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Zusammenfassung

Die Betrachtung von Mehrfeldproblemen mithilfe von Kontinuumsmod-
ellen erfährt eine zunehmende Bedeutung. Dies lässt sich beispielsweise
an der gekoppelten Betrachtung von chemischen und mechanischen
Feldern bei der Auslegung von Energiespeichersystemen aus der Inge-
nieurpraxis verdeutlichen. Um der Komplexität realer Prozesse gerecht
zu werden sind validierte Modelle und effiziente Implementierungen in
kommerziellen Finite-Elemente Solvern notwendig.
Im Rahmen dieser Arbeit werden chemo-mechanisch gekoppelte Kon-
tinuumsmodelle im Rahmen der Coleman-Noll Prozedur thermody-
namisch konsistent abgeleitet. Dabei werden Probleme der Wasserstoff-
versprödung, der Phasenseparation in Metall-Wasserstoffsystemen und
der Diffusion von Wasser in Polymeren adressiert.
Im Kontext der Wasserstoffversprödung wird ein Schema vorgestellt,
das es erlaubt, chemo-mechanisch gekoppelte Modelle mithilfe des
kommerziellen Finite-Elemente Solvers ABAQUS zu lösen. Die Neuheit
liegt dabei in der Nutzung des chemischen Potentials der diffundieren-
den Spezies als Freiheitsgrad, was Vorteile gegenüber in der Literatur
etablierter Schemata mit sich bringt.
Im Kontext der Phasenseparation von Metall-Wasserstoffsystemen wird
ein Modell vorgestellt, das die Phasenseparation von Niob und Palla-
dium Dünnschicht-Systemen unter Wasserstoffbeladung beschreibt. Das
Modell wird sowohl analytisch als auch mithilfe von Finite-Elemente
Simulationen untersucht und die Resultate mit experimentellen Be-
funden verglichen. Dabei zeigt sich, dass zahlreiche im Experiment
beobachtete Effekte durch das Modell präzise beschrieben werden.
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Zusammenfassung

Abschließend wird ein chemo-mechanisch gekoppeltes Modell für die
Diffusion von Wasser in Polyamid 6 vorgestellt. Dieses wird unter Zuhil-
fenahme des zuvor vorgestellten Schemas implementiert. Im Vergleich
mit Experimenten zeigt sich, dass das Modell das Trocknungsverhalten
von Polyamid 6 in Abhängigkeit von Luftfeuchtigkeit und Umgebung-
stemperatur vorhersagen kann. Zudem kann durch das Modell ein
Wiederanstieg des Relaxationsmoduls bei großer Versuchsdauer und
erhöhter Temperatur abgebildet und mit der Kontraktion des Polyamids
aufgrund der Trocknung erklärt werden.

iv



Summary

The investigation of multi-physics problems using continuum models is
becoming increasingly important. For instance, the coupled analysis of
chemical and mechanical fields in the design of energy storage systems
is now a standard practice in engineering. To address the complexity
of real processes, validated models and efficient implementations in
commercial Finite-Element solvers are essential.
In this thesis, we derive chemo-mechanically coupled continuum models
in a thermodynamically consistent manner, following the Coleman-Noll
procedure. Issues addressed by the models are related to hydrogen
embrittlement, phase-separation in thin-film metal-hydrogen systems
and the diffusion of water in polymers.
In the context of hydrogen embrittlement, a scheme is presented that
allows for the solution of chemo-mechanically coupled models using
the commercial Finite-Element solver ABAQUS. The novelty of this
approach lies in its use of chemical potential of the diffusing species
as the degree of freedom, which offers advantages over established
schemes in the literature.
In the context of phase-separation in thin-film metal-hydrogen systems,
a model is presented that describes phase-separation in Niobium and
Palladium thin-film systems under hydrogen loading. The model is
investigated both analytically and using Finite-Element simulations and
the results are compared with experimental findings. It is demonstrated
that numerous experimentally observed effects are accurately described
by the model.
Finally, a chemo-mechanically coupled model for the diffusion of water
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Summary

in Polyamide 6 is presented. The model is implemented using the
scheme previously introduced. The model is capable of predicting the
drying behavior of Polyamide 6 in dependence on humidity levels and
environmental temperature, confirmed by comparison to experimental
results. In addition, the model predicts an increase in the relaxation
modulus during prolongued tests at elevated temperatures, which is
linked to the contraction of Polyamide due to drying.
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Chapter 1

Introduction

1.1 Motivation and objectives

In many engineering applications multiple coupled fields are of interest.
Examples include thermo-mechanically coupled problems, c.f. Wicht
et al. (2021) and Gajek et al. (2022), in which the coupling of deformations
to temperature is investigated, or chemo-mechanically coupled prob-
lems, where both diffusion processes and chemical reactions can occur,
which can both be influenced by deformations or induce deformations,
c.f. Johlitz and Lion (2013) and Dyck et al. (2024c). These examples
involve the coupling of two fields. In the case of a thermo-mechanical
coupling these are a mechanical and a thermal field, while chemo-
mechanically coupled problems are concerned with a chemical field,
typically a concentration field, and a mechanical field. Even more
complicated problems involve more than two coupled fields, such as
chemo-electro-mechanical problems in Lithium (Li)-Ion batteries (Bistri
and Di Leo, 2023) or corrosion in metals (Makuch et al., 2024). Within
the framework of this thesis, we restrict our considerations to two-
field problems with a chemical and a mechanical field, i.e. chemo-
mechanically coupled problems.
From an experimental perspective, investigating chemo-mechanically
coupled problems is a challenging endeavor. Depending on the consid-
ered material system, this can be, e.g., due to:
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1 Introduction

• a large duration of experiments, as diffusive processes are slow and
stationary conditions are only obtained after prolonged periods (Dyck
et al., 2024c),

• difficulties in preparing appropriate samples and applying desired
boundary conditions, which is especially true for miniaturized sys-
tems such as thin-film metal hydrogen systems (Dyck et al., 2024b;a;
2025) or Li-Ion batteries (Schoof et al., 2024) and

• the difficulty of separating different influencing factors and their effect
on the observed experimental behavior.

Thus, it is often difficult to interpret experimental results. In these
situations, model-driven simulations can assist with interpreting ex-
periments. As they are less time-consuming, different geometries and
boundary conditions can be easily investigated. Various effects that
influence the experimentally observed behavior can be superimposed
using models and their influence can be quantitatively determined.
Finite-Element simulations have been used predominantly in this con-
text, see, e.g., Miehe et al. (2010) and Hageman and Martínez-Pañeda
(2023).
The present thesis is aimed at improving the understanding of chemo-
mechanically coupled problems using Finite-Element simulations. Our
primary objective is addressing the following issues:

• The simulation of chemo-mechanically coupled two-field problems
using commercial Finite-Element solvers is challenging, as the par-
tial differential equation governing the evolution of the chemical
field is often not included in the solver library. We aim at bridging
this gap by introducing a scheme that allows us to solve chemo-
mechanically coupled problems using the commercial Finite-Element
solver ABAQUS (Smith, 2009). As an application for the proposed
scheme we investigate hydrogen embrittlement in metals, see, e.g.,
Barrera et al. (2016) and Fernández-Sousa et al. (2020).

2



1.2 State of the art

• In order to better understand phase-separation in miniaturized sys-
tems, thin film metal hydrogen systems are frequently studied ex-
perimentally (Wagner et al., 2019). However, there are few models
available for a computational investigation of these systems. Therefore
we propose a new thermodynamic model, which allows us to study
the phase-separation behavior in elasto-plastic thin film systems. We
use both the Palladium-Hydrogen (Pd-H) and Niobium-Hydrogen
(Nb-H) system as models and present results of analytical and nu-
merical considerations, which are compared to experimental results.

• Depending on boundary conditions, polyamide can take up or release
water from or to its surroundings. This is due to the hydrophilic
nature of the amide group (Vlasveld et al., 2005) and has drastic
consequences for the use of polyamide in engineering applications.
We extend previous works on this coupled behavior, see, e.g., Sharma
and Diebels (2021) and Sambale et al. (2021a), by proposing a chemo-
mechanically coupled model that considers both diffusing water and
the viscoelastic behavior of polyamide 6 (PA 6). We apply the model
to simulate the drying of specimens and relaxation tests and compare
the results to experimental observations summarized in Kehrer et al.
(2023).

1.2 State of the art

1.2.1 Numerical simulation of coupled systems

The numerical solution of partial differential equations (PDEs) using
Finite-Element-Methods (FEM) has been the topic of numerous works.
Pioneering works in the context of chemo-mechanical coupling as well
as thermo-mechanical coupling date back more than three decades,
see, e.g., Sofronis and McMeeking (1989) and Simo and Miehe (1992).
Initially, authors primarily relied on specifically developed in-house

3



1 Introduction

software. Later, commercial solvers such as ABAQUS (Smith, 2009)
and open source libraries such as dealII (Arndt et al., 2023) became
available, allowing an increase in the use of FEM in coupled problems
of engineering applications.
As the amount of publications dealing with coupled problems relying
on the FEM is too vast to be covered in this thesis, we discuss only
publications relying on the commercial FEM solver ABAQUS in the
context of chemo-mechanically coupled settings of hydrogen diffusion
and embrittlement. The pioneering work of Sofronis and McMeeking
(1989) established the basis of hydrogen embrittlement in metals relying
on FEM. The basic concept was the coupling of hydrogen diffusion to
stress gradients by considering the chemical potential as the driving
force for diffusion, which was previously not attainable. Thereby both
diffusion of hydrogen atoms to interstitial lattice sites as well as to
defects of the lattice (so called trap sites) was considered. This concept
was extended by considering the multiplication of trap sites due to
plastic deformations in Krom et al. (1999) and, starting with the work of
Oh et al. (2010), used in the commercial FEM solver ABAQUS. To this
end, the authors Oh et al. (2010) noted, that the diffusion equation is
similar to the heat-equation that is available in the solver library. Thus,
in order to solve chemo-mechanically coupled problems, it is sufficient
to interpret the gradient of the chemical potential as the heat flux by
using subroutines developed by the users.
This so called heat-transfer analogy makes it possible to use the fea-
tures of ABAQUS (such as visualization of results, contact formulations
and different element formulations) with the flexibility of user-defined
diffusion behavior through minimal coding. The heat-transfer analogy
was extended in the works of Barrera et al. (2016), Díaz et al. (2016),
Gobbi et al. (2019) and Fernández-Sousa et al. (2020) in order to include
decohesion, fatigue and more efficient strategies of implementing the
necessary subroutines.
All publications mentioned so far rely on hydrogen concentration as the
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1.2 State of the art

degree of freedom. In contrast, Di Leo and Anand (2013) proposed using
chemical potential as the degree of freedom, in order to study so-called
open systems. These are exposed to an atmosphere containing gaseous
hydrogen. In Di Leo and Anand (2013), this was also implemented
in ABAQUS. Instead of using the heat-transfer analogy they relied on
a user defined element formulation, which requires a more elaborate
implementation for the same result.

1.2.2 Phase-separating metal hydrogen systems1

Intercalating systems such as metal-ion battery systems, metal hydrides
or doped transition-metal oxides are often mentioned as a cornerstone in
a future carbon free energy system, as they can serve as storage systems
for renewable energies, see, e.g, Zï¿½ttel et al. (2008), Armand and Taras-
con (2008), Adams and Chen (2011), Schneemann et al. (2018), McCay
and Shafiee (2020) and Xia et al. (2023), or they possess a strong potential
for electronic device applications, see, e.g., Nichols et al. (2013), Fruchter
et al. (2018), Matsumoto et al. (2020) and Cichy and Świerczek (2021).
The usability of a specific intercalating system is mainly determined by
thermodynamical phase-boundaries and phase stabilities (Durbin and
Malardier-Jugroot, 2013), as they define the systems’ storage capacity
and the temperature range of operation. In order to engineer both
phase-boundaries and phase stabilities, miniaturization is a possible
pathway, as these properties are strongly affected by microstructural
and size effects (Schneemann et al., 2018; Wagner et al., 2019).
This mainly results from constraint conditions restricting the volumetric
swelling of the host system during intercalation of another species.
Commonly, intercalated atoms induce a volumetric, stress-free swelling

1 Subsection 1.2.2 is based on section 1 of the publication "Hydride formation in open thin
film metal hydrogen systems: Cahn-Hilliard-type phase-field simulations coupled to
elasto-plastic deformations" (Dyck et al., 2025).
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1 Introduction

of the lattice (Fukai, 2005). However, interfaces and constraints can
suppress this expansion, especially in miniaturized systems such as
thin metal films adhered to a rigid substrate, c.f. Wagner et al. (2011),
Hamm et al. (2015), Burlaka et al. (2015), Spatschek et al. (2016), Burlaka
et al. (2016), Wagner et al. (2019) and Nichols et al. (2013), but also other
materials systems with coherent interfaces, as shown in Armand and
Tarascon (2008), Di Leo et al. (2014) and Phan et al. (2019). Mechanical
stresses result from the constraints of these miniaturized systems, which
have been shown to strongly influence solubility, stability of storage,
catalytic or conductive phases, or phase transformations, c.f. Wagner
et al. (2019), Liu et al. (2024) and Fernandez et al. (2021).
Among intercalating systems, metal-hydrogen systems with a capacity
to form metal-hydrides offer efficient conditions to store hydrogen
produced, e.g., from water electrolysis. The hydride phase acts as the
storage phase, and the storage capacity is mainly given by the width of
the miscibility gap between solid solution and hydride phases (Zï¿½ttel
et al., 2008; Adams and Chen, 2011; Schneemann et al., 2018; McCay and
Shafiee, 2020). In order to engineer or modify solubility and hydride
phase stabilities of metal hydrogen systems by constraints, thin films
of Pd-H as well as Nb-H widely serve as model systems due to the
ease of their experimental handling. Extensive studies on these systems
have been performed both on films loaded by gaseous hydrogen or by
means of electrochemistry, using experimental methods such as X-Ray
diffraction (XRD), transmission electron microscopy (TEM), scanning
tunneling microscopy (STM), substrate curvature measurements or
electromotoric force measurements (EMF) in the last decades, see, e.g.,
Zabel and Peisl (1979), Abromeit et al. (1997), Song et al. (2002), Gremaud
et al. (2009), Pivak et al. (2011), Nörthemann and Pundt (2011), Baldi et al.
(2014), Hamm et al. (2015), Burlaka et al. (2015), Griessen et al. (2016)
and Wagner et al. (2019). Besides experimental methods, simulative
approaches can lead to a better quantitative understanding of phase
boundaries and phase stabilities. For both the Titanium-Hydrogen (Ti-H)
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as well as the Zirconium-Hydrogen (Zr-H) system, phase-field models
are routinely used to predict hydride formation, growth or reorientation
under applied loads on the continuum scale. For recent extensive
reviews, we refer to Zhu et al. (2022) for the Ti-H system as well as
Jia and Han (2023) for the Zr-H system.
Phase-field models introduce a diffuse interface between phases, which
allows the application of numerical methods to compute the formation
of different phases, while considering mechanical stresses in a coherent
system (Schwarz and Khachaturyan, 1995). The basis of a phase-field
model is a free energy functional, capturing chemical contributions of
the bulk material and especially its tendency to form different phases,
mechanical stresses and interface effects. The latter are introduced by
considering gradients of so-called order parameters in the free energy
functional (Steinbach, 2009; Steinbach and Shchyglo, 2011). A popular
model relying on concentration or composition as a physical order pa-
rameter has been presented by Cahn and Hilliard (1958), who described
the decomposition of a two-phase system. The Cahn-Hilliard equation
has been used extensively in phase-field models, see, e.g., Voskuilen and
Pourpoint (2013), Bair et al. (2017), Han et al. (2019), Heo et al. (2019)
and Simon et al. (2021) for applications in the Zr-H systems, as well
as Armand and Tarascon (2008), Di Leo et al. (2014) and Castelli et al.
(2021) and the references mentioned therein for applications in battery
materials. In the context of hydrogen-based direct reduction of iron
oxide, a phase-field model was proposed in Bai et al. (2022).
For hydrogen storage metals, to the best of our knowledge, besides
Spatschek et al. (2016), no such model has been presented in order to
gain a more quantitative understanding of the complex phase separation
behavior of thin film metal-hydrogen systems. These are frequently
chosen as a model system, as they offer several beneficial aspects from
the experimental point of view. This includes strong adhesion of the Nb
film to the substrate, lattice matching between film and substrate and a
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1 Introduction

small number of lattice defects such as grain boundaries (Wagner et al.,
2019).

1.2.3 Water diffusion in polymers2

Polymer-based composites are widely used in engineering applications
due to their potential as lightweight materials, combining low weight
with high specific stiffness and strength, accompanied by design freedom
for structural parts (Böhlke et al., 2019; Kehrer et al., 2017). For the
characterization and modeling of the behavior of the composite material,
an understanding of chemo-thermo-mechanical processes within the
polymer matrix is a key factor. In this context, numerous models have
been presented, considering both thermal and chemical effects in order to
predict, e.g., ageing (Johlitz and Lion, 2013) or changes in the viscoelastic
response (Sharma and Diebels, 2021). As the amount of publications is
vast, we focus on the thermoplastic polymer PA 6 in the following.
The hydrophilic nature of the amide functional group of the PA 6
monomers leads to an uptake of water into the polymer network when
PA 6 is exposed to humid environments. This water uptake can reach
9 wt.% in dry weight (Vlasveld et al., 2005). The consequences are
increased chain mobility, a shift in the glass transition temperature of
PA 6 (Puffr and Šebenda, 1967; Jia et al., 2004) and a swelling of the
polymer, as chain molecules are pushed apart due to diffusing water
molecules (Sharma et al., 2020).
Depending on operating conditions, drying processes also occur in PA 6.
In this context, experimental results of tests performed on injection
molded PA 6, presented in Kehrer et al. (2023), showed unusual re-
laxation behavior, indicating drying effects. These have, to the best of

2 Subsection 1.2.3 is based on section 1 of the publication "Modeling and FE simulation of
coupled water diffusion and viscoelasticity in relaxation tests of polyamide 6" (Dyck
et al., 2024c).
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our knowledge, not been in the focus of investigation using chemo-
mechanically coupled models.

1.3 Originality and outline

Chapter 2 This chapter establishes the fundamental continuum theory
necessary for the remainder of this thesis. Besides kinematics, the gov-
erning equations of mixtures of two or more components are presented
and discussed. This includes diffusion equations for diffusing compo-
nents and a balance of internal energy and entropy for arbitrary mixtures
of multiple components. The chapter closes with the thermodynamic
principles that guide the derivation of the thermodynamically consistent
continuum theories used in this thesis.
Chapter 3 In this chapter, a scheme is presented, that allows the simula-
tion of arbitrary chemo-mechanically coupled problems using the com-
mercial Finite-Element solver ABAQUS relying on chemical potential
as the degree of freedom. This is an extension to previous publications
such as Oh et al. (2010), Barrera et al. (2016), Gobbi et al. (2019) and
Fernández-Sousa et al. (2020) that rely on the concentration of the
diffusing component as the degree of freedom. Advantages and details
for the implementation of the proposed scheme are presented. The
process of hydrogen embrittlement in steels is considered as an example
and the scheme is validated against the analytical and numerical results
of Sofronis and McMeeking (1989) and Di Leo and Anand (2013). The
process of deriving a thermodynamically consistent constitutive theory,
outlined schematically in Chapter 2, is provided in detail.
Chapter 4 In contrast to the example of hydrogen embrittlement in
the previous chapter, we consider metal hydrogen systems that show
phase-separating behavior. Thus we focus on hydride forming metals,
that show a phase separation into hydrogen poor 𝛼- and hydrogen rich
hydride-phase upon hydrogen absorption. For these phase-separating

9



1 Introduction

metal hydrogen systems we propose a thermodynamic model, that
incorporates both elasto-plastic deformations of the metal as well as
their coupling to the diffusion of interstitial hydrogen atoms. We apply
the model to Pd-H and Nb-H, using both analytical investigations
and numerical computations in order to study phase-separation and
its suppression, depending on constraint or boundary conditions and
material behavior.
Chapter 5 In this chapter, we turn our investigation towards chemo-
mechanically coupled processes in viscoelastic PA 6. Relaxation experi-
ments presented by Kehrer et al. (2023) indicated significant drying and
a coupling to the viscous behavior of PA 6. To explain the observed
behavior we propose a chemo-mechanically coupled theory that allows
us to predict water uptake and release coupled to visco-elastic defor-
mations of PA 6 for varying boundary conditions, such as temperature
and relative humidity. We compare model predictions to experimental
results to validate the proposed model.
Chapter 6 We close this thesis by summarizing our most important
results and presenting possible pathways for future research.

1.4 Remarks on the notation

A direct tensor notation is used throughout the text. Tensor components
are expressed using Latin indices and Einstein’s summation convention
is applied. All vector and tensor components are expressed with respect
to the orthonormal basis {𝑒1, 𝑒2, 𝑒3}. Vectors and second-order tensors
are denoted by lower case and upper case bold letters, respectively (e.g.,
𝑎 and 𝐴). Within this thesis, the highest tensor rank is four and tensors
of this rank are denoted as blackboard bold, e.g., A. In some instances,
such as in Chapter 4, tensor components are expressed with respect to a
Voigt-Mandel basis, i.e. in Voigt-Mandel notation. In these cases, column
vectors and matrices are used, which are denoted via underscores, e.g.,
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𝑎,𝐴.
The following operations between tensors are necessary for this work:

• The scalar product between tensors of equal rank is denoted by ·, e.g.,
𝑎 · 𝑏 = 𝑎𝑖𝑏𝑖.

• The tensor product, or dyadic product, is ⊗.

• The linear mapping of a vector is 𝐴𝑏 = 𝐴𝑖𝑗𝑏𝑗𝑒𝑖.

• The composition of two second-rank tensors is 𝐴𝐵 = 𝐴𝑖𝑗𝐵𝑗𝑘𝑒𝑖 ⊗ 𝑒𝑘.

• To express the mapping of a second-rank tensor via a fourth-rank
tensor we use A [𝐵] = 𝐴𝑖𝑗𝑘𝑙𝐵𝑘𝑙𝑒𝑖 ⊗ 𝑒𝑗 .

• The transposed form of a second-rank tensor is denoted as 𝐴T.

• The Rayleigh product between 𝑄 and a tensor of rank four A is
denoted as 𝑄 ⋆ A = 𝐴𝑖𝑗𝑘𝑙(𝑄𝑒𝑖) ⊗ (𝑄𝑒𝑗) ⊗ (𝑄𝑒𝑘) ⊗ (𝑄𝑒𝑙).

In this thesis, all newly introduced quantities are defined upon their first
appearance in each chapter.
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Chapter 2

Fundamentals of multi-component
continuum chemo-mechanics

2.1 Introduction

In this chapter a brief summary of fundamentals of continuum chemo-
mechanics for a small-strain setting is set out. This includes kine-
matic relations and governing equations (or balance equations) for
multi-component systems. The governing equations are closed, i.e.
specified for a specific material, using a thermodynamically consistent
constitutive theory relying on the evaluation of the entropy principle.
Applications of the closed equations are presented in Chapter 3 for the
case of hydrogen embrittlement, in Chapter 4 for phase-separating metal
hydrogen systems and in Chapter 5 for water diffusion in PA 6. The
constitutive theory is detailed in each chapter.

2.2 Kinematics

We restrict the following considerations to three-dimensional material
bodies that consist of material points in an arbitrarily chosen reference
placement Ω0 (Šilhavï¿½, 1997). Each material point has a position in
this reference placement, described by 𝑋 ∈ Ω0. For all times 𝑡 ≥ 0,
the motion of each material point is then, described by the mapping
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𝜒(𝑋, 𝑡), where 𝜒(𝑋, 0) = 𝑋 holds. We restrict our presentation to
Boltzmann continua, also called non-polar material bodies. These are
material bodies without additional rotational degrees of freedom.
Following the definition of the motion, the current placement Ωt of a
material body is given as (Šilhavï¿½, 1997)

𝑥 = 𝜒(𝑋, 𝑡). (2.1)

Any tensorial field Θ can be expressed as a function of either the current
or the reference placement, where the former is called Eulerian and the
latter Lagrangian. Both descriptions are related by (Haupt, 2002)

ΘL(𝑋, 𝑡) = ΘE(𝜒(𝑋, 𝑡), 𝑡) and ΘE(𝑥, 𝑡) = ΘL(𝜒−1(𝑥, 𝑡), 𝑡). (2.2)

The material time derivative of a tensorial field ΘL(𝑋, 𝑡) in Lagrangian
description is defined as

Θ̇L(𝑋, 𝑡) = 𝜕ΘL(𝑋, 𝑡)
𝜕𝑡

. (2.3)

The Lagrangian velocity 𝑣L and acceleration 𝑎L thus follow as

𝑣L (𝑋, 𝑡) = 𝜕𝜒

𝜕𝑡
(𝑋, 𝑡) , 𝑎L (𝑋, 𝑡) = 𝜕2𝜒

𝜕𝑡2
(𝑋, 𝑡) . (2.4)

Using the chain rule, the material time derivative of a tensorial field in
an Eulerian ΘE(𝑥, 𝑡) description is given by

Θ̇E(𝑥, 𝑡) = 𝜕ΘE(𝑥, 𝑡)
𝜕𝑡

+ 𝜕ΘE(𝑥, 𝑡)
𝜕𝑥

· 𝑣E(𝑥, 𝑡). (2.5)

In the following, the Lagrangian description will be used predominantly.
We will distinguish different placements by means of their arguments,
while the indices (·)E and (·)L will be omitted to shorten notation.
In order to measure the deformation of a material body, we introduce
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2.2 Kinematics

the deformation gradient

𝐹 = 𝜕𝜒(𝑋, 𝑡)
𝜕𝑋

. (2.6)

It maps infinitesimal line, oriented area and volume elements from the
reference placement to the current placement via (Haupt, 2002)

d𝑥 = 𝐹 d𝑋, d𝑎 = det(𝐹 )𝐹 −Td𝐴, d𝑣 = det(𝐹 )d𝑉. (2.7)

A suitable measure for deformations should comprise vanishing de-
formations for zero displacements, without any rigid body rotations
(Bertram, 2012). Thus, to describe the deformation of a material body,
the deformation gradient is not a suitable measure, as it does not vanish
for zero displacements and may contain rigid body rotations. In order
to separate the stretch part of 𝐹 from its rotational part, the deformation
gradient is decomposed by means of the unique polar decomposition
(Haupt, 2002)

𝐹 = 𝑅𝑈 = 𝑉 𝑅. (2.8)

Here, 𝑅 is an orthogonal tensor representing rigid body rotations, while
𝑈 and 𝑉 are the right and left stretch tensors respectively. In large strain
continuum mechanics, deformation measures are commonly defined re-
lying on either the right or left stretch tensors, see, e.g, Haupt (2002) and
Bertram (2012). However, in this work, we restrict our presentation to a
small-strain setting. For this, we introduce the following assumptions,
which are based on the displacement field 𝑢 defined as the difference
between current and initial placement

𝑢(𝑋, 𝑡) = 𝜒(𝑋, 𝑡) − 𝑋. (2.9)

The gradient of the displacement field is called the displacement gradient
𝐻 , defined as

𝐻 = 𝜕𝑢

𝜕𝑋
= 𝐹 − 𝐼, (2.10)
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2 Fundamentals of multi-component continuum chemo-mechanics

where 𝐼 is the identity tensor. Based on the definition of 𝐻 , we call a
deformation small if

‖𝐻‖ ≪ 1, (2.11)

where ‖𝐻‖ denotes the Frobenius norm of the displacement gradient.
When this condition holds, we linearize the deformation gradient at
𝐹 ≈ 𝐼 and the right stretch and rotation tensor can be approximated by
(Haupt, 2002)

𝑈 ≈ 𝐼 + 𝜀, 𝑅 ≈ 𝐼 + 𝜔. (2.12)

Here
𝜀 = 1

2

(︁
𝐻 + 𝐻T

)︁
(2.13)

is the infinitesimal strain tensor and

𝜔 = 1
2

(︁
𝐻 − 𝐻T

)︁
(2.14)

the infinitesimal rotation tensor. The infinitesimal strain tensor does
vanish for vanishing deformation, i.e. 𝜀 = 0 and is thus a suitable
measure of the deformation of a body. Based on the small-strain as-
sumption, the current and reference configuration coincide up to rigid
body movements, so that the current and reference configuration cannot
be distinguished anymore (Haupt, 2002).

