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Abstract
We prove that at differentiability points 𝑟0 > 0 of the vol-
ume function of a compact set 𝐴 ⊂ ℝ𝑑 (associating to 𝑟
the volume of the 𝑟-parallel set of 𝐴), the surface area
measures of 𝑟-parallel sets of 𝐴 converge weakly to the
surface area measure of the 𝑟0-parallel set as 𝑟 → 𝑟0. We
further study the question which sets of parallel radii
can occur as sets of nondifferentiability points of the vol-
ume function of some compact set. We provide a full
characterization for dimensions 𝑑 = 1 and 2.
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1 INTRODUCTION

For any nonempty compact set 𝐴 ⊂ ℝ𝑑, the open 𝑟-parallel sets

𝐴𝑟 ∶= {𝑥 ∈ ℝ
𝑑 ∶ 𝑑(𝑥, 𝐾) = min

𝑦∈𝐴
|𝑥 − 𝑦| < 𝑟}, 𝑟 > 0 (1.1)

are frequently used for the approximation of𝐴, which is recovered when 𝑟 tends to 0. The volume
function of 𝐴

𝑟 ↦ 𝑉𝐴(𝑟) ∶= 𝜆𝑑(𝐴𝑟)

is known to be continuous and nondecreasing on (0,∞), and differentiable at all 𝑟 > 0 except
countably many, see Stachó [13]. It is also known that its derivative equals the surface area
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2 RATAJ and WINTER

𝑆𝐴(𝑟) ∶= 𝑑−1(𝜕𝐴𝑟) whenever 𝑉′𝐴(𝑟) exists (see [10, Corollary 2.5]; notice that the symbol 𝐴𝑟
was used for the closed parallel set in [10]).
Localizations of the results for volume and surface area of parallel sets were considered in [14].

Themain aim in that paper was to establish relations between local versions ofMinkowski content
andS-content of𝐴 –notions based on the local parallel volume and the local surface area of parallel
sets, respectively, as 𝑟 → 0. They capture well the local behavior of parallel sets as 𝑟 → 0.
In some applications, however, one also needs to know the behavior of parallel sets close to

some parallel radius 𝑟0 > 0. This occurs, for example, when approximating a self-similar fractal
by parallel sets and applying renewal theory to functionals such as volume, surface area or curva-
ture measures, see, for example, Zähle [15]. Globally, the behavior of parallel volume and parallel
surface area near some 𝑟0 > 0 are reasonably well-understood. While 𝑉𝐴 is continuous, the func-
tion 𝑟 ↦ 𝑆𝐴(𝑟) is known to be continuous at all differentiability points of𝑉𝐴 (see [10]). A key result
toward this was the formula for the right-hand derivative (𝑉𝐴)′+(𝑟) obtained in [7, Corollary 4.6],
valid at any 𝑟 > 0 and connecting (𝑉𝐴)′+(𝑟) to 𝑆𝐴(𝑟).
Local versions of this formula have been obtained in [14], in particular, [14, Proposition 2.10].

They allow to study the parallel surface area locally by restricting it to suitable sets (which need to
be metrically associated with 𝐴). Recently, more general formulae valid for parallel sets defined
with respect to other norms have been obtained in [8, Theorem 4.3] and [4, Theorem 5.2].
It is our aim here to complete the picture (in the Euclidean setting) by studying the continuity

properties of the local parallel surface area. We find that the above-mentioned global continuity
result localizes. For any suitable fixed restricting set, the local surface area turns out to be con-
tinuous at differentiability points of the volume function, see Lemma 4.3. Further insights come
from viewing the local parallel surface area as a measure in the restricting set. Our main result
is a measure version of the continuity result. The continuity at differentiability points is also true
for the surface measures in the weak sense. We denote

𝑆𝐴(𝑟, ⋅) ∶= 𝑑−1(𝜕𝐴𝑟 ∩ ⋅)

the parallel surface measure of 𝐴 at distance 𝑟 ⩾ 0.

Theorem 1.1. Let 𝐴 ⊂ ℝ𝑑 be nonempty and compact and let 𝑟0 > 0 be a differentiability point of
𝑟 ↦ 𝑉𝐴(𝑟). Then the measures 𝑆𝐴(𝑟, ⋅) converge weakly to 𝑆𝐴(𝑟0, ⋅) as 𝑟 → 𝑟0.

Note that the weak continuity of 𝑆𝐴(𝑟, ⋅) at points 𝑟0 which are regular values of the distance
function of 𝐴 follows from [11, Theorem 6.1] (where the weak continuity of all Lipschitz–Killing
curvature measures is shown). The set of critical (i.e., nonregular) values can be large compared
to the set of nondifferentiability points, see also the discussion below.
The proof (provided in Section 4) is based on some results from [14]. Unfortunately, there

appears to be an error in [14, Lemma 2.9]. We correct the statement in Section 2 and present also
corrected proofs of [14, Proposition 2.10] and [14, Theorem 2.7], which in their original version
used the defect Lemma 2.9.
In Section 3, we formulate some consequences of these results. In particular, we show that

the volume function 𝑉𝐴 is differentiable at some 𝑟 > 0 if and only if the set of critical points of
the distance function of 𝐴 lying at distance 𝑟 from 𝐴 has positive (𝑑 − 1)-dimensional Hausdorff
measure 𝑑−1, see Theorem 3.2. For the Euclidean setting this recovers and gives a streamlined
argument for the observation in [8, Theorem 4.3], that 𝑉𝐴 is nondifferentiable at some 𝑟 > 0 if
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ON VOLUME AND SURFACE AREA OF PARALLEL SETS 3

and only if the set 𝜕𝐴𝑟 ⧵ Unp(𝐴) has positive 𝑑−1-measure, where Unp(𝐴) is the set of points
with a unique nearest point in 𝐴.
The final part (Section 5) is devoted to the question which sets 𝑁 ⊂ (0,∞) can occur as sets

of nondifferentiability points of 𝑉𝐴 for some compact set 𝐴 ⊂ ℝ𝑑. Of course, such a set 𝑁 has
to be countable but, clearly, there are further limitations. It turns out that the answer to this
question depends heavily on the space dimension 𝑑. For dimension 1, we obtain the following
characterization. For 𝐴 ⊂ ℝ𝑑 denote by 𝑁𝐴 the set of nondifferentiability points of 𝑉𝐴.

Theorem 1.2. Let𝑁 ⊂ (0,∞). Then there exists some compact set 𝐴 ⊂ ℝ such that𝑁𝐴 = 𝑁 if and
only if

∑
𝑠∈𝑁 𝑠 < ∞.

Note that the condition
∑
𝑠∈𝑁 𝑠 < ∞ implies that 𝑁 is countable and bounded and moreover,

that the set 𝑁 can only accumulate at 0.
In dimension 2, the situation happens to be substantially more complicated. Due to the already

mentioned relation between nondifferentiability of 𝑉𝐴 and the size of the set of critical points
at level 𝑟, cf. Theorem 3.2, we can apply a result for critical points from [12]. The conditions are,
however, different; note that the set of critical values does not need to be countable and it is always
closed. We use the notation 𝐺1∕2(𝐾) for the degree-

1

2
gap sum of a compact set 𝐾 ⊂ ℝ, which is

the sum of the square roots of the lengths of all bounded intervals of the complement of 𝐾 (or,
equivalently, the value of the geometric zeta function 𝜁 at 12 of the fractal string  associated to
𝐾, cf. [9]).

Theorem 1.3.

(i) Let 𝜀 > 0 and 𝑁 ⊂ [𝜀,∞) be a bounded countable set. Then 𝑁 = 𝑁𝐴 for some compact set 𝐴 ⊂
ℝ2 if and only if 𝜆1(𝑁) = 0 and 𝐺1∕2(𝑁) < ∞.

(ii) Let 𝑁 ⊂ (0,∞) be a bounded countable set. Then 𝑁 = 𝑁𝐴 for some compact set 𝐴 ⊂ ℝ2 if and
only if 𝜆1(𝑁) = 0 and

∫
∞

0
𝐺1∕2(𝑁 ∩ [𝑟,∞))

√
𝑟 𝑑𝑟 < ∞. (1.2)

Note that in contrast to the case 𝑑 = 1, for 𝑑 = 2, sets 𝑁𝐴 may have accumulation points
different from 0, which may or may not be contained in 𝑁𝐴. For example, the sets 𝑁 =
{1 + 𝑛−2 ∶ 𝑛 ∈ ℕ} and 𝑁 are valid sets of nondifferentiability points. However, there are more
interesting examples, such as sets of endpoints of segments defining certain Cantor sets, see
Example 5.2.
The gap sum conditions in Theorem 1.3 are closely connectedwith (upper)Minkowski contents

of 𝑁: the condition in (i) implies that 1∕2
(𝑁) = 0 (and thus dim𝑀𝑁 ⩽

1

2
), whereas the condi-

tion in (ii) only implies4∕5
(𝑁) = 0 (and thus dim𝑀𝑁 ⩽

4

5
), see [12, Theorem 3.17]. Here𝛼

(𝑋)

and dim𝑀𝑋 denote the 𝛼-dimensional upper Minkowski content and the upper Minkowski
dimension, respectively, of a set 𝑋.
The case of dimension 𝑑 > 2 seems to be even more complicated. We do not know a necessary

and sufficient condition here. We present only a sufficient condition, see Proposition 5.3. A full
characterization remains as an open question.
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4 RATAJ and WINTER

2 CORRIGENDUM TO [14]

There is anunfortunate error in [14, Lemma2.9]. In particular, equation [14, (2.7)] in this statement
is not an equality in general but only an inclusion. This affects [14, Proposition 2.10], where the
second equality in equation [14, (2.8)] is only a ‘≤’ in general. Equality holds in the case when 𝑟 is
a differentiability point of 𝑉𝐴. The statement of [14, Theorem 2.7] remains true as formulated but
its proof has to be modified slightly. We provide here correct versions of these statements together
with corrected proofs.
First we recall some notation from [14]. Assume throughout that 𝐴 ⊂ ℝ𝑑 is compact. Let

