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1 | MOTIVATION AND OVERVIEW
1.1 | Stable factorisation homology of oriented surfaces

Let S be a smooth oriented surface, possibly with boundary. For each r > 0, the topological group
Diff ; (S) of orientation-preserving diffeomorphisms fixing the boundary acts on the configuration
space C,(S°) of r unordered particles in the interior S, and the homotopy quotient C,(§) / Diff ; S)
is a moduli space for surfaces that are diffeomorphic to S and carry r permutable punctures in
their interior.
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If S,; is an oriented surface of genus g > 0 with one boundary curve, then we obtain
maps C,(§g,1) // Diff}(S,,) — Cr(SﬂgH’l) // Diff}(S,4,1) by forming the boundary-connected
sum with S, ; that carries no particles. It follows essentially from Harer’s stability theorem [18]
that the sequence of these maps is homologically stable. Moreover, the stable homology has been
described by [6] in terms of an ‘undecorated’ part hocolimg_mBDiff;(S 41) and B(&,. 250(2)).

A more recent work [7] studies generalisations of these configuration spaces, which capture
more of the local structure of the surface: We fix a framed E,-algebra A, that is, a space on which
the operad E, X SO(2) acts, and consider, for each oriented surface S as above, the space ]S A
of oriented embeddings ]_[r D? o S, for arbitrary r > 0, where each disc carries a label in A and
where the framed E,-action on A is balanced with compositions of embeddings of discs as in
[32]. This is an instance of factorisation homology developed in [26, section 5.5]. Again, we have
an action of the diffeomorphism group Diff;(S) on /S A, now by postcomposing embeddings of
discs, and stabilisation maps ng,l A lef;'(Sg,l) — ng+1,1 AY D1ff;(Sg+1,1).

As before, it turns out that this sequence is homologically stable [7, Theorem E] and
that the stable homology splits as follows: Bonatto constructs a geometrically flavoured semi-
simplicial space D,(A) out of A, whose geometric realisation is an E -algebra, and identifies
the group-completion of the A, -algebra [] ., s A / Diff;(S ;1) with the infinite loop space
Q®MTSO(2) x QB|D,(A)|, see [7, Theorem G]. Here MTSO(2) is the oriented tangential Thom
spectrum as in [27]. Via the group-completion theorem from [29], see also [12, Apx. Q], this implies
that the colimit of the above stabilisations splits homologically into hocolim,,_, ., BDiff ; (S,1)and
QB|D.(A)I.

1.2 | Aim and setting of this work

The main point of this work is to establish a description of Bonatto’s second factor in homotopy-
theoretic terms. Our methods to pursue this aim allow for a more general input: Recall that for
each dimension d and each d-dimensional tangential structure 6 : L — BO(d) (in the sense of
Definition 2.16), there is an operad Eg of 6-framed embeddings of d-dimensional discs, and for
each 6-framed manifold (W, £;,) and each Eg-algebra A, we can consider the factorisation homol-
ogy fus, A, which geometrically is defined exactly as in the case of surfaces. An explicit model as a
two-sided bar construction is given in [24]; we recall it in Section 2.3.

As before, one can consider the moduli space of such manifolds W with decorations in A, essen-
tially by letting the 6-framing vary and quotienting out the action of the group Diff;(W), see
Construction 2.26 for details. The result is called W[ A] and plays a central role in this paper. We
are interested in these spaces for the following reasons:

* They generalise at the same time of the aforementioned generalised configuration spaces of
surfaces from [7] and the classifying spaces for punctured diffeomorphism groups for manifolds
of arbitrary dimension from [6, 8].

* They appear in a homotopy fibre sequence fue, A— WoA] - Mg(W, ¢w), Where Mg(W, Cw)
is the classical moduli space of 6-framed manifolds of type (W, ¢y,) studied in [16, 17]; see
Proposition 2.31 for details.

o If QgX is the 6-framed loop space for some retractive space X over L, see Example 6.15 for a
definition, then We[QgX ] is the moduli space Mg(W, Cw){X) of 6-framed manifolds of type
(W, ¢y), together with a map to X over L.

JORIPUOD PUB SWIS | 3L} 39S *[SZ02/E0/TT] U AiqiTauIUO A81IMm ‘B1B0j0u0e L I IMsul Jeunss|e i Aq 68002 SWII/ZTTT OT/I0pALOD" A3 ]I ARIqIBUIIUO"I0SUTEWPUO|//:SHNY WO pepeojumod ‘2 ‘5202 ‘052L69T

fajm

5UBD17 SUOWILOD dAIERID 3|ced ! |dde sy Ag pausenoh ae sappie O ‘8sn JO sajnJ J0j Ariq 1] auluo A3|1M uo



A STABLE SPLITTING OF FACTORISATION HOMOLOGY | 3 of 37

In the case of generalised surfaces W, := (#9S" x S™)\ D?", we obtain stabilisation maps
We [A] = weo o+, 1[A] by taking boundary—connected sums with an ‘empty’ W ;. Here we assume
our tangentlal structure to be spherical in the sense of [17], that is, we require that S*” admits
a O-framing, in order to ensure the existence of well-behaved 6-framings on all W ;. We study
the above stabilisation maps and their colimit — or, in other words, the group-completion of the
A -algebra W =, Wg AL

1.3 | Results

Let9: L —» BO(d) be a tangential structure with connected L. For any Es-algebra A, we denote by
BYU A the iterated bar construction of its underlying E;-algebra, the latter depending on a choice
of basepoint b, € L. Our main result is the following:

Theorem 6.6. Let 0 : L — BO(2n) be a spherical tangential structure with n-connected L, and let
Abean Egn-algebra. Then there is an A ,-action of QL on the spectrum Z®~2"B*"U A and we have
a weak equivalence of loop spaces

QBWY [A] = Z X QFPMT6 X Q° ((E*°~2"B*'UA), , )-

Here Q° C Q% denotes the path-component of the basepoint and (—)yq;, denotes the homo-
topy quotient in the category of spectra. If 8 is of the form BG — BO(2n) for some group
homomorphism G — O(2n), then we actually take homotopy orbits of a given G-action on
To—2nB2nJ A, We point out that our assumptions cover the aforementioned case of 2n = 2 and
6 : BSO(2) —» BO(2).

Moreover, this result can be used to calculate the homology of Wg [A]in arange, as the stability
results for moduli spaces of surfaces [18, 31] and high-dimensional manifolds [17] rather directly
imply the following statement:

Theorem 3.19. Let 6: L — BO(2n) be a spherical tangential structure with ,-injective 6, and
let A be an Ee -algebra. If 2n > 6 (or 2n = 2 and 6 is admissible to [31 Theorem 7.1]), then the
maps We [A] - W2+1 1[A] induce isomorphisms in Hi(—; Z) fori < g -z (for 2n = 2, the slope
is dlﬁ”erent but coincides with the one from [31, Theorem 7.1]).

If L is n-connected, as in Theorem 5.10, then 0 is in particular 7;-injective. The case of 2n =
2 and 9 being orientations is covered by [31, Theorem 7.1]; here the slope is i < g -z and we
recover |7, Theorem E]. Combining both theorems, we obtain the following:

Corollary 6.7. Let 6 : L — BO(2n) be a spherical tangential structure with n-connected L. [f2n > 6
(or 2n = 2 and 0 is admissible to [31, Theorem 7.1]), we have, for each path-connected Egn—algebra
A and each g > 0, isomorphisms

H,(W?,[A]) = H;(QMTO x Q® ((Z®>"B*'UA), ., ))

for every i small enough compared to g to satisfy the conditions of Theorem 3.19.
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We also discuss several special cases: If the Egn-action on A is only partially defined, then
one defines the factorisation homology fue, A by first completing A to an honest Egn-algebra, see
Construction 5.8, and then applying the above definition. For example, if M C Egn(l) is a sub-
monoid in the monoid of unary operations, then each based M-space X can be regarded as a
partial Egn-algebra. In this case, we get the following:

Theorem 5.10. Let 6 : L — BO(2n) be a spherical tangential structure with n-connected L. If M C
Egn(l) is a well-pointed submonoid and X is a based M-space, regarded as a partial Egn-algebra,
then we have a weak equivalence of loop spaces

QBW? [X] > Q®°MTO X Q¥ E®(Xyy,).

Here Xy, is the based homotopy quotient. If 8 is of the form BG — BO(2n) for some (n —
1)-connected subgroup G C O(2n), then Egn(l) contains a submonoid equivalent to G, see Exam-
ple 5.5. In the case of surfaces, 6 being orientations and M being equivalent to SO(2), Theorem 5.10
hence recovers [7, Corollary D). In the case of arbitrary dimensions and X being S° with the triv-
ial Egn(l)-action, Theorem 5.10 becomes a (puncture-stabilised) variation of [8, Theorem A], see
Example 5.13.

Finally, we deduce a description for a stabilised version of the aforementioned moduli spaces
M?(W, (X)) of 6-framed moduli spaces together with a map to a retractive space X over L,
whose fibre over b, € L we denote by X, :

Corollary 6.16. Let 6: L — BO(2n) be a spherical tangential structure with n-connected L.
Moreover, let X be a 2n-connective retractive space over L. Then we have a weak equivalence

+
hocolim, _ o, (MS(WQJ, fg,1)<X)> ~ QFMTE X Q% ((zm—mxbo)hm)

1.4 | Strategy

For the most part of this paper, we work in the model category of (compactly generated) spaces,
and consider algebras over topological operads. Only the last section is written in the language of
oo-categories, after translating the leftover question into this setting.

First, we recall from [2, 36] the generalised surface operad W?, whose operation spaces are
moduli spaces of 6-framed manifolds of type W ; for varyixng g, together with several embedded
discs that serve as inputs. We then establish a zig-zag Ezen «F gn — WP of operad maps, where x
is an equivalence. Very generally, for each operad map p : P — O, the forgetful functor p* from
(9-algebras to P-algebras admits a (derived) left-adjoint © ®%3 (-), called pushforward. For any
an-algebra B, the pushforward W° ®},§n B has a canonical grading by genus, and we show the
following:

Proposition 3.1. Let 6 : L — BO(2n) be a spherical tangential structure. Then we have, for each
ES -algebra A, a graded equivalence W9 [A] ~ WP ®Lo x*A.
’ 2n

We point out that, instead of constructing the stabilisation maps and the A -algebra structure
on Wf 1[A] ‘by hand’, we use this equivalence and the fact that the right side canonically carries
this structure.
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We thus are left to understand the group-completion of pushforwards to W°-algebras. Here we
use that if L is n-connected, then W¥ is an operad with homological stability (OHS) in the sense of
[2]. For such operads O, a description of the group-completion QB(©® ®%) A) has been established
in [2, 4] in the case where P = E,, (the operad of based spaces) and where P is the operad of based
G-spaces for some topological group G mapping to @(1). Both results are based on the observation
that in the derived setting, E is the terminal operad, and hence each operad © has an essentially
unique operad map to E_. We show the following generalisation:

Proposition 4.8. Let O be an OHS, let P be a proper operad with P(0) ~x, and let P — © be a map
of operads under E,. Then the map of O-algebras

(0@ 4) ~ (08}, *) x (E., ®) 4)
that is comprised of A - and O — E_, induces an equivalence on group-completions.

Here, properness is a mild point-set topological assumption, see Definition 2.5 for details. In the
caseof P = F gn and © = W9, the group-completion of the first factor is equivalent to the infinite
loop space associated with the tangential Thom spectrum MT9 [15, 27]. Then Propositions 3.1
and 4.8, together with the fact that the counit Egn ®%§n x*A — A is an equivalence, show the
following:

Corollary 4.12. Let 6 : L — BO(2n) be a spherical tangential structure with n-connected L, and let
Abean Egn—algebra. Then we have a weak equivalence of loop spaces

QBW? | [A] = QFMT6 x QB(E,, ®p A).

This reduces the original question to understanding the group-completion of the E_ -algebra
E,, Qe A for a given Eg-algebra A. We start by discussing several special cases in Section 5. A
generaf answer is established in Section 6:

Proposition 6.3. Let 6 : L — BO(d) be a tangential structure with connected L and let A be an Eg-
algebra. Then the shifted suspension spectrum =*°~¢B4U A carries an E; -action by the loop space QL
and we have an equivalence of connective spectra
L - —dpd
B®(Ey, ®pg A) = (2 7BUA)

hQL"

The main result, Theorem 6.6, is obtained by combining these propositions.

2 | BASIC NOTIONS
2.1 | Monads and operads

Definition 2.1. By a space, we mean a compactly generated topological space. Limits are taken
in the category Top of compactly generated topological spaces.
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Definition 2.2. Let C be a category and let T be a monad in C. We denote the forgetful functor
from T-algebras back to Cby UT.IfS : C — C’isaright T-functor, then each T-algebra A gives rise
to a simplicial object in C’, which we call the two-sided bar construction, given by B,(S,T, A) :=
([p] = STPUT A) sepon-

Example 2.3. For each topological group G, the assignment G(X) = G X X is a monad G in Top,
and G-algebras are the same as G-spaces. Moreover, the identity functor 1 is a right G-functor by
projecting G(X) to the second factor. If G is well-pointed and X is a G-space, then |B,(1, G, X)| is
our preferred model for the homotopy quotient X / G.

Lemma2.4. Let T be a monad in C, A a T-algebra, G a well-pointed topological group and S : C —
Top® a right T-functor. Then S J| G : C — Top is a right T-functor and

IB.(S /G, T,A)| =2|B.(S,T,A) J G|

Proof. This follows from the fact that the two spaces in question are the two possibilities of
realising the bisimplicial space B,(B.(1,G, S),T,A) = B,(1,G, B.(S, T, A)). O

Definition 2.5. By an operad 9, we mean a symmetric, monochromatic operad in spaces, see
[28, Definition 1.1], and we additionally require that all operation spaces ©O(r) are Hausdorff. The
identity operation is denoted by 1 = 1. An equivalence P — © is an operad map such that all
P(r) - O(r) are weak equivalences of spaces.