2.3 Balance equations for multi-component
systems

2.3.1 Preliminaries

The behavior of material bodies is governed by balance equations.
Typically, balance equations are specified in global (or integral) form for
extensive quantities. Extensive quantities are those, that are proportional
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to the mass of the system (Papenfuß, 2020). Generally speaking, an
extensive quantity within a control volume can change due to produc-
tion, supply or fluxes over the system’s boundary. Using Reynold’s
transport theorem as well as Gauss’ theorem, local balance equations can
be derived, valid for any material point within a domain (Šilhavï¿½, 1997;
Papenfuß, 2020). All balance equations are valid for any material, but
need to be tailored to the material under consideration via constitutive
theories. This is commonly done by evaluating the entropy principle, in
order to derive restrictions on the constitutive behavior. This procedure
is discussed in detail in Sec. 2.4.
In classic continuum mechanics, only a single component is considered
to occupy a domain. However, in many cases multiple components
appear within the considered domain and contribute to the overall
behavior of the mixture of the individual components. Examples of such
multi-component systems are, e.g., materials used in energy storage
applications like Li-Ion batteries (Schoof et al., 2024), hydrogen diffusion
through metals (Dyck et al., 2024b) or PA 6 taking up humidity from its
surroundings (Dyck et al., 2024c).
To this end, we extend the classic concepts of the balance equations of
mass, momentum, energy and entropy to mixtures or multi-component
systems. Each component is described by an individual set of governing
equations, which are called partial balance equations in the following.
Balance equations for the mixture are given by superposition of the
individual balance equations, c.f. Müller (1968) and Mï¿½ller (1985).
With this notion, we assume that a material point within a domain can
be occupied by several components at the same time (Greve, 2003).
In contrast to single-component systems, conserved quantities such as
the mass of individual components are not necessarily conserved in
multi-component systems, e.g., due to chemical reactions between the
components.
Before proceeding we introduce the notion of specific quantities and
densities. Specific quantities are expressed with respect to the mass,
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while densities are expressed with respect to the volume, such as a
mass density in kg/m3. In addition we point out that domains without
singular surfaces are considered, such that balance equations for singular
surfaces are not presented. Extensions to systems containing singular
surfaces can be found in, e.g., Papenfuß (2020).

2.3.2 Partial densities

When a continuous system is composed of multiple components
𝛾 = 1 . . . 𝜉, where 𝜉 denotes the number of components, the partial
densities for each component are (Greve, 2003)

𝜌𝛾 = d𝑚𝛾

d𝑉 . (2.15)

Here d𝑉 is the infinitesimal total volume element and d𝑚𝛾 the in-
finitesimal mass of component 𝛾 at a material point. We use small-strain
theory and therefore do not distinguish between the infinitesimal volume
element d𝑉 in current and reference placement. Extensions to large
deformation theories can be found in Mï¿½ller (1985) and Gurtin et al.
(2010).
Building upon the partial densities of each component, the density of
the mixture follows by (Greve, 2003)

𝜌 =
𝜉∑︁

𝛾=1
𝜌𝛾 . (2.16)

The dimensionless mass fraction or concentration 𝑐𝛾 of each component
is given by

𝑐𝛾 = 𝜌𝛾

𝜌
. (2.17)

The concentration 𝑐𝛾 of each component at a material point can also be
expressed in moles per infinitesimal volume element d𝑉 , by dividing
the mass fraction by the molar mass 𝑀𝛾 of component 𝛾. In the context
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of metal hydrogen systems it is common to express the concentration
in number of hydrogen molecules to the number of metal atoms. To
remain close to publications in the respective community, we use the
concentration 𝑐 in moles per unit volume in Chapter 3, while in Chapter 4
we use the concentration in number of hydrogen atoms per metal atom,
expressed as 𝑐H. In Chapter 5, both the mass fraction, expressed as 𝑐, as
well as the concentration in moles per unit volume, expressed as 𝜗, will
be used. In each chapter it will be made clear, which definition for the
concentration is being used.

2.3.3 Motion of each component

The motion of each component is given by the function 𝜒𝛾(𝑋, 𝑡), which
allows for the definition of the partial velocity

𝑣𝛾 =
𝜕𝜒𝛾

𝜕𝑡
. (2.18)

The so-called barycentric velocity, i.e. the velocity of the mixture, follows
as (Greve, 2003)

𝑣 = 1
𝜌

𝜉∑︁
𝛾=1

𝜌𝛾𝑣𝛾 . (2.19)

From the barycentric velocity, the diffusion velocity 𝑗 of component 𝛾
follows as

𝑗𝛾 = 𝑣𝛾 − 𝑣. (2.20)

2.3.4 A special case of multi-component systems

In order to solve PDEs governing the behavior of multi-component
systems with 𝜉 components, it is necessary to determine a partial density
𝜌𝛾 , the motion 𝜒𝛾 and, in some cases, the temperature 𝜃𝛾 of each
component. This equates to 5𝜉 unknowns. In addition, constitutive
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laws have to be derived for each component, in order to close the
governing equations. Examples of such approaches can be found in, e.g.,
Johlitz and Lion (2013) and Sharma and Diebels (2021). However, the
partial densities of individual components are, in many applications,
small in comparison to other components and thus their contribution
to equations governing the behavior of the mixture can be neglected
(Greve, 2003). In fact, this occurs in many engineering applications.
Examples include hydrogen diffusion in a metal, c.f. Dyck et al. (2024b),
water diffusion in a polymer, c.f. Dyck et al. (2024c) or Li diffusion in
Li-Ion batteries, c.f. Schoof et al. (2024).
In the following, we restrict all considerations to multi-component
systems where

• 𝜉 components are considered,

• component 1 is a solid material, serving as host material through
which diffusion occurs, and

• the partial density 𝜌1 ≫ 𝜌𝛾 , 𝛾 ∈ [2, 𝜉].
For these multi-component systems, the behavior of the mixture is
dominated by the solid host material (Greve, 2003). The behavior of the
mixture can be modeled by a combination of

• a balance equation for each concentration 𝑐𝛾 , 𝛾 ∈ [2, 𝜉],
• a quasi-static balance of linear momentum for the mixture,

• a balance equation for the internal energy density 𝑒 of the mixture and

• a balance equation for the mixture entropy density 𝜂.

These mixture balance equations are (Greve, 2003)

𝑐̇𝛾 = −div
(︀
𝑗𝛾

)︀
+ 𝜋𝛾 , 𝛾 ∈ [2, 𝜉] ,

0 = div (𝜎) ,

𝑒̇ = 𝑤 + 𝜎 · 𝜀̇ − div (𝑞e) ,

𝜂̇ = 𝑠𝜂 + 𝑝𝜂 − div
(︀
𝑞𝜂

)︀
,

(2.21)
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where the concentrations 𝑐𝛾 are expressed in moles per unit volume.
The newly introduced quantities are the diffusion flux 𝑗𝛾 , describing the
diffusion of component 𝛾 with respect to the solid host material in moles
per unit area and time, reaction rates between different components
𝜋𝛾 in moles per unit volume and time, the Cauchy stress tensor of the
mixture 𝜎, the heat source density𝑤, the internal power density for small
deformations 𝜎 · 𝜀̇, the flux of internal energy 𝑞e, the supply density of
entropy 𝑠𝜂, the entropy production density 𝑝𝜂 and the entropy flux 𝑞𝜂.
Before proceeding, some comments regarding Eq. (2.21) are in order:

• The mass density of the mixture 𝜌 is a conserved quantity, such that∑︀
𝛾 𝜋𝛾 = 0.

• We assume the host material to be incompressible, such that 𝜌̇ = 0
holds.

• Diffusive processes are slow compared to inertia effects, which is why
a quasi-static balance of linear momentum is considered.

• As the components considered are non-polar, the Cauchy stress tensor
is symmetric, i.e. 𝜎 = 𝜎T.

• Only one temperature field 𝜃 is introduced for the mixture.

• A heat-equation governing changes in the mixture temperature field
can be derived by using the balance equation for the internal energy
density, c.f. Di Leo and Anand (2013). However, since thermal
conductivity is orders of magnitudes faster than chemical diffusion,
we do not derive such an equation and focus on isothermal cases at a
given temperature.

• The constitutive quantities are the diffusion fluxes 𝑗𝛾 , the symmetric
Cauchy stress tensor of the mixture 𝜎, the flux of internal energy of
the mixture 𝑞e, the entropy supply density 𝑠𝜂 and the entropy flux of
the mixture 𝑞𝜂 .
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• In the next section we use the second law of thermodynamics, i.e. a
non-negative entropy production density of the mixture 𝑝𝜂 , to derive
restrictions on the constitutive equations.

2.4 Constitutive theory and entropy principle

The balance equations presented above are valid for any multi-component
system for which the assumptions introduced above hold. To describe
a particular multi-component system, constitutive relations need to be
introduced, in order to arrive at a closed form of the balance equations.
Over the years, numerous different approaches towards finding con-
stitutive laws have been developed. These include thermostatics or
equilibrium thermodynamics, irreversible thermodynamics (with or
without internal variables), rational thermodynamics and extended
thermodynamics. For a brief introduction we refer to Papenfuß (2020).
Without going into more detail, each approach requires the definition
of a state space, i.e. the independent variables of the considered
thermodynamic processes, as well as the thermodynamic potential.
In this thesis, the thermodynamic potential used is the free energy
density 𝜓, which is another constitutive quantity. The free energy
follows from the internal energy density 𝑒, the entropy density 𝜂 and
the mixture temperature 𝜃 by means of the Legendre transformation
𝜓 = 𝑒− 𝜂𝜃. The set of constitutive quantities is

Π = {𝑗𝛾 ,𝜎, 𝑞e, 𝑞𝜂, 𝑠𝜂, 𝜓}. (2.22)

These are functions of the independent variables, which are, in the
context of this thesis, denoted as the set

Λ = {𝑐1, 𝑐2, ..., 𝑐𝛾 , 𝜀, 𝜃, 𝛼}, (2.23)
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where 𝛼 denotes a tuple of internal variables, that allow the introduc-
tion of plastic strains, c.f. Chapter 3 and 4, or viscoelastic strains, c.f.
Chapter 5. By inserting the Legendre transformation and a non-negative
entropy production density 𝑝𝜂 > 0 into Eq. (2.21) (4), the entropy in-
equality results as (Johlitz and Lion, 2013)

1
𝜃

(︀
𝑒̇− 𝜂𝜃

)︀
− 𝜓̇

𝜃
+ div

(︀
𝑞𝜂

)︀
− 𝑠𝜂 ≥ 0. (2.24)

This entropy inequality introduces restrictions for all constitutive quan-
tities, both in equilibrium and non-equilibrium processes.
There is a need to distinguish two different schools for the evaluation
of the entropy inequality. The first one is the Coleman-Noll procedure,
introduced by Coleman and Noll (1963). It relies upon assumptions for
the entropy flux 𝑞𝜂 and the entropy supply density 𝑠𝜂 . The second school
for evaluating the entropy inequality was introduced by Liu (1972) and is
commonly called Liu-Müller entropy principle, see also Mï¿½ller (1985).
In this school, no further assumptions regarding the entropy supply
and flux are necessary. Besides Eq. (2.24), all balance equations and all
equations governing the evolution of internal variables are added to the
entropy inequality by means of Lagrange multipliers. This procedure is
less commonly used in continuum chemo-mechanics, but offers a more
general framework for the derivation of thermodynamically consistent
constitutive relations.
Within the context of this work, we use the Coleman-Noll procedure to
derive restrictions on the constitutive quantities. We introduce another
assumption with respect to the flux of the internal energy of the mixture:
it can be additively decomposed into a contribution due to heat flux 𝑞𝜃

and a flux of the diffusing, non-dominant components with concentra-
tion 𝑐𝛾 , 𝛾 ∈ [2, 𝜉]. The contribution of the diffusive fluxes are weighted
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2 Fundamentals of multi-component continuum chemo-mechanics

by the respective chemical potential 𝜇𝛾 , which implies that

𝑞e = 𝑞𝜃 +
𝜉∑︁

𝛾=2
𝜇𝛾𝑗𝛾 . (2.25)

This approach was popularized by Gurtin and Vargas (1971) and is used
frequently for the modeling of chemo-mechanically coupled processes,
see, e.g., Di Leo et al. (2014) and Di Leo et al. (2015). By inserting the
balance of internal energy of the mixture (Eq. (2.21) (3)), the flux of the
internal energy introduced in Eq. (2.25) and the assumptions of Coleman
and Noll for the entropy flux 𝑞𝜂 = 𝑞e/𝜃 and the entropy supply density
𝑠𝜂 = 𝑤/𝜃 into the entropy inequality (2.24), we arrive at the entropy
inequality relevant for all constitutive theories discussed in this thesis.
After some simplifications, the entropy inequality can be expressed as

−𝜓̇ − 𝜂𝜃 + 𝜎 · 𝜀̇ − 1
𝜃

𝑞𝜃 · grad (𝜃) −
𝜉∑︁

𝛾=2
grad (𝜇𝛾) · 𝑗𝛾 −

𝜉∑︁
𝛾=2

𝜇𝛾div
(︀
𝑗𝛾

)︀
≥ 0.

(2.26)

Before proceeding, we comment on this specific form of the entropy
inequality:

• The contribution of the diffusing components is limited to the flux of
internal energy within this framework (Gurtin and Vargas, 1971).

• The resulting inequality has to hold for all thermodynamic processes.

• The concentration balances of Eq. (2.21) (1) can be inserted to introduce
the time derivative of the concentrations 𝑐̇𝛾 . This results in

−𝜓̇ − 𝜂𝜃 + 𝜎 · 𝜀̇ − 1
𝜃

𝑞𝜃 · grad (𝜃) +
𝜉∑︁

𝛾=2
𝜇𝛾 𝑐̇𝛾 −

𝜉∑︁
𝛾=2

grad (𝜇𝛾) · 𝑗𝛾 −
𝜉∑︁

𝛾=2
𝜇𝛾𝜋𝛾 ≥ 0.

(2.27)
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• By inserting the set Λ of independent quantities into the free energy
density, i.e. 𝜓 = 𝜓(Λ), relations between the Cauchy stress tensor
𝜎 and the free energy density 𝜓 as well as the chemical potentials
𝜇𝛾 and the free energy density 𝜓 are derived. We call these results
potential relations, which are assumed to be valid in both equilibrium
and non-equilibrium conditions.

• Introducing the potential relations results in a dissipation inequality,
which presents restrictions on the heat flux 𝑞𝜃, the diffusion fluxes 𝑗𝛾

as well as the evolution equations for the internal variables 𝛼̇. This
dissipation inequality reads

−𝜕𝜓

𝜕𝛼
· 𝛼̇−

𝜉∑︁
𝛾=2

grad (𝜇𝛾) · 𝑗𝛾 − 1
𝜃

𝑞𝜃 · grad (𝜃) −
𝜉∑︁

𝛾=2
𝜇𝛾𝜋𝛾 ≥ 0. (2.28)

In Chapters 3 and 4, where we study different cases of hydrogen dif-
fusion in metals, the entropy inequality (2.26) will be used to derive a
constitutive theory. The same applies to Chapter 5, where the entropy
inequality (2.26) will serve as a basis for the constitutive theory of a
two-component system consisting of PA 6 and water.
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Chapter 3

Hydrogen diffusion and
embrittlement in elasto-plastically
deforming metals

3.1 Introduction

In this chapter a novel scheme for the implementation of chemo-
mechanically coupled processes in the commercial Finite-Element solver
ABAQUS is presented. In contrast to previous publications, we use
chemical potential as the degree of freedom for the chemical field. This
choice has certain advantages, namely:

• Solving the diffusion equation for the concentration requires solving
for a bounded solution variable, since the concentration is by def-
inition greater than or equal to zero and bounded by a maximum
concentration. Enforcing this inequality constraint is either numeri-
cally challenging (Lu et al., 2013) or impossible in commercial FEM
packages. The chemical potential is, however, unbounded.

• The flux term in the diffusion equations relies on gradients of me-
chanical stresses, when the concentration is the chemical degree of
freedom (Barrera et al., 2016). This necessitates the approximation of
gradients of mechanical stresses on FEM meshes, which makes solu-
tions mesh sensitive and less generally applicable. In addition, this
results in the requirement of 𝐶2-continuous functions to interpolate
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3 Hydrogen diffusion and embrittlement in elasto-plastically deforming metals

the displacement field, as second order gradients of the displacements
have to be computed. In contrast, when the chemical potential is the
degree of freedom, this is avoided, as the flux is proportional to the
gradient of the chemical potential.

• An open system, i.e. a system that is exposed to an atmosphere
with a given partial pressure of the diffusing species, cannot be
readily simulated in a concentration based setting, as the coupling
of strains and concentrations at the system’s boundary can only be
computed sequentially (Fernández-Sousa et al., 2020). When the
chemical potential is the degree of freedom this coupling is inherently
incorporated at the system’s boundary.

However, using concentration as the chemical degree of freedom allows
using the often cited heat-transfer analogy, i.e. the analogy of the
diffusion and heat-transfer equation, first presented by Oh et al. (2010)
and later used, e.g., in Barrera et al. (2016), Díaz et al. (2016), Gobbi
et al. (2019) and Fernández-Sousa et al. (2020). This analogy makes it
possible to use the commercial FEM solver ABAQUS and a coupled
temperature-displacement step to solve chemo-mechanically cou-
pled processes. In contrast, Di Leo and Anand (2013) already proposed
to use chemical potential as the degree of freedom. However, for the
implementation, they rely on a User-Defined-Element (UEL). This
implementation requires much more coding and lacks the flexibility
of some of the basic built-in functionalities of ABAQUS, such as the
visualization of results or the built-in element library.
These observations motivate the approach chosen in the present chapter.
We use chemical potential as the chemical degree of freedom and intro-
duce a novel heat-transfer analogy. We thus extend the well established
analogy to a formulation where the chemical degree of freedom is the
chemical potential. We apply this scheme to the process of hydrogen
diffusion in a metal lattice, inspired by the model of Di Leo and Anand
(2013). The proposed scheme is applicable to various two-field problems
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and was used in Dyck et al. (2024c) to study water diffusion in PA 6,
c.f. Chapter 5. We note, that for the scheme to be applicable, the
non-mechanical degree of freedom has to be scalar and its evolution has
to be governed by a PDE similar to the heat-equation.
The remainder of this chapter is organized as follows: we start by
deriving a closed set of fully coupled balance equations which fulfill
thermodynamic restrictions in Sec. 3.2. To this end we focus on hydrogen
embrittlement in metals as a model. Subsequently, a reformulation
of the resulting diffusion equation is presented, see Sec. 3.3, followed
by implementation details for the commercial Finite-Element solver
ABAQUS in Sec. 3.4. We show some illustrative examples in Sec. 3.5 and
conclude the chapter in Sec. 3.6.

3.2 Model

3.2.1 Preliminaries

In this section, we present a chemo-elasto-plastic coupled model in a
thermodynamically consistent framework, which is later implemented
in the commercial FEM solver ABAQUS. We explicitly work out the
thermodynamic restrictions for all constitutive quantities imposed by
the entropy inequality introduced in Chapter 2. We specify the model
for hydrogen diffusion in elasto-plastically deforming metals. The
diffusing species hydrogen can either reside in interstitial sites or trap
sites. Trap sites are defects of the lattice structure, e.g., grain boundaries
or dislocations, which provide space for the diffusing hydrogen within
the host metal (Sofronis and McMeeking, 1989). This implies that the
total number of components is three, namely the solid host metal, a
concentration in moles per unit volume of hydrogen in lattice sites,
denoted as 𝑐L and a concentration in moles per unit volume of hydrogen
in trap sites, denoted by 𝑐T. Using constitutive theory, this is reduced to
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3 Hydrogen diffusion and embrittlement in elasto-plastically deforming metals

two, such that a two-field problem results.
Before proceeding with the model presentation we want to point out
that arbitrary two-field problems can be considered, as long as two
requirements are fulfilled. The first requirement is, that the field being
solved for is scalar. The second requirement is a second order PDE
governing the evolution of the scalar field. In Chapter 5 we use the same
methodology as in this Chapter and apply it to water diffusion in PA 6.
In contrast, in Chapter 4, a PDE of order four governs the evolution of
the additional scalar field, which necessitates a different approach for
the implementation.

3.2.2 Balance equations

The balance equations for the diffusing hydrogen components are, c.f.
Eq. (2.21) (1),

𝑐̇L = −div (𝑗L) + 𝜋L→T,

𝑐̇T = −div (𝑗T) + 𝜋T→L.
(3.1)

Here the production terms 𝜋L→T and 𝜋T→L describe the fact that hy-
drogen atoms can switch from lattice sites to trap sites and vice versa.
No further production terms are considered, such that 𝜋L→T = −𝜋T→L.
Changes in the total hydrogen concentration 𝑐 result by summing up
both contributions, i.e.

𝑐̇ = 𝑐̇L + 𝑐̇T = −div (𝑗L) − div (𝑗T) . (3.2)

The quasi-static balance of linear momentum is, c.f. Eq. (2.21) (2),

div (𝜎) = 0. (3.3)
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3.2 Model

The diffusion equations given in Eq. (3.1) and the relation between the
production terms result in the balance of internal energy of the mixture

𝑒̇ = 𝜎 · 𝜀̇ − div (𝑞𝜃) + 𝜔 + 𝜇L𝑐̇L + 𝜇T𝑐̇T−

𝑗L · grad (𝜇L) − 𝑗T · grad (𝜇T) .
(3.4)

As we rely on the Coleman-Noll procedure, the balance of entropy of
the mixture is

𝜂̇ ≥ −div
(︁𝑞𝜃

𝜃

)︁
+ 𝜔

𝜃
, (3.5)

where the second law of thermodynamics of a non-negative entropy
production density is used.

3.2.3 Thermodynamically consistent constitutive theory

For this three-component system, relying on the Coleman-Noll proce-
dure, the entropy inequality results in, c.f. Eq. (2.26) and Eq. (2.27),

−𝜓̇ − 𝜂𝜃 + 𝜎 · 𝜀̇ − 1
𝜃

𝑞𝜃 · grad (𝜃) + 𝜇L𝑐̇L + 𝜇T𝑐̇T −

grad (𝜇L) · 𝑗L − grad (𝜇T) · 𝑗T ≥ 0.
(3.6)

The set of independent variables Λ, on which the constitutive quantities
depend is, in this context, Λ = [𝜀, 𝑐L, 𝑐T, 𝜃, 𝛼], where 𝛼 denotes internal
variables, later specified to be plastic strains 𝜀p and the equivalent plastic
strain 𝜀eq. Inserting these independent variables in the free energy
density, i.e. 𝜓 = 𝜓 (Λ), and evaluating the time derivative of Eq. (3.6),
we arrive at(︂

−𝜕𝜓

𝜕𝜀
+ 𝜎

)︂
· 𝜀̇ −

(︂
𝜕𝜓

𝜕𝜃
+ 𝜂

)︂
𝜃 +

(︂
− 𝜕𝜓

𝜕𝑐L
+ 𝜇L

)︂
𝑐̇L+(︂

− 𝜕𝜓

𝜕𝑐T
+ 𝜇T

)︂
𝑐̇T − 𝜕𝜓

𝜕𝛼
· 𝛼̇− grad (𝜇L) · 𝑗L−

grad (𝜇T) · 𝑗T − 1
𝜃

𝑞𝜃 · grad (𝜃) ≥ 0.

(3.7)
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3 Hydrogen diffusion and embrittlement in elasto-plastically deforming metals

This inequality has to hold for all thermodynamic processes. We deduce
the potential relations

𝜎 = 𝜕𝜓

𝜕𝜀
,

𝜂 = −𝜕𝜓

𝜕𝜃

𝜇L = 𝜕𝜓

𝜕𝑐L
,

𝜇T = 𝜕𝜓

𝜕𝑐T
,

(3.8)

which are assumed to be valid for equilibrium and non-equilibrium
processes. The dissipation inequality remains as, c.f. Eq. (2.28),

−𝜕𝜓

𝜕𝛼
· 𝛼̇− grad (𝜇L) · 𝑗L − grad (𝜇T) · 𝑗T − 1

𝜃
𝑞𝜃 · grad (𝜃) ≥ 0. (3.9)

Eq. (3.8) implies that for a thermodynamically consistent theory we have
to specify the free energy density 𝜓(Λ). Eq. (3.9) presents restrictions for
the fluxes 𝑗L, 𝑗T and 𝑞𝜃 as well as the evolution of the internal variables
𝛼.
The free energy density is additively decomposed into an elastic part 𝜓e

and a chemical part 𝜓c as (Di Leo and Anand, 2013)

𝜓 = 𝜓e(𝜀e) + 𝜓c(𝑐L, 𝑐T, 𝜃). (3.10)

As our model is specified for isothermal conditions, we neglect purely
caloric contributions to the free energy density. In addition, no con-
tribution to the free energy density due to the accumulation of plastic
deformations is introduced. This implies, that the entire plastic work
is dissipated as heat. However, as we consider isothermal cases, we
neglect this temperature change. An approach to incorporate a partition
of plastic power into stored and dissipated parts can be found in, e.g.,
Rosakis et al. (2000).
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The elastic strains are
𝜀e = 𝜀 − 𝜀c − 𝜀p, (3.11)

where 𝜀p are plastic strains and 𝜀c are chemical strains, which are

𝜀c = 𝛽Δ𝑐 𝐼. (3.12)

This expresses an isotropic dilatation due to hydrogen in lattice and trap
sites, depending linearly on the difference between the hydrogen concen-
tration 𝑐 = 𝑐L + 𝑐T to a reference value 𝑐0 = 𝑐L0 + 𝑐T0, i.e. Δ𝑐 = 𝑐− 𝑐0.
The hydrogen expansion coefficient of the host metal is 𝛽.
The elastic part of the free energy density is quadratic in the elastic
strains and reads

𝜓e (𝜀e) = 1
2 (𝜀 − 𝜀c − 𝜀p) · C [𝜀 − 𝜀c − 𝜀p] , (3.13)

where C = 3𝐾P1 + 2𝐺P2 is the isotropic stiffness tensor with compres-
sion modulus 𝐾 and shear modulus 𝐺. The projectors P1 and P2 map
onto spherical and deviatoric tensors of rank two, respectively.
The chemical part of the free energy density is additively split into parts
comprising the mixing of hydrogen in lattice and trap sites. Both parts
are computed via the entropy of mixing for an ideal gas in a regular
solution as (DeHoff, 2006; Di Leo and Anand, 2013)

𝜓c = 𝜓c,L(𝑐L, 𝜃) + 𝜓c,T(𝑐T, 𝜃)

𝜓c,L(𝑐L, 𝜃) = 𝜇L0𝑐L +𝑅𝜃𝑁L (𝜗Lln (𝜗L) + (1 − 𝜗L) ln (1 − 𝜗L)) ,

𝜓c,T(𝑐T, 𝜃) = 𝜇T0𝑐T +𝑅𝜃𝑁T (𝜗Tln (𝜗T) +

(1 − 𝜗T) ln (1 − 𝜗T)) .

(3.14)

Here 𝜇L0 as well as 𝜇T0 are reference chemical potentials of hydrogen in
lattice and trap sites and 𝜗L as well as 𝜗T are the hydrogen occupancy

33



3 Hydrogen diffusion and embrittlement in elasto-plastically deforming metals

in lattice and trap sites. They are normalized concentrations, defined by

𝜗L = 𝑐L

𝑁L
, 𝜗T = 𝑐T

𝑁T
, (3.15)

where the densities of lattice and trap sites in moles per unit volume are
𝑁L and 𝑁T. These can be calculated via

𝑁L = 𝜙
𝜌

𝑀M
,

𝑁T = 𝑁T (𝜀eq) ,
(3.16)

with the number of lattice sites per metal atom 𝜙, the mass density 𝜌 of
the metal and the molar mass of the host metal 𝑀M. Eq. (3.16) (2), i.e.
𝑁T (𝜀eq) implies, as indicated by measurements (Kumnick and Johnson,
1980), that the number of trap sites changes due to plastic deformation.
This becomes obvious when we consider that the dislocation density
increases by several orders of magnitude and thus the number of possible
hydrogen sites increases. Kumnick and Johnson (1980) deduce the
function

log (𝑁T) = 23.6 − 2.33 exp (−5.5 𝜀eq) (3.17)

from measurements on iron based metals. The occupancies 𝜗L and 𝜗T

are bounded, i.e. 𝜗L,T ∈ [0, 1], for vanishing and maximum hydrogen
concentration in lattice and trap sites.
The free energy density, c.f. Eq. (3.13) and Eq. (3.14), as well as the
potential relations derived in Eq. (3.8) result in

𝜎 = C [𝜀 − 𝜀c − 𝜀p] ,

𝜇L = 𝜇L0 +𝑅𝜃ln
(︂

𝜗L

1 − 𝜗L

)︂
− 𝛽tr (𝜎) ,

𝜇T = 𝜇T0 +𝑅𝜃ln
(︂

𝜗T

1 − 𝜗T

)︂
− 𝛽tr (𝜎) .

