
by Sterr et al. (2024b), and find that FDMNSs offer better accuracy and
flexibility at a higher computational cost for the considered material and
flow scenarios.

5.2 Homogenization of layered emulsions
with infinite material contrast

5.2.1 Phase-wise affine displacement and velocity fields
in laminates and emulsions

Like for (direct) DMNSs, the building blocks of an FDMN should ad-
mit linear homogenization functions in closed form, and there should
exist efficient solution schemes to compute the stress response of the
building blocks in case their phases are non-linear. In analogy to the
laminate based architecture of the (direct) DMN, we thus consider
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layered emulsions as the building blocks of the FDMN architecture.
Like laminates, layered emulsions consist of multiple, possibly non-
linear, fluid materials, that are arranged such that every phase boundary
between the phases is orthogonal to the layering direction n € &2,
on the 2-sphere §?. For the offline training and the online evaluation
of an FDMN with layered emulsions as building blocks, knowing the
homogenization functions of layered emulsions with linear and non-
linear phases is necessary. Primarily, we look for similarities between
the homogenization of layered emulsions and solid laminates that can
be leveraged. In laminates, the displacement fields are phase-wise
affine, and we wish to know if the velocity fields in layered emulsions
belong to a particular class of fields as well. If the velocity fields are
phase-wise affine, established solution techniques on (direct) DMN ar-
chitectures (Gajek et al., 2020) can be employed for the online evaluation
of the FDMN, and convenient linear homogenization equations can be
employed for the offline training. We follow a procedure detailed by
Kabel et al. (2016b) on the homogenization of laminates, and establish
the existence and uniqueness of phase-wise affine velocity fields in a
particular type of emulsion. We consider a K-phase layered emulsion
with layering direction n, which, similar to a laminate, is constructed
by arranging K-phases so that the direction n is orthogonal to all
phase boundaries. The emulsion occupies a rectangular and periodic
volume Y C R?, and consists of non-Newtonian phases with rank-one
convex dissipation potential ¥y, : (R*)®? — R, such that

V(L4 Ba®@b) <PBYL(L+a®b)+ (1—3)¥(L),
V3 e0,1], a,b € R3\{0}, (5.1)

where L € (R?)®? denotes the velocity gradient, and the operator (-)®¢
constructs a tensor space of a-th order. Also, Y, C Y denotes the sub
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volume of the k-th phase, and the phases do not intersect, i.e.,
YNy, =0 if j#Ek, (5.2)

and form the volume Y, such that

K
=Jv (5.3)
j=1

Let the operator (-), denote volume averaging of a quantity over a
volume Y, i.e,,

1
(Vy = = / ()dY(x) with |Y|= / dY (x). (5.4)
Y1)y y
Then, we express the velocity field v : Y — R? as
v=Lz+v, with (Vd), =0, (5.5)

where L € (R?)®? stands for the prescribed effective velocity gradient
and ® is the velocity fluctuation field. Accordingly, the periodic dissipa-
tion potential function ¥ : Y x (R?)®? — R of the emulsion is defined
through

(x, V*v) ZX’f VU (2, Vo), (5.6)

where yj : Y — {0, 1} refers to the characteristic function of the sub
volume Y}, and V* stands for the symmetrized gradient. Let the flow
inside the emulsion be governed by Stokes flow, i.e., the advectorial
forces in the layered emulsion are small in contrast to the viscous forces,
then the steady state balance of mass

div (pv) = 0, (5.7)
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where p : Y :— R denotes the mass density field, is satisfied. Addition-
ally, the stress field
o=38(,D+ V) (5.8)

in terms of the effective strain rate tensor D = (L + ET) /2, and the
associated stress operator S on the space of symmetric second order
tensors Sym(3) C (R3)®? (Edelen, 1973)

S :Y x Sym(3) — Sym(3), (5.9)
(x,D) g%(:c,D), (5.10)

satisfies the balance of linear momentum without inertial effects and
volume forces
div (o) = 0. (5.11)

Therefore, the effective response of the emulsion is obtained from the
minimization problem

VU(x, D S0 i .
(U(x,D+V v)>y — min, (5.12)

where A stands for the admissible set

A={p:Y > R® | div(pv)=0 and (Vd), =0} (5.13)

Hence, assuming there is no slip between the phases, the proof by
Kabel et al. (2016b, §2) extends to layered emulsions with finite material
contrast. Therefore, if the dissipation potentials ¥, are strictly rank-one
convex, there exists a unique minimizer ¢ in the class of phase-wise
affine velocity fields. As a special case, this is also true for incompressible
Stokes flows, for which the balance of mass simplifies to

div (v) = 0. (5.14)

106



5.2 Homogenization of layered emulsions with infinite material contrast

In the following, we use the term layered emulsion only for the type of
emulsion defined above.

5.2.2 Two-phase layered emulsions with Newtonian
phases

Similar to two-phase laminates of linear elastic solid materials, we wish
to find a convenient closed form expression for the linear homoge-
nization function of two-phase layered emulsions. With the goal of
using layered emulsions as building blocks of an FDMN, we dedicate
this section to deriving such a closed form expression for two-phase
layered emulsions with kinematically unconstrained or incompressible
Newtonian phases. For this purpose, we employ the results of the
previous section 5.2.1, and extend an existing homogenization approach
for two-phase laminates of linear elastic phases by Milton (2002, §9).
To emphasize the link between the linear homogenization of laminates
and layered emulsions we define the class of linear materials M, and
study layered materials of solids and fluids in parallel. A material my, in
the class of linear materials M is characterized by the primal material
tensor M, or its dual tensor K, = M,:l, such that

(M, Ki) € {(MF)?, (Mg )?}. (5.15)

Here, the convex cones M C (R®)®* and M§ C (R3)®* comprise all
fourth order tensors X € (R?*)®*, which are positive definite on the
vector spaces of symmetric second order tensors Sym(3) and traceless
symmetric second order tensors Symg(3) C Sym(3), respectively. Addi-
tionally, a tensor X € {M*, M{ } has minor and major symmetries

X=X =X =XTr, (5.16)
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and a tensor X € M{ maps the second order unit tensor I to zero, such
that
kerX =1, ie, X[I]=0. (5.17)

Here, we define the map T[Y] in component form and in the standard
basis of R? as

T[Y] 2 Tiju Y, forsome Y € (R3)®% T e (R?)®4. (5.18)
Any material m; € M follows the linear constitutive equations
0% =M [VPw] and Vw =K[o], (5.19)

if the material m; is not subjected to kinematic constraints, or the
constitutive equation

o' =1 —pI = M[VSw] —pI, and Vw = K[7], (5.20)

if the material my, is incompressible. Here, w denotes the field associated
with the type of material my, i.e., the displacement field u for linear
elastic solids or the velocity field v for linearly viscous fluids. For the
constitutive equation (5.20) we use an additive split of the stress field o

o=1—pl, (5.21)

into the deviatoric stress field 7 : ¥ — Symy(3) and the pressure
field p : Y — R. Here, we use Y C R? to denote the volume oc-
cupied by a two-phase layered material, i.e., a laminate or a layered
emulsion, and Y7,Y> C Y to denote the volume occupied by the two
phases m,ms € M of the layered material. We define the effective
properties (M, K) € {(M¥)2, (M{)?} of the layered material in the sense
of the Hill-Mandel condition (Hill, 1963; Mandel, 1966)

(0 - Vew)y = (o)) - (Vw), =M ((Viw), @ (Viw)y). (5.22)
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Then, for perfectly bonded laminates of linear solid materials without
kinematic constraints, a closed form expression for the primal or dual
effective properties of the laminate A € {M, K} can be derived using the
procedure detailed by Milton (2002, §9), such that

((A —Ao) +FAO(n))_1 _ <<(A(w) _ag) 4

Ty, (n))_1> . (5.23)

Here, the inverse is taken on the space M* in which A € M lives,
A Y — MT denotes the field of the phase wise primal or dual material
properties
Ay ifxeY,
AY s Mb, zo 0t BEEN (5.24)
AQ ifx e }/2,
and A, € M refers to an arbitrary reference material tensor such that
the term (A(x) — Ag) is invertible. Also, the operator 'y, (n) € (R3)®*
is defined as

T, (n) = Ti(n) [[1(n)AcTi(n)] Ti(n), (5.25)

where (-) stands for the Moore-Penrose pseudoinverse, and the oper-
ators I'y,(n) and I'y(n) project onto the same subspace with respect to
different inner products. More specifically, the operator I'y,(n) is an
orthogonal projector with respect to the Ag-weighted inner product

(X, X)), = X -Ag[X], X €Sym(3), (5.26)

and the operator I'j(n) is an orthogonal projector with respect to the
Frobenius inner product

(X, X)p=X-I[[X]=X -X, X eSym(3), (5.27)
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where I € (R?)®* denotes the fourth order identity tensor. The opera-
tor I'j(n) encodes restrictions imposed by the periodicity of the laminate,
the perfect bonding of the phases, the momentum balance (5.11), and the
constitutive equation (5.19). Depending on whether we wish to compute
the effective primal or the effective dual properties of the laminate, a
different operator I't(n) is required. For the homogenization of the
primal effective properties, i.e., A = M, the operator I'j(n) equals the
operator I'{°(n). For the homogenization of the dual effective properties,
i.e, A = K, the operator I't(n) equals the operator I'S’(n). The oper-
ators I'{° and T'5’, are defined through their action on a second order
tensor X € Sym(3)

