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ABSTRACT Quantum low-density parity-check (QLDPC) codes are promising candidates for error
correction in quantum computers. One of the major challenges in implementing QLDPC codes in quantum
computers is the lack of a universal decoder. In this work, we first propose to decode QLDPC codes with
a belief propagation (BP) decoder operating on overcomplete check matrices. Then, we extend the neural
BP (NBP) decoder, which was originally studied for suboptimal binary BP decoding of QLPDC codes,
to quaternary BP decoders. Numerical simulation results demonstrate that both approaches as well as their
combination yield a low-latency, high-performance decoder for several short to moderate length QLDPC
codes.

INDEX TERMS Quantum error correction, quantum low-density parity-check codes, neural networks,
channel coding, decoding algorithms.

I. INTRODUCTION
Quantum error correction (QEC) is an essential part of
fault-tolerant quantum computing. Thanks to the potential
of providing fault-tolerance with constant overhead [2] and
the recent breakthroughs in designing asymptotically good
quantum low-density parity-check (QLDPC) codes [3], [4],
[5], [6], QLDPC codes are among the most promising
candidates for future QEC schemes.

One of the major challenges in implementing QLDPC
codes for practical quantum computers is the lack of a
universal decoder that provides good decoding performance
across a wide range of QLDPC codes. Two main families
of potential decoders have been explored in the literature.
The first family is the class of graph-theory-based decoders,
such as the minimum weight perfect matching (MWPM)
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decoder [7], [8], which is commonly used for topological
codes. However, a significant drawback of this decoder is
its decoding latency. The second family is the class of
message-passing decoders such as the belief propagation
(BP) decoder or its low-complexity variant, the min-sum
(MS) decoder. The decoding latency of such decoders is
linear w.r.t. the block length and the number of decoding
iterations. However, their excellent decoding performance for
classical low-density parity-check (LDPC) codes is based
on the condition that the Tanner graph has no short cycles
(of length 4). This condition cannot be fulfilled in the
case of QLDPC codes, where 4-cycles are unavoidable by
construction. Therefore, for QEC, it is crucial to modify the
BP decoder such that short cycles can be tolerated.

A variety of methods have been proposed to address this
issue, which can be categorized into two categories. The first
category contains approaches that modify the BP decoder
itself, for example, message normalization and offsets [9],
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[10], layered scheduling [11], [12], and matrix augmentation
[13]. The second category focuses on post-processing the
output of the BP decoder, e.g., ordered statistics decoding
(OSD) [11], [14], random perturbation [15], enhanced
feedback [16], and stabilizer inactivation [17]. However,
most of these post-processing methods introduce additional
decoding latency, which makes them less appealing for QEC
where decoding has to be performed with ultra-low latency.

In [1], we have proposed and studied two approaches to
enhance the quaternary belief propagation (BP4) decoder
for QLDPC codes [18], [19]. The first approach is to
perform BP4 decoding on an overcomplete check matrix
constructed by adding redundant low-weight checks to the
original full-rank check matrix. The second approach is
based on neural networks. We extend the neural belief
propagation (NBP) decoder, which was originally proposed
in [20] for the binary belief propagation (BP2) decoder,
to the BP4 decoder. In this work, we extend the results
of [1] by presenting an improved decoding strategy and
including a detailedmethodology for parameter optimization.
A more comprehensive derivation and explanation of the
proposed method is provided. The proposed decoder is also
evaluated on various exemplary codes. Numerical simulation
results demonstrate that both approaches as well as their
combination yield a low-latency high-performance decoder
for a wide range of short to moderate-length QLDPC codes.
For example, for the evaluated toric codes, the proposed
decoder achieves up to an order of magnitude reduction
in post-decoding error rates compared to the MWPM
decoder.

The paper’s primary contribution is the novel NBP decoder
for QLDPC codes, specifically addressing the degeneracy
of quantum codes. Additionally, the tailored loss function
for BP4 decoders enables efficient training of the decoder
weights.

The remainder of this paper is structured as follows: In
Sec. II, we briefly review the notions of QEC with quantum
stabilizer codes (QSCs). Section III reviews the refined BP4
decoder and investigates the initialization of the BP decoder.
In Sec. IV, we introduce decoding with overcomplete check
matrices. The construction method of the redundant checks is
given, as well as a heuristic explanation for the performance
improvement. In Sec. V, the NBP decoder is introduced based
on the refined BP4 decoder. In Sec. VI, the proposed decoder
is evaluated with numerical simulations and compared with
the state-of-the-art decoding algorithms in the literature.
Section VII concludes this paper.
Notation: We use boldface letters to denote vectors and

matrices, e.g., a and A. The i-th component of vector a is
denoted by ai, and the element in the i-th row and j-th column
ofA is denoted by Ai,j. LetAi be the i-th row of a matrixA.AT

denotes the matrix transpose. Pauli operators corresponding
to quaternary vectors are denoted with the same letter in
calligraphic form, such as e and E . For brevity, the maximum
number of decoding iterations L of a decoder is given as a
superscript, e.g., BP432 for L = 32.