We say that an operad O is ©-free if for each r > 0, the &,-action on O(r) is free, and we call ©
well-pointed if the inclusion {15} < O(1) is a Hurewicz cofibration. Finally, we call © proper if it
is ©-free and well-pointed.

Example 2.6. We consider the d-discs operad E; where E4(r) is the space of embeddings r X
D? o D4 (with r :={1,... ,r}), which are on each disc of the form z — z + p; - z for some fixed
z € D% and p > 0. We have an inclusion E; & E,,; by extending the above description along
D? = D4 x {0} & D!, and we call the colimit E.

For each 0 < d < oo, we have E;(0) =+ and the operad E; is proper. Moreover, the operation
spaces E (r) are contractible for each r > 0.

Definition 2.7. An O-algebra is a space A, together with maps O(r) Xg, A" — A that are asso-
ciative and unital [28, Definition 1.2]. A map of (9-algebras is called equivalence if it is a weak
equivalence on underlying spaces.

Example 2.8. For each operad O, the space O(0) of arity-O operations is itself an (9-algebra; it is
actually the initial O-algebra.

Definition 2.9. We denote by U? the forgetful functor from @-algebras to spaces. Its left-adjoint
FY is given by taking X to [, O(r) Xg, X", the O-action induced by the composition inside ©. We
denote the monad of this adjunction by O; and in general, the monad associated to an operad gets
the same letter in blackboard bold. Note that algebras over the monad O are the same as algebras
over the operad O.
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Definition 2.10. If p : P — (@is a map of operads, then the forgetful functor p* from -algebras
to P-algebras has a left-adjoint, given by taking the free ©-algebra and quotienting out all relations
from the existing P-action. We call this left-adjoint pushforward and denote it by © ®» (—). Note
that © ®, F” =~ FO.

Under mild point-set topological assumptions, there is a homotopy-invariant replacement for
the @ ®, — that has a convenient simplicial description:

Remark 2.11. If P and O are ©-free, then their categories of algebras carry a model structure
[3] and O ®p (—) is a left Quillen functor, whose left-derivation we denote by © ®;L, (=).IfP
is well-pointed, then we have the following explicit model: The augmented simplicial 7-algebra
B.(F”,P,A) — A is proper and has an extra degeneracy, and hence is a P-free simplicial resolu-
tion of A in the sense of [13, Definition 8.18]. Using U°(® ® F”) = 0, a model for O ®%) As
given by

|UB.(O ®p F”,P, A)| = |B.(0,P, A)],

together with the O-action O|B,(0,P,A)| = |B.(0%,P,A)| = |B.(O,P, A)|, using that O com-
mutes with geometric realisations [28, Lemma 9.7]. This description is functorial in A, and will
be our preferred model throughout the paper.

If Q is a third proper operad, together with a map Q — P, then we have a natural weak equiv-
alence O ®, (P ®E (=) -0 ®E (-). An elementary simplicial argument for this fact has been
spelled out in the proof of [4, Lemma 5.12].

For the following lemma, recall that for an operad P, an operad under P is an operad O that
comes with a preferred operad map P — O. A map © — ' between operads under P is required
to make the obvious triangle commute.

Lemma 2.12. Let P be a proper operad.

1. If O is ©-free operad under P and A — A’ is a map of P-algebras, then the induced map © ®%)
A->0 ®;L, A’ is an equivalence of 9-algebras.

2. IfAisaP-algebraandp: © — O is an equivalence of ©-free operads under P, then O ®%, A -
o*( O ®;L, A) is an equivalence of O-algebras.

By abuse of notation, we will occasionally skip the symbol p* when it is clear from the context
that only the underlying 0-algebra structure is taken into account.

Proof. Aseach O(r) is Hausdorff and &, acts freely on O(r), the map O(r) — O(r)/©, is a cover-
ing. We hence get, for each X, a fibre sequence X" — O(r) Xg, X " — O(r)/©, which is natural in
X. By the five lemmas, this shows that the monad O preserves weak equivalences among arbitrary
spaces. The same argument applies to P, and therefore, the simplicial map B,(0,P,A — A’)isa
levelwise equivalence. Similarly, the map OX — O'X is a weak equivalence for each space X, see
[24, Lemma 11] for details, whence also B,(0 — O’, P, A) is a levelwise equivalence.

Finally, since © and @' are ©-free and P is proper, all involved simplicial spaces are proper.
This shows that the maps induced on realisations are weak equivalences. O
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Construction 2.13. Let P be a proper operad. Then the operad P X E, is again proper, the pro-
jection to the first factor r; : P X E, — P is an equivalence of proper operads and the projection
to the second factor is an operad map m,: PXE, — Eg

Let A be a P-algebra. If P <0 E_, is any other zig-zag of proper operads such that v is an
equivalence, then we have an equivalence E ®PXE TiA=Eg ®b VA of E,-algebras. We will
denote this homotopy type simply by E ®%) A, noting that in the case where P already comes
with a map p to E,, the case of v; = idp and v, = p shows that the two competing definitions
agree up to equivalence.

Construction 2.14. Let Ass denote the associative operad; its algebras are topological monoids.
An A -operad is a proper operad .4 with an equivalence A — Ass. If A is an A -algebra, that
is, an algebra over some A -operad A, then it admits a bar constructionBA := B(Ass ®a A), and
hence a group-completion QBA.

Via the map 7, : Ass X E,, = E, each E_ -algebra A is an algebra over the A -operad Ass X

E,.Ifp: A — E_, isanother map from an A, -operad to E ., then the monoids Ass ®& AssxEL, ;A

and Ass ®i p*A are equivalent, and so are their bar constructions.

2.2 | Tangential structures and framed little discs

Definition 2.15. For two smooth manifolds M and N, possibly with boundary, we denote by
Emb(M, N) the space of smooth embeddings M & N. Note that so far, we do not impose any
boundary condition on the embeddings.

Definition 2.16. A tangential structure is a fibration 6 : L — BO(d) such that the total space L is
connected. If VV; denotes the universal vector bundle over BO(d), then a 6-framing on a smooth d-
dimensional manifold W is a bundle map £y, : TW — 6V ;. The space Fr®(W) of all 6-framings
on W is by definition Bun(TW, 6%V ;).

Construction 2.17. Given 9-framed manifolds (W, #y,) and (W', £y,/), the space of 6-framed
embeddings(W', ¢y,1) & (W, £y,) should model the homotopy fibre of the map Emb(W’, W) —
Fr®(W') with a = £y, o Ta at #y,. In [24, Definition 17], the authors give a ‘Moore path’
description as

’t', € Emb W’,W X 0, ”O(W/)XF 0 W/ [0,00)
Embe(W”W);={(a ¥) € Emb( ) X [0, ) (W) |

y(0) = £y and ¥ i o) = £y o Ta on each i € my(W).

It admits a strict composition Emb®(W’, W) x Emb®(W”,W’) - Emb®(W”,W) by setting
(a,t,y)o (&, t',¥") = (aod,t' +t,7) on each path-component, with

y'(s) for 0 <
7(s) :=3y(s —t")oTa’ fort’ <
+

twoTaoTa' fort

N

JORIPUOD PUB SWIS | 3L} 39S *[SZ02/E0/TT] U AiqiTauIUO A81IMm ‘B1B0j0u0e L I IMsul Jeunss|e i Aq 68002 SWII/ZTTT OT/I0pALOD" A3 ]I ARIqIBUIIUO"I0SUTEWPUO|//:SHNY WO pepeojumod ‘2 ‘5202 ‘052L69T

fajm

5UBD17 SUOWILOD dAIERID 3|ced ! |dde sy Ag pausenoh ae sappie O ‘8sn JO sajnJ J0j Ariq 1] auluo A3|1M uo



A STABLE SPLITTING OF FACTORISATION HOMOLOGY | 9 of 37

and since we treated different components of W’ separately, we can also take disjoint unions of
f-framed embeddings, resulting in a family of maps

Emb®(W/, W) x Emb®(W, W,) - Emb®(W! LW, W, U W,).

This constitutes a topologically enriched symmetric monoidal category with objects being
0-framed manifolds, and morphisms being 6-framed embeddings [24, Definition 20].

We have maps Embe(W’ ,W) - Emb(W’, W) compatible with compositions and disjoint
unions. In the case where 6 is the identity on BO(d), these maps are equivalences.

Notation 2.18. We often suppress the length of the Moore path in the tuple and just write («, y),
meaning that for each i € 7y (W), with Wl.’ C W’ being the corresponding path-component, we
have a path ' : [0,t] — Fre(Wl.’).

Definition 2.19. We fix, once and for all, a 0-framing £ of R? which under the tautological trivi-
alisation R x RY =~ TR only depends on the fibre factor (this is the same as choosing a basepoint
by € L and parameterising the fibre 6*V ], ).

Let £, ; be the restriction of #q to D? (the index stands for ‘genus 0 and one boundary com-
ponent’). Then we define the 6-framed d-discs operad with ES(r) := Emb®(r x D¢, DY), with
r ={1,... ,r}as before, where the operadic composition is given by composition of disjoint unions
of embeddings.

Example 2.20. We have an operad map i: E; — EJ by endowing each a: D¢ & D¢ with
a(z) = z +r - z with the path [0, log(%)] — FrP(D?) taking s to e~* - p1- If 6 is the universal
bundle EO(d) — BO(d), this map is an equivalence of operads, leading to the usual defect in
nomenclature that the classical (‘unframed’) operad E; is equivalent to the E-operad for the
tangential structure of framings.

Lemma 2.21. The space ES(I) of unary operations is equivalent to QL.

Proof. The map Bun(TD%,6*V,;) — L that only remembers the value of 0 € D¢ is a fibration,
whose fibre is homeomorphic to Buny(TD?, TD?), the space of bundle maps fixing 0 € D4.
Moreover, we have a zig-zag of maps

w|pd —w w—Tw|pd

Emb(D4, D9) £ o(d) S Buny(TD4, TD?)

arty, 0 Ta\L \L \Lfo,l o(=)

Bun(TD¢,6*V,) Bun(TD¢,6*V,) Bun(TD¢%,6*V,),

where the horizontal maps are equivalences. This induces a zig-zag of equivalences among
homotopy fibres. They, in turn, are Emb®(D?, D) = E§(1) and QL. O

2.3 | Factorisation homology and decorated moduli spaces

We start by repeating the model from [24, Definition 34+43]:
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Reminder 2.22. Let (W, ¢y,) be a 8-framed manifold and let A be a Eg-algebra. We define the
factorisation homology /WQ,A = |B,([E€V, [EZ,A)l, where [Eg[, is the right [Eg-functor that takes a
space X to [],., Emb®(r x D4, W) X X'.

Informally, fue, A is the space of configurations of discs inside W, each disc carrying a label in
A and the Eg-action on A is balanced with precomposing embeddings of discs; we call such a
datum a ‘decoration’ of W. We want to consider the moduli space of such decorated manifolds. As
done in [16, 17] for moduli spaces of manifolds without decorations, this can be implemented by
extending fue, A so that the 6-framing of W is allowed to vary, and then quotient out the action of
the usual topological group Diff ;(W). We make precise what we mean by this:

Construction 2.23. Let (W, £y,) be a 8-framed manifold, possibly with boundary. We fix a collar
of OW and let Frg (W) C Fr®(W) be the space of 6-framings # whose restriction to that collar agrees
with the restriction of #y;,. Moreover, let Frg(W, Cw) C FrS(W) be the subspace containing those
path-components intersecting the Diff 5(W)-orbit of £y, .

If (W', £y,) is another 6-framed manifold, then we want the space E_mb6 (W', W) to model the
homotopy fibre of

Emb(W', W) x Fr5(W, £y,) —» FIP (W), (a,¢) - ¢oTa

at Zyy. Similar to Construction 2.17, this is achieved by defining E_mb@(W’ ,W) as the sub-
space of Emb(W’, W) x [0, 00)™0W") x Fré(W’)[0:) x Frg(W, ¢y, containing all tuples («, t, 7, ¢)
such that (a,t,y) is a 6-framed embedding (W', #y) & (W,£). We then have compositions
Emb’(W’, W) x Emb®(W"', W) - Emb®(W”, W) that are given by

(a,t,y, )0, t',y") = (a.t,y)o (&, 7), £).

Construction 2.24. The topological group Diff (W) of diffeomorphisms of W that preserve
the collar of W acts on Embe(W’, W)via¢ - (a,t,7,0) = (poa,t,y, ¢ o Tp~!) and we denote the
homotopy quotient by

MOW, £3)'“w?) .= Emb® (W', W) / Diffs(W).

Example 2.25. The embedding space E_rnbe(Q, W) is the same as Frg(W, w), and so
Mg(W, Cy)? = Frg(W, Zw) J/ Diff (W), which agrees with the classical description of the
moduli space of (W, ¢y;,) as in [17]; hence the notation.

‘We point out that in general, Mg(W, KW)(W/’K w") need not be path-connected, but in the special
case of (W', ¢y) = @, it is path-connected by construction.

Construction 2.26. Let (W, £;,) be a 6-framed manifold. We have a right [Eg-functor from spaces
to Diff ;(W)-spaces by

E,(X) := [ Emb®¢r x D4, W) xg, X7,

r=0

where the transformation E@V o [EZ - E%, isinduced by the above composition, using that precom-
position is Diff ;(W)-equivariant. When passing to homotopy quotients, we get a right [Eg-functor
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from spaces to spaces by ng = E%, J Diff 5(W), and we define the moduli space of manifolds of
type W with decorations in A as

WO[A] := [B.(DS,,E9, A)| = |B.(ES,, ES, A)| / Diffs(W).

