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1. Introduction
In order to increase the efficiency of rotary positive displacement compressors (RPDCs), an in-
depth knowledge of the two-phase surge and gap flow between two adjacent compressor chambers
is crucial as recently elaborated by e.g. Nikolov & Brümmer [1]. In addition to the measurement
of torque the accordingly required experimental investigations moreover rely on the non-trivial
flow measurement of both liquid and gas phases in the annular housing gap of the RPDCs.
Such gap-flow investigations largely center around (laser-)optical imaging techniques, which
either address the qualitative characterization of the spatio-temporal two-phase flow behavior
or furthermore aim at a quantitative evaluation of velocity information inside the RPDC.

Xin et al. [2] and Vasuthevan & Brümmer [3], for instance, addressed the interrelationship of
influential factors for the performance of oil-injected RPDC by means of combined qualitative
visualizations and integral torque measurements. Patel et al. [4] measured the temperature
field inside an oil-free RPDC by means of laser-induced fluorescence (LIF), which was later
complemented with planar – i.e. two dimensional & two component (2D2C) – particle image
velocitmetry (PIV) in the annular housing-gap plane of the RPDC by the same group [5]. Since
additional knowledge of the lateral distribution of flow field across the annular housing gap is
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Abstract. The present combined theoretical/experimental study addresses the impact of
astigmatism on the two-phase flow diagnostics across the curved surfaces of liquid test-
rig containments. In the present context, the target application is the two phase leakage-
flow diagnostics across the annular housing gaps of oil-injected rotary positive displacement
compressors (RPDC). Earlier studies by the authors identified the Defocusing Particle Tracking
Velocimetry (DPTV) and Interferometric Particle Imaging (IPI) as particularly promising
combination of flow measurement techniques to investigate the liquid and disperse gas phases
inside the annular housing gap of RPDCs. The test-rig-specific influence of astigmatism on
the resulting optical transfer function for a quantitative evaluation of the recorded defocused
particle images (PI) is first compared to the theoretically derived circular PI diameter upon
pure defocussing and subsequently tested for both classes of PIs, i.e DPTV and IPI. To mimic
the optical configuration of optically accessible lateral surfaces of typical RPDC test rigs, a
circular beaker glass (CBG) of comparable diameter is chosen for the experimental campaign.
The results are discussed and future efforts for advanced PI-evaluation strategies are outlined
on the grounds of the drawn conclusions.
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of utmost importance to improve both prediction and optimization strategies towards advanced
RPDC efficiency, volumetric (3D3C) flow-diagnostics approaches seem mandatory for the given
two-phase flow scenario.

Tomographic PIV [6] and more recently also Lagrangian particle tracking (LPT) methods [7]
enjoy increasing attention for quantitative 3D3C flow diagnostics. However, these volumetric
standard approaches might have limited applicability in cases, where microscopic characteristic
length scales such as e.g. the cross-section of micro channels or - in the present context - a thin
housing gap are accompanied by macroscopic characteristic lengths scales along the channel-
flow direction or the lateral surface, respectively. For such wide aspect-ratio flow scenarios
defocused imaging approaches [8] provide a promising alternative, where size and/or shape of
the defocused particle image (PI) rather than the multi-camera tomographic reconstruction
provides information on the depth location of the PI along the optical axis imaging setup inside
the measurement volume. In context of planar thin gap flows, Leister et al. [9, 10] recently
analyzed the single-phase flow scenario inside 400-540 µm wide rotor-stator gaps of an open
wet clutch experimentally by means of phase-resolved defocusing particle tracking velocimetry
(DPTV). This study furthermore took advantage of the known no-slip boundary conditions at
rotor and stator to apply an in-situ calibration approach [11,12].

In addition to a DPTV-based evaluation of the liquid phase, in case of RPDCs, additional
complementary diagnostics of the two-phase character of investigated flow is mandatory.
Standard (high-speed) imaging approaches by means of reflected light processes are suitable for
macroscopic sizing and tracking efforts of liquid-gas interfaces, where small-scale processes such
as bubble onset and initial growth require additional diagnostics approaches. For such disperse
cases e.g. the interferometric particle imaging (IPI) is a promising approach for image-based
particle-size analysis [13], which has been repeatedly applied for both spray-characterization [14]
and bubble-sizing studies [15,16].

The general applicability of both DPTV and IPI for two-phase flow diagnostics in thin annular
gaps has recently been successfully outlined by Leister et al. [17], where the measurement system
was operated in side-scatter configuration - i.e. optical axes of laser and camera were oriented
approximately perpendicular. To prepare for the limited optical access of e.g. RPDC-related
investigations, Leister et al. [10] successfully conducted back-scatter DPTV measurements
through a transparent disc. Likewise, Sax et al. [18] evaluated and testified the applicability
of IPI in back-scatter orientation in a combined theoretical/experimental investigation. Both
studies [10,18] only considered planar surfaces for the optical access, which accordingly resulted
in circular particle images (PI).