)X =2(Xn)®@sn—(n-Xn)non (5.28)

and
r£n)[X] =X -Ir°(n)X, (5.29)

where ®, denotes the symmetrized dyadic product. The operators I'{°
and I'S° project onto the subspaces

E°={SymB)> X =den+ned | dcR’} (5.30)

and
S°={Sym@3)> X | Xn=0}, (5.31)

and arise from the fact that the jumps of the field [Vow] € £
[Viw] = [Vw n] ®s n, (5.32)

and the jump of the stress [o] € S% live on mutually orthogonal
subspaces (Milton, 2002, §9), because it holds that

[on] = 0. (5.33)
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Interestingly, the constitutive equations for kinematically unconstrained
linear elastic solids and linearly viscous fluids share the same structure,
see equation (5.19). Additionally, equations (5.32) and (5.33) are satisfied
for layered emulsions by definition, because there is no slip between
the phases, and the momentum balance (5.11) is satisfied. Thus, the
homogenization problem for the considered layered emulsions has the
same structure as the homogenization problem for laminates. As a
result, the effective properties A € M* of a two-phase layered emulsion
of kinematically unconstrained materials m;, mgo € M can be computed
with equation (5.23). If the kinematic field w is solenoidal such that
the incompressible balance of mass (5.14) is satisfied, it follows from
equation (5.32) that

[VPwn]-n=0. (5.34)

Also, if the materials m;, my € M are incompressible, it follows from
equations (5.21) and (5.33) that

[eon] =0 <« [rn]=[p]n. (5.35)

Therefore, the jumps [Vsw] € £ and [o] € S live in the mutually
orthogonal spaces

£°={Symy(3)> X =2d@sn—-2(d-n)n®n | deR®} (5.36)

and
S ={Symy(3)> X | Xn=an, acR}. (5.37)

The two operators I'°(n) and I's°(n), defined through their action on a
traceless second order tensor X € Sym(3),

Me°n)[X] =2(Xn)@sn —2(n-Xn)non (5.38)

and
T5°(n)[X] = X —T5°(n)[X], (5.39)
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project onto the spaces £ and S, respectively. Consequently, the
procedure detailed in Milton (2002) can be used to compute the ef-
fective properties A € MJ of a layered material with incompressible
constituents. In this context the homogenization equation (5.23) applies
if the property field A : Y :— M, the reference properties Ay € Mg, and
the operator I'y(n) € (I'f°(n),Ts°(n)) are selected based on whether the
tensor A represents primal or dual effective properties. In summary, for a
layered material consisting of linear materials m;, ma € M, the effective
material properties (M,K) € {(M*)2,(M{)?} can be computed with
the homogenization equation (5.23). The choice of the operator I'j(n)
depends on whether the phases are compressible or incompressible, and
whether the primal or dual effective tensors are sought.

5.2.3 Coated layered materials

Because we are interested in building FDMNs for suspensions of rigid
particles, the architecture of the FDMN should be capable of handling
infinitely viscous, i.e., rigid, phases. In this section, we leverage the
homogenization equation (5.23) to study the homogenization of re-
peatedly layered materials in the presence of rigid phases. We define
and use the term rank of a layered material in the following to better
distinguish between the possible ways to construct layered materials.
The rank R € IN>( of a hierarchical, layered material defines the number
of layering steps that are needed to construct the material using layering
directions n, € S2, such that the index r starts at one and ends at R,
ie,r € {1,..., R}. By definition, a rank-0 layered material is simply a
single phase material without any layering. Also, the materials that are
layered at each layering step need not be the same. For example, let
the first layer in a rank-2 layered material consist of the materials m;
and mo. Then, the second layer may consist of the materials m; and m;
in the form of the first layer, and a third material ms.
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if i

(a) Orthogonal layering directions (b) Non-orthogonal layering directions

Figure 5.1: Rank-three, coated layered materials with orthogonal layering directions (a),
and non-orthogonal layering directions (b). The core material is shown in red and the
coating material is shown in gray. We hint at the separation of length scales between the
material layers through our choice of the layer thicknesses. Figure adapted from Sterr et al.
(2024a, Figure 1).

Rank-one two-phase layered materials are unsuitable as DMN building
blocks in the case of infinite material contrast, because their effective
properties are always singular if one phase is singular. In search of a
building block capable of handling rigid phases, we study the effec-
tive properties of a particular type of layered material following the
terminology and the analytical approach detailed by Milton (2002, §9).
We refer to this particular type of layered materials as coated layered
materials (CLMs). To construct a CLM, one material mo, called the
coating, is repeatedly layered onto another material m, called the core.
The layering process is divided into multiple steps, such that the r-th
layering step is applied in direction n,., and the total number of layering
steps equals the rank R of the CLM. As an example, two rank-three
CLMs are depicted in Figure 5.1, where the layering directions n,. € N
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of the material shown in Figure 5.1a are

Nl = {(17 Oa 0){€i}7 (07 Oa 1){6,}7 (Oa la 0){61}} ’ (540)

and the layering directions n,. € N> of the material shown in Figure 5.1b
are

1 1
Ny = {(1,0,0){61.}, % (1.1,0) e,y NG (1,0, 1){61_}} : (5.41)

As described, the gray coating material m; is repeatedly applied in
layers, such that for » > 1, the r-th sub layer of the rank-three CLM is
constructed by layering a rank-(r — 1) layered material with the coating
material my. By definition, the 0-th sub layer of the rank-three CLM is
purely made of the core material ;. We wish to compute the effective
properties A of a coated layered material by repeatedly applying the
homogenization equation (5.23). For the recursive application of the
rank-one homogenization formula (5.23) to be valid, the phases at each
homogenization step must be homogeneous on the length scale of the
respective layering step. This requires a separation of length scales,
in the sense that the thickness ¢, of the material sections in the rank-r
sub layer is drastically smaller than the thickness §,11 of the material
sections in the next sub layer, i.e., §, < 0,41. In Figure 5.1, we hint at
this separation of length scales between the material layers through our
choice of the layer thicknesses. Nonetheless, we retain a visible degree
of inhomogeneity, so that the layer structures can be distinguished for
illustration purposes.

Before we repeatedly apply equation (5.23) to derive an expression
for the effective properties A, we first simplify the expression (5.23)
for the case at hand. We let the reference material properties Ay in
equation (5.23) approach the properties A, of the coating material mo,
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resulting in the equation (Milton, 2002, §9)
(1= fo)(A—Ag) ™ = (Ay — Ag) ™' + fol'a, (n). (5.42)

Here, the coating material my must not be rigid or a void, the tensor (A; —
Ay) must be invertible, and f, denotes the volume fraction of the coating
material my. Also, the fourth order tensor 'y, (n,.) € (R?)®? is defined
by equation (5.25) as

Ty, (n,) =i(n,) [Ti(n) AT (n,)] Ti(n,), (5.43)

where the inverse is taken on the subspace onto which I'; projects. To
compute the effective properties A of a rank-R CLM, we recursively
apply equation (5.42) for the effective material properties of rank-one
layered materials, such that (Milton, 2002, §9)

R
(1= f2)(A=RAg) ™' = (A1 —A) '+ o )T, (nr). (5.44)

r=1

Here, the scalars ¢, are computed from the volume fractions fl(r) of the
core material m; in the rank-r sub layer of the rank-three CLM, such that

r—1 T
A

o= (5.45)

i.e., the properties
R

Z ¢-=1 and ¢, >0, (5.46)
r=1
hold. Because the rank-0 sub layer consists solely of the core material m;
by definition, the volume fraction f(?) = 1 is one. Equation (5.44) is
essential to compute the effective properties of layered materials with
infinite material contrast, and thus for the treatment of such materials
using a DMN architecture. In Appendix A, we employ equation (5.44)
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to study the conditions under which the effective properties A of a CLM
are singular when the core material m; is rigid. With the objective of
applying FDMNSs to suspensions of rigid fibers in mind, we summarize
the results pertaining to rank-R CLMs with a rigid core material m; and
an incompressible coating material my with the following statements.

1. The effective properties A of a CLM of rank R < 3 are always
singular.

2. For rank-3 CLMs, the effective properties A are singular if at
least one layering direction is orthogonal to two other layering
directions, or if at least two layering directions are collinear.

