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Abstract
We say that a poset (Q,≤Q) contains an induced copy of a poset (P,≤P ) if there is an
injective function φ : P → Q such that for every two X , Y ∈ P, X ≤P Y if and only if
φ(X) ≤Q φ(Y ). We denote the Boolean lattice (2[n],⊆) by Qn . Given a fixed 2-coloring c of
a poset P , the poset Erdős-Hajnal number of this colored poset is the smallest integer N such
that every 2-coloring of the Boolean lattice QN contains an induced copy of P colored as in
c, or a monochromatic induced copy of Qn . We present bounds on the poset Erdős-Hajnal
number of general colored posets, antichains, chains, and small Boolean lattices. Let the
poset Ramsey number R(Qn, Qn) be the least N such that every 2-coloring of QN contains
a monochromatic induced copy of Qn . As a corollary, we show that R(Qn, Qn) > 2.02n,
improving on the best known lower bound 2n + 1 by Cox and Stolee (Order 35(3), 557–579
2018).
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1 Introduction

The classic question in Ramsey theory is to quantify the size of a host structure such that
in any coloring of its elements, a large monochromatic substructure exists. In the setting of
graphs, Erdős and Hajnal [9] introduced a related problem: Given a fixed graph H edge-
colored with colors blue and red, determine the minimal order of a complete graph such that
any blue/red coloring of its edges contains a subgraph isomorphic to H with a matching
color pattern, or a monochromatic complete graph on n vertices. The well-known Erdős-
Hajnal conjecture states that the answer to the above problem is at most nc(H) where c(H)

is a constant, depending on H . This conjecture is wide-open for most graphs H . For more
details, we refer to a survey by Chudnovsky [7] and other recent results, e.g., [14, 15, 19]. In
this paper, we propose a similar concept for posets.

A poset is a set P equipped with a binary relation ≤P which is transitive, reflexive, and
anti-symmetric. The Boolean lattice Qn of dimension n is the poset consisting of all subsets
of an n-element ground set, ordered by the inclusion relation ⊆. The elements of P are
usually referred to as vertices. A colored poset is a pair (P, cP ), where P is a poset and
cP : P → {blue, red} is a blue/red coloring of the vertices of P . If a poset P has a fixed
coloring cP , we usually write Ṗ instead of (P, cP ). The size of a colored poset Ṗ is the
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size of the underlying poset P . Occasionally, we specify the assigned coloring using an
additional superscript. In particular, the poset P which is colored monochromatically blue is
denoted by Ṗ(b). In this case, we say that Ṗ is blue. Similarly, we refer to a poset P colored
monochromatically red as Ṗ(r) and say that Ṗ is red.

A poset P is an induced subposet, or subposet for short, of a poset Q if P ⊆ Q and
for any two X , Y ∈ P , X ≤P Y if and only if X ≤Q Y . A copy of a poset P in Q is an
induced subposet P ′ of Q that is isomorphic to P . Equivalently, a copy is the image of an
embedding φ : P → Q, i.e., a function such that for every X , Y ∈ P , X ≤P Y if and only if
φ(X) ≤Q φ(Y ). Given a fixed blue/red coloring of Q, a colored copy, or copy for short, of a
colored poset Ṗ in Q is a copy P ′ of P in Q such that each vertex Z ∈ P ′ has the same color
in Q as its corresponding vertex in Ṗ . For any fixed colored poset Ṗ , a blue/red coloring of
Q is Ṗ-free if it contains no colored copy of Ṗ .

Extending the classic definition of Ramsey numbers for graphs, Axenovich and Walzer
[1] introduced the poset Ramsey number R(P1, P2) of posets P1 and P2, defined as the
smallest N ∈ N for which every coloring of QN contains a copy of Ṗ(b)

1 or Ṗ(r)
2 . A central

question in this setting is to determine R(Qn, Qn), where the best upper bound is currently
R(Qn, Qn) ≤ n2 − �(n log n), see listed chronologically Walzer [18], Axenovich and
Walzer [1], Lu and Thompson [13], Axenovich andWinter [2]. The best known lower bound
is R(Qn, Qn) ≥ 2n + 1 by Cox and Stolee [8] who improved the trivial lower bound 2n
using a probabilistic construction for n ≥ 13. Later, Bohman and Peng [5] gave an explicit
construction proving the same bound for n ≥ 3. Exact bounds are only known for n ≤ 3;
Axenovich and Walzer [1] showed that R(Q2, Q2) = 4, and Falgas-Ravry, Markström,
Treglown and Zhao [11] proved that R(Q3, Q3) = 7.

For n ∈ N, the poset Erdős-Hajnal number ˜R(Ṗ, Qn) of a colored poset Ṗ is the smallest
N ∈ N such that every blue/red coloring of QN contains a copy of Ṗ , Q̇(b)

n , or Q̇(r)
n . In other

words, ˜R(Ṗ, Qn) is the minimal N such that any Ṗ-free blue/red coloring of QN contains a
monochromatic copy of Qn . In this paper, we study the poset Erdős-Hajnal number ˜R(Ṗ, Qn)

for a fixed colored poset Ṗ , while n is usually large.
If Ṗ is monochromatic, then ˜R(Ṗ, Qn) = R(P, Qn) for large n. This poset Ramsey

setting has been addressed in multiple articles, see listed chronologically Lu and Thompson
[13], Grósz, Methuku, and Tompkins [12], Axenovich andWinter [3, 4, 20, 21]. In this paper,
we focus on colored posets Ṗ in which both colors occur.

We say that Ṗ is diverse if it contains two comparable vertices of distinct color. Otherwise,
Ṗ is said to be non-diverse. Our first results provide general bounds for the poset Erdős-Hajnal
number of diverse and non-diverse Ṗ , respectively. The height h(P) of a poset P is the size
of the largest chain in P , and the 2-dimension dim2(P) of P is the smallest N such that QN

contains a copy of P . It is a basic observation that the 2-dimension is well-defined for any
poset P .

Theorem 1 Let Ṗ be a diverse colored poset. Let n ∈ N. Then

2n ≤ ˜R(Ṗ, Qn) ≤ h(P)n + dim2(P).

This bound has a straightforward proof. Say that Ṗ contains a red vertex which is larger than
some blue vertex. The lower bound is obtained from a layered coloring of Q2n−1, in which
vertices Z with |Z | ≤ n − 1 are colored in red, and vertices Z such that |Z | ≥ n in blue. The
upper bound follows from Lemma 3 in Axenovich and Walzer [1]. We omit the details.

We define the parallel composition Ṗ1 ©|| Ṗ2 of two colored posets Ṗ1 and Ṗ2 as the
colored poset consisting of a copy of Ṗ1 and a copy of Ṗ2 that are parallel, i.e., element-wise
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incomparable. Observe that a colored poset Ṗ is non-diverse if and only if P has subposets
Pb and Pr such that Ṗ = Ṗ(b)

b
©|| Ṗ(r)

r .

Theorem 2 Let Ṗ be a non-diverse poset. Let Pr and Pb such that Ṗ = Ṗ(b)
b

©|| Ṗ(r)
r . Let

n ∈ N with n ≥ max{dim2(Pb), dim2(Pr )}. Then
max{R(Pb, Qn), R(Pr , Qn)} ≤ ˜R(Ṗ, Qn) ≤ max{R(Pb, Qn), R(Pr , Qn)} + 2.