(3.18)
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The dissipative parts, i.e. plasticity, the diffusive fluxes as well as the
heat flux are now introduced. We use a rate-independent, isotropic
plasticity model after von Mises (1928). The yield condition is

𝜙(𝜎′, 𝜀eq) = ||𝜎′|| −
√︂

2
3𝜎F (𝜀eq) ≤ 0, (3.19)

where 𝜎F (𝜀eq) denotes the yield stress, which monotonically increases
with 𝜀eq. An associated plastic flow criterion leads to the evolution
equation for plastic strains

𝜀̇p =
√︂

3
2𝛾𝑁 , (3.20)

where 𝑁 = 𝜎′/‖𝜎′‖ is the direction of the Cauchy stress and 𝛾 is the
consistency parameter. The evolution of accumulated plastic strain is
computed based on

𝜀̇eq =
√︂

2
3𝛾. (3.21)

The consistency parameter evolves according to the Karush-Kuhn-
Tucker conditions 𝛾 ≥ 0, 𝜙 ≤ 0, 𝛾𝜙 = 0 (Simo and Hughes, 1998). For
the hardening function 𝜎F we rely on (Di Leo and Anand, 2013)

𝜎F (𝜀eq) = 𝜎F0

(︂
𝜀eq

𝜀p0 + 1

)︂𝑚

, (3.22)

with an initial yield stress 𝜎F0, an exponent 𝑚 and a reference strain 𝜀p0.
As we progress our the derivation of a thermodynamically consistent
theory, we turn our attention towards the fluxes of heat 𝑞𝜃 and hydrogen
𝑗L and 𝑗T. Fourier’s law is 𝑞𝜃 = 𝜅grad (𝜃). Similar to Fourier’s law, an
extension of Fick’s law is used to model hydrogen fluxes, where the flux
is proportional to the gradient of the chemical potential (Gurtin et al.,
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2010). The isotropic version reads

𝑗L = −𝑚Lgrad (𝜇L) , 𝑗T = −𝑚Tgrad (𝜇T) , (3.23)

where 𝑚L ≥ 0 and 𝑚T ≥ 0 are the mobility of the diffusing hydrogen in
lattice and trap sites. In agreement with literature for hydrogen diffusion,
c.f. Sofronis and McMeeking (1989), Di Leo and Anand (2013) and Díaz
et al. (2016), we assume the mobility of hydrogen in trap sites to vanish,
i.e. 𝑚T = 0. This leads to a vanishing hydrogen flux in trap sites, i.e.
𝑗T = 0, making the notion of hydrogen trapping clear. The mobility
in lattice sites depends on the temperature 𝜃, the diffusion coefficient
𝐷 ≥ 0, the ideal gas constant 𝑅 and the lattice concentration 𝑐L via
(Anand, 2012)

𝑚L = 𝐷

𝑅𝜃
𝑐L (1 − 𝜗L) . (3.24)

This formulation leads to a vanishing mobility for 𝑐L = 0 and 𝜗L = 1.
The final part of the constitutive theory is the introduction of Oriani’s
equilibrium (Oriani, 1970; 1978)

𝜇L = 𝜇T. (3.25)

As outlined in the next section, this equilibrium implies that only one
additional component has to be considered explicitly in the following.
All quantities for the other component follow the constitutive theory
outline above. We choose, in agreement with Di Leo and Anand (2013),
the component related to lattice sites as the degree of freedom.

3.3 Reformulation of the diffusion equation

At this point the diffusion Eq. (3.2) is still specified for changes in the
hydrogen concentrations 𝑐L and 𝑐T. As one of the main objectives of this
chapter is the development of a theory using chemical potential as the
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chemical degree of freedom, we reformulate the diffusion equation. For
𝑗T = 0, changes in total hydrogen concentration are expressed as

𝑐̇L + 𝑐̇T = div (𝑚Lgrad (𝜇L)) . (3.26)

From Oriani’s equilibrium in Eq. (3.25) an analytic relation between the
hydrogen occupancy in lattice and in trap sites can be derived. This
relation is

𝜗T = 𝐾T𝜗L

(𝐾T − 1)𝜗L + 1 , (3.27)

where 𝐾T = exp ((𝜇L0 − 𝜇T0) /𝑅/𝜃). Inserting the relations between
hydrogen occupancy and concentration, i.e. 𝑐T = 𝑁T𝜗T and 𝑐L = 𝑁L𝜗L,
we arrive at a relation between concentrations in trap and lattice sites.
We now proceed by deriving a relation between 𝜇̇L and 𝑐̇L. Using
Eq. (3.27) we conclude

𝑐̇T = 𝜕𝑐T

𝜕𝑐L
𝑐̇L + 𝜕𝑐T

𝜕𝜀eq
𝜀̇eq,

𝜕𝑐T

𝜕𝑐L
= 𝑐T

𝑐L

(︂
𝑁L

(𝐾T − 1) 𝑐L +𝑁L

)︂
,

𝜕𝑐T

𝜕𝜀eq
= 𝜗T

d𝑁T

d𝜀eq
.

(3.28)

The next step is taking the time derivative of Eq. (3.18) (2), which yields

𝜇̇L = 𝑅𝜃

𝑐L

𝑐̇L

1 − 𝜗L
− 𝛽tr (𝜎̇) . (3.29)

The rearrangement of Eq. (3.29) for 𝑐̇L allows us, together with Eq. (3.28),
to reformulate Eq. (3.26) as a balance equation for the chemical potential
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in lattice sites. Introducing

𝐷* = 𝑐T

𝑐L

(︂
𝑁L

(𝐾T − 1) 𝑐L +𝑁L

)︂
,

𝐷** = (1 − 𝜗L) (𝐷* + 1)
(3.30)

to shorten the notation, we finally arrive at a balance equation for the
chemical potential in lattice sites

𝐷** 𝑐L

𝑅𝜃
𝜇̇L = div (𝑚Lgrad (𝜇L)) −𝐷** 𝑐L

𝑅𝜃
𝛽tr (𝜎̇) − 𝜗T

d𝑁T

d𝜀eq
𝜀̇eq. (3.31)

Boundary conditions for this balance equation are either specified di-
rectly for the chemical potential in lattice sites 𝜇L (Dirichlet boundary
conditions), or the flux (Neumann boundary conditions).
The choice of the chemical potential in lattice sites as the chemical degree
of freedom allows us to simulation so-called open systems, which are
exposed to an atmosphere with a partial hydrogen gas pressure. Using
the concentration, this is not possible, as the coupling between strains
and concentrations at the system’s boundary, c.f. Eq. (3.18) (2), can not
be considered. Following Di Leo and Anand (2013), we propose to apply
such a boundary condition by equating 𝜇L with the chemical potential
of gaseous hydrogen by (Di Leo and Anand, 2013)

𝜇L = 1
2𝜇H2 = 𝜇0

H2 +𝑅𝜃ln
(︂
𝑓H2

𝑝0

)︂
, (3.32)

with reference chemical potential of gaseous H2 𝜇0
H2, fugacity 𝑓H2 and

reference pressure 𝑝0. From our perspective, it is important to note that a
constant chemical potential at the boundary is different from a constant
concentration at the boundary, as the relation of 𝜇L and 𝑐L depends
on the stress state 𝜎, c.f. Eq. (3.18) (2). The set of coupled equations
is the quasi-static balance of linear momentum, c.f. Eq. (2.21) (2), and
Eq. (3.31). In the next section, an analogy between Eq. (3.31) and the
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3.4 Heat-Transfer analogy

heat-equation implemented in the commercial Finite-Element solver
ABAQUS is proposed, in order to solve the equations describing the
diffusion of hydrogen in lattice and trap sites coupled to elasto-plastic
deformations of the host metal.

3.4 Heat-Transfer analogy1

In ABAQUS, the heat-equation being solved is (Smith, 2009)

𝑒̇ = −div (𝑞𝜃) + 𝑤. (3.33)

The left-hand side of the equation is the rate of change of the internal en-
ergy density 𝑒̇, which occurs due to heat fluxes 𝑞𝜃 and a term accounting
for a heat source density and heat production 𝑤. In the following, we call
𝑤 heat source density. When the analogies presented in Tab. 3.1 are con-
sidered, the diffusion Eq. (3.31) is identical to the heat-equation and built-
in ABAQUS procedures can be used to study diffusion driven by gradi-
ents in the chemical potential. Using the proposed analogy, we interpret
𝐷**𝑐L𝜇̇L/𝑅/𝜃 as the rate of change of the internal energy density, while
the heat source density is 𝑤 = −𝐷**𝑐Ltr (𝜎̇) /𝑅/𝜃 − 𝜗T𝜀̇eq d𝑁T/d𝜀eq

and the heat flux is 𝑞𝜃 = 𝑚Lgrad (𝜇L).
A version of this analogy has been previously used in the context of
hydrogen diffusion in metals (Oh et al., 2010; Barrera et al., 2016). In
contrast to these studies, the scheme outlined in this chapter relies on
the chemical potential of hydrogen in lattice sites 𝜇L as the nodal degree
of freedom instead of the concentration which offers the advantages
outlined in Sec. 3.1. To exploit the heat-transfer analogy, the user

1 Section 3.4 is adapted from the appendix of the publication "Modeling and FE simulation
of coupled water diffusion and viscoelasticity in relaxation tests of polyamide 6" (Dyck
et al., 2024c), c.f. also Chapter 5. The original content has been adapted to the multi-
component system considered in this chapter, i.e. formulas have been modified. Several
passages have been extended.
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3 Hydrogen diffusion and embrittlement in elasto-plastically deforming metals

subroutines UMAT and UMATHT are used. ABAQUS calls the subroutines
UMAT and UMATHT consecutively at each integration point for each
increment of the solution procedure.

Heat-equation Diffusion equation
Equation number (3.33) (3.31)

Degree of freedom 𝜃 𝜇L

FLUX 𝑞 𝑚Lgrad (𝜇L)

U̇ 𝑒̇ 𝐷** 𝑐L
𝑅𝜃 𝜇̇L

RPL 𝑤 −𝐷** 𝑐L
𝑅𝜃 tr (𝜎̇) − 𝜗T

d𝑁T
d𝜀eq

𝜀̇eq

Table 3.1: Analogy of heat and diffusion equation. Table adapted from Table 4 from Dyck
et al. (2024c). The FLUX, U̇ and RPL term in the third column have been adapted to the
multi-component system considered in this chapter.

Within the subroutines, the internal energy is called U, the heat flux is
FLUX, the heat source density is RPL, and internal variables are stored
in the vector statev. The user has to specify the material response to
the increments Δ𝜇L and Δ𝜀 by computing all constitutive quantities at
the end of the increment2. In the constitutive framework outlined in
Sec. 3.2, the quantities to be defined by the user are stresses 𝜎𝑛+1, internal
variables 𝛼𝑛+1 (i.e., the plastic strains and the equivalent plastic strain),
the concentration of hydrogen in lattice sites 𝑐𝑛+1

L , the concentration
of hydrogen in trap sites 𝑐𝑛+1

T as well as the hydrogen flux 𝑗𝑛+1
L

3. In
addition, the heat source density RPL and the updated internal energy
U have to be computed. The computation within the subroutine UMAT
is used to update the statev vector as well as the stresses and the

2 Quantities at the end of the increment will be marked with the superscript (.)𝑛+1.
3 We store both the internal variables 𝛼 as well as the concentrations in lattice and trap

sites 𝑐L and 𝑐T in the vector statev.
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3.4 Heat-Transfer analogy

heat source density RPL. In the subroutine UMATHT, FLUX and U are
computed. In addition to the constitutive quantities, tangents have to be
computed for the global Newton method of ABAQUS, i.e., derivatives
with respect to the solution variables 𝜇L and 𝑢. The necessary tangents
to be computed are

DDSDDE = 𝜕𝜎

𝜕𝜀
, DDSDDT = 𝜕𝜎

𝜕𝜇L
,

DRPLDE = 𝜕RPL

𝜕𝜀
, DRPLDT = 𝜕RPL

𝜕𝜇L
,

(3.34)

for the UMAT subroutine and

DUDT = 𝜕 U

𝜕𝜇
, DUDG = 𝜕 U

𝜕 grad (𝜇) ,

DFDT = 𝜕 𝑚 grad (𝜇)
𝜕𝜇

, DFDG = 𝜕 𝑚 grad (𝜇)
𝜕 grad (𝜇) ,

(3.35)

for the UMATHT subroutine. All tangents can be computed analytically
for the model presented in this chapter. When the tangents are not, or
are incorrectly supplied, the convergence of the global Newton’s method
to compute Δ𝜇L and Δ𝑢 is severely slowed down. A schematic of the
usage of these subroutines is depicted in Fig. 3.1. We want to point
out that the global solver computes an increment in the displacements.
However, in the subroutine, an increment in the infinitesimal strain
tensor Δ𝜀 is supplied, c.f. Fig. 3.1.
We now proceed by summarizing the necessary computations within the
UMAT subroutine. We use an implicit time integration scheme to integrate
the chemo-elasto-plastic constitutive theory at each integration point.
This results in 𝜎, the internal variables 𝛼, 𝑐L and 𝑐T

4. In total there are
15 unknown quantities. As the chemically induced strains are spherical

4 To shorten notation we do not write (.)n+1 and instead only use (.)n, to specify results
from the previous converged increment in the following.
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∆µL
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DFDT

DFDG

∆µL

statev
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Figure 3.1: Schematic display of the interplay of the used subroutines. UMAT is called first
and used to define stresses 𝜎, updated internal variables 𝛼 and 𝑐L, 𝑐T and 𝑁T, which are
summarized in the vector statev. The heat source density is calculated and saved in
RPL. In addition, several tangents are computed, i.e. the derivatives detailed in Eq. (3.34).
UMATHT is called subsequently and used to update the internal energy U as well as the heat
flux FLUX. The statev vector is already updated in the UMAT. Tangents are computed as
detailed in Eq. (3.35). Figure adapted from Figure 6 from Dyck et al. (2024c). The input
variables to each subroutine were modified for the multi-component system considered in
this chapter.

they do not interfere with the plasticity theory. Thus, 𝑐L as well as 𝑐T can
be computed independently of 𝜀p and 𝜀eq. Using a radial return method,
c.f. Simo and Hughes (1998), the inelastic time-integration scheme can
be reduced to a single unknown, i.e. the plastic multiplier 𝛾. The scalar
residual equation 𝑟𝜀 to be solved is

𝑟𝜀 =
√︂

3
2‖𝜎′

TR‖ − 2𝐺Δ𝛾 − 𝜎F

(︃
𝜀𝑛

eq +
√︂

2
3Δ𝛾

)︃
= 0, (3.36)

where 𝜎′
TR = 2𝐺

(︀
𝜀 − 𝜀𝑛

p
)︀

is the deviatoric trial stress, which is com-
puted based on the assumption that there are no plastic deformations
in the current increment. The solution of this scalar residual equation is
retrieved by means of Newton’s method. Subsequently 𝑐L and 𝑐T can be
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3.4 Heat-Transfer analogy

computed. This is done by solving the residual equation

𝑟𝜗 = − 𝜇L + 𝜇L0 +𝑅𝜃ln
(︂

𝜗L

1 − 𝜗L

)︂
− 𝛽tr (C [𝜀 − 𝛽 (𝑁L𝜗L +𝑁T𝜗T)]) = 0,

(3.37)

for the lattice occupancy 𝜗L. This is Eq. (3.18) (2) rearranged to an
implicit equation. Again, Newton’s method is used to solve this scalar
residual equation for 𝜗L, while Eq. (3.27) relates 𝜗T to 𝜗L. The solution to
this equation is bounded by 𝜗L ∈ [0, 1]. This inequality constraint can be
ensured by projecting the Newton update to be within these bounds, not
affecting the convergence rate (Nesterov, 2004). We once again want to
remind the reader, that this is a specific advantage of using the chemical
potential as the degree of freedom, as the global solver of ABAQUS can
not enforce this inequality constraint for the concentration.
As soon as the plastic strains and the concentrations are known, stresses
𝜎 as well as the heat source density RPL can be computed as

𝜎 = C [𝜀 − 𝜀p − 𝛽 (𝑐L + 𝑐T) 𝐼] ,

RPL = −𝐷** 𝑐L

𝑅𝜃
tr (𝜎̇) − 𝜗T

d𝑁T

d𝜀eq
𝜀̇eq.

(3.38)

We approximate tr (𝜎̇) ≈ tr (𝜎 − 𝜎n) /Δ𝑡 and 𝜀̇eq ≈ Δ𝜀eq/Δ𝑡 using an
implicit Euler time integration scheme.
We now proceed to presenting the computations in the subroutine
UMATHT. Besides the updated internal energy density U and the heat
flux FLUX, certain tangents have to be computed in UMATHT. These are
DUDT (change in internal energy due to a change in 𝜇L), DUDG (change
in internal energy due to grad (𝜇L)), DFDT (change of heat flux due to a
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3 Hydrogen diffusion and embrittlement in elasto-plastically deforming metals

change in 𝜇L) and DFDG (change in flux due to grad (𝜇L)). We compute

U = Un + Δ𝑡𝐷** 𝑐L

𝑅𝜃
𝜇̇L,

FLUX = −𝑚L DTEMDX,
(3.39)

where, as above, 𝜇̇L ≈ Δ𝜇L/Δ𝑡. The gradient of the chemical potential
is DTEMDX = grad (𝜇L), which is supplied by ABAQUS. This means that
we do not have to compute gradient terms manually, which is a signif-
icant advantage compared to the implementations presented in Díaz
et al. (2016), Barrera et al. (2016), Gobbi et al. (2019) and Fernández-Sousa
et al. (2020). In these works, approximations and the shape functions are
used to compute grad (tr (𝜎)), which requires a new implementation for
every chosen element type and shape function.

3.5 Applications

3.5.1 Preliminaries

In this section, we use the model and implementation scheme presented
in this chapter to first validate the scheme (inspired by Barrera et al.
(2016)) and subsequently investigate the frequently studied case of a
blunting crack tip in the presence of hydrogen, studied, e.g., by Sofronis
and McMeeking (1989), Di Leo and Anand (2013), Díaz et al. (2016)
and Fernández-Sousa et al. (2020). All material parameters used are
summarized in Tab. 3.2.

3.5.2 Simple diffusion

We start by validating the proposed heat-transfer analogy and our
implementation of the diffusion equation. To this end, a rectangular
bar of length 𝑙 is considered. We neglect all deformations and set the

44
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𝑅 8.314 J/mol/K 𝐸 207 GPa
𝑁Avo 6.0221 × 1023 1/mol 𝜈 0.3
𝜃 300 K 𝜎F0 250 MPa
𝑁L 8.47 × 105 mol/m3 𝜀p0 𝜎F0/𝐸
𝐷 1.27 × 10−8 m2/s 𝑚 0.2
𝜇L0 28.6 kJ/mol 𝛽 6.67 × 10−5 m3/mol
𝜇T0 −31.4 kJ/mol

Table 3.2: Material parameters used in all simulations of this section, taken from Di Leo
and Anand (2013). The lattice diffusion coefficient 𝐷 has been corrected by two orders of
magnitude to conform with the simulations of Krom et al. (1999) and others.

number of trap sites to zero, implying 𝑐T = 0. We, thus, solve a diffusion
equation

(1 − 𝜗L) 𝑐L

𝑅𝜃
𝜇̇L = −div

(︂
−𝐷𝑐L

𝑅𝜃
(1 − 𝜗L) grad (𝜇L)

)︂
, (3.40)

using the scheme outlined above.
An analytical benchmark solution can be obtained by simplifying
Eq. (3.40) to the classical diffusion equation

𝜗̇L = div (𝐷grad (𝜗L)) . (3.41)

For initial conditions 𝜗L(𝑥, 0) = 𝜗0,∀𝑥 ∈ (0, 𝑙) and boundary conditions
𝜗L(0, 𝑡) = 𝜗1, 𝜗L(𝑙, 𝑡) = 𝜗2 the analytic solution is (Crank, 1979)

𝜗L(𝑥, 𝑡) = 𝜗1 + (𝜗2 − 𝜗1) 𝑥
𝑙

−

∞∑︁
𝑖=1

⎛⎝2
(︁

(𝜗0 − 𝜗2) (−1)𝑖 − 𝜗0 + 𝜗1

)︁
sin
(︀

𝑖𝜋𝑥
𝑙

)︀
exp

(︁
𝐷L𝜋2𝑖2𝑡

𝑙2

)︁
𝑖𝜋

⎞⎠ .
(3.42)

For the numerical simulation, we impose an initial chemical lattice
potential of 𝜇L(𝑥, 0) = −1.0 kJ/mol, corresponding to 𝜗L0 = 0.4. The
boundary values are 𝜇L(0, 𝑡) = −5.5 kJ/mol and 𝜇L(𝑙, 𝑡) = 2.1 kJ/mol,
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3 Hydrogen diffusion and embrittlement in elasto-plastically deforming metals

such that 𝜗L(0) = 0.1 and 𝜗L(𝑙) = 0.7. On all sides of the bar a no-flux
boundary condition is prescribed. Due to the boundary conditions, the
problem solved is one-dimensional. The length of the bar is chosen to be
𝑙 = 50 mm. The bar is discretized using linear heat-conduction elements
(DC3D8) with an edge length of 1 mm and a heat transfer step is
used.
A comparison of the numerically obtained solution and the analytic
solution is depicted in Fig. 3.2 a) and b) for 𝑡 = 1000 s, 𝑡 = 5000 s and
𝑡 = 10000 s. In Fig. 3.2 a) the absolute values of the lattice occupancy
are depicted, while in Fig. 3.2 b) the relative difference between the
numerically obtained solution and the analytic solution is shown. The
results match exceptionally well for all time steps, which proves, that
the instationary solution to the diffusion equation can be obtained by
the presented scheme.
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Figure 3.2: Comparison of the analytic and numerical solution to the simple diffusion
Eq. (3.41) for three time steps. a) Absolute values, including the initial lattice occupancy.
b) Relative difference in %.
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3.5.3 Semi-coupled process

The next investigation aims to validate the coupling between deforma-
tions and a redistribution of hydrogen atoms. Again, no defects are con-
sidered and both plastic and chemical strains are neglected. This implies
that the chemical degree of freedom does not influence the mechanical
degree of freedom. However, an inhomogeneous stress distribution can
lead to a diffusion of hydrogen due to the stress-dependent term in the
diffusion equation. A notched plate in plane strain setting, depicted in
Fig. 3.3 a) with edge length 𝑙 = 500 mm and notch radius 𝑎 = 4 mm, is
considered. In the first simulation step, a traction boundary condition
𝜎0 = 50 MPa in 𝑒𝑦-direction is applied. Initially the chemical potential
and concentration in lattice sites are homogeneous and the plate is
stress free. The initial lattice occupancy is 𝜗L0 = 0.1. Due to the notch,
the stress state becomes inhomogeneous, leading to a redistribution of
hydrogen atoms. As noted by Barrera et al. (2016), the stress state around
a notched plate is known in a cylindrical coordinate system, c.f. Kirsch
(1898),

𝜎𝑟𝑟 = 0,

𝜎𝑟𝜙 = 0,

𝜎𝜙𝜙(𝜙) = 𝜎0 (1 − 2cos (2𝜙)) .

(3.43)

Due to the plane strain setting 𝜎𝑧𝑧 = 𝜈𝜎𝜙𝜙, where 𝜈 is Poisson’s ra-
tio. Thus, the trace of the stress tensor along the notch radius can be
computed to be tr(𝜎) = (1 + 𝜈)𝜎𝜙𝜙(𝜙). In the second simulation step,
the boundary condition is held constant and the hydrogen is allowed
to diffuse until the chemical potential in lattice sites is homogeneous
again. Due to the heterogeneous stress state, the resulting occupancy
distribution is heterogeneous as well. Building upon the known stress
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Figure 3.3: Semi-coupled chemo-mechanical process. (a) The simulation domain is
a notched plate. A traction boundary condition in 𝑒𝑦-direction is applied. (b) The
numerically obtained occupancy distribution along the notch radius is shown in addition
to the analytic solution.

state this can be analytically expressed as

𝜗L =
exp

(︁
𝜇L(𝜗L0)+𝛽(1+𝜈)𝜎𝜙𝜙(𝜙)

𝑅𝜃

)︁
exp

(︁
𝜇L(𝜗L0)+𝛽(1+𝜈)𝜎𝜙𝜙(𝜙)

𝑅𝜃

)︁
+ 1

. (3.44)

We discretize the notched plate with linear, hexahedral coupled temper-
ature displacement elements (C3D8T). Around the notch a high mesh
resolution is used, which becomes coarser in a sufficient distance to
the notch. The two simulation steps are prescribed using a coupled
temperature-displacement step.
In Fig. 3.3 b) a comparison between the analytical and numerically
obtained solution is shown at the end of step two. Again, as in the case
of the simple diffusion, both results are in exceptional agreement. We
thus conclude that the proposed scheme is indeed capable of predicting
a concentration redistribution due to a heterogeneous stress state as well
as an instationary diffusion problem.
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3.5.4 Blunting crack tip

The final application is a comparison of results obtained using our
implementation scheme to previously published results. We, therefore,
study a blunting crack tip in the presence of hydrogen. Sofronis and
McMeeking (1989) were the first to study this problem. Numerous
publications (e.g., Krom et al. (1999); Di Leo and Anand (2013)) presented
new theories or implementation strategies. The simulation domain is a
blunting crack tip, c.f. Fig. 3.4 a), studied in a plane strain setting. Plastic
deformations are confined to a small area around the crack tip (or notch).
A displacement field is applied remotely and ramped up incrementally.
In a second simulation step the displacement is held constant for a long
time, i.e. 1 × 106 s to study the diffusion processes in the vicinity of the
crack tip, where inelastic deformations and large stress gradients occur.
The applied displacement field for crack mode I is

𝑢𝑥 = 𝐾I

2𝐺

√︂
𝑅

2𝜋 cos
(︁𝜙

2

)︁(︂
2 − 4𝜈 + 2sin

(︁𝜙
2

)︁2
)︂
,

𝑢𝑦 = 𝐾I

2𝐺

√︂
𝑅

2𝜋 sin
(︁𝜙

2

)︁(︂
4 − 4𝜈 − 2cos

(︁𝜙
2

)︁2
)︂
,

(3.45)

where 𝑅 and 𝜙 are polar coordinates as depicted in Fig. 3.4 a). The
stress intensity factor 𝐾I is taken from linear elastic fracture me-
chanics (Sofronis and McMeeking, 1989). All our boundary and
initial conditions match the ones chosen in Di Leo and Anand (2013)
and are briefly summarized in the following. We set 𝑏0 = 10𝜇m
and 𝑐L0 = 3.46 × 10−3 mol/m3. As the domain is initially stress free,
this initial concentration results in a boundary chemical potential of
𝜇̄L = −19.576 kJ/mol according to Eq. (3.32). This value is prescribed in
the crack tip and at the surface where the displacements are applied. We
model half of the crack and prescribe symmetry boundary conditions at
the bottom. The front and back side are traction-free and the hydrogen
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flux 𝑗L vanishes. We discretize the structure with approximately
27000 linear, hexahedral coupled temperature-displacement elements
(C3D8T). The implementation of the given displacement field requires
usage of the subroutine DISP of ABAQUS, as pointed out, e.g., by
Fernández-Sousa et al. (2020). Our results, c.f. Fig. 3.4 b), are similar
to the results presented by Di Leo and Anand (2013). We want to
emphasize the difference between initial lattice concentration 𝑐L0 and
lattice concentration at the crack tip right after loading, which can only
be obtained by simulating an open system. Using 𝑐L as the chemical
degree of freedom would not allow to retrieve this solution, as the
concentration would remain equal to the boundary value. As proposed
by Krom et al. (1999), an analytic solution to the hydrogen lattice
concentration in steady state, i.e. for 1 × 106 s, ahead of the crack tip
can be retrieved. This is depicted in comparison to the FEM solution in
steady state, showing perfect alignment.
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Figure 3.4: Fully coupled chemo-mechanical process. (a) Blunting Crack Tip with applied
displacement field. (b) Normalized concentration distribution ahead of the crack tip.
Distributions after loading (𝑡 = 130 s) and in steady state (𝑡 = 1 × 106 s) are presented in
addition to the analytic solution.
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3.6 Conclusion

In this chapter we presented a multi-component system, considering
three components. To this end, hydrogen diffusion to lattice and trap
sites coupled to elasto-plastic deformations of a host metal were consid-
ered. The model equations and the thermodynamic considerations were
presented in detail, following the Coleman-Noll procedure outlined in
Chapter 2. Subsequently, we reformulated the diffusion equation for
an advantageous degree of freedom, namely the chemical potential.
For this reformulated set of coupled balance equations we presented a
heat-transfer analogy, allowing us to use the commercial FEM solver
ABAQUS to study chemo-mechanically coupled processes with chemical
potential as the chemical degree of freedom. We verified the scheme by
comparing numerically obtains results to analytic benchmark solutions.
We showed that both a simple diffusion problem as well as a semi-
coupled chemo-mechanical process can be simulated correctly. Finally,
we studied a classic example in the hydrogen embrittlement community
and showed that our scheme reproduces results presented in previous
works.
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Chapter 4

Hydrogen diffusion in thin film,
phase-separating metals1

4.1 Introduction to thin film metal hydrogen
systems2

In this chapter some basics for phase-separating thin film metal hy-
drogen systems, which form the basis of the developed model, are
summarized. We focus on the Nb-H system but want to point out, that
many of the results are applicable to both the Pd-H system and the Nb-H
system. We summarize experimental results on both bulk and thin film
Nb-H systems, which have been previously published in Schober and
Wenzl (1978), Nörthemann and Pundt (2008), Nörthemann and Pundt
(2011), Hamm et al. (2015), Burlaka et al. (2015), Burlaka et al. (2016) and
Wagner et al. (2019). In Nörthemann and Pundt (2008), Nörthemann

1 Chapter 4 is based on the publications "Phase transformation in the palladium hydrogen
system: Effects of boundary conditions on phase stabilities" (Dyck et al. (2024b)), "Phase
transformation in the Niobium Hydrogen system: Effects of elasto-plastic deformations
on phase stability predicted by a thermodynamic model" (Dyck et al. (2024a)) and
"Hydride formation in open thin film metal hydrogen systems: Cahn-Hilliard-type
phase-field simulations coupled to elasto-plastic deformations" (Dyck et al. (2025)).
Further details are given for each section.