Example 2.27. The one-point space *, together with its unique Eg-algebra structure, is the free
Eg-algebra over the empty space @. We hence have an augmentation

B, (DY, E5, %) = B,(D%,,E5, E5(@)) = D, (@) = M5(W, £3),

induced by the transformation [D‘@)V o [Eg - ID%,, and this augmentation admits an extra degener-
acy induced by the unit of the monad [EZ in the last argument. This shows that after geometric
realisation, we obtain an equivalence

WOlx] = [B.(D,. ES, )| — MEW, £y).

Remark 2.28. The assignment A — WP[A] is functorial in Eg-algebras and * is both initial and
terminal in E§-algebras. It follows that WP[«] is a retract of W°[A] for each E-algebra A. In
combination with Example 2.27, we can conclude that each W°[A] contains Mg(W, Cyw) as a
homotopy retract.

Lemma 2.29. If A is path-connected, then W[ A] is path-connected as well.

Proof. We show that the aforementioned retract W°[x] < W®[A] is 0-connected (i.e. surjective
on 7,); then the statement follows from the fact that W[x] ~ Mg(W, ¢y ) is path-connected.
Since the map in question is the geometric realisation of the simplicial map 1, : B,(DY,, [Eg, *) —
B.(DY,, [EZ, A), it suffices to check that the map 1, among 0-simplices is 0-connected. The map 1,,
however, is explicitly given by the union

L et ent ) Xe, (=AY,

r=0

which clearly is O-connected if A is path-connected. O

Example 2.30. In the case where 6 : BSO(2) — BO(2) is orientation of surfaces, A is an Eg -
algebra and W is an oriented surface, W°[A] is a ‘disc model’ for the generalised configuration
space that has been described in [7, section 4].

We will see further special cases in Section 5, for example, moduli spaces MS’V(W, ¢yw) of
manifolds with r permutable punctures studied in [6, 8], see Example 5.13.

Next, we establish a fibre sequence showing that W°[A] relates factorisation homology
/ue,A and the classical moduli space Mg(W, Zyw). This generalises the well-known fibre
sequence [ [, C,(W) - 11, Mg’r(W, Cw) — Mg(W, ¢w), where C,(Vf/) is the space of unordered
configurations of r particles inside W'
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Proposition 2.31. For each Eg—algebra A, we have a homotopy fibre sequence with a section
JoA — WE[A] — MEOW, Ey).
Proof. Consider the augmented proper simplicial space
B.(E5y EG,A) — B.(E5,. EG. %) — ER() = Fg(W. Zy).

The augmentations B,,(E,, ES, A) — Fr5(W, ¢y,) are of the form E$, (Y) — Fr§(W, #y,) taking a
tuple [o, £, 7,3 Y1, - Yr] € E_rnb@([ x D4 W) Xg, Y" to £. These maps can easily be checked to
be fibrations, in particular quasifibrations. The actual simplicial fibre of the augmentation is the
proper simplicial space B, (E9,,, [EZ, A).By[11, Lemma 2.14] (and the fact that all involved simplicial
spaces are proper, enabling us to switch between think and thin realisations), it follows that the
homotopy fibre of the realisation |B_(E9 , [EZ,A)| - Frg(W, ¢y )isequivalent to |B, (E [Eg, A)l =

/ Ae , and so we obtain a homotopy fibre sequence
6
Jw A= IB.(ES,,EG, A)| - Fry(W, £y).

Now we observe that the second map in this sequence is Diff ;(W)-equivariant, and a diagram
chase shows that the induced map among homotopy quotients has the same homotopy fibre.
This gives rise to the desired homotopy fibre sequence. Finally, the map W°[A] — MS(W, ‘w)
has a section as it is given by W9[A] — W?[x], followed by the equivalence W¥[x] — Mg(W, Cw)
from Example 2.27, and the first map as a section by the functoriality of W°[—], as mentioned
before. O

2.4 | Generalised surfaces

In order to be able to ‘stabilise’ the spaces W[ A], we restrict our attention to a certain class of
even-dimensional manifolds W ; = #9(S" X §") \ D27 which we introduce in this subsection.
We will use a slightly different model for W ; in order to have more control over their 6-framings,
especially close to their boundary.

Definition 2.32. Let n > 1. Then we abbreviate C := D" \ %DZ”. We consider the manifold
W1 := D", together with the collar j, : C & D*" and the 6-framing ¢, ;.

Moreover, we consider the manifold Wi, = (8" xS\ D2 where D?" is the interior of a disc
inside S" x S", and fix, once and for all, a collarj; : C & Wi,.

In order to prescribe a rather strict 6-framing near the boundary of W, ;, we need the notion of
spherical tangential structures from [16]:

Definition 2.33. Let D¢ < S? the inclusion of a hemisphere. We call a tangential structure
6 : L — BO(d) spherical if each 8-framing on D9 can be extended on S¢. As L is assumed to be
path-connected, this is equivalent to requiring that S¢ admits a 6-structure.
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Lemma 2.34. Let 6: L — BO(2n) be spherical. Then there is a 6-framing ¢, ; on W ; which is
admissible in the sense of [17, Definition 1.3] and satisfies £1 1 o Tj; = ;|-

Proof. As @ is spherlcal we can extend ¢, ; to a 6-framing # of $*. Now we fix an embedding
of the open disc S*" \3 2D into the interior of W, 1, and by using that #|s factors through the
trivial R?*-bundle over a point, we find an admissible 6-framing of W ; that restricts to £ on
52n\ %DZ". By [17, Lemma 7.9], we can extend this 6-framing further onto the closed manifold
S" x S". Finally, we remove S2* \ D" from S” X S" to obtain W ; with the desired 6-framing. [J

Construction 2.35. For g > 2, we fix a rectilinear embeddlng a, gx D?" < D?" that satisfies
a,(gx DZ") C 2D2” Ifwe abbrev1ateD§” =D\ a,(gx DZ”) then a, (co-)restricts to a map
gxC < Dzn and we define the smooth manifold

Wg,l = (ﬂ X Wl,l) U‘(ZXC DgZ]l’l

We define 7, : TW,; — 6*V,, tobe r;' - #;, on each {i} x TW, ;, where r; > 0 is the radius
of the ith dlSC and to be o1 on D " notlng that these maps agree on the intersection of their
domains. Thenj, : C & D2" & Wq  satisfies 1 o T), = £ 1 c-

We thus have defined, for any g > 0, a 6-framed manifold (W, ;,#, ;) with a collarj,: C —
W, of the boundary.eAccordmgly, we require each ¢ € Diff3(W ;) to satisfy ¢ oj, =j,, and
each 6-framing ¢ € Fr;(W,,¢, ) tosatisfy £ o Ty, =2, ,0Tj,.
Remark 2.36. By picking 6-framed embeddings (W ;,7, 1) < (W 11 1,¢,41,1), We can construct
stabilisation maps We [ ] - w° D411 [A]. As it will turn out, these stabilisation maps are actually
partofan A -structure on the dlSJOll’lt union We [A] =11 oo WoalAl

Instead of making that formal, we will estabhsh in Proposition 3.1 a graded equivalence between
Wf 1[A] and a space that canonically carries an A, -structure.

3 | FACTORISATION HOMOLOGY AND THE GENERALISED
SURFACE OPERAD

We fix a dimension d = 2n and a spherical tangential structure 6 : L — BO(2n). The goal of this
section is to prove the following statement, where W9 is the 6-framed generalised surface operad
(also called ‘manifold operad’) from [2]:

Proposition 3.1. Let 8 : L — BO(2n) be a spherical tangential structure. Then we have, for each
Egn-algebra A, a graded equivalence Wf,l[A] ~ WP ®%29n K*A.

Here F; 4 , s an operad that comes with an operad map F3 9 — W? and an equivalence  : Fs 9
of operads and the pushforward W° ®F9 (—)is graded by genus. Each of these objects needs
to be constructed first, and this is the content of the next subsection.
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3.1 | Geometric models for operads

Informally, the generalised surface operad W is associated to the products and permutations cat-
egory (PROP) given by the subcategory of the 6-framed bordism category, containing as objects
disjoint unions of S?"~! and as morphisms bordisms diffeomorphic to unions of W1 =Wig\
(rx D), considered to have r incoming and one outgoing boundary components. This descrip-
tion can be found in an co-operadic setting in [23, section 6.2]. In particular, the operation space
WO(r) is a model for the moduli space Mg(Wg’, +1> € g r+1)- When working with actual topological
operads, one uses a different model [2, 36], due to the fact that the topological bordism category
[14] is not strictly monoidal.

We study yet a third model that uses spaces of submanifolds of R®, and I thank the referee for
showing a way to significantly simplify my original technical construction. The main merit of this
model is the fact that we can make the aforementioned zig-zag Egn « an — WP explicit. The
existence of such operad maps has been mentioned as a ‘folk theorem’ in [21, Remark 6.15], but I
am not aware of any reference for it.

Construction 3.2. For each d > 0, we let D% := D4 x D®, and we identify D¢ with the
subspace D? x {0}* c D%,

As a slight variation of the operad E, from Example 2.6, let E; ,(r) be the space of all embed-
dings B : r x D%* < D%* which are on each disc of the form z + 2 + p - z for some z € D%
and p > 0, such that (r X %Dd X D*®) C %Dd X D* holds. These spaces assemble into a proper
operad E; ., with contractible operation spaces. "

Construction 3.3. Recall the annulus C := D*"\ %Dz”, the manifolds W ; and the collars
Jg i C < W, from Section 2.4. We define Emba(Wg,l,Dz""”) as the space of smooth embed-
dingsn: W, ,; < D?"* such that7 oy , agrees with the canonical embedding C < D2 and the

remainder n(W, ; \ J,(C)) lies inside %DZ" w P2

Construction 3.4. Let Wg(r) C Emby (W, |, D*"*®) x Frg(Wg,l, ? ;1) X Eyp oo (r) the subspace of
triples (», ¢, 8) such that n(W ;) N B(r X D?%) = B(r x D*") holds and for the (co-)restriction
Blyxpan : F X D* — W, we have a (strict) equality

lxﬂoTn_l OT‘BlszZn =E><f0,1.

We have an action of Diff3(W, ;) on Wg (r) by precomposing » with ¢ and # with T¢, and we call
its (actual) quotient Ws(r). Then elements in Wg(r) are given by triples (W, ¢y, 8) where W C
D2 js a smooth submanifold of type W, 1 satisfying the above conditions near the boundary,
Cy is a6-framing of W such that for some identification of W with W ;, the pullback of 7y, lies in
Frg(Wg,l, ?,1),and B € E,, . (r) satisfying W n (r x D*"*) = 3(r x D*") and #y, o TRl yxpn =
rX¢y,-

Construction 3.5. Foranyr,ry,... ,7,, 4,9, , g = 0, we have a map

r
Ws(r) X Hl Wg‘(rl) - W§+Zi .’][(Zi ri)
i=

The operad E; , is actually equivalent to E,, but we will not use this fact.
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as follows: Let (W,¢y,p) € Wg(r) and (Wl-,fWi,,Bi) € Wfl‘(rl-), then the result is given by
(W, ¢y, Bo(By U UB,)), where

W o= (W BEx 3D™) Yoo Lle AU > W),

and 7y is defined to be ¢}, on W \ B(r X %DZ") and ¢y, o TA~" on each B({i} x W), noting that
both terms agree on the intersection of their domains. Using a diffeomorphism of W that moves
the discs B(r x D*") near the collar, we obtain an identification of W with W, hy--+h,,1 that pulls
back £y to a O-framing in the Diff5-orbitof £y ,..4p ;-

This turns the collection of W9(r) := [ 450 Ws(r) into a proper operad, called the 6-framed

generalised surface operad, with identity (D", £o1,1dpmew) € Wg (D).

Construction 3.6. Recall that a 8-framed embedding («,y) € Egn(r) contains Moore paths
y € Frg(z x D?M)[0:%) which are on each {i} x D" of a given length ' > 0. Let an(r) c E (r) x
Emb,(D?", D*™*®) X [0, 00) X Frg(DZ”)[O""’) be the subspace containing all (a,y,7,u,¢) that
satisfy the following:

* There is a § € E,, ,,(r) that satisfies n(D**) N B(r x D) = B(r x D*") and n o & = B, p2n-
Note that if such a 3 exists, it is uniquely determined. B

* { is constant at [u, o), {(0) = 7, ; and {(s) o Tax = y(t' — s5) for all s > 0 (where we put y(s) :=
7(0) for s < 0) on {i} X D?"; in particular, {(u) o Tat = r X £o1-

As done before, we skip the entry u from the tuple and regard ¢ as a path that is defined on [0, u].
Then we have an operadic composition an(r) X ngl F gn(ri) - an(zi r;) by taking (a,y,,¢)
and (a;,7;,7;,¢;) to (o, ) o | (a;, 7). 7, ¢), where 7 is defined to be 8 o7; oa™! inside a({i} x
D?), and n everywhere else, and where

. $i(s—t)o(Ta)™!  inside a({i} x D?")if s > ',
S(s) =
¢(s) else.

We have a map of proper operads an - Eg’n that remembers («, ) from each tuple. Moreover,
we have maps an - Wg (r) by taking (o, 7,7, ¢) to (1, {(w), B), where 8 is uniquely determined as
described above. Quotienting out by the action of Diff5(W , ;), the above assignment constitutes

a map of proper operads an - WP,

Construction 3.7. Recall the operad map:: E,, — Egn from Example 2.20. For any 1 < k < 2n,
we let F;(r) be the subspace of E,(r) x Frg(DZ”)[O""’) containing all («,¢) such that if a’ : r X
D?" < D?" denotes the canonical extension, then (1(a’),7,,¢) lies in F gn(r), where 7, : D" &
D2 jg the standard inclusion. Then the above composition law for paths ¢ turns F into a
proper operad.

We have operad inclusions F; — F, — -+ - F,, and anoperad map F,, — F gn by taking (a, {)
to (i(a), 1y, $). Moreover, we have maps Fj, — E; by taking («, ¢) to a.