3. Rank-3 CLMs with mutually non-orthogonal and mutually non-
collinear layering directions m;,ng, and n3 have non-singular
effective properties. Thus, in the context of this thesis, we require

0<|’I’L1-’I’L2|<1, 0<|’I’L1'TL3|<1, O<\n2~n3|<1. (547)

The statements 1-3 are of critical importance for the treatment of incom-
pressible suspensions of rigid particles using a DMN architecture. It
follows that CLMs with an incompressible coating material and rigid
core material should be at least of rank R = 3 and have non-collinear
and mutually non-orthogonal layering directions to be non-singular.
Therefore, we leverage such non-singular-singular rank-3 CLMs in the
FDMN architecture to treat suspensions of rigid fibers, as we explain in
section 5.3.2.
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5.3 Identifying deep material networks for
suspensions of rigid fibers

5.3.1 Architecture of direct deep material networks

Because the FDMN architecture extends the (direct) DMN framework,
we briefly summarize the direct DMN architecture in this section, before
presenting the FDMN architecture in the next section 5.3.2. For in depth
discussions and explanations of the direct DMN architecture, we refer
the reader to articles by Gajek et al. (2020; 2021; 2022). A two-phase
direct DMN is defined as a perfect binary tree, consisting of two-phase
laminates B, as nodes, see Figure 5.2a. The laminates B}, are defined by
a single lamination direction nj, and two volume fractions ¢ ; and ¢ ;.
The DMN tree is ordered, rooted and has depth K. We use the letter £ =
1,..., K to denote the depth of a node and the letter i = 1, ..., 2F=1 to
indicate the horizontal position of a node in the respective layer. We

(a) Weight propagation (b) Stiffness propagation

Figure 5.2: Weight and stiffness propagation (from the bottom to the top) in a two-phase
direct DMN (Gajek et al., 2021) of depth K = 3, by Gajek et al. (2022, Fig. 1), licensed under
CCBY 4.0

117


https://creativecommons.org/licenses/by/4.0

5 Deep material networks for fiber suspensions with infinite material contrast

parametrize a direct DMN by the two vectors n € (R3)2" 1

K—1 K—-2
n= Nk, Mo M gy Mo 1 ey M), (5.48)
and w € R2"
W= (Wi y1s 0 Wiei1): (5.49)

Instead of the laminate volume fractions, the direct DMN is parametrized
in terms of the weights w; ,; to improve numerical stability during the
training process (Liu et al., 2019b; Liu and Wu, 2019). The i-th weight in
the k-th layer is computed from the pairwise summation of the weights
in the previous layer &k + 1, see Figure 5.2a, such that

wj, = w5+ wih, (5.50)

and the volume fractions ¢}, , and ¢}, , follow from

2i—1
i k+1 i i
Ck,l S T and Ck,Q =1- Ck,l' (551)

Wi T Wiy

Additionally, the weights wi., | need to be positive and sum to unity,
such that

2K
Wi =0 and Y wi, =1 (5.52)

i
The vectors n and w fully parametrize a direct DMN of depth K and
are identified by fitting the linear homogenization function of the DMN
to the linear homogenization function of the microstructure of interest.
The fitting process is carried out by using supervised machine learning,
and we refer to this process as offline training. To evaluate the linear
homogenization function of the DMN during the offline training, input
stiffness pairs are propagated through the network of homogenization
blocks Bj, see Figure 5.2b. Consequently, if the stiffness C} of a ho-
mogenization block B}, is singular, this singular stiffness can propagate
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through the whole DMN, which is undesirable for the offline training.
Once the parameter vectors n and w are known, they remain unchanged
and are used in the online evaluation to predict the non-linear response
of the studied material. In sections 5.3.4, 5.4.2, and 5.3.5, we discuss
the offline training and the online evaluation for the proposed FDMN
architecture.

5.3.2 Architecture of flexible deep material networks

With the results of the previous sections 5.2.1-5.2.3 at hand, we present an
extended DMN architecture that is able to treat fluid phases and infinite
material contrast. Compared to the architecture of (direct) DMNs shown
in Figure 5.2, the lowest layer of laminates is replaced by a layer of
rank-R CLMs Cg, see Figure 5.3. The rank R of the CLM Cp and the

(a) Weight propagation (b) Material tensor
propagation

Figure 5.3: Weight and material property propagation (from the bottom to the top) in a
two-phase FDMN (Gajek et al., 2021) of depth K = 3 with rank-3 CLMs. Figure adapted
from Sterr et al. (2024a, Figure 3).

restrictions on its layering directions n, are problem dependent, and
chosen such that the non-singularity condition (A.11) is satisfied. This
guarantees that only non-singular material tensors A} are propagated
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through the network. If all phases are kinematically unconstrained,
solid, and non-singular, rank-one CLMs can be employed to recover
the direct DMN architecture. However, in the case of incompressible
suspensions of rigid particles, the CLMs are of rank R = 3 and have
mutually non-collinear and non-orthogonal layering directions n,., as per
statements 1-3. Additionally, the homogenization blocks #}, implement
the general homogenization function defined by equation (5.23) in which
the projector function I't depends on the physics of the investigated
problem. This allows the treatment of composites consisting of linear
materials m € M, including incompressible linearly viscous fluids. For
problems involving two-phase materials, R + 1 weights and two materi-
als are assigned to each CLM. The number of layering directions N, and
the number of input weights N,, in a two-phase FDMN of depth K with
rank-R CLMs are

N, =28"YR+1)-1, N,=25"YR+1). (5.53)

As an example, Figures 5.3a and 5.3b show the weight and material
property propagation of a two-phase FDMN of depth K = 3 with
two-phase CLMs of rank R = 3 as bottom layer. Of the four weights
of a rank-3 CLM, one is associated with the core material m;, and
three are associated with the coating material m;. This doubles the
number of weights for an FDMN with rank-3 CLMs as compared to a
DMN of the same depth K. Additionally, each rank-3 CLM block Cs
has three layering directions n, instead of one layering direction like
rank-one laminates. To reduce the number of free parameters and
ensure the CLMs are non-singular, the relative angles between the
layering directions n, are fixed, while their joint orientation in space is
determined through the offline training, as we explain in section 5.3.4
in more detail. Because CLMs are based on the repeated layering of
rank-one layered materials, an FDMN of depth K can be considered to
be a special case of a (direct) DMN of depth K + (R — 1) with generalized
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homogenization blocks. Then, a CLM represents a subtree of the DMN
of depth K + (R — 1), in which the weights w! of certain phases are
set to zero, such that a CLM emerges, see Figure 5.4. In particular,

(a) Weight propagation (b) Material tensor propagation

Figure 5.4: Weight and material property propagation (from the bottom to the top) in a
two-phase DMN of depth K = 3, representing a two-phase rank-3 CLM. Figure adapted
from Sterr et al. (2024a, Figure 4).

except for one phase, the weights associated with the singular core
material m; are set to zero. Additionally, R weights associated with the
non-singular coating material /m, must be non-zero, such that the rank R
of the CLM is maintained. Technically, (direct) DMNs are therefore able
to treat infinite material contrast intrinsically. However, the weights w?,
need to be identified during the offline training, and might not always
have appropriate values to generate CLMs with the required rank, such
that singular material tensors Ai might propagate through the whole
DMN. Also, if the layering normals are not chosen appropriately, the
singular material properties may propagate through the whole DMN
as well. Controlling the weights and normals via the implementation
of the CLM blocks instead of learning them is therefore preferable to
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5 Deep material networks for fiber suspensions with infinite material contrast

prevent singularities during the offline training. Furthermore, FDMN5s
of depth K have fewer free parameters compared to equivalent DMNs
of depth K 4+ R — 1, which aids in the offline training as well.

Hypothetically, the presented FDMN architecture could be applied
to problems with more than two phases as well. Let N denote the
number of non-singular phases and Ng denote the number of singular
phases. Then, for each singular phase, the FDMN needs to contain
at least one CLM to which the phase is assigned, and which has non-
singular effective properties. This requires a minimum of Ng CLMs.
Additionally, the coatings of the CLMs can be constructed by mixing
the non-singular phases, possibly by constructing Nr-phase layered
materials. However, the application of FDMNs to materials with voids
or more than two phases is beyond the scope of this thesis, because we
focus on suspensions of rigid fibers.

5.3.3 Material sampling

For materials with solid phases, DMNs are trained by sampling the
linear elastic homogenization function of the microstructure of interest
with randomly generated input materials (Liu et al., 2019b; Liu and
Wu, 2019; Gajek et al., 2021; 2022), and fitting the DMN parameters to
replicate the desired homogenization function. Similarly, in the case of
rigid particles suspended in viscous media, we train FDMNs to learn
the linear viscous homogenization function with the goal of predicting
non-linear viscous behavior. Consequently, we sample the linear viscous
homogenization function by using randomly generated, linearly viscous
input materials. We base our sampling strategy on the approach used
by Gajek et al. (2021). In the article by Gajek et al. (2021) on glass fiber
reinforced polyamide composites, the authors chose the stiffness samples
for the fiber material to be isotropic, and the stiffness samples for to the
polyamide matrix to be transversely isotropic. This strategy leads to
a smaller sample space compared to sampling orthotropic stiffnesses
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5.3 Identifying deep material networks for suspensions of rigid fibers

for both the fiber and the matrix materials, as suggested by Liu et al.
(2019b) and Liu and Wu (2019). To reduce the computational cost of
sampling even further for the considered case of fiber suspension, we
only generate sample viscosities for the matrix material and consider the
suspended fibers to be rigid in all computations. To generate samples for
the matrix material, we follow Gajek et al. (2021) and choose the sample
viscosity V¢ pertaining to the s-th sample to be transversely isotropic,
such that

V=2 (Py — gA'(a) @ A'(a)) (5.54)

where the scalar g € [0, 1) defines the magnitude of the perturbation by
the unitary and deviatoric tensor A'(a) € Symy(3), the vector a € R*
collects four angles, and we consider the scalar viscosities

12 = 10°PGPa, p € [-3,3]. (5.55)

