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Abstract
Material and geometrical properties have a major influence on the structural behavior of geometric nonlinear shell structures.
Therefore, uncertain structural parameters have to be consideredwithin the context of stochastic structural analysis. TheMonte
Carlo simulation (MCS) is a widely used method for estimating statistical properties of the random structural response.
Considering the computation time, however, this technique is challenging for complex finite element (FE) models and
requires numerical efficient surrogate modelling approaches. An efficient way to propagate parametric uncertainties through
complex models is the polynomial chaos expansion (PCE). Within the spectral stochastic finite element method (SFEM),
the PCE is integrated into the FE formulation of structural elements. The application of the SFEM to geometrical nonlinear
mechanical structures remains comparatively unexplored. In this paper, we present a geometric nonlinear spectral stochastic
shell formulation. We use a layerwise formulation of the linear elastic material law to describe the behavior of composite
materials. In order to apply Newton’s method during the nonlinear solution procedure, all equations are consistently linearized
to achieve a quadratic convergence in the iteration behavior. Two numerical examples show the applicability and efficiency
of the presented spectral stochastic FE formulation. The SFEM results show a very good agreement compared to the results
of the MCS. Special focus is set on the polynomial basis, which has a significant influence on the quality of the results, but
also on the computational effort. We show, that the SFEM calculation provides a surrogate model, that can be used efficiently
for further post-processing computations.

Keywords Nonlinear shell formulation · Spectral stochastic finite element method · Polynomial chaos expansion ·Uncertainty
quantification · Composite materials

1 Introduction

Components made of composite materials are becoming
increasingly important in a wide range of technical appli-
cations. Due to their advantages, such as high strength
combined with low specific weight, they are mainly used for
lightweight constructions. Despite their outstanding proper-
ties, those structures can be at risk of stability due to their
slenderness. In addition, thin-walled shell structures can be
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subjected to large deformations. These effects require the
consideration of geometric nonlinearity in the numerical sim-
ulation.

The structural behavior of components made of these
materials is significantly influenced by its material and geo-
metrical parameters. However, these properties are affected
by inherent randomness, which is also known as aleatoric
uncertainty. The influence of aleatoric uncertain parameters
on the structural behavior is investigated in the context of
stochastic structural analysis. First, the sources of uncertainty
have to be quantified. Uncertain material and geometrical
parameters can be modeled as random variables or spa-
tially correlated random fields. Subsequently, the random
parameters are propagated through the computational model.
Finally, the statistics of the quantities of interest, e.g., the
maximal displacement or the maximal stress, can be calcu-
lated.
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TheMonte Carlo simulation (MCS) is a widely used tech-
nique to estimate statistics such as mean value, variance and
higher order moments of the random quantities of interest.
Although this method is universal, it suffers from slow con-
vergence behavior, see [1], which can be time consuming
especially for complex computational models.

In this paperwe adopt the approach of the spectral stochas-
tic finite element method (SFEM), pioneered by [2] in the
early 1990s. The key idea of the SFEM is the use of the poly-
nomial chaos expansion (PCE), which was introduced by [3]
for normal distributions. In [4, 5], the PCE has been extended
to arbitrary probabilistic distributions. The PCE represents a
random quantity in a polynomial basis spanned by orthog-
onal polynomials. In order to achieve optimal convergence
of the PCE, the polynomial basis depends on the probability
density function (PDF) of the random quantity.

Basically, it is distinguished between non-intrusive and
intrusive methods for computing the coefficients of the PCE.
In the last few years, least-square minimization in combi-
nation with adaptive methods, like least angle regression
(LAR), developed by [6], has been established as an effi-
cient non-intrusive method, see [7, 8]. They are referred to
as sampling-based approaches, because they rely on repeated
calls of the computational model for random realizations of
the stochastic input parameters. Since the sampling proce-
dure is the same as for the Monte Carlo simulation, the
computational model can be used without any modifica-
tions. The intrusive approach, on the other hand, requires
the governing equations to be modified, since they are pro-
jected onto the polynomial basis. Within the context of the
SFEM, the uncertainty can be considered as an additional
dimension of the degrees of freedom. Therefore, besides the
spatial FE discretization, the stochastic space is discretized
with the PCE. Special techniques are required for arithmetic
operations such as multiplication of two polynomial chaos
expansions, see [9].An overview concerning implementation
aspects of the SFEM can be found in [10–12].

The review papers [13, 14] provide an insight of the SFEM
and its application in different research areas. A survey of
programs in which the SFEM has been implemented is given
by [15]. Up to now, there are many publications in which
the SFEM is applied to various linear engineering problems.
Originally, the method was developed by [2] and used in
the field of linear elastic solid mechanics. In addition, the
SFEM has been applied, e.g., to heat conduction [16, 17],
transport in heterogeneous media [18], structural dynamics
[19], diffusion problems [20] and flow simulations [5].

Within the field of linear solid mechanics, there are publi-
cations in which the SFEM is applied to shell formulations.
In [21, 22] a spectral stochastic solid-like shell element
is formulated in order to investigate fiber-metal laminates
under the influence of spatially correlated random material
parameters, such as the Young’s modulus. A stochastic FE

formulation of a triangular composite facet shell element is
proposed in [23], where uncertainties in the material param-
eters and in the geometric properties such as the thickness of
the shell are taken into account.

In contrast, the application of the SFEM for geometri-
cal or material nonlinear problems is less developed so far.
The consideration of problems with material nonlinearity,
such as plasticity, in the context of the SFEM can be found
in [24–27]. In [28], the method is used for uncertainty prop-
agation in problems with finite deformations. A co-rotational
geometric nonlinear stochastic beam formulation with finite
rotations is proposed in [29]. In [30], the SFEM is formu-
lated in the context of geometrical nonlinear problems. This
involves investigations on the buckling behavior of a beam.

However, the SFEM has not been formulated in combi-
nation with general shell elements so far. Furthermore, there
is no explicit derivation of the tangent stiffness matrix and
residual available, which are required for an efficient imple-
mentation into a general finite element program. Also, the
convergence behavior of the SFEM in the context of a geo-
metrical nonlinear analysis is not yet considered. In this
paper,we present a spectral stochastic finite element formula-
tion for geometric nonlinear composite shells. The highlights
of the paper can be summarized as follows:

• Derivation of a consistent formula for the tangent stiff-
ness matrix and residual,

• Application of the assumed natural strain (ANS) interpo-
lation [31, 32] for transverse shear in the context of the
SFEM,

• Detailed illustrations of the consistently linearization in
the context of the SFEM,

• Presentation of the seamless connection between the
deterministic and stochastic formulas,

• Modular structure of the formulation,which allows a sim-
ple implementation into a finite element program,

• Application of an efficient and simple technique to reduce
the size of the polynomial basis.

In Sect. 2 of the paper, the governing equations for geomet-
ric nonlinear shells are briefly described. The representation
of stochastic quantities with the PCE and basic arithmetic
operations with random variables are presented in Sect. 3.
Subsequently, Sect. 4 illustrates the stochastic variational
formulation of geometric nonlinear shells and the corre-
sponding discretization in the stochastic dimension. This
section includes as well the linearization of the random quan-
tities. In Sect. 5, the spectral stochastic FE formulation for
geometric nonlinear composite shells is derived. The devel-
oped stochastic FE formulation is applied to two numerical
examples in Sect. 6. Appendices A–E contain supplementary
material for intrusive operations within the PCE. Additional
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informations for the developed shell formulation are pro-
vided in Appendices F–J.

2 Governing equations for geometric
nonlinear shells

The shell theory is used for a general description of curved,
thin-walled structures. The basic relationships briefly sum-
marized in this section are based on shell formulations
from [33–35]. The following assumptions and conditions are
defined for the described shell concept:

• Reissner-Mindlin kinematics,
• Inextensible director field with ||d|| = 1 ,
• Moderate rotations with |βα| < 8 − 10◦, α = 1, 2 ,
• Use of convective coordinates

{
ξ1, ξ2, ξ3 = ζ

}
.

2.1 Kinematics

Let B be the three-dimensional Euclidean space occupied
by the shell with the mid-surface Ω0 and the shell thickness
h. The position vector

Φ(ξ1, ξ2, ζ ) = X(ξ1, ξ2) + ζ D(ξ1, ξ2) (1)

with ||D|| = 1 is used to describe any point P ∈ B0 of the
shell in the initial configuration. In a similar way, a point
P ∈ B in the deformed shell space is defined by

ϕ(ξ1, ξ2, ζ ) = x(ξ1, ξ2) + ζ d(ξ1, ξ2) (2)

with the thickness coordinate limited to −h/2 ≤ ζ ≤ +h/2.
The vectors X and x describe the shell mid-surface in the
corresponding configuration. The displacement vector is
introduced with

u = x − X . (3)

The deformed director d is used to specify the rotational
behavior, see Fig. 1. Since we assume moderate rotations, d
is given by

d = D + β = A3 + (β1 A1 + β2 A2) (4)

with the angles β1 and β2 related to the local tangential base
system Ai with i = 1, 2, 3.

With the derivatives of the position vectors according to
the convective coordinates, the components of the Green-
Lagrangian strain tensor can be specified as

Eαβ = 1

2

(
ϕ,α ·ϕ,β −Φ,α ·Φ,β

)
, α, β = 1, 2 . (5)

Fig. 1 Illustration of director d in the current configuration

In general, the nonlinear shell strains can be categorized into
membrane strains

εαβ = 1

2

(
x,α ·x,β −X,α ·X,β

)
, (6)

curvatures

καβ = 1

2
(x,α ·d,β +x,β ·d,α −X,α ·D,β −X,β ·D,α ) (7)

and shear strains

γα3 = x,α ·d − X,α ·D . (8)

Furthermore they can be arranged in the vector

ε = [
ε11, ε22, 2ε12, κ11, κ22, 2κ12, γ 13, γ 23

]T
. (9)

Based on the kinematic assumptions, the shell strains can be
specified in terms of the local displacements and rotations

ε =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

u1,1 + 1
2

(
u21,1 + u22,1 + u23,1

)

u2,2 + 1
2

(
u21,2 + u22,2 + u23,2

)

u1,2 + u2,1 + u1,1u1,2 + u2,1u2,2 + u3,1u3,2

β1,1

β2,2

β1,2 + β2,1

β1 + u3,1

β2 + u3,2

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

.

(10)

E33 = 0 applies to the thickness strain, which is a con-
sequence of the inextensible director field. The restriction
to moderate rotations causes nonlinear components to occur
only in the membrane strains. All displacements and rota-
tions in Eq. (10) are shown in Fig. 2.
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Fig. 2 Degrees of freedom of the shell related to the local Cartesian
basis

2.2 Stress resultants andmaterial law

In the framework of classical shell theory, all governing equa-
tions aremapped to the shellmid-surface. For the formulation
of a material law, we define the work conjugate 2nd -Piola-
Kirchoff stress resultants and arrange them in the vector

σ = [
n11, n22, n12,m11,m22,m12, q13, q23

]T
. (11)

In general, they can be specified by integrating the 2nd -Piola-
Kirchoff stresses. Analogous to the shell strains, the shell
stress resultants can be categorized into membrane forces

nαβ =
∫

ζ

Sαβμ dζ , (12)

bending moments

mαβ =
∫

ζ

ζ Sαβμ dζ (13)

and shear forces

qα3 =
∫

ζ

Sα3μ dζ . (14)

For thin shells, the determinant of the shifter tensor is usually
approximated byμ = 1. All shell stress resultants are shown
in Fig. 3.