Construction 3.8. We fix, once and for all, a nullary operation 0 € F,(0), for example, the path
in FrS(DZ”) that is constantly ¢ ;. Along the operad map F; — WO(r), this becomes a genus-0
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nullary operation in W9(r) and we obtain capping maps cap : W(r) = W2(0) by precomposing
each operation with r copies of 0.

Similarly, we by fixing a genus-1 unary operation o € Wf (1), we obtain stabilisation maps
stab : WS(V) - WS +1(r) by postcomposing with s. Since stabilisation commutes with capping,
we have a stable capping map hocolim _, ,,(cap : WS(I") - Wg(O)).

3.2 | Properties of the new operads

The goal of this subsection is to compare the spaces Wg (r) to moduli spaces of 8-framed manifolds
with multiple boundary components, and to show that the operad maps an - Egn and F;, — E,
are equivalences.

Definition 3.9. For g,r > 0, we fix an embedding a : r X D o W 91 and consider the 8-framed
manifold (W ,,,7 ;) arising from (W ;, £ ;) by removing a(r X D).

We have inclusions Diffs(W ;) < Diff3(W ;) by extending diffeomorphisms trivially on
a(r x D), and similarly Frg W) © Frg (W, 1); their images are given by the subspace of dif-
feomorphisms ¢ with ¢ o« = a and framings £ with £ o Ta = ¢ ; o Ta. We suggestively denote
these maps by ¢ — ¢ Uy (r X D**)and £ — ¢ U, (r X D).

Lemma 3.10. Let 6: L — BO(2n) be m,-injective and let ¢ € Frg(Wg,Hl). Then ¢ lies in
Fr(W, 11, r41) ifand only if € Uy (r X D) lies in Fr§(W 1,2, ).

Proof. If ¢ € Frg(Wg’,H,fg,,H), then we find ¢ € Diffy(W,,,;) and a path y from ¢ to
£y r410TP, 508 = ¥(s) Uy (r x D*) is a path from £ Uy (r x D**) to £, ; o T(Y Uy 1 X D*").

For the converse, we can assume that a extends to an embedding & : r X2D" & W, and
¢ ,10Ta factors over the trivial R2"-bundle over a point on each &({i} x 2D*"). Now we note
that Frg(Wg’,H) - Frg(Wg’l) is the (homotopy) fibre of (—) o Ta, which lands in Fre(g x D) =
Fr(D?")". As in the proof of Lemma 2.21, this space fits into a fibre sequence O(2n)" —
Fr’(D?")" — L', which can be continued by 8" : L" — BO(2n)". Since 6 is assumed to be
7, -injective, the map 7, 0(2n)" — anre(DZ”)’ is surjective.

Postcomposing with the connecting morphism anrQ(DZ")’ - nOFrg(Wg’, +1) of the first
fibre sequence, we obtain a map ®: 7,0(2n)" — nOFrg(Wg,r +1) and by exactness, this shows
that if a component of Frg(Wg’, +1) gets identified with the component of 7 ,,; when
applying (=) U, (r x D**), then it lies in the image of ®. This map @, in turn, sends
each loop y*: [0,1] —» O(2n)" to the component of 7, which is given as follows: Let
&:rxS¥1x[0,1] =rx(2D*\ D) < W, .41 be the restriction of &, then a trivialisation of
&*TW , restricts to &*TW ., = (r x $?"~! x [0,1]) x R*". Under these identifications, #7 is
given by perturbing £ gr+ by the vector bundle automorphism (i, z, t, v) — (i, z, t, y'(t) - v) inside
&(r x S?"=1 x [0, 1]). Now we note that the morphism 7z;SO(2)" — 7,0(2n)" is surjective, so we
may assume that each y’ is a mere rotation. Then we find a diffeomorphism 3 € Diff dW i)
comprised of r Dehn twists near the r boundary spheres, such that l’ﬂ};,r 4+ lies in the same
componentas .., o Ty.

Coming back to the statement, let ¢ € Diff;(W , ;) such that # U, (r x D*") lies in the same
component as £, ; o T¢. Then ¢ can be isotoped to a diffeomorphism preserving «, and since
this new diffeomorphism still satisfies the above condition, we can assume that ¢ itself is of
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the form ¢ U, (r x D*") for some 3 € Diffs(W, ;). Then the framing (¢ o Tp~1) U, (r x D*")
lies in the same component as ¢, ;. By the previous discussion, we find a diffeomorphism P e
Diff5(W, ,41) such that £ o T(p~! o) lies in the same component as Core1- O

Lemma 3.11. If L is 7, -injective, then we have equivalences Ws(r) ~ M?(WW +1:C g r1)-

Proof. Let E' C E,, ,(r) be the subspace of all 8 with B(r X 2D*" X D) C %Dzn x D, where
we extend 8 on r X 2D?" X D*® with the same term; and we let W' C WS(V) be the subspace of
tuples (W, ¢y, 8) with 8 € E’. Then Ws(r) deformation retracts onto W’ by shrinking the radii
of the given embeddings and rescaling ¢y, close to the discs. One can now easily construct, around
any 8 € E’, an open neighbourhood U C E’ and a map 7 : U — Diff(D?**) such that, for each
€ U, the diffeomorphism 7(8) restricts to the identity on C x D® and satisfies 7(8) o § = 8.
These maps can then be employed to show W' — E’ is locally trivial and hence a fibration. As
the target space E’ is still contractible, it hence suffices to study the actual fibre of a fixed element
BeE.

This fibre is given by the (strict) Diff;(W,;)-quotient of the subspace S of the product
Emby(W, ;, D**®) X Fry(W, 1,2, ;) of all (5,£) with n(W ;) 0 B(r x D*»*) = B(r x D*") and
£oTn ™" oThlypm =1 XLy

We fix an embedding a : r x D*" < Wg’l. We note that the subgroup of Diffs(W ;) con-
taining all ¢ that preserve a agrees with the diffeomorphism group Diffs(W,,,;), and it
acts on the subspace S’ C S of all (n,#) where the first of the above conditions is replaced
by the stronger assumption noa = f|,«p2; then the second assumption reads £ oTa =71 X
£p1- We moreover note that the map S’ x Diff5(W, ;) — S taking (n,7,¢) to (no ¢, oT¢)
is a Diff (W, ;)-equivariant principal Diff;(W, .,,)-bundle (where Diff;(W ;) acts by ¥ -
m,¢,¢) =(mop, £ oTYh, b~ o) and where Diff4(W, ) right acts on Diff3(W ;) and S by
precomposition), so it induces a homeomorphism

S Ditts(W y,111) = (S Xpige v, ) Diffs (W, ))/Diff (W, 1) = S/Diff5(W, ).

Finally, we note that S’ is the product two spaces: the space of embeddings of W, r41 into D
with a fixed boundary behaviour and the subspace of Frg (W, r4+1) of all 6-framings ¢ such that
£ U (rxD*) e Frg(Wg,l, Z,1)- The first factor is contractible by an application of Whitney’s

embedding theorem and the second factor is identified with Frg(Wg’, +15¢ 4 r+1) by Lemma 3.10.
As the action of Diff5(W ,.,) on the first factor is free and proper, we hence get the desired
equivalence

S' /DI (W, p41) = S Diff(W, 1)
= Frg(Wg,r+1’ Z’ﬂg,r+1) // Diffa(Wg,r+1)

= Mg(Wg,r+1’ fg,r+1)' D

Corollary 3.12. Let© : L — BO(2n) be a spherical tangential structure with m,-injective 6.
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1. If 2n > 6 (or 2n =2 and 6 is admissible to [31, Theorem 7.1]), then the stabilisation maps
stab : Wg(r) — We ,(r) induce isomorphisms in H;(—; Z) for i < g -z (for 2n = 2, the slope
has to be replaced by the one from [31, Theorem 7.1]) for any r.

2. If L is n-connected, then the stable capping map hocolim_, (cap: Wg(r) - W?(O)) is a
homology equivalence for each r > 0O

Proof. We note that under the equivalence of Lemma 3.11, the stabilisation and capping maps
are identified up to homotopy with the usual maps appearing in the classical stability theorems.
Then statement 1 is Harer’s stability theorem [18] in the version of [31, Theorem 7.1] for 2n = 2
and [17, Theorem 1.4] for 2n > 6, using that 0 is spherical to get the improved slope and that 7, ;
is admissible in the sense of [17, Definition 1.3].

Statement 2 is implied by [16, Theorem 1.3], noting that Mg(Wg,, +1€ g r41) 1s a single path
component of what they would call NV, 5 (r+1x8>1r+1x£,,|sn1). Here n-connectivity of L
is needed as the bundle maps £ : TW ., — 6%V, constituting Nf(WWH, £, r+1) are required
to cover an n-connected map W, .., — L among base spaces. Since W ,..; is (n — 1)-connected,
this condition is automatically satisfied if L is n-connected, see also [2, section 7.2] for a similar
argument. [

Lemma 3.13. The operad maps an - Ezen and F), — E, are equivalences of proper operads.

Proof. We shall only prove that the first map is an equivalence as the argument for F,, —» E; is
nearly identical. If E' € ES (r) contains all (a,y) with a(r X DZ”) C D2" then E’ is a defor-
mation retract of E9 L) and the map F6 () — E6 () corestrlcts toa flbratlon over E’. For any
(a,y) € E', the actual fibre F en(r)a,y is given by the space of tuples (a,y,7,¢) € F S, satisfying the
two conditions from Construction 3.6, and it is our aim to show that this space is contractible.

To do so, we note that the map an (e = Ean,c0(r) assigning to any such tuple the (unique)
with7 oa = f8],,p2n is again locally trivial, and therefore a fibration. Since E,,, ,(r) is contractible,
it hence suffices to study its fibre. Similar as in the previous proof, we see that it is the product of
two spaces:

* The space of embeddings of W, ., into D> with a fixed boundary behaviour. This factor is
contractible by Whitney’s embedding theorem.
* The space S of Moore paths ¢ : [0,u] — FrQ(DZ") for some u > 0, satisfying {(0) = £, and

¢(s) o Ta = y(t; — s).
It hence suffices to show that the second factor S is contractible. Being only interested in its homo-

topy type, we may replace Moore paths by paths of length 1. If P, X denotes the space of paths
starting at x € X for any space X, then we see that S is the fibre of

. 812 6 2
(=)oTa: Pfo,lFra(D ") - Pfo,l oTaFL3(r X D "),
the fibre taken at the reversed paths y. We conclude the argument by noting that both source
and target of this map are contractible, and since « is a cofibration, the restriction (=) o Ta is a

fibration, so the fibre S coincides with the contractible homotopy fibre. O

Corollary 3.14. F, isan A -operad and the operad map F; — F g ,, Sends both path components of
F,(2) to the same component. Moreover, an(O) ~ Egn(O) = is contractible.
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Through the operad map F; — W, each WP-algebra A is in particular an A -algebra. In the
case of A = W?(0), we get the following:

Corollary 3.15. IfL is n-connected, then the A, -algebra W°(0) group-completes to the infinite loop
space Z X Qi MT6, where MTO is the tangential Thom spectrum.

Proof. Recall that Lemma 3.11 provides an equivalence W9(0) ~ [| 450 Mg(WgJ, Z, 1) (this does
not even use that 6 is 7, -injective — which is satisfied anyway, as L is n-connected). By the group-
completion theorem, it follows that QBW?(0) is equivalent to Z x hocolim g_,mMg(Wg,l, )"
Again, using thatany map W ; — Lisn-connected, WP(0) is a union of several path-components
of N f (s, p11s2n-1) from the setting of [16], and the stabilisations from [16] restrict on path-
components to stabilisations among MS(W Z,1)- We therefore can apply [16, Theorem 1.5]
and conclude that the Pontrjagin-Thom map hocolim g—»ooMg(Wg,l’ £,1) = QFMTO is acyclic.
By applying the Quillen plus-construction to the left side, we get an equivalence. O

g,1°

In the case of 2n = 2 and 6 : BSO(2) — BO(2), Corollary 3.15 is an instance of the Madsen—
Weiss theorem [27] telling us QB[] ., BDiffg(S 5.1) = Q¥MTSO(2).

3.3 | Decorated moduli spaces as a pushforward

Remark 3.16. As the operad map an — WY lands in the genus-0 components of W9, the right
F5,-functor WP splits as a disjoint union ], W®. Thus, the pushforward W° ®Fe (—) splits
as a disjoint union of bar constructions |B, (We —)|. This is the ‘grading by genus that we
promised at the beginning of this section.

s 2}’[’

The aim of this subsection is to give the proof of Proposition 3 1, that is, to provide, for each
algebraA and each g > 0, equivalences We (Al = [B, (We x*A)|.

> 2}’!’

Construction 3.17. Recall the spaces We(r) from Construction 3.4. For any ¢ > 0, the family
(Wg ()0 is aright Fg’n module: We have maps Wg ) x 11 an(rl) - WS(Z‘” r;) taking (n, ¢, )
and (a;,7;,1;,¢;) to (1,2, 80 (B, U --UPB,)), where 3; are uniquely determined as before, and
where 7} is f o7, 0o 7 o inside 1(ﬁ({l} x D?") and 7) elsewhere, and 7 is ¢;(u;) o T‘8|r><D2" 0Ty
inside each 7~ 1(B({i} x D*") and ¢ else.

