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Abstract—We investigate the application of the factor graph
framework for blind joint channel estimation and symbol detec-
tion on time-variant linear inter-symbol interference channels.
In particular, we consider the expectation maximization (EM)
algorithm for maximum likelihood estimation, which typically
suffers from high complexity as it requires the computation of the
symbol-wise posterior distributions in every iteration. We address
this issue by efficiently approximating the posteriors using the
belief propagation (BP) algorithm on a suitable factor graph. By
interweaving the iterations of BP and EM, the detection complex-
ity can be further reduced to a single BP iteration per EM step. In
addition, we propose a data-driven version of our algorithm that
introduces momentum in the BP updates and learns a suitable
EM parameter update schedule, thereby significantly improving
the performance-complexity tradeoff with a few offline training
samples. Our numerical experiments demonstrate the excellent
performance of the proposed blind detector and show that it
even outperforms coherent BP detection in high signal-to-noise
scenarios.

Index Terms—Factor graphs, expectation maximization, belief
propagation, joint detection, model-based machine learning, 6G.

I. INTRODUCTION

WE study the fundamental problem of symbol detec-
tion in digital communications, and particularly the

inference of transmitted symbols at the receiver impaired by
a linear channel with memory and additive white Gaussian
noise (AWGN). While there exists a plethora of detection
algorithms ranging from low-complexity linear detectors [2]
to high-performance solutions that are optimal concerning the
symbol error probability [3], the majority of works in the
literature assume the availability of channel state information
(CSI) at the receiver. In most practical systems, this knowledge
of the underlying channel is gained by sending predesigned
training or pilot symbols from which the receiver can estimate
the current channel state. The transmission of such training
symbols reduces the data rate which leads, especially for
rapidly time-variant channels, to a substantial reduction of
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the communication throughput [4]. For example, in many
emerging communication scenarios with short block length
transmission, like low-latency communications in 5G/6G or
Internet of Things systems, the training signals occupy a
significant part of the short transmission blocks. Hence, there
is considerable interest in efficient blind detection schemes
that do not rely on the availability of CSI.

State-of-the-art blind detectors like the constant modulus
algorithm (CMA) [5] or variational methods [6], [7] are still
consistently outperformed by coherent detection schemes, i.e.,
detectors with fully available CSI. On the other hand, there
exist blind estimation and detection algorithms based on the
maximum likelihood (ML) criterion [8], [9], [4] that are com-
petitive with coherent detectors in terms of detection perfor-
mance. For instance, a joint estimation and detection approach
based on the Baum-Welch algorithm is proposed in [9], which
is an earlier version of the expectation maximization (EM)
algorithm. The EM algorithm aims to iteratively converge
to a local ML solution by alternately performing likelihood-
increasing detection and estimation steps that mutually depend
on each other [10]. However, such iterative estimation and
detection schemes typically induce a notable computational
burden, e.g., the method proposed in [9] requires applying
a forward-backward algorithm for the maximum a posteriori
(MAP) detection in every iteration.

An alternative approach to design receivers that can operate
without CSI is based on machine learning. The ability of
deep neural networks (DNNs) to efficiently approximate high-
dimensional non-linear mappings has led to a new class of so-
called “deep receivers” that do not (only) rely on the underly-
ing channel model but operate in a data-driven fashion [11].
For instance, the authors in [12] use a Turbo-autoencoder
neural network to learn a holistic transmission scheme with
superimposed pilots for joint detection and decoding, enabling
efficient short-packet communications. On the other hand,
the approach in [13] is completely channel-agnostic, i.e., the
communication channel is assumed to be completely unknown
and a recurrent neural network is trained to perform the
detection task. In comparison to “classical” receivers that
use training symbols to estimate certain parameters of the
underlying channel model, a deep receiver instead uses the
available data to directly adapt the DNN-based detector to the
channel.

To reduce the required number of training symbols, model-
based deep learning [14], [15] combines the advantages of
both methods—model-based domain knowledge as well as
data-driven optimization—by either integrating knowledge of
the underlying model in the DNN design, or vice versa,
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by replacing certain building blocks of an otherwise model-
based algorithm with DNNs [16]. Thereby, an algorithm can
be significantly improved without sacrificing the benefits of
being model-based. In [17], DNNs are integrated into the
well-known Viterbi algorithm to replace all CSI-dependent
computations. Another example is BCJRNet [18], which builds
upon the factor graph model of the BCJR algorithm [3]
and replaces the factor nodes in the graph with a mapping
that is learned from a small training set. While these data-
aided receivers do not require CSI, they still rely on labeled
data obtained from, e.g., pilots. Moreover, their reliance on
DNNs makes their online adaptation to rapidly time-variant
channels challenging in terms of efficient learning [19] and
data accumulation [20], see also [15], [21].

In this work we propose a blind receiver that is particularly
designed to efficiently operate in rapidly time-variant linear
inter-symbol interference (ISI) channels without requiring pi-
lots. We design our receiver in two stages. We first propose a
novel joint channel estimation and symbol detection scheme
based on a combination of the EM algorithm and belief
propagation (BP) on factor graphs that alleviates the necessity
of pilots of coherent detectors and the extensive computational
complexity of other non-coherent methods. Based on the so-
called Ungerboeck observation model [22], we use a dedicated
factor graph on which the BP algorithm efficiently implements
symbol detection with particularly low complexity, namely,
with linear complexity in the number of symbols and in the
memory of the channel [23]. Dealing with continuous variables
like channel parameters in factor graphs is typically challeng-
ing because the application of BP usually leads to intractable
expressions that must be approximated, e.g., using Gaussian
approximation or quantization methods [24]. To overcome this
issue, Eckford proposed the integration of the EM algorithm
into the factor graph framework and showed its appealing
property of breaking cycles in the graph [25]. The idea was
later formalized as a local message passing algorithm in [26]
and applied to practical communication systems such as [27].
Inspired by this idea, we integrate our BP-based detector into
the EM algorithm to form a joint estimation and detection
framework. In contrast to [26] and [27], we do not use the EM
algorithm as a local message update rule, but instead perform
global EM parameter updates, into which the BP algorithm
is integrated. This turns out to be more efficient in terms of
complexity, since we can derive closed-form update equations
for each individual EM parameter, respectively. Moreover, to
avoid running the full detection algorithm after each EM step,
we leverage the iterative nature of factor graph-based message
passing and interweave the EM estimation steps with the
BP message passing iterations. Thereby, the total number of
required BP iterations for blind joint estimation and detection
does not substantially increase compared to coherent detection.
This leads to a significant complexity reduction compared
to other approaches in literature, e.g., [27], where each EM
iteration requires multiple BP iterations.

A known weakness of the EM algorithm is its sensitivity
to initialization [10], [28]. While most works in the literature
circumvent this problem by using pilot symbols to obtain an
initial channel estimate, we address this challenge for the

blind estimation scenario and propose a novel initialization
method that leverages a lightweight version of the variational
autoencoder (VAE).

Next, we follow the concept of model-based machine learn-
ing and extend our blind factor graph-based estimation and
detection scheme into a data-driven receiver. In line with other
works in literature, like [18], we call the optimized version of
the factor graph-based EMBP algorithm a data-driven factor
graph. However note that, compared to the approaches in [17]
and [18], our method is already adaptive with respect to the
channel without the requirement of training symbols, thus
alleviating the possibly computationally complex frequent re-
training that channel agnostic deep receivers typically require
to be adaptive [15]. Therefore, we can avoid online training
and only need to perform one generic offline training prior to
transmission in order to optimize the detection performance as
well as the computational efficiency of our proposed algorithm
for a broad range of channel states. To this end, we unfold the
iterative BP algorithm and replace the BP message updates
with a convex combination of old and new messages. While in-
troducing only one trainable scalar parameter per iteration, this
modification significantly improves the convergence behavior
and thus the detection performance. Moreover, we propose a
simple, yet effective method to learn a suitable update schedule
for the EM algorithm and show that the optimized schedule
can substantially reduce the number of necessary EM steps
by allowing parallel parameter updates while preserving the
stability of the EM algorithm.

Our main contributions are summarized as follows:
• We derive a novel algorithm for joint channel estimation

and detection on linear ISI channels that offers a high
precision at low computational complexity based on the
integration of BP into the EM algorithm.

• We significantly improve the performance-complexity
tradeoff by extending our algorithm into a trainable
machine learning model, that leverages offline data to
learn an effective update schedule for the EM algorithm
and to improve the BP-based detection performance via
learned weighting factors.

• We extensively evaluate the estimation and detection
performance of the proposed EMBP scheme in numerical
simulations with various transmission scenarios. In par-
ticular, we analyze the sensitivity of the EM algorithm
with respect to different initialization methods and com-
pare the detection performance with other coherent and
blind detection schemes from literature, including both
model-based and data-driven algorithms. As a remarkable
feature, we show that the EMBP algorithm outperforms
a comparable coherent BP-based detector by inherently
estimating a “surrogate” channel which is better suited for
the suboptimal BP algorithm. Our simulations also show
that the low-complexity blind EMBP scheme performs
comparably to non-blind pilot-based MAP detectors. Fur-
thermore, we show that the EMBP algorithm can even
outperform the pilot-based detectors when compared in
the context of a forward error correction (FEC) scheme,
by leveraging the saved pilot overhead for an enhanced
error correction capability.
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The remainder of this paper is organized as follows: In
Section II we present the system model, briefly review factor
graph-based symbol detection, and formulate the challenges
and evaluation metrics of blind symbol detection. Section III
proposes the EMBP algorithm as a blind detection algorithm
as well as its data-driven version EMBP⋆. Section IV presents
a comprehensive numerical evaluation of the proposed algo-
rithms and compares the estimation and detection performance
to other established methods. Section V concludes the paper.