Unp(𝐴) ⊂ ℝ𝑑 be the set of those points which have a unique nearest point in 𝐴. Let 𝜋𝐴 ∶
Unp(𝐴) → 𝐴 denote the metric projection onto the set 𝐴, which assigns to each 𝑥 ∈ Unp(𝐴) its
unique nearest point 𝜋𝐴(𝑥) in 𝐴. (Note that 𝜋−1𝐴 (𝐵) is a subset of Unp(𝐴) for any set 𝐵.) Recall
that the set exo(𝐴) ∶= ℝ𝑑 ⧵ Unp(𝐴), the exoskeleton of 𝐴, consists of all points that do not have a
unique nearest point in 𝐴. Note that 𝐴 ⊂ Unp(𝐴) and thus exo(𝐴) ⊂ 𝐴𝑐.
A set𝑋 ⊂ ℝ𝑑 is said to bemetrically associated with𝐴, if for any point 𝑥 ∈ 𝑋 there exists a point

𝑦 ∈ 𝐴 so that 𝑑(𝑥, 𝑦) = 𝑑(𝑥, 𝐴) and all inner points of the line segment [𝑥, 𝑦] joining 𝑥 with 𝑦
belong to𝑋 (cf. [13, p. 370]). We write ]𝑥, 𝑦[ for the line segment excluding the endpoints. Observe
that the parallel sets𝐴𝑟 of𝐴 aremetrically associatedwith𝐴. Moreover, any set of the form𝜋−1𝐴 (𝐵)
with 𝐵 ⊂ 𝐴 (or 𝐵 ⊂ ℝ𝑑) is metrically associated with 𝐴. Combining these two constructions, it is
easy to see that all sets of the form 𝐴𝑟 ∩ 𝜋−1𝐴 (𝐵) are metrically associated with 𝐴.
The positive boundary 𝜕+𝑍 of a set 𝑍 ⊂ ℝ𝑑 is the set of all boundary points 𝑧 ∈ 𝜕𝑍 such that

there exists a point 𝑦 ∉ 𝑍 with |𝑦 − 𝑧| = 𝑑(𝑦, 𝑍).
Lemma 2.1 Correction of [14, Lemma 2.9]. Let 𝐴, 𝐵 ⊆ ℝ𝑑. Then, for any 𝑟 > 0,

𝜕+(𝐴𝑟) ∩ 𝜋
−1
𝐴 (𝐵) ⊆ 𝜕(𝐴𝑟) ∩ 𝜋

−1
𝐴 (𝐵). (2.1)

In particular, 𝜕+(𝐴𝑟) ∩ Unp(𝐴) ⊆ 𝜕(𝐴𝑟) ∩ Unp(𝐴). Moreover, 𝜕+(𝐴𝑟) ⊆ Unp(𝐴) and thus
𝜕+(𝐴𝑟) ⊆ 𝜕(𝐴𝑟) ∩ Unp(𝐴).

Proof. The inclusion (2.1) is obvious from the definition of the positive boundary as a subset of
the boundary and the second stated inclusion is a special case of the first one. Therefore, only the
inclusion 𝜕+(𝐴𝑟) ⊆ Unp(𝐴) requires a proof. We recall here the argument given in [14] correcting
another typo: Let 𝑧 ∈ 𝜕+(𝐴𝑟). Then there exists a point 𝑦 outside 𝐴𝑟 such that |𝑦 − 𝑧| = 𝑑(𝑦, 𝐴𝑟).
By way of contradiction, assume that 𝑧 does not admit a unique metric projection onto 𝐴, that is,
there exist at least two distinct points 𝑎, 𝑏 ∈ 𝐴 such that |𝑧 − 𝑎| = |𝑧 − 𝑏| = 𝑑(𝑧, 𝐴) = 𝑟. At least
one of those two points, say 𝑎, is not on the ray from 𝑦 through 𝑧. Therefore, we have

|𝑦 − 𝑎| < |𝑦 − 𝑧| + |𝑧 − 𝑎| = |𝑦 − 𝑧| + 𝑟.
Let 𝑧′ be the point on the segment [𝑦, 𝑎] such that |𝑧′ − 𝑎| = 𝑟. Then, in particular, 𝑧′ ∈ 𝐴𝑟 and|𝑦 − 𝑎| = |𝑦 − 𝑧′| + |𝑧′ − 𝑎| = |𝑦 − 𝑧′| + 𝑟. Plugging this into the above inequality and subtract-
ing 𝑟 yields |𝑦 − 𝑧′| < |𝑦 − 𝑧| and thus 𝑑(𝑦, 𝐴𝑟) < |𝑦 − 𝑧|, which is a contradiction to the choice
of 𝑦. Hence, 𝑧 ∈ Unp(𝐴). □

For any closed set 𝐴 ⊂ ℝ𝑑 and any measurable set 𝐵 ⊂ ℝ𝑑, we write

𝑉𝐴,𝐵(𝑟) ∶= 𝜆𝑑
(
𝐴𝑟 ∩ 𝜋

−1
𝐴 (𝐵)

)
, 𝑟 > 0
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ON VOLUME AND SURFACE AREA OF PARALLEL SETS 5

for the local parallel volume of 𝐴 relative to the set 𝐵. Recall that 𝐴𝑟 ∩ 𝜋−1𝐴 (𝐵) is metrically associ-
ated with𝐴 and thus, if 𝑉𝐴,𝐵 is finite for some 𝑟 > 0, then it is finite for all 𝑟 > 0 and it is a Kneser
function, cf. [14, Lemma 2.4] (see (4.1) for the definition of a Kneser function). Hence, (𝑉𝐴,𝐵)′+
and (𝑉𝐴,𝐵)′− exist at any 𝑟 > 0 and (𝑉𝐴,𝐵)

′
+(𝑟) ⩽ (𝑉𝐴,𝐵)

′
−(𝑟), cf. [13].

Remark 2.2. If𝐴 is compact, then differentiability of𝑉𝐴 at some 𝑟 > 0 implies the differentiability
of 𝑉𝐴,𝐵 at this 𝑟 for any measurable set 𝐵. Indeed, assuming that (𝑉𝐴,𝐵)′+(𝑟) < (𝑉𝐴,𝐵)

′
−(𝑟), the

general relation (𝑉𝐴,𝐴⧵𝐵)′+(𝑟) ⩽ (𝑉𝐴,𝐴⧵𝐵)
′
−(𝑟) implies that

(𝑉𝐴)
′
+(𝑟) = (𝑉𝐴,𝐵)

′
+(𝑟) + (𝑉𝐴,𝐴⧵𝐵)

′
+(𝑟) < (𝑉𝐴,𝐵)

′
−(𝑟) + (𝑉𝐴,𝐴⧵𝐵)

′
−(𝑟) = (𝑉𝐴)

′
−(𝑟).

Hence, 𝑉𝐴 is not differentiable at 𝑟, a contradiction. Here we have used that

𝑉𝐴(𝑟) = 𝑉𝐴,𝐴(𝑟) = 𝑉𝐴,ℝ𝑑 (𝑟) = 𝜆𝑑(𝐴𝑟 ∩ Unp(𝐴))

for any 𝑟 > 0 (as 𝜆𝑑(exo(𝐴)) = 0, see, for example, [7, eq. (2.1)]) and thus (𝑉𝐴)′+(𝑟) = (𝑉𝐴,𝐴)
′
+(𝑟)

for any 𝑟 > 0 and similarly for the left derivatives.

For the proof of the next statement as well as for later use, we recall the notion of (relative)
Minkowski content. For 𝑠 ∈ [0, 𝑑], the 𝑠-dimensional relative Minkowski content of a set 𝐴 ⊂ ℝ𝑑
with respect to Ω ⊂ ℝ𝑑 is defined as

𝑘(𝐴,Ω) ∶= lim
𝑟→0+

𝜆𝑑(𝐴𝑟 ∩ Ω)

𝜅𝑑−𝑠𝑟
𝑑−𝑠

,

where 𝜅𝑡 ∶= 𝜋𝑡∕2∕Γ(
𝑡

2
+ 1), provided that the limit exists, cf. [14, eq. (1.9)]. In particular,

𝑠(𝐴) ∶=𝑠(𝐴, ℝ𝑑) is the standard 𝑠-dimensional Minkowski content.

Proposition 2.3Correction of [14, Proposition 2.10]. Let𝐴 ⊂ ℝ𝑑 be closed and let𝐵 ⊂ ℝ𝑑 be a Borel
set such that 𝐴 ∩ 𝐵 is bounded. Then, for any 𝑟 > 0,

(𝑉𝐴,𝐵)
′
+(𝑟) = 𝑑−1 (𝜕+(𝐴𝑟) ∩ 𝜋−1𝐴 (𝐵)) ⩽ 𝑑−1 (𝜕(𝐴𝑟) ∩ 𝜋−1𝐴 (𝐵)) . (2.2)

Moreover, if 𝐴 is compact and 𝑉𝐴 is differentiable at 𝑟 > 0, then ‘≤’ in (2.2) can be replaced by
‘=’. Similarly, let 𝑟 > 0 and let 𝐾 ⊃ 𝐴 ∩ 𝐵 be some ball such that dist(𝜕𝐾,𝐴 ∩ 𝐵) > 2𝑟. If 𝑉𝐴∩𝐾 is
differentiable at 𝑟, then again equality holds in (2.2).