These structure maps are equivariant with respect to the action of Diff B(Wg,l) on each Ws ),
and the induced map Wﬁ I F gn r) — W_S(Zi r;) is part of the operadic composition of we,
precomposed with the operad map an - WP,

Proof of Proposition 3.1. As Fe - Ee is an equivalence of proper operads, the induced map on bar
constructions |B, ([D)6 , sz *A)| — |B. ([D)s 2n,A)| is an equivalence. It is hence our goal to
establish an equlvalence of [Fe -functors betwéen Ws and [IZDe

To this end, we note that the Diffs(W, 1)- equlvarlant right ﬁ ,~module structure on (Ws ()rso
gives rise to a right [an functor WP with values in lefa(Wg,l) spaces, and since the action of
Diff4(W, ;) on each WO(r) is free and proper, the canonical augmentation of [an-functors Wg /

Diffy(W, ;) — W?}/Diffa(Wg’l) = Wﬁ is an equivalence.
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Next, we generalise Construction 3.6 in two ways: We consider embeddings into W ; instead
of only into D*"* = W, ;, and we let the framing of W, ; vary. More precisely, let V, (r) C Emb®(r x
D", W, 1) X Emba(Wg,l,DZ”"”) % [0, 00) X Frg(Wg,l, z,”g,l)[‘)"”) contain all tuples (a,y,7,9,u,¢)
satisfying the very same conditions as in Construction 3.6, we only replace {(0) = ¢ ; by {(0) =
£. We have a map V,(r) > We (r) taking such a tuple to (n,{(w),B), and we have a map
V,(r) — Embe(r X D2” W,1) that only remembers (¢, ¥, £). Both maps are equivalences: For the
second map, we can run the same proof as Lemma 3.13, and for the first one, we note that the fibre
of any (1, Z, B) is parameterised by the contractible space of real numbers t!, ... , " > 0 and paths
¢ inside Fr§(W, ,¢,,,) ending in ¢, such that {(s) o Tn~" o TB|,xpan = £, holds inside {i} x D"
foralls > ¢;

Both maps are morphisms of right F6 -modules, and hence induce morphisms of [Fe -functors
ES, <« v, — WQ As all three [Fe -functors attain values in Diff5(W , ;)-spaces and the maps are

_W A1
equlvarlant we obtam the des1red zig-zag of F3 9 -functors

D, |V, J Diffs(W,,) — W9 // Diff,(W, ) — W,

By applying B. (-, 2n’ x*A), we get a zig-zag of levelwise equivalences of simplicial spaces, all of
which are proper as all components of the above right an-modules are Hausdorff and &-free.
This gives the desired equivalence on geometric realisations. [l

Construction 3.18. Using the equivalence from Proposition 3.1, the unary operation o € Wle (1)
induces stabilisation maps Wj [A] - Wg 411 [A]. The equivalence from Proposition 3.1 also tells
us that the homotopy type of W 1[A] carries an A  -structure, and by abuse of notation, we may
write QBW? | := QB(W? ®Fe K*A)

If Ais path -connected, then We ,[A] is path-connected by Lemma 2.29, so by the group-
completion theorem, we obtain an equlvalence

hocolimg_ng,l[A]“L ~ Q,BW? ®;L,§n K*A) =: Q,BWY [A].

We close this section by noting that we can use Proposition 3.1 to deduce homological stability
of W?I[A], generalising [7, Theorem E], from the stability results for moduli spaces of surfaces
[18, 31’] and of high-dimensional manifolds [17]:

Theorem 3.19. Let 6: L — BO(2n) be a spherical tangential structure with ,-injective 6, and
let A be an Ee -algebra. If 2n > 6 (or 2n = 2 and 6 is admissible to [31 Theorem 7.1]), then the
maps We [A] - W2+1 1[A] induce isomorphisms in Hi(—; Z) fori < g -z (for 2n = 2, the slope
is dlﬁ”erent but coincides with the one from [31, Theorem 7.1]).

Proof. Let us write i, 1= g -z (or the slope from [31, Theorem 7.1] for 2n = 2). The map in
question is equlvalent to the map |B (Ws, F5,, x*A)| — |B, (we 17 2n’K *A)|, induced by the mor-
phism We - W o1 of right [EQ functors that, on each space X, is a union of maps stab Xg_
id : Wg(r) Xg, X" Wg +1(r) Xg, X". Since stab induces isomorphisms in homology in degree

at most i, and &, acts freely on both sides, and We(r) and We ,(r) are Hausdorff, a spectral
sequence argument shows that the same holds for each of the maps stab g, id.

This shows that the map B (We, F5, x*A) > B (W 1 [FZn,K ‘A) 1nduces levelwise isomor-
phisms in homology in degrees at most i . Since both source and target are proper simplicial
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spaces, [35, Proposition Al:iv] enables us to consider the map among ‘thick’ geometric realisa-
tions instead. Here we can invoke the spectral sequence associated with the skeletal filtration, and
a comparison argument for spectral sequences shows that the geometric realisation is a homology
equivalence in that range as well. O

4 | SPLITTING PUSHFORWARDS TO OPERADS WITH
HOMOLOGICAL STABILITY

Proposition 3.1 motivates us to study the group-completion of W? ®me x* A for a spherical tan-
gential structure © and an EY 9 ,-algebra A. Here we use thatif0 : L — BO(2n) is n-connected, then
WP is an OHS as in [2], and we prove a splitting result similar to [2, section 5] and [4, section 5] for
pushforwards. Before carrying out this approach, we first have to switch to a based framework.

Construction 4.1. The operad E,, has exactly two operations, namely the identity 1 and a single
nullary operation 0. Thus, E,-algebras are the same as based spaces. An operad under E,, is the
same as an operad O together with a preferred nullary operation 0. For any operad © under E,,
we have capping mapscap : O(r) — O(0) given by precomposing an r-ary operation with r copies
of 0.

Let O be an operad under E,,. The forgetful functor from ©-algebras to based spaces has a strict
left-adjoint, namely F° := @ ®r, (—). We denote the monad associated to this adjunction by O;
it should be seen as a reduced version of O. More explicitly, X is the (strict) coequaliser of the
two canonical maps OE, X = OX.

Under mild point-set topological assumptions, we can also use these reduced monads to
describe the derived pushforward, similar to Remark 2.11:

Remark 4.2. If P is proper and A is a P-algebra whose underlying based space is well-pointed (in
short, a ‘well-pointed P-algebra’), then the augmented simplicial P-algebra B,(F”, P, A) — A is
a proper simplicial space (see, e.g. [37, Proposition 1.4.42] for details), has an extra degeneracy,
and hence is a P-free simplicial resolution of A in the sense of [13, Definition 8.18]. If O is ©-free
as well and P — O is a map of operads, then, since @ commutes with geometric realisations, the
left-derived pushforward © ®%} A (whose preferred point-set model for us remains |B, (O, P, A)|
as in Remark 2.11) is equivalent, as an (9-algebra, to the ‘reduced’ two-sided bar construction
|B.(0, P, A)|.

Lemma 4.3. Let P a proper operad, let © be a ©-free operad under E, such that {0} < O(0) is a
cofibration and let P — O be an operad map. Moreover, let A be a P-algebra. Then the ©O-algebra
O ®}, A is well-pointed.

Proof. If %, denotes the simplicial singleton, then the basepoint inclusion of (9®% A is the
geometric realisation of the simplicial map f, : *,— B.(O, P, A) that freely extends

{00} = 00) € [JO0) xg, A" = PA = By(0,P, A).

r=0

As this map and all degeneracies of B, (O, P, A) are cofibrations, f, is a Reedy cofibration. By [20
Theorem 18.6.7:1], | f.| is a cofibration as well. O
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The following definition is a special case of [2, Definition 4.5]:

Definition 4.4. An OHS is given by:

1. aproper operad © with a grading O(r) = [[ ,, O, (r) such that the @, -actions restrict to O ,(r)
and the composition is graded,

2. an A, -operad A, a preferred nullary 0 4 € A(1) and a map of operads u : A — O (turning O
into an operad under E;) landing inside ©,, such that u(.A(2)) C O,(2) lies in a single path-
component,

and we require the following stability condition: There is a o € @;(1), inducing maps
stab: O,(r) — O, (r) by postcomposition, such that for each r, the map of towers

Op(r) =23 0,(r) =23 O,(r) —> -

cap\l/ capl/ capl/

0,(0) > 0,(0) > 0,(0) — -

stab” stab”

induces a homology equivalence on homotopy colimits. Then u(A) C ©,, and each ©-algebra A
is in particular a homotopy-commutative .4-algebra.

Example 4.5. For each spherical tangential structure 8 : L — BO(2n), the 6-framed generalised
surface operad W¥ has a natural grading Wo(r) = 1 450 Wj(r), and it receives amap u: F; —
F gn — WP from an A -operad. Since 2n > 2, this map factors through F,, and hence u(F;(2)) C
Wg (2) lies in a single path-component.

If L is n-connected, then Corollary 3.12:2 tells us that the stability condition is satisfied as
well, using the operation o € Wls (1) from Construction 3.8 as a propagator. Therefore, W° is
an OHS, compare [2, Theorem 7.4]. Its initial algebra W?(0) group-completes to Z x QP MT6 by
Corollary 3.15.

Remark 4.6. Let O be an OHS and let P be another operad under E, with P(0) ~, which comes
withamapp: P — Oofoperadsunder E,. Then we automatically have p(P(r)) C O, (r): Because
P(0) is connected and p is a map under E,;, implying po(05) = u(0 4) € Oy(0), we have p(P(0)) C
0,(0), and therefore

cap(p(P(r)) N O,(r)) € p(cap(P(r))) N cap(O,(r))
€ p(P(0)) N O,(0)

C 0,(0) N O, (0).

Construction 4.7. For what follows, we assume that (O, u : A — ) is an OHS and P is another
proper operad with P(0) ~* and amap p: P — O under E,,.

We furthermore assume the existence of an operad map @ — E_, under E,. One way to achieve
this map is to replace the above structure maps u and p by the equivalent maps u X idg_ and
p X idp_, respectively, with E, being diagonally included into these product operads, and then
consider the projection @ X E,, — E_,, compare [2, Corollary 4.10] and [4, Lemma 5.11]. As in
their proof, one checks that this replacement changes neither a condition nor a consequence of
Proposition 4.8.
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Proposition 4.8. Let O be an OHS, let P be a proper operad with P(0) ~x* and let P — O be a map
of operads under E,. Then the map of O-algebras

(08} A) = (08, *) X (E,, ® A)
that is induced by A - and O — E_, induces an equivalence on group-completions.

Remark 4.9. Since P(0) is contractible, the basepoint inclusion into each PP(x) is an equivalence,
and hence the canonical map

(9(0) = Gj)(*) = BO(Oy EO; *) g |B-(®a EO, *)l - |B-(®7 [ﬁ” *)l = O®”f) *
is an equivalence of @-algebras, so Proposition 4.8 in particular tells us
OB(0 ®, A) ~ QBO(0) X OB(E,, ®, A).

We point out that Proposition 4.8 is a variation of [2, Theorem 5.4] and [4, Theorem 5.9], and
consequently, the proof is very similar:

Construction 4.10. We introduce a ‘stable’ version of @: For each based space X, the space O(X)
splits as [ | p @) ;(X), and we consider the mapping telescope

D4 (%) = hocolim( 04(X) =2 §,(X) =25 B,(X) — - ).

Then the terminal map X —x* of based spaces gives rise to maps O g(X )= 0O g(*) for each g, which
are compatible with the stabilisations, and hence constitute a map among homotopy colimits
0,(X) = O (*). On the other hand, by fixing a path from the image of § inside E, (1) to 1, we
obtain a homotopy from O,(X) - E,(X) to 0,(X) — 0,,(X), followed by the map to E,(X).
We hence obtain a map out of the mapping telescope 0, (X) — £, (X). The product map is called

Py 0,X) = 0, () xE(X).

The following statement is shown in the proof of [2, Theorem 5.4] (it does not use the second
operad P at all):

Lemma 4.11. For each based space X, the map ¥y is a homology equivalence.
We can now show Proposition 4.8 by adapting the proof of [4, Theorem 5.9]:

Proof of Proposition 4.8. By replacing the algebra A by P ®%) A and applying Lemma 4.3 if nec-
essary, we may assume that the algebra A to start with is well-pointed, enabling us to employ the
reduced monads to describe the pushforward.

As P(r) = O(r) lands in Oy(r) for each r > 0, each O is a itself right P-functor and B, (0, P, A)
decomposes into B,(@q, P, A). Then the map ® from the statement is a union of realisations of
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simplicial maps
®,: B.(0,,P,A) - B.(0,,P,*) X B,(E, P, A).

Adding the propagator gives rise to maps O, — 0, of P-functors, its homotopy colimit being
the P-functor Q.. Since the maps @, commute with these stabilisations, we obtain a colimit
map ®_. It suffices to show that ®_ is a homology equivalence, as this implies, by a clas-
sical telescope argument, that ® induces an isomorphism among localised Pontrjagin rings
H,(0®, A)lr;'] - H.((08), *) x (E,, ®), A))[7;'] and by the group-completion theorem,
QB® is a homology equivalence of loop spaces, and hence a weak equivalence as desired.

To this end, we note that @, is levelwise given by O (PPA) - O (PP %) X E, (PP A). Post-
composing with O, (PP *—x) X id, the resulting map agrees with ¥y 4, which is a homology
equivalence by Lemma 4.11. However, since P(0) is contractible, PP x—x is an equivalence of
cofibrant spaces, and since O, preserves such equivalences, the map to postcompose with is an
equivalence. This shows that ®_ is levelwise a homology equivalence. Finally, as both sides are
proper, we can invoke the spectral sequence for ‘thick’ geometric realisations (as in the proof of
Theorem 3.19) to conclude that @ itself is a homology equivalence. 1

Corollary 4.12. Let6 : L — BO(2n) be a spherical tangential structure with n-connected L, and let
Abean Egn-algebra. Then we have a weak equivalence of loop spaces

QBW? [A] =~ Z X QF°MTO x QB(E,, ®ps A).
’ 2n

Proof. As explained in Construction 3.18, the left side silently stands for the group completion of
the pushforward W° ®me x* A. By Proposition 4.8, this splits into the group-completion of W°(0),
which is Z x Q°MTO by Corollary 3.15, and the group completion of E ®Fe x*A. However,

since Egn < ern pi an X E., — E is a zig-zag of operads as in Construction 2.13, it follows that
E, Qg x*Aisamodel for the homotopy type of the E -algebra E,, Qo A. O
2n 2n

5 | CALCULATIONS AND EXAMPLES

The considerations of Section 4 reduce the original problem to understanding, for each tangential
structure 6 : L — BO(d) and each E9 -algebra A, the spectrum B®(E,, ®% ES A). We will give a
general, yet rather abstract answer to thlS question in Section 6, but we first discuss several special
cases, which rediscover results by [7, 8].