2 Section 4.1 is based on section 2 of the publication "Hydride formation in open thin
film metal hydrogen systems: Cahn-Hilliard-type phase-field simulations coupled to
elasto-plastic deformations" (Dyck et al., 2025).
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(a) (b) (c)

Figure 4.1: a) STM surface topography image of a 40 nm epitaxial Nb thin film adhered to
sapphire substrate upon hydrogen loading at 𝑝H2 = 1 × 10−6 mbar and 293 K, showing
cylindrical hydride precipitates surrounded by 𝛼-phase. Reproduced with permission
from Wagner et al. (2019). b) STM surface topography difference image of an 8 nm Nb film
after cyclic hydrogen loading at 𝑝H2 = 8 × 10−6 mbar at 293 K, showing no evidence
of phase separation. Reproduced with permission from Wagner et al. (2019). c) Relative
height distributions in a 40 nm film loaded under the same conditions as in a). Large
differences in the out-of-plane expansion of 𝛼- and hydride-phase are visible. Reproduced
with permission from Nörthemann and Pundt (2008). Figure based on Figure 1 d) e) and f)
from Dyck et al. (2025).

and Pundt (2011), Hamm et al. (2015), Burlaka et al. (2015), Burlaka
et al. (2016) and Wagner et al. (2019), thin Nb films were produced by
means of argon-ion beam sputtering on sapphire substrates, such that
epitaxial Nb films with desired thickness and [110]-orientation grow on
the substrates. To avoid oxidation and to facilitate hydrogen loading, the
films were covered with a Pd capping layer or, if the vacuum was not
broken between film preparation and hydrogen loading, with Pd islands.
Hydrogen loading occurred mainly from the gaseous phase at a given
temperature and increasing but stepwise constant gas pressures 𝑝H2.
This implies, that we will focus on open systems in the following, i.e.
systems with the possibility to take up hydrogen from their surrounding
at a given chemical potential. To measure the films stress state and the
chemical potential as a function of hydrogen concentration, hydrogen
loading was performed electrochemically with defined stepwise increase
of the hydrogen concentration. The latter system is therefore a closed
system. We here assume that the stresses measured as a function of
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concentration for closed systems can be transferred to the open system
(Wagner et al., 2019).
By means of in-situ XRD, STM, TEM, substrate curvature and EMF
measurements, the thermodynamics (EMF) as well as in-plane stress
states (substrate curvature), height changes (STM) and changes in crystal
structure (XRD, TEM) were studied, both for open and closed systems.
In open systems, upon hydrogen adsorption these experiments reveal
hydride formation and coexistence of a hydrogen poor 𝛼-phase and a
hydrogen rich hydride-phase at certain hydrogen pressures. In bulk Nb-
H both an 𝛼′- and 𝛽-hydride-phase have been reported, with equilibrium
concentrations of 𝑐max

𝛼 = 0.06 H/Nb and 𝑐min
𝛽 = 0.72 H/Nb (Schober

and Wenzl, 1978). In thin Nb-H films these equilibrium concentrations
change due to occurring stresses resulting from constraint conditions,
c.f. Wagner et al. (2019), and measurements hint on the hydride phase
to keep the bcc structure of the matrix phase, c.f. Burlaka et al. (2017).
We therefore, in this work, consider an 𝛼′-hydride phase to simplify
the model. The constraint conditions of thin films, imposed by their
adherence to a substrate being much stiffer than the films, introduce large
compressive stresses. These stresses strongly alter the onset conditions
of phase separation behavior and lead to drastic changes in equilibrium
concentrations or even to suppression of phase transition in the case of
very thin Nb-H films deforming purely elastic.
During coexistence of 𝛼- and hydride-phase, the large difference in
hydrogen concentration between both phases leads to marked differ-
ences in height, which can be measured by STM, c.f. Fig. 4.1 a) and
b) (Nörthemann and Pundt, 2008; Nörthemann and Pundt, 2011). The
hydride-phase expands significantly stronger than the 𝛼-phase due to
the larger number of interstitial hydrogen atoms. Due to the in-plane
constraint, this expansion manifests itself in an increased local height
and it leads to coherency stresses at the phase interfaces, superimposed
by substrate-induced stresses. These stresses affect the progression of
the phase transition.
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The larger the concentration gradient at the interfaces, the bigger the
measured height difference between the local hydride and the surround-
ing 𝛼-phase. As can be seen in Fig. 4.1 a), in a 40 nm film, the presence
of cylindrical hydrides of different radii in the film is confirmed by
means of this height change, c.f. also Nörthemann and Pundt (2008).
Only upon further hydrogen absorption due to increased gas pres-
sures, the precipitates can loose their cylindrical shape and become
more irregular. This is accompanied by misfit dislocation formation
at the phase interfaces. Thus, the interfaces can become semicoherent
at later stages of hydride formation. However, the phase interfaces
remain coherent for films below 39(2) nm thickness (Wagner et al.,
2019). In films thinner than 8(2) nm the phase separation is found to
be suppressed (Wagner et al., 2019). This could be attributed to the
large substrate-induced compressive stresses. This becomes evident,
when the corresponding STM measurements are studied, where no
hydride-related height distribution is observed. This is evidence for a
continuous transition of the 𝛼-phase into a state with a large hydrogen
concentration, c.f Fig. 4.1 b). Also in this state dislocation formation can
happen, resulting in misfit dislocations at the film-substrate interface.
Traces of such dislocations are detected by STM as surface glide steps,
see the yellowish lines in 4.1 b).
The height difference between 𝛼- and hydride-phase in a 40 nm film
becomes more evident, when the relative frequency of measured heights
is studied, c.f. Fig. 4.1 c). We point out, that the average height change
of the 𝛼-phase has been set to zero in the figure. This reveals, that on
average the circular hydride precipitates that form within the 𝛼-phase
expand 2.2 nm more in normal direction in the 40 nm film. This has
been studied using Finite Element calculations and linked to cylindrical
precipitates extending all the way from the free surface of the thin film
down to the substrate interface, with an average radius of 20 − 40 nm
(Nörthemann and Pundt, 2008).
The coherency of Nb film-substrate and 𝛼- and hydride-phase interfaces
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has been studied in detail by means of the STM measurements in
Nörthemann and Pundt (2011). It has been shown, that above a critical
film thickness of 5(2) nm dislocations form at the interface between film
and substrate early upon hydrogen absorption, c.f. Nörthemann and
Pundt (2011) and Wagner et al. (2019). This strongly affects the resulting
stress states, as misfit dislocations reduce the transmitted stresses (Rahm
et al., 2022). Coherency loss at the substrate interface thus leads to
reduced in-plane stresses of the films. In contrast, as indicated above
the interface between the 𝛼- and the hydride-phase has been shown
to stay coherent for Nb films below 39(2) nm thickness, even for large
hydrogen pressures and large hydride precipitates (Nörthemann and
Pundt, 2011; Wagner et al., 2019). The loss of cylindrical shape of the
hydride precipitates is linked to coherency loss at the phase interfaces,
which was only observed for larger film heights and long exposure to
gaseous hydrogen.

4.2 Theory of hydride formation in thin film
metal hydrogen systems3

4.2.1 Basic assumptions

In order to replicate the experimentally observed hydride formation
behavior in thin film open metal hydrogen systems we propose a ther-
modynamically consistent, chemo-mechanically coupled phase-field
model. Our model is based on EMF and stress measurements on both
the thin film Pd-H and the Nb-H system. This allows us to identify
both the chemical part as well as the mechanical part of the systems

3 Section 4.2 is based on section 3 of the publication "Hydride formation in open thin
film metal hydrogen systems: Cahn-Hilliard-type phase-field simulations coupled to
elasto-plastic deformations" (Dyck et al., 2025).
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thermodynamic potential. The model is related to previously published
phase-field models in the context of phase separating metals, see, e.g.,
Anand (2012), Di Leo et al. (2014), Spatschek et al. (2016), Castelli et al.
(2021), Han et al. (2019), Heo et al. (2019), Simon et al. (2021) and
references therein. In order to arrive at a compact theory, we introduce
several basic assumptions from the outset. These are discussed at the
end of this section. The basic assumptions are:

• The governing equations are the mass balance of diffusing hydrogen
and the balance of linear momentum. Hydrogen is assumed to occupy
interstitial lattice sites in both 𝛼- and 𝛼′-phase. The hydrogen content
is not conserved, as an open system exposed to gaseous hydrogen is
considered, which is inspired by Di Leo and Anand (2013). Inertia
effects are neglected.

• The formation of hydrogen poor 𝛼- and hydrogen rich 𝛼′- or hydride-
phase is described by means of a phase-field model, relying on the
concentration as a physical order parameter (Steinbach, 2009). No
structural order parameter as in Guo et al. (2008), Han et al. (2019),
Heo et al. (2019) and Simon et al. (2021) is introduced.

• A normalized concentration 𝑐H = 𝑐/𝑐max of hydrogen atoms per
niobium atom H/Nb is introduced, where 𝑐max is the maximum
number of moles of hydrogen per molar volume of the host metal.

• Deformations are assumed to be small, i.e. below 10 % total deforma-
tion, and the total strain 𝜀 is additively decomposed into an elastic
part 𝜀e, a chemical part 𝜀c and a plastic part 𝜀p.

• The free energy density 𝜓 is used as thermodynamic potential, de-
pending on strains, hydrogen concentration, temperature and plastic
variables. To introduce the phase-field, both a double well potential
𝜓c, introducing the system’s tendency to form 𝛼- and hydride-phase
and an interfacial term 𝜓i, modeling the tendency of the system to
minimize the interface between different phases, are considered. This
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4.2 Theory of hydride formation in thin film metal hydrogen systems

was first proposed by Cahn and Hilliard (1958) and is used in all
works cited above.

• The interface between the 𝛼- and the hydride-phase is treated as
coherent at all times, in agreement with the experimental observations
for films. Thus the lattice mismatch between 𝛼- and hydride-phase is
proportional to the concentration difference between both phases. In
addition, the interface between thin film and substrate is treated as
staying coherent by keeping the lateral dimensions of the simulation
domain constant, yielding in-plane stresses linearly increasing with
hydrogen concentration. However, the experimentally informed in-
plane stress state of the simulated films may be divided into two
regimes with different linear stress increase as a function of hydrogen
concentration, mimicking the elasto-plastic deformation of the film-
substrate interface (Dyck et al., 2024a).

• The barrier for forming hydride precipitates is the coherency strain
barrier introduced in Schwarz and Khachaturyan (1995) and Schwarz
and Khachaturyan (2006). No further energetic barrier for precipitate
formation is assumed. This implies, that as soon as the concentration
limiting the stability region of the 𝛼-phase is surpassed, hydride
precipitates form within the 𝛼-phase (Schwarz et al., 2020). The critical
concentration 𝑐sp

𝛼 is defined by the local maximum of the chemical
potential. This is equal to the spinodal concentration in spinodally
decomposing systems, and hence we use the same index sp to denote
the critical concentration of the 𝛼-phase as 𝑐sp

𝛼 .

• Changes in temperature, e.g. due to plastic deformations, are ne-
glected (Dyck et al., 2024a).

• The Coleman-Noll procedure is used to derive thermodynamic restric-
tions of the constitutive equations and resulting potential relations
and a dissipation inequality. To not further increase the length of this
chapter, the derivation is not presented in detail. It can be found for
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4 Hydrogen diffusion in thin film, phase-separating metals

similar models in, e.g, Gurtin et al. (2010), Anand (2012), Di Leo and
Anand (2013) and Dyck et al. (2024c).

• All constitutive functions are modeled isotropic, including stiffness,
hydrogen mobility and plasticity (Dyck et al., 2024a). All material
parameters are assumed independent of hydrogen concentration. This
implies, that changes in elastic parameters, predicted by Cahn and
Larché for open systems (Larché and Cahn, 1973; 1978) and recently
experimentally verified by Shi et al. (2018), are not considered. An
application of the Cahn-Larché theory in the context of a phase-field
model can be found in, e.g., Schwarze et al. (2017).

4.2.2 Constitutive theory

A thermodynamically consistent constitutive theory is presented in
the following by introducing a free energy density 𝜓. To this end, a
set of independent variables Λ = [𝜀, 𝜃, 𝑐H, 𝛼] is used, where 𝜃 is the
temperature and 𝛼 is a tuple of internal variables, later considered to
be plastic strains 𝜀p and the equivalent plastic strain 𝜀eq. As proposed
in previous works in the context of phase-separating, elasto-plastically
deforming materials, see, e.g., Anand (2012), Di Leo et al. (2014) and
Castelli et al. (2021), we introduce an additive split of the free energy
density into an elastic part 𝜓e, a chemical part 𝜓c and an interfacial part
𝜓i via

𝜓(Λ) = 𝜓e(𝜀e) + 𝜓c(𝑐H, 𝜃) + 𝜓i(grad (𝑐H)). (4.1)

The elastic part depends on the elastic strains

𝜀e = 𝜀 − 𝜀c − 𝜀p, (4.2)

where the volumetric chemical strains are given as

𝜀c = 𝜂H𝑐H𝐼 (4.3)
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and 𝜂H is an expansion coefficient describing the dilatation of the metal
lattice due to the presence of hydrogen atoms (Wagner et al., 2019). The
concentration 𝑐H is expressed in number of hydrogen atoms per number
of metal atoms, c.f. Sec. 2.3.2. The elastic part 𝜓e is quadratic in the
elastic strains

𝜓e = 1
2𝜀e · C [𝜀e] , (4.4)

where C is the stiffness tensor. The chemical part 𝜓c is given by (Dyck
et al., 2024b;a)

𝜓c = 𝜇0 𝑐H 𝑐max +𝑅𝜃𝑐max

(︂
−𝑟ln

(︂
𝑟

𝑟 − 𝑐H

)︂
+ 𝑐Hln

(︂
𝑐H

𝑟 − 𝑐H

)︂)︂
− 𝑐max

2 𝐸HH𝑐
2
H.

(4.5)

Here 𝜇0 is a reference chemical potential,𝑅 is the gas constant and𝐸HH is
a long-range attractive hydrogen-hydrogen interaction energy. It results
from the interaction of dissolved hydrogen atoms via the H-induced
dilatation field of the metal lattice. Hence, 𝐸HH defines the driving force
for the initiation of the phase transition in the metal hydrogen system
(Wagner and Pundt, 2016), as it introduces a second well in 𝜓c, indicating
the system’s tendency to form two phases. The parameter 𝑟 is introduced
to consider electronic interactions and related second nearest neighbor
blocking of H atoms on tetrahedral interstitial sites (Switendick, 1979;
Wicke et al., 1978; Fukai, 2005), limiting the maximum concentration of
hydrogen atoms within the lattice. The parameter 𝑟 can be identified by
means of EMF measurements (Wagner et al., 2019). This implies, that our
form of 𝜓c considers both the electronic interaction of hydrogen atoms
with Nb (by means of 𝑟) and the maximum number of interstitial sites
available (by means of 𝑐max). As the electronic interaction dominates
at large concentrations, which is the case for the considered Pd-H and
Nb-H systems, the parameter 𝑟 determines the maximum hydrogen
concentration (Dyck et al., 2024b;a).
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Before proceeding we want to briefly comment on the specific form of
𝜓c, which differs from oftentimes used approaches Anand (2012); Di Leo
et al. (2014); Han et al. (2019); Heo et al. (2019); Simon et al. (2021). The
logarithmic part is, also in our approach, based on the classic mixture
entropy model for ideal gases. However, in the thin films considered in
this work, not all geometrically available interstitial sites can be occupied
by hydrogen atoms, due to electronic interactions between them. This
implies, that the hydrogen concentration is capped at a value 𝑐H < 1. In
our model, this is accounted for by the introduction of the parameter
𝑟, which implies mathematically 0 ≤ 𝑐H ≤ 𝑟. The classic expression for
entropy of mixing is retrieved from our formulation by setting 𝑟 = 1.
In addition, commonly, the double well form of 𝜓c is introduced by
considering a mixture enthalpy model, see, e.g., Gurtin et al. (2010),
Anand (2012) and Spatschek et al. (2016), that introduces the system’s
tendency to form a second phase. In our approach 𝐸HH is introduced
to that end, allowing us to incorporate the mentioned EMF and stress
measurements by fitting 𝐸HH, and hence to couple the theory to the
experiment.
The final contribution to the free energy density is the interfacial part
𝜓i, which describes the system’s tendency to minimize the interface
between the two phases. It is given by (Cahn and Hilliard, 1958; Anand,
2012)

𝜓i = 1
2𝑅𝜃𝑐max𝜆c‖grad (𝑐H)‖2. (4.6)

The parameter 𝜆c describes the width of the interface separating 𝛼- and
𝛼′-phase and ‖grad (𝑐H)‖ denotes the Frobenius norm of the concen-
tration gradient. The chemical potential of hydrogen and the Cauchy
stresses follow from potential relations via (Anand, 2012; Di Leo et al.,
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2014)

𝜇 = 𝜕𝜓

𝜕𝑐H

1
𝑐max

= 1
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𝜕𝜓c

𝜕𝑐H
− 𝜂H𝜈0tr (𝜎) − 1
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div
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𝜕𝜓i

𝜕grad (𝑐H)

)︂
= 𝜇0 +𝑅𝜃ln
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)︂
− 𝐸HH𝑐H − 𝜂H𝜈0tr (𝜎) −𝑅𝜃𝜆cΔ𝑐H,

𝜎 = 𝜕𝜓

𝜕𝜀
= C [𝜀e] ,

(4.7)

where 𝜈0 = 1/𝑐max. The Laplace operator applied to the concentration
is Δ𝑐H. The potential relations are assumed to hold for both elastic and
elasto-plastic deformations. Having specified all equilibrium contribu-
tions, the dissipative parts, i.e. plasticity and hydrogen flux 𝑗 have to
be introduced. The plasticity model is a rate-independent, isotropic von
Mises theory (Mises, 1928). The yield function, limiting the range of
purely elastic deformations, is

𝜙(𝜎′, 𝜀eq) = ||𝜎′|| −
√︂

2
3𝜎F (𝜀eq) ≤ 0, (4.8)

where 𝜎F (𝜀eq) = 𝜎F0 + ℎ𝜀eq denotes the yield stress with initial yield
stress 𝜎F0 and hardening modulus ℎ. The deviatoric part of the stress
is 𝜎′. This captures the measured in-plane stresses as detailed in Dyck
et al. (2024a). In an associated plastic flow theory, both internal variables
evolve according to

𝜀̇p =
√︂

3
2𝛾𝑁 , 𝜀̇eq =

√︂
2
3𝛾, (4.9)

where 𝑁 = 𝜎′/‖𝜎′‖ and 𝛾 is the consistency parameter. The consistency
parameter is only non-zero, when the yield condition 𝜙 = 0 and the
loading condition 𝜎 · 𝜀̇ > 0 are fulfilled.
The hydrogen flux is given as (Anand, 2012)

𝑗 = −𝑚(𝑐H) grad (𝜇) , (4.10)
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where 𝑚(𝑐H) is the mobility of hydrogen in Nb. It is a function of
hydrogen concentration and diffusion constant 𝐷 via (Anand, 2012)

𝑚(𝑐H) = 𝐷𝑐max

𝑅𝜃
𝑐H(1 − 𝑐H). (4.11)

4.2.3 Closed set of governing equations

Inserting the hydrogen flux (Eq. (4.10)) and the potential relations
(Eqs. (4.7)) into the balance of mass and linear momentum (c.f. Eq. (2.21))
yields a set of coupled PDEs, that describe diffusing hydrogen and the
formation of hydrides and elasto-plastic deformations in thin film
metals. The diffusion equation is, due to the interfacial contribution to
the free energy density, a fourth-order PDE. The solution of this coupled
system is detailed in the following section. The coupled system of PDE
is

div (𝜎) = 0,

𝑐max 𝑐̇H = div
(︂
𝐷𝑐max𝑐H (1 − 𝑐H)

𝑅𝜃
grad (𝜇)

)︂
.

(4.12)

Both boundary conditions (expressed via (̄·)) and initial conditions
(expressed via (·)0) have to be specified for the degrees of freedom
𝑐H and 𝑢 in order to obtain a solution. Commonly, a Cahn-Hilliard
equation is considered for mass conserving systems, i.e. the amount of
hydrogen remains constant, c.f. Voskuilen and Pourpoint (2013) and
Bair et al. (2017). However, in our work, the metal is exposed to gaseous
hydrogen and diffusion into and out of the thin film can occur. This
exposure is best mimicked by a boundary condition for the chemical
potential of hydrogen, i.e.

𝜇̄ = 𝜇̄(𝑝H2) = 1
2𝜇H2(𝑝H2) = 1

2

(︂
𝜇0

H2 +𝑅𝜃ln
(︂
𝑝H2

𝑝0

)︂)︂
, (4.13)
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where 𝑝H2 is the partial pressure of gaseous hydrogen, 𝑝0 a refer-
ence pressure and 𝜇0

H2 the reference chemical potential of hydrogen
molecules, discussed in greater detail in Di Leo and Anand (2013).
This will be used in the following, when hydride formation in open
is investigated by means of numerical simulations and analytical
considerations.

4.2.4 Discussion of the model equations and assumptions

Before proceeding with details on the implementation of our model, the
following remarks are in order:

• Defects of the lattice structure in a metal, e.g. grain boundaries or
dislocations, can serve as potential traps for hydrogen atoms, see,
e.g. Sofronis and McMeeking (1989) and Di Leo and Anand (2013).
These are not accounted for in our model, due to the low number of
initial lattice defects in epitaxial Nb thin films (Wagner et al., 2019).
In addition, hydrogen-induced vacancy formation is not considered
(Čížek et al., 2004).

• The difference between occurring stresses in 5 and 40 nm Nb films is
a size effect, which results from the balance of the total elastic energy
stored in a thin film and the formation energy of dislocations Wagner
and Pundt (2016). This is not captured by our model, which is a first
gradient theory, in contrast to, e.g., Forest et al. (2000). Instead we use
a size dependent increased initial yield stress 𝜎F0 in order to study
purely elastic behavior.

• In the Zr-H system, commonly both a Cahn-Hilliard as well as an
Allen-Cahn equation are solved, see, e.g. Voskuilen and Pourpoint
(2013), Han et al. (2019), Heo et al. (2019) and Simon et al. (2021). The
latter describes the evolution of structural order parameters, capturing
changes in crystallographic structure or different hydride variants.
As we only consider a single hydride-phase with constant material
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parameters, we refrain from incorporating an Allen-Cahn equation,
in order to reduce the complexity of the model.

• As stated, the interface between thin film and substrate can become
semicoherent upon hydrogen absorption by the formation of misfit
dislocations. We indirectly incorporate this effect via the measured
in-plane stress of the films. This is done via the hardening modulus
ℎ as well as the yield stress 𝜎F0, identified in Dyck et al. (2024a),
resembling the experimentally observed stress release due to the
coherency loss at the film-substrate interface. Still, coherency strains
will occur at the substrate interface in our simulations, leading to
the build up of additional in-plane stresses Rahm et al. (2022) of a
magnitude not observed in the experiments. This difference results
from inhomogeneous stress relaxation occurring at the interfaces of
𝛼-phase and substrate or hydride precipitates and substrate in the
experiment.

• Open systems show strongly differing hydride formation patterns
compared to closed systems, as has been recently pointed out for
the Pd-H system in Schwarz et al. (2020), Rahm et al. (2022) and
Weissmüller (2024). We only consider open systems in our work by
prescribing a chemical potential 𝜇 for hydrogen in lattice sites at the
upper boundary of the simulation domain. In this setup the 𝛼-phase
transforms into the 𝛼′- or hydride-phase as soon as the unstable region
of the phase diagram presented in Dyck et al. (2024a) is reached.
Both phases are considered to have the same lattice structure and are
therefore represented by one free energy density possessing two local
minima and one local maximum.

• For Nb we propose to use an isotropic elastic and an isotropic, phe-
nomenological plastic model. Both are simplifying assumptions for
the considered thin film systems, as these grow epitaxially with a [110]
orientation (Wagner et al., 2019).
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4.3 Numerical implementation of the theory4

4.3.1 General approach

In the context of chemo-mechanical coupling and phase separation, PDEs
of order four and their numerical solution on a domain Ω using Finite
Element methods have been studied before, see, e.g., Steinbach (2009),
Ammar et al. (2009), Di Leo et al. (2014), Castelli et al. (2021) and many
others. However, solving a PDE with derivatives of order > 2 leads to
difficulties, that only a limited number of element formulations fulfill,
see, e.g., Wodo and Ganapathysubramanian (2011) and Zhang et al.
(2013). Instead of proceeding on using non-standard Finite Element
techniques, a mixed formulation can be used, which introduces an
additional degree of freedom in order to split the fourth-order PDE
into two second-order PDEs, doubling the number of solution variables.
For examples we refer to, e.g., Ubachs et al. (2004), Di Leo et al. (2014),
Forest et al. (2011), Chen et al. (2014) and Castelli et al. (2021).
However, different strategies were used. In Ubachs et al. (2004) and
Di Leo et al. (2014) a micromorphic approach is used, that introduces
an artificial concentration and penalizes deviations from the actual
concentration. In contrast, in Chen et al. (2014) and Castelli et al.
(2021) both the concentration and the chemical potential are used as
numerical degrees of freedom. For the latter approach both existence
and uniqueness of Finite Element solutions have been studied, see, e.g.
Elliott et al. (1989), Copetti and Elliott (1992) and Barrett and Blowey
(1999).
For this reason we choose a mixed formulation introducing a second
chemical degree of freedom, namely the chemical potential, to numeri-

4 Section 3 is based on section 4 of the publication "Hydride formation in open thin
film metal hydrogen systems: Cahn-Hilliard-type phase-field simulations coupled to
elasto-plastic deformations" (Dyck et al., 2025).
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cally solve the system of coupled PDEs outlined in the previous section.
We rely on the commercial Finite Element solver ABAQUS and its User
Defined Element (UEL) subroutine. This allows us to use the automatic
time-stepping scheme as well as the graphical user interface of ABAQUS,
while offering the flexibility to define individual PDEs. To this end, each
balance equation is discretized using Finite Elements and the element
residuals as well as their tangents are supplied to ABAQUS. A thorough
explanation of each step necessary to write a UEL has been discussed by
Chester et al. (2015). Here, we will not go into detail. Instead, we briefly
present the discretization including the weak form of the PDEs.

4.3.2 Mixed formulation

In order to reduce the highest derivative in the diffusion equation to two,
the total hydrogen concentration 𝑐H as well as the chemical potential 𝜇
are used as the chemical degrees of freedom in our implementation. This
implies, that the diffusion equation (4.12) (2) is replaced by two coupled
PDEs, namely

𝑐max𝑐̇H = div
(︂
𝐷𝑐max𝑐H(1 − 𝑐H)

𝑅𝜃
grad (𝜇)

)︂
,

𝜇 = 1
𝑐max

𝜕𝜓c

𝜕𝑐H
− 𝜂H𝜈0tr (𝜎(𝜀, 𝑐H, 𝜀p)) −𝑅𝜃𝜆cΔ𝑐H.

(4.14)

In both PDEs, the highest derivative is two. The strong form of balance
equations, being solved using a Finite Element scheme is thus (c.f.
Eqs. (4.12))

𝑐max𝑐̇H = div
(︂
𝐷𝑐max𝑐H(1 − 𝑐H)

𝑅𝜃
grad (𝜇)

)︂
,

𝜇 = 1
𝑐max

𝜕𝜓c

𝜕𝑐H
− 𝜂H𝜈0tr (𝜎(𝜀, 𝑐H, 𝜀p)) −𝑅𝜃𝜆cΔ𝑐H,

0 = div (𝜎(𝜀, 𝑐H, 𝜀p)) .

(4.15)
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The numerical degrees of freedom are the concentration 𝑐H, the chemical
potential 𝜇 as well as the displacement 𝑢, while the plastic strains 𝜀p and
the equivalent plastic strain 𝜀pe are treated as internal variables, using a
radial return method and an implicit Euler scheme for time integration
(Simo and Hughes, 1998). We note, that using this splitting method, an
open system can be studied by prescribing a boundary value for 𝜇. All
balance equations are non-dimensionalized (Castelli et al., 2021). To this
end, Eq. (4.15) (1) is divided by 𝑐max, Eq. (4.15) (2) by 𝑅𝜃 and Eq. (4.15)
(3) by Young’s modulus 𝐸. The dimensionless chemical potential is, in
the following, denoted by 𝜇̂.