For a fiber reinforced polyamide, Gajek et al. (2021) employed an ansatz
of the form (5.54) to sample the material tangents of a J2-elastoplastic
matrix material. Similarly, with the objective of applying FDMNs to
fiber suspensions with a shear-thinning polyamide matrix as detailed in
section 5.4.1, we use equation (5.54) to sample the material tangents of a
Cross-type (3.2) matrix material. The tensor function A’ is defined by an
eigenvalue decomposition (Gajek et al., 2021)

A’ R* — Sym,(3), (5.56)
(a1, a2,a3,a4)" — Q(ag, as, as)A(a1)Q(az,as, as)’, (5.57)

into the orthogonal tensor Q(as, as, as) and a diagonal tensor A(a;) in
terms of the vector a = (a1, as, as, a4)T. The tensor A(aq) is constructed
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from the angle a; via (Gajek et al., 2021)

A= \/;Tdiag (52 cos (a1), &2 sin (ay), \2) , (5.58)
261+1
&1 =cos(ay)sin(ay), & = V2 (5.59)

2cos (a1) + 2sin (aq)’

and the tensor Q (a2, as, as) represents a rotation around the direction n,
such that

Q(as, a3,a4) : R* - R? (5.60)
x +— cos (az) x +sin (az)n x & + (1 — cos (az2))(n - x)n, (5.61)
n = sin (ag) cos (aq) €1 + sin (a3) sin (a4) €2 + cos (a3) es. (5.62)

Here, the operator diag constructs a second order tensor in the standard
basis e; of R?, and the components of the vector a live on the intervals

a; € 0,27, as —sin(as) € [0,7], a3z €[0,7], a4 €[0,27]. (5.63)

We sample the space of the variables p and a using the scrambled Sobol
sequence (Owen, 1998; Sobol, 1967), and employ an FFT-based computa-
tional procedure to compute the resulting effective viscosities V* (Bert6ti
et al., 2021; Sterr et al., 2023), see section 5.4.

5.3.4 Offline training

Using the material sampling procedure described in the previous sec-
tion 5.3.3, we wish to optimize the parameters of the FDMN with regard
to the training data set. For the case of rigid fibers suspended in viscous
media, we consider FDMNs with rank-3 CLMs as bottom layer, which
satisfy the requirements derived in section A.2. We collect all layering
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directions of the FDMN in a vector

n=(nk,.., n%y{il), nk .., n%(K_T, My, M3 M), (5.64)
where we used the fact that the k-th layer contains 2¢~! normalsif k < K,
and the K-th layer contains 3(2X~1) normals. Because the homoge-
nization blocks in the K-th layer are rank-three CLMs, the number of
normals is different from the other layers. Each normal n}, in the k-th
layer for k < K is constructed using two angles a} and b} via

nj, = sin(b},) cos(aj,)er + sin(by,) sin(aj, ) e2 + cos(b},) es. (5.65)

However, for the normals n’; in the K-th layer, the procedure is different.
To avoid singular effective properties during the evaluation of the FDMN
in accordance with the discussion in sections 5.2.3 and A.2, we ensure
that the three layering normals of a rank-three CLM block are not
mutually non-orthogonal and mutually non-collinear as follows. First,
for each rank-three CLM block Cj, we compute the components Q7 of
the orthogonal tensor Q° in the standard basis {e;} using three Euler
angles ck., d%., et € [0,27] via

[ 1 0 0
Gl =10 cos(cy) —sin(cy) |, (5.67)

| 0 sin(ck)  cos(ck)

cos(di) 0 sin(dy)
Trn 0 1 0 , (5.68)

| —sin(di) 0 cos(di)

[ cos(el) —sin(el) 0
W;, = | sin(el) cos(el) 0 |. (5.69)
0 0 1
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Then, we compute the layering directions n‘;(z D+ n“;((ifl)w, n%iil)ﬁ

of the rank-three CLM C} via

ny T =g, (5.70)
34— 1
n3i-42 _ - (g} +qb), (5.71)
i 1 . .
U = 7 (@ +45), (5.72)

where ¢}, g4, and ¢ are the first, second, and third column vectors of
the tensor Q' in the standard basis e;, respectively. This leads to a total
of N, angles with

No=5(2FK"1) -2 (5.73)

The angles between the layering directions are fixed for each CLM Cs, but
the three layering directions are rotated together during training. Other
procedures than the one presented here are viable as well, as long as

i—1)+1  3(i—1)+2 3(i—1)+3
3(i nK( 3 )

the constructed vectors ny; ,and n are mutually

non-collinear and non-orthogonal. Alternatively, one could parametrize
each of the three layering directions n‘;’((i*l)ﬂ, n?;{(ifl)ﬁ, and n%FlHS
with two angles each, and identify the angles independently. Then,
the effective properties of the CLM C} are non-singular almost surely,
because the probability of any two of the three layering directions
being collinear or one vector being orthogonal to the other two is zero.
However, parametrizing each of the three layering directions with two
angles requires twice the amount of angles in the CLM layer of the

FDMN as compared to the presented procedure.

To define the linear homogenization function of the FDMN, we collect
all N,, angles of the layering directions in the vector «

1 1 32870 BT BN
o = (CdeK76K7"'vCK , A y K s
1 1 oi=2 oK -2 1
Qg1 0fc 15y QG 1,bK_1,...,a1,b1), (5.74)
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and collect all N,, input weights of the FDMN in the vector

W= (Wig gy, W) (5.75)

We follow Gajek et al. (2020) and define the loss function £ : R®Ne x
R®M — TR in terms of the linear homogenization function DMN :
A x A x R®Na x R®Nw — A of the FDMN as

1 M(HASDMNL(Ai,A;,a,w)||p>q+
1A<]],

s=1
N, 2

A (Z Wy — 1) , (5.76)
1=1

where N, is the number of samples, A{, A5 € A denote the material
tensors of the phases of a sample, and A* € A denotes the effective
material tensor of a sample. Additionally, the class of material ten-
sors A € {M, Mg} depends on the considered problem, we follow Gajek
et al. (2020) and choose the constants p,q € IN>g as p = 1 and ¢ = 10,
and the operator |-, refers to the /'-norm of the components in Mandel
notation. The second summand in equation (5.76) encodes the simplex
constraint on the weights of the DMN

Ny
Zwéﬂl =1, where w}@rl >0, (5.77)
i=1

in the form of a quadratic penalty term with the penalty parameter A > 0.
We implement the offline training in the Python programming language
and use the machine learning framework PyTorch (Paszke et al., 2019)
to identify the vectors o and w. To do so, we leverage the automatic
differentiation capabilities of PyTorch to solve the minimization problem

L (a, w) — min, (5.78)

aw
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using the RAdam(Liu et al., 2019a) optimizer. We use mini batches of IV,
samples to compute the parameter updates

oL oL
Qg =Q, — nq,a@(% W), Wy =W, — nq,w@(g, w)  (5.79)

for every epoch ¢. Also, we follow previous work (Liu et al., 2019b; Liu
and Wu, 2019; Gajek et al., 2020) and use perfect binary trees without
tree compression (Liu et al., 2019b; Liu and Wu, 2019; Gajek et al., 2021)

5.3.5 Online evaluation

In section 5.2.1, we showed that the velocity fields in layered emulsions
are phase-wise affine, and thus the online evaluation procedure of direct
DMNSs can be employed for FDMNs as well if the phases are kinemati-
cally unconstrained. However, for FDMNs with incompressible phases,
the online evaluation procedure needs to be adapted, as we discuss in
the following. We define the linear operator A : (R?)®" — (Sym0(3))NW
which maps the emulsion-wise jumps b € (R?)®™» of the velocity gradi-
ent onto the phase-wise strain rate fluctuations. Also, we express the ef-
fective dissipation potential ¥ : (Symg(3))™ — R of the FDMN in terms
of the phase-wise dissipation potentials ¥; : Sym(3) — R, the respective
weights w}._ ;, and the phase-wise strain rate tensor D; € Sym,(3) as

U (D+ Ab) = ZwK+1\1f (5.80)

where all entries of the vector D ¢ (Sym0(3))NW equal the effective strain
rate D, i.e.,
D= (D,D,..,D). (5.81)
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Thus, the minimization problem for the online, non-linear evaluation of
the FDMN is

v (D+Ab) » min (5.82)
- bE(R3)®Nn
and the Euler-Lagrange equation of the problem (5.82) reads

%\i (D+Ab) = At (D+Ab) =0. (5.83)

In terms of a weight matrix W : (Sym0(3))NW — (SymO(S))NW defined by

its action on a vector d € (Symg(3))™"™

Wd= (w}(+1d1,w§<+ld2,...Ju%WHdK), (5.84)
we may write the Euler-Lagrange equation (5.83) as
ATWr(D+Ab) =0, (5.85)

with the vector of phase wise stresses 7 (D + Ab) € (Symg(3))3. There-
fore, the jump vector b satisfying equation (5.85) is determined using a
Newton scheme with the update rule

b1 = by, + 50 Ab,, (5.86)

containing the iteration count n, the backtracking factor s,, and the
update direction Ab,,. The update direction Ab,, solves the linear system

HAb, = (A'W.r (D+Ab) A) Ab, = AWz (D+Ab).  (587)