A purely elastic material behavior is assumed for the
shell. Due to the restriction to small strains, a linear relation
between the 2nd -Piola-Kirchhoff stresses and the Green-La-
grangian strains can be assumed. In order to describe the
behavior of composite materials, a transversely isotropic lay-
erwise formulation of the constitutive law is used. For a layer

Fig. 3 Definition of the shell stress resultants

k, the local elasticity matrices are in general given by

C̄k
m =

⎡

⎣
C11 C12 0
C12 C22 0
0 0 C33

⎤

⎦ , C̄k
s =

[
C44 0
0 C55

]
. (15)

By applying a transformation, the global elasticity matrices
Ck
m and Ck

s can be determined from the local properties in
Eq. (15), see [35].With the summation over all layers, the fol-
lowing linear relationship between the nonlinear shell strains
and stress resultants can be formulated

σ = D ε , D =
⎡

⎣
Dm Dmb 0
DT
mb Db 0
0 0 Ds

⎤

⎦ . (16)

The submatrices of the material matrix D are defined as

Dm =
nlay∑

k=1

Ck
m hk ,

Db =
nlay∑

k=1

Ck
m

(
h3k
12

+ hk ζ 2
sk

)

,

Dmb =
nlay∑

k=1

Ck
m hk ζsk , Ds =

nlay∑

k=1

Ck
s hk . (17)

In Eq. (17), the total number of layers is nlay, the thickness
of a single layer k is denoted by hk and the distance from the
center of the considered layer to the reference surface Ω0 of
the shell is given by ζsk .

2.3 Weak form-principle of virtual work

With the equations shown in the previous sections, the weak
form defined on the shell mid-surface can be formulated

δπ(v, δv) = δπi − δπext =
∫

Ω0

δεT σ dA

−
∫

Ω0

δvT q̄ dA −
∫

∂Ωσ
0

δvT f̄ ds = 0 . (18)
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Fig. 4 Shell with boundary conditions in the reference configuration

It is given with respect to the undeformed shell configuration
in a Total-Lagrangian description. The local displacement
field of the shell is given by

v = [
u1, u2, u3, β1, β2, β3

]T
. (19)

The rotation β3 around the local axis A3, see Fig. 2 is not
included in the shell kinematics and can therefore be set
to zero at the local level. Within the assembling procedure
stiffness entries occur for all rotations at intersections of ele-
ments. Options for straight surfaces are discussed in detail in
[36].

The first term in Eq. (18) describes the virtual work of
the internal forces, while the last terms contain the virtual
external work of surface tractions q̄ and edge loads f̄ , see
Fig. 4. In the following, we assume conservative loads.

To solve the nonlinear equation in Eq. (18) in the context
of a Newton iteration scheme, the consistent linearization of
the weak form is required. In general, this can be written as

L [δπ ] = δπ + Δδπ

= δπ +
∫

Ω0

δεTΔσ dA +
∫

Ω0

ΔδεT σ dA = 0 . (20)

Within the finite element method, the linearized weak form
(20) is discretized using a displacement field ansatz.All equa-
tions presented in this section form the basis for the spectral
stochastic finite element formulation of the general shell ele-
ment, described in Sect. 5.

3 Representation of stochastic quantities

We consider the probability space (Ω,Σ, P), where Ω is
the event space, Σ the σ -algebra on Ω and P the probability
measure on (Ω,Σ). A random variable X can be described

by the mapping

X(ω) : Ω �→ DX ⊂ R . (21)

Furthermore a set of M random variables is summarized in
the random vector X = [X1, . . . , XM ]T . In this section,
upper case letters are used for random variables and random
vectors while realizations of these quantities are denoted by
lower case letters. For the sake of simplicity, we assume that
all components of X are stochastically independent. As a
result, the joint probability density function (PDF) fX (x) is
the product of the M marginal distributions

fX (x) =
M∏

i=1

fXi (xi ) . (22)

LetM be adeterministicmodel thatmaps theM-dimensional
input vector x to the scalar output variable z such that

M : x ∈ DX ⊂ R
M �→ z ∈ DZ ⊂ R . (23)

In the context of stochastic modeling, the input vector x is
subjected by uncertainty, thus the output variable z is a ran-
dom quantity

Z = M (X) . (24)

3.1 Polynomial chaos expansion

Polynomial chaos expansion (PCE) is a widely used method
for propagating parametric uncertainties through complex
models. It was introduced in [3] for normally distributed
random variables. In [5], the method has been extended to
arbitrary probabilistic distributions of the model parameters.
Assuming that the random variable Z in Eq. (24) has finite
variance, an exact representation can be obtained with the
PCE [37]

Z =
∞∑

α=0

zαΨα(X) , (25)

where zα are deterministic coefficients and Ψα are orthonor-
mal basis polynomials of the random input vector X . The
polynomials satisfy the orthonormality property

E
[
Ψα(X) Ψβ(X)

]

=
∫

DX

Ψα(x) Ψβ(x) fX (x) dx = δαβ (26)

where fX is the joint PDF of X and δαβ is the Kronecker
delta. In order to achieve optimal convergence of the PCE,
the polynomials used are chosen according to the probability
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Table 1 Continuous distributions and associated polynomial basis,
according to [4]

Type of distribution Polynomial basis

Uniform Legendre

Gaussian Hermite

Gamma Laguerre

Beta Jacobi

density functions of the random input variables. Classical
distributions and their corresponding polynomials are given
in Table 1.

For a practical implementation, the infinite series in
Eq. (25) has to be truncated to a finite sum of polynomi-
als. This results in the following polynomial approximation
of the random variable

ẑ =
P∑

α=0

zαΨα(X) ≈ Z . (27)

Each polynomial Ψα is characterized by a so-called multi-
index

mα = [m1, . . . , mi , . . . , mM ] , mi ∈ N . (28)

With the standard truncation criterion, only those polynomi-
als are used, which have a total degree of ||m||1 smaller than
the specified maximum polynomial degree p, see [7]. The
number of terms in the truncated polynomial chaos expan-
sion (27) is given by

P = (M + p)!
M ! p! − 1 . (29)

Furthermore, we define P̄ = P + 1. All multi-indices mα

with α ∈ [0, . . . , P] can be summarized in the set

A M,p =
{
m ∈ N

M : ||m||1 ≤ p
}

. (30)

For problems with many input variables, the so-called hyper-
bolic index set is proposed in [8], with

A
M,p
q =

{
m ∈ N

M : ||m||q ≤ p
}

,

||m||q =
(

M∑

i=1

mq
i

)1/q

, (31)

where the parameter q ∈ (0, 1] is used to control the trun-
cation. In the following, this parameter q is referred to as
q-norm. After choosing a set of polynomials A M,p

q for the
approximation, the unknown coefficients in Eq. (27) have to

be determined. In Sect. 3.2, the mathematical operations for
an intrusive calculation of the coefficients are shown.

3.2 Elementary operations with stochastic
quantities

As part of the intrusive approach, the governing equations
of the problem to be solved have to be modified. This
requires various arithmetic operations of random variables,
represented by the PCE. For a detailed description of the
relations shown in this section and for the evaluation of non-
polynomial functions, the reader is referred to [9].

In the following, random variables are characterized by
their dependence on ω. Let b̂ and ĉ be known polynomial
chaos expansions of the random variables B(ω) and C(ω)

with

b̂ =
P∑

α=0

bαΨα , ĉ =
P∑

α=0

cαΨα . (32)

In the following, representations given by Eq. (32) are
referred to as PC variables or PC expansions. Appendix A
contains a detailed description on how to represent normal
and uniform distributed random variables in the context of
the PCE. The PC variables (32) can be combined with each
other using different arithmetic operations. This results in a
new PC variable

â =
P∑

α=0

aαΨα , (33)

for which the coefficients aα have to be determined.
Addition or subtraction operations

â = b̂ ± ĉ (34)

are calculated in the same way as in the deterministic case,
i.e., the corresponding coefficients are just added or sub-
tracted

aα = bα ± cα ∀α ∈ {0 . . . , P} . (35)

The multiplication

â = b̂ · ĉ (36)

can be rewritten by inserting the existing PC expansions (32).
This leads to

â =
P∑

γ=0

aγ Ψγ
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=
P∑

α=0

bαΨα

P∑

β=0

cβΨβ . (37)

We assume that the result of the multiplication can be rep-
resented with the same polynomial basis as the PC variables
themselves, even if the result has twice the polynomial order.
The unknown coefficients of â can be determined by means
of a Galerkin projection leading to

aγ =
P∑

α=0

P∑

β=0

Dαβγ bα cβ

= Dαβγ bα cβ ∀γ ∈ {0 . . . , P} , (38)

where the arising multiplication tensor Dαβγ is defined as

Dαβγ = E
[
ΨαΨβΨγ

]

E
[
Ψγ Ψγ

]

= E
[
ΨαΨβΨγ

]
α, β, γ ∈ [0, . . . , P] . (39)

Since the basis polynomials satisfy the orthonormality prop-
erty in Eq. (26), the denominator simplifies to E

[
Ψγ Ψγ

] =
δγ γ = 1. Analytical solutions for the expected values of the
triple products of polynomials are shown in Appendix B.
The calculation of a product of more than two PC variables
can be reduced to the multiplication of two PC expansions
by repeatedly using Eq. (38). This procedure is referred to as
pseudospectral approach [9] and can be easily used formulti-
ple multiplications. Appendix C illustrates the multiplication
of two normal distributions.

Subsequently, the division

â = ĉ / b̂ (40)

is solved by taking into account the relation in Eq. (38), i.e.,
the division operation of two polynomial chaos expansions
leads to a set of equations for the unknown coefficients of â

Dαβγ bα aβ = cγ ∀γ ∈ {0 . . . , P} . (41)

Compact notations of Eq. (38) and Eq. (41) are given in
Appendix D.

3.3 Post-processing of PC variables

In the context of a stochastic analysis, the use of PC expan-
sions provides some advantages. Due to the orthonormality
property of the polynomials (26), statistical moments such as
mean value and variance can be determined from an existing
PC expansion (27)

μ ẑ = z0

σ 2
ẑ =

P∑

α=1

z2α . (42)

The multiplication tensor (39) can also be used to calculate
higher stochastic moments such as the skewness

δ ẑ = 1

σ 3
ẑ

P∑

α=1

P∑

β=1

P∑

γ=1

E
[
ΨαΨβΨγ

]
zα zβ zγ

= 1

σ 3
ẑ

P∑

α=1

P∑

β=1

P∑

γ=1

Dαβγ zα zβ zγ . (43)

Furthermore, variance-based sensitivity measures, such as
Sobol’ indices [38], can be derived from the PC coefficients.
For a detailed description and computation of the so-called
PCE-based Sobol’ indices, the reader is referred to [39].

4 Stochastic variational formulation for
geometric nonlinear shells

The stochastic version of the weak form in Eq. (18) for the
shell formulation presented in Sect. 2 is given by

E [δπ(ω)] = E [δπi (ω) − δπext (ω)]

= E

⎡

⎢
⎣
∫

Ω0

δεT (ω)σ (ω) dA − δπext (ω)

⎤

⎥
⎦ = 0 . (44)

In the following, all stochastic quantities are characterized
by their dependence on ω. To solve the nonlinear equation
in Eq. (44) in the context of a Newton iteration scheme, the
consistent linearization is required, which results in

L [E [δπ(ω)]] = E [δπ(ω) + Δδπ(ω)]

= E

⎡

⎢
⎣ δπ(ω) +

∫

Ω0

δεT (ω)Δσ (ω) + ΔδεT (ω)σ (ω) dA

⎤

⎥
⎦

= 0 . (45)

To determine the variation and linearization of the stochas-
tic variables in Eq. (45), these quantities are represented by
the PCE. This stochastic discretization is described in the
following section.