Notation
Throughout the paper, we use upper case bold letters to

denote matrices X with entries Xm,n at row m and column
n. Lower case bold letters are used for column vectors x. The
ith element of x is written as xi. ∥·∥ denotes the Euclidean
norm, (·)T is the transpose of a matrix or vector and (·)H is
the conjugate transpose (Hermitian) operator. For a complex
number c ∈ C, Re{c} (Im{c}) denotes its real (imaginary) part
and c⋆ is its complex conjugate. The all-zeros and all-ones
vectors are written as 0 and 1, respectively, and ei denotes a
vector that has a 1 at position i and zeros everywhere else.
The ceiling and flooring operation of a floating point number x
are indicated by ⌈x⌉ and ⌊x⌋, respectively. (i mod j) denotes
the modulo operation, i.e., the remainder of Euclidean division
of i by j with i, j ∈ N. The probability density function of a
continuous random variable y is denoted by py(y) or p(y) and
the probability mass function of a discrete random variable x
is Px(x) or P (x). To keep the notation simple, we do not use
a special notation for random variables since it is always clear
from the context. The Gaussian distribution, characterized by
its mean µ and variance σ2, is written as N (µ, σ2). The
expected value of a random variable x is denoted by Ex{x}
and the mutual information between x and y is I(x; y). We
use calligraphic letters to denote a set X of cardinality |X |.

II. SYSTEM MODEL AND PRELIMINARIES

A. System Model
We consider the transmission over a time-variant chan-

nel in the digital baseband which is impaired by linear
ISI and AWGN [2]. The dynamics of the communication
channel are assumed to be block-fading, i.e., the channel
coefficients remain constant for a block of N consecutively
transmitted symbols and change to an independent realization
in the next block [29]. Each transmission block contains
an information sequence c ∈MN , where each symbol cn
is sampled independently and uniformly from a constel-
lation M = {ci ∈ C, i = 1, . . . ,M}. The corresponding bit
pattern of length m := log2(M) is denoted by b(cn) =
(b1(cn), . . . , bm(cn)). The receiver observes the sequence

y =



h0

... h0 0

hL

...
. . .

hL h0

0
. . .

...
hL


︸ ︷︷ ︸

=:H


c1
c2
...
cN


︸ ︷︷ ︸

=:c

+


w1

w2

...

wN+L


︸ ︷︷ ︸

=:w

,

where h = (h0, . . . , hL)
T ∈ CL+1 describes the impulse re-

sponse of the linear ISI channel of length L+ 1 and
wn ∼ CN (0, σ2) are independent noise samples from a com-
plex circular Gaussian distribution. For each transmission
block, h := α · h̃ is generated by h̃ ∼ CN (0, IL+1) and
α = 1/∥h̃∥. The channel is thus fully characterized by the
parameter vector θ := (h0, . . . , hL, σ

2)T of length L+ 2. We
define the signal-to-noise ratio (SNR) at the receiver as

snr :=
∥h∥2 · Eh

{
∥c∥2

}
Ew{∥w∥2}

=

∑
c∈M

|c|2

Mσ2
.

B. Factor Graph-based Symbol Detection

1) Symbol Detection: For each block, our goal is to infer
the information sequence c from the observation y at the
receiver. Since the symbols and the channel parameters are
independently sampled, this inference task can be approached
separately for each block. In the context of Bayesian inference,
we are interested in the symbol-wise a posteriori probabilities
(APPs)

P (cn = c|y) =
∑

c∈MN , cn=c

P (c|y), n = 1, . . . , N. (1)

2) Factor Graph Representation: Message passing on fac-
tor graphs [30] is a powerful tool to derive efficient algorithms
for marginal inference such as the problem in (1). In order to
apply the factor graph framework to the considered problem,
we first need to find a suitable factorization of the joint APP
distribution P (c|y). Applying Bayes’ theorem, we obtain

P (c|y) = p(y|c)P (c)

p(y)
=

p(y|c)
MNp(y)

∝ p(y|c). (2)

The proportionality ∝ in (2) denotes that two terms are only
differing in a factor independent of c. The likelihood

p(y|c) = 1

(πσ2)N
exp

(
−∥y −Hc∥2

σ2

)
can be written as

p(y|c) ∝ exp

(
2Re

{
cHHHy

}
− cHHHHc

σ2

)
. (3)

Based on the observation model by Ungerboeck [22], we
substitute

x := HHy, G := HHH,

which can be interpreted as the matched filtered versions of
the observation and the channel matrix, respectively. By using

cHx =

N∑
n=1

xnc
⋆
n,

cHGc =

N∑
n=1

Gn,n|cn|2 −
N∑

n=1

N∑
m=1
m ̸=n

Re{Gn,mcmcn},

in (3), we obtain a factorized version of the likelihood

p(y|c) ∝
N∏

n=1

[
eFn(cn)

n−1∏
m=1

eIn,m(cn,cm)

]
, (4)
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Fig. 1. Factor graph representation of (4) for a channel with memory L = 2.

where we introduced the local functions

Fn(cn) :=
1

σ2
Re
{
2xnc

⋆
n −Gn,n|cn|2

}
(5)

In,m(cn, cm) := − 2

σ2
Re{Gn,mcmc⋆n}. (6)

A factor graph visualizes a factorization, such as (4), using
a bipartite graph [30]. Every variable cn is represented by a
circular node, a so-called variable node. Factor nodes represent
the local functions of the factorization and are visualized by
square nodes. A factor node is connected with a variable node
via an undirected edge if and only if the corresponding factor
is a function of this variable. For the factorization in (4), this
results in the factor graph illustrated in Fig. 1. Due to the
band structure of G, many of the factor nodes In,m(cn, cm)
represent the identity function and can thus be omitted, leading
to a sparse graph representation. Note that there exist different
factorizations of p(y|c), which consequently lead to distinct
graphs [31]. However, the specific structure of the factor graph
in Fig. 1, originally proposed by Colavolpe et al. in [23], is
particularly favorable in terms of computational complexity in
the context of marginal inference based on the BP algorithm,
which we discuss in the following.

3) Belief Propagation: The sum-product algorithm, also
known as BP, is a message passing algorithm that operates
in a graph and attempts to determine the marginalization
towards each variable in the factor graph, respectively [30].
To this end, messages are propagated within the factor graph
along its edges. In contrast to tree-structured graphs, where
the messages can travel through the entire graph in a single
forward and backward path, message passing in graphs with
cycles yields an iterative algorithm, i.e., the messages keep
traveling within the cyclic graph until some stopping criterion
is fulfilled, e.g., a maximum number of message passing
iterations is reached.

For the graph in Fig. 1, we denote the message1 sent in
iteration t ∈ N from a variable node cn to a factor node
In,m(cn, cm) with n > m as µ

(t)
n,m(cn)

2. The message travel-
ing on the same edge but in the opposite direction is denoted as
ν
(t)
n,m(cn). All messages are initialized with an unbiased state,

e.g., µ(0)
n,m(cn) = − logM . Then, T message passing iterations

are performed. Each iteration t consists of the parallel update

1For reasons of numerical stability and practicability, we describe the
messages and their updates in the logarithmic domain.

2Note the distinction to the message µ
(t)
n,m(cm) which originates from

variable node cm, indicated by the function argument.

of all messages from variable to factor nodes

µ(t)
n,m(cn) = Fn(cn) +

n−1∑
m′=1
m′ ̸=m

ν
(t−1)
n,m′ (cn) +

N∑
n′=n+1

ν
(t−1)
n′,n (cn),

(7a)

µ(t)
n,m(cm) = Fm(cm) +

m−1∑
m′=1

ν
(t−1)
m,m′ (cm) +

N∑
n′=m+1
n′ ̸=n

ν
(t−1)
n′,m (cm),

(7b)

followed by the parallel update of all messages from factor to
variable nodes

ν(t)n,m(cn) = log
∑
cm

exp
(
In,m(cn, cm) + µ(t)

n,m(cm)
)
, (8a)

ν(t)n,m(cm) = log
∑
cn

exp
(
In,m(cn, cm) + µ(t)

n,m(cn)
)
. (8b)

The final BP result is obtained after the last message passing
iteration t = T by combining all incident messages at a
variable node to the so-called beliefs via

bn(cn) = γn exp

Fn(cn) +

n−1∑
m′=1

ν
(T )
n,m′(cn) +

N∑
n′=n+1

ν
(T )
n′,n(cn)

,

(9)
where the γn ∈ R are chosen such that bn(cn) are normalized
probability distributions. The beliefs are an approximation of
the symbol-wise APP distributions P (cn|y) ≈ bn(cn) and the
quality of this approximation strongly depends on the number
of iterations T as well as on the nature of the underlying factor
graph. For the specific graph in Fig. 1, the approximation
quality thus varies with the block length N , the channel
parameters θ and with the observation y.

A major benefit of BP on a suitable factor graph is its
ability to approximate the APP with low computational com-
plexity. The asymptotic complexity of the described algorithm
is O(TNLM2) [23]. In comparison, exact inference imple-
mented by the BCJR algorithm [3] scales with O(NML+1),
i.e., the complexity grows exponentially with the memory of
the channel L instead of linearly.