II. PRELIMINARIES
A. STABILIZER CODES
QSCs [21], [22] are the quantum analogons of classical
linear codes. To define a QSC, we first need to define the
Pauli operators. For simplicity, we ignore the global phase
and consider the n-qubit Pauli group Gn consisting of Pauli
operators on n qubits P = P1 ⊗ P2 ⊗ · · · ⊗ Pn where
Pi ∈ {I,X,Y ,Z} are Pauli operators on the i-th qubit.
Without risk of confusion, the tensor product ⊗ and the
identity operator I can be omitted. The weight w of a Pauli
operator P is the number of non-identity components in the
tensor product. To find a valid stabilizer code, it is crucial to
find the stabilizer group S, which is an Abelian subgroup of
Gn. This problem can be transferred into a classical coding
problem using the mapping of Pauli errors to binary strings
P 7→

(
x1 · · · xn | z1 · · · zn

)
=:

(
pX | pZ

)
with Pi =

XxiZzi .We can check that Pauli errorsA andB inGn commute
if the symplectic product of their corresponding binary strings
(aX | aZ ) and (bX | bZ ) is 0, i.e.,

n∑
i=1

aX ,i · bZ ,i +
n∑
i=1

aZ ,i · bX ,i = 0, (1)

where the addition is performed in the binary field (mod-
ulo 2). Therefore, a stabilizer code can be constructed from
a [2n, k] classical binary code given by its full rank parity
check matrix (PCM) H =

(
HX | HZ

)
of size m = 2n− k by

2n fulfilling the symplectic criterion:

HXHT
Z +HZHT

X = 0. (2)

Calderbank-Shor-Steane (CSS) codes are a special kind of
stabilizer codes where

H =
(
H ′X
0

∣∣∣∣ 0
H ′Z

)
.

In this case, (2) holds if H ′XH
′T
Z = 0 and the code

construction can be simplified. QLDPC codes are defined as
a family of stabilizer codes whose row and column weights
are upper bounded by a relatively small constant independent
of the block length, i.e., H is sparse. Most of the promising
QLDPC codes constructed so far are CSS codes and all the
QLDPC codes considered in this paper are CSS codes.

To jointly decode the four types of Pauli errors, it is con-
venient to consider the quaternary form ofH , denoted as S ∈
GF(4)m×n, where GF(4) consists of the elements {0, 1, ω, ω̄}.
H can be converted to S using the mapping of binary
vectors to vectors over GF(4)

(
x1 · · · xn | z1 · · · zn

)
7→(

p1 · · · pn
)
=: p with pi = xiω + ziω̄. Then, we can check

that for A and B, mapped to vectors a and b over GF(4),
(1) is equivalent to ⟨a, b⟩ =

∑n
i=1⟨ai, bi⟩ = 0, where ⟨·, ·⟩

denotes the trace Hermitian inner product over GF(4), which
is defined as tr

(
a · b̄

)
where b̄ is the conjugate of b and a · b̄

is the Hermitian inner product of a and b. The trace operator
is computed as tr(ω) = tr(ω̄) = 1 and tr(0) = tr(1) = 0.

The matrix S is called the check matrix and every row of S
is called a check. The checks correspond to the m stabilizers
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FIGURE 1. Block diagramm of QEC using QSCs.

which generate the stabilizer groupS. An [[n, k, d]] stabilizer
code is a 2k -dimensional subspace of the n-qubit Hilbert
space (C2)⊗n defined as the common +1 eigenspace of S .
Additionally, we define N (S) to be the normalizer of S and
S⊥ to be the matrix containing the vectors corresponding to
the 2n−m generators ofN (S). The minimum distance d of a
QSC is defined as the lowest error weight inN (S)\S. A code
is called degenerate if S contains a stabilizer of weight less
than d . Moreover, a code is highly degenerate if d is much
larger than the minimum weight of the stabilizers.

B. CODES USED IN THIS STUDY
Two families of codes are considered in this work to evaluate
the proposed decoder, namely generalized bicycle (GB)
codes [11] and toric codes [23].

GB codes are constructed by choosing H ′X =
(
A B

)
and

H ′Z =
(
BT AT) where A and B are n

2 ×
n
2 square circulant

matrices of rank m/2. For constructing the check matrix,
m/2 linearly independent rows are chosen from both A or B.
Therefore, GB codes naturally possess an overcomplete set
of checks.

An [[n = 2d2, k = 2, d]] toric code is a topological code
constructed from a d × d lattice embedded on the surface of
a torus. The qubits are placed on the edges of the lattice. The
vertex and plaquette operators define the X and Z stabilizers,
respectively. A toric code has d2 X stabilizers of weight
4 from the vertex operators and d2 Z stabilizers of weight
4 from the plaquette operators. Among them, oneX stabilizer
and one Z stabilizer are redundant.

The two code families are connected by the lifted product
construction [4] while having some contrasting properties.
The GB codes considered in this work usually have a larger
minimal distance than the considered toric codes. However,
the GB codes are not degenerate while the toric codes contain
many low-weight stabilizers which lead to degenerate errors.

C. ERROR CORRECTION WITH STABILIZER CODES
The workflow of error correction with stabilizer codes is
depicted in Fig. 1. To protect a logical quantum state |φ⟩
with k qubits, it is encoded to a state |ψ⟩ of n qubits using
a stabilizer code. The noise in the quantum memory can
be modeled as a depolarizing channel with depolarizing
probability ϵ. In this channel, the errors X,Z and Y occur
equally likely with probability ϵ

3 . For a potentially corrupted

state, the syndrome vector z is extracted and sent to a
decoder which aims to find the most probable error given
the syndrome z. The focus of this work is to improve the
syndrome decoder, which is a BP4 decoder. The decoding
result is used as a reverse operator and applied to the
corrupted quantum state. This will hopefully recover the state
|ψ⟩. To be more precise: Let ê be the estimate of e by the
decoder and Ê be its corresponding Pauli error. The decoder
aims to find an ê yielding the same syndrome z and fulfilling
ÊE ∈ S. The latter can be checked by

⟨(e+ ê),S⊥i ⟩ = 0 (3)

for every row i ∈ {1, 2, . . . , 2n− m} of S⊥.
From (3), we can see that when correcting errors using a

QSC, four outcomes may happen:
• Type I success: the estimated error is exactly the error
that occurred, i.e., e+ ê = 0.