4.3.3 Finite Element discretization

The non-dimensionalized strong form is converted to a weak form
by multiplying each PDE with a test function, integration over the
computational domain Ω and an integration by parts. The test functions
for each degree of freedom are 𝑤𝑐, 𝑤𝜇 and 𝑤𝑢. The resulting weak forms
are

0 = −
∫︁

Ω
(𝑤c𝑐̇H) d𝑉 −

∫︁
Ω

(︂
𝐷𝑐H(1 − 𝑐H)

𝑅𝜃
grad (𝑤c) · grad (𝜇̂)

)︂
d𝑉,

0 = −
∫︁

Ω

(︂
𝑤𝜇

(︂
1

𝑅𝜃𝑐max

𝜕𝜓c

𝜕𝑐H
− 𝜇̂

)︂)︂
d𝑉 +

∫︁
Ω

(︁𝜈0𝜂H

𝑅𝜃
𝑤𝜇tr (𝜎)

)︁
d𝑉

−
∫︁

Ω
(𝜆cgrad (𝑤𝜇) · grad (𝑐H)) d𝑉,

0 = −
∫︁

Ω

(︁
grad (𝑤𝑢) · 𝜎

𝐸

)︁
d𝑉.

(4.16)

We use static condensation to express 𝜎 as a function of the nodal
degrees of freedom, i.e, 𝑢 and 𝑐H. The tuple of internal variables 𝛼 is
stored at each integration point (Simo and Hughes, 1998).
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4 Hydrogen diffusion in thin film, phase-separating metals

The loading and consistency condition are replaced by the Karush-Kuhn-
Tucker conditions (Simo and Hughes, 1998)

𝛾 ≥ 0, 𝜙 ≤ 0, 𝛾𝜙 = 0. (4.17)

The simulation time is discretized in time steps, where 𝑡𝑛+1 = 𝑡𝑛 + Δ𝑡𝑛

and the automatic time stepping algorithm of ABAQUS is used to specify
the non-constant Δ𝑡. The time derivative in the diffusion equation
is approximated by means of an implicit Euler scheme (or backward
differentiation formula of first order (Gear, 1967))

𝑐̇𝑛+1
H = 𝑐𝑛+1

H − 𝑐𝑛
H

Δ𝑡 . (4.18)

Quantities from the previous converged increment are denoted by (·)𝑛

in the following, while quantities from the current increment will not be
marked to shorten notation. The computational domain Ω is discretized
using fully integrated isoparameteric, hexahedral Finite Elements and
linear shape functions for the continuous degrees of freedom. The
solution variables as well as the test functions for all nodes in each
element are collected in the vectors 𝑐E, 𝑤E,𝑐, 𝜇̂E, 𝑤E,𝜇, 𝑢E and 𝑤E,𝑢. A
Galerkin ansatz is chosen, i.e. for each test function the same ansatz
functions are used as for the nodal degrees of freedom. The linear ansatz
functions are collected in matrices 𝑁 c, 𝑁𝜇 and 𝑁

𝑢
. This results in

𝑐h
H(𝑥, 𝑡) = 𝑁T

𝑐 (𝑥) 𝑐E(𝑡), 𝑤h
c (𝑥, 𝑡) = 𝑁T

𝑐 (𝑥) 𝑤E,𝑐(𝑡),

𝜇̂h(𝑥, 𝑡) = 𝑁T
𝜇(𝑥) 𝜇̂E(𝑡), 𝑤h

𝜇(𝑥, 𝑡) = 𝑁T
𝜇(𝑥)𝑤E,𝜇(𝑡),

𝑢h(𝑥, 𝑡) = 𝑁T
𝑢
(𝑥) 𝑢E(𝑡), 𝑤h

𝑢(𝑥, 𝑡) = 𝑁T
𝑢
(𝑥)𝑤E,𝑢(𝑡).

(4.19)
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Gradients of the degrees of freedom are expressed via 𝐵-matrices as in

grad(𝑐h
H(𝑥, 𝑡)) = 𝐵T

𝑐
(𝑥) 𝑐E(𝑡),

grad(𝑤h
c (𝑥, 𝑡)) = 𝐵T

𝑐
(𝑥) 𝑤E,𝑐(𝑡),

grad(𝜇̂h(𝑥, 𝑡)) = 𝐵T
𝜇
(𝑥) 𝜇̂E(𝑡),

grad(𝑤h
𝜇(𝑥, 𝑡)) = 𝐵T

𝜇
(𝑥) 𝑤E,𝜇(𝑡),

grad(𝑢h(𝑥, 𝑡)) = 𝐵T
𝑢
(𝑥) 𝑢E(𝑡),

grad(𝑤h
𝑢(𝑥, 𝑡)) = 𝐵T

𝑢
(𝑥)𝑤E,𝑢(𝑡).

(4.20)

The discretized stresses and strains in each element are denoted as 𝜎
and 𝜀 and the trace of the stresses as tr (𝜎) = 𝐼T𝜎, where 𝐼 is the identity
tensor in Voigt-Mandel notation. The discretized mobility, its derivative,
as well as derivatives of the chemical part of the free energy density are
denoted as

𝑚 = 𝐷𝑁T
𝑐 𝑐E(1 −𝑁T

𝑐 𝑐E)
𝑅𝜃

,

𝑚c = 𝐷(1 − 2𝑁T
𝑐 𝑐E)

𝑅𝜃
,

𝑓c = 1
𝑅𝜃𝑐max

𝜕𝜓c

𝜕𝑐H

⃒⃒⃒⃒
𝑁T

𝑐 𝑐E

,

𝑓cc = 1
𝑅𝜃𝑐max

𝜕2𝜓c

𝜕𝑐2
H

⃒⃒⃒⃒
𝑁T

𝑐
𝑐E

.

(4.21)
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Inserting the discretized degrees of freedom into Eq. (4.16) results in the
element residuals

𝑅E,c =
∫︁

ΩE

(︁
−𝑁𝜇𝑁

T
𝜇𝜇̂E + 𝜆c𝐵𝑐

𝐵T
𝑐
𝑐E − 𝜂H𝜈0

𝑅𝜃
𝑁𝜇𝐼

T𝜎 +𝑁𝜇𝑓c

)︁
d𝑉E,

𝑅E,𝜇 =
∫︁

ΩE

⎛⎝𝑁 𝑐

(︁
𝑁T

𝑐 𝑐E −𝑁T
𝑐 𝑐

𝑛
E

)︁
Δ𝑡 +𝑚𝐵

𝜇
𝐵T

𝜇
𝜇̂E

⎞⎠ d𝑉E,

𝑅E,u =
∫︁

ΩE

(︁
𝐵

𝑢

𝜎

𝐸

)︁
d𝑉E,

(4.22)

where we have omitted the test functions, as the residuals have to hold
for all test functions. The integrals are computed using gauß quadrature.
The element residuals are evaluated for all elements and gathered in the
residual vector of the system. To compute the increment (·)𝑛+1 for each
nodal degree of freedom, ABAQUS uses Newton’s method.
To compute the Newton update, the derivatives of the element residuals
with respect to the nodal degrees of freedom are required. These are
collected in an element tangent matrix denoted as

𝐾E =

⎡⎢⎢⎣
𝐾E,uu 𝐾E,u𝜇

𝐾E,uc
𝐾E,𝜇u 𝐾E,𝜇𝜇

𝐾E,𝜇c
𝐾E,cu 𝐾E,c𝜇

𝐾E,cc

⎤⎥⎥⎦ . (4.23)
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Due to the way ABAQUS handles the Newton update (Smith, 2009;
Chester et al., 2015), the residuals are multiplied by −1 before differenti-
ation. The non-vanishing entries are given by

𝐾E,uu =
∫︁

ΩE

(︂
𝐵

𝑢

𝜕𝜎

𝜕𝜀
𝐵T

𝑢
d
)︂
𝑉E,

𝐾E,uc =
∫︁

ΩE

(︂
𝐵

𝑢

𝜕𝜎

𝜕𝑐H
𝑁T

𝑐 d
)︂
𝑉E,

𝐾E,𝜇c =
∫︁

ΩE

(︂
1

Δ𝑡𝑁 𝑐𝑁
T
𝑐 +𝐵

𝜇
𝐵T

𝜇
𝜇E𝑚c

)︂
d𝑉E, (4.24)

𝐾E,𝜇𝜇
=
∫︁

ΩE

(︁
𝑚𝐵

𝜇
𝐵T

𝜇

)︁
d𝑉E,

𝐾E,cu =
∫︁

ΩE

(︂
−𝜂H𝜈0

𝑅𝜃
𝑁 𝑐𝐼

T 𝜕𝜎

𝜕𝜀
𝐵T

𝑢

)︂
d𝑉E,

𝐾E,c𝜇
=
∫︁

ΩE

(︁
−𝑁𝜇𝑁

T
𝜇

)︁
d𝑉E,

𝐾E,cc =
∫︁

ΩE

(︂
𝑁 𝑐𝑁

T
𝑐 𝑓cc + 𝜆c𝐵𝑐

𝐵T
𝑐

− 𝜂H𝜈0

𝑅𝜃
𝑁 𝑐𝐼

T 𝜕𝜎

𝜕𝑐H
𝑁T

𝑐

)︂
d𝑉E.

The algorithmic tangent for an isotropic von Mises elasto-plastic mate-
rial, i.e. 𝜕𝜎/𝜕𝜀, has been summarized and discussed in detail in Simo
and Hughes (1998) and is not repeated here. The change in stress due to
a variation in hydrogen concentration is 𝜕𝜎/𝜕𝑐H = −𝜂H𝐶 𝐼 , where the
stiffness matrix in Voigt-Mandel notation is 𝐶.

4.4 Analytical results

4.4.1 General approach

In this section we study the proposed thermodynamic model analyti-
cally, i.e. without numerical simulations. To this end, we investigate the
chemical potential 𝜇 resulting from the free energy density presented
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4 Hydrogen diffusion in thin film, phase-separating metals

in Eq. (4.1), neglecting the interfacial contribution 𝜓i. This implies,
that we can not investigate a two-phase equilibrium of 𝛼- and hydride-
phase. However, this gives us the possibility to compute both critical
concentrations of hydride formation and critical temperatures for the
suppression of hydride formation. The additional assumptions are (Dyck
et al., 2024b;a):

• both chemical strains 𝜀c and plastic strains 𝜀p are considered to be
non-vanishing,

• the concentration and all other fields are assumed to be homogeneous
and

• the concentration is assumed to be monotonically increasing, i.e. only
hydrogen loading is investigated.

Under these assumptions, the chemical potential and stress tensor are
(Dyck et al., 2024b;a)

𝜇 = 𝜕𝜓

𝜕𝑐H

1
𝑐max

= 𝜇0 +𝑅𝜃ln
(︂

𝑐H

𝑟 − 𝑐H

)︂
− 𝐸HH𝑐H − 𝜂H𝜈0tr (𝜎) ,

𝜎 = 𝜕𝜓

𝜕𝜀
= C [𝜀 − 𝜀c − 𝜀p] .

(4.25)

The analytic investigation relies on the fact, that the stress tensor 𝜎 can
be analytically given as a function of hydrogen concentration 𝑐H in con-
strained metal hydrogen systems, both for purely elastic deformations,
c.f. Dyck et al. (2024b), and for elasto-plastic deformations, c.f. Dyck
et al. (2024a). The considered constraint conditions are summarized in
Fig. 4.2 for a free system (0D constraint) as well as systems with 1D,
2D and 3D constraints. We want to point out, that the 2D constraint
depicted in Fig. 4.2 c) is equivalent to the condition of a thin film adhered
to a rigid substrate (Dyck et al., 2024a). For the varying constraints the
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total strain tensors are (in Voigt-Mandel Notation)

𝜀0D =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜂H𝑐H

𝜂H𝑐H

𝜂H𝑐H

0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, 𝜀1D =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
𝜀1D

22
𝜀1D

33
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, 𝜀2D =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
𝜀2D

33
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (4.26)

while 𝜀3D = 0. For a given concentration 𝑐H, the chemical strain is
known as 𝜀c = 𝜂H𝑐H𝐼 . The last thing to note is the fact, that in any di-
rection, in which the system can expand freely, the stresses vanish (Dyck
et al., 2024b). This implies, that the stress tensors for each constraint
condition have the form

𝜎1D =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜎1D
11
0
0
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, 𝜎2D =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜎2D
11
𝜎2D

22
0
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, 𝜎3D =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜎3D
11
𝜎3D

22
𝜎3D

33
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
(4.27)

while 𝜎0D = 0. This implies, that the unconstrained system is stress
free. Now the unknown, non-vanishing total strains 𝜀1D

22 , 𝜀
1D
33 and 𝜀2D

33
can be computed by inserting the strain states of Eq. (4.26) into Eq. (4.25)
(2) and solving for the unknown strain components, such that the stress
states given in Eq. (4.27) result.
In case the metal deforms elasto-plastically, the plastic strains 𝜀p and the
equivalent plastic strain 𝜀eq have to be computed prior to the determina-
tion of the unknown total strains. For this, the radial return method for
an isotropic elasto-plastic von Mises theory is used (Simo and Hughes,
1998). The process is as follows (c.f. the supplemental material of Dyck
et al. (2024a)):
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4 Hydrogen diffusion in thin film, phase-separating metals

1) An elastic trial stress state 𝜎TR is computed by assuming vanishing
plastic strains as outlined above.

2) If the resulting stress state is below the yield stress 𝜎F(𝜀eq) no plastic
correction is necessary. If

√︀
3/2‖P2

[︀
𝜎Tr]︀‖ > 𝜎F(𝜀eq) a plastic correc-

tion is necessary.

3) The equivalent plastic strain and the plastic strain are computed as a
function of an increment Δ𝛾 of the consistency parameter by

Δ𝜀pe =
√︂

2
3Δ𝛾, Δ𝜀p = Δ𝛾𝑁 , 𝑁 = 𝜎′

‖𝜎′‖
.

4) The stress state 𝜎(𝑐H,Δ𝛾, 𝜀𝑖𝑗), where 𝜀𝑖𝑗 denotes the unknown total
strains, is computed by inserting the result of step 3) in Eq. (4.25) (2).

5) The stress state computed in step 4) is, together with the equivalent
plastic strain of step 3), inserted into 𝜙(𝑐H,Δ𝛾, 𝜀𝑖𝑗) = 0, which is
solved for Δ𝛾. A semi-analytical expression Δ𝛾 = Δ𝛾(𝑐H, 𝜀𝑖𝑗) as a
function of the unknown strain components 𝜀𝑖𝑗 and the concentration
𝑐H results.

6) Using the result of step 4), the unknown strain components are
determined such that the stress free conditions in the unconstrained
directions outlined above hold. Using these results, the stress state
𝜎(𝑐H) is specified for any concentration surpassing the yield stress.

This solution scheme can be solved semi-analytically by relying on the
Computer-Algebra-System MAPLE.
For the known stress state 𝜎(𝑐H), the chemical potential 𝜇 is an ana-
lytic function of the hydrogen concentration 𝑐H. The phase-separation
behavior of the specific metal-hydrogen system under consideration is
most easily investigated by studying the monotonicity of the chemical
potential (Dyck et al., 2024b;a). The monotony can be investigated by
differentiating with respect to the concentration and studying the sign
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4.4 Analytical results

Figure 4.2: Metal-hydrogen systems with different constraint conditions. The grey frames
visually indicate the directions of the constraint condition. Expansion of the sample cube
is a) possible in all directions (0D constraint), b) suppressed in 𝑒𝑥-direction, c) suppressed
in 𝑒𝑥- and 𝑒𝑦-direction, and d) entirely suppressed by placing the cube in a rigid shell. The
2D constraint condition is equivalent to the 2D elastic constraint of an adhered thin film
with thickness much smaller than the lateral dimensions. In this case, the lateral expansion
is suppressed by the film’s adherence to a rigid substrate, and the film can only expand in
𝑒𝑧-direction (Laudahn et al., 1999). Figure based on Figure 2 from Dyck et al. (2024a).

of the resulting function. The differentiation results in

𝑐max
𝜕2𝜓

𝜕𝑐2
H

= 𝜕𝜇

𝜕𝑐H
= 𝑅𝜃𝑟

𝑟𝑐H − 𝑐2
H

− 𝜈0𝜂H𝑡− 𝐸HH, (4.28)

where

𝑡 = 𝜕tr (𝜎)
𝜕𝑐H

. (4.29)

Thus, for given temperature 𝜃 and hydrogen interaction strength 𝐸HH,
the resulting stresses either suppress or allow hydride formation to
occur. As long as there exists a critical composition 𝑐sp

H ∈ [0, 𝑟], for which

𝜕𝜇H

𝜕𝑐H

⃒⃒⃒⃒
𝑐sp

H

= 0 (4.30)
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holds, phase separation is possible. Additionally, by rearranging
Eq. (4.28), a critical temperature 𝜃crit can be determined, above which
no phase separation is possible for given 𝐸HH and 𝑡 (Dyck et al., 2024b).
In the following two subsections, we will use the proposed method to
study hydride formation and its suppression in both the Pd-H and Nb-H
system.

4.4.2 Palladium-Hydrogen system5

The material parameters considered in this subsection for the Pd-H
system are summarized in Tab. 4.1. Pd thin films usually grow epitaxially

𝜃 𝜈0 𝑟 𝐸HH 𝜂H
300 K 8.94 × 10−6 m3/mol 0.62 36.8 kJ/mol 0.063

𝐶11 𝐶12 𝐶44
244 GPa 173 GPa 71.6 GPa

Table 4.1: Model parameters used in this subsection. All parameters are taken from Dyck
et al. (2024b).

with [111] texture. We here consider a Pd cubic single crystal with its
[111] direction parallel to the 𝑒z-axis of the sample coordinate system,

5 Subsection 4.4.2 is based on the publication "Phase transformation in the palladium
hydrogen system: Effects of boundary conditions on phase stabilities" (Dyck et al.,
2024b).
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c.f. Fig. 4.2. The stiffness in Voigt-Mandel notation is

C = 𝑄 ⋆ C0=̂

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

270 158 142 −31 0 0
158 270 142 31 0 0
142 142 285 0 0 0
−31 31 0 82 0 0

0 0 0 0 82 −43
0 0 0 0 −43 112

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
GPa,

where 𝑄 is the rotation matrix rotating the [111] to the [001] plane. We
assume no plastic deformations, i.e. a purely elastically deforming Pd
film, and compute stress states using the scheme outlined above as

𝜎1D =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

−10
0
0
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
𝑐H GPa, 𝜎2D =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

−18
−18

0
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
𝑐H GPa and

𝜎3D =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

−36
−36
−36

0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
𝑐H GPa.

(4.31)

The stresses of the constrained Pd-H system will strongly affect the
stabilities of the solid solution phase and the hydride phase. The mono-
tonicity of the chemical potential and thus the stability ranges of the
phases in the (𝜃, 𝑐H)-space will be determined by the relation of𝐸HH and
the stresses, which destabilize the hydride phase. This is illustrated in
Fig. 4.3 for the chemical potential of the Pd-H system with the different
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Figure 4.3: a) Chemical potential of the linear-elastic Pd-H system with different constraint
conditions as a function of the hydrogen concentration 𝑐H at 𝜃 = 300 K. For the free
system (0D constraint) and the systems with 1D and 2D constraints, at 300 K, the chemical
potential is a non-monotonous function, and hence there is a driving force for hydride
formation. For 3D constraint, on the other hand, the solid solution phase is stable in
the whole range of hydrogen concentrations. b) The derivative of the chemical potential
with respect to the hydrogen concentration 𝑐H, indicating phase-separation in the 2D
constrained system at room temperature. Figure based on Figure 2 from Dyck et al.
(2024b).

constraint conditions at 𝜃 = 300 K. As long as 𝜕𝜇/𝜕𝑐H ≤ 0, there exists
a critical temperature 𝜃crit, below which the chemical potential is a
non-monotonic function in 𝑐H. Then a thermodynamic driving force for
the formation of the hydride phase exists. This statement is equivalent
to the free energy being non-convex with respect to the concentration.
According to Fig. 4.3 b), at room temperature even in a 2D constrained
Pd-H system hydride formation is predicted. This depicts the ideal
condition of thin films. These results distinguish the Pd-H system from
the other widely studied model system of Nb-H, where the stress-impact
upon 2D constraints suppresses hydride formation at all temperatures.
This is considered in detail in the following subsection.
For the Pd-H system with a 3D constraint, 𝜃crit < 0 K and thus hy-
dride formation is suppressed at any temperature. This resembles the
result of Alefeld (1972), yielding the absence of phase transformation
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in a 3D constrained Pd-H system. We note that the calculated critical
temperature of the unconstrained Pd-H system of 686 K is larger than
the experimental value of 563 K (Peisl, 1978). This is a known issue of
the theory, see Wagner and Pundt (2016), that is often regarded for by
an artificial reduction of the parameter 𝑟. However, this result primarily
reveals the frontiers of the models describing the thermodynamics of
metal-hydrogen systems. It might be more constructive to address
possible H-concentration dependencies of the elastic and the electronic
interactions.
For 𝜃 ≤ 𝜃crit critical concentrations 𝑐sp

H result, where phase transfor-
mation is feasible from a thermodynamic point of view. The critical
concentration of the systems with 0D, 1D and 2D constraints are shown
in Fig. 4.4. Apparently, the miscibility gap areas shrink with increasing
dimensionality of the constraints.
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Figure 4.4: Two-phase field of the Pd-H system for different constraint conditions. The
spinodal miscibility gaps are plotted. With increasing dimensionality of the constraint
conditions the miscibility gaps shrink on the temperature and the concentration axes.
Figure based on Figure 4 b) from Dyck et al. (2024b). The equilibrium concentrations of
the original figure are not shown.

81



4 Hydrogen diffusion in thin film, phase-separating metals

4.4.3 Niobium-Hydrogen system6

The investigated thin film Nb-H system deforms elasto-plastically for
film thicknesses above a critical one. Below this critical film thickness,
the behavior is purely elastic, i.e. plastic deformations are suppressed.
This was shown experimentally by substrate curvature measurements,
where the thin films are loaded by gaseous hydrogen and the curvature
of the substrate is measured during hydrogen uptake. Using Stoney’s
formula (Stoney, 1909), the curvature is proportional to the in-plane
stress state of the thin film. In Hamm et al. (2015) it was shown, that a
5 nm film deforms purely elastic, while a 40 nm film shows elasto-plastic
deformations. This is shown in Fig. 4.5 a) in dots, wile fits to the mea-
surements using a linear function for the 5 nm film and a piecewise linear
function for the 40 nm film are shown as solid lines. As for the Pd-H
system, we study phase separation behavior for a 0D and 2D constrained
system. In addition, we investigate the influence of the occurrence of
elasto-plastic deformations on the phase-separation behavior. However,
in contrast to the Pd-H system, we consider an isotropic stiffness being
determined by a Young’s modulus 𝐸 and Poisson’s ratio 𝜈.
For the 2D constrained system the occurring stresses are

𝜎2D
11,e = 𝜎2D

22,e = 𝜂H𝐸

𝜈 − 1𝑐H

𝜎2D
11,p =

⎧⎨⎩𝜂H𝐸
𝜈−1 𝑐H, 𝑐H ≤ 𝑐H,

𝑚2D
p 𝑐H, 𝑐H > 𝑐H.

(4.32)

In Eq. (4.32), 𝑐H = 0.12 H/Nb is the concentration, for which the first
plastic deformations occur and 𝑚2D

p is the slope of the stresses in the

6 Subsection 4.4.3 is based on the publication "Phase transformation in the Niobium
Hydrogen system: Effects of elasto-plastic deformations on phase stability predicted by
a thermodynamic model" (Dyck et al., 2024a).
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𝜃 𝜈0 𝑟 𝐸HH 𝜂H
300 K 9.71 × 10−6 m3/mol 0.67 20.2 kJ/mol 0.058

𝐸 𝜈 𝜎F0 ℎ 𝑚2D
p

13 GPa 0.3 1365 MPa 10.7 GPa −1.1 GPa

Table 4.2: Model parameters used in this subsection. All parameters are taken from Dyck
et al. (2024a).

plastic regime, which results from the scheme outlined above. Due to the
assumed linear hardening of Nb, the stresses increase linearly with the
concentration in the plastic regime. All material parameters considered
are summarized in Tab. 4.2.
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Figure 4.5: a) Experimentally determined stresses in 5 and 40 nm thin Nb films using the
substrate curvature measurement (dotted) Hamm et al. (2015) and piecewise linear fits
to the data (solid lines), c.f. Eq. (4.32). b) Chemical potential of a linear elastic 5 nm and
an elasto-plastically 40 nm deforming Nb-H film at 𝜃 = 300 K using the model and stress
states identified. Figure based on Figures 1 c) and 3 a) from Dyck et al. (2024a).

We now proceed by investigating the chemical potential as a function of
the concentration. To this end, a temperature of 𝜃 = 300 K is chosen and
the chemical potential 𝜇 for purely elastic deformation (dotted yellow
curve), mimicking a 5 nm film, and elasto-plastic deformation (solid
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4 Hydrogen diffusion in thin film, phase-separating metals

yellow curve), mimicking a 40 nm film, are depicted in Fig. 4.5 b). The
elastically deforming Nb thin films suppress phase separation at room
temperature. This is reproduced by the derived model, as indicated
by the monotonous increase of the chemical potential with respect
to the overall hydrogen concentration in the 2D constrained system.
This shows, that occurring stresses suppress phase separation at room
temperature, in contrast to the 2D constrained Pd-H system studied in
the previous subsection. This different behavior results mainly from
the lower hydrogen-hydrogen interaction strength 𝐸HH in the Nb-H,
compared to the Pd-H system, where 𝐸HH = 36.8 kJ/mol. The stability
of the hydride-phase is governed by the interplay of the stabilizing 𝐸HH

and the destabilizing contribution of 𝜂H𝜈0tr (𝜎). However, as plastic
deformations drastically reduce occurring mechanical stresses, a 40 nm
thin film with a slope of 𝑚2D

p = −1.1 GPa shows phase separation
at room temperature. The proposed model confirms this finding, as
the related chemical potential is a non-monotonous function of the
concentration at room temperature in the 2D constrained case with
plastic deformation.
In addition to the occurrence of phase separation, the outlined model al-
lows to compute critical concentrations 𝑐sp

H as a function of temperature,
c.f. Eq. (4.30). Results of this investigation are depicted in Fig. 4.6 for
both 5 nm and 40 nm films in addition to a stress free system. Obviously,
the occurrence of plastic deformations drastically increases the critical
concentrations and the critical temperature 𝜃crit for hydride formation.
In fact, the predicted critical temperature for the 40 nm film is only
slightly lower compared to the stress free system, as occurring stresses
are strongly reduced by plastic deformations. In the case of elastically
deforming Nb with 2D constraint such as the 5 nm film, on the contrary,
the critical temperature for hydride formation is about 160 K. As a final
note it is pointed out that Eq. (4.30) is discontinuous at 𝑐H = 𝑐H, as
the slope in the stresses changes discontinuously. This implies, that for
concentrations around the onset of plastic deformations the predictions
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of the critical concentration are to be considered inaccurate, as this
behavior is obviously non-physical.
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Figure 4.6: Critical concentrations of 𝛼- and hydride-phase for both films as a function of
temperature. As the derivative of the chemical potential is non-continuous at 𝑐H = 𝑐H for
the 40 nm film, a jump is predicted in the critical concentrations. The critical temperatures
of hydride formation strongly differ for both films, enabling hydride formation at room
temperature in the plastically deforming 40 nm film, while it is suppressed in the elastically
deforming 5 nm film. Figure based on Figure 3 b) from Dyck et al. (2024a). The equilibrium
concentrations of the original figure are not shown.

For a generalization of the obtained results we investigate different
magnitudes of slopes 𝑚2D

p for each constraint in the following to study
the influence of the hardening behavior on the thermodynamics of the
system. Thereby, 𝑚2D

p is limited by a vanishing slope, i.e. no hard-
ening, and the respective elastic slope, implying 𝑚2D

p ∈
[︀
0,𝑚2D

e
]︀
. The

derivative of trace of the stress state, introduced in Eq. (4.29), can now
be computed via 𝑡2D =

∑︀
𝑖 𝑚

2D
𝑖 . To illustrate the effect of this change,

the critical temperature 𝜃crit is computed for a 0D and 2D constraint
condition for both purely elastically deforming and elasto-plastically
deforming Nb. The results are depicted in Fig. 4.7. Apparently, the
critical temperature of hydride formation changes linearly with the
plastic slope 𝑚p for 2D constrained systems. For vanishing slopes 𝑚p =
0, the critical temperature of each film coincides with an unconstrained
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system, while at maximum slope, i.e. a slope identical to the elastic
slope, the critical temperature is identical to the elastically deforming
Nb. As a final note we want to point out, that 𝜃0D

crit = 407 K differs from
the bulk value of 444 K. This is due to the parameter 𝐸HH, which differs
in miniaturized Nb-H systems from the bulk value (Wagner et al., 2019).
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Figure 4.7: Critical temperatures 𝜃crit for different constraints for elastically and elasto-
plastically deforming Nb for different slopes 𝑚p. Figure based on Figure 4 from Dyck
et al. (2024a). The results for the 1D constraint in the original figure are not shown.
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Figure 4.8: Schematic of the thin film geometry and the used coordinate system. Figure
based on Figure 2 from Dyck et al. (2025).