C. Problem Formulation

We consider symbol detection without CSI, i.e., the param-
eters θ are unknown to both the transmitter and the receiver.
An unsupervised estimate of the parameters can be found by
maximizing the likelihood of the observation y with respect
to the channel parameters

θ̂ = argmax
θ

p(y|θ), (10)

where we have included the unknown parameters θ as latent
variables in the model. Once θ̂ is estimated, it can be used
for CSI-based symbol detection. However, the exact ML
solution in (10) is infeasible for reasonable block lengths
N ≫ 1. Nonetheless, leveraging intermediate results from
symbol detection for the estimation task can help to reduce
the complexity significantly. This motivates our goal to design

This article has been accepted for publication in IEEE Transactions on Communications. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TCOMM.2025.3541033

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



SUBMITTED VERSION, FEBRUARY 3, 2025 5

an efficient algorithm for joint channel estimation and symbol
detection. In this context, we are facing two major challenges:
C1 To achieve a good detection performance that is compa-

rable to a coherent detection with available CSI.
C2 To keep the computational complexity low such that it

can be implemented on a receiver with sufficiently low
power consumption and/or delay.

D. Evaluation Metrics
Suitable objective functions for joint estimation and de-

tection algorithms can either evaluate the detection or the
estimation performance. The quality of an estimated channel
impulse response ĥ can be quantified by the squared error

∥ĥ− h∥2 =

L∑
ℓ=0

∣∣ĥℓ − hℓ

∣∣2
to the ground truth h. For statistics over multiple channels and
their respective estimations, we will consider the median and
the mean squared error (MSE).

As a figure of merit for the detection performance, we
consider the maximum achievable information rate between
the channel input and the detector output. Many practical
transmission systems use bit-interleaved coded modulation
(BICM), which decouples the symbol detection from a bi-
nary soft-decision FEC [32]. In a BICM system, the symbol
detector soft output P (cn|y,θ) is converted by a bit-metric
decoder (BMD) to binary soft information

P (bi(cn) = b|y,θ) =
∑

c∈M(b)
i

P (cn = c|y,θ), b ∈ {0, 1}

with M(b)
i := {c ∈M : bi(c) = b}. The resulting bit-wise

APPs are typically expressed in log-likelihood ratios (LLRs)

Ln,i(y) := log

(
P (bi(cn) = 0|y,θ)
P (bi(cn) = 1|y,θ)

)
.

After interleaving, the LLRs are fed to a bit-wise soft-decision
FEC. By interpreting the BMD as a mismatched detector, the
bitwise mutual information (BMI) is an achievable information
rate for BICM [32]. The calculation of the BMI, detailed
in [33], considers the BMD by assuming m parallel sub-
channels transmitting on a binary basis instead of one symbol-
based channel. Assuming independent transmit bits, the BMI
is defined as the sum of mutual informations3 I(bi; y) of m
unconditional bit-wise channel transmissions:

BMI :=
m∑
i=1

I(bi(c); y).

By a sample mean estimate over D labeled data tuples, a
feasible approximation is given by [33]

BMI ≈ log2(M)−

1

DN

m∑
i=1

N∑
n=1

D∑
d=1

log2

(
exp
(
−(−1)bn,i(c

(d)
n )Ln,i(y

(d))
)
+ 1
)
,

where c
(d)
n and y(d) are from a labeled data set D, which will

be formally defined later in (16) in Sec. III-D.

3The mutual information is a measure between two random variables. We
avoid a distinct notation for random variables as it is clear from the context.

III. FACTOR GRAPH-BASED JOINT ESTIMATION AND
DETECTION USING EM AND BP

We propose a joint estimation and detection scheme for the
problem formulated in Sec. II-C. First, we derive closed-form
update expressions for the EM-based parameter estimation in
Sec. III-A and show how the BP algorithm can be applied
to effectively reduce the computational complexity. As this
formulation on its own may not successfully cope with C1-C2
in short coherence durations, we empower our method in two
aspects: (i) we incorporate dedicated initialization methods, as
detailed in Sec. III-C; and (ii) we optimize the algorithm by
introducing a small set of key parameters within the algorithm
that are tuned in a data-driven fashion as a model-based
machine learning model in offline training [34], as detailed
in Sec. III-D.

A. Expectation Maximization

The EM algorithm is an established technique for finding
ML parameter estimates in probabilistic models that contain
latent variables [35]. The basic idea is to maximize a simple
lower bound of the likelihood in (10) in a 2-stage iterative
algorithm. To this end, the log-likelihood function is decom-
posed into [10]

log p(y|θ) = log p(c,y|θ)− logP (c|y,θ)

=
∑
c

Q(c) log

(
p(c,y|θ)
Q(c)

)
︸ ︷︷ ︸

=:L(Q,θ)

−
∑
c

Q(c) log

(
P (c|y,θ)
Q(c)

)
︸ ︷︷ ︸

=:DKL(Q∥P )

,

(11)

where Q(c) can be any normalized trial distribution of c.
Jointly optimizing the log-likelihood in (11) with respect
to θ and all possible Q(c) is typically infeasible. Due
to the non-negativity of the Kullback-Leibler (KL) diver-
gence DKL(Q∥P ) ≥ 0, the functional L(Q,θ) is a so-called
evidence lower bound (ELBO), satisfying

log p(y|θ) ≥ L(Q,θ).

The EM algorithm maximizes the ELBO in multiple consecu-
tive steps. Starting with an initial guess for the parameters θ̂(0),
the EM algorithm iteratively performs

1) E-step: Fix θ̂(t−1) and maximize L(Q,θ) w.r.t. Q:

Q = argmax
Q
L(Q,θ)

∣∣∣
θ=θ̂(t−1)

= P (c|y, θ̂(t−1)). (12)

2) M-step: Fix Q and maximize L(Q,θ) w.r.t. θ:

θ̂(t) = argmax
θ
L(Q,θ)

∣∣∣
Q=P (c|y,θ̂(t−1))

= argmax
θ

EP (c|y,θ̂(t−1)) {log p(c,y|θ)}

=: argmax
θ

Q̃
(
θ
∣∣∣θ̂(t−1)

)
. (13)

Despite the fact that both the E-step and the M-step only
maximize a lower bound of the likelihood, respectively, the
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σ̂2(t) =
1

N

[
B −

N∑
n=1

∑
cn

P (cn|y, θ̂(t−1))

(
C(cn,h

(t−1))−
∑
m<n

∑
cm

P (cm|y, θ̂(t−1))D(cn, cm,h(t−1))

)]
, (14)

ĥ
(t)
ℓ =

(
N∑

n=1

∑
cn

P (cn|y, θ̂(t−1))yn+ℓc
⋆
n −

L∑
k=0
k ̸=ℓ

∑
cn−|ℓ−k|

P (cn−|ℓ−k||y, θ̂(t−1))h
(t−1)
k

(
Re{cn−|ℓ−k|c

⋆
n} − j · Im{cn−|ℓ−k|c

⋆
n}sign{ℓ− k}

))
·

(
N∑

n=1

∑
cn

P (cn|y, θ̂(t−1))|cn|2
)−1

(15)

EM algorithm has the appealing property of monotonically
increasing the log-likelihood in every iteration [25]:

log p(y|θ̂(t)) ≥ log p(y|θ̂(t−1)).

For a more detailed derivation of (12) and (13) and an in-depth
treatment of the EM algorithm, we refer the reader to [10].

For the application of the EM algorithm to our problem
in (10), we need to solve the optimization problems of
the E-step and M-step, respectively. The optimal solution
for the E-step is given in (12) by the APP distribution
Q(c) = P (c|y, θ̂(t−1)) =

∏N
n=1 P (cn|y, θ̂(t−1)). Finding the

symbol-wise posteriors P (cn|y, θ̂(t−1)) based on the chan-
nel observation y and some model assumptions θ̂(t−1) is a
probabilistic inference task similar to the problem discussed
in Sec. II-B. In other words, the E-step of the EM algorithm
resolves to soft-output symbol detection using the CSI θ̂(t−1).

Driven by the requirement of finding a low-complexity
solution, we propose to use the factor graph-based BP algo-
rithm discussed in Sec. II-B to efficiently perform the E-step
by approximating the symbol-wise posteriors P (cn|y, θ̂(t−1))
with the message passing beliefs bn(cn).

Based on the APP distribution P (c|y, θ̂(t−1)) or an ap-
proximation thereof, the M-step updates the parameter esti-
mates θ̂(t−1). The optimization problem in (13) cannot be
solved jointly for the entire parameter vector θ in closed
form. However, we can find a closed-form solution for
the maximization of each scalar parameter θℓ by solving
∂

∂θℓ
Q̃
(
θ
∣∣∣θ̂(t−1)

)∣∣∣∣
θℓ=θ̂

(t)
ℓ

= 0, as stated in the following the-

orem:

Theorem 1. The setting of θ̂(t) = (ĥ0, . . . , ĥL, σ̂
2)T which

solves the optimization problem in (13) for the system model
detailed in Sec. II-A along each dimension of θ independently
is given by (14) and (15), where B, C(cn,h) and D(cn, cm,h)
are given in (A.3).

Proof: The proof is given in Appendix A.

Theorem 1 implies that the update of a single parameter
θ̂
(t)
ℓ does not directly depend on its respective predecessor
θ̂
(t−1)
ℓ . This dependency is merely given indirectly via the

posterior distribution P (c|y, θ̂(t−1)) in the E-step. On the
other hand, the update equations directly depend on the
estimates of other parameters, e.g., the update of ĥ(t)

ℓ in (15)
is a function of ĥ

(t−1)
k with k ̸= ℓ. This suggests that for

optimal parameter updates, the M-step should only update

Algorithm 1: EMBP

Data: y, θ̂(0)

1 ν
(0)
n,m(ck)← − logM, k = m,n // BP init.