So far, the procedure is completely analogous to the approaches for
(direct) DMNs presented in previous work (Gajek et al., 2020; 2021; 2022).
However, in the case of incompressible phases, the matrix A is symmetric
but singular, and the solution of the equation system (5.87) is not unique.
However, because of incompressibility, we know that the i-th entry b;
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of the jump vector b is orthogonal to the i-th entry n; of the vector of
layering normals n, i.e.,

Hence, we construct the block diagonal matrix NV : (R?)®N» — (R3)®M
consisting of N,, blocks IN; on the main diagonal, which are defined as

Nq; ZIBZ‘TLi@TLi, 1€ {1,...,NW} (589)
with the constant 8; € R~¢. By definition, it holds that
N;b, =0, (5.90)

and the jump vector b is in the kernel of IV, such that

=

b:

)

. (5.91)

Thus, we add equations (5.87) and (5.91), such that the solution Ab,, of
the resulting update rule

(H+N)Ab, = AW (D+ Ab), (5.92)

is unique. However, floating point precision may cause issues during
the addition of the operators H and N, if numbers of largely different
magnitudes are summed. To remedy this issue, the scalars §; need to
be chosen according to the magnitude of the entries in the matrix H.
Furthermore, some input weights wf.  ; might become equal to, or close
to zero during training, which might render the system matrix (4 + N)
ill-conditioned. Thus, it might be difficult to obtain accurate update
directions Ab,, by solving equation (5.92). While it is generally possible
to prune the FDMN tree (Liu and Wu, 2019) by removing phases with
vanishing or almost vanishing volume fractions, this might collapse
the rank-3 CLMs of the bottom FDMN layer into layered materials of
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5.4 Application to rigid fibers suspended in polyamide 6

a lesser rank. In case of infinite material contrast, this could result in
the propagation of singular effective properties through the FDMN. It
is therefore preferable to work with possibly ill-conditioned systems
and to employ appropriate methods for the solution of ill-conditioned
systems (Neumaier, 1998). Alternatively, multiple FDMNs can be trained
and the ones with the best online evaluation results can be selected. In
this thesis, we follow the latter approach.

5.4 Application to rigid fibers suspended in
polyamide 6

5.4.1 Material description and computational aspects

o 31 study points ‘ —— Data - - - Fit sweeeee Last data point ‘
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(a) Fiber orientation triangle St (b) Cross-type fit

Figure 5.5: Fiber orientation triangle St in CMYK coloring with 31 evaluation points (a),
and material data with Cross-type fit for Ultramid®B3K (b). Figure adapted from Sterr
et al. (2024a, Figure 5).

To generate the training data and the online validation data for the
FDMN, we use FFT-based computational procedures to compute the
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effective viscous response of fiber suspensions (Bertéti et al., 2021; Sterr
et al., 2023). We generate the required fiber suspension microstructures
using the sequential addition and migration method (Schneider, 2017) for
31 orientation states ) in the fiber orientation triangle ST, see Figure 5.5a.
For the visualization of the orientation triangle Sy, which is defined
in equation (2.37), we follow Kobler et al. (2018), and use a CMYK
coloring scheme. To keep the computational effort for computing the
effective viscous responses feasible, we restrict to microstructures with a
fiber volume fraction of 25%, and assign all fibers the length ¢ and the
diameter d. Also, we set the aspect ratio r, = ¢/d of all fibers to 10, and
use the results of Sterr et al. (2023) regarding the required resolution
and size of the microstructure volume elements. Consequently, we
choose a resolution of 15 voxels per fiber diameter, as well as cubic
volume elements with edge size L = 2.2¢. Regarding the matrix ma-
terial, we build on the investigations in Sterr et al. (2023; 2024b), and
prescribe a commercially available polyamide 6 (BASF, 2020) as the
matrix material. As in the previous chapters 3 and 4, we use a Cross-
type constitutive equation (3.2) with the material parameters collected
in Table 4.1. Additionally, we investigate the same flow scenarios
as in the previous chapters 3 and 4. More specifically, for all non-
Newtonian considerations, we investigate the six load cases collected
in the matrix Q (3.35) for each macroscopic scalar shear rate 4 in the
set of studied shear rates S (3.44). Consequently, the set D of all
investigated load cases is defined by the equations (3.35) and (3.44).
Because the viscous stress inside the rigid fibers is, constitutively, not
well-defined (Sterr et al., 2023), we employ a dual formulation of the
associated homogenization problem for the FFT-based computations.
We discretize the microstructures on a staggered grid (Harlow and
Welch, 1965), and solve the resulting equation systems with the conjugate
gradient method (CG) for linear computations, and with a Newton-CG
approach for non-linear computations. With the goal of training an
FDMN for each of the 31 fiber orientation states shown in Figure 5.5a,
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we generate 32 sample viscosities with the procedure described in
section 5.3.3, and compute the corresponding effective viscosities. To
compute a single effective viscosity, five FFT-based computations are
necessary (Bertoti et al., 2021), leading to a total of 4960 computations,
and 992 computed effective viscosities. In the previous sections 5.2.3
and 5.3.2, we studied the linear homogenization functions of CLMs,
and presented the FDMN architecture to treat infinite material contrast
and incompressible materials. In the following, we discuss the material
sampling for the offline training, the offline training procedure, and the
online evaluation of FDMNSs for suspensions of rigid particles.

5.4.2 Offline training

With the linear training data at hand, we wish to train FDMNs for the
prediction of the non-Newtonian viscous behavior of shear-thinning
fiber polymer suspensions. We follow previous work (Gajek et al., 2020;
2021) and choose the depth of the FDMN as K = 8 to achieve sufficient
prediction quality for non-linear computations. An FDMN of depth K =
8 with CLMs of rank R = 3 has 512 weights and 638 angles as free
parameters, as per equations (5.53) and (5.73). For each microstructure,
we define the training data SP as

SP = {(V5, VR, V%) | se(1,..,32)}, (5.93)

where V3 denotes the sample viscosities generated with equation (5.54),
Vr denotes the infinite viscosity of the rigid fibers, and V* stands for
the effective viscosity of the sample s. For each microstructure, we split
the training data SP into the training set S* C SP and the validation
set 8Y ¢ SP, which consist of 90% and 10% of the total training data,
respectively. The training set S* and the validation set S¥ share no
samples, i.e, StNSY = 2.

133



5 Deep material networks for fiber suspensions with infinite material contrast

As an initial guess for the FDMN parameters, we uniformly sample all
angles o and weights w from their respective intervals, and rescale the
weights w such that they sum to unity. Because we use a relatively small
set of 32 samples as training data, we dedicate a large portion of it to the
training set S*, and choose to train 20 FDMNs per fiber orientation state \.
Furthermore, we train the FDMNSs on mini batches with size N, = 8, for
which we draw randomly from the training set S*. In case the last batch is
smaller than eight samples, we drop the batch. Because the initialization
of the parameter vectors « and w, as well as the offline training process
are random, the FDMNs differ in their parameters and quality of fit.
By training 20 FDMNSs per fiber orientation state, we leverage this
randomness with the goal of obtaining FDMNs with a high quality of fit.
This strategy aims to reduce the total computational effort required to
obtain sufficiently accurate FDMNSs, because repeatedly training FDMNs
on 32 samples requires less computational resources than conducting
full field simulations for larger sample sizes. For the minimization of
the loss function £, we choose the RAdam algorithm (Liu et al., 2019a)
and use a learning rate sweep (Smith and Topin, 2019) to determine
the learning rates ko and kg .. With the learning rate sweep we
obtain highly similar learning rates for both parameter groups o and w,
such that kg o = kow =1 1072. As the learning process advances, we
use PyTorch’s StepLR learning rate scheduler to improve convergence
towards minima (Darken and Moody, 1990; Darken et al., 1992). To
do so, we multiply the learning rates ¢, and kg, with a constant
factor frr = 0.75 every 150 epochs. Other than the learning rates, we
used standard hyperparameters for the two momentum coefficients 3; =
0.9 and 8 = 0.999, as well as the stabilization constant e = 10~%. Overall,

we train every FDMNs for a total of 2000 epochs each.
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Figure 5.6: Minimum, maximum, and average mean error e™*" of all trained FDMNs for
the training set S* (a) and the validation set SV (b). Figure adapted from Sterr et al. (2024a,
Figure 6).

To measure the quality of fit, we define the mean error ¢™*" over a
subset S of the training data SP as

mean _ 1 T IDMNL(VE, Vi, a,w) — V5|,

S VS
S s ",

. (5.94)

where [S| is the cardinality of the set S. Depending on the fiber orienta-
tion state A and the initial guesses of the angles « and the weights w, the
quality of fit varies per DMN. Therefore, for the whole training process
of all 620 FDMNs, we visualize the smallest mean error min(e™®"), the
largest mean error max(e™*"), and the average mean error avg(e™") for
the training and validation sets S* and S" per epoch in Figure 5.6. For the
training and the validation set, we observe that the three considered error
measures drop rapidly at the beginning of the training, and continue to
improve as the training continues. As the learning rates are small for
epochs larger than 1500, the errors do not change significantly at the end
of the training, and convergence is ensured. Evidently, the largest mean
error max(ef"®") on the training set S* drops below 1% at the end of the
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training process, while the smallest mean error min(e"*") falls below
0.3%. This indicates a high quality of fit on the training set S* for all
FDMNSs. Compared to the training set S*, the spread between the largest
mean error max(e]'*") and the smallest mean error min(e'*®") for the
validation set S¥ is larger. However, the largest mean error max(eJ’*")
stays below 2% for all considered FDMNs and does not fluctuate by a
large margin. Additionally, the average mean error avg(e]'*®") decreases
continuously during training. Consequently, the prediction quality on
both the training and validation set improve on average as the training
progresses, although the largest mean validation error max(e]"") does
not improve significantly after 1250 training epochs. Overall, this indi-
cates that no pronounced overfitting to the training data set S* occurs.