For afixed poset P , Axenovich andWalzer [1] showed that R(P, Qn) = O(n), soTheorems1
and 2 imply that ˜R(Ṗ, Qn) = O(n) for any fixed Ṗ . Recall that without forbidding Ṗ , the
best known upper bound is R(Qn, Qn) = O(n2), which is quadratic rather than linear. In
that respect, our results confirm an analogue of the Erdős-Hajnal conjecture for posets.

The simplest non-diverse colored poset is an antichain At , i.e., a poset consisting of t pair-
wise incomparable vertices. We precisely determine the Erdős-Hajnal number for antichains.

Theorem 3 Let Ȧ be a non-monochromatic antichain on at least 2 vertices. Let n be suffi-
ciently large. If there are no three vertices of the same color in Ȧ, then ˜R( Ȧ, Qn) = n + 2.
Otherwise, ˜R( Ȧ, Qn) = n + 3.

In particular, ˜R( Ȧ(b)
2

©|| Ȧ(r)
2 , Qn) = n+2 = R(A2, Qn), and ˜R( Ȧ(b)

1
©|| Ȧ(r)

1 , Qn) = n+2 =
R(A1, Qn) + 2, which attain the lower and upper bound in Theorem 2, respectively. We do
not attempt to determine the smallest n for which this bound holds. In our proof, we require
log log log n = �(|A|).

A chain Ct is a poset on t pairwise comparable vertices. For colored chains, we introduce
two specific colorings. The red-alternating chain Ċ (rbr)

t is the chain Ct whose vertices are
colored alternatingly in red and blue, such that the minimal vertex is red, see Fig. 1 for an
illustration. Similarly, the blue-alternating chain Ċ (brb)

t is the chain Ct colored alternatingly,
but the minimal vertex is blue.

Given a colored chain Ċ , let λ(Ċ) be the largest integer � such that Ċ contains a copy of
Ċ (rbr)

� or Ċ (brb)
� . Theorem 1 implies that ˜R(Ċ, Qn) is linear in terms of n. Our next result

shows that the poset Erdős-Hajnal number of any colored chain Ċ is determined by the poset
Erdős-Hajnal number of an alternating chain, up to an additive term independent of n.

Theorem 4 Let n ∈ N. Let Ċt be a colored chain of length t, and let λ = λ(Ċt ). Then

˜R(Ċ (rbr)
λ , Qn) ≤ ˜R(Ċt , Qn) ≤ ˜R(Ċ (rbr)

λ , Qn) + t − λ.

For alternating chains, we give the following bounds.

Theorem 5 For every n, ˜R(Ċ (rbr)
2 , Qn) = ˜R(Ċ (rbr)

3 , Qn) = 2n. For t ≥ 4 and sufficiently
large n,

2.02n < ˜R(Ċ (rbr)
t , Qn) ≤ (t − 1)n.

The lower bound on ˜R(Ċ (rbr)
t , Qn) shows the existence of a blue/red coloring of Q2.02n with

no monochromatic Qn .

Corollary 6 For sufficiently large n, R(Qn, Qn) > 2.02n.

Finally, we analyze the poset Erdős-Hajnal number of small colored Boolean lattices. Up
to permutation of colors, the only non-monochromatic blue/red coloring of Q1 is Ċ (rbr)

2 .

Theorem 5 shows that ˜R(Ċ (rbr)
2 , Qn) = 2n. Moreover, we give bounds on ˜R(Q̇2, Qn) for

every non-monochromatic blue/red coloring of Q2. Up to symmetry and permutation of
colors, the four non-monochromatic Q2 are Q̇(brbb)

2 , Q̇(brrb)
2 , Q̇(rrbb)

2 , and Q̇(rbbb)
2 , each

with the respective coloring as illustrated in Fig. 1.
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Fig. 1 Alternating chains and non-monochromatic colorings of Q2

Theorem 7 For every n ∈ N, ˜R(Q̇(brbb)
2 , Qn) = ˜R(Q̇(brrb)

2 , Qn) = ˜R(Q̇(rrbb)
2 , Qn) = 2n,

and 2n ≤ ˜R(Q̇(rbbb)
2 , Qn) ≤ 2n + O

( n
log n

)

.

We omit the proof of Theorem 7 here. For a full proof, the reader is referred to [22].
The article is structured as follows. In Section 2, we introduce notation and preliminary

lemmas. In Section 3, we study non-diverse posets and prove Theorems 2 and 3. Afterwards,
in Section 4, we focus on chains and present proofs for Theorems 4 and 5.

2 Preliminaries

2.1 Basic Notation

Let [n] = {1, . . . , n} for every n ∈ N. In this paper ‘log’ always refers to the logarithm with
base 2.We omit floors and ceilings where appropriate.We denote byQ(Z) the Boolean lattice
with ground set Z, i.e., the poset of subsets of Z ordered by inclusion. For � ∈ {0, . . . , |Z|},
layer � of Q(Z) refers to the subposet {Z ∈ Q(Z) : |Z | = �}. Note that every layer of
the Boolean lattice is an antichain. Given a Boolean lattice Q and vertices A, B ∈ Q with
A ⊆ B, the sub-Boolean lattice, or sublattice for short, between A and B is

Q
∣

∣

B
A = {X ∈ Q : A ⊆ X ⊆ B}.

This subposet is isomorphic to a Boolean lattice of dimension |B| − |A|. Note that a copy of
a Boolean lattice in Q is not necessarily a sublattice.

2.2 Red Boolean Lattice Versus Blue Chain

Let X and Y be non-empty, disjoint sets and let k = |Y|. We denote a linear ordering τ of
Y where y1 <τ y2 <τ · · · <τ yk by a sequence τ = (y1, . . . , yk). Fix a linear ordering
τ = (y1, . . . , yk) of Y. A Y-chain corresponding to τ is a (k + 1)-element chain in the
Boolean lattice Q(X ∪ Y) on vertices

X0 ∪ ∅, X1 ∪ {y1}, X2 ∪ {y1, y2}, . . . , Xk ∪ Y,

where X0 ⊆ X1 ⊆ · · · ⊆ Xk ⊆ X. The following result was proved implicitly by Chen,
Cheng, Li and Liu, see Theorem 15 of [6], as well as by Grósz, Methuku and Tompkins, see
Claim 3 of [12]. For an alternative proof, see [3].

Lemma 8 ([6]) Let X and Y be disjoint sets with |X| = n and |Y| = k. Let Q(X ∪ Y) be a
colored Boolean lattice. Fix a linear ordering τ = (y1, . . . , yk) ofY. Then there exists either
a red copy of Qn, or a blue Y-chain corresponding to τ in Q(X ∪ Y).

The following corollary was shown independently by Axenovich and Walzer [1].
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Corollary 9 ([1]) Let n and k be positive integers. Let Q be a colored Boolean lattice of
dimension n + k. Then Q contains a red copy of Qn or a blue chain of length k + 1.

2.3 Embedding of a Boolean Lattice

Recall that a copy of a poset P in another poset Q is defined as a subposet of Q which is
isomorphic to P . Equivalently, a copy of P in Q is the image of an embeddingφ : P → Q, i.e.,
an injective function such that for any two X , Y ∈ P , X ≤P Y if and only if φ(X) ≤Q φ(Y ).
Axenovich and Walzer [1] showed that every embedding of a small Boolean lattice into a
larger Boolean lattice has the following nice property, see Theorem 8 of [1].