2 for t = 1, . . . , T do
3 E-step: BP-based symbol detection
4 µ

(t)
n,m(ck), k = m,n← BP msg. updates (7)

5 ν
(t)
n,m(ck), k = m,n← BP msg. updates (8)

6 bn(cn)
(t) ← Compute beliefs (9)

7 M-step: Select K(t) parameters θ̂
(t−1)
⊂ to update

8 θ̂
(t)
⊂ ← update θ̂

(t−1)
⊂ using (14), (15) based on

the approximation b
(t)
n (cn) ≈ P (cn|y, θ̂(t−1))

Result: θ̂ = θ̂(T ), bn(cn) = b
(T )
n (cn)

one element of θ̂ at a time and perform another E-step
before updating the next element. In this case, Theorem 1
guarantees the optimality of the respective parameter update
in the M-step. However, the element-wise parameter updates
come with the price of potentially more EM steps and thus
a higher computational complexity. In general, we select the
parameters that are updated in parallel during one particular
M-step t by defining a sub-vector θ̂

(t)
⊂ := (θ̂J1 , . . . , θ̂JK(t)

)T

with {J1, . . . , JK(t)} ⊆ {1, . . . , L+ 2} and only updating the
K(t) elements θ̂

(t)
⊂ ← θ̂

(t−1)
⊂ while leaving the remaining

parameter estimates unchanged.
We summarize the proposed EM procedure for joint esti-

mation and detection in Alg. 1. The algorithm accepts the
channel observation y as well as an initialization for the
parameters θ̂(0) as inputs. Then, it performs T EM steps, each
consisting of one BP message passing iteration in the E-step
followed by the update of a selection θ̂

(t−1)
⊂ of parameter

estimates in the M-step. Note that multiple BP iterations per
E-step can be performed by skipping the parameter updates
in one or multiple consecutive EM steps, i.e., by setting the
update vectors θ̂

(t−1)
⊂ to length K(t) = 0 in the respective

EM steps t. The algorithm outputs a final CSI estimate θ̂
and the beliefs bn(cn), n = 1, . . . , N as the result of symbol
detection. Because the proposed joint estimation and detection
algorithm performs BP in a factor graph for the E-step of the
EM procedure, we denote it EMBP algorithm.

B. Complexity

We consider the complexity of the proposed EMBP al-
gorithm based on Table I, which provides the number of
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TABLE I
NUMBER OF ADDITIONS (ADD), MULTIPLICATIONS (MULT), AND log Σ exp-COMPUTATIONS IN THE STEPS OF THE EMBP ALGORITHM COMPARED TO

OTHER ALGORITHMS

Operation ADD (real-valued) MULT (real-valued) log Σ exp asymptotic complexity

E-step
(
BP

) NM
(
2LM + 4L+ 4

)
+N

(
4L+ 4

)
NM

(
3
)
+N

(
4L+ 4

)
NM

(
2LM + 1

)
O
(
NLM2

)
+L

(
M2 + 2L+ 3

)
+ 1 +L

(
3M2 + 2L+ 4

)
+M + 2

M-step
(
σ̂2

) NM
(
2LM + 4

)
+N

(
4L+ 6

)
NM

(
3LM + 3

)
+N

(
4L+ 6

)
- O

(
NLM2

)
+L

(
2L+ 5

)
+ 1 +L

(
2L+ 6

)
+M + 2

M-step
(
ĥℓ

)
NM

(
4L+ 6

)
NM

(
6L+ 9

)
- O

(
NLM

)
VAE-LE-step 12N(L+ 1) + 7NM + 18N 13N(L+ 1) + 9NM + 14N - O

(
NL+NM

)
MAP (BCJR) NML+1

(
2L+ 8

)
NML+1(4L+ 9) ML+1(3N + 2L) O

(
NLML

)

required operations for the different steps of the EMBP
algorithm. For detailed remarks concerning Table I, we refer
the interested reader to Appendix B. To obtain the overall
complexity of the EMBP algorithm for a given transmission
scenario, we can accumulate the executed operations of the
required E/M-steps in each iteration. If every parameter is
updated a constant number of times, the asymptotic complexity
of the EMBP algorithm to perform blind estimation and
joint detection becomes O

(
TNLM2 +NL2M

)
, where the

number of iterations T scales either constantly or linearly with
L, depending on the concurrency of the parameter updates in
the M-step (line 7 in Alg. 1).

C. EMBP Initialization
An important aspect of the EMBP algorithm, which we

did not discuss yet, is the choice of a suitable parameter
initialization θ̂(0). Initialization has been shown to substan-
tially influence the quality of EM-based estimation since a
poor initialization might cause the EM algorithm to converge
to a locally (instead of globally) optimal solution [10], [28].
For example, in the context of Gaussian mixture models, one
of the most widely used applications of the EM algorithm,
it has been shown in [36] that the EM algorithm converges
with high probability to a bad local optimum which can be
arbitrarily worse than that of any global optimum if the number
of mixture components is 3 or larger.

For our application, the importance of a proper initial-
ization of the EMBP algorithm can immediately be seen
if we consider the initialization of the parameter estimates
ĥℓ, ℓ = 0, . . . , L with their expected values E{hℓ} = 0. In
this case, the EM algorithm deadlocks in the local optimum
of the prior information4 P (c|y, θ̂(t−1)) = P (c) = 1/M and
ĥ
(t)
ℓ = 0, ∀t. A more practical option is the initialization with

an impulse ĥ(0) = hδ := e⌈L/2⌉, which corresponds to the
assumption of a memoryless channel.

We propose to initialize the estimate θ̂(0) of the EMBP al-
gorithm by employing the variational autoencoder-based linear
equalizer (VAE-LE), a lightweight blind channel equalizer [7].
To briefly introduce the VAE-LE, we revisit the derivation
of the EM algorithm in Sec. III-A. Tractable ML estima-
tion is achieved by simplifying the objective from the log-
likelihood function log p(y|θ) to the ELBO L(Q,θ), which

4We assume that the constellation M is axisymmetric.

is jointly maximized with respect to θ and Q(c) [6]. The
EM algorithm simplifies the problem of joint maximization
by alternately fixing θ or Q, which leads to the easier sub-
problems (12) and (13) in the E-step and M-step, respectively.
In contrast, the idea of the VAE-LE is to perform a truly
joint maximization of L(Q,θ) and instead reduce the set of
possible distributions Q(c) over which the optimization is
performed. Following the idea of variational inference, the
trial distribution Q(c) is chosen from a family of probability
distributions QΦ which are parametrized by the so-called
variational parameters Φ [37].

In particular, the VAE-LE restricts the search space QΦ

to distributions QΦ(c) which are the result of linear channel
equalization using a finite impulse response (FIR) filter with
impulse response Φ ∈ CLLE+1. To be more precise, a distri-
bution QΦ(c) =

∏N
n=1 QΦ(cn) is obtained from the output

ĉLE ∈ CN of the linear equalizer by applying a soft-demapping
based on a Gaussian assumption:

QΦ(cn = c) =
exp
(
− |ĉn,LE−c|2

σ2
VAE

)
∑

c′∈M
exp
(
− |ĉn,LE−c′|2

σ2
VAE

) , c ∈M.

To perform blind channel equalization, the VAE-LE jointly
maximizes L(Q,θ) with respect to the channel parameters θ
and the taps of the linear equalization filter Φ. Typically, this
maximization is based on gradient methods, e.g., applying
SVAE iterations of the Adam algorithm [38]. It is important
to note that this optimization is completely unsupervised and
is performed online as an integral part of the algorithm. For
more details and practical considerations we refer the reader
to [7]. Due to its restriction to linear equalization, we presume
the VAE-LE to be in general less performant compared to the
EMBP algorithm that employs a non-linear detector using BP
on factor graphs. On the other hand, we expect the VAE-LE
to be more robust against poor initializations, since the simple
structure of the FIR-based detector is less prone to get stuck
in local optima. In addition, the restriction to a linear filter in
the equalizer leads to a particularly low complexity that scales
linearly with the block length N , the channel memory L and
the size of the constellation M per VAE iteration. This is why
we propose to use a few iterations SVAE of the VAE-LE to
initialize the parameter estimates θ̂(0) of the EMBP algorithm.
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D. Factor Graph-based Deep Learning

The proposed EMBP algorithm is a joint estimation and
detection scheme that is strongly based on its underlying
probabilistic model: the EM algorithm aims at maximizing
the likelihood p(y|θ) and the BP-based symbol detection
in the E-step is performed in a factor graph that represents
a factorization, i.e., conditional independencies among the
random variables in p(y|c). The reliance on such modeling
brings forth several advantages, like the interpretability of
intermediate results, e.g., every BP message in the factor
graph represents a marginal probability distribution. Further
advantages are theoretical guarantees, for instance, the EM
algorithm provably increases the likelihood in each step.

Nonetheless, we have introduced several approximations in
the derivation of the EMBP algorithm to keep it feasible in
terms of complexity. First, we have approximated the true
marginals P (cn|y, θ̂) with the beliefs bn(cn) as the result of
BP on a cyclic factor graph. Second, we have simplified the
ML parameter estimation by using the EM algorithm as a 2-
step iterative approach that maximizes the ELBO instead of the
log-likelihood. To overcome the performance loss that comes
with these approximations and at the same time maintain a
low complexity, we leverage methods of model-based deep-
learning [34] to develop a refined data-driven version of the
EMBP algorithm in the following.