4.1 PC expansion of stochastic quantities

Due to the stochastic modeling of various material and geo-
metrical parameters, the displacement field of the shell is a
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random quantity, denoted by v(ω). As described in Sect. 3.1,
the corresponding PC expansion v̂ can be formulated as

v(ω) ≈ v̂ =
P∑

α=0

vαΨα =
∑

α

vαΨα . (46)

with the coefficients arranged in the vector

v =
[
vT0 . . . vTα . . . vTP

]T
, v ∈ R

6P̄ . (47)

One particular coefficient of the displacement vector contains
the corresponding displacement values

vα = [
u1α, u2α, u3α, β1α, β2α, 0

]T
. (48)

The nonlinear shell strains depending on the stochastic dis-
placements are completely described by their PC coefficients
and can be represented by

ε(ω) ≈ ε̂ =
∑

γ

εγ Ψγ . (49)

Stochastic arithmetic operations, introduced in Sect. 3.2, are
required to determine the corresponding coefficients. They
can be summarized in the vector

εγ =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

u1γ,1 + 1
2Dαβγ (u1α,1 u1β,1

+u2α,1 u2β,1 + u3α,1 u3β,1)

u2γ,2 + 1
2Dαβγ (u1α,2 u1β,2

+u2α,2 u2β,2 + u3α,2 u3β,2)

u1γ,2 + u2γ,1 + Dαβγ (u1α,1 u1β,2

+u2α,1 u2β,2 + u3α,1 u3β,2)

β1γ,1

β2γ,2

β1γ,2 + β2γ,1

β1γ + u3γ,1

β2γ + u3γ,2

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

. (50)

For the sake of simplicity, the summation signs are dropped.
According to the Einstein convention, the summation is car-
ried out over the indices that appear twice. For a compact
representation, all coefficients can be arranged in ε ∈ R

8P̄

ε =

⎡

⎢⎢⎢⎢⎢⎢
⎣

ε0
...

εγ

...

εP

⎤

⎥⎥⎥⎥⎥⎥
⎦

, εγ =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

ε11γ
ε22γ
2ε12γ
κ11γ
κ22γ
2κ12γ
γ 13γ

γ 23γ

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

. (51)

Based on the definition in Eq. (50), the variation and lin-
earization of the stochastic shell strains can be calculated.

We assume that structural parameters, e.g. the Young’s
modulus, are subjected by uncertainty, thus the material
matrix (16) of the shell is a stochastic matrix. It can be rep-
resented by its deterministic coefficients using the PCE. In
general, the associated PC expansion is given by

D(ω) ≈ D̂ =
∑

α

DαΨα . (52)

To determine the unknown coefficients Dα , the stochastic
structural parameter, e.g. the Young’s modulus of the shell,
is first represented by a PCE. This PC expansion can subse-
quently be used to compute the coefficients of the material
matrix. For this purpose, the arithmetic operations, proposed
in Sect. 3.2, are required. This uncertainty propagation is
shown in Appendix E by means of an example.

Since we assume a linear elastic material law, the coeffi-
cients of the shell stress resultants can be calculated with the
stochastic multiplication as follows

σ γ = Dαβγ Dα εβ

= Dγβ εβ . (53)

Due to the symmetries of the multiplication tensor (127), the
relation Dγβ = Dβγ holds. The submatrices Dγβ defined in
Eq. (53) can be arranged in the augmented material matrix
D ∈ R

8P̄×8P̄ defined as

D =

⎡

⎢⎢⎢⎢⎢⎢
⎣

D00 · · · D0β · · · D0P
...

. . .
...

. . .
...

Dγ 0 · · · Dγβ · · · Dγ P
...

. . .
...

. . .
...

DP0 · · · DPβ · · · DPP

⎤

⎥⎥⎥⎥⎥⎥
⎦

. (54)

The coefficients of the stress resultants aremerged analogous
to the shell strains in the vector σ ∈ R

8P̄ with

σ =

⎡

⎢⎢⎢⎢⎢⎢
⎣

σ 0
...

σ γ

...

σ P

⎤

⎥⎥⎥⎥⎥⎥
⎦

, σ γ =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

n11γ
n22γ
n12γ
m11

γ

m22
γ

m12
γ

q13γ

q23γ

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

. (55)

With the variables defined above, the linear-elastic material
law can be formulated compactly as

σ = D ε . (56)
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4.2 Variation of stochastic shell strains

Based on the polynomial chaos expansion of the shell strains
(51), the variation and linearization of these quantities can
be derived. Therefore, we form the directional derivative of
the shell strains PC coefficients (50) with respect to the PC
coefficients of the desired displacement quantities. For the
sake of simplicity, all derivations below are shown for one
individual coefficient of the stochastic quantity. Thus, the
variation of the membrane strain coefficient ε11γ is given by

δε11γ = ∂ε11γ

∂u1λ,1
δu1λ,1 + ∂ε11γ

∂u2λ,1
δu2λ,1 + ∂ε11γ

∂u3λ,1
δu3λ,1

= δγλδu1λ,1 + 1

2
Dαβγ

(
δαλu1β,1 + δβλu1α,1

)
δu1λ,1

+ 1

2
Dαβγ

(
δαλu2β,1 + δβλu2α,1

)
δu2λ,1

+ 1

2
Dαβγ

(
δαλu3β,1 + δβλu3α,1

)
δu3λ,1 . (57)

Taking into account the symmetry properties of the multipli-
cation tensor, Eq. (57) can be simplified to

δε11γ = (δλγ + Dαβγ δαλu1β,1)δu1λ,1

+ (Dαβγ δαλu2β,1)δu2λ,1 + (Dαβγ δαλu3β,1)δu3λ,1 .

(58)

The variation of a quantity is indicated by the letter δ(•)while
δλμ areKronecker deltas resulting from the partial derivative.
Taking into account the relationship (128), the variation can
be finally rewritten as

δε11γ = Dλβγ

[
(δβ0 + u1β,1)δu1λ,1 + u2β,1δu2λ,1

+ u3β,1δu3λ,1
]
. (59)

Adetailed derivation of the remaining variations can be found
in Appendix F. All results can thus be arranged in the vector

δεγ = Dλβγ

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

(δβ0 + u1β,1)δu1λ,1 + u2β,1δu2λ,1

+u3β,1δu3λ,1

u1,2βδu1λ,2 + (δβ0 + u2β,2)δu2λ,2

+u3β,2δu3λ,2

u1,2βδu1λ,1 + (δβ0 + u1β,1)δu1λ,2

+(δβ0 + u2β,2)δu2λ,1 + u2β,1δu2λ,2

+u3β,2δu3λ,1 + u3β,1δu3λ,2

δβ0δβ1λ,1

δβ0δβ2λ,2

δβ0δβ1λ,2 + δβ0δβ2λ,1

δβ0δβ1λ + δβ0δu3λ,1

δβ0δβ2λ + δβ0δu3λ,2

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

(60)

and the PC expansion of the virtual stochastic shell strains
reads

δ̂ε =
∑

γ

δεγ Ψγ ≈ δε(ω) . (61)

All associated coefficients are arranged in

δε =
[
δεT0 . . . δεTγ . . . δεTP

]T
. (62)

4.3 Linearization of thematerial law

Within the linearized stochastic virtual work (45), the lin-
earization of the stochastic stress resultants is needed. Taking
into account Eq. (53), the linearization of this stochastic vari-
ables can be written as

Δσ γ = ∂σ γ

∂εμ

Δεμ = ∂
(
Dαβγ Dαεβ

)

∂εμ

Δεμ

= Dαβγ δβμDαΔεμ = Dαμγ DαΔεμ

= Dγμ Δεμ . (63)

The coefficients of the linearized shell strains are determined
analogously to its variation (60) by replacing δ(•)withΔ(•).
Finally, this results in the chaos expansion

Δε̂ =
∑

μ

Δεμ Ψμ ≈ Δε(ω) . (64)

4.4 Linearization of virtual shell strains

In the context of geometrical nonlinear formulations, the
additional term Δδε(ω) occurs during the linearization of
the weak form. The corresponding coefficients can be calcu-
lated in a similar way as shown in the previous sections. The
linearization of the virtual membrane strain coefficient δε11γ
can be written as

Δδε11γ = ∂δε11γ

∂u1μ,1
Δu1μ,1 + ∂δε11γ

∂u2μ,1
Δu2μ,1 + ∂δε11γ

∂u3μ,1
Δu3μ,1

= Dλβγ δβμ

[
δu1λ,1Δu1μ,1 + δu2λ,1Δu2μ,1

+ δu3λ,1Δu3μ,1
]

= Dλμγ

[
δu1λ,1Δu1μ,1 + δu2λ,1Δu2μ,1

+ δu3λ,1Δu3μ,1
]

. (65)

A detailed derivation of the remaining quantities can be
found in Appendix G. The restriction to moderate rotations
results in non-zero components of themembrane strains only.
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Finally, the coefficients

Δδεγ = Dλμγ

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

δu1λ,1 Δu1μ,1 + δu2λ,1 Δu2μ,1

+δu3λ,1 Δu3μ,1

δu1λ,2 Δu1μ,2 + δu2λ,2 Δu2μ,2

+δu3λ,2 Δu3μ,2

δu1λ,2 Δu1μ,1 + δu1λ,1 Δu1μ,2

+δu2λ,2 Δu2μ,1 + δu2λ,1 Δu2μ,2

+δu3λ,2 Δu3μ,1 + δu3λ,1 Δu3μ,2

0

0

0

0

0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

(66)

are used to define the PC expansion of the linearized virtual
shell strains

Δδ̂ε =
∑

γ

Δδεγ Ψγ ≈ Δδε(ω) . (67)

4.5 Stochastic discretization of the weak form

The linearized stochastic weak form (45) can now be
discretized with the derived chaos expansions and thus trans-
formed into deterministic equations. For the discretized
virtual work of the internal and external forces, we obtain

E [δπ(ω)]

=
∫

Ω0

δεTα σα dA −
∫

Ω0

δvTα q̄α dA −
∫

∂Ωσ
0

δvTα f̄α ds . (68)

The linearization can be written as

L [E [δπ(ω)]]

= E [δπ(ω)] +
∫

Ω0

δεTα Dβ Δεγ Dαβγ + ΔδεTα σα dA .

(69)

For a detailed derivation of the relations shown here, the
reader is referred to Appendix H. At this point, it should be
noted that Eq. (68) and (69) are discrete in the stochastic
dimension but still continuous in the displacement quantities
sought. A discretization of these field variables is carried out
in the context of the finite element method.

4.6 Consistency of the stochastic variational
formulation

The stochastic variational formulation presented in the previ-
ous sections are an extension of the deterministic equations.
This connection will be illustrated and discussed below.
When no randomness is considered in the problem, all
stochastic quantities reduce to deterministic ones. Determin-
istic variables, e.g. the displacement u1, can be represented
by a PC expansion with

u1 =
∑

α

u1αΨα , u1α = 0 ∀α > 0 . (70)

Since deterministic quantities have no variance, only the first
coefficient is non-zero. The coefficients u1α are given by

u1α = u10δα0 . (71)

At this point, it should be noted again that δα0 is the Kro-
necker delta. The coefficient ε11γ of the membrane strain
can therefore be written as

ε11γ = u10,1δγ 0 + 1

2
Dαβγ (u10,1δα0u10,1δβ0

+ u20,1δα0u20,1δβ0 + u30,1δα0u30,1δβ0)

= u10,1δγ 0 + 1

2
D00γ (u10,1 u10,1

+ u20,1 u20,1 + u30,1 u30,1)

= δγ 0

(
u10,1 + 1

2
(u210,1 + u220,1 + u230,1)

)
. (72)

In comparison to Eq. (50), Eq. (72) shows that only the first
coefficient with γ = 0 is not equal to zero. Furthermore,
it can be seen that the stochastic multiplication with Dαβγ

is reduced to a deterministic multiplication. Equation (72)
therefore just matches the first line of Eq. (10). In the deter-
ministic case, the coefficients of the shell strains (51) simplify
to

ε =

⎡

⎢⎢⎢⎢⎢⎢
⎣

δ00ε0
...