The curved boundaries of the annular housing gap of RPDCs introduce additional
astigmatism to the optical transfer function (OTF) of the experimental approach. As concluded
by Leister et al. [17], the corresponding shape deformation of the recorded defocused PIs is
hypothesized to provide additional information for the depth localization, which might take
additional advantage of established astigmatism particle image velocimetry (APTV) approaches
[19,20].

In continuation of earlier studies by Leister et al. [17] the purpose of the present study
is the adaption of the OTF towards a combined APTV/DPTV evaluation of RPDC-related
gap-flow diagnostics. Since the measurement volume inside the above-mentioned boundary
curvature accordingly acts as a cylinder lens itself, no immediate application of standard APTV
approaches [19,20] is straight-forwardly possible. Consequently, a quantitative characterization
of the experimental optical system including the surface curvature will be elaborated for the
PI localization in a first step. Subsequently, the developed OTF is testified with a first set of
manually labeled raw data originating from both DTPV and IPI PIs, where the vertical and
horizontal axes of the PIs (respectively corresponding to the vertical and azimuthal cylinder
axes) are compared. Also the resulting particle displacements are determined to comparatively
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Figure 1. Experimental setup, photography (a) and sketch (b), optical configuration (c) of the
experimental and processing procedure for the IPI and DPTV evaluations.

evaluate the theoretical (present OTF) and the retroactively determined [11, 12] no-slip PI
diameter at the wall of the utilized circular beaker glass (CBG).

2. Experimental and Processing Procedure
2.1. Experimental setup
The experimental setup is comprised of a CBG (inner diameter 2R = 88.9mm, wall thickness
zg = 5.8mm, acrylic glass refractive index ng = 1.492), which sits on a magnetic stirrer
to maintain a circumferential velocity of the water (density ϱw = 993 kg/m3, dyn. viscosity
µw = 6.5 × 10−4 kg/ms at 40◦C, refractive index nw = 1.333); see Figure 1(a). The water is
seeded with 20 µm diameter Polyamid particles (density 1150 kg/m3) for the DPTV evaluation,
which results in a particle response time of τp ≈ 34 µs and a correspondingly small Stokes
number St < 10−2 for the tracer-based velocimetry [21]. Note, however, that upon sufficient
displacement from the focal plane the particle diameter itself no longer contributes to the
diameter of the PI; see e.g. the treatise of Olsen & Adrien [22]. Furthermore, the electrolysis
apparatus as already used by Sax et al. [18] is applied to produce a constant rate of bubbles
for the IPI approach. A PCO Pixelfly camera (14 bit, maximum resolution 1392 × 1040 pixels)
is equipped with an f = 105mm Nikon Nikkor lens to capture both classes of PIs. The CBG
is illuminated with the raw beam of a Quantel EverGreen Nd:YAG (λ = 532 nm, 200mJ) dual-
cavity laser, which is oriented vertically in 160◦ back-scatter orientation to ensure reasonable IPI
fringe-pattern visibility in back-scatter mode [18]. Double frame images are recorded at 15Hz
repetition rate with a pulse distance between the laser cavities of ∆t = 300 µs.
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Table 1. Experimental and optical parameters
Quantity Value
focal length f 105mm
f-number f# 2.8
aperture diameter Da = f/f# 37.5mm
magnification M 1.06
reproduction scale 6.1 µm/px
camera sensor pixel size 6.45 µm
refractive index air na 1
refractive index acrylic glass ng 1.492
refractive index water nw 1.333
thickness beaker glass wall zg 5.8mm
time interval ∆t between frame A and B 300 µs

2.2. Optical considerations
Sufficiently displaced from the focal plane, the defocused particle image diameter a can be
approximated as proportional to the optical distance z∗ to the focal plane as e.g. elaborated in
the treatise of Olsen & Adrian [22]. This assumption has been shown to hold true for the present
class of defocus applications [9–12]. Accordingly, the combination of defocus sensitivity ∂z/∂a
(change of particle depth position with particle image size, see also Equation 11) and the PI
diameter at the glass-water interface a(R) are the desired quantities for the OTF of the setup.
The optical configuration of the imaging system is sketched in the vertical plane in Figure 1(c).
Note that this plane serves as basis for the OTF, since no additional astigmatism is introduced
in this plane, which in turn lead to robust estimates of the expected vertical PI axis av (minor
axis of the elliptical PI). The horizontal axis ah of the defocused PI (major axis of the elliptical
PI), in contrast, will be influenced by the astigmatism caused by the curved beaker glass surface.