Proof. The proof of the equality in (2.2) is correct as given in [14, Proposition 2.10] and the inequal-
ity in (2.2) is obvious from Lemma 2.1. Therefore, it only remains to prove the equality cases.
Assume first that𝐴 is compact and that 𝑟 > 0 is a differentiability point of𝑉𝐴. Then, byRemark 2.2
and (2.2), we have on the one hand

𝑉′𝐴,𝐵(𝑟) = (𝑉𝐴,𝐵)
′
+(𝑟) ⩽ 𝑑−1 (𝜕(𝐴𝑟) ∩ 𝜋−1𝐴 (𝐵)) and (2.3)

𝑉′
𝐴,𝐴⧵𝐵

(𝑟) = (𝑉𝐴,𝐴⧵𝐵)
′
+(𝑟) ⩽ 𝑑−1 (𝜕(𝐴𝑟) ∩ 𝜋−1𝐴 (𝐴 ⧵ 𝐵)) . (2.4)
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6 RATAJ and WINTER

On the other hand, by the (𝑑 − 1)-rectifiability† of 𝜕𝐴𝑟 (see [10, Proposition 2.3]) and, thus, of any
of its subsets, we have

𝑑−1(𝜕(𝐴𝑟) ∩ 𝜋−1𝐴 (𝐵)) +𝑑−1 (𝜕(𝐴𝑟) ∩ 𝜋−1𝐴 (𝐴 ⧵ 𝐵)) = 𝑑−1(𝜕(𝐴𝑟) ∩ Unp(𝐴))
=𝑑−1(𝜕(𝐴𝑟) ∩ Unp(𝐴))

⩽𝑑−1(𝜕(𝐴𝑟), Unp(𝐴)) (2.5)

=𝑑−1
(
𝜕(𝐴𝑟), 𝜋

−1
𝐴 (𝐵)

)
+𝑑−1

(
𝜕(𝐴𝑟), 𝜋

−1
𝐴 (𝐴 ⧵ 𝐵)

)
= 𝑉′𝐴,𝐵(𝑟) + 𝑉

′
𝐴,𝐴⧵𝐵

(𝑟).

Here the last equality is due to [14, Theorem 2.5] and the last but one equality follows from the
fact that the set function 𝐵 ↦𝑑−1(𝜕(𝐴𝑟), 𝜋

−1(𝐵)) is a measure, see [14, Lemma 2.11]. Moreover,
the inequality above is seen from the fact that (𝜕(𝐴𝑟) ∩ Unp(𝐴))𝑡 ⊆ (𝜕(𝐴𝑟))𝑡 ∩ (Unp(𝐴))𝑡 for any
𝑡 > 0, which implies that

𝑑−1(𝜕(𝐴𝑟) ∩ Unp(𝐴)) = lim
𝑡↘0

1

2𝑡
𝜆𝑑((𝜕(𝐴𝑟) ∩ Unp(𝐴))𝑡)

⩽ lim
𝑡↘0

1

2𝑡
𝜆𝑑((𝜕(𝐴𝑟))𝑡 ∩ (Unp(𝐴))𝑡)

= lim
𝑡↘0

1

2𝑡
𝜆𝑑((𝜕(𝐴𝑟))𝑡 ∩ Unp(𝐴))

=𝑑−1(𝜕(𝐴𝑟), Unp(𝐴)),

as 𝜆𝑑(exo(𝐴)) = 0, see, for example, [7, eq. (2.1)]. Combining now (2.3),(2.4) and (2.5) yields the
desired conclusion 𝑉′

𝐴,𝐵
(𝑟) = 𝑑−1(𝜕(𝐴𝑟) ∩ 𝜋−1𝐴 (𝐵)). (Indeed, if 𝑎′ ⩽ 𝑎, 𝑏′ ⩽ 𝑏 and 𝑎 + 𝑏 ⩽ 𝑎′ +

𝑏′ for some numbers 𝑎, 𝑎′, 𝑏, 𝑏′ ∈ ℝ, then 𝑎′ = 𝑎.)
Finally, if𝐴 is closed but not compact and 𝑟 > 0, then the assumed boundedness of𝐴 ∩ 𝐵 allows

to choose a closed ball𝐾 containing𝐴 ∩ 𝐵 such that dist(𝜕𝐾,𝐴 ∩ 𝐵) =∶ 𝑠 > 2𝑟. Observe that𝐴𝑡 ∩
𝜋−1
𝐴
(𝐵) = (𝐴 ∩ 𝐾)𝑡 ∩ 𝜋

−1
𝐴∩𝐾
(𝐵) holds for any 0 < 𝑡 < 𝑠∕2 and that the set𝐴 ∩ 𝐾 is compact. Hence,

if 𝑉𝐴∩𝐾 is differentiable at 𝑟, then one can prove the relation using the compact set 𝐴 ∩ 𝐾 instead
of 𝐴. □

We recall [14, Theorem 2.7] and provide a slightly corrected proof.

Theorem 2.4 (see [14, Theorem 2.7]). Let𝐴 ⊂ ℝ𝑑 be closed and 𝐵 ⊂ ℝ𝑑 a Borel set such that𝐴 ∩ 𝐵
is bounded. Then, for all 𝑟 > 0 up to a countable set of exceptions, the function 𝑉𝐴,𝐵 is differentiable
at 𝑟 with

𝑉′𝐴,𝐵(𝑟) =𝑑−1
(
𝜕𝐴𝑟, 𝜋

−1
𝐴 (𝐵)

)
= 𝑑−1 (𝜕𝐴𝑟 ∩ 𝜋−1𝐴 (𝐵)) =𝑑−1

(
𝜕𝐴𝑟 ∩ 𝜋

−1
𝐴 (𝐵)

)
. (2.6)

Proof of Theorem 2.4. If𝐴 is compact, then𝑉𝐴 is differentiable for all 𝑟 > 0 except countablymany.
Let 𝑟 > 0 be a differentiability point of 𝑉𝐴. Then, by Remark 2.2, 𝑉𝐴,𝐵 is also differentiable at 𝑟.
The first equality in (2.6) is obvious from [14, Theorem 2.5] and the second equality follows from

†A subset of ℝ𝑑 is 𝑘-rectifiable if it is a Lipschitz image of a bounded subset of ℝ𝑘 (𝑘 = 0, 1… , 𝑑).
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ON VOLUME AND SURFACE AREA OF PARALLEL SETS 7

Proposition 2.3. Moreover, the third equality follows from the fact (proved, e.g., in [10, Proposition
2.3]) that 𝜕𝐴𝑟 (and thus any of its subsets) is (𝑑 − 1)-rectifiable and the equality of Minkowski
content and Hausdorff measure for such sets, see, for example, [5, section 3.2.39].
If 𝐴 is closed but not bounded, then the third equality in (2.6) is still true (for all 𝑟 > 0) by

the same argument as above. For a proof of the other two inequalities let 𝑡 > 0 be arbitrary.
The assumed boundedness of 𝐴 ∩ 𝐵 allows to choose a closed ball 𝐾 such that 𝐴 ∩ 𝐵 ⊂ 𝐾 and
dist(𝜕𝐾,𝐴 ∩ 𝐵) > 2𝑡. Obviously 𝐴 ∩ 𝐾 is compact and 𝑉𝐴∩𝐾 is differentiable for all 𝑟 > 0 except
countably many. Let 𝑟 < 𝑡 be such a differentiability point. Observe that, by the choice of 𝐾, we
have 𝑉𝐴∩𝐾,𝐵(𝑠) = 𝑉𝐴,𝐵(𝑠) for all 0 < 𝑠 < 𝑡, which implies in particular that (𝑉𝐴,𝐵)′(𝑟) exists if and
only if (𝑉𝐴∩𝐾,𝐵)′(𝑟) exists and both coincide in this case. Note that, by Remark 2.2, 𝑉𝐴∩𝐾,𝐵 is dif-
ferentiable at 𝑟 and thus also (𝑉𝐴,𝐵)′(𝑟) exists. Therefore, the first equality in (2.6) follows now
from [14, Theorem 2.5]. Moreover, the hypothesis of the last assertion in Proposition 2.3 is satis-
fied and we get (𝑉𝐴,𝐵)′(𝑟) = 𝑑−1(𝜕(𝐴𝑟) ∩ 𝜋−1𝐴 (𝐵)) for this 𝑟, proving the second equality in (2.6).
Together this shows Equation (2.6) for all 𝑟 ∈ (0, 𝑡) except countably many. As 𝑡 > 0was arbitrary,
this completes the proof for unbounded sets 𝐴. □

3 CHARACTERIZATIONS OF DIFFERENTIABILITY POINTS

Given a compact set𝐴 ⊂ ℝ𝑑, we denote by crit(𝐴) the set of all critical points of the distance func-
tion 𝑑(⋅, 𝐴), and by reg(𝐴) ∶= ℝ𝑑 ⧵ crit(𝐴) the set of regular points of 𝑑(⋅, 𝐴). Note that 𝑥 ∈ crit(𝐴)
if and only if𝑥 ∈ conv Σ𝐴(𝑥), whereΣ𝐴(𝑥) ∶= {𝑎 ∈ 𝐴 ∶ ‖𝑎 − 𝑥‖ = 𝑑(𝑥,𝐴)} and conv denotes the
convex hull (see [6, Lemma 4.2]). By cv(𝐴) ∶= {𝑑(𝑥, 𝐴) ∶ 𝑥 ∈ crit(𝐴)} we denote the set of crit-
ical values of 𝐴. The sets crit(𝐴) ⊂ ℝ𝑑 and cv(𝐴) ⊂ [0,∞) are closed. We will use the following
lemma.

Lemma 3.1. For any 𝐴 ⊂ ℝ𝑑 compact and 𝑟 > 0, we have

𝜕𝐴𝑟 ∩ 𝜕
+𝐴𝑟 ⊂ 𝜕𝐴𝑟 ∩ Unp(𝐴) ⊂ 𝜕𝐴𝑟 ∩ reg(𝐴).