4.5 Numerical results for the
Niobium-Hydrogen system7

4.5.1 Simulation model

The thin Nb film adhered to a rigid substrate and exposed to gaseous
hydrogen at its top is modeled as a cuboid, c.f. Fig. 4.8, while the
dimensions 𝑙 and ℎ are summarized in Tab. 4.3. The domain is discretized
by hexahedral elements with an edge length of 2.5 nm. A resolution
study using 1.5 and 2 nm edge length has revealed no deviation in the
fields of interest, indicating a sufficient resolution. The adherence of the
thin film to the substrate is introduced by means of a clamped condition
at the bottom. In order to approximate the large in-plane extension in
comparison to the height of the thin film, i.e. ℎ ≪ 𝑙, Periodic Boundary
Conditions (PBCs) are used on the sides of the domain for 𝑐E and 𝜇̂E,
while 𝑢E is restricted by symmetry conditions. On top, mimicking the
exposure to an atmosphere with gaseous hydrogen, i.e. an open system,

7 Section 4.5 is based on section 5 of the publication "Hydride formation in open thin
film metal hydrogen systems: Cahn-Hilliard-type phase-field simulations coupled to
elasto-plastic deformations" (Dyck et al., 2025).
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a chemical potential is prescribed.
For all simulations conducted, the concentration is prescribed homoge-
neous initially and the corresponding strains, chemical potential, internal
variables and stresses are computed in an initial step. All geometric
and material parameters describing both the mechanical as well as the
chemical properties are summarized in Tab. 4.3, where most material
parameters are taken from Dyck et al. (2024a). Parameters not used
in Dyck et al. (2024a) are the diffusion constant 𝐷 and the interfacial
parameter 𝜆c. The diffusion constant is chosen arbitrarily, as the main
concern of this section is the study of an equilibrium between 𝛼- and
hydride-phase. As the equilibrium state will be identical, irrespective
of the chosen diffusion constant, this is suitable (Di Leo et al., 2014;
Miehe et al., 2014). The interface parameter 𝜆c, specifying the width
of the phase-separating interface, is chosen such that the used element
size of 2.5 nm is at least five times smaller than the interface width, c.f.
Cahn and Hilliard (1958), Di Leo et al. (2014) and Castelli et al. (2021) for
details.

Symbol Value Symbol Value
𝑙 200 nm ℎ 40 nm
𝐸 132 GPa 𝜈 0.3
𝜎F0 1365 MPa 𝛾 10.7 GPa
𝑅 8.314 J/mol/K 𝜃 300 K

𝜈0 = 1/𝑐max 9.713 × 103 mm3/mol 𝜇0 −15.2 kJ/mol
𝜂 0.058 𝐸HH 20.2 kJ/mol
𝜆c 1 × 10−5 mm 𝑟 0.67

Table 4.3: Geometrical, mechanical and chemical parameters. Table based on Table 1 from
Dyck et al. (2025).
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4.5.2 Homogeneous boundary conditions

We start by investigating model predictions for a homogeneous bound-
ary chemical potential 𝜇̄, resembling an open system exposed to gaseous
hydrogen with constant and homogeneous partial pressure 𝑝H2 at the
top surface of the film. We compare simulation results to the presented
analytic considerations on the elasto-plastically deforming Nb-H system,
c.f. Sec. 4.4, in order to verify the implementation presented in Sec. 4.3.
In an adhered thin film loaded with hydrogen, the in-plane stress state
can be computed analytically as a function of 𝑐H for elastic and elasto-
plastic deformations, as long as the concentration is homogeneous. For
an elastic film no phase separation is present at room temperature, as
the large compressive stresses suppress hydride formation and 𝜇 is
monotonically increasing in 𝑐H. However, in the elasto-plastic case, the
chemical potential is non-monotonic due to the lower stresses. As soon
as the coherency strain energy barrier of Schwarz and Khachaturyan
(1995) and Schwarz and Khachaturyan (2006) is surpassed, i.e. 𝑐H >

𝑐sp
𝛼 ≈ 0.17 H/Nb (Dyck et al., 2024a), the system will transform into the

hydride-phase and take up hydrogen until it has fully transformed. As
soon as 𝑐H > 𝑐sp

𝛼 the film takes up hydrogen until hydride has formed
everywhere, which results in a flat plateau in the 𝜇, 𝑐H-diagram.
Both an elastically deforming as well as an elasto-plastically deforming
film are simulated using the model and implementation outlined. The
initial concentration is chosen to be 0.05 H/Nb at 𝑡 = 𝑡0, as the focus
is on the onset of hydride formation. Subsequently, the boundary
chemical potential is increased stepwise, mimicking a stepwise increase
in 𝑝H2, and held constant until an equilibrium between hydrogen in
the thin film and the gaseous hydrogen has been reached, i.e. 𝜇 is
homogeneous in the entire film. For this, the boundary condition is
prescribed homogeneously on all nodes on top of the simulation domain.
Results of Finite Element simulations are shown in Fig 4.9 in comparison
with model predictions, where the numerical results are shown as black
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dots and dashed lines. Equilibrium configurations, i.e. simulation
results with a homogeneous chemical potential and a homogeneous
hydrogen concentration in the entire film, are denoted by dots. These
are connected through non-equilibrium states indicated by dashed lines.
Some important time steps in the simulation for 𝑡 > 𝑡0 are marked
separately as discussed below for both the elastic and the elasto-plastic
films. Until the onset of plastic deformation, both models result in the
same 𝜇, 𝑐H-curve. Only after the onset of plastic deformation at 𝑡 = 𝑡7,
where the concentration induced stresses surpass the yield limit, the
curves separate.
The elastically deforming film does not show phase separation. Instead
the 𝛼-phase takes up large amounts of hydrogen without forming the
hydride, even for large hydrogen pressures, c.f. the time steps 𝑡10 and
following denoted in blue in Fig. 4.9 a). In order to increase the absorbed
amount of interstitial hydrogen within the 𝛼-phase, a large increase in
the partial pressure of gaseous hydrogen is necessary, c.f. the increase in
the boundary value from 𝑡7 to 𝑡25 (blue). As a final remark concerning
the purely elastic situation we want to point out, that the Finite Element
result is identical to the analytical model prediction.
In contrast, the elasto-plastically deforming film forms a hydride-phase
as soon as the increasing hydrogen gas pressure leads to a concentration
𝑐H > 𝑐sp

𝛼 at 𝑡 > 𝑡13. This will happen at the film surface first, since
the increasing chemical potential is applied at the surface in the model.
Hence, the film transforms into the hydride-phase at the entire top
surface, due to the chosen homogeneous boundary condition. However,
during 𝑡13 < 𝑡 < 𝑡14 the film is not in thermodynamic equilibrium
and the hydride continues to grow all the way down to the substrate,
where growth occurs solely in 𝑒𝑧 direction. Thus the thin film takes up
hydrogen at a constant chemical potential until it is fully transformed
into the hydride phase, which can be seen by the horizontal dashed
line in Fig. 4.9 connecting 𝑡13 and 𝑡14 (orange). This is a direct conse-
quence of the elastic energy barrier resulting from the coherent phase
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interfaces according to the theory of Schwarz and Khachaturyan (1995)
and Schwarz et al. (2020). Once the entire film has transformed, the
chemical potential 𝜇 resulting from the Finite Element simulation again
follows the analytic model of Sec. 4.4, c.f. the time steps in orange in
Fig. 4.9 a). To more clearly outline the hydride formation, Fig. 4.9 b)
shows non-equilibrium time steps of the phase boundary between the
hydride- and 𝛼-phase in the range 𝑡13 < 𝑡 < 𝑡14. As the formation of
hydride is initiated on the entire top surface, the only growth mode is in
𝑒𝑧-direction. With increasing time, the phase boundary grows towards
the substrate interface, while the thin film takes up hydrogen at the
given constant boundary chemical potential, i.e. a constant hydrogen
gas pressure 𝑝H2. At 𝑡 = 𝑡14 the system is in equilibrium, i.e. the chemical
potential is homogeneous, and has formed hydride entirely.
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Figure 4.9: a) Evolution of the total hydrogen concentration for a stepwise increasing
homogeneous chemical potential. Both a linear elastic and an elasto-plastic material
behavior are studied. The results of an analytic consideration presented in the previous
section are shown in color, while the numerical results are shown in black. The dots mark
time steps with prescribed chemical potential at equilibrium, while the dotted lines are
the non-equilibrium states. Some simulation times are marked with the respective step
number as discussed in the text. b) Propagation of the phase boundary between the 𝛼-
and hydride-phase for 𝑡13 < 𝑡 < 𝑡14. The hydride-phase grows in 𝑒𝑧-direction starting at
the top. All lines shown are non-equilibrium states. As soon as 𝑡 ≥ 𝑡14 the entire system
has formed the hydride. Figure based on Figure 3 from Dyck et al. (2025).
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4.5.3 Fluctuating boundary conditions

We now impose a fluctuating boundary condition 𝜇̄, i.e. an artificially
fluctuating hydrogen gas pressure 𝑝H2 on the top of the thin film, in
order to study equilibrium concentrations, stress states, height changes
of the thin film and hydride geometries during coexistence of 𝛼- and
hydride-phase, observed in experiments presented in Burlaka et al.
(2017), Burlaka et al. (2016) and Wagner et al. (2019). In order to do this,
a homogeneous initial concentration of 0.13 H/Nb is applied. As this
simulation is computationally more demanding and the initial steps are
identical to the results shown above, this larger concentration value is
chosen. Again, by prescribing a boundary value of the chemical potential
we initiate hydride formation. Instead of prescribing a homogeneous
boundary condition as in the discussion before, we use a locally fluc-
tuating value. This only locally leads to concentrations surpassing the
coherency strain energy barrier, while at other positions in the simulation
domain this energy barrier is not surpassed. Thus, hydride precipitates
form locally within the 𝛼-phase and their nucleation and growth is
subsequently studied.
The fluctuating boundary value is chosen in 𝜇̄ ∈ [−5.1,−3.9] kJ/mol and
applied during 𝑡0 < 𝑡 ≤ 𝑡1. As soon as locally a hydride precipitate forms
in the simulation domain, 𝜇̄ = −4.9 kJ/mol is applied and held constant,
until an equilibrium is reached in the entire film at 𝑡 = 𝑡2. Subsequently,
𝜇̄ is increased stepwise by 0.1 kJ/mol during 𝑡 ∈ [𝑡3, 𝑡4, 𝑡5, 𝑡6] and the
growth of the precipitate as well as equilibrium concentrations are
investigated further. All equilibrium states are depicted in Fig. 4.10 a)
and connected by a dashed line, denoting the non-equilibrium states. In
Fig. 4.10 b), the volume averaged concentration ⟨𝑐H⟩ in H/Nb is shown
during this simulation, while in Fig. 4.10 c) - f) the resulting concentration
field is shown for several time steps. In the equilibrium state at 𝑡 = 𝑡2,
part of the thin film has transformed to the hydride-phase, c.f. Fig. 4.10
d).
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Figure 4.10: a) 𝜇(𝑐H) predicted by the analytical model of Sec. 4.4 is shown in orange. Finite
Element results averaged over the simulation domain are shown in black. At 𝑡 = 𝑡0 the
simulation is initiated in a homogeneous state. A fluctuating 𝜇̄ is applied on top of the film
and held until, at 𝑡 = 𝑡1, hydride has formed. Subsequently 𝜇̄ is applied homogeneously
until an equilibrium is reached at 𝑡 = 𝑡2. From then on, 𝜇̄ is increased stepwise for
𝑡 > 𝑡2 and the resulting equilibrium states are depicted by dots. b) The volume averaged
hydrogen concentration ⟨𝑐H⟩ in the film for increasing time. c) - f) Simulation results
for the concentration 𝑐H at several time steps. A cut through the simulation domain at
𝑥 = 50 nm in the 𝑒𝑦-𝑒𝑧-plane is depicted. c) 𝑐H at 𝑡 = 𝑡1. d) 𝑐H at 𝑡 = 𝑡2. e) 𝑐H at 𝑡 = 𝑡3.
f) 𝑐H at 𝑡 = 𝑡4. Figure based on Figure 4 from Dyck et al. (2025).
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4 Hydrogen diffusion in thin film, phase-separating metals

Subsequent increases in 𝜇̄ lead to an uptake of hydrogen, a growth of
the precipitate and equilibrium states at 𝑡 = 𝑡3 and 𝑡 = 𝑡4, where both
phases coexist, because the energy barrier has not yet been overcome
in the entire film, see also Fig 4.10 e) and f). Accordingly, a subsequent
increase in 𝜇̄ from 𝑡4 to 𝑡5 leads to hydride-phase formation in the entire
film, visible by the sharp increase in ⟨𝑐H⟩ during 𝑡4 < 𝑡 ≤ 𝑡5 shown in
Fig. 4.10 b). After the entire film has formed hydride, i.e. for 𝑡 > 𝑡5, a
small increase in 𝜇̄ leads only to a slight increase in ⟨𝑐H⟩, as expected
when considering the analytic model. Again, as in the discussion above,
the Finite Element results are in good agreement with the analytical
model prediction. A slight deviation is due to heterogeneous stress and
plastic strain distribution, which will be discussed in Fig. 4.11 b) - d).
In order to reveal the effects of interface stresses and plastic strains on the
phase transformation we proceed by studying the coexistence state of 𝛼-
and hydride-phase in the model with fluctuating chemical potential in
more detail, c.f. Fig. 4.11 a) - d). Shown are the concentration 𝑐H, normal
stress components 𝜎11 and 𝜎33 in addition to the equivalent plastic strain
𝜀eq along a vertical path, i.e. along the 𝑒𝑧-axis, for the equilibrium states
𝑡2, 𝑡3, 𝑡4 and 𝑡5. The in-plane stress 𝜎22 is not shown, as it is, due to the
isotropic stiffness tensor, identical to 𝜎11. In addition, black dotted lines
are shown, in order to indicate the interface of 𝛼- and hydride-phase to
analyze the stress states depicted in Fig. 4.11 b) - c). The interface position
is determined by averaging the maximum and minimum concentration
along the path and choosing the 𝑧-coordinate, where 𝑐H exceeds this
value. For 𝑡2 and 𝑡3 the interface position coincides.
Notably, during the transformation stages, where 𝛼- and hydride-phase
coexist, the equilibrium concentrations in both phases differ from their
theoretical values predicted in Dyck et al. (2024a), c.f. Fig. 4.11 a). This
results from the strongly heterogeneous stress state and corresponding
stress gradients, c.f. Fig. 4.11 b) - c), when crossing the phase interface in
the coexistence of 𝛼- and hydride-phase. Within the 𝛼-phase, i.e. close
to the film-substrate interface below the hydride growing from the top,
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Figure 4.11: Concentration, stress profiles and equivalent plastic strain along a path in
𝑒𝑧 direction. The simulation time increases from 𝑡2 to 𝑡5. The phase boundary between
hydride and 𝛼-phase is indicated by the dotted black line. a) Conentration along the path.
b) In-plane stress component 𝜎11 along the path. 𝜎22 is similar due to the assumed isotropic
stiffness tensor. c) Out-of-plane stress component 𝜎33 along the path. d) Equivalent plastic
strain 𝜀eq along the path. Figure based on Figure 5 from Dyck et al. (2025).

the in-plane stresses 𝜎11 and 𝜎22 are homogeneous and the out-of-plane
stresses 𝜎33 vanish, as is to be expected for a single phase field in a
2D constrained system. However, in the vicinity of the phase interface
this drastically changes. As there is a large concentration step between
the hydride-phase and the 𝛼-phase and the phase interface is coherent,
the stresses increase gradually and significantly in magnitude when
crossing the phase-interface. This is due to the fact, that the hydride can
not expand in-plane, as it is surrounded by 𝛼-phase, c.f. Fig. 4.12 b), and
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4 Hydrogen diffusion in thin film, phase-separating metals

its out-of-plane expansion is hindered as well by the adjacent 𝛼-phase,
yielding additional in-plane stress contributions due to Poisson’s effect.
Hence, increasingly compressive in-plane stresses result when crossing
the phase interface in direction from the 𝛼-phase to the hydride-phase.
Only at the free boundary, i.e. close to 𝑧 = 40 nm, the hydride expands
not only vertically but also in-plane, as it is not surrounded by 𝛼-phase.
This leads to decreasing in-plane stresses 𝜎11 and 𝜎22 at the top of the
film. Consequently, the out-of-plane stresses 𝜎33 are also markedly
heterogeneous in the vicinity of the phase interface. At the stress free top
of the thin film they vanish, while they vary significantly when crossing
the phase interface.
In vertical direction the hydride-phase imposes tensile stress in the
𝛼-phase, while the 𝛼-phase imposes compressive stress in the hydride
due to the different local hydrogen concentrations and the resulting
different lattice expansions. Remarkably, the stress gradients resulting at
the phase interfaces in Fig. 4.11 b) - c) impose a feedback-loop to the local
hydrogen concentrations in the vicinity of the phase interface, where the
local hydrogen concentrations differ from the equilibrium concentrations
within the phases. Hence, coupled stress and concentration gradients
result at the phase interfaces, leading to the minimization of the total
strain energy of the system. According to Fig. 4.11 a), the concentration
gradients extend up to 5 nm in both directions in the vicinity of the phase
interface, with increased concentration in the 𝛼-phase and depleted
hydrogen concentration in the hydride-phase. We note, that this value
of 5 nm is also a result of the choice of 𝜆c = 1 × 10−5 mm.
The evolution of these heterogeneous stress and concentration fields can
be easily followed by comparing the numerical results of 𝑡2, 𝑡3 and 𝑡4,
which all show qualitatively similar behavior but at different positions
in the film height, due to the moving interface, see Fig. 4.11 a) - d).
At 𝑡 = 𝑡5 the entire film has transformed into the hydride-phase and
the phase interface has vanished. As mentioned above, the resulting
concentrations and stresses are still not fully homogeneous, due to the
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4.5 Numerical results for the Niobium-Hydrogen system

heterogeneity in the equivalent plastic strains 𝜀eq in previous simulation
steps, c.f. Fig. 4.11 d). This heterogeneity arises due to the heteroge-
neous hydrogen concentration and the interface between the 𝛼- and the
hydride-phase. It explains, why the results averaged for the entire film
do not match the analytic predictions discussed in Fig. 4.10 a). Ultimately
this heterogeneous distribution is a result of the fluctuating chemical
potential applied on top of the simulation domain. A final remark for
these results concerns the tensile stress 𝜎33 at 𝑧 = 0 nm for 𝑡 = 𝑡5, c.f.
Fig. 4.11 c). This results from the heterogeneous distribution of plastic
strains within the thin film, c.f. Fig. 4.11 d), and does not occur in the
simulations presented in Fig. 4.9, where all fields are homogeneous. This
tensile out-of-plane stress is only one-third of the in-plane stresses, but
clearly affects the equilibrium concentration in the hydride-phase, which
is larger at the bottom, c.f. Fig. 4.11 a).
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Figure 4.12: Concentration isolines 𝑐H = 0.5 H/Nb in equilibrium states 𝑡 ∈ [𝑡2, 𝑡3, 𝑡4]. In
addition, a non-equilibrium state 𝑡4 < 𝑡 < 𝑡5 is shown dotted. a) View from top. A dotted
black line is included to show the position of a vertical cut at 𝑦 = 60 nm through the film,
shown in b). Figure based on Figure 6 from Dyck et al. (2025).

We now proceed by studying the geometries of hydride precipitates
surrounded by 𝛼-phase and their growth due to increasing 𝑝H2. Results
in the form of concentration isolines 𝑐H = 0.5 H/Nb are depicted in
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Fig. 4.12 when viewed from above (a) and for a vertical cut (b). The
resulting surface displacement of the film in 𝑒𝑧-direction is shown in
Fig. 4.13 b). In Fig. 4.12 the 𝑦-position for the vertical cut is indicated in
a) by a dotted black line. Again, the equilibrium states 𝑡2, 𝑡3 and 𝑡4 are
shown. In addition, the dotted violet line shows a non-equilibrium state
𝑡4 < 𝑡 < 𝑡5. This allows us to discuss the evolution of the precipitate
geometry before the entire film has transformed into the hydride-phase.
Initially, at 𝑡 = 𝑡2, a non-circular hydride precipitate has formed close
to the film surface, emerging from two adjacent circular hydride nuclei.
With increasing 𝑝H2 this irregular shape grows and becomes circular
at 𝑡3 and 𝑡4. In our interpretation this is due to the in-plane stress
state, that favors circular precipitate shapes. The hydride geometry
shown in Fig. 4.12 a) for 𝑡 ∈ [𝑡2, 𝑡3, 𝑡4] closely resemble the experimentally
determined geometries with radii up to 40 nm. Both small regions with
irregular shapes, as well as larger regions with circular shapes have been
reported to form in the same film (Burlaka et al., 2016). As the simulation
domain is limited in space for computational reasons, we do not see
these shapes at the same equilibrium steps, but throughout several
equilibrium steps. The experimentally determined range of radii of the
precipitates resembles the radius of the precipitate shown in Fig. 4.12 a)
and its evolution with 𝑝H2. However, in contrast to results presented
in Nörthemann and Pundt (2008), the precipitates do not grow straight
to the bottom of the film-substrate interface in a cylindrical shape.
Instead, before the hydride-phase grows all the way to the substrate in
our simulations, the entire surface of the film has transformed to the
hydride-phase. This is indicated by the non-equilibrium state shown as
dotted line in both Fig. 4.12 a) and b). In our interpretation, this deviation
of the simulation results and the experimental observations results from
the coherent film-substrate interface in our simulations. Even though, as
mentioned above, the plasticity parameters are determined by means of
a semicoherent film-substrate interface, the coherency in our simulations
introduces additional compressive in-plane stresses at the film-substrate
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4.6 Numerical results for the Niobium-Hydrogen system

interface, which prevent the growth of the precipitates towards the
substrate, before the entire top of the simulated film has formed the
hydride-phase.
Finally, in Fig. 4.13, we compare the simulated changes in height to
experimentally determined values. Both the maximum displacement
𝑢max

3 in 𝑒𝑧-direction of the top (dotted line, right axis), as well as the
difference Δ𝑢3 = 𝑢max

3 − 𝑢min
3 between the maximum and minimum

displacement (solid line, left axis) are shown in Fig. 4.13 a). To make
this difference Δ𝑢3 more clear, the 𝑢3 displacement in 𝑒𝑧-direction is
depicted in Fig. 4.13 b) for 𝑡 ∈ [𝑡2, 𝑡3, 𝑡4, 𝑡5]. With time, the maximum
displacement increases, especially when the entire film forms hydride
in the range 𝑡4 < 𝑡 < 𝑡5, in close analogy to the uptake of hydrogen
shown in Fig. 4.10 b). The maximum displacement 𝑢max

3 observed in our
simulation is slightly below the maximum observed in the experiments,
which is at 4.6 nm, c.f. Nörthemann and Pundt (2008). As dislocation
steps and semicoherent interfaces were both not explicitly considered in
our model but observed in Nörthemann and Pundt (2008), this model
prediction is in pretty good agreement to the experimental results.
Concerning Δ𝑢3, i.e. the difference in 𝑢3 displacement between 𝛼-
and hydride-phase, the simulated results are in a similar range as
the observed ones. The growth of the precipitates discussed above
proceeds first in-plane and only later down to the substrate interface,
thus the difference in height between 𝛼- and hydride-phase is not as
pronounced as in the experiments, where, on average, a difference of
2.2 nm was observed. This is in agreement with the considerations
presented in Nörthemann and Pundt (2008), where it was shown, that
only cylindrical precipitates can reproduce the experimentally observed
height differences. However, as we do not incorporate stress relaxation at
the interface between substrate and Nb film, these can not be reproduced
by our phase-field model.
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Figure 4.13: a) Maximum displacement (dotted line, right axis) 𝑢max
3 in 𝑒𝑧-direction and

difference between maximum and minimum displacement (solid line, left axis) Δ𝑢3 on
the top of the model at 𝑧 = 𝑧max as a function of time. b) Displacement 𝑢3 in 𝑒𝑧-direction
along a path on top of the thin film for four time steps. The simulation time increases from
𝑡2 to 𝑡5. In black the displacement without hydrogen loading is shown. Figure based on
Figure 7 from Dyck et al. (2025).

4.6 Conclusion8

In the present chapter, a chemo-mechanically coupled phase-field model
is presented, in order to study phase transformation in hydride forming
thin-film open metal hydrogen systems. The open Pd-H and Nb-H
systems are utilized as a model, due to the abundance of experimental
data available. The model combines a Cahn-Hilliard-type diffusion
equation and the balance of linear momentum in a small strain set-
ting and includes both chemical and plastic deformations. The free
energy density is chosen as the thermodynamic potential and addi-
tively decomposed into a chemical part, introducing the tendency of
the metal hydrogen system to form 𝛼- and hydride-phases, an elastic
part, introducing deformations of Nb, and an interfacial contribution
introducing the system’s tendency to minimize interfaces between both

8 This section is based on section 6 of the publication "Hydride formation in open thin
film metal hydrogen systems: Cahn-Hilliard-type phase-field simulations coupled to
elasto-plastic deformations" (Dyck et al., 2025).
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phases. The chemical and the elastic part are informed by experiments.
The implementation of the model using a splitting method and the
commercial Finite Element solver ABAQUS is presented. Within the
model framework, the 𝛼-phase transforms locally into the hydride-phase
as soon as the coherency strain energy barrier, computed analytically, c.f.
Fig. 4.9, is surpassed due to increasing hydrogen concentration. As open
systems are considered, the hydrogen gas pressure is directly prescribed
as a boundary condition on the simulation domain. Both analytical
investigations as well as numerical simulations are conducted, the latter
using both a homogeneous as well as a fluctuating boundary condition
for the chemical potential. The former allows us to verify the simulation
results against analytic predictions, while the latter gives insight into the
coexistence of hydride- and 𝛼-phase.
The main results are summarized as follows:

• In the thin film Pd-H system hydride formation is possible for elasti-
cally deforming Pd. On the contrary, this is not possible in the thin
film Nb-H system, which only allows phase separation when plastic
deformations occur. This is linked to the lower stresses due to plastic
deformations.

• The numerical simulations confirm the absence of hydride formation
for purely elastic Nb-H thin films.

• The numerical simulations reproduce the analytical considerations
regarding the coherency strain energy barrier of elasto-plastic Nb-H
films and the resulting critical concentration of the 𝛼–phase dur-
ing hydrogen loading with a homogeneous boundary condition, c.f.
Fig. 4.9. In accordance with the theory of open coherent systems,
in the model with homogeneous surface chemical potential the film
entirely transforms into the hydride phase, once the elastic energy
barrier is surpassed.

• The model with locally fluctuating surface chemical potential can
be used to investigate coexistence states of 𝛼- and hydride-phase in
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open systems at a thermodynamic equilibrium, i.e. at a homoge-
neous chemical potential below the global elastic barrier at which
the entire film transforms into the hydride-phase. Coupled stress
and concentration gradients result at phase interfaces. Hence, the
local concentrations at phase interfaces differ significantly from the
analytical predictions of Sec. 4.4, where no interface between 𝛼- and
hydride-phase was considered, with increased concentration in the
𝛼-phase and reduced hydrogen concentration in the hydride-phase.
The gradients extend 5 nm into the single phase fields for the chosen
simulation domain and parameters.

• The geometries of hydride precipitates at the surface of the film match
experimental results of STM measurements on open systems, c.f.
Fig. 4.12. However, the cylindrical growth mode of the precipitates
from the film surface towards the substrate concluded in Nörthemann
and Pundt (2008) is not reproduced by the model predictions. Sup-
posedly, this is due to the assumed coherency of the film-substrate
interface in our simulations, which differs from the experimentally
observed relaxed interface of hydride-phase and substrate in the
investigated Nb-H thin films.

• The height changes during hydrogen loading measured on open sys-
tems using STM are reproduced fairly well, even though the hydride
growth modes in the simulation and in the experiments differ due to
the different coherency states of the film-substrate interface. However,
again, due to the assumed coherency of the interface, numerical values
are about 0.4 nm smaller compared to the experimental values, as the
simulated precipitates do not grow all the way to the substrate.

• The results gained for the model system of adhered Nb-H thin films
in the present work can be transferred to the thermodynamics of other
intercalating systems with constraint conditions.
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Chapter 5

Water diffusion in Polyamide 61

5.1 Introduction

In Kehrer et al. (2023), PA 6 specimens with a length 𝑙 = 83 mm, a
width 𝑤 = 10 mm and a thickness 𝑡 = 2 mm were water jet cut from
injection molded plates. Directly after molding, the specimens are
typically in a dry-as-molded (DAM) state and only take up water due
to environmental conditions. As the DAM state was not known, the
specimens were stored first in a vacuum oven and afterwards in a
desiccator to ensure a DAM state. Before relaxation testing, two PA 6
specimens were preconditioned to ATM-23/50, i.e. at a temperature
𝜃 = 23∘C and a relative humidity of 𝜑 = 50 RH%, which leads to a mass
uptake of 2.5 − 3 wt.% (Vlasveld et al., 2005). This was achieved by
placing them in a climatic chamber with an accelerated preconditioning
program for seven days. Multiple weighing confirmed an equilibrium
moisture content that did not change in the following days.
The two specimens were tested in a static relaxation experiment. To
this end, the specimens were placed in the testing chamber of a GABO
Explexor® 500 N and allowed to settle for one hour. Subsequently, a
constant strain 𝜀0 = 0.1 % was applied and held constant for six hours.