δγ 0ε0
...

δP0ε0

⎤

⎥⎥⎥⎥⎥⎥
⎦

=

⎡

⎢⎢⎢⎢⎢⎢
⎣

ε0
...

0
...

0

⎤

⎥⎥⎥⎥⎥⎥
⎦

. (73)
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The augmented material matrix can be reduced to

D = DαβγD0δα0 = δβγD0 =

⎡

⎢⎢⎢⎢⎢⎢
⎣

D0 · · · 0 · · · 0
...

. . .
...

. . .
...

0 · · · D0 · · · 0
...

. . .
...

. . .
...

0 · · · 0 · · · D0

⎤

⎥⎥⎥⎥⎥⎥
⎦

. (74)

The properties shown in Eqs. (73) and (74) can be transferred
to other variables in a similar way.

5 Spectral stochastic FE-formulation for
geometric nonlinear shells

In this section, the spectral stochastic finite element for-
mulation for a shell based on the isoparametric concept is
presented. For a general finite element discretization

Ω0 ≈ Ωh =
ne⋃

e=1

Ωe , (75)

the shell mid-surface Ω0 is discretized with ne elements. A
local Cartesian coordinate systemAi is introduced at the cen-
ter of each element e. The transformation matrix T, defined
in Appendix I, links the global coordinate system ei with the
local basis Ai .

5.1 Mid-surface and displacement interpolation

Within a single elementΩe, the geometry and displacements
are interpolated with bi-linear functions

NI = 1

4
(1 + ξI ξ)(1 + ηIη) ,

ξI ∈ {−1, 1, 1,−1} , ηI ∈ {−1,−1, 1, 1} (76)

defined in the unit element {ξ, η} ∈ [−1, 1].
The reference configuration is deterministic, so that the

position vector can be approximated with

X ≈ Xh =
4∑

I=1

NIXI . (77)

Since we assume that structural parameters of the shell are
subject to uncertainties, the displacements are stochastic
quantities. The displacement ansatz is given by

v(ω) =
∑

α

4∑

I=1

NI vIα Ψα (78)

using the bi-linear shape functions NI for the spatial interpo-
lation and the orthonormal polynomialsΨα for the stochastic
approximation. The virtual and linearized displacements are
interpolated in the same way. The corresponding coefficients
of the nodal displacement vector are given by

vIα = [
u1Iα, u2Iα, u3Iα, β1Iα, β2Iα, 0

]T

= [
uIα, β Iα

]T
. (79)

In a five-parameter shell kinematics, the local sixth degree of
freedom is set to zero. Considering a single chaos coefficient,
the approximation follows from Eq. (78)

vα =
4∑

I=1

NI vIα =
∑

I

NI vIα . (80)

For the sake of clarity, the following equations are usually
presented for a specific PC coefficient of the corresponding
quantity. In order to calculate the nonlinear shell strains, it is
necessary to determine the derivatives of the displacements
with respect to the local Cartesian base system A j , which
can be formulated as

vα, j =
∑

I

NI , j vIα , j = 1, 2 . (81)

For this purpose, the Jacobian matrix is defined as

J = ∂X
∂ξ

=
4∑

I=1

XI ⊗ ∇ξ NI . (82)

Its inverse is used to determine the local Cartesian derivatives
of the shape functions

[
NI ,1

NI ,2

]
= J−T

[
NI ,ξ

NI ,η

]
. (83)

5.2 Interpolation of virtual and linearized shell
strains

Within the weak form, the deterministic coefficients of the
virtual shell strains, defined in (60) have to be approximated.
In general, the finite element interpolation can bewrittenwith
the so-called B-matrices

δεγ =
∑

I

Dλβγ

⎡

⎢
⎣

Bm
Iβ 03×2 0

03×3 Bb
Iβ 0

02×2 Bs
Iβ 0

⎤

⎥
⎦

︸ ︷︷ ︸
BIλγ

δvIλ . (84)

The sub-matrix Bm
Iβ for the approximation of the membrane

strains can be divided into a linear (l) and a nonlinear (nl)
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part

Bm
Iβ = Bm,l

Iβ + Bm,nl
Iβ , (85)

with

Bm,l
Iβ =

⎡

⎣
δβ0 NI ,1 0 0

0 δβ0 NI ,2 0
δβ0 NI ,2 δβ0 NI ,1 0

⎤

⎦ ,

Bm,nl
Iβ =

⎡

⎢⎢⎢
⎣

u1β,1NI ,1 u2β,1NI ,1 u3β,1NI ,1

u1β,2NI ,2 u2β,2NI ,2 u3β,2NI ,2

u1β,1NI ,2 u2β,1NI ,2 u3β,1NI ,2

+u1β,2NI ,1 +u2β,2NI ,1 +u3β,2NI ,1

⎤

⎥⎥⎥
⎦

. (86)

Furthermore, the matrices Bb
Iβ and Bs

Iβ can be specified as

Bb
Iβ =

⎡

⎣
0 δβ0 NI ,1

−δβ0 NI ,2 0
−δβ0 NI ,1 −δβ0 NI ,2

⎤

⎦ (87)

and

Bs
Iβ =

[
δβ0 NI ,1 0 δβ0 NI

δβ0 NI ,2 −δβ0 NI 0

]
. (88)

The restriction to moderate rotations means that the curva-
tures and shear strains are still linear in the displacements.
This property can be seen from Eqs. (87) and (88), as
each entry of the matrices contains the Kronecker delta δβ0.
Finally, the finite element approximation of the virtual shell
strains can be written as

δεγ =
∑

I

BIγ λ δvIλ

⎡

⎢⎢⎢⎢⎢⎢
⎣

δε0
...

δεγ

...

δεP

⎤

⎥⎥⎥⎥⎥⎥
⎦

=
∑

I

⎡

⎢⎢⎢⎢⎢⎢
⎣

BI00 · · · BI0λ · · · BI0P
...

. . .
...

. . .
...

BIγ 0 · · · BIγ λ · · · BIγ P
...

. . .
...

. . .
...

BI P0 · · · BI Pλ · · · BI P P

⎤

⎥⎥⎥⎥⎥⎥
⎦

⎡

⎢⎢⎢⎢⎢⎢
⎣

δvI0
...

δvIλ
...

δvI P

⎤

⎥⎥⎥⎥⎥⎥
⎦

.

(89)

With the introduction of the augmented B-matrix, the varia-
tion of the nonlinear shell strains can be written compactly
in a common notation

δε =
∑

I

BI δvI . (90)

The approximation of the linearized shell strains Δε can be
written in the same way as in Eq. (90)

Δε =
∑

K

BK ΔvK . (91)

5.3 Interpolation of linearized virtual shell strains

Since nonlinear components only occur in the membrane
strains, the product ΔδεTα σα in Eq. (69) simplifies to

ΔδεTα σα = Δδε11α n
11
α + 2Δδε12α n

12
α + Δδε22α n

22
α .

(92)

The finite element formulation of the linearized virtual mem-
brane strains reads

Δδε11α =
∑

I

∑

K

Dλμα δuTIλ
(
NI ,1NK ,1

)
ΔuKμ

Δδε22α =
∑

I

∑

K

Dλμα δuTIλ
(
NI ,2NK ,2

)
ΔuKμ

2Δδε12α =
∑

I

∑

K

Dλμα δuTIλ
(
NI ,1NK ,2+NI ,2NK ,1

)
ΔuKμ.

(93)

Equation (92) can therefore be written as

ΔδεTα σα =
∑

I

∑

K

δvTIλ GI Kλμ ΔvKμ (94)

with the integrand of the geometrical matrix defined as

GI Kλμ = Dλμα

[
n̂ I Kα13×3 03×3

03×3 03×3

]

n̂ I Kα = NI ,1NK ,1n
11
α + (

NI ,1NK ,2 + NI ,2NK ,1
)
n12α

+ NI ,2NK ,2n
22
α . (95)

Analogous to theB-matrix, the augmented integrand can also
be specified as

GI K =

⎡

⎢⎢⎢⎢⎢⎢
⎣

GI K00 · · · GI K0λ · · · GI K0P
...

. . .
...

. . .
...

GI Kγ 0 · · · GI Kλμ · · · GI Kγ P
...

. . .
...

. . .
...

GI K P0 · · · GI K Pλ · · · GI K PP

⎤

⎥⎥⎥⎥⎥⎥
⎦

(96)

and hence Eq. (94) can be written compactly as

ΔδεTα σα =
∑

I

∑

K

δvTI GI K ΔvK . (97)

5.4 Transverse shear strains

Fully integration of the shear part of the tangent stiffness
matrix with Eq. (88) leads to the well-known shear locking
effect. In order to avoid this issue, we use the approach pro-
posed by [31, 32]. For this reason, the shear strains γ 13 and
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γ 23 are approximated using an independent ansatz. Within
the scope of the spectral stochastic formulation, the constant-
linear interpolation for one coefficient of the shear strains
reads

[
γ̃ξ3γ

γ̃η3γ

]
= 1

2

[
(1 − η)γ̃ B

ξ3γ + (1 + η)γ̃ D
ξ3γ

(1 − ξ)γ̃ A
η3γ + (1 + ξ)γ̃ C

η3γ

]

(98)

with the compatible shear strains at the collocation points
defined as

γ̃ M
ξ3γ = [

x1,ξ β1γ + x2,ξ β2γ + u3,ξ
]M

M ∈ {B, D} ,

(99)

γ̃ L
η3γ = [

x1,η β1γ + x2,η β2γ + u3,η
]L

L ∈ {A,C} .

(100)

The corresponding collocation points A, B,C, D are defined
in Fig. 5. Furthermore, the Jacobian matrix, defined in
Eq. (82), is used to transform the shear strains introduced
with respect to ξ, η into the local Cartesian coordinate sys-
tem

[
γ13γ
γ23γ

]
= J−T

[
γ̃ξ3γ

γ̃η3γ

]
. (101)

Within the framework of the presented quadrilateral shell
element, the variations of the modified shear strains can be
approximated as

[
δγ13γ
δγ23γ

]
=

∑

I

Dλβγ B̄s
Iβ

⎡

⎣
δu3λ
δβ1λ

δβ2λ

⎤

⎦ , (102)

with the modified matrix

B̄s
Iβ = J−T

[
δβ0NI ,ξ δβ0NI ,ξ ξI x,Mξ δβ0NI ,ξ ξI y,Mξ
δβ0NI ,η δβ0NI ,ηηI x,Lη δβ0NI ,ηηI y,Lη

]
.

(103)

Fig. 5 Quadrilateral shell element with collocation points

In general, the local derivatives of the bi-linear ansatz func-
tions can be written as

NI ,ξ = 1

4
ξI (1 + ηηI ) NI ,η = 1

4
ηI (1 + ξξI ) (104)

with ξI , ηI being the local coordinates of the corresponding
node I . The collocation points are allocated to the nodal
points of the element with

(I , M, L) ∈ {(1, B, A), (2, B,C), (3, D,C), (4, D, A)} .