5.4.3 Online evaluation

To measure the online performance of an FDMN, we define the online
error function e, : Symy(3) — R as
5 _ le?MN(D) — o™ (D))

() = Ty, o)

where |[|-||, denotes the (?*-norm of the components in Mandel no-
tation, D stands for the prescribed effective strain rate tensor, and
oPMN - Symy(3) — Symy(3) and o F7 : Symy(3) — Sym,y(3) are the
stress functions of the FDMN and the FFI-based homogenization,

respectively. We then choose the largest error over all load cases e
and the mean error over all load cases eg"

1 _
Con = MaX €on, Eono = Z eon(D), (5.96)
DeD, |D7| beb,

to study the performance of the different FDMNs. For each investigated
orientation state )\, we identify the FDMN with the smallest maximum
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error e and visualize the associated errors eli®" and el}®* over the
fiber orientation triangle, see Figures 5.7a and 5.7b
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Figure 5.7: Mean online error ef}c?" (a) and largest online error ef}2* (b) for the best FDMNs

over the fiber orientation triangle. Figure adapted from Sterr et al. (2024a, Figure 7).

The maximum error eJ;>* of the best FDMNs range between 2.88%
for the orientation state A = (0.4444,0.3611)", and 4.31% for the fiber
orientation state A = (0.8055, 0.1389)T. Thus, for the investigated orien-
tation states, the FDMNSs yield sufficient prediction accuracy in terms
of engineering requirements over a wide range of shear rates ¥ ¢
[10,10°]s7!. Additionally, the relatively low maximum errors eq
show that with fewer samples than in previous studies for solid ma-
terials, for example by Liu et al. (2019b) and Liu and Wu (2019) or
Gajek et al. (2020; 2021; 2022), appropriately accurate FDMNs can be
produced for suspensions of rigid fibers. Generally, the maximum
error el; is larger for more strongly aligned oriented orientation states
towards the lower right-hand side of the fiber orientation triangle than
for less strongly aligned oriented orientation states towards the upper
and the left-hand side. The mean error e;7*" ranges between 1.16% for
the orientation state A = (0.8334, 0.0833)T, and 1.82% for the orientation
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state A = (0.6528,0.3194)", underlining the prediction accuracy of the
FDMN:s.

To discuss one specific example, we take a more detailed look at
the performance of the best FDMN at the fiber orientation state A =
(0.8055, 0.1389) " where the largest maximum error el = 4.31% occurs.
Let the components of the strain rate tensor D; € Sym,(3), in the
standard basis {e;} and in Mandel notation, be given by the i-th column
of the matrix D /4, see equation (3.35). Then, the tensor D; represents a
load with unit norm, and we refer to the tensor D; as load case. In the
following, we discuss the observed stress responses and the prediction
quality of the FDMN for all considered shear rates (3.44) and the six load
cases defined in equation (3.35), see Figure 5.8. Because of the strong
alignment of the fibers in the coordinate direction ey, the stress norms
are the largest for the load case D, which encodes incompressible
elongational flow in the coordinate direction ey, see Figure 5.8a.
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Figure 5.8: (?>-norm of the effective stress response &(D) over the shear rate 4 €
[10,105]s~1 at the orientation state A = (0.8055,0.1389) as computed with FFT-based
homogenization and the best identified FDMN (a). Online error eon (D) of the FDMN over
the shear rate 4 € [10,10%] s~ (b). Figure adapted from Sterr et al. (2024a, Figure 8).
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5.4 Application to rigid fibers suspended in polyamide 6

The norms of the stress responses to elongational flow in the coordinate
directions ey and e3, i.e., the load cases D5 and D5, are comparatively
small. For the largest considered shear rate of ¥ = 10° s~!, we observe
a stress norm of 21 MPa for the load case D;, as well as 11.8 MPa and
12.1 MPa for the load cases Dy and D, respectively. Because of the
similar degrees of fiber alignment in the coordinate directions e and e3,
the stress norms associated with the load cases D, and Dy differ only
slightly. Furthermore, the stress norms in response to shear in the load
cases D, and D5 are smaller than to shear in the load cases Dy. Again,
this is caused by the strong alignment of the fibers in the coordinate
direction e;, which increases the flow resistance stronger in the e;-es-
plane than in other shear planes (Sterr et al., 2024b). For the largest
considered shear rate of ¥ = 10°s~!, the stress norms are 5.5 MPa,
6.0 MPa, and 8.4 MPa for the load cases D,, D5, and Dg, respectively.

DMN

Overall, the predicted ¢2-norm of the effective stress response & of

the FDMN agrees closely with the effective stress /%7 computed via
FFT-based homogenization for all investigated load directions D;, i €

{1, ...,6}, and shear rates ¥ € S;, see Figure 5.8a.

Not only the £2-norm of the effective stress response is predicted well by
the FDMN, but the direction as well. This is evident from the relatively
small online errors eo, (D) shown in 5.8b. Depending on the load case,
the error e,, increases up to a point in the interval [10%,10%]s~!, before
decreasing again for higher shear rates. The largest error occurs for the
elongational load case D3 with 4.31%, and is closely followed by 4.08%
for the elongational load case D;. For the shear load cases Dy, Ds,
and Dy, the largest errors are 3.05%, 2.78%, and 3.23%, respectively,
while the largest error for the elongational load case D, is 2.2%. The
largest error for the shear load case Dg occurs at a shear rate of 4 =
10%s~!, whereas the largest errors for all other load cases occur at a shear
rate of 4 = 5 - 102 s~ 1. This is directly tied to the Cross-type constitutive
equation (3.2), which has two Newtonian plateaus for low and high
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5 Deep material networks for fiber suspensions with infinite material contrast

shear rates and a non-linear transition in between. Consequently, for
large shear rates ¥ — oo the Matrix behavior is Newtonian and the
homogenization function of the microstructure approaches the linear
homogenization function. Since the FDMN approximates the non-
linear homogenization function the microstructure to first order (Gajek
et al., 2020), the prediction quality depends on the degree to which the
matrix behaves non-linearly. This is in line with previous observations
regarding the modelling of shear-thinning fiber suspensions (Sterr et al.,
2023; 2024b).

5.4.4 Computational Speedup

Sampling Sampling Training
Total Per orientation (mean)
CPU Hours 24415 788 0.08
Wall-clock time (h) 305 9.8 0.08

Table 5.1: CPU hours and wall-clock time for the training of one FDMN and the sampling
of effective viscosities V* using FFT-based homogenization. Table adapted from Sterr et al.
(20244, Table 2).

FFT (h) DMN (ms) Speedup

Min 2.08 600 11785
Mean 2.61 630 14828
Max 3.07 650 17225

Table 5.2: Speedups and wall-clock times for the evaluation of a single load case using
FFT-based homogenization compared to an FDMN. Table adapted from Sterr et al. (2024a,
Table 3).
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5.4 Application to rigid fibers suspended in polyamide 6

For sampling the linear homogenization functions of the 31 considered
fiber orientation states A\ € St, we used a workstation with two AMD
EPYC 7552 48-Core processors and 1024 GB DRAM. We relied on a single
thread per FFI-based computation and ran 80 computations in parallel.
In total, the computations took 24415 CPU hours and a wall-clock time of
305 hours, see Table 5.1. Averaging over all 31 considered orientations ),
this leads to 788 CPU Hours and 9.8h wall-clock time per orientation.
For the training and the online evaluation of the FDMNs, as well as the
non-linear FFT-based computations, we used a workstation with two
AMD EPYC 9534 64-Core Processors and 1024 GB DRAM, and ran all
computations on a single thread. The wall-clock time to evaluate all
six load cases D;, i = 1,...,6, and thirteen shear rates ¥ € Sy in series
for a single fiber orientation state A is listed in Table 5.2. The wall-clock
times for the FFT-based computations range from 2.08h to 3.07h with the
mean wall-clock time over all considered orientation states A being 2.61h.
In contrast, the online evaluation of the FDMNs takes between 600ms
and 630ms, with a mean of 650ms. Consequently, the speedup factors
range between 11785 and 17225 with a mean of 14828. This considerable
speedup is achieved by investing computational resources into the
sampling of the linear homogenization functions of the microstructures.
It is straightforward to judge whether this investment is sensible for
the considered setup. For one microstructure the generation of training
data and the training of a single FDMN takes 9.88h wall-clock time on
average, while the non-linear FFT-based computations take 2.61h wall-
clock time on average. Therefore, assuming the non-linear computations
run on one thread as in the presented setup, it would take four non-linear
computation to offset the initial investment into an FDMN on average.
Given that component scale simulations routinely require thousands
or millions of microscale computations (Gajek et al., 2021; 2022), the
sampling and training effort is offset easily in engineering problems.