Further, for any 𝑟 > 0, both inclusions are equalities up to an𝑑−1-null set, that is,
𝑑−1(𝜕𝐴𝑟 ∩ (Unp(𝐴) ⧵ 𝜕+𝐴𝑟)) = 0, (3.1)

𝑑−1(𝜕𝐴𝑟 ∩ (reg(𝐴) ⧵ Unp(𝐴))) = 0. (3.2)

Proof. The first set inclusion is already obtained in Lemma 2.1 and the second one is obvi-
ous (a point outside of 𝐴 having a unique nearest neighbor in 𝐴 must clearly be regular). For
Equations (3.1) and (3.2), we use the fact that for a regular point 𝑥 ∈ 𝜕𝐴𝑟 ∩ reg(𝐴), the bound-
ary 𝜕𝐴𝑟 is a Lipschitz surface in some neighborhood of 𝑥 (see [6, Theorem 3.3]). Hence, by
Rademacher’s theorem, the outer normal 𝑛(𝑦) is differentiable𝑑−1-a.e. on this surface, and any
point 𝑦 ∈ 𝜕𝐴𝑟 where 𝑛(𝑦) is differentiable belongs to 𝜕+𝐴𝑟. (Indeed, if a function ℎ of 𝑑 − 1 vari-
ables has differentiable normalized gradient 𝑛(𝑢) at a point 𝑢 thenℎ has second derivative at 𝑢 and
standard analysis yields that for 𝑥 = (𝑢, ℎ(𝑢)) ∈ graph ℎ and some 𝑡 > 0, the ball 𝐵(𝑥 + 𝑡𝑛(𝑢), 𝑡)
supports graph ℎ, that is, it contains no points of graph ℎ in its interior, and it easily follows that
𝜋𝐴(𝑥 + 𝑠𝑛(𝑢)) = 𝜋graphℎ(𝑥 + 𝑠𝑛(𝑢)) = 𝑥 if 𝑠 > 0 is small enough.) Observe that these Lipschitz
surfaces cover the set 𝜕𝐴𝑟 ∩ reg(𝐴). □
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8 RATAJ and WINTER

From the above results, one can easily derive the following characterization of differentiability
of the volume function.

Theorem 3.2. Let 𝐴 ⊂ ℝ𝑑 be a compact set and 𝑟 > 0. Then the following assertions are
equivalent.

(i) The volume function 𝑉𝐴 is differentiable at 𝑟.
(ii) 𝑑−1(𝜕𝐴𝑟 ⧵ 𝜕+𝐴𝑟) = 0.
(iii) 𝑑−1(𝜕𝐴𝑟 ⧵ Unp(𝐴)) = 0 and𝑑−1(𝜕𝐴𝑟 ∩ Unp(𝐴) ⧵ 𝜕+𝐴𝑟) = 0.
(iv) 𝑑−1(𝜕𝐴𝑟 ⧵ Unp(𝐴)) = 0.
(v) 𝑑−1(𝜕𝐴𝑟 ∩ crit(𝐴)) = 0.
Remark 3.3. The equivalence of (i) and (v) implies that if 𝑉𝐴 is not differentiable at 𝑟 > 0 then 𝑟
must be a critical value of 𝑑(⋅, 𝐴).
The equivalence of (i) and (iv) has been obtained as a side result in [8] using a slightly differ-

ent argument and not only for the usual (Euclidean) parallel sets but also for parallel sets with
respect to some otherMinkowski norms, see [8, Theorem 4.3]. Also the other equivalences appear
essentially in [8], see in particular [8, Lemma 4.2 and eq. (60)]. Moreover, one can deduce from [8,
Lemma 3.25], that𝑑−1-almost all critical points 𝑥 of 𝐴 have exactly two nearest points (located
in opposite directions such that they lie on a segment containing 𝑥). Hence, in (v), the set crit(𝐴)
can equivalently be replaced by the subset {𝑥 ∈ crit(𝐴) ∶ card Σ𝐴(𝑥) = 2}. Yet another slightly dif-
ferent characterization of the differentiability of 𝑉𝐴 is obtained in [4, Theorem 5.2], see also [8,
Remark 4.4] for the relation.

Proof. (𝑖) ⇔ (𝑖𝑖): If 𝑉𝐴 is differentiable at 𝑟 > 0, then, by [10, Corollary 2.5], 𝑉′
𝐴
(𝑟) =

𝑑−1(𝜕+𝐴𝑟) = 𝑑−1(𝜕𝐴𝑟), which implies𝑑−1(𝜕𝐴𝑟 ⧵ 𝜕+𝐴𝑟) = 0.
If 𝑉𝐴 is not differentiable at 𝑟 > 0, then one has (𝑉𝐴)′+(𝑟) < (𝑉𝐴)

′
−(𝑟). Hence, by [7,

Corollary 4.6], Stachó’s Theorem (cf., e.g., [10, eq. (2.1)]) and [10, Corollary 2.4], we get

𝑑−1(𝜕+𝐴𝑟) = (𝑉𝐴)′+(𝑟) < 12((𝑉𝐴)′+(𝑟) + (𝑉𝐴)′−(𝑟)) =𝑑−1(𝜕𝐴𝑟) = 𝑑−1(𝜕𝐴𝑟).

As 𝜕+𝐴𝑟 ⊆ 𝜕𝐴𝑟, this implies immediately𝑑−1(𝜕𝐴𝑟 ⧵ 𝜕+𝐴𝑟) > 0.
(𝑖𝑖) ⇔ (𝑖𝑖𝑖): This is obvious from the disjoint decomposition 𝜕𝐴𝑟 ⧵ 𝜕+𝐴𝑟 = 𝜕𝐴𝑟 ⧵ 𝜕+𝐴𝑟 ⧵

Unp(𝐴) ∪ 𝜕𝐴𝑟 ⧵ 𝜕
+𝐴𝑟 ∩ Unp(𝐴) and the set inclusion 𝜕+𝐴𝑟 ⊂ Unp(𝐴) (see Lemma 2.1).

(𝑖𝑖𝑖) ⇔ (𝑖𝑣): Follows from (3.1).
(𝑖𝑣) ⇔ (𝑣): Follows from (3.2). □

4 PROOF OF THEMAIN RESULT

In this section, we provide a proof of Theorem 1.1. Recall that a Kneser function (of order 𝑑) is a
continuous function 𝑓 ∶ (0,∞) → (0,∞) such that for all 𝜆 ⩾ 1,

𝑓(𝜆𝑏) − 𝑓(𝜆𝑎) ⩽ 𝜆𝑑(𝑓(𝑏) − 𝑓(𝑎)), 0 < 𝑎 ⩽ 𝑏. (4.1)

Any Kneser function 𝑓 is differentiable at all points 𝑟 > 0 except countably many and the left
and right derivatives exist at any point 𝑟 > 0 and satisfy 𝑓′−(𝑟) ⩾ 𝑓

′
+(𝑟), see [13]. Moreover, 𝑓

′
− is
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ON VOLUME AND SURFACE AREA OF PARALLEL SETS 9

left-continuous and 𝑓′+ is right-continuous. These properties imply continuity of 𝑓
′
− and 𝑓

′
+ at

differentiability points of 𝑓:

Lemma 4.1. Let 𝑓 ∶ (0,∞) → ℝ be a Kneser function and let 𝐷 ⊂ (0,∞) be the set of
differentiability points of 𝑓. Then for any 𝑟0 ∈ 𝐷,

𝑓′(𝑟0) = lim𝑟→𝑟0
𝑓′+(𝑟) = lim𝑟→𝑟0

𝑓′−(𝑟) = lim
𝑟→𝑟0,𝑟∈𝐷

𝑓′(𝑟). (4.2)

Proof. First note that the last equality is a consequence of the first two. We provide a proof of the
first equality, the second one can be proved similarly. Let 𝑟0 ∈ 𝐷. As 𝑓′+ is well-known to be right-
continuous at any point, it suffices to show that 𝑓′+ is left-continuous at 𝑟0. By the left-continuity
of 𝑓′−, for any 𝜀 > 0 there exists 𝛿 > 0 such that 𝑓′−(𝑠) ∈ 𝐼 ∶= [𝑓

′(𝑟0) − 𝜀, 𝑓
′(𝑟0) + 𝜀] whenever

𝑟0 − 𝛿 < 𝑠 < 𝑟0. For any such 𝑠, we have also (by the right-continuity of 𝑓′+)

𝑓′+(𝑠) = lim𝑡→𝑠+
𝑓′+(𝑡) = lim

𝑡→𝑠+,𝑡∈𝐷
𝑓′+(𝑡) = lim

𝑡→𝑠+,𝑡∈𝐷
𝑓′−(𝑡) ∈ 𝐼,

hence, also 𝑓′+ is left-continuous at 𝑟0. □

Let 𝑁(𝐴) denote the (generalized) normal bundle of 𝐴. (Recall that 𝑁(𝐴) consists of all
pairs (𝑥, 𝑛) ∈ 𝜕𝐴 × 𝑆𝑑−1 such that 𝜋𝐴(𝑥 + 𝑠𝑛) = 𝑥 for some 𝑠 > 0, see [7, p. 239].) Let Π𝐴 ∶
Unp(𝐴) ⧵ 𝐴 → 𝑁(𝐴) be defined by 𝑥 ↦ (𝜋𝐴(𝑥),

𝑥−𝜋𝐴(𝑥)|𝑥−𝜋𝐴(𝑥)| ). Then for any subset 𝛽 ⊂ 𝑁(𝐴), the
sets 𝐴𝑟 ∩ Π−1𝐴 (𝛽) are again metrically associated with 𝐴 and hence, the function 𝑟 ↦ 𝑉𝐴,𝛽(𝑟) ∶=
𝜆𝑑(𝐴𝑟 ∩ Π

−1
𝐴
(𝛽)) is a Kneser function of order 𝑑. Observe that working withΠ𝐴 instead of 𝜋𝐴 is a

significant refinement, allowing, for example, to study one sided parallel sets of a curve in ℝ2 or
a surface in ℝ3.
As indicated in [14, Remark 2.1], all results for preimages 𝜋−1

𝐴
(𝐵) of (measurable) sets 𝐵 in [14]

extend to preimages Π−1
𝐴
(𝛽) of (measurable) sets 𝛽 in the normal bundle. Note that also the set

inclusion (2.1) holds with 𝜋−1
𝐴
(𝐵) replaced by Π−1

𝐴
(𝛽), and similarly as explained in Remark 2.2,

differentiability of 𝑉𝐴 = 𝑉𝐴,𝐴×𝕊𝑑−1 at some 𝑟 > 0 implies the differentiability of 𝑉𝐴,𝛽 at this 𝑟 for
any measurable 𝛽 ⊆ 𝐴 × 𝕊𝑑−1. For the convenience of the reader, we formulate here the corre-
sponding generalization of (the relevant part of) Proposition 2.3. It will be used in the proof of the
next lemma.