(105)

A detailed derivation of the matrix shown in Eq. (103) can be
found in Appendix J. With this approach, a 2× 2 integration
is used for all components of the residual and the tangent
stiffness matrix.

5.5 Discrete form of the stochastic variational
formulation

Finally, all finite element approximations can be inserted into
the linearized weak form. Considering one element e, the
virtual external work yields

E
[
δπe

ext (ω)
] =

∑

I

δvTIα

⎛

⎝
∫

Ωe

NI q̄α dA +
∫

∂Ωe

NI f̄α ds

⎞

⎠

=
∑

I

δvTI

⎛

⎝
∫

Ωe

NI q̄ dA +
∫

∂Ωe

NI f̄ ds

⎞

⎠

=
∑

I

δvTI pI . (106)

All PC coefficients of the external loads can be summarized
in the vectors

q̄ =
[
q̄T0 . . . q̄Tα . . . q̄TP

]T
, f̄ =

[
f̄T0 . . . f̄Tα . . . f̄TP

]T
.

(107)

In case of deterministic loads, only the first coefficients q0
and f0 are non-zero. At the element level, the residual is
defined as the difference between the internal and external
forces

E
[
δπe(ω)

] =
∑

I

δvTI

⎛

⎝
∫

Ωe

BT
I σ dA − pI

⎞

⎠

=
∑

I

δvTI (fI − pI )

= δveT
(
f e − pe

)

= δveT ge ge ∈ R
24P̄ . (108)
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The tangent stiffness matrix results from the consistent
linearization of the residual and leads to

E
[
Δδπe(ω)

]

=
∑

I

∑

K

δvTI

⎛

⎝
∫

Ωe

BT
I DBK + GI K dA

⎞

⎠ΔvK

= δveTkeTΔve keT ∈ R
24P̄×24P̄ . (109)

Taking into account Eqs. (108) and (109), the complete dis-
cretization of the linearized weak form for one element reads

L
[
E
[
δπe(ω)

]] = δveT
(
ge + keTΔve

)
. (110)

Equation (110) is formulated in the local coordinates of the
element and must be transformed into the global coordinate
system before assembling. This is done with the already
defined transformation matrix, see Appendix I. The global
vectors and matrices are obtained by assembling all element
arrays

ΔV =
ne⋃

e=1

Δṽe , G =
ne⋃

e=1

g̃e , KT =
ne⋃

e=1

k̃eT (111)

which leads to

δVT (KTΔV + G) = 0 . (112)

Since the virtual displacements δV are arbitrary but non-
zero, we finally get the system of equations for determining
the unknown displacement increment

KTΔV = −G . (113)

The two-step discretization procedure of the stochastic weak
form in Eq. (44) leads to a system of nonlinear algebraic
equations, which is solved in the context of a standard New-
ton iteration scheme. With the introduction of a so-called
load factor λ, the global residual vector is given by

G(V, λ) = F(V) − λP , (114)

where F(V) is the vector of internal forces and P is a basic
external load vector. Starting from a known equilibrium state,
the unknown displacements for a given load level are calcu-
lated iteratively. In each Newton iteration step the discrete
linearization in Eq. (113) has to be solved.

The developedSFEMshell element has been implemented
into an extendedversionof the general finite element program
FEAP [40].

Fig. 6 Square plate under surface load

Fig. 7 Layer sequence [ 0◦/ 90◦/ 0◦/ 90◦/ 0◦]

Table 2 Material parameters, geometrical parameters and loadings
quantified as Gaussian random variables

Name Unit Xi Distrib μXi σXi

Δϕ [◦] X1 Gaussian 0 1.5

E1 [kN/cm2 ] X2 Gaussian 1160 116

E2 [kN/cm2 ] X2 Gaussian 39 3.9

d [cm] X3 Gaussian 12 1.2

q0 [kN/cm2 ] X4 Gaussian 2E-4 2E-5

6 Numerical examples

6.1 Timber plate with a 5-layer cross-ply laminate

The first example is a plate with a 5-layer cross-ply laminate
subjected to a constant surface load q0. The square plate
with an edge length of L = 400 cm and a total thickness d is
simply supported (soft support) on all sides, see Fig. 6.

Transversal isotropy is assumed for the timber material
behavior. The layer sequence of the cross-ply laminate plate
is shown in Fig. 7. Here, 0◦ indicates a fiber orientation in the
x1-direction.

For the probabilistic calculation, we take into account
uncertainties in material and geometrical parameters and in
the surface load. The uncertain parameters are modeled as
Gaussian random variables, which are characterized by their
mean value μXi and standard deviation σXi , see Table 2.

We assume that the Young’s moduli E1 and E2 are fully
correlated. Both parameters can therefore be represented by
the random variable X2, see Table 2. The total thickness d
of the shell is also modeled as a random variable. However,
the ratio of the thickness of the individual layers to the total
thickness, see Fig. 7, remains unchanged. In addition, the
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Table 3 Settings for SFEM computation, notation, total number of
polynomials P̄ and degrees of freedom (dofs)

Settings Notation P̄ dofs

p = 0 / q = 1 sfem p0 1 1253

p = 1 / q = 1 sfem p1 5 6265

p = 2 / q = 1 sfem p2 15 18795

p = 3 / q = 1 sfem p3 35 43855

p = 4 / q = 1 sfem p4 70 87710

p = 4 / q = 0.8 sfem p4/q0.8 39 48867

p = 4 / q = 0.6 sfem p4/q0.6 23 28819

surface load q0 is modeled as a stochastic quantity. Due to
the randomvariationΔϕ of the fiber orientation, themodified
layer sequence results in

[0◦ + Δϕ / 90◦ + Δϕ / 0◦ + Δϕ / 90◦ + Δϕ / 0◦ + Δϕ] .

(115)

The fiber orientation of each layer is varied in the same man-
ner. The following deterministic values are chosen for the
remaining material parameters

G12 = 72 kN/cm 2, G23 = 10 kN/cm 2, ν12 = 0.03 .

(116)

As a consequence of the random fiber variation, the structure
has no symmetry and the calculation has to be performed
on the entire system. The discretization of the structure with
16 × 16 shell elements results in 1253 degrees of freedom
in the deterministic case, taking into account the boundary
conditions. Depending on the chosen polynomial basis for
the approximation of the stochastic dimensions, additional
degrees of freedom arise, see Table 3.

A polynomial degree of p = 0 is equivalent to a deter-
ministic simulation.Thenumber of degrees of freedomgrows
significantlywhen the polynomial degree of the chaos expan-
sion is increased. By considering the hyperbolic truncation
scheme in Eq. (31), the number of basis polynomials P̄ can
be reduced considerably. The influence of the so-called q-
norm on the calculation and on the results is examined in
more detail in this numerical example.

In the simulation, the stochastic surface load q0 is
increased by the deterministic load factor λ. Here, 15 load
steps with Δλ = 1 are used. The following diagrams depict
the deterministic load factor λ versus the stochastic moments
such as mean value, standard deviation or skewness of the
random center displacement w.

In order to obtain accurate reference resultswith theMonte
Carlo simulation, the number of sample points is set to 104.
With this number of samples, the stochastic moments up to
the skewness can be considered as converged. To quantify

the convergence of the MCS, the stochastic moments of the
center displacement w at the load step λ = 5 are considered.
The convergence of the MCS results is evaluated using this
quantity of interest, because it is examined in more detail
later. Comparing the MCS results with 104 sample points
with the reference solution using 5 × 105 random samples
leads to a percentage error less than 2% in the skewness of
this quantity of interest. In the following diagrams, the ref-
erence solution of the MCS is labeled mcs1e4. The results
for the mean value μw are depicted in Fig. 8. It can be seen
that the SFEM can correctly capture the mean value almost
independent of the chosen polynomial degree. The standard
deviation of the center displacement w is shown in Fig. 9.
For a correct calculation of the standard deviation, at least
a quadratic polynomial basis is required, see Fig. 9 (left).
In addition, the hyperbolic truncation scheme can signifi-
cantly reduce the computational effort, while the results of
the standard deviation remain almost unchanged, as shown
in Fig. 9 (right). Here, a linear chaos expansion is not able
to describe the skewness of a random quantity. This fact can
be seen in Fig. 10 (left). For the correct computation of the
skewness, higher order PC expansions are necessary. In this
example, at least a PCE with p = 4 is required, containing
in total 70 polynomials. To reduce the computational costs,
a hyperbolic truncation scheme should be used. A q-norm
of q = 0.6 reduces the number of polynomials by 67.1%,
but this leads to the fact that the skewness can no longer be
captured correctly, especially in the range 1 ≤ λ ≤ 5, see
Fig. 10 (right). With q = 0.8, only 44.3% of the polynomials
are omitted, which leads to a more accurate mapping of the
skewness. Furthermore, Fig. 10 illustrates that the skewness
decreases as the load increases. This can be explained by the
increasing stiffening of the structure.

The computation time for the SFEMdepends significantly
on the size of the polynomial basis used for the PCE. Dif-
ferent numbers of degrees of freedom arise according to the
chosen polynomial degree and the q-norm. For a compari-
son of the computational effort, the ratio between the SFEM
and MCS computation time, i.e the speedup factor, is given
in Table 4. For the SFEM with p = 4 and q = 0.8, which
provides a good approximation quality up to the skewness,
a speedup factor of 17.6 is obtained. It should be noted, that
for the mean value and the standard deviation, less MCS
samples are required but also a lower polynomial degree of
the PC expansion is sufficient to approximate these stochas-
tic moments. However, the speedup factors in Table 4 can be
scaled, e.g., if 103 MCS samples for themean value would be
sufficient, sfem p1 would lead to a speedup factor of 149.16.

Since all quantities in the presented stochastic FE for-
mulation are available as PC expansion, stresses and their
stochastic characteristics can also be determined directly
from the post-processing. We consider the random stress σ11
in layer 1 at the bottom of the plate, see Fig. 7. The mean
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Fig. 8 Mean value μw of the
center displacement w for
several polynomial degrees of
the chaos expansion

Fig. 9 Standard deviation σw of
the center displacement w for
several polynomial degrees of
the chaos expansion

Fig. 10 Skewness δw of the
center displacement w for
several polynomial degrees of
the chaos expansion

value μσ11 of σ11 for the load level λ = 15 is depicted in
Fig. 11 and the standard deviation σσ11 is shown in Fig. 12.
For the MCS results, 104 random samples are used. A poly-
nomial degree of p = 4 and a q-norm of q = 0.8 are used
for the SFEM. The mean value and standard deviation of the
stress σ11 shown in Figs. 11 and 12, are almost identical.
In Table 5, the minimum and maximum values of the stress

distributions are shown. The SFEM results are in very good
agreement with the MCS results.

For the load step λ = 4 → λ = 5, the iteration behavior
is investigated. The norm of the residual vector within the
equilibrium iteration is given in Table 6. Due to the consis-
tent linearization, a quadratic convergence is achieved near
equilibrium. For this example the number of iterations and
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Table 4 Speedup factor: ratio between MCS and SFEM computation
time Tmcs/Tsfem

Notation Speedup factor

sfem p1 1491.6

sfem p2 194.4

sfem p3 34.2

sfem p4 3.1

sfem p4/q0.8 17.6

sfem p4/q0.6 82.1

Table 5 Minimum and maximum values of the mean value μσ11 and
the standard deviation σσ11 of the stress σ11 of the MCS and the SFEM
computation

Stress value
[
kN/cm2

]
mcs 1e4 sfem p4/q0.8

min. μσ11 1.286 × 10−2 1.302 × 10−2

max. μσ11 2.181 × 100 2.179 × 100

min. σσ11 1.772 × 10−2 1.750 × 10−2

max. σσ11 3.053 × 10−1 3.020 × 10−1

the norm of the residual vector are almost independent of the
chosen polynomial basis of the chaos expansion.