1 Chapter 5 is based on sections 1 - 4 of the publication "Modeling and FE simulation of
coupled water diffusion and viscoelasticity in relaxation tests of polyamide 6" (Dyck
et al. (2024c)).
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The testing conditions differed, as one specimen was placed in an
environmental chamber with humidity control (HC) at 𝜑 = 50 RH%,
while the other was tested in a chamber without HC at 𝜑 ≈ 35 RH%. The
unusual relaxation behavior is observed when the relaxation modulus
𝑅(𝑡), which connects the applied constant strain 𝜀0 to the stress via
𝜎(𝑡) = 𝑅(𝑡)𝜀0, is depicted over time for a duration of six hours, c.f.
Fig. 5.1. The relaxation modulus for the specimen tested with HC
decreases with increasing time as expected, c.f. Sharma et al. (2020). The
specimen tested without HC, however, shows an increasing relaxation
modulus over time which is linked to drying of the specimen due to
the deviation in ambient humidity level compared to the specimen’s
humidity content (Kehrer et al., 2023). The drying process leads to
a contraction of the specimen, which is prohibited by the constant
applied strain 𝜀0. Thus the relaxation modulus 𝑅(𝑡) increases. Multiple
weighing of the two samples confirmed the suspected drying as the
specimen tested with HC did not change it’s mass considerably, whereas
the specimen tested without HC lost 1.115 % of it’s mass relative to it’s
initial mass, c.f. Tab. 5 in Kehrer et al. (2023).
Clearly, there is a need to consider these observations in chemo-
mechanically coupled models in order to predict the diffusion-deformation
behavior of PA 6 in varying operating conditions. Numerous studies
have been conducted to this end. An excellent review is given in
Venoor et al. (2021). In the context of coupled chemo-mechanical
modeling approaches, we want to briefly mention models considering
non-constant diffusion coefficients, such as the models proposed in
Sharma et al. (2020), Sambale et al. (2021b) and Wetzel et al. (2023),
changing elastic or viscoelastic properties, c.f. Sharma et al. (2020),
Sharma and Diebels (2021) and Sambale et al. (2021a) and a varying
glass transition temperature (Broudin et al., 2015a). However, to the
best knowledge of the authors, so far no model has been proposed
to predict the experimentally observed increase in 𝑅(𝑡) during a
relaxation experiment due to drying of PA 6. In order to bridge
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this gap, the goal of this work is the derivation and application of
a chemo-mechanical continuum model that couples water diffusion in
PA 6 to viscoelastic deformations. The derivation includes a detailed
discussion of the balance equations and the constitutive theory which
considers both chemical and mechanical contributions to the free energy.
The chemical part relies on the Flory-Huggins model (Flory, 1942;

0.5 1 1.5 2

t in s #104

0

200

400

600

800

1000

1200

R
(t

)
in

M
P
a

EXP
EXP HC

Figure 5.1: Relaxation modulus over time for two relaxation experiments conducted on
PA 6 at 80∘ C. Both specimens were conditioned at a humidity level of 𝜑 = 50 %RH at
80∘C. One specimen was tested with humidity control (HC) at 𝜑 = 50 %RH, while the
other specimen was tested without HC and the ambient humidity level was 𝜑 ≈ 35 %RH.
In the first hour of the experiment, both specimens are allowed to settle at 𝜀0 = 0 %, such
that the temperature reaches an equilibrium. Subsequently, the strain is applied and held
constant for 6 h. Figure based on Figure 1 from Dyck et al. (2024c).

Huggins, 1942) for enthalpy and entropy of mixing, while the mechanical
part introduces viscoelastic strains (Sharma et al., 2020). As the
previously published approaches mentioned above require cumbersome
experimental identification of each dependency on water concentration
and result in large numbers of material parameters, our model relies
on constant parameters which significantly simplifies the presentation,
implementation and application of the model equations. However, we
clearly outline limitations of our model. We apply the model to study
drying of PA 6 specimens in an uncoupled diffusion simulation and

105



5 Water diffusion in Polyamide 6

subsequently in a chemo-mechanically coupled simulation of relaxation
experiments.
This chapter is structured as follows: In Section 5.2 the theoretical
framework of the model is presented, introducing balance laws and the
constitutive theory. In Section 5.3, a Finite-Element implementation of
the derived governing equations is presented and applied to predict
both the drying of PA 6 specimens without mechanical deformation as
well as an increasing relaxation modulus due to drying. Concluding
remarks and an outlook are given in Section 5.4.

5.2 Theory

5.2.1 Basic assumptions

In this section, we present the governing balance equations and the
constitutive theory, which we subsequently solve using Finite-Elements
in order to model the diffusion of water in polyamide. Two compo-
nents have to be considered, polyamide and water. As outlined in
Chapter 2, we rely on a reduced set of governing equations, namely the
concentration balance of the diffusing water and the balance of linear
momentum in PA 6. For the constitutive theory we rely on a balance
of internal energy of the mixture as well as an entropy balance of the
mixture. As the maximum uptake of water in PA 6 is below 10 wt.%, we
assume that contributions of water concentration to the mixture behavior
are limited to a flux of internal energy as discussed in Chapter 2. The
mixture balance of entropy relies on the Clausius-Duhem assumption for
entropy production and flux (Coleman and Gurtin, 1967) and no further
contributions from the diffusing water are introduced. The constitutive
theory follows from a single free energy for the mixture, instead of two
separate ones for each component.
As outlined in the introduction, the goal of this chapter is a compre-
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hensive presentation of the model. To this end, all further assumptions
underlying the constitutive theory are summarized below. These as-
sumptions allow us to present a relatively simple model, that relies on
few material parameters and no extra experimental work. A discussion
and comparison to previous works of these assumptions is given at the
end ob this section. The assumptions are:

• Isotropic material behavior.

• Constant material parameters with respect to water concentration.

• Absence of chemical reactions between water molecules and the PA 6
chains. As reactions are excluded, the model could also be called
diffuso-mechanical.

• Constant mass density of PA 6 denoted by 𝜌.

• Negligence of inertia effects due to the time scale of water diffusion
processes.

• Absence of volume forces.

• Purely volumetric, reversible swelling strain, being linear in the
difference between current water concentration and a reference con-
centration (Sharma et al., 2020; Sambale et al., 2021a).

• A deviatoric linear viscoelastic model and an elastic behavior in
volumetric deformations to describe the mechanical material behavior
of PA 6 (Sharma et al., 2020).

• Isothermal conditions, such that parameter dependencies on temper-
ature are discarded. In addition, heat-storage contributions to the free
energy density are discarded.

• Applicability of the Flory-Huggins model (Flory, 1942; Huggins, 1942)
for entropy and enthalpy of mixing to describe the chemical part of
the free energy density.

• Negligence of the semi-crystalline structure of PA 6.
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5 Water diffusion in Polyamide 6

5.2.2 Description of the water content

As no separate continuum is introduced for the diffusing water, a
definition of water content at any material point within PA 6 is necessary.
This allows us to discuss the influence of water, e.g. due to swelling,
on PA 6. Various works found different ways to approach this topic
which will be briefly summarized here. The goal is to allow the reader
to compare differing approaches to each other. A straightforward way
to express water content is by using the partial density 𝜌w of water (c.f.
Eq. (2.15)), relating the infinitesimal mass of water d𝑚w at a material
point to the infinitesimal volume element d𝑉 = d𝑉w + d𝑉p,dry. The
dimensionless concentration, or mass fraction, is (c.f. Eq. (2.17))

𝑐 = 𝜌w

𝜌p,dry
, (5.1)

where 𝜌p,dry is the mass density of dry PA 6. This holds, as we assume
the total mass of the mixture to be dominated by PA 6. In a homogeneous
system this results in the integral mass fraction 𝑐 = 𝑚w/𝑚p,dry (Venoor
et al., 2021). For increasing water content, 𝑐 increases up to a maximum
concentration 𝑐max, which denotes the maximum amount of water, that
can be taken up by PA 6. Experiments indicate, that this maximum is at
roughly 𝑐max = 9%, almost independent of temperature (Sharma et al.,
2020; Sambale et al., 2021a). Based on this observation, a normalized
concentration or occupancy 𝑐 is frequently introduced by

𝑐 = 𝑐

𝑐max
∈ [0, 1] . (5.2)

Another approach to quantify water content in PA 6 is the polymer
volume fraction 𝜙, expressed as the ratio of an infinitesimal dry
polymer volume element d𝑉p,dry with respect to the infinitesimal
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total volume element d𝑉 , given by (Chester and Anand, 2011)

𝜙 = d𝑉p,dry

d𝑉w + d𝑉p,dry
. (5.3)

A fourth way of quantifying water content is the concentration of water
in number of molecules of water per volume of dry PA 6 (Chester and
Anand, 2011). We slightly change the notation introduced in Chapter 2
here and express the concentration in moles per volume as 𝜗. To this
end, we introduce 𝜗max as the maximum number of water particles per
volume of PA 6 via

𝜗max = 𝜌p,dry𝑐max

𝑀w
, (5.4)

where 𝑀w in kg/mol is the molar mass of water. We want to point
out, that both 𝑐max and 𝜗max are material parameters, that describe
the maximum amount of water, that PA 6 can take up, where the
former specifies the maximum infinitesimal mass fraction, while the
latter describes the maximum number of moles per volume. Based on
𝜗max, a relation between 𝜗, 𝑐 and 𝑐 can be computed according to

𝜗 = 𝜗max

𝑐max
𝑐 = 𝜗max𝑐. (5.5)

We conclude this short summary by relating 𝜙 with 𝜗. We need to
consider the volumetric expansion of polyamide due to the presence of
water molecules. To this end, the volumetric expansion coefficient of
water in polyamide, Ω, needs to be introduced, further outlined below.
This implies that the infinitesimal volume of water at a material point
can be expressed as d𝑉w = Ω𝜗d𝑉p,dry. Building upon this coefficient, the
relation is (Chester and Anand, 2011)

𝜙 = 1
1 + d𝑉w

d𝑉p,dry

= 1
1 + Ω𝜗. (5.6)
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In the following, we will make use of the definition for the concentration
𝑐 and occupancy 𝑐. However, using the relations summarized above,
readers can express quantities as functions of 𝜗 or 𝜙.

5.2.3 Balance equations

We start by formulating a balance equation for the diffusion of water,
expressed for the normalized water concentration 𝑐, see Eq. (5.2). The
concentration can change due to a flux of water 𝑗, into or out of PA 6. In
its local form, the mass balance reads (c.f. Eq. (2.21) (1))

𝜗̇ = 𝜗max ˙̃𝑐 = −div (𝑗) . (5.7)

The local balance of linear momentum for the mixture is

div (𝜎) = 0, (5.8)

where 𝜎 is the Cauchy stress tensor in PA 6. As noted in Sec. 2.4, the
balance of internal energy for the mixture considers, additionally to the
heat flux, the change due to water flux across the system boundary by
𝜇𝑗 · 𝑛, where 𝜇 is the chemical potential of water and 𝑛 the outer normal
of PA 6. The local balance of internal energy is then (Gurtin and Vargas,
1971; Gurtin et al., 2010)

𝑒̇ = 𝜎 · 𝜀̇ − 𝜇div (𝑗) − grad (𝜇) · 𝑗 − div (𝑞𝜃) + 𝜔, (5.9)

where −div (𝑞𝜃) + 𝜔 denotes changes in internal energy due to heat
flux 𝑞𝜃 and heat source densities 𝜔. The non-standard contribution to
the flux in internal energy due to water flux is given by −div (𝜇𝑗) =
−𝜇div (𝑗) − grad (𝜇) · 𝑗, c.f. Eq. (2.25) and Eq. (3.4). Inserting the mass
balance of the diffusing water from Eq. (5.7) yields

𝑒̇ = 𝜎 · 𝜀̇ + 𝜇𝜗max ˙̃𝑐− grad (𝜇) · 𝑗 − div (𝑞𝜃) + 𝜔. (5.10)
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Finally, to complete the necessary balance equations, we introduce
the entropy balance and the assumption of a non-negative entropy
production in it’s local form for constant temperature 𝜃 as

𝜂̇ ≥ −div
(︁𝑞𝜃

𝜃

)︁
+ 𝜔

𝜃
, (5.11)

where, as introduced in Chapter 2, 𝜂 is the entropy density, 𝑞𝜃/𝜃 the
entropy flux and 𝜔/𝜃 entropy supply density due to heat sources. We
want to point out, that the specific form of the entropy flux 𝑞𝜃/𝜃, which
neglects a contribution of the diffusing water, is a simplifying assump-
tion. This assumption was introduced in Gurtin and Vargas (1971) and
is commonly used in chemo-mechanically coupled theories, see, e.g.,
Chester and Anand (2011) and Di Leo and Anand (2013).

5.2.4 Thermodynamically consistent constitutive
equations

To arrive at a closed set of governing equations, we rely on the Coleman-
Noll procedure (Coleman and Gurtin, 1967) to derive a thermodynami-
cally consistent material theory. Therefore, we introduce the free energy
density via a Legendre transformation

𝜓 = 𝑒− 𝜃𝜂. (5.12)

By inserting Eq. (5.12) into Eq. (5.11) and eliminating the heat source
density 𝜔 by means of Eq. (5.10), we arrive at

(︀
𝜓̇ + 𝜂𝜃

)︀
− 𝜎 · 𝜀̇ + 𝑞𝜃 · grad (𝜃)

𝜃
− 𝜇𝜗max ˙̃𝑐+ grad (𝜇) · 𝑗 ≤ 0. (5.13)

In our theory, the independent variables are the set Λ = (𝜀, 𝜃, 𝑐, 𝛼), where
𝛼 is a tuple of internal variables, that later on will be used to model the
viscoelastic deformation of PA 6. Based on the equipresence argument,
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we insert 𝜓 = 𝜓 (Λ) into Eq. (5.13) to arrive at(︂
𝜕𝜓

𝜕𝜀
− 𝜎

)︂
· 𝜀̇ +

(︂
𝜕𝜓

𝜕𝜃
+ 𝜂

)︂
𝜃 +

(︂
𝜕𝜓

𝜕𝑐
− 𝜇𝜗max

)︂
˙̃𝑐+

𝜕𝜓

𝜕𝛼
· 𝛼̇ + grad (𝜇) · 𝑗 + 1

𝜃
𝑞𝜃 · grad (𝜃) ≤ 0.

(5.14)

This inequality has to hold for all thermodynamic processes Λ. We
start by considering reversible processes and thus conclude, that the the
potential relations

𝜎 = 𝜕𝜓

𝜕𝜀
, 𝜂 = −𝜕𝜓

𝜕𝜃
, 𝜇 = 1

𝜗max

𝜕𝜓

𝜕𝑐
(5.15)

hold, for both reversible and irreversible processes. The remaining
dissipation inequality is

𝜕𝜓

𝜕𝛼
· 𝛼̇ + grad (𝜇) · 𝑗 + 1

𝜃
𝑞𝜃 · grad (𝜃) ≤ 0. (5.16)

The dissipation inequality implies restrictions for the choice of heat flux
𝑞𝜃, water flux 𝑗 and the evolution of internal variables 𝛼̇. In addition, we
conclude from Eq. (5.15) that we need to specify a free energy density that
relates the constitutive quantities 𝜎, 𝜇 and 𝜂 to the process parameters
𝜀, 𝜃, 𝑐 and 𝛼. Here we formulate a single free energy density for the
continuum of polyamide and water, which is additively split in an
elastic and a chemical part via

𝜓(Λ) = 𝜓e (𝜀e) + 𝜓c(𝜃, 𝑐), (5.17)

where the elastic part 𝜓e depends on the elastic strains 𝜀e, which are a
function of 𝜀, 𝑐 and 𝛼, while the chemical part 𝜓c solely depends on 𝜃
and 𝑐.
The chemical part of the free energy density 𝜓c follows from considering
changes in the free enthalpy and the entropy due to mixing of water and
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PA 6. At this stage we want to mention, that typically this relation is
used to describe a change in Gibb’s energy density due to mixing, i.e., 𝑔c.
However, as pointed out in Doi (1996), the chemical part 𝜓c of the free
energy and the Gibb’s energy 𝑔c coincide in our approach, i.e. 𝜓c = 𝑔c,
as the mechanical part is considered separately in 𝜓e.
Commonly in chemo-mechanics, a highly idealized model is used that
allows to express the entropy of mixing for ideal gases and assumes a
vanishing enthalpy of mixing. This approach has been successfully used
to model hydrogen diffusion in metal lattices or Lithium diffusion in
silicon anodes, c.f. Di Leo and Anand (2013) and Di Leo et al. (2015).
However, this highly idealized model is not valid for the mixture of
PA 6 and water, considered in this work, as neither water molecules nor
PA 6 behave like ideal gases (Chester and Anand, 2011; Wilmers and
Bargmann, 2015).
Instead, to describe the chemical contribution to the free energy, the
model of Flory and Huggins (Flory, 1942; Huggins, 1942) is used in this
work, which is based on a lattice model as depicted in Fig. 5.2 a). The
polymer consists of polymer molecules, which occupy connected lattice
points, whereas the rest of the lattice is occupied by water molecules.
Flory and Huggins introduced a parameter 𝜒 (later called Flory-Huggins
parameter) that models interactions of the long polymer molecules and
the small water molecules and introduces a non vanishing enthalpy
of mixing. The larger the Flory-Huggins parameter, the stronger the
interaction between both molecules, the larger the enthalpy of mixing.
The Flory-Huggins entropy of mixing is in close analogy to the entropy
of mixing of ideal gases, but is a function of the partial volume instead
of the concentration. The change in free energy is, based on the Flory
Huggins model (Doi, 1996; Chester and Anand, 2011),

𝜓c = 𝜇0𝜗max𝑐+𝑅𝜃𝜗max𝑐

(︂
ln
(︂

Ω𝜗max𝑐

1 + Ω𝜗max𝑐

)︂
+ 𝜒

1 + Ω𝜗max𝑐

)︂
. (5.18)
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To specify 𝜓e, chemical and viscoelastic strains are introduced. Chemical
strains 𝜀c are volumetric (Chester and Anand, 2011)

𝜀c = 𝛼cΔ𝑐𝐼, (5.19)

where 3𝛼c = Ω𝜗max is a dimensionless swelling coefficient (Sharma
et al., 2020; Sambale et al., 2021b) and Δ𝑐 is the difference of the current
concentration to a normalized reference concentration 𝑐0, for which
no swelling occurs. Viscoelastic strains 𝜀v,𝛼 are introduced as internal
variables 𝛼. A standard linear viscoelastic Maxwell element model is
used with 𝑁MW Maxwell elements in parallel to an equilibrium stiffness
C0, c.f. Fig. 5.2 b). To this end, the viscosity tensor V𝛼 for Maxwell
element 𝛼 as well as it’s inverse, the fluidity tensor F𝛼, are introduced
by

V𝛼 = 𝜏𝛼C𝛼, F𝛼 = 1
𝜏𝛼

C−1
𝛼 , (5.20)

where C𝛼 = 2𝐺𝛼P2 is the stiffness of each element, 𝐺𝛼 the respective
shear modulus and P2 the projector on symmetric deviatoric tensors
of rank 2. This implies, that all viscous strains are volume preserving.
For each Maxwell element, the relaxation time and the inverse of the
stiffness are denoted by 𝜏𝛼 and C−1

𝛼 respectively (Wicht et al., 2021). The
evolution of the viscous strains follows from

𝜀̇v,𝛼 = F𝛼 [𝜎v,𝛼] . (5.21)

Building upon the chemical strain and the viscous strains in each
Maxwell element, an elastic strain is retrieved for both the equilibrium
stiffness and each Maxwell element by

𝜀e,0 = 𝜀 − 𝜀c, 𝜀e,𝛼 = 𝜀 − 𝜀v,𝛼. (5.22)
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The stress in each Maxwell element can now be given by

𝜎v,𝛼 = C𝛼 [𝜀 − 𝜀v,𝛼] . (5.23)

Based on these quantities, the elastic part of the free energy density is
considered to be a quadratic function of the elastic strain and expressed
as (Wicht et al., 2021)

𝜓e = 1
2(𝜀 − 𝜀c) · C0 [𝜀 − 𝜀c] + 1

2

𝑁MW∑︁
𝛼=1

(𝜀 − 𝜀v,𝛼) · C𝛼 [𝜀 − 𝜀v,𝛼] . (5.24)

Here, C0 = 3𝐾0P1 + 2𝐺0P2 is the isotropic equilibrium stiffness with
compression modulus 𝐾0 and shear modulus 𝐺0. P1 is the projector
onto spherical tensors of rank 2. Based on the potential relations in

Solvent

Polymer

Mixture

(a)

αc

K0, G0

G1

τ1

G2

τ2

Gα

τα

(b)

Figure 5.2: a) Schematic of the Flory-Huggins mean-field model to predict both enthalpy
and entropy of mixing of a polymer with a solvent. b) Schematic of the Maxwell element
model used to describe the viscoelastic behavior of PA 6. Next to 𝑁ME elements a reference
stiffness in series with an 𝛼c-element, representing the isochoric swelling of PA 6, is
attached in parallel. Figure based on Figure 2 from Dyck et al. (2024c).

Eq. (5.15), the free energy density given by Eqs. (5.18) and (5.24) results
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in

𝜎 = C0 [𝜀 − 𝛼cΔ𝑐𝐼] +
NMW∑︁

𝛼

C𝛼 [𝜀 − 𝜀v,𝛼]

𝜇 = 𝜇0 +𝑅𝜃

(︃
ln
(︂

3𝛼c𝑐

1 + 3𝛼c𝑐

)︂
+ 1

1 + 3𝛼c𝑐
+ 𝜒

(1 + 3𝛼c𝑐)2

)︃
− 𝛼c

𝜗max
tr(𝜎).(5.25)

To conclude the constitutive theory, we introduce the water flux which
is proportional to the gradient in the chemical potential, with a propor-
tionality factor 𝑚(𝑐, 𝜃), that is interpreted as the mobility of water in the
polymer network. This is summarized as

𝑗 = −𝑚(𝑐, 𝜃)grad (𝜇) , (5.26)

with a scalar mobility 𝑚(𝑐, 𝜃) being linear in 𝑐. For increasing 𝑐, experi-
ments have shown that diffusion occurs at a faster rate (Sharma et al.,
2020; Sambale et al., 2021b). In Chester and Anand (2011), a proposal
was made to capture this behavior by considering a change in mobility
due to an increase of water molecules with a dimensionless function
𝛾 (𝑐). We follow this approach such that the mobility is given by

𝑚 = 𝐷𝜗max

𝑅𝜃
𝛾 (𝑐) , where 𝛾 (𝑐) = 1 + 𝛾S𝑐 (5.27)

and the diffusion coefficient is 𝐷. This ansatz fulfills the dissipation
inequality (5.16) and leads to an increasing mobility for increasing 𝑐. For
maximum water content, the mobility is 1 + 𝛾S times its dry value.

5.2.5 Closed set of governing equations

As noted in Chapter 3, for the implementation of the coupled set of
governing equations it is advantageous to change the independent
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chemical variable from concentration to chemical potential. This has
several reasons:

• Solving the diffusion equation for 𝑐 requires the solution of a PDE
with a bounded solution variable as 𝑐 ≥ 0. Enforcing this inequality
constraint is either numerically costly (Lu et al., 2013) or impossible
in commercial FEM packages.

• The flux term in the diffusion equations is linear in the gradient of
the chemical potential, itself being a function of the displacement
gradient. This necessitates to approximate gradients of mechanical
stresses on FEM meshes, which makes solutions susceptible to mesh
sensitivity and less generally applicable. In addition, this results
in the requirement of 𝐶2-continuous functions to interpolate the
displacement field 𝑢 as second order gradients have to be computed.

• An open system, i.e. a system that is exposed to an atmosphere
with a given ambient humidity 𝜑, can not readily be simulated in
a concentration based setting. This is due to the fact, that chemical
potential and concentration are linked through the hydrostatic stress.

These reasons motivate a change in independent variables from concen-
tration to chemical potential. To achieve this, we differentiate Eq. (5.25)
(2) in time and use the result to express the rate of change in occupancy
as a function of the rate of change in chemical potential. Introducing
some abbreviations

𝑘0 = ln
(︂

3𝛼c𝑐

1 + 3𝛼c𝑐

)︂
+ 1

1 + 3𝛼c𝑐
+ 𝜒

(1 + 3𝛼c𝑐)2 ,

𝑘1 = 𝜕𝑘0

𝜕𝑐
= 1 − 6𝛼c(𝜒− 1/2)𝑐

(3𝛼c𝑐+ 1)3𝑐
,

𝑘2 = 𝑅𝜃𝑘1 + 𝛼2
ctr (C0 [𝐼])
𝜗max

,

(5.28)
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allows us to find

˙̃𝑐 = 𝜇̇+ 𝛼ctr (C0 [𝜀̇]) /𝜗max

𝑘2
. (5.29)

Combining the constitutive laws outlined in the previous subsection,
the balance of linear momentum, Eq. (5.8), and inserting Eq. (5.29) in
Eq. (5.7) allows us to arrive at the closed set of governing equations

0 = div (𝜎(𝜀, 𝑐, 𝜀v,𝛼)) ,
𝜗max

𝑘2
𝜇̇ = div (𝑚 grad (𝜇)) − 𝛼ctr (C0 [𝜀̇])

𝑘2
,

(5.30)

where the constitutive equations for 𝜎 and 𝑚 are defined in Eq. (5.25)
(1) and Eq. (5.27) and 𝑘2 is given in Eq. (5.28).
To complete the model, both initial and boundary values have to be
specified. We denote initial conditions by a hat and boundary conditions
by a bar, i.e. the initial chemical potential is 𝜇̂ and boundary displace-
ments are given by 𝑢̄. Both initial and boundary chemical potentials
𝜇̂ and 𝜇̄, when PA 6 is exposed to an atmosphere with a given relative
humidity 𝜑, are computed by (Wilmers and Bargmann, 2015)

𝜇0,vapor +𝑅𝜃 ln𝜑 =

⎧⎨⎩𝜇̂, 𝑡 = 0

𝜇̄, 𝑡 > 0,
(5.31)

where 𝜇0,vapor is the reference chemical potential of water in air. A short
summary of the nomenclature for initial and boundary conditions used
in all simulations of the subsequent Section 5.3 is given in Tab. 5.1. As the
concentration is no longer a degree of freedom, no boundary or initial
concentration is specified when the model is used. However, an initial
concentration 𝑐 in wt.% follows from evaluating the initial displacements
𝑢̂ and the initial chemical potential 𝜇̂ by means of Eq. (5.25) (2). The
same holds for concentrations 𝑐 at the boundary, which follow for known
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boundary displacements 𝑢̄ and boundary chemical potential 𝜇̄.
In order to study the coupled diffusion deformation behavior of PA 6,
using the coupled governing equations outlined in this subsection, we
rely on the commercial Finite-Element solver ABAQUS. To implement
the derived model equations in ABAQUS, the heat-transfer analogy
outlined in Chapter 3 is used.

Symbol Computed based on
Initial displacement 𝑢̂
Initial chemical potential 𝜇̂ Eq. (5.31)
Boundary displacement 𝑢̄
Boundary chemical potential 𝜇̄ Eq. (5.31)

Table 5.1: Nomenclature for initial and boundary conditions. Table based on Table 1 from
Dyck et al. (2024c).

5.2.6 Discussion of the model equations

Before identifying the model and implementing it in a commercial Finite-
Element solver to study chemo-mechanically coupled deformation and
drying processes in PA 6, we want to comment in the following on
several of the assumptions that lead to the closed set of governing
equations presented in Eq. (5.30). By this, the newly derived model can
be compared with existing models to identify possible extensions and
limitations of the model can be more clearly identified.

Balance equations. By the specific form of the balance of entropy
given in Eq. (5.11), we assume that mass transport does not contribute
to entropy flux and supply, which is often done in chemo-mechanically
coupled theories, c.f. Gurtin and Vargas (1971), Chester and Anand
(2011) and Di Leo and Anand (2013). However, instead of introducing
the contribution of water to the mixture behavior in the balance of
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internal energy in Eq. (5.9), we could also have introduced a non-
standard entropy flux due to water flux, as, e.g., done in Johlitz and Lion
(2013) and Sharma and Diebels (2021). However, both approaches lead
to identical constitutive relations when thermodynamics are introduced,
as noted in Gurtin and Vargas (1971), Johlitz and Lion (2013) and Johlitz
(2015). Introducing the diffusing phases contribution in the balance of
internal energy allows a clear interpretation of the chemical potential, as
noted in Gurtin et al. (2010). Therefore, we prefer the version proposed
in Gurtin and Vargas (1971).