Proposition 4.2. Let𝐴 ⊂ ℝ𝑑 be nonempty and compact and let 𝛽 ⊂ 𝑁(𝐴) be some Borel set. Then,
for any 𝑟 > 0,

(𝑉𝐴,𝛽)
′
+(𝑟) = 𝑑−1 (𝜕+𝐴𝑟 ∩ Π−1𝐴 (𝛽)) ⩽ 𝑑−1 (𝜕𝐴𝑟 ∩ Π−1𝐴 (𝛽)) . (4.3)

Moreover, if 𝑉𝐴 is differentiable at 𝑟 > 0, then ‘≤’ in (2.2) can be replaced by ‘=’.
Recall that 𝑆𝐴(𝑟, ⋅) denotes the parallel surface measure of 𝐴 at distance 𝑟 ⩾ 0.

Lemma 4.3. Let 𝐴 ⊂ ℝ𝑑 be nonempty and compact and let 𝑟0 > 0 be a differentiability point of
𝑟 ↦ 𝑉𝐴(𝑟). Then for any Borel set 𝛽 ⊂ 𝑁(𝐴)

lim
𝑟→𝑟0

𝑆𝐴
(
𝑟, Π−1𝐴 (𝛽)

)
= 𝑆𝐴

(
𝑟0, Π

−1
𝐴 (𝛽)

)
.
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10 RATAJ and WINTER

Proof. Observe that 𝑓 ∶ (0,∞) → ℝ, 𝑟 ↦ 𝜆𝑑(𝐴𝑟 ∩ Π−1𝐴 (𝛽)) is a Kneser function. As 𝑟0 is assumed
to be a differentiability point of 𝑉𝐴, by Remark 2.2, 𝑓 is also differentiable at 𝑟0. Applying
Proposition 4.2 and Lemma 4.1, we conclude

lim inf
𝑟→𝑟0

𝑆𝐴
(
𝑟, Π−1𝐴 (𝛽)

)
= lim inf

𝑟→𝑟0
𝑑−1 (𝜕𝐴𝑟 ∩ Π−1𝐴 (𝛽)) (4.4)

⩾ lim inf
𝑟→𝑟0

𝑑−1 (𝜕+𝐴𝑟 ∩ Π−1𝐴 (𝛽))
= lim inf

𝑟→𝑟0
𝑓′+(𝑟) = 𝑓

′(𝑟0) = 𝑆𝐴
(
𝑟0, Π

−1
𝐴 (𝛽)

)
.

To complete the proof, it remains to show

𝑠 ∶= lim sup
𝑟→𝑟0

𝑆𝐴
(
𝑟, Π−1𝐴 (𝛽)

)
⩽ 𝑆𝐴

(
𝑟0, Π

−1
𝐴 (𝛽)

)
. (4.5)

Assume for a contradiction that 𝑠 > 𝑆𝐴(𝑟0, Π−1𝐴 (𝛽)). Let (𝑟𝑛)𝑛∈ℕ be some sequence such that 𝑟𝑛 →
𝑟0 as 𝑛 → ∞ and

lim
𝑛→∞

𝑆𝐴
(
𝑟𝑛, Π

−1
𝐴 (𝛽)

)
= lim sup

𝑟→𝑟0

𝑆𝐴
(
𝑟, Π−1𝐴 (𝛽)

)
.

We infer that

𝑆𝐴(𝑟0, Unp(𝐴)) = lim𝑛→∞
𝑆𝐴(𝑟𝑛, Unp(𝐴))

= lim
𝑛→∞

𝑆𝐴
(
𝑟𝑛, Π

−1
𝐴 (𝛽)

)
+ lim
𝑛→∞

𝑆𝐴
(
𝑟𝑛, Π

−1
𝐴 (𝑁(𝐴) ⧵ 𝛽)

)
= 𝑠 + lim

𝑛→∞
𝑆𝐴

(
𝑟𝑛, Π

−1
𝐴 (𝑁(𝐴) ⧵ 𝛽)

)
> 𝑆𝐴

(
𝑟0, Π

−1
𝐴 (𝛽)

)
+ lim inf

𝑟→𝑟0
𝑆𝐴

(
𝑟, Π−1𝐴 (𝑁(𝐴) ⧵ 𝛽)

)
⩾ 𝑆𝐴

(
𝑟0, Π

−1
𝐴 (𝛽)

)
+ 𝑆𝐴

(
𝑟0, Π

−1
𝐴 (𝑁(𝐴) ⧵ 𝛽)

)
= 𝑆𝐴(𝑟0, Unp(𝐴)),

which is impossible. Hence, (4.5) holds. Note that the second limit in the second line above exists,
as the limit in the first line exists. For the last inequality, we used that (4.4) holds with 𝛽 replaced
by 𝑁(𝐴) ⧵ 𝛽. □

Proof of Theorem 1.1. Fix some 𝑅 > 𝑟0. First note that, as 𝐴 is compact, the family of measures
𝑀 ∶= {𝑆𝐴(𝑟, ⋅) ∶ 𝑟 ∈ (0, 𝑅]} is tight. Therefore, by Prokhorov’s theorem, any sequence ofmeasures
in𝑀 has a converging subsequence. Let (𝑟𝑖)𝑖∈ℕ be some sequence (in (0, 𝑅]) such that 𝑟𝑖 → 𝑟0 as
𝑖 → ∞ and such that

𝜇𝑖 ∶= 𝑆𝐴(𝑟𝑖, ⋅) → 𝜇 weakly, as 𝑖 → ∞, (4.6)

for some measure 𝜇. We will show below that necessarily 𝜇 = 𝜇0 ∶= 𝑆𝑟0(𝐴, ⋅). As this implies in
particular that any such converging sequence (𝜇𝑖) has the same weak limit, the claimed weak
convergence 𝑆𝑟(𝐴, ⋅) → 𝑆𝑟0(𝐴, ⋅), as 𝑟 → 𝑟0, follows.
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ON VOLUME AND SURFACE AREA OF PARALLEL SETS 11

Clearly, the limit measure 𝜇 satisfies spt 𝜇 = 𝜕𝐴𝑟0 (as does 𝜇0). To show 𝜇 = 𝜇0, it therefore
suffices to prove that

𝜇(𝐹) = 𝜇0(𝐹) (4.7)

for any (relatively) closed set 𝐹 ⊂ 𝜕𝐴𝑟0 ∩ Unp(𝐴). Indeed, as the closed sets form an intersection
stable generator of the Borel 𝜎-algebra, (4.7) implies 𝜇(⋅ ∩ Unp(𝐴)) = 𝜇0(⋅ ∩ Unp(𝐴)). Moreover,
as 𝜇0(Unp(𝐴)𝑐) = 0 and the total masses of the measures 𝜇𝑖 converge to the total mass of 𝜇0
(𝑑−1(𝜕𝐴𝑟𝑖 ) → 𝑑−1(𝜕𝐴𝑟0) as 𝑖 → ∞), we also have 𝜇(Unp(𝐴)𝑐) = 0, and hence 𝜇 = 𝜇0.
It remains to verify (4.7). Let us first consider some relatively open set 𝐺 ⊂ 𝜕𝐴𝑟0 ∩ Unp(𝐴). As

the restriction Π𝐴|𝜕𝐴𝑟0∩Unp(𝐴) of Π𝐴 to the set 𝐴𝑟0 ∩ Unp(𝐴) has a Lipschitz continuous inverse
(given by (𝑥, 𝑛) ↦ 𝑥 + 𝑟0𝑛), its imageΠ𝐴(𝐺) ⊂ 𝑁(𝐴) is open, and asΠ𝐴 is continuous, the preim-
ageΠ−1

𝐴
(Π𝐴(𝐺)) is open inUnp(𝐴) ⧵ 𝐴. Therefore, by the Portmanteau theorem (see, e.g., [3]), the

weak convergence 𝜇𝑖 → 𝜇 implies that

lim inf
𝑖→∞

𝜇𝑖
(
Π−1𝐴 (Π𝐴(𝐺))

)
⩾ 𝜇

(
Π−1𝐴 (Π𝐴(𝐺))

)
= 𝜇

(
Π−1𝐴 (Π𝐴(𝐺)) ∩ 𝜕𝐴𝑟0

)
= 𝜇(𝐺).

Further, as 𝑟0 is a differentiability point of 𝑉𝐴, by Lemma 4.3, we also have

lim
𝑖→∞

𝜇𝑖
(
Π−1𝐴 (Π𝐴(𝐺))

)
= 𝜇0

(
Π−1𝐴 (Π𝐴(𝐺))

)
= 𝜇0

(
Π−1𝐴 (Π𝐴(𝐺)) ∩ 𝜕𝐴𝑟0

)
= 𝜇0(𝐺).

Therefore, we get 𝜇(𝐺) ⩽ 𝜇0(𝐺) for any 𝐺 relatively open in 𝜕𝐴𝑟0 ∩ Unp(𝐴). With a similar argu-
ment, we obtain 𝜇(𝐹) ⩾ 𝜇0(𝐹) for any relatively closed set 𝐹 ⊂ 𝜕𝐴𝑟0 ∩ Unp(𝐴). (Recall that, by
the Portmanteau theorem, 𝜇𝑖 → 𝜇 implies lim sup𝑖→∞ 𝜇𝑖(𝐶) ⩽ 𝜇(𝐶) for any closed set 𝐶 ⊂ ℝ𝑑.)
Moreover, as any Borel measure on a metric space is outer regular, we infer that

𝜇(𝐹) = inf {𝜇(𝐺) ∶ 𝐺 ⊃ 𝐹 is relatively open in 𝐴𝑟0 ∩ Unp(𝐴)}

⩽ inf {𝜇0(𝐺) ∶ 𝐺 ⊃ 𝐹 is relatively open in 𝐴𝑟0 ∩ Unp(𝐴)} = 𝜇0(𝐹).