Lemma 10 ([1]) Let n ∈ N and letZ be a set with |Z| ≥ n. If there is an embeddingφ : Qn →
Q(Z), then there exist a subset X ⊆ Z with |X| = n, and an embedding φ′ : Q(X) → Q(Z)

with the same image as φ such that φ′(X) ∩ X = X for all X ⊆ X.

3 Forbidden Non-diverse Colored Posets

Proof of Theorem 2 For the lower bound, note that Pb ⊆ Qn by the choice of n. Thus,
R(Pb, Qn) ≤ ˜R(Ṗ(b)

b , Qn) ≤ ˜R(Ṗ, Qn). A similar argument shows that R(Pr , Qn) ≤
˜R(Ṗ, Qn).

To establish the upper bound, let m = max{R(Pb, Qn), R(Pr , Qn)} and N = m + 2.
Consider an arbitrary blue/red coloring of the Boolean lattice Q = Q([N ]) which contains
no monochromatic copy of Qn . We shall show that this coloring contains a copy of Ṗ . Note
that the sublatticesQ

∣

∣

[N ]\{2}
{1} andQ

∣

∣

[N ]\{1}
{2} are parallel. The sublatticeQ

∣

∣

[N ]\{2}
{1} is isomorphic

to a Boolean lattice of dimension N − 2 = m ≥ R(Pb, Qn), thus it contains a blue copy of
Pb. Similarly, Q

∣

∣

[N ]\{1}
{2} contains a red copy of Pr . By combining these two subposets, we

obtain a copy of Ṗ . ��
Theorem 3 is a consequence of the following three lemmas.

Lemma 11 For every 1 ≤ s ≤ t < n, ˜R(Ċ (b)
t ©|| Ċ (r)

s , Qn) = n + t + 1.

Proof The upper bound ˜R(Ċ (b)
t ©|| Ċ (r)

s , Qn) ≤ R(Ct , Qn) + 2 = n + t + 1 is implied
by Theorem 2 and Corollary 9. We shall prove the lower bound by constructing a layered
coloring of Q([n + t]) that contains neither a copy of Ċ (b)

t ©|| Ċ (r)
s nor a monochromatic

copy of Qn . Assign the color blue to the two vertices ∅ and [n + t] as well as to all vertices
in t − 1 arbitrarily chosen additional layers. Color all remaining vertices in red. There are
t + 1 ≤ n blue layers and n red layers in our coloring. Since Qn contains a chain on n + 1
vertices, there is no monochromatic copy of Qn . Next, assume towards a contradiction that
there exists a copy Ṗ of Ċ (b)

t ©|| Ċ (r)
s . The subposet Ṗ contains t pairwise comparable blue

vertices. Since there are t + 1 blue layers in our coloring, either ∅ or [n + t] are contained
in Ṗ . Both of these vertices are comparable to every other vertex of the copy of Ṗ . However,
every blue vertex of Ṗ is incomparable to every red vertex of Ṗ , a contradiction. ��
Lemma 12 For n ≥ 3, ˜R( Ȧ(b)

2
©|| Ȧ(r)

2 , Qn) = n + 2.

Proof The lower bound ˜R( Ȧ(b)
2

©|| Ȧ(r)
2 , Qn) ≥ R(A2, Qn) = n+2 follows from Theorem 2

and the fact that R(A2, Qn) = n+2 by Theorem 5 in [21]. For the upper bound, let N = n+2
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and fix an arbitrary blue/red coloring of the Boolean latticeQ = Q([N ]). We shall show that
there is either a colored copy of Ȧ(b)

2
©|| Ȧ(r)

2 or a monochromatic copy of Qn .
We say that a layer {Z ∈ Q : |Z | = i}, i ∈ {1, . . . , n + 1}, is almost red if it contains at

most one blue vertex, and almost blue if it contains at most one red vertex. We can suppose
that every layer i , where i ∈ {1, . . . , n + 1}, is almost red or almost blue; otherwise, such a
layer contains a copy of Ȧ(b)

2
©|| Ȧ(r)

2 . If there are consecutive layers i and i+1, i ∈ {1, . . . , n},
such that one of them is almost red and one is almost blue, then it is straightforward to find a
copy of Ȧ(b)

2
©|| Ȧ(r)

2 , so suppose otherwise. Without loss of generality, every layer is almost
red.

First, assume that any two blue vertices in Q are comparable, i.e., the blue vertices form
a chain. Let b ∈ [N ] be a ground element contained in every blue vertex, except for possibly
∅. Let a ∈ [N ] be a ground element contained in none of the blue vertices, except for
possibly [N ]. Note that the sublattice Q∣

∣

[N ]\{b}
{a} contains no blue vertex. Since its dimension

is N − 2 = n, the sublattice is a red copy of Qn , as desired.
From now on, suppose there are two blue incomparable vertices. Pick two blue vertices

X , Y ∈ Q such that X and Y are incomparable, |X | ≤ |Y |, and |Y | − |X | is minimal among
such pairs, i.e., there are no two blue incomparable X ′, Y ′ ∈ Q such that |X ′| ≤ |Y ′|, and
|Y ′| − |X ′| < |Y | − |X |.

Because layers |X | and |Y | are almost red, we see that 1 ≤ |X | < |Y | ≤ N − 1. We
distinguish three cases, depending on whether |X | = 1 and |Y | = N − 1.

Case 1 |X | ≥ 2.
Since X � Y , there exists a ground element a ∈ X \ Y . Let

F = {Z ∈ Q : |Z | = |X |, a ∈ Z},

so X ∈ F . Note that F is a layer of the (N − 1)-dimensional sublattice Q
∣

∣

[N ]
{a} , therefore the

size of F is

|F | =
(

N − 1

|X | − 1

)

≥
(

N − 1

1

)

= N − 1

In particular, there exist two distinct verticesU1,U2 ∈ F \ {X}. We claim that X , Y ,U1, and
U2 form a copy of Ȧ(b)

2
©|| Ȧ(r)

2 . Indeed, X and Y are blue and, since layer |X | is almost red,
U1 and U2 are red. Recall that F is a layer of a sublattice and thus an antichain, so U1, U2,
and X are pairwise incomparable. Furthermore, Y is incomparable to each ofU1,U2, and X ,
because on the one hand |U1| = |U2| = |X | < |Y |, and on the other hand a is contained in
each of U1, U2, and X , but a /∈ Y .

Case 2 |Y | ≤ N − 2.
We proceed similarly to Case 1, so we only sketch the proof. Let a ∈ X \ Y , and let

F = {Z ∈ Q : |Z | = |Y |, a /∈ Z}. Observe that |F | ≥ N − 1, so we find vertices
U1,U2 ∈ F such that X , Y , U1, and U2 form a copy of Ȧ(b)

2
©|| Ȧ(r)

2 .

Case 3 |X | = 1 and |Y | = N − 1.
Since X and Y are incomparable, there is a ground element a ∈ [N ] such that X = {a}

and Y = [N ] \ {a}. Fix some distinct ground elements b, c ∈ [N ] \ {a}. Assume that there
is a blue vertex U in the sublattice Q

∣

∣

[N ]\{c}
{b} . We shall find a contradiction to the minimality

of X and Y . Since layer 1 of the Boolean latticeQ is almost red and X is blue, the vertex {b}
is red, so |U | ≥ 2. Similarly, [N ] \ {c} is red, which implies that |U | ≤ N − 2.
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• If a ∈ U , thenU and Y = [N ]\{a} are incomparable, and |Y |−|U | < N−2 = |Y |−|X |,
contradicting the minimality of |Y | − |X |.