Dependence on water concentration and temperature. As stated,
many material parameters (such as glass transition temperature (Miri
et al., 2009; Broudin et al., 2015a;b), stiffness (Sharma et al., 2020),
Poisson’s ratio (Sharma et al., 2020), diffusion constant (Vlasveld et al.,
2005)) in PA 6 have been experimentally shown to be dependent on the
moisture content, as well as temperature. However, we have neglected
this in our model entirely, in order to arrive at a comparably simple
model, still capturing the essence of the observed relaxation behavior,
c.f. Fig. 5.1. As a side note we want to point out, that introducing
non constant material parameters in the potential relations derived in
Eq. (5.15) leads to an increasing complexity of the material laws. This
can be studied by imagining the stiffness tensors of the equilibrium
spring being a function of water concentration. When this dependency
is introduced in the mechanical part of the free energy in Eq. (5.24) and
the chemical potential is derived from it, a non-standard term being
quadratic in the elastic strain is added to the chemical potential of water.

Isotropy of the constitutive laws All material laws are assumed to
be isotropic within our work. However, this does not represent all
experimental observations, as in injection molded PA 6 specimens, an
anisotropy of both stiffness constants as well as extension parameters
has been shown in Sambale et al. (2021a) and Wetzel et al. (2023).
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Reaction term. In the mass balance introduced in Eq. (5.7), no production
term is introduced. This limits the derived model to studying water
uptake or loss from the medium surrounding PA 6, but does not allow
for simulating chemical reactions between PA 6 and water. Introducing
a production term between water molecules and PA 6 in Eq. (5.7) allows
to study, e.g., ageing effects due to chemical reactions between both
phases, such as in Johlitz and Lion (2013).

Extensions to the model. In the view of the authors, the presented model
can be extended to consider anisotropic material, as, e.g., observed in
Sambale et al. (2021b) and Wetzel et al. (2023), to large deformations
(Chester and Anand, 2011) or nonlinear viscoelastic models (Zink et al.,
2022), without reasonable effort.

Heat contribution. Neglecting heat-storage contributions to the total free
energy density is inspired by numerous publications in the context of
chemo-mechanical processes at constant temperature, see, e.g., Chester
and Anand (2011), Di Leo and Anand (2013) and Wilmers and Bargmann
(2015). However, considering non isothermal cases, e.g. along the lines
of Di Leo and Anand (2013) and Chester and Anand (2011), can be
considered a valuable extension of the theory.

5.3 Applications

5.3.1 Parameter identification

All mechanical and chemical material parameters of the model outlined
above have to be identified in order to study water uptake or drying of
PA 6 coupled to it’s deformation. All parameters used in subsequent
simulations are summarized in Tab. 5.2 and Tab. 5.3. Due to the modeling
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Symbol Value Unit Source
𝐷 5 × 10−6 mm2/s Vlasveld et al. (2005)
𝑀w 18.015 g/mol Greenwood and Earnshaw (1997)
𝜌p,dry 1.13 g/cm3 Domininghaus (2012)
𝜇0 0 Nmm/mol Chester and Anand (2011)
𝜇0,vapor 0 Nmm/mol Chester and Anand (2011)
𝛼c 0.045 Sharma et al. (2020)
𝛾S 3 Chester and Anand (2011)
𝑐max 0.09 Vlasveld et al. (2005)
𝜒 1.64 this work

Table 5.2: Chemical material parameters used in all simulations of this work. Parameters
taken from literature are indicated by the source, the rest are identified in this work. Table
based on Table 2 from Dyck et al. (2024c).

Symbol Value Unit Source
𝜈0 0.4 Tschoegl et al. (2002)
𝐸0 256 MPa this work
𝑁MW 5 this work
𝐺𝛼 [14.9, 11.4, 6.8, 24.5, 31.0] MPa this work
𝜏𝛼

[︀
100, 101, 102, 103, 104]︀ 1/s this work

Table 5.3: Mechanical material parameters used in all simulations of this work. Parameters
taken from literature are indicated by the source, the rest are identified in this work. Table
based on Table 3 from Dyck et al. (2024c).

assumptions outlined above, most of the chemical parameters can be
taken directly from literature. The only unknown chemical parameter is
the Flory-Huggins parameter 𝜒. To identify both 𝜒 and the mechanical
parameters we rely on two sets of data. We use sorption curves of PA 6
exposed to an atmosphere with given relative humidity 𝜑 to determine
𝜒. For the isotropic equilibrium stiffness C0 as well as Maxwell element
parameters 𝐺𝛼 and 𝜏𝛼 we use the experimental results of a relaxation
test conducted under HC at 80∘ C, c.f. Fig. 5.1.
To identify the Flory-Huggins parameter 𝜒, both the maximum con-
centration 𝑐max = 0.09 of water in PA 6 as well as the mass frac-
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Figure 5.3: a) Equilibrium water content 𝑐 in wt.% when PA 6 is exposed to an environment
with humidity content 𝜑 for three Flory-Huggins parameters. At 𝜑 = 50 %RH and 𝜑max,
the model predictions are marked by a dot as these data points are used to identify the
Flory-Huggins parameter 𝜒 as outlined in the text. b) Relaxation modulus over time for
both an experimental and simulated result of a relaxation experiment conducted at 80∘ C
under HC. Figure based on Figure 3 from Dyck et al. (2024c).

tion 𝑐 ∈ [2.5 wt.%, 3 wt.%] of water in PA 6 after conditioning in an
atmosphere with 𝜑 = 50 %RH are considered to be given (Vlasveld
et al., 2005). We then determine 𝜒 in such a way, that our model
reproduces the maximum concentration 𝑐max. In addition, the mass
fraction should result in a value from the interval 𝑐 ∈ [2.5 wt.%, 3 wt.%]
obtained experimentally. To this end, we equate the boundary condition
of the chemical potential, Eq. (5.31), with the chemical potential of
water in PA 6, Eq. (5.25) (2), and neglect mechanical contributions.
We vary 𝜒 and study both the water uptake at 𝜑 = 50 %RH, as well
as 𝜑 ≈ 100 %RH. The results are shown in Fig. 5.3 a), where the water
uptake as a function of the relative humidity is depicted. Both the model
prediction for 𝜑 = 50 %RH and 𝜑 = 100 %RH are depicted as dots. For
𝜒 = 1.64, both 𝑐(𝜑 = 50 %RH) ≈ 3 wt.% as well as 𝑐max ≈ 9 wt.% are
predicted with satisfying accuracy. The shape of the sorption curve,
i.e., the equilibrium water content plotted against the relative humidity
as predicted by our model was investigated experimentally in, e.g.,
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5 Water diffusion in Polyamide 6

Vlasveld et al. (2005) and Broudin et al. (2015b). The curves determined
published in these works qualitatively match the shape of our model
curve.
The mechanical material parameters are the equilibrium compression
and shear moduli 𝐾0 and 𝐺0 as well as the shear and relaxation moduli
of the Maxwell elements 𝐺𝛼, 𝜏𝛼. As no experimental evidence is at
hand, Poisson’s ratio 𝜈0 of PA 6 is chosen to be 𝜈0 = 0.4 (Tschoegl
et al., 2002). All other parameters are determined by fitting to the
experimentally obtained relaxation curve under HC at 80∘C depicted
in Fig. 5.3 b). This is achieved by means of a least square fit of a
one-dimensional linear viscoelastic model to the experimental data.
The number of Maxwell elements 𝑁MW = 5 and the relaxation times
𝜏𝛼 ∈

[︀
100, 101, 102, 103, 104]︀ 1/s are previously fixed (Bradshaw and

Brinson, 1997; Jalocha et al., 2015; Kehrer et al., 2023). The optimization
allows us to identify the equilibrium elastic modulus𝐸0 as well as elastic
moduli 𝐸𝛼 for the Maxwell elements. Using 𝐺𝛼 = 𝐸𝛼/(2(1 − 𝜈0)) all
shear moduli of the Maxwell elements are determined. The result of the
determined relaxation curve is depicted in Fig. 5.3 b), where the model
prediction is compared to experimental results. As can be seen, the
identified set of mechanical parameters allows us to capture the typical
decrease in relaxation modulus 𝑅(𝑡).
Before we proceed to conduct Finite-Element simulations of diffusion
and coupled diffusion-deformation processes, we comment on two
material parameters summarized in Tab. 5.2 and Tab. 5.3.
Diffusion coefficient: An experimental investigation showed that the
dependency of the diffusion coefficient of water in PA 6 strongly depends
on temperature (Vlasveld et al., 2005). An explicit Arrhenius-type
equation for this was proposed as

𝐷 = 𝐷0exp
(︂

− 𝐸s

𝑘B𝜃

)︂
, (5.32)
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where 𝐸s = 0.49 eV is an activation energy and 𝑘B the Boltzmann
constant. The diffusion coefficient 𝐷70∘C = 3 × 10−6 mm2/s was de-
termined experimentally in Vlasveld et al. (2005). Using these measure-
ments and Eq. (5.32), we determine a diffusion coefficient for water in
PA 6 at 80∘C as 𝐷80∘C = 5 × 10−6 mm2/s.
Expansion coefficient: In Sharma et al. (2020), Jia and Kagan (2001),
Wetzel et al. (2023) and Sambale et al. (2021b) measurements were
conducted to identify the swelling coefficient 𝛼c leading to a volume
change of PA 6 for increasing water content. To obtain the parameter,
specimen are allowed to absorb the maximum amount of water and the
change in length is measured. In the mentioned works, the swelling
coefficient lies in the range 𝛼c ∈ [0.018, 0.05]. This range is explained
by differing processing conditions of specimens Wetzel et al. (2023), by
differing volume to surface ratios (Sambale et al., 2021a) and by differing
boundary conditions (Sharma et al., 2020). As no experiments were
conducted in this study, we use a swelling factor of 𝛼c = 0.045. We note
that this choice is coupled to the choice of the Flory-Huggins parameter
𝜒 due to the fact that 𝛼c also enters Eq. (5.25) (2). Thus, the choice of 𝛼c

and 𝜒 are, in our model, coupled in such a way that the water uptake
experimentally observed in Vlasveld et al. (2005) is influenced by them.

5.3.2 Drying of preconditioned specimens

We first use the derived and identified model to study the drying of
PA 6 specimens preconditioned to 𝑐0 = 3 wt.% at an ambient relative
humidity of 𝜑 = 50 %RH and 𝜃 = 80∘C. We therefore expose specimens
to a varying ambient humidity 𝜑 = [35, 25, 15] %RH for 7 h, which
corresponds to the total exposure time during the relaxation experiment
depicted in Fig. 5.1. The specimen dimensions presented in Sec. 5.1 are
used in the simulation. However, we want to point out, that Tab. 10 in
Kehrer et al. (2023) documents a slight variation in specimen thickness
for each specimen, which results from the injection molding process. We
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Figure 5.4: a) Water concentration 𝑐 in wt.% along the thickness of three specimens for
varying relative humidity 𝜑 at 80∘C. All specimens are preconditioned to 𝑐 = 3 wt.% at
an ambient humidity of 𝜑 = 50 %RH. Dashed lines depict the water concentration after
the specimen is exposed to an environment with lower ambient humidity. Dotted lines
show the concentration after 1 h of drying while solid lines show the concentration after
7 h. b) Water concentration 𝑐 in wt.% along a single specimen’s thickness for 𝜑 = 35 %RH.
The black arrow indicates increasing drying time. Figure based on Figure 4 from Dyck
et al. (2024c).

focus solely on the drying process and, at this stage, do not solve the
balance of linear momentum. Instead, we solve Eq. (5.30) (2) for given
boundary and initial conditions using a heat-transfer step in ABAQUS.
Initially, the chemical potential is homogeneous, 𝜇̂ = −2.04 × 103 J/mol
based on Eq. (5.31) for 𝜃 = 80∘C and 𝜑 = 50 %RH. This leads to
an initial concentration of 𝑐 = 3 wt.%. For the drying process, the
boundary chemical potential on all surfaces of the specimen is adjusted
to 𝜇̄ = [−3.08,−4.07,−5.57] × 103 J/mol according to Eq. (5.31) for 𝜑 =
[35, 25, 15] %RH. Before that, in an initial simulation step, the precondi-
tioned specimen is initialized in a homogeneous state. The boundary
conditions are subsequently applied within 0.3 s, i.e. instantaneously in
comparison with the duration of the experiment. However, we note that
this choice is of 0.3 s is arbitrary. This mimics the removal of the specimen
from a controlled environment and its placement in a testing chamber
with a lower ambient humidity. Subsequently, the water diffusion
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or drying is allowed to take place for 7 h. The specimen geometry is
discretized using linear, hexahedral heat-conduction elements (DC3D8)
with an edge length of 0.5 mm in length and width direction and 0.1 mm
in thickness direction, which leads to 20 elements over the specimen
thickness.
Results of the three simulations are depicted in Fig. 5.4 a) as concen-
tration profiles along the thickness (𝑧-direction) in the specimen center.
Both the initial concentration profile after applying the corresponding
chemical potential boundary condition (dashed lines), after 1 h of dry-
ing (dotted lines), as well as the final profile (solid lines) after 7 h of
drying are depicted. As observed in previous publications, see, e.g.,
Sharma et al. (2020) and Sambale et al. (2021b), after 1 h a significant
concentration gradient occurs within the specimen. In fact, the lower the
ambient humidity, the stronger the heterogeneity of the concentration
along the specimen thickness. As is to be expected, a lower ambient
humidity leads to a lower concentration of water close to the surface.
After 7 h of drying at 80∘C, the specimen is almost in equilibrium with
it’s environment, regardless of the ambient humidity content. To study
the water distribution as a function of time, the concentration profile at
𝜑 = 35 %RH is depicted for increasing simulation time in Fig. 5.4 b). The
sharp initial concentration gradient along 𝑧 flattens out with increasing
exposure time, as the system moves towards an equilibrium between
the boundary and initial chemical potentials.
In addition to the concentration heterogeneity along the specimen thick-
ness, the drying simulation allows to study the weight loss due to
drying during the experiment. In Kehrer et al. (2023), weight loss of a
preconditioned specimen tested in a relaxation test at 80∘C at a relative
humidity of 𝜑 ≈ 35 %RH is reported to be −1.115 %. In Tab. 5.4 results
from the three drying simulations are compared to the experimentally
obtained mass. To this end, the mean water concentration 𝑐mean in wt.%
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is computed for the entire specimen, i.e.

𝑐mean = 1
𝑉

∑︁
𝛼

𝑐𝛼𝑣𝛼, (5.33)

where 𝑐𝛼 is the concentration at integration point 𝛼, 𝑣𝛼 its volume and
𝑉 denotes the volume of the entire specimen. The mass of water then
follows as 𝑚w = 𝑐mean𝑚P, c.f. Eq. (5.1), where 𝑚P is the mass of the
PA 6 specimen. The result from the simulation with a relative humidity
𝜑 = 35 %RH is close to the experimentally obtained values, which
allows us to conclude, that the relative humidity during the relaxation
experiment without HC is indeed 𝜑 = 35 %RH. We consider the slight
deviation between experiment and simulation to be due to the fact that
the exact shape of the specimen used in the experiments scatters, c.f.
Tab. 10 in Kehrer et al. (2023) due to the injection molding process, which
is not reproduced in the simulations.
To summarize, the drying simulation does lead to a mass loss in close
agreement with the one observed in experiments. In addition, the
heterogeneous water profile along the specimen thickness is in qualita-
tive agreement with previously published simulative and experimental
studies. We now proceed to study the model response in a relaxation
experiment.

5.3.3 Comparison of experiments and simulations

Finally we use the fully chemo-mechanically coupled model to study
relaxation experiments and compare numerically obtained results with
the experimentally obtained data depicted in Fig. 5.1. We therefore
reproduce the simulation setup outlined in Kehrer et al. (2023). The
geometry of the specimen is the same as described above. However,
as we consider four nodal degrees of freedom, a coupled temperature-
displacement step is used to model the coupling of the drying process to
the viscoelastic behavior of PA 6 in ABAQUS. We use linear, hexahedral
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EXP no HC
(𝜑 ≈ 35 %RH)

EXP HC
(𝜑 = 50 %RH)

SIM
(𝜑 = 35 %RH)

𝑚initial in g 1.9467 1.9534 1.9321
𝑚end in g 1.94250 1.9532 1.92440
Δ𝑚 −1.115 % −0.0102 % −0.8972 %

SIM
(𝜑 = 25 %RH)

SIM
(𝜑 = 15 %RH)

𝑚initial in g 1.9321 1.9321
𝑚end in g 1.91980 1.91540
Δ𝑚 −1.4911 % −2.0935 %

Table 5.4: The initial total mass before testing and final total mass after testing of the
specimens (i.e. PA 6 and water) is summarized for both experiments (no HC and HC) and
the simulations for varying ambient humidity levels at 𝜃 = 80∘C. The relative deviation
Δ𝑚 = (𝑚end − 𝑚initial)/𝑚initial is also displayed.

coupled temperature-displacement elements (C3D8T) with an identical
size to the one used in the drying simulation. In the experimental
setup, the preconditioned specimen is placed in the testing chamber
of the DMA. The test protocol starts with a rest period of 1 h during
which the length of the specimen is recorded continuously and the strain
amplitude is kept at 𝜀0 = 0 %. After the rest period, a strain 𝜀0 = 0.1 %
is applied with a rate of 𝜀̇0 = 1/s. This strain is subsequently held
constant for 6 h. To mimic this setup in the simulation, we apply an
initial chemical potential of 𝜇̂ = −2.04 × 103 J/mol which leads to an
initially homogeneous water concentration of 𝑐 = 3 wt.% analogously to
the drying simulation. We use this initial concentration as the swelling
free normalized concentration 𝑐0 = 𝑐/𝑐max. The specimen surface is
then exposed to a boundary chemical potential 𝜇̄ = −3.08 × 103 J/mol.
This boundary condition is ramped up in 0.3 s and held constant for
1 h. As above, this mimics the placing of the specimen in the testing
chamber and the rest period. During this time, one end of the specimen
is restrained from moving, i.e. 𝑢̄ = 0. Due to the onset of drying, the
length of the specimen decreases, as the concentration falls below the

129



5 Water diffusion in Polyamide 6

0.5 1 1.5 2

t in s #104

0

200

400

600

800

1000

1200

R
(t

)
in

M
P
a

EXP
EXP HC
SIM
SIM HC

Figure 5.5: Relaxation modulus for two relaxation experiments conducted on PA 6 at
80∘ C. Both specimens were conditioned at a humidity level of 𝜑 = 50 %RH. In the HC
experiment, a controlled humidity level of 𝜑 = 50 %RH was enforced, while the other
specimen was tested without humidity control. In addition, the results of Finite-Element
simulations based on the model outlined in this publications are depicted. Figure based
on Figure 5 from Dyck et al. (2024c).

swelling free concentration. After the rest period, a displacement 𝑢̄

leading to a strain of 𝜀 = 0.1 % is applied with the same rate as in the
experiment, which is held constant for 6 h.
The result of the simulation is depicted in Fig. 5.5. The experiment
conducted in a humidity controlled environment is, as shown during
the parameter identification, reproduced accurately. In addition, the
simulation of a relaxation experiment without HC closely matches
the experimental results. Especially the initial decline and subsequent
increase in relaxation modulus𝑅(𝑡) during the first 4 h of simulation time
matches the experimentally obtained curve. In fact, the slope of increas-
ing𝑅(𝑡) in simulation and experiment are almost identical. This is, in our
simulation framework, entirely due to the drying of the specimen. As
shown in Fig. 5.4 b), the mean water concentration decreases significantly
due to the onset of drying. This leads to a compressive chemical strain
as the concentration falls below the swelling free concentration 𝑐0. Due
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to the applied mechanical boundary conditions, 𝜀 is constant in the
specimen and Eq. (5.25) (1) therefore predicts an increasing stress and
relaxation modulus 𝑅(𝑡). After about 5 h in the relaxation experiment
(which is equivalent to 6 h of drying), the specimen is almost dry (c.f.
Fig. 5.4 b)) and only negligible changes in chemical strains occur. This
leads to a slight flattening of the relaxation modulus 𝑅(𝑡), and the
simulation results deviate from the experimentally obtained curve which
shows a further increase in 𝑅(𝑡).

5.3.4 Discussion of the results

Before concluding this chapter, several remarks regarding the results are
given, in order to make the results and their limitations more clear:

Chemical parameters. The chosen chemical part of the free energy,
based on the Flory-Huggins theory, introduces only a single unknown
parameter. This interaction parameter was identified by studying the
absorption of water exposed to a humid atmosphere as depicted in
Fig. 5.3 a). All other chemical parameters in the model are taken from
literature.

Mass loss. As shown during the drying simulation, c.f. Tab. 5.4,
the mass loss of the PA 6 specimen observed in the experiment is
reproduced based on the derived chemical model.

Relaxation modulus. When the fully chemo-mechanically coupled
model is used to study the behavior in a relaxation experiment,
only the drying of the PA 6 specimen leads to an increase in the
relaxation modulus 𝑅(𝑡). The experimentally observed increase in
𝑅(𝑡) is reproduced by the chemo-mechanically coupled model derived
in this work.
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Glass transition. As outlined in Sec. 5.2, both experimental (Miri
et al., 2009; Sambale et al., 2021a) and numerical studies (Broudin et al.,
2015a;b) indicate that the glass transition temperature 𝜃g of PA 6 strongly
varies with the water content. This is due to an increasing chain mobility
caused by the presence of water molecules. This fact is not considered in
our model. However, the model outlined in Broudin et al. (2015a) can be
used as a starting point to include such a transition.

Temperature dependency. In this work, we consider the temperature to
be constant at all times. In order to incorporate non isothermal cases,
the derivation of a heat-equation in a thermo-chemo-mechanical setting
would be required. This has been done in other works, see, e.g., Chester
and Anand (2011) and Di Leo and Anand (2013). In addition, each node
in the Finite-Element scheme would have 5 degrees of freedom, i.e. three
displacement degrees of freedom, a chemical one and temperature. This
would require a more involved implementation scheme, relying on the
UEL of ABAQUS.

Statistical relevance. In experimental studies on PA 6, such as Sambale
et al. (2021a), Sambale et al. (2021b), Sharma et al. (2020) and many
other, scatterings have been observed in both parameters and material
response to applied loads and boundary conditions. Due to the fact
that our model predictions are compared with results of only a single
specimen, no statement regarding the statistical relevance of our data
can be given. To quantify this, further experimental investigations are
necessary in future work.

5.4 Conclusion

In the present chapter, a chemo-mechanically coupled continuum model
is derived with the goal of predicting changes in water concentration in
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PA 6 during mechanical testing using Finite-Element simulations and its
influence on mechanical behavior. The main results are:

• The coupling between chemical and mechanical fields is derived
by means of a thermodynamically consistent constitutive theory.
To this end, a free energy for the mixture of water and PA 6 is
additively decomposed into mechanical and chemical parts. While the
former part is based on standard linear-viscoelastic Maxwell elements,
the chemical part relies on the Flory-Huggins theory of mixing of
monomers with solvent molecules. Thereby, a parameter for the
interaction during mixing is introduced. The coupling of chemical
fields to mechanical fields arises due to chemical strains, while the
mechanical stress leads to a water flux and thus couples mechanical
to chemical fields.

• The derived model is implemented in the commercial Finite-Element
program ABAQUS, relying on a newly proposed version of the heat-
transfer analogy, exploiting the similarity of heat-equation and dif-
fusion equation. Parameters for the chemical part of the model are
mostly taken from literature, while the Flory-Huggins interaction pa-
rameter is identified to match experimentally obtained water uptake
curves of polyamide exposed to humid environments. The Maxwell
elements are identified by fitting to an experiment, where no water
diffusion is involved.

• The identified model is capable of reproducing mass loss due to drying
as well as an increasing relaxation modulus 𝑅(𝑡) during a prolonged
relaxation test, where the specimen exhibits significant drying.
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Chapter 6

Summary, Conclusions and
Outlook

6.1 Summary and Conclusions

In this thesis, we developed chemo-mechanically coupled continuum
models and a scheme for their application in a commercial FEM solver.
First, we proposed a scheme to solve chemo-mechanically coupled
problems by relying on the chemical potential as the degree of freedom
for the chemical field. We validated the scheme against established
solution schemes and analytical results. We then proposed a chemo-
mechanically coupled theory capable of predicting experimentally
observed phase-separation behavior in thin film metal hydrogen
systems, using Pd-H and Nb-H as model systems. The final contribution
deals with the drying process of PA 6 coupled to its viscoelastic behavior.
In the following, we summarize each chapter.

Summary of Chapter 3:

• Choosing chemical potential as the degree of freedom in Finite-
Element simulations has numerous advantages compared to choosing
concentration. This includes the possibility of simulating open
systems and better numerical properties due to the unbounded nature
of the chemical potential.
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• The well-established heat-transfer analogy (Oh et al., 2010), allowing
users of commercial FEM solvers to study chemo-mechanically cou-
pled processes by relying on concentration as the degree of freedom,
can be readily extended to chemical potential as the degree of freedom.

Summary of Chapter 4:

• The proposed chemo-mechanically coupled phase-field model ac-
curately captures the phase-separation behavior of thin film metal
hydrogen systems. This was confirmed by comparing analytical and
numerical model predictions to experimental results.

• Considering homogeneous systems allows the efficient prediction of
critical concentrations for the formation of hydrides, without the need
for time-consuming numerical simulations.

Summary of Chapter 5:

• For PA 6, experimentally observed increases in the relaxation modulus
at elevated temperatures can be explained by the drying of specimens
and the resulting, chemically induced, contraction of the specimens.

• The chemo-mechanically coupled behavior of PA 6 observed in experi-
ments is accurately predicted by the combination of the Flory-Huggins
theory (Flory, 1942; Huggins, 1942) and a generalized Maxwell model.

6.2 Outlook

In1 future work on phase-separating metal hydrogen systems, we plan
to include several of the aspects outlined in Chapter 4 in the model. This
requires a relaxation of several of the assumptions introduced in this
thesis. These include:

1 This paragraph is based on the outlook of section 6 of the publication "Hydride formation
in open thin film metal hydrogen systems: Cahn-Hilliard-type phase-field simulations
coupled to elasto-plastic deformations" (Dyck et al., 2024c).
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• Adding a structural order parameter to the phase-field whose evo-
lution is governed by an Allen-Cahn equation, in order to introduce
interfacial anisotropies, see, e.g., Han et al. (2019), Heo et al. (2019)
and others.

• As the thin films observed in experiments are either epitaxial or
nanocrystalline (Wagner et al., 2019), both the isotropic elasticity
as well as the isotropic, phenomenological plasticity model could
be replaced by a mechanism-based model, such as crystal plasticity
(Prahs et al., 2024). An extension to gradient crystal plasticity, see,
e.g., Forest et al. (2000) could possibly also allow for the inclusion of
the size effect observed in experiments.

• To more closely reproduce the suspected cylindrical shapes of hydride
precipitates, the inclusion of an effect accounting for the loss of
coherence between film and substrate would be suitable.

• Finally, the proposed model can be used to study hydride dissolution
during hydrogen release, in addition to the well known hysteresis
effect Schwarz and Khachaturyan (1995), which has not been done in
this work.

In addition the authors plan to investigate hydride precipitate shapes
and sizes quantitatively using the model, in order to identify the key
influencing factors for hydride formation during hydrogen absorption.
In2 future work on the water diffusion in PA 6, we plan to extend
the outlined model by incorporating parameter changes depending
on the local water concentration, inspired by Broudin et al. (2015a). In
this setting, all parameters depend on the difference between current
temperature 𝜃 and glass transition temperature 𝜃g(𝑐), which is itself
a function of local water content 𝑐. Such an approach would, in our
opinion, not only increase the accuracy of the model predictions, but

2 This paragraph is based on the outlook of section 4 of the publication "Modeling and FE
simulation of coupled water diffusion and viscoelasticity in relaxation tests of polyamide
6" (Dyck et al., 2024c).
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also allow the usage of the model at other temperature levels or in
settings with non-constant temperatures. Furthermore, an extension to
account for nonlinear viscoelastic behavior can be incorporated, see, e.g.,
Zink et al. (2022).
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The investigation of multi-physics problems using continuum models is be-
coming increasingly important, e.g., the analysis of chemical and mechanical 
fields in the design of energy storage systems. To address the complexity 
of real processes, validated models and efficient implementation schemes in 
commercial Finite-Element solvers are essential.
In this work, we derive chemo-mechanically coupled continuum models in a 
thermodynamically consistent manner. We adress hydrogen embrittlement, 
phase-separation in thin-film metal-hydrogen systems and water diffusion in 
Polyamide 6.
In the context of hydrogen embrittlement we present a scheme to solve che-
mo-mechanically coupled models, using the chemical potential of hydrogen 
as degree of freedom and validate it.
In the context of phase-separation in thin-film metal-hydrogen systems, we 
present a model to describe phase-separation in Niobium and Palladium thin-
films under hydrogen loading. The model is investigated both analytically and 
using Finite-Element simulations.
Finally, we present a chemo-mechanically coupled model for the diffusion of 
water in Polyamide 6. The model is capable of predicting the drying of Poly-
amide 6 in dependence on humidity levels and environmental temperature, 
while also capturing an increase in the relaxation modulus during prolongued 
tests at elevated temperatures due to drying.
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