• Type II success (with degeneracy): the estimated error is
not exactly the same as e but (3) holds.

• Type I failure (flagged): the BP decoder is not able to
find an ê that matches the syndrome z.

• Type II failure (unflagged): the syndrome matches
but (3) does not hold. This will lead to an undetectable
erroneous quantum state.

One way to improve the decoding of QSCs is by
designing a decoder that maximizes the probability of type
I success, following classical decoding principles. However,
this approach often falls short in achieving satisfactory
decoding performance for QSCs. To obtain a near-optimal
decoder for quantum codes, it is crucial to exploit degeneracy
and improve type I and II success rates jointly. This motivates
the utilization of neural network (NN) decoders since there
is no good decoding algorithm that systematically exploits
degeneracy so far.

III. BELIEF PROPAGATION DECODER
BP decoding of QLDPC codes is performed on the Tanner
graph associated with the code. The Tanner graph is a
bipartite graph with two classes of vertices. The first class of
vertices are the variable nodes (VNs), each corresponding to
a code bit (or qubit) and thus to a column of the check matrix
S. The second class of vertices are the check nodes (CNs),
each corresponding to a check and thus to a row of the check
matrix. A VN vi is connected to a CN cj if the corresponding
entry Sj,i ̸= 0, where Sj,i ∈GF(4)\{0} is called the coefficient
of the edge. For example, consider the [[7, 1, 3]] quantum
Bose–Chaudhuri–Hocquenghem (BCH) code with both H ′X
and H ′Z being the PCM of a classical [7, 4, 3] BCH code:

HBCH =

1 0 1 0 1 0 1
0 1 1 0 0 1 1
0 0 0 1 1 1 1

 .
The check matrix S ∈GF(4)6×7 is obtained as

S =
(
ωHBCH
ω̄HBCH

)
. (4)
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FIGURE 2. Tanner graph of the [[7, 1, 3]] quantum BCH code, with VNs
represented by circles and CNs by squares. Blue solid edges represent
coefficients ω (X type), while yellow dashed edges represent
coefficients ω (Z type).

The Tanner graph of this code is depicted in Fig. 2.
In this work, the syndrome decoder in Fig. 1 is the

quaternary BP4 decoder [10], [18], [19], as binary decoding
ignores the correlation between X and Z type of errors and is
thus sub-optimal and has a higher error floor compared with
a BP4 decoder, which takes the correlation between X and Z
errors into account [10], [11]. The main disadvantage of the
conventional BP4 decoder is the high complexity due to the
passing of vector messages instead of scalar messages as in
BP2. The problem is solved by the recently proposed refined
BP4 decoder with scalar messages [9], [10].

A. REFINED BP4 DECODER
In this work, we use the log-domain refined BP4 decoder
proposed in [10]. It exploits the fact that the syndrome
of a stabilizer code is binary, indicating whether the error
commutes with the stabilizer or not, enabling scalar message
passing. Next, we briefly review the algorithm.

For every VN vi, where i ∈ {1, 2, . . . , n}, we initialize
the log-likelihood ratio (LLR) vector 0i→j as 3i =(
3

(1)
i 3

(ω)
i 3

(ω̄)
i

)
∈ R3 with

3
(ζ )
i = ln

(
P(ei = 0)
P(ei = ζ )

)
= ln

(
1− ϵ0
ϵ0
3

)
,

where ζ ∈ GF(4)\{0} and ϵ0 is the estimated physical error
probability of the channel. To exchange scalar messages, a
belief-quantization operator λη : R3

→ R is defined as

λη(3i) = ln
(
P(⟨ei, η⟩ = 0)
P(⟨ei, η⟩ = 1)

)

= ln

 1+ e−3
(η)
i∑

ζ ̸=0,ζ ̸=η e
−3

(ζ )
i

 .
The operator λη maps the LLR vector onto a scalar LLR

of the binary random variable ⟨ei, η⟩ where η runs over the
nonzero entries of S. The initial scalar VN messages are
calculated as

λi→j := λSj,i (0i→j) (5)

and are passed to the neighboring CNs where i→ j denotes
the message from VN vi to CN cj.
The outgoing messages of CN cj, j ∈ {1, 2, . . . ,m}, are

calculated using

1i←j = (−1)zj · ⊞
i′∈N (j)\{i}

λi′→j, (6)

whereN (j) denotes the indices of the neighboring VNs of cj
and the ⊞ operation is defined as

I
⊞
i=1
xi := 2 tanh−1

(
I∏
i=1

tanh
xi
2

)
.

At theVNupdate, we first calculate the LLR vector0i→j =(
0
(1)
i→j 0

(ω)
i→j 0

(ω̄)
i→j

)
with

0
(ζ )
i→j = 3

(ζ )
i +

∑
j′∈M(i)\{j},
⟨ζ,Sj′,i⟩=1

1i←j′ , (7)

for all ζ ∈ GF(4)\{0} with M(i) denoting the indices
of the neighboring CNs of VN vi. Then the outgoing
messages λi→j = λSj,i (0i→j) are calculated and passed to the
neighboring CNs.