In Fig. 13 (left), the the load factor λ versus themean value
of the center displacement w plus minus once the standard
deviation is shown.

The probability density function (PDF) fw(w|λ = 5) of
the center displacement w at the load level λ = 5 will be
examined in more detail. To compute an estimate of the PDF
based on a set of random samples, we use the Matlab func-
tion ksdensity. To obtain converged estimates of the PDF and
of the quantile values of the center displacement w, 3× 104

random samples are sufficient in this example. A percentage
error less than 1% is achieved for the 99%-quantile value of
the center displacement w at the load step λ = 5 compared
to a reference solution with 5× 105 MCS samples. The gray
linemcs 3e4+ fem inFig. 13 (right) shows the referencePDF
based on 3 × 104 MCS samples of the FE model. For each
sample of the random variables defined in Table 2, a deter-
ministic FE simulation has to be performed. Since the PC
expansion of the center displacement w is available after the
SFEM simulation is done, the PCE can be used as a surrogate
model. For the dashed blue line mcs 3e4+ sfem p2 and the
dashed red line mcs 3e4+ sfem p4 / q0.8 in Fig. 13 (right),
the PC expansion is used to evaluate the 3 × 104 MCS sam-
ples of the random input variables. The estimated probability
density functions of the MCS with the FE model and of the
MCS with the SFEM show very good agreement.

Furthermore, quantile values of the center displacement
w can be determined based on the 3 × 104 MCS samples.
The results of the MCS with the FE model and the MCS

Table 6 Convergence behavior for load step λ = 4 → λ = 5

No. of iter p1 p2 p3

1 1.884E+00 1.884E+00 1.884E+00

2 1.959E+00 1.931E+00 1.930E+00

3 2.336E-03 3.174E-03 3.140E-03

4 2.750E-08 1.032E-07 1.735E-07

5 6.940E-12 7.486E-12 6.483E-12

No. of iter p4 p4/q0.8 p4/q0.6

1 1.884E+00 1.884E+00 1.884E+00

2 2.194E+00 1.931E+00 1.931E+00

3 4.234E-03 3.083E-03 3.076E-03

4 6.347E-07 1.528E-07 1.646E-07

5 5.979E-12 6.895E-12 6.160E-12

Table 7 Quantile values of the center displacement w at the load level
λ = 5

Quantile mcs 3e4 mcs 3e4 mcs 3e4
values + fem + sfem p2 + sfem p4/q0.8

w0.95[cm] 2.9805 2.9658 2.9800

εw0.95 [%] − 0.4932 0.0143

w0.99[cm] 3.5652 3.5055 3.5185

εw0.99 [%] − 1.6759 1.3105

with the SFEM are shown in Table 7. With the quadratic PC
expansion, the 95%-quantile w0.95 of the center displace-
ment w is approximated with an error εw0.95 less than 1%.
The error decreases for the PCEwith p = 4 and q = 0.8, see
Table 7. A similar approximation behavior of the PC expan-
sion is observed for the 99%-quantile w0.99 of the center
displacement w, whereby the SFEM results have an error
εw0.99 between 1%−2%.

6.2 Cylindrical composite shell panel

We investigate a cylindrical composite shell panel subjected
to a concentrated load, which is a typical numerical exam-
ple in geometric nonlinear shell analysis, see [41, 42]. The
structure is hinged (soft support) at the two straight edges,
while the two curved edges are free. The shell has the layer
sequence [ 0◦/ 90◦/ 0◦], where each layer has a thickness of
d/3, resulting in a total thickness d. As depicted in Fig. 14,
0◦ indicates the circumferential direction and 90◦ the length
direction of the shell panel.

For the probabilistic simulation, we consider uncertainties
in the material and in the geometrical properties. In Table 8,
the Gaussian distributed random variables are characterized
by their mean valueμXi and standard deviation σXi . In order
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Fig. 11 Mean value μσ11 of the stress σ11 at the bottom of layer 1: (left) mcs 1e4, (right) sfem p4/q0.8

Fig. 12 Standard deviation σσ11 of the stress σ11 at the bottom of layer 1: (left) mcs 1e4, (right) sfem p4/q0.8

Fig. 13 Left: mean value μw plus minus standard deviation σw of the center displacement w, right: PDF of the center displacement w at load level
λ = 5
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Fig. 14 Cylindrical composite shell panel and geometrical parameters

Table 8 Material parameters and geometrical parameters quantified as
Gaussian and uniform random variables

Name Unit Xi Distrib μXi /aXi σXi /bXi

Δϕ [◦] X1 Gaussian 0 1.5

E1 [N/mm2 ] X2 Gaussian 3300 330

E2 [N/mm2 ] X2 Gaussian 1100 110

d [mm] X3 Uniform 11.2 14.2

Table 9 Settings for SFEM computation, notation, total number of
polynomials P̄ and degrees of freedom (dofs)

Settings Notation P̄ dofs

p = 0 / q = 1 sfem p0 1 414

p = 1 / q = 1 sfem p1 4 1656

p = 2 / q = 1 sfem p2 10 4140

p = 3 / q = 1 sfem p3 20 8280

p = 4 / q = 1 sfem p4 35 14490

to define the uniform distribution in Table 8, the lower bound
aXi and the upper bound bXi are used.

Similar to the first example, see Sect. 6.1, we assume that
E1 and E2 are fully correlated. Both parameters can thus
be described by the random variable X2. The thickness d
of the shell has a large influence on the structural behavior
of the panel. We model this parameter by a uniform dis-
tribution. However, the ratio between the individual layer
thicknesses and the overall thickness remains unchanged.
Since we assume that the fiber orientations of the layers
are uncertain, the numerical model has no symmetry and
the simulation is performed on the entire system. The ran-
dom variationΔϕ of the fiber orientation yields the modified
stacking sequence

[0◦ + Δϕ/90◦ + Δϕ/0◦ + Δϕ]. (117)

In this example, the input parameters in Table 8 include both
normal and uniform distributions. In total, there are three
independent random variables, therefore three-dimensional
polynomials are used for the stochastic discretization. The
approximation in the X1- and X2-direction is performedwith
Hermite polynomials, while Legendre polynomials are used
for the X3-direction, see Table 1. All remaining material
parameters of the structure are assumed to be deterministic
with the following values

G12 = 660 N/mm 2, G23 = 450 N/mm 2, ν12 = 0.25 .

(118)

For the numerical simulation, the structure is discretizedwith
8 × 8 shell elements. In the case of a deterministic analysis,
this results in a total of 414 degrees of freedom. Table 9
lists the total number of the resulting degrees of freedom
depending on the chosen polynomial degree and the q-norm.

This example is more challenging since a snap-through
behavior of the structure occur, see the load–displacement
behavior in Fig. 15. Therefore all numerical simulations are
carried out displacement controlled. The center displacement
w is increased in steps of Δw = 1mm from 0 to 30mm and
the reaction force F is calculated. Accurate results with the
Monte Carlo simulation are obtained by using 104 sample
points. In order to determine the quality of the MCS results,
the stochastic moments of the reaction force at the displace-
ment level w = 20 are considered. Since the reaction force
at this displacement level is examined in more detail later,
the convergence of the MCS results is quantified using this
variable. With 104 random samples, a percentage error in the
skewness less than 3% is achieved compared to a reference
result with 5 × 105 MCS samples. The results of the MCS
are labeled mcs1e4 in the diagrams. In the case of a dis-
placement control within the framework of the SFEM, the
controlled displacement is deterministic. Therefore the fol-
lowing diagrams, depict stochastic quantities of interest such
as mean value, standard deviation and skewness of the reac-
tion force F versus the deterministic center displacement w.

As shown in Fig. 15, the SFEMcan capture themean value
μF of the reaction force F for all investigated polynomial
degrees with a high agreement. A similar approximation
behavior can be observed for the standard deviation of
the reaction force, see Fig. 16. However, a linear polyno-
mial approximation is not able to describe the skewness of
the reaction force, see Fig. 17. With increasing polynomial
degree, a very good agreement between the results of the
SFEM and the MCS can be achieved. It is notable that a
slightly worse approximation of the skewness can be seen
for the displacement level w = 19 and w = 20. In this
range, the values of the reaction force change significantly,
as the structure has passed the limit point and snaps through.
A higher polynomial degree is required to capture higher-
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Fig. 15 Mean value μF of the
reaction force F for several
polynomial degrees of the chaos
expansion

Fig. 16 Standard deviation σF
of the reaction force F for
several polynomial degrees of
the chaos expansion

Fig. 17 Skewness δF of the
reaction force F for several
polynomial degrees of the chaos
expansion

order stochasticmoments at these displacement levels almost
exactly.

Considering the convergence behavior for the displace-
ment step w = 19 → w = 20, see Table 10, it can be
seen that one more iteration is necessary as the polynomial

degree increases. However, a quadratic convergence occurs
near equilibrium.

For a comparison of the computational effort, the speedup
factor in Table 11 is considered. Similar to the first example,
the computation time for the SFEM depends significantly on
the polynomial degree of the PCE. With an increasing poly-
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Table 10 Convergence behavior for the displacement step w = 19 →
w = 20

No. of iter p2 p3 p4

1 2.649E+05 2.649E+05 2.649E+05

2 1.490E+03 1.693E+03 1.822E+03

3 7.328E+01 1.014E+02 1.166E+02

4 4.684E+01 8.809E+01 1.083E+02

5 1.062E+00 4.438E+00 8.273E+00

6 4.063E-03 1.122E-01 5.145E-01

7 2.182E-08 2.615E-05 5.554E-04

8 Conv 2.159E-09 4.003E-09

9 Conv Conv

Table 11 Speedup factor: ratio between MCS and SFEM computation
time Tmcs/Tsfem

Notation Speedup factor

sfem p1 1968.0

sfem p2 676.8

sfem p3 187.6

sfem p4 51.9

nomial basis, the speedup factor decreases significantly. The
SFEMwith p = 4 is 51.9 times faster than theMCS and pro-
vides good approximations up to the skewness. Similar to the
first example in Sect. 6.1, fewer MCS samples are required
for the stochastic moments such as the the mean value and
the standard deviation, while a lower polynomial degree of
the SFEM is also sufficient. The speedup factors in Table 11
can be scaled as described in Sect. 6.1.

For this example, we assume uncertainties in the material
and geometrical parameters, see Table 8. Since the cen-
ter displacement w is controlled, this degree of freedom
is deterministic. All other displacements are in general not
deterministic.Aquantity that is uncertain is the reaction force
F , see Fig. 14. This behavior can be observed in Fig. 18 (left),
which shows themean valueμF plusminus once the standard
deviation σF of the reaction force F plotted as a function of
the deterministic center displacement w.

Finally, the probability density function fF (F |w = 20)
of the reaction force F at the displacement level w = 20 is
shown in Fig. 18 (right). The computation of the probability
density function fF (F |w = 20) is performed in the same
way as described in Sect. 6.1. With 3 × 104 MCS samples,
a converged estimate of the probability density function is
achieved. The convergence of the MCS results is examined
in the same way as in the first example, see Sect. 6.1. It can
be observed that the quadratic chaos expansion is not able to
approximate the MCS results with good agreement. Increas-
ing the polynomial degree to p = 4 provides a very good
approximation of the estimated PDF.