1) Enhancing BP accuracy: Several approaches have been
proposed in the literature to improve the performance of BP in
cyclic factor graphs, including the generalized BP algorithm by
Yedidia et al. [39], and the concave-convex procedure (CCCP)
which offers convergence guarantees [40]. Importantly, these
generalized message-passing algorithms can be integrated into
the proposed EMBP framework, as it only requires an iterative
algorithm that refines approximations of the posterior distri-
bution. However, the aforementioned algorithms significantly
increase the computational complexity which is not in line
with the focus of this work. A common method to improve
the performance of BP while maintaining its low complexity
is neural BP, which unrolls the BP iterations in the factor
graph to a feed-forward network and assigns trainable weights
to every edge in the unrolled network [41]. Neural BP can
significantly improve the detection performance for cyclic
factor graphs based on the Ungerboeck observation model
if the algorithm is optimized for one specific channel [42].
However, our investigations show that it does not generalize
well for a broad range of channel characteristics, as it is
required for the application of blind symbol detection on
block-fading channels in this work.

A much simpler generalization of the BP algorithm, which
we expect to better generalize on fading channels, is the
introduction of “momentum” in the message updates [43],
i.e., replacing the BP message updates in (7), (8) with a
convex combination of the new and the old messages, re-
spectively. For example, the message µ

(t)
n,m(cn) in iteration t

is replaced with βBP · µ(t)
n,m(cn) + (1− βBP) · µ(t−1)

n,m (cn). By
choosing 0 < βBP < 1, the idea is to improve the convergence
behavior of the message passing scheme compared to the
original BP (βBP = 1) while retaining the same fixed points of

the iterative message passing. We generalize this idea, where a
constant βBP ∈ (0, 1] is used among all message updates [43],
by using an individual weight β(t)

BP ∈ R for each BP iteration
t = 1, . . . , T , thus unfolding these iterations into a trainable
machine learning architecture. We expect that this additional
degree of freedom allows the message passing to improve its
convergence behavior during the early BP iterations (global
optimization) and at the same time to reduce the overall
number of iterations by speeding up the local optimization
during the final BP iterations. Note that this momentum-
based BP is a generalization of BP and by setting all weights
βBP = 1, we recover the original BP algorithm. Hence, by an
optimal choice of the weights βBP with respect to a given figure
of merit, the overall performance of the EMBP algorithm will
only be improved.

To find the optimal weights β
(t)
BP , we use a training data set

D = {(c(d),θ(d),y(d)), d = 1, . . . , D}, (16)

consisting of randomly and independently sampled informa-
tion sequences c(d), channel realizations θ(d), and a corre-
sponding noisy channel observation y(d). We iteratively apply
the EMBP algorithm to elements of D, evaluate the results
towards one of the objective functions introduced in Sec. II-D
(MSE or BMI), and backpropagate its gradient with respect
to the trainable parameters which are then optimized using
Adam.

2) Learning the EM update schedule: Another part of
EMBP which we optimize is the selection of parameters θ̂

(t)
⊂

that are updated in each M-step of the EM algorithm (see line 7
in Alg. 1). Finding an optimal EM update schedule addresses
challenges related to: optimizing the detection performance
(C1), e.g., “Is it favorable to perform multiple BP iterations
before updating the next parameter?”, and reducing complexity
(C2), e.g., “Given a limited number of EM iterations T and
of total parameter updates KEM :=

∑T
t=1 K

(t), how does an
optimal update schedule look like?”. Learning a schedule
is generally non-trivial as it corresponds to a discrete and
combinatorial optimization.

For the purpose of integrating this problem into the dis-
cussed gradient-based end-to-end optimization framework,
we convert the schedule learning task into the opti-
mization of continuous weights, by leveraging the con-
cept of momentum in the EM parameter updates. Sim-
ilarly to the discussed modification of the BP mes-
sage updates, we replace the original EM parameter es-
timates θ̂

(t)
k with momentum-based updates β

(t)
EM,k · θ̂

(t)
k +

(1− β
(t)
EM,k) · θ̂

(t−1)
k where we have introduced the weights

(β
(t)
EM,1, . . . , β

(t)
EM,L+2)

T =: β
(t)
EM ∈ RL+2, t = 1, . . . , T . In or-

der to allow every possible schedule to be learned during
the training procedure, we activate the computation of all
parameter updates in the M-step by setting θ̂

(t)
⊂ = θ̂(t) for all

EM iterations t. The momentum weights are initialized with
a serial schedule β

(t)
EM = e((t−1) mod L+2)+1 at the beginning

of the training phase, i.e., exactly one parameter is updated
alternately per EM iteration. Then, the weights β

(t)
EM are tuned

as part of the gradient-based optimization, converting the
algorithm into a trainable discriminative architecture [44].
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To learn an update schedule and reduce the overall number
of parameter updates KEM < T · (L+ 2), we add the L1 reg-
ularizer that is known to encourage coefficients’ sparsity [10,
Chap. 3.1]

LEM(K ′) :=
∑

βk∈βmin(K′)

|βk|

to the original loss function (MSE or BMI), where βmin(K
′) is

the set of K ′ scalar elements in the vectors β(t)
EM, t = 1, . . . , T

with the smallest absolute value. Thereby, the regulariza-
tion penalizes more than T · (L+ 2)−K ′ parameter updates
by enforcing K ′ scalar elements of the vectors β

(t)
EM, ∀t to

be close to zero, i.e., they are effectively not being up-
dated. During training, we initialize K ′ = 0 and gradually
increase K ′ until the target number of parameter updates
KEM = T · (L+ 2)−K ′ is reached. After the training pro-
cedure, we implement the learned schedule by removing the
K ′ elements from θ̂

(t)
⊂ that correspond to the respective

elements in βmin(K
′). At this point, EMBP is reduced in

complexity by reducing the number of required parameter
update computations by K ′. For the remaining parameter
updates, we keep and apply the learned momentum weights
β
(t)
EM as a simple and low-complexity generalization of the full

EM updates (β(t)
EM = 1).

IV. EXPERIMENTAL STUDY

For the numerical experiments that are considered in this
section, we will assume the transmission blocks to con-
tain N = 100 symbols from a binary phase-shift keying
(BPSK) constellation. Additional simulation results for a
quadrature phase-shift keying (QPSK) transmission are pro-
vided in Appendix D. Unless explicitly mentioned otherwise,
we apply SVAE = 10 iterations of the VAE-LE with LLE = 2L
and a learning rate lVAE = 0.1 of the Adam optimizer. For
the EMBP algorithm, we apply T = 3 · (L+ 2) steps of the
EMBP algorithm with a serial parameter update schedule, i.e.,
every parameter θℓ is updated 3 times.

A. Channel Estimation Analysis

We start the numerical evaluation by analyzing the channel
estimation performance of the proposed EMBP algorithm
and the VAE-LE, for different initializations of the channel
parameters ĥinit. To this end, we sample 105 random chan-
nels with memory L = 5 and corresponding channel obser-
vations y at snr = 10 dB. Fig. 2 evaluates the squared er-
ror ∥ĥ− h∥2 of the VAE-LE estimate ĥVAE and of the EMBP
algorithm (ĥEMBP) for three different initialization methods:
(a) ĥinit = h+

√
γhw where hw ∼ CN (0, 1) is standard com-

plex normally distributed, i.e., the initial estimate ĥinit is a
noisy version of the true channel impulse response h and
γ ∈ R+ indicates the variance of the noise. Note that this
method is genie-aided due to its dependence on h; (b) blind
initialization with an impulse ĥinit = hδ; and (c) initialization
of the EMBP algorithm by using the estimation result of the
VAE-LE which is, in turn, initialized according to method (b).

The results of method (a) are given by the line plots
in Fig. 2, where the horizontal axis indicates the squared

10−2 10−1 100 101 102
10−3

10−2

10−1

100

101

∥ĥinit − h∥2

∥ĥ
−
h
∥2

ĥ = ĥinit

EMBP
VAE-LE

Fig. 2. Squared error of the channel estimation ĥ for the EMBP
and VAE-LE algorithm at snr = 10 dB for 105 random channels with
L = 5, based on different initializations ĥinit: (a) ĥinit = h+

√
γhw with

hw ∼ CN (0, IL+1), γ ∈ R+ (solid line: mean, dashed line: median, dotted
lines: 25/75 percentiles), (b) ĥinit = hδ (circles: mean), (c) initialization of
the EMBP algorithm using the result ĥVAE of the VAE-LE with ĥinit = hδ

(star: mean). The horizontal axis indicates the MSE of the initialization ĥinit.

initialization error ∥ĥinit − h∥2 = γ · (L+ 1) averaged over
all 105 channel realizations. The vertical axis plots the quality
of the channel estimation by the VAE-LE and EMBP algo-
rithm. Both algorithms have a monotonic improvement of the
estimation quality with a decreasing initialization error. The
MSE of the VAE-LE saturates to ∥ĥVAE − h∥2 = 0.24 for
small initialization errors. We conjecture that this error floor
is caused by the limited capabilities of the linear equalizer in
the joint estimation and detection process of the VAE-LE. In
comparison, the MSE of the EMBP algorithm saturates to a
much smaller error floor. We can observe that the mean and
median substantially differ from each other which indicates
the existence of outliers for the EMBP algorithm.

Another noteworthy effect is the waterfall behavior of the
median squared error for the EMBP algorithm. Nonlinear
estimators are well-known to exhibit such a waterfall effect
where the squared error increases abruptly below a certain
threshold [45]. This behavior is typically caused by very noisy
observations which lead to a transition from local to global
estimation errors in the ML estimates [46].