5.1 | Suboperads and submonoids

Remark 5.1. Let H be any proper operad mapping to Eg’n. By Remark 2.11, we obtain, for each
H-algebra X, an equivalence E ®Ee (E ®[L X)~E, ®[L X of E -algebras. This shows that
if 6: L — BO(2n) is a spherical tangentlal structure with n- connected L, then we have a weak
equivalence of loop spaces

0 0 L o L
QBW; |[E;, ®;, X] = Z x QF°MTO x QB(E, ®, X).
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Particularly easy examples of H are operads that arise from topological monoids:

Definition 5.2. Each topological monoid M constitutes an operad M, with M as its monoid of
unary operations, with a single nullary operation, and with no operations of higher arity. Then M |
is a proper operad if and only if M is well-pointed. Moreover, M , -algebras are the same as based
M-spaces. For a based M-space X, we define its based homotopy quotient as Xy, := E, ®}LW X

In the case where the M-action on X is trivial, we have an equivalence X, ,; ~ (BM), AX

If M maps to the monoid Egn, then we obtain an operad map M, — Ezen by taking the unique
nullary of M to the unique nullary of Egn.

Proposition 5.3. Let M be a well-pointed topological monoid mapping to Egn(l). Then we have, for
each based M-space X, a weak equivalence of loop spaces

QBW?, [ES, ®}, X] =7 X QFMTO X 0¥ (Xyy).

Proof. By Remark 5.1, it suffices to show QB(E, ®;Lv1+ X) ~ Q®XE%®(X}5r)- To this end, we note that
by Construction 2.13, each operad map M, — E_, can be used to calculate the homotopy type of
the left-hand side. One operad map is given by the composition of M, — E, taking each unary
operation in M to the identity, and the inclusion E, — E . By Remark 2.11, we get an equivalence
of E -algebras

E,, ®} X ~E, ® (EO ®,. X) ~ E,, ®% Xy

We then conclude the proof by invoking the equivalence QB(E,, ®[L (=) ~ Q%®°Z*® on well-
pointed spaces from [1, 34] and noting that X} 5, = E, (X)[L X is well- pomted by Lemma 4.3. []

Our main example for a submonoid of Eg comes from the following observation:

Lemma 5.4. If 0 is of the form BG — BO(d) for a well-pointed subgroup G C O(d), then there is a
zig-zag of equivalences of well-pointed monoids G < G < Eg(l).

We point out that there are models for E¢, for which G is even a strict subgroup of the monoid
of unaries. For the model we use, this is not the case.

Proof. We start by noting that 8%V, is given by the Borel construction EG X R?. In this descrip-
tion, there is an element e, € EG such that under the standard identification D¢ x R? ~ TD¢9, we
have 7, 1(z,v) = [ey, v] up to a fixed linear automorphism of R4,

Now we let G C ES(1) = Emb®(D?, D?) be the submonoid consisting of all (a,,t) where
a: D? < DY is of the form w|pe for some w € G C O(d) and where y is of the form s
((z,v) = [B(s), v]) for some path B : [0,¢] — EG frome, toe, - . Thenthe map f : G — G taking
(w|pd,7,t) to w is a homomorphism.

In slightly different words, G is a Moore model for the homotopy fibre of the map G — EG tak-
ing w to e, - w and f is the canonical map from the homotopy fibre to G. Since EG is contractible,
this shows that f is an equivalence. Moreover, we employ the equivalence Emb(D¢, D4) ~
Buny(TD4, TD?) from the proof of Lemma 2.21 to see that the inclusion G < EJ(1) fits into the
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following morphism of Puppe sequences

G S G S EG S BG

\E w'-)wh)d\Lw'-’Twh)d \Le'—’((zvv)’—’[e,U])

E5(1) — Emb(D?, D?) ~ Buny(TD4, TD?) — Bun(TD4,EG X; RY) — BG,
so since the right vertical map is an equivalence, first one is an equivalence as well. O

Example 5.5. Let G C O(2n) be an (n — 1)-connected well-based subgroup such that the tangen-
tial structure 6 : BG — BO(2n) is spherical. If X is a based G-space, then it is in particular a based
G-space and the based homotopy quotients X, and X, ; are equivalent. Therefore, Proposition 5.3
provides us with an equivalence

6 0 L
QBW?, [EZn . X] ~ 7 X QP MTO X QCE% (Xy.5).

In the case of 2n = 2 and 6 being BSO(2) — BO(2), this recovers [7, Corollary D].

5.2 | Partial algebras

A slightly more rigid viewpoint, which appears in both [7] and [24], starts with a partially defined
Eg—algebra X, and instead of taking the relatively free Eg—algebra along an operad map to E9, we
complete the Eg—algebra:

Definition 5.6. Let P be an operad. A partial P-algebra is a space X, together with Comp(X) C
PX and amap 1 : Comp(X) — X satisfying the axioms of [24, Example 41].

Clearly, a partial P-algebra X with Comp(X) = PX is the same as a P-algebra in the usual sense,
hereafter called honest P-algebra in order to avoid confusion.

Construction 5.7. Let X be a partial P-algebra. We define an inverse system
(- = Comp,x) —> Compy(X) ),

with ¢; = 4 and Comp,(X) C PComp,,_;(X) being the subspace of all x satisfying (Pc,_;)(x) €
Comp,,_;(X); then ¢, is the restriction of Pc,,_; to that subspace.

If S is a right P-functor with values in spaces, then we obtain a simplicial space SComp, (X),
where the degeneracy maps s; : SComp,(X) — SComp,,(X) are induced by the unit of P, the
face mapsd,; : SCompp(X ) — SCompp_l(X )for0 < i < p — 1areinduced by the natural transfor-
mations P> — P and SP — S, and the last face map d, is given by Sc,,, compare [24, Lemma 4.2].
If X is an honest P-algebra, then the simplicial space SComp, (X) agrees with the usual two-sided
bar construction B, (S, P, X).

Construction 5.8. For a partial P-algebra X, we define its completionX := |PComp,(X)|, which
is a P-algebra by P|PComp, (X)| = |P>Comp, (X)| — |PComp,(X)|. If X is an honest P-algebra,
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then PComp, (X) is the P-free simplicial resolution of X from Remark 2.11, so its realisation X =
P ®[7L) X is equivalent to X.

If S is any right P-functor, then there is an equivalence among geometric realisations
IB.(S,P,X)| ~ |SComp,(X)|, which is established as in the proof of [24, Lemma 44] by looking at
the bisimplicial space B, (S, P, PComp, (X)).

Construction 5.9. Let W be a 6-framed manifold and let X be a partial ES—algebra. Then we put
fue, X = /»3 X and WO[X] := WP[X], that is, we first complete and then apply the old definitions.
We have an equivalence

2] £
Jw X = |B.(EY,,E9, X)| ~ |EY,(Comp.X)|,

and similarly for W°[X], showing that in the case where X is already an honest Eg—algebra, the
two competing definitions are equivalent.

Letd =2n.If H C Egn is a proper suboperad, and X is an H-algebra, regarded as a partial Eg’n-
algebra, then X ~ Egn ®;LL, X,s0if 6 : L — BO(2n) is spherical with n-connected L, we are in the
situation of Remark 5.1. This leads us to the desired reformulation of Proposition 5.3 in terms of
partial algebras:

Theorem 5.10. Let 6 : L — BO(2n) be a spherical tangential structure with n-connected L. I[f M C
Egn(l) is a well-pointed submonoid and X is a based M-space, regarded as a partial Egn-algebra,
then we have a weak equivalence of loop spaces

QBWi1 [X] =~ Z X QP MT6 X Q¥ (X, ).

5.3 | Configuration spaces and punctured diffeomorphism groups

Two further calculations are based on a reinterpretation of some cases of factorisation homology
fue, A as labelled configuration spaces C(W; X) studied in [5, 34]. This reinterpretation appears to
be well known, but as I could not find a reference, I spelled out a proof. Let us first repeat the
definition from [5, section 1] in our language:

Definition 5.11. Let Q be a space. For each r > 0, let C,(Q) C Q" be the space of ordered con-
figurations of r particles in Q. Then we have a right Ey-functor C, that takes a space Y to
I, ¢.(@ Xg, Y". For every based space X, we define the labelled configuration space C(Q; X) as
the (strict) coequaliser of the two maps CyEy(X) = Co(X). If X is well pointed, this coequaliser
is equivalent to the bar construction |B,(Cg, Ey, X)|.

Proposition 5.12. Let X be a well-pointed space, considered as a based Eﬁ(l)—space with trivial

action, and hence as a partial Eg-algebra. Then we have weak equivalences fue,X ~ C(W;X) and
WOX] =~ (C(W;X) x FrS(W, w)) /| Ditf 5(W) that are compatible with embeddings.
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Proof. We show the second equivalence, as the first one is proven analogously. Throughout the
proof let M be the monoid Eg(l). We then have an equivalence

wéx] = |B,(E§V,Eg,E3,®5E§X)| J Diff5(W) =~ |B,(EY,,M,,X)| // Diff5(W).

We have fibrations E_mbe([ x D4, W) = C (W) x Frg(W, Cw)with (7, a,y) — (“|5><{0}’ ), induc-
ing a transformation E?V — Cyy X Frg(W, Zw ). We want to show that the Diff ;(W)-equivariant
augmentation |B,(E€V, M, Eg)| = Cy X Frg(W, Zy) is an equivalence of right E,-functors; then
the claim follows from the chain of equivalence (all of which are compatible with postcomposing
with 0-framed embeddings)

(C(W;X) X Frd(W, fW)) J/ Diff3(W) = [B.(Cyy X FrI(W, £3,), Eq, X)| J Diff5(W)
~ |B,(B.(E%,, M, Ey), Ey, X)| // Diff5(W)
~ |B.(EY,,M,,X)| / Diff (W)
~ wox].

In order to reach this goal, we first note that for any trivial (unbased) M-space Y, the canon-
ical map B,(EY,,M,Y) — B.(EY,,M,,Y,) induces an equivalence on geometric realisations, so
by 2-out-of-3, we can likewise show that for any such Y, the augmentation f : B.(Ee M, Y) —
Cy(Y) % Frg(W, ¢y ) induces an equivalence on geometric realisations. Since all augmentation
maps BP(E%,, M,Y) - Cy X Frg(W, ¢yy) are fibrations and all involved simplicial spaces are
proper, [11, Lemma 2.14] tells us that the homotopy fibre of |f| is the geometric realisation of
the actual simplicial fibre.

To calculate this fibre, let ([wy,... ,w,; Y1, .. , Y., ¢) € (C,(W) Xg, Y x Frg(W, ¢y) be any
point. Since Y is a trivial M-space, the actual fibre F, is of the form

i=1’

F, = Ernbe1 ’wr([ x DY, W) Xg, (MP x{y});

where the O-framing # of W is taken into account and where Embful w € Emb? is the sub-
space of those O-framed embeddings («, y) with a(i, 0) = w,(;) for some o € ©,.. We fix a 0-framed

embedding (&, 7) : r X D4 < W with &(i,0) = w;; then the map
Embg (D¢, DY) x &, — Emb;,
(al’)/]a 5ar’ y;fa G) g (d5 77) o ((al’ }/r) u u (aw )Ir)) o (G X ldﬁd)a

is a deformation retract (the deformation given by shrinking the radii of the discs). The left-hand
side, in turn, is equivalent to M" X @, itself. Altogether, we have established a simplicial equiva-
lence between the actual fibre F, and the simplicial space B, (M, M, )", which is contractible as
desired. O
Example 5.13. Let X be the based space S°, considered as a trivial Egn
partial Egn(l)-algebra. By Proposition 5.12, we have an equivalence

(1)-space, and hence as a

wOx] = [ J(C.(0F) x F§(W, £3))  Diffs(W),

r=0
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where C,(W) is the unordered configuration space of r particles inside W. Moreover, we have an
action of Diff 53(W) on each C,(W) and the evaluation Diff ;(W) — C,(I/f/) at a given configuration
is a fibration, with the stabiliser being the subgroup Diff g(W) of diffeomorphisms that fix a subset
of cardinality r, allowing permutations. Therefore, the canonical map = /Diff’(W) — c,(W)y
Diff (W) is a weak equivalence, so by a five lemma argument, we obtain an equivalence

WO x| = [ [FSw, £y) j Diff5(W).

r=0

These are the punctured moduli spaces Mg’r (W, ¢y,) considered in [8]. Using that hE (1)
(BESn(l)) + = L, Theorem 5.10 provides us with an equivalence

OB [ MY W, 1.¢,1) = Z x Q°MTE x Q¥5CL.

g,r=0

By noting that Q®X L is the group-completion of the labelled configuration space C(R®; L, ) ~
Il,50L" / ©,, we obtain an equivalence among Quillen plus-constructions

+
(:olimg,,_,oo(.Mg’r(Wg’l,z,”g’l))+ ~ (colimgﬁmMg(Wg’l,fg’l)) X (colim,_ L™ J &,)".

This is an instance of [8, Theorem A]. We point out, however, that Bonatto’s result is stronger: In
her case, one gets, very much as in [6], a decoupling result for a fixed, finite number of punctures.