141



5 Deep material networks for fiber suspensions with infinite material contrast

5.4.5 Comparison with machine learning aided
analytical models

In this section, we compare the FDMN based approach to predicting the
effective behavior of fiber suspensions with another machine learning
approach suggested by Sterr et al. (2024b). The authors presented four
different analytical constitutive equations for the effective viscosity of
shear-thinning fiber suspensions, and identified the model parame-
ters using supervised machine learning. The model parameters were
learned from simulation data obtained with FFT-based computational
techniques for the same material as considered in this chapter: rigid
fibers suspended in a Cross-type matrix material with parameters as
shown in Table 4.1. However, the FDMN approach and the analytical
approach follow very different paradigms. The FDMNSs are trained to
approximate the non-linear homogenization function of the microstruc-
ture by learning the respective linear homogenization function without
prior knowledge of the actual constitutive equations. In contrast, the
parameters of the analytical models were learned from the non-linear
stress response of the suspension, and the analytical models incorporate
knowledge about the expected material behavior. Even though the
two approaches follow different strategies, they achieve comparable
prediction accuracy. For the load cases D, and fiber orientation states \
considered in this chapter, the largest validation error of the FDMNs
is 4.31% and occurs for the fiber orientation state A = (0.8055, 0.1389)" .
For the same load cases D, and the same set of fiber orientation states ),
three of the four analytical models by Sterr et al. (2024b) achieve a max-
imum prediction error of 5.00%, which occurs for the fiber orientation
state A = (0.8334,0.0833)". The fourth model did not compare favorably
with the other three, because the built-in assumptions of stress-strain
rate superposition and orientation averaging did not hold well for the
considered suspension (Sterr et al., 2024b). Consequently, the FDMNs
achieved a slightly higher prediction accuracy for the type of fiber
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suspension considered in this thesis. Also, within the constraints of
a first order approximation, FDMNs generalize to different constitutive
equations while the presented analytical models do not, reducing the
required modelling effort for FDMNs. However, the FDMNSs utilized in
this thesis use 1150 free parameters, whereas the analytical models use
between 11 and 49 parameters.

In terms of computational cost, generating the training data and training
an FDMN for a single microstructure took 9.88h wall-clock time on
average, see Table 5.1. The parameters of the analytical models for a
single microstructure were identified based on six non-linear FFT-based
simulations, which took 2.61h wall-clock time on average. This leads to
an average total wall-clock time of 15.70h if all required simulations are
run in series on one thread, and 0.04 h are allocated to identify the model
parameters. However, with the considered setup, the non-linear FFT-
based simulations could be run in parallel, such that the analytical model
parameters can be obtained more quickly than an FDMN. In summary,
FDMN s offer a higher degree of accuracy and flexibility regarding
the considered constitutive equations, but require more computational
resources and a larger amount of parameters. Furthermore, FDMNs
are inherently thermodynamically consistent (Gajek et al., 2020, §3.1),
and inherit stress-strain rate monotonicity from their phases (Gajek
et al., 2020, App. C). In contrast, both thermodynamic consistency and
stress-strain rate monotonicity must be ensured manually in constitutive
models.

5.5 Conclusions

In this chapter, we extended the direct DMN architecture to the Flexible
DMN (FDMN) architecture for the treatment of fiber suspensions with
infinite material contrast and shear-thinning matrix behavior. To do
so, we derived linear homogenization functions for two-phase layered
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emulsions that are governed by Stokes flow and consist of linearly vis-
cous phases. More specifically, we utilized results by Kabel et al. (2016b)
and Milton (2002) on the homogenization of laminates to derive closed
form analytical expressions for the effective properties of such layered
emulsions. Because rank-one layered materials are ill-suited as DMN
building blocks in case of infinite material contrast, we investigated the
effective properties of coated layered materials (CLMs). We leveraged
the linear homogenization functions of rank-one layered materials and
investigated under which conditions the effective behavior of CLMs is
non-singular if the core material is rigid. The conditions depend on the
physical constraints of the employed materials, and involve the rank of
the CLM and the relative orientation of the layering directions. In the
relevant case for incompressible fiber suspensions, a CLM consists of
an incompressible coating material and a rigid core material. Then, the
effective viscosity of a rank-3 CLM is non-singular if the three layering
directions are mutually non-orthogonal and mutually non-collinear.

Using the derived homogenization functions for layered materials and
CLMs, we extended the (direct) DMN architecture to the FDMN ar-
chitecture by replacing the lowest layer of rank-one laminates in a
(direct) DMN with non-singular CLMs, and the other rank-one laminates
with rank-one layered materials capable of treating fluids. For the
offline training of an FDMN, we presented a strategy where the relative
angles of the CLM layering directions are fixed to reduce the amount of
free parameters and guarantee non-singular CLMs. Furthermore, we
modified the online evaluation strategy of direct DMNs to account for
incompressible phases. We leveraged the FDMN architecture to predict
the non-linear effective behavior of fiber suspensions with a Cross-type
matrix material. Compared to direct numerical simulations with FFT-
based computational techniques, the FDMNSs achieved validation errors
below 4.31% for a variety of 31 fiber orientation states, six different load
cases, and a wide range of shear rates relevant to engineering processes.
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5 Deep material networks for fiber suspensions with infinite material contrast

If the time required to generate the training data and train the FDMNs
is not considered, the FDMN’s achieved an average speed up factor of
14828 as compared to FFT-based simulations. Additionally, FDMNs
achieve higher accuracy than another machine learning based approach
by Sterr et al. (2024b) for the same composite material. However, this
competitive accuracy improvement comes at the cost of an increased
computational effort to obtain the training data for the FDMNs.
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Chapter 6

Summary, conclusions, and
outlook

In this thesis, we combined high fidelity computational techniques with
machine learning to investigate and model the viscous behavior of
non-Newtonian fiber suspensions. Firstly, we developed an FFT-based
approach for the computational homogenization of suspensions of rigid
fibers in non-Newtonian media. We employed the developed FFT-based
approach to investigate the anisotropic shear-thinning behavior of a
transversely isotropic fiber suspension with a polyamide 6 (PA6) matrix
material for a broad range of engineering flow scenarios. Secondly, we
extended the scope of investigation into the anisotropic shear-thinning
behavior of fiber suspensions to a total of 109 fiber orientation states,
and thus generated a rich data set for use with machine learning tech-
niques. We encoded the viscous fiber suspension behavior in four
analytical models, and learned the model parameters from the generated
data set using a supervised machine learning strategy. Finally, we
developed a thermodynamically consistent Deep Material Network
(DMN) architecture for the treatment of suspensions of rigid fibers in
non-Newtonian media. To do so, we derived linear homogenization
functions for rank-one two-phase layered emulsions with finite material
contrast. To account for infinite material contrast, we derived closed
form expressions for the effective viscosity of coated layered materials
with incompressible phases. Before we give an outlook on possible
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future research, we summarize the key aspects and findings of each

chapter in the following.
Chapter 3:

Because we consider rigid suspended fibers, the variational prob-
lem (3.18) is, constitutively, not well-defined. We showed that this
issue can be addressed by leveraging the Legendre-Fenchel transform
and changing to the dual formulation (3.24). Using a staggered grid
to treat incompressible fluids, as well as composite voxels with a
dual mixing rule, we demonstrated that the dual problem (3.24) may
be solved efficiently using FFT-based techniques and a Newton-CG
approach. This allows the study of rigid fibers suspended in a non-
Newtonian matrix material, which was not possible previously.

Using a limited number of computational experiments, the effective
viscosity of fiber suspensions may be estimated and visualized by
an interpolation based matrix equation and a direction dependent
elongational viscosity.

For a particular transversely isotropic orientation state and a shear-
thinning PA6 matrix material, the degree of anisotropy of the effective
suspension viscosity changes strongly depending on the shear rate
and loading direction. This effect is more pronounced for higher fiber
volume fractions.

Chapter 4:

For a fixed fiber volume fraction, the anisotropy of the effective
viscosity and its shear rate dependence vary strongly with the fiber
orientation state. We found that stronger variations occur for more
strongly oriented fiber orientation states, and observed the strongest
variation for the unidirectional state.

By leveraging the flexibility of automatic differentiation and gradient
based learning, we established three models of varying complexity for
the effective suspension viscosity. For 109 different fiber orientation
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states, three models achieved errors below 5.15%. Another model
based on the Mori-Tanaka formalism did not compare favorably.

* We demonstrated that the anisotropic shear-thinning behavior of the
considered suspensions can be encoded to engineering accuracy using
a generalized distance, which depends on an orientation state specific
orthotropic tensor and the strain rate tensor.

Chapter 5:

¢ By leveraging results for linear elastic laminates, we derived closed
form expressions for the effective viscosity of layered emulsions with
linearly viscous phases. This paved the way for the development of
DMN:s for the treatment of fiber suspensions.

e For incompressible phases, we derived necessary and sufficient con-
ditions for the rank and the layering directions of a coated layered
material, such that its effective properties are non-singular, even if
the core phase is rigid. In particular, the rank of the coated layered
material must be greater than two, and the layering directions must
be mutually non-orthogonal and mutually non-collinear.