Comparing the results to initialization method (b), it is
worth mentioning that the latter can surpass the MSE results
of method (a) with the same average initialization error
for the EMBP algorithm. Finally, we analyze the proposed
method (c) where the VAE-LE is leveraged to produce
an initialization for the EMBP algorithm. The resulting
estimates of the EMBP algorithm outperform the estimation
performance of method (a) with the same mean squared
initialization error ∥ĥinit − h∥2 = 0.29. This confirms the
VAE-LE as a very well-suited method to initialize the EMBP
algorithm.

We furthermore evaluate the squared error ∥ĥ− h∥2 for
the considered methods as a function of the SNR in Fig. 3.
In general, the estimation quality improves for higher snr.
For the EMBP algorithm initialized according to method (b)
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Fig. 3. MSE versus snr for 107 random channels with L = 5 for various
algorithms and initialization methods (solid line: mean, dashed line: median).

with hδ , we can again observe the deviation of the mean
from the median especially for high snr. This deviation can be
significantly reduced by using the VAE-LE for initialization:
the MSE of the EMBP algorithm with method (c) is much
closer to its respective median.

We compare the results of the blind estimation methods
to a pilot-based channel estimation. To this end, we fix a
portion of the N information symbols in the transmission
block to pseudo-random pilot symbols that are known at the
receiver. Based on these pilot symbols, the receiver performs
an ML estimation of h.5 Fig. 3 shows the performance of the
consequent ML estimation based on N · 10% and N · 20%
pilot symbols (gray lines). Further, we consider a decision-
directed (DD) scheme which uses not only the pilot symbols
for channel estimation but also incorporates the remaining re-
ceived symbols in y to acquire more precise CSI. To this end,
we perform MAP detection using the already obtained pilot-
based channel estimates. A refined ML channel estimation is
then performed by incorporating the entire data block based
on the pilot symbols together with a hard decision of the MAP
detection for the remaining symbols. The results are shown in
Fig. 3 (red lines) and confirm the good estimation performance
of the blind EMBP scheme with initialization method (c),
which consistently outperforms the DD-MAP baseline with
10% pilots and competes with the variant that uses 20% pilots.

B. Symbol Detection Evaluation

Based on the same data that was sampled for the results in
Fig. 3, we evaluate the detection performance of the considered
joint estimation and detection schemes in terms of the BER
in Fig. 4. For low snr, the BER performance of the VAE-LE
is relatively close to the optimal coherent MAP performance.
This performance gap increases significantly for higher snr
where the BER of the VAE-LE only improves marginally. The
sampled channels can introduce severe ISI where linear equal-

5For the pilot-aided baseline methods, we only estimate the channel impulse
response h and assume perfect knowledge of σ2, as opposed to the blind
schemes.
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Fig. 4. BER over snr for various detection schemes, averaged over 107

random channels with L = 5.

izers like the FIR filter of the VAE-LE6 perform poorly [2].
The EMBP algorithm performs significantly better. For low
snr, it can be compared to MAP detection performance based
on the DD-MAP estimation baseline with 20% pilots. In the
high SNR regime, the EMBP algorithm runs into an error
floor. This effect is mainly caused by the suboptimality of
the BP detector due to many short cycles in the underlying
factor graph, which can cause a non-convergent behavior of
the BP algorithm. Especially for high snr, the dynamic range
of the factor nodes (5) and (6) is further increased [42] and
the suboptimality of BP becomes the dominant error source.
To reduce this error floor, we can leverage the momentum-
based BP message updates as introduced in Sec. III-D1.
We optimize the weights β

(t)
BP , t = 1, . . . , L+ 2 for generic

channels, i.e., each sample in the training data set D consists
of an independent channel realization and the snr is uniformly
sampled in [0, 12] dB. This generic training can be performed
offline and prior to evaluation. We apply batch gradient descent
optimization with 200 batches each containing 1000 transmis-
sion blocks. As shown in Fig. 4, the refined EMBP⋆ algorithm
with optimized momentum weights β⋆

BP can effectively reduce
the error floor7 and thereby reduces the gap to coherent MAP
detection significantly for a target BER = 10−2.

A surprising observation in Fig. 4 is that the blind EMBP
algorithm clearly outperforms the coherent BP detector for
snr > 3 dB. Although the EMBP algorithm was demonstrated
to produce good channel estimates in Fig. 3, it seems coun-
terintuitive that a blind detector is able to outperform its
coherent counterpart which has full access to the CSI. While
this intuition is valid for optimal MAP detection, it is not
given for suboptimal detectors such as BP on cyclic factor
graphs, whose suboptimality directly and heavily depends
on the characteristics of the underlying channel assumption.
To exemplify this phenomenon, we take a closer look at
the transmission of 104 random information blocks over one

6For channels with less severe ISI, the VAE-LE typically performs signif-
icantly better, as demonstrated in [7].

7The lowered but remaining error floor of the EMBP⋆ algorithm in Fig. 4
vanishes by the application of FEC, as demonstrated in Appendix C.
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Fig. 5. BER and ELBO L(Q,θ) of the exact APP distribution QAPP and the
approximate distribution QBP for different channel assumptions h = αh0.

specific channel with impulse response h0 = (0.3− 0.3j,
0.6− 0.1j, 0.6− 0.3j)T and snr = 10 dB. The coherent BP
detector (BER = 0.21) is significantly outperformed by the
EMBP algorithm with a BER = 0.051. The reason for this im-
proved detection performance becomes obvious if we evaluate
the mean of the channel estimates ĥ0,EMBP = (0.22− 0.26j,
0.51− 0.063j, 0.51− 0.26j)T: the channel taps of the EMBP
estimate are consistently reduced in their amplitude compared
to the true channel h0. This directly influences the dynamic
range of the factor nodes (5) and (6), known to notably affect
the convergence of BP on factor graphs with cycles [47].

But why does the EMBP algorithm converge to such a
“surrogate” channel ĥ0,EMBP, despite the fact that it is based
on ML estimation? To answer this question, we recall that the
EM algorithm simplifies ML estimation to the maximization
of the ELBO L(Q,θ) which is only equivalent to maximizing
the likelihood function if the E-step is using exact APP
distributions P (c|y, θ̂(t−1)). Fig. 5 visualizes L(Q,θ) both
for the true posterior distribution QAPP = P (c|y,θ) and
for the approximative BP solution QBP = BP(y,θ) over a
one-dimensional subspace {αh0 : α ∈ R+} of the complete
estimation space of h at snr = 10 dB. For the APP distribution,
DKL(QAPP||P ) = 0 holds and thus L(QAPP,θ) = log p(y|θ).
The maximum of the ELBO L(QAPP,θ) is therefore at
α = 1, i.e., the EM algorithm converges to the true channel
h = h0. In contrast, the KL divergence between QBP and
P is non-vanishing for α > 0.6 and rapidly grows with
increasing α. This degrading accuracy of the BP algorithm
for large α can also be observed when evaluating the BER of
the BP-based detection which has its minimum at α = 0.61.
The maximum of the ELBO for BP consequently lies at
α = 0.66 between the ML solution (α = 1.0) and a small
KL divergence (α < 0.6). This spot corresponds to the
“surrogate” channel to which the EMBP algorithm converges
by maximizing the ELBO L(QBP,θ)

8. Thereby, EMBP
finds a channel representation that is better suited for BP-
based symbol detection compared to the ground truth channel.

8Note that the damping of the channel taps with a scalar factor α ∈ R+

in Fig. 5 is only for illustrative purposes and does not represent the true
maximum within the complete estimation space of θ.
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∥ĥ
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EMBP (T = 12, parallel schedule)
VAE-LE (SVAE = 3) + EMBP⋆ (T = 3)

VAE-LE (SVAE = 3) + EMBP⋆ (T = 6)

Fig. 6. Mean squared estimation error ∥ĥ− h∥2 after each iteration of
the VAE-LE and the EMBP algorithm with different EM parameter update
schedules. The randomly sampled channels have snr = 10 dB and memory
L = 5, i.e., 7 parameters to estimate (including σ2).

The channels considered so far follow a uniformly dis-
tributed power-delay profile (PDP) as defined in Sec. II-A.
However, many realistic communication channels follow a
PDP that is non-uniformly distributed, e.g., exponentially
decaying. The behavior of the proposed EMBP algorithm
on this alternative channel characteristic behaves qualitatively
similar to the previously discussed results. Detailed evaluations
for this case are provided in Appendix D, which also contains
results for a QPSK transmission.

C. Complexity Reduction using Model-based Deep Learning

We study the capability of the proposed model-based deep
learning methods to reduce the computational complexity of
the EMBP algorithm. To this end, we consider a transmission
over randomly sampled channels with memory L = 5 and
optimize the EMBP algorithm towards minimum MSE of the
channel estimates ĥ while restraining the algorithm’s com-
plexity. More specifically, we reduce the number of VAE-LE
iterations for the initialization from SVAE = 10 to SVAE = 3
and limit the EM iterations to T = 6 or T = 3, respectively.
Based on this restriction T < L+ 2 = 7, the EMBP algorithm
would not be able to update each parameter (including σ2)
at least once if it followed a serial update schedule where
only one parameter is updated per EM iteration. We apply
the gradient-based end-to-end training method, discussed in
Sec. III-D, to find a more effective EM update schedule for
this setting. Besides the parameters β

(t)
EM, t = 1, . . . , T that

define the EM update schedule, we also include the momentum
BP weights β

(t)
BP in the end-to-end optimization. We use 2500

batches for the offline training and each batch contains 1000
random channel realizations. For the schedule learning, we fix
the maximum number of parameter updates to KEM = 24.