Example 5.14. Recall the fibre sequence /v[e/ A - WP[A] -» Mg(W, ¢y) from Proposition 2.31.
In the case where W = Wg,l, we have stabilisation maps for all three terms in this sequence, and
as they are compatible with each other, we reach a fibre sequence

. 6 . :
colim,_, ., fWg,1 A cohmg_ijl[A] - cohmg_Nx,Mg(Wg,l, 1)

In the case where A is path-connected, the group-completion theorem and the main result of this
paper provides a square

colimy_, o Wg,[A] ———— colimy_ o, MW, 1,¢41)

! l

QFMTO x OB(Ey, ®fz, A) ————> Q°MTO,

where the vertical maps are acyclic. One might be tempted to hope that the induced map on
homotopy fibres

. ]
colim,,_, ., fwg,l A — QB(E,, ®%§n A) @
is an equivalence as well. Here is an example showing that this is not the case: Let 2n = 2

and consider the tangential structure 6 : BSO(2) — BO(2) of orientations. Moreover, consider
the based space X = S3, together with the trivial SO(2)-action. Under the identifications from
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Proposition 5.12 and Proposition 5.3, the map from Equation 1 is of the form

colim,_, C(W

g—00

51357 — Q¥E®(S? ABSO(2),).

We want to show that this map does not induce an isomorphism in Hs(—; F,), and hence cannot
be acyclic: On the one hand, we see that the right-hand side is the free E_ -algebra over the based
space S* A BSO(2), ~ Z3CPf, so by [10, Theorem 1.4.1], its rational homology is the free Dyer-
Lashof algebra over based graded [F,-vector space H,, (Z3CPi°; F,), which, in turn, is non-trivial in
every odd degree. This shows that Hs(Q®Z®(S*> A BSO(2) +);F,) is non-trivial. Since homology
commutes with filtered colimits, it suffices to show that H (C(Vf/g,1 ;S%); F,) is trivial for each g >
0. To this end, we note that the stable splitting from [5, Proposition 3] and the Thom isomorphism
provides us with an isomorphism of graded F,-vector spaces

H(C(W,;S%)F,) = @H*—?)I‘(Cr(wy,l); F2).

r=0

Since C,(Vf/g.l) is a non-compact 2r-dimensional manifold, the shifted homology groups
H *_3r(C,(Wg’1); F,) are concentrated in degrees 3r <x< 5r. Hence the claim follows from the fact
that there is no integer r > 0 with 3r < 5 < 5r.

Remark 5.15. In higher dimensions, the question whether the map from Equation 1 is
acyclic or not is equivalent to the question whether the maximal perfect subgroup of
colim g—»ooﬂl(Mg(Wg,l’ £ ;1)) acts trivially on the fibre colim,_, ., fVig,l A or not. However, I am
not aware of any work that has dealt with this question.

6 | RELATIVELY FREE E_-ALGEBRAS

In this section, we develop a general approach to the remaining question of the homotopy type
of B®*(E, ®%3 A) for a given Eg-algebra A. By doing so, we assume familiarity with the language
of co-categories and co-operads as in [25, 26]. Note that the question we want to address is only
about the operads Eg and E, and has nothing to do with diffeomorphisms of manifolds any more.

Construction 6.1. Recall from Example 2.20 the operad map E; — ES. If Ais an Eg-algebra,
then we denote by UA its underlying E-algebra. For any E;-algebra 2, we consider the clas-
sical iterated bar construction B4 := |B,(Z¢, E,, A)| as in [28], which is a (d — 1)-connected
based space.

Remark 6.2. Let C be an oo-category, let L be a connected space and let X : L — C be a dia-
gram. Since L is connected, the homotopy type (i.e. the equivalence class in C) of any X (b)) is
independent of b, € L, and we say that X takes value X(b).

For each choice of basepoint b, € L, the diagram X may be re-expressed in a slightly more
classical language by the object X(b,) in C, together with an E;-action by the loop space QL =
Qp LonX (by), and the colimit colim; (X) agrees with the (homotopy) quotient X(b,),q; if either
side (hence both sides) exist(s) in C.
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We point out that in the case where L is part of a tangential structure 6 : L — BO(d), then a
canonical choice for a basepoint of L would be the one coming from the bundle map ¢ ; : TD? —
0*V 4, whose map among base spaces factors through a single point. The aim of this section is the
following:

Proposition 6.3. Let 0 . L — BO(d) be a tangential structure with connected L and let A be an Es-
algebra. Then the shifted suspension spectrum X ~9BYU A carries an E; -action by the loop space QL
and we have an equivalence of connective spectra

) L ~ co—dpd
B®(E,, ®ke A) = (E°7“BUA), ;-

Example 6.4. If L is contractible (i.e. E9 ~ E,;), then B®(E ®%d A) ~ xo-dpdyg,

Example 6.5. If 0 is of the form BG — BO(d) for some homomorphism G — O(d), then Propo-
sition 6.3 gives rise to a naive G-action on »*=dBdU A, and we have an equivalence B®(E ®%§
A) = (2271BIUA), ..
Altogether, Proposition 6.3 then implies our main theorem:

Theorem 6.6. Let 6 : L — BO(2n) be a spherical tangential structure with n-connected L, and let
Abean Egn-algebra. Then there is an A, -action of QL on the spectrum Z®~2"B2"U A and we have
a weak equivalence of loop spaces
6 _
QBW? | [A] = Z X QF°MTE x Q% ((Z*""B*"UA), , )-

In combination with Theorem 3.19, we finally have achieved the following homological
computation:

Corollary 6.7. Let6 : L — BO(2n) be a spherical tangential structure with n-connected L. If2n > 6
(or 2n = 2 and 6 is admissible to [31, Theorem 7.1]), we have, for each path-connected Egn—algebra
A and each g > 0, isomorphisms

H,(W? [A]) = H;(QFMTE x Q% ((2*>"B*UA), ;)

for every i small enough compared to g to satisfy the conditions of Theorem 3.19.

In order to prove Proposition 6.3, we have to reformulate parts of our operadic framework in
oo-categorical terms:

Notation 6.8. For each oco-category C and objects X,Y, we denote the corresponding map-
ping space by Map.(X,Y). The (large) co-category of oco-categories is denoted by Cat,,. For
oo-categories C and D, we denote the co-category of functors C — D by Fun(C, D). We call the
co-category of spaces S, the co-category of d-connective (i.e. (d — 1)-connected) based spaces S d
and the co-category of connective spectra Sp".

The oo-category of (coloured) co-operads is denoted by Op,,. Recall that co-operads are mod-
elled in [26, § 2.1] as functors © — Fin, to the skeletal category of finite pointed sets satisfying

certain conditions [26, 2.1.1.10]. A map of co-operads P — O is a functor of categories over Fin,

JORIPUOD PUB SWIS | 3L} 39S *[SZ02/E0/TT] U AiqiTauIUO A81IMm ‘B1B0j0u0e L I IMsul Jeunss|e i Aq 68002 SWII/ZTTT OT/I0pALOD" A3 ]I ARIqIBUIIUO"I0SUTEWPUO|//:SHNY WO pepeojumod ‘2 ‘5202 ‘052L69T

fajm

5UBD17 SUOWILOD dAIERID 3|ced ! |dde sy Ag pausenoh ae sappie O ‘8sn JO sajnJ J0j Ariq 1] auluo A3|1M uo



320f37 | KRANHOLD

satisfying a further condition [26, 2.1.2.7]. Let Op, (P, O) be the full subcategory of Fung, (P,0)
consisting of co-operad maps. We define the co-category Alg, = Algo(S) of @-algebras (in spaces)
to be Op,, (O, S).

Remark 6.9. Each topological operad is implicitly regarded as an oco-operad through its operadic
nerve [26, 2.1.1.23]. For a ©-free topological operad O, the co-category Alg, of algebras over the
operadic nerve of O is equivalent to the coherent nerve of the simplicial model category of ©-
algebras in the sense of [3], see [19, Theorem 4.2.2], which is an instance of [30, Theorem 7.11].

It then follows from [25, 5.2.4.6+7] that if P — O is a map of ©-free operads and P is proper,
then O ®%3 (—) models the left-adjoint to the forgetful functor Alg, — Algp, which, in turn, is
given by precomposing an operad map @ — S with P — O.

Example 6.10. The operad E, called the ‘commutative co-operad’ in [26, 2.1.1.18], is by definition
the identity Fin, — Fin, and hence the terminal object in Op_,. It agrees with the operadic nerve
of the topological operad E, see [26, 5.1.1.5].

Remark 6.11. May’s recognition principle [28] can be formulated homotopy-coherently as in
[26, 5.2.6.10]: Taking d-fold loop spaces becomes an equivalence of co-categories Q¢ : Sfd -
Algy o and the d-fold bar construction B? in the sense of Construction 6.1 is a model for its
essential inverse.

Remark 6.12. In [26, section 2.4.3], the author constructs, out of an co-category C, an operad C",
called the co-cartesian operad. Intuitively, its colours are the objects of C, and its space of oper-
ations (X, ... ,X,) = Y is given by [[, Map.(X;,Y). If O is a unital operad (i.e. for each object
X, the space of nullary operations () — X is contractible), then we have a natural equivalence
0P (0, CY) - Fun(O(1), C) of co-categories, where (—)(1) denotes the underlying co-category
of unaries, see [26, 2.4.3.16]. This implies that (—)" is a right-adjoint functor from Cat_, to the full
subcategory of Op, spanned by unital co-operads, its left-adjoint given by (—)(1).

As right-adjoints preserve terminal objects, the unital operad E, is of the form %", where * is a
point. For two co-operads © and (@’ and an co-category C, 26, 2.4.3.18] establishes an equivalence
0Py (C Xin, O,0") = Fun(C, Op, (O, @), which is natural in all arguments. For © = E, and
O’ = S, we get an equivalence of co-categories Algeu ~ Fun(C, Algg ), which is natural in C.

Notation 6.13. For any oo-category C, precomposing functors x— C with the terminal map
L —=x gives rise to the constant diagram functorA; : C — Fun(L,C). It is right-adjoint to
colim; : Fun(L, C) — C if the latter exists.

Lemma 6.14. Let Q be an L"-algebra, regarded as a functor L — Algp_ asabove. Then we have an
equivalence of connective spectra

B®(E,, ®}, Q) ~ colim;(B¥Q).

Proof. By [26, 5.2.6.26], the classical equivalence between the category Sp" of connective spec-
tra and group-like E  -algebras has been made precise in the context of co-categories, and in [9,
section 2.1], it has been shown that group-completion is left-adjoint to the inclusion of group-like
E-algebras into the category of all E,-algebras. This shows B : Algy — Sp™ is a left-adjoint
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functor between oco-categories and hence preserves colimits. Second, under the equivalence
Algpu =~ Fun(L, Algg ), the forgetful functor from E,-algebras to L"-algebras is identified with
precomposing functors x— Algp_ with the terminal map L —, that is, with the constant diagram
functor A; . Its left-adjoint is given by taking colimits in the co-category of E,-algebras. O

Proof of Proposition 6.3. Using [22, Proposition 2.2], there is a diagram © : L — Op_,, which takes
value E;, whose colimit is equivalent to the operadic nerve of E ¢, and for by € L coming from the
6-framing ¢, , of DY, the inclusion E; ~ ©(b,) — colim(®) ~ Eg is equivalent to the operad map
from Example 2.20.

Moreover, we also have an equivalence of co-operads L ~ colim; (A, E ), as one sees by
applying the co-Yoneda lemma to the groupoid cores of the natural equivalence

Opy, (LY, =) =~ Fun(L, Op(E, —))

=~ Op, (colim; (A E), —).

As the co-category of co-operads has L-indexed colimits, the functor A; is right-adjoint and hence
preserves terminal objects. This shows that A; E_ is a terminal diagram, so we have an (essen-
tially unique) map ® — A; E,. Its colimit is an operad map Eg — LY, and since E, is terminal,
the map Eg — E_, is homotopic to the composition Eg — LY — E_. This shows that we have a
commutative diagram of right-adjoints

Fun(L, Sp™") = S lim; (A, Sp™)

Fun(r,0)| im0

Fun(L, Algg ) ——> Alg;. —— lim;(Algy, ;)

(5 *Wi \Llimz,(@*ALEoo)*

Alggs —=— lim (Alge),

whence the corresponding diagram of left-adjoints commutes as well. The basepoint b, € L gives
rise to projection functors pr;, : lim;(Algg) — Algp, and so forth out of the limit categories,
resulting in a diagram (where A;E ®% (—) is the system of left-adjoints induced by the map
0 — A E_ of diagrams of co-operads)

~ . Prp,
Alggy ——=— lim;(Alge) —— Algg,

1@ lim, (8, B @b JEeeho

Prp,

Fun(L,AlgEm) =~ AlgLu % limL(AlgALEm) H AlgEoo

Fun(LB*)| tim, (8, 5)]_ s

PThy

Fun(L, Sp™) —=—3 lim (A Sp™) ——% Sp.

Here the commutativity of the left squares is justified by the aforementioned diagram of right-
adjoints, while the commutativity of the right squares is immediate as the central vertical maps are
induced by morphisms of diagrams. We moreover point out the top horizontal composition agrees
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up to equivalence with Op,(©(b,) — colim(®), S) and hence with the ‘underlying E;-algebra’
functor U from Construction 6.1.

Thus, for each E -algebra A, the left vertical composition (Fun(L, B*))(L" ®E3 A), which is
an L-indexed dlagram in connective spectra, takes value B®(E, ®E UA). We hence are left to
determine, for a general E;-algebra 2, the spectrum B®(E, Q% Ey 20). Here we see that for a given
connective spectrum Y, we have a chain of natural equlvalences of mapping spaces

Mapg,ea(B*(E,, ®;gd 2),Y) = Mapy,, (U, QiQx-dy)
~ Mapg>d (B, Q*~?Y)

~ Mapg,en (Z° B9, Y).
This proves the statement by virtue of the co-Yoneda lemma. O

Example 6.15. A d-connective retractive space is a fibration £ : X — L with a section o such that
the fibre X, over each b € L is (d — 1)-connected. For a compact 6-framed manifold (W, ) with
boundary, we let MapS(W,X) be the space of maps s: W — X with £os =7 and 5|y =007,
where £ : W — L is the map induced by # among base spaces. Put differently, it is the space of
sections of 7*X that coincide with #*g at dW.