Hence, we have shown 𝜇(𝐹) = 𝜇0(𝐹) any relatively closed set 𝐹 ⊂ 𝜕𝐴𝑟0 ∩ Unp(𝐴) as claimed in
(4.7) and this completes the proof of Theorem 1.1. □

5 NONDIFFERENTIABILITY POINTS OF THE PARALLEL VOLUME

For any compact set 𝐴 ⊂ ℝ𝑑, we denote by 𝑁𝐴 ⊂ (0,∞) the set of all radii 𝑠 > 0 such that
𝑟 ↦ 𝑉𝐴(𝑟) ∶= 𝜆𝑑(𝐴𝑟) is not differentiable at 𝑠. It is well known that 𝑁𝐴 is at most countable (see
[13]). Note that 𝑁𝐴 may be empty, for example, if 𝐴 is convex. Moreover, for any compact set
𝐴 ⊂ ℝ𝑑, the set 𝑁𝐴 is bounded. More precisely, 𝑁𝐴 ⊂ (0, diam(𝐴)) (see [6, p. 1038]). Fixing the
space dimension 𝑑 ∈ ℕ, we address the following question: For which nonempty countable sets
𝑁 ⊂ (0,∞) does there exist some compact 𝐴 ⊂ ℝ𝑑 such that 𝑁𝐴 = 𝑁?
We start with the case 𝑑 = 1. For any compact subset 𝐴 ⊂ ℝ, the complement of 𝐴 consists of

at most countably many open intervals, two of them unbounded. Ignoring the latter, we denote
by 𝓁1,𝓁2, … the lengths of the bounded complementary intervals of𝐴 in nonincreasing order. The
sequence (𝓁𝑗)𝑗∈ℕ is called the fractal string associated with 𝐴. (Observe that the lengths 𝓁𝑗 sum
up to 𝜆1(conv(𝐴) ⧵ 𝐴) < diam(𝐴) < ∞. Hence, for each 𝛿 > 0, there are at most finitely many
elements in the sequence (𝓁𝑗) such that 𝓁𝑗 > 𝛿.) It is easy to see that 𝑉𝐴 is not differentiable at
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12 RATAJ and WINTER

some 𝑟 > 0 if and only if 2𝑟 appears in the fractal string. Hence,

𝑁𝐴 = {𝑟 ∈ (0,∞) ∶ 2𝑟 = 𝓁𝑗 for some 𝑗 ∈ ℕ}.

Thismakes clear that a countable set is possible as a set of nondifferentiability points of a compact
set 𝐴 ⊂ ℝ only if it is summable. It turns out that summability is not only necessary but also
sufficient, as we stated in Theorem 1.2.

Proof of Theorem 1.2. Let𝐴 ⊂ ℝ be compact. Let (𝓁𝑗)𝑗∈ℕ be the associated fractal string as defined
above. Then clearly,

∑
𝑗 𝓁𝑗 ⩽ diam(𝐴) < ∞. As

𝑁𝐴 = {𝑟 ∈ (0,∞) ∶ 2𝑟 = 𝓁𝑗 for some 𝑗 ∈ ℕ}

it follows that
∑
𝑠∈𝑁𝐴

𝑠 < ∞ as claimed.
To see the reverse implication, let 𝑁 ⊂ (0,∞) be an arbitrary set such that

∑
𝑠∈𝑁 𝑠 < ∞ holds.

Denote by 𝑠1, 𝑠2, … the elements of 𝑁 in decreasing order. This may be a finite or an infinite
sequence. In the finite case, set 𝑠𝑛 ∶= 0 for 𝑛 > card(𝑁). Let 𝑎0 ∶= 0 and 𝑎𝑛 ∶=

∑𝑛
𝑗=1 2𝑠𝑗 for any

𝑛 ∈ ℕ. Finally, set 𝑎∞ ∶=
∑∞
𝑗=1 2𝑠𝑗, which is finite due to the assumption

∑
𝑠∈𝑁 𝑠 < ∞. Then the

set

𝐴 ∶= {𝑎𝑛 ∶ 𝑛 ∈ ℕ0} ∪ {𝑎∞}

is contained in the bounded interval [0, 𝑎∞]. Hence, 𝐴 is bounded. Moreover, 𝐴 is either finite
or it has a unique accumulation point at 𝑎∞. Hence, 𝐴 is closed. Finally, we have 𝑁𝐴 = 𝑁, as for
each 𝑠 ∈ 𝑁 we have a complementary interval of length 2𝑠 in 𝐴 causing a jump by 2 at 𝑠 of the
parallel surface area 𝑟 ↦ 0(𝐴𝑟) of 𝐴. □

The above 1-dimensional example can be easily adapted to higher dimension, considering
Cartesian products with some flat pieces. Choosing a better arrangement, one can even construct
compact sets𝐴 ⊂ ℝ𝑑 with𝑁𝐴 = 𝑁 whenever

∑
𝑠∈𝑁 𝑠

𝑑 < ∞. We will describe such a construction
below, see Proposition 5.3. It shows that summability of the 𝑑th powers is a sufficient condition
for a set 𝑁 to be a set of nondifferentiability points for a compact set in ℝ𝑑. However, for 𝑑 ⩾ 2,
this condition is not necessary. Using the methods of [12], we derive a weaker condition which
turns out to be necessary and sufficient in dimension 𝑑 = 2. We have formulated this characteri-
zation already in Theorem 1.3, using the notion of gap sums introduced in [2]. Recall that, given a
compact set 𝐾 ⊂ ℝ and some 𝛼 > 0, the degree-𝛼 gap sum of 𝐾 is

𝐺𝛼(𝐾) ∶=
∑
𝑗

𝓁𝛼
𝑗
,

where (𝓁𝑗) is the fractal string associated with 𝐾. (Note that 𝐺𝛼(𝐾) agrees with the value of the
geometric zeta function of the fractal string at 𝛼, cf. [9].)
We are now ready to prove Theorem 1.3 which provides a characterization of all possible sets

of nondifferentiability points of the volume function for planar compact sets.

Proof of Theorem 1.3. The necessity of the condition in (i) follows directly from [12, Theorem 1.1]: if
𝑁𝐴 = 𝑁 for some compact set𝐴 ⊂ ℝ2, then𝑁 ⊂ cv(𝐴). (Herewe use the relation𝑁𝐴 ⊂ cv(𝐴), see
Remark 3.3, and the fact that cv(𝐴) is closed.) Hence,𝑁must be Lebesgue null and𝐺1∕2(𝑁) < ∞.
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ON VOLUME AND SURFACE AREA OF PARALLEL SETS 13

In the sameway, the necessity of the condition in (ii) follows from [12, Theorem 1.2]. Wewill show
the sufficiency by adapting some constructions from [12].
To prove the sufficiency in (i), consider a countable bounded set𝑁 ⊂ [𝜀,∞)with 𝜆1(𝑁) = 0 and

𝐺1∕2(𝑁) < ∞. By [12, Proposition 3.9], for 𝑏 ∶= max 𝑁 and g(𝑠) ∶=
√
2𝑏 𝐺1∕2(𝑁 ∩ [𝜀, 𝑠]), the set

𝐹 ∶= {(g(𝑠), ±𝑠) ∈ ℝ2 ∶ 𝑠 ∈ 𝑁}

fulfills 𝑁 ⊂ cv(𝐹). We shall modify the set 𝐹 by adding small horizontal segments on the places
of points (g(𝑠), ±𝑠), 𝑠 ∈ 𝑁, and obtain a compact set 𝐴 with 𝑁 = 𝑁𝐴.
To this end,we choose positive numbers 𝛾𝑠 > 0, 𝑠 ∈ 𝑁, such thatΓ ∶=

∑
𝑠∈𝑁 𝛾𝑠 < ∞, andwe set

𝛾𝑠 ∶= 0 for 𝑠 ∈ 𝑁 ⧵ 𝑁. We denote Γ𝑠 ∶=
∑
𝑡<𝑠 𝛾𝑡 and 𝐽𝑠 ∶= [g(𝑠) + Γ𝑠, g(𝑠) + Γ𝑠 + 𝛾𝑠], 𝑠 ∈ 𝑁. Note

that, due to the monotonicity of g , the family {𝐽𝑠 ∶ 𝑠 ∈ 𝑁} consists of pairwise disjoint compact
intervals. The length of 𝐽𝑠 is 𝛾𝑠, in particular, 𝐽𝑠 is degenerate if 𝑠 ∈ 𝑁 ⧵ 𝑁. Further,

sup
𝑠∈𝑁

max 𝐽𝑠 =
√
2𝑏 𝐺1∕2(𝑁) + Γ.

We set

𝐵 ∶=
⋃
𝑠∈𝑁

⋃
𝑥∈𝐽𝑠

𝐵((𝑥, 0), 𝑠),

𝑅 ∶=[−𝑏, 𝑏 +
√
2𝑏 1∕2(𝑁) + Γ] × [−𝑏, 𝑏] and

𝐴 ∶=𝑅 ⧵ int 𝐵.

Note that 𝑅 is a rectangle containing 𝐵, and int 𝐵 (a union of open balls with centers on the 𝑥-axis)
thus forms the bounded part of the complement of𝐴. Due to the symmetry, the only critical points
of 𝐴 can lie on the 𝑥-axis.
Let 𝑥 ∈ 𝐽𝑠 for some 𝑠 ∈ 𝑁. As int 𝐵((𝑥, 0), 𝑠) ∩ 𝐴 = ∅, we have dist((𝑥, 0), 𝐴) ⩾ 𝑠. We shall show

that both, (𝑥, −𝑠) and (𝑥, 𝑠), belong to𝐴, whichwill imply that (𝑥, 0) ∈ crit(𝐴) and𝑑((𝑥, 0), 𝐴) = 𝑠.
It suffices to show that ‖(𝑥′, 0) − (𝑥, ±𝑠)‖ ⩾ 𝑠′whenever 𝑠′ ≠ 𝑠 and𝑥′ ∈ 𝐽𝑠′ . Indeed, thiswill imply
that the points (𝑥, ±𝑠) are not contained in the ball 𝐵((𝑥′, 0), 𝑠′). If 𝑥′ < 𝑥, then, by definition,
𝑠′ < 𝑠 and the inequality is obvious. If 𝑥′ > 𝑥, we have

𝑠′ − 𝑠 =
∑

𝐼∈(𝑁∩[𝑠,𝑠′])
|𝐼| ⩽ ⎛⎜⎜⎝

∑
𝐼∈(𝑁∩[𝑠,𝑠′])

√|𝐼|⎞⎟⎟⎠
2

= (2𝑏)−1(g(𝑠′) − g(𝑠))2.