To mitigate the effect of the reduced number of VAE-
LE iterations SVAE, we additionally apply a hyperpa-
rameter search to obtain the optimized learning rates
(l

(1)
VAE, l

(2)
VAE, l

(3)
VAE) = (0.1, 0.16, 0.3) for each VAE-LE itera-

tion s = 1, 2, 3. The left side in Fig. 6 shows the squared
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ĥ4

0.77 0.96 0.0 1.26 0.0 0.97 0.93

ĥ5
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Fig. 7. Optimized EM schedule of the EMBP⋆ algorithm based on the mo-
mentum weights β

(t)
EM for the complexity constraints T = 6 and KEM = 24.

estimation error after each VAE-LE iteration compared to
a baseline with SVAE = 10 VAE-LE steps using a constant
learning rate lVAE = 0.1. The results are averaged over 105

random channels with snr = 10 dB. We can observe that the
VAE-LE with optimized learning rates reduces the estimation
error faster and achieves the same MSE = 0.36 after only 3
iterations for which the baseline VAE-LE requires 6 steps.

Based on the VAE-LE initialization, the right side in Fig. 6
shows the estimation performance of the EMBP algorithm
over the EM iterations t. Using a serial schedule, the MSE
monotonically decreases. The stagnation at t = 7 is due to
the parameter estimate σ̂2 not being directly included in the
evaluation of the squared error ∥ĥ− h∥2. The second baseline
in Fig. 6 uses a parallel schedule for EMBP, i.e., all parameters
are simultaneously updated in every EM step t. As a result,
the MSE decreases significantly after the first EM iteration
but worsens after t = 2 due to an unstable behavior of the
fully parallel updates. The EMBP⋆ algorithm with optimized
update schedules shows a fast yet stable convergence and
the estimation results are comparable to those of the serial
EM schedule but with less iterations, i.e., with a reduced
computational complexity.

The momentum weights β
(t)
EM which define the correspond-

ing learned schedule for T = 6 are visualized in Fig. 7. In
the first EMBP iteration t = 1 there is only one parameter
ĥ4 updated with small weight, i.e., the algorithm basically
performs two BP iterations before starting to update the chan-
nel estimate. In the following EMBP iterations t = 2, . . . , 5,
multiple parameters are updated simultaneously. Only in the
last iteration t = 6, all channel taps are updated in parallel.

D. Comparison to Data-aided Receivers

At last, we compare the blind EMBP algorithm to state-
of-the-art data-aided deep receivers. As a model-agnostic
approach, we consider a recurrent neural network (RNN)
with window size Lh + 1 followed by a linear layer and
the softmax function. Further, we use the ViterbiNet de-
tector [17] as a model-based deep learning method. We
consider the transmission over a time-invariant channel
with a real-valued and exponentially decaying impulse re-
sponse he = (0.802, 0.487, 0.295, 0.179)T. Both data-aided
detectors are provided with one transmission block, i.e.,
N = 100 BPSK symbols, of labeled training data based on
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EMBP⋆
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MAP (coherent)
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Fig. 8. Comparison of the blind EMBP algorithm to data-aided deep receivers
(RNN and ViterbiNet) with respect to the BER over snr for the channel he,
averaged over 105 random transmission blocks.

which they perform 500 epochs of gradient descent opti-
mization to adapt to the channel he. For a more involved
elaboration on both considered algorithms, their respective
training, and an open-source implementation, we refer to [21].

Fig. 8 reports the BER versus snr, averaged over 105

transmission blocks. Both the RNN-based detector and the
ViterbiNet algorithm were trained specifically for each snr
value and the evaluation results are averaged over 50 inde-
pendent training runs with varying initialization. In contrast,
the EMBP detector is adaptive to the channel by design
without the requirement of channel-specific training. This
also holds for the EMBP⋆ algorithm which was optimized
a priori based on randomly sampled channels with memory
L = 3 and uniformly distributed snr ∼ U [0, 12] dB, but not
specifically on the channel he, i.e., it does not require any
pilots during the actual transmission. In the low snr regime,
the EMBP algorithm is close to coherent MAP performance
with an snr gap of 1.5 dB for a target BER = 10−1. It
thereby significantly outperforms the ViterbiNet detector and
the RNN-based method which have an snr gap of 4.5 dB
and 8.5 dB, respectively. For high snr, the severe ISI of the
channel leads to a very poor performance of the coherent
BP detector. The EMBP algorithm performs considerably
better but also runs into an error floor. For snr > 7 dB, it
is thereby outperformed by the ViterbiNet detector whose
suboptimality mainly originates from an imprecise CSI due
to the limited amount of training data. The EMBP⋆ algorithm
has a significantly reduced error floor and outperforms the
ViterbiNet detector in the considered high snr regime with a
3 dB gain for a target BER = 10−2.

V. CONCLUSION

We studied the problem of blind joint channel estimation
and symbol detection for linear block-fading channels with
memory and introduced the EMBP algorithm which inter-
weaves the iterations of EM and BP on a suitable factor graph.
The VAE-LE was found as a suitable method to initialize
the EMBP algorithm whose convergence is sensitive to the
initialization. We further leveraged techniques of model-based
deep learning to develop the refined algorithm EMBP⋆ which
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uses momentum in the updates of BP as well as in the EM
updates to significantly improve the detection performance and
reduce the algorithm’s complexity with only a few learnable
parameters. A complexity analysis and various numerical
simulations demonstrate that the proposed EMBP⋆ algorithm
fulfills the ambition of a fully blind low-complexity symbol
detection algorithm that performs comparable to pilot-based
or coherent symbol detectors.

APPENDIX

A. Derivation of the EM Updates

We consider the optimization problem (13). A necessary
condition for the optimal solution θ̂(t) is

0 = ∇θQ̃
(
θ
∣∣∣θ̂(t−1)

)∣∣∣
θ=θ̂(t)

. (A.1)

To rewrite the term

Q̃
(
θ
∣∣∣θ̂(t−1)

)
=
∑
c

P (c|y, θ̂(t−1)) log p(y, c|θ)

=
∑
c

P (c|y, θ̂(t−1)) log

(
p(y|c,θ)
MN

)
,

we use P (c|θ) = P (c) = M−N . The likelihood function
p(y|c,θ) can be decomposed in the same manner as in (3).
However, note that we must not omit the terms that are
independent of c in this case, since we are maximizing over
θ instead of c. This leads to

log

(
p(y|c,θ)
MN

)
=−N log

(
Mπσ2

)
+

(
−yHy + 2Re

{
cHx

}
− cHGc

σ2

)

=−A(σ2) +
−B + C(c,h)−D(c,h)

σ2
,

(A.2)

where we introduced the terms

A(σ2) :=N log
(
Mπσ2

)
, B :=

N+L∑
n=1

|yn|2,

C(c,h) :=

N∑
n=1

2Re {xnc
⋆
n} −Gn,n|cn|2︸ ︷︷ ︸

=:Cn(cn,h)

, and

D(c,h) :=

N∑
n=1

∑
m<n

2Re {Gm,ncmc⋆n}︸ ︷︷ ︸
=:Dn,m(cn,cm,h)

. (A.3)

To keep the notation uncluttered, we use the shorter nota-
tions C(cn,h) and D(cn, cm,h) for the terms Cn(cn,h) and
Dn,m(cn, cm,h), respectively. Note that the terms x and Gn,m

are a function of the channel impulse response h which is part
of θ. This means that (A.1) is a nonlinear system of equations
that can generally not be solved in closed form. However,
we can find a closed-form solution for the maximization
along each dimension of θ, respectively, as suggested by
Theorem 1. Therefore, we solve each row i = ℓ in (A.1) for
one element θℓ, respectively, leveraging the formulation of the

log-likelihood in (A.2). The partial derivative with respect to
θL+2 = σ2 yields

0 =
∂

∂σ2
Q̃
(
θ
∣∣∣θ̂(t−1)

)∣∣∣∣
σ2=σ̂2(t)

⇔ 0 =
∑
c

P (c|y, θ̂(t−1))

(
−N
σ̂2(t)

+
B − C(c,h) +D(c,h)(

σ̂2(t)
)2

)

⇔ σ̂2(t) =
1

N

[
B −

N∑
n=1

∑
cn

P (cn|y, θ̂(t−1))

(
C(cn,h)

−
∑
m<n

∑
cm

P (cm|y, θ̂(t−1))D(cn, cm,h)

)]
, (A.4)

i.e., we found the closed-form solution (A.4) for the EM
update of the parameter σ2.

To simplify the derivation of the parameter updates for h,
but without loss of optimality, we split the complex-valued
parameters hℓ =: hR,ℓ + jhI,ℓ into their real and imaginary
parts and solve for hR,ℓ and hI,ℓ, respectively. The partial
derivative with respect to hR,ℓ yields the condition

0 =
∂

∂hR,ℓ
Q̃
(
θ
∣∣∣θ̂(t−1)

)∣∣∣∣
hR,ℓ=ĥ

(t)
R,ℓ

(A.5)

=
∑
c

P (c|y, θ̂(t−1))
∂

∂hR,ℓ
(C(c,h)−D(c,h))

∣∣∣∣
hR,ℓ=ĥ

(t)
R,ℓ

.