7 Conclusion and outlook

In this paper, a spectral stochastic finite element formulation
for geometric nonlinear composite shells has been presented.
Based on the stochastic variational formulation, a two-step
discretization scheme for the stochastic displacement field
has been introduced. The stochastic space is discretized with
the PCE, while the spatial discretization is performed with

Fig. 18 Left: mean value μF plus minus standard deviation σF of the reaction force F , right: PDF of the reaction force F at the displacement
level w = 20 mm
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the FEM. Subsequently, the developed spectral stochastic FE
formulation has been applied to two numerical examples.

We investigated geometric nonlinear composite shells
subjected to uncertain material and geometrical parameters
as well as stochastic loadings. It has been shown, that the
developed stochastic shell formulation is able to approxi-
mate the random structural response. Results of the SFEM
and the MCS show excellent agreement. Within the method,
all stochastic quantities are characterized by their PC coef-
ficients. During the post-processing, stochastic moments of
displacements, reaction forces and also stresses can be deter-
mined at low computational cost. The hyperbolic truncation
scheme from [8] has been applied in the context of the SFEM
to avoid the exponential increase of the polynomial basis in
problems with multiple random variables. The studies have
shown that the polynomial degree of the PCE has a sig-
nificant influence on the quality of the results, but also on
the computation time. Investigations indicated, that the con-
sistent linearization of the equations results in a quadratic
convergence in the vicinity of the equilibrium point within
the Newton iteration. Furthermore, a computation with the
SFEM provides a surrogate model that can additionally be
used in combination with the MCS to obtain a high number
of samples of the quantities of interest, which can be used to
estimate the corresponding density functions or to compute
quantile values for structural reliability analysis. Investiga-
tions concerning the computation times have shown that the
speedup factor depends mainly on the chosen polynomial
degree and on the number of random input variables. For the
problems investigated here, it was shown that the SFEM is
significantly faster than the MCS.

In addition to the advantages that the SFEM provides, the
method has some drawbacks. The total number of degrees of
freedom depends significantly on the investigated problem
and on the number of basis polynomials. The exponential
increase of the polynomial basis for problems with several
random variables leads tomore unknowns and larger systems
of equations to solve, which has influence on the computation
time. In the MCS a parallelization can reduce the compu-
tational effort, because all random samples are calculated
independently of each other. Within the scope of the SFEM,
such a parallelization is not possible. However, the element
loop can be parallelized analogously to the FEM, see [43].

A spectral stochastic formulation has been presented
including a universal notation, that provides a consistent
formula of the residual and the tangent stiffness matrix.
Therefore, the formulation provides a straightforward imple-
mentation of themethod into an existing finite element analy-
sis program. Furthermore, standard solution algorithms, such
as load control or single displacement control, can be used
to trace the equilibrium path.

In future research work, the application of the method
to nonlinear mixed finite element formulations, based on

Fig. 19 Hermite polynomials

Fig. 20 Legendre polynomials

Hellinger-Reissner orHu-Washizu functionals shall be inves-
tigated.

A PC expansions of normal and uniform dis-
tributions

Normal or uniform distributions are often used for model-
ing random variables. Since these quantities are usually not
standardized, theyhave to be transformed into standard distri-
butions using an isoprobabilistic transformation [44] written
as

X = T (U ) . (119)

The variableU follows distributions such as standard normal
N (0, 1) or standard uniform U (−1, 1), depending on the
distribution of the random variable X . An exact representa-
tion of X is given by the PCE using a constant and a linear
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polynomial term

X = x̂ =
1∑

α=0

xαΨα(U ) = x0Ψ0(U ) + x1Ψ1(U ) . (120)

If we consider the random variable X ∼ N (μ, σ ), the trans-
formation is given by

X = T (U ) = μ + σ ·U U ∼ N (0, 1) (121)

and the coefficients of the corresponding Hermite polynomi-
als can be specified as

x0 = μ, x1 = σ, xα = 0 ∀α > 1 . (122)

Figure19 shows the first four orthonormal Hermite polyno-
mials.

For a uniform distribution X ∼ U (a, b), it follows

X = T (U ) = a + b

2
+ b − a

2
·U U ∼ U (−1, 1) ,

(123)

with the coefficients of the Legendre polynomials

x0 = a + b

2
, x1 = b − a

2
√
3

, xα = 0 ∀α > 1 . (124)

Thefirst four orthonormalLegendre polynomials are depicted
in Fig. 20.

BMultiplication tensor

Analytical solutions can be given for the expected value of a
triple product of polynomials. When using Hermite polyno-
mials, the multiplication tensor is given by [45]

Dαβγ = E
[
ΨαΨβΨγ

]

E
[
Ψγ Ψγ

]

=

⎧
⎪⎪⎨

⎪⎪⎩

√
α!β!γ !

(k−α)!(k−β)!(k−γ )! , α + β + γ = 2k
α, β, γ ≤ k

0, Otherwise .

(125)

In the case of Legendre polynomials, the third-order tensor
is calculated analytically, see [46]

Dαβγ = E
[
ΨαΨβΨγ

]

E
[
Ψγ Ψγ

]

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

√
(2α+1)(2β+1)(2γ+1)

(2k+1)

· k!2(2k−2α)!(2k−2β)!(2k−2γ )!
(2k)!(k−α)!2(k−β)!2(k−γ )!2 , α + β + γ = 2k

k ∈ N0

α, β, γ ≤ k

0, Otherwise .

(126)

The multiplication tensor is solely dependent on the poly-
nomials used and can therefore be determined once before
a calculation. Furthermore, the tensor has several symmetry
properties

Dαβγ = Dαγβ = Dβαγ = Dβγα = Dγαβ = Dγβα . (127)

With the orthonormality property (26) of the polynomials
and the general definition of the first polynomial Ψ0 = 1, it
follows

Dαβ0 = δαβ = Dαβγ δγ 0 . (128)

CMultiplication of two PC variables

We consider two normal distributions X1 ∼ N (1, 1) and
X2 ∼ N (2, 0.5). They can be written in terms of standard
normal distributed random variables

X1 = μ1 + σ1 ·U1 , X2 = μ2 + σ2 ·U2 . (129)

The multiplication of X1 and X2 results in the new random
variable

Z = X1 · X2 . (130)

Due to the simple arithmetic operation inEq. (130), analytical
solutions for the stochastic moments can be derived

μZ = μ1μ2 = 2 ,

σZ =
√

(μ1σ2)
2 + (μ2σ1)

2 + (σ1σ2)
2 = 3

√
2

2
,

δZ = 6μ1σ2μ2σ1σ1σ2
√

(μ1σ2)
2 + (μ2σ1)

2 + (σ1σ2)
2 3

= 2
√
2

9
. (131)

Equation (131) shows that the random variable Z no longer
satisfies a normal distribution. In contrast to the input vari-
ables defined in Eq. (129), the variable Z is characterized
by skewness. This fact can be clearly illustrated with the
corresponding PC expansions. Two-dimensional Hermite
polynomials depending on the standard normal distributions
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Table 12 Polynomial basis and multi-indices

α mα Ψα(U1,U2)

0 [0, 0] Ψ0 = 1

1 [0, 1] Ψ1 = U2

2 [1, 0] Ψ2 = U1

3 [0, 2] Ψ3 = √
2/2

(
U2
2 − 1

)

4 [2, 0] Ψ4 = √
2/2

(
U2
1 − 1

)

5 [1, 1] Ψ5 = U1U2

Fig. 21 Single layer and corresponding material parameters

U1 and U2 are used for the PC expansion of X1 and X2

X1 = x̂1 =
P∑

α=0

x1αΨα , X2 = x̂2 =
P∑

α=0

x2αΨα . (132)

Choosing a total degree of p = 2, results in a polynomial
basis containing P̄ = 6 terms. All polynomials and associ-
ated multi-indices are shown in Table 12.

The corresponding PC coefficients for the expansions in
Eq. (132) can be obtained using Eq. (122). All values are
summarized in the vectors

x1 = [
1, 0, 1, 0, 0, 0

]T
, x2 = [

2, 0.5, 0, 0, 0, 0
]T

.

(133)

The non-zero coefficients in Eq. (133) refer to the con-
stant and linear polynomials. For the exact PC expansion
of the random variable Z , the bilinear polynomial Ψ5 is also
required, which leads to the associated coefficient z5 being
non-zero. The PC expansion of Z is given by

Z = ẑ =
P∑

α=0

zαΨα , z = [
2, 0.5, 2, 0, 0, 0.5

]T
.

(134)

The coefficients are determined using the formula in Eq. (38).
Using Eq. (42), the mean value and the standard deviation
can be determined directly from the PC expansion, given in
Eq. (134)

μ ẑ = z0 = 2 , (135)

σ 2
ẑ =

√√√√
P∑

α=1

z2α =
√
22 + 0.52 + 0.52 = 3

√
2

2
. (136)

The skewness can also be derived analytically using Eq. (43)

δ ẑ = 1

σ 3
ẑ

P∑

α=1

P∑

β=1

P∑

γ=1

Dαβγ zα zβ zγ = 2
√
2

9
. (137)

Since all PC expansions shown in this section are exact,
the resulting stochastic moments from the PCE in Eq. (134)
match to the analytical solutions shown in Eq. (131).

DMultiplication and division of PC variables

The multiplication (38) of two PC variables can be for-
mulated as a linear system of equations for the unknown
coefficients
⎡

⎢
⎣

a0
...

aP

⎤

⎥
⎦ =

⎡

⎢
⎣

Dα00 bα · · · Dα0P bα

... Dαβγ bα

...

DαP0 bα · · · DαPP bα

⎤

⎥
⎦

⎡

⎢
⎣

c0
...

cP

⎤

⎥
⎦ . (138)

In vector–matrix notation, the multiplication reads

a = Bc a, c ∈ R
P̄ , B ∈ R

P̄×P̄ . (139)

In the case of division (40), the following relations are
obtained
⎡

⎢
⎣

Dα00 bα · · · Dα0P bα

... Dαβγ bα

...

DαP0 bα · · · DαPP bα

⎤

⎥
⎦

⎡

⎢
⎣

a0
...

aP

⎤

⎥
⎦ =

⎡

⎢
⎣

c0
...

cP

⎤

⎥
⎦ (140)

and in short form we get

a = B−1 c a, c ∈ R
P̄ , B ∈ R

P̄×P̄ . (141)

E PC expansion of the material matrix for a
single layer

Due to the stochastic modeling of material parameters such
as the Young’s modulus, the material matrix in Eq. (15)
is a stochastic quantity. Based on the PC expansion of the
stochastic material properties, the corresponding PC coeffi-
cients of the material matrix can be determined considering
the arithmetic operations for PC variables. This uncertainty
propagation is shown with an illustrative example. There-
fore we consider a single layer with the following material
parameters, see Fig. 21.

In the following example, only the stiffness entry C12 of
the material matrix C̄m , see Eq. (15), will be considered. The
analytical relationship between the Young’s modulus E1(ω)
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Table 13 PC coefficients of the random stiffness C12(ω)

C12α p = 1 p = 2 p = 3

C120 280.9127 280.9141 280.9141

C121 −0.6039 −0.6169 −0.6173

C122 0 0.0892 0.0920

C123 0 0 −0.0163

Fig. 22 Analytical relationship and polynomial approximations

and the stiffness C12(ω) is given by

C12(ω) = C12(E1(ω)) = ν12E2

1 − ν212E2

E1(ω)

= 275

1 − 68.75

E1(ω)

.