For the 6-framed manifold (D¢, Zo1), the space QgX = Mapg(Dd,X ) carries the structure of
an Eg-algebra, generalising the usual E,-structure on Q%X (here we use that fO,l is constant with
value b,). Its underlying E;-algebra UQgX is equivalent to QX b,- Generalising the scanning
map from [5, Proposition 2], non-abelian Poincaré duality [26, Theorem 5.5.6.6] establishes an
equivalence between /ue/ X and Map (W, X).

As before, we would hke to cons1der the moduli space of such objects, and we do so by let-
ting the 6-framing vary: Let Map;(W, L) be the space of maps f : W — L with f|sy = £|sy, and
let Map;(W, X) be the space of maps g: W — L with g3y, = 0 07|sy. Then we consider the
homotopy pullback

Mapé(W,X) — Map;(W,X)
Fr(W,¢) —— Map;(W, L)

The space M Qg(W X) carries a Diff ;(W)-action, and the above equivalence can be enhanced
to a Diff 5(W)-equivariant equivalence |B,(ES,, E9, QgX )| Mapea(W,X ). We hence obtain an
equivalence

We[QIX] ~ MapS(W,X) // Diff;(W).

The right side can be interpreted as the moduli space of 6-framed manifolds of type (W, £y,),
together with a map to the retractive space X, abbreviated by Mg W,y ) X).

Coming back to our situation of d = 2n and (W,¢y,) = (W, ), we use the equivalence
BMUQ}'X = B*"Q*"X,, ~ X, toconclude via Theorem 6.6 the following:
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Corollary 6.16. Let O: L — BO(2n) be a spherical tangential structure with n-connected L.
Moreover, let X be a 2n-connective retractive space. Then we have a weak equivalence

+
colim,_ (M?(Wg’l, fg’l)(X)> ~ QPMTE x Q% ((z°°-2nxb0)hm).

Outlook 6.17. It would be interesting to have, for an Eg—algebra A, a description for the action of
QL on Z®~9BYU A. I expect the following to hold: For each euclidean d-dimensional vector space
V, there is an operad E;, equivalent to E;, defined exactly as in Example 2.6, and a d-fold bar
construction B : Algp, — S7 d1f6: L - BO(d) is a tangential structure, then we obtain the
diagram © : L — Op,, from [22, Proposition 2.2] by applying the construction V — E;, fibrewise
to the euclidean vector bundle 6*V . By applying V ~ BY fibrewise, we then should obtain a
morphism Algg — A; S7 4 of L-indexed diagrams in Cat_,. Passing to the limit, this gives rise to a
functor

B¢ : Algge — Fun(L, S79),

which we shall call the 8-framed bar construction. If 6 comes from a subgroup G C O(d), then
I expect this construction to coincide with the (1-categorical) G-equivariant bar construction
from [33]. For each d-connective retractive space X over L, I expect BJQJX to be the functor
corresponding to the fibration X — L.

The fibrewise one-point compactification 6*V; gives rise to a diagram 6*V° : L — e 4 and I
expect that a variation of the above Yoneda argument shows that B®(L" ®%2 A) is equivalent to
the L-parameterised mapping spectrum map(E°°6*V2°, xe BgA).

It seems to me that a formal argument for such a description would require a deeper analysis
of the co-categorical bar construction and its naturality, and hence would go beyond the scope of
this paper.

ACKNOWLEDGEMENTS

First, I would like to thank Luciana Basualdo Bonatto who was always open to discuss the
ideas I developed by looking at her work from a different perspective. Second, I am grateful to
Manuel Krannich, who helped me on numerous occasions with various technical details, and
who also suggested to describe the general pushforward with co-categorical methods. Third,
I owe thanks to Andrea Bianchi for several illuminating discussions on the subject. Finally, I
thank the anonymous referee for several illuminating comments, which helped improve the paper
significantly.

JOURNAL INFORMATION

The Journal of the London Mathematical Society is wholly owned and managed by the London
Mathematical Society, a not-for-profit Charity registered with the UK Charity Commission.
All surplus income from its publishing programme is used to support mathematicians and
mathematics research in the form of research grants, conference grants, prizes, initiatives for
early career researchers and the promotion of mathematics.

ORCID
Florian Kranhold © https://orcid.org/0000-0002-8598-2204

JORIPUOD PUB SWIS | 3L} 39S *[SZ02/E0/TT] U AiqiTauIUO A81IMm ‘B1B0j0u0e L I IMsul Jeunss|e i Aq 68002 SWII/ZTTT OT/I0pALOD" A3 ]I ARIqIBUIIUO"I0SUTEWPUO|//:SHNY WO pepeojumod ‘2 ‘5202 ‘052L69T

fajm

5UBD17 SUOWILOD dAIERID 3|ced ! |dde sy Ag pausenoh ae sappie O ‘8sn JO sajnJ J0j Ariq 1] auluo A3|1M uo


https://orcid.org/0000-0002-8598-2204
https://orcid.org/0000-0002-8598-2204

36 of 37 | KRANHOLD
REFERENCES

1. M. Barratt and S. Priddy, On the homology of non-connected monoids and their associated groups, Comment.
Math. Helv 47 (1972), 1-14.

2. M. Basterra, I. Bobkova, K. Ponto, U. Tillmann, and S. Yeakel, Infinite loop spaces from operads with homological
stability, Adv. Math. 321 (2017), 391-430.

3. C. Berger and I. Moerdijk, Axiomatic homotopy theory for operads, Comment. Math. Helv. 78 (2003), 805-831.

4. A.Bianchi, F. Kranhold, and J. Reinhold, Parametrised moduli spaces of surfaces as infinite loop spaces, Forum
Math. Sigma 10 (2022), e39.

5. C.-F. Bédigheimer, Stable splittings of mapping spaces, H. R. Miller and D. C. Ravenel (eds.), Algebraic Topol-
ogy. Proceedings of a Workshop held at the University of Washington, Seattle, Lecture Notes in Mathematics,
vol. 1286, Springer, Berlin, Heidelberg, 1987, pp. 174-187.

6. C.-F.Bodigheimer and U. Tillmann, Stripping and splitting decorated mapping class groups, J. Aguadé, C. Broto,
and C. Casacuberta (eds.), Cohomological Methods in Homotopy Theory, Progress in Mathematics, vol. 196,
Birkh#user, Basel, 2001, pp. 47-57.

7. L. B. Bonatto, Decoupling generalised configuration spaces on surfaces, arXiv: 2301.00093 [math.AT], 2022.

8. L. B. Bonatto, Decoupling decorations on moduli spaces of manifolds, Math. Proc. Cambridge Philos. Soc. 174
(2023), 163-198.

9. U. Bunke and G. Tamme, Regulators and cycle maps in higher-dimensional differential algebraic k-theory, Adv.
Math. 285 (2015), 1853-1969.

10. F.R. Cohen, T.J. Lada, and J. P. May, The homology of iterated loop spaces, Lecture Notes in Mathematics, vol.
533, Springer, Berlin, Heidelberg, 1976.

11. J. Ebert and O. Randal-Williams, Semisimplicial spaces, Algebr. Geom. Topol. 19 (2019), 2099-2150.

12. E. M. Friedlander and B. Mazur, Filtrations on the homology of algebraic varieties, Memoirs of the American
Mathematical Society, vol. 529, American Mathematical Society, Providence, RI, 1994. With an Appendix by
D. Quillen.

13. S. Galatius, A. Kupers, and O. Randal-Williams, Cellular E, -algebras, arXiv: 1805.07184 [math.AT], 2018, to
appear in Astérisque.

14. S. Galatius, I. Madsen, U. Tillmann, and M. Weiss, The homotopy type of the cobordism category, Acta Math.
202 (2009), 195-239.

15. S. Galatius and O. Randal-Williams, Stable moduli spaces of high dimensional manifolds, Acta Math. 212 (2014),
no. 2, 257-377.

16. S. Galatius and O. Randal-Williams, Homological stability for moduli spaces of high dimensional manifolds. II,
Ann. Math. 186 (2017), 127-204.

17. S. Galatius and O. Randal-Williams, Homological stability for moduli spaces of high dimensional manifolds. I,
J. Amer. Math. Soc. 31 (2018), 215-264.

18. J. L. Harer, Stability of the homology of the mapping class group of orientable surfaces, Ann. of Math. (2) 121
(1984), no. 2, 215-249.

19. V. Hinich and I. Moerdijk, On the equivalence of Lurie’s oo-operads and dendroidal co-operads, J. Topol. 17
(2024), no. 4, €70003.

20. P. S. Hirschhorn, Model categories and their localizations, Mathematical Surveys and Monographs, vol. 99,
American Mathematical Society, Providence, RI, 2003.

21. G. Horel, Operads, modules and topological field theories, arXiv: 1405.5409 [math.AT], 2014.

22. G. Horel, M. Krannich, and A. Kupers, Two remarks on spaces of maps between operads of little cubes, arXiv:
2211.00908 [math.AT], 2022, to appear in Higher Structures.

23. M. Krannich and A. Kupers, The disc-structure space, Forum Math. Pi 12 (2024), no. E26, 1-98.

24. A.Kupers and J. Miller, E, -cell attachments and a local-to-global principle for homological stability, Math. Ann.
370 (2018), 209-269.

25. I. Lurie, Higher topos theory, Annals of Mathematics Studies, vol. 170, Princeton University Press, Princeton,
NI, 2009.

26. . Lurie, Higher algebra, Harvard University Press, Cambridge, MA, 2017.

27. 1. Madsen and M. Weiss, The stable moduli space of riemann surfaces: Mumford’s conjecture, Ann. Math. 165

(2007), 843-941.

JORIPUOD PUB SWIS | 3L} 39S *[SZ02/E0/TT] U AiqiTauIUO A81IMm ‘B1B0j0u0e L I IMsul Jeunss|e i Aq 68002 SWII/ZTTT OT/I0pALOD" A3 ]I ARIqIBUIIUO"I0SUTEWPUO|//:SHNY WO pepeojumod ‘2 ‘5202 ‘052L69T

fajm

5UBD17 SUOWILOD dAIERID 3|ced ! |dde sy Ag pausenoh ae sappie O ‘8sn JO sajnJ J0j Ariq 1] auluo A3|1M uo



A STABLE SPLITTING OF FACTORISATION HOMOLOGY 37 of 37

29.

30.

31.
32.

33.
34.
35.
36.
37.

. J. P. May, The geometry of iterated loop spaces, Lecture Notes in Mathematics, vol. 271, Springer, Berlin,
Heidelberg, 1972.

D. McDuff and G. B. Segal, Homology fibrations and the “group-completion” theorem, Invent. Math. 31 (1976),
279-284.

D. Pavlov and J. Scholbach, Admissibility and rectification of colored symmetric operads, J. Topol. 11 (2018),
559-601.

O. Randal-Williams, Resolutions of moduli spaces and homological stability, J. Eur. Math. Soc. 18 (2016), 1-81.
P. Salvatore, Configuration spaces with summable labels, J. Aguadé, C. Broto, and C. Casacuberta (eds.), Coho-
mological Methods in Homotopy Theory, vol. 196, Progress in Mathematics, Birkhduser, Basel, 2001, pp.
375-395.

P. Salvatore and N. Wahl, Framed discs operads and Batalin-Vilkovisky algebras, Q. J. Math. 54 (2003), 213-231.
G. B. Segal, Configuration-spaces and iterated loop-spaces, Invent. Math. 21 (1973), 213-221.

G. B. Segal, Categories and cohomology theories, Topology 13 (1974), 293-312.

U. Tillmann, Higher genus surface operad detects infinite loop spaces, Math. Ann. 317 (2000), 613-628.

T. Zeman, Topological moduli spaces, homological stability, and operads, Ph.D. thesis, University of Oxford,
2019.

JORIPUCD PUe SIS | 34} 39S *[GZ02/E0/TT] U0 A1 8UNUO 4311 *91B0I0ULDS L N INISUT BUNSHEY AJ 68002 SW/ZTTT OT/0PACY A3 1 AIGIBUIIUO™O0SUIELIPUO| /'SR WO} POPOIUMOQ ‘2 'G20T ‘0GLL697T

fajm

5UBD17 SUOWILOD dAIERID 3|ced ! |dde sy Ag pausenoh ae sappie O ‘8sn JO sajnJ J0j Ariq 1] auluo A3|1M uo



	A stable splitting of factorisation homology of generalised surfaces
	Abstract
	1 | MOTIVATION AND OVERVIEW
	1.1 | Stable factorisation homology of oriented surfaces
	1.2 | Aim and setting of this work
	1.3 | Results
	1.4 | Strategy

	2 | BASIC NOTIONS
	2.1 | Monads and operads
	2.2 | Tangential structures and framed little discs
	2.3 | Factorisation homology and decorated moduli spaces
	2.4 | Generalised surfaces

	3 | FACTORISATION HOMOLOGY AND THE GENERALISED SURFACE OPERAD
	3.1 | Geometric models for operads
	3.2 | Properties of the new operads
	3.3 | Decorated moduli spaces as a pushforward

	4 | SPLITTING PUSHFORWARDS TO OPERADS WITH HOMOLOGICAL STABILITY
	5 | CALCULATIONS AND EXAMPLES
	5.1 | Suboperads and submonoids
	5.2 | Partial algebras
	5.3 | Configuration spaces and punctured diffeomorphism groups

	6 | RELATIVELY FREE -ALGEBRAS
	ACKNOWLEDGEMENTS
	JOURNAL INFORMATION
	ORCID
	REFERENCES