Using the relations
∂

∂hR,ℓ
Re{xnc

⋆
n} = Re{yn+ℓc

⋆
n} and

∂

∂hR,ℓ
Gn,n =

∂

∂hR,ℓ

(
L∑

k=0

|hk|2
)

= 2hR,ℓ, we find that

∂

∂hR,ℓ
C(c,h) =

N∑
n=1

(
2

∂

∂hR,ℓ
Re {xnc

⋆
n} − |cn|2

∂

∂hR,ℓ
Gn,n

)

=2

N∑
n=1

(
Re{yn+ℓc

⋆
n} − |cn|2hR,ℓ

)
. (A.6)

Substituting (A.6) into (A.5) yields∑
c

P (c|y, θ̂(t−1))
∂

∂hR,ℓ
C(c,h) (A.7)

=2

N∑
n=1

∑
cn

P (cn|y, θ̂(t−1))
(
Re{yn+ℓc

⋆
n} − |cn|2hR,ℓ

)
.

For the partial derivative of D(cn, cm,h) we obtain

∂

∂hR,ℓ
D(cn, cm,h) = 2

∂

∂hR,ℓ
Re{Gm,ncmc⋆n}

=2
∂

∂hR,ℓ
Re


L−(n−m)∑

k=0

h⋆
k+(n−m)hkcmc⋆n


= 2Re{cmc⋆n}

(
hR,ℓ+(n−m) + hR,ℓ−(n−m)

)
+2Im{cmc⋆n}

(
hI,ℓ+(n−m) − hI,ℓ−(n−m)

)
. (A.8)

To rewrite the sums in

∂

∂hR,ℓ
D(c,h) =

N∑
n=1

∑
m<n

∂

∂hR,ℓ
D(cn, cm,h),
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ĥ
(t)
R,ℓ =

(
N∑

n=1

∑
cn

P (cn|y, θ̂(t−1))Re{yn+ℓc
⋆
n} −

L∑
k=0
k ̸=ℓ

∑
cn−|ℓ−k|

P (cn−|ℓ−k||y, θ̂(t−1))

(
Re{cn−|ℓ−k|c

⋆
n}hR,k + Im{cn−|ℓ−k|c

⋆
n}sign{ℓ− k}hI,k

))
·

(
N∑

n=1

∑
cn

P (cn|y, θ̂(t−1))|cn|2
)−1

(A.12)

ĥ
(t)
I,ℓ =

(
N∑

n=1

∑
cn

P (cn|y, θ̂(t−1))Im{yn+ℓc
⋆
n} −

L∑
k=0
k ̸=ℓ

∑
cn−|ℓ−k|

P (cn−|ℓ−k||y, θ̂(t−1))

(
Re{cn−|ℓ−k|c

⋆
n}hI,k − Im{cn−|ℓ−k|c

⋆
n}sign{ℓ− k}hR,k

))
·

(
N∑

n=1

∑
cn

P (cn|y, θ̂(t−1))|cn|2
)−1

(A.13)

we can use the equivalences
N∑

n=1

∑
m<n

2Re{cmc⋆n}
(
hR,ℓ+(n−m) + hR,ℓ−(n−m)

)
=

N∑
n=1

L∑
k=0
k ̸=ℓ

2Re{cn−|ℓ−k|c
⋆
n}hR,k, (A.9)

and
N∑

n=1

∑
m<n

2Im{cmc⋆n}
(
hI,ℓ+(n−m) − hR,ℓ−(n−m)

)
=

N∑
n=1

L∑
k=0
k ̸=ℓ

2Im{cn−|ℓ−k|c
⋆
n}sign{ℓ− k}hI,k. (A.10)

Based on (A.8) and by using the expressions (A.9) and (A.10),
we find for the second term in (A.5):∑

c

P (c|y, θ̂(t−1))
∂

∂hR,ℓ
D(c,h)

= 2

N∑
n=1

∑
cn

P (cn|y, θ̂(t−1))

L∑
k=0
k ̸=ℓ

∑
cn−|ℓ−k|

P (cn−|ℓ−k||y, θ̂(t−1))

(
Re{cn−|ℓ−k|c

⋆
n}hR,k + Im{cn−|ℓ−k|c

⋆
n}sign{ℓ− k}hI,k

)
.

(A.11)

Applying (A.7) and (A.11) in (A.5) and solving for hR,ℓ finally
yields the update equation for ĥ(t)

R,ℓ given in (A.12). In a similar

fashion, we can solve 0 =
∂

∂hI,ℓ
Q̃
(
θ
∣∣∣θ̂(t−1)

)
for hI,ℓ which

leads to the update equation (A.13) for ĥ
(t)
I,ℓ . By studying the

two equations (A.12) and (A.13), we can observe that the
update of ĥ

(t)
R,ℓ is independent of ĥ

(t−1)
I,ℓ and that, vice versa,

the update of ĥ
(t)
I,ℓ does not depend on ĥ

(t−1)
R,ℓ . Therefore, we

can update ĥ
(t)
R,ℓ and ĥ

(t)
I,ℓ in parallel without loss of optimality,

i.e., ĥℓ = ĥ
(t)
R,ℓ + jĥ(t)

I,ℓ , thus proving the theorem.

B. Complexity

We analyze the complexity of the proposed EMBP algo-
rithm by counting the number of real-valued additions (ADD),

multiplications (MULT) and log Σ exp-operations that are re-
quired in the E-step (1 BP iteration) and in the M-step to
update the parameter estimates σ̂2 and ĥℓ. Complex additions
are counted as 2 ADD operations and complex multiplications
are counted as 4 MULT and 2 ADD operations. We neglect
interim results that are data-independent, e.g., |cn|2, as they
can be precomputed and stored. Also note that, depending on
the parameter update schedule of the EMBP algorithm, some
data-dependent interim results can be reused. For simplicity,
however, we consider them to be recomputed each time. The
results are provided in Table I.
The EMBP⋆ algorithm requires some extra operations for
the convex combination in the momentum updates. For the
momentum updates of the BP messages, N(2L+ 1) real-
valued messages of dimension M are scaled and added
to a scaled version of the old messages, which results in
2NM(2L+ 1) MULT and NM(2L+ 1) ADD operations.
For the momentum-based parameter update of one complex-
valued element in θ̂, it requires 4 MULT and 2 ADD opera-
tions.

We further provide some remarks about the complexity of
the pilot-based and decision-directed MAP detection schemes
that are considered in Sec. IV for comparison. For the pilot-
based MAP detector with Np pilots, the complexity of the
MAP detector (see Table I) is supplemented by the complexity
of the pilot-based ML estimator, which can be implemented by
an (L+ 1)×Np complex-valued matrix-vector multiplication.
The DD-MAP scheme builds upon the previously mentioned
pilot-based MAP detector. Additionally, it requires the ML
estimation based on the hard symbol decision of the first MAP
detection run. This can be implemented by an (L+ 1)×N
complex-valued matrix-vector multiplication and an algorithm
to solve an (L + 1) × (L + 1) Toeplitz system, e.g., the
Levinson-Durbin recursion. Furthermore, a second run of the
MAP detector is required.

C. FEC-BER Performance
We consider an FEC scheme applied to the BPSK trans-

mission scenario with block length N = 100 and memory
L = 5, as described in Sec. IV with the results shown in Fig. 3
and Fig. 4. For the non-blind baseline algorithms with 20%
pilots we apply a low-density parity-check (LDCP) code of
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Fig. 9. BER and FEC-BER over snr for a BPSK transmission over 107

random channels with L = 5. The FEC-BER results are based on an LDPC
code of rate 0.8 for the pilot-based schemes and a code rate of 0.64 for the
EMBP⋆ algorithm, such that all compared schemes effectively transmit 64
information bits.

rate 0.8, and for the blind EMBP⋆ algorithm, we use an LDCP
code of rate 0.64. Thereby, all compared schemes effectively
transmit 64 information bits. For channel decoding, we use
a normalized min-sum decoder with a maximum number of
20 layered BP iterations. Fig. 9 compares the BER and FEC-
BER performance of the EMBP⋆ algorithm with the pilot-
based schemes. With FEC, the EMBP⋆ algorithm consistently
outperforms the pilot-based MAP detector with a 2 dB SNR
gain and the pilot-based DD-MAP baseline with a gain of
1 dB.

D. Channels with Non-uniform PDP

We evaluate the estimation and detection performance of
the EMBP algorithm on 107 random channels with a non-
uniformly distributed PDP. In contrast to the channel model
defined in Sec. II-A, the channel taps hℓ, ℓ = 0, . . . , L are
independently sampled from a complex-circular Gaussian dis-
tribution with exponentially decaying varianceN (0, exp(−ℓ)).
For better comparison, the power of the sampled channel
impulse responses is normalized as before. Fig. 10 plots the
squared estimation error over the snr and Fig. 11 shows the
respective BER performance.
We additionally simulate the transmission of N = 100 QPSK
symbols per transmission block on the same batch of 107

channels. The evaluation results for the squared estimation
error and the BER over snr are shown in Fig. 12 and Fig. 13,
respectively.
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∥ĥ
−

h
∥2

VAE-LE
EMBP, init. (b)
EMBP, init. (c)
ML, 10/20% pilots
DD-MAP, 10/20% pilots

Fig. 12. MSE over snr for various algorithms (solid line: mean, dashed line:
median). Evaluation for a QPSK transmission over 107 random channels with
L = 5 and exponentially decaying PDP.

−4 −2 0 2 4 6 8 10 12

10−3

10−2

10−1
10%

20%

10%

20%

snr (dB)

B
E

R EMBP⋆, β⋆
BP

BP, h (coherent)
MAP, h (coherent)

MAP, ĥML,
10/20% pilots
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