• However, if a /∈ U , then U and X = {a} are incomparable, and |U | − |X | < |Y | − |X |,
which also contradicts the minimality of |Y | − |X |.

Therefore, the sublattice Q
∣

∣

[N ]\{c}
{b} is a red copy of Qn . ��

Lemma 13 Let Ȧ be a colored antichain such that there are three vertices of the same color.
Then for sufficiently large n, ˜R( Ȧ, Qn) = n + 3.

Proof The bound ˜R( Ȧ, Qn) ≥ R(A3, Qn) = n + 3 is a consequence of Theorem 2 and
[21]. In the remainder of the proof, we bound ˜R( Ȧ, Qn) from above. Let s be the number
of vertices of Ȧ colored in the majority color, so s ≥ 3. Let t = s + 22s . Let N = n + 3,
and fix an arbitrary blue/red coloring of the Boolean lattice Q = Q([N ]) which contains no
monochromatic copy of Qn . We show that there is a copy of Ȧ(r)

s ©|| Ȧ(b)
s in this coloring, so

in particular, there is a copy of Ȧ. It was shown in [21] that for sufficiently large n,

R(At , Qn) = n + 3 = N .

Since there is neither a blue nor a red copy of Qn , there exists a red copy A′ of At as well
as a blue copy B′ of At in our coloring. Note that neither ∅ nor [N ] are contained in the
antichains A′ or B′, since each of ∅ and [N ] is comparable to every vertex of Q.

Our proof idea is to find s red vertices in A′ and s blue vertices in B′, denoted by Zi ,
i ∈ [2s], which are “easily separable”, i.e., such that there exist ground elements ai ∈ Zi

and xi /∈ Zi with ai 
= x j for any indices i, j ∈ [2s]. While we cannot guarantee that the
vertices Zi , i ∈ [2s], form a colored copy of the desired antichain, we shall show that there
is a large sublatticeQ′ parallel to the vertices Zi , i ∈ [2s]. Any antichain of size 2s −1 inQ′
contains s monochromatic vertices. These monochromatic vertices, together with all Zi ’s of
the complementary color, shall form a copy of Ȧ(r)

s ©|| Ȧ(b)
s , as desired.

Fix a vertex Z1 ∈ A′, and let a1 ∈ Z1 and x1 ∈ [N ]\ Z1 be chosen arbitrarily. We proceed
iteratively. For i ∈ {2, . . . , s}, assume that we selected distinct vertices Z1, . . . , Zi−1 ∈ A′
and ground elements a1, . . . , ai−1, x1, . . . , xi−1 such that a j ∈ Z j , x j ∈ [N ] \ Z j , and
a j 
= x j ′ for any j, j ′ ∈ [i − 1]. In the next iterative step, pick a vertex Zi ∈ A′ such that

• Zi is distinct from Z1, . . . , Zi−1,
• there is an ai ∈ Zi with ai /∈ {x1, . . . , xi−1}, and
• there is an xi ∈ [N ] \ Zi with xi /∈ {a1, . . . , ai−1}.
To show that Zi is well-defined, let Fi be the set of vertices that fail at least one of these

criteria. We need to verify that |Fi | < |A′|. The vertices in Fi are Z1, . . . , Zi−1 as well as
all subsets of {x1, . . . , xi−1} and all vertices of the form [N ] \ X , where X ⊆ {a1, . . . , ai−1}.
Thus, the size of Fi is

|Fi | ≤ (i − 1) + 2i−1 + 2i−1 ≤ (s − 1) + 2s < t = |A′|,
so a triple (Zi , ai , xi ) with the desired properties exists in every step i . After iteration step
i = s, let A = {Z1, . . . , Zs}. This subposet of A′ is a red antichain.

We proceed similarly for B′, i.e., for i ∈ [s], we select Zs+i , as+i , and xs+i . Pick a
vertex Zs+1 ∈ B′ such that there are as+1 ∈ Zs+1 with as+1 /∈ {x1, . . . , xs} and xs+1 ∈
[N ] \ Zs+1 with xs+1 /∈ {a1, . . . , as}. This is possible because the number of “bad” vertices
is 2s + 2s < |B′|. Iteratively, let i ∈ {2, . . . , s}. Assume that we defined distinct vertices
Zs+1, . . . , Zs+i−1 ∈ B′ and as+1, . . . , as+i−1, xs+1, . . . , xs+i−1 such that a j ∈ Z j , x j ∈
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[N ] \ Z j for j ∈ {s + 1, . . . , s + i − 1}, and a j1 
= x j2 for any j1, j2 ∈ [s + i − 1]. We
choose Zs+i ∈ B′ such that

• Zs+i is distinct from Zs+1, . . . , Zs+i−1,
• there is an as+i ∈ Zs+i such that as+i /∈ {x1, . . . , xs+i−1}, and
• there is an xs+i ∈ [N ] \ Zs+i with xs+i /∈ {a1, . . . , as+i−1}.
The number of vertices for which one of these properties fails is at most

(i − 1) + 2s+i−1 + 2s+i−1 ≤ (s − 1) + 22s−1 + 22s−1 < t = |B′|,
so Zs+i , as+i , and xs+i can be chosen in every step. Let B = {Zs+1 . . . , Z2s}, and note that
this is a blue antichain. We remark that A and B are disjoint, because A is red and B is blue.
However, A ∪ B might contain comparable vertices.

Consider the sublattice Q′ = {

X ∈ Q : {xi : i ∈ [2s]} ⊆ X ⊆ [N ] \ {ai : i ∈ [2s]}}.
This subposet is well-defined, because ai 
= x j for any i, j ∈ [2s]. We claim that Q′ is
parallel toA∪B. Let X ∈ Q′ and i ∈ [2s]. Since xi ∈ X \ Zi and ai ∈ Zi \ X , we see that X
and Zi are incomparable, soQ′ is parallel toA and B. The dimension ofQ′ is at least n−4s.
For sufficiently large n, there exists an antichain P ′ on 2s − 1 vertices in Q′. In particular,
P ′ contains a monochromatic antichain P on s vertices. If P is blue, thenA∪P is a copy of
Ȧ(r)
s ©|| Ȧ(b)

s . If P is red, then P ∪ B is a copy of Ȧ(r)
s ©|| Ȧ(b)

s . ��
Proof of Theorem 3 Lemma 11 implies that ˜R( Ȧ(b)

1
©|| Ȧ(r)

1 , Qn) = n + 2. By Lemma 12,
˜R( Ȧ(b)

2
©|| Ȧ(r)

2 , Qn) = n + 2, thus also

n + 2 = ˜R( Ȧ(b)
1

©|| Ȧ(r)
1 , Qn) ≤ ˜R( Ȧ(b)

2
©|| Ȧ(r)

1 , Qn) ≤ ˜R( Ȧ(b)
2

©|| Ȧ(r)
2 , Qn) = n + 2,

and similarly ˜R( Ȧ(b)
1

©|| Ȧ(r)
2 , Qn) = n + 2. For any other non-monochromatically colored

antichain, the poset Erdős-Hajnal number is determined by Lemma 13. ��

4 Forbidden Chains

4.1 Proof of Theorem 4

Throughout this subsection, let Ċ be a fixed colored chain on t vertices Z1 < Z2 < · · · < Zt .
For i ∈ [t], we denote by Ċ

∣

∣

Zi
Z1

the subposet of C consisting of its i smallest vertices

Z1 < · · · < Zi , colored as in Ċ . Additionally, let Ċ
∣

∣

Z0
Z1

be the empty colored poset. In this

subsection, Q is a Boolean lattice with a fixed Ċ-free blue/red coloring. We partition the
vertices of Q into so-called phases. The i -th phase of Q with respect to Ċ is defined as the
family of vertices

F Ċ
i =

{

X ∈ Q : Q
∣

∣

X
∅
contains a copy of Ċ

∣

∣

Zi−1
Z1

, but no copy of Ċ
∣

∣

Zi
Z1

}

.