Focal length (f = 105mm), f-number (f# = 2.8), camera sensor pixel size (6.45 µm), thickness
of the beaker glass wall (zg = 5.8mm) and the refractive indices of air, acrylic glass and water
are known optical parameters. A summary of these and further parameters can be found in
Table 1.

As a first step a calibration target is recorded at the glass-water interface to determine
the magnification M = 1.06 of the optical setup and the reproduction scale of 6.1 µm/px.
Considering the definition of magnification [21]

M =
zi
zo

(1)

and focus criterion [21]
1

f
=

1

zi
+

1

zo
, (2)

the image distance zi = 216.3mm and the optical object distance zo = 204.1mm can be
calculated straight forwardly from the determined and subsequently known values for M and f
[21] . Since the object distance zo is comprised of both traveled distance in air and the known
contribution inside the glass, i.e.

zo =
za
na

+
zg
ng

, (3)

the distance between principal plane and air-glass interface can be determined as za = 200.2mm,
cp. also Figure 1(c).

In order to obtain sufficiently defocused particle images at the glass-water interface and
beyond, the camera is moved backwards by 600 µm after imaging the calibration target. This
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results in a modified value for za = 200.8mm, with the focal plane now situated within the glass;
see Figure 1(c). The geometric location of the focal plane inside the glass is

zg,1 =

(
zo −

za
na

)
· ng = 4.9mm (4)

for the distance between the air-glass interface to the focal plane and likewise the distance to
the glass-water interface zg,2 = zg − zg,1 = 0.9mm. The optical distance for a particle at the
glass-water interface can then be determined as

za
na

+
zg
ng

= 204.7mm. (5)

According to Olsen & Adrian [22] the vertical axis av of a PI can be calculated by

av =

√√√√√√ M2d2p︸ ︷︷ ︸
geometric image

+5, 95(M + 1)2λ2f2
#︸ ︷︷ ︸

diffraction

+
M2z∗2D2

a

(zo + z∗)2︸ ︷︷ ︸
defocusing

, (6)

with the particle size dp, the laser wavelength λ and the aperture diameter Da = f/f# =
37.5mm. For sufficient defocusing (sufficiently large z∗) and a large optical distance between
focal plane and principal plane zo in comparison to the particle’s optical distance to the focal
plane z∗ the equation simplifies to

av =
MDa

zo
z∗ , (7)

because the geometric image term and the diffraction term become negligible compared to
the defocusing term [10]. Note that for sufficiently defocused particle images as generally applies
for DPTV, particle size accordingly has negligible influence on the resulting PI size.

For the optical distance

z∗ =
zg,2
ng

= 0.6mm, (8)

the vertical axis of PIs at the glass-water interface can now be determined via Equation 7, which
results in av = 116.85 µm. For any particle beyond the glass-water interface, z∗ expands to

z∗ =
zg,2
ng

+
zw
nw

, (9)

which likewise also modifies the vertical PI diameter inside the CBG to

av(zw) =
MDa

zo

(
zg,2
ng

+
zw
nw

)
. (10)

Note that the optical distance zw in the water can be also translated into a CBG-fixed frame
of reference, where the radial particle location r and its distance to the outer wall zw can be
converted via zw = R− r; see Figure 1(c).

The determination of the defocus sensitivity can be approximated via the slope of
Equation 10, i.e.

∂z

∂a
=

∆zw
∆av

=
zonw

MDa
, (11)

where ∆zw is the displacement of a particle along the optical axis and ∆av the corresponding
change in the PI’s vertical axis. For the given experimental configuration the defocusing
sensitivity and vertical axis for particles at the glass-water interface are finally determined to
44 µm/px and av(zw = 0) = 18.12 px.
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(a) preprocessed DPTV result (b) preprocessed IPI result

Figure 2. Random PIs of the recorded tracer particles (a) and bubbles (b); manually labeled
vertical and horizontal axes av and ah are added to either PI in red and blue to the pre-processed
images, respectively.

3. Results
Random results of both classes of recorded PIs are shown in Figure 2, which already comprise
the manually-labeled vertical (red) and horizontal (blue) axes, av and ah, of the ellipsoidal PIs.
Note that the different PI light intensities between Figure 2(a) and 2(b) indicate the general
competing effect of PI diameter and resulting signal-to-noise (SNR) ratio for a given scatter-light
intensity (cp. also Leister et al. [10] in context of circular PIs).