To estimate the error, a hard decision is performed at the
VNs by calculating 0i for i ∈ {1, 2, . . . , n} with

0
(ζ )
i = 3

(ζ )
i +

∑
j∈M(i)
⟨ζ,Sj,i⟩=1

1i←j, (8)

for all ζ ∈ GF(4)\{0}. If all 0(ζ )
i > 0, then êi = 0, otherwise

êi = argminζ0
(ζ )
i .

The iterative process is performed until the maximum
number of iterations L is reached or the syndrome is matched.

B. INITIALIZATION OF THE BP DECODER
During our experiments, we noticed that often a certain
fixed initialization of ϵ0 tends to provide the best decoding
performance for a wide range of physical error probabilities
ϵ. This is overlooked in many previous works, where ϵ0 is
simply taken as the physical channel probability ϵ.
To explain this phenomenon, we look at the concept of a

correctable error set proposed in [24] in the study of classical
binary symmetric channels (BSCs). For a given QLDPC code
with a fixed Tanner graph, the set of correctable errors of
a BP decoder depends solely on the initialization value ϵ0.
Depending on the weight distribution of the correctable error
set, the optimal choice of ϵ0 is related to ϵ but it is often a
distinct value [24].

To illustrate this point, we present in Fig. 3 the BP4
decoding results for the toric code with d = 8 and the
GB codes A1 and A2 for different values of ϵ0. The code
parameters are given in Tab. 1 and the construction matrices
for the GB codes are given in [11, Appendix B]. For the toric
code (leftmost figure), no difference is seen for different ϵ0.
This is due to the very low success rate of plain BP decoding
for toric codes, regardless of the chosen ϵ0.
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FIGURE 3. FER under different initial ϵ0 values: Left figure: toric code (d = 8), middle figure: GB-A1 code, right figure: GB-A2 code.

TABLE 1. Parameters of the codes used to evaluate the proposed decoding algorithms. Parameter wc is the CN degree of the original check matrix and
moc is the number of rows of the overcomplete check matrix. The optimal values of ϵ0 for OBP4 and (ϵ0, wr) for OBP4-opt used to obtain the results in
Fig. 8 are listed on the right side.

However, when we examine the decoding results for
the GB A1 code (middle figure) and A2 code (rightmost
figure), it becomes evident that different ϵ0 values yield
distinct decoding performances and choosing ϵ0 = ϵ leads
to sub-optimal decoding performance. Similar results are
observed for codes with other parameters as well. Therefore,
to determine a good decoder configuration, a line search or
another optimization method should be conducted to identify
the best ϵ0 value.

Furthermore, in what follows, the significance of using
different initial ϵ0 values becomes more pronounced when
redundant checks are introduced.

IV. OVERCOMPLETE CHECK MATRICES
Overcomplete check matrices refer to check matrices with
redundant rows in addition to the original full-rank check
matrix. BP4 can be performed on the Tanner graph associated
with the overcomplete check matrices. We call this decoder
BP4 using overcomplete check matrix (OBP4). In this
section, we give two possible approaches to construct
overcomplete check matrices and then investigate the reason
for performance improvement from OBP4.

A. CONSTRUCTING REDUNDANT CHECKS
To construct redundant checks, we treat HX and HZ as two
separate binary matrices. Then, constructing overcomplete
check matrices is identical to finding a large number of low-
weight stabilizers. Two approaches are used in this work. The
first one is based on an exhaustive search, which is generally

FIGURE 4. Example of the construction of a weight-6 stabilizer for the
toric code with d = 4. The red edges are the qubits which support an X
stabilizer.

intractable. However, it is possible to use probabilistic
approaches [25] to increase the chance of finding low-weight
stabilizers in the exhaustive search. This approach works well
for the short-length codes considered in this work.

The second approach relies on the topological structure
of topological codes. For example, as depicted in Fig. 4,
combining two neighboring stabilizers in a toric code
yields a new weight-6 stabilizer. This results from each
toric code stabilizer being supported by four qubits, with
adjacent stabilizers overlapping by one qubit. Consequently,
we can construct 2n redundant weight-6 X stabilizers and
2n redundant weight-6 Z stabilizers for every toric code.
Combined with the n weight-4 stabilizers, we obtain an
overcomplete check matrix of size 3n × n for toric codes,
which is used in this work.

The value of the redundant syndromes can be obtained
without additional syndrome extraction operations. Let H
be either HX or HZ . The PCM Hoc with redundant rows is
obtained byHoc = MH withM being a binary matrix of size
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moc × m. The original syndrome is calculated as HeT
= z.

Then, the new syndrome associated with Hoc is given by

zoc = HoceT
= MHeT

= Mz,

being a linear mapping of z represented byM .

B. HEURISTIC ANALYSIS
In this section, we present the heuristics which inspired our
use of overcomplete check matrices.

The idea of performing BP decoding over an overcomplete
parity-check matrix has been investigated in [26], [27], [28],
[29], [30], and [31] for classical linear codes. One of the initial
motivations was to perform more node updates in parallel
to reduce the effect of short cycles. It is interesting that
this method is able to improve the decoding performance of
QLDPC codes significantly, both in the case of a limited as
well as an unlimited number of iterations. This differs from
decoding classical linear codes where using overcomplete
check matrices only improves convergence speed and does
not show obvious gains when a large number of iterations is
used.