Here, Q
∣

∣

X
∅

inherits the coloring from Q. See Fig. 2 for an example of phases of Q4. We

remark that F Ċ
i might be empty.

Denote the color of Zi , the i-th vertex of Ċ , by ci ∈ {blue, red}, and let c̄i be its com-
plementary color. Let I (Ċ) be the set of indices for which there is no color switch in Ċ ,
i.e.,

I (Ċ) = {

i ∈ {2, . . . , t} : ci = ci−1
}

.
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Fig. 2 A colored chain Ċ and a Ċ-free blue/red coloring of Q4 with sets F Ċ
i , i ∈ [4]

In our example, I (Ċ) = {2}. For i ∈ [t], we define Ai as the set of minimal vertices of F Ċ
i .

For example, in Fig. 2, the set A2 consists of the three red vertices in F Ċ
2 .

The following properties are immediate, so we omit the proof.

Lemma 14

(i) The families F Ċ
1 , . . . ,F Ċ

t partition Q.

(ii) Let X , Y ∈ Q with X ∈ F Ċ
i and Y ∈ F Ċ

j for some i, j ∈ [t]. If X ⊆ Y , then i ≤ j .

The next lemma shows that the color of each vertex in Q is determined by its phase.

Lemma 15

(i) Every vertex in F Ċ
1 has color c̄1.

(ii) Let 2 ≤ i ≤ t with ci 
= ci−1. Then every vertex in F Ċ
i has color c̄i .

(iii) Let 2 ≤ i ≤ t with ci = ci−1. Then every vertex of Ai has color ci , and every vertex in
F Ċ
i \ Ai has the complementary color c̄i .

Proof Part (i) is immediate from the definition of F Ċ
1 .

For part (ii), consider an index i ≥ 2 with ci 
= ci−1. Let X be an arbitrary vertex in F Ċ
i .

By definition of F Ċ
i , there is a copy Ḋ of Ċ

∣

∣

Zi−1
Z1

in Q
∣

∣

X
∅
. If X has color ci = c̄i−1, then X

has a different color than the maximal vertex of Ḋ and is larger than any vertex of Ḋ, thus
X /∈ Ḋ. In particular, by adding the vertex X to the colored chain Ḋ, we obtain a copy of
Ċ

∣

∣

Zi
Z1

in Q
∣

∣

X
∅
. This is a contradiction to the assumption X ∈ F Ċ

i . Thus, the color of X is c̄i .

For part (iii), let i ≥ 2 with ci = ci−1, i.e., i ∈ I (Ċ), and fix a vertex X ∈ F Ċ
i .

• If X ∈ Ai , then X is minimal with the property that Q
∣

∣

X
∅

contains a copy of Ċ
∣

∣

Zi−1
Z1

. In

particular, X is contained in a copy Ḋ of Ċ
∣

∣

Zi−1
Z1

in Q
∣

∣

X
∅
. The vertex X is the maximal

vertex ofQ
∣

∣

X
∅
, thus X is also themaximal vertex of Ḋ. In particular, X has color ci−1 = ci .

• If X /∈ Ai , then there is a vertex A ∈ F Ċ
i such that A ⊂ X . Let Ḋ be a copy of Ċ

∣

∣

Zi−1
Z1

in Q
∣

∣

A
∅
. If X has color ci , then Ḋ and X form a copy of Ċ

∣

∣

Zi
Z1

in Q
∣

∣

X
∅
, contradicting that

X is a vertex of F Ċ
i . Therefore, X has color c̄i . ��
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Proof of Theorem 4 Let Ċ be a colored chain on vertices Z1 < · · · < Zt . Recall thatλ = λ(Ċ)

is the maximal integer � such that Ċ contains a copy of Ċ (rbr)
� or Ċ (brb)

� . By switching the
colors, we can suppose without loss of generality that the minimal vertex Z1 of Ċ is red.
Observe that there is a largest alternating chain in Ċ which contains Z1. In particular, there
exists a largest alternating chain in Ċ that is red-alternating, i.e., Ċ contains a copy of Ċ (rbr)

λ .

For the lower bound on ˜R(Ċ, Qn), note that any Ċ (rbr)
λ -free colored Boolean lattice is

also Ċ-free, so ˜R(Ċ, Qn) ≥ ˜R(Ċ (rbr)
λ , Qn).

To show the upper bound on ˜R(Ċ, Qn), we present a non-constructive lower bound on
˜R(Ċ (rbr)

λ , Qn), in terms of ˜R(Ċ, Qn). Let N = ˜R(Ċ, Qn) − 1 and Q = Q([N ]). Select an
arbitrary blue/red coloring of Q which is Ċ-free and contains no monochromatic copy of
Qn . This coloring exists because N < ˜R(Ċ, Qn). InQ, we shall find a copyQ′ of a Boolean
lattice of dimension N−t+λwhich is colored Ċ (rbr)

λ -free. This proves that ˜R(Ċ (rbr)
λ , Qn) >

N − t + λ, implying the desired bound ˜R(Ċ, Qn) = N + 1 ≤ ˜R(Ċ (rbr)
λ , Qn) + t − λ.

Next, we construct Q′ ⊆ Q. For i ∈ [t], we denote by Fi = F Ċ
i the i-th phase of Q

with respect to Ċ . Let I = I (Ċ), i.e., the set of indices for which there is no color switch in
Ċ . Observe that |I | = t − λ. Recall that Ai denotes the set of minimal vertices in Fi . Note
that each Ai is an antichain. Given any m antichains in Q([N ]) for some m ∈ N, consider
the auxiliary coloring in which the antichains are blue and all other vertices are red. Then
Corollary 9 implies thatQ([N ]) contains a copy of an (N −m)-dimensional Boolean lattice
not containing a single vertex of any of the antichains. Thus, there is a copyQ′ of a Boolean
lattice of dimension N − |I | = N − t + λ such that Q′ is disjoint from every Ai , i ∈ I .

For every i ∈ [t], let F ′
i = Fi ∩ Q′, see Fig. 3. By Lemma 15, each F ′

i , i ∈ [t],
is monochromatically colored with color c̄i . Furthermore, by Lemma 14 (i), we see that
F ′
1, . . . ,F ′

t partition Q′.
Next, we define vertex families H1, . . . ,Hs partitioning Q′, by merging families F ′

i ,
i ∈ [t]. That is, let each H j be the union of consecutive phases F ′

i ’s of the same color, such
that for j ≥ 2, H j and H j−1 have different colors, and such that consecutive Hj ’s contain
consecutive phases. An illustration of this merging is given in Fig. 3. Observe that the number
of color switches of H j ’s, i.e., indices j ≥ 2 for which H j and H j−1 have distinct colors,
is equal to the number of color switches of F ′

i ’s. Recalling that each F ′
i has color c̄i , this

quantity is equal to the number of color switches in Ċ , which is λ − 1. Therefore, s ≤ λ.