To evaluate the impact of astigmatism originating from the CBG curvature on the resulting PI
shape, both axes of the 342 manually labeled PIs of tracer particles (DPTV, green) and bubbles
(IPI, red) are plotted against one another in Figure 3. Furthermore, a bisecting dashed line is
added to the diagram to indicate the case of circular PIs as reference slope for the evaluation
of the additional effect of astigmatism. As expected from the theoretical considerations in
Section 2.2 no PI diameters below av = 18.12 px are registered, which retroactively confirms
the applicability of the above approach. Moreover, the slope of the distribution of registered
PI diameters falls considerably below the dashed reference. The resulting slope for the PIs
is determined from a linear regression and also added to the diagram to have immediate
comparability to the circular reference. This diminished slope is observed to likewise hold true
for both classes of PIs, i.e. tracer particles (DPTV) and bubbles (IPI), which further confirms
the independence of the combined defocus/astigmatism effect on the particle class.

A combined depth-codification and velocity estimation is displayed in Figure 4, where the
horizontal PI displacement between two consecutive frames A and B of a double-frame image is
shown against the vertical PI diameter av (both in pixels). A linear regression of the scattered
data is added to the diagram with fixed no-slip boundary condition at the wall, i.e. zero
displacement for av = 18.12 px as indicator for the expected quasi-linear near-wall velocity
profile (cp. Leister et al. [17]). The scatter margin (≈ 3 px) of the data points indicates the
limited accuracy of the manually conduced labeling approach of the registered PIs. Nonetheless,
the scattered results clearly reveal the expected slope of particle displacements. In order to
convert the diagram also into physical coordinates, a second abscissa is added at the top of the
diagram, which shows the wall distance zw = R − r = ∆zw

∆av
av. Similarly, the determined PI

displacements are converted to circumferential velocities uφ(zw) via reproduction scale and laser
pulse distance, which reasonably resemble the expected velocity range for the stirred water in
the CBG.
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Figure 3. Evaluation of PI size and shape upon the combined influence of defocussing and
astigmatism effects for 342 manually labeled particle images: The ordinate shows the vertical
axis av, which only contains the imprint of defocussing, the abscissa shows the horizontal axis
ah, which furthermore comprises the stretching effect of astigmatism. A bisecting dashed line
indicates the slope of circular PIs as reference for the linear regression of the registered PIs (solid
line) the latter revealing a diminished slope.

4. Concluding Remarks
In continuation of earlier efforts towards quantitative laser-optical back-scatter diagnostics
of the annular two-phase flow in RPDCs [10, 17, 18] the presented combined theoretical and
experimental study addresses additional optical considerations as inevitably occurs for imaging
measurements across curved surfaces. To mimic the impact of astigmatism on the OTF of the
experimental approach, a CBG of comparable diameter as apply for typical RPDCs is chosen
for the measurements, which reveals a mild yet significant impact of the curved surface on the
resulting shape deformation of the recorded PIs. The correspondingly distinctively different
defocus-sensitivity slopes for horizontal and vertical axes are, therefore, hypothesized to provide
additional quantitative depth localization measures.

The derivation of the underlying OTF for the given problem comprises the three separate
contributions of the air between the imaging equipment and the glass wall, the thickness
of the wall, and the depth location inside the flow domain. Consequently, this OTF
is straightforwardly applicable for future experimental efforts of similar geometrical/optical
configurations. Moreover, the defocus PI-diameter determination for the no-slip condition at
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Figure 4. Particle-displacement evaluation for PI pairs. The lower and upper abscissae
respectively show the vertical PI diameter av and correspondingly determined physical depth
localization zw = R − r. The latter can be calculated from Equation 10 as explained
in Section 2.2; the left ordinate reveal the horizontal PI displacement in pixels between
two consecutive frames A and B of a double-frame image; the right ordinate reveals the
circumferential velocity uφ(zw) of the respective particles as function of wall distance zw = R−r.
The two ordinates are equivalent and can be transformed into one another through the
application of reproduction scale and time interval ∆t. A linear regression of measured data is
added to the diagram with fixed no-slip boundary condition at the wall.

the wall-liquid interfaces is shown to provide valuable a-priori information for the calibration of
particle displacement curves. To improve the calibration procedure further, it seems promising to
further merge the present OTF-based a-priori approach with both in-situ calibration [11,12] but
also a purpose-developed calibration image stack for the so-called general defocusing particle
tracking (GDPT) [23, 24]. The latter is foreseen to also take immediate advantage of the
development of the above-mentioned different defocus sensitivity slopes for horizontal and
vertical axes.

As a final remark, the present study demonstrates the combined and simultaneous
applicability of DPTV and IPI in backscatter configuration for the investigation of RPDC-
related two-phase gap flows. However, to advance beyond the present proof-of-concept level,
more sophisticated conventional and also machine-learning (ML) assisted pattern-identification
approaches seem mandatory, which is indicated through the considerably scattered data margin
of the presented results. Similar to ring detection in DPTV [25, 26], in this context current
efforts at ISTM also center around an ML-based detection and classification of DPTV and IPI
result, where the experimental results of the present study represent a preliminary subset of
labeled ground-truth information for the supervised learning process.
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