For QLDPC codes, this approach resembles matrix aug-
mentation [13], where a fraction of the rows of the check
matrix are duplicated. The advantage is that the messages
associated with the duplicated check node are magnified
which helps in breaking the symmetry during decoding and
leading to a (hopefully) correct error estimate [13].
We demonstrate an extra benefit of the proposed method

with a toy example of the [[7, 1, 3]] quantum BCH code
described in Sec. III, whose check matrix is given in (4).

Consider the error E = Y7. The syndrome z of e is

z =
(
1 1 1 1 1 1

)
.

Assume that we initialize the decoder with ϵ0 = 0.1. Accord-
ing to (5), all the initial VN messages are 2.64. Then, in the
first CN update, all CN messages are−1.55 according to (6).
Based on these messages, in the next hard decision step,
the decoder estimates the error as Ê = Y3Y5Y6Y7 which
produces the same syndrome as z. However, (3) does not hold
and we end up with an unflagged error.

In this example, the decoder wrongly estimates the error
because all CNs have a syndrome value of 1. This is a strong
indication that the error has a high weight. Except for VNs
v1, v2, and v4 with degree 2, all VNs that are connected to
more than 2 CNs are erroneously estimated in the first hard-
decision step. Duplicating some rows of the check matrix
does not help in this case.1

Now we use the overcomplete HX and HZ with 7 rows,
i.e., we take all the linear combinations of the 3 rows of the
original HBCH except the trivial case (all-zero vector). The
new syndrome is

zoc =
(
1 1 0 1 0 0 1 1 1 0 1 0 0 1

)
.

1However, note that this problem could be solved by initializing the
decoder with a very small ϵ0 such as 0.001 at the cost of degrading the overall
decoding performance (depicted in Fig. 5), as in most cases, the decoder has
a tendency towards trivial errors.

FIGURE 5. BP decoding results for the [[7,1,3]] CSS code with original and
overcomplete check matrix (L = 32).

Although zoc contains the same amount of information as z
with respect to the coset where the error E is located, the
former is easier for the decoder to interpret. In the first hard-
decision step, the error is correctly estimated. Figure 5 depicts
the frame error rate (FER) curves corresponding to decoding
using the overcomplete check matrix and the original check
matrix for different ϵ0.

V. NEURAL BELIEF PROPAGATION
NBP has been shown to be effective in improving the
decoding performance of classical linear codes without
increasing the decoding latency, see, e.g., [26], [32], and [33].
Using NBP to enhance the decoding of quantum stabilizer
codes has been investigated in [20] and [34] for the BP2
decoder, which decodes X and Z errors separately. In this
section, we propose to extend the NBP concept to the BP4
decoder with an adapted loss function tailored to exploit
degeneracy. The proposed NBP model can be applied to both
the original check matrix as well as the overcomplete check
matrix, resulting in an neural BP4 (NBP4) decoder and an
NBP4 using an overcomplete check matrix (NOBP4) decoder,
respectively.

A. FRAMEWORK
An NBP decoder is an NN decoder obtained by unfolding a
BP decoder over the decoding iterations [32]. The BP decoder
can be based on the original Tanner graph of the QLDPC
code or the Tanner graph associated with an overcomplete
check matrix. The VNs and CNs are interpreted as neurons
of an NN and the activation functions of the NN describe
the node update equations. Trainable weights are added to the
messages passed along the edges of the graph, i.e., the update
rules (6) and (7) become

1i←j = (−1)zj · ⊞
i′∈N (j)\{i}

w(ℓ)
v,i′,j · λi′→j (9)

and

0
(ζ )
i→j = w(ℓ)

v,i3
(ζ )
i +

∑
j′∈M(i)\{j},
⟨ζ,Sj′i⟩=1

w(ℓ)
c,i,j′ ·1i←j′ , (10)
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where ℓ is the decoding iteration index and w(ℓ)
v,i′,j, w

(ℓ)
c,i,j′

and w(ℓ)
v,i denote the real-valued trainable weights applied to

the VN messages, CN messages, and channel LLR values,
respectively.

B. LOSS FUNCTION
In [20], a loss function for BP2 decoding has been proposed
which takes degeneracy into account. We extend this loss
function to the BP4 case. Using 0i calculated by (8) in the
hard-decision step, we compute

P(⟨êi, η⟩ = 1|z) =
(
1+ e−λη(0i)

)−1
(11)

for η ∈ GF(4)\{0}, denoting the estimated probability of the
i-th error commuting with X , Z, and Y , respectively. Then,
the proposed per-error pattern loss function can be written as

L(0; e) =
2n−m∑
j=1

f

(
n∑
i=1

P
(
⟨ei + êi, S⊥j,i⟩ = 1|z

))
(12)

where f (x) = | sin(πx/2)|, which approaches 0 with
x approaching any even number (i.e, it realizes a ‘‘soft
modulo 2’’ function) [20]. The loss value is summed
up over all rows S⊥j of S⊥. For each row j, we sum

up the values P
(
⟨ei + êi, S⊥j,i⟩ = 1|z

)
for all the elements

S⊥j,i in S⊥j , representing the probability of S⊥j,i being
unsatisfied after estimating ei as êi. It can be calcu-
lated as P

(
⟨êi, S⊥j,i⟩ = 1+ ⟨ei, S⊥j,i⟩|z

)
. If ⟨ei, S⊥j,i⟩ = 0,

we directly calculate P
(
⟨êi, S⊥j,i⟩ = 1|z

)
using (11), with η

being S⊥j,i. In contrast, when ⟨ei, S⊥j,i⟩ = 1, we calculate

P
(
⟨êi, S⊥j,i⟩ = 0|z

)
= 1 − P

(
⟨êi, S⊥j,i⟩ = 1|z

)
. The loss

function (12) is minimized if (3) holds.