(142)

For the polynomial approximation of the relation (142), we
start with the PC expansion of the input variable

E1(ω) =
P∑

α=0

E1αΨα

E10 = 3300, E11 = 330, E1α = 0 ∀α > 1 . (143)

Similarly, we formulate the PCE of the output quantity

C12(ω) =
P∑

α=0

C12αΨα . (144)

Due to the normal distribution of E1(ω), Hermite polynomi-
als are used for the chaos expansions of the input and output
variables. Table 13 shows the coefficients C12α for different
polynomial degrees of the PC expansion.

To illustrate the approximation, the analytical relationship
(142) and the corresponding PC expansions (144) are shown
in Fig. 22.

One can see that the cubic polynomial approximation can
almost exactly describe the analytical function.

F Variation of stochastic shell strains

The variation of the remaining shell strains can be determined
as follows.

δε22γ = ∂ε22γ

∂u1λ,2
δu1λ,2 + ∂ε22γ

∂u2λ,2
δu2λ,2 + ∂ε22γ

∂u3λ,2
δu3λ,2

= Dαβγ δαλu1β,2δu1λ,2

+ (
δγλ + Dαβγ δαλu2β,2

)
δu2λ,2

+ Dαβγ δαλu3β,2δu3λ,2

= Dλβγ

[
u1β,2δu1λ,2 + (

δβ0 + u2β,2
)
δu2λ,2

+ u3β,2δu3λ,2
]

(145)

2δε12γ = 2∂ε12γ

∂u1λ,1
δu1λ,1 + 2∂ε12γ

∂u1λ,2
δu1λ,2 + 2∂ε12γ

∂u2λ,1
δu2λ,1

+ 2∂ε12γ

∂u2λ,2
δu2λ,2+2∂ε12γ

∂u3λ,1
δu3λ,1+2∂ε12γ

∂u3λ,2
δu3λ,2

= Dαβγ δαλu1β,2δu1λ,1

+ (
δγλ + Dαβγ δαλu1β,1

)
δu1λ,2

+ (
δγλ + Dαβγ δαλu2β,2

)
δu2λ,1

+ Dαβγ δαλu2β,1δu2λ,2

+ Dαβγ δαλu3β,2δu3λ,1 + Dαβγ δαλu3β,1δu3λ,2

= Dλβγ

[
u1β,2δu1λ,1 + (

δβ0 + u1β,1
)
δu1λ,2

+ (
δβ0 + u2β,2

)
δu2λ,1 + u2β,1δu2λ,2

+ u3β,2δu3λ,1 + u3β,1δu3λ,2 ] (146)

δκ11γ = ∂κ11γ

∂β1λ,1
δβ1λ,1

= δγλδβ1λ,1 = Dλβγ δβ0δβ1λ,1 (147)

δκ22γ = ∂κ22γ

∂β2λ,2
δβ2λ,2

= δγλδβ2λ,2 = Dλβγ δβ0δβ2λ,2 (148)

2δκ12γ = 2∂κ12γ

∂β1λ,2
δβ1λ,2 + 2∂κ12γ

∂β2λ,1
δβ2λ,1

= δγλδβ1λ,2 + δγλδβ2λ,1

= Dλβγ

(
δβ0δβ1λ,2 + δβ0δβ2λ,1

)
(149)

δγ 13γ = ∂γ 13γ

∂β1λ
δβ1λ + ∂γ 13γ

∂u3λ,1
δu3λ,1

= δγλδβ1λ + δγλδu3λ,1

= Dλβγ

(
δβ0δβ1λ + δβ0δu3λ,1

)
(150)

δγ 23γ = ∂γ 23γ

∂β2λ
δβ2λ + ∂γ 23γ

∂u3λ,2
δu3λ,2

= δγλδβ2λ + δγλδu3λ,2

= Dλβγ

(
δβ0δβ2λ + δβ0δu3λ,2

)
(151)
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G Linearization of virtual shell strains

This section shows the detailed derivation of the linearization
of the virtual shell strains.

Δδε22γ = ∂δε22γ

∂u1μ,2
Δu1μ,2 + ∂δε22γ

∂u2μ,2
Δu2μ,2 + ∂δε22γ

∂u3μ,2
Δu3μ,2

= Dλβγ δβμ

[
δu1λ,2Δu1μ,2 + δu2λ,2Δu2μ,2

+ δu3λ,2Δu3μ,2
]

= Dλμγ

[
δu1λ,2Δu1μ,2 + δu2λ,2Δu2μ,2

+ δu3λ,2Δu3μ,2
]

(152)

2Δδε12γ = 2∂δε12γ

∂u1μ,1
Δu1μ,1 + 2∂δε12γ

∂u1μ,2
Δu1μ,2

+ 2∂δε12γ

∂u2μ,1
Δu2μ,1 + 2∂δε12γ

∂u2μ,2
Δu2μ,2

+ 2∂δε12γ

∂u3μ,1
Δu3μ,1 + 2∂δε12γ

∂u3μ,2
Δu3μ,2

= Dλβγ δβμ

[
δu1λ,2Δu1μ,1 + δu1λ,1Δu1μ,2

+ δu2λ,2Δu2μ,1 + δu2λ,1Δu2μ,2

+ δu3λ,2Δu3μ,1 + δu3λ,1Δu3μ,2
]

= Dλμγ

[
δu1λ,2Δu1μ,1 + δu1λ,1Δu1μ,2

+ δu2λ,2Δu2μ,1 + δu2λ,1Δu2μ,2

+ δu3λ,2Δu3μ,1 + δu3λ,1Δu3μ,2
]

(153)

H Stochastic discretization

This section illustrates the stochastic discretization of the
stochastic weak form. The virtual work of the external loads
can be reformulated to

E [δπext (ω)]

= E

⎡

⎢
⎣
∫

Ω0

δvT (ω)q̄(ω) dA +
∫

∂Ωσ
0

δvT (ω)f̄(ω) ds

⎤

⎥
⎦

= E

⎡

⎢
⎣
∫

Ω0

δvTα Ψαq̄βΨβdA +
∫

∂Ωσ
0

δvTα Ψα f̄βΨβds

⎤

⎥
⎦

=
∫

Ω0

δvTα q̄βδαβdA +
∫

∂Ωσ
0

δvTα f̄βδαβds

=
∫

Ω0

δvTα q̄αdA +
∫

∂Ωσ
0

δvTα f̄αds . (154)

Analogously, the virtual work of the internal forces is dis-
cretized

E [δπi (ω)]

= E

⎡

⎢
⎣
∫

Ω0

δεT (ω)σ (ω)dA

⎤

⎥
⎦

= E

⎡

⎢
⎣
∫

Ω0

δεTα Ψασ βΨβdA

⎤

⎥
⎦ =

∫

Ω0

δεTα σ βδαβdA

=
∫

Ω0

δεTα σαdA . (155)

The linearization of the residual is discretized in a similar
way

E [Δδπ(ω)]

= E

⎡

⎢
⎣
∫

Ω0

δεT (ω)Δσ (ω) + ΔδεT (ω)σ (ω) dA

⎤

⎥
⎦

= E

⎡

⎢
⎣
∫

Ω0

δεTα Ψα DβΨβ Δεγ Ψγ + ΔδεTα Ψα σ βΨβ dA

⎤

⎥
⎦

=
∫

Ω0

δεTα Dβ Δεγ Dαβγ + ΔδεTα σα dA . (156)

I Local Cartesian basis and transformation

The local Cartesian basis is defined at the element center,
which is given by

X̃0 := 1

4

4∑

I=1

X̃I . (157)

All quantities that refer to the global coordinate system ei are
designated with ˜(•). Using the diagonal vectors in the shell
plane, the local basis vectors Ai can be calculated as

d̄1 = X̃3 − X̃1, d1 = d̄1/||d̄1||
d̄2 = X̃2 − X̃4, d2 = d̄2/||d̄2||
A1 = (d1 + d2)/||d1 + d2||
A2 = (d1 − d2)/||d1 − d2||
A3 = d1 × d2 . (158)

Finally, the transformation matrix is given by

T := Ai ⊗ e j = [
A1 A2 A3

]T
T ∈ R

3×3 , (159)

which is used to transform the nodal coordinates and nodal
displacements with
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XI = T
(
X̃I − X̃0

)
I = 1, . . . , 4

vIα =
[
uIα

β Iα

]
=

[
T3×3 03×3

03×3 T3×3

]
ṽIα

= T̄ ṽIα ∀α ∈ [0 . . . P] . (160)

The coefficient of the nodal displacement vector according
to the global basis is given by

ṽIα = [
ũ1Iα, ũ2Iα, ũ3Iα, β̃1Iα, β̃2Iα, β̃3Iα

]T
. (161)

At the element level, the residual and the tangent stiffness
matrix can be mapped to the global basis with

g̃eI = T̄T geI , k̃eT I K = T̄T keT I K T̄ . (162)

J Transverse shear strain

In the context of the stochastic formulation, the compatible
shear strains for the quadrilateral shell element are given by

γ̃ξ3γ = 1

4
(1 − η)

[
x1,

B
ξ

(
β11γ + β12γ

)

+ x2,
B
ξ

(
β21γ + β22γ

) + (
u32γ − u31γ

)]

+ 1

4
(1 + η)

[
x1,

D
ξ

(
β13γ + β14γ

)

+ x2,
D
ξ

(
β23γ + β24γ

) + (
u33γ − u34γ

)]
(163)

and

γ̃η3γ = 1

4
(1 − ξ)

[
x1,

A
η

(
β14γ + β11γ

)

+ x2,
A
η

(
β24γ + β21γ

) + (
u34γ − u31γ

)]

+ 1

4
(1 + ξ)

[
x1,

C
η

(
β12γ + β13γ

)

+ x2,
C
η

(
β22γ + β23γ

) + (
u33γ − u32γ

)]
. (164)

Within the bi-linear interpolation, the local derivatives of the
coordinates can be specified as

x1,
A
η = 1

2
(x14 − x11) , x2,

A
η = 1

2
(x24 − x21) ,

x1,
B
ξ = 1

2
(x12 − x11) , x2,

B
ξ = 1

2
(x22 − x21) ,

x1,
C
η = 1

2
(x13 − x12) , x2,

C
η = 1

2
(x23 − x22) ,

x1,
D
ξ = 1

2
(x13 − x14) , x2,

D
ξ = 1

2
(x23 − x24) . (165)

The variation of the modified shear strains are determined as

δγ̃ξ3γ = Dλβγ δβ0

{
1

4
(1 − η)

[
x1,

B
ξ (δβ11λ + δβ12λ)

+ x2,
B
ξ (δβ21λ + δβ22λ) + (δu32λ − δu31λ)

]

+ 1

4
(1 + η)

[
x1,

D
ξ (δβ13λ + δβ14λ)

+ x2,
D
ξ (δβ23λ + δβ24λ) + (δu33λ − δu34λ)

]}

(166)

and

δγ̃η3γ = Dλβγ δβ0

{
1

4
(1 − ξ)

[
x1,

A
η (δβ14λ + δβ11λ)

+ x2,
A
η (δβ24λ + δβ21λ) + (δu34λ − δu31λ)

]

+ 1

4
(1 + ξ)

[
x1,

C
η (δβ12λ + δβ13λ)

+ x2,
C
η (δβ22λ + δβ23λ) + (δu33λ − δu32λ)

]}
.

(167)

Based on this notation, the modified B-matrix in Eq. (103)
for the shear strains is derived.
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