Fig. 3 A colored chain Ċ , familiesFi inQ,F ′
i inQ

′, andH j partitioningQ′, where t = 9, s = 5, and λ = 5
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Since the families H j , j ∈ [s], consist of consecutive phases and by Lemma 14 (ii), we
have that for any X ∈ H j1 and Y ∈ H j2 ,

if X ⊆ Y , then j1 ≤ j2. (1)

To show thatQ′ is Ċ (rbr)
λ -free, we assume that there is a red-alternating chain U of length

λ in Q′, say on vertices U1 ⊂ · · · ⊂ Uλ.

• If there is an H j which contains two vertices of U , say U� and U�′ for some �, �′ ∈ [λ]
with � < �′, then (1) implies thatU�+1 ∈ H j . Note thatU� andU�+1 have distinct colors.
We arrive at a contradiction, because H j is monochromatic.

• If every H j , j ∈ [s], contains at most one vertex of U , then every H j contains exactly
one vertex of U , since U has length λ ≥ s. In particular, H1 ∩ U is not empty. By (1),
U1 ∈ H1. The chain U is red-alternating, so U1 is red. However,H1 has the color of F ′

1,
i.e., c̄1. Recalling that Z1, the minimal vertex of Ċ , is red, we conclude that H1 is blue.
This is a contradiction. ��

4.2 Proof of Theorem 5

We break down the proof of Theorem 5 into three parts: Theorem 5 is immediate from
Lemmas 16, 17, and 18.

Lemma 16 For every n ∈ N, ˜R(Ċ (rbr)
2 , Qn) = ˜R(Ċ (rbr)

3 , Qn) = 2n.

Proof The lower bound is a consequence of Theorem 1. Since ˜R(Ċ (rbr)
2 , Qn)≤ ˜R(Ċ (rbr)

3 , Qn),

it remains to show that ˜R(Ċ (rbr)
3 , Qn) ≤ 2n. LetQ = Q([2n]), and pick an arbitrary blue/red

coloring ofQ. We shall find a copy of Ċ (rbr)
3 or a monochromatic copy of Qn in this coloring.

If the longest red chain in Q has length at most n, Corollary 9 guarantees the existence of a
blue copy of a Boolean lattice with dimension at least n. So, suppose that there exists a red
chain of length n + 1. We denote its minimal element by A and its maximal element by B,
i.e., A ⊆ B and |B| − |A| ≥ n. If there is a blue vertex Z in the sublattice Q

∣

∣

B
A , then the

vertices A, Z , and B form a copy of Ċ (rbr)
3 . Otherwise,Q

∣

∣

B
A is a red copy of a Boolean lattice

of dimension |B| − |A| ≥ n. ��
Lemma 17 Let n ∈ N and t ≥ 3. Then ˜R(Ċ (rbr)

t , Qn) ≤ (t − 1)n.

Proof We prove this statement using induction. The base case t = 3 is shown in Lemma 16.
Suppose that ˜R(Ċ (rbr)

t , Qn) ≤ (t −1)n for some t ≥ 3. We shall show that ˜R(Ċ (rbr)
t+1 , Qn) ≤

tn. Let N = tn and choose an arbitrary blue/red coloring of the host Boolean lattice Q =
Q([N ]). Fix any vertex Z ∈ Q([N ]) with |Z | = N − n = (t − 1)n, and consider the
sublattices Q

∣

∣

Z
∅

and Q
∣

∣

[N ]
Z . By induction, we find in Q

∣

∣

Z
∅

either a monochromatic copy of

Qn , which completes the proof, or a copy Ḋ of Ċ (rbr)
t . In the latter case, let X ∈ Q

∣

∣

[N ]
Z be

a vertex colored differently than the maximal vertex in Ḋ. Then Ḋ and X form a copy of
Ċ (rbr)
t+1 . If there exists no such vertex X , then the sublattice Q

∣

∣

[N ]
Z is a monochromatic copy

of Qn . ��
Lemma 18 For sufficiently large n, ˜R(Ċ (rbr)

4 , Qn) > 2.02n.

Outline of the proof idea for Lemma 18 Let c = 0.02. Let n be a natural number, and let
N = (2 + c)n. First, in Lemma 19, we use a probabilistic argument to find two families S
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and T of vertices in the Boolean latticeQ([N ]) in layers (1−c)n and (1+2c)n, respectively,
which have two properties:

(1) every vertex in S is incomparable to every vertex in T , and
(2) both S and T are “dense” in their respective layer.

Afterwards, we formally define a blue/red coloring in Construction 20, as illustrated in
Fig. 4. We need (1) to ensure that this construction is well-defined. As a final step, we shall
show that there is no monochromatic copy of Qn and no copy of Ċ

(rbr)
4 in our construction,

for which we use (2). Recall that we omit floors and ceilings where appropriate.

Lemma 19 Let c = 0.02. Let N = (2+ c)n for sufficiently large n. Then there exist families
S and T of vertices in Q([N ]) with the following properties:

(i) For every S ∈ S, |S| = (1 − c)n. For every T ∈ T , |T | = (1 + 2c)n.
(ii) Every two vertices S ∈ S and T ∈ T are incomparable.
(iii) For every pair of disjoint sets A, B ⊆ [N ] with |A| = n

2 and |B| = n, there exists an
S ∈ S with S ⊆ A ∪ B and |B ∩ S| ≤ n

2 .
(iv) For every pair of disjoint sets A, B ⊆ [N ] with |A| = n

2 and |B| = n, there exists a
T ∈ T with T ⊇ [N ] \ (A ∪ B) and |B \ T | ≤ n

2 .

Proof First, we introduce several families of vertices in Q([N ]). Let s = (1 − c)n and
t = (1 + 2c)n, and denote the corresponding layers of Q([N ]) by

Ls = {

Z ∈ Q([N ]) : |Z | = s
}

and Lt = {

Z ∈ Q([N ]) : |Z | = t
}

.

Let
Cones = {

Ks(A, B) : A, B ⊆ [N ], A ∩ B = ∅, |A| = n
2 , |B| = n

}

be a collection of cones Ks(A, B), which are defined as

Ks(A, B) = {

S ∈ Ls : S ⊆ A ∪ B, |B ∩ S| ≤ n
2

}

,

as illustrated in Fig. 5. Similarly, let

Conet = {

Kt (A, B) : A, B ⊆ [N ], A ∩ B = ∅, |A| = n
2 , |B| = n

}

,

Fig. 4 Blue/red coloring of
Q([N ]) based on S and T in
Construction 20
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Fig. 5 Examples for families Ks (A, B), Kt (A, B), andNt (S)

where a cone Kt (A, B) is a family of vertices given by

Kt (A, B) = {

T ∈ Lt : T ⊇ [N ] \ (A ∪ B), |B \ T | ≤ n
2

}

.

Furthermore, we define the neighborhood of a vertex S ∈ Ls as

Nt (S) = {

T ∈ Lt : T ⊇ S
}

.

We shall find families S and T such that

(i’) S ⊆ Ls and T ⊆ Lt ,
(ii’) for every S ∈ S, Nt (S) ∩ T = ∅,
(iii’) for every K ∈ Cones , there exists an S ∈ K ∩ S, and
(iv’) for every K ∈ Conet , there is a T ∈ K ∩ T .

Each property (i’) to (iv’) implies the respective property (i) to (iv). Summarizing these
properties, the subposet S ∪ T can be described as an antichain that is a “transversal” of
Cones ∪ Conet .