C. INITIAL WEIGHTS OF THE REDUNDANT CHECKS
When a large number of redundant CNs is used, it becomes
crucial to properly normalize the messages as the dependency
between the messages becomes severe during decoding.
Therefore, sometimes using a relatively large ϵ0 does not
provide a sufficient degree of freedom for the normalization
of the messages. Hence, we introduce another parameter wr,
which is used as a normalization factor for the check node
messages, similarly to the w(ℓ)

c,i,j in (10), but independent of
the number of iterations ℓ and of the index of the connected
CN j and VN i, i.e.,

0
(ζ )
i→j = 3

(ζ )
i +

∑
j′∈M(i)\{j},
⟨ζ,Sj′i⟩=1

wr ·1i←j′ .

It can be used in the plain OBP4 decoder or as the initial
weight of w(ℓ)

c,i,j′ for training an NOBP4 decoder.
When optimizing the decoder configuration, we simply set

wr = 1 if optimizing ϵ0 alone yields satisfactory decoding
results, as it results in the best convergence speed. If this is not
the case, a grid search is conducted to find the optimal pair

TABLE 2. A summary of the trainable parameters.

TABLE 3. A summary of the hyper-parameters.

(ϵ0, wr). This decoder is referred to as OBP4-opt decoder.
In Appendix, details about the grid search for the optimal
initial value pair (ϵ0,wr) are given. Table 1 summarizes the
parameters of the exemplary codes and the corresponding
decoder configurations used in this work.

D. TRAINING
To train anNBP decoder, we employ the following procedure.
First, we perform a line search to determine the optimal initial
value of ϵ0 for the initial non-trained decoder. The initial
values forw(ℓ)

v,i,j andw
(ℓ)
v,i at the beginning of the training are set

to 1. If an overcomplete check matrix is used, we also search
for the optimal initial weight wr for the redundant checks
jointly with ϵ0. In this case, the initial value of w(ℓ)

c,i,j will
be wr. Otherwise, when no redundant checks are used, the
initial value ofw(ℓ)

c,i,j is 1. Subsequently, the training of the NN
decoder is carried out using the proposed loss function (12)
through plain stochastic gradient descent [35].

During training, mini-batches of 120 samples are used.
Each mini-batch comprises six sets of 20 randomly generated
error patterns from depolarizing channels with six distinct
physical error probabilities ϵ. For training the NBP4 decoder,
the set of ϵ is {0.02, 0.03, . . . , 0.07}, while for training
the NOBP4 decoder, we use {0.06, 0.07, . . . , 0.11}. The
loss function (12) is evaluated after each decoding iteration
ℓ, resulting in a loss L(ℓ). The per-error pattern loss is
determined as the minimum value across all iterations, i.e.,
as min{L(ℓ)

: ℓ ∈ {1, 2, . . . ,L}}. In the case where
multiple iterations yield the same value, we select the
earliest iteration. The gradients are clipped to 10−3 to avoid
exploding gradients in the first decoding iterations where
the message magnitude is small. Additionally, we gradually
decrease the learning rate from 1 to 0.1 using a linear
scheduler. For the NBP4 decoder, we train for 2000 batches,
whereas for the NOBP4 decoder, we only train for
200 batches.

The trainable model parameters are summarized in Tab. 2
and the hyper-parameters for training are summarized in
Tab. 3.
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FIGURE 6. FER vs. depolarizing probability ϵ curves for the [[48, 6, 8]]
GB-A3 code and [[46, 2, 9]] GB-A4 code. The reference curves are taken
from [11], which use 32 iterations of serial (s.) normalized MS decoding
concatenated with OSD-10 post-processing.

FIGURE 7. FER vs. depolarizing probability ϵ curves for the [[254, 28, d ]]
GB-A1 code and [[126, 28, 8]] GB-A2 code. The reference curves are taken
from [11] where 32 iterations of serial normalized MS decoding is used.

E. COMPLEXITY
Firstly, the refined BP4 decoder has a computational
complexity scaling linearly with the number of iterations and
the number of edges in the Tanner graph, as one can see
from (7) and (6). Compared to BP2 decoders, the source
of complexity increase is the belief-quantization step which
can be implemented with complexity O(1) per edge [10].
Therefore, the complexity of the BP4 decoders is only slightly
higher than the complexity of the BP2 decoders.

The proposed NBP4 decoders are based on the refined
BP4 decoder. As shown in (9) and (10), the proposed neural
decoders require one additional multiplication with weights
per edge compared to the refined BP4 decoder. Therefore,
compared to conventional binary decoders, the complexity
increase of the proposed NBP4 decoders is moderate.

Using an overcomplete check matrix increases the num-
ber of CNs by a factor of 1.5 to 10 compared to a
full-rank matrix, based on the example codes presented.
Additionally, while the computational complexity per CN
remains unchanged, VNs require more additions. However,
the number of required iterations is significantly reduced,
often to half or even one-tenth, when using overcomplete
matrices. Generally, we can decrease the maximum number
of iterations as the number of redundant CNs increases,
preserving similar overall complexity in both cases. Note
that for QEC, the decrease in the number of iterations is
advantageous, as low-latency decoding is crucial due to the
limited coherent time of the qubits.