* We presented the Flexible Deep Material Network (FDMN) architec-
ture as an extension of the direct DMN Framework. In an FDMN,
the lowest homogenization layer consists of coated layered materials
instead of rank-one layered materials as in a typical direct DMN. This
allows the practical treatment of infinite material contrast, which was
highly difficult previously. Similar to a direct DMN, the remaining
layers of an FDMN consist of rank-one layered materials.

e For 31 fiber orientation states, we demonstrated that FDMNs achieve
a competitive prediction accuracy for the viscous behavior of rigid
fibers suspended in a shear-thinning PA6 matrix. We observed a
maximum error of 4.31%, which lies below the prediction error of the
models presented in chapter 4.

e Compared to the models presented in chapter 4, FDMNs were trained
on linear homogenization data, and do not incorporate knowledge

149



6 Summary, conclusions, and outlook

of the expected material behavior of the suspensions. Additionally,
the FDMN:s in this thesis were trained on smaller data sets than in
previous DMN based studies. These considerations underline the
remarkable prediction capabilities of FDMNs for non-linear material
behavior.

With our work, we contributed to the numerical study and modeling of
fiber suspensions with non-Newtonian matrix materials. Our main con-
tributions are the development of an FFT-based computational homoge-
nization approach, the identification of closed form effective viscosity
models, and the development of the FDMN architecture. Overall, the ap-
plicability and the scale of our modeling approaches are mainly restricted
by the computational cost to generate training data using FFT-based
methods. This underscores the necessity for further research into efficient
FFT-based techniques as well as other efficient computational methods.
In particular, reduced computational requirements would allow the
consideration of larger systems with higher fiber aspect ratios, or the
consideration of additional complex physics. Using the computationally
generated data, the closed form models and the FDMN architecture
presented in this thesis enable efficient two-scale molding simulations.
This could be leveraged for a variety of engineering processes simula-
tions in composite manufacturing, such as injection and compression
molding. Because fibers may break during processing, it would be
of great interest to combine the closed form models and the FDMN
architecture with synthetic microstructures (Mehta and Schneider, 2022)
and molding simulations (Phelps et al., 2013) that incorporate fiber
length distributions.

Furthermore, the developed FDMN framework could be applied and ex-
tended to problems involving more than two phases and more than one
singular phase. This includes material systems such as fiber suspensions
containing gaseous phases (Shuler et al., 1994; Cui and Grace, 2007),
materials containing voids (Mehdikhani et al., 2019; Sika et al., 2020), or
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solids containing liquid inclusions (Style et al., 2015; Wang and Henann,
2016). Especially in combination with fiber orientation interpolation
techniques (Gajek et al., 2021; Huang et al., 2022; Dey et al., 2024) the
presented FDMNs could enable novel types of multiscale simulations.
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Appendix A

Coated layered materials with
singular core

A.1 Singularity condition for coated layered
materials with singular core

In the particular cases that the core material m; of a CLM is rigid or
represents a void, the dual or the primal material properties K; or M,
approach zero, respectively. Thus, more generally, we let the material
tensor A; approach zero, and rewrite equation (5.44) as

Al —0
r=1

R -1
lim A = A, (11+ (1—fo) (—H+ngcTI[‘A2(nT)A2> ) . (A1)

In the following, we study under which conditions the effective material
properties A of a rank-R CLM are singular. The effective material
properties A are singular precisely if there exists an effective tensor g €
{Sym(3),Symy(3)}, such that

Alg] = 0. (A.2)
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Using the definition (A.1), equation (A.2) may be equivalently rewritten
in the form

R
(2}mmmmM>M=g (A3)
r=1

Equation (A.3) is satisfied precisely if g lies in the intersection of all
subspaces £2, such that

R
ge)&rn (A4)

or, equivalently,
Ti(n,)[g) =g, Vre{l..,R}. (A5)

We prove this as follows. First, if g lies in the section of all subspaces such
that (A.4) is satisfied, it follows from equation (A.5) and the definition
of the operator Iy, (n2,-) (5.43) that

(Z e Tp, () A ) <Z crCa, (nr) Aol (n,)[g ])

r=1

= Z g =g, (A6)

r=1

and hence equation (A.3) is satisfied. Second we wish to prove that the
converse is also true, i.e., if equation (A.3) is satisfied, equation (A.4) is
satisfied as well. Let Ty, denote a convex combination of the projec-
tors 'y, () Ay, ie.,

R
= (Z CTTAQ (’I’LT)A2> ) (A7)
r=1

with
R
¢ >0 and Y ¢ =1 (A.8)

r=1
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Then, fixed points of the operator Ty, lie in the set (Reich, 1983, Lemma
1.4)

R
e=é&r (A.9)
r=1

Therefore, any eigenvector of the operator Ty, corresponding to the
eigenvalue one must lie in the intersection of the subspaces £, which we
denote with £. In particular, if equation (A.3) is satisfied, the element g
liesin &, i.e.,

Tulgl=9. — geé (A.10)

and equation (A.4) is satisfied as well.
With the result (A.10) at hand, we observe that a necessary and sufficient
condition for the regularity of a rank-R CLM is that the space £ is trivial,
ie.,

& ={0}. (A.11)

We refer to equation (A.11) as non-singularity condition in the following.
In the context of linear elastic and linearly viscous materials, we derived
the non-singularity condition (A.11) for the spaces £2, such that

EAcSym(3), Vre{l,.,R} or E&NcSymy(3), Vre{l,.. R}

(A.12)
However, the presented proof extends to other problems that can be
formulated in the form of equation (A.1), such as thermoelastic or
piecoelectricity problems (Milton, 2002, A§9). With the goal of using
CLMs as building blocks in a DMN architecture, we are interested in
whether there are particular choices of the layering directions n, and
the rank R of the CLM for which the effective properties of a CLM are
always non-singular, i.e., the non-singularity condition (A.11) is satisfied.
For incompressible suspensions of rigid fibers, we study this question
for CLMs with a rigid core material m; and an incompressible coating

material mo.
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A.2 Coated layered materials with
incompressible coating and rigid core

For applications involving rigid inclusions in incompressible media, we
consider CLMs with an incompressible coating material m; and a rigid
core material m;. Therefore, the spaces X C Sym,(3) have the form

EA={BecSymy(3) | B-(n,®.a)=0,
VYa € R® with a-n, =0}, (A.13)

with the dimensions of the spaces £2 and Sym,(3) given by
dim(EA) =3, and dim(Symy(3)) = 5. (A.14)

Because the dimension dim(£f + £3') is bounded by the dimension of
the space Sym,(3), such that

dim(Ep + E5) < 5, (A.15)

it follows from the dimension of the intersection of the two spaces &7
and &)

dim(ER N EY) = dim(ER) + dim(ER) — dim(EQ + £2), (A.16)

that
dim(EPNEN) >3 +3-5=1. (A.17)

In other words, the intersection of the spaces £f* and &3\ is at least one
dimensional. Consequently, two layering directions are not sufficient to
satisfy the condition (A.11) Besides the required number of layerings,
we are also interested in whether there are restrictions on the angles
between the layering directions. Suppose that one layering direction is
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orthogonal to the other two. We discuss the case that the direction n3
is orthogonal to the normals 12, and ny. The other cases work similarly
via permuting the indices. Then it holds that

ny-n, =0, and mn3-n, =0, (A.18)

and the intersection £ NELNES does not only contain the zero element 0.
Hence, the condition (A.11) is violated. To show this, we consider the
alternative description of the spaces &2

EN={B€Symy(3) | Bn,=an, forsome acR} (A.19)

which is equivalent to equation (A.13) and characterizes the space 2 via
all tensors B € EX that have the layering direction n, as an eigenvector.
Then the tensor

B =N ®n1 +m2 ®m2—2n3®n3, (A20)

where the layering direction my is constructed by orthogonalization,
such that
my =mny — (N1 N2)ny, (A.21)

is an element of the intersection &' N £ N &4, This is true because it
holds that

tr(B) =0, Bnj;=mn;, Bny;=mns, Bni=ns, (A.22)

and therefore condition (A.11) is violated. In other words, the effective
properties A of a rank-3 CLM with incompressible coating and rigid core,
where one layering direction n is orthogonal to the other two layering
directions 1 and ny, is always singular. Particularly, if all three layering
directions are mutually orthogonal, the effective properties A of a rank-3
CLM are singular.
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In contrast, let the three layering directions be mutually non-orthogonal
and mutually non-collinear, i.e.,

0<\n1~n2\<1, O<|n1~n3|<1, 0<|n2'n3|<1. (A23)

We consider an element B in the intersection £ N &) N £ and wish
to show that the tensor B vanishes, such that the non-singularity con-
dition (A.11) is satisfied. Because the tensor B is symmetric, its eigen-
vectors corresponding to distinct eigenvalues are orthogonal. Thus,
if the eigenvalues were distinct, the layering directions would need
to be orthogonal. However, this contradicts our assumption (A.23).
Therefore, the tensor B has a single eigenvalue o with the corresponding
eigenspace R3, i.e., the tensor B attains the form

B=oal, acR. (A.24)

Additionally, because the trace of the tensor B vanishes, i.e., tr(B) =0,
it follows that the eigenvalue « is zero. Consequently, the tensor B
must vanish, the non-singularity condition (A.11) is satisfied, and the
effective properties A of a rank-3 CLM with an incompressible coating
material my and a rigid core material m; are non-singular, if the three
layering directions are mutually non-orthogonal and non-collinear.
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