To find the desired S and T , we consider the following two random families. Let
p = 0.77n . Randomly draw a family S ′ by independently including each S ∈ Ls with
probability p. Similarly, draw a family T by including each T ∈ Lt independently with
probability p.

We say that an event E(n)holdswithhigh probability, abbreviated byw.h.p., ifP(E(n)) →
1 for n → ∞. In the following, we shall show that with high probability, S ′ ∪ T has a
large intersection with every K ∈ Cones ∪ Conet , i.e., S ′ ∪ T is a “strong transversal” of
Cones ∪ Conet . Afterwards, we deterministically refine S ′, by deleting vertices which are
“bad” with respect to property (ii’), resulting in a family S ⊆ S ′. Lastly, we shall verify that
S has a non-empty intersection with every cone K ∈ Cones .

Stirling’s formula provides that N ! = �(
√
N )

( N
e

)N
. Throughout this proof, we repeat-

edly apply the following consequence of Stirling’s formula. For positive constants C > d ,
(

Cn

dn

)

= �(1)
√
Cn√

dn
√

(C − d)n

(Cn)Cn

eCn

edn

(dn)dn

e(C−d)n

((C − d)n)(C−d)n

= �

(

1√
n

) (

CC

dd(C − d)C−d

)n

. (2)

Claim1:Withhigh probability, every coneK ∈ Cones has an intersectionwith the (unrefined)
family S ′ of size |K ∩ S ′| ≥ 1.66n .
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Proof of Claim 1. For arbitrary fixed, disjoint A, B ⊆ [N ] with |A| = n
2 and |B| = n, let

K = Ks(A, B) ∈ Cones . Each element inK is included in S ′ independently with probability
p. Thus,

|K ∩ S ′| ∼ Bin
(|K|, p), and E(|K ∩ S ′|) = |K| · p = |K| · 0.77n .

We shall bound |K| from below. If S ∈ Ks(A, B), then S consists of s elements, so
|B ∩ S| = |S| − |A ∩ S| ≥ s − |A| ≥ ( 12 − c)n. Thus, ( 12 − c)n ≤ |B ∩ S| ≤ n

2 . Using (2)
and c = 0.02, we see that the size of K is

|K| =
cn
∑

i=0

( |A|
s − (n/2 − i)

)( |B|
n/2 − i

)

≥
( |A|
s − n/2

)( |B|
n/2

)

=
(

n/2

n/2 − cn

)(

n

n/2

)

= �

(

1

n

) (

1

cc (1/2 − c)1/2−c (1/2)1/2

)n

≥ 2.17n,

where the last bound holds for sufficiently large n. In particular, for large n,

E(|K ∩ S ′|) = |K| · p ≥ 2.17n · 0.77n ≥ 2 · 1.66n .
The multiplicative form of Chernoff’s inequality, see Corollary 23.7 in Frieze and Karoński
[10], provides that for a random variable X with binomial distribution and for 0 < a < 1,

P
(

X ≤ (1 − a)E(X)
) ≤ exp

(

−E(X)a2

2

)

.

Using this inequality for X = |K ∩ S ′| and a = 1
2 ,

P
(|K ∩ S ′| < 1.66n

) ≤ P

(

|K ∩ S ′| ≤
(

1 − 1

2

)

E(|K ∩ S ′|)
)

≤ exp

(

−E(|K ∩ S ′|)
8

)

≤ exp
(−4 · 1.66n)

Let XK∩S ′ be the random variable counting cones K ∈ Cones such that |K ∩ S ′| < 1.66n .
The expected value of XK∩S ′ is

E(XK∩S ′) =
∑

K∈Cones
P

(|K ∩ S ′| < 1.66n
)

≤
∑

B⊆[N ],
|B|=n

∑

A⊆[N ]\B,
|A|=n/2

exp
(−4 · 1.66n)

≤ 22N exp
(−4 · 1.66n)

≤ 24.04n exp
(−4 · 1.66n) → 0 for n → ∞,

thus w.h.p., XK∩S ′ = 0, i.e., every cone K ∈ Cones has a large intersection with S ′. This
proves Claim 1.
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Claim 2:With high probability, |K ∩ T | ≥ 1.66n for every K ∈ Conet . In particular, w.h.p.,
T has property (iv’).

Proof of Claim 2. This claim can be shown similarly to Claim 1, so we only provide a
sketch of the proof. Fix a K = Kt (A, B) ∈ Conet . Note that

|K ∩ T | ∼ Bin
(|K|, p), and E(|K ∩ T |) = |K| · p = |K| · 0.77n .

The size of K is bounded from below as follows:

|K| =
cn
∑

i=0

( |A|
t − ∣

∣[N ] \ (A ∪ B)
∣

∣ − (n/2 + i)

)( |B|
n/2 + i

)

≥
(

n/2

cn

)(

n

n/2

)

≥ 2.17n .

Thus, E(|K ∩ T |) = |K| · p ≥ 2 · 1.66n . Analogously to Claim 1, this implies that w.h.p.,
|K ∩ T | ≥ 1.66n for every cone K ∈ Conet .

We say that a family of vertices K ⊆ Ls is bad if for every S ∈ K ∩ S ′, the intersection
Nt (S) ∩ T is non-empty. We shall show that w.h.p., there exists no bad cone K ∈ Cones .
Claim 3: Let K ∈ Cones such that |K ∩ S ′| ≥ 1.66n . Then P(K is bad) ≤ 0.98n(1.04)n .

Proof of Claim 3. First, we evaluate P(K′ is bad) for a subfamily K′ ⊆ K ∩ S ′. We
construct K′ such that the neighborhoods Nt (S), S ∈ K′, are pairwise disjoint, by using a
greedy process. Let K0 = K ∩ S ′. Pick a vertex S1 ∈ K0 to be added to K′. Let K1 be the
set of remaining vertices S ∈ K0 \ {S1} for which the neighborhood Nt (S) is disjoint from
Nt (S1). Iteratively for i ≥ 2, as long as Ki−1 
= ∅, pick a vertex Si ∈ Ki−1 to be added to
K′. Let Ki ⊆ Ki−1 be the set of vertices S ∈ Ki−1 \ {Si } for which Nt (S) ∩ Nt (Si ) = ∅.

IfKi−1 = ∅, we stop the process, and letK′ = {S1, . . . , Si−1}. By construction, the fam-
ilies Nt (S), S ∈ K′, are pairwise disjoint. We shall bound |K′| from below by overcounting
the vertices excluded fromK′ in every step i of this process, i.e., those vertices S ∈ Ki−1 such
that the neighborhoods of S and Si have a non-empty intersection. Recall that N = (2+ c)n,
s = (1 − c)n, and t = (1 + 2c)n for c = 0.02. By (2),

|Nt (Si )| =
(

N − s

t − s

)

=
(

(1 + 2c)n

3cn

)

≤
(

1.041.04

0.060.06 · 0.980.98
)n

≤ 1.26n . (3)

Similarly, there are at most 1.26n vertices S ∈ Ls such that S ⊆ T for each T ∈ Nt (Si ).
Thus, there are at most 1.262n vertices S inLs such thatNt (S)∩Nt (S1) 
= ∅, see also Fig. 6.
In particular, |Ki \Ki−1| ≤ 1.262n , independently of i . Using that |K∩ S ′| ≥ 1.66n , we can
bound the number of steps in the greedy process from below by

|K′| ≥ |K ∩ S ′|
1.262n

≥ 1.66n

1.262n
≥

(

1.66

1.262

)n

≥ 1.04n .