Here we used the notation (𝐾) for the set of all maximal bounded open intervals of the
complement of a compact set 𝐾 ⊂ ℝ. Thus,

𝑠′2 − 𝑠2 = (𝑠′ + 𝑠)(𝑠′ − 𝑠) ⩽ 2𝑏(𝑠′ − 𝑠) ⩽ (g(𝑠′) − g(𝑠))2 ⩽ (𝑥′ − 𝑥)2,

which implies that

‖(𝑥, ±𝑠) − (𝑥′, 0)‖2 = (𝑥 − 𝑥′)2 + 𝑠2 ⩾ 𝑠′2.
It remains to consider possible critical points (𝑥, 0) for 𝑥 ∉

⋃
𝑠 𝐽𝑠. If 𝑥 ∉ conv(

⋃
𝑠 𝐽𝑠), then (𝑥, 0)

cannot be critical for 𝐴. If 𝑥 ∈ conv(
⋃
𝑠 𝐽𝑠), then 𝑥 has nearest left and right neighbors in

⋃
𝑠 𝐽𝑠,
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14 RATAJ and WINTER

that is, points 𝑥1 < 𝑥 < 𝑥2, 𝑥1 ∈ 𝐽𝑠1 , 𝑥2 ∈ 𝐽𝑠2 for some 𝑠1 < 𝑠2, 𝑠1, 𝑠2 ∈ 𝑁 such that the open inter-
val (𝑥1, 𝑥2) is disjoint from

⋃
𝑠 𝐽𝑠. Consider the intersection 𝜕𝐵((𝑥1, 0), 𝑠1) ∩ 𝜕𝐵((𝑥2, 0), 𝑠2). If it

consists of two points (𝑥′, ±𝑦′), then these are the only closest points from (𝑥, 0) to 𝐴, and hence
(𝑥, 0) is critical only if 𝑥 = 𝑥′. This is an isolated critical point of 𝐴, hence it cannot contribute to
𝑁𝐴. If the intersection 𝜕𝐵((𝑥1, 0), 𝑠1) ∩ 𝜕𝐵((𝑥2, 0), 𝑠2) is empty or a singleton, then there is some
𝑥′ ∈ ℝ such that (𝑥′, 0) is the unique nearest point from (𝑥, 0) to 𝐴. Hence, 𝑥 is not critical for 𝐴.
Now we will prove the sufficiency of (1.2) in (ii); we will use an analogous procedure as in

the proof of [12, Proposition 3.16]. For this purpose, let 𝑁 ⊂ (0,∞) be a bounded, countable set
satisfying 𝜆1(𝑁) = 0 and condition (1.2). As before, let 𝑏 ∶= max 𝑁 and denote 𝛿𝑛 ∶= 𝑏2−𝑛,𝑛 ∈ ℕ.
Applying [12, Lemma 3.15], we obtain for each 𝑛 ∈ ℕ a decomposition

𝐾𝑛 ∶= 𝑁 ∩ [𝛿𝑛+1, 𝛿𝑛] = 𝐾𝑛,1 ∪⋯ ∪ 𝐾𝑛,𝑝𝑛

with compact sets 𝐾𝑛,𝑖 such that 𝑝𝑛 ⩽ 𝛿
−1∕2
𝑛 𝐺1∕2(𝐾𝑛) + 1 and

𝐺1∕2(𝐾𝑛,𝑖) ⩽ 2𝛿
1∕2
𝑛 , 𝑖 = 1, … , 𝑝𝑛.

Applying the construction from the first part of the proof to each of the sets 𝐾𝑛,𝑖 ∩ 𝑁, we obtain
compact sets 𝐴𝑛,𝑖 ⊂ ℝ2 contained in rectangles 𝑅𝑛,𝑖 such that 𝐾𝑛,𝑖 ∩ 𝑁 = 𝑁𝐴𝑛,𝑖 and

𝑅𝑛,𝑖 = [−𝛿𝑛, 𝛿𝑛 +
√
2𝛿𝑛 𝐺1∕2(𝐾𝑛,𝑖) + Γ𝑛,𝑖] × [−𝛿𝑛, 𝛿𝑛],

for some parameters Γ𝑛,𝑖 > 0, which we can choose freely. Choosing Γ𝑛,𝑖 ∶= (2 −√
2)
√
𝛿𝑛 𝐺1∕2(𝐾𝑛,𝑖), we obtain

∞∑
𝑛=1

𝑝𝑛∑
𝑖=1

𝜆2(𝑅𝑛,𝑖) =

∞∑
𝑛=1

𝑝𝑛∑
𝑖=1

4
(
𝛿2𝑛 + 𝛿

3∕2
𝑛 𝐺1∕2(𝐾𝑛,𝑖)

)
⩽ 12

∞∑
𝑛=1

𝛿2𝑛𝑝𝑛

⩽ 12

∞∑
𝑛=1

𝛿2𝑛

(
𝛿
−1∕2
𝑛 𝐺1∕2(𝐾𝑛) + 1

)
= 12

∞∑
𝑛=1

𝛿
3∕2
𝑛 𝐺1∕2(𝐾𝑛) + 12

∞∑
𝑛=1

𝛿2𝑛.

The last sum is clearly finite.We further use that (1.2) implies the finiteness of the first sum, that is,∑∞
𝑛=1 𝛿

3∕2
𝑛 𝐺1∕2(𝐾𝑛) < ∞. (In fact, these two conditions are equivalent, see [12, p. 315].) Thus, the

sum of the areas of all the rectangles 𝑅𝑛,𝑖 is finite. As the diameters of the sets 𝑅𝑛,𝑖 are uniformly
bounded, according to the solution of the “potato-sack problem” (see [1]), we can find a bounded
packing of the sets 𝑅𝑛,𝑖 , that is, there exist shifts 𝑎𝑛,𝑖 ∈ ℝ2 such that 𝑅𝑛,𝑖 + 𝑎𝑛,𝑖 are pairwise disjoint
and

⋃∞
𝑛=1

⋃𝑝𝑛
𝑖=1
(𝑅𝑛,𝑖 + 𝑎𝑛,𝑖) ⊂ 𝐵(0, 𝑅) for some 𝑅 > 0. We define

𝐴 ∶=

∞⋃
𝑛=1

𝑝𝑛⋃
𝑖=1

(𝐴𝑛,𝑖 + 𝑎𝑛,𝑖) ∪

(
𝐵(0, 𝑅) ⧵

∞⋃
𝑛=1

𝑝𝑛⋃
𝑖=1

(𝑅𝑛,𝑖 + 𝑎𝑛,𝑖)

)
.
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ON VOLUME AND SURFACE AREA OF PARALLEL SETS 15

It is easy to see that 𝐴 is a compact set and its complement has the following (disjoint) connected
components: the complement of𝐵(0, 𝑅) and the bounded connected components of (𝐴𝑛,𝑖 + 𝑎𝑛,𝑖)𝐶 ,
𝑖 = 1, … , 𝑝𝑛, 𝑛 ∈ ℕ. Thus,

𝑁𝐴 =

∞⋃
𝑛=1

𝑝𝑛⋃
𝑖=1

𝑁𝐴𝑛,𝑖 = 𝑁,

completing the proof of part (ii) of Theorem 1.3. □

Remark 5.1. If 𝑁 = {𝑏𝑖 ∶ 𝑖 = 1, 2… } for a monotone sequence 𝑏1 > 𝑏2 > … such that
∑
𝑖 𝑏
2
𝑖
< ∞,

then condition (1.2) in Theorem 1.3 is satisfied for𝑁. Indeed, (1.2) can be rewritten in this case as

𝐼 ∶= ∫
𝑏2

0

∑
𝑗∶ 𝑏𝑗+1⩾𝑟

√
𝑏𝑗 − 𝑏𝑗+1

√
𝑟 𝑑𝑟 < ∞,

and as

𝐼 ⩽

∞∑
𝑖=1

(𝑏𝑖+1 − 𝑏𝑖+2)

𝑖∑
𝑗=1

√
𝑏𝑗 − 𝑏𝑗+1

√
𝑏𝑖

=

∞∑
𝑗=1

√
𝑏𝑗 − 𝑏𝑗+1

∞∑
𝑖=𝑗

√
𝑏𝑖(𝑏𝑖+1 − 𝑏𝑖+2)

⩽

∞∑
𝑗=1

√
𝑏𝑗 − 𝑏𝑗+1

√
𝑏𝑗

∞∑
𝑖=𝑗

(𝑏𝑖+1 − 𝑏𝑖+2)

⩽

∞∑
𝑗=1

√
𝑏𝑗 − 𝑏𝑗+1

√
𝑏𝑗 𝑏𝑗+1,

the Hölder inequality implies

𝐼 ⩽

√√√√ ∞∑
𝑗=1

(𝑏𝑗 − 𝑏𝑗+1)𝑏𝑗

√√√√ ∞∑
𝑗=2

𝑏2
𝑗
< ∞,

showing that the latter condition is satisfied. Hence, square-summability of an infinite set 𝑁
implies condition (1.2) and 𝜆1(𝑁) = 0. (And clearly any finite set 𝑁 satisfies the conditions
𝐺1∕2(𝑁) < ∞ and 𝜆1(𝑁) = 0 in part (i) of Theorem 1.3.) But the conditions in Theorem 1.3 are
strictly weaker. Indeed, the gap-sum condition of Theorem 1.3 (i) is translation invariant, hence,
the set 𝑁 can have an accumulation point greater than 0, implying

∑
𝑠∈𝑁 𝑠

2 = ∞.