VI. NUMERICAL RESULTS
We assess the performance of our proposed novel decoder on
the codes described in Sec. II using Monte Carlo simulations.
Specifically, we use the GB A1-A4 codes and toric codes
with d ∈ {4, 6, 8, 10}. The code parameters used are provided
in Tab. 1. To ensure sufficiently accurate results, 300 frame
errors are collected for each data point. Throughout this work,
we use a flooding schedule where all VNs/CNs are updated
in parallel in each decoding iteration. The initial ϵ0 is set to
0.1 unless explicitly stated.

First, we investigate the effects of overcomplete check
matrices in Sec. VI-A. Later, in Sec. VI-B, we show
performance improvements due to NBP.

A. RESULTS WITH OVERCOMPLETE CHECK MATRICES
1) GB CODES
Figure 6 shows the decoding results using the original BP4
and the proposed OBP4 for the GB-A3 and GB-A4 codes.
As described in Sec. IV-A, the overcomplete check matrices
are constructed using the algorithm from [25]. For the
GB-A3 code, we construct the overcomplete check matrix
using 48 rows of weight 8 and 1952 rows of weight 12.
No checks of weight 10 were found. For the GB-A4 code,
we use 46 rows of weight 8 and 754 rows of weight 10.
An improvement in post-decoding FER bymore than an order
of magnitude is observed using the OBP4 decoder with only
6 decoding iterations, especially when the physical error rate
is small. The proposed OBP4 decoder also outperforms the
reference decoder from [11], which uses 32 iterations of serial
normalized MS decoding concatenated with OSD-10 post-
processing.

During our experiments, we observe that the OBP4
decoder performs especially well if the code possesses a
large number of low-weight checks which can be used to
construct overcomplete check matrices. For codes with only a
small number of redundant low-weight stabilizers, a decoding
performance gain is still observed but the gain is smaller
when the ratio between the number of redundant rows and
the block length is smaller. For example, in Fig. 7, we show
the decoding results for the GB-A1 and GB-A2 codes. For
both codes, the overcomplete check matrices consist of n
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FIGURE 8. FER vs. depolarizing probability ϵ curves for the toric codes with d ∈ {4, 6, 8, 10} using plain BP2 and BP4 decoders. The BP2 results are
taken from [20]. The parameters used to produce the results for OBP4 and OBP4-opt are listed in Tab. 1.

rows of weight 10. No further redundant rows are added,
as both codes do not possess any other low-weight check
with a weight less than 16. For both codes, the OBP4 decoder
outperforms the original BP4 decoding and has only a small
gap to the reference results which uses normalized MS
decoding with serial scheduling [11].

2) TORIC CODES
As depicted in Fig. 8, we also evaluate the decoding
performance of BP4 and OBP4 decoding on toric codes
with d ∈ {4, 6, 8, 10}. For comparison, we plot the BP2
decoding results taken from [20] which were evaluated over
the XZ channel where the X and Z errors are assumed to
happen independently with a probability ϵb. For fairness,
we scale the results from [20] using ϵb = 2

3ϵ as explained
in [36].

We see that for plain BP decoding, BP4 performs
consistently better than BP2 decoding. This highlights
the advantage of using a quaternary decoder. The BP4
decoding result can be further improved by constructing
an overcomplete check matrix of size 3n × n using the
topological structure of a toric code as described in Sec. IV-A.
The performance improvement due to OBP4 is shown in
Fig. 8 (orange curves). For toric codes with d ≥ 6, we also

use the OBP-opt decoder where a second initial parameter wr
is used (green curves). For d = 4, OBP-opt is not used as
it does not show improvements compared to OBP. One can
observe that the OBP4-opt decoder exhibits an error floor,
especially for the codes with relatively large block lengths
where the post-decoding error rate does not decrease with the
decreasing channel error rate. This is caused by our choice
of initial parameters to ensure a good performance after
training. We observed during optimization that we need to
focus on parameters that yield good performance for medium
to high physical error rates. The decoder tends to converge to
high-weight errors and thus performs worse for low-weight
errors, which are dominant when the physical error rate is low.
We optimize at this working point as the error floor can later
be mitigated by NBP and we observe that this configuration
yields the best overall decoding performance across different
physical error rates.

B. RESULTS FOR NBP
We apply both NBP4 and NOBP4 decoders to toric codes and
compare the decoding results with the neural BP2 decoder
from [20] and the MWPM decoder. The numerical results
of the MWPM decoder are obtained via the Pymatching
library [37]. All results are plotted in Fig. 9.
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FIGURE 9. FER vs. depolarizing probability ϵ curves for the toric codes with d ∈ {4, 6, 8, 10} using the trained NBP decoders.

FIGURE 10. Fraction of type II success (success with degenerated errors)
in relation to overall success plotted over the error weight for decoding
the toric codes with d = 10.

1) FER RESULTS
We first compare the effect of NBP for both BP2 (red
curves) and BP4 (blue curves) decoding without using any

overcomplete check matrices. After training, both decoders
improve the FER by orders of magnitude. This demonstrates
the effectiveness of training. For toric codes with large d , the
gain of NBP2 compared to BP2 is bigger than the gain of
NBP4 compared to BP4, as NBP2 from [20] also implements
other enhancements such as residual connections and soft
weights. However, the performance of the NBP2 decoder is
lower bounded by the MWPM decoder, which is considered
to be near optimum for the XZ channel. Figure 9 shows
that the decoding performance of the NOBP418 decoder
is better than the MWPM decoder except for d = 10.
We observe that for codes with large block lengths, more BP
iterations (e.g., 64 iterations) are needed to achieve a good
decoding performance. This is shown with the light green
curve.

Simulation results show that the NOBP4 decoder resolves
both the error floor and convergence speed issues of
the OBP4-opt decoder. Consequently, the NOBP4 decoder
achieves better decoding performance and requires only
18 iterations, whereas the other decoders use 25 iterations.
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FIGURE 11. OBP4 decoding results for toric codes with d = 10 under different configurations of (ϵ0, wr) over a depolarizing
channel with ϵ = 0.045: Left figure shows the post decoding FER and the right figure shows the average number of BP decoding
iterations until decoding success (L̃).

2) EXPLOITING DEGENERACY WITH NBP
In Fig. 10, we depict the fraction of type II decoding successes
in relation to the total number of decoding successes when
decoding error patterns of weights ranging from 1 to
30 occur. By employing both NBP4 and NOBP4 decoders,
the fraction of successful decodings with degenerate errors
(type II success) exhibits a significant increase compared to
the original BP4 decoder. This highlights the effectiveness
of training in exploiting degeneracy, which explains the
substantial improvement when decoding toric codes with
neural decoders. Toric codes, particularly those with large
minimum distance d , possess many degenerate errors from
their topological structure.

Furthermore, We observe that the NN is trained to exploit
degeneracy from the weights w(ℓ)

c,i,j′ . When trained solely
with low-weight errors, we observe a clear trend where
low-weight checks tend to have high message weights after
training. This trend maximizes the type I success rate
by increasing the weights on low-weight checks, which
aligns with observations in decoding classical codes where
low-degree check nodes are advantageous. However, when
trained with mixed errors of both low and high weights, this
tendency diminishes. After training, it becomes sometimes
more beneficial to converge to an error that differs from the
actual error that occurred (type II success). This indicates that
the NN learns the degeneracy structure of the code.

For GB codes, the large minimum distance d ensures
that they almost always achieve a valid error estimate as
long as the syndrome is matched. The fraction of type II
errors is extremely small (typically below 10−3). Decoding
failures mainly arise from the inability of the BP decoder
to find an error estimate that matches the syndrome. Hence,
enhancing the convergence of BP with overcomplete check
matrices leads to improved performance. However, since
GB codes are not highly degenerate, the type II success
rate for GB codes is also quite low (typically below 10−3).
Training the NN decoder slightly improves the type II success

rate but also significantly increases the type II failure rate.
Consequently, training the neural decoder does not yield
further performance improvement for GB codes.

C. SUMMARY OF THE NUMERICAL RESULTS
The proposed enhancements of the BP decoder significantly
improve the decoding performance for both GB codes and
toric codes. However, the reasons for improvement are
different. We observe that plain BP4 decoding performs
significantly better on GB codes than on toric codes.
Furthermore, the decoding performance for both GB and
toric codes is further enhanced by constructing a suitable
overcomplete check matrix. However, the training of NBP
decoding for GB code is not as successful as for toric codes,
and thus, we omit results.

VII. CONCLUSION AND OUTLOOK
In this paper, we investigated two enhancements for the BP
decoder of QLDPC codes, as well as their combination.
The OBP4 decoder offers significant improvements in
decoding performance and convergence speed. In contrast,
the proposed NBP4 decoder effectively exploits degeneracy,
but its improvement through training alone is limited without
good initial parameters. By applying NBP to OBP4 decoding,
we are able to address both of these disadvantages, resulting
in superior decoding performance.

The proposed decoder enhancements have several natural
extensions that are not discussed in the scope of this paper.
Decoding based on overcomplete check matrices can also
be applied to other message-passing decoders such as the
MS decoder, which will yield similar decoding gains as
for the BP decoder. The proposed loss function can also
be used to train other model-based neural decoders such
as a neural offset min-sum (NOMS) decoder [38] and
other optimized min-sum decoders with efficient hardware
implementation [39], [40]. As the proposed decoder reduces
decoding latency, post-processing techniques could also
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be applied after BP decoding. Additionally, considering
circuit-level noise is also important for future work.

The source code for this work is available at https://github.
com/kit-cel/Quantum-Neural-BP4-demo. The trained model
parameters are also included in the repository. The provided
Jupyter notebook can perform training and evaluation of the
NBP model for arbitrary CSS with a given PCM.

APPENDIX
GRID SEARCH FOR THE INITIAL PARAMETERS
Section III emphasizes the significance of the initial value
ϵ0 in BP decoding, particularly when overcomplete check
matrices are employed. To achieve the best decoding
performance with a specific decoder, we conduct a line search
to find the ϵ0 that minimizes the post-decoding FER. In some
cases, optimizing over ϵ0 alone does not provide enough
flexibility for optimization. Then we search for the optimal
CN weight wr for redundant checks jointly with ϵ0 via a grid
search.

Figure 11 illustrates the post-decoding FER (left figure)
and the average number of decoding iterations L̃ until success
(right figure) for the toric code with d = 10. The left figure
reveals a specific region where the decoder exhibits the best
performance, characterized by a relatively large ϵ0 value and
a small wr value. However, the right figure shows that the
number of iterations required for the BP decoder to converge
increases with larger ϵ0 and smaller wr. Consequently, when
the decoding performance is similar, we choose values that
enable faster convergence. For other toric codes, the search
results are similar to the ones shown in Fig. 11 and are
summarized in Tab. 1.
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