Our goal is to bound the probability that the cone K is bad. If K is bad, then in particular
K′ is bad, so

P(K is bad) ≤ P(K′ is bad) = P(for any S ∈ K′, Nt (S) ∩ T 
= ∅),

where we used that K′ ⊆ S ′. We defined K′ such that the neighborhoodsNt (S), S ∈ K′, are
pairwise disjoint. In particular, the probability that a vertex T ∈ Nt (S) is included in T is
independent of every T ′ ∈ Nt (S′), S′ ∈ K′. Thus,

P(K′ is bad) =
∏

S∈K′
P(Nt (S) ∩ T 
= ∅).
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Fig. 6 Vertex S ∈ Ls for which the neighborhoodNt (S) intersects Nt (Si )

Next, we bound P(Nt (S) ∩ T 
= ∅) for any fixed S ∈ K′. By (3),

P(Nt (S) ∩ T 
= ∅) ≤
∑

T∈Nt (S)

P(T ∈ T ) = |Nt (S)| · p ≤ (1.26 · 0.77)n ≤ 0.98n .

So,
P(K is bad) ≤ P(K′ is bad) ≤

∏

S∈K′
0.98n = 0.98n|K′| ≤ 0.98n(1.04)n .

Claim 4:With high probability, there is no bad cone K ∈ Cones .

Proof of Claim 4. By Claim 1, we have that with high probability, |K ∩ S ′| ≥ 1.66n for
every K ∈ Cones . From now on, suppose that S ′ has this property. Let Xbad be the random
variable counting the number of bad K ∈ Cones . By Claim 3, the expected value of Xbad is

E(Xbad) =
∑

K∈Cones
P(K is bad)

≤
∑

B⊆[N ],
|B|=n

∑

A⊆[N ]\B,
|A|=n/2

P(K is bad)

≤ 22N0.98n(1.04)n

≤ 24.04n0.98n(1.04)n → 0 for n → ∞,

thus, by Markov’s inequality, P(Xbad ≥ 1) → 0, and so, w.h.p., Xbad = 0. In particular,
w.h.p., both conditions |K ∩ S ′| ≥ 1.66n for every K ∈ Cones and Xbad = 0 are
fulfilled, which proves Claim 4.

By Claims 2 and 4, we know that w.h.p., for the randomly selected families S ′ ⊆ Ls and
T ⊆ Lt , there exists no bad cone in Cones , and for every K ∈ Conet , K ∩ T 
= ∅. This
implies in particular the existence of two families S ′ and T with these properties.

For such fixed S ′ and T , we refine the family S ′ as follows. Let S be obtained from S ′ by
deleting all vertices S ∈ S ′ for which Nt (S) ∩ T 
= ∅, i.e., for which there is a T ∈ T such
that S ⊆ T . By construction, S and T possess properties (i’) and (ii’). Since there is no bad
K ∈ Cones , there exists an S ∈ K ∩ S ′, for which the intersection Nt (S) ∩ T is non-empty.
Using the definition of S, we know that S ∈ S, thus S has property (iii’). Furthermore, T
has property (iv’). Therefore, the families S and T are as desired. ��
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Construction 20 Let n and N be integers such that N ≥ 2n. Let S and T be two families of
vertices inQ([N ]) such that for every S ∈ S and T ∈ T , it holds that |S| < |T | and S � T .
We define a blue/red coloring of the Boolean lattice Q([N ]).

Let VT be the set of all vertices Z ∈ Q([N ]) with |Z | ≥ n
2 such that there exists a T ∈ T

with Z ⊆ T . Similarly, let VS be the set of all vertices Z ∈ Q([N ]) for which |Z | ≤ N − n
2

and there is an S ∈ S with Z ⊇ S. Observe that VT and VS are disjoint, since the vertices
of S and T are pairwise incomparable. Let WS be the set of vertices Z ∈ Q([N ]) with
n
2 ≤ |Z | ≤ N

2 and Z /∈ VS . Similarly, let WT be the set of vertices Z ∈ Q([N ]) for which
N
2 < |Z | ≤ N − n

2 and Z /∈ VT .
As illustrated in Fig. 7, we color Z ∈ Q([N ]) in

• blue if |Z | < n
2 ,• red if Z ∈ VT ∪ WS ,

• blue if Z ∈ VS ∪ WT ,
• red if |Z | > N − n

2 .

Note that this construction is well-defined if and only if S and T are element-wise incompa-
rable.

Proof of Lemma 18 Let c = 0.02, and let N = (2+c)n for sufficiently large n. LetS and T be
two families with properties as described in Lemma 19. Color the Boolean latticeQ([N ]) as
defined in Construction 20, and let VS and VT as in Construction 20. It is easy to see that this
coloring is Ċ (rbr)

4 -free, by using the observation that for every two vertices A, B ∈ VT ∪WS
with A ⊆ B, the subposet {Z ∈ Q([N ]) : A ⊆ Z ⊆ B} is red. We shall show that there is
no monochromatic copy of Qn , which implies that ˜R(Ċ (rbr)

4 , Qn) > N = 2.02n.
Assume towards a contradiction that there exists a red copy Q′ of Qn in Q([N ]). By

Lemma 10, there is an n-element X ⊆ [N ] such that Q′ is the image of an embedding
φ : Q(X) → Q([N ]) such that φ(X) ∩ X = X for every X ⊆ X. Note that |φ(∅)| ≥ n/2,
because φ(∅) is red. Let A be an arbitrary subset of φ(∅) of size |A| = n/2, see Fig. 8.
Since φ(∅) ∩ X = ∅, the subsets A and X are disjoint. By property (iii) in Lemma 19, we
know that there exists an S ∈ S with S ⊆ A ∪ X and |S ∩ X| ≤ n/2.

Fig. 7 Vertices in the sets VT ,VS ,WT andWS for exemplary S ∈ S and T ∈ T

123



Order

Fig. 8 Embedding φ ofQ(X) into Q[N ]

Let S′ = S ∩X. We analyze φ(S′) to find a contradiction. First, we claim that S ⊆ φ(S′).
Indeed, using that φ is an embedding, we know that S∩ A ⊆ A ⊆ φ(∅) ⊆ φ(S′). Moreover,
recall that φ(X)∩X = X for all X ⊆ X, so S′ ⊆ φ(S′). Therefore, S = (S∩A)∪S′ ⊆ φ(S′).
Because S ∈ S and S ⊆ φ(S′), either φ(S′) ∈ VS or |φ(S′)| > N − n

2 . Recall that φ(S′) is
a vertex in the red poset Q′, but every vertex in VS is blue. This implies that φ(S′) /∈ VS , so
|φ(S′)| > N − n

2 . However, because φ has the property that φ(X) ∩ X = X for all X ⊆ X,
φ(S′) ∩ (X \ S′) = ∅, so

|φ(S′)| ≤ N − |X \ S′| = N − |X| + |S ∩ X| ≤ N − n
2 ,

a contradiction. By a symmetric argument, there exists no blue copy of Qn . Therefore,
˜R(Ċ (rbr)

4 , Qn) > N . ��

In particular, we find that R(Qn, Qn) ≥ ˜R(Ċ (rbr)
4 , Qn) > 2.02n. We remark that with

the here presented approach it is not possible to push the lower bound on R(Qn, Qn) higher
than ˜R(Ċ (rbr)

4 , Qn), i.e., higher than 3n.
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