We provide some examples of valid sets of nondifferentiability points (of the volume function
of some compact subset of ℝ2) showing that such sets may have a rich structure. In particular,
they may have any Minkowski dimension less than 4∕5.

Example 5.2. For 𝑞 ∈ (0, 1∕2) let 𝐹𝑞 ⊂ ℝ be the self-similar set generated by the two mappings
𝑥 ↦ 𝑞𝑥 and 𝑥 ↦ 𝑞𝑥 + (1 − 𝑞). (The set can be obtained iteratively from [0,1] by removing in the
𝑛th step (𝑛 ∈ ℕ) from each of the intervals remaining from the previous step (each of length
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16 RATAJ and WINTER

𝑞𝑛−1) a centered open interval of length (1 − 2𝑞)𝑞𝑛−1.) It is well-known that 𝐹𝑞 has Minkowski
dimension dim𝑀 𝐹𝑞 = log 2∕log(1∕𝑞) < 1. Note that [0, 1] ⧵ 𝐹𝑞 has countably many connected
components (open intervals). Let 𝐸𝑞 be the set of all endpoints of these intervals. Observe that
among these intervals there are exactly 2𝑘 of length (1 − 2𝑞)𝑞𝑘 for each 𝑘 ∈ ℕ0. Note also that
𝐸𝑞 = 𝐹𝑞. Hence, for any 𝛼 > 0,

𝐺𝛼(𝐸𝑞) = 𝐺𝛼(𝐹𝑞) =

∞∑
𝑘=0

2𝑘(1 − 2𝑞)𝛼𝑞𝑘𝛼 = (1 − 2𝑞)𝛼
∞∑
𝑘=0

(2𝑞𝛼)𝑘.

For 𝛼 = 1∕2, the gap sum will be finite if and only if 𝑞 ∈ (0, 1∕4). Now define for some 𝜀 > 0 and
𝑞 ∈ (0, 1∕4) the set𝑁𝑞 ∶= 𝜀 + 𝐸𝑞. Then, clearly,𝑁𝑞 satisfies the conditions of Theorem 1.3 (i) and
therefore it is a valid set of nondifferentiability points. According to part (ii), also the set 𝐸𝑞 itself
is valid for each 𝑞 ∈ (0, 1∕4), as condition (1.2) is satisfied for 𝑁 = 𝐸𝑞. This shows that sets of
nondifferentiability points may have any Minkowski dimension between 0 and 1∕2.
In contrast, the sets 𝐸𝑞 for 𝑞 ∈ [1∕4, 1∕2) cannot occur as sets of nondifferentiability points, as

due to the self-similarity one has in this case, for any 𝑟 < 1 − 𝑞,

𝐺1∕2(𝐹𝑞 ∩ [𝑟,∞)) ⩾ 𝐺1∕2(𝐹𝑞 ∩ [1 − 𝑞,∞)) =
√
𝑞𝐺1∕2(𝐹𝑞) = ∞.

Thus, condition (1.2) is not satisfied.
However, as indicated after Theorem 1.3, it is possible for a valid set 𝑁 of nondifferentiability

points to have a Minkowski dimension larger than 1∕2. But then the Minkowski dimension of
𝑁 must be determined by its behavior near 0 while away from 0 it should not exceed 1∕2 in the
following sense: for each 𝜀 > 0 the set 𝑁 ∩ [𝜀,∞) must satisfy 𝐺1∕2(𝑁 ∩ [𝜀,∞)) < ∞ implying in
particular dim𝑀(𝑁 ∩ [𝜀,∞)) ⩽

1

2
. We also provide examples of such sets. For 𝑞 ∈ [1∕4, 1∕2), we

rearrange the intervals of [0, 1] ⧵ 𝐹𝑞 in the following way. We place them side by side in [0,1] with
no space between them in nonincreasing order of their lengths starting with the largest interval
of length (1 − 2𝑞) placed such that 1 is one of its endpoints. The resulting set of endpoints is 𝐸′𝑞 =
{1, 2𝑞, 2𝑞2 + 𝑞, 4𝑞2, …}. It clearly satisfies 𝐸′𝑞 = 𝐸

′
𝑞 ∪ {0}, that is, it only accumulates at 0. Thus,

𝐸′𝑞 ∩ [𝑟,∞) is finite and therefore 𝐺1∕2(𝐸
′

𝑞 ∩ [𝑟,∞)) < ∞ for each 𝑟 > 0. More precisely, we have
for 𝑞 ∈ (1∕4, 1∕2) and 𝑟 ∈ [(2𝑞)𝑛, (2𝑞)𝑛−1), 𝑛 ∈ ℕ,

𝐺1∕2

(
𝐸
′

𝑞 ∩ [𝑟,∞)
)
⩽ 𝐺1∕2

(
𝐸
′

𝑞 ∩ [(2𝑞)
𝑛,∞)

)
=

𝑛−1∑
𝑘=0

2𝑘((1 − 2𝑞)𝑞𝑘)1∕2

= (1 − 2𝑞)1∕2
𝑛−1∑
𝑘=0

(2𝑞1∕2)𝑘 =

√
1 − 2𝑞

2
√
𝑞 − 1

((
2
√
𝑞
)𝑛
− 1

)
⩽ 𝑐𝑞

(
2
√
𝑞
)𝑛
,

where 𝑐𝑞 ∶=
√
1−2𝑞

2
√
𝑞−1
> 0, as 𝑞 > 1∕4. This yields

∫
∞

0
𝐺1∕2

(
𝐸′𝑞 ∩ [𝑟,∞)

) √
𝑟 𝑑𝑟 =

∞∑
𝑛=1

∫
(2𝑞)𝑛−1

(2𝑞)𝑛
𝐺1∕2

(
𝐸′𝑞 ∩ [𝑟,∞)

) √
𝑟 𝑑𝑟

⩽

∞∑
𝑛=1

∫
(2𝑞)𝑛−1

(2𝑞)𝑛
𝐺1∕2

(
𝐸′𝑞 ∩ [(2𝑞)

𝑛,∞)
) √

(2𝑞)𝑛−1 𝑑𝑟
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ON VOLUME AND SURFACE AREA OF PARALLEL SETS 17

⩽

∞∑
𝑛=1

𝑐𝑞

(
2
√
𝑞
)𝑛 (√

2𝑞
)𝑛−1

∫
(2𝑞)𝑛−1

(2𝑞)𝑛
𝑑𝑟

⩽ 𝑐𝑞
1 − 2𝑞√
2𝑞2𝑞

∞∑
𝑛=1

(
4
√
2𝑞2

)𝑛
.

The last sum is finite if and only if 𝑞 < (2 4
√
2)−1. Therefore, condition (1.2) in Theorem 1.3 is satis-

fied for𝑁 = 𝐸′𝑞 for each 𝑞 ∈ (1∕4, 1∕(2
4
√
2)), showing that 𝐸′𝑞 is a valid set of nondifferentiability

points for these 𝑞. (A similar but slightly different computation shows that the same is true for
the case 𝑞 = 1∕4.) Observe that the choice 𝑞 = (2 4

√
2)−1 yields a set 𝐸′𝑞 of Minkowski dimen-

sion dim𝑀 𝐸′𝑞 = 4∕5. Hence, a set 𝑁𝐴 of nondifferentiability points may have any Minkowski
dimension less than 4∕5. Finally, in [12, Theorem 3.17], a compact set 𝐹 ⊂ ℝ is described, which
satisfies (1.2) and dim𝑀 𝐹 = 4∕5. Hence, Minkowski dimension 4∕5 is also possible for a set of
nondifferentiability points.

In dimension 𝑑 > 2 we do not know a characterization of nondifferentiability points of the
volume function. We only provide a sufficient condition which is analogous to the summability
in Theorem 1.2 and Remark 5.1:

Proposition 5.3. Let 𝑑 ∈ ℕ and 𝑁 ⊂ (0,∞) be such that
∑
𝑠∈𝑁 𝑠

𝑑 < ∞. Then, there exists some
compact set 𝐶 ⊂ ℝ𝑑 such that𝑁𝐶 = 𝑁.

Proof. To prove this statement, we will explicitly construct a compact set 𝐴 ⊂ ℝ𝑑 with 𝑁𝐴 = 𝑁.
For any 𝑠 ∈ 𝑁, consider the box 𝐷𝑠 ⊂ ℝ𝑑 and its boundary 𝑅𝑠 defined by

𝐷𝑠 ∶= [0, 3𝑠] ×⋯ × [0, 3𝑠] × [0, 2𝑠] and 𝑅𝑠 ∶= 𝜕𝐷𝑠,

respectively. It is easy to see that 𝑠 is the only nondifferentiability point of the volume function of
𝑅𝑠. Indeed, the set of critical values of 𝑅𝑠 is the (𝑑 − 1)-dimensional cube 𝐶𝑠 lying parallel in the
middle between the largest facets of 𝑅𝑠:

𝐶𝑠 = [𝑠, 2𝑠] ×⋯ × [𝑠, 2𝑠] × {𝑠}.

Note that the sum of volumes of 𝐷𝑠 converges by our assumption, and their diameters are uni-
formly bounded. Hence, using again the solution of the potato-sack problem (see [1]), there exists
a bounded packing of the boxes 𝐷𝑠, that is, there exist points 𝑎𝑠 ∈ ℝ𝑑 such that (𝑎𝑠 + 𝐷𝑠) ∩ (𝑎𝑡 +
𝐷𝑡) = ∅, 𝑠 ≠ 𝑡, 𝑠, 𝑡 ∈ 𝑁, and⋃𝑠∈𝑁(𝑎𝑠 + 𝐷𝑠) ⊂ 𝐵(0, 𝑅) for some 𝑅. Thus, the set

𝐴 ∶= 𝐵(0, 𝑅) ⧵
⋃
𝑠∈𝑁

int(𝑎𝑠 + 𝐷𝑠)

fulfills 𝑁𝐴 = 𝑁. □
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