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Preface

In 2024, the annual joint workshop of the Fraunhofer Institute of Optronics,
System Technologies, and Image Exploitation (IOSB) and the Vision and Fusion
Laboratory (IES) of the Institute for Anthropomatics, Karlsruhe Institute of
Technology (KIT) was once again hosted in a Black Forest house near Triberg.

For a week from the 28th of July to the 3rd of August, the PhD students of
both institutions delivered extended reports on the status of their research and
participated in heated discussions on topics ranging from computer vision,
industrial production, optimisation, control theory, security to large language
models. Most results and ideas presented at the workshop are collected in
this book in the form of detailed technical reports. This volume provides a
comprehensive and up-to-date overview of some of the research programs of
the IES Laboratory and the Fraunhofer IOSB.

The editors thank Jonas Vogl and Zeyun Zhong for their efforts resulting in a
pleasant and inspiring atmosphere throughout the week. We would also like to
thank the doctoral students for writing and reviewing the technical reports, as
well as for responding to the comments and suggestions of their colleagues.

Jürgen Beyerer & Tim Zander
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Quantification metrics for measuring the maturity of
production processes

Negar Arabizadeh

Vision and Fusion Laboratory
Institute for Anthropomatics

Karlsruhe Institute of Technology (KIT), Germany
negar.arabizadeh@kit.edu

Abstract

Having metrics to evaluate progress and verify solution approaches is a signifi-
cant advantage in all fields of science and engineering. Measuring the maturity
of a manufacturing process, considering the possible changes that can be made
is essential for assessing progress toward a more mature production process.
Suppose that we add sensors or actuators to the manufacturing process or imple-
ment software changes, such as modifying process parameters, adjusting control
policies, or altering initial conditions. In that case, we need formal definitions
for measuring the process’s maturity after these modifications. To address this,
we applied definitions from control theory to develop formal mathematical met-
rics to evaluate process maturity. We introduce the concepts of Elucidability,
Forcability, and Supervisability, which are ostensive, interpretable, and based
on quantifiable or estimable measures. These metrics provide a formalized
approach to assessing process maturity by integrating both technical and eco-
nomic considerations. Finally, we showcase the effectiveness of our definitions
by assessing the maturity of an Electric Arc Furnace system.
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1 Introduction

Having metrics to measure the maturity of a production process is essential as it
gives an overview of the status of the process compared to the desired goals of the
mature process. ”Metric is a vehicle for understanding and providing a standard
unit to be used as a basis for comparison among like items or characteristics.”
[22]. In [22] the metric plane is explained, which describes five levels of maturity
of a process and the type of metric required for each of them. The maturity
metrics developed in the literature are categorized in qualitative and quantitative
metrics. Qualitative metrics such as [19] have been developed in which a
maturity assessment model was developed to measure the maturity of social
and technical systems. Furthermore, due to the lack of knowledge on how to
design theoretically sound and widely accepted maturity assessment models,
the paper discussed the typical phases of maturity model development and
application by taking a design science research perspective. In the literature,
different fields have developed quantitative measures for their values of interest.
In [4] a quantitative definition of risk for safety and security was developed.
In [3] a metric, Bayesian decision theory, for evaluating the relative worth of
additional knowledge within the measurement context was tried. In this paper
we introduce a mathematical maturity model which relates the features of the
internal dynamic of the system to the quality of the eventual production process.

2 Related Work

In the literature, there exist models of maturity, but no mathematical formulas to
measure it [36]. In [19] the definition of maturity was released and the concept
of maturity assessment models for social systems was contextualized. There
are different models to measure the maturity of the system. In the literature,
sometimes the words maturity and readiness are used in a similar way, but there
are some differences between them [23].
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2.0.0.1Qualitative Maturity Models

In [21] a five-level qualitative maturity model was defined for software systems
processes that measures maturity in an ordinal scalar. In [34], the authors tried
to use some methods to develop the improvement system assessment tool (ISAT).
One of the methods that are used examines the approach, deployment, and
evaluation review to assess the maturity of key management systems’ ability to
create a high-performing organization. They described the toll that was used to
assess the maturity and effectiveness of the enterprise performance measurement
system. Their methods are not mathematical, but qualitative, based on measuring
the maturity of different levels such as the Approach, Deployment, Study, and
Refinement.

[38] proposes a theoretical model to measure the degree of readiness of an
innovation process in critical industries such as the aerospace-defense sector in
Colombia, this model is applicable to decision-making processes, development
centers, and the country’s leading sectors. It offers a theoretical basis and a
tool to be applied in the decision-making process to help minimize the inherent
risks to the innovation process in the sector. First, a review of the state of the art
and a scientometric analysis was carried out to determine factors subsequently
validated by experts, which gave rise to variables with a high degree of relevance
in generating innovative products or services. These were modeled through
structural equations that consider variables covering the innovation cycle, which
consider market, industry, and technology criteria, which minimize risk until the
absorption of the innovative product is integrated. This work also contributes
with a tool for decision making through a process flow chart, which will allow
measuring from an external perspective, the maturity level of the process against
the sector in order to define resource allocation, prioritization levels, and the
state of the technology or process contextualized in local conditions.

2.0.0.2Having degree for controllability and observability

There are different methods in the literature, such as calculating the rank of the
controllability matrix, the controllability Gramian matrix [10] and the PBH [8]
that indicates whether the system is controllable or not. These methods give us
a binary answer.

3



Negar Arabizadeh

Methods like [10, 7, 9, 31, 35] measure the degree of controllability of a system
not in a binary way, without providing any physical meaning. So, mostly mea-
sures based on the minimum input energy are used. [20] proposed an infinite
set of possible scalars to measure the degree of controllability and observability
for linear dynamical systems. The physical interpretation of these measures is
the minimum input energy to regulate a system from the initial condition in a
finite time interval. If the system requires less energy, it is considered more
controllable. In an application, it was used to optimize certain structural param-
eters to optimize the proposed measures of quality. [12] proposed a method to
measure the degree of controllability of a system with unstable modes by the
physical meaning of measuring the minimum energy required to change the state
from an arbitrary initial condition to an arbitrary final condition in the positive
time domain. As the measure is related to the initial and final condition, the
appropriate initial and final condition that correspond to the control objective
should be used.

[17, 16] proposed Gramian-based methods to determine optimal sensor and
actuator locations for a descriptor system. [28, 29] extended these methods
to the nonlinear system. In [11] the degree of controllability is defined as the
minimum input energy required to make the final state zero in the presence of
persistent external disturbance. It is made up of Gramian controllability and
sensitivity matrices. In [24], VCS (volumetric controllability score) and AECS
(average energy controllability score) are defined, which are two mathematical
definitions based on the Gramian controllability matrix and are the unique solu-
tions of a convex optimization problem to produce the degree of measurement of
controllability of a system. In other words, the VCS of each state node indicates
its importance in enlarging the controllability ellipsoid, and the AECS of each
state node indicates its importance in steering overall states to a point in the unit
sphere. This metric measures the energy input needed to move the state from
one condition to another. The characteristic function of the VCS is based on the
log-determinan of the controllability Gramina matrix, and the AECS is the trace
of the inverse of this matrix. By the rule of duality, they also give some answers
for the observability.

[37] introduced a measure for the degree of controllability of a linear system
with the random initial condition with disturbance, by solving the fixed-time
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expected minimum energy transfer control problem and the use of the method
in the turbine. In [27], they produced a new data-driven method to measure the
degree of controllability of a system.

2.0.0.3Maturity vs Readiness Level

Readiness is ”the state of being ready or prepared, as for use or action.” [6].
“Readiness of a system, technology, or integration implies how ready it is to be
deployed on a numerical scale”[25].

“Maturity is the characterization of physical development that is quantified by
readiness” [25]. With regard to these definitions, readiness and maturity might
seem similar, but they have some differences. However, in some literature
research, they are used synonymously [1, 30]. ”The lower the maturity, or
readiness, of an incoming technology,” for example, is a quote from [32], which
is an example of using these two words similarly. [30] states that readiness
and maturity are often used synonymously, but the authors argue that there is
a difference. A mature system or technology may not be ready for a particular
environment. The authors will address the readiness level of the technology,
subsystem, and system, which is not the maturity level. In addition, we assert
that the system that is ready might not be mature and has the potential to be
improved.

Technology Readiness Levels (TRLs) developed by NASA is commonly used to
assess the maturity of a particular technology and the consistent comparison of
maturity between different types of technology [15]. It is a 9-level evaluation
method with limited quantified meaning to evaluate the readiness of a technology
to be used in a space program.

Integration Readiness Level (IRL) appeared to measure the readiness when
technologies interact[14]. Having TRL and IRL for each subsystem is not
sufficient to define the readiness of the system [26]. The system readiness
level (SRL) is defined as a function of the TRL and IRL of the subsystems that
are components of the whole system [26] [18]. [18] quantified the SRL, they
produced some properties that are necessary to consider to be able to measure
SRL of a system. The authors presented four desirable mathematical properties
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that are necessary properties for an SRL model which are the building blocks of
a mathematical framework for defining the readiness metric of the system.

3 Definitions for measuring the maturity

Elucidability

For the process instance, Elucidability which is similar to observability is
approached by defining the minimum observation time τ that is necessary to
achieve a certain precision of estimation for the state s and parameters θ. We find
the probability of having the estimation error less than a constant precision ηθ

and ηs. The internal states of the process can be estimated from the time series
XT , YT during the finite observation in duration T , soXT := {x(0), ..., x(T )},
YT := {y(0), ..., y(T )}. The formula for Elucidability is:

E(T, ηs, ηθ) :=

Pr(‖s(T ) − ŝ(XT , YT )‖ < ηs ∧ ‖θ − θ̂(XT , YT )‖ < ηθ|s(0))
(3.1)

In which ŝ(XT , YT ) is the estimation of state s(T ) at time T , with time series
XT and YT in duration T . It is the same for θ̂(XT , YT ) which is the estimation
of θ. If we do not have the time duration T we can find it with the smallest time
to achieve a specific error ηs and ηθ, with a probability larger than 1 − δ,

τ(ηs, ηθ, δ) := min{T > 0|E(T, ηs, ηθ) > 1 − δ}. (3.2)

Forcability

Forcability F that is similar to controllability is defined to measure the ability to
steer the values of y and s through x toward the target values y̆ and s̆. The most
effective way to steer the process is to establish a closed-loop control to react
instantaneously to the dynamic answers of the process. To quantify Forcability
of a process instance with a given controller π, the probability of being able to
force the process after a time T into the neighborhood of target values y̆ and s̆ is
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defined as follows,

Fπ(T, ηs, ηy) :=
Pr(‖y(T ) − y̆‖ < ηy ∧ ‖s(T ) − s̆‖ < ηs | s(0), x(t) = π(Yt), y̆, s̆)

(3.3)

In close loop control, XT is determined from the control policy π. In the case
that we do not have y(T ) and s(T ) and we need to estimate them, we can replace
the estimated ŷ(T ) and ŝ(T ) with the real value of them, so the modified formula
for Forcability is:

Fπ(T, ηs, ηy) :=
Pr(‖ŷ(T ) − y̆‖ < ηy ∧ ‖ŝ(T ) − s̆‖ < ηs | s(0), x(t) = π(Yt), y̆, s̆)

(3.4)

If we implement an optimal controller our formula will be changed to

F (T, ηs, ηy) := Fπ∗(T, ηs, ηy) (3.5)

If the time duration T is not fixed for a given process instance, we can use the
probably approximately correct (PAC) [33] in a way to find the minimum time
we need to have a specific error ηs and ηy with the probability larger than 1 − δ,

τ(ηs, ηy, δ) = min{T > 0|F (T, ηs, ηy) > 1 − δ}. (3.6)

Supervisability

Supervisability S is defined to measure the maturity of the quality of the product
instance. The formula is written to find the probability of having quality in the
desired set Q when considering that we have set our controller π and the input
signal x, the state s, and the parameter θ are in their desired set. The formula
for Supervisability is defined as:

S(P j
i ) := Pr(q ∈ Q|x ∈ Xadm, s ∈ Sadm, θ ∈ Θadm, T < Tmax). (3.7)

In which Xadm, Sadm, and Θadm are our desired set for x, s, and θ, and the
throughput time T necessary for producing a product instance does not exceed
Tmax. S measures the maturity of a process only from the technical point of
view. To find out whether the resulting optimized process P ∗ is economically
viable, the cost of the process must also be considered. Applying the economic
part is beyond the scope of this project, but it can be considered in the future.

7
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4 Numerical example: electric arc furnace model

The electric arc furnace system is the steel-making process that uses the heat of
the arc to melt iron. According to literature studies [5], in which three-phase
electric arc furnace systems with three electrodes were modeled, the general
model of the system is in this form: MI : R3 → R3, where the inputs are the
positions of each electrode and the outputs are the currents of each electrode.

[Ii] = [Gij ][xi] + [Bi] (4.1)

In which i = 1, 2, 3 corresponded to the values of each electrode, Ii is the
current of each electrode, xi is the position of each electrode, and Gij is the
3 × 3 conductance matrix and Bi is the 3 × 1 constant matrix. Gi is the slag to
matte conductance and its relation with the position of each electrode is:

Gi = cixi +Gs (4.2)

where ci is the conductance coefficient (in Siemens/m), xi is the position of
each electrode (in m) and Gs is the conductance of the slag when the electrodes
are positioned at the surface of the slag (in S). In modeling the system from
the physical model to the electric circuit the matte is considered as the virtual
ground so we represent the voltage of this node in the electric circuit as Vm = 0.
In [5] the electric arc furnace is modeled as a three-phase electric circuit and
the amplitude of each voltage is 500 V with 120◦ phase difference. Also, it is
considered that the inter-electrode conductance is the same in three electrodes
and is shown by G. The dynamic equation GG of the system is

2V1c1(Gs +G) − V2c1(Gs +G)
−V3c1(Gs +G) + c1c2x2(V1 − V2)

+c1c3x3(V1 − V3)

V1c2(Gs + 2G) − V2c2(Gs +G)
−V3c2G

V1c3(Gs + 2G) − V2c3G

−V3c3(Gs +G)

−V1c1(Gs +G) + V2c1(Gs + 2G)
−V3c1G

−V1c2(Gs +G) + 2V2c2(Gs +G)
−V3c3(Gs +G) + c2c3x3(V2 − V3)

+c1c2x1(V2 − V1)

−V1c3G− V2c3(Gs + 2G)
−V3c3(Gs +G)

−V1c1(Gs +G) − V2c1G

−V3c1(Gs + 2G)
−V1c2G− V2c2(Gs +G)

+V3c2(Gs + 2G)

−V1c3(Gs +G) − V2c3(Gs +G)
2V3c3(Gs +G) + c1c3x1(V3 − V1)

+c2c3x2(V3 − V2)


.

[
I1
I2
I3

]
= 1
Gtot

GG

x1
x2
x3

+ G2
s + 3GGs

Gtot

[
2V1−V2−V3

−V1+2V2−V3
−V1−V2+2V3

]
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Table 4.1: Table of variables in the electric arc furnace system

Variables Acceptable Range Chosen Value
v1, v2, and v3 100–1000 V 500 V
c1, c2, and c3 1–100 S/m 20 S/m

gs 5–25 S 10 S
g ≈0 S 0.1 S

In which the v1, v2, v3 are the voltage of each electrode andGtot = c1x1 + c2x2
+c3x3 + 3Gs. Table 4.1 shows variables for this electric arc furnace system as
a three-phase electric circuit the chosen values for the amplitude of the voltage
with the 120◦ phase difference for each electrode is, v1 = v2 = v3 = 500 V,
c1 = c2 = c3 = 20 S/m, gs = 10 S and the g = 0.1 S.

4.1 Temperature as feature for quality in the electric arc
furnace system

One of the features considered for the quality of the electric arc furnace system
is the temperature. It is assumed that heat transfer in the liquid metal is fast
enough so that the temperature of the liquid metal is uniform throughout [2]. A
similar situation applies to liquid slag.

There are differences in temperature between the melted part of the furnace, the
scrap, and the solid part of the slag. The melted part heats both the scrap and the
solid part of the slag. The heating rate is proportional to the difference between
the temperature of the solid part and the temperature of the liquid part [2].

We consider that the liquid part is heated by the heat that it receives from the
arc of the electrodes, so the formula for the rate of change of temperature is:

dTemp
dt

= Qarc

mcp
(4.3)

In which the Qarc is the power received from the electrodes, andm is the mass
of the liquid steel. and cp is the heat capacity of the liquid steel. Regarding [13],
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cp = 0.84 kJ/kg◦ C, we consider the value of m = 80 t and the temperature
starts at 25◦ Cwhich is the temperature of the room at this temperature cp = 0.47
KJ/Kg◦ C, we produce Qarc by calculating the formulas in the next section.

Energy calculation:

The formula for the power for one electrode is Qarc = V I and

Earc =
∫ T

0
Qarcdt+Qstart,

in which V and I are the root mean square (RMS) magnitude of the volt-
age and current for each electrode and Estart is calculated with this formula
Estart = mc∆Temp = 80 × 103 × .47 × 25 = 940MJ, where ∆Temp shows
the temperature change. The temperature grows from 0◦ C to 25◦ C.

4.2 Design a controller for the system

We designed two types of controller for the system. One of them steers the
position of each electrode to achieve the desired current, and the other steers
the position of each electrode in the furnace to achieve the desired temperature.
Since temperature is a key quality feature in the electric arc furnace system, we
expect that directly controlling the position to achieve the desired quality feature
(second controller) will increase the maturity of the system. We will calculate
F and S in practice for this furnace system. In the future, we can compare E,F ,
and S for these two controllers to determine which increases the maturity of the
system and which one is better to implement.

Position controller for achieving the desired current

We consider that in the furnace model explained in the previous section, there
is noise from the sensors. Therefore, we added sensor noise N (0, 500) to
the measurement of the output current. In addition, we have initial condition
noise N (0, 0.1) for the electrode positions. Therefore, we solved the stochastic
differential equation (SDE) for the relationship between the output current and
the position of the electrodes.

We designed a controller, in order to steer the position of the electrodes to their
desired position, where we have the desired current. To find the desired position
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for each electrode, we solved the optimization problem and found the optimal
position for the electrodes to minimize the error between the desired current and
the output current of the electric arc furnace model.

Position controller for achieving the desired current

The optimum position of each electrode is calculated by solving this optimization
problem:

min
x∈Xadm

‖Ides −MI(x)‖

where each element of Ides is 10 kA RMS, andMI(x) A RMS is the magnitude
of the current when the electrodes are in the position x.

Position controller for achieving the desired temperature

For the next phase, we designed a controller to control the positions of the
electrodes, in order to achieve the desired temperature.

The optimization problem that gives the optimum position of each electrode to
achieve the desired temperature is

min
x∈Xadm

‖Tempdes − Temp(x)‖

where Tempdes is the desired temperature at time T , which is 1500◦ C, and
Temp(x) gives the temperature of the whole furnace when the electrodes are in
the position x.

4.3 Implementing the maturity metrics in electric arc furnace
model

Forcability Plot

We have the furnace arc model and find the error between the desired current
Ides and its value at time T . In the simulation part, the FurnaceModel is run for a
time duration of T = 10 hours. We produced the probability plot empirically by
running the simulation 1000 times. For the specific error ηx, at each iteration, we
checked if the error |x̆− x(T )| < ηx. When the error was less than the specified
ηx, we incremented the count variable corresponding to this specific error. In the
end, we divided the count value corresponding to each ηx at each specific time
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by 1000 to find the probability of having an error less than ηx. We plotted the
probability distribution for this error. Figure 4.1 shows the Forcability plot for
the system with the controller to achieve the desired current. As represented in
the figure, the probability of having an error around 0.5 is higher. The variance
in the lines shows the uncertainty caused by sensor noise and the output noise
of the system. In other words, the plot shows the probability:

Fπ(T, ηs, ηy) := Pr(‖x1(T ) − x̆1‖ < ηx1 |x1(0), x(t) = π(Yt), x̆1) (4.4)

In which the x̆1 = 0.95 for the first electrode.

Figure 4.1: The Forcability plot for the posi-
tion of the first electrode of the electric arc
furnace model (x1) illustrates the probability
of steering x1 to its desired value with spe-
cific precision, as presented in (4.4).

Figure 4.2: Supervisability plot for achiev-
ing the desired temperature as illustrated in
(4.5)

Supervisability Plot

Figure 4.2 shows the Supervisability plot for the system with a controller to
achieve the desired temperature. As shown, the probability of having a precision
of 1000 at the early stage of the time duration is higher. Also, the probability of
having an error around 200 is possible at the end of the simulation. Calculating
the probability plot for the Supervisability is empirical, analogous to the method
of plotting the Forcability plot.

S := Pr(‖Temp(T ) − ˘Temp(T )‖ < ηT |x ∈ Xadm). (4.5)
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Figure 5.1: Forcability plot for the system with learned model

In which Temp(T ) shows the temperature at time T .

5 Surrogate model of the system

In the previous example we considered that we have the complete physical
equation of the system. In this section, we consider that we do not have the
exact physical model of the system and we try to implement our metrics on this
example. We estimate the state of the system at time t+ 1 from its’ state at
time t. We consider that the Neural Network is deterministic but we have output
noise and initial condition noise in the system as uncertainty.

Figure 5.1 shows the Forcability plot for the system with the learned model.
Comparison of 5.1 and 4.1, the probability started to grow earlier for the system
with exact physical model.

6 Summery and Outlook

In this paper, we introduced novel mathematical metrics to quantify the maturity
of production processes. We introduced Elucidability and Forcability, which
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are analogous to the classical definitions in control theory: observability and
controllability. E quantifies the ability to observe the states and parameters of
the system, while F quantifies the ability to steer the outputs and states of the
system, which are related to the internal dynamics of the system. S represents
the probability of achieving the desired quality for the final product. Using the
example of the electric arc furnace system, we demonstrated E, F , and S in
practice. The probability plots presented in the example can be compared to
assess how changes in the process can increase the maturity of the production
process and provide value. In the future, we plan to investigate the impact of
hardware and software changes on E, F , and S, and explore whether there is a
monotonic relationship between increases in these variables.
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Abstract

Uncertainty Quantification (UQ) is critical in scientific modeling and decision
making, addressing the inherent uncertainty and lack of precision in computa-
tional modeling. Monte Carlo methods, one of the two prominent approaches
in UQ, rely on random number generation to simulate complex systems and
estimate probability density functions. However, the quality of these methods
is naturally tied to the integrity of the random numbers used. Poorly designed
random number generators (RNGs) can lead to biased or unreliable results,
undermining the validity of UQ. Despite advancements in RNG algorithms,
challenges remain in balancing computational efficiency, reproducibility, and
randomness quality. A deeper understanding of these generators, their limita-
tions, and their integration with Monte Carlo methods is essential to advancing
UQ practices. This technical report tries to highlight keywords in the random
number generation field and give a couple of examples showcasing the pitfalls.
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1 Introduction

Mathematicians mostly categorize the uncertainty into epistemic, degree of
knowledge when compared to an absolute truth, and aleatoric, something inher-
ently nondeterministic[15], which is something that the physicists also support.
While quantummechanics is still young compared to its counterparts and there is
still not consensus in some parts; the Bell inequality and The Einstein-Podolsky-
Rosen(EPR) Argument show that quantum mechanics is nondeterministic in
nature and there are no ‘‘local hidden variables’’ as opposed to what Einstein
thought[14]. As models in molecular dynamics require knowledge from quan-
tum mechanics the uncertainty will carry over and is present at the molecular
scale[16]. The same happens when moving from the molecular scale to the
continuum scale, and therefore we have uncertainty which we can not get rid of,
in the macro scale.

Uncertainty Quantification (UQ) field is gaining attraction which focuses on
characterizing, reducing, and managing uncertainty in mathematical models that
are based on physical systems. In both forward and backward modes, uncertainty
quantification approaches the problem of determining how uncertainties in inputs,
models, or parameters affect outputs or vice versa[10].

Monte Carlo Simulation sample inputs from their distributions, run the model
multiple times, and analyze the outputs to obtain insights into their distribu-
tions[13].

Random number generation from arbitrary distributions typically depends on
uniform random number generators because they provide a standardized and
versatile base. Transformations like the inverse transform sampling, rejection
sampling, or Box-Muller method convert uniform random numbers into samples
from desired distributions.

True uniform random number generation is hard to achieve, instead, Pseudo
RandomNumberGenerators (PRNGs) are used to produce sequences that approx-
imate true randomness. PRNGs are practical, reproducible, and efficient for
most applications, despite being deterministic and periodic over long sequences.
Common pitfalls in using them include correlations in sequences (lack of inde-
pendence), and small periodicity in pseudo-random number generators (PRNGs).
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These issues can lead to inaccuracies in simulations or statistical applications if
the generator is not carefully chosen.

2 Sample Generation

2.1 Uniform Random Number Generator

John von Neumann jokingly stated: ‘‘Anyone who considers arithmetical meth-
ods of producing random digits is, of course, in a state of sin’’, but still there
exist the notion of a good PRNG. A good PRNG is a balance between different
factors depending on the application. Some of these factors are but not limited
to[13]:

• Good performance in statistical tests to justify the independently and
identically distributed assumption which is of course too inaccurate and
not feasible practically.

• Reproducible for correctness checking with a small memory footprint.

• Fast and efficient to the degree that is required of them.

• Large period to reduce the chance of correlation. The rule of thumb is
that to produce N random number the period has to be at least 10N2.

• The ability to produce multiple independent streams.

• Cheap and easy to implement and use as opposed to having expensive
physical equipments to capture nature noise as random numbers.

• Does not produce 0 and 1 for technical reasons.

Remark 2.1.1. Some might need speed over large periods. Some might need
irreproducible sequences for example for Cryptography applications therefore
the need for physics based generators as opposed to PRNG which brings us back
to the There is no solution that fits all.
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2.2 Sample Generation from Arbitrary Distribution

Unfortunately not every probability distribution function can be sampled easily.
Different methods exist for different distributions in different dimensions and
different regularities. Some with their pros and cons are:

• (Inverse-Transform Method):

– Works if you know the inverse of the cumulative distribution function.
Naturally it does not work for several variables as the probability
density function is not bijective. Gets discarded if there exist no
analytical inverse; for example in the case of fifth order polynomials.

• (Acceptance-Rejection Method):

– Works if you can bound the probability density function by another
probability density function with known sampling procedure. Unfor-
tunately it is not an efficient method as a lot of samples have to be
thrown away as the Rejection in the name implies. It is also not a
black box method which makes it not usable for those who would
like an abstraction layer for the random generation.

• (Composition Method):

– The overall distribution must be written as a convex hull of distri-
butions with known sample generation procedures. One famous
example is the Gaussian Mixture.

3 The Curse of Dimensionality

Definition 3.0.1 (Curse of Dimensionality). The higher the dimension the more
difficult solving the problem becomes.

Remark 3.0.2. The term got coined by Richard E. Bellman[2].

Remark 3.0.3. The dimensionality is not always an adversary and there exist
‘‘Blessing of Dimensionality’’[11][4][6][7] as well.
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Remark 3.0.4. The curse of dimensionality can and will happen Sampling
Methods[13], Differential Equations[8][5][12], ,Tensor Based Methods[9] and
many other disciplines.

3.1 Concentration of Measure

Definition 3.1.1. We call:

Bn
R(c) = {x, c ∈ Rn :

n∑
i=1

(xi − ci)2 ≤ R2}

the n-ball and its points are at the distance R from the point c with respect to
the Euclidean distance in the n-dimensional space. We show the volume of the
said ball by Vol(Bn

R(c)).

Proposition 3.1.2.
Vol(B1

R(c)) = 2R.

Proof. Move the center of the ball to zero as the volume is invariant under
translation and then:

x1 = R sin θ, −π/2 ≤ θ ≤ +π/2∫
B1

R

dx =
∫ +π/2

−π/2
|det(J)| dθ =

∫ +π/2

−π/2
R cos θdθ = R sin θ

∣∣∣+π/2

−π/2
= 2R

where J is the Jacobian of the mapping:

J =
(

∂x1
∂θ

)
= R cos θ

Proposition 3.1.3.
Vol(B2

R(c)) = πR2.

Proof. Move the center of the balls to zero as the volume is invariant under
translation and then:

x1 =r cos θ, 0 ≤ θ < 2π
x2 =r sin θ, 0 ≤ r ≤ R,
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∫
B1

R

dx =
∫ R

0

∫ 2π

0
|det(J)| dθdr =

∫ R

0

∫ 2π

0
rdθdr = πR2

where J is the Jacobian of the mapping:

J =
(

∂x1
∂r

∂x1
∂θ

∂x2
∂r

∂x2
∂θ

)
=
(

cos θ −r sin θ
sin θ r cos θ

)

Proposition 3.1.4.
Vol(B3

R(c)) = 4
3πR

3.

Proof. Move the center of the ball to zero as the volume is invariant under
translation and then:

x1 =r sin θ cosϕ, 0 ≤ ϕ < 2π
x2 =r sin θ sinϕ, 0 ≤ θ ≤ π,

x3 =r cos θ, 0 ≤ r ≤ R,∫
B3

R

dx =
∫ R

0

∫ π

0

∫ 2π

0
|det(J)| dϕdθdr

=
∫ R

0

∫ π

0

∫ 2π

0
r2 sin θdθdr = 4/3πR3

where J is the Jacobian of the mapping:

J =


∂x1
∂r

∂x1
∂θ

∂x1
∂ϕ

∂x2
∂r

∂x2
∂θ

∂x2
∂ϕ

∂x3
∂r

∂x3
∂θ

∂x3
∂ϕ

 =

sin θ cosϕ r cos θ cosϕ −r sin θ sinϕ
sin θ sinϕ r cos θ sinϕ r sin θ cosϕ

cos θ −r sin θ 0


Proposition 3.1.5.

Vol(Bn
R(c)) = πn/2

Γ( n
2 + 1)R

n.
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Proof. Move the center of the ball to zero as the volume is invariant under
translation and then:

x1 =r cos θ1,

x2 =r sin θ1 cos θ2,

...
xn−1 =r sin θ1 · · · sin θn−2 cos θn−1,

xn =r sin θ1 · · · sin θn−2 sin θn−1,

for:
r ∈ [0, R], θ1 ∈ [0, π], θ2, · · · , θn−1 ∈ [0, 2π)

Ω = [0, R] × [0, π] × · · · × [0, 2π],dΘ =
i=n−1∏

i=1
dθi∫

Bn
R

dx =
∫

Ω
|det(J)| drdθ1dθ2 · · · dθn−2

=
∫

Ω
rn−1 sinn−2 θ1 sinn−3 θn−2 · · · sin θn−1drdΘ

= πn/2

Γ( n
2 + 1)R

n

where Γ is the gamma function.

Remark 3.1.6.

• The Gamma function[1]

• Non-geometric approach for the n-ball[3]

Proposition 3.1.7.
lim

n→∞
Vol(Bn

1(c)) = 0

Remark 3.1.8. While it is possible to prove the proposition by recalling proper-
ties of the Gamma function[1] and do asymptotic analysis, taking a look at the
(3.1) is beneficial.

25



Ali Darijani

Figure 3.1: Volume of the unit n-ball against its dimension.
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Proposition 3.1.9. For small ε:

lim
n→∞

Vol(Bn
1(c)) − Vol(Bn

1−ε(c))
Vol(Bn

1(c)) = 1

Remark 3.1.10. While it is possible to prove the proposition by recalling prop-
erties of the Gamma function[1] and do asymptotic analysis, taking a look at
the (3.2) is beneficial.

Remark 3.1.11. The phenomenon is known as the Concentration of Measure.

3.2 π Calculation by Monte Carlo on the n-Ball

Monte Carlo methods can estimate π by leveraging the relationship between the
volume of an n-ball and π. To estimate π, random points are generated within an
n-dimensional cube that bounds an n-ball. The fraction of points that fall inside
the n-ball, determined by checking if their distance from the origin is less than
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Figure 3.2: Concentration of measure for the unit n-ball.
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or equal to the radius, used to approximate the ratio of the volume of the n-ball
to the n-cube. Results can be seen in (3.3), (3.4) show that it is quite effective in
low dimensions, but unfortunately as it can be seen in (3.5) and (3.6) no matter
the number of points, estimating π proves to be difficult in high dimensions.

Theorem 3.2.1 (Nyquist-Whitakker-Shannon Theorem). Let B > 0 and f be
in L2(R,C) be such that Ff(ω) = 0 for |ω| > B. Then f is continuous (more
precisely, has a continuous representative) and is uniquely determined by the
values (f(kπ/B))k∈Z. Moreover,

u(x) =
∑
k∈Z

u(kπ
B

)sinc(B
π

(x− kπ

B
)).

Remark 3.2.2. If the correct sampling rate indicated by the Nyquist-Whitakker-
Shannon Theorem is not met it might lead to undersampling (3.7) or oversam-
pling which are undesirable.
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Figure 3.3: Calculating π using Monte Carlo on the unit 2-ball.
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Figure 3.4: Calculating π using Monte Carlo on the unit 3-ball.
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Figure 3.5: Calculating π using Monte Carlo using 100 points in different dimensions.
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Figure 3.6: Calculating π using Monte Carlo using 1000000 points in different dimensions.
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Figure 3.7: The effect of undersampling

0 2 4 6 8 10 12

x

−1.00

−0.75

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

u
(x

) high sampling rate of u(x) = sin(5x)

low sampling rate of u(x) = sin(5x)

4 My Plans

I am interested in studying Monte Carlo methods more thoroughly to gain a
deeper understanding of their mathematical foundations and practical appli-
cations. By diving deep into the principles of randomness, sampling, and
estimation that underpin these methods, I hope to gain the upper hand when
dealing with Monte Carlo solvable problems. Additionally, I aim to explore
specialized Monte Carlo techniques designed for specific scenarios, such as
variance reduction methods, importance sampling, or Markov Chain Monte
Carlo (MCMC), to better apply these tools to targeted challenges in fields like
physics, finance, and machine learning.
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Abstract

Immature processes are often plagued by latent noise sources which prevent
the system from performing with the required productivity and product quality.
Locating them within the system in order to then instrument, remove or control
for them is usually a costly and time consuming endeavor. Therefore, there is a
need for a unifying methodology and techniques to optimize such systems and
cut down on development costs. Depending on the system at hand, on varying
amounts of initial knowledge about the system as well as the characteristics of
the latent influence, different approaches for locating these latent influences need
to be considered. In this work, we conceptually explore different approaches for
locating latent influences with regards to different sets of prerequisites. Further-
more, we provide a general methodological approach which can be customized
to fit to specific systems.

1 Introduction

A manufacturing process is immature if it cannot be operated with the required
productivity and product quality. One cause for a process to be immature can be
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hidden noise sources. These latent variables (LVs) within the system can cause
high deject rates in production processes and unstable or poorly controllable
process settings, all of which are undesired. Finding these LVs within a system
can be costly in time and money, while usually relying on experts to identify
them. One advantage immature processes have over matured processes is that
they are still in development and can therefore be changed. Most approaches in
the current literature on root cause localization [18, 5, 15] assume a fixed process
structure where faults are out of distribution outliers. The addition of sensors
and actuators to a system can be key factors in quickly maturing a process and
thereby opens up room for novel approaches on the matter.
Localizing LV in physical systems is challenging due to several aspects. With
each distinct physical system comes a unique domain of possible LVs, each with
a separate locality within the system and different characteristics. Another vital
aspect that needs to be considered is the initial knowledge about the system.
Localizing a LV in a White Box system is generally easier than in a Grey Box or
even Black Box system. All these aspects contribute to the plethora of different
possible problem settings, making it a tall task to find a universally applicable
methodology for LV localization.
The following work is composed of the following chapters: First, we categorize
the facets of the possible problem settings in 2 and discuss how and in what
form information about a LV’s location within a system can be obtained. In 3
we first introduce a coarse methodology for iteratively narrowing down a LV’s
location within a physical system. We follow up by providing a set of possible
approaches for extracting the maximum amount of information from the system.
Finally, we finish this work with 4, providing our view on the next necessary
steps to further advance this research topic.

2 Problem Settings

Immature physical systems come in many different forms, since the number of
different use cases is basically limitless. These go hand in hand with a number
of design aspects and fundamental restrictions. Understanding them is crucial
for finding means to localize LVs in order to optimize performance, improve
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quality, and enhance overall system efficiency. In this section, we provide an
introduction to various aspects of the problem setting and highlight some initial
angles of attack.

2.1 Structural Causal Model

Causality offers frameworks for describing such physical systems on a logical
level, allowing for reasoning on cause and effect. One prominent framework are
structural causal models (SCMs) [16] where every input parameter and measured
quantity is a variable.

Definition 1: A structural causal model (SCM) is a tuple M := {U, V, F}
consisting of:

1. U , the set of exogenous variables that are determined by factors outside
the model. P (u) is the joint probability defined over the features in U .

2. V , the set of endogenous variables that are determined by variables in
U ∪ V .

3. F , the set of functions {f1, ..., fn} where for each Xi ∈ V , a function fi

is a mapping from U ∪ Pa(Xi) to Xi and Pa(Xi) ⊆ (V \{Xi}) are the
parents of Xi.

The causal structure of a SCM can be depicted via a directed acyclic graph
(DAG). DAGs and consequently SCMs do not allow for cycles, and therefore
for bidirectional edges between variables. The acyclicity assumption is a key
aspect for analytical tractability. It prevents feedback loops and allows for a clear
ordering of cause and effect. In real life systems, this acyclicity assumption is
not always feasible. In thermodynamic systems, temperature and pressure for
example can mutually be the cause of each other. In some cases, modeling a
process over time can approximate the real process well enough while upholding
the acyclicity assumption. While SCMs can cover a broad variety, there is not
one single ideal model for all possible problem settings.
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LVsXLV are endogenous variables, influenced by some exogenous noise, within
a system that are unobservable. We further assume that, due to the problem
setting at hand, it is not known where they are situated within a SCM. As a
result, a SCM might be incomplete and therefore not able to accurately describe
the system at hand. The residual R = X − X̂ between the real data X and the
SCM prediction X̂ holds a majority of the available information regarding any
LVs in the system, as the residual is the direct cause of any uncertainty within
the system. The prediction X̂ can come from a physical model of the system or
a regression network trained on the data. Extracting information encoded in the
residuals via regression analysis techniques [8, 7] and effectively utilizing this
information are the challenges at hand.

2.2 Physical Systems

One aspect which needs to be considered, are the spacial geometries of a system.
Locating a LV in a 1-dimensional space is a different task from locating a LV in
a 2- or even 3-dimensional space. Causal graphs are inherently one dimensional.
While a causal graph either has or does not have an edge between two variables,
a physical system might have multiple paths from one measuring point to another
or the path might be spatially expanded. It is also not apparent if two different
causal edges correspond to different physical paths or share a single one. Without
LVs in the system this might be not of importance but due to the task of locating
them, having an understanding of where these causal paths lie within the physical
system becomes important.

2.3 Noise Characteristics

Not only the structure of the physical system and the position of the LVs within
it are important but the LVs themselves have different characteristics which
can hold valuable information. LVs, in our context, are noise sources within a
physical system. To start off, these exogenous influences ULV have different
probability distributions D. Prominent noise distributions are, among others,
the normal distribution and the uniform distribution. The noise ULV , or in
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a probabilistic sense its probability distribution P (ULV ), is then propagated
through the corresponding SCM producing the measured residualsRi at variable
Xi with probability distribution P (Ri) in the outputs:

P (Ri) = (fi(Pa(Xi), ·))∗P (ULV ) (2.1)
with: Xi = fi(Pa(Xi), ULV ) (2.2)

2.1 describes the pushforward distribution of a random variable through a SCM,
where the function fi maps the Parents of Xi and any latent noise variables to
Xi (2.2). Different initial distributions P (ULV ) therefore generally result in
different distributions P (Ri) of the systems residual.

If a LVs probability distribution is time independent, meaning it has a constant
meanE[ULV (t)] and a constant variance Var[ULV (t)], it is considered stationary.
Is the distribution stationary and its ensemble average equal to the time average
EEnsemble[ULV ] = ETime[ULV (t)] for any single realization, it is considered to be
ergodic. Furthermore, the LV can be autocorrelated. The autocorrelation func-
tion RULV ,ULV

= E[ULV (t1) · ULV (t2)] is a mathematical tool for measuring
the similarity of a signal at time t1 with itself at a later time t2. Autocorrelation
may give concrete hints to the physical nature of the noise source. A periodic
noise for example could vastly reduce the possible type of noise sources and
therefore the LVs possible locations. A stationary noise would indicate a stable
LV location and an ergodic noise would further suggest a LV that is completely
independent of the process itself.

Scedasticity is another form of correlation that characterizes the change of a
random variables variance [13, 17]. Homoscedastic variables have a constant
variance, and heteroscedastic variables have a varying variance. This change
of variance may be with respect to time but also can be with respect to other
variables in the system. Take a 3D printer with an adjustable printing speed and
the room temperature as a LV for example. If the room temperature is low, the
printed part will be precise even at fast printing speeds. Is the room temperature
high on the other hand, fast printing speeds might lead to a less precise print. Not
only the variance, similarly the mean or higher modes of the LVs distributions
can be correlated with variables in the system. This correlation can then be
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inferred from the systems residual.

2.4 Experimental Design

Locating a LV within a system is by design an iterative process. The informa-
tion obtained from an initial system’s residual is in most cases not going to
be conclusive. Leveraging this information, the process is then equipped with
additional sensors or actuators to form a new process instance. These steps are
then repeated until the LV has been localized. Keeping the process iterations
to a minimum minimizes development time and cost. Therefore, the design of
the experiment is another factor in order to maximize the gained information.
The physical system receives a set of input parameters or variables. The former
are fixed for one experiment, the latter can be adjusted or controlled during
runtime. Finding an optimal set of input parameters or steering input variables
to maximize the information extracted from a time series are topics of interest.

2.5 Process Restrictions

A final aspect in need of consideration is the available information of the system
at hand. As instrumenting the process is a key aspect for locating any LV, it
is important for the process to be instrumentable. While theoretically not an
issue, it can be practically very challenging or even impossible to place sensors
or actuators in certain locations. Furthermore, some processes or some parts
of processes might inherently be black boxes. This makes it very difficult to
map a causal system to its physical one as the latter is unobservable. Even if
sensors can be placed and a causal graph can be obtained, inferring about the
physical system outside of the sensor locations is not possible without further
information in such areas.
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Causal Solution
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Physical Solution
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Residual Analysis

Noise Estimation

Triangulation

Methodology

Gaussian Process
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Baysian Optimal Experimental Design (BOED)

Physical Constraints

Figure 3.1: Overview of proposed solution propositions for the causal and physical domain.

3 Solution Propositions

This chapter contains a collection of ideas and possible research topics of which
most have not been tested or verified yet 3.1. As portrayed in 2, the space of
possible problem settings for locating LVs in physical systems is large, and
finding a single method to cover them all seems ambiguous at best. We therefore
intent to provide a sort of tool box that contains different methods that can be
applied individually or arbitrarily combined for locating LVs.

3.1 Methodology for Process Instrumentation

When locating a LV, we are constrained by the available information: The knowl-
edge about the physical realization of the system, the known causal dependencies
between measured variables and the residual R between real data X and pre-
dicted data X̂ given the measured or set inputs. Due to the nature of the problem,
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this initial information is often not enough to come to a conclusion regarding the
LVs location. The system needs to be further instrumented to acquire additional
information [1]. Therefore, a methodology which proposes the type and location
of an additional instrumentation under consideration of the available information
is a necessity.

In the first step information is extracted from the system’s residual under consid-
eration of its causal structure. For example, a correlation between the residual
Ri and some input values can be detected. This constrains the solution space
within the SCM. This “causal” solution space (CSS) posseses a mapping to the
physical system and its physical solution space (PSS).

Mapping to physical domain: fC-P : CSS → PSS (3.1)
Mapping to causal domain: fP-C : PSS → CSS (3.2)

Both functions fC-P and fP-C are non bijective and generally do not have an
unambiguous mapping. If the PSS is large and the LV cannot be pinpointed, a
decision about the location of an additional instrumentation needs to be made.
For simplicity sake, we further consider the placement of additional sensors and
leave the placement of actuators to future works. The choice of possible sensor
locations is constraint by several aspects discussed in 2. Selecting the optimal
position from the remaining PSS is an optimization problem in itself which is
highly dependent on the specific system in question. A naive approach would
be placing the sensor spatially centered within the PSS, splitting it up evenly.
Setting a finite limit to the considered sensor locations is beneficial in order to
limit the theoretical iterations of any applied search algorithms.
Once an additional sensor has been placed a new set of measurements is taken.
Based on the new data, the assumed causal relations of the added variable need
to be verified utilizing causal discovery methods [4, 12] in order to exclude
potential confounding effects. These steps are then repeated until no further
reduction of the PSS is possible or the LV has been located 3.1.
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Algorithm 3.1 A rough algorithm for LV localization
while LV location is unknown do

Choose experiment parameters
Measure X
Update G via causal discovery algorithm
for each Xi in G do

Analyze Ri

end for
Determine CSS
Infer PSS
Place additional sensor according to some metric

end while

3.2 Physical constraints

Physical systems adhere to the laws of physics, intrinsically constricting the
solution space through conservation laws. If a physical quantity produces a non
negligible residual, the cause can often not be arbitrary. If, for example, we take
the mixing of two liquids with different temperatures, and we detect a residual
in the temperature of the mixture, it is initially not clear if the LV affects the
temperature of either or both of the liquids or their volumes. By further taking
the volumes of the mixed and unmixed liquids into consideration, the physical
effect of the LV on the system becomes apparent.
When estimating the system’s output with a regression network, implementing
physical constraints directly into the network’s structure or loss function [19,
11, 3] could further highlight apparent conservation law violations and increase
performance.

3.3 Triangulation

As discussed in 2.2, physical systems are generally of higher dimension than
their SCM counterparts. Just because the causal edge where a LV impacts the
system has been identified, it does not mean that the LV is found. In spatially
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extended systems, the PSS can still be large while the CSS is minimal. One way
of tackling this setting is triangulation. By measuring multiple distinct points
and quantifying the relative magnitudes of the LV’s influence, a suggestion for
the LV’s location or the next sensor placement could be generated. Similarly, if
a neural network is used for predicting the measured values, the relative feature
importance of the inputs on the prediction could be evaluated. A relatively
dampened feature importance could indicate a sort of spatial shielding of the
corresponding input variable by the LV. In a non linear environment, standard
triangulation would not be applicable but the problem could then be solved via
convex optimization algorithms.

3.4 Residual Analysis

Before deciding on a location to place a sensor in the PSS, the CSS needs to be
determined. Correlation can be a vital tool to do so. In physical systems, the
interaction of a LV with the system usually produces correlation with other vari-
ables in the system. Even constant LVs can produce correlation. A puncture in a
water pipe for example leads to a loss of fluid volume which is also dependent
on the pressure within the pipe. Multiple expressions of correlation exist, some
of which were discussed in 2.3. Linear Heteroscedasticity for example can be
detected using the Breusch-Pagan test [2].

A more general metric is the mutual information (MI). MI quantifies the infor-
mation content one random variable X holds about another random variable
Y .

I(X;Y ) = DKL
(
p(X,Y )(x, y)||pX(x) ⊗ pY (y)

)
(3.3)

=
∫

x∈X

∫
y∈Y

p(X,Y )(x, y)log
(
p(X,Y )(x, y)
pX(x)pY (y)

)
(3.4)

X and Y are the respective domains of X and Y , pX,Y is the joint probability
density function (PDF) of X and Y , pX and pY are the marginal PDFs of X
and Y respectively, DKL is the Kullback-Leibler divergence and ⊗ the outer
product.
The MIs between the systems residuals R and related variables X enable an
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ordering of correlation. For better comparison of the MIs, the normalized mutual
information (NMI) can be utilized.

NMIik(Ri;Xk) = 2·I(Ri;Xk)
H(Ri) ·H(Xk) (3.5)

H(·) is the entropy and Xk are the parents of Xi within the corresponding
SCM. MI and NMI are absolute correlation measures and therefore unable to
distinguished negative and positive correlation. Revisiting the previous example
of two liquids of certain temperatures being mixed, it becomes evident that if a
LV impacts the temperature t1 of the unmixed volume V1 via an additive noise
∆tLV , increasing the volume V2 directly reduces the residual of the mixing
temperature Ri = Tnoise − Tmodel = V1·∆tLV

V1+V2
. One way to distinguish positive

correlation from negative correlation would be Pearson’s correlation coefficient
ρRi,Xk

.

ρRi,Xk
= cov(Ri, Xk)

σRi
· σXk

(3.6)

Where cov(·, ·) is the covariance and σ(·) the variance.

3.5 Noise Estimation

Another way to determine the CSS could be noise estimation. Studies on root
cause localization model exogenous noise distributions in order to detect out-
liers [10]. Similarly, given that all fi within the SCM are bijective and known,
inverting equation 2.1 would yield a set of probability distributions for all pos-
sible locations within the SCM. By making assumptions about the LV such as
distribution type, mean or variance, a CSS would be obtained. Given a set of
accurate functions fi the change of variables formula can be used to calculate
the original noise distributions of ULV .

p(ULV ) = p(Ri)
∣∣∣∣ dRi

dULV

∣∣∣∣ (3.7)

p(ULV ) and p(Ri) are the PDFs of the LV and the residual and
∣∣∣ dRi

dULV

∣∣∣ is the
absolute value of the Jacobian of the transformation. The challenge here lies in
creating a method which is resistant to model inaccuracies or even works from a
solely data driven model.
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3.6 Optimal Experimental Design

The task at hand is developing methods to quickly and efficiently mature imma-
ture processes. This generally leaves sizable room for designing the specific
experiments. To start off, running a set of repeat experiments with constant
input parameters allows for quantification of unobserved stochasticity within the
system. This information further allows the utilization of physical constraints
as discussed in 3.2. Bayesian optimal experimental design (BOED) is a pow-
erful approach which maximizes the information gain of each experiment [6].
A corresponding utility function could measure the reduction in uncertainty
about the residuals’ distributions or in a further step the LV’s distribution itself.
Here too, MI could be utilized. Optimal sensor placement, as touched on in
3.3, is another design aspect. In the presence of a non trivial PSS Gaussian
processes (GPs) can be utilized [14, 9]. The GP models a spatial field and
provides a mean µ(x) and an uncertainty, in form of a variance σ(x), at each
point x. MI, entropy reduction and expected improvement (EI) are some options
for optimization metrics. The entropy at any point within a GP is given by
H(x) = 1

2 log(2πeσ2(x)). By calculating the expected entropy for the whole
system after placing an additional sensor, a position which maximally reduces
this entropy can be found. EI is a method for finding extrema within the spatial
field while considering the likelihood and magnitude of improvement:

EI(x) = (µ(x) − ybest)Φ
(
µ(x) − ybest

σ(x)

)
+ σ(x)φ

(
µ(x) − ybest

σ(x)

)
(3.8)

ybest is the highest or lowest previous point, Φ is the cumulative distribution
function of the standard normal distribution and φ the corresponding PDF.
Some processes, or parts of it, might allow for variables to be adjusted or freely
changed during runtime. Besides the obvious increase in collected information
per experiment and the applicability of BOED, time series data of the residuals
could be of interest. Response times and potential decay rates after input changes
in the residual might yield further information regarding the LV position.
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4 Discussion

In this work, we provided an overview of the different challenges and opportuni-
ties of this problem setting. The biggest issue being the generally ambiguous
mapping from the CSS to the PSS, as it is highly dependent on the specific phys-
ical system, and as of now can not be done automatically in most cases. Upsides
are the many degrees of freedom for designing experiments and instrumenting
the process. Many aspects, as discussed, can be utilized and optimized in order
to locate LVs within a physical process. In order to chain all of these together a
unifying methodology which governs the iterative maturation cycle is required.
Few work in the scientific community has focused on a fast and efficient matura-
tion of immature manufacturing processes. With it comes a lack of available
benchmark data sets which makes evaluating and designing novel methods dif-
ficult. Therefore, we see a pressing need for both a unifying methodology for
detecting and locating LVs in immature cyber physical systems and for bench-
mark data sets that represent a wide range of cyber physical systems.
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Abstract

Semantic mapping for mobile robots is a crucial aspect for autonomous naviga-
tion and interaction with their environment. Map quality, accuracy of semantic
labels and runtime are important dimensions for real-world applications. Voxel
models have been widely used to represent occupancy in the map. In recent
years, Bayesian Kernel Inference (BKI) has emerged as the main technique on
top of traditional occupancy maps to produce smooth maps while maintaining
an underlying probabilistic model. Methods based on BKI vary widely in their
parameterization and can be tailored to different environments. In this report,
we aim to develop the methodology for semantic mapping based on BKI, before
evaluating different methods on a range of datasets to assess their parameter-
ization effects for different use cases. We are targeting unstructured outdoor
environments where the semantic mapping frameworks need to robustly handle
uncertainties in perception.

1 Introduction

3D occupancy mapping with known poses describes the process of building
a map representation of an environment by encoding the occupancy state of
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discretized voxels into a geometric framework. Generating such a map represen-
tation is critical for many robotic downstream applications such as autonomous
navigation, planning, or inspection. It also supports human-robot interaction,
since the map can be utilized by both the operator and the robot. As a globally
consistent representation of the environment, other robots can contribute to the
generation of an accurate and lifelong environment representation.

Building accurate maps presents several challenges. First, the geometric consis-
tency of integrating potentially noisy and sparse sensor data. Typical sensors
used are 3D LiDARs, as they have a large field of view compared to other depth
sensors. On the downside, the generated sensor measurements are sparse, dis-
continuous, and typically not colorized. Another challenge is the runtime and
memory efficiency of the sensor integration. Typically, a voxel occupancy state
is determined by raycasting the measurements into the map, which is a costly
process considering modern sensors that produce millions of points per second.

Many of these conventional occupancy mapping approaches exist, and the use
of advanced datastructures allows them to integrate sensor readings in real
time while efficiently encoding the free-space, thus maintaining a manageable
memory footprint. However, these methods often lack spatial consistency as all
voxels are treated independently. This often leads to inconsistencies in the maps,
making them unreliable for downstream applications.

In this report, we consider recent methods that extend purely geometric frame-
works by integrating environmental semantics into the occupancy map represen-
tation. This is often referred to as semantic mapping, allowing both robots and
humans to take advantage of a more descriptive scene representation. Enriching
the geometric occupancy with a specific class probability also allows to smooth
the above mentioned inconsitencies with probabilistic reasoning.

Within the topic of semantic mapping, we focus in particular on a number of
smoothing approaches based on Bayesian Kernel Inference (BKI).We investigate
and evaluate different kernel crafting strategies and discuss their evaluation
on outdoor benchmark datasets. Since most of the investigated methods are
strongly focused on indoor environments, we also discuss potential difficulties
arising from complex unstructured environments, where the boundaries between
different classes disappear.
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The remainder of this report is organized as follows: Related work is presented in
Section 2, before we formulate the problem and establish a common base model
for semantic mapping in Section 3. Different smoothing approaches based on
BKI are introduced in Section 3.3 before we evaluate and discuss the approaches
on several datasets in Section 4. We conclude our report and present potential
future research directions in Section 6.

2 Related Work

Various representations have been used for purely geometric occupancy mapping
ranging from meshes [35], TSDFs [29], Gaussians [28] to surfels [4]. Voxel-
based methods are popular and widely used for their simplicity, flexibility and
efficiency regarding updates and map queries. Octomap [16] is one of the first
voxel-based geometric mapping approaches that uses octrees as an efficient
free-space encoding, recent methods use hashmaps [29, 15] or more advanced
datastructures such as OpenVDB [27] with enhanced update methods [11, 23,
12, 17].

Due to the flexibility of the information stored in the voxels, the above methods
and associated datastructures are also a popular choice for semantic mapping
approaches. Most of the voxel-based mapping methods utilize an inverse sen-
sor model by raycasting sensor readings, so that an integration ray can hold a
semantic class next to its occupancy information. The semantic class typically
comes from a segmented RGB image that is projected onto the LiDAR scan.
Some methods directly integrate RGB-D sensors [33], which allows to skip the
projection of a 2D information onto the 3D scan data.

Within these voxel-based semantic mapping methods, the main distinguishing
feature is the strategy to deal with inconsistencies arising from noisy and sparse
sensor data. All methods use local spatial information to propagate the seman-
tics to neighboring voxels and thereby relax the assumption that all voxels are
independent.

Earlier methods [31, 21] use Conditional Random Fields (CRF) to enforce
consistency potentials at different levels of the hierarchical octree. This can
be particularly useful for RGB-D sensor integration, as higher-order potentials
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can be established that achieve consistency with 2D superpixels [43, 42, 31].
However, the costly CRF optimization takes over the entire set of occupied cells
after a few integration iterations making it impractical for filling sparse areas.
Other works [38] are based on Gaussian processes and are well suited to predict
the occupancy state of these areas. However, due to the high time complexity of
O(N3) in the number of measurements [6, 28], the optimization routine is too
expensive to run in real time.

Recent methods mostly rely on BKI to handle map inconsistencies. Doherty
et al. propose a continuous counting model [7], which is extended by Gan et al.
to a semantic counting model (S-BKI) [9]. Both works use a sparse kernel [24]
to predict the occupancy probabilities at unoccupied locations. In later works,
S-BKI was refined to fit the procedure to a particular data distribution. In [39],
class-specific kernels are crafted using a dataset-specific pre-trained network.
SEE-CSOM [5] improved the sparse kernel by adapting its size to the entropy
of the particular class. They also use contextual entropy to filter out redundant
voxels, thus preventing overinflation. Another recent work [19] incorporates
semantic class predictions along with their uncertainty. However, this requires an
uncertainty-aware semantic segmentation framework, which is currently based
on selected and mostly RGB segmentation networks.

In this report, we summarize and compare the semantic mapping methods based
on BKI, as they provide a natural mixture of deep learning-based approaches
for the segmentation and reliable and mathematically motivated methods for
the map integration. However, recently some methods have emerged that use
implicit neural representations to map the environment [22, 30, 2]. While those
methods are advantageous in terms of memory efficiency, they often cannot
guarantee geometric correctness and are currently mostly used for constrained
indoor environments. They rarely leverage LiDAR data and tend to require
significant amounts of training data.

3 Semantic Mapping

We first introduce the conventional geometric mapping pipeline to demonstrate
the general data processing procedure coming from traditional occupancy map-
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ping [34]. In the following sections, we then refine the pipeline towards the
semantic counting model that is used in recent S-BKI-based methods [9, 39, 5,
19].

3.1 Geometric Mapping Pipeline

Traditional occupancy mapping with known poses refers to a framework pro-
posed by Elfes [8] that attempts to find the map posterior p(m | z1:t, x1:t) given
a set of LiDAR measurements z1:t at corresponding known poses x1:t. Since it
is intractable to compute the global posterior, one assumption in traditional occu-
pancy mapping is that all grid cells are treated independently [8]. This allows
the full posterior to be approximated using the marginals of each individual cell

p(m | z1:t, x1:t) =
N∏

i=1
p(mi | z1:t, x1:t) (3.1)

to reduce the required computational effort. Assuming binary states for cells
mi, plugging into a binary Bayes filter [34] leads to a simple additive update in
log-odds space

l1:t,i = log p(mi | z1:t, x1:t)
p(mi | z1:t, x1:t)

= lt,i + l1:t−1,i − l0 (3.2)

with lt,i being the current sensor reading from the inverse measurement model,
l1:t−1,i the current occupancy probability and l0 = 0.5 the prior. Few works[31,
20] extend this model to update an additional multiclass semantic belief

p(mk
i | z1:t) = 1

|Ki|
∑

k∈Ki

p(k | z1:t) (3.3)

by averaging the class occurrence at each voxel i, whereKi ⊆ {1..K} denotes
the set of occuring semantic labels (out of a total ofK classes) at that voxel. In
this approach, the semantic belief is treated as stochastically independent of the
binary occupancy belief.
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3.2 Semantic Counting Model

The pure geometric mapping and its semantic extension have several drawbacks.
First, the occupancy probability tends to converge towards occupied or free for a
series of different readings, for instance for semi-transparent areas [14]. Second,
the model is discrete, so the grid cannot be queried at arbitrary resolutions. Due
to the voxel independence assumption, many discontinuities appear in sparse
regions. Finally, handling the semantics independently of the occupancy is
not convenient. The approaches of Doherty et al. and later Gan et al. try to
overcome these drawbacks by employing the counting model of [14], extending
it to hold semantic classes [9], and applying a Bayesian kernel to relax the voxel
independence assumption and make the map continuous [7].

The basic counting model [14, 7] models assigns each grid cell mi some
probability θi = p(mi | D1:t) of being occupied given a set of measurements
D = {(cj , zj)}t

j=1 up to time t, with zj ∈ {0, 1} indicating a ray that ends
up at cell location cj ∈ R3. Thus, we model mi ∼ Bernoulli(θi) as the occu-
pancy probability θi of cellmi, seeking the posterior p(θi | D). This imposes a
conjugate prior Beta(α0, β0) on θi, which leads to an equally Beta-distributed
posterior Beta(αi, βi) when applying Bayes’ theorem. The parameters αi and βi

count the number of rays reflecting in a cellmi and those passing by, respectively.
This results in a simple count

αi = α0 +
∑

j∈1,...,t|cj=mi

zj (3.4)

βi = β0 +
∑

j∈1,...,t|cj=mi

(1 − zj) (3.5)

of all measurements. Note, that one ray produces many measurement pairs
(cj , zj), so technically D is a multiset of measurements. However, we index
D with a single time index t for simplicity. This model has the closed-form
expectation and variance

E[θi] = αi

αi + βi
and V[θi] = αiβi

(αi + βi)2(αi + βi + 1) (3.6)

which provide simple means of estimating occupancy and filtering out high
variance measurements. Again, updates typically take place in log space to
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avoid numerical instabilities. Gan et al. extended the approach to multiple
categories instead of binary measurements [9]. They redefine zj = (z1

j , . . . , z
K
j )

with
∑K

k=1 z
k
j = 1 for K one-hot encoded semantic classes. The occupancy

probability θi becomes a class-specific probability with θi = (θ1
i , . . . , θ

K
j ) and∑K

k=1 θ
k
i = 1. The likelihood of inferring a measurement

p(zj | θi) =
K∏

k=1
(θk

i )zk
j (3.7)

with probabilities θi is now modeled with a Categorical distribution. This
imposes a Dirichlet Dir(K,α0) with concentration parameters αk

0 , . . . , α
K
0 as

conjugate prior, giving another Dirichlet Dir(K,αi) as posterior. Again, the
update rule for the concentration parameters α1

i , . . . , α
K
i is given by

αk
i = αk

0 +
∑

j∈1,...,t|cj=mi

zk
j , (3.8)

which reassembles a measurement count of each semantic class occurrence in a
cell. Similar to the binary case, the expectation and variance again have closed
forms given by [9]:

E[θk
i ] = αk

i∑K
k=1 αi

and V[θk
i ] =

αk
i∑K

k=1 αk
i

(1 − αk
i∑K

k=1 αk
i

)∑K
k=1 α

k
i + 1

. (3.9)

3.3 Bayesian Kernel Inference

To relax the independence assumption between cells, Bayesian Kernel Inference
(BKI) [36] emerged as the main technique. While the likelihood f := p(zj | θj)
(where θj indicates the latent occupancy probability at map cell cj) is based only
on θj , the extended likelihood g := p(zj | θ∗, cj , c∗) relates a observation (cj , zj)
to a spatially similar query c∗. Vega-Brown et al. [36] relate these likelihoods
by showing that g(z) ∝ f(z)κ(c∗,c) is the maximum entropy distribution that
satisfies a smoothness constraint by enforcing a bound on the Kullback-Leibler
divergenceDKL(g || f) between the two distributions. In this context, κ(·, ·) is an
arbitrary kernel function whose choice will be discussed in the next Section 3.4.
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The relationship

p(zj | cj , θ∗, c∗) ∝ p(zj | θ∗)κ(c∗,ci). (3.10)

can be used to perform Bayesian inference [9] on the posterior

p(θ∗ | c∗,D) ∝ p(D | θ∗, c∗)p(θ | c∗) (3.11)

∝

 t∏
j=1

p(zj | cj , θ∗, c∗)

 p(θ | c∗) (3.12)

∝

 t∏
j=1

p(zj | θ∗)κ(c∗,cj)

 p(θ | c∗) (3.13)

of an arbitrary (and possibly non-discrete) location c∗. Plugging in the Cate-
gorical likelihood and the Dirichlet prior again allows for incremental Bayesian
updates, since the posterior

p(θ∗ | c∗,D) ∝

 t∏
j=1

(
K∏

k=1
(θk

∗)zk
j

)κ(c∗,cj) K∏
k=1

(θk
∗)αk

0 −1 (3.14)

∝
K∏

k=1
(θk

∗)αk
0 −1+

∑t
j=1 κ(c∗,cj)zk

j (3.15)

is again a Dirichlet Dir(K,αt). In this continuous version, the concentration
parameters

αk
∗ = αk

0 +
t∑

j=1
κ(c∗, cj)zk

j (3.16)

again reassemble a cell count, but kernel-weighted to take into account the
influence of neighboring cells. Therefore, Eq.3.9 still holds for the expectation
and variance. At each time step, the concentration parameters are updated for
each voxel center as a query point.

The entire processing pipeline is depicted in Figure 3.1. Given a set of measure-
ments D, which can be either from a direct semantic point cloud segmentation
or from a segmented and projected RGB image, each voxel center performs a
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Figure 3.1: Overview on semantic mapping pipeline using a kernel-aided semantic counting model.
The left part shows the construction of a semantic point cloud, which can be either by direct inference
or by RGB segmentation and subsequent projection. The right part shows a single update step to
infer the map posterior given the segmented input point cloud.

semantic update according to Eq. 3.16 to derive the map posterior. The decaying
influence of the kernel function κ is visualized by grayscale circles around the
voxel center.

3.4 Choice of Kernels

Several kernel functions have been considered to express an appropriate influence
decay of neighboring voxels. The only requirements for a kernel are

κ(c, c) = 1 ∀c and κ(c, c′) ∈ [0, 1] ∀c, c′, (3.17)
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they do not need to be symmetrical or positive definite [36]. Most approaches
are based on the original suggestion [7, 9] of using a sparse kernel [24]

κ (c, c∗) =
{
σ0
[ 1

3
(
2 + cos

(
2π d

l

) (
1 − d

l

)
+ 1

2π sin
(
2π d

l

))]
if d < l

0 if d ≥ l

(3.18)
where d = ‖c−c∗‖ is the distance between the query and the training points, l is
a fixed threshold, and σ0 the kernel scale parameter. Since the spatial influence
is thresholded by l, the update time complexity is in O(logN) for each query
point, where the influencing N training points are looked up in a kd-tree [7].

In a follow-up work, Deng et al. [5] propose to adapt the kernel scale σ0 accord-
ing to different entropy scores obtained at the respective voxel. They suggest
a probability entropy Ep measuring the proportion between the count of all
measurements and the maximum count of measurements for a particular class.
In addition, a semantic entropy Es = log k

log K reflects the label diversity in a voxel
by relating the number of occuring semantic classes k to the overall number of
classesK. Both subentropies are combined to form a class entropy

Eclass = Ep + 1
K

Es (3.19)

for each voxel. To avoid overinflation during kernel inference, they additionally
suggest a context entropy Econ that indicates how much a voxel would contribute
to the completeness of surrounding voxels, allowing to filter out voxels that are
potentially outside object boundaries. Finally, they extend the sparse kernel
from Eq. 3.18 with a filtering factor for Econ and with an adapted kernel scale
σ0 based on Eclass.

Kim, Seo, and Min extend the entropy-based approach in [19] by incorporating
an evidental deep learning (EDL) module into the upstream semantic segmenta-
tion procedure. This provides uncertainty estimates of the predicted semantic
annotations, which they use to update the fixed-length threshold l within the
sparse kernel to be l = l0 · βe1−γu∗ , where β and γ are hyperparameters and
u∗ is the uncertainty associated with the query point c∗.

The approach of Wilson et al. [39] attempts to learn kernels for specific semantic
classes and environments. They rewrite the cell-wise update from Eq. 3.16 to a
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convolution layer leveraging differentiable kernel functions to create a trainable
variant of the BKI update. Since this process allows GPU based inference, it
allows for faster runtimes [39]. The custom kernels are again based on the
sparse kernel with an adapted length that supports the structure of the object. In
addition, they propose a compound kernel composed of horizontal and vertical
components to better represent the geometric representations of each semantic
class.

3.5 Datastructures for Mapping

All methods introduced so far work on voxel grids as dense map representations,
although other surface or volume based representations exist (cf. Section 2). In
this section, we are concerned with the underlying data structure, which strongly
influences the memory consumption and the inference time of the chosen map
representation. The main requirement for voxel-based representations is a dis-
crete grid with index coordinates that can be converted to spatial coordinates
and vice versa. Naive implementations of such grids can use continuous stor-
age with mappings from grid cell to array indices, more advanced versions
leverage hashmaps to retain constant time lookups while reducing memory
requirements and the need for reallocation. Popular examples of methods using
hashmap structures are FIESTA [15] or the GPU-based OHM [32]. Many mod-
ern approaches [16, 3] use hierarchical structures such as octrees or kd-trees,
with Octomap [16] being a community standard for many years. Tree-based
structures typically allow for a sparse representation in memory at the cost of
tree traversals during insert or delete operations. All of the semantic mapping
approaches presented [6, 9, 39, 19] also use octrees as the underlying structure
but provide a lightweight hashing mechanism for faster access to octree nodes.
Advanced data structures such as VDB [27] take this a step further and combine
fixed-depth trees and block hashmaps to achieve good tradeoffs between mem-
ory efficiency and almost constant time lookup operations for general-purpose
mapping [23, 37, 11, 12].
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4 Experimental Evaluation

We compare BKI-based approaches[9, 39, 19, 5] in terms of computational cost
and map accuracy. To do this, we compute class-based and average IoU scores:

IoUk = TPk

TPk + FPk + FNc
mIoU =

K∑
k=1

IoUk (4.1)

where TPk,FPk and FNk are the counts of true positive, false positive and
false negative queries of the ground truth point (coming from the ground truth
semantic segmentation) queries against the constructed map. To measure com-
putational cost, we evaluate runtime and memory consumption for different
sequences.

Since we are primarily interested in outdoor environments, we evaluate the
approaches on the SemanticKITTI [1], the Rellis3D [18] as well as the GOOSE
and GOOSE-Ex [26, 13] datasets. While the first contains only sequences in
structured, urban environments, the others are particularly useful for evaluating
the mapping performance in unstructured environments. Accurate mapping in
these environments is difficult because classes tend to overlap and merge into
each other. In addition, the transition between different terrain classes is often
not smooth, as shown in the example image and point cloud pairs depicted in
Figure 4.1.

Previous works often reported different results for an apparently similar bench-
mark set. A fair comparison between semantic mapping approaches seems to be
difficult due to the complex pipeline setup. One way to reduce this complexity
would be to avoid custom segmentation pipelines, and instead use the ground
truth segmentation as input to evaluate the semantic mapping capabilities only.
However, this strategy does not allow to measure the performance on noisy
inference methods. Another aspect that has emerged in previous evaluations [42,
9] is the exclusion of certain classes or areas from the evaluation.

Instead, we use a simplified and unified label map across all used datasets,
consisting of the 8 classes vegetation, artificial ground, natural ground, artifical
structures, obstacle, vehicle, person, other. For SemanticKITTI, we use the
same reference labels used in [9] and originally inferred with RangeNet++ [25],
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(a) SemanticKITTI (b) Rellis3D (c) GOOSE-Ex

Figure 4.1: Example point cloud annotations of the datasets used for evaluating semantic mapping
approaches. The SemanticKITTI [1] dataset contains a very long range, but sparse point cloud of
urban environments. Both Rellis3D [18] and GOOSE-Ex [13] datasets are recorded in unstructured
environments. Rellis3D has some labeling artifacts and the ground truth is obtained by projection
of a semantically annotated image, whereas GOOSE contains dense point-wise annotated labels.
All datasets have been unified to use the same set of labels.

but mapped to the above classes. For both Rellis3D and GOOSE, we preprocess
the dataset labels to map to the above 8 labels and then train a PTv3 [41] semantic
segmentation model that works directly on the point clouds. We use the inferred
point clouds for all method variants. We ignore labels of the other class during
calculation of the mIoU due to an insignificant number of occurrences.

We not consider the KITTI odometry benchmark [10] although many of the
earlier approaches used it as a benchmark. Since the LiDAR segmentation is
only calculated by projection of the front camera segmentation, the field of view
is rather small and the evaluation would be different from the other datasets,
as the semantic map has to be projected back onto the image to obtain the IoU
scores. For the same reason, we did not run the evidental variant of [19], since
it would require multimodal fusion of image and point cloud pairs. We only use
their baseline implementation of S-BKI and the basic counting model (CSM)
to compare with the original implementation. In future work, evidental deep
learning could be applied directly to a point cloud segmentation network to
simplify the processing pipeline and increase the comparability.

For each evaluated sequence, we use all available frames and for each inserted
point cloud, we perform IoU calculation for the previous 10 ground truth clouds.
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Table 4.1: Quantitative evaluation results of different methods on different datasets. The labels of
each datasets have been grouped into eight categories according to the GOOSE ontology [26]. (∗)
Note, that we not use the core idea of E-BKI [19] as we directly used segmented point clouds that
doesn’t come with a uncertainty estimate. We utilize their code for baseline comparison due to a
more recent, more efficient and clean implementation of S-BKI [9].
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Rellis3D
04

CSM [6] [19] 0.0 53.9 75.0 70.6 60.0 68.1 87.9 59.4
PTv3 [41] 0.0 55.3 74.9 71.5 48.6 67.7 77.8 56.5
S-BKI [9] 0.0 53.4 75.4 71.1 59.7 68.3 80.1 58.3
ConvBKI [39] 0.0 53.3 75.3 71.6 69.0 67.4 82.7 59.9
SEE-CSOM [5] 0.0 53.2 72.9 69.4 62.2 66.0 75.5 57.0
(E)-S-BKI (∗) [19] 0.0 53.6 75.5 70.2 59.5 68.6 87.0 59.2

Semantic-
KITTI
04

CSM [6] [19] 80.4 94.7 72.6 38.6 87.7 88.2 29.0 70.2
RangeNet++ [25] 76.2 93.7 67.2 31.5 80.0 84.9 15.7 64.2
S-BKI [9] 79.9 94.4 71.5 38.6 86.4 87.8 26.0 69.2
ConvBKI [39] 78.9 94.2 73.7 33.0 85.2 87.5 37.7 70.0
SEE-CSOM [5] 80.6 93.6 72.7 39.3 80.9 88.3 28.5 69.1
(E)-S-BKI (∗) [19] 77.8 93.5 67.5 38.5 83.6 86.2 21.4 66.9

GOOSE
05

CSM [6] [19] 42.9 65.6 55.9 38.7 2.1 54.2 0.0 37.1
PTv3 [41] 47.2 77.0 58.2 55.2 7.1 56.5 0.0 43.0
S-BKI [9] 47.0 76.0 57.8 53.2 4.7 55.6 0.0 42.0
ConvBKI [39] 47.8 77.5 60.0 53.3 7.0 60.5 0.0 43.7
SEE-CSOM [5] 41.6 65.8 55.8 37.9 0.3 52.4 0.0 36.3
(E)-S-BKI (∗) [19] 46.8 77.4 58.2 52.5 2.6 56.4 0.0 42.0

The evaluation on the GOOSE datasets works slightly different, as the ground
truth annotations are not available for every frame, but only for some frames
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within a sequence. We still integrate each inferred point cloud, but perform the
IoU calculation only for frames with available ground truth.

The input point cloud is downsampled to a grid of size 0.1 m. The rays are
then integrated to their maximum length, using a map resolution of 0.3 m. The
sampling resolution for generating sensor readings for free space is set to 100.
The default occupancy mapping thresholds for freeing and occupying a voxel
are set to 0.3 and 0.7, respectively. For the sparse kernel, we use σ0 = 0.1
as scale and l = 0.3 as length threshold for the base variants of S-BKI [9].
For SEE-CSOM [5] we use the default parameters as presented in their work.
For ConvBKI [40], we train class-specific compound kernels on the respective
test-sets of each dataset. We exclude the sequences that are used for evaluation.

In Table 4.1 we compare different methods with respect to of class IoUs and
mIoU. We include the discrete counting model (CSM) as baseline. However,
since the evaluation against ground truth labels is inherently performed only on
occupied voxels, the results are quite similar compared to continuous methods.
For both the GOOSE and Rellis3D datasets, we include the PTv3 semantic
segmentation results to make the semantic mapping results more comparable to
methods with different segmented inputs. The results show a similar performance
of different methods on all three datasets. SEE-CSOMs [5] improvements
to prevent overinflation seem to work well especially on sharp-edged classes
such as artificial structures and obstacle, for the more unstructured classes,
the gap closes. The ConvBKI [40] approach of learning class-specific kernels
seems to be promising, but cannot develop its full potential on our selection of
classes, especially for the unstructured scenes. While all methods outperform
the segmentation baseline for SemanticKITTI, this is not the case for each class
in Rellis3D and GOOSE. Figure 4.2 shows the qualitative mapping results of
the three sample sequences using S-BKI [9].

Table 4.2 shows the runtimes and memory consumption of the above methods.
For all experiments, we used a 6-core Intel©Core™i7-10850H and 32 GB of
memory. CSM and the cleaner S-BKI implementation from [19] exhibit a small
memory footprint compared to the other variants. The average runtime per frame
increases significantly with long range and dense lidar scans. It can be reduced
by filtering the input point cloud as a preprocessing step. ConvBKI [40] is the
only method that achieves runitmes in the order of magnitude to keep up with a
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reasonable sensor rate. This fast runtime results from a full GPU implementation
of the kernel convolution operations. None of the other variants come close to
running at a sensor rate of 10 hz.

Table 4.2: Runtime and memory consumption of different methods on different sequences. (∗) Both
GPU and CPU memory are included. The required GPU memory is bound to a preselected grid size
and resolution.

runtime per frame / s memory / GB
Method Rellis3D KITTI GOOSE Rellis3D KITTI GOOSE

CSM [6] [19] 8.5 18.0 221.1 0.35 0.57 1.78
S-BKI [9] 8.2 24.8 38.7 2.08 6.17 6.54
ConvBKI [39] (∗) 0.3 0.3 0.3 5.59 5.70 5.86
SEE-CSOM [5] 5.5 16.2 22.7 14.70 8.79 13.16
(E)-S-BKI [19] 7.9 12.4 34.5 0.26 0.40 1.22

5 Conclusion and Future Work

We provide a concise survey of currently available semantic mapping methods
that use typical occupancy structures and Bayesian Kernel Inference to provide
continuous occupancy information. The main difference between the presented
methods lies in their choice of kernels to achieve a good trade-off between map
accuracy and runtime. Our evaluations on different datasets with a focus on
unstructured environments reveal some potential improvements. Incorporating
some kind of uncertainty measure [19] from the inference method seems very
useful, but could be extended to work directly on point clouds. For CPU-
based variants, more advanced data structures could be used to speed up the
geometric integration process. Using GPU-accelerated convolutions as proposed
in ConvBKI [40] is a promising idea to achieve sensor-rate performance and
could easily be extended to take advantage of uncertainty-based updates.
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(a) Map of SemanticKITTI Seq. 04

(b) Map of Rellis3D Seq. 04

(c) Map of GOOSE Seq. 05

Figure 4.2: Resulting maps using the standard S-BKI [9] approach on the entire sequence.
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Abstract

This study evaluates the shape models in Extended Object Tracking (EOT) for
Radar (radio detection and ranging)-based Intelligent Transportation Systems
(ITS). In the perception systems of ITS, road-side sensors are required to cover
large areas and deliver efficient descriptions of the scene. Radar sensors with
their long sensing distance, make a good candidate for the task. Their high
resolution, combined with the extended object tracking, which estimates the
position, orientation and shape of the object, could provide a detailed description
of the scene. The discussion will address the shapes models employed in such
tracking applications, along with the requirements for their implementation.
Furthermore, the coexistence of sensors within a network has the potential to
enhance the accuracy of multi-object tracking results. The study also considers
scenarios, particularly those involving a decentralized fusion scheme, in which
the tracking results are combined. The study culminates in the proposal of a
concept for a shape model for radar-based ITS.
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1 Introduction

Intelligent Transportation Systems (ITS) leverage the sensors installed in road
infrastructure to enhance perception for autonomous driving applications, smart
traffic analytics, and safer interaction between different road users. Radio-
detection-and-ranging (radar) sensors further benefit these scenarios by pro-
viding independent sensing ability that is less affected by weather conditions
and by covering a large area of interest with a single unit. However, despite
advancements in radar resolution, the current radar measurement data is not
distributed in a manner that allows humans to semantically label the sensor data,
hindering the development of learning-based algorithms for object detection
and tracking. Furthermore, alternative sensors capable of labeling radar data
are limited in their ability to discern distant objects which are only visible to
radars. Nonetheless, the community of researchers of sensor data fusion has
long engaged with low-resolution radar data for target state estimation. The
recent advancements in 3D sensing resolution have precipitated the rapid evolu-
tion of Extended Object Tracking (EOT), a model-based target state estimation
approach that encompasses shape and orientation estimation. This development
has enabled the advancement of radar perception without the need for a sub-
stantial number of manual labels. Concurrently, these models have deep roots
in probabilistic theories, which can provide uncertainty measures for decision-
making processes. In this study, our objective is to analyse EOT problem to
estimate the states of the existing objects in a given scene.

Moreover, when incorporating roadside sensors into a network for the purpose
of information sharing, many approaches adhere to a centralized scheme [5]. It
is imperative to explore decentralized schemes that exhibit enhanced robustness
in ITS, where sensor data is processed locally and the results are then shared.
However, there is a paucity of research addressing decentralized radar perception
in ITS and the EOT community. Consequently, we consider decentralized fusion
of posterior estimations as we discuss the shape model employed in conjunction
with EOT.

The remainder of the paper is organized as follows: Section 2 provides a concise
overview of related works in the field of EOT along with decentralized schemes
and tracking in Lie groups. Section 3 provides a detailed analysis of requirements
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of EOT algorithms for radar perception. It also compares main shape models in
EOT approaches with this respect and introduces a new concept for the EOT
tracking. Section 4 concludes the paper and provides a road map for realization
of the concept.

2 Related Work

Extended object tracking is a process that estimates the spatial extent, denoted by
xf , of the object along with its kinematic states, denoted by xk. This estimation
is made possible by leveraging the increasing resolution of the sensor data [10].
The extended object can be initially represented by elliptic shapes. The shape
of the extended object can be represented by a matrix with randomness span-
ning an inverse Wishart distribution, denoted IW(X; v,V) [15], v being the
degrees of freedom and V the scale matrix. Alternatively, the ellipse can also
be parametrized directly by the semi-axis lengths and the orientation angle of
the ellipse [l1, l2, α] [27]. It is further possible to convert elliptic models into a
rectangle representation [21]. In the pursuit of a more detailed object model,
star convex models are introduced [2]. The models utilize radial functions to
represent the distances from center of the object to the points along its contour.
The radial function can further be parameterized with Fourier coefficients [2] and
basis points in recursive Gaussian process regression [25]. The measurement
points on the surface can then be represented by the hypersurfaces with a scaling
of the contour between 0 and 1. Another way to model the object shape is to
use the spline curves, which have a strong foundation in the computer graphics.
Spline curves have been demonstrated to be effective in representing geometric
shapes while exhibiting robustness against numerical instabilities [20]. They
can be used freely to represent shapes even non-star-convex ones. In [14, 6, 3],
Bsplines are used to represent rectancles with varying width and length scales
to fit the top view contour of a vehicle. They also have been used in [28] to
represent the elongated vehicles.

In addition to the shape models, distributed fusion of estimated extended object
has also been addressed in [9, 26], where covariance intersection [13] is used.
The possible correlation is then considered in a sub-optimal way, since the
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cross correlation between sensors is unknown and treated with conservatism.
This could be further exploited in radar-based ITS. In theory, the methods for
tracking the 2D ground vehicles can be extended to 3D. Given 3D or 4D radars
(3D position along with radial doppler velocity), 3D shape models are to get
more attention. Some dedicated work use the Gaussian process to model the
radial function in a spherical coordinate system [16, 8] or NURBS(non-uniform
rational B splines) surfaces to model the shape with predefined control points
[22] and varing scales and weights.

In the domain of 3D tracking, it is imperative to employ a model that is capable
of handling the object pose with six degrees of freedom. Lie groups and the Lie
theory are of particular relevance. A Lie group (G, ◦) is a smooth manifold with
a composition operation ◦ : G ◦G → G [24]. The operation further satisfies
axioms of identity, inversity and associativity. Lie theory provides rigorous
calculus foundation for uncertainty, derivitives and integral for tracking in rele-
vant Lie groups like SE(2) and SE(3). It assists in enhancing the precision of
shape orientation determination. The application of Lie theory in conjunction
with extended object models has been demonstrated in the context of tracking
space debris [19, 18, 17]. It is noteworthy that not only does the tracker operate
within the SE(3) framework, but a gaussian distribution within SE(3) further
facilitates shape representation. In addition, although their presence has not
been observed, integration of Lie group based variants for Kalman filters, such
as the Invariant EKF [1] and the Iterated EKF [4] into the EOT trackers should
result in improved orientation management.

3 Concepts

The following list enumerates the requirements for EOT in radar-based ITS:

1. The 3D state estimation is accurate with respect to the kinematic state,
the orientation, and the spatial extent. This involves establishing shape
models that suit the tracked traffic participants correctly. In order to handle
the pose correctly, Lie theory-based filters should be be used.
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2. The formation of a network has the potential to expand the monitoring
area and enhance the observability of each object. In a connected system,
it is essential to limit the data volume to ensure that communication costs
remain affordable and transmission speeds are optimized. When fusing
estimations from multiple sensors, the correlation of the data should be
taken into consideration.

A direct approach involves the utilization of three-dimensional models to rep-
resent road users [16, 8, 22]. These models typically need a significantly
greater number of parameters to describe the model in comparison to their
two-dimensional counterparts. This increased complexity leads to an escalation
in both computation time and transmission cost. Consequently, we advocate for
the adoption of the extruded model of the two-dimensional view contours.

Before the extrusion of the 2D models introduced in Section 2, the initial discus-
sion focuses on identifying the optimal view of the processed object for effective
representation. A comparative analysis is conducted between extruded models
of the top, front, and side views of the object. The mesh of a vehicle model
from the CARLA simulator [7] is utilized as an example, with 50,000 points
sampled randomly from the mesh. The minimum distance from each sampled
point to the nearest point in the extruded models is calculated, indicating the
maximum permissible error in the modeling process. The margin should be
kept small. The extruded model of the side view yields the smallest range of
errors. When using other extruded models as well as a bounding box, the error
ranges are found to be larger. It should be noted that the distribution is based
on a uniformly distributed sample on the mesh surface. However, if the sensor
detects particular components of the vehicle, the distribution may be subject to
variation. In cases where the vehicle approaches and departs from the sensor, it
is expected that the opposite side in the width direction will be obscured from
view. However, the error distribution should exhibit a mirrored pattern with
respect to the visible side if it could be seen.

Fig 3.1 further shows on the right side that the greatest distances are calculated
on the motor hood. 2D extended shape estimation working with data projected
on the x-y plane would result in either the bounding box or an extended model
of the top view contour. Both of these cannot avoid the significant error on
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Figure 3.1: A comparison of extruded 2D countour views. The distances from each point on the
true mesh to the model are calculated and organized into bins of histograms, which is shown on
the left side of the figure. The right side of the figure depicts the mesh and the extruded models
for reference. The color ranges from white indicating small distances, and blue, indicating large
distances. From top to bottom, extruded models from top view, front view and side view, as well as
a bounding box are shown respectively.

the motor hood. In contrast, side view contour shows smaller error distances
on the motor hood, though it has errors on the top edge of the left and right
surfaces. The error distances are around 0.3 m. We draw conclusion here that
when extruding 2D shape contour to 3D model, the side view is the prefered
option.

We therefore focus on the extruded model of the side-view contour and examine
the use of different models to generate it. In comparison to elliptic models,
star-convex models and spline models are capable of preserving more details in
the modeling. The star-convex model was initially formulated with the Random
Hypersurface Model(RHM) [2]. For the points p on a surface S, we have:

S(p) = {s · r(b, φ) · e(φ) + xc | φ ∈ [0, 2π] and s ∈ [0, 1]} (3.1)

Here, s denotes the scaling factor to generate hypersurfaces and to cover the
points on the surface. When s equals 1, the points are located on the contour.
The e is defined as the unit direction vector. The radial function r(b, φ) maps the
angle φ with the help of parameters b to the distance between the center of the
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(a) (b)

(c)

Figure 3.2: A comparison of different models for representing the side view contour of a vehicle.
(a) shows the model based on the radial function and its Fourier coefficients, with the number of
coefficients ranging from 3 to 101. (b) shows the model based on the radial function and Gaussian
process for it. In the recursive regression process, basis points are used to represent the shape at
fixed angles. The model is demonstrated in various shapes, ranging from 5 to 50 basis points. (c)
shows the model based on Bplines. The model is parametered with 4 to 24 control points.

object and its contour. The r(b, φ) can be further represented using the Fourrier
coefficients [2] or Gaussian process [25]. xc denotes the center of the object.
As illustrated in Fig 3.2 (a), the reconstructed shape of the side view tends to
be a circle using Fourier coefficients. An increase in the number of coefficients
does not result in substantial enhancements. This is because that the Fourier
serie is conducted on the star-convex formulation. In (b), the recursive GP solver
[12] gives good shape estimation only when the basis points are more than
20. However, the profile around the wheels cannot be captured with adequate
precision, mainly due to the fact that this component is not star-convex. Another
option for modelling the side contour is the Bspline. The radial function is not
necessary. The contour is directly represented using control points, a knot vector
and a one-dimentional parameter. Main stream work uses least-square method
to perform batch optimization in curve-fitting approximation problems [23]. An
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example result is shown in Fig. 3.2 (c). Here different numbers of control points
are demonstrated. It is evident that reasonable shape models can be obtained
with a minimum of 10 control points. Furthermore, an increase in the number
of control points can result in a better profile around the wheels.

A preferable concept is therefore based on the Bspline curve recursive approx-
imation. The number of the control points is to be set to a fixed value while
their position can vary freely. For some of the feature points, we could also use
less parameter like the scaling factor, to keep the number of parameter small
while maintaining a greater number of control points. For instance two points
at (− length

2 , 0) and ( length
2 , 0) have only one parameter. The knot vector is set to

be uniform. Kalman filter based recursive approximation like [11] hasn’t been
seen in EOT, but can be integrated. It requires to formulate the Bspline into
its matrix formulation [20]: For a Bspline with a knot vector k = (kj)n+d+1

j=1 ,
where n denotes the number of control points and d the degree of the Bspline,
we use an integer µ to represent the index of k, d+ 1 ≤ µ ≤ n, and use positive
integer o for index of Matrix Ro:

Ro(κ) =


kµ+1−κ

kµ+1−kµ+1−o

κ−kµ+1−o

kµ+1−kµ+1−o
0 · · · 0

0 kµ+2−κ
kµ+2−kµ+2−o

κ−kµ+2−o

kµ+2−kµ+2−o
· · · 0

...
...

. . . . . .
...

0 0 · · · kµ+o−κ
kµ+o−kµ

κ−kµ

kµ+o−kµ


(3.2)

We then have for κ ∈ [kµ, kµ+1) the d+ 1 Bspline function {Bj,d}µ
j=µ−d

B>
d =

(
Bµ−d,d Bµ−d+1,d . . . Bµ,d

)
= R1(κ)R2(κ) · · · Rd(κ). (3.3)

Combined with the control points cj (underline here indicates vector), a Spline
curve f(κ), κ ∈ [kµ, kµ+1) becomes:

f(κ) = R1(κ)R2(κ) · · · Rd(κ)cd. (3.4)

Note cd = (cµ−d, cµ−d+1, · · · , cµ)>. This is to be incorporated into the mea-
surement equation of the Kalman filter for the purpose of further development.
The concrete algorithm and its validation are beyond the scope of this paper and
will be published in the near future.
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Working with the side view requires that the object’s orientation be managed with
high precision. To this end, the implementation of a Lie group-based Kalman
filter within the tracking process is prefered. This approach will facilitate the
determination of precise uncertainty measures in the pose and the control points
of the Bspline. For the decentralized fusion, the employment of a Lie theory-
based covariance intersection method is imperative. Additionally, the uncertainty
in the control points can be analyzed more explicitly than the parameters like
Fourier coefficients or Gaussian process mean values.

In summary, the objective of this study is to develop a methodology for perform-
ing 3D extended object tracking for radar-based ITS. The proposed approach
involves the utilization of Bspline-based contour description for the side view. To
this end, a dedicated tracker with recursive approximation for curve fitting will
be developed. This tracker will further leverage Lie theory to properly handle
the incremental value in the pose of the object in both tracking and decentralized
fusion.

4 Conclusion

In this work, we discuss on the shape models for EOT in radar-based ITS. We
provide an example comparison of different views to demonstrate its representa-
tional ability. The extruded model of a side-view contour could be a suitable
candidate for tracking. A further comparison between star-convex models and
Bspline models indicates the benefit of explicitly using Bsplines. We propose
a concept based on modeling the side-view contour and extruding it for a 3D
model. The proposed concept integrates a (extended) Kalman filter tracker with
Lie theory for tracking, and it fuses pose and control points using a covariance
intersection for robust estimation, considering potential correlations between
posterior results across multiple sensors.
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Abstract

In multi-stage processes, dependence on noisy observations of the intermedi-
ates is a problem to overcome to predict the outputs accurately. This requires a
Multi-StageGaussian Process (MSGP)- amodeling idea to incorporate such inter-
mediate observations, considering various observation likelihoods effectively.
The MSGP may further boost predictive performance by indirectly observing the
multi-stage process by adopting Directed Acyclic Graph (DAG) architecture and
Variational Inference (VI) methods. Such a model would use the prior informa-
tion and increase the accuracy of inference, making Bayesian optimization and
prediction effective in situations where one can hardly make direct observations.

1 Introduction

In most practical applications, processes are not confined to one stage but usually
involve many stages with associated intermediate outputs. This, in turn, calls
for a more sophisticated modeling approach to capturing the details of the
real-world system. Traditional approaches to modeling nonlinear input-output
relationships typically use single black box GPs [12, 18, 4]. More recently, the
work by [2, 1, 13, 11] showed improved modeling and optimization results when
the intermediate observations were included.
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Most existing GPNs adopt a graph structure, where every node represents a
process stage with recorded intermediate outputs. Current models often assume
independent training of nodes. This is restrictive and can only deal with noise-
free observations, not noisy observations. We propose a new conceptual frame-
work, called the Multi-Stage Gaussian Process (MSGP), which will be able to
incorporate the noisy intermediate observations robustly to improve inference.
By extending established inference methods from Stochastic Variational GP
(SVGP) [7]. MSGP will likely facilitate more effective Bayesian optimization.
This paper discusses the broader idea of MSGP, why it is required, and how it
could be achieved.

2 Multi-stage process

In complex systems, a multi-stage stochastic process, denoted as M, is composed
of B interconnected subprocessesM(1), . . . ,M(B). Each subprocessM(b) can
be expressed using function g(b). Each subprocess accepts some adjustable
parameters s(b) and outputs from parent subprocesses Mρ(b). The process
function operation yields outputs g̃(b). These outputs are further influenced by
stochastic noise η̃(b). This noise follows a distribution p(η(b)|s(b)), capturing
the inherent randomness of each subprocess. An example process can be shown
as

g̃(1) = g(1)(s(1)) + η̃(1); g̃(2) = g(2)(s(2), g̃(1)) + η̃(2),

where η̃(b) ∼ p(η(b)|s(b))∀{1, . . . , B}.

Another way to express the stochasticity of the process is using a function space.
Using this definition, the process M can be redefined as

g̃(1) ∼ p
(
g(1); s(1)

)
; g̃(2) ∼ p

(
g(2); {s(2), g̃(1)}

)
.

Often, the subprocess outputs are observed indirectly, producing observed out-
puts t̃(b), rendering the true outputs latent. This indirect observation can be
modeled using a likelihood function. The challenge lies in modeling these final
outputs using the adjustable inputs and indirect observations through varied like-
lihoods while leveraging the known data generation structure of the process M.
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Wewish to incorporate a network-based modeling approach to avoid augmenting
intermediate observations with inputs and not letting the input dimensionality
blow up. This work proposes a Multi-Stage Gaussian Process (MSGP) to infer
outputs using indirect observations by treating the latent outputs as a joint normal
distribution.

3 Background

In this section, we discuss the existing Gaussian Process framework for a sin-
gle black-box modeling approach where the inputs {s(b)}∀ b ∈ {1, . . . , B} are
concatenated to model the final output t = t(B).

3.1 Gaussian Process

A Gaussian process (GP) can be viewed as a probability distribution over func-
tions defined on the input domain S ⊆ RDs . Conventional GP is used to model
scalar values observations and use scalar values functions sampled from the
function space. Concretely, it assigns a multivariate normal distribution to the
set of function values evaluated at any finite collection of inputs. Formally, one
writes

g
(
s
)

∼ GP
(
m
(
s
)
, k
(
s, s′)), (3.1)

wherem(·) : RDs → R is the mean function, and k(·, ·′) : S × S → R is the
covariance (kernel) function.

Posterior Inference

Suppose we observe R data points
{

sr, tr
}R

r=1, where each sr ∈ RDs denotes
an input location and tr ∈ R is the corresponding observed output. Let S =
{sr}R

r=1and t = {tr}R
r=1. We place a GP prior over the latent function values

g = {gr}R
r=1, encoded as

p
(
g; S

)
= N

(
m
(
S
)
, k
(
S, S′)), (3.2)
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and define the likelihood for each observation tr as p(tr|gr). Using Bayes’ rule,
the posterior over the latent function values, given all observations, is

p
(
g
∣∣ t; S

)
=

p
(
t
∣∣g) p(g; S

)∫
p
(
t
∣∣g) p(g; S

)
dg
. (3.3)

This posterior encapsulates how the observed data update the prior GP assump-
tions.

Marginal Likelihood and Hyperparameter Optimization

The kernel k(·, ·′) and the mean functionm(·) usually include hyperparameters
(e.g., length-scale, signal variance). These are often optimized by maximizing
the marginal log-likelihood (MLL) of the observed data:

LGP =
R∑

r=1
logEp(gr; sr)

[
p
(
tr
∣∣ gr

)]
. (3.4)

In the special case of a Gaussian likelihood with additive noise variance σ2
t ,

the marginal distribution p(t|S) becomes N
(
m(S), k(S,S′) + σ2

t I
)
, leading

to a closed-form expression for Equation 3.4. However, solving for the exact
posterior in this scenario requires O(R3) operations due to the inversion of an
R×R covariance matrix.

This cubic complexity presents computational challenges when R is large or
non-Gaussian likelihoods are used. In those cases, one typically employs approx-
imations such as sparse GPs or variational methods to reduce the computational
load while retaining the desirable properties of Gaussian process models [15].

3.2 Stochastic Variational Gaussian Process

When the data size grows large or the observation model is non-Gaussian, opti-
mizing a Gaussian process (GP) by directly maximizing the MLL in Equation 3.4
becomes prohibitive [20]. As a remedy, Stochastic Variational Gaussian Process
(SVGP) [7, 8] provides a principled approximation scheme that addresses both
scenarios.
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Inducing Points and Their Distribution

SVGP introduces a finite set of inducing locations J = {jk}K
k=1, where each

jk ∈ RDs is drawn from the same domain as the observed inputs {sr}. The
corresponding GP function values, called inducing points, at these pseudo-inputs
are w = {wk}K

k=1. Their prior distribution under the GP is

p
(
w; J

)
= N

(
m
(
J
)
, k
(
J, J′)), (3.5)

which complements the exact GP prior in Equation 3.2. To facilitate variational
inference, one also specifies a Gaussian variational distribution for these inducing
variables,

q
(
w
)

= N
(

µw, Σw

)
.

Variational Approximation

Because w and g (the GP values at the observed inputs) come from the same
underlying GP, one can write their joint Gaussian distribution by combining
Equations 3.2 and 3.5 (see also [14]). Based on this joint model, the SVGP
framework defines a variational posterior for g as follows:

q
(
g; S,J

)
=
∫
p
(
g
∣∣w; S,J

)
q
(
w
)

dw

= N
(

µq(g), Σq(g)

)
, (3.6)

where the closed-form expressions for the mean and covariance are given by the
following formulae

µq(g) = m
(
S
)

+ α(S)>
(

µw −m
(
J
))
,

Σq(g) = k
(
S, S

)
− α(S)>

(
k
(
J, J

)
− Σw

)
α(S),

α(S) = k
(
J, J

)−1
k
(
J, S

)
. (3.7)

By conditioning only onK inducing points (withK � R), we are able to keep
the computational costs tractable. This is even the case for large datasets or
complex likelihood models.
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Variational Objectives

To optimize both the GP hyperparameters and the variational parameters, one
maximizes an Evidence Lower BOund (ELBO) [8]:

LSVGP, ELBO =
R∑

r=1
Eq(gr)

[
log p

(
tr
∣∣ gr

)]
− β KL

(
q
(
w
) ∥∥∥ p(w)),

where KL is the Kullback–Leibler divergence. Monte Carlo estimation is typi-
cally used to approximate the expectation term.

Predictive Log Likelihood

Alternatively, the Parametric Predictive GP Regressor (PPGPR) [10] proposes
maximizing a Predictive Log Likelihood (PLL):

LSVGP, PLL =
R∑

r=1
logEq(gr)

[
p
(
tr
∣∣ gr

)]
− β KL

(
q
(
w
) ∥∥∥ p(w)),

and reports improved predictive performance in some settings. However, the
required expectation does not admit a closed-form solution for non-conjugate
likelihoods, and various approximations must be employed [8, 9].

3.3 Deep Gaussian Process

A Deep Gaussian Process (DGP) [3] extends standard Gaussian processes by
stacking multiple GPs in a hierarchical structure. Consider a model with N
layers, where the jth layer outputs a vector g(j) ∈ RDj . Each layer’s outputs
serve as inputs to the subsequent layer. Formally, if g(j−1)

r denotes the output of
layer j − 1 for the rth data point, then it becomes the input to layer j, yielding
output g(j)

r . Unlike a single-layer GP, this hierarchical setup induces a non-
Gaussian marginal distribution at the final layer, making closed-form inference
based on the MLL intractable.

Doubly Stochastic Variational Inference

A well-known technique for approximate inference in DGPs is doubly stochastic
variational inference [17], which generalizes the SVGP approach to multiple
layers. As in single-layer SVGP, one introduces a set of inducing locations
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and corresponding inducing points for each layer. For layer j, let J(j−1) ∈
RK(j)×Dj−1 denote the inducing locations, with K(j) being the number of
inducing points for that layer and W(j) ∈ RK(j)×Dj the corresponding function
values under the GP prior. By assuming independence across layers [17], each
layer’s marginal depends only on the previous layer.

Following Equations 3.6 and 3.7, one writes the variational distribution at the
final layer N as

q
(

g(N)
r

∣∣ g(N−1)
r ,J(N−1)

)
=
∫ N∏

j=1
q
(
g(j)

r

∣∣ g(j−1)
r ,W(j),J(j−1)) dg(N−1)

r ,

(3.8)

where we treat g(0)
r = sr as the original input, and q(g(N)

r ) is understood as
a distribution rather than a single scalar. Because this setup involves a nested
composition of distributions, an exact evaluation of the likelihood term is not
feasible. Instead, one resort to Monte Carlo (MC) approximations for the inner
expectations [17], sampling g̃(j)

r ∼ q
(
g(j)

r

)
layer by layer.

Variational Objective

Given the layered structure, the ELBO for the DGP is derived by summing over
all observations and penalizing the divergence between the variational and prior
distributions for the inducing points of each layer. Specifically,

LDGP, ELBO =
R∑

r=1
E

q
(

g(N)
r

)[log p
(

tr

∣∣ g(N)
r

)]
− β

N∑
j=1

KL
(
q
(
W(j)) ∥∥ p(W(j))). (3.9)

This objective can be optimized via gradient-based methods, with MC sampling
used for the expectation term in non-conjugate settings. By repeatedly sam-
pling through the layers—hence the phrase ”doubly stochastic”—one obtains an
effective approximate posterior that captures multiple levels of latent structure.
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4 Gaussian Process Networks and Related Work

Gaussian Process Networks (GPN)

The so-called Gaussian Process Network was first proposed in [5] and extended
in [6] for the problem of learning a Bayesian network structure in a Gaussian
process framework. These early formulations focus on structure learning about
how nodes are connected in a directed acyclic graph (DAG) without considering
inference, given noisy observations of intermediate subprocesses. A different
line of work, Gaussian Process Regression Networks (GPRN), was proposed
by [5, 21], where each node in a neural network–like graph and its outputs are
modeled via linear combinations of node outputs in conjunction with Gaussian
processes. However, GPRNs constitute yet another approach to multi-output
regression. Thus, as they do not specifically consider intermediate observations,
their problem setting cannot be similar to the one examined here.

A more recent usage of GPNs as surrogate models is discussed by [2, 1]. Each
subprocessM (b) is treated as a Gaussian process:

g(b)(·) ∼ GP(b)(m(b)(·), k(b)(·, ·′)
)
,

and the associated noisy measurement is given by the likelihood p
(
tb
∣∣ g(b)).

Because each node’s GP is assumed independent given its observed input-output
pairs, one can employ standard closed-form marginal log-likelihood [15] to
train each GP individually. Monte Carlo (MC) sampling propagates the final
predictions through the network.

Despite being computationally convenient, this strategy leads to three main
limitations:

1. Noisy Observations vs. Latent Inputs: In practice, the child nodes often
depend on the latent parent outputs, not the noisy observations of the
parent. However, the GPN framework provides the child nodes with the
observed noisy values, valid only under noise-free conditions.

2. Deterministic Input Assumption: Every output of each parent node
in GP is a distribution rather than a fixed number. At training, GPNs
rely on their closed-form marginal log-likelihood, which depends on a
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deterministic input provided to the child GP. For prediction, MC sampling
is conducted instead, resulting in a discrepancy between what has been
trained and what is inferred.

3. Restriction to Gaussian Likelihood: Since the approach relies on exact
marginal log-likelihood, it is restricted to Gaussian observation models.
This is too restrictive in practice where the noise could be non-Gaussian,
and the real-world process might require amortized likelihoods due to
high-dimensional intermediate observations.

Models in [19, 13] partially overcome the first issue by explicitly modeling
latent values but still relying on independent node inference via exact marginal
log-likelihood, leaving the second and third constraints unresolved. Moreover,
GPN-based frameworks presented in [1, 19, 2] are mostly surrogate models
for Bayesian optimization with intermediate data rather than general-purpose
inference methods.

Gaussian Process Autoregressive Regression (GPAR)

An alternative GPN variant, known as Gaussian Process Autoregressive Regres-
sion (GPAR), has been introduced by [16]. GPAR sequentially models each
observed output by treating previous outputs (in a fixed or greedily chosen
order) as inputs to downstream GPs in an autoregressive fashion. Although
GPAR demonstrates strong multi-output predictive performance, it does not
fully resolve the second and third limitations above nor provides a scalable
solution for selecting the order of outputs. Furthermore, when the underly-
ing structure is a DAG (rather than a simple chain), it remains unclear how to
accommodate more complex dependencies while retaining GPAR’s flexibility.

5 Discussion

Following the variational inference techniques from Section 3, we propose
a multi-stage Gaussian process that can mitigate the major limitations of the
current state-of-the-art GPN. Unlike the GPN, which uses the exact marginal
log-likelihood while directly feeding the noisy observations from the parental
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nodes into the child processes, the new model would incorporate a variational
formulation capable of naturally handling stochastic outputs from parent nodes
and non-Gaussian likelihoods. In particular, a variational posterior would be
assigned for each subprocess using inducing points, similar to the case of SVGP
or DGP. There are also hierarchical dependencies between layers, which thus
allows MSGP to model observation noise disentangled from true latent outputs
and use Monte Carlo samples for training and prediction phases. This ensures
that the same way of treating uncertainty is followed throughout all the steps
of the network. Besides, MSGP naturally could support high-dimensional
intermediate observations by extending the VI methods for amortized inference
strategies and avoiding rigid assumptions for closed-form marginal likelihood.
It would thus provide a flexible, scalable surrogate modeling tool applicable
to most real-world multi-stage systems where the intermediate measurements
may be noisy, non-Gaussian, or both while keeping the desirable properties of
Bayesian inference.
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Abstract

The lateral offset between vehicles is a relevant factor for the range of vision of
vehicle sensors and thus influences the output of an automated driving function
relying on the sensor input. With simulations being an integral part of the
automated driving function validation process, their ability to realistically reflect
the lateral movement of vehicles is essential. A model addressing this task has
been introduced in earlier work. How to assess the realism of the generated
lateral movement is a question of its own. Earlier work bases the evaluation on
comparing the distributions of selected features for the real and artificial lateral
movement using the Jaccard index. When using this unit as a basis, the model
generates not only qualitatively but also quantitatively realistic results and, in
particular, outperforms other existing approaches. To gain more insights on the
model’s abilities and limitations, we explore the use of the Cramér-von Mises
distance and the associated test as further means for evaluating the baselinemodel
and, in particular, the enhanced version of the model considering influencing
factors. The results show that the Cramér-vonMises distance and test are suitable
additional means for comparing the feature and lateral position distributions,
underlining the strengths of the model but also revealing its weaknesses. The
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introduced factor-based Cramér-von Mises distance is in particular able to bring
out the effect of considering influencing factors on the model results.

1 Introduction

The lateral movement of vehicles within their lane affects the object occlusions
that occur, the range of vision of vehicle sensors, and ultimately the objects
detected by downstream algorithms. The lateral position of vehicles is also
a direct input to automated driving (AD) functions such as a cut-in detection
function that uses this information to predict upcoming cut-ins of surrounding
vehicles. With classical field tests alone being no longer feasible for the valida-
tion of AD functions [31], simulations have become an integral part of it. To
ensure their representativeness with respect to reality, they need to be able to
realistically model the lateral movement of vehicles. However, currently used
tools such as microscopic traffic simulations [10, 16] and scenario-based tests
that use the maneuver-based approach [24, 13, 15, 28] simplify or neglect the
lateral movement of vehicles. For that reason, earlier work proposed a model
addressing this task [20, 22, 23, 21]. How to assess the realism of the so gener-
ated lateral movement is a question on its own. The feature-based evaluation
strategy presented and adopted in previous work [20, 22, 23, 21] has shown
to be a good starting point. Other than the approaches used in comparable
work, it is suitable to detect discrepancies in the temporal course of the lateral
movement. The present work explores further strategies for model evaluation to
gain additional insights on its performance with a particular focus on evaluating
the model variants that consider factors influencing the lateral movement.

The remainder of this work is structured as follows: after the introduction given
in the current section, related work is presented in Sec. 2. Sect. 3 describes the
datasets used. Additional means of evaluation for the baseline model and when
taking into account influencing factors are explored and discussed in Sect. 4. A
conclusion and an outlook in Sec. 5 close the work.
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2 Related Work

In previous work, Neis and Beyerer introduced and extended the two-level
stochastic model for the lateral movement of vehicles during lane following [20,
25, 23, 22, 21]. It is based on the idea that at any point in time t, the lateral
movement x can be split into a coarse part κ and a fine part φ:

x(t) = κ(t) + φ(t). (2.1)

The coarse movement represents the systematic and position-dependent part
of the lateral movement. The fine movement is the continuous residuum and
is assumed to be stochastically independent from the coarse movement. In the
following, the general structure of the model is explained. For more details, see
the referenced literature.

A Markov model is used to model the coarse movement. It can be extended to a
hidden Markov model (HMM) to take into account influencing factors on the
lateral movement. The states of the Markov model, respectively hidden states
of the HMM, are obtained by separating the lane into nc segments of equal
width. The (hidden) Markov model is calibrated by using the coarse movement
observed in real-world data. It is obtained by rounding the full lateral movement
to discrete positions. To compensate for the steps occurring in the output of
the (hidden) Markov model, it is smoothed using a kernel gs with mean zero
and standard deviation s before adding the noise. The real fine movement is
obtained by subtracting the smoothed real coarse movement from the real full
movement, and modeled via a noise model. The idea is to describe how far the
fine movement of the driver differs from white noise. This difference is reflected
by a noise kernel used to convolve white noise to generate noise with the same
characteristics as the fine movement of the driver. The results can be improved
by parameterizing the noise kernel in every timestep [22] as an exponential
function k(x) = max(0, c exp(−a|x|) + b) with three parameters. These are
provided by a Markov model with resolutionMa ×Mb ×Mc calibrated with
real data. Suitable meta parameters for the model are derived from the sensitivity
analysis performed in [25] and the insights of [22].

The way in which the realism of the generated lateral movement can be shown
is a challenge on its own. The strategy developed and applied in earlier work is
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based on ten metrics that evaluate the geometric features of lateral offset profiles
of constant duration T . Given a lateral offset profile X = [x0, ..., xm] ∈ Rm+1

the metrics are the maximum of X xmax, the minimum of X xmin, the mean
of X x̄, the standard deviation of X σ, the median of X x0.5, the 25% and
75% percentile of X x0.25 respectively x0.75, the range of X r defined as
r := |xmax − xmin|, the mean difference between two consecutive values in
X times ten x̄diff,10 and standard deviation of the difference between two con-
secutive values in X times ten σdiff,10. For each real lateral offset profile of
duration T , an artificial one with the same duration is generated. Then, each of
the metrics can be evaluated on each of the lateral offset profiles. The resulting
distribution can be compared quantitatively using the so-called Jaccard index
Jw[fr, fa] [5]. It measures the overlap of the distributions for a given metric
for the real and the artificial data. As demonstrated in [21], this evaluation
strategy can reveal discrepancies in the temporal course of the generated lateral
movement. It is therefore superior to other approaches proposed in literature
that evaluate the overall lateral offset or speed distribution or their moments
only [6, 27]. For the performance of optimizations or condensed evaluations,
in [21] the evaluation is further summarized into a fitness function that sums
the minimum Jaccard index and the median of the remaining Jaccard indices.
Special weight is given to the minimum Jaccard index, as previous work [25, 19]
has shown that in particular the performance of the weakest metric is decisive
for the overall performance of the model.

Alternative methods for modeling the lateral movement of vehicles within their
lane are based on stochastic differential equations [6, 27]. A comparison of these
models with the one of Neis and Beyerer shows the qualitative and quantitative
superiority of the latter [19]. It creates realistic results on varying time scales
and for different driver-specific datasets [21]. In addition, it outperforms other
approaches in terms of calibration and computational efficiency [19]. The model
as such is use case agnostic, but due to its modular structure it can be adopted
based on an envisaged application. For example, one could decide to reduce
model realism to increase runtime. In contrast to the other approaches, the
model can take into account influencing factors whose relevance on the lateral
movement has been shown in numerous studies [4, 29, 3, 8, 18, 14, 7].
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Earlier work showed that considering a set of sample influencing factors for the
two-level stochastic model can be advantageous to the realism over extended time
periods [23]. In addition, taking the longitudinal speed into account can improve
the model results [21]. However, a detailed analysis for further influencing
factors is pending and lacks an evaluation strategy that takes these into account.

This paper aims to explore additional means to assess the realism of the generated
lateral offset profiles for the baseline model, as well as models considering
influencing factors.

3 Dataset

For the experiments performedwithin this study, data from three drivers collected
on German highways are used. The recording vehicle was a Porsche Cayenne
equipped as described in [12] with two additional LiDAR sensors, one on the
left and one on the right side. The total amount of data collected on highways
for each driver is given in Tab. 3.1. We further specify the amount of data usable
for the model after removing lane changes and erroneous measurements.

The lateral position information is directly obtained from the vehicle’s bus which
provides the distances to the left and the right lane markings. These bus signals
are already processed data that trace back to the images of the series camera.
To be able to compare the lateral position on lanes of different widths, the lane
width is normalized to one, and relative lateral positions are used. These range
from −0.5 (vehicle center on left lane marking) to 0.5 (vehicle center over right
lane marking). The information on the influencing factors is obtained from the
inertial measurement unit (longitudinal speed), the vehicle’s bus (type and color
of lane marking, position, speed, and class of surrounding vehicles), and the
LiDAR data (relative position of neighboring vehicles).

The data recorded at frequencies ranging from 10 Hz (LiDAR) over 25 Hz (vehi-
cle bus) to 100 Hz (inertial measurement unit) are synchronized and down-
sampled to 5 Hz. It is assumed that below this threshold, vehicle motion is
predominantly determined by vehicle dynamics and not by the human driver.
Thus, down-sampling is considered permissible.
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Table 3.1: Data available per driver.

Driver 1 Driver 2 Driver 3
total duration of highway drives (in h) 9.4 6.9 6.1
usable distance of lane following (in km) 687 616 500
usable duration of lane following (in h) 8.1 6.5 5.4

4 Evaluation Extension

Within this section, additional means of model evaluation based on the Cramér-
von Mises (CvM) distance and the Cramér-von Mises test are introduced [2].
The CvM distance is a distance measure which can be used to determine the
distance between two given sample sets. The CvM test checks whether we can
assume the same underlying distribution for them. In its original version, the
CvM test works only for the one-dimensional case. However, Hanebeck and
Klumpp [11] proposed an extension for the multivariate case which is used
within this work. It compares the localized cumulative distributions of two
sample sets calculated with various patch sizes.

Alternative approaches to the CvM test are the Kolmogorov-Smirnov test [26],
which is, however, commonly considered less powerful [30] and the Anderson-
Darling test [1]. The latter places more emphasis on the tails of the distribu-
tion [9], while the CvM test equally weights the full distribution. Thus, the latter
is selected for this work.

In all experiments, we choose a resolution of nc = 20 for the (hidden) Markov
model and a standard deviation of s = 3 s for the smoothing kernel. The
resolutions of the parameter Markov model for the noise model are chosen
as Ma = 40, Mb = 20, and Mc = 10. We evaluate the coarse model at a
timestep of one second and interpolate it to be in line with the overall model
timestep of ∆τ = 0.2 s which is used for the noise model. To verify the null
hypothesis that two samples trace back to the same distribution using the CvM
test, we select a significance level of 5%.
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4.1 Baseline Model Evaluation

Within this section, we assess additional evaluation strategies for the baseline
model that could potentially extend the current approach explained in Sec. 2. We
calculate the CvM distance and apply the CvM test to the metric distributions
and the overall lateral offset distribution. The lateral offset distribution is used
as an evaluation measure in other papers [6, 27]. Earlier work [21] explained
the inferiority of this approach compared to the metric-based evaluation strategy
as sole mean of evaluation. However, the interest of this work is to find out
in what way it is useful as an additional tool. Due to the stochastic character
of the model, the CvM distance and test result vary from one run to the other.
Each model is therefore run ten times. We then indicate the mean and standard
deviation for the CvM distances as well as the Jaccard indices, and the number
of acceptances of the CvM test for these ten runs.

4.1.1 Evaluation of lateral position distribution

We start with evaluating the CvM distance and test result, as well as the Jaccard
index for the real lateral position distribution and the one resulting from themodel.
To obtain the model’s lateral offset distribution, for each real lane following
maneuver present in the data we generate an artificial one with the same duration.
For reference, we conduct the same comparison as for the real-world data and
the artificial data with the two subsamples of a random split of the real lateral
position data. Naturally, this results in a sample size being half the one of the
full real data. To ensure comparability of the results, we thus also select half
of the real datapoints and half of the model datapoints for their comparison.
Moreover, we apply the multivariate CvM distance to compare the distribution
of lateral position data on the space and time domain simultaneously. The patch
size chosen for the space domain is varied between 0.01 and 0.1 (no unit as we
use relative lateral positions), and the one for the time domain between 0.2 s
and 5 s. With increasing duration T , the amount of lane following maneuvers
within the real data extending up to that duration reduces, and the space-time
distribution of lateral position data becomes sparse. For that reason, the time
domain is restricted to T = 30 s. This duration is also frequently used in other
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Table 4.1: Mean and standard deviation of CvM distances as well as Jaccard indices, and test results
for ten runs when comparing distributions of lateral offset data. In the first case we compare the real
data and the model data, in the second case two random splits of the real data. To ensure a consistent
sample size, for comparing the real data and the model data random samples consisting of half of
the data are used for comparison.

Driver 1 Driver 2 Driver 3
data vs model data vs data data vs model data vs data data vs model data vs data

acceptance rate 0/10 10/10 0/10 9/10 0/10 10/10
CvM distance 9.719 ± 5.100 0.070 ± 0.039 9.997 ± 6.641 0.184 ± 0.130 4.751 ± 1.935 0.158 ± 0.122
Jaccard index 0.927 ± 0.009 0.987 ± 0.002 0.923 ± 0.020 0.984 ± 0.003 0.931 ± 0.009 0.983 ± 0.002
multivariate CvM distance × 10−4 7.593 ± 1.848 0.705 ± 0.882 4.330 ± 1.404 0.883 ± 0.861 8.112 ± 1.198 1.388 ± 1.796

studies as it is a good compromise between an extended simulation duration
and the number of real-world data snippets available. The results are listed in
Tab. 4.1. We illustrate the resulting lateral position distributions in Fig. 4.1.

When performing the evaluation based on the two real data samples, the null
hypothesis is accepted in almost every case, the mean CvM distances are below
0.2 and the Jaccard indices above 0.98. For the comparison of the real-world
data with the one generated by the model, however, the null hypothesis is
rejected in every case and the CvM distances are significantly higher, even
though the Jaccard indices are still above 0.92. When qualitatively comparing
the illustrated lateral offset distributions, one can note slightly different shapes
and a small shift of the mean values. For the multivariate case, high standard
deviations with respect to the mean value can be observed for the comparison of
two real-world data sets. When comparing the real-world data with the model
data, the variations of the multivariate CvM distance with respect to the resulting
mean value are smaller, but the mean value for the CvM distance is between
half and one order of magnitude larger than when comparing the two real-world
subsets.

Thus, even though the Jaccard indices reveal a high overlap of the lateral offset
distributions observed in reality and generated by the model, due to the high
sensitivity of the CvM test, the slight differences visible from the illustrations
are sufficient to cause the rejection of the null hypothesis. According to the
test, the model is thus not able to reproduce the overall distribution of lateral
positions observed in reality and also the significantly larger CvM distances
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(a) Driver 1. (b) Driver 2. (c) Driver 3.

Figure 4.1: Lateral offset distributions for the real data and resulting from the models for the three
drivers. The vertical lines in the violins indicate the minimum, mean, and maximum value.

indicate a mismatch between the real-world lateral position distribution and
the one generated by the model. The real-world data themselves, however,
according to the CvM test result, are able to reproduce the distribution. Also
when considering the multivariate case, the two subsets of real-world data lie
way closer together than the real-world data and the model data. Thus, if aiming
to reproduce the lateral offset distribution of the real-world data, there is space for
improvement, not only regarding the overall lateral position but also regarding
its evolution over time. If an exact reproduction of the real-world distributions
is desirable, however, depends on the use case. One might be interested in
generally increasing the variety of the simulations with respect to reality and
to reflect in particular rarely appearing behavior that has not been observed in
reality. In this case, a model featuring a higher entropy than the real-world data
is required, yielding a different lateral offset distribution than the one observed
in reality.

4.1.2 Evaluation of metric distributions

Second, the CvM distance and test result are determined for the metric distri-
butions for the three drivers. The chosen snippet length is set to T = 30 s. The
results for the three drivers are given in Tab. 4.2 to Tab. 4.4. For reference, we
again give the results for comparing two random splits of the real data, and
therefore again randomly select half of the model data and half of the real data
for their comparison. The applied coloring ranges from green (better results,
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Table 4.2: Number of acceptances of null hypothesis based on CvM test, mean and standard deviation
of CvM distance, and mean and standard deviation of Jaccard indices for ten runs for Driver 1 for
the ten metrics when comparing a randomly selected half of the real data with a randomly selected
half of the model data and when comparing two random splits of the real data.

data vs. model data vs. data
acceptance rate Jaccard index CvM distance acceptance rate Jaccard index CvM distance

σdiff,10 0/10 0.440 ± 0.020 9.272 ± 1.017 10/10 0.903 ± 0.033 0.145 ± 0.130
x̄diff,10 9/10 0.806 ± 0.023 0.307 ± 0.107 10/10 0.894 ± 0.026 0.116 ± 0.080
r 0/10 0.782 ± 0.034 1.046 ± 0.396 10/10 0.881 ± 0.027 0.177 ± 0.081

x0.75 9/10 0.888 ± 0.043 0.182 ± 0.174 10/10 0.901 ± 0.019 0.135 ± 0.082
x0.25 8/10 0.884 ± 0.030 0.316 ± 0.228 9/10 0.891 ± 0.021 0.189 ± 0.156
x0.5 9/10 0.897 ± 0.036 0.194 ± 0.167 10/10 0.890 ± 0.027 0.169 ± 0.131
σ 9/10 0.868 ± 0.026 0.242 ± 0.201 9/10 0.882 ± 0.029 0.188 ± 0.131
x̄ 8/10 0.888 ± 0.039 0.254 ± 0.190 9/10 0.895 ± 0.024 0.165 ± 0.135

xmin 10/10 0.886 ± 0.024 0.135 ± 0.087 9/10 0.896 ± 0.024 0.197 ± 0.151
xmax 0/10 0.802 ± 0.027 0.957 ± 0.321 10/10 0.897 ± 0.024 0.109 ± 0.058

i.e., lower CvM distances/higher Jaccard indices) to yellow (worse results, i.e.,
higher CvM distances/lower Jaccard indices).

In case of the data split, the null hypothesis is accepted in eight to ten cases
for all drivers and metrics with CvM distances smaller than 0.3. With a few
exceptions, this is also the performance achieved for most model versus data
comparisons. The exceptions are the metric σdiff,10 for all drivers, r and xmin
for Driver 1 and Driver 3, and σ for Driver 3. In these cases, the resulting
CvM distances are significantly higher and the null hypothesis is accepted in
at most half of the cases. Looking at the Jaccard indices and CvM distances
together, it can be seen that there is a general correspondence between both.
High CvM distances go along with low Jaccard indices, and vice versa. We
further consider the illustration of the metric distribution given in Fig. 4.2. A
correspondance can be seen between those cases for which the model data show
not only a slightly different shape but a significantly shift with respect to the real
data, in particular visible from the mean value, and the cases for which the CvM
distance is high. The latter also goes along with a frequent rejection of the null
hypothesis, relatively low Jaccard indices. The metric σdiff,10 for Driver 1 that
shows the visually least agreement is also the one with the lowest Jaccard index
and the highest CvM distance.
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Table 4.3: Number of acceptances of null hypothesis based on CvM test, mean and standard deviation
of CvM distance, and mean and standard deviation of Jaccard indices for ten runs for Driver 2 for
the ten metrics when comparing a randomly selected half of the real data with a randomly selected
half of the model data and when comparing two random splits of the real data.

data vs. model data vs. data
acceptance rate Jaccard index CvM distance acceptance rate Jaccard index CvM distance

σdiff,10 0/10 0.676 ± 0.047 1.098 ± 0.453 8/10 0.876 ± 0.046 0.226 ± 0.237
x̄diff,10 10/10 0.884 ± 0.026 0.141 ± 0.054 8/10 0.875 ± 0.038 0.213 ± 0.207
r 9/10 0.849 ± 0.041 0.199 ± 0.143 9/10 0.879 ± 0.037 0.178 ± 0.141

x0.75 10/10 0.855 ± 0.022 0.197 ± 0.090 9/10 0.880 ± 0.033 0.207 ± 0.191
x0.25 10/10 0.882 ± 0.024 0.142 ± 0.061 10/10 0.886 ± 0.020 0.165 ± 0.097
x0.5 10/10 0.877 ± 0.020 0.138 ± 0.055 9/10 0.890 ± 0.025 0.192 ± 0.149
σ 10/10 0.885 ± 0.020 0.128 ± 0.057 10/10 0.887 ± 0.029 0.150 ± 0.105
x̄ 10/10 0.865 ± 0.026 0.154 ± 0.058 9/10 0.890 ± 0.025 0.184 ± 0.145

xmin 10/10 0.875 ± 0.017 0.141 ± 0.065 10/10 0.879 ± 0.025 0.199 ± 0.092
xmax 9/10 0.840 ± 0.054 0.240 ± 0.132 9/10 0.870 ± 0.042 0.220 ± 0.168

Table 4.4: Number of acceptances of null hypothesis based on CvM test, mean and standard deviation
of CvM distance, and mean and standard deviation of Jaccard indices for ten runs for Driver 3 for
the ten metrics when comparing a randomly selected half of the real data with a randomly selected
half of the model data and when comparing two random splits of the real data.

data vs. model data vs. data
acceptance rate Jaccard index CvM distance acceptance rate Jaccard index CvM distance

σdiff,10 4/10 0.771 ± 0.030 0.725 ± 0.372 10/10 0.885 ± 0.025 0.121 ± 0.085
x̄diff,10 10/10 0.882 ± 0.016 0.157 ± 0.067 9/10 0.876 ± 0.054 0.134 ± 0.128
r 3/10 0.760 ± 0.045 0.901 ± 0.444 10/10 0.870 ± 0.028 0.174 ± 0.120

x0.75 10/10 0.879 ± 0.039 0.114 ± 0.065 10/10 0.865 ± 0.024 0.198 ± 0.065
x0.25 10/10 0.866 ± 0.040 0.150 ± 0.085 8/10 0.860 ± 0.036 0.234 ± 0.178
x0.5 10/10 0.879 ± 0.036 0.128 ± 0.064 10/10 0.863 ± 0.029 0.227 ± 0.124
σ 3/10 0.757 ± 0.048 0.767 ± 0.469 10/10 0.879 ± 0.033 0.168 ± 0.133
x̄ 10/10 0.887 ± 0.044 0.116 ± 0.085 10/10 0.864 ± 0.022 0.211 ± 0.102

xmin 10/10 0.898 ± 0.014 0.080 ± 0.037 10/10 0.872 ± 0.034 0.180 ± 0.113
xmax 5/10 0.843 ± 0.037 0.451 ± 0.236 9/10 0.872 ± 0.040 0.185 ± 0.123
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(a) Driver 1. (b) Driver 2. (c) Driver 3.

Figure 4.2: Metric distributions for the real data and resulting from the models for the three drivers.
The vertical lines in the violins indicate the minimum, mean, and maximum value.

Consequently, the statement on the model’s performance for those metrics that
already show a high Jaccard index can be strengthened to stating that the model
is not only able to produce good overlap of the metric distributions, but also
results in low CvM distances indicating the strong tendency that the same
underlying distribution between the model data and the real data can be assumed.
In particular, in these cases the results for the CvM distance and tests are as good
as those obtained for two real data splits. Consequently, for almost all features,
the model is able to reproduce the feature distribution observed in reality. For
the real-world data, however, this applies to all metrics while outliers exist when
comparing the model data with the real data. The relatively low Jaccard indices
already hint at discrepancies in the distributions which are confirmed by the
CvM distances and test results that further indicate that the differences are large
enough to assume a different underlying distribution. Consequently, if aiming
for better alignment between the model data and the real-world data, the metrics
characterized by high mean CvM distances need to be improved.

In the experiments, the CvM distance and test results and the Jaccard index show
a high correspondence. However, even though related, they measured different
quantities. While the Jaccard index evaluates the overlap of two sample sets, the
CvM distance and test evaluate their agreement. A high Jaccard index can thus
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be seen as a relevant precondition for a low CvM distance and an acceptance of
the null hypothesis, and the acceptance of it is a stronger statement than a high
Jaccard index. Vice versa, the rejection of the null hypothesis as a consequence
of a large CvM distance is a stronger indicator of a mismatch between the
distributions than the value obtained for the Jaccard index. The Jaccard index,
due to its fixed value range is easier to interpret than the CvM distance and
allows inter-model comparisons. Therefore, we consider both strategies valuable
for model evaluation.

4.2 Evaluation of Influencing Factors Integration

This section explores how the performance of a model taking into account
influencing factor can be assessed using the CvM distance and test. We consider
four different types of influencing factors, namely the lane type, traffic in the
neighboring right lane, and the front vehicle, referred to as lead vehicle. Before
presenting the evaluation results, each type of factor (e.g., lane) and the factor
configurations considered consisting of the possible factor realizations (e.g.,
left/center/right lane) are shortly described in Sec. 4.2.1 to Sec. 4.2.3.

Four different evaluation strategies are investigated. Firstly, we give the results
for evaluating the model results based on the Jaccard indices for the metric
distributions. We again select a snippet length of T = 30 s. For a condensed
evaluation, the fitness function is calculated that sums themean andmedian of the
remaining nine Jaccard indices (see Sec. 2). Secondly, the metric distributions
are compared using the CvM distance. Also for this case, we aggregate the
results into a fitness function summing the maximum CvM distance and the
median of the remaining nine CvMdistances. Thirdly, we introduce an evaluation
strategy that considers influencing factors. For this, again for each lane following
maneuver in the data, we generate an artificial one with the same duration.
Then, we derive the lateral position distributions for the real and the artificial
data for each influencing factor representation considered for evaluation. Their
accordance is measured using the CvM distance. If for example driving on the
left lane is one factor realization considered within the evaluation, the lateral
position distribution for all real data and all artificial data for which the vehicle
was on the left lane is determined and the CvM distance calculated. After having
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done so for all influencing factor realizations that are part of the evaluation, we
build the weighted sum. Hereby, weighting of the CvM distances is applied
based on the number of samples per corresponding factor realization. We refer
to this weighted sum of CvM distances as factor-based CvM distance. The
factor configuration considered for evaluation and the one used in the HMM can
potentially differ. For a better comparison of the various model configurations,
the factor configuration used for the evaluation is kept the same for each type
of influencing factor. It is specified in the section on the corresponding type of
influencing factor.

4.2.1 Lane Type

Regarding the lane type, seven configurations are analyzed. In addition to the
factor realizations introduced below for these configurations, there is always
an other class covering all remaining cases. In the first case, we differentiate
between the left or center lane and the right lane, in the second, we summarize
the center and right lane and consider the left lane separately, and in the third,
we separate all three lane types. By applying this to regular lanes only (and
summarizing construction site lanes under other) or applying it to construction
sites also (e.g., lane type left lane applies to regular lanes and construction site
lanes), this gives six configurations. In the last case, we differentiate between
the three lane positions and whether it is a lane within a construction site or not.
This is also the differentiation made for the factor-based evaluation.

4.2.2 Traffic on Right

Further we investigate the effect of considering passings of vehicles in the
neighboring right lane as emission of the HMM. The motivation behind this
is the observation of evasive maneuvers to the left during passings in the real
data. Each passing can be separated into an approaching phase (twenty seconds
until the front of the ego vehicle is reaching the rear of the vehicle to be passed),
the passing phase itself, and the leaving phase (fifteen seconds until rear of
ego vehicle reaches front of lead vehicle). We can further differentiate the
class of vehicle passed (i.e., truck or passenger car) and consider trucks only,
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passenger cars only, both while applying the same behavior to each class or both
but treating the two classes separately. We request free-flow traffic conditions
and thus a longitudinal speed of the passing vehicle of at least 40 km/h. If
not restricting the longitudinal speed, the behavior is primarily determined by
the long-lasting approaching and leaving phases during traffic jams for which
the lateral movement can be assumed to be dominated by other factors, e.g.,
the building of an emergency lane. When considering also the longitudinal
speed as an emission of the Markov model, the speed restriction applied here
becomes obsolete; however, for the here performed analysis of the passing effects
only, it is necessary. For evaluation, we also distinguish between the passing,
approaching, and leaving phase, treat trucks and passenger cars separately, and
request free-flow traffic conditions.

4.2.3 Lead Vehicle

Next we analyze the effects of the lead vehicle. There are studies which
observed that there are cases in which the lateral offset behavior of the lead
vehicle is mirrored by the following vehicle [17]. We thus use the relative lat-
eral position between the lead vehicle and the ego vehicle as emission. We
distinguish an offset of less than 0.3 m, more than 0.3 m to the left or more than
0.3 m to the right. Besides the lead vehicle’s characteristics as such, we can
vary the time headway (thw) threshold up to which the lead vehicle is taken
into account. We vary it in steps of 1 s between 1 s and 5 s. As in the case of
consideration of the vehicle on the right, only free flow traffic conditions are
considered, i.e., cases in which the ego vehicle drives with at least 40 km/h.
Also, for the evaluation, we restrict the consideration of lead vehicles to free
flow traffic conditions and distinguish lead vehicles with a thw of 1 s, 2 s, 3 s,
4 s, and 5 s as separate factor realizations.

4.2.4 Results

The results for applying the three evaluation strategies introduced in Sec. 4.2 to
models considering the various types of influencing factors described previously,
are given in Tab. 4.5 to Tab. 4.7. For reference, we also provide the results
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Table 4.5: Model results for baseline model and extensions considering the lane type as influencing
factor for the three drivers using the presented evaluation approaches.

Driver 1 Driver 2 Driver 3
fitness

Jaccard
indices

fitness
CvM

distance

factor-based
CvM

distance

fitness
Jaccard
indices

fitness
CvM

distance

factor-based
CvM

distance

fitness
Jaccard
indices

fitness
CvM

distance

factor-based
CvM

distance

baseline 1.413
±0.029

9.639
±1.054

125.289
±17.182

1.551
±0.034

1.246
±0.434

154.061
±14.045

1.636
±0.028

1.181
±0.387

16.819
±7.179

reg. left or center / reg. right / other 1.413
±0.025

9.627
±1.048

135.201
±27.401

1.551
±0.034

1.260
±0.455

175.616
±34.145

1.655
±0.025

1.176
±0.604

20.558
±9.136

left or center / right / other 1.410
±0.029

9.659
±1.070

166.607
±32.970

1.548
±0.031

1.266
±0.483

204.772
±39.698

1.661
±0.031

1.319
±0.544

19.645
±11.635

reg. left / reg. right or center / other 1.417
±0.026

9.685
±1.039

30.867
±9.238

1.565
±0.020

1.319
±0.393

91.390
±16.290

1.644
±0.032

1.176
±0.468

11.520
±5.287

left / right or center / other 1.418
±0.026

9.725
±1.063

28.131
±9.420

1.565
±0.021

1.286
±0.424

78.819
±17.063

1.641
±0.018

1.249
±0.445

9.946
±5.403

reg. left / reg. center /
reg. right / other

1.419
±0.027

9.710
±1.063

29.125
±7.306

1.570
±0.025

1.296
±0.402

22.354
±6.203

1.651
±0.025

1.194
±0.532

11.610
±4.587

left / center / right / other 1.418
±0.026

9.749
±1.076

24.286
±6.213

1.569
±0.021

1.285
±0.436

15.880
±5.359

1.657
±0.025

1.336
±0.517

12.136
±6.123

reg. left / reg. center / reg. right /
cs left / cs center / cs right / other

1.418
±0.025

9.740
±1.081

26.018
±7.132

1.569
±0.023

1.303
±0.407

20.017
±6.300

1.658
±0.020

1.229
±0.468

11.417
±6.435

Table 4.6: Model results for baseline model and extensions considering the vehicle on the right lane
as influencing factor for the three drivers using the presented evaluation approaches.

Driver 1 Driver 2 Driver 3
fitness

Jaccard
indices

fitness
CvM

distance

factor-based
CvM

distance

fitness
Jaccard
indices

fitness
CvM

distance

factor-based
CvM

distance

fitness
Jaccard
indices

fitness
CvM

distance

factor-based
CvM

distance

baseline 1.413
±0.029

9.639
±1.054

68.442
±25.080

1.551
±0.034

1.246
±0.434

94.548
±23.080

1.636
±0.028

1.181
±0.387

52.062
±20.162

truck on right 1.409
±0.031

9.629
±1.052

37.703
±15.552

1.546
±0.032

1.239
±0.440

58.016
±16.610

1.639
±0.032

1.100
±0.431

25.806
±18.062

car on right 1.405
±0.032

9.649
±1.036

36.199
±12.539

1.552
±0.030

1.252
±0.407

43.896
±11.805

1.639
±0.026

1.340
±0.477

44.210
±27.648

any vehicle on right 1.404
±0.032

9.651
±1.017

14.564
±5.632

1.546
±0.029

1.250
±0.433

19.282
±6.867

1.638
±0.023

1.138
±0.436

14.175
±12.173

truck on right or car on right 1.404
±0.032

9.653
±1.008

11.837
±4.655

1.548
±0.030

1.260
±0.395

13.611
±5.362

1.642
±0.028

1.115
±0.430

13.716
±12.241
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Table 4.7: Model results for baselinemodel and extensions considering the lead vehicle as influencing
factor for the three drivers using the presented evaluation approaches.

Driver 1 Driver 2 Driver 3
fitness

Jaccard
indices

fitness
CvM

distance

factor-based
CvM

distance

fitness
Jaccard
indices

fitness
CvM

distance

factor-based
CvM

distance

fitness
Jaccard
indices

fitness
CvM

distance

factor-based
CvM

distance

baseline 1.413
±0.029

9.639
±1.054

21.214
±5.389

1.551
±0.034

1.246
±0.434

15.556
±4.469

1.636
±0.028

1.181
±0.387

7.252
±1.531

lat. pos lead vehicle, thw <1 s 1.411
±0.029

9.551
±1.037

20.407
±5.368

1.550
±0.033

1.241
±0.455

14.992
±3.406

1.637
±0.026

1.265
±0.443

9.008
±1.732

lat. pos lead vehicle, thw <2 s 1.408
±0.027

9.643
±1.069

12.213
±3.448

1.552
±0.033

1.235
±0.460

11.798
±3.018

1.643
±0.025

1.393
±0.653

7.657
±2.557

lat. pos lead vehicle, thw <3 s 1.410
±0.029

9.628
±1.057

9.452
±2.935

1.551
±0.032

1.261
±0.418

7.012
±1.955

1.637
±0.027

1.204
±0.488

7.268
±2.511

lat. pos lead vehicle, thw <4 s 1.408
±0.026

9.672
±1.071

9.552
±2.485

1.549
±0.032

1.251
±0.454

6.210
±1.917

1.640
±0.032

1.281
±0.745

7.029
±2.455

lat. pos lead vehicle, thw <5 s 1.411
±0.026

9.659
±1.034

10.092
±1.724

1.553
±0.034

1.249
±0.457

5.946
±2.106

1.635
±0.022

1.362
±0.757

6.889
±1.811

achieved for the baseline model, which does not consider influencing factors.
When using one of the fitness functions, the evaluation is independent from
influencing factors and thus the baseline value is the same across all types of
influencing factors. For the factor-based CvM distance, it depends on the factors
considered for evaluation described in the respective section, yielding a different
baseline value for each influencing factor type.

Due to the stochastic nature of the model, again a slightly different fitness value
respectively CvM distance results in each run. We therefore give the mean and
standard deviation resulting from ten runs. Coloring is applied based on the
mean value with yellow indicating worse and dark green better values.

Throughout all considered influencing factor configurations, if using the Jaccard
indices for evaluation, if there is an improvement of the mean fitness value, it
is in the range of the standard deviation of the fitness value for the baseline
model which is two orders of magnitude smaller than the mean value. Also if
the fitness value decreases, this is still within the range of the standard deviation
around the baseline’s mean value in almost all cases. When using the fitness
function based on the CvM distance, the mean values of the model variants
considering influencing factors all lie in the corridor spanned by the baseline
standard deviation around the baseline mean value.

Thus, when evaluating the model performance based on the accordance of the
feature distributions using the Jaccard index or the CvM distance, the models

113



Nicole Neis

considering influencing factors perform at most as good as a lucky run of the
baseline model and no notable changes can be noted. Consequently, the overall
distribution of the selected features such as the occurring maximum or mean
lateral position stays the same, independent from the chosen influencing factor
configuration. However, the metric-based evaluation does not make any state-
ment on whether the characteristic of these features is correct with respect to the
present influencing factor. For example, the model might deliver the real-world
behavior for the left lane on the right lane and vice versa. When using the
metric-based evaluation strategy, the performance of the model can still be high
if the feature distribution of the real-world data is reflected, even though the
lane-specific behavior is swapped and there is a clear mismatch between model
and reality.

When using the factor-based CvM distance for evaluation, the standard deviations
are large with respect to the mean values. Nevertheless, notable decreases can
be observed for several model variants considering influencing factors with the
sum of standard deviation and mean value still being significantly smaller than
the mean value minus the standard deviation for the baseline model.

For the lane configurations, significant improvements are achieved if treating the
left lane separately from the right and center lane. For the vehicle on the right
lane we get the best results if taking into account trucks and cars, regardless of
whether they are handled separately or together. Regarding the consideration
of the lead vehicle, the results for Driver 1 and Driver 2 indicate that at least
the vehicles up to a time headway of three seconds should be taken into account.
For Driver 3, however, no significant improvements over the baseline value can
be noted when considering the lead vehicle.

Thus, the factor-based CvM distance is able to reaveal the effect of considering
influencing factors on the model results and the configuration working best
for each type of factor can be identified based on them. If choosing a suitable
configuration of influencing factors, the CvM distance significantly decreases,
thus, the factor-specific lateral offset distributions of the model fit significantly
better to those of the real world data. Due to the factor-dependency of this
evaluation strategy, however, the results are always bound to the chosen set of
evaluation factors and the comparison of model instances considering different
types of influencing factors is hampered. For investigating the relevance of
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different types of factors using the factor-based CvM, they need to be analyzed
based on a common set of evaluation factors. In general, the evaluation factors
and potentially also their weighting need to be selected carefully based on the
use case. For example, if it requires accurate behavior with respect to regular
lanes only and the behavior within construction sites is of no relevance, the latter
should be excluded from the factors used for evaluation and only the regular
lanes should be considered.

As every approach based on the lateral position distribution, also the factor-
based CvM distance is not able to reveal discrepancies in the temporal course
of the lateral offset profiles. Therefore, it is considered not suitable as single
mean for evaluation. It is recommended to combine it with a feature-based
approach. While the latter can be used to ensure the general realism of the lateral
movement’s temporal course reflected within the features, the factor-based CvM
can be used to track the improvement brought about by a certain set of influencing
factors based on a certain set of evaluation factors relevant for the use case.

5 Conclusion and Outlook

Within this paper, potential enhancements to the currently used approach to
evaluate the realism of lateral movement modeling comparing the accordance
of lateral movement features using the Jaccard index are analyzed. For this, the
CvM distance and test are analyzed. The CvM distance is a measure for the
difference of two sample sets. The CvM test checks whether the same underlying
distribution can be assumed.

In the first case, the evaluation of the baseline model which does not take into
account influencing factors is considered. The CvM distance and test are applied
to the metric and lateral position distributions. Depending on the driver, for six
to nine metrics, the distributions for the real data and the model data do not only
show a great overlap (as indicated by the Jaccard indices) but it can be assumed
that they follow the same distribution. For the remaining metrics and also for
the lateral position distribution, however, the results hint at a mismatch between
the underlying distribution for the real data and the model data, even though
the Jaccard indices might still be high. Also the multivariate CvM distance on
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the space and time domain is significantly larger when comparing the model
data with the real-world data than for the two real-world data subsets. Thus, if
aiming for a close reflection of real-world behavior, potential for improvement
is indicated. In general, the CvM distance and test allow stronger statements on
the model performance, in terms of strengths and weaknesses, than the use of
the Jaccard index. The latter, however, is more intuitive to interpret and allows
for a simple comparison of metric performance, e.g., across different models.
Therefore, both strategies in combination are considered valuable.

For the model with influencing factors it turned out that the feature-based strate-
gies evaluating the metric distributions using the Jaccard index or the CvM
distance are not able to reveal the effect of integrating influencing factors. They
instead assess the general realism of the temporal course of the generated lateral
movement which does not change notably. If, however, switching to a different
approach evaluating the lateral position distribution under various influencing
factors using the factor-based CvM distance, improvements in the model results
become visible and the best performing set of given influencing factors can be
identified. The results, however, depend on the factor configuration used for
evaluation which has to be made carefully and in agreement with the use case.
Being a distribution-based approach, the factor-based CvM distance cannot
detect discrepancies in the temporal course. It is therefore recommended to
combine the factor-based CvM distance with a metric-based evaluation.

With the fixation of the use case, not only the factor-based CvM distance can be
refined but more strategies for evaluationmight arise. E.g., one could evaluate the
sensing results for different levels of traffic congestion and compare the outcome
obtained for the real world and from the simulation. Furthermore, also the
multivariate CvM distance might be a suitable mean for factor-based evaluation,
allowing to compare the generated lateral movement jointly in the space and
factor domain for influencing factors having a continuous representation such as
the longitudinal speed.
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Abstract

Simulations are capable of solving many of today’s problems with collecting
real-world data for training and testing machine learning (ML) approaches for
mobility applications. However, to effectively utilize synthetic data, it must
be ensured that they possess the necessary quality, meaning they are ‘‘similar
enough’’ to real-world data and include all characteristics that ML approaches
require to learn task-relevant features. As the quantitative quality assessment of
image data is a difficult task, the quality of simulated images is in practice mostly
determined through cross-dataset tests or performance comparisons after the
addition of synthetic data. This has the disadvantage that comparable annotated
real-world data are still required, which can only be obtained with significant
effort or are rarely available in some domains. In recent years, research in the
field of developing metrics to quantify the image quality produced by generative
neural networks has made notable progress. But in general, these metrics are
not trivially transferable to simulated images, as the desired metric properties
diverge between Generative Adversarial Networks (GANs) and simulations.
Therefore, this work analyses the differences in requirements and discusses the
suitability of established GAN performance metrics for quantifying simulation-
based synthetic image sensor data on a theoretical basis. Thereby, a survey on
existing GAN evaluation metrics is included.
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1 Introduction

Simulators possess great potential for generating synthetic sensor data to train
and test applications in the field of automated mobility applications: preventing
privacy issues, generating highly accurate labels, the ability for systematic
updates, targeted testing of predefined scenarios, especially extreme situations,
and moreover, enabling a less expensive and time-consuming data generation
process. This is also reflected in statistics: according to Li et al. [22], ‘‘over 50%
of methods published in the domain of autonomous driving between 2022 and
2023 were either trained or tested in simulation environments’’. Furthermore,
the authors recognized an increase in released simulators (commercial as well
as open-source) in the past years. Currently, there is a variety of simulators
available, such as commercial systems like NVIDIA DRIVE Sim1, Hexagon
VTD2, IPG CarMaker3, or dSPACE ASM4 / SensorSim5 (primarily for road
vehicles). Also, open-source simulators are widely used, e.g., for the simulation
of road vehicles as feasible with CARLA6 and LG SVL7.

Nevertheless, the quantitative evaluation of synthetic image data still poses a
challenge. Commonly, published simulated synthetic data are evaluated by mea-
suring task-specific performance metrics in a cross-dataset evaluation [18, 29,
34, 35], i.e., comparing the performance of a network trained on a real-world
dataset and a network trained on the simulated synthetic dataset by validating
them on another real-world dataset or on the real-world dataset’s test set. Alter-
natively, some authors [30, 20] determine the task-related suitability of their
simulated synthetic datasets by comparing achieved task-specific performance
metrics when training only on real-world data versus training on (sometimes a

1 https://www.nvidia.com/de-de/self-driving-cars/simulation/
2 https://hexagon.com/en/products/virtual-test-drive
3 https://www.ipg-automotive.com/en/products-solutions/software/carmaker
4 https://www.dspace.com/de/gmb/home/products/sw/automotive_simulation_

models.cfm
5 https://www.dspace.com/en/inc/home/news/dspace-release-2019-a/

sensorsim-1-1.cfm
6 https://carla.org/
7 https://www.svlsimulator.com/
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reduced amount of) real-world data in addition to their synthetic dataset. These
procedures have a considerable disadvantage: annotated real-world data from
the application domain are required for comparison. These can only be obtained
with significant (labeling) effort, since, e.g., expert knowledge is required or the
data are subject to strict privacy guidelines or relate to rare or critical scenarios,
complicating the acquisition of large quantities in the first place. This may result
in, on the one hand, relying on poorly suited real-world data from a domain other
than the application domain, which in turn skews the evaluation results (a possi-
ble cause for effects noted in [34]), or, on the other hand, makes it impossible to
evaluate the synthetic data properly. Therefore, it would be desirable to have a
quantitative metric that requires only unlabeled real-world data for comparison.

While there is still little research in the area of simulated synthetic data, genera-
tive neural networks, especially Generative Adversarial Networks (GANs) [11],
have been studied for suitable metrics for almost a decade and regular publi-
cations have emerged on this topic. However, the proposed metrics cannot be
easily transferred to simulated synthetic images, as goals and requirements for
metric properties differ between GANs and simulations. For this reason, it is
sensible to first familiarize with the differences between the generation of syn-
thetic data using GANs versus simulations (cf. Sec. 2), to analyze the differing
desired metric properties (cf. Sec. 2.1 and Sec. 2.2), and to define criteria to
conduct the metric comparison (cf. Sec. 2.3) before examining the existing
GAN evaluation metrics in detail (cf. Sec. 3) and discussing their suitability for
evaluating synthetic simulated image sensor data (cf. Sec. 4).

2 Desired Metric Properties

One of the main differences between applying GAN or simulation approaches
for image synthesis is the means of establishing the underlying statistical dis-
tribution: in the case of GANs, the distribution is estimated by learning from
real-world examples. Thus, their strength is the approximation of real-world
data distributions, for which large amounts of training data are needed. This
requires a high quality of the training data, as they should contain all impor-
tant data dimensions, as well as include parameter fidelity of the desired target
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distribution. In contrast, the underlying statistical distribution of simulation
approaches is modeled and defined manually (and possibly in a data-driven
way). This leads to better controllability both in terms of generation methods
and quality/performance goals, and offers the possibility to cover areas of the
abstract data space that might be difficult or laborious to include in its entirety
by real-world data. However, manually modeling the distribution(s) requires
expert knowledge or at least domain knowledge and is a difficult duty. These
differences result in different desires and requirements for an optimal metric.

2.1 GANs

Borji conducted two extensive surveys [3, 4], where he compared different GAN
performance metrics and worked out the desired metric properties. According to
his work [3], an optimal GAN performance metric should consider the following
aspects:

High fidelity: The generated data should look as realistic as possible, making it
difficult to distinguish from real-world data. In the context of GANs, this also
means that classes from the training data should not be mixed up in the result,
but should be clearly distinguishable.

Diverse samples: GAN-generated samples shall be diverse, i.e., cover the
learned feature space, both inter and intra classes. In particular, the potential
problem of a mode collapse (which refers to the restriction to playback a few
realistic samples, in the worst case memorized from the training data) should be
excluded.

Disentangled latent space and space continuity: A disentangled, continuous
latent space allows the samples to be controlled and to be specifically modified.
GANs with this property exhibit better usability in practice.

Well-defined bounds: For good comparability, it is advantageous if the metric’s
boundaries are well-defined.

Invariant to image distortions and transformations: An ideal metric should
be invariant to distortions or transformations of the image content that do not
change the semantics.
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Aligned with human perceptual judgment: Ideally, human judgment and the
ranking by the metric should match.

Sample efficiency: It is desirable that a metric can perform a meaningful quality
assessment even for small sets of samples.

Low computational complexity: A metric that requires less computational
time is preferred over one that requires much computational time.

2.2 Simulations

None of today’s widely used and established GAN evaluation metrics is capable
of fulfilling all desired aspects [3]. This makes it all the more important when
striving for quantifying simulated image sensor data quality to identify those
metric properties that are decisive for this purpose. With the experience of
previous work on the generation of synthetic sensor simulated data [34, 35], the
following characteristics have been identified as desirable for a potential metric:

High fidelity: The generated data should look as realistic as possible, making
it difficult to distinguish from real-world data. Since 3D models are used in
simulations, the depicted objects are typically not mixed from several classes.
Due to manual modulation, there is a greater risk that objects have been gener-
ated over-simplified and that therefore, e.g., important task-specific features are
missing, which can harm the discriminability.

Diverse samples: For simulated data, the class distribution can be easily altered,
while it is difficult to manually model the variation within a class realistically.
Therefore, it is advisable to prioritize a metric that measures intra-class variance.
However, incorporating inter-class variance is not disadvantageous.

Well-defined bounds: Like for GAN metrics (cf. Sec. 2.1).

Aligned with human perceptual judgment: Like for GANmetrics (cf. Sec. 2.1).

Sample efficiency: Like for GAN metrics (cf. Sec. 2.1).

Low computational complexity: Like for GAN metrics (cf. Sec. 2.1).

In contrast to GANs, a disentangled latent space is not included in the desired
metric properties for assessing simulated image data since simulations do not
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strictly possess a latent space but usually provide a well-controllable parameter
space. Furthermore, we have refrained from listing distortion and transformation
invariance among the desired metric properties because the definition of this
aspect leaves considerable room for ambiguity and interpretation concerning
which transformations are tolerated and how the ‘‘semantics’’ are defined that
are to be preserved. To take up Borji’s example [3]: when comparing two single
images, it is advantageous if a metric is not oversensitive to a slight pixel shift
but when the data generation source itself underlies a systematic distortion or
transformation shift (like, e.g., the transformation of RGB to grayscale images),
it could be desirable to be considered by a metric.

2.3 Implemented Comparison of Metric Properties

To identify suitable metrics for quantifying the quality of simulated image sensor
data, all considered metrics should be investigated regarding the desired metric
properties for simulation approaches identified in the previous section. Without
conducting comprehensive experiments, no comprehensive ranking can be set up.
However, to implement the comparison as objectively as possible, the degree of
fulfillment of the individual metric properties is categorized into not measured,
low, moderate, and high (following the example of Borji [3]) based on the criteria
defined in Tab. 2.1.

However, there are three deviations from the desired metric properties for assess-
ing simulated image sensor data: since the fidelity is hard to evaluate, the
well-assessable discriminability is rated instead. A poor discriminability mea-
surement is an indicator of a poor fidelity rating since the fidelity is not sufficient
with indistinguishable objects. However, one should be aware that a good abil-
ity to measure discriminability does not automatically imply recognizing high
fidelity in general. The fidelity may only be sufficient for task-relevant features.

To avoid misleading oversimplification, no comparison of computational com-
plexity/time effort is provided, as it depends on many factors like the used
general hardware, the application-specific hardware, implementation details,
and especially the sample efficiency. Furthermore, the effort required in advance
is higher if labeled data is presumed. It is thus evident that the assessment of
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Table 2.1: Defined criteria to categorize the investigated GAN evaluation metrics regarding the
desired metric properties for quantifying the quality of simulated image sensor data.

not measured low moderate high
◦◦◦ •◦◦ ••◦ •••

Discrim-
inability

Metric does not
take

discriminability
into account

Metric may
implicitly consider
discriminability (not
certain), e.g., via
discriminator

Metric assesses the
discriminability but
can be fooled by

confident
misclassifications

Metric assesses the
discriminability,

e.g., by considering
classification

results or feature
embeddings

Diversity Metric does not
take diversity into

account

Metric may
implicitly consider

diversity (not
certain), e.g., via
discriminator

Metric can detect
either inter- or

intra-class diversity

Metric can detect
intra- and

inter-class diversity

Detect
Over-
fitting

The metric is not
capable of
detecting

overfitting and
rewards it

The metric is not
capable of detecting

overfitting

— The metric is aware
of overfitting and

penalizes or notifies
it

Perceptual
Judgment

— Literature reports a
bad alignment to

perceptual judgment

Literature reports a
medium alignment

of perceptual
judgement

Literature reports a
good alignment to

perceptual
judgment

Sample
Efficiency

— Applicable to
1 – 5 000 images or

more

Applicable to
5 000 – 50 000
images or more

More than 50 000
images (typically

∼ 200 000) needed

computational efforts (and related time efforts to establish data) cannot meaning-
fully be represented in one or a few simple, comparable scales. Consequently,
it was deemed that an overseeable classification of computational effort would
be extremely difficult to establish formally, while still likely failing grossly to
represent the complexity of the considerations needed to select a suitable metric
for a particular use case.

The ability to detect overfitting is listed as a separate item. However, in the
defined desirable metric properties it is included in the requirement of diverse
samples. Since some metrics were designed to be able to assess the diversity but
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can be fooled by simple replay of training samples we refrained from assessing
both in one criterion.

3 Quantitative GAN Evaluation Metrics

Since this work is explicitly focused on quantitative evaluation metrics for
simulated synthetic image data, this section only presents a survey of existing
quantitative evaluation metrics for GANs. Qualitative evaluation metrics are not
considered in this work ([3, 4] give an overview of this topic). The following
subsections will discuss the metrics in detail, an overview of all metrics is
provided in Tab. 4.1.

Concerning the notation, it should be noted that π(·) is used instead of p(·) to
denote an output distribution of a deep neural network, so as not to give the
impression that it is a mathematical correct probability distribution. Works
like [12] showed that some neural network architectures are calibrated impre-
cisely and therefore, the resulting confidences should not be interpreted as true
probability distributions.

3.1 Pixel-Level Metrics

This class of metrics operates on pixel-level without incorporating the image
content. In practice, content variant metrics are predominantly used. However,
for the sake of completeness, the best-known pixel-level metrics are briefly
introduced by this section.

3.1.1 Mean Squared Error and Peak Signal-to-Noise Ratio

The Mean Squared Error (MSE) [44] calculates the average of pixel-wise differ-
ences, i.e., for two images x1 and x2 the MSE is defined as

MSE(x1,x2) = 1
N

N∑
i=1

(x1i − x2i)2. (3.1)
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The Peak Signal-to-Noise Ratio (PSNR) [44] is based on the MSE while consid-
ering the dynamic range L (255 for an 8-bit grayscale image), so

PSNR(x1,x2) = 10 log10
L2

MSE(x1,x2) . (3.2)

For the general comparison of two (unpaired) datasets, both metrics are rather
unsuitable, as they perform pixel-wise comparisons. But these scores might be
useful if a reference image is available, e.g., for training conditional GANs using
paired data [3].

3.1.2 Structural Similarity Index Measure

The Structural Similarity Index Measure (SSIM) [46, 37] compares two images
(or image patches)x1 andx2 with regard to their luminance (I), contrast (C), and
structure (S). For an image x, its mean intensity is defined by µx = 1

N

∑N
i=1 xi,

the standard deviation by σx =
(
( 1

N−1
∑N

i=1(xi − µx)2) 1
2 , and the sample

correlation coefficient by σx1x2 = 1
N−1

∑N
i=1(x1i − µx1)(x2i − µx2). Thus,

I , C, and S are defined as

I(x1,x2) = 2µx1µx2 + C1

µ2
x1

+ µ2
x2

+ C1
, (3.3)

C(x1,x2) = 2σx1σx2 + C2

σ2
x1

+ σ2
x2

+ C2
, (3.4)

S(x1,x2) = σx1x2 + C3

σx1σx2 + C3
, (3.5)

where C1, C2, and C3 are small constants added for numerical stability. The
authors choose C1 = (K1L)2 with a small constant K1 � 1 and L being the
dynamic range of pixel values (255 for an 8-bit grayscale image). C2 is defined
analogously with a small constantK2, while C3 = C2

2 . These three equations
are combined to form the SSIM score defined as

SSIM(x1,x2) = I(x1,x2)αC(x1,x2)βS(x1,x2)γ , (3.6)

where the parameters α, β, and γ should be greater than zero and allow to
adjust the impact of the three components. The authors set α = β = γ = 1.
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The original SSIM score is also referred to as single-scale SSIM, because it
operates only at one image scale. Disadvantages are the resulting assumption of
a fixed image sampling density and viewing distance, which makes the score
only appropriate for a certain range of image scales. Therefore, a multi-scale
SSIM (MS-SSIM) was introduced [45], that operates on multiple by factor 2
iteratively downsampled scales of the original images. The score is given as

MS-SSIM(x1,x2) = IM (x1,x2)αM

M∏
j=1

Cj(x1,x2)βjSj(x1,x2)γj (3.7)

with j denoting the downsampling stage with maximal stageM .

3.2 Inception Score

The idea behind the Inception Score (IS) [31] is that a generated high-quality
image should be clearly assignable to one single class label, while the whole
generated dataset should – in the best case – be maximum diverse, i.e., follow
a uniform class distribution. To measure this, an Inception v3 Network [39]
pre-trained on the ImageNet dataset [8] is applied to each of the synthetic images
for classification. Compared to pixel-level metrics, this step incorporates the
semantics of the images. For each image x and the possible labels y the network
outputs the conditional label distribution π(y|x). Its entropy is expected to be
low in contrast to the marginal distribution π(y), whose entropy should be high.
So the score is defined as

IS := exp
(
Ex

(
KL(π(y|x)||π(y))

))
, (3.8)

where KL denotes the Kullback-Leibler divergence defined as

KL(P ||Q) :=
∑
x∈X

P (x)log
(P (x)
Q(x)

)
(3.9)

and Ex the expected value whereat x is assumed to be distributed uniformly.
Since the IS measures the (inter-class) diversity, the authors note that it is
important to apply the metric to a large enough number of samples. They
propose a minimal size of 50 000.
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3.2.1 Modified Inception Score

The authors of the Modified Inception Score (m-IS) [13] aimed to make the orig-
inal IS with their modification sensitive for intra-class diversity. Therefore, they
describe the diversity in a cross-entropy style manner as −π(y|xi)log(π(y|xj))
for xi and xj being samples representing the same class. So for each class, their
modified score given as

m-IS := exp
(
Exi

(
Exj

(
KL(π(y|xi)||π(y|xj))

)))
(3.10)

can be calculated and averaged to one single score result subsequently.

3.2.2 Mode Score

A drawback of the IS is that a good score can still be achieved if the Inception
Network systematically misclassifies the generated images, meaning it predicts
a false class with high confidence. This results in a low entropy of π(y|x), the
ground truth labels are consequently ignored. This drawback is intended to be
solved by the Mode Score (MS) [6] defined as

MS := exp
(
Ex

(
KL(π(y|x)||p(ytrain)) − KL(π(y)||p(ytrain))

))
. (3.11)

It compares π(y|x) and π(y) with the label distribution of the training dataset
p(ytrain) (the ground truth).

3.2.3 AM Score

The AM Score (AMS) [48] was proposed to counteract the problem of the IS of
penalizing an uneven generated data distribution – even if the training data is
also unevenly distributed. This is why the authors suggest to also consider the
training data label distribution π(ytrain). The score is defined as

AMS := KL(π(ytrain)||π(y)) + Ex

(
H(y|x)

)
, (3.12)

where H(·) refers to the entropy defined as H(X) := −
∑

x∈X p(x) log p(x)
with X being a discrete random variable that takes values in the set X with
p : X → [0, 1].
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3.3 Fréchet Inception Distance

The Fréchet Inception Distance (FID) [14] was proposed as an improvement
of the IS. It belongs to the feature-based metrics (cf. Sec. 3.4), however, due to
its popularity and the many existing adaptations, this metric is described in this
separate section. The FID puts synthetic data in context with real-world data.
Therefore, each sample is first transformed into a 2 048-dimensional feature
space vector by extracting the coding layer output of an Inception v3 Network [39]
pretrained on the ImageNet dataset [8]. In total, the dataset contains one million
images categorized in 1 000 classes. It is assumed that the extracted data points
are multivariate Gaussian distributed, so the mean and covariance matrix are
estimated for the synthetic data (µs,Σs) as well as the real-world data (µr,Σr).
The score is then obtained by calculating the Fréchet distance [10] (also known
as Wasserstein-2 distance [42]), so

FID2((µs,Σs), (µr,Σr)
)

= ‖µs −µr‖2
2 +Tr(Σs + Σr − 2(ΣsΣr) 1

2 ). (3.13)

3.3.1 Class-Aware FID

The Class-Aware Fréchet Distance (CAFD) [23] uses a Gaussian Mixture Model
(GMM) to include class-specific information. So for all samples of each of the
K classes in the real-world and synthetic data an own Gaussian distribution
Nri(µri,Σri) respectively Nsi(µsi,Σsi) for i = 1 to K is estimated and the
FID calculated:

CAFD
(
Nr1,Ns1, . . . ,NrK ,NsK

)
=

1
K

K∑
i=1

(
‖µsi − µri‖2

2 + Tr(Σsi + Σri − 2(ΣsiΣri)
1
2 )
)
.

(3.14)

The authors argue that the modulation by using a GMM is more accurate than
estimating one single FID. Furthermore, CAFD is able to combine the advantages
of FID with the ability of IS to be sensitive to mode dropping. However, the
computing time increases considerably compared to the original FID. Apart
from the metric, the authors recommend using a domain-specific encoder instead
of an Inception model [39] trained on ImageNet [8].
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3.3.2 WaM

A similar approach to CAFD is taken by Luzi et al. [24] who also recom-
mend applying Gaussian Mixture Models because they can capture higher
order moments and though more information. They estimate a GMM from
the extracted feature vectors withK components whereK ≥ 1 (K = 1 is the
original FID) and K ≤ 50 (for a dataset size of 50 000 to prevent overfitting).
Then, they calculate the FID for each component combination of a real-world
and synthetic component. The WaM score results by solving a discrete optimal
transport problem using the Wasserstein-2 distance [42] squared as distance
measure.

3.3.3 Spatial FID

Additionally to the coding layer feature vectors used for calculating the original
FID, the authors of the spartial FID (sFID) [26] also extract the first seven
channels from the intermediate sixth mixed convolutional feature maps of the
Inception v3 Network [39] architecture. These feature vectors have a size of
17 × 17 × 7 = 2 023, which the authors argue is a comparable size to the 2 048-
dimensional feature vectors resulting from the coding layer. By this addition,
the authors want to keep the abstract compressed spatial information of the
compressed layer but add the comparison of spatial distributional similarity.

3.3.4 Memorization-Informed FID

The FID and IS indicate a good quality for models playing back memorized
training data. To overcome this issue, Bai et al. [1] suggest penalizingmodels pro-
ducing images too similar to the training dataset. Their presented Memorization-
informed FID (MiFID) takes as inputs a set S of embedded feature vectors
generated by the synthetic data, a set R of feature vectors from real-world data,
and the from the sets estimated Gaussian distributions (µs,Σs) and (µr,Σr).
The score is defined as

MiFID(S,R, (µs,Σs), (µr,Σr)) = FID
(
(µs,Σs), (µr,Σr) · pen(S,R)

)
(3.15)
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where the penalty function is given as

pen(S,R) =
{

1
dmem(S,R)+ε (ε � 1), if dmem(S,R) < τ

1, otherwise
(3.16)

with the (asymmetric) memorization distance defined as

dmem(S,R) = 1
|S|

∑
zs∈S

minzr∈R

(
1 − |〈zs, zr〉|

|zs| · |zr|

)
. (3.17)

Thereby, a lower memorization distance means a stronger memorization. τ
refers to a predefined threshold.

3.3.5 Kernel Inception Distance

The FID is biased concerning the evaluated dataset size [7]. The Kernel Incep-
tion Distance KID [2] wants to mitigate this problem so that it can also be
applied to smaller dataset sizes. Instead of estimating Gaussian distributions
and calculating their Fréchet Distance, Bińkowski et al. suggest to compute the
squared Maximum Mean Discrepancy (MMD), given by

MMD2(S,R) = 1
n(n− 1)

n∑
i 6=j

k(si, sj) + 1
m(m− 1)

m∑
i 6=j

k(ri, rj)

− 2
nm

n∑
i=1

m∑
j=1

k(si, rj).

Thereby, S denotes the set of embedded Inception Network feature vectors result-
ing from the synthetic data and R the set of feature vectors from real-world data.
The authors recommend using the polynomial kernel k(x, y) = ( 1

Dx
T y + 1)3,

where D denotes the representation dimension.

3.3.6 Fréchet AutoEncoder Distance

Instead of employing the Inception v3 Network [39] as a feature extractor like in
the original FID score, the Fréchet AutoEncoder Distance (FAED) [5] suggests
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to use a Vector Quantised-Variational Autoencoder (VQ-VAE) [41] to generate
the feature vectors. The dimension of the feature vectors remains the same. The
mean and covariance matrices are estimated and the score is calculated as for the
original FID. According to the authors, the experiments showed that the feature
space of the VQ-VAE describes a clustering domain-specific representation
more intuitively and visually plausible than the feature space of the Inception v3
Network.

3.3.7 Other FID Enhancements

This section shortly highlights some additional FID enhancements that either
do not represent an own metric or are not intended to be applied to a classical
image dataset:

Fast FID: Calculating the FID is computationally intensive which makes it
impracticable to use for training GANs. Therefore, the Fast FID [25] was
proposed, whose time complexity is successfully reduced by, among other
things, mathematically deriving an efficient alternative way to compute the
computational intensive term Tr(ΣsΣr) of the FID.

Clean FID: The experiments of Parmar et al. [27] showed that the FID is in
practice sensitive to implementation details such as resizing the images, the used
image compression technique, and the image pre-processing algorithm. Hence,
the authors provide a library called clean-fid8 to be able to quantify the image
quality more objectively.

FID∞: Chong and Forsyth [7] show that the original FID is biased depending
on the evaluated model. So they propose an extrapolation approach to compute
a bias-free version of FID called FID∞.

Single Image FID: The Single Image FID (SIFID) [32] is a modified version of
the FID intended to compare single images to each other. Instead of using the
feature vectors from the last pooling layer, the authors propose to estimate the
internal distribution of deep features at the output of the convolutional layer just
before the second pooling layer.

8 https://github.com/GaParmar/clean-fid
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Conditional FID: Soloveitchik et al. [38] developed a conditional version of
FID to evaluate conditional GANs.

Fréchet Video Distance: The Fréchet Video Distance (FVD) [40] is an enhance-
ment of the FID for evaluating synthetically generated video sequences.

3.4 Further Feature-Based Metrics

Apart from FID and its adaptations, there are other metrics that utilize feature
embeddings from deep neural networks (DNNs) and determine the distance
between them or respectively between the underlying assumed distributions.

3.4.1 Learned Perceptual Image Patch Similarity

The Learned Perceptual Image Patch Similarity (LPIPS) [47] was developed
to estimate the perceptual distance between two images (or image patches) x1
and x2. Therefore, a deep neural convolutional network F is used as a feature
extractor, whereby one is not restricted to a specific architecture. The authors
apply among others SqueezeNet [15], AlexNet [21], and VGG [36]. The metric
operates on a feature stack of L layers which are unit-normalized in the channel
dimension. The extracted features from layer l for x1 and x2 are denoted as ẑl

1
and ẑl

2 ∈ RHl×Wl×Cl . The LPIPS metric is defined as

LPIPS(x1,x2) =
∑

l

1
HlWl

∑
h,w

‖wl � (ẑl
1hw − ẑl

2hw)‖2
2. (3.18)

Note that the activations get scaled channel-wise by vector wl ∈ RCl .

The authors distinguish between different variants of LPIPS, which depend on
the training strategy of the network F :

lin: Keep pre-trained network weights fixed, only learn linear weights w.

tune: Initialize from the pre-trained model, allow all weights to be fine-tuned.

scratch: Initialize F from random Gaussian weights, train it from scratch.
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3.4.2 CMMD Metric

For fine-grained or diverse image content, the resolution of 1 000 classes of
the original FID may be too coarse. Therefore, Jayasumana et al. [17] recently
introduced a new quality measure named CLIP-MMD (CMMD) that utilizes
Contrastive Language-Image Pre-training [28] (CLIP) feature embeddings in
combination with the squared MMD. CLIP’s image encoder and text encoder are
jointly trained for the task of predicting correct image text pairs from a batch of
examples. For this kind of training procedure, a high amount of training data is
publicly available on the internet. So CLIP is trained on 400 million image-text
pairs, making the resulting embeddings according to the authors well-suited for
representing diverse and complex scenes. For calculating the distance between
the distributions the real-world samples and synthetic samples were sampled
from, the squared MMD (cf. Sec. 3.3.5) is used in combination with a Gaussian
RBF kernel defined as k(x, y) = exp

(
− 1

2σ2 ‖x− y‖2), whereby the authors
choose σ = 10. Advantages compared to FID are that CMMD does not assume
a specific underlying distribution, it is unbiased, and more sample-efficient.

3.5 Battle-Based Metrics

Battle-based metrics do not calculate a comparable score like the previously
presented metrics. They allow both comparative approaches to compete against
each other and determine the winner of the battle.

3.5.1 Generative Adversarial Metric

The idea of the Generative Adversarial Metric (GAM) [16] is to evaluate two
GANmodelsM1 = (G1, D1) andM2 = (G2, D2) with generatorsG1,G2, and
discriminators D1, D2 as letting them ‘‘battle’’ against each other by swapping
their discriminators. Intuitively, the model is to be assessed more strongly,
whose generator is able to fool the other model’s discriminator more often.
Therefore, the ratio r = ε(D1(X2))

ε(D2(X1)) is calculated where X1 is the set of images
generated by G1, and X2 the set generated by G2. The function ε(·) thereby
determines the classification error rate. To rule out that one generator is subject
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to overfitting and thus also the discriminator, a test ratio rtest = ε(D1(Xtest))
ε(D2(Xtest)) is

additionally calculated. So the test ratio aims to determine the output’s validity.
Consequently, M1 is the winner if r < 1 and rtest ≈ 1, M2 wins if r > 1 and
rtest ≈ 1, otherwise the result is a tie. With this metric, GANs can only be
compared pairwise, it can not be applied to general synthetic image datasets.

Durugkar et al. [9] refine GAM to their Generative Multi-Adversarial Metric
(GMAM) which is capable of evaluating training with multiple discriminators.

3.6 Latent Space Metrics

This section presents metrics that operate on the generators (G) latent space Z .
In general, the goal is to train generators so that their latent space is disentangled.
This means that Z consists of linear subspaces, each controlling a variation
property without side effects [19].

3.6.1 Perceptual Path Length

If a generator’s latent space is disentangled, or at least little curved, the interpo-
lation of latent space vectors should result in perceptually smoother transitions
compared to the result generated from a highly curved latent space. So the
authors of Perceptual Path Length (PPL) [19] propose to measure this effect by
comparing perceptually-based image distances between images generated from
interpolated latent space vectors. Therefore, they utilize the LPIPS metric (cf.
Sec. 3.4.1) with an underlying VGG16 [36]. The PPL metric is defined as

PPL = E
( 1
ε2

LPIPS(G(slerp(z1, z2; t)), G(slerp(z1, z2; t+ ε)))
)
, (3.19)

where z1, z2 ∼ p(z), t ∼ U(0, 1), and ε = 10−4. For interpolation, spherical
interpolation (slerp) [33] is used, given by

slerp(v1, v2; t) = sin((1 − t)θ)
sin(θ) v1 + sin(tθ)

sin(θ) v2, (3.20)

where v1 · v2 = cos(θ). The authors calculate the expectation by considering
100 000 samples. PPL captures semantics as well as image quality [3].
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3.6.2 Linear Separability

The authors of PPL introduce another metric in their work: the Linear Separa-
bility [19]. This metric is intended to measure how well the latent space image
representations can be divided into two distinct sets via a linear hyperplane.
Thereby, if the latent space is disentangled, each set represents a specific binary
image attribute. As the first step, one needs to train N auxiliary, task-specific
classification networks, which are able to classify binary attributes, e.g., for the
generation of human faces ‘‘male’’ or ‘‘female’’. The authors trained N = 40
of such binary classifiers in total and applied them on 200 000 synthetic gen-
erated images with z ∼ p(z). For each classifier, they sorted all samples by
confidence and fitted a linear Support Vector Machine (SVM) on the latent space
representations of the more confident half. Then the Linear Separability score is
given by

LS = exp(
N∑

i=1
H(YCLAS i|YSVM i)), (3.21)

where YCLAS is the set of classes predicted by the auxiliary classifiers and YSVM

the set of classes predicted by the SVM. The functionH(·) refers to the entropy
(see Sec. 3.2.3).

3.6.3 Adaptive Inversion

The process of inverting an image back into the latent space of a GAN model is
called Adaptive Inversion. A recently published score [43] to evaluate GANs
is based on this procedure: the authors propose to calculate the latent space
representation by Adaptive Inversion for all reference images and to reconstruct
new synthetic images from them. Then, the distance between each original and
reconstructed image is determined by using the LPIPS metric (cf. Sec. 3.4.1).
Intuitively, a short distance means, that the GAN’s generator is capable of
recreating the corresponding reference image. The resulting score is the average
of all image pair distances.
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4 Discussion

The central question of this work for going towards quantifying the quality
of simulated image sensor data is which metric(s) presented in the previous
section are suitable for the evaluation of simulated image sensor data. In this
regard, the individual metrics are rated in Table 4.2 based on the desired metric
properties described in Sec. 2.2 and the derived categorization criteria from
Sec. 2.3. Readers are encouraged to apply the provided metric comparison to
find metrics that satisfy their requirements from a perspective of capabilities
and available data, and then evaluate the suitable selection against the technical
requirements of their use case.

Three metric classes under consideration can directly be excluded for the desired
use of quantifying simulated image sensor data: these are on the one hand latent
space metrics (cf. Sec. 3.6) and battle-based metrics (cf. Sec. 3.5), as these are
both (without further enhancements) not applicable to simulated synthetic image
data. Battle-based metrics utilize the discriminator of GANs, while latent space
metrics make use of the GAN generator’s latent space—both do not exist for
a simulation-based image generation approach. On the other hand, pixel-level
metrics (cf. Sec. 3.1) are no suitable solution since they presume data pairs of
real-world and synthetic data which is a non-negligible limitation and generally
are rarely applicable for simulated image data. In addition, pixel-level metrics
are not capable of measuring either discriminability nor diversity.

The IS and its adaptations, abbreviated as IS-based metrics, are in principle
applicable to simulation-generated data. However, a serious disadvantage of
some of the IS-based metrics is the need of a comparable real-world label
distribution, which is typically measured from labeled real-world data. In general,
labeled real-world data are costly to obtain, cause they are either expensive or
time-consuming to collect, which is why it is advisable to prefermetrics operating
on unlabeled comparison data. IS-based metrics without this constraint lack of
being able to assess the discriminability on a high level.

The most promising metric category is therefore feature-based metrics. All
metrics from this category achieve high ratings for discriminability and percep-
tual judgment. In terms of diversity, CAFD [23] and CMMD [17] stand out
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by being able to measure both inter- and intra-class diversity. While all other
feature-based metrics are capable of at least measuring the inter-class diversity,
the LPIPS [47] metric is insensible for this data(set) property. The reason is that
LPIPS was designed for being able to compare single images, which makes it the
most sample-efficient feature-based metric. But also CMMD [17] and KID [2]
can work with datasets of small size. CAFD [23] in contrast has a high demand
for data with needing ∼ 200 000 images per dataset for the score calculation.

Overall, it is not possible to identify the most suitable metric for quantifying
simulated image sensor data due to the different strengths and weaknesses. Any-
way, according to the conducted analysis, the following metrics have the highest
potential for the task and should be further investigated in future experiments:

LPIPS [47] for being the most sample-efficient feature-based metric.

CAFD [23] for comparing the data class-wise what allows to compare the
intra-class variance and to recognize class-specific differences.

KID [2] offers a good compromise of sample efficiency and measuring diversity.

FAED [5] combines the well-established FID [14] metric with feature embed-
dings of the state-of-the-art DNN architecture of VQ-VAEs.

CMMD [17] seems to have the highest potential based on the theoretical foun-
dation: it is sample efficient while on the same time being able to measure
diversity. Furthermore, the authors report a better perceptual judgment than FID
and highlight, that CMMD is unbiased and does not assume a specific underlying
distribution.

5 Conclusion and Future Work

The presented GAN evaluation metrics show the trend of evaluating increasingly
‘‘deeper’’. The early metrics for assessing GANs [44, 46], originally developed
for other use cases like, e.g., quantifying reconstruction quality, operate pixel-
and pair-wise on the synthetic image data. While the IS already incorporates
semantics by considering classification results fromDNNs, feature-basedmetrics
like FID [14], CMMD [17], or LPIPS [47] compare feature embeddings from
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Table 4.1: Overview of the presented GAN evaluation metrics.
M metric is aimed to be maximized, H metric is aimed to be minimized

Name Abbr. Year Range Target
Value

Mean Squared Error [44] MSE — [0,∞) H
Peak Signal to Noise Ratio [44] PSNR — [0,∞) M

Structural Similarity Index Measure [46] SSIM 2004 [−1, 1] M
Inception Score [31] IS 2016 [1,∞) M

Modified Inception Score [13] m-IS 2017 [1,∞) M
Mode Score [6] — 2016 [0,∞) M
AM Score [48] AMS 2017 [0,∞) H

Fréchet Inception Distance [14] FID 2017 [0,∞) H
Class-Aware FID [23] CAFD 2018 [0,∞) H

WaM [24] WaM 2023 [0,∞) H
Spatial FID [26] sFID 2021 [0,∞) H

Memorization-informed FID [1] MiFID 2021 [0,∞) H
Kernel Inception Distance [2] KID 2018 [0,∞) H

Fréchet AutoEncoder Distance [5] FAED 2023 [0,∞) H
Learned Perceptual Image Patch Similarity [47] LPIPS 2018 [0,∞) H

CLIP-MMD [17] CMMD 2024 [0, 2] H
Generative Adversarial Metric [16] GAM 2016 — —

Perceptual Path Length [19] PPL 2019 [0,∞) H
Linear Separability [19] — 2019 [1,∞) H
Adaptive Inversion [43] — 2024 [0,∞) H

deep layers of DNNs. Recent metrics focus on analyzing the latent space of
GAN generators [19, 43].

Despite continuously released further constructive developments in the research
field of GAN quality measures, there is still not ‘‘the one’’ metric capable of
covering all desired aspects — neither for evaluating synthetic GAN generated
image datasets nor for simulation-based image datasets. Therefore, only promis-
ing metrics for quantifying simulated image sensor data can be highlighted from
the remaining metrics, rather than presenting the best one. Overall, the class of
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Table 4.2: Analyzed strengths and weaknesses of the described GAN quality metrics, following
the structure of Borji [3]. The column ‘‘additional sources’’ provides used sources alongside the
original ones given in the first column for the assessment of each row.
••• high, ••◦ moderate, •◦◦ low, ◦◦◦ not measured, 3 yes, 5 no
P: paired data needed, U: unlabeled data sufficient, L: labeled data needed

Metric Add. Discr. Div. Detect Percep. Sample Appl. Comp.
Src. overfit. judg. effic. to sim data

MSE [44] [47] ◦◦◦ ◦◦◦ ◦◦◦ •◦◦ ••• 3 P
PSNR [44] [47] ◦◦◦ ◦◦◦ ◦◦◦ •◦◦ ••• 3 P
SSIM [46] [47] ◦◦◦ ◦◦◦ ◦◦◦ ••◦ ••• 3 P

IS [31] [3] ••◦ ••◦ ◦◦◦ ••• ••◦ 3 U
m-IS [13] [3] ••◦ ••◦ ◦◦◦ ••• ••◦ 3 U

Mode Score [6] [3] ••• ••◦ ◦◦◦ ••• ••◦ 3 L
AMS [48] [3] ••◦ ••◦ ◦◦◦ ••• ••◦ 3 L
FID [14] [3] ••• ••◦ ◦◦◦ ••• ••◦ 3 U

CAFD [23] ••• ••• ◦◦◦ ••• •◦◦ 3 U
WaM [24] ••• ••◦ ◦◦◦ ••• ••◦ 3 U
sFID [26] ••• ••◦ ◦◦◦ ••• ••◦ 3 U
MiFID [1] ••• ••◦ ••• ••• ••◦ 3 U

KID [2] ••• ••◦ ◦◦◦ ••• ••• 3 U
FAED [5] ••• ••◦ ◦◦◦ ••• ••◦ 3 U

LPIPS [47] ••• ◦◦◦ ◦◦◦ ••• ••• 3 U
CMMD [17] ••• ••• ◦◦◦ ••• ••• 3 U
GAM [16] [3] •◦◦ •◦◦ ••• — ••◦ 5 —
PPL [19] ◦◦◦ ◦◦◦ •◦◦ — ••• 5 U

Lin. Sep. [19] ••• ◦◦◦ •◦◦ — •◦◦ 5 L
Adpt. Inv. [43] ◦◦◦ ◦◦◦ ◦◦◦ — ••• 5 U

feature-based metrics is identified to have the highest potential for the desired
task. From this class, the metrics LPIPS [47], CAFD [23], KID [2], FAED [5],
and especially CMMD [17] were identified to offer the highest potential for the
task of quantifying simulated image sensor data.

The theoretical findings from the analysis conducted in this work should be
practically verified in future follow-up studies. Moreover, it is advisable to
regularly research new developments in GAN evaluation metrics, as the research
field is very dynamic.
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Abstract

This report explores the current landscape and challenges of adaptive learning in
non-stationary environments, where systems must adjust to continuous changes
in data distribution, known as concept drift. While significant progress has been
made, existing methods often remain constrained by narrow applicability to
specific domains and require specialized expertise. This report reviews existing
techniques, emphasizing the need for universally accessible adaptive learning
systems that is applicable to all kind of non-stationary environments. We pro-
pose an innovative framework inspired by drift velocity profiles [3], aiming
to infer system configurations over time and address the ’what’ and ’why’ of
drifts. Key desirable features for future adaptive learning algorithms are out-
lined, targeting improved versatility, accuracy, and explainability in industrial
settings. By advancing beyond mere detection and adaptation, this work sets the
stage for developing robust, model-agnostic solutions capable of proactive drift
management in diverse applications.
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1 Motivation

In today’s rapidly evolving industrial landscape, the prevalence of non-stationary
environments presents significant challenges for predictive modeling and sys-
tem analysis. Non-stationary environments, characterized by their dynamic
nature, often undergo changes over time due to factors such as equipment degra-
dation, sensor wear, or variations in product and material properties. These
changes necessitate the development and implementation of robust methods to
detect shifts in the underlying processes, ensuring the reliability and accuracy
of predictive models.

Various methodologies exist for identifying and adapting to these changes across
different tasks, including regression, classification, clustering, and time series
learning, all of which are critical components of big data and machine learning
applications. However, the sheer volume of available methods can be overwhelm-
ing. To navigate this complexity, it is essential to categorize these methods based
on their structural and methodological properties.

While these methods aim to address the symptoms of change through adaptation
and detection, approaches that investigate the source or nature of the change are
relatively rare. Even when methods extend beyond merely coping with change,
they typically focus on defining metrics or classifying different classes of change
rather than providing deeper insights. Consequently, the analysis of changes in
non-stationary environments reveals a significant gap in research, highlighting
the need for more comprehensive studies that explore the underlying mechanisms
driving these changes.

1.1 Problem Statement

Non-Stationary environments are characterized by their time changing data
streams. These changes can frequently be expressed as distribution shifts in the
data stream. The direction, speed and cause of the process that produces these
distribution shifts can be very different and is found under the notion of drift
[14]. While there are different types of drift they all have something in common.
The data generating process underlying the data stream changes over time.
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If we have additional time stamps for a dataset D = {di = (xi, yi) ∈ D|i ∈ N}
of a data space D = Xn × Y m we can formulate it as a data stream:
Ω = {(di, ti) ∈ D × R|i ∈ N}. X and Y are the feature and target/label spaces
respectively.

The data generating process itself can be viewed as sampling from the system
concept C ∈ P(D), which is one of the possible distributions over the viewed
data space [64]. If C is part of a non-stationary environment we can not assume
that ∀t1, t2 : Ct1 = Ct2 for Ct being the concept at a certain point in time t [23].

This can now be specified to describe specific types of drifts that alter C in
different ways. This leads to drifts that can cause problems for data mining and
machine learning applications. The specific types of drifts mentioned in this
work are listed and defined in Table 1.1.

The most characteristic distinction being that of Virtual Drift and Actual Drift.
Virtual Drift occurs when the relationship between the feature and target space
remains stable, but the distribution of the feature domain shifts. This can hap-
pen due to changes in basic inputs, such as materials or speed. Although this
represents a drift, the data generated does not contradict the model; instead, it
reveals previously unseen or rare areas of the dataspace, introducing new infor-
mation. In contrast, Actual Drift alters the relationship between the feature and
target domains while keeping the feature domain’s behavior stable. This leads to
contradictory information that can complicate modeling efforts and often results
from changes not reflected in the feature space, acting as a latent influence.
Concept Drift and Real Concept Drift are generalizations of these cases, where
less information is available about the system and a further distinction is not
possible.

Adaptive Learning is concerned with using methods that enable the efficient
analysis of non-stationary environments despite their unstable nature. Some
detection and adaption methods are designed to handle specific types of drifts
[60, 26, 48]. The primary goal of these distinctions is to reduce false detection
rates, as well as to only react to drifts that may interfere with a related models
performance.

The general goal of adaptive learning can be formulated as follows: Given a data
stream Ω we want to use a learning algorithm A that is able to infer a model for
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Table 1.1: Definitions of drift types with specified names [14].

Drift Name Definition

Concept Drift Ct(x, y) 6= Ct+∆(x, y)
Real Concept Drift Ct(y|x) 6= Ct+∆(y|x)
Virtual Drift Ct(y|x) = Ct+∆(y|x) ∧ Ct(x) 6= Ct+∆(x)
Actual Drift Ct(y|x) 6= Ct+∆(y|x) ∧ Ct(x) = Ct+∆(x)

a target time t:

A(Ω, t) = Mt (1.1)

A model M : Xn → Y m is able to make predictions for the targets y ∈ Y m

given the features x ∈ Xn. While the quality of a single model can be mea-
sured by the mean absolute error (MAE) or root mean squared error (RMSE),
the quality of a learning algorithm that is applied to a data stream should be
measured differently. As we know that the concept of the environment can
change it could be that a different model is used for every prediction. To
make a prediction for a data entry di at time ti, we should take into account
all information that is available at time ti. In an optimal system we could
use Ω<ti

= {(dj , tj) ∈ D × R|i ∈ N ∧ tj < ti} as the information that is avail-
able to prepare a model for a prediction at time ti [58]. In reality, we can be
faced with labeling or validation delays, limiting the available information to
Ω∗

<ti
= {(dj , tj) ∈ D × R|i ∈ N ∧ tj < ti − ∆}, where ∆ ∈ R is an applica-

tion specific delay period.

To measure the performance of a data stream or online learning algorithm, we
can also use the MAE and RMSE if we adjust for the changed learning problem:

MAEΩ(A) =
∑|Ω|

i=0 |yi −A(Ω∗
ti
, ti)(xi)|

|Ω|
(1.2)

RMSEΩ(A) =

√∑|Ω|
i=0(yi −A(Ω∗

ti
, ti)(xi))2

|Ω|
(1.3)
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Regression on time changing industrial data
Depending on the field of application the problem statement can be specified
even more. In this work, we focus on industrial applications in the form of cyber
physical systems (CPS). These applications are characterized by their sensor
driven data spaces, which results in continuous feature spaces and depending on
the task discrete or continuous target spaces. Among all machine learning tasks
encountered in CPS, regression (predicting continuous targets) stands out as the
most relevant, followed by classification (predicting discrete targets) and other
unsupervised tasks [41]. Although there is a multitude of classification methods
available for CPS and related fields, the emphasis on regression techniques in the
domain is limited [58]. This work therefore focuses on adaptive regression learn-
ing algorithms, which operate on the data space D = Xn × Y m = Rn × Rm.

2 Related Work

This report will mention and compare the currently available methods for adap-
tive learning, but should not be seen as a systematic literature review, as the
associated completeness is out of scope. This section may point the interested
reader to related publications that provide a deeper view of the fields of adaptive
learning and comparable problems.

2.1 Field Analysis and Surveys

The field of adaptive learning encompasses various topics such as drift detection,
adaptation, and analysis techniques. Numerous literature reviews focus on
specific subtopics within this vast area. For instance, one work provides an
overview of existing approaches for process event mining, emphasizing discrete
information spaces represented by event logs and exploring the extraction of
causal effects from changes in this context [1]. A related study addresses similar
themes [56].

Another survey investigates methods for classification and clustering in non-
stationary data streams, particularly in scenarios with sparse labels. This study

153



Benedikt Stratmann

highlights the use of unsupervised models to support adaptive classification
[26].

Several studies provide functional comparisons of drift detectors, focusing on
their speed and accuracy across different variations of concept drift. These
comparisons enhance the understanding of available drift detection methods
[52] [14].

Some works analyze methods for handling concept drift based on their struc-
ture and applications, aiming to clarify the different types of adaptive learning
approaches and their respective advantages and disadvantages [48] [2] [23] [47].

Efforts have been made to establish a unified taxonomy for concept drift adap-
tation methods, aiming to organize the field and enhance the understanding of
various approaches. These taxonomies have been widely adopted and remain
relevant in contemporary research [30] [14].

Lastly, surveys focused on feature drift address the significance of feature selec-
tion in learning algorithms, particularly in large-scale data operations [13] [58].

2.2 Related Fields

Learning in non-stationary environments is by its definition associated with
comparable fields that seem to be the same, but can be distinguished through
closer inspection. The most prominent of course being continual learning [45].
This topic is also mentioned by many works referenced in section 2.1 and can be
seen as the basic building block of adaptive learning. Continual or incremental
learning frequently assumes that not all information is provided with the initial
training set, but has to be gathered in continuous deployment. While this is
also an assumption of adaptive learning, we can not assume that all information
is helpful information that can be included without further introspection. The
possibility that future information can contradict information of the provided
training set and the task of accessing if this is significant enough to cause a
paradigm shift is what differentiates adaptive learning from continual learning. If
no changes occur however, continual learning is one of the fundamental methods
that enable adaptive learning in the first place. This and comparable relations of
fields can also be seen in Figure 2.1.

154



Advancing Adaptive Learning in Dynamic Environments

Figure 2.1: Connection of the field of non-stationary environments with adaptive learning and other
fields.
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Transfer Learning is also a term frequentlymentionedwhen discussing adaptive
learning. The reasoning being based upon the notion that adaptive learning
tries to change a model from one system concept to another. One could say:
adaptive learning does transfer learning from one system concept to another.
This is not the case, as transfer learning has more information available than
adaptive learning. Firstly transfer learning methods know when a transfer is
happening, secondly data from the starting and goal domain are usually available
and lastly the domain changes are usually not limited in system concept drift but
incorporate change in the number of input and output dimensions, or complete
new classes. Therefore, adaptive learning is more sophisticated than transfer
learning as it has to detect domain transitions online but is less complex in
regards to the adaptions themselves.

3 Method Review

The body of work that is concerned with handling non-stationary environments
in regards to learning is vast [41]. While there are approaches for process
mining and unsupervised problems in this work we will focus on supervised
learning and therefore prediction tasks. As adaptive learning is often comprised
of different interconnecting components, like drift detection, model adaption
and memory handling the pure combination of approaches provides a large
number of comparable but distinct methods. For example: The mentioned
approaches to detect changes in data generating processes can be grouped into:
Hypothesis Tests, Change-Point Methods, Sequential Hypothesis Tests, and
Change Detection Tests [23]. All of these different detection approaches can
then be paired with a suitable adaption method.

An exemplary collection of frequently used methods can be seen in Table 3.1.
This table is by no means complete and can be extended by many more works.
This collection is based on the set of surveys [1, 56, 26, 52, 48, 2, 23, 47, 30,
14, 13, 58] discussed previously with the addition of a few more recent works.
All of the mentioned works present supervised learning solutions and focus on
providing accurate drift detection and/or accurate target prediction.
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3.1 Types of Methods

While the methods are comparable, they can also be categorized and distin-
guished by the tasks they are able to perform and the paradigms they use.

Task: The most important tasks covered by these methods is adaption, followed
by detection. Adaption describes the procedure through which the method tries
to keep the corresponding ML model up to date, while detection is focused on
determining at which point adaption might be useful or required. These are
the how and when of adaptive learning. Beyond this, there are other tasks like
learning paradigm and system analysis, the what and why, which are only
rarely explored.

Policy: The way through which adaption and/or detection is achieved differs
between methods, but the following categories can be identified:

Active: All methods which distinguish between adaption and detection and do
not continuously apply an adaption scheme can be classified as active adaptive
methods. These methods only trigger change in their models if they have found
significant proof in the incoming data that a drift took place and adaption is
necessary. If no drift takes place, thesemethods can therefore not trigger adaption
at all and fully rely on continual learning.

Passive: Methods that do not require detection as a trigger for their adaption
procedure are named passive adaptive methods. In these approaches the suspi-
cion of drift is always present and adaption is therefore executed at every step
possible. This can lead to very fast adaption, but is also data inefficient, as data
entries are frequently discarded even though they are not counterfactual to the
current presumed system concept.

Performance: The first possibility to measure the change in a system is by
observing the performance of the current model in predicting the system. Under
the assumption of the Probability Approximately Correct (PAC) paradigm the
model performance should improve with more available data if the system
concept remains stable. If the performance degrades too drastically a concept
change can therefore be inferred. This policy is not capable of distinguishing
between different kinds of drifts. Model degradation can therefore originate from
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a real concept drift or a virtual drift, where the virtual drift could be compensated
with retraining.

Distribution: The second approach to identify changes is the monitoring of
distributions. This approach is independent of the model of the system and
solely relies on the incoming data but is heavily dependent on suitable and
sufficiently accurate change tests or similarity metrics. These approaches lend
more capability to analysis and accuracy but can be comparably expensive to
compute. The main advantage of this approach is that it can be applied to both
labeled and unlabeled datasets since it only considers the distribution of data
points. However, changes in the data distributions do not always affect the
predictive performance, potentially leading to alarms for drift even if the model
accuracy is not endangered.

Classification/ Regression: As the statistical tests and metrics underlying the
methods are characteristic to their functionality, adapting a method to a different
task can be difficult to impossible. Especially, the transition from classification
(discrete target domain) to regression (continuous target domain) can be very
challenging. One example is the application of statistical tests for measuring
performance degradation. While performance metrics for classification are usu-
ally bounded regression metrics can be arbitrarily high. This disqualifies many
frequently used statistical tests or requires changes in the regression learning
goal itself. Keeping the original domain of the method in mind is therefore
paramount to its successful application.

4 Problem with the current state of the field

While many methods exist that can handle learning in non-stationary environ-
ments, as showcased in the last two sections, many methods are only suited
for handling specified drift conditions [14]. Methods can be limited to drifts
in singular signals, specific speeds of drift or may depend on a specific model
architecture to work as intended. In addition, methods are only designed to
detect or handle drift to ensure the validity of corresponding measurements or
predictions. The notion of explainability, e.g. where in the data space the drift
took place or what caused the drift, is only rarely explored and relies on external
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approaches for analysis. The current state of methods is to handle non-stationary
effects, not to analyze and understand them.

Given a new use case, the selection of a suitable method becomes difficult as
four options present themselves.

Integrated Adaptive Model: Choose a learning agent that is already internally
constructed to enable adaptive behavior. The adaptive tree learner CVFDT
[35] could be such an option. These approaches often rely on internal model
architecture to enable detection and or adaption, for example decision tree split
criteria. Changing the used model type is not possible in these cases and can
heavily limit model expressiveness. If applicable this option is usually the
preferred solution.

Detection & Adaption Combine a general drift detector and a general adap-
tion strategy with any predictive model. As the functional interfaces between
adaption strategies and drift detectors are very lightweight, not all detectors and
strategies are compatible and performance of these plug and play systems can be
experimental at best. As most detectors only focus on specific drifts unforeseen
edge cases in the application can be overlooked.

Passive Adaption: Take any predictive model and retrain it over and over again
with the most recent data points. While this is computational expensive and
inefficient in regards to knowledge management, continuous data generation
might also be prohibitively expensive.

Ensemble Adaption: Use a combination of drift detector and adaption strat-
egy that is aimed and balancing ensembles of models. One example is the
Learn++.NSE [25] approach. The choice of underlying method is usually not
limited and adaption is achieved by training multiple basemodel instances on
different substrata of the provided data stream and using ensemble weighting to
get the best results according to some adaptive loss metric (e.g. MAEΩ). These
approaches are either lightweight and just add more and more model instances
to the ensemble, which makes the model increasingly expensive to maintain,
or they apply active pruning. Both cases are marked with drawbacks. While
growing ensembles are hard to analyze the pruning based approaches suffer
from the same problems as passive adaption and/or detection & adaption,
depending on how the pruning is realized.
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Figure 4.1: Set of frequently referenced drift patterns. Taken from [14]

4.1 Limiting assumptions

While a limitation to only real concept drift for performance based detection
methods or concept drift/virtual drift for distribution based drift detectors is
usual, most methods have further limitations regarding their intended use [45].

Drift Pattern: Drifts of any kind can appear in different realizations. One set
of frequently used variations can be seen in Figure 4.1. The simplest version
is the sudden drift, which all detectors can identify. After that some detectors
are aimed at identifying incremental or gradual drifts and after that some might
even be able to identify and handle reoccurring drifts.

To handle the whole spectrum for a given use case one might have to combine
multiple detectors, which might lead to frequent false positive detections, as all
detectors operate independently. This pattern recognition also assumes that two
predefined states exist: the concept before the drift and the concept after the
drift. This leads us to our next limiting assumption.
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Stationary Sections: Most detection and adaption methods assume that between
drifts there exists a time frame in which the system maintains a stable stationary
concept. While this can be the case for use cases where drifts occur through tool
changes or something of a similar nature, this is not true if the drifts are caused
by something like tool degradation or seasonal temperature changes. For these
scenarios the system is in a constant state of drift and no stationary intervals can
be found that may be used to refit the model or recalibrate the detector. Some
approaches also require a defined beginning and endpoint of the drift to select
which information can be used for future identification.

Binary Detections: If detector and adapters are used in combination to insure
model compliance the interface they most often connect over is the information
for which timestamps in the data stream drift was detected. The information is
presented in a binary format, either a timestamp is not drifted or it is. This is of
course another highly limiting factor, as the speed and amplitude of the concept
change may vary, i.e. there are smaller and larger drifts. Drift detectors can be
parameterized to increase their sensitivity so that they may also find smaller or
slower drifts, but an increase in sensitivity also increases the false detection rate.

Passive adaptive methods are not faced with this particular problem, as they can
continuously change model parameters to comply and are not limited to decide
definitively.

5 Methods that go beyond detection and adaption

As described in previous sections, there are tasks in adaptive learning that go
beyond detection and adaption. Answering the what and why of drifts, i.e.
describing what a drift causes in the behavior of the system and understanding
what caused the drift itself.

Here we will shortly describe the related body of work that tries to do deeper
analysis of non-stationary environments beyond the handling for learning tasks.

Understanding refers to methods that try to make drifts more predictable or
unveil their driving factors. Particular emphasis is on the human interpretability
of this system analysis. For systems that are in drift [33] propose to measure the
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mean direction of the distribution shift and explore the systemic meaning to make
drifts more understandable for maintainers and operators. Hinder et al. present a
solution that uses an explainable classifier to discern data before and after drift
occurrences, enabling the identification of structural disparities between these
sample populations [34]. An alternative, system-agnostic approach inspects
temporal and spatial drifts in data distribution and extracts interesting subspaces
to inspect, using appropriate visualizations [3].

Leveraging the ML model itself as a knowledge representation, [57] employ
an extended Kalman-Filter to predict the future development of model param-
eters, thereby enabling preemptive adaptation. Although this approach seems
to provide impressive results, it is limited to knowledge representations with
continuous parameters and loses efficiency for models with large numbers of
parameters.

By distinguishing parameters that model the system at a time point from param-
eters that model the system over time, the extraction of drift sources can be
performed according to [18]. By employing a Naive Bayes classifier where the
feature likelihood is dependent not only on the class but also on a term directly
influenced by time, the system concept can be differentiated from the system
change over time. While this approach is very powerful in theory, it can only
extract drifts for singular time points. To make the modeling of drifts continuous,
the approach has to be extended significantly, making the inference of the model
many times more complex.

Characterizing aims at identifying, distinguishing and describing drifts. This
can take the form of defining characterizing tuples as in [62] , which enable a
relative comparison between drifts. Another approach is the development of
metrics, measuring the drift magnitude and what attributes of the system are
affected most by mapping and and measuring the differences in data probability
distributions at different points in time [64, 63].

Finally, we would like to highlight the concept introduced by [3], which presents
the idea of velocity profiles to describe the temporal and spatial dynamics of data
spaces in non-stationary environments. This analysis not only identifies which
parts of the data space are changing but also indicates the direction of probability
shifts, allowing for the indirect modeling of drifts rather than merely detecting
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their symptoms. [3] claim that this method is primarily a visualization technique
for the analysis of data streams but the expansion of their concept might lend
to a process that can be used to model the drifts instead of the intermediate
stationary concepts.

6 Discussion

Given the current state of the literature and the known limitations and drawbacks
of current adaptive learning approaches, there are numerous avenues for further
research and development. Current methods have achieved significant progress,
yet many remain constrained by their narrow applicability to specific domains,
datasets, or expertise requirements. In fields with limited access to specialized
expertise, there is a strong need for adaptive learning systems that are universally
accessible and require minimal technical depth for successful implementation.
The creation of a robust, adaptable framework could enable broader, easier
adoption across diverse industries, particularly in settings where complex change
dynamics demand flexible responses.

An approach that extends the drift velocity profiles of [3] might be able to provide
such a system and task agnostic approach while being suited for many different
forms of non-stationary environments.

6.1 Desirable Method

Although there are existing methods capable of adaptive learning within specific
applications, several key challenges remain unmet. Below, we outline the primary
desirable features for an adaptive learning algorithm, selected based on the
limitations of current methods and insights from recent work [23, 26]. These
properties, we argue, are essential for a method to be widely applicable in
industrial, non-stationary environments and for it to remain effective under
varied operational conditions.

First of all: One of the major limitations of passive adaptive methods is their
restricted capability to provide insights into the nature of the detected changes,
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(a) State of the art approach for adaption of
models to a new system configuration.

(b) Proposed approach for the modeling of
drift and resulting adaption.

Figure 6.1: Visualization of a two system configurations S1 and S2 that are present during different
time intervals. Comparison of two drift adaption methodologies indicated by the red region. Instead
of drift detection with binary outcome and a corresponding adaption based on data from S2 (left
canvas), we propose to model the time dependent transition between S1 and S2 (right canvas).

which reduces their ability to inform actionable responses. By contrast, a more
active adaptive policy could respond not only by adapting to changes but also
by identifying and potentially preempting further challenges associated with the
change dynamics. A method that tries to solve the mentioned problems should
therefore be oriented on the active adaptive policy.

The following list details the key properties that an optimal adaptive learning
algorithm should possess to ensure versatility and resilience in industrial non-
stationary environments:

Detect Concept Drift The method should continuously monitor the data stream
and promptly identify concept drift Ct(x, y) 6= Ct+∆(x, y) allowing for
timely responses to these changes.
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Adapt for Real Concept Drift Upon detecting real driftCt(y|x) 6= Ct+∆(y|x)
(as opposed to virtual drift), the algorithm should dynamically adjust its
model parameters to accommodate the new data distribution.

Remove Invalid Data In the case of actual drift
Ct(y|x) 6= Ct+∆(y|x) ∧ Ct(x) = Ct+∆(x) an effective adaptive learn-
ing system should be capable of recognizing and filtering out data that
no longer reflects the current concept, thus preventing obsolete data from
contaminating the model and reducing performance.

Incorporate New Information In cases of virtual drift
Ct(y|x) = Ct+∆(y|x) ∧ Ct(x) 6= Ct+∆(x) the algorithm should retain
relevant historical data while adapting to the variability, thus balancing
stability and flexibility in model performance.

High Accuracy A fundamental requirement, the method must maintain high
predictive accuracy despite concept drift and adapt seamlessly to ensure
ongoing reliability in real-world applications.

Explain Source of Drift Beyond detection, the ideal algorithm should offer
insights into the origin or cause of the detected drift. This explanatory
power is essential in industrial contexts where understanding the reason
behind changes can lead to more informed decision-making and preventive
actions.

Describe Future Development of Drift The method should aim to not only
detect and react to drift but also to forecast potential system evolution,
offering insights into trends or recurrent patterns within the drift.

Compare Different Types of Drifts The ability to classify and compare dif-
ferent types of drift against a database of previous system changes can
facilitate faster or more appropriate real world reactions.

Model-Agnostic The method should be model-agnostic, meaning it can work
with various underlying learningmodels without requiring extensive recon-
figuration. This quality ensures that the method is versatile and can be
integrated into different systems with minimal adjustment and still use the
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available state of the art model that is best suited to represent the system
in a stable state.

Non-Binary Detection Unlike simplistic binary detection systems, the ideal
method should offer a nuanced perspective on drift, identifying degrees or
types of change instead of a binary drift/no-drift outcome. This approach
provides more granular information that can inform a tailored adaptation
strategy.

Limited Model Size For long-term deployment in industrial settings, the model
should maintain a manageable size, balancing adaptability with resource
efficiency. Ensuring a compact model size facilitates deployment in
resource-constrained environments, such as embedded systems or edge
devices, without sacrificing performance.

6.2 Vision

One possible framework that is based on the drift velocity notion of [3] is the
following:

Given a system that has a set of possible system configurations S where a sys-
tem configuration S ∈ S describes a mapping S : Xn → Y m with the space of
observable system variables X (feature space) and the space of target values Y
(target space). We propose an approach that is able to infer (or at least approxi-
mate) the current configuration of the system in a predefined time interval based
on an initial configuration S1, which is present for time t ∈ [0, u] ⊂ R≥0. The
system then drifts to system configurationS2 which is present for t ∈ [u+ ∆,∞].
Figure 6.1 depicts an example of one such drifted system, where the system con-
figuration drifts from S1 in blue to S2 in green, while the system configuration
in the interval t ∈ [4, 6] is unknown.

We further propose to infer a transition function T : S × R≥0 → S that out-
puts the configuration of the system given a point in time and an initial sys-
tem configuration. For the depicted example, this relates to T (S1, 0) = S1
and T (S1,∆) = S2, as shown in the exemplary interpolation of Figure 6.1(b).
In addition to these requirements, T should also accurately describe the data
observed during the transition time t ∈ (u, u+ ∆).
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If the described method succeeds and is runtime proficient for drift adaption
applications, further development could be feasible, in which the whole learning
problem could be modeled by this transition description. For this approach,
T would be inferred using all available data with the objective of propagating
the initial configuration of the system S1 through multiple drifts. This would
directly include the time domain as a part of the feature space, transforming any
type of drift into a learnable system dynamic.

The realization of S and T is as of now uncertain and different possibilities
are available. When keeping with the basis of [3] S could be the space of all
joint probability distributions over D while a transition function would transfer
one such probability distribution into another. This would express the velocity
profiles of [3] as an applicable mapping to describe, model and analyze the drifts
in non-stationary environments, while also allowing the use to generate training
data for a faster adaption process of the predictive model.
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Table 3.1: Table of used data stream handling methods. Tasks Det: Change Detection ; A:
Change Adaption; A* Change Adaption based on deleting old data; Par: Learning Paradigma;
U: Drift Understanding/ System Analysis. Policies Ac: Active Learner; Pa: Passive Learner, C:
Classification; C*: Classification with additional assumptions; R: Regression, D: Distribution Based
Detection/Adaption; P: Performance based Detection/Adaption

Algorithm Task Policy Reference|
Related

DDM Det, A* Ac, C, P [28]|[27]
EDDM Det, A* Ac, C, P [12]
ECDD Det, A* Ac, C, P [54]

CI-CUSUM (JIT) Det, A Ac, C, D [10, 11]|[9, 7,
8]

CHANGE Det, A* Ac, C, R, D [42]
HDDDM Det, A* Ac, C, R, D [21]

ADWIN Det, A Ac, C*, D [16]|[50, 15, 55,
51]

Hierachical CD Det, A* Ac, C, R, D [6]

CVFDT A Pa, C, P [35]|[46, 17,
20]

FIMT-DD A Ac, R, P [37, 39]|[38, 36,
40]

VFDTc A Ac, C, D [29]
Adap. CUSUM Det, A* Ac, C, R, D [5]

PERM Det, A* Ac, C, R, P [31]
IWCV Par C [59]|[4]

SVM-ADWIN A Pa, C, R, P [43]

Learn++.NSE A Pa, C, R, P [25]|[22, 61, 24,
19]

Forgetting Par Pa, C, R [44]
FLORA A Ac, C, P [65]
LDUP A, U Ac, C, P [49]
CPM Det Ac, R, D [53]

OS ELM TV A Pa, R [66]
UPCP Det Ac, D [32]
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Abstract

The central question guiding this research is whether it is possible to adjust
the projection within the field of view (FoV) of the human vision in Head-Up
Displays (HUD) towards zero deviations from a design pattern. This paper
investigates a method to analyse the quantitative characteristics of a spatial
Head-Up Display signal, with the aim of determining whether a best practice of
projecting alignment based on a phase-shifting algorithm has any deviations.The
analysed signal was derived within a one-factor-at-a-time experimental design for
an optimization. Despite the research demonstrating the amount of information
that can be extracted from the signal, further questions must be addressed. These
include the ability of a human vision system to perceive the residuals of the
deviations and the correct scaling of the obtained information by the transformed
signal. A possible solution for the calibration and adjustment process is outlined,
but further assessment and quantification of the process is required to ensure
optimal results.
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1 Introduction

Quality is defined as the ability of a product to satisfy customer needs [2].
However, the quality of images remains ambiguous, possibly due to the distinc-
tiveness of painted pictures or the subjective assessment of images by humans.
The challenges encountered in Human-Machine Interfaces (HMI) in Head-Up
Displays (HUD) are analogous. The observer’s assessment of images is a key
factor in this context. The initial inquiry that arises from this statement pertains
to the capabilities of the product in terms of quality and the needs that a head-up
display is expected to meet in order to ensure customer satisfaction. Based on
the findings of Wagner Daniel, these answers are not clarified [6]. In this study,
the focus will be on the capabilities of the product. To summarise the current
lack of knowledge, there is no possibility for a determination of the minimal
deviations in calibrated and warped optotypes of head-up display images. The
method of this resarch is to conduct more concrete investigations on different
calibration methods for image data to adjust displays in optical systems and
identify the optimal image compared to a designed one. The results should be
an optimum warping parameter set in comparable optical setups, meaning that
the deviation of the system image compared to the desired images is zero, not
perceptible or even not measurable. The following sections are structured as
follows: Section 2 discusses the different calibration methods and the one that is
investigated, registration based on phase shifting computation. The design of
experiments is explained in Section 3, based on the models of Section 2. The
results are presented in Section 4, and the outlook is presented in Section 5. In
every section measurement based images show horizontal and vertical scales.
Whereas, designed images show now scales.

2 State of the Art - Image Processing for Human-
Machine-Interaction in HUD-Projections

In this proposal it should be clarified whether the registration of observer and
imaging pixel in an optical setup based on the phase shifting results is capable
of defining an adjustment standard for head-up display images. To derive the
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state of the art and the basic for registration data compared to other methods,
three different images are introduced.

(a) Designed FoV (b) Adjusted Image (c) Measured FoV

Figure 2.1: Image processing steps towards an adjusted field-of-view

The figures in Figure 2.1 demonstrate the process from the image design towards
the actual system output of a head-up display. The human interface shall percept
three horizontal lines distributed over its field of view which is represented by the
designed output, as seen in Figure 2.1(a). Therefore and based on the knowledge
of the optical system the machine in this case the projector is calibrated in
an appropriate way towards an optimised input as seen in Figure 2.1(b). The
comparison of the initial image with the measured output in Figure 2.1(c) leads
to our initial issue. The adjusted output shows deviations, for example a lack
of sharpness, brightness loss and some geometrical differences. This process
is standardised within the automotive industry, the SAE suggests a calibration
based on the known geometry to compensate the system design. Additionally,
it is possible to fine grain the system with simulations by elaborating the local
deviations. [4] Another possibility is to apply image processing algorithms. One
proposed method shows predefined patterns in boundary positions to compute
the mean position of the projection. [7] Another approach is to use virtual
reproduced systems to calculate the calibrated input for the HUD projector. This
generated input hasmultiple degrees of freedom, such as height or rotation, which
can be fine-tune by the specific user towards his preferences. One of the latest
techniques to computed such an input is based on patterns, which are positioned
in front of the vehicle, see [3].We propose a new process to calibrate and adjust
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head-up display images based on the optical system without prior knowledge.
The core is about to compute the assignment of the observer sensing element
and the image emitting point. The only relevant prior knowledge is the optical
system itself. As far as we know it is possible to compute the difference between
two images based on feature extraction which is limited to small movements.
Comparatively, is the computation of the optical flow, which is an algorithm
that is limited to the used measurement data. For the case one uses unwrapped
phasemaps based on the phase-shifting methods the optical flow may work, but
it still needs the knowledge of the different system components towards each
other to assign the adjusted imaging points. Based on this knowledge we suggest
a measurement of phase-shifting data and a processing with spatio-temporal
unwrapping methods. This makes it possible to assign every imaging point a
unique value and assign the two system without any additional information.

2.1 Registration - a Phase-Shifting Method

As phase-shifting techniques are well-documented, see [1] [8], this chapter will
simply replicate the process and include the most significant equations to derive
the mathematical model. Figure 2.2 illustrates the calibration process that is
proposed. Firstly, it is necessary to define the input patterns that are compared
to the obtained output, as illustrated in Figure 2.2(a). In order to register the data
and utilise a higher sensitivity of the method, a second spatial wavelength λn is
required. The spatial wavelength describes how often the sine-distributed grey
values from black to white are repeated along one image axis. The definition
of a position in a specific plane necessitates two components. Therefore the
patterns get shifted in horizontal the first component and vertical direction the
second one. The four different patterns shown in Figure 2.2(a) are to be shifted
by nSteps, what can be described in the following equation 2.1, see [1].
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(a) Encoded input patterns (b) Measurement patterns

(c) Phase values modulo 2 · π (d) Assigned horizontal imaging pixel

Figure 2.2: Steps for the calibration process based on phase shifting methods

gs(x, y) = β + α · sin(ω · ϕ(x, y) + ϕ0) (2.1)

ϕ0 = 2π · k

nsteps
(2.2)

k ∈ 0, ..., nsteps − 1 (2.3)
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These patterns are observed by a specimen, in this case by the mirroring element
that is being compensated for. The observation process transforms the encoded
pattern into the measurement pattern illustrated in Figure 2.2(b). The data can
be defined by equation 2.4, with the addition of a bias from the surrounding
environment bS(x, y) and a noise factor δg, see [1].

gK(x, y) = a(x, y) · gS(x, y) + bS(x, y) + δg (2.4)

The greyscales of the pattern are influenced by the modulation term a(x, y). This
is evaluated within the phase-shifting characteristics, as will be demonstrated
subsequently. Following the measurement of Npatterns = 2 · 2 · nsteps, the
number of deformed patterns, these are wrapped towards modulo 2 · π. An
example of the by equation 2.5 processed data is shown in Figure 2.2(d) see [8].

ϕi(x, y) = arctan(gK4(x, y) − gK2(x, y)
gK1(x, y) − gK3(x, y) ) (2.5)

Φi(x, y) = λfine

λcoarse
· ϕi(x, y) (2.6)

The unwrapping of the modulo 2 · π towards a horizontal and vertical phase map,
characterised by enhanced sensitivity based on their wavelength relation with
the coarse phase map, is demonstrated in equation 2.6. Finally, this unwrapped
phase map Φi(x, y) is scaled in accordance with the specific imaging source
to elaborate the specific position in the horizontal and vertical directions, as
illustrated in Figure 2.2(d). For a more detailed exposition of this subject, readers
are directed to equation 2.6 and the relevant literature [5].

p(x, y) = π · λfine

2 · π · λcoarse · lp
· Φ(x, y) (2.7)

As it is not possible to perceive every change within the registration map com-
puted by equation 2.7 in a subjective manner, some characteristics of phase-
shifting methods will be utilised.
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2.2 Characteristics of Phase-Shifting

The quality of phase-shifting is contingent upon the modulation of the measure-
ment data.

(a) Phase values modulo 2 · π (b) Mean intensity map

(c) Modulation map (d) Phase error map

Figure 2.3: Characteristics of phase measuring processes

Consequently, a perfect measurement would consist of an equal mean intensity
map, this case is illustrated in Figure 2.3(b), situated at the midpoint of the
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measurable greyscale range, and a modulation, the case of this measurement
is depicted in Figure 2.3(c), utilising the entire range. The mean intensity of
a measurement series can be trivialy calculated, as outlined in equation 2.8,
while the modulation is constructed on the intensity, as demonstrated in equation
2.9 [5].

gM (x, y) =
∑nsteps

i=1 gi

nsteps
(2.8)

Γ =
√

(gK4 − gK2)2 + (gK1 − gK3)2

gM (x, y) (2.9)

As demonstrated in Figure 2.3(d), which was derived using equation 2.10 [5],
the mean intensity map serves as the computational foundation. The modulation
map, on the other hand, is capable of highlighting potential substructures within
the phase error map.

∆ϕ = ∆I√
2 · gM (x, y) · Γ

(2.10)

This characteristic ∆ϕ displays a map of potential deviations within the phase
maps, which form the foundation of the registration maps depicted in Fig-
ure 2.2(d). The map utilises an additional imaging source depending factor
∆I , which provides a statistical description of the greyscale noise.

3 Design of Experiments - Optimization of cali-
bration process parameters

This descriptive research has the objective to find an optimum for geometrical
manipulation of image data in head-up display projections.
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Figure 3.1: Test rag to adjust images, see upper left corner, on the display towards a mirroring
geometry for specified observer, seen upper right corner.

Therefore a calibration is computed based on phase shifting data gained in the
shown test rag of Figure 3.1. As illustrated, the optical configuration comprises
a green-marked observer watching an image displayed in turquoise. The obser-
vation is achieved through the utilisation of an aspheric aluminium mirror, as
depicted in the lower right corner. The mirror is positioned on the blue brackets,
as can be seen in the upper left corner of the image. It is important to note that
the surface of the mirror is not ideal and is not flat; therefore, a calibration is
required to adjust the image on the display. This calibration process enables the
observation of an optimal image over the mirror. The definition of an optimal
image is determined by two distinct assessments. The first is determined by a
subjective observer, while the second is determined by an objective observer.
The present study focuses on the latter to develop best practice for geometri-
cal deviations in head-up display projections. Therefore a one-factor-at-a-time
experimental plan is used, to optimise every parameter of the mathematical
model shown in section 2. This is possible beacause, the brightness controls
the mean level, while the contrast defines the overall measurement range and the
gamma correction is relevant for the linearity. The overall experimental process
is structured, as follows:
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Table 3.1: Calibration process for head-up display projections based on phase shifting and quality
analysation.

Stage 1:
N-Step-Phase-shifting

Stage 2:
Calibration/
Adjustment

Stage 3:
Objective
Assessment

Wavelength 1 horizontal Spatio-Temporal
Unwrapping

Measurement
adjusted image

Wavelength 1 vertical Assignment
observer/
display pixel

Deviation
computation

Wavelength 2 horizontal Adjustment display
image

Wavelength 2 vertical

The process is subdivided into three stages: the phase-shifting stage, in which
the calibration data is obtained; the computational stage, in which the warped or
adjusted image is defined; and the assessment stage, in which the geometrical
deviation is computed between the desired input and measured output. The first
stage is primarily the acquisition of the measurement data, in which the lumi-
nance camera acquires n patterns in the first spatial wavelength in the horizontal
direction. This step is repeated in the vertical direction, and subsequently, the
final steps are repeated for the second spatial wavelength.The measurement phase
is succeeded by the calibration phase. In this step, the second one, the wrapped
phase maps are computed, unwrapped using a spatio-temporal approach [5],
afterwards the absolute phase map is scaled towards a pixel-wise registered
calibration map. This map enables a precise alignment of the display pixels
with a given observer image. The result of this process is an adjusted display
image based on the knowledge of the observed pixles, which is shown in the
optical setup and captured via the mirror. This forms are part of the third process
step. Finally, the quantification of the deviation between the given image from
step two and the captured image in this step is achieved by normalisation and a
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wavelet analysis. In this investigation, the process is repeated with its steps one
to three for every relevant factor derived in section 2.

Table 3.2: Parameters to vary within the optimisation process regarding the display settings.

Parameter display gD(x, y)
Parameter Step 1 Step 2 Step 3 Step 4 Step 5 Step 6
Gamma
Brigthness
Contrast

Table 3.3: Parameters to vary within the optimisation process regarding the pattern settings.

Parameter pattern gP (x, y)
Parameter Step 1 Step 2 Step 3 Step 4 Step 5 Step 6
Modulation
Extrapolation
Phase-
shifting-
method

The factors investigated during the study are summarised in Table 3.2 and 3.3.
Based on the knowledge the optical setup contains three different components,
and adding the fact the mirror is non-changable. We see Tabel 3.2 is describing
the imaging source whereas Table 3.3 shows the relevant parameters of the
measuring element. It is important to note that the camera or its settings are
optimized for each of the scenarios shown above. Gamma, brightness and
contrast are directly link to the imaging source, in this case it is a liquid-cristal
display. These settings modify the emitted greyscales within the measurement
data, for the case the other parameters are fixed. Another reason for varying
these parameters is the mathematical description of the measurement data by
Equation 2.4 and its proportions. The subsequent Table 3.3 illustrates the
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parameters of the measurement data. The measurement information is conveyed
by the deformation of the emitted greyscale patterns. One parameter of Table
3.3 effect this is the modulation, one half of the peak-to-valley value from the
measured greyscales. The phase-shifting-method is also greyscale related. It
has an impact on the spatial movement of one greyscale value, without the
deformation of the mirror. This highlights its influence on the sensitivity to
recognize such deformations. The tables contain six varying steps. The overall
range of light-relevant parameters is divided in at least five steps.

4 Results - Best Practice Horizontal Lines in Head-
Up Display Projections

The shown optical system in section 3 consists of a liquid crystal display, a
luminance camera and an aspheric mirror. In this section investigation results
and interpretation of the factors in Table 3.2 and 3.3 is presented, as it is the
base for identifying the sweet spot, qualitative observations, the decision for the
best practice by which the deviation is computed.

4.1 Identified Optimal Parameter Set

Based on the physical and mathematical model from section 2, as well as the
derived design of experiments from section 4 the optimal set of parameters is
elaborated as seen in the table:
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Table 4.1: Results of the one-factor-at-a-time optimisation based on the relevant factors.

Parameter display gD(x, y)
Parameter Step 1 Step 2 Step 3 Step 4 Step 5 Step 6
Gamma I
γ

0.3 0.8 1.3 1.8

Gamma II
γP hase

0.7 0.9 1.0 1.2 1.5 -

Gamma II
γIntensity

2.4 2.5 2.6 2.7 2.8 -

Brigthness I 0 20 40 60 80 100
Brigthness II 40 42 45 47 50 -
Contrast I 25 50 75 100 - -
Contrast II 55 60 65 70 - -

Parameter pattern gP (x, y)
Modulation 25 50 75 100 - -
Extrapolation Global scalingvalues Local scalingvalues
Phase-
shifting-
method

4 Step 12 Step 20 Step

As shown in Table 4.1, there is an issue with the rows being segmented differently,
especially in the gamma investigation, brightness, and contrast. The reason for
this is obvious when it comes to brightness and contrast and we need to do a more
detailed investigation to work out the best settings. Looking at the gamma factor
there are two different ways of to go. The lower row demonstrates the optimal
gamma value γIntensity for an ideal representation of the mean intensity value,
while the phase map error γP hase is of particular interest in this investigation. A
thorough examination of the system behaviour reveals that a highly homogenous
error map results in a less disturbed image content, consequently leading to
the separation of these directions. An optimal reconstruction of the intensity
map is only needed if one wants to inverse the background illumination of the
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system. Prior to interpreting the results, it is essential to clarify the colour
scale. Red numbers exhibit artefacts in the observed image lines with either
high amplitude or disturbing irregularities. Conversely, green numbers indicate
settings where these effects are undetectable. Orange numbers demonstrate a
relatively imperceptible deviation from neighbouring green numbers. When
transferred to an application or interpretation, this solution should be deemed
acceptable. In order to quantify this interpretation, it is necessary to determine
the sweet spot for a 20-step phase-shifting method. This involves utilising the
full dynamic range of images at a mean brightness level bdisplay = 50 · % with
a higher contrast adisplay = 65 · %. In order to achieve sharper image content,
it is possible to apply a mean filter over several measurement images or to apply
a Gaussian filter to the map of the registered data. However, it should be noted
that no further improvements were observed with more than ten mean filtered
measurements. A similar outcome was attained by employing a ninth-order
Gaussian filter or higher.

4.2 Parameters Influencing the Image Quality

As previously mentioned during the study, several noteworthy observations
regarding the impact of varying parameters were recorded. Prior to the study,
various displays and imaging systems were examined. These systems demon-
strate differing radiation characteristics, resulting in varied intensity maps. It is
imperative to be cognizant of photonic noise and its characteristics, as well as
irradiance and its representation within the mathematical model, see equation 2.4.
The study demonstrated that, under certain conditions, to achieve a satisfactory
outcome is possible by selecting an appropriate optimisation strategy.
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(a) Mean intensity map LC-Display HUD. (b) Mean intensity map DLP-Projector HUD

Figure 4.1: Differences in intensity distributions of various concepts

In Figure 4.1(a) the system with a low intensity gradient can be seen. In com-
parison, that right hand side shows the system with a high intensity gradient.
It is observed that in both intensity maps, the intensity value of the highest
magnitude is represented by the brightest colour, i.e. yellow. The scale of the
intensities is presented in greyscales [In] = GS. The difference between these
two computed mean value maps is evident in two respects: firstly, the amplitude
of artefacts and secondly, the gradient between the minimum and maximum.
The latter is observed to be three times higher from left to right. The discrep-
ancy between the artefacts may be associated with the modulation map, as it
exhibits analogous effects. The orientation of these artefacts is influenced by the
geometry of the mirror and the orientation of the imaging source with respect to
the mirror. In this study, it was determined that the quality of registration maps
can be achieved with left- and right-optimised systems, albeit with different
phase-shifting methods.
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(a) Phase error map LC-Display HUD. (b) Phase error map DLP-Projector HUD

Figure 4.2: Differences in intensity distributions of various concepts

The subsequent finding pertains to the computed phase error maps, which are pre-
sented in Figures 4.2(a) and 4.2(b). As demonstrated in Figures 4.2(a) and 4.2(b),
in conjunction with Figures 4.1(a) and 4.1(b), there is a clear distinction between
the optimisation pathways leading to an optimal phase error map and a maximum
attainable intensity map. In both figures, the phase error map is depicted in
degrees [∆ϕn] =◦, with the most significant value indicated as the brightest,
i.e. white. This study reveals that, despite the substantial gradient disparity,
the mean phase error remains constant, while the variance undergoes a change.
Two factors have been identified as contributing to this outcome. Firstly, the left
outcome is based on a gamma value γD = 2.3 combined with a high number of
phase shifting steps nP = 20. Secondly, the right-hand optimisation path leads
towards a low number of steps nP = 4 and a low gamma factor γD = 1.0. A
plausibility check reveals that the gamma factor is responsible for the correction
function of the grey value scaling. This suggests that the 20-step method, which
exhibits heightened sensitivity to grey value disparities, may encounter a more
constrained spectrum of grey levels. Conversely, the low gamma factor, which
compensates for the less sensitive 4-step method, necessitates a broader range of
grey levels. Consequently, the phase errors remain within a similar scope due to
this compensatory effect. Furthermore, the adjusted figure in this section illus-
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trates the relationship between phase error and the desired result for the adjusted
image, as evidenced by Figures 4.2(a) and Figure 4.2(b). It is noteworthy that,
even in the presence of artefacts or substructures within the phase error map (as
depicted in Figure 4.1(b)), provided their variance remains below a specified
threshold, they cannot be perceived in the adjusted image.

4.3 Quantified Best Practice

The image that has undergone the requisite adjustments is displayed, and is
based on the phase map that is exhibited in Figure 4.2(a). The following image
was assesed by a small number of various persons with different surroundings as
horizontal with no defects. This preliminary assessment serves as a foundation
for further research, particularly in relation to the technique itself and the data
set obtained.

Figure 4.3: Best practice for an adjusted image observed via an aspheric non-transparent mirror.

As illustrated in the Figure 4.3, three horizontal lines are distributed across the
field-of-view of the observer, specifically the luminance camera. As these lines
are assessed, an analysis is conducted to describe them. Initially, the signal
undergoes a transformation into a semi-continuous description.
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(a) Semi-continuous representation of one
adjusted line within the image.

(b) Continuous wavelet transformation of the
signal in Figure 4.4(a).

Figure 4.4: Concept for a quantified analysation process.

This representation is derived by the centre-of-gravity for the gaussian distri-
bution of every pixel illuminated along one line within the picture (see Fig-
ure 4.4(a)). Subsequently, the signal undergoes a continuous wavelet trans-
formation to derive a proper description for the best practice, as illustrated in
Figure 4.4(b). As demonstrated in Figure 4.4(a), the signal displayed is the mean
of the three lines within the image. It has been normalised to its mean value,
and the deviation of the signal towards this mean value is shown on the y-axis.
The x-axis indicates the signal’s position on the image phorizontal = 1500 · px.
The presence of a singularity around the position can be discerned within this
signal. Furthermore, the presence of an overall deviation or two deviations with
opposite directions is a possibility. Finally, the signal is superimposed with
a noise described by very high frequencies in respect to the signal length, a
small amplitudes. The interpretation of the high spatial frequencies and small
amplitudes in the signal is complex based on the given data. The underlying
reasons for this phenomenon are attributable to the system’s lower pixel density
on the image side in comparison to the observer side, which is observed via
an aspheric mirror. Additionally, the analysis method employed in this study
utilises the centre-of-gravity function to evaluate the illuminated pixels on the
observer side. Conversely, the wavelet transformation of the described signal
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is presented. This analysis is performed to determine an appropriate method
for decomposing the best practice and to describe the individual components.
The figure presents a colour map of the analysed wavelet scales on the y-axis
and the signal length on the x-axis. In a comprehensive wavelet analysis, the
colour serves to denote the amplitude of the wavelet at a specific scale and point
within the signal. In this instance, the primary objective is to determine the
feasibility of signal decomposition to facilitate the extraction of the requisite
information. A comparison of the signal with Figure 4.4(a) reveals the presence
of four distinguishable components. The singularity, which has been previously
discussed and located at phorizontal = 1500 · px, is the starting point for this
analysis. The scale at which the singularity can be located as a spatial wavelength
is interpreted, and it is determined that this could match the signal because the
singularity might have a spatial wavelength of λSingularity = 200 − 300 · px.
Starting with this approach, the signal is shown to consist of twomid-frequencies,
one low frequency and the singularity. In conclusion, the wavelength spectrum
range of Sλ =]213 · px; 4329 · px[ the best practice is, and the superimposed
deviation of the signal does not exceed AD = ±2 · px.

5 Conclusion and further work

It has been established that image adjustment is achievable through the utilisation
of phase-shifting methodologies and the computational processing of registration
data, culminating in the attainment of a perfected and evaluated line. This
exemplar of a best practice demonstrates the relevant parameters and a potential
outcome. Furthermore, the analysis of deviations in head-up display signals
is possible through the employment of the continuous wavelet transformation
method. However, it is essential to undertake a more profound analysis of this
proposed method to facilitate the establishment of quantifiable parameters for
head-up display signals. A key point pertains to the analysis of signal, specifically
the information that can be derived by a wavelet transformation, and whether
the discrete wavelet transform can yield equivalent information. Addressing
these issues necessitates first establishing the nature of the scales, whether they
are wavelengths or a more comprehensible form of frequency computation.
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Subsequently, the correlation between the substructures within the phase error
map and their occurrence within the signal can be analysed. Furthermore, the
acceptance of the obtained horizontal lines should be investigated in a subject
study by a represantative subject group.
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Abstract

While fine-grained vehicle classification has important applications in the secu-
rity context, it is heavily limited by the availability of data. Particularly, the large
number of vehicle models and the ongoing introduction of new models require
regular and large dataset updates for a well-applicable vehicle classification
system. In the field of few-shot learning, new visual classification approaches
based on deep learning were proposed which claim to be more effective in terms
of data usage. However, most few-shot approaches are evaluated in scenarios
which only include a small number of classes. Thus, we evaluate attention-based
few-shot approaches in a more difficult scenario which not only involves a sig-
nificant number of classes with only a few images available but also including
the classes of the base training for which abundant data is available. This new
scenario better represents the challenges of few-shot learning for fine-grained
classification in real-world scenarios where a classifier cannot afford to lose the
capability of recognizing the base classes but also needs to be capable of being
extended with new classes without large data collections. This scenario forces
the approach to cope with the possibility of misclassifying a novel class as one
of the many base classes rendering results more representative for real-world
use cases. The results show that a modern transfer learning approach achieves
good results even in this difficult scenario. Particularly, on a challenging dataset
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involving a high variety in terms of camera perspectives, unsupervised attention
can further increase the accuracy.

1 Introduction

Fine-grained vehicle classification has its applications particularly in the field
of security. Since license plates are easily interchangeable, a vehicle model
is a distinctive attribute for manhunts. However, for a well-applicable vehicle
classification system, the system needs to support a broad range of vehicle
models. Otherwise, the chance of the searched model being supported is low
and the risk of false positives is high due to unsupported models in a real-
world application being arbitrarily assigned to one of the known vehicles. Thus,
a vehicle classification system should be easily extendable with new vehicle
models. However, depending on the application, it is difficult to acquire a large
amount of samples for every vehicle model. While for advertisement purposes,
a lot of images are available and easy to acquire from the web, the applications
are often different. For security applications, mainly surveillance images are
relevant for which images are difficult to acquire in a data-protective manner.
This leads to the conclusion that a vehicle classification system needs to cope
with a limited amount of samples during training.

Thus, in this work, we focus on few-shot learning for fine-grained vehicle classi-
fication. In the context of visual classification, few-shot learning describes the
task of learning a classification task of usually distinguishing about 5 classes
with e.g., 1 or 5 training samples available per class. To give the classifier the
chance of learning meaningful features, a base training is done with a large
amount of samples not involving one of the classes of the few-shot learning. As
mentioned before, a fine-grained vehicle classification system should support
as many vehicle models as possible. Thus, we investigate an adjusted few-shot
setting that involves not only distinguishing the novel classes of the few-shot
stage but also distinguishing them from the base classes and the base classes
from each other. Thus, it leads to a task of distinguishing well over 100 classes
instead of only 5.
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We evaluate different few-shot learning approaches like transfer learning [18],
dynamic learning [6] or prototypical networks [16] combined with several atten-
tion approaches to increase the parameter efficiency. Particularly, we evaluate
supervised key-point-based attention mechanisms, unsupervised attention and
unsupervised bounding-box-based localization [20].

This work is structured as follows. Section 2 provides an overview of related
works. Section 3 introduces the evaluated few-shot setup and compares it to the
regular few-shot setup. Section 4 explains the evaluated approaches. Section 5
presents and discusses the quantitative results and Section 6 concludes this work.

2 Related work

2.1 Few-shot learning

A common pattern in few-shot learning is meta learning. Meta learning uses
subsets of a large base dataset to simulate few-shot training tasks. This is
commonly applied to metric learning which uses a distance between a query
and a support embedding in order to assign an image to a class. The distance
metric can either be hand-crafted [16, 2] or trained [17]. Another meta learning
approach is optimization-based meta learning. These methods learn a weight
update procedure in the meta training stage which they later use in the few-shot
adaptation to update the weights based on a small set of support samples for new
classes [4, 6]. Transfer learning describes the process of fine-tuning a pre-trained
network towards a new task. It has been shown that transfer learning can also be
employed for few-shot learning [14].

2.2 Fine-grained classification

A wide range of approaches have been proposed specifically for fine-grained
visual classification which target the specific difficulties like small inter-class
variance and limited amount of data samples per class. To provide a guidance
for the classification which parts of an image are important for classification,
part-based approaches extract crops of important parts before classification [3,
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15, 22]. Bilinear networks [5, 10, 13, 23] use two separate networks which are
fused before classification with the idea that the networks learn localizing parts
and extracting features separately. Fine-grained classification tasks commonly
involve a hierarchical arrangement of classes, e.g. make, model and year for
fine-grained vehicle classification. This hierarchy is exploited by hierarchical
classification approaches that also learn a coarse-grained classifier which can
also improve fine-grained classification due to a larger data availability of coarse-
grained classes [8, 1]. Since fine-grained classification relies on recognizing
small differences between classes, still images can be limiting due to only
providing a single perspective and might be degraded by blur. Thus, performing
fine-grained classification on videos instead of still images has been exploited
to improve the recognition accuracy [24, 9].

2.3 Fine-grained few-shot learning

Li et al. [12] propose the DN4 network which employs local features instead of
image-level features to improve the few-shot classification performance, particu-
larly for fine-grained scenarios. Tang et al. [18] integrate an attention mechanism
guided by the pose of the object to be classified, called pose normalization, into
classification networks to improve the accuracy of fine-grained few-shot classifi-
cation.

3 Few-shot setup

Few-shot learning in the context of visual classification describes the task of
adapting a classifier to new classes not seen before with a very small amount
of samples. This requires some meta knowledge which is gained in most of the
approaches with a base training on a large dataset. Afterwards, a fine-tuning is
applied for the adaption to the new classes. Common few-shot setups use a 5-way
task which involves distinguishing 5 different classes based on a small number of
samples, e.g., 1 or 5. However, in the context of fine-grained classification, this
scenario is not sensible due to fine-grained classification tasks usually involving
a high number of classes in the range of hundreds [11, 21] or thousands [21]. To
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approach this issue, recent works refrain from using only a subset of the classes
which were selected as novel classes in the data pre-processing but requires
the classifier to distinguish all classes [20]. While this leads to a much higher
number of classes to be distinguished and thus, a significantly more realistic task,
this task definition is still off from realistic fine-grained classification where the
user wants to be able to recognize as many classes as possible. Thus, we define
a different few-shot scenario which involves recognizing both base and novel
classes with a single model. Particularly, the classifier is tasked to be capable
of distinguishing the union of the base and the novel classes after the few-shot
fine-tuning. This is different from traditional few-shot settings and the adapted
setting from Wertheimer and Hariharan [20] for which the classifier does not
need to be able to recognize any of the base classes after fine-tuning. Note that
contrary to settings involving catastrophic forgetting, all data of the base classes
is available during fine-tuning. This means that for each of the base classes an
abundant amount of training samples is available while for each novel class only
a small amount of samples, 1, 5 or 10 in our experiments, is available. This leads
to a significantly long-tailed distribution of the training set rendering training
more difficult than for the traditional few-shot setup which involves a balanced
fine-tuning set.

4 Methods

In this section, the evaluated methods are described. The methods can be split
into the overall architecture, the feature extractor backbone and the employed
attention mechanism. The backbone extracts features while the attention mecha-
nism is integrated in the backbone to improve the semantic expressiveness of
the features. The classification architecture decides the output class based on
the features.

4.1 Architectures

The architecture describes how the actual classification is performed based on
the extracted features. A transfer learning mechanism, a dynamic network and
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and a prototypical network are evaluated. All architectures share the split of the
training process into a base training which is performed on a dataset with a large
number of classes and samples and a few-shot fine-tuning which includes a set
of novel classes with only a low number of samples per class.

Transfer networks. The transfer learning mechanism is implemented according
to Tang et al. [18]. It employs a linear classification layer followed by a softmax
activation function. The optimization is performed based on a cross-entropy loss
function as common for training deep neural networks. However, the backbone
is only trained during the base training. During the few-shot fine-tuning, the
linear classification head is reinitialized and the optimization is only performed
for the head with the backbone weights being frozen. This reduces the possibility
of overfitting on the few samples for the novel classes by lowering the number
of optimized parameters.

Dynamic networks. Dynamic networks [6] are based on a meta-learning which
simulates many few-shot tasks during training by choosing subsets of the base
classes and run few-shot fine-tunings on them with a small number of samples
during the base training stage. The few-shot fine-tuning is implemented by
dynamic networks by passing the samples into the backbone and predicting
classification weights with a few-shot classification weight generator based on
the extracted features. The classification weight generator predicts per-class
feature vectors based on the feature vectors of the images belonging to each
class as a combination of the average of them and a trained attention mechanism
being fed with the features. To prevent large differences in terms of magnitude
between the weight vectors leading to an unbalanced classification decision, the
weight vectors and the extracted feature vectors are l2-normalized, i.e., a cosine
similarity is applied for the classification instead of a dot-product.

Prototypical networks. Snell et al. [16] propose prototypical networks which
use an embedding function with learnable parameters that maps each sample
in an embedding space. Afterwards, a prototype is extracted for each class by
averaging the embeddings of the corresponding support samples. A squared
euclidean distance is used to decide the class of a query embedding based on
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similarity to the prototype rendering it a metric learning approach which is
trained in a meta-learning manner.

4.2 Backbones

For the experiments, we employ two backbones of different size with both
being optimized for a low number of parameters to prevent overfitting in a few-
shot scenario. Each backbone is followed by a global average pooling layer
that reduces the feature map of the backbone’s last layer to a feature vector by
averaging over all pixels per channel.

Conv4. The Conv4 backbone is representing a small backbone with only 4
convolutional layers. Every layer consists of the 3 × 3-convolution itself, a batch
normalization layer, a ReLU activation function and a maximum pooling layer
of size 2.

ResNet18. The ResNet18 [7] backbone is significantly larger and more opti-
mized with residual connections than the Conv4. However, with regards to the
overfitting-prone few-shot task, we choose the smallest ResNet variant.

4.3 Attention mechanisms

We adopt the idea of Tang et al. [18] to apply a pose normalization as an inductive
bias reducing the intra-class variance which has to be captured by the model.
Tang et al. [18] advocate for a supervised pose normalization strategy and against
an end-to-end training for few-shot classification. However, we also evaluate
unsupervised attention mechanisms in the expectation that a base training with a
high number of images and classes will lead to an attention pattern with a similar
effect. Due to the domain differences of working with cars instead of animals,
we choose the name keypoints instead of pose. Besides the integrated keypoint
prediction mechanism as proposed by Tang et al. [18], we evaluate an externally
trained keypoint predictor with the predicted keypoints being integrated in a
similar manner, an unsupervised attention mechanism that also integrated a heat
map but has no pose loss and an unsupervised localization mechanism.
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Internal keypoint estimator. The internal keypoint estimator as proposed by
Tang et al. [18] is integrated into the classification network by employing a
simple two-layer CNN on top of an intermediate layer of the backbone. The
predicted keypoint heat maps are fused with the backbone’s feature map by
applying a Hadamard product between each pixel of the heat map and the feature
map per keypoint heat map. Each resulting attention-modulated feature map is
then reduced to a feature vector by summing all pixel values per-channel and
normalized by the spatial-wise sum of the keypoint heat map, i.e., a weighted
global average pooling with the weights being the heatmap values. The result-
ing per-heat-map feature vectors are concatenated before being passed to the
classifier. During training, an additional keypoint estimation loss is applied to
the keypoint heat maps to guide the network to predict consistent keypoints, i.e.,
a pixel-wise log loss. Since the datasets used for evaluation lack any keypoint
annotation, we employ a pre-trained vehicle keypoint prediction approach [19]
to generate a pseudo ground truth.

External keypoint estimator. For the external keypoint estimator, we employ
PAMTRI [19]. Based on the predicted keypoints, we construct a heat map
for each keypoint and fuse them with the final feature map of the backbone
similar to the attention mechanism based on the internal keypoint estimator.
This loosens the limit in terms of model complexity of the internal keypoint
estimator. Nonetheless, it might also be disadvantageous since the keypoint
prediction is not trained combined with the classification loss which can lead to
heat maps that are not well-suited for the classification.

Unsupervised attention estimator. The unsupervised attention estimator uses
an architecture similar to the attention mechanism based on the internal keypoint
estimator. However, it does not employ an additional keypoint estimation loss.
Thus, it solely fulfills the purpose of a spatial attention mechanism.

Unsupervised localization. We evaluate the unsupervised localization based on
bounding boxes as proposed by Wertheimer and Hariharan [20]. It employs two
learned prototype vectors representing background and foreground. Note that
these prototype vector should not be confused with the class prototype vectors
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used for some architectures. Based on the final feature map, a foreground and
a background mask is predicted based on the proximity of each pixels feature
vector to the foreground and background prototype feature vector, respectively.
Afterwards, both masks are applied independently to the feature map using a
Hadamard product resulting in two attention-modulated feature maps which are
reduced to two feature vectors by applying global average pooling. Both feature
vectors are concatenated to construct the final feature vector for classification.

5 Experiments

5.1 Datasets

For the evaluation, two datasets are considered: Stanford Cars [11] and Comp-
Cars Surveillance (CompCars SV) [21]. Stanford Cars is a web-nature dataset
containing 16,185 images from a total of 196 classes. For the experiments, 130,
17 and 49 classes were used for training, validation and testing, respectively.
CompCars SV is a surveillance-nature dataset containing 44,481 front-view
images from a total of 281 classes. Of these, 140, 71 and 70 are used for training,
validation and testing, respectively.

5.2 Experimental setup

The experiments using a Conv4 backbone use images of size 84 × 84 pixels while
224 × 224 pixels are used for experiments involving the ResNet-18 backbone.

The internal keypoint estimator requires ground truth keypoints. Due to the
lack of ground truth keypoint annotations for the datasets Stanford Cars and
CompCars SV, we generate pseudo ground truth keypoints by using a keypoint
estimation approach. We choose the PAMTRI [19] keypoint prediction approach
using the model pre-trained by the original authors on a synthetic dataset. This
pre-trained PAMTRI model is also used as the external keypoint estimator.

We use the class-wise macro-averaged F1 score as evaluation metric. While the
images of all classes including the base classes is considered for the calculating
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Table 5.1: Comparison of different backbones and few-shot architectures for 1, 5 and 10 shots on
Stanford Cars. The metric is F1 score. ResNet18 clearly outperforms Conv4 by a large margin
compared architecture for architecture and for all shots. Regarding the few-shot architectures, a
simple transfer approach proves advantageous over the more complex dynamic or proto approaches.

Model Stanford Cars
Shots 1 5 10

Transfer (Conv4) 15.8 ± 0.7 23.6 ± 0.8 24.5 ± 1.0
Dynamic (Conv4) 6.3 ± 0.2 16.9 ± 0.3 21.3 ± 0.3
Proto (Conv4) 4.6 ± 0.2 12.0 ± 0.2 13.9 ± 0.2

Transfer (ResNet18) 39.6 ± 0.7 53.8 ± 1.0 52.0 ± 0.7
Dynamic (ResNet18) 19.4 ± 0.5 37.9 ± 0.5 42.8 ± 0.4
Proto (ResNet18) 18.4 ± 0.4 34.9 ± 0.4 38.0 ± 0.3

the class-wise F1 scores, the reported average F1 scores are only averaged over
the novel classes. This puts a stronger emphasis on the important novel classes
while still taking confusions of base classes as novel into consideration for the
evaluation.

5.3 Results

In this section, the results of the experiments are shown and discussed. We
run each experiment with 1, 5 and 10 shots for the few-shot training. First, we
evaluate the impact of the backbones and the few-shot architectures without
employing an attention mechanism. The results for Stanford Cars are shown in
Table 5.1 and the results for CompCars SV are shown in Table 5.2.

On both datasets, the results indicate clearly that the few-shot architecture can
take advantage of the higher number of parameters of the ResNet18 backbone
compared to the Conv4. Comparing the different few-shot architectures, the
transfer network achieves higher scores for all evaluated settings compared to the
dynamic or proto networks. Nonetheless, the gap between the transfer network
and the other approaches is shrinking with more shots. Additionally, the benefit
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Table 5.2: Comparison of different backbones and few-shot architectures for 1, 5 and 10 shots on
CompCars SV. The metric is F1 score. ResNet18 clearly outperforms Conv4 by a large margin
compared architecture for architecture and for all shots. Regarding the few-shot architectures, a
simple transfer approach proves advantageous over the more complex dynamic or proto approaches.

Model CompCars Surveillance
Shots 1 5 10

Transfer (Conv4) 76.1 ± 0.6 81.3 ± 0.5 81.7 ± 0.5
Dynamic (Conv4) 42.4 ± 0.5 73.3 ± 0.3 79.1 ± 0.3
Proto (Conv4) 30.9 ± 0.4 60.3 ± 0.3 66.3 ± 0.3

Transfer (ResNet18) 85.7 ± 0.6 88.6 ± 0.4 88.8 ± 0.4
Dynamic (ResNet18) 52.0 ± 0.5 77.2 ± 0.3 81.5 ± 0.2

from using 10 shots instead of 5 is almost negligible in most scenarios. Both
findings indicate that even the ResNet18 is not prone to overfitting with the
evaluated few-shot approaches and it might already be limited in its learnable
parameters. A larger backbone like ResNet50 will probably lead to better results
for 5 and 10 shots.

Next, we evaluate different attention mechanisms based on the best methods of
the previous experiment, i.e., ResNet18 with a transfer network. The results are
shown in Table 5.3 for Stanford Cars and in Table 5.4 for CompCars SV.

For Stanford Cars, the results show a clear advantage for the attention estimation
giving a great increase in accuracy over the base approach for all number of
shots. Unsupervised localization is consistently the second best option which
also shows a significant advantage over the baseline. However, the attention
mechanism supervised by keypoint estimation show a degradation of the accu-
racy for both an internal or external keypoint estimation. Only the internal
keypoint estimation for 10 shots shows a slight advantage over the base network.
These results show that the ResNet18 by itself is not able to extract features
which are invariant to the perspective and an attention mechanism can greatly
improve the feature extraction capabilities. However, the estimated keypoints
are likely not accurate enough to give an advantage for the feature extraction. A
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Table 5.3: Comparison of different attention mechanisms for 1, 5 and 10 shots on Stanford Cars
with a ResNet18 backbone. The metric is F1 score. For all number of shots, the attention estimator
outperforms the base model as well as the other attention mechanisms.

Model Stanford Cars
Shots 1 5 10

Base 39.6 ± 0.7 53.8 ± 1.0 52.0 ± 0.7
Unsupervised Localization 41.4 ± 1.2 59.0 ± 0.9 63.7 ± 0.7
Attention Estimator 49.0 ± 0.8 62.4 ± 0.7 66.9 ± 1.0
Internal Keypoints 37.7 ± 0.9 51.3 ± 0.8 55.2 ± 0.7
External Keypoints 37.6 ± 0.8 45.9 ± 0.6 47.7 ± 1.0

Table 5.4: Comparison of different attention mechanisms for 1, 5 and 10 shots on CompCars SV.
The metric is F1 score. Only the unsupervised localization approach and only for 10 shots gives
a significant advantage. While the impact of most attention mechanisms is small for 5 shots, all
of them are degrading the accuracy for 1 shot. The reason for these results are likely the small
variance in terms of view with all images being front view. Thus, the main advantage of the attention
mechanisms, locating important features, is not effective.

Model CompCars Surveillance
Shots 1 5 10

Base 85.7 ± 0.6 88.6 ± 0.4 88.8 ± 0.4
Unsupervised Localization 83.4 ± 0.9 88.7 ± 0.7 90.4 ± 0.8
Attention Estimator 79.4 ± 0.6 86.9 ± 0.7 87.9 ± 0.6
Internal Keypoints 73.3 ± 1.1 83.0 ± 0.8 84.9 ± 0.9
External Keypoints 68.0 ± 0.7 78.4 ± 0.5 80.2 ± 0.8

better keypoint estimator which better fits the domain of the target data might
improve the results.

On CompCars SV, the unsupervised attention estimator as well as the keypoint
estimators are degrading the accuracy of the classification. Only the unsuper-
vised localization for 10 shots is showing a significant advantage over the base
network. This divergence in results compared to the Stanford Cars dataset is
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likely due to the small variance in terms of camera perspective in the CompCars
SV which renders the attention mechanisms unnecessary.

6 Conclusion

In this work, we introduced a new few-shot setting which better reflects the
applications of fine-grained vehicle classification. Compared to the commonly
assumed few-shot setting which only distinguishes novel classes, in our setting,
the classifier is tasked to distinguish base classes as well as novel classes. This
renders the task significantly more difficult by incorporating a decision between
more than 100 classes compared to for example 5 classes as common in few-
shot scenarios. Nonetheless, modern CNNs with an attention module and
training in a transfer learning manner already achieve an F1 score of 49% in a
complex scenario with a single shot. While the unsupervised attention module
proved to be essential on the more complex Stanford Cars dataset, most attention
mechanisms didn’t show a gain for the view-wise simpler CompCars SV dataset.
Only the unsupervised localization achieved a significant gain for the 10-shot
setting. For future work, it is recommended to test larger backbone architectures
since diminishing gains with more shots indicate a limitation in terms of model
capacity.
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Abstract

Causality-driven AI focuses on enabling interpretable, robust, and actionable
decision-making, with a specific focus on manufacturing systems. Existing
methods, including Structural Causal Models and Propensity Score Matching,
have demonstrated significant applications in process optimization and fault
detection. Despite significant advancements, these methods often face limi-
tations with seamlessly incorporating domain knowledge, efficiently handling
high-dimensional and heterogeneous data, and leveraging causality for scalable
deep learning architectures. This work highlights these gaps and proposes a
unified direction to enhance causality in deep learning by integrating causal
inference methods that embed causal priors into neural networks, optimizing
causal discovery algorithms, and improving both the performance and inter-
pretability of deep learning models through causal attributions and loss function
optimization.

1 Introduction

The integration of artificial intelligence (AI) into manufacturing systems has
transformed traditional production processes, enabling higher efficiency, better
quality control, and predictive capabilities. However, most existing AI models
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rely heavily on data-driven approaches that capture correlations rather than
causal relationships, assuming independent and identically distributed (i.i.d.)
data. Real-world contexts often violate this assumption [18], leading to per-
formance degradation under distribution shifts, and in dynamic environments,
training on more data is impractical. This limitation can lead to models that lack
interpretability, robustness under changing conditions, and actionable insights
necessary for high-stakes industrial applications [13].

Causality-driven AI addresses these limitations by focusing on understanding
the cause-effect relationships within manufacturing systems. Causal inference
allows for the estimation of the effects of interventions and the identification of
critical factors influencing system behavior, enabling actionable insights [16].
Causal discovery, on the other hand, involves uncovering the underlying causal
structures from observational data, which is particularly valuable in complex
manufacturing environments where domain knowledge may be incomplete or
evolving [22].

Identifying and estimating causal effects requires addressing confounders vari-
ables that influence both the treatment (the intervention or action under study)
and the outcome (the resulting effect of that intervention), potentially biasing
the results. Instrumental variables (IVs) help isolate causal effects by influenc-
ing the treatment without directly affecting the outcome. Properly managing
confounders and leveraging IVs ensures accurate and reliable causal inferences.

Current researches often address individual problems in isolation, such as causal
discovery, inference, or integrating domain knowledge into machine learning
models. While these efforts provide valuable insights, they fall short of offering
a unified framework that combines these aspects cohesively. Our goal is to
develop an integrated approach that seamlessly incorporates causality into deep
neural networks (DNNs).

The remainder of this report is structured as follows: Section 2 and Section
3 overview causal discovery and inference methods, respectively. Section 4
reviews the state-of-the-art causality methods in manufacturing. Section 5
outlines the proposed framework and future research directions.
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2 Causal Discovery

Causal discovery with a main focus on multivariate time series data focuses on
identifying cause-and-effect relationships among multiple variables that evolve
over time. In a multivariate time series, each time point contains observations
for several variables, such as temperature, pressure, or humidity measured at
regular intervals.

Let X(t) = [x1(t), x2(t), . . . , xd(t)]T denote a K-dimensional multivariate
time series, where xi(t) represents the value of the ith variable at time t. The
goal is to identify the causal relationships among the variables x1, x2, . . . , xd

using the observed data over time. The causal relationships can be represented
as a directed acyclic graph (DAGs) G = (V, E), where V is the set of variables
and E is the set of directed edges indicating causal influences. For time series
data, these relationships often extend to temporal dependencies, capturing both
contemporaneous and lagged effects.

Constraint-Based Approaches

Methods that rely on conditional independence (CI) tests to prune edges from a
fully connected graph and then orient those edges based on separation properties
like the Peter-Clark (PC) algorithm. For example, if xi and xj are conditionally
independent given a set of variables S, then there is no direct causal link between
them. Conditional independence is tested using metrics like partial correlation
or mutual information.

PCMCI is a causal discovery algorithm for multivariate time series that tackles
high dimensionality by conditioning on a set of variables that minimally includes
the parents of the treatment X and the outcome Y , while avoiding the inclusion
of irrelevant variables when removing links [17]. PCMCI applies local CI tests
to prune edges. It introduces a dedicated test to assess whether two variables at
time t are conditionally independent given a suitable conditioning set Zt, which
may include lagged variables.

A common test in the Gaussian setting uses partial correlation. Suppose that we
want to test whether Xi,t is independent of Xj,t given a set Zt, we compute the
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partial correlation coefficient ρXi,t,Xj,t|Zt
. Under Gaussian assumptions, the

Fisher-z transform can be used:

z = 1
2 ln
(

1+ρ
1−ρ

)
and z ∼ N

(
0, 1

|T −|Zt|−3|

)
, (2.1)

where T is the number of the time steps, enabling a significance test to see if
ρ 6= 0. If |z| is below a chosen threshold, PCMCI infers Xi,t ⊥⊥ Xj,t |Zt and
removes the edge.

PCMCI usually proceeds in an iterative fashion to identify relevant condition-
ing sets for each potential causal link. By applying constraint-based pruning,
PCMCI avoids enumerating all possible graphs, making it more tractable in
high-dimensional scenarios.

Score-Based Approaches

These methods define a scoring function to evaluate how well G fits the data D,
then attempt to maximize (or minimize) this score—often using criteria such
as the Bayesian Information Criterion (BIC)—to identify the causal graph that
best explains the data [4].

Under certain assumptions (e.g., Gaussian noise), the log-likelihood can be
expressed as a product of local likelihoods:

log p(D | G) =
n∑

j=1

T∑
t=1

log p
(
Xj,t | Pa(Xj,t)

)
. (2.2)

BIC(G; D) = log p(D | G) − |θG |
2 log(T ), (2.3)

where |θG | is the number of free parameters in the graph G.

Nonlinear Causal Discovery

For nonlinear relationships, techniques like kernel-based methods or neural
network models can be applied [21].
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xt = F
(

xt−1,xt−2, . . . ,xt−p; Θ
)

+ εt, (2.4)

where F could be an MLP, RNN, LSTM, or Transformer that ingests lagged
data. To enforce sparsity and interoperability, we can incorporate a penalty on
the network weights Θ, such as:

Ω(Θ) = λ
∑
i,j

‖Wji‖1 or λ
∑
i,j

1{|Wj,i| > δ}, (2.5)

where Wji might be the sub-block of weights that connects variable j at earlier
time steps to variable i.

Some approaches also incorporate DAG constraints directly into the neural
optimization. A known continuous DAG penalty is:

h(W) = trace
(

exp(W � W)
)

− d, (2.6)

where W is a weight matrix, d is the dimension, and � denotes elementwise
multiplication. Imposing h(W) = 0 ensures no directed cycles.

3 Causal Inference

Causal inference is the process of concluding a causal connection based on the
conditions of an effect’s occurrence. It involves establishing that a change in one
variable (the cause) brings about a change in another variable (the effect) [14].

Structural Causal Models (SCMs) provide a formal framework to represent
causal relationships using DAGs and structural equations. Causal relationships
are modeled as:

Xi = fi(Pa(Xi), Ui), i = 1, . . . , p, (3.1)

where Xi are the observed variables, Pa(Xi) are the parent variables, and Ui

are the unobserved variables.

Causal inference in time series calls for robust methodologies that can handle
temporal dependencies, confounding factors, and noise. These methods are
crucial for uncovering causal relationships and must be carefully chosen to
match the specific data characteristics and underlying assumptions.
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Causal Impact

Causal Impact is a Bayesian framework for estimating the effect of an intervention
on a time series. It decomposes the observed series into components:

Yt = µt + τt + εt, (3.2)

where µt is the trend, τt is the seasonal component, and εt is the noise.

The counterfactual Ŷt (expected Yt without intervention) is predicted using data
before the intervention. The causal effect is computed as:

Effectt = Yt − Ŷt. (3.3)

Propensity Score Matching (PSM)

PSM adjusts for confounding by matching treated and control time series based
on their propensity scores, e(Xi), representing the probability of receiving
treatment given observed covariates.

For each unit i, estimate the propensity score:

e(Xi) = P (Di = 1|Xi), (3.4)

where Xi are covariates, and Di indicates treatment. Treated and control units
with similar scores are matched, and outcomes are compared.

Difference-in-Differences (DiD)

DiD estimates causal effects by comparing outcomes before and after an inter-
vention between treated and control groups.

Let Yit represent the outcome for unit i at time t:

Yit = α+ δTt + γDi + β(Tt ·Di) + εit, (3.5)

where Tt is a time indicator (1 for post-intervention, 0 otherwise), Di is a
treatment group indicator (1 for treated, 0 for control), β is the treatment effect,
and εit is an error term. The causal effect is measured by β, estimated using
ordinary least squares (OLS).
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Average Treatment Effect (ATE)

ATE quantifies the expected difference in outcomes if all units received the
treatment versus no treatment. For binary treatment T ∈ {0, 1}, the ATE is:

ATE = E[Y | do(T = 1)] − E[Y | do(T = 0)], (3.6)

where E[Y | do(T = t)] represents the expectation of the outcome Y under the
intervention do(T = t), do-operator allow for the identification and estimation
of causal effects from observational data under certain conditions.

The backdoor criterion ensures causal identification by controlling for con-
founders Z that block spurious paths between X and Y . The causal effect is
computed as:

P (Y | do(T )) =
∑

Z

P (Y |T,Z)P (Z). (3.7)

The frontdoor criterion applies when a mediatorM fully transmits the effect of
T on Y , bypassing unobserved confounders. The causal effect is:

P (Y | do(T )) =
∑
M

P (M |T )
∑

Z

P (Y |M,Z)P (Z). (3.8)

Sensitivity Analysis

Sensitivity analysis is a critical tool to address unmeasured confounder vari-
ables and measurement errors in causal inference, by quantifying the impact of
variations in input parameters on outcomes. Sensitivity analysis helps identify
the most influential variables and their causal significance in complex manu-
facturing systems. By systematically varying input conditions and analyzing
their effects on process outputs, it is possible to detect vulnerabilities, optimize
critical parameters, and improve system reliability [6].

The sensitivity parameter, δ0, is defined as:

δ0 = ψ0 − ψf
0 , (3.9)

where ψ0 is the observed data parameter and ψf
0 is the full data parameter.

δ0 captures the deviation from the identifiability assumption, allowing us to
understand how unmeasured confounding impacts causal inference.
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Sensitivity analysis uses δ0 to quantify the impact of unmeasured confounding.
The sensitivity parameter adjusts for measurement error:

δ0 = E(Y | A+ ε,W ) − E(Y | A∗ + ε,W ), (3.10)

where Y is the outcome variable, A is the treatment indicator variable, A∗ is
the surrogate exposure variable, ε is an intervention shift, andW are covariates.

4 Causality in Manufacturing Systems

Causal models enable more reliable fault detection [11], root cause analysis
[23, 15, 10], and process optimization [25, 12, 30] by identifying the true
drivers of system behavior rather than relying on surface-level correlations
[14]. Techniques such as SCMs [3] and Propensity Score Matching (PSM) [28]
have been employed in manufacturing contexts to uncover these relationships,
providing a foundation for more interpretable and generalizable AI systems [9,
19].

The paper by Wua et al. [24] introduces a quantitative causal analysis and
optimization framework for controlling inclusion defects in steel products. The
framework integrates PSM for causal analysis and AutoGluon-Tabular (AGT)
for predictive modeling and optimization. PSM quantifies causal effects by
simulating randomization, eliminating selection bias in observational data. After
obtaining the two potential outcomes for the base sample (the defect sample)
the causal effect of the treatment variable d on the outcome variable (inclusion
defects) y is defined as the ATE:

TE(d → y) = ATE|base =
(
E[Y | D = 1] − E[Y | D = 0]

)
|base (4.1)

The authors claim that this approach enhances industrial processes by enabling
targeted interventions, real-time scalability, and interpretable insights, achieving
an 8.85% defect reduction through causal analysis.

The work by Schwarz et al. [20] propose a data-driven causal framework to
optimize rework decisions in manufacturing systems, focusing on yield improve-
ment while managing rework costs. The authors address a multistage production
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scenario where the rework decision depends on intermediate system states, with
final quality assessments only available post-production. They apply causal
machine learning techniques, particularly Double Machine Learning (DML), to
estimate Conditional Treatment Effects and derive rework policies

ψ(W ; θ, η) := (g(1, X) − g(0, X))

+ A(Y − g(1, X))
m(X)

− (1 −A)(Y − g(0, X))
1 −m(X) . (4.2)

whereW is the observed data tuple (X,A, Y );X is the observed covariates,A is
the binary treatment indicator, Y is the observed yield after production. g(A,X)
is the outcome model, representing E[Y | A,X],m(X) is the propensity score,
representing P(A = 1 | X), and θ is the target causal parameter.

This approach ensures that decisions are causally sound and robust against
confounders. To evaluate the robustness of estimates against unobserved con-
founders, sensitivity analysis is used. This equation provides the upper bound
for bias due to unobserved confounding:

|θ̃ − θ|2 ≤ f(W,ρ, ζy, ζd), (4.3)

where f is a known function and ρ, ζy , ζd are model-specific parameters captur-
ing the confounding strength.

The framework is validated using real-world data from opto-electronic semi-
conductor manufacturing achieving a yield improvement of 2-3%. The study
highlights the utility of causal reasoning in handling complex trade-offs in manu-
facturing, such as balancing cost and quality, and contributes a novel integration
of causal machine learning into production planning and optimization.

The paper by Chattopadhyay et al. [3] introduces a novel methodology to
compute causal attributions in neural networks by modeling them as SCMs. The
central objective is to determine the ATE of an input neuron on an output neuron.
For continuous input domains, the ATE is defined as:

ATEy
do(xi=α) = E[y| do(xi = α)] − baselinexi

, (4.4)
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where baselinexi
is the expected output when the input variable xi takes its

baseline value. The interventional expectation E[y| do(xi = α)], relies on:

E[y| do(xi = α)] =
∫
y · p(y| do(xi = α)) dy (4.5)

This requires approximations via Taylor expansions and efficient estimation using
causal regressors to handle high-dimensional data. The SCM-based approach
uncovers direct causal relationships between inputs and outputs. By marginal-
izing over non-causal features, the method ensures attributions are invariant to
spurious correlations or constant shifts in the input data.

The work by Zhang et al. [29] introduces a causal discovery and inference-based
fault detection and diagnosis (FDD) method for Heating, Ventilation, and Air
Conditioning (HVAC) systems. The proposed method enhances interpretability
and reliability by uncovering causal relationships between faults and symptoms,
a significant improvement over traditional data-driven models. Causality is estab-
lished using do-calculus and quantified via the individual average causal effect
(IACE), which measures the impact of interventions on system variables. The
IACE is estimated using three criteria: probability-based (PIACE), expectation-
based (EIACE), and mode-based (MIACE), expressed as:

PIACE = 1
2

N1∑
i=0

|P (S = si | do(F = 1)) − P (S = si | do(F = 0))| (4.6)

EIACE = |E(S(do(F = 1))) − E(S(do(F = 0)))|
Smax − Smin

(4.7)

MIACE =
∣∣argmaxxP (S = x | do(F = 1))

∣∣
Smax − Smin

(4.8)

−
∣∣argmaxxP (S = x | do(F = 0))

∣∣
Smax − Smin

. (4.9)

Here, S denotes symptoms, F faults, N1 is the number of intervals, and Smax

and Smin represent the symptom range.
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The methodology constructs a Backward Structural Causal Model (BSCM),
which reverses causal graphs to support fault detection. The FDD system
achieves high diagnostic accuracy (99.58%) and significantly reduces the time
for hyperparameter optimization and model training.

The paper by Hagedorn et al. [8] introduces a log data-driven causal reasoning
framework to address unforeseen production downtimes in manufacturing pro-
cesses. By leveraging Causal Graphical Models (CGMs), the study formalizes
causal relationships between machine parameters, configurations, and error
messages. Conditional independencies are determined using the global Markov
property Vi ⊥⊥ Vj | S if Vi and Vj are d-separated by S in G.

Causal structure learning employs the PC algorithm, utilizing Conditional Inde-
pendence (CI) tests to estimate skeleton graphs and orient edges with domain
knowledge.

Causal inference applies the do-operator to quantify the impact of interventions:

P (Vj | do(Vi = vi)) (4.10)

providing actionable insights for mitigating downtime by altering machine con-
figurations or operational strategies.

5 Discussion

The exploration of causality in machine learning has yielded promising advance-
ments, particularly in addressing challenges such as interpretability and robust-
ness. However, existing methods face practical limitations that hinder their
broader adoption in deep learning contexts.

A critical observation from the reviewed literature is the need for methods that
scale effectively with the complexity of deep neural networks. Traditional causal-
ity approaches, while theoretically sound, are computationally prohibitive for
high-dimensional datasets. Future research should focus on optimizing these
algorithms to operate within the constraints of real-world systems. Another
pressing challenge lies in the integration of temporal data, which is vital for
applications like predictive maintenance and healthcare. Current models often
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fail to capture the dynamic nature of causal relationships in sequential datasets,
limiting their applicability in domains where real-time insights are crucial. Real-
world data is rarely stationary, and causal methods need to adapt to changing
distributions while maintaining generalizability. Finally, integrating domain
expertise with causal models can enhance interpretability and reliability, espe-
cially in specialized areas like healthcare and manufacturing.

The development of a framework that combines the strengths of causal inference
and neural networks to enhance deep learning performance is shown in Figure
5.1. The framework explores multiple approaches to integrating causal prior
knowledge into neural networks [27, 5], alongside the usual training data. This
includes leveraging additional prior knowledge provided by an independent
source, such as a causal graph, to guide the learning process and enhance
model performance. Once a causal model is available, either through external
human knowledge or causal discovery methods, causal inference enables both the
estimation of intervention impacts and the identification of causal relationships
from data.

Prior Knowledge

Causal Inference 

Causal Discovery Neural Network  Loss function

Figure 5.1: The proposed framework integrates causal discovery and inference with neural networks.

Causal inference methods will be used to detect and account for confounding
variables such as ATE, Inverse Probability Weighting (IPW), and IVs. The meth-
ods should integrate do-operations and causal interventions into deep learning
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models to simulate the effects of changes in specific variables, particularly in
complex systems with high uncertainty and dynamic conditions. Utilize causal
sensitivity analysis to quantify the impact of each variable on the outcome. Sen-
sitivity analysis will be performed through simulations in which variables are
systematically manipulated via do-operations to observe changes in predictions
[26, 7]. Incorporating causal prior knowledge requires modifications to the
loss function, and formulating an appropriate term for the loss function can be
complex. Introducing such a term leads to complex optimization problems [2, 1].
Sensitivity analysis is the cornerstone of robust causal inference, providing tools
to evaluate the reliability of causal conclusions in the presence of unmeasured
confounding. By integrating this method with causal discovery and inference
techniques, the framework lays the foundation for scalable, interpretable, and
reliable causal models across diverse domains.
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In 2024, the annual joint workshop of the Fraunhofer Institute of Optronics, 
System Technologies and Image Exploitation (IOSB) and the Vision and 
Fusion Laboratory (IES) at the Karlsruhe Institute of Technology (KIT) was 
once again hosted in a Black Forest house near Triberg. From the 28th of 
July to the 3rd of August, doctoral students from both institutions pre-
sented extensive reports on their research and engaged in discussions on 
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control theory, security, to large language models. The results and ideas 
presented are collected in this book as detailed technical reports, providing 
a comprehensive overview of the research programs of the IES Laboratory 
and the Fraunhofer